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Abstract We investigate stability of the solution of a set of partial differential
equations, which is used to model a peri-implant osseointegration process. For certain
parameter values, the solution has a ‘wave-like’ profile, which appears in the distribu-
tion of osteogenic cells, osteoblasts, growth factor and bone matrix. This ‘wave-like’
profile contradicts experimental observations. In our study we investigate the condi-
tions, under which such profile appears in the solution. Those conditions are deter-
mined in terms of model parameters, by means of linear stability analysis, carried out
at one of the constant solutions of the simplified system. The stability analysis was
carried out for the reduced system of PDE’s, of which we prove, that it is equivalent
to the original system of equations, with respect to the stability properties of constant
solutions. The conclusions, derived from the linear stability analysis, are extended for
the case of large perturbations. If the constant solution is unstable, then the solution
of the system never converges to this constant solution. The analytical results are
validated with finite element simulations. The simulations show, that stability of the
constant solution could determine the behavior of the solution of the whole system, if
certain initial conditions are considered.
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1 Introduction

A number of models were proposed so far for the process of bone formation. It is
reported by many researchers, that mechanical stimulation is an important factor,
which influences bone formation. For example, Vandamme et al. (2007a,b,c), Duyck
et al. (2007) investigated peri-implant bone ingrowth under well controlled mechan-
ical loading of the interface tissue, and reported that relative implant-interface tissue
micromotions qualitatively and quantitatively altered the osseointegration process.
The mechanoregulatory models for bone formation were defined, for instance, in
Andreykiv (2006), Carter et al. (1998), Claes and Heigele (1999), Doblaré and Garcia-
Aznar (2006), Prendergast et al. (1997).

Another biological model for peri-implant osseointegration was proposed in Moreo
etal. (2009). This model can be used to simulate osseointegration under a low-medium
loading regime taking into account implant surface microtopography. The author did
not introduce explicitly the dependence of cell and tissue processes on the mechanical
stimulus, and outlined the incorporation of differentiation laws in terms of mechanical
variables as one of the future lines of research. The results presented in Moreo et al.
(2009) were in agreement with experiments. They predicted that bone formation can
occur through contact osteogenesis and distance osteogenesis.

Though, we found that the system of equations, proposed in Moreo et al. (2009),
is characterized by appearance of a wave-like’ profile in the solution for a certain
range of parameters. This profile was initially recognized in the solution of the model
equations for the 1D domain of length 2.5 mm (Fig. 1b). This domain was chosen
for the simulations of bone formation near the cylindrical implant, located within the
bone chamber, used in the experiments by Vandamme et al. (2007a,b,c); Duyck et al.
(2007). The authors reported, that in a new bone was formed at all distances from
the host bone, and integration of bone and implant was achieved. That *wave-like’
profile has not been noticed by Moreo et al. (2009), since for the geometry used in
his simulations, in which the distance from host bone to implant was 0.6 mm, only a
part of *wave’ is visible in the solution (Fig. 1a), and a wave-like’ profile is not dis-
tinguishable. For larger domains, more waves’ appear in the solution. The solution
for the domain of length 5 mm is shown in Fig. 1c.

The conditions, under which a ’wave-like’ profile appears, are studied in the present
work. Such a "wave-like’ profile in the solution for cell densities and growth factor
concentrations is not realistic. In some cases it also leads to a *wave-like’ distribution
of bone matrix inside the peri-implant region. This distribution is in contradiction with
experimental observations, from which it follows, that bone forms by deposition on the
preexisting bone matrix, and no isolated bone regions appear. Thus, it is desirable to
avoid such a profile in the solution of the original model by Moreo et al. (2009), and to
take into account the stability properties of the system of equations when introducing
mechanical variables in it.

The proposed approach is to study the linear stability of the constant solutions of
the system. As the full system of equations is large and extremely complicated for
analytic derivations, an equivalent simplified system with similar properties will be
defined.
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Fig.1 Osteogenic cell m and growth factor 2 s; distributions at different time moments, obtained from the
numerical solution of model equations, defined in Moreo et al. (2009), for 1D axisymmetric domain with
lengtha L = 0.6 mmandb L =5 mm

The phenomenon of a *wave-like’ profile in the solution could be related to the
appearance of bacterial patterns in liquid medium, described mathematically by simi-
lar partial differential equations. Those pattern analyses could be found in Myerscough
and Murray (1992), Tyson et al. (1999), Miyata and Sasaki (2006).

In Sect. 2 the system of equations proposed in Moreo et al. (2009) is reviewed. The
linear stability analysis of the system is carried out in Sect. 3. In Sect. 4 analysis is val-
idated with a sequence of numerical simulations. Finally, in Sect. 5 some conclusions
are drawn.

2 Biological model

The original model proposed in Moreo et al. (2009) consists of eight equations, defined
for eight variables, representing densities of platelets ¢, osteogenic cells m, osteoblasts
b, concentrations of two generic growth factor types s and s, and volume fractions
of fibrin network vy,, woven bone v, and lamellar bone v;. The above notations
are introduced for non-dimensional cell densities and growth factor concentrations,
i.e. for those, related to some characteristic values. If f and f, are notations of a
dimensional variable and of its characteristic value, then a non-dimensional variable
fisdefinedas f = f/fc, f =c,m, b, s1, s2. The following characteristic values are
proposed: ¢ = 108 platelets mI~!, m. = 10° cells mI~!, b, = 10 cells ml~!, 51, =
100 ng ml~!, 52, = 100 ng ml~!. The model equations are:

9
a_j =V . [D.Ve — HoeVp] — Acc, M

where D,, and A, are the coefficients of random migration and death of platelets.
The term V - [H.cV p] represents a “linear taxis”. It accounts for the transport of
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platelets towards the gradient of the adsorbed proteins p, which is a predefined func-
tion of the distance from the implant surface d. According to Moreo et al. (2009), it
is defined as

d .
o) — I0.5(1 — &y, if 0<d<0.1

0, if d>0.1
om
Y V. [DuVm —m(Bu1Vsi + Bu2Vs2)]
A St A S2 AmbS1
+(a o+ )m(l—m)—(ao+—)m—A m,
" Bm + 51 Bm + 52 b Bmb + s1 "

2

where the terms in the right-hand side represent random migration, chemo-taxis, cell
proliferation, differentiation into osteoblasts, and death respectively.

ob bS]
(o

— = ———)m — Apb, 3
o7 P0 Bt +s1)m b 3)

where Ay is the rate of osteoblast death.

01 ( Qe p aeoS]

B V. [Dyy Vs ] + )c—A.m, )
* Bei+p  Botsi ’

at

where the terms in the right-hand side model random migration, growth factor secre-
tion and decay respectively.

052 o282 ap2S2
— =V . [DspVsy] + m + b— Ao, 5
a7 [Ds2Vs3] B+ 52 Bor + 59 5252 ©)

where the first term in the right-hand side determines random migration, the second
and the third ones—growth factor secretion, and the last one—decay.

v fy oy S2
= — b 1— , 6
ar B+ 52 vfn( Vy) (6)
0y oy S
— = bvr(1 —vy) — vyl =), 7
9 B+ 52 fn( w) — ¥ Vu( 1) @)
vy
T yuw(l —vp). (3)

where terms containing coefficients «,,, 8, and y model the substitution of the fibrin
network by woven bone and the remodeling of woven bone into lamellar bone.
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Moreo et al. (2009) proposed the following initial and boundary conditions for this
equation set. Let £2 be a problem domain with the boundary I", and I}, is a part of
boundary, corresponding to bone surface, and n is an outward unit normal. Then,

[ c(x,0) =0.25, m(x,0)=0.001, b(x,0)=0.001, s(x,0)=0.01, xe©
52(x,0) =0.01, vp(x,0) =1, vy (x,0) =0, v(x,0) =0,
©)
D.Vc(x,t) — Hee(X,1))Vp(x)) -n =0,
D“V(slzx, t; . n): 0, C l()xzv)s;(;i, 2 -n=0, xel 100
m(x,t) =0.2, x€ Iy, t €(0,14] [days]
(D Vm(x, t)—m(X, t)(Bu1 Vsi(X, 1) x € I'\I}, t € (0, 14] [days],
+ B2 Vsa(x,1))) -n=0, |:x eI', t € (14, c0) [days].
(10)

According to Moreo et al. (2009) the following parameters values are proposed:

D = 1.365-10"2 mm? day~!, a0 =0.25day"!, apy = 25 day ™!,

A. = 0.067 day ™!, oy, = 0.25 day ™!, oo = 25 day ™!,

H. = 0.333 mm* (day~! mg™"), Bp = 0.1, Be1 = 0.1,

D,, = 0.133 mm? day !, B = 0.1, B2 =0.1,
By1 = 0.667 mm? day !, Ap =6.67 1073 day~!, B2 = 0.1, (1)
By = 0.167 mm? day~!, Ag1 = 10 day~ !, Br2 = 0.1,
Dy; = 0.3 mm? day‘l, Ay =10 day‘l, oy = 0.1 day_l,
Dy = 0.1 mm? day~!, o = 66.7 day™ !, Bw =0.1,

Ap =2-10"3 day !, o = 10 day™! y = 0.06 day~ .

Remark 1 Growth factor 1 s is assumed to stimulate the differentiation of osteogenic
cells into osteoblasts. In Moreo et al. (2009) originally, the differentiation term in

Egs. (2) and (3) was given in the form ﬂa'Z’ﬁ -m. In this paper, we propose a more

general representation for differentiation, which is (apo + %)m. Parameter a0
implies, that differentiation can take place, if the growth factor 1 concentration s7 is
zero. This assumption is not in contradiction with experimental observations (Linkhart
et al. 1996; Dimitriou et al. 2005), and can be useful, in order to get a more realistic
simulation results for different problems. The profit of this representation for differ-
entiation will be demonstrated in Remark 3 in Sect. 3.1.

The general form of differentiation term is reduced to its original representation,

proposed by Moreo et al. (2009), if

amp = 0.5day™",  ap0 = 0day . (12)
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We also propose the following values, assuming, that differentiation also takes place
without presence of the growth factor:

2 1
anp = 3 -0.5day™!, ap0 = 3 -0.5 day~!. (13)

In our present study, we will consider both sets of parameter values in Egs. (12)
and (13).

3 Stability analysis
3.1 The simplified biological model

Our present aim is to study the conditions, that give the appearance of a wave-like
profile. Simulations, performed for the full system, show that the wave-like profile can
appear in the solution for densities of osteogenic cells m and osteoblasts b, for growth
factor 2 concentration s, and for volume fractions of fibrin network v s,,, woven bone
vy, and lamellar bone vy, if the computational domain is sufficiently large. The equa-
tions for variables m, b and 53 (2), (5), (3) are coupled and can be solved, after the
solution for ¢ and s is obtained from the Egs. (1) and (4). The equations for variables
Vfn, vy and vy (6), (7), (8) contain only reaction terms in their right-hand side. The
wave-like profile in the solution for these variables appears due to the wave-like profile
in the solution for osteoblasts and growth factor 2.

Therefore we will study the phenomenon of the wave-like profile in the solution
for variables m, b and s». The solution for m, b and s; is determined by the system of
Egs. (D-(5).

We assume, that the profile appearance could be related to the stability of the con-
stant solutions of the system. Zero solutions ¢ = 0,s; = 0 are the only constant
solutions of system (1)— (5) for variables ¢ and s;.

The equations for platelets ¢ and growth factor 1 s1 (1) and (4), can be solved sep-
arately from the other equations. That means, that the evolution of the platelet density
c(x, t) and growth factor 1 concentration s (x, #) does not depend on the evolution
of other biological and chemical species involved in the model. Equation (1) contains
a term, corresponding to the death of platelets, but it does not contain a term, corre-
sponding to the production of platelets. Therefore, the total amount of platelets decays
to zero with time. The production of growth factor 1 s1 is proportional to platelets
concentration, and thus the production of s1 also decays with time, while death rate
Ay 1s constant in time. It can be proved, that the integrals of platelet density and
growth factor 1 concentration over the problem domain tend to zero with time, if zero
flux on the boundaries is considered. If negative values in the solution for c¢(x, #) and
s1(x, t) are avoided (otherwise the solution becomes biologically irrelevant), then it
follows, that these functions tend to zero almost everywhere in the problem domain.
Numerical simulations confirm (Fig. 2), that for a large time ¢ the solution s1(x, ¢) is
very close to zero.
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Fig. 2 Growth factor 1 s1 distribution at different time moments, obtained from the numerical solution of
the model Egs. (1)—(8), for 1D axisymmetric domain with lengtha L = 0.6 mm, b L = 5 mm

The stability analysis deals with the asymptotic behavior of the system, that is with
the behavior of the solution for long time periods. Therefore, we derive the simplified
system from Egs. (2), (5) and (3), assuming s (x, ) = 0, which gives

O G Dy — BypmV )]+( 4 dmi2 Y= m)—(@po +An)
—_— = . m — mvs 07 — |m —m)—(x m,
a1 m m?2 2 m0 ﬂm+s2 PO m
(14)
0s2 U282
— =V .[DnpV _— b) — A s 15
o1 [Dy> SZ]+ﬂm2+S2(m+ ) 5252 (15)
ob
5 =apom — Abb (16)

Remark 2 In deriving (15) we assumed, that o> = a2 and Bp2 = B2. These sim-
plifying assumptions are in line with the values for a2, @2, Bp2 and B2, proposed
by Moreo et al. (2009), which were introduced in (11).

Remark 3 As it was mentioned, the concentration of s; becomes close to zero after
a certain period of time. Then, differentiation of osteogenic cells into osteoblasts is
roughly described by the term & ,om, as this is done in Egs. (14), (16). This term turns
to zero, if apg = 0, as was proposed by Moreo et al. (2009). Solution of (16), defined
as b(x, 1) = by(x)e 4!, converges to zero with time. From biological point of view,
this means, that osteogenic cells stop to differentiate after a certain time period. There
is no source of newly formed osteoblasts, and their amount decrease to zero, due to
cell death.

If apo # 0, then differentiation takes place also when s; is zero. This allows to
obtain the solution for osteoblasts, which does not converge to zero, and hence, is
more realistic from biological point of view. For this reason, we consider both the
parameter values in Eq. (12), as proposed by Moreo et al. (2009), and the alternative
values in Eq. (13).

Moreo et al. (2009) investigated the linear stability of the constant solutions of the
system, which is similar to system (14)—(16), against purely temporal perturbations.
In this paper we will study the system stability against arbitrary perturbations (also
non-homogeneous perturbations).
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Constant solutions 7’ = (m’, s’, D) of system (14)—(16) are derived from the alge-
braic system:

amsé ) 1 1 I
1— — A =0,
(Ome + B + Sé m'( m’) (ap() + Amm
Q28 17
22 n' 4 b') — Agash =0, (an
B2 + SH
ocpom' — Apb’ = 0.
Two solutions of the above system have been denoted by Moreo et al. (2009) as:
“Chronic non healing state”: z; = (0, 0, 0),
— “Low density state”: zg = (mo, 0, bo),
where
a0+ A o
mo=1—L2T2m  py = T, (18)
Am0 Ap

From system (17), it follows, that root sé cannotbeequalto —p8,, < Oorto—p8,,2 < 0.

Vectors z_ = (m_, sp—, b_) and z4 = (m4, s24, b4 ) are defined as
—a) 1/a% —4dasao
so4 = ; (19)
2a>

ApA A o

my = A 520824 + Bm2) _ Asa (24 + ﬂmZ)’ by = %00, 20)
am2(Ap + apo) X Ap
where

o
a2=Asz(l+a—W;),
m

o o 21
ar = (1 + S ) BurAs — xmo) + 2 xmo — 1) + Ay, 2D
0 Am0
ap = ,Bm(.Bm2Asz — Xmo),
x =am (1+apo/As), (22)

and my is from (18). They are the solutions of system (17), if so+ ¢ {—Bn; —Bm2}-
Therefore, depending on the values of model parameters, system (17) can have two,
three or four solutions.

Remark 4 From the derivation of the expression (19), which is not given here, it
follows, that at least one of the roots s>+ and sp— is equal to —p,,, if and only if
As2(Bm2 — Bm) = x. And at least one of the roots s»4+ and s>— is equal to — B2,
if and only if (om0 — @po — Am)(Bm — Bm2) = % Bm2. For the chosen parameter
values in Egs. (11), (12), (13), B2 = Bm > 0, > 0, x = o2 (1 + ozpo/A;,) > 0.
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Hence, sp+ # — B, and so+ # — B2 for the considered parameter values, and system
(14)—(16) has four constant solutions z;, zg, z+ and z_.

We mention here, that for the existence of real s>+ the necessary condition is:
—4azag > 0. (23)

This necessary condition is written in terms of the model parameters as:

2
AU U
a12 —4azay = (X (mO + _> —Ap (lgm + Bm2 (1 + _)))
Um0 Um0
2
Am Am
_4As2,3m I+ (ﬁmZASZ - XmO) =\{x|mo+ _f

im0 Am0

Uy A 2
+Xx mo+— n—n\BmAn+x—)=x{mo+—
00 om0 Um0

+X (m0+—) (n —28) + & —U(ﬂmzAs2+X—)>0 (24)

Am0 Um0

where

£=Ap (ﬂm + B2 (1 + “—’”)) . N =4A0Pn (1 - “—’") : (25)
Um0 Um0

From (24) it is derived, that (23) is equivalent to:

X (m() + amO) - _Aszﬂma 'm0 + n‘z:()X

(26)
X (mo+ &) < —Apfn e — [nZny.

Um0 Am0

The sign of s>+ depends on the sign of coefficients a; and ag (coefficient a; is larger
than zero, which follows from its definition). Both roots will be positive if a; < 0 and
ap > 0 and if inequality (23) holds.

For the parameter values in Egs. (11), (12) the constant solutions have values:

0 ~ 0.9920, by = 0;m_ ~ 0.0201, s, =~ —0.0498, b_ = 0; my ~ 0.9959,
so+ & 2.3898, by = 0; and for parameter values (11), (13): myg 0.3253,
by =~ 8.1293; m_ =~ 0.0012, s»— =~ —0.0245, b_ =~ 0.0290; my = 0.6623,
so4 A 42,9271, by ~ 16.5486.

x
o

Remark 5 For the chosen parameter sets (11), (12) and (11), (13), growth factor 2 con-
centration s_ is negative, which is unphysical. It is desirable to avoid such a negative
concentration of growth factor 2 in the solution of the problem (14)—(16). Calcula-
tions show, that for the chosen parameter values there are two positive eigenvalues of
the Jacobean of the equation system, linearized for the case of small purely temporal
perturbations near the constant solution z_. Hence, constant solution z_ is unstable
against temporal perturbations. In simulations we were able to avoid negative values in
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the solution for s, by choosing sufficiently small time step and mesh size and starting
with positive initial values for concentrations of cells and growth factor.

3.2 Non-homogeneous perturbations

Next we propose an approach, to study the stability of constant solutions of the system
(14)—(16). This approach is valid for a domain in any coordinate system, for which
eigenfunctions of Laplace operator can be found. In this paper, the examples of the
eigenfunctions are given for the domains in 1D Cartesian coordinates and in axisym-
metric coordinates, which have one independent coordinate. The independent space
coordinate is denoted by x for both coordinate systems. Suppose that non-homo-
geneous perturbations m ,(x, 1), s2p(x, t) and b, (x, t) are imposed on the constant
solution (m’, s5, b"). Then the solution is given in the form:

m(x,t) =m' +emp(x,1),
$2(x, 1) = 55 + €52 (x, 1), (27
b(x,1) =b' +eb,(x,1),

where |¢| < 1. Then we substitute (27) into (14)—(16), and linearize with respect to
small &:

[ 9mp 2 / 2 U $) /
L = Dy Py — ' Ba V52 + [ (mo + )a-2
" mV mp —m Bpo Vs Amo B+ 5, ( m’)
o,
— (apo + Am)]mp + Lm,zm/(l - m/)SZp,
(Bm “1‘52)
) , , (28)
52[; 2 Am2Sy Am2 Pm2 / /
—— =DypVsy, + ————=—(m,+b +[—m+b —A ]S,
a7 52 2p ﬂm2+Sé( p p) (,3m2+sé)2( ) 52 |52p
ab,,
| W =Olp()mp—Abbp.

Let us denote the problem domain as [xg, xo + L]. Assume, that on the boundaries the
flux of cells and growth factor is zero. Then we consider perturbations of the form:

mp(x, 1) = Ci (t) + D Cr () (x),

n=1

52906, 1) = C3 (1) + D C2(pu (), (29)

n=1

bp(x. 1) = CE(1) + D Ch(t)pu ().

n=1
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Functions Cg' (1), C(’)'Z(t), Cg (t) represent purely temporal perturbations. Eigenfunc-
tions ¢, (x) satisfy equation V2¢, (x) = —k>¢, (x) and considered boundary condi-
tions, i.e. zero flux on the boundaries: V¢, (xg) = Vo, (xo + L) = 0.

If Cartesian coordinates are considered, then the function ¢,(x) is given as
qbf (x) = cos(kn(x — x0)), where k, = %%, n = 1,2, .... In this case k, is a wave-
number.

In the case of axisymmetric coordinates functions ¢, (x) have the form ¢ (x) =
Yé(knxo).lo(knx) Jo(k x0) Yo(kyx), where Jo(k,x) and Yo(k,x) are Bessel func-
tions, k, = + T and w,,n = 1,2, ... are positive real zeros of the function @ (w) =
—Y(;(knxo)Jl(w) + J(knxo) Y1 (w). Functions ¢i(x),n =1,2,... are not periodic.
They could be roughly described as “waves” with variable in space wavelength and
magnitude. For simplicity, k, will be referred to as *wavenumber’, also if it is intro-
duced in functions ¢ (x).

Remark 6 Perturbation modes ¢, (x),n = 1,2, ... by their definition have positive
wavenumbers k,, > 0. For the sake of generality, we consider purely temporal pertur-
bations as perturbations of mode n = 0 with zero wavenumber ky = 0. We also define

¢o(x) = 1.

Substituting (29) into (28), we get:

C (1) =A;,Ch(t), n=0,1,..., (30)
where
G, (1)
C.=|cC*n|, n=0.1,..., (31)
Ch(t)
Ak, (1,1 Ak, (1,2) 0
om28h om28h
A, = —— A2y ———|. (32)
Bm2 + 5 (.2 Bm2 + s5
apo 0 —Ap
where

Ax 1) = (amo + )(1 2m') — (@po + Am) — k2D,

ﬁm

e B
A0, = (,3+—)2 m' (1 —m') + k2 Byom',
53
a2 B2 apo
Ao = 202 (14 229 — Ay — 2Dy,

(B2 + s5)?
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Then from (30):
Co(1) =eM'C? n=0,1,..., (33)

where Cg define the perturbations imposed on the constant solution of the system
initially at time ¢ = O:

mp(x,0) 00
52p(x,0) | = D" Cgpu(x).
bp(x,0) n=0

Thus the solution of (28) is written as:

mp(x,t) 00
sap(x, 1) | =D M Chy (x). (34)
byx.t) | noo

The magnitude of perturbations ||C, ()| = [le*'C?|| of mode n, will grow in

time, if at least one of the eigenvalues of matrix Ay, is a positive real number or a
complex number with a positive real part. And ||C,(¢)|| will converge to zero, if all
the eigenvalues of Ay, are real negative, or complex numbers with the real part less
than zero. If the matrix Ay, has precisely one zero eigenvalue, and other eigenvalues
are real negative of complex with negative real part, then small perturbations remain
small for infinite time period.

It is not complicated to find expressions for the eigenvalues of Ay, , evaluated at
the ‘chronic non healing state’ z; = (0, 0, 0) and ‘low density state’ zo = (mo, 0, by).
For the constant solution z; eigenvalues of Ay, are:

Amomg

Dy (35)
Ar(k2) = —Agp — k2Dgp < 0, A3 (k) = —Ap < 0.

e (k2) = amomo — k2D > 0, if 0 < k2 <

Therefore, if m is positive, constant solution z; is unstable against purely temporal
perturbations and perturbations with small wavenumber 0 < k, < /“26=0 The first

eigenvalue )q,(k,zl) takes the largest positive value for wavenumber ko, i.e. for the
purely temporal perturbation mode.

Remark 7 If we consider negative m, then ’chronic non-healing state’ z; will become
stable against perturbations with any wavenumber. Further the constant solution zo will
contain an unphysical negative concentration for osteogenic cells. Inequality my =
1 - a”g—JrA’” < 0 implies, that differentiation and death of osteogenic cell dominate
over their production. Therefore, this situation is not relevant for the considered model

of bone formation, and further my > 0 is assumed a priori.
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For the constant solution zg = (mg, 0, bp) matrix Ay, eigenvalues are:

Ao(k2) = —amomo — ksz <0,

2 2 2 (36)
ro(ky) = ﬂ_ mo(1 + A Ay — k;Dy2,  A30(k;) = —Ap < 0.
m

If expression %’”2 mo(1+ a”bo ) — Ay takes a positive value, which is true for the current
parameter values in Egs. (11), (12) and (13), then the constant solution z is unstable

against perturbations with wavenumbers k,zl (a’"zm 1+ a”;) — 52) /Ds>. The

largest eigenvalue Ay corresponds to zero wavenumber ko, i.e. to the purely temporal
mode of perturbation.

The eigenvalues of matrix Ay, defined at points z_ and z4 could not be found
in such a trivial manner, as for constant solutions z; and zg. They are obtained from
the characteristic equation, which is a non-trivial cubic algebraic equation. There-
fore, instead of analyzing the expressions for the eigenvalues, which are extremely
complicated in this case, we propose a different approach, based on a reduction to
two equations with similar stability properties, to study the stability of the considered
system of equations.

Remark 8 For the chosen parameter values, see expressions (11), (12) and (11), (13),
s»— is negative, hence constant solution z_ is biologically irrelevant in this case.
Therefore, we will only analyze the stability of constant solution z4 and not of z_.
The stability analysis, being introduced for z, is not valid for the constant solution
z_, if it contains the negative value of growth factor concentration. Calculations also
show, that for parameter values (11), (12) and (13), constant solution z_ is unstable
against at least purely temporal perturbations.

3.3 Stability of the system of two equations

To simplify the stability analysis, system (14)—(16) is reduced to a system of two
equations. For this reduced system the assumption

b(x,1) = aA—Ifm(x, ) (37)

is made, instead of Eq. (16). The system is defined as:

om
E =V. [Dme — BmszSQ)]
(@m0 + 22 Ym (1 = m) = @po + An)
o m(l —m) — (« m,
m0 B + 52 PO m (38)
852 Am252
— =V - [DsVs +—1+—m As2s
» [Ds2Vs2] ,3m2+S2( Ab) 5252
Substitution of (37) into Eq. (16), yields the condition 2 W = 0, which is not true

in general case. Therefore, system (14)—(16) and system (38) are not equivalent, and
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their stability properties are different in general. However, it will be shown in Sect. 3.4,
that there is a certain similarity (or correspondence) between the stability properties
of the two systems. This similarity is sufficient, to transfer important results, obtained
from the stability analysis for the system of two Egs. (38), onto the system of three
Eqgs. (14)-(16).

System (38) has constant solutions, that are analogous to those of the system
(14)=(16). They are: Z, = (0,0),Z9 = (mo, 0), %4 = (4, 521),5— = (m_, $2).
Linearizing the system near point (m’, s}), with m(x,1) = m’' + emp,(x, 1) and
$2(x, 1) = 55 + 52, (x, 1), yields:

dmp 2 / 2 sy
% — D, VPm, — m BV [( )1—2/
Y mV mp —m ByoV7sa, + [ @m0 + B ‘|‘Sé ( m’)
o
- (apO + Am)]mp + L%m/(l - m/)SZp,
(Bm +32) (39)
52 5 om2sh op0
— = DypV — 1+ —
Y s2 V7 s2p + B + Sé( + A )mp
A2 Bm2 Ap0,
+ | ——=(1+ ——)m —Az}n .
[(ﬂmz + s5)? Ap Bl

Considering solutions of the form

mp(x, 1) = D Cr(t)pn(x),

n=0

s2p(x, 1) = D~ C2(D)pa (),

n=0
and substituting them into system (39), for eachn = 0, 1, ... we arrive at:
dCii(t)
|+ [
s2 = Akﬂ 2 ’
dC, (1) C3(1)
dt
where
z&kh(l,l) Akn(ll)
Kk = Olm2sé ( o p0 ~ ,
n etz 1 + L) Akn ],2
Bm2 + Sé Ap 2
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Ry = (amo + 222 (1= 2m') = @po + An) = k2D
nl, ﬁm +Sé P n )
3 om P
Ay,1,2) = T “ )zm’(l —m') + k2 Byam’,
m 153
n 2Bm2 0
Ay,22) = & ﬂm (1+ L)m — Ay — k2Dy).

(Bm2 + 53)? Ap

First we investigate the stability properties of system (39) and then determine,
how they are related to the stability properties of the system of three Eq. (28). Since
$2+ # —PBm2, then from (20) my # 0. Therefore, matrix Ay, evaluated at point
(m4, s24), can be simplified. From the first equation of the system (17) we get:

(ctmo + ) (1 = my) = (@po + Am) =0 (40)
m0 ,3m+S2+ + pO m .
Then:
- o S2
Ap,a,n(my, s24) = (Otmo + m—+)(1 —2my) — (apo + Ap) — k2 Dy,
Bm + 524
Oy $24
=2 (0{ +—)l—m —(apo+ A )
( 'm0 ﬂm+sz+ ( +) ( pO m)
UmS2+ 2
—| |« +—)—a + A )—kD
(( m0 ﬁm+s2+ ( p0 m) nm
Oy S24 2
= —oomg — ———— — ki Dy,
oo B +52+ nem
~ o282+ 2+
A onimy, so4) = ———— (1 + )—X—,
G o s + 24 Ab Bma + 524

where x is defined in (22). Considering (20), we arrive at

A B
(Bm + SZ+)2
A20mBm  Bm2 + 52+

_X(ﬂm +524) B + 52+

Ag,12)(my, 524) = my(1 —my) + ki Bpom

(1= my) + ky Buom..

Everywhere in the calculations, presented in Moreo et al. (2009) and in this paper, the
same values are used for parameters S, and B,2. So both notations B;, and B2 is
used, though B,,,» = B, is supposed below. Then

~ A0, Bm 2
A my,s =—— (1 —-—my)+k:B,om,
kn(1,2) (M4, $24) <o +S2+)( +) + Kk Bnom
~ am2Bm2 pO 2
A , — (1 + — Ay — kD,
kn2,2) (M4, $24) = (ﬁm2+52+)2( A ——)m4 s2 — k;; Ds2
Bm2 2 $24+ 2
=Ap(———— —1)—k:Dyp = —Ap———— — kZDy».
A2(,3mz + 524 T A2,3mz +s0 2
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Therefore, we end up with

OmS2+ 2 32‘¥mﬁm 2
~ —Omomo — —k;D (1 —my) + k;Bypomy
Ax, (s, 524) =( m Butsar e M X Bn+s2t) +vi4> o, _k2" " .
X B ts2v 52 Bntsot

Then the characteristic equation for matrix Kkn, evaluated at point (m ., s24), is given
by:

A2 (k2) 4 b(k2)A(K2) + c(k2) = 0, 41)
where
b(kZ) = — Ak 1,1y (M, 524) + A, 2,2) (Mt $24))

A §2+4 2 24
—— t+kDop+Ap——
Bm + 52+ ne ’ ,3m2 + 524

= kz(Dm + Dy2) + apmomo + (o + Ay2)

= k,%Dm + aomo +

lgm + 52+
c(k2) = Ag, 1.1y (M, 524 ) Ak, 2.2) (M4, 524) — Ak (1.2 (M, 524) A, 2.1) (M, 524)

Am S Y
= (k,z,Dm + apmomo + m—2+) (kasz + AszL)

Bm + 524 Bm2 + s2+
—(sz ym _{_M(l_ )) _
T X B+ 521) ) Bz + 524

From Eq. (41) the eigenvalues of Kkn (m4, s24) are determined as:

b(k>)
Mo2(k2) = —T” + —/b2(k2) — dc(k2). (42)
We mention that, if
s24+ > 0, 5
= b(k?) > 0. (43)
mgy >0

Thus, we can formulate the lemma.

Lemma 1 Suppose, that for the chosen parameter values mq defined in (18) is positive,
Bm = Bm2 and that there exists a real positive sy defined in (19). Then the nature of
eigenvalues of matrix Ak (m 4, s24) is determined by the sign of c(kz)

- if c(kz) < 0, then one of eigenvalues is positive and the other is negative,

- if c(kz) = 0, then matrix Ak (m4, s24+) has one zero eigenvalue and one negative.

- if c(k%) > 0 then both eigenvalues are either negative, or complex with negative
real part.
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The wavenumbers which lead to growing perturbations are determined by inequal-
ity c(k,%) < 0. We can write c(kﬁ) is the form:

c(ky) = yakyy + viky + 10 (44)
where

Y2 = Dy, Dy, (45)

§2
v1 = (DnAs2 + Dyootyy, — Xm+Bm2)—+ + Dya,,0mo, (46)

Bm2 + 524

S24+ $2+
=Ap————(apomo +apy———R —my) +a,(mye —1)). 47
Y0 Sz,ng T oor ( m0nQ m,Bm +S2+( +) m + )) 47

Lemma 2 Suppose, that for the chosen parameter values mg defined in (18) is positive,
and that B2 = Pm. Then if there exists a real positive s> defined in (19), then yy
defined in (47) is non-negative.

Proof Since s+ > 0, then it is necessary to prove, that

R}
Um0 + Uy = (2 — my) + @ (my — 1) > 0.
.Bm + 524

Using (40) and (18), we simplify the previous inequality:

s
oMo + U (2 — my) + ctp(my — 1)
Bm + 52+
S2+ S2+
= \anomo +ay———— (1 —my) — oom +oy—
( m0MnQ m'Bm +S2+( +) 'm0 +) mﬂm +S2+
s
+apomy +ay(my — 1) = my(amo + o) + oy (i — 1) > 0.
Bm + 524

That is equivalent to m 4 (o + o) > (%) . Considering (20), this transforms

to

A B X

T EE— (43)
Ao (amo + o)

(Bm + 32+)2 =

where y is defined in (22). Next, we show, that inequality (48) holds. From Eq. (19)
and assumption 8,2 = B,, it follows, that
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—ay + ,/alz —4arag a

1
24+ + Bm = 2ay + B = _2612 + Bm

_ (amo + am)(,BmAsz — xmo) + ayx(mo — 1) + amO/gmAsz
2A50(amo + am)
2Bm As2 (om0 + o) . O Bm As2 + X (otm + ctmomo)
2400 (0tmo + @) 2A5(0mo + otm)

. (49)

where a», a1, ag are defined in (21). Since x = o2 (1 + ozpo/A;,) > 0 and my is
supposed to be positive, then from (26) we get:

(07 (07 (07
X (mo + ) > —Agfn——+ [n——X. (50)
Um0 Um0 Um0

where 7 is defined in (25). Thus from (49) and (50) we get:

P As2 + X (@m + dtmomo)
2A50 (0o + o)
U PmAs2 — B As2 + \/W
2A5 (om0 + o)

_ A/N%mlm0X A B X
2A5(amo + o) A2 (om0 + am)

Thus inequality (48) holds, and consequently yp > 0. O

Bm + 524 >

Remark 9 From the proof of Lemma 2 it follows, that yy = O, if and only if
a% — 4asap = 0 which is equivalent for mg > 0 to

(0% o, o,
x(mo+—m) = —Apofn——+ [n—x. (51)
[07710) Am0 im0

where 7 is defined in (25). In this case two constant solutions z_ and Z coincide,
since s5_ = 554 = —“7‘0.

We mention here, that under assumptions of Lemma 2, ¢(0) = yp > 0. Then from
Lemma 1 we arrive at Lemma 3.

Lemma 3 [f, for the chosen parameter values, mq defined in (18) is positive, B> =
Bm and there exists a real positive sy defined in (19), then for zero wavenumber
ko, matrix Ay, (m4, say) has either one zero eigenvalue and one negative, or two
negative eigenvalues, or two complex eigenvalues with negative real part; and the
constant solution (m, sy4) of the system (38) is stable against the purely temporal
perturbations.

Since k,, € [0, 00), then c(kﬁ), given in (44) could be considered as a real function
of a real non-negative argument. It is a quadratic polynomial. The interval, where
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c(k,zl) < 0, is defined by the roots of the polynomial. If this polynomial has no roots
among non-negative real numbers, then for Yk, € [0, 00), c(k%) > (, since y» defined
(45) is positive. Thus, it is necessary to find the conditions, if polynomial defined in
(44) has at least one non-negative real root. The general formula for the roots of the
polynomial is:

(52)

The discriminant of the polynomial is:
Dy =i —4vor2. (53)

Since y» > 0 and yy > 0 under the conditions of Lemma 2, the polynomial c(k,%)
has either two real roots of the same sign as —yj, which are different if Z,, > 0, and
coincident if ), = 0; or two complex roots with real part —2%, it 7, <.

Theorem 1 Suppose, that for the chosen parameter values mq defined in (18) is posi-
tive, By = Bm2 and there exists a real positive sy defined in (19). Then if 2, defined
in (55) is positive, and yy defined in (54) is negative, then 3x1, k2 € R defined by
expression (52), such that 0 < k| < k2, and the constant solution 74+ = (m4, s24)
of the system (38) is unstable with respect to the perturbations with wavenumbers
ky € (k1, k2). Otherwise, constant solution 7 is stable.

Proof Let Al(k,zl) and )\z(k,%) be the eigenvalues of matrix Kkn (m4, s24) defined in
(42) and c(k2) be defined in (44). Then:

1. If2, >0,and
(a) if y1 < 0, then k1, k2 € R defined from expression (52), such that 0 <
K1 < k7 and:
— forky, € (k1, k2): c(k?) < 0, hence A1 (k2) < 0 and Ap(k2) > 0;
— fork, € {k1; k2}: c(k,2l) =0, and kl(kfl) < 0 and Az(k,zl) =0;
— fork, €[0,00)/[x1, k2]: c(k%) > 0, and kl(ki), kz(k,zl) are either real
and negative, or complex with negative real part;
(b) if y1 > 0, then:
i. if yy > 0, then for Vk, € [0, 00): c(k2) > 0 and i (k2), Ao (k>) are
either real and negative, or complex with negative real part;
ii. if yg =0, then
— for Vk, € (0, 00): c(k,%) > 0 and Al(k,%), Az(kﬁ) are either real
and negative, or complex with negative real part;
— ¢(0) =0and A1(0) < 0and A,(0) = 0.
2. If2,=0,and

(a) ify; <0,then I =Ky = —2% > 0, such that

— c(k})=0,and 11 (k7) < 0 and A2 (k}) = 0;
— forky, € [0, 00)/{x?}: c(k2) > 0and A1 (k2), A2 (k2) are either real and
negative, or complex with negative real part;
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(b) if y1 > 0, then for Vk, € [0, 00): c(k2) > 0 and A1 (k2), h(k2) are either
real and negative, or complex with negative real part.
3. If 2, <0, then for ¥k, € [0, 00): c(k2) > 0 and A1 (k2), A2(k2) are either real
and negative, or complex with negative real part.

Therefore, if 2, > 0, and y1 < 0, then Az(k,%) > 0, if k, € (k1, k2), and the magni-
tude of the perturbation modes with wavenumbers &, € (k1, k2) grow monotonically
after a certain period of time. Hence, constant solution z4 = (m, s24) is unstable
with respect to these perturbation modes.

Otherwise, Vk, € [0, 0o) the eigenvalues of matrix Kk" are either real non-positive
numbers (the matrix Kk” can not have more than one zero eigenvalue) or complex
numbers with negative real part. Hence, initially small perturbations remain small
during any period of time, or even disappear when r — oo, and constant solution 7
is stable in this case. O

The parameters y; and Z,, can be written in terms of model parameters as

2+
v1 = (DA + Dsroyy — xmy Byo) —————— + Dspaomo, (54)
Bma + 524
$24 2
—@y = ((DmAXZ + Dg2aym — xmyBpo) ———— + DsZOlmOmO)
Bm2 + 524

52+

— 4Dy Dy Ajp———
R g st

S
(amomo+amL(2 —my) + i (my — 1)) .
ﬂm2+s2+
(55)

3.4 Correspondence between the systems of two and three equations

Next we determine the relation between the eigenvalues of matrices an (m4, s24) and
Ay, (m4, s24, by), in order to demonstrate the similarity between the stability of sys-
tems (14)—(16) and (38), with respect to perturbations about equilibria (m, s24+, b4)
and (m, so4) respectively. Let us define matrix My, :

Ak (1 1)_)\ Ak 1,2)
M, = nit n(l, .
o [ A Ageo —A

From the definition of Ay, we have: Ay, 2.3) = A, 2.1)- Then

Ak, — A Ak 0
Ay, — A3 = Aoy A2 — A A
A p0 0 —Ap — A

K 0
= My, A, 2.1
| o0 0 —Ap,—A
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The determinant of this matrix is the characteristic polynomial of Ay, :
det (Akn — )»13) = ( — Ap — )\) det(My,) + otpoAi, (1,2)Ak,(2,1)- (56)

From the definition of matrices Kk,, and Ay, it follows that Kk,,(l,l) = Ay,1)
Ak,(1.2) = Ak,(1.2), Ak, 2.1 = (1 + %)) Ak, 2.1), Ak, 2.2) = Ag,.2). Therefore,
the determinant of matrix Ay, — Al> and characteristic polynomial of matrix Ay, is

Ag, 1) — A Ak, (1.2) })

det (Ar, — AIb) = det
e ( ky 2) ¢ ([Ak’l(g,l)-FozL:Akn(Z,l) Ak, 22) — A

o po
= detMy,) = = As, 1.2 Ak2.)- (57
From (56) and (57) we derive:

det (Ak,, - )»13) = (— Ap — A)det (Kk,, — )»12) - )\aA_IZ)Ak,,(IJ)Akn(Z,])- (58)

Then we denote the characteristic polynomials of matrices Ay, and an, which are
evaluated at the constant solutions (m, 524, b4+) and (m, s+ ) respectively, as cubic
polynomial P3(A) and quadratic polynomial P, () with respect to A:

Py(A) = det(Ay, (my, 524, b1) — A3); Pa(A) = det (Ag, (my, 524, by) — ALa).

Equation (58) could be written as:

P3(0) = (— Ap — 1) P, () — C(k)A, (59)
where
2 %po
Ck,) = A_bAk"(l’2)(m+’ S24, b)) Ak, 2.1 (m4, s24, b))
ap0  Um2S2+ ( o B 1 e ) (60)
= m —m omy ).
Ap B+ 524 \Bn + 52007 T T
If 5o+ > 0, it follows from (20) that my > 0, and from (40) we obtain: m4 =
1— S04 | Thus,
am0+ﬁm+:2+
520 >0 = 0<my <1 = C(k2) >0, Vk2 € [0, 00). (61)

Lemma 4 Suppose, that for the chosen parameter values mo defined in (18) is positive,
and that there exists a real positive s>y defined in (19). If the matrix Ay, (m4, s24)
has one real negative eigenvalue .1 < 0 and one real positive eigenvalue Ly > 0,
then Ay, (m4, s34, by) has one real positive eigenvalue and either two real negative
eigenvalues, or two complex conjugated eigenvalues with negative real part.
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Proof From the assumption of the lemma and from (61) it follows, that C (k,zl) > 0.
Let Kk,, (m4, s24+) have one real negative eigenvalue Xl < 0 and one real posi-
tive eigenvalue A, > 0. The characteristic polynomial can be written as P>(1) =
(A — A1)(A — X2). Then from Eq. (59)

Py(A) = (= Ap — X) (A — A)(A — A2) — C (kDA
= 3+ A — ApA? + (—Aida+Ap(hg +12) —C (kD) A — ApAi Ao
(62)
From (62) we get:
P3(0) = —A1a24, > 0 and P3(hy) = —AC(k2) <O. (63)

Since P3(A) is continuous, it follows from (63), that polynomial P3()) has at least one
real positive root A1 on the interval (0, ):2).

The other two eigenvalues A, and A3 of Ay, (m, s2+, b4) could be real (negative
or positive) or complex conjugated numbers (as the coefficients of the polynomial are
real). We can write:

P3(A) = =23 + (v 4+ A2+ A3)A% — (MAa + AA3 + AA3)A + Ardors,  (64)

since this polynomial has A, 12, A3 as its roots. As the coefficients at the second
degree of X in the two expresswns for P3(A) from (62) and (64) should be equal, we
have Ay + A3 = Al + kz — Ap — A1. From (42) it is derived:

A+ A3 = —b(k?) — A — Ay < 0. (65)

The above inequality holds, since it was mentioned in (43), that b(k,%) > 0,ifmg > 0
and 54+ > 0. Thus, if two other eigenvalues are real, then from (65) it follows, that at
least one of them is negative. Let us suppose A < 0. Then

lim P3(h) =
A——00

and P3(0) = —)N»]):zAb > 0. That means that on the interval (—oo, 0) polynomial
P3(1) does not change its sign, or changes it twice. Since P3(A) is continuous, it fol-
lows from A, < O that A3 also is negative. In the case, when A, and A3 are complex
conjugated, their real partis A, = (A2 +13)/2 < 0. O

Lemma S Suppose, that for the chosen parameter values there exists a real positive
524 defined in (19). If Ag, (my, so4) has one zero eigenvalue and one real negative
eigenvalue, then Ay, (m, s2+, by) has one zero eigenvalue and either two real neg-
ative eigenvalues, or two complex conjugated eigenvalues with negative real part.

Proof From the assumption of the lemma and from (61) it follows, that C (kﬁ) >
0. Let Ay, (m4, s24+) have one zero eigenvalue and one real negative eigenvalue,
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):L 1< )12 = 0. Then the characteristic polynomial P»(1) has the form P,(X) = A(A —
X1). Then Eq. (59) implies

Ps(A) = (= Ap — XA — A1) — C(kD)A

2 Y 2 £y (66)
= —A(" 4+ (Ap — ADA + (Clky) — A1 Ap)).
And eigenvalues of Ay, (m, s24, by) are following:
— A+ £ (A — A% = 4CUD) — T1 Ap)
A =0, A3= . 67)

2

Since C (kﬁ) —JAp > 0and Ap — A > 0, then from (67) it follows, that eigenvalues
A2 .3 are either real and negative (possible coincident), or complex with negative real
part. O

Lemma 6 Suppose, that for the chosen parameter values there exists a real pos-
itive sy defined in (19). If Ay, (mL, s24) has two real negative eigenvalues, then
Ay, (m4, s24, by) has either three real negative eigenvalues, or one real negative
eigenvalue, and two complex eigenvalues with negative real part.

Proof From the assumption of the lemma and from (61) it follows, that C (kg) > 0. Let

Kk,, (m4., s24) have two real negative eigenvalues A< )12 < 0. Then the characteristic
polynomial P> (A) has the form P>(A) = (A — A1)(A — X2). Then from Eq. (59)

P30 = (= Ap — A) (A — AD (A — A2) — C(kD)A

3 by Y 2 T by by 2 PUY (68)
=2+ A1+ — ApAT + (=Ah2 + Ap(Ay + 1) — C(k)A — Apiida.
From (68) we get:
P3(—Ap) = C(k3)Ap >0 and P3(0) = —A 124, < 0. (69)

Since P3(A) is continuous, it follows from (69), that polynomial P3(A) has at least
one root on the interval (—Aj, 0). Thus we can suppose, that —A, < A1 < 0. From
(68) it follows, that for A > 0 polynomial P3(A) only takes values less than zero. That
means, that P3(1) has no non-negative real roots P3(1). Thus, if two other eigenvalues
of Ay, (m4, s2+, by) arereal, they are also negative. Though it is possible, that polyno-
mial P3(A) has two complex conjugated roots. Let us denote themas A2 3 = Ay E£iAjy,.
Then:

P3(%)

—(h = AR = 200k + A7, + A7)
= =13+ Ot + 20 DA2 = Qhthpe + 225, + X2 DA+ 1102, +22 ). (70)

m

As the coefficients at the second degree of A in two expressions for Pz (A) (68) and
(70) should be equal, we derive: 2A,, = A] + )»2 — Ap — A1. As A] < Az < 0 and
—Ap — A < 0, we get that A, < 0. That is, if two eigenvalues of Ay, (m, s2, by)
are complex, then their real part is less than zero. O
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Lemma 7 Suppose, that for the chosen parameter values there exists a real positive
s2+ defined in (19). If Ay, (m4, s24) has two complex conjugated eigenvalues with
negative real part, then Ay, (mL, s24, by) has either three real negative eigenvalues,
or one real negative eigenvalue, and two complex eigenvalues with negative real part.

Proof From the assumption of the lemma and from (61) it follows, that C (kﬁ) > 0.

Let Ag, (m, s24) have the complex conjugated eigenvalues with negative real part

A2 = Are £ iXim, Are < 0. Then the characteristic pglynomi:al P Q») takes positive

values for YA € R and has the form Py(A) = (A> — 24,cA + A2, + A7 ). Then from

Eq. (59), we obtain

P30 = (= Ap — A) (A2 = 28peh + 32, +22) — C(k2)A
13 4 Qe — ApAE + (- AZ — 32 4+ 2Aphre — CUIA — Ap(R2, +32)).

(71)

From (71) we get:
P3(—Ap) = C(kD)Ap > 0 and P3(0) = —Ap(A2, + A7) < 0. (72)

Since P3(A) is continuous, it follows from (72), that polynomial P3(1) has at least one
root on the interval (—Ajp, 0). Thus we can suppose —Ap < A1 < 0.

From (71) it follows, that for A > 0 polynomial P3(A) takes values less than zero.
That means, that P3(A) has no non-negative real roots P3(A). Therefore, if the two
other roots of P3(}) are real, they are also negative.

Next we investigate the possibility, that polynomial P3(A) has two complex conju-
gated roots. We denote them as A2 3 = A, £ iA;;. Then:

Ps(A) = —(A — A1) (A2 — 24,0k + )“Ee + )Lz )
= =37+ (1 + 24000 = Qhakre + A + MDA+ M GF, +25,). (73)

m
As the coefficients of A2 in two expressmns for P3(A) (71) and (73) should be equal,
we derive: 21, = Z)W — Ap — A1. As Are < 0and —A, — A1 < 0, we get that
Are < 0. That s, if two eigenvalues of Ay, (m, s24, by) are complex, then their real
part is less than zero. O

3.5 Stability of the system of three equations

Lemma 8 Suppose, that for the chosen parameter values, mqy defined in (18) is
positive, B, = Bma and there exists a real positive so+ defined in (19). Then the
constant solution 74 = (my, s24, by) of the system (14)—(16) is stable against purely
temporal perturbations.

Proof From Lemma 3, 5, 6 and 7, we obtain, that for zero wavenumber k¢, matrix Ay, ,
evaluated at the constant solution z, has either two negative eigenvalues and one zero
eigenvalue, or three real negative eigenvalues, or one real non-positive eigenvalue, and
two complex eigenvalues with negative real part. O
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Theorem 2 Suppose, that for the chosen parameter values my defined in (18) is
positive, B, = PBma and there exists a real positive sy defined in (19). Then if
2, defined in (55) is positive, and y| defined in (54) is negative, then Iy, k7 € R
defined by expression (52), such that 0 < k| < k», and the constant solution 7z of
the system (14)—(16) is unstable with respect to the perturbations with wavenumbers
kn € (K1, k2). Otherwise, constant solution 74 is stable.

Proof The theorem is proved, by analogy with the proof of Theorem 1. In that proof
all possible cases for the signs of the parameters 7, and y, are considered, and the
relations between the eigenvalues of matrix A, and wavenumber k,, are determined
for each case. From those relations, and from relations between eigenvalues of matri-
ces Kk,, and Ay, , stated in Lemma 4-7, it is possible to determine the correspondence
between the eigenvalues of matrix Ay, and wavenumber k,, for the sets of signs of the
parameters &, and yj.

Therefore, it is obtained, that if 2, > 0, and y; < 0, then 3k, ko € R defined
by expression (52), such that 0 < x1 < k2, and the magnitude of the perturbation
modes with wavenumbers k, € (k1, k2) grow monotonically after a certain period
of time, since one of the eigenvalues of Ay, is positive. Hence, constant solution
7+ = (m4, s24, by) is unstable with respect to these perturbation modes.

Otherwise, Yk, € [0, co) the eigenvalues of matrix Ay, are either real non-positive
numbers (the matrix Ag, can not have more than one zero eigenvalue) or complex
numbers with negative real part. Hence, initially small perturbations remain small
during any period of time, or even disappear when t — 00, and constant solution z
is stable in this case. O

The conditions on parameters, stated in Theorem 2, can be formulated in compact
form:

r < 0,
< <=2 . 74
[ Dy =y — Ay >0 TV V¥2Y0 (74)

From the proof of the theorem, it follows, that condition (74) is a necessary condi-

tion for the instability of the solution z., since it is equivalent to the existence of real

positive numbers k1 and k». The necessary and sufficient condition holds, if there exist

wavenumbers &, € («1, k2). From (52) it follows, that the length of interval («1, k) is
G

equal to %. If 2, is small enough, then it is possible, that no wavenumber &, will
lie inside interval (k1, x72), and perturbations will not grow. In this case, the necessary
condition for instability holds, but the solution is stable.

The necessary instability condition (74), can be transformed into the sufficient
stability condition by the substitution of the sign in inequality (74) by the opposite
one:

Y1 = =2¥20. (75)
This condition is formulated in terms of model parameters and does not depend on the

problem statement. This means, that general instruction on the choice of the parameter
values, which guaranty the stability of the constant solution z., can be formulated.
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The necessary and sufficient stability condition is opposite to the necessary and
sufficient instability condition, which depend on the wavenumbers k. Set of wave-
numbers &, contains infinite number of elements, and is determined by the domain
size, by the coordinate system and by the boundary conditions. Therefore, it is not
possible to state the necessary and sufficient condition in terms of model parameters
for the general case. For different boundary conditions, coordinate systems or domain
sizes, these conditions have to be reformulated.

3.6 Parameter choice and stability

In this subsection the choice of parameter values, providing stability of the constant
solution z4 = (m4, s24, b ) of the system of three equations, is discussed.

For the parameter values in Eq. (11), (12) and (13), the constant solutions z; =
(0,0,0), zo = (mgp, 0, bg) and z_ = (m_, sp_, b_) are unstable, and the solution will
not converge to these constant solutions. From a biological point of view, this is a
favorable situation. Since, the 'non-healing state’ z; contains zero concentrations of
osteogenic cells and osteoblasts, the ’low density state’ zo corresponds to much lower
concentrations of osteogenic cells and osteoblasts, compared to those for z, and the
constant solution z_ contains unphysical negative concentrations of cells.

For the chosen parameter value sets in Eqs. (11), (12) and (11), (13), the sufficient
condition (75) for the stability of z4 does not hold. It is necessary to change the value
of parameters, to guaranty the stability of the constant solution z4 in general. It is pro-
posed here, to vary values of parameters B;,;» and D,,. These two particular parameters
are chosen, since:

— their variation does not cause change of the values of constant solutions z;, zo, 7—
and z4 (see Egs. (18),(19), (20));

— from (35) and (36) it follows, that parameters By, and D,, do not influence the
stability of the constant solutions z; and zo against purely temporal perturbations.
The stability of the constant solution z_ against purely temporal perturbations is
determined from the eigenvalues of matrix Ag,(m—, so—, b_), see Eq. (32). As
ko = 0, this matrix does not depend on parameters B> and D,,. For the consid-
ered parameter values in Egs. (11), (12) and (13), and for any By, and D,,, z_ is
unstable against purely temporal perturbations. Therefore, varying B,,» and D,,,
we can achieve the stability of constant solution z., while constant solutions z;, zg
and z_ remains unstable;

— calculations showed, that stability condition (75) is most sensitive with respect
to the parameters B2 and D,,. That is, the ratio of the initial parameter value
and the ultimate value of the parameter, which satisfies condition (75), is much
smaller for B,,» and D,,, compared to the rest of the model parameters.

The first quadrant of plane (D,,, B,2), which contains all possible non-negative
values Dy, and B,,2, can be divided into three regions, with regard to the stability of
the solution z4:

region Rj: sufficient stability condition (75) holds, solution z is stable;

region R»: condition (75) does not hold, no wavenumbers k;, lie in the interval

(k1, k2), solution z is stable;
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Fig. 3 Plot of the regions in the first quadrant of plane (D, B,;2), where constant solution z is stable
(R1, R>) and unstable (R3), for the case of zero flux of m and sy on the boundaries, 1D Cartesian coordi-
nates, and domain of length 0.6 mm. The rest of model parameters are initialized: a as in (11), (12), and
basin (11), (13)

region R3: condition (75) does not hold, some of wavenumbers k;, lie in the interval
(x1, k2), solution z4 is unstable.

Configuration of regions R, and R3 depend on the specified boundary conditions,
coordinate system and domain length. In Fig. 3 these regions were plotted for the case
of zero flux of m and s, on the boundaries, 1D Cartesian coordinates, and domain of
length 0.6 mm. This length is equal to the width of the domain, used in the numerical
simulations by Moreo et al. (2009). Values of model parameters, given in (11), (12)
(Fig. 3a), and in (11), (13) (Fig. 3b), were chosen.

With use of (45), (46) and (47), sufficient stability condition (75) can be rewritten
as follows:

1 2
By < ——— (Dm + G+ — DmDsz)/o) ) (76)
8§24 + Bm2 Gy
or in the form
G
Dm 207 if Bm2 < —1,
52+ + Bm2
voDs2
D, > Bm2(52+ + Bm2) — G1 +2 >
Gy
. G
D D , if By > T,
YoLs2 Yo Ds2 $24+ 2
=2 [ = Bua(sar + Bu2) — Gi+ 5 "
Gy Gy
)
where Gy = %, = g—i’; O + Amomo %), and yy is defined in (47).

Inequalities (76) and (77) determine the values of B,,» and D,,, which ensure the
stability of the solution z_ .

The following remark can be helpful for the solution of practical problems. Suppose,
that initial values of model parameters do not satisfy sufficient condition (75) for the
stability of the solution z.. Then, it is possible to guaranty the stability of z in general
case (i.e. for any set of wavenumbers, which are determined by problem statement),
by decreasing the value of B3, or increasing D,,, until condition (76) or condition
(77) is satisfied, respectively.
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4 Numerical results

The predictions from the linear stability analysis are validated against a sequence of
numerical simulations. The sufficient stability condition is considered in the form (76)
and parameter By, is varied.

If we fix the values of all parameters, except By,2, then the right part of inequality
(76) can be denoted as the ultimate value B%”, such that for B, < Bf,;gi small per-
turbations near (m4, so4, b+) are predicted not to grow with time. For By, > Bfr’lg’
small perturbations of mode ¢, (x) will grow, if k1 < k, < k. If By is close to
ultimate value BZ’Z”, then the interval (k1, k2) is small, and it could happen, that no
wavenumber k,, lies inside this interval. In this case perturbations near the constant
solution will not grow, in spite of the fact, that sufficient stability condition (76) does
not hold.

For the cases when the model parameters are initialized as in (11), (12) and (11),
(13), the ultimate values are B,l,'l’z" ~ 0.45716 % 0.167 mm? day~! and B,%” R
0.02481 % 0.167 mm? day .

First, the parameter values (11), (12) are considered. If the problem domain is a
1D interval x € [1, 6] in Cartesian coordinates, and if a zero flux of osteogenic cells
m and growth factor s, is supposed, then the wavenumbers are determined as k, =
an/5Smm~', n =0,1,2,.... Then for By, = 0.4572 % 0.167 mm? day~!, which is
larger than the ultimate value, still no wavenumber lies between 1 ~ 4.2805 mm ™!
and k> ~ 4.3838 mm~!. Though, for B,,» = 0.4573 % 0.167 mm? day~!, the wave-
number k7 ~ 4.3982 mm ™! € (k1, k) = (* 4.2322mm ™!, ~ 4.4339 mm~!). If the
parameter values (11), (13) are chosen, then for B,,» = 0.0249x0.167 mm? day_l, the
wavenumber kg ~ 3.7699 mm~! € (k1, k2) = (~ 3.6417 mm~', ~ 4.324 mm~).

InFig. 4 the results of numerical simulations are shown. The solutions were obtained
with use of the finite element method. Linear 1D elements of size 0.02 mm were used
for the discretization in space. The implicit backward Euler method, to prevent insta-
bilities due to numerical time integration, and adaptive time stepping were used for
time integration. Zero flux of m, s2 on the boundaries was specified as the boundary
conditions. To introduce the perturbations in the initial solution during simulations,
the corresponding constant solution value plus a small random number were assigned
to every degree of freedom at time + = (. From Fig. 4 it follows, that for values
B,,;» less than the ultimate value, the numerical solution tends to the constant solution
(m4, s24, by) with time (Fig. 4a). And if parameter B,,» is larger than Bfr’l’zn and such,
that 3k, € (k1, k2), then there is no convergence to the constant solution, and a wave-
like profile occurs in the solution (Fig. 4c, d). However, if By, is larger than 3’171;'2", but
such that no wave number lies inside (k1, k2) yet, then the numerical solutions again
converge to the constant solution (m, so, b4) (Fig. 4b). Thus, the predictions of the
linear stability analysis are fully confirmed by the numerical simulations.

The introduced linear stability analysis allows to assess the stability of the consid-
ered constant solution. From its stability it can be concluded, whether or not small
perturbations grow with time. The important conclusion can be made, for cases in
which perturbations are large: if the constant solution is not stable, then the solution
of the problem will never converge to that constant solution. Hence, the introduced
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Fig. 4 Solution of Egs. (14)—(16) in Cartesian coordinates at different time moments. Small random
initial perturbations near the constant solution (m4, sy, by) are considered. Zero fluxes of m, s2 on
the boundaries are taken as the boundary conditions. Parameter B,,» takes different values: By, = k -
0.167 mm? day_l, ak=03,bk=04572,ck =0.4573,d k = 1. The rest of parameters are initialized
asin (11), (12)

linear analysis provides important results also for the case of large perturbations, since
it allows to avoid the situation, in which the solution, which is constant in time and
in space, can never be reached. However, if the constant solution is stable, it is still
unknown, how large initial perturbations behave, whether they disappear or prevail,
Or even grow.

In reality, we have to deal with large deviations from the constant solution. The
initial and boundary conditions, proposed by Moreo et al. (2009) for the full sys-
tem (1)—(8), were given in Sect. 2. When adapted to the simplified system of three
equations, initial and boundary conditions (9), (10) are rewritten as:

m(x,0) = 0.001, b(x,0)=0.001, s2(x,0)=0.01, x€ 2. (78)
Ds1Vs1(x,t) - mn=0, DgpVsy(x,t) - n=0, xeI, te(0,o00)
m(x,t) =0.2, xe I}, te(0,14] [days]

_ _ x € I'\I}p, t € (0, 14] [days],
(D, Vm(x,t) —m(X, 1)B,;nVsa(x, 1)) -n =0, [x €I 1 € (14, 00) [days].

(79)

Initial conditions (78) are far from the small perturbations near the constant solution
(my, s24, b4 ).

The simplified system (14)—(16), and the full system (1)—(8) were solved numeri-
cally for initial and boundary conditions (9), (10) and (78), (79) respectively, and for a
number of parameter value sets. Some of the solutions for the full system (1)—(8) are
plotted in Fig. 5. The numerical simulations show, that if the parameter values are such,
that the constant solution (m ., s24, b ) is stable, then the numerical solutions of both
systems for the unknowns m(x, 1), s2(x, t), b(x, t) converge to this constant solution
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Fig.5 Solution of Egs. (1)—(8) in axisymmetric coordinates at different time moments. Initial and boundary
conditions are chosen in the form (9), (10), according to Moreo et al. (2009). Parameter B,,» takes different
values: B,y = k -0.167 mm? day !, a k = 0.0248, b k = 0.0249, ¢ k = 0.04, d k = 0.2. The rest of
parameters are initialized as in (11), (13)

after a certain period of time (Fig. 5a). Though, if the constant solution (m 4, 24, b)
is not stable, then a wave-like profile develops in the solution for osteogenic cells and
growth factor 2 and for parameter values (11), (13) also in the solution for osteoblasts.
For some values of parameter B, that *'wave-like’ profile is steady (Fig. 5b). Though,
if By,» is much larger than the ultimate value, then the waves in the numerical solution
are not steady, but moving (Fig. 5c, d). This is in agreement with the stability analysis
presented in Sect. 4.

5 Conclusions

We have defined a simplified system of three equations, characterized by the appear-
ance of a wave-like profile in the solution under the same conditions, as for the solution
of the full system of eight equations. For the considered parameter values the sim-
plified system has four constant solutions. The sufficient stability condition for one
of the constant solutions, denoted as z4 = (my, s24, b1), is derived in terms of
model parameters, by means of the linear stability analysis. If all constant solutions
are unstable, then by changing the values of the model parameters B,,» and D,,, it is
possible to make the solution z stable, while three other constant solutions z;, zg and
z_— remain unstable. The analytical predictions on the stability of constant solution
74+ for various parameter sets are confirmed by numerical simulations, when starting
from small perturbations near the constant solution.
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In real simulations for the peri-implant osseointegration, initial conditions corre-
spond to the large deviations from the constant solution. However, linear stability
analysis provides important results also in this case. It allows to avoid such values
of model parameters, for which all constant solutions are unstable, and consequently,
can not be reached. Linear stability analysis makes it possible to determine parame-
ter values, for which the solution of the problem will never converge to the solution,
which is constant in time and in space. This conclusion is confirmed by the numerical
simulations, which evidence, that a wave-like profile appears in the solution, if all the
constant solutions are unstable. The numerical simulations also show, that if the solu-
tion z4 is stable and z;, zg, z— are unstable, then numerical solutions for unknowns
m(x,t),s2(x, 1), b(x,t) of the full and the simplified system converge to the con-
stant solution (m, s24, by ) after a certain period of time, when starting with initial
conditions proposed in Moreo et al. (2009).

Therefore, the numerical simulations demonstrate, that if constant solutions z;, zg,
z_ are unstable, then stability of the constant solution z could determine the behavior
of the solution of the whole system, if specific initial conditions are considered. That
makes it possible to determine the values of model parameters, for which biologically
irrelevant solutions with a “wave-like’ profile can be obtained.
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