
First mentor:		   Ir. A. Borgart (Structural Mechanics) 

Second mentor: 		  Dr. M. Turrin (Design Informatics)

Delegate Board of Examiners: 	Drs. A. Mulder

Master track Building Technology

Faculty of Architecture and the Built Environment

Delft University of Technology

Pim Buskermolen, 29 January 2019

G R A D UAT I O N 
P R E S E N TAT I O N



First mentor:		   Ir. A. Borgart (Structural Mechanics) 

Second mentor: 		  Dr. M. Turrin (Design Informatics)

Delegate Board of Examiners: 	Drs. A. Mulder

Master track Building Technology

Faculty of Architecture and the Built Environment

Delft University of Technology

S H E L L
ST R U CT U R E S



First mentor:		   Ir. A. Borgart (Structural Mechanics) 

Second mentor: 		  Dr. M. Turrin (Design Informatics)

Delegate Board of Examiners: 	Drs. A. Mulder

Master track Building Technology

Faculty of Architecture and the Built Environment

Delft University of Technology

On the relationship between 
moment hills, stress functions 
and thrust surfaces in the 
design of shell structures

S H E L L
ST R U CT U R E S



W H A T  A R E  S H E L L  S T R U C T U R E S ?

4/132

Pim Buskermolen          P5          Graduation presentation          Shell structures          29 January 2019
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W H A T  A R E  S H E L L  S T R U C T U R E S ?

Curved plates Large span to thickness ratio
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W H A T  A R E  S H E L L  S T R U C T U R E S ?

Curved plates Large span to thickness ratio Primarily membrane forces
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Pantheon // Apollodorus of Damascus 
Rome, Italy (125 A.D.)

circular section
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Sagrada Família // Antoni Gaudí
Barcelona, Spain (1882 - start of construction)
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Sagrada Família // Antoni Gaudí
Barcelona, Spain (1882 - start of construction)

hanging chain models
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Norwich Sports Centre // Heinz Isler
Norwich, UK (1991)
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Norwich Sports Centre // Heinz Isler
Norwich, UK (1991)

hanging fabric model
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L’Oceanogràfic, Félix Candela
Valencia, Spain (2002)
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Los Manantiales // Félix Candela
Xochimilco, Mexico (2002)
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Los Manantiales // Félix Candela
Xochimilco, Mexico (2002)

hyppar
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hanging catenary



“As hangs the flexible 

line, so but inverted will 

stand the rigid arch” 

- Hooke, 1675

hanging catenary standing arch
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“As hangs the flexible 

line, so but inverted will 

stand the rigid arch” 

- Hooke, 1675

hanging catenary

(tension)

standing arch

(compression)

thrust line
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thrust surface

23/132

Pim Buskermolen          P5          Graduation presentation          Shell structures          29 January 2019



‘How can the relation between the geometrical and mechanical properties of shell structures 

be described and result in an intuitive and graphical design tool for (structural) designers?’

R E S E A R C H  Q U E S T I O N
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C O N T E N T S

1   Properties of shells

2   Existing methods

3   Plate and shell analogies

4   Parametric design tools

5   Conclusions
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P R O P E R T I E S  O F  S H E L L S
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plate shell

mxx

mxymyx

myy vy vx

mxx

mxymyx

myy

vy vx

p

σyy σxxσyx σxy

nxy nxxnyy

nyx
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plate shell
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myy vy vx
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mxymyx

myy

vy vx

p
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nyxshear forces that 

cause bending/

torsional moments
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plate shell

mxx

mxymyx

myy vy vx

mxx

mxymyx

myy

vy vx

p

σyy σxxσyx σxy

nxy nxxnyy

nyxshear forces that 

cause bending/

torsional moments

compression + tension compression

in-plane forces
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compression
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plate shell
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plate shell
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G A U S S I A N  C U R V A T U R E

K = Gaussian curvature

κ = principal curvature (minimum & maximum curvature)

R = principal radius

1 2
1 2

1K
R R

κ κ= =

R1

R2
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monoclastic
(parabolic)

K = 0 K > 0 K < 0

synclastic
(elliptic)

anticlastic
(hyperbolic)

1 2
1 2

1K
R R

κ κ= =

G A U S S I A N  C U R V A T U R E
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K < 0K = 0 K > 0

anticlastic
(hyperbolic)

synclastic
(elliptic)

1 2
1 2

1K
R R

κ κ= =

G A U S S I A N  C U R V A T U R E

K < 0K < 0K > 0K > 0

anticlastic
(hyperbolic)

synclastic
(elliptic)

developable

monoclastic
(parabolic)
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K < 0K = 0 K > 0

anticlastic
(hyperbolic)

synclastic
(elliptic)

1 2
1 2

1K
R R

κ κ= =

G A U S S I A N  C U R V A T U R E

developable

monoclastic
(parabolic)

undevelopable 36/132
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1 2
1 2

1K
R R

κ κ= =

G A U S S I A N  C U R V A T U R E

developable

elastic deformation plastic deformation

undevelopable 37/132
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E X I S T I N G  M E T H O D S
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G R A P H I C  S T A T I C S

(Varignon, 1725)
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G R A P H I C  S T A T I C S

forces correspond with vectors (Varignon, 1725)
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G R A P H I C  S T A T I C S

forces correspond with vectors (Varignon, 1725)
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G R A P H I C  S T A T I C S

forces in equilibrium form a closed polygon

force polygon

form diagram

(Varignon, 1725)
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G R A P H I C  S T A T I C S

1

23

ω23(p2-p3) ω23(p3-p2)ω14(p1-p4)

ω14(p4-p1)

ω13(p3-p1)

ω13(p1-p3)

ω34(p4-p3) ω34(p3-p4)

ω12(p2-p1)

ω12(p1-p2)

4

41
2

3 1
2
3

(4)
(Crapo & Whiteley, 1993)

41
2

3 1
2
3

(4)

ω = magnitude

pi = point
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G R A P H I C  S T A T I C S

41
2

3 1
2
3

(4)
1

2
3

(4)
(Crapo & Whiteley, 1993)
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23

ω23(p2-p3) ω23(p3-p2)ω14(p1-p4)

ω14(p4-p1)

ω13(p3-p1)

ω13(p1-p3)
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ω = magnitude

pi = point
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1

23

ω23(p(p( 2-p3) ω23(p(p( 3-p2)ω14(p(p( 1-p4)

ω14(p(p( 4-p1)

ω13(p(p( 3-p1)

ω13(p(p( 1-p3)

ω34(p(p( 4-p3) ω34(p(p( 3-p4)

ω12(p(p( 2-p1)

ω12(p(p( 1-p2)

4

G R A P H I C  S T A T I C S

41
2

3 1
2
3

(4)
(Crapo & Whiteley, 1993)

41
2

3

reciprocal 

fi gures

force polygon

form diagram
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R E C I P R O C A L  F I G U R E S

Polyhedron A Polyhedron B

(Constantatou & McRobie, 2016)

1

23

4

1
2
3

(4)
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R E C I P R O C A L  F I G U R E S

Polyhedron A Polyhedron B

(Constantatou & McRobie, 2016)

1

23

4

1
2
3

(4)
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R E C I P R O C A L  F I G U R E S

Polyhedron A Polyhedron B

(Constantatou & McRobie, 2016)

1

23

4

1
2
3

(4)
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R E C I P R O C A L  F I G U R E S

αx + βy − z − γ = 0

(0,0,1)

(A,B)

(A’,B’)
E

e

α’x + β’y − z − γ’ = 0

(Whiteley, Ash, Bolker & Crapo, 2013)
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R E C I P R O C A L  F I G U R E S

αx + βy − z − γ = 0

(0,0,1)

(A,B)

(A’,B’)
E

e

α’x + β’y − z − γ’ = 0

z rx qy s= − +

z x yα β γ= + +

( , , )β α γ−

( , , )q r s

(Face of Polyhedron A)

(Vertex of Polyhedron B)

(Vertices of Polyhedron A)

(Face of Polyhedron B)

(Whiteley, Ash, Bolker & Crapo, 2013)
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Nx

aNx

aNx

bNy

aκy bκx

bNy

aκybκx

Ny

a b

Internal forces 

(Calladine, 1977)

aκy bκx

aκybκx

a b

aNx

aNx

bNy

bNy

A N G U L A R  D E F E C T
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Nx

aNx

aNx

bNy

aκy bκx

bNy

aκybκx

Ny

a b

A N G U L A R  D E F E C T

Internal forces

(Calladine, 1977)

aκy bκx

aκybκx

aNx

aNx

bNy

bNy
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Nx

aNx

aNx

bNy

aκy bκx

bNy

aκybκx

Ny

a b

A N G U L A R  D E F E C T

Converted into single force vectors

(Calladine, 1977)

aκy bκx

aκybκx
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Nx

aNx

aNx

bNy

aκy bκx

bNy

aκybκx

Ny

a b

A N G U L A R  D E F E C T

Force vectors across fold into angular defect κ

(Calladine, 1977)
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A I R Y  S T R E S S  F U N C T I O N

ϕ

y

x

 
xy

x

N
y
φ∂

=  ∂ 

yx
y

N
x
φ∂ =  ∂ 

x
y

N
y
φ ∂

=  ∂  y
x

N
x
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55/132

Pim Buskermolen          P5          Graduation presentation          Shell structures          29 January 2019



A I R Y  S T R E S S  F U N C T I O N

1m

6m

ϕ

y

x

6m

0

p

x

y

1m
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A I R Y  S T R E S S  F U N C T I O N

1m

ϕ

y

x
6m

NBE;i = φAE;i φ

N
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A I R Y  S T R E S S  F U N C T I O N

1m

ϕ

y

x
6m

2F

0

+5

A B C D

H G F E+8 +9 6m

1m −1 +3
−5√2 −3√2 −√2

+1 0

−5 −8

2F 2F 2F 2F

FF

NBE;i = φAE;i 
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P L A T E  A N D  S H E L L  A N A L O G I E S
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hanging catenary standing arch

A N A L O G Y  M O M E N T  L I N E  &  T H R U S T  L I N E
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q

zi

H H

q

MiMiM

q = evenly distributed load  [N/m]

A N A L O G Y  M O M E N T  L I N E  &  T H R U S T  L I N E
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q

zi

H H

q

Mi

moment line

q = evenly distributed load  [N/m]

M =  bending moment    [Nm]

A N A L O G Y  M O M E N T  L I N E  &  T H R U S T  L I N E
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q

zi

H H

q

Mi

hanging catenarymoment line

q = 	 evenly distributed load		  [N/m]

M = 	 bending moment 			   [Nm]

H = 	horizontal support reaction  	 [N]

A N A L O G Y  M O M E N T  L I N E  &  T H R U S T  L I N E
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A N A L O G Y  M O M E N T  L I N E  &  T H R U S T  L I N E

q

zi

H H

q

q = 	 evenly distributed load		  [N/m]

M = 	 bending moment 			   [Nm]

H = 	horizontal support reaction  	 [N]

w = 	 displacement			   [m]

EI =	 flexural rigidity			   [Nm2]

Mi

hanging catenarymoment line

2

2
wq H

x
∂

=
∂

2

2
wM EI

x
∂

=
∂
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T H R U S T  S U R F A C E  ( 3 D )

pq

Mi

simply-supported plate subjected to distributed load p
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T H R U S T  S U R F A C E  ( 3 D )

p

simply-supported plate subjected to distributed load p

q

Mi

xx yyM m m= +
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T H R U S T  S U R F A C E  ( 3 D )

p

simply-supported plate subjected to distributed load p

q

Mi

xx yyM m m= +

moment hill
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T H R U S T  S U R F A C E  ( 3 D )

p

simply-supported plate subjected to distributed load p

moment hill

rainfl ow analogy

xx yyM m m= +

68/132

Pim Buskermolen          P5          Graduation presentation          Shell structures          29 January 2019



T H R U S T  S U R F A C E  ( 3 D )

p = -1 kN/m2

shell structure on semi-rigid edges
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T H R U S T  S U R F A C E  ( 3 D )

p = -1 kN/m2

shell structure on semi-rigid edges

structural analysis (FEA)
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T H R U S T  S U R F A C E  ( 3 D )

p = -1 kN/m2

mxymxx myy

shell on semi-rigid edges

y
z

x

0.2

-0.2

0

 (kNm)
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M O M E N T  H I L L  O F  A  P L A T E  A S  T H R U S T  S U R F A C E ?
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

p
p = -1 kN/m2

4 4 4

4 2 2 42w w wp D
x x y y

 ∂ ∂ ∂
= + + ∂ ∂ ∂ ∂ 
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

p

displacement due to shear

4 4 4

4 2 2 42w w wp D
x x y y

 ∂ ∂ ∂
= + + ∂ ∂ ∂ ∂ 
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Hx

Hx

Hy

Hy

A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

4 4 4

4 2 2 42w w wp D
x x y y

 ∂ ∂ ∂
= + + ∂ ∂ ∂ ∂ 

Two individual systems in x- and y-direction
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Hx

Hx

Hy

Hy

A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

4 4 4

4 2 2 42w w wp D
x x y y

 ∂ ∂ ∂
= + + ∂ ∂ ∂ ∂ 

2 2

2 2x y
w wp H H

x y
∂ ∂

= +
∂ ∂

Two individual systems in x- and y-direction
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

x

y

by

bx

py

px

ty

ly

ly

tx

Beranek & Hobbelman, 1984

Hx

Hx

Hy

Hy

Two individual systems in x- and y-direction ‘twistless case’
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

x

y

by

bx

py

px

ty

ly
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tx

‘twistless case’
orthotropic plate

isotropic rim

Beranek & Hobbelman, 1984

p
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E
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tx

‘twistless case’
orthotropic plate

isotropic rim
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myy mxymxx
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E
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‘twistless case’‘twistless case’
orthotropic plateorthotropic plate

isotropic rimisotropic rim

p

isotropic rimisotropic rim

mmyyyymmxxxx
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

values of mxx and myy plotted
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

p = -1 kN/m2

moment hill ‘twistless case’ shell supported on semi-rigid edges
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A N A L O G Y  M O M E N T  H I L L  &  T H R U S T  S U R F A C E

p = -1 kN/m2

moment hill ‘twistless case’

myy mxymxx

shell supported on semi-rigid edges

0.250.350.35 -0.25-0.15-0.15 0 (kNm)  (kNm)
 (kNm)

84/132

Pim Buskermolen          P5          Graduation presentation          Shell structures          29 January 2019



?

shell structure with free edges?
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S H E L L  W I T H  F R E E  E D G E S

‘direct’ forces towards the corners
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Beranek, 1974
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Beranek, 1974

p

continuous fl oor on four supports
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S H E L L  W I T H  F R E E  E D G E S

rotation φ = 0 (symmetry edge)

φx= 0

φx= 0

p

φy= 0

φy= 0φx= 0 φyφyφ = 0
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moment hill (of twistless plate)

S H E L L  W I T H  F R E E  E D G E S

rotation φ = 0 (symmetry edge)

φx= 0

φx= 0

p

φy= 0

φy= 0φx= 0 φyφyφ = 0
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moment hill (of twistless plate)

S H E L L  W I T H  F R E E  E D G E S

rotation φ = 0 (symmetry edge)

φx= 0

φx= 0

p

φy= 0

φy= 0φx= 0 φyφyφ = 0

myy mxymxx
22 -18-18 13-13 0 (kNm)

 (kNm)  (kNm)
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moment hill (of twistless plate)

S H E L L  W I T H  F R E E  E D G E S

myy mxymxx

0.5-0.5 0  (kNm)

rotation φ = 0 (symmetry edge)

φx= 0

φx= 0

p

φy= 0

φy= 0φx= 0 φyφyφ = 0
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P L A T E  A N D  S H E L L  A N A L O G I E S

φx= 0

φx= 0

φy= 0

φy= 0

Simply-supported plate

(twistless & no rotation)

Shell with free edges

Simply-supported plate 

(twistless)

Shell on semi-rigid edge supports

mxx= 0
mxy≠ 0

myy= 0
mxy≠ 0

nxx = 0
nxy ≠ 0

nyy = 0
nxy ≠ 0
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M̄-hill

twistless plate

thrust surface Airy stress
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P A R A M E T R I C  D E S I G N  T O O L S
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C O N N E C T I N G  T H E  E L E M E N T S

twistless fl at plate 

moment hill

Airy stress

φx= 0

φx= 0

φy= 0

φy= 0

x= 0

thrust surface
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C O N N E C T I N G  T H E  E L E M E N T S

twistless fl at plate 

moment hill thrust surface

Airy stress

parametric design tool

φx

φx= 0

φyφyφ = 0

φyφyφ = 0

x= 0
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P A R A M E T R I C  D E S I G N  T O O L

reciprocal figures

thrust surface

Airy stress

parametric design tool
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P A R A M E T R I C  D E S I G N  T O O L

Airy stress mesh Thrust surface
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P A R A M E T R I C  D E S I G N  T O O L

Airy stress mesh Thrust surface

αx + βy − z − γ = 0

(0,0,1)

(A,B)

(A’,B’)
E

e

α’x + β’y − z − γ’ = 0

z rx qy s= − +

z x yα β γ= + +

( , , )β α γ−

( , , )q r s

(Face of Airy stress mesh)

(Vertex of thrust surface)

(Vertices of Airy stress mesh)

(Face of thrust surface)
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P A R A M E T R I C  D E S I G N  T O O L

Airy stress mesh Thrust surface

αx + βy − z − γ = 0

(0,0,1)

(A,B)

(A’,B’)
E

e

α’x + β’y − z − γ’ = 0

z rx qy s= − +

z x yα β γ= + +

( , , )β α γ−

( , , )q r s

(Face of Airy stress mesh)

(Vertex of thrust surface)

(Vertices of Airy stress mesh)

(Face of thrust surface)

z x yα β γz x yα β γz x y= + +z x y= + +z x yα β γ= + +α β γz x yα β γz x y= + +z x yα β γz x y

( , , )β α γ( , , )β α γ( , , )( , , )−( , , )

(Face of Airy stress mesh)

(Vertex of thrust surface)
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P A R A M E T R I C  D E S I G N  T O O L

F1 F5

F2 F3

F8

F7

F6

F4

intersecting planes
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P A R A M E T R I C  D E S I G N  T O O L

intersecting rings
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P A R A M E T R I C  D E S I G N  T O O L

intersecting rings
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P A R A M E T R I C  D E S I G N  T O O L

intersecting rings
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P A R A M E T R I C  D E S I G N  T O O L

shell on semi-rigid edges
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shell on four supports

P A R A M E T R I C  D E S I G N  T O O L
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P A R A M E T R I C  D E S I G N  T O O L

shell on four supports (from twistless plate)
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P A R A M E T R I C  D E S I G N  T O O L

scaling 109/132
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P A R A M E T R I C  D E S I G N  T O O L

different footprint
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P A R A M E T R I C  D E S I G N  T O O L

connectivity Airy stress mesh connectivity reciprocal figure
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P A R A M E T R I C  D E S I G N  T O O L

connectivity Airy stress mesh connectivity reciprocal figure
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

line Airy stress mesh line thrust surface
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

I

A
a

B
b

c d e

f

gh
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l
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9 8 7
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3 4 5
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IV

VIII
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V

II VI

VII

III

line Airy stress mesh line thrust surface
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

line Airy stress mesh line thrust surface

ϕ

y

x

 
xy

x

N
y
φ∂

=  ∂ 

yx
y

N
x
φ∂ =  ∂ 

x
y

N
y
φ ∂

=  ∂  y
x

N
x
φ∂ =  ∂ 
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

line Airy stress mesh line thrust surface NBE;i = φAE;i 

φ

N
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

compression

tension

shell on semi-rigid edges

(subjected to distributed load)
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

compression

tension

complete reciprocal figure
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

compression-only polygons

tension/compression polygons

compression

tension

119/132

Pim Buskermolen          P5          Graduation presentation          Shell structures          29 January 2019



P A R A M E T R I C  D E S I G N  T O O L S

Airy stress mesh is in equilibrium
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P A R A M E T R I C  D E S I G N  T O O L S

Airy stress mesh is in equilibrium
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P A R A M E T R I C  D E S I G N  T O O L S

Airy stress mesh is in equilibrium

compression only tension & compression
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P A R A M E T R I C  D E S I G N  T O O L S

reciprocal figure

head-tail diagrams (compression)

head-tail diagrams

 (compression and tension)

head-tail diagrams connected
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P A R A M E T R I C  D E S I G N  T O O L S

force polyhedron
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

rectangular shell with free edges

(subjected to distributed load)
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T YP A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

rectangular shell with free edges

(subjected to distributed load)

compression-only polygons

tension/compression polygons

126/132

Pim Buskermolen          P5          Graduation presentation          Shell structures          29 January 2019



P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T YP A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

compression-only polygons

tension/compression polygons

compression

tension
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P A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T YP A R A M E T R I C  D E S I G N  T O O L :  C O N N E C T I V I T Y

Airy stress function circular structure compression-only
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‘How can the relation between the geometrical and mechanical properties of shell structures 

be formulated and result in an intuitive and graphical design tool for (structural) designers?’
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φx= 0

φx= 0

φy= 0

φy= 0

Simply-supported plate

(twistless & no rotation)

Simply-supported shell

Simply-supported plate 

(twistless)

Shell on semi-rigid edge supports

mxx= 0
mxy≠ 0

myy= 0
mxy≠ 0

nxx = 0
nxy ≠ 0

nyy = 0
nxy ≠ 0

P L A T E  A N D  S H E L L  A N A L O G I E S
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form diagram form diagram/force polygon
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Thank you
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