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Switched Adaptive Control of Air Handling Units
With Discrete and Saturated Actuators

Shuai Yuan™, Lixian Zhang

Abstract—This letter introduces a new switched
adaptive control mechanism that can cope with parametric
uncertainty while using discrete and saturated actuators.
Control of air handling units (AHUs), where air and water
supply have discrete and saturated characteristics, is the
motivational drive behind this letter. We show that the
cheap actuation and low computational requirements of
building automation installations can be met after recasting
the AHU thermal dynamics as a switched linear system
with discrete working modes. Adaptive laws with anti-
windup compensation and a switching law based on dwell
time are introduced to cope with the uncertainties and
input constraints of the switched linear system. Tracking
performance is shown analytically and demonstrated via a
numerical test case.

Index Terms—Air handling units, switched adaptive con-
trol, input saturation, discrete input, dwell time.

[. INTRODUCTION

T THE core of heating, ventilating and air-conditioning

(HVAC) systems in modern buildings are air handling
units (AHUs), whose task is to provide air at desired tem-
perature and humidity [1]-[3]. Considerable efforts have been
made to provide efficient control for AHUs, where at least
two intrinsic features of AHUs stand out [4]: first, the
interaction between the air circuit and the water circuit in
the heating/cooling coil gives rise to nonlinear dynamics;
second, custom installation settings and variable operating
conditions induce substantial uncertainty and several unde-
termined operating parameters. As a way to address non-
linearities and uncertainties, intelligent control techniques,
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such as fuzzy logic and/or genetic algorithm have been
proposed for AHUs [5], [6]. Genetic-based optimal control
was adopted in [7] and [8] to maintain the temperature set
point. In [9], model predictive HVAC control was adopted to
minimize energy cost while guaranteeing comfort.

Unfortunately, the effectiveness of these approaches is
usually put at stake when considering two fundamental limi-
tations of building automation: computational complexity and
cheap actuation devices. To provide flexible products with
the widest market, it is often desirable to embed the build-
ing automation intelligence in cheap hardware with moderate
computational capabilities. However, model predictive con-
trollers require high-performance hardware, while the design
of good fuzzy/genetic rules is typically tailored to a spe-
cific installation and difficult to be mass-produced [10]. For
similar mass production motivations, mechanical actuation
parts in building automation systems are designed to be sim-
ple, cheap and robust [11]. This means that variable speed
drives/valves will not be capable of the very accurate control
adjustments required by predictive or fuzzy methods, but they
will usually work at a discrete set of speeds/positions [12].
In view of the practical configurations of AHUs, delivering
an intelligent control that can cope with these limitations is
both a significant challenge and a key opportunity for the
building automation industry [13], [14], which motivates this
letter.

In this letter, a novel switched adaptive control method
is proposed to cope with uncertainties and nonlinearities of
AHUs with discrete and saturated inputs. First, a switched
AHU model is established by linearizing the nonlinear dynam-
ics with respect to discrete working modes, i.e., different fan
speeds. A family of reference models is used to represent the
desired system dynamics for each working mode. An adap-
tive law with anti-windup compensator and a switching law
based on dwell time are designed to deal with uncertainties
of the switched system, and with the saturated and quantized
valve characteristics. The main contribution of this letter is
twofold: 1) the complex nonlinear model of AHU is recast
into a switched linear system, which simplifies the controller
design and reduces computational complexity; 2) a novel adap-
tive control strategy is developed, which specifically addresses
practical input constraints in AHUS.

This letter is organized as follows: Section II introduces
the model of AHU and the control problem. The switched
adaptive control scheme is given in Section III. A case study
is presented in Section IV to illustrate the proposed method
and this letter is concluded in Section V.
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Fig. 1. Layout of the AHU with a single zone.

Notation: The notation used in this letter is as follows: we
define He{P} = PT + P, where the superscript T represents the
transpose. The notation || - || represents the Euclidean norm of
a vector. The operators Amax(P) and Amin(P) return the maxi-
mum and minimum eigenvalues of the square matrix P, respec-
tively. The operator sgn extracts the sign of a real number.

[I. PROBLEM FORMULATION AND PRELIMINARIES

We consider an air handling unit serving a conditioned
space. Such space is taken as a single zone, for the sake of
simplicity. The air handler consists of a cooling/heating coil,
supply and return fans, valve, damper, and ductwork, as shown
in Fig. 1. Depending on different seasons, chilled or heated
water flows through the coil, so that the air in the ductwork is
cooled or heated in its path. The water flow rate is controlled
by the position of a programmable valve, while the air flow
rate is controlled by the speed of the supply/return fan. In this
letter we focus on a heating coil case. The temperature in the
zone is also affected by the heat exchange with the building
mass, and by the solar radiation.

All these effects can be described using the heat balance of
the zone. In particular, after ignoring the influence of humid-
ity on temperature (in line with [5] and [6]), the following
differential equations describe the evolution of temperature in
the system:

a Js.i kmz NPsolar
T,=—7"FT,—-T)+ ———An—-T1,) + ———
’ \Z ‘ ) PaCpaVz " ‘ PaCpa Vs
. k, k 1—n
Tm = i (Tz - Tm) + ﬂ(To - Tm) + Pyolar
Cn Cn m
. ; 0.25f;.; Cow AT,
T z&(TZ_Ts)‘i‘ fs’l(To_Tz)‘i‘Mfw (1)
Ve c PaCpaVe

where the definitions of all parameters in (1) are given
in Table I. The following comments apply to Tr, f5.; and fy,
in (1). Even if the temperature Ty, of the building mass repre-
sents the agglomeration of many thermal capacities, methods
have been developed estimate it with some accuracy (see [2]):
therefore, such an estimate can be employed for feedback.
In most building automation designs, the variable-speed drive
of the fan operates at fixed number of speeds [12], typ-
ically {off, low, medium, high} = {0,1,2,3}, giving f;; €
{fs.0.fs.1, fs.2, fs.3} with fio = 0. The switching behavior
between different fan speeds, i.e., f;; = fs,o(1), 15 controlled
by a switching signal o(-), which might depend on exter-
nal commands or on a supervisory controller. The presence
of switching phenomena requires us to give the following

TABLE |
PARAMETERS OF THE DYNAMICAL MODEL OF THE AHU

Cpa (J/kg®C) Specific heat capacity of air

Cpw (J/kg°C) Specific heat capacity of water

Cm (J/°C) Heat capacity of the mass

kom (W/°C) Thermal conductance between
environmental air and the mass

kmz (W/°C) Thermal conductance between
indoor air and the mass

pa (kg/m?) Air density

pw (kg/m?) Water density

Ve (m3) Volume of heat exchanger

V, (m3) Volume of thermal space

Ts (°O) Environmental temperature

Ts (°C) Temperature of supply air

T, (°C) Temperature of thermal zone

Tm (°C) Temperature of mass in the zone

fs (m3/s) Flow rate of air
with discrete modes

fw (m3/s) Flow rate of chilled water

AT, (°C) Temperature gradient in cooling unit

Paolar (kW/m2) || Solar radiation

n Percentage of direct solar radiation

specifications on how often dynamics can switch (switching
law design).

Definition 1 (Dwell Time Switching) [15]: Switching laws
with switching sequence S = {f;};cn+ are said to be dwell-
time admissible if there exists a number tg > 0 such that
t111 —1t > 14 holds for all / € NT. Any positive number 4 for
which this constraint holds is called dwell time, and the set of
dwell time admissible switching laws is denoted by D(zq).

Remark 1: Definition 1 formalizes the fact that the fan
speed cannot change arbitrarily fast. Therefore, in case user
violates the dwell time constraint by changing the speed too
often, a controller will supervise the switching transitions.

As far as fy, is concerned, in many building automation
designs, valves are adjusted to discrete positions within a
bounded range. In other words, the water flow rate turns out
to be discretized and saturated as described by

_ sgn(g(fw))fmax,  Ufwl = fmax
sat(q(fw)) = { 0. ol = for

where fmnax 1S the maximum flow rate of heated water and g(fy)
represents the discretized valve of f,,, which satisfies

lg(fw) — fwl < Amax 3)

where Amax 1S an upper bound of the discrete error.

By taking into account the switching behavior of f;; and
the practical constraints of fy,, and by selecting the state x =
[T, Tm Ts]7, the model (1) is recast into in a switched input-
saturated system with four different modes (subsystems)

x(t) = Aix(t) + bsat(q(fyw (1)) + d(f) @
for i € {0, 1, 2, 3}, where

@)

_alfS,i — a2kmy —o2kmy, O‘Lfs,i
A = ,Blkmz —B1(kmz + kom) 0
0.75B2fs.i 0 —Pofs,i
b=[0 0 wn], d=di+d
withdi =[0 0 »]fnd=[E & 0
1 1 8 1 8 1
W= = fi=—, fr=
! v, PaCpaVz ! Cm Ve
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Fig. 2. The desired dynamics of the temperature of the zone.
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Since normally a minimum ventilation rate must be guaran-
teed according to the ASHRAE Standard 62-1989 [16], we will
focus on control of subsystems i € M, where M denotes the
set {1, 2, 3}. Noticing that the values of the volume of heat
exchanger V; and of the temperature gradient in the heating
unit AT, are installation-dependent and a priori unspecified,
the parameters 8, and y; in (4) are unknown. This introduces
large parametric uncertainties that make the control of the
switched input-saturated systems (4) an open problem.

Remark 2: Instead of considering the “ideal” nonlinear
model (1) as in [17] and [18], model (4) captures the “realis-
tic” AHU configuration in which the fan and the valve operate
in a discrete number of modes, and thus cannot be adjusted
continuously. To the best of the authors’ knowledge, no AHU
control method has been provided in literature for system (4),
which thus requires a new control scheme.

To deal with the uncertainties in (4), techniques from
model reference adaptive control are adopted. We design three
reference models for subsystems 1, 2, 3 in the following form:

Im() = Amixm(®) +bm,iTa, €M &)
with
_aLfS,i — a2kmy —0ot2kmy aLfs,i
Am,i = /Slkmz _ﬂl(kmz + kom) 0
Sml,i 8m2,i _5m3,i

bmi=1[0 0 5m4,i]T

where xp, is the desired dynamics of the uncertain switched
system (4), T4 represents the desired temperature set point,
and the positive scalars dmi,;, Kk = 1, 2, 3, 4, are parameters to
be designed as in the following remark.

Remark 3: The discrete fan speeds {fsJ ,fg,z,fgﬁ} lead to a
straightforward design for (5). In particular, the dynamics of
the reference model are designed to be fast or slow according
to the fan speed: the higher the speed, the faster the rate with
which the temperature is expected to change, see Fig. 2.

Since we are interested in an adaptation transient in the
order of minutes, we can regard the outside temperature T, and
the solar radiation Pgglyr in (4) as constants during the adap-
tation process. Therefore, a nominal state feedback controller
is designed as fi (1) = kfTx(t) + I} Tqg — v*, i € M, where the
nominal parameters k = [/cik’i, /c;,i, xé"i]T, I¥, v* e R, satisfy

the following matching conditions:

bikiT = Ami—Ai,  blf = by, bu* =dj. (6)
The matching conditions (6) hold in view of the structure
of the matrices in (4)—(5). However, without the knowl-
edge of the parameters A;, b, and d;, we cannot solve (6) and
obtain the nominal parameters of the controller. Therefore, we

adopt the controller

fu(t) =k Ox(@®) + LOTa — v(0) @)

where k;(t), [;(t), and v(¢) are the estimates of the nom-
inal parameters k;, If, v*. The closed-loop system with

controller (7) is rewritten as

(1) = Ax(t) + b (k] ()x(1) + (D Tg — v(®))
— b(Afw + Ap) +d(0) ®)

with Afy = q(fw) —sat(q(fw)) and Ay = f, —q(fw). Define the
tracking error e = x — x,. Using the matching conditions (6)
and subtracting (5) from (8) give us

&(r) = Ame(t) + b(iciT(t)x(t) +T(OTy — a(z))
— b(Afy + Ap) + da(8) ©)

with the parameter estimation errors being I~<,-(t) = ki(t) — k7,
I = L) — I¥Y, 0(1) = v() — v*. Therefore, the control
objective of this letter is stated as:

Problem 1: Design a switched adaptive control method,
consisting of an adaptive law and of a dwell time switching
law for (7), which guarantees that the switched system (4) with
saturated and discrete input can track the reference model (5)
with bounded tracking error e in (9).

[1l. SwITCHED ADAPTIVE CONTROL

The switched adaptive control framework used to solve
Problem 1 is explained in Fig. 3, consisting of three key ele-
ments: a family of reference models representing the desired
behavior of the zone temperature; an adaptive mechanism
to update the controller; a switching signal o(-). Before
introducing the adaptive laws, the following lemma is recalled.

Lemma 1 [19]: Given an integer K and a time interval & >
0, if there exists a collection of symmetric matrices P;; > 0,
ieM,k=0,...,K, such that the following conditions hold:

(Pisk+1 — Pix)/h + PixAmi + AL Pix <0

forK=kk+1;k=0,..., K—1 (10a)
Pi kA, +A£1,iPi,K <0 (10b)
P,',K — Pj’o >0 (10c)

for j,i € M with j # i, then the switched system x = Ap, ;x
is asymptotically stable for any switching signal o (-) € D(7q)
with g = Kh.

To eliminate the windup effect possibly caused by the
saturation constraint (2), the following anti-windup com-
pensator inspired by [20] is used for developing the
adaptive law:

Xaw (1) = Am,ixaw(t) - baw,i(t)Afw(t) (11)
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with xaw (f0) = 0, where b,y i(t) € R3 is a parameter to be
estimated. A new error is defined as e,y = e — Xaw, Whose
dynamics are

eaw = Amiean + b(F 0¥ +T(0Ta = 5))
baw. i (1) = bAF + da (1)

where l?aw,,-(t) = b — b,aw,i(t). In order to obtain a well-
posed bound on the tracking error, one conventional assump-
tion [21], [22] is necessary for the adaptive law.

Assumption 1: The parameters kl*, I}, v*, and b are confined
within known bounds, i.e., kI € [k; k;], I} € [I; i1, v* € [v DI,
and b € [b b]. In addition, let d> be the upper bound of ||da].

Therefore, according to the anti-windup scheme (11)-(12),
to Lemma I and to Assumption 1, the following adaptive laws

for k;, l;, v, and byy,,; are proposed:
ki(t) = —Tix(t)ely (OPi(Dbmi + fii(1)
Ii(1) = —yir(t)ely (OP{(t)bmi + £i,i(2)
U(t) = Yo,iCay (OP:{(Dbmi + f,i (1)
bl (1) = Vp.ilAfwel, (DPi(6) + fi,i (1)
where I'; € R3%3, YiLi» Yv.i» and yp; € R are positive adaptive

gains for i € M, and the time-varying matrix P;(¢) arises from
linear interpolation of P; as follows:

Pik+ AP} 1 pe (1),
Pk,

12)

13)

t € [tof,te kv1)
tetek ter1)

with pg i (f) = (t — t¢,x)/h and APk i1 = Piks1 — Pig

The terms fi ;, fi.i, fv.i» and fp ; in (13) are projection func-
tions, as defined in [23] and [24], which guarantees that
the estimates are within the bounds of Assumption 1. The
following main result holds.

Theorem 1: Consider the switched uncertain model of the
AHU (4) with saturated and discontinuous input. Then, using
the controller (7), the anti-windup compensator (11), and
the adaptive laws (13)—(14), all signals of the closed-loop

Pi(t) = { (14)

system are bounded, and the norm of the tracking error |e||
is of the order of O(B + sup(Afy)) for any switching signal
o(-) € D(tq), where
_ 2 max;en kmax(Pi)(”EZZ” + Amaxb)
minjers Amin (AL Pi + Pilm.i + Pi)’

Proof: Consider the following Lyapunov function
—13
V(1) = eqy ()Po ) (Deaw (1) + Z TR
3 -1 —1 v
+Z 1,0 l 1;0([) 2+Z b*ﬁ
ST 1]

15)

aw A

Without loss of generality, assume that subsystem i is active
for t € [#1,t)+1) and subsystem j is active for ¢ € [t;41,142).
For t € [t k,t1 k+1), the time derivative of V is

V= eng,-eaW + eszidz + dzTPieaW + eZW AgPib

1 —1 —1
+ bTAfPian |l*| T Jri + ﬁ i yl,i S
1.
+ ﬁvyu,,-‘fu,i ”*lbaw,yb,fbl (16)
1

with Q; = AI{]’[P,- + PiAm,; + P;. To study the properties of
V(t) for t € [t;,t14+1), first we consider a sub-interval, i.e.,
teltik, tik+1), k=0,..., K — 1. Note that

Qi(t) = He{P;(t)Am,i} + AP}, /h
+ (01Pik + 02Pijs1)
= o1[ APy o/h+ He{P; 1A i}]
+ o[ AP,y 1 /h+ He{P;jy1Am,i}]

where w; = 1 — (1 — k) /h, and wy =
to (10a), it follows that

Qi(n <0,

Then, let us consider ¢ € [k, t;+1) for the case that #;11—# >
74. We have P;(#) = P; according to (14), which indicates
by (10b) that

a7)

1 — w1. According

tetig, tisl). (18)

Qi) <0, telyk, i) (19)
Since the signals ey (), I}g(.)(~), ig(.)(-), and Ug()(-)
are continuous according to (9) and (13), we have,
at the switching instant #41, Vi(tip1) — V,-(tl_H) =

eaw(t[H)( .0 — Pjk)eaw(fi+1), which indicates that V(-) is
non-increasing at switching instant #;1 considering P;o —
Pig < 0 for i,j € M in (10c). According to the def-
inition of parameter projection, it follows I;iTFf ! Jei =
0, liTyl_,ilfl,i < 0, ﬁyz_,ilfu,i < 0, and baw,iV3_,ilfb,i <
0. Then, together with (3), (18)-(19), we have vV <
_kmin(Qi)”eaw”2 + kaax(Pi)(”dZH + Amaxb)”eawuv which
implies that for |le,w| > B, we have V < 0. In other words,
the error e,y (+) is attracted into the ball centered in the origin
with radius 5. Since the matrix A; of the temperature dynamic
model (4), i € M, is stable, x(¢) is bounded for any ¢ > 1.
Note that the parameter estimates are bounded by the pro-
jection laws. According to (7) and (11), this will lead to the
boundedness of Afy, and x,y. Recalling e = eay, + Xaw, We can



421

obtain that the norm of the tracking error |e| is of the order
of O(B + sup(Afw)). This completes the proof. [ |

As compared to [19], this letter shows that multiple
Lyapunov functions that are non-increasing at switching
instants can be obtained even in the presence discrete and
saturated input. Note that as the adaptive laws (13) employ
parameter projection, it is well-known from robust adaptive
literature of [21, Ch. 8] that stability of the closed-loop is pre-
served even in the presence of some model errors and external
disturbance.

IV. CASE STuDY

Let us consider a single zone as in Fig. | in line with [6].
The material of the building mass is burnt brick, whose den-
sity is 1820kg/m?, specific heat is 880J/kg°C, the thermal
exchange coefficient between the environmental air and the
mass kom/Cm = 9.72 - 1071 /s, between the indoor air and
mass kmyz/Cm = 5.235 - 10_51/5 [2], and absorptivity of the
solar radiation is 0.6. The discretization error of the water sup-
ply rate is 0.05L/s and the water supply rate is constrained
in [0 2.5]L/s. The desired zone temperature is 24°C, and the
initial zone temperature is 16°C.

A. Design of Reference Models

The following reference models for three different fan
speeds are designed:

[—0.0066 —0.0001 0.0065 ] 0
Am1 = | 0.0002  —0.0003 0 |, bm1= 0

| 32 0 —4.4 | | 12638

[—0.0126  —0.0001 0.0125] 0 ]
Am2 = | 0.0002  —0.0003 0 |, bmo= 0

3 0 —4.1 | | 11310

[—0.0201 —0.0001 0.02 0
Ams = | 0.0002  —0.0003 0 |, bms= 0

|25 0 -3.6 1.1169

Solving the LMIs (10a)—-(10c) for K = 1 using SeDuMi
solver [25], we obtain the dwell time 74 = 1.2s. Let the initial
conditions be x(0) = [16 5 16]7, xn(0) = [16.5 5 16.5]7,
ki(0) = [0.2941 0 — 0.4234]7 x 1074, ko(0) = [ —
0.1764 0 0.211717 x 1074, k3(0) = [ — 0.823 0 1.035]7 x
1074, 1;(0) = 2.9731 x 1073, L(0) = 2.6606 x 107,
13(0) = 2.6606 x 1073, v(0) = 4.7049 x 1078, by i(0) =
[0 0 1.0627]17 x 10* for i € M. Since the dwell time 74 = 1.2s
is negligible as compared to the actual operational time of the
fan, very fast switching is allowed with guaranteed stability of
the switched linear system (4). Hence, two switching strate-
gies, time-driven and temperature-dependent, will be designed
in the following. To show the robustness of the adaptive
laws (13), we consider some modeling errors consisting of
unmodelled system matrices AA; = 0.14; and Ab = 0.1b for
i=1,2,3, as well as a disturbance introduced by some occu-
pants in the zone where each occupant generates additional
200W of heat gain [26].

B. Scenario I: Time-Driven Switching

We assume that the mode of the fan is switched to meet
the regulations for air exchange needed for acceptable CO2

Speed
10 occ. 10 occ.
High
5 occ. 5 oce.
Medium . :
| 2 oce. i 2 occ.
Low — i | | i |
! ! ! ! H >
0 10 20 30 40 50 Time (min)
Fig. 4. The time-driven switching signal.
- N

—Zone temperature
- Reference temperature
Desired temperature

Temperature
S

10 20 30 40 50 60
Time (min)

Fig. 5.
law Fig. 4.

The dynamics of the zone temperature under switching

Speed A

High

Medium |

Low

»

-3°C -1°C 1°C 3°C Error

Fig. 6. The temperature-dependent switching signal.

levels: the larger the occupancy (and thus CO2 concentration),
the higher the fan speed, as shown in Fig. 4. We consider that
the size of occupancy changes every 10 minutes in 60 minutes.

The corresponding evolution of the zone temperature and
of the reference zone temperature are shown in Fig. 5. The
tracking error is bounded despite the presence of unmodeled
dynamics and disturbances, which shows that the proposed
adative laws (13) are robust.

C. Scenario Il: Temperature-Dependent Switching

In this scenario, the switching mechanism is designed based
on the rules shown in Fig. 6: when the difference between
the zone temperature and the set point is bigger than 3°C,
the fan operates at high speed; when the difference is in the
interval [1 3]°C, the fan operates at medium speed; when the
difference is less than 0.5°C, the fan operates at low speed.
The corresponding evolution of the zone temperature and of
the reference zone temperature are depicted in Fig. 7, which
shows a satisfactory tracking performance.
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’ - Reference temperature
Desired temperature

Temperature
S
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Fig. 7. The dynamics of the zone temperature under switching
law Fig. 6
25 ‘ ‘ ‘ ‘
& i v
g
2 —Zone temperature
% 20k Desired temperature
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D. Deadband On-Off Control

A comparison with a conventional deadband on-off con-
trol method [27] is considered where maximum (ON) or
zero (OFF) water flow rate is selected based on a temper-
ature deadband. As compared to Fig. 5 and Fig. 7, Fig. 8
shows that, to achieve a comparable accuracy as the
proposed method, a small deadband is needed, which
leads to undesirable fast oscillations of the zone tem-
perature and thus increases the maintenance burden of
the fan.

V. CONCLUSION

A switched adaptive control mechanism for air handling
units has been developed to cope with system uncertainties
and saturated and discontinuous input. The idealized non-
linear and uncertain air handling unit dynamics have been
recast as a switched linear system with discrete air/water
supply settings. By solving LMIs, an adaptive law with anti-
windup compensation and a switching law based on dwell
time have been introduced to cope with the uncertainties and
input constraints of the switched linear system. Stability of
the closed-loop system and tracking performance have been
shown.
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