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Chapter 1

Introduction

Consider the set E,(Q), which is the set of of solutions to the equation y? =23 —2+1 over Q
together with a special point O. It turns out that E,(Q) has an natural abelian group structure
where O acts as the zero element.

The curve given by y? = 23 — z + 1 is an example of a elliptic curve. In general, an elliptic

curve over a field K is a pair (Ep,O), where Ej, is a smooth projective curve defined over K
with genus 1 and O € E,(K). In this case E,(K) will always have an natural abelian group
structure. For K a number field such as Q, the Mordell-Weil theorem tells us that E,(K) is
finitely generated. In this case E,(K) is isomorphic as a group to T' x Z" for some non-negative
integer 7, where T' is the torsion subgroup of E,(K). We call r the rank of the elliptic curve
over K. Now one might ask:

e Do elliptic curves over QQ of arbitrary high rank exist?

e For every integer r, can we find infinite families of elliptic curves over Q with rank at
least r?

e For every finite abelian group 7', do elliptic curves over Q of arbitrary high rank with
torsion-subgroup 1" exist?

e For every r and T, can we find infinite families of elliptic curves over Q with torsion-
subgroup 7' and rank at least r?

For most T' the answer to the third and fourth question is no.

Theorem 1.1 (Mazur’s Theorem). Let E be an elliptic curve over Q. Then the torsion-subgroup
of E(Q) is isomorphic to one of the following fifteen groups:

Z/NZ with 1< N<10or N =12
7)27. x ZJ2NZ with 1< N <4

Proof. See Theorem VIIL.7.5 of [1]. O

For the finitely many T that can actually occur as torsion subgroups, the answers to these
questions are as of this moment unknown. However for each possible torsion-subgroup 7" (families
of) elliptic curves over Q were found with relatively high rank. The following page lists the world
records per 7.

http://web.math.pmf.unizg.hr/~duje/tors/tors.html
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In this thesis we will look at methods for constructing elliptic curves over Q with high ranks.
Using these methods we find an elliptic curve with rank at least 13, an infinite family of elliptic
curves with rank at least 9, an elliptic curve with rank at least 10 and torsion-subgroup Z/27Z
and an infinite family of elliptic curves with rank at least 8 and with torsion point of order 2.

1.1 Conventions

Let N = {1,2,3,...},Ny = {0} UN,Z,Q,R,C be the sets of positive integers, non-negative
integers, integers, rational numbers, real numbers and complex numbers. We will always let K
be a perfect field with a fixed algebraic closure K. Denote the set of units of a ring R by R*.
We will always let n and m be elements of N. The degree of a polynomial f € Klx1,...,x,] is
its total degree and is denoted by deg(f).



Chapter 2

Algebraic geometry

To discuss elliptic curves we first need some knowledge from algebraic geometry, which explains
the existence of the first two chapters of [1]. For the sake of completeness and to introduce
needed notation, which slightly differs from the notation used in [1], we repeat the relevant
parts of these two chapters here.

2.1 Affine varieties

Definition 2.1. The affine n-dimensional space over K with coordinates x1,...,z, is defined
as
A217-~-7$n ={(x1,...,2n) 1 x1,...,xy € K}.

The set of K-rational points of Ay s

s3Tn

AL o (K) ={(21,...,2) € A}

T1,.0T T1,.-,Tn

:J}l,...,l'nEK}.

Note that A}, . = A7 (K).

T T1yeyTn

We write A" instead of A7, .~ when the variables used are z1,...,2,. However, when for
example n = 2, we often use the variables x and ¥ instead of x; and x3. So in this case we write
A2 because for example the set of solutions of z = 0 is K x {0} or {0} x K depending on the

T,y
ordering of z and y.

Definition 2.2. Let I C K[x,...,7,] be an ideal, then define
Vi={PeA": f(P)=0forall feI}.
Any set V, of the form V7 is called an affine algebraic set. For an algebraic set V, we define
IV, ={f € Kl[z1,...,zs] : f(P)=0for all P € V,}.
We say that V, is defined over K if I(V},) can be generated by polynomials in K[xy,...,x,].

The subscript a of V, is notation to show that V, is an affine algebraic set and we will only
give objects subscript a if they are affine algebraic sets, while a subscript p will always indicate
a projective algebraic set, which will be defined in the next section. Also when we write V,/K
we will mean that V, is defined over K.

Definition 2.3. Let V,/K be an algebraic set. We define the set of K-rational points on V, as
Va(K) = Vo NA™(K) and we define I(Vy/K) = 1(Va) N K|z, ..., 2]
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Note that if K C L C K is an extension of fields, then V; is also defined over L. In particular,
Va(L) = Vo A™(L) and I(V,/L) = I(Va) N Lz, ..., 2]

Definition 2.4. An affine algebraic set Vj is called an affine variety if I(V,) is prime. Let V,/K
be a variety, i.e., let V, be an affine variety defined over K. Define the coordinate ring of V, /K
as K[Va| = K[z1,...,2,]/1(Va/K). Because I(V,) is prime, K[V,] is an integral domain. Define
the function field K(V,) of V,/K as the field of fractions of K[V,].

Definition 2.5. Let V, be a variety, then the dimension dim(V,) of V, is the transcendence
degree of K(Vj,) over K. If dim(V;) = 1, then V, is called an affine curve.

Definition 2.6. Let V, be a variety, let P € V,(K) and let fi,...,fmn € K[z1,...,7,] be
generators of I(V,). Then V, is smooth at P if the m x n matrix

Ofi
<8xj (P)> 1<i<m

1<j<n

has rank n — dim(V,). If Va is not smooth at P, then we call P a singular point of V,. We say
that V, is smooth if V, is smooth at every point in V,(K).

Next we want to define morphisms of affine varieties. To do so we first need to define the
Zariski topology on A”.

Proposition 2.7 (Proposition I.1.1 of [2]). The union of two affine algebraic sets is an affine
algebraic set. The intersection of any family of affine algebraic sets is an affine algebraic set.
The empty set and A™ are affine algebraic sets.

Definition 2.8. Define the Zariski topology on A™ by taking the open subsets to be the com-
plements of the affine algebraic sets of A™. For every variety V,, define the topology on V,(K)
as the induced topology.

Definition 2.9. Let V, and V] C A" be varieties. For fi,..., f, elements of K(V,) and U C
Va(K) a non-empty open subset of V,(K) such that fi,..., f, can be evaluated at every point
in U and (f1(P),..., fn(P)) € V/(K) for every P € U, a rational map f : V, --» V! is a
map f : U — V/(K) sending P +— (fi(P),..., fo(P)). We say that f is defined over K if

fl;---;fneK(Va)-

Definition 2.10. Let V, and V; C A" be varieties. For Uy, ..., U, C V,(K) open in V,(K) such
that /L, U; = Va(K) and for f1 : Uy — V.,..., fm : Uy — V rational maps V, --» V; such
that f; and f; restrict to the same map on U; NUj for every ¢ and j, a morphism f: V, — VJ is
amap f:Vy — V! sending P € U; to f;(P). We say that f is defined over K if fi,..., f, are
defined over K.

Definition 2.11. A morphism f : V, — VJ is called an isomorphism is there exists a morphism
g: V] — V, such that fog and go f are the identity maps.

Proposition 2.12. Let V, C A" be a variety and let (a;;);;—; be an invertible n x n matrix.
Then the rational map

fA" - A"
n n
(1, ) E A1 Tis - - s E Qini
i=1 =1

restricts to an isomorphism f~!(V,) — V.. Any isomorphism of this form is called a linear
transformation.



2.2 Projective varieties

It is well known that any two lines in A? intersect at one unique point unless the lines are
parallel. One can say that even parallel lines intersect at a point, but that this point is just
missing in the affine plane. When we add these missing points we get the projective plane.

Definition 2.13. The projective n-dimensional space over K with variables Xy, ..., X, is de-
fined as

Koo = (AL MO 0}) / ~

where (Xo, ..., Xn) ~ (Yo,...,Y,) ifand only if there is an A € K such that for alli € {0,...,n}
hold that Y; = AX;. We denote the class of (Xo,..., Xpn) in P% v as (Xo:---:Xp). Define
the set of K-rational points of P%,..x, as

}0,...7)(”([() = {(XO et Xn) € P7)L(07...,Xn : XO’ Tt ’Xn € K}
Just as for A" we just write P" instead of P%,..., x, When Xo,..., X, are used as variables.
Note that P* = P*(K). Also note that (Xo : --- : X,,) € P*(K) does not imply that
Xo,...,X, € K. For example (A: 0:---:0) = (1:0:---:0) € P*(K) for any A € K .
However for every (Xp:---: X,) € P" we can pick an ¢ such that X; # 0 and then we see that
(Xo:---:X,) € PYK) if and only if Xo/X;,..., X, /X; € K.

Definition 2.14. A polynomial f € K[Xy,..., X,] is called homogeneous of degree d if
f(AXo,...,AX,) = M f(Xo,...,X,) forall A € K.

An ideal I C K[Xy,...,X,] is called homogeneous if it is generated by homogeneous polynomi-
als.

Note that if f is homogeneous and P € P", then whether f(P) is zero or not does not depend
on the choice of representatives for P. So it makes sense to ask whether f(P) = 0 holds.

Definition 2.15. Let I € K[Xy, ..., X,] be an homogeneous ideal. Then define
Vi={PeP": f(P)=0forall fel}

Any set V}, of the form V7 is called a projective algebraic set. For a projective algebraic set V;,
we define I(V}) to be the ideal of K[X,..., X,] generated by

{f € K[Xo,...,X,]: [ is homogeneous and f(P) =0 for all P € V,}.

We say that V}, is defined over K if I(1},) can be generated by homogeneous polynomials in
K[ Xo,..., Xy

Recall that the subscript a of V, will always indicate that V, is an affine algebraic set. In the
same way the subscript a of V}, will always indicate that V}, is a projective algebraic set. Also
when we write V,/K we will mean that V}, is defined over K.

Definition 2.16. Let V,,/K be an algebraic set. We define the set of K-rational points on V;,
as Vp(K) =V, NP*"(K) and we define I(V,,/K) = I(V,,) N K[Xo,...,X,]. If I(V}) is a prime
ideal, then V}, is called a projective variety.



Definition 2.17. For every i € {0,...,n} we have an inclusion

(T1yevymy) = (Tp:-riximr i limgee i xy).
Using the map we can identify A™ with the subset of P consisting of all (X : ---: X,,) such

that Xl 75 0.

Now let V}, be a projective algebraic set in P™ and let ¢ € {0,...,n} be fixed. Then V, N A",
by which we mean ¢, 1(Vp), is an affine algebraic set and we have

I(Vp ﬂAn) = {f(:Cl, ce s Tio1, Lxg, . ,xn) f e I(Vp)}

We call V,, N A" the affine chart of V}, corresponding to X; =1 and f(z1,...,2zi—1,1,zi, ..., zp)
is called the dehomogenization of f corresponding to X; = 1.

Definition 2.18. Let V, be an affine algebraic set and let i € {0,...,n} be fixed. Then for
every f € K[x1,...,x,] write

e X Xif X’L Xn
f*(XO,,Xn):Xng(f)f<0 1 +1 >

XX XX,

Define the projective closure V, of V; as the projective algebraic set whose homogeneous ideal
I(V,) is generated by {f*: f € I(V,)}. We can view V, as a subset of V, using the map ¢; and
we call V,\V, the points at infinity on V.

Proposition 2.19 (Proposition 1.2.6 of [1]). Let A™ C P" be a fixed affine chart.

(a) Let V, be an affine variety, then Va is a projective variety and V, = Vo, N A™. Furthermore
if V, is defined over K, then so is V.

(b) Let V,, be a projective variety, then V, N A" is an affine variety and if V, N A™ # (), then
Vo NMA™ = V,,. Furthermore if V}, is defined over K, then so is V, N A".

Proposition 2.20. Let V,,/ K be a projective variety, then K[Xo, ..., X,]/I(V,/K) is an integral
domain. Let L be the subfield of the field of fractions of K[Xy,...,X,]/I(V,/K) consisting of
all elements f/g such that

e f and g are homogeneous elements of K[Xy,...,X,]|/I(V,/K) of the same degree;
e g is non-zero in K[Xo,...,X,]/I(V,/K).

Now let A™ C P be the affine chart corresponding to X; = 1 for some i such that V, N A™ # 0,
then the map

p: K(V,nA") — L

max(deg(f),deg(g))
X! Xo/ X, ..., X0/ X;
i lmax(deg(f),deg(g))f( o/ e
g X! 9(Xo/Xiy. .., Xn/X5)

(2

is an isomorphism of fields. Furthermore if P € (V,, N A™)(K), then ¢ restricts to an bijective
map between the set of the functions in K(V, N A™) that are zero at P and the set of the
functions in L that are zero at P.



Definition 2.21. Let V},/K be a projective variety and let A" C P" be an affine chart such
that V, N A™ # (). The dimension of V}, is the dimension of V, N A™ and V}, is a projective curve
if it has dimension 1. The function field K (V}) of V,,/K is the function field of V, N A™ over K.

Let P € V,(K), then we can choose the affine chart such that ¥, N A™ contains P. We say
that V}, is smooth at P is V, N A" is smooth at P and V}, is smooth if V}, is smooth at every
point in V,(K). Now consider K[V, N A"]. Since P is contained in V;, N A", we can evaluate
functions in K[V, N A"] at P. We have a maximal ideal mp = {f € K[V, NA"] : f(P) = 0} of

K[V, N A" and we define the local ring of V;, at P, denoted as K[V,]p, as the localization of
K[Vp N A" at mp.

By Proposition 2.20, the function fields of the affine charts of V}, are isomorphic. So the
isomorphism class of K(V,) is well defined. For a point P € V,(K), note that K[V,]p is
contained in K (V}) (with the same affine chart). And if P is contained in multiple affine charts
of V},, then the isomorphisms between the function field defined by those affine charts restrict to
isomorphisms between the local rings of V,, at P defined by the same affine charts. This means
that the isomorphism class of K[V,]p is also well defined.

Proposition 2.22 (Proposition 1.2.1 of [2]). The union of two projective algebraic sets is a
projective algebraic set. The intersection of any family of projective algebraic sets is a projective
algebraic set. The empty set and P" are projective algebraic sets.

Definition 2.23. Define the Zariski topology on P by taking the open subsets to be the
complements of the projective algebraic sets of P". For every variety V},, define the topology on
Vp(K) as the induced topology.

Definition 2.24. Let V}, and V; C P" be varieties. A rational map f : Vj, --» V] is a map
f:U = V)(K) sending P — (fo(P) : -+ : fu(P)) where fo,..., f, are elements of K(V},) and
where U C V,(K) is a non-empty open subset of V,,(K) such that

e fo,..., fn can be evaluated at every point in U;
e fo(P),..., fm(P) are not all zero for all P € U,
e and (fo(P):---: fu(P)) € VJ(K) for every P € U.
We say that f is defined over K if Af1,...,\f, € K(V},) for some ) € K.

Definition 2.25. Let V], and VI; C P" be varieties. A morphism f : V, — VI; is a map
f:Vp = V) sending P € U; to fi(P) where Uy, ..., Uy C V,(K) are open in V,,(K) such that
Ui, Ui = Vp(K) and where f1: Uy — V3, ..., fin : Un — V}; are rational maps V}, --» V}; such
that f; and f; restrict to the same map on U; N U; for every 7 and j. We say that f is defined
over K is f1,..., fm are defined over K.

Definition 2.26. A morphism of f : V, — Vrﬁ is called an isomorphism is there exists a
morphism g : Vr; — V,, such that fogand go f are the identity maps.

By Theorem I1.2.4 of [1] we know that an isomorphism defined over K between projective
curves C, /K and C],/ K gives us an isomorphism of the function fields of C}, and Cj,. Furthermore
Proposition 1.1.7 of [1] gives a condition for a point P on a curve C}, to be smooth in terms of
the ideal mp of K[Cp]p, which is a subring of K(C},). Therefore it is not difficult to prove that
isomorphic curves are either both smooth or both not smooth.

By the Riemann-Roch Theorem, for each smooth projective curve C}, there is an integer
g > 0 called the genus of C,,. The following proposition shows that the genera of isomorphic
smooth projective curves are the same.



Proposition 2.27. Let C, and C}, be isomorphic smooth projective curves, then the genera of
Cp and C}, are equal.

Proof. An isomorphism of smooth projective curves is a degree 1 map, which is unramified by
Proposition I1.2.6(a) of [1]. Hence by Theorem II1.5.9 of [1] the genera of C,, and C, are equal. [J

Proposition 2.28. Let V;, C P" be a variety and let (a;;);';_o be an invertible n +1 xn +1
matrix, then the rational map

f:P* - P"

(Xo:'~ :Xn) —> (Zn:ai()Xi: Zn:asz>
=0 =0

restricts to an isomorphism f~'(V,) — V. Any isomorphism of this form is called a linear
transformation.

2.3 Divisors

Definition 2.29. Let C}, be a projective curve, P € C,(K) a smooth point. By Proposition
I1.1.1 of [1] we know that K[Cy]p is a discrete valuation ring. This means that we have a
valuation

ordp: K[Cplp — NoU{oo}
ordp(f) = sup{de€Np:femb}

If f # 0, then ordp(f) is finite. The field of fractions of K[C}]p is canonically isomorphic to
K(Cp) and this allows us to define

ordp : K(Cp) — ZU{oo}
ordp(f/g) = ordp(f)— ordp(g)

We call ordp(f) the order of f at P. If ordp(f) > 0, then we say that f has a zero at P of order
ordp(f) and if ordp(f) < 0, then we say that f has a pole at P of order —ordp(f).

The following Proposition helps us the calculate the order of a function at a point P.

Proposition 2.30. Let C}, be smooth curve and let P = (a1,...,a,) € (Cp NA™)(K). Suppose
that the ideal mp C K|[Cp)p is generated by fi,..., fm € mp, then ordp(f;) = 1 for some 4. In
particular ordp(x; — a;) = 1 some some 1.

Proof. By Proposition 1.1.7 for [1] we know that mp/m%g has dimension 1 as a K-vectorspace.
Suppose that mp is generated by fi,..., f; € mp, then ordp(f;) > 1 for each i. If ordp(f;) > 1
for each 4, then fi,..., fm € m%g SO

mP:(fla“'afm)gm%’ng'

However mp/m% has dimension 1, so mp # m%. Therefore ordp(f;) = 1 for some i. By
Hilbert’s Nullstellensatz, mp is generated by x1 — aq,...,x, — a,. So we see that in particular
ordp(z; — a;) = 1 some some 1. O



Definition 2.31. Let C}, be a curve, then define the divisor group Div(C}) of Cp, to be the free
abelian group generated by the points of C},.

Div(Cp) = P Z-(P)
PeCy(K)

For an element D = )" ,np - (P) € Div(C}) we define deg(D) = ) pnp. The divisors of degree
0 form a subgroup of Div(C}).

Div?(C,) = {D € Div(C,) : deg(D) = 0}

We say a divisor ) pnp - (P) is effective if np > 0 for all P and for divisors D and Dy we say
that Dy > Dy if D1 — D4 is effective.

Proposition 2.32. Let C,, be a smooth curve, then we have a homomorphism
div: K(Cp)* — Div'(Cp)
div(f) = Y ordp(f)-(P)
P

Proof. By proposition I1.1.2 of [1] ordp(f) is non-zero for only finitely many P € C,(K). So

div(f) defines an element of Div(Cp). Since ordp is a valuation, the map div : K(Cp)* —
Div(Cp) is a homomorphism. By Proposition I1.3.1(b) of [1], we know that deg(div(f)) = 0 for
every f € K(Cp)*. Therefore div(f) € Div®(C,). O

Definition 2.33. Let Cj, be a smooth curve and let f € K(Cp)*, then the divisor div(f) is
called principal. The set of principal divisors Princ(C},) forms a subgroup of Div?(C,,) and we
define Pic(C,) = Div(C,)/Princ(C,,) and Pic®(C,) = Div?(C,)/Princ(C).

Definition 2.34. Let C,/K be a smooth curve and let G = Gal(K/K) be the Galois group of
K /K, then elements o € G act on elements of P" by acting on its coordinates, i.e. o(Xg: - :
Xp)=(0Xp: - :0X,).

Now let D = Y pnp - (P) € Div(C}), then we have an action of G on Div(C},) given by
oD =) pnp(cP). If D is principal, then oD is again principal. Therefore G also acts on
Pic(C,) by acting on the representatives of elements. Clearly oD € DivY(C,,) if D € Div?(Cp),
so the G-actions on Div(C},) and Pic” restrict to actions on Div?(C},) and Pic®(Cp,). We define
the subgroups of G invariants.

Divg(Cp) = (Div(C,)) = {D € Div(Cy) : 6D = D VYo € G}
Princ (Cp) = (Princ(Cy))% = {D € Princ(C,) : 0D = D Vo € G}
Pick (Cp) = Divg (Cp)/Princg (Cp)
Div) (Cp) = (Div?(Cy))” = {D € DV*(Cp) : oD = D Vo € G}
Pic% (Cp) = Div(C,)/Princg (C,)
Note that in general Pic%(C},) and
(Pic%(C,))¢ = {D € Pic®(C,) : D = D Vo € G}

are not necessary equal. However if C,(K) # ), then Pic}% (Cp) and (Pic’(Cp))¢ are isomorphic.
So when only considering elliptic curves we could as well define Pic%(C,) as (Pic®(C},))¢ and
this is in fact done in [1]. The following proposition proves this in the case of elliptic curves.
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Proposition 2.35. Let C,/K be a smooth curve of genus 1 and let G = Gal(K/K) be the
Galois group of K /K. Suppose that C,(K) # 0, then the map

Pic%(C,) — (Pic®(Cyp))¢
D]~ (D]

is an isomorphism.
Proof. We prove this by proving that the map

m:Divy(Cp) —  (Pic®(Cp))¢
D ~— [D]

is a surjective homomorphism and has kernel Princg (Cp).

Let D € Div%(C,), then deg(D) = 0 and oD = D for every o € G. Therefore [D] is an
element of Pic’(C}) and o[D] = [0D] = [D]. Hence [D] € (Pic°(C},))¢ and n is well defined.

Clearly 7 is an homomorphism.

Suppose that 7(D) = [0], then D € Princ(C,). Since D € Div}(C,), D is G-invariant.
Hence D € Princg(Cp) and [D] = [0]. Also clearly if D € Princg(Cp), then (D) = [0] since
Princg (Cp) C Prine(Cyp). Hence the kernel of 7 is Princg (Cp).

Let O € Cp(K). Then by the proof of Proposition 3.4 of [1] every element of (Pic?(C},))¥ is
of the form [(P) — (O)]. Now let [(P) — (O)] € (Pic’(C}))¥, then for every o € G we have

[(P) = (O)] = o[(P) = (0)] = [(cP) = (cO)].
So (P) — (¢P) € Princ(C,), because 0O = O. So (P) — (¢P) = div(g) for some g € K(Cp)*.
By Corollary IL5.5(c) of [1] we see that
L((eP)) = {f € K(Cp)" : div(f) = —(aP)} U {0}

is a one-dimensional vectorspace over K. Since K C L((cP)) we see that K = L((cP)). Now we
see that g € K, since (P) — (0 P) > —(cP). Hence div(g) = 0 and oP = P. Hence P € C,(K)
and we see that [(P) — (O)] = n((P) — (O)). Hence 7 is surjective. So we see that the map

Div%(C,)/Princk (Cp) —  (Pic®(Cy))¢
[D] = [D]

is an isomorphism. ]
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Chapter 3

Elliptic curves

By Theorem I1.5.4 of [1] every smooth projective projective has a genus g € Ny. Elliptic curves
are the curves with genus 1 together with a point.

Definition 3.1. An elliptic curve is a pair (E},, O), where Ej, is a smooth projective curve of

genus one and O € E,(K). An elliptic curve (E,, O) is called defined over K if E;, is defined
over K and O € E,(K).

When O is clear from the context we often write just Ey, instead of (Ep, O) and in this case we
write E}, /K is if the elliptic curve Ej, is defined over K. We also have a different characterization
of when a pair (Ep, O) is an elliptic curve.

Proposition 3.2. Let E,/K be a smooth projective curve and let O € E,(K), then (Ep,O)
is an elliptic curve over K if and only if E,/K is isomorphic over K with a smooth projective
curve EI’) C ]P)%(,Y, , defined over K given by a Weierstrass equation

Y Z 4+ a1 XYZ +a3YZ? = X3 + e X*Z + as X Z* + as Z°
with a1, a9, a3, a4, a6 € K such that the isomorphism sends O to O =(0:1:0) € P%(,Y,Z'

Proof. Suppose that (E,, O) is an elliptic curve over K, then by Proposition I1.3.1(a) of [1] we
know that £, /K is isomorphic over K with a smooth projective curve EI’) /K as above such that
the isomorphism sends O’ to O = (0:1:0) € Ep(K).

Now suppose that E,,/K is isomorphic over K with a smooth projective curve EI’3 /K given
by a Weierstrass equation. By Proposition I1.3.1(c) of [1] (E},O) is an elliptic curve, which
means that the genus of E{o is 1. So since E, and EI’) are isomorphic, the genus of Ej, is also 1.
Hence (Ej}, O) is an elliptic curve over K. O

So in particular for any smooth projective curve £}, C P? defined over K given by a Weier-
strass equation, (Ep, Q) is an elliptic curve where O = (0:1:0) € P2.

Definition 3.3. Let (E;,O) and (E},O’) be elliptic curves. We say that (£}, O) and (£}, 0’)
are isomorphic if there exists an isomorphism f : E, — El’D of projective curves sending O to
O'. 1f (Ey, 0), (E},0") and f are all defined over K, then we say that (£}, O) and (E},O') are
isomorphic over K.

For elliptic curves over a field K we also have the following results.
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Theorem 3.4. Let (Ep, O) be an elliptic curve defined over K, then

¢: Ep(K) — Pick(Ep)
P — (P)—(0)

is a bijection. Hence E,(K) has a group structure, where O acts as zero element, such that ¢ is
an isomorphism.

Proof. See Remark I11.3.5.1 of [1]. O

Theorem 3.5. Let f: (Ey, O) — (E],0’) be an isomorphism of elliptic curves over K, then f
restricts to an isomorphism FEy,(K) — Ej,(K) of groups.

Proof. Note that f is a function E},(K) — E(K) and since f and its inverse are defined over
K, we know that f restricts to a bijective map Fy,(K) — EL(K). By the previous theorem,
proving that this is an isomorphism is the same as proving that the map Pic(}((Ep) — Pic?((El’))
sending Y pnp - (P)— > pnp- (f(P)) is an isomorphism. Define

¢ : Div(E,) — Div(E])
donp-(P) = Y np- (f(P)
P P

Clearly ¢ is an homomorphism and if deg(D) = 0, then deg(¢(D)) = 0. So ¢ restricts to a
homomorphism Div®(E;) — Div?(E)).

Next suppose that D € Div(E}) is principal, then D = div(g) for some g € K(E,). We
know by Remark I1.2.5 of [1] that f~! induces an isomorphism (f~1)*: K(E,) — X(Eg) of the
function fields of E;, and E/, defined by (f~1)*(h) = ho f~*. Since f~! is an isomorphism, f~! is
unramified. Hence div((f~1)*(h)) = ¢(div(h)). In particular we see that div((f~1)*(g)) = ¢(D).
Hence ¢ maps principal divisors to principal divisors. So the map

Pic(E,) — Pic(E})
ZTLP'(P) = ZnP'(f(P))
P P

is well defined and restricts to a map Pic’(E,) — Pic® (E)-

Now let G = Gal(K/K) be the Galois group of K/K, let ¢ € G and let P € K(E,).
Since f is defined over K, f can be given by rational functions with coefficients in K and
therefore f(oP) = of(P). So we see that o¢p(D) = ¢(oD) for any divisor D. Hence the map
Pic’(E,) — Pic’(E)) restricts to a map Pic}(Ep) — Pic% (E}). This map is a homomorphism
of groups and we can find its inverse by replacing f with f~!. Hence it is an isomorphism. [

3.1 Elliptic curves given by a Weierstrass equation

Assume in this section that char(K) # 2. Let h(x) = 2° + az? + bz + ¢ € K[z] be a polynomial
with no double roots in K. So for all z € K with h(x) = 0 we have h'(z) = 322 + 2ax + b # 0.
Now consider the curve E, C A%y given by the equation y? = h(z). Clearly E, is defined over
K and any singular point of E, satisfies

y> =h(z), 2y=0 and A (z)=0.
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So if (z,y) € Eu(K) is a singular point of E,, then y = 0 and h(z) = h/(z) = 0. Hence E, is
smooth, because h has no double roots.

The projective closure F}, C IP%(’K 4 of E, /K is defined by the equation Y27 = X34+aX?Z+
bXZ? +c¢Z3. If Z =0, then we see that X3 = 0 and therefore X = 0. In this case Y must be
non-zero and we may scale Y to be 1. So O = (0:1:0) is the only point at infinity on E},. To
see if O is a smooth point we take the affine chart corresponding to ¥ = 1 and get the affine

curve in A%(u, w) defined by w = v+ au?w + buw? + cw3. Since 8% (w—u3 — au?w — buw? — cw?)

is non-zero at (0,0), we see that (0,0) is smooth. Therefore O is a smooth point of E, and £,
is a smooth curve.

Since E,/K is a smooth curve given by a Weierstrass equation, we know that E,/K is a
elliptic curve and if char(K) # 2, then every elliptic curve over K is isomorphic to an elliptic
curve given by y? = 23 + ax? + bx + ¢ for some a,b,c € K.

Proposition 3.6. Let E, C IP’?X,KZ be the projective curve given by
Y2Z+ a1 XYZ 4 asYZ? = X3 + 4o X%Z + au X Z? + a 2>

with a1, as, a3, a4, as € K. Then the rational map f : P?X,Y,Z --3 ]PQU,V,W given by (X :Y :Z) —
(X :Y4+a1X/2+a3Z/2 : Z) induces an isomorphism over K from E},/K to the projective curve
E, C IP’ZU’V’W given by

VEW = U® + aUW + bUW? + cW?

where
a=as+ ia%, b=ay+ %alag and c¢=ag+ %ag.

Furthermore if )}, is smooth, then f is an isomorphism over K of the elliptic curves E, and EI’).

Proof. Note that
Y + a1 X/2 4 a3Z/2)°Z — 1aiX?Z — Yayas X 2% — 2a32° = Y?Z + an XY Z + asY Z°.
So the substitution (U : V : W) = (X :Y +a1X/2+a3Z/2: Z) gives us
VEW = U? + aU?W + bUW? + cW?.

Hence f(E,) = EI’). Note that f is a linear transformation defined over K, so f is an isomorphism
over K. Therefore E,/K is smooth if and only if E}/K is smooth and we also have f(0) = O.
Hence if E, is smooth, then f is an isomorphism over K of the elliptic curves E, and EI’Q. O

We also have the following result.
Proposition 3.7. Let E, C IP’?X,YZ be the projective curve given by
WY2Z+ a1 XYZ 4 asY Z?% = 0o X3 + a0 X?Z + au X Z? + agZ°
with a1, a9, as,as,a¢ € K and by,bs € K* and let El’D - IP’QUMW be the projective curve given by
VAW + a UVW + agbiboVIW? = U3 + agbi U*W + asbibaUW? + aghbibaW™.

Then the rational map f : P?X,Y,Z --3» PQU,V,W sending (X : Y : Z) = (b1hoX : b2boY : Z) is
an isomorphism over K. Furthermore if F, is smooth, then f is an isomorphism over K of the
elliptic curves E}, and £,

13



Proof. We first multiply the equation for E, by b3b3 and then we use the substitution (U : V :
W) = (b1bo X : 2b2Y : Z) to get

VAW + aiUVW + azbiboVIW? = U? + aghi U*W + agbiboaUW? + aghb3 W3,

Hence f(E,) = EI/). Note that f is a linear transformation defined over K, so f is an isomorphism
over K. Therefore E},/K is smooth if and only if E],/K is smooth and we also have f(0) = O.
Hence if E, is smooth, then f is an isomorphism over K of the elliptic curves E}, and Eg). O

Now let E,/K be an elliptic curve given by y? = 23+ az?+bx + ¢ for some a,b,c € K. Then
we can explicitly describe the group law on E,(K). See section II1.2 of [1] for this description
and see Proposition I11.3.4(e) of [1] for the proof that this is in fact a group law. Important to
note here is that, counting multiplicities, lines intersect with £, in three points and the sum of
these three points is zero. Also if (z,y) € E,(K) C Ey(K), then —(z,y) = (x, —y).

3.2 Elliptic curves given by vy? = az* + ba® + ca2? +dx + e

Assume in this section again that char(K) # 2. Let h(z) = azt +br3 +cx’ +dx+e € K[z] be a
polynomial of degree 4 with no double roots in K. Now consider the affine curve E,/K in A%,y
given by 32 = h(z). Any singular point of E, satisfies

y* =h(z), 2y=0 and A (z)=0.

So if (z,y) € E.(K) is a singular point of E,, then y = 0 and h(xz) = h'(z) = 0. Hence E, is
smooth, because h has no double roots.

The projective closure E,/K in }P’g(y’ , of E,/K is defined by the equation
V27? = aX* + bX3Z + cX?Z? + dX Z° + eZ".
Now consider the affine chart in A?W corresponding to Y = 1 given by

v? = au + budv + cuv® + duv® + ev.

Note that the ordering of X,Y,Z in IP’%QY’Z and w,v in Ai,v means that we take u = X/Y and

v = Z/Y. The point (0,0) on the affine chart is singular. Therefore (0 : 1: 0) is a singular point
of E,. Hence E, is not smooth and (E,,O) is not an elliptic curve for any O € E,(K).

So we see that simply taking the projective closure of F, will not give us an elliptic curve.
However, we will prove in this section that E, is isomorphic over K with the affine chart of a
projective curve. Consider the affine curve E,/K in Agm’y given by

u:v2

y? = au® + buv + cu+ dv + e
The rational map E, --» E, sending (z,y) — (2% 2,%) is an isomorphism defined over K. So
E, is smooth, because E, is smooth. We can also check that F, is smooth directly. The matrix

of partial derivatives of the equations for F, is

1 —2v 0
M_(—2au—bv—c —bu—d 2y>'

14



Now let P = (u,v,y) € Eo(K). Then P is a singular point of E, if and only if the rank of M
evaluated at P is at most 1. Note that the first column is not the zero vector so the rank of M
is always at least 1. Also note that y # 0 if and only if the first and third column are linearly
independent and the first and second column are linearly independent if and only if
det <—2au _1 b — ¢ —buQi d> = —bu — d+ 2v(—2au — bv —¢) # 0.

So the singular points of E, are precisely the points (u,v,y) € EAa(f) such that y = bu +d +
2v(2au + bv + ¢) = 0. These conditions correspond to y = 4ax® + 3bz? + 2cx +d = 0 in E,
and these are precisely the conditions for a point (z,y) € E.(K) to be singular. Therefore the
bijection E,(K) — E.(K) restricts to a bijection of the singular points on E, and E,. Hence
Ea is smooth, because FE, is smooth.

Now let E,/K in IP’?[’LV’W’Y be the curve given by the two equations
UW =Vv?

Y2 =aU? +bUV + cUW +dVW + eW?
Note that the affine chart of E, corresponding to W =1 is E,. The points at infinity of £, are

the points (U : V : W :Y) € E,(K) with W = 0. If W = 0, then by the first equation V' = 0
and by the second equation Y2 = aU2. So the only points at infinity are (1:0:0 : +/a). So
we see that £, is the union of its affine charts corresponding to U = 1 and W = 1.

If we take the affine chart in Af,s,t corresponding to U = 1, we get the curve E; /K given by
s=r

2 =a+br+cs+drs+ es?

The points (0,0, £y/a) are smooth on this curve, so (1 :0: 0 : ++/a) are smooth points of Ej,
and E, is smooth. Let E} /K be the affine curve in Af,’q given by

¢ = p4h(1/p) = a+ bp+ cp? + dp® + ep.

Then we see that E/ and E! are isomorphic in the same way that E, and E, are. So we see
we can view Ej, as the union of E, and E, where we use the identification (z,y) = (p,q) if

(22:z:1:9)=(1:p:p?:q).

Note that (0,0, £+/a) may not lie in E,(K). So unlike in the previous section, we do not
known of any point O € E,(K) needed to define an elliptic curve over K. To proceed we need
to assume that we have such a point. So we assume that we have a point (zo,yo) € Ea(K),
where E,/K was the affine curve given by

y? = h(z) = az* + ba® 4 ca® + dx +e.

This means that (23 : 2o : 1 : yo) € Ep(K) and we will prove that (E,,O) is an elliptic curve
using Proposition 3.2. The isomorphism that we want, will be the composition of multiple
isomorphisms. For the first one, note that (0,y) satisfies y?> = h(x + x0). Let h = h(z + x0),

then (x,y) — (x — x0,y) is an isomorphism between E, and the curve E,/K in Agzy given by

y? = B(:p) For E, we can construct a smooth projective curve Ep such that E, is isomorphic to
an affine chart of £, in the same way as for F, and we can extend the isomorphism E, — E,
to an isomorphism E, — F,.
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Proposition 3.8. The rational map f : PSU,V,W,Y -—» P??,V,W,f/ sending (U : V: W :Y) —
(U — 20V + $%W :V —aoW : W : Y) induces to an isomorphism over K from E,/K to the
projective curve E},/K defined by o 3
ow =Vv?
V2 =aU? + VUV + UW +d VW + yg >
where h(z) = h(z + x0) = az + V23 + 2 + d'z + 3.

Proof. One can check that substituting (U : V : W : Y) = (U — 2V +23W : V — oW : W :Y)
into the equations for E gives us the equations for Ej,. This means that f~1(E,) = E, and
therefore f induces a hnear transformation F, — E O

So after a linear transformation we may assume that 2o = 0 and e = y3 and we will do this
from now on. For the next part we need a lemma which we will also use later to find curves of
the form y? = h(z) together with points on that curve.

Lemma 3.9. Let K be a field with char(K) # 2. Let f = 32" 0 @iz’ € K[z] with ag, = a® €
K*2. Define b, = a and for i =n — 1,...,0 define

b = — (an+z - Z bkbn—l—z k)

k=i+1

recursively. Next let g = > I bz’ € K[z] and h = g> — f. Then g is of degree n, the degree of
h is less than n and f = g? — h. Furthermore the pair (g, h) is unique with these properties up
to multiplication of g by —1.

Proof. Write g =1, b;x' and let h = g2 — f. We want to the b; to be such that the degree of
h is less than n. This is equivalent to having

n
Apyi = Z brbn+i—k

for i =0, ..., n, because we want the coefficient of f and ¢? to be equal at "1 for i = 0,...,n.
For i = n this means that a? = a9, = b,%. Hence b,, = +a. Now we rewrite the conditions for
1=0,....n—1t%o

n—1
An+4i = bzbn + Z bkbn+i_k + bnbz
k=i+1
So we have
b; = (an+l Z brbnti— k:)
k=i+1
Note that only b;41, ..., b, occur on the right hand side. Therefore we can solve these equation

recursively in the order i =n —1,...,0. We see that g =>_7" bz and let h = g2 — f have the
desired properties. Furthermore b,, is unique up to multiplication by —1 and b;b,, for j < n only
depends on the a;. Hence ¢ is unique up to multiplication by —1. So g? is unique and therefore
sois h = g% — f. O

From now on we will also assume that yy # 0. Note that there are at most four points on
FE, such that y = 0, namely the roots of h, and we will be looking for elliptic curves with many
points. Therefore in practice we will always be able to find a point (xg,yo) with yo # 0. Note
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that FE/ is given by a Weierstrass equation if (0,0) is a point on E,. So we would still have an
elliptic curve if yo were 0.

By the previous Lemma we can write
p(x) = a + bx + ca® + da® + ydat = (yor® + yx + 6)* — (az + B)

for some unique 7, d, a, B € K. Note that ax + [ is non-zero, because otherwise p(z) would be
a square and therefore h(z) = 2*p(1/z) would also be a square. But h(z) has no double roots,
so it is in particular not a square. Using this equality, we can rewrite the equation for F, and
in the same we can rewrite the second equation for F,.

One can check using UW = V2 that
aU? + bUV + cCUW + dVW + ygW? = (yoW +~V + 6U)* — (aUV + BU?).
Therefore we can rewrite the second equation for E, to
aUV + BU? = (yoW + 7V +0U)* = Y? = (yoW + 7V +6U +Y)(yoW + 7V +6U - Y).
Take © = ygW + vV + 6U + Y, then this equation becomes
aUV + BU? = ©(2yoW + 27V + 26U — ©).
Now define the projective curve Ej /K in P?J,V,W,e by
Uw =v?
aUV + BU? = ©(2yoW + 27V + 26U — ©)
The substitution © = yoW +~+V 4+ U + Y gives the following isomorphism.

Proposition 3.10. The rational map f : PsU,V,W,Y - P%,V,W,@ sending (U :V:W:Y)— (U:
VW :yoW +~V +6U +Y) induces to an isomorphism over K from E,/K to E|/K.

Proof. The substitution © = yoW +~yV + 6U + Y into the second equation for £ gives us
the second equation for E,. Therefore f *1(E£)) = E,. Hence f induces a linear transformation
between E,/K and E}/K. O
Next we multiply the second equation for El’j by U30 and we use UW = V2 to get
UV O 4 BUSE = 2y U*V20? + 2qU3V 0?2 + 20U10% — U303,

Note that we also get this equation if we substitute (R: S :7T) = (U0 : VO : U?) in

aST? + BRT? = 2yyS*T + 2yRST + 26R*T — R?
which we can also write as

200 S?T + 2yRST — aST? = R® — 26 R*T + SRT>.

Define the projective curve EI’)’ /K in IP’%, s by this equation.
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Proposition 3.11. Let
fiiPhywe - Phsr
U:V:W:0) — (U0:Ve:U?
be the rational map defined for points such that U # 0. Let
fo:Phvwe - Pher
U:V:W:0) —» (VO:We:UV)
be the rational map defined for points such that W # 0. Let

f3:Phywe —— Pher
U:V:W:0) — (aV+4pU:aW +pV :2yW + 29V + 20U — O)

be the rational map defined for points such that 2yoW + 29V + 20U — © # 0. Then together
fi, fo and f3 induce an isomorphism f : Ej, — EJ defined over K.

Proof. First we want to show that f is well defined. Suppose that U # 0 and WO # 0, then
W # 0, V2 = UW # 0 and therefore V # 0. Hence V/U # 0. Note that (VO,WO,UV) =
V/UUO,WO,U?). Hence f; and f, restrict to the same map.

Next suppose that U # 0 and 2yoW + 2V + 26U — © # 0, then we split into two cases. If
© # 0, then

aV + U
Ue

and if © = 0, then (aV + SU)U =0 so aV + U =0 and (aW + pV)U = V(aV + pU) = 0 so
aW + BV = 0. Therefore

(@V + BU : aW + BV : 2yoW + 29V + 20U — ©) = (U :Ve:U?%

(UO:VO:U*)=(0:0:1)=(aV + BU : aW + BV : 2yoW + 27V 4 26U — ©).
Hence f1 and f3 restrict to the same map.

Now suppose that WO # 0 and 2ygW + 2V 426U —© # 0. Note that if V =0, then U =0
since UW = V2 =0 and W # 0. However ©(2yoW + 27V + 25U — ©) # 0 so (aV + BU)U # 0.
Hence V' # 0. We have

aV + pU

(@V + BU : aW + BV : 2yoW + 29V + 26U — ©) = 7o

(Vo:We:UV).
Hence fs and f3 restrict to the same map.

Now note that if U = 0, then V2 = UW = 0so V = 0. Hence ©(2yoW — ) = 0. So the
only points with U =0 are (0:0:1:0) and (0:0:1: 2yy). Hence we see that together fi, fo
and f3 define a morphism.

Note that fs and f3 can be derived from f; by multiplying each coordinate with some rational
function g. To find the inverse of f we consider the rational map (R : S : T) ~ (R?*T : RST :
ST : R3) for S # 0 or RT # 0. When S = 0 and RT = 0, we can multiply each coordinate
by g = 1/T and g = (S? + BT? — 2yRT — 25ST)?/R? to find that there is in fact an inverse
morphism. Hence f is an isomorphism. O
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So by combining Propositions 3.10 and 3.11, we see that E,, is isomorphic to Eg and E],al is
isomorphic to a projective curve given by a Weierstrass equation by Proposition 3.7. One can
check that this isomorphism sends (zo,yo) to O. Hence (Ej, (2o, o)) is an elliptic curve over K
by Proposition 3.2. This result is summarised in the following theorem.

Theorem 3.12. Let h(x) = az* + ba3 + cx? + dx + e € K[z] be a polynomial of degree 4 with
no double roots in K and let (zo,y0) € A? be a point such that h(z¢) = y2 # 0. Let E,/K in
IP’3U’V7W7Y be the projective curve given by the two equations

UW = V?

Y2 =aU? 4+ bUV + cUW +dVW + eW?

Let E,/K in A%y be the affine curve given by y? = h(z) and let E’/K be the affine curve in
A2 given by ¢* = p*h(1/p). Then we can view E,, as the union of E, C E,, and E, C E,, using
the identification (x,y) = (p,q) if (22 12 :1:y) = (1:p:p*: q) and (Ep, (z0,%0)) is an elliptic
curve over K.

Note that we know how to add and subtract points in E,(K'), because we have an isomor-
phism between E,(K) and EJ(K) and we know how to add and subtract points in EJ(K). See
the end of section 3.1.

For example, let R = (z9,—0), P = (z1,y1) € Fa(K) and Q = (r1,—y1) € FEa(K) with
x1 # xo. Then we can map P, @ and R to E}. Let E} be the affine chart of E in A%S, which
is given by

20052 + 2yrs — as = > — 20602 + fr.

Then we will find that R maps to —(0,0) € EZ(K) and that P and @ map to points in

E!(K) that lie on the line s = xlimor. Hence P + @ = R, because the images of P, Q and —R
lie on a line in E/(K).

This same statement can be proven using Theorem 3.4. This method requires us to find a
function with zeros of order 1 at P and ) and poles of order 1 at O and R. One might think
this function is i:g?, which is the correct idea. However it is important to note that ﬁ:—fff is
not actually an element of the function field of Ej, since F, is not an affine chart of F, but
the function field of F, and the function field of E, are isomorphic since F, is isomorphic to an
affine chart of F,, that contains a point. So in stead, we have to look at the image of % in
the function field of £, which does work.
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Chapter 4

The rank of an elliptic curve over QQ

Recall that for any elliptic curve E/K the group E(K) is abelian and abelian groups have a
unique Z-module structure. This allows us to define the rank of an elliptic curve.

Definition 4.1. Let G be an abelian group and let ¢1,...,¢9, € G. We call g1,..., g, linearly
independent (over Z) if for all ky,...,k, € Z

kigi +kaga + -+ + kmgm =0 = ki=ky=--=kn=0.
Definition 4.2. Let G be abelian group. Then the rank rank(G) of G is defined as
rank(G) = sup{n € Ny : Jg1,...,gn € G linearly independent}.

For elliptic curves E;, over K, we often say the rank of E,/K when we mean the rank of
E,(K). If K is a number field, then we have the following result.

Theorem 4.3 (Mordell-Weil Theorem). Let K be a number field and let E/K be an elliptic
curve. Then the group F(K) is finitely generated.

Proof. See Theorem VIIIL.6.7 of [1] O

Hence elliptic curves over a number field have a finite rank.

Proposition 4.4. Let G be a finitely generated abelian group with torsion subgroup 7', then
the rank of G is finite and G = Z'a0k(G) » T,

Proof. By the structure theorem of finitely generated abelian groups we know that G =2 Z" x T'
for some r € Ny. We see that rank(G) > r, because Z" x T' contains 7 linearly independent
vectors e; = (0,...,1,...,0) where 1 is at the i’th place.

Now let (v1,t1),..., (Vm,tm) € Z" x T be linearly independent and write |7'| for the order
of T. Suppose that kivi + kovy + - -+ + kpvy, = 0 for some ky, ..., ky, € Z, then also |T|kiv1 +
|T|kava + - -+ 4+ |T'|kmvm = 0. Therefore

Tlk1(vr,t1) + -+ + [Tkm(vm, tm) = k(| Tvr, [Tltr) + -+ + k(T v, |T]tm)
= ]{31(|T|U1, 0) + -+ k‘m(|T|Um, 0)
=0
Hence since (v1,t1),..., (Um,tm) are linearly independent and |7'| > 1, we see that k; = -+ =
k., = 0. So are vy, ..., v, also linearly independent. Now consider vy, ..., v,, as elements of Q"

and suppose that

T az dm
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for some pi,...,pm € Z and qu, . .., ¢m € Z\{0}, then also

D1G2 - .- VU1 + 1P2G3 - - - V2 + -+ q1 - . . Gn—1PmVm = 0.

Hence p1g2... ¢ = - = q1...G¢m—1Pm = 0, because v1,..., v, are linearly independent over
Z. Since qi,...,qm € Z\{0}, we see py = p2 = -+ = pp, = 0. Hence v1,...,v,, are linearly
independent vectors of the Q-vectorspace Q". Hence r > m. ]

4.1 Proving the linear independence of points on an elliptic
curve over QQ

The goal of this thesis is to find elliptic curves E,/Q with a high rank. Therefore we will look
for elliptic curves E,,/Q with many linearly independent points in E,(Q). Now we will look at a
method to prove that elements of E,(Q) are linearly independent using a bilinear map. In this
section, let E, be an elliptic curve over Q given by y? = x3+ Az%+ Bz +C for some A, B,C € Q.

Definition 4.5. The height function H : Q — R on Q is defined as h(z) = max{|p|, |¢|} where
z = p/q and ged(p, ) = 1.

Definition 4.6. The (logarithmic) height h : E,(Q) — R on E, is defined as h(O) = 0 and
h((z,y)) = log(H (x)).

Proposition 4.7. Let P € E,(Q). Then 47"h(2"P) converges as n — oo.

Proof. Let f(x) = z, then the function f is even because —(x,y) = (z, —y) when E,, is given by
y? = 2% + Ax? + Bx + C. Therefore 4 "h(2" P) converges as n — oo by Proposition VIIL.9.1 of
[1]. O

Definition 4.8. The canonical height h : E,(Q) — R on E,, is the map defined as

~

h(P) = lim 4 "h(2"P).

n—oo

The canonical height pairing (-,-) : E,(Q) X E(Q) — R on Ej, is the map defined as

(P,Q) = h(P+Q) — h(P) — h(Q).
Proposition 4.9. The canonical height pairing (-,-) on E}, is bilinear.
Proof. See Theorem VIIIL.9.2 of [1]. O

Proposition 4.10. Let Pi,..., P, € E(Q) be points such that the matrix ((F;, P;)){%_; is
invertible, then Pi,..., P, are linearly independent.

Proof. Suppose that P, ..., P, are linearly dependent, then there exist ki,...,k;, € Z not all
zero such that k1 Py + -+ + kP, = 0. Since (-,-) is bilinear, we also have k1(Q, P1) + --- +
km(Q, Pp) =0 for any Q € E(Q). Take @ = Py, ..., Py, then we see that

(P, Py (K, )T = (0, 0)T.

ij=1
Since k1, ..., k,, are not all zero, we see that ((P;, Pj>)?fj:1 is not invertible. Hence Pi,..., Py,
are linearly independent if ((F;, P;)){"%_; is invertible. O
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Note that the matrix ((F;, P;)){_; can only be approximated and the determinant of
((P;, Pj)){%~, can be 0 while the determinant of its approximation is close to but not equal
to zero. Therefore we cannot conclude that Pp,..., P, are linearly independent when all we
know is that the approximated determinant is non-zero.

We can however give an approximation of the determinant of ((7;, P;));";_; using the division-

free method built into SAGE. This method uses only addition, subtraction and multiplication
and the number of operations used is bounded by a polynomial in m. See [3] for more details.
Hence if we approximate ((F;, P]>)7f]:1 well enough, which we can do using the
height_pairing matrix command of SAGE, then we can also approximate its determinant
such that the difference between the approximation and the real value is at most some £ > 0.

Also note that this method to determine if points are linearly independent is for an elliptic
curve over Q given by y? = 23 4+ A2? + Bz + C only. So we have to convert elliptic curves to
that form.
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Chapter 5

Infinite families of elliptic curves
over Q with high rank

Assume that char(K) # 2 and take k € N. Let by,...,bo be elements of K and take b =
(b1, ..., box) € A%(K). Consider f, = [[%,(x — b;) € K[z]. By Lemma 3.9, there are unique
gb, by € K[z] such that f, = g7 — hy, deg(gy) = k and deg(hy) < k. Note we can view the
coefficients of h;, as elements of Kby, ..., bo], since we can find them from by, . .., boy using only
addition, multiplication and division by 2. Write

k-1
hy = Z i (b1, - - ., bag) 2’
1=0

with hy; € K[by,...,by]. Now let d € {3,4} and let Agq in Agﬁ...,b% be the affine set given by
the equations hy;(by,...,box) =0 fori =d+1,...,k — 1. Then Apy(K) is the set of all b such
that deg(hy) < d. Let Bq(K) C Agq(K) be the set of all b such that

e the b; are all distinct;

o deg(hy) = d;

e hy has no double roots in K;
o and gy(b1) #0if d = 4.

Note that if deg(hy) = 4 and gy(b;) = 0, then hy(b;) = gp(b;)? = 0. So in this case there are at
most four b; such that g,(b;) = 0 since the b; are all different. Since deg(hy) =4 < k we have at
least ten b;. Therefore g(b1) # 0 after a possible re-ordering of the b;, which does not change
gy and hyp,.

Note that the first condition can be expressed as b; — b; # 0 for all 7 # j. The second

condition can be expressed as hpg(bi,...,bor) # 0. Let Ay be the discriminant of a degree d
polynomial viewed as an element of K|[by,...,bs]. Then the third condition is equivalent to
Ay(bi, ..., byk) being non-zero. Lastly, g,(b1) can be viewed as an element of Kby, ..., by]. So

Biq(K) is the subset of Axq(K) consisting of all elements b such that a finite set of polynomial
are all non-zero at b. This means that that Biy(K) is an open set in Agg(K) with the induced
topology of A?f.._ by

Now let b = (b1,...,ba) € Bys(K). Then let E,/K be the curve in A7, defined by y* =
hy(x) and let E,/K be its projective closure. Take P; = (b;, gp(b;)) and Q; = (b;, —gp(b;)) for
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i = 1,...,2k, then we see that P;,Q; € E,(K) for all i. By Proposition 3.7, E,/K is K-
isomorphic to a projective curve given by a Weierstrass equation and therefore (E,, O) is an
elliptic curve over K by Proposition 3.2. We say that Ej, is the elliptic curve corresponding to b.

Nextlet b = (b1,...,bax) € Bra(K), again let E,/K be the curve in Ai,y defined by y? = hy(x)
and take P; = (b;, gp(b;)) and Q; = (b, —gp(b;)) for ¢ = 1,...,2k. Take (zg,y0) = @1, then
yo # 0, because gy(b1) # 0. Let E,/K and E/ be as in Theorem 3.12. Then FE, is K-isomorphic
with the affine chart corresponding to W = 1 of E},, which is the smooth projective curve given
by

Uw =Vv?

Y2 =aU? +bUV 4+ cUW +dVW + eW?

By Theorem 3.12, we know that (E}, Q1) is an elliptic curve over K. We say that (E,, Q1) is
the elliptic curve corresponding to b.

So if we pick a b € Byq(Q), we find an elliptic curve E}, over Q together with 4k points on Ej,
that are Q-rational. Note that for all i, P, + @Q; = O if d = 3. Also we showed that P+ Q; = P,
if d = 4 at the end of section 3.2. Hence @); can always be expressed in terms of P; and P;. So
we know that at best 2k of the points we get are linearly independent. However by the following
Proposition we know this will not be true for any b.

Proposition 5.1. Let b = (b1, ..., bay) € Bra(Q), let (Ep, O) be the elliptic curve corresponding
to b, let P; = (b;, g5(b;)) € Ep(Q) and let Q; = (b, —gs(bi)) € Ep(Q), then S7% P = k(P +Q1).

Proof. By Theorem 3.4 we know that Zfﬁl P; = k(P1 + Q1) holds if and only if

2k

Y (B) = k((P1) +(Q1))

=1

is a principal divisor. Consider the function f = % gb(f) € K(E,). We know that div(f) =

div(y — gp(x)) — k - div(z — b1), so first look at the functions y — gy(x) and = — b;.

Note that y— gy(z) has no poles in E,(K). Suppose that (z,y) € E,(K) is a zero of y— g,(z),
then gy(2)? = y? = hy(x). So fy(xz) = 0 and = = b; for some i. Now we see that y = g;(b;) and

(H?,y) = 1Dz

Now consider x — by. It also has no poles in E,(K) and we see that P; and Q7 are the only
zeros of © — by. To calculate the order of = — by at Py and @1, first recall that Q1 = (b1, —gp(b1))
with g(b1) # 0. Then note that

(v — 9o(b1) (Y + go(b1)) = y* — go(b1)* = hy(x) — go(b1)* = (z — b1)r(x)

for some r(x) € K[x], because hy(x) — gp(b1)? has a zero at by. So we see that (y — gy(b1)) =
(x — bl)yJ;( ()bl) nd y+rg(::()b1) € K[E,|p, since y + gy(b1) is non-zero at P;. Therefore x — by
generates the ideal (x — b1,y — go(b1)) = mp, C K[E,|p, and = — by has a zero of order 1 at P;.

In the same way we see that © — b; has a zero of order 1 at Q1.

Now we know that f has zeros at P, ..., Py of still unknown order and we know that f has
poles of order k£ at P; and (1. Now we will consider what happens at infinity.
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Suppose that deg(hy) = 3 and write hy(x) = hgz® + hoz? + hiz + ho, then E, is given by
Y2Z = hsX? + o X?Z + M X Z* + ho Z*

and O = O = (0:1:0) is the only point at infinity. To calculate the order of f at O, we need
to go the affine chart of E, corresponding to ¥ = 1. So we take x = X/Y and z = Z/Y and
get the affine curve given by

2 = h3x® + hox’z + hixz? + hoz>.

Note that O is (0,0) and f is =2 a(@/2) 4y this affine chart. We have

(z—b1z)k
2(1 — ho2®) = 2z — ho2® = haa® + hoa’z + hyx2? = x(hsz® + hoxz + hi2?).

Therefore the ideal (z,z) = mp of K[E,]o is generated by z. Hence = has a zero of order 1 at

) 2 2
O. Write 7(z,2) = %, then we have

2= h3x® + hoxz 4 hyz2? + ho2® = 23(ha + ha7(x, 2) + ha7(z, 2)% + hoT(z, 2)3).

Note that hz + ha7(0,0) 4+ h17(0,0)2 + ho7(0,0)3 = hs # 0. This means that z, as a function,
has a zero of order 3 at O, because z is the product of 23, which has a zero of order 3 at O, and
a function that has neither a zero nor a pole at O.

Now we can go back to f. Note that z*~1 — zFg,(x/2) has a zero of order k at O, because
21 — 2k gy(x/2) contains a term 2, which has a zero of order k at O, and all other terms have
a zero of higher order at ©. Similarly (x — by2)* has a zero of order k at O. This means that f
has order 0 at O.

Next suppose that deg(hj) = 4. Recall that in this case, £}, has the two points (1 :0: 0 :
+/a) at infinity, which correspond to the points (0, ++/a) on the affine curve E’ given by ¢* =
p**2q-p**g,(1/p) _ p*~*a—p"9,(1/p)

(p—b1p?)* (1-bip)*
the function field of E!. We see that we get the top coefficient of g, if we evaluate this function

at the points (0,++/a). Therefore f has neither a zero or pole at these points.

in

p*h(1/p). One can check that f corresponds to the function

So in both cases f has no zeros or poles at infinity. So since the degree of div(f) must be 0,
since f has zeros at Py,..., Py and since f has poles of order k at P, and 1, we now see that
the zeros of f all have order 1. Hence

2k

div(f) =D (P) — k((P1) + (Q1))

=1
and Y2 P, = k(Py + Q1). O

Corollary 5.2. Let b = (b1, ...,bax) € Bia(Q), let (Ep, O) be the elliptic curve corresponding
to b and let G C E,(Q) be the subgroup of E,(Q) generated by P; = (b;,gy(b;)) and Q; =
(bi, —gp(b;)) for i = 1,...,2k. Then the rank of G is at most 2k — 1.

Proof. Suppose that deg(hy) = 3, then P, + Q; = O for any i. Hence G is generated by
Py, ..., Py. By the previous Proposition, we know that 21221 P, =Fk(P; + Q1) = O. Therefore
Py = — ?i;l P, and G is generated by Pi,...,Psy;_1. So since G is generated by 2k — 1
elements, the rank of G is at most 2k — 1.

27



Suppose that deg(hy) = 4, then Q; = P; — P; for any i, since Q) is the zero element. Hence
G is generated by Pi,..., Py;. By the previous Proposition, we know that Z?ﬁ P = kP
Therefore Py, = kP — Z?i;l P; and G is generated by Pi,..., Pop_1. So again we see that the
rank of GG is at most 2k — 1. O

We are looking for families of elliptic curves over Q with high rank. We will find such families
by finding elliptic curves over Q(t) with high rank. Consider b(t) = (b1(t), ..., bk (t)) € Bra(Q(t))
as a function of ¢ and let b(tg) = (b1(to), ..., bax(to)) for any ty € Q such that by (tg),...,bor(to)
are all well defined. The next proposition will show that, in most cases, we will have b(tg) €

Bra(Q).

In these cases, we get the equations defining the elliptic curve corresponding to b(tg) by
replacing t by tp in the equations that define the elliptic curve corresponding to b(t). Also,
we can try to evaluate points on the elliptic curve corresponding to b(t) at tp to get points on
the elliptic curve corresponding to b(tg). Since the coordinates of points on the elliptic curve
corresponding to b(t) are rational functions, we see that for any point there can only be finitely
many tg € Q where we fail to evaluate the point.

In general, we call an elliptic curve F over Q, which we get by evaluating an elliptic curve
E' over Q(t) at some tg € Q, the specialisation of E" at tg. And we call the map sending points
on E’ to their evaluation at ¢y, when it exists, the specialisation map.

Proposition 5.3. Let b(t) € Brq(Q(t)), then there are only finitely many ¢ty € Q such that
either b(to) is not defined or b(tg) & Bra(Q).

Proof. First note that by (%), ..., bk (t) are rational functions. So for each ¢ we can write b;(t) =
f(t)/g(t) for some f,g € Q[t] with g # 0. Since g € Q[t] is non-zero, there are only finitely many
to € Q such that g(t9) = 0. So for only finitely many tg, b;(to) is not well defined. Hence there
are also only finitely many ¢y such that b(tg) is not well defined.

Now consider the to € Q such that b(to) is well defined. Note that we get hy,) and gy, if
we replace ¢ in hy;) and gy) by to. This means that we get

o Tygugyi(bi(to), -, bax(to)) for i =0, .k — 1,
e bi(to) — bj(to) for all i # j,
o Ay(bi(to), ..., bax(to))
o and gy(4,)(b1(t0))
by evaluating the corresponding rational function at ty. Since b(t) € Biq(Q(t)), we know that
o b(t) € A(Q(1)),
o bi(t) — bj(t) # 0 for all i # j,
hpa(br(t), . .., bax(t)) # 0,
o Ag(bi(t),...,bax(t)) #0

and gy(r) (b1(t)) # 0.
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This means that b(to) € Akq(Q), because hy,); is the zero function for i = d +1,...,k — 1.
Since bi (t) - bj (t), hbd(bl (t), ceny bgk (t)), Ad(b1 (t), ceey b2k (t)) and gb(t)(bl (t)) are non-zero, there
are only finitely many ¢y € Q such that they are 0 at ¢3. Hence there are only finitely many
to € Q such that b(t()) & Bkd(Q) ]

Theorem 5.4. Let b(t) € Brqa(Q(¢)). If Ri(t),..., Rn(t) are linearly independent Q(t)-rational
points on the elliptic curve over Q(t) corresponding to b(t), then there are only finitely many ¢y €
Q with b(tg) € Brq(Q) such that Ry(tp),..., Rm(to) are not well-defined linearly independent
Q-rational points on the elliptic curve over Q corresponding to b(tp).

Proof. When b(ty) € B(Q), we get the elliptic curve corresponding to b(tp) by evaluating the
elliptic curve corresponding to b(t) at tg. Note that Q(t) = Q(P'). Theorem C.20.3 of [1] now
tells us that for all but finitely many ty the specialisation map is injective on the points where
it is defined. So for all but finitely many ty € Q the points Rj(tp),. .., Rm(to) are linearly
independent when they are well defined, which they are at all but finitely many #g. O

So from a b(t) € Biq(Q(¢)) such that its corresponding elliptic curve has a high rank, we get
an infinite family of elliptic curves with at least the same rank. We have similar statements in
the other direction.

Proposition 5.5. Let by(t),...,bo(t) € Q(t) and d € {3,4}. Take b(t) = (bi(t),...,bax(t))
and to € Q. Suppose that b(t) € Arq(Q(t)), that b;(tp) is well defined for each i and that
b(to) = (b1(to), ..., bax(to)) € Bra(Q). Then b(t) € Bra(Q(1)).

Proof. Note that by(tg),...,bax(to) are all different, because b(tg) € B(Q). So we see that
b1(t),- .., bax(t) must also be all different. Next note that the coefficient of hy) at z? evaluated
at to is the leading coefficient of hyy,), which is non-zero. Therefore the coefficient of hyy at
2% is a non-zero rational function and we have deg(hy)) = d. The discriminant A of hy(y) is an
element of Q(¢), which is the discriminant of hy(to) When evaluated at ¢p. Hence A is non-zero
as rational function, because b(tg) € B(Q) and therefore A evaluated at ¢y is non-zero. Lastly

Gu(t)(b1(t)) is non-zero if d = 4, since gy, (b1(to)) is non-zero if d = 4. Hence b(t) € B(Q(t)). O

Proposition 5.6. Let b(t) € Brq(Q(t)) and let tg € Q such that b(tg) € Bra(Q). Suppose
that Ri(t),..., Rm(t) are Q(¢)-rational points on the elliptic curve over Q(t) corresponding to
b(t) such that Ry(tg), ..., Rn(to) are well-defined linearly independent Q-rational points on the
elliptic curve over Q corresponding to b(tp). Then Ry(t),..., Ry (t) are linearly independent.

Proof. Suppose that ki Ri(t) + - -+ + kp R (t) = O for some ki, ..., ky, € Z. Note that if P(t)
and Q(t) are Q(¢) rational points on the elliptic curve over Q(t) corresponding to b(t) such that
P(tp) and Q(to) are well-defined, then (P + Q)(to) = P(to) + Q(to), i.e. the specialisation is a

homomorphism. This means that ki Ri(to) + - -+ + kmBRm(to) = O. Therefore ky = -+ = ky, =
0, because Ri(tg),...,Rm(to) are linearly independent. Hence Rj(t),..., Ry (t) are linearly
independent. ]

So we can find infinite families of elliptic curves with high rank by finding a b(t) € Agq(Q(t))
and a tg € Q such that b(tg) € Brq(Q) and such that {Pi(to),..., Por—1(to)} has a big inde-
pendent subset. Then using Proposition 5.5, we get an elliptic curve over Q(t), which has a
independent subset of the same size by Proposition 5.6. This gives us an infinite family of
elliptic curves using Proposition 5.3 and by Theorem 5.4 all but finitely many of these elliptic
curves again have an independent subset of the same size. First we will choose k£ to be 4 or 5,
because then b(t) € Akq(Q(t)) will always hold for d = k — 1. However with some more work,
we can also choose k to be 6 or 8.
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Note that in general, having an infinite family of elliptic curves does not mean that we we
have infinitely many elliptic curves that are pairwise not isomorphic. However, in our case we
can prove relatively simply that we do. More precisely, we can prove that an elliptic curve within
our family can only be isomorphic to finitely many other elliptic curves within our family.

Definition 5.7. Let E, be an elliptic curve over K given by a Weierstrass equation
2 _ .3 2
y* +arxy + a3y = x° 4+ ax” + a4 + ag

for some a1, a9, as,aq,a6 € K. Take

by = a% + 4aq
b4 = 2&4 + ajas
bg = CL% + 4dag
by = a%a(; + dasag — ajaszay + agag - ai
cy = b3 —24by
cg = —b3+ 36byby — 216bg
and define
A = —b3bg — 83 — 27b2 + 9babybg
j o= ci/A

By Proposition III.1.4(a)(i) of [1], we know that A # 0, because Ej is smooth. So j is well
defined. We call j the j-invariant of the elliptic curve E,. By Proposition III1.1.4(b), we know
that two elliptic curves are isomorphic over K if and only if their j-invariants are equal. We can
use this to get the following result.

Proposition 5.8. Let b(t) € Brqa(Q(t)), let to € Q such that b(ty) € Bra(Q) and let E}, be
the elliptic curve over Q corresponding to b(tp). Then either all elliptic curves corresponding to
b(t1) € Brq(Q) for some t; € Q have the same j-invariant or there are only finitely many t; € Q
such that b(t1) € Bpg(Q) and such that the j-invariant of the elliptic curve corresponding to
b(t1) is equal to the j-invariant of E,.

Proof. From the definition of the j-invariant, we see that we can view the j-invariant of F}, as a
rational function of ¢ evaluated at ¢y. Either j(¢) is constant or not. If j(¢) is constant, then all
elliptic curves corresponding to b(t;) € Biq(Q) for some ¢; € Q must have the same j-invariant.
If not, then for all A € Q there are only finitely many ¢; € Q such that j(¢1) = A\. Hence in this
case, there are only finitely many ¢; € Q such that b(t1) € Brq(Q) and such that the elliptic
curve corresponding to b(t;) has the same j-invariant as E,. O

Corollary 5.9. Let b(t) € Bra(Q(%)), let to € Q such that b(tg) € Biq(Q) and let E, be the
elliptic curve over Q corresponding to b(tg). If there is a t; € Q such that b(t1) € Bq(Q)
and such that the elliptic curve corresponding to b(t;) has a different j-invariant than E,, then
there are infinitely many to € Q such that b(t2) € Brqa(Q) and such that the elliptic curves
corresponding to the b(t2) are pairwise not isomorphic.

Proof. Again view the j-invariant as a rational function of t. If there is an ¢; € Q such that
b(t1) € Brq(Q) and such that the elliptic curve corresponding to b(¢;) has a different j-invariant
as Ey, then j(t) is not constant. So each Q-isomorphic class of elliptic curves can only occur
finitely many times within the family of elliptic curve corresponding to b(t2) € Biq(Q) for some
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to € Q. Note that if elliptic curves over some field K are isomorphic over any subfield L of K
containing K, then they are also isomorphic over K. So we also know that each Q-isomorphism
class of elliptic curves can only occur finitely many times within the family of elliptic curve
corresponding to b(t2) € Brq(Q) for some t2 € Q. Hence there must be infinitely many ¢t € Q
such that b(t2) € Biq(Q) and such that the elliptic curves corresponding to the b(t2) are pairwise
not isomorphic. ]

So by finding a second elliptic curve in a family with a different j-invariant, we can prove
that we have infinitely many truly different elliptic curves. Since we will be using Theorem 5.4,
the families that we find will contain finitely many elliptic curves where we do not have an lower
bound on the rank. Therefore note that we are not interested in the rank of the second elliptic
curve that has a different j-invariant, because we only want to prove that the j-invariant is
non-constant as a rational function.

5.1 Construction 1

Let b = (1,2,3,4,5,6,7,9), then one can check that b € B43(Q) and the elliptic curve E
corresponding to b is given by

2 _ 78753 2851932 , 1304393 .. 1868711
= 1287 512 £ T “qo21 X 16384 °

Using Propositions 3.7 and 4.10 we can check that

P =(1,3299/128,1) Py =(2,—3381/128,1) Py =(3,—2413/128,1)
Py =(4,-325/128,1) P; =(5,—573/128,1) Ps =(6,—3541/128,1)
P; =(7,—6541/128,1)

are linearly independent. Hence E,(Q) has rank at least 7.

Now take b(t) = (1,2,3,4,5,6,7,t). Since deg(hyy)) < k = 4, we see that b(t) € Ag3(Q(1)).
So b(t) € B43(Q(t)) by Proposition 5.5 and the points Pi(t),..., P7(t) are linearly independent
by Proposition 5.6. Hence the elliptic curve over Q corresponding to b(ty) exists and has rank
at least 7 for all but finitely many ¢ty € Q. The elliptic curves corresponding to b(9) and b(10)
have different j-invariants. Hence we have infinitely many non-isomorphic elliptic curves over QQ
with rank at least 7 by Corollary 5.9.

5.2 Construction 2

Let b=(1,2,3,4,5,6,7,8,9,12), then one can check that b € B54(Q). The affine chart E, of the
elliptic curve £, corresponding to b is given by

2 _ 12317574 _ 11034561,.3 , 44533316972 _ 11370142773 39865067649
Y =752 7T 956 Lt " io3sa L 16384 + 65536

Now one can check that

Py =(1,—97625/256) Py =(2,9005/256) P3 =(3, —15597/256)
Py =(4, —50279/256) Ps =(5, —56833,/256) Ps =(6, —49275/256)
P; =(7, —63125/256) Ps =(8, —124687/256) Py =(9, —220329/256)
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are linearly independent by mapping these points to the elliptic curve given by y? = h(z)
for some monic h of degree 3 using Propositions 3.8, 3.10, 3.11, 3.7 and 3.6 and then using
Proposition 4.10. Hence E,(Q) has rank at least 9.

Now take b(t) = (1,2,3,4,5,6,7,8,9,t). Since deg(hyy)) < k = 5, we see that b(t) €
As4(Q(t)). So b(t) € Bs4(Q(t)) by Proposition 5.5 and the points Pi(t),..., Py(t) are linearly
independent by Proposition 5.6. Hence the elliptic curve over Q corresponding to b(tp) exists
and has rank at least 9 for all but finitely many ¢y € Q. The elliptic curves corresponding
to b(12) and b(13) have different j-invariants. Hence we have infinitely many non-isomorphic
elliptic curves over QQ with rank at least 9 by Corollary 5.9.

5.3 Construction 3

Let 8 = (b%,...,b3) with b1,...,bs € K, then there are gg, hg € K[z] such that H?:l(:v —b?) =

gs(2)? — hg(x) and deg(hg) < 3. Now consider b = (by,...,bg, —b1,...,—bg). We also have
gy, hy € Kz] such that H?:l (x — b)) (x4 b;) = gp(x)? — hy(x) and deg(hy) < 6, but since
6
5(2)? = hy(2) = [ [(=* = 07) = gs(a®)* — hs(a?).
i=1

we see that g,(x) = +gs(x?) and hy(z) = hg(z?), because (gp, hp) is unique up to multiplication of
g» by —1. We will always choose the leading terms g, and gs to be 1. So we have gy(z) = gg(z?).
We see that deg(hy) = 2deg(hg) < 4.

If we apply this to K = Q and K = Q(t), then we see that any b of the form

(br,. ., bg, —bi, ..., —bc)
will be contained in Ag4(Q) and any b(¢) of the form
(01(2), ..., b6(t), =b1(t), ..., —be(1))

will be contained in Ag4(Q(¢)). So we can use Proposition 5.5. Take
b=(1,2,3,4,58,—1,-2, —3,—4,—5,—8).

Then one can check that b € Bgs(Q). The affine chart E, of the elliptic curve E}, corresponding
to b is given by

2 _ 346557894 3444430012 , 11347641529
Yy =" T — 61 Lt

256
and the points

P =(1,-100541/16) Py =(2,-89747/16) P3 =(3,—100877/16)
Py =(4, —157451/16) P; =(5,-252077/16) Ps =(8,700693/16)

are linearly independent. So the rank of the elliptic curve over QQ corresponding to b is at least
6. Take
b(t) = (1,2,3,4,5,¢,—1,—2,—3, —4, -5, —1).

We know that b(t) € Aga(Q(t)). So b(t) € Bga(Q(t)) by Proposition 5.5 and the points
Py(t),..., Ps(t) are linearly independent by Proposition 5.6. Hence the elliptic curve over Q
corresponding to b(tg) exists and has rank at least 6 for all but finitely many to € Q. The ellip-
tic curves corresponding to b(7) and b(8) have different j-invariants. Hence we have infinitely
many non-isomorphic elliptic curves over Q with rank at least 6 by Corollary 5.9. Unfortunately
the following proposition shows that this is the best result we can get using this construction.
We will however always have a point of order 2 in E,(Q).
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Proposition 5.10. Let (E,, O) be an elliptic curve over Q defined by y? = h(z?) as in Theorem
3.12 for some h € Q[z] with deg(h) = 2. Let P = (z1,y1), P’ = (—z1,91), Q = (z2,y2) and
Q' = (—x2,y2) be Q-rational points on E,, then P+ P’ = Q + Q.

Proof. Write h(z) = hox? 4 hiz + hg. Let E,/Q be the smooth affine curve in A?E’y given by
y? = h(2?) and let C,/Q be the affine curve in A7 | given by y* = h(z). Note that C, is smooth,
because otherwise i (z) would have a double zero in Q. But then h(z?) would also have a double

zero in QQ, which is impossible since E, is smooth. We have a morphism 7 : F, — C, sending
(z,y) — (z%,y). Note that 7=1(22,91) = {P, P’} and 7~ 1(23,12) = {Q,Q'}.

Now let C},/Q in IP’%QK 4 be the projective closure of C, given by
Y2 =Z°WMX/Z) = hoX? + M X Z + hoZ>.

The points at infinity of Cp, are (1 : £v/hg : 0). If we take the affine chart corresponding to
X =1, we get the affine curve in A2, given by s* = ¢*h(1/t). This affine curve is smooth,
because h has no double roots. Therefore C}, is a smooth projective curve.

We can extend 7 to a morphism E, — C,,. Recall that Ej, is given by the equations
Uw =Vv?

Y2 = hoU? + hiUW + hoW?

since h(x?) = hox* + hiz? + ho. Now consider the rational map

e P?I)J,KW,Y -2 Pg{,Y,Z
U:V:W:Y) —» (U:Y:W)

If (U:V:W:Y) € Ey(Q), then we see that (U : Y : W) € C,(Q). So  is in fact a morphism.
Furthermore if (z,y) € E,

E.(Q) C Ey(Q), then we see that

r((@) = 7((2? 2 11g) = (@2 1y 1),
So we see that we have indeed extended 7.

Note that for any point (X : Y : Z) € C,(Q) we have 7~ 1(X : Y : Z)) = {(X : =VXZ : Z :
Y)} and XZ = 0 for only finitely many points on Cp,. So the morphism 7 is a degree 2 map by
Proposition I1.2.6(b) of [1]. So by Proposition I1.2.6(a), we know that e (U : V : W :Y)) =1
if V#0and e ((U:V :W:Y))=2if V =0. Now consider the maps

™ :Q(Cp) — Q(EY)
flzy) — f@%y)

©* : Div(Cp) — Div(Ep)
@ = Y elP)(P)

Per—1(Q)

which are induced by 7. By Proposition I1.3.6(b), we know that 7*(div(f)) = div(7*(f)). This
means that if (7(P)) — (7(Q)) is principal, then (P) + (P’) — (Q) — (Q') is principal.
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One can consider the rational map C}, --+ P! sending (X : Y : Z) — (X : Z) for X # 0 or
Z # 0 and use Theorem I1.5.9 of [1] to prove that C}, has genus 0. Now consider the divisor
D = (7(Q)) — (n(P)). By Corollary I1.5.5(c) of [1], we know that ¢(D) = 1. Therefore there
must be an f € Q(Cp)* such that div(f) > —D. This f must have a zero of order 1 at 7(P)
and has at most a pole of order 1 at 7(Q). So div(f) = —D, because deg(div(f)) = 0. Hence
—D = (7(P)) — (7(Q)) is principal. Therefore (P) + (P') — (Q) — (Q') is also principal. So by

Theorem 3.4, we have P+ P' = Q + Q. O
Corollary 5.11. Let b = (by,...,bg, —b1,...,—bg) € Bss(Q). Let

Pi, = (7blagb(bl)>

Qi = (bi, —gp(bi))

Q; = (=bi,—g(bi))

for i = 1,...,6 and let (Ep, Q1) be the elliptic curve over Q corresponding to b. Then the
subgroup G of E,(Q) generated by Pi,...,FPs, Py,..., P, Q1,...,Q6,Qf, - .., Qg is generated by
Pi,..., Ps, P{. Furthermore 2P] = @1 and the rank of G is at most 6.

Proof. We proved at the end of section 3.2 that
P+Qi=P +Q;=h

for all i. By Proposition 5.1, we know that

6
> (Pi+P)=6P
=1

and by Proposition 5.10, we know that
Pi+ P =Qi+ Q=P+ P

for any i. The first equality tells us that the subgroup of E,(Q) generated by Pi, ..., Ps, P|, ..., P}
contains Q1, ..., Qe, @}, ..., Q. Using the last equality we see that the subgroup of E,(Q) gen-
erated by Pi,..., P, P| also contains Py, ..., P;. Hence G is generated by Pi, ..., Ps, P;.

Next note that Py + P = Q1+ Q) and P/ + Q] = P14+ Q1. So Pi+2P[+ Q) =2Q:+Q 1+ P,
and hence 2P] = 2Q1 = Q1, because Q; is the zero element. Since G is generated by 7 elements,
one of which has finite order, we see that the rank of GG is at most 6. O

This construction does not give a record, but it does give us a family of elliptic curves with
a 2-torsion point and we have been able to choose k = 6. The next construction generalizes this
idea by replacing 22 in y? = hg(z?) with a polynomial p(z) € Q[x].

5.4 Construction 4

Let 8 = (b1, b2, b3,b4) with b1, b2, b3,bs € Q. Then there are gg, hg € Q[z] such that H?Zl(:v —
bi) = gs(x)? — hg(z) and deg(hg) < 2. Let p(z) € Q[z] be a monic polynomial of degree d and
let ¢;j € Q for i =1,2,3,4 and j = 1,...,d be such that p(c;;) = b; for every i and j. Then

4

4 d
[T TIGE =) =]0@) = b) = gs(p(x))* = ha(p(z)).
i=1j=1

i=1
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Now let b = (c11, ¢12, - . ., €4q), then we see that hy, = hg(p(z)) and therefore deg(hy) < d. So we
might be able to use this method to find elliptic curves. However, to do this we need to be able
to find by, bo,b3,b4 € Q, p(x) € Q[z] and ¢;; € Q that satisfy these conditions. For d = 3 we
have been able to find all possible by, ba, b3, by, p(z) and c;j.

We are looking for by, b2, b3,b4 € Q, p(z) € Q[z] and ¢;; € Q such that

px) —br = (z—cu)(@—c2)(z—cas)
p(x) —by = (z—cn)(@— c)(z—cxs)
p(x) —bs = (z—c31)(x—c32)(x — c33)
p(x) —by = (z—ca1)(® — ca2)(x — ca3)

Note that if we fix the ¢;;, then by, b, b3, by and p(x) will not unique if they exist, because we
can add A € Q to p(z) and by, by, b3, by to get a different solution. Also, by, be, b3, by and p(z) will
exist if and only if we choose the ¢;; such that the four polynomials on the right hand side have
the same coefficients at #? and 2. Then we can simply choose p(z) to be (z—c11)(z—c12)(z—c13)
and find by, ..., bs.

So we have the conditions that ¢;1 + ¢jo + ¢;3 and c¢j1¢;0 + ¢i1¢i3 + ¢io¢3 are both independent
of i. We have the following equality of symmetric polynomials in 3 variables:

:c% + :c% + x% = (r1+xz2+ 1‘3)2 — 2(z1x9 + x123 + T2T3)

This means that the previous conditions are equivalent to the conditions that c;1 4+ ¢jo + ¢3
and (¢;1 + ¢i2 + ci;),)2 are independent of i. These conditions can be viewed as equations
that define a plane and a sphere in A3. So what we are actually looking for are four points
(c11,¢12,€13), - - -, (€41, Ca2,C43) € A§7y7z((@), that lie on the intersection of a plane given by
x4+ 1y + 2z = A\ and a sphere given by z? + y? + 22 = Xy for some A, Ay € Q, such that
all coordinates are different.

Now let ¢11, c12,c13 € Q be all different. Take Ay = ¢11 + c12 + ¢13 and Ao = c%l + 0%2 + 0%3.
Note that the intersection of a plane and a sphere is either empty, a point or a circle. The
first is obviously not the case here. The second would only be the case if the tangent-plane of
(c11, 12, c13) on the sphere is the plane. However the tangent plane of (c;1, ¢12, ¢13) on the sphere
is given by 2c112+42c12y+2¢132 = 2A2 and the ¢y are all different. So 2c112+2¢12y+2c¢132 = 2X2
and x + y + z = A1 do not define the same plane. Hence the intersection of the plane and the
sphere is a circle.

Now consider this circle inside the plane given by = + y + z = A1. It is well known that, if
we know a rational point on a circle, we can find every rational point on that circle by looking
at the lines in the plane through the know rational point. Hence we have found all possible
solutions.

To recap: We first choose a point (c11,c12,c13) € Ai7y7Z(Q) with all different coordinates.

Then the intersection of the corresponding plane and sphere is a circle and we find (¢;1, ¢2, ¢;3)
for i = 2, 3,4 by intersecting a line in the plane that goes through (c11, ¢12, ¢13) with this circle.
Next we choose p(z) = (x — c¢11)(x — c12)(x — c13) and then there are by, be, b3, by € Q with the
required properties. Note that every solution can be found in this way.

Just like with the previous construction, we have a morphism
n:E, — C,
(@,9) = (p(2),y)
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where C, is the curve given by 32 = hg(x) and again we could prove that the sum of all elements
that map to the same point is always the same.

However in this case this is much simpler to prove: if (z1,y1) satisfies y> = hg(z), then
7 1((z1,y1)) consists of the points in E, that also lie on the line y = y;. Recall that E, is
given by y? = hy(z) with deg(hy) = 3 and therefore the sum of any three points connected by
a line is zero when we count multiplicities. Hence Psgy1 + Psgyo + Pspasz = O for k= 0,1,2,3,
because Psii1, Psk4o and Psiis have the same y-coordinate. So we see that the subgroup of
E,(Q) generated by Pi,..., P2 is also generated by Py, P», Py, Ps, Py, Py, Pig, P11, which means
that we will not improve our record using this construction.

5.5 Construction 5

Now suppose that d = 4. Then we are looking for by, b, b3, bs € Q, p(z) € Q[z] and ¢;; € Q for
1,7 =1,...,4 such that

p(x) — by (z —en)(z — cr2)(x — c13)(x — c14)
p(x) —be = (x—co)(x— ca)(x — coz)(x — co4)
p(x) —bs = (x—c31)(x—c32)(x — c33)(x — c34)
px) —bs = (z—ca)(@—ca2)(x — ca3)(w — caa)

Similar to the case where d = 3, we see that for given ¢;; such by, bo, b3, b4 € Q and p(z) € Q[z]
exist if and only if

Ci1 + Ci2 + €3 + ¢4
2 2 2 2
Ci1 T Cia T ¢33+ Ciy
3 3 3 3
Ci1 T Cig T Ci3 + Ciy

do not depend on i or equivalently if for every i, (¢;1, ¢, ¢i3, ¢ia) is a Q-rational point on the
affine variety in A* given by

T1+rot+x3+T4 = N
2 2 2 2 _

x1+$2+ﬂ$3+$4 = )\2
w4yl ol = g

for some A1, A2, A3 € Q. Finding all points on a variety given by a degree 3 polynomial is generally
quite hard. However, we have been able to find infinitely many points when A\; = A3 = 0.

Suppose that ¢;1 + ¢;2 = ¢;3 + ¢4 = 0 for every ¢, then
Cil+Ciot st eia=c) +ch+ e =0

for every i and ¢ + ch + ch + ¢y = 2 (c?1 + 6?3). So if we let (¢;1, ¢;3) be points on a circle given
by 22 + y? = r2, then
Ci1 + ¢i2 + ¢z + cig
2 2 2 2
Ciiteptegtay
3 3 3 3
Ci1 T Cat ¢zt cy
do not depend on i. We have

2 4 2

(x — c11) (@ — c12)(z — c13) (w — cna) = (2° — ¢f))(2° — cf3) = 2" —ra® + ¢}y cly
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for every i. So we choose p(x) = x* — 7222 and b; = —c? c};. Note that p(z) is a polynomial in

x2. This unfortunately means that we can apply Proposition 5.10 to see that the rank of the
subgroup G generated by P, ..., Pig, @1, ..., Q1 of elliptic curve we get with this construction
will be at most 8. However at the same time we can also say that we might be able the find a
family of elliptic curve with a 2-torsion point of higher rank than before and this is indeed the

case.
Take r = 1, then all rational points on the circle are of the form

2t t2-1
o) = (010,620) = (257 g1

for some t € Q. We have ¢(2) = (4/5,3/5), ¢(4) = (8/17,15/17), ¢(5) = (5/13,12/13) and
»(6) = (12/37,35/37). So we can take

cii 2 €13 Ci4 4/5  —4/5  3/5  =3/5

Co1 C22 C23 Coa | 8/17 -—8/17 15/17 —15/17
C31 €32 (€33 C34 - 5/13 —5/13 12/13 —12/13
C31 C42 C43 C44 12/37 —12/37 35/37 —35/37

and b = (c11,c12, €13, C14, C21, €22, €23, C24, C31, €32, €33, C34, C31, C42, €43, C44). Omne can check that
b € Bg4(Q). The elliptic curve E;, corresponding to b is given by

2 1167208287016795539964268858740763261703360006686208 4

Y - 21815643353445812799781200145012984451489200078369140625
+ 1167208287016795539964268858740763261703360006686208 2
21815643353445812799781200145012984451489200078369140625
__224275198145333065377472136956185833445682417680839317405113993501696
60957062931854398484935651250138313898667583035312193572114648590087890625

and we have the independent points:

P, — (é 22959788490364212047915268436421856 )
1 57 7807500427912533805686779586750390625
P —_ (§ 22959788490364212047915268436421856 )
3 57 7807500427912533805686779586750390625
P — (§ __18385559754456311996728580997473952 )
5 177~ 7807500427912533805686779586750390625
P — (E _18385559754456311996728580997473952 )
7 177 7807500427912533805686779586750390625
P — (é _13667901667303973649566974071473952 )
9 137 7807500427912533805686779586750390625
P — (Q _13667901667303973649566974071473952 )
11 137 7807500427912533805686779586750390625
Pra — ( 12 9093672931396073598380286632526048 )
13 = 377 7807500427912533805686779586750390625
P ( 35 9093672931396073598380286632526048 )
15 = 377 7807500427912533805686779586750390625/ *
Now let b(t) be
(p1(2), — ¢1(1), Pa2(t), — ¢2(t),
¢1(t+2)7 _¢1(t+2)7 ¢2(t+2)7 _¢2(t+2)7
¢1(t+3)7 _¢1(t+3)7 ¢2(t+3)> _¢2(t+3)7
P1(t+4), — ¢1(t +4), P2(t +4), — ¢a(t +4)).

One can check that b(t) € Aga(Q(t)). So b(t) € Bga(Q(t)) by Proposition 5.5 using tgp = 2 and
the points Py (t), P5(t), ..., Pi5(t) are linearly independent by Proposition 5.6. Hence the elliptic
curve over Q corresponding to b(tg) exists, has a 2-torsion point and has rank at least 8 for all
but finitely many ¢ty € Q. The elliptic curves corresponding to b(2) and b(3) have different j-
invariants. Hence we have infinitely many non-isomorphic elliptic curves over Q with a 2-torsion
point and rank at least 8 by Corollary 5.9.
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Chapter 6

Finding elliptic curves with
relatively high rank within families

In section 5.2 we found an infinite family of elliptic curves over Q with rank at least 9 and
in section 5.5 we found an infinite family of elliptic curves with a 2-torsion point and rank at
least 8. The next step is to find elliptic curves within these families that have a higher rank.
We do this using a conjecture that relates the rank of an elliptic curve over Q to the number of
points on its reduction, which we will define now.

Definition 6.1. Let E, be the elliptic curve over Q given by the Weierstrass equation
2 _ .3 2
y* +arxy + a3y = x° 4+ ax” + a4 + ag

with a1, a2,a3,a4,a6 € Z. Let p > 0 be a prime number and let F, = Z/pZ be the field with
p elements. Since aq, as, as, aq,a¢ € Z, we can consider the Weierstrass equation modulo p. If
it defines an elliptic curve Ep over [, then Ep is called the reduction of £}, at p. In this case
we say that Ej, has a good reduction at p and we will define E,(FF,,) to be the set of F,-rational
points on Ep, i.e.

Ey(F,) = {(z,y) € Fy x F, : F(z,y) =0 mod p}U{O}
where O is the point (0:1:0) in the 2-dimensional projective space over F, and where
F(z,y) = v* + a1zy + asy — (23 + agaz® + auz + ag).
Let E, be the elliptic curve over QQ given by the Weierstrass equation
Y2 + arzy + azy = 23 + agx® + gz + ag
with a1, a2, a3,a4,a6 € Z. Then as a projective curve Ej, is given by the equation
Y2Z +a1XYZ 4+ asYZ? = X3 + a9 X% Z + as X Z% + agZ>.

Recall that the Q-rational points on Ei, are of the form (X : Y : Z) where X,Y,Z are defined
up to scaling by a non-zero element of Q. Hence we may scale X, Y, Z such that X,Y, Z € Z. So
every QQ-rational point on F}, gives a rational point on each reduction of E, by scaling the point
to integer coordinates with greatest common divider 1 and then reducing modulo the prime we
are working with. So when FE,, has many Q-rational point, we expect its reduction to also have
many rational points. Therefore we expect the rank of E,(Q) to be high when the size of E,(FF,)
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is big for many primes p. While this idea is a conjecture at most, it has been shown to work
when looking for elliptic curves with high rank by Mestre [5] and others.

With this idea as starting point, we can find candidates for elliptic curves with relatively
high rank. The following theorem gives us an indication of when we should call E,(FF,) big.

Theorem 6.2 (Hasse). Let Ep be an elliptic curve defined over the finite field IF, with ¢ elements.
Then [#E5(Fq) —q — 1] < 2\/q.
Proof. See Theorem V.1.1 of [1]. O

To prove that an elliptic curve indeed has a high rank, we need to find extra linearly indepen-
dent points. For this, we use Michael Stoll’s ratpoints program. See [4]. This program requires
as input the coefficients of an equation of the form y? = a,z" + - - - + ag with ag, - - - a,, integers
and it generally works faster if those coefficients are small in absolute value and if n is small.
We will first apply these ideas to the family of elliptic curves that are given by y? = 23 4 a for
some a € Z\{0}, because it is easy to find elliptic curves in this family with a given reduction.

6.1 Elliptic curves given by y> = 23 + a

For all a € Z\{0}, let Eg be the elliptic curve over Q given by y? = 23 + a. We want to find
candidates for a that have a small absolute value such that the reduction of E has many points
for many primes. By Theorem 6.2, the reduction of E7 at a prime p can have at most p+1+2,/p
point. So since p + 1+ 2,/p is relatively big compared to p when p is small, we will focus on a
such that £ has many points in its reductions at small primes.

For p = 2 or p = 3, the curve over [, given by y? = 2%+ a has a singular point for all & € Fp.
So EJ never has a good reduction at 2 or 3. However, for p = 2 note that if y? = 2% + a, then

also )
y—4 y—4_(§)3 a—16
< 8 > TG e
So if a =16 mod 64, then E} is isomorphic to the elliptic curve given by the equation Y 4y =
23 +a’ with @’ = (a—16)/64 and this elliptic curve has a good reduction at 2. This reduction will

always have three Fs-rational points: the point at infinity and the two points with z-coordinate
a’ mod 2, which is at least not a small amount. So we will require a to be 16 mod 64.

For p > 3 prime, the curve over I, given by y? = 23 + a is an elliptic curve if and only if
a is non-zero in Fp. So Ef has a good reduction at p if and only if a 2 0 mod p and if a # 0
mod p, then the reductions of Ej and Eg+p at p are the same. We see that, when considering
one prime, it only matters what a is modulo p.

Our algorithm for finding candidates for a has two parts. For the first part, let n € N and
let p1,...,pn be the first n primes greater than 3 such that for each prime p; there is an a € Z
such that £y has a good reduction at p with at least p + 1 rational points. Then for each p;,
we calculate what a should be modulo p; in order for Ej to have a good reduction at p; with
as many rational points as possible. Then using the Chinese remainder theorem, we create a
list of what a should be modulo N = 64[[;", p; such that E7 has a good reduction with as
many points as possible at every prime p; and such that ¢ = 16 mod 64. Since we want to keep
the absolute value of a small, we will consider for each a in our list both a and a — N to be
candidates for the elliptic curve with high rank. We use n = 9 and get a list with millions of
possible a’s modulo N =26.5.7.11-13-17-19-23-29 - 31.
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In the second part, we will reduce the number of candidates by looking at primes higher
than p,. Suppose that we have more than 250 candidates remaining. Let p be the next prime
for which there is an a € Z such that EJ has a good reduction at p with more than p+1+ /p
rational points. For every remaining candidate a, we will no longer consider a to be a candidate
if EY does not have a good reduction at p with more than p + 1 + /p rational points. If we
still have more than 250 candidates remaining after that, we repeat this process with the next
prime. We relaxed the condition from having as many points as possible to having more than
p+ 1+ ,/p points, because we consider reductions at individual primes less important as primes
grow bigger.

Now we use the ratpoints program in SAGE to search for independent Q-rational points
on E7 for each remaining candidate a. For a = 933491313296, we find the following linearly
independent points.

(—9640, 194036) (—9416, 314100) (—9368, 333708)
(—35839/4, 3702785/8) (—8320, 597964) (—8216, 615540)
(—6560, 806964) (—4583,915003) (1009, 966705)

This means that the elliptic curve over Q given by 32 = x3 + 933491313296 has rank at least 9.

6.2 Elliptic curves corresponding to b € B5,(Q)

In section 5.2 we proved that there are infinitely many b € Bs4(Q) such that their corresponding
elliptic curves have rank at least 9. Now we will search for b € Bs4(Q) that give an elliptic curve
with higher rank. First note that we will need an equation of the form y? = a2 + --- + ag
with integer coefficients to use the ratpoints program. In our case, we can choose n = 3 or
n = 4, because we have the equation y? = hy(z) with deg(hy) = 4 and we have an Weierstrass
equation. In practice, using the Weierstrass equation seems to be the faster choice. Given a
Weierstrass equation with coefficients in Q, we can multiply the equation by the denominators
of all coeflicients and then use Proposition 3.7 to find an isomorphic elliptic curve given by
a Weierstrass equation with integer coefficients. However, note that such an elliptic curve is
not unique and it might not be the best isomorphic elliptic curve there is to use the ratpoints
program on. We use the minimal_model command of SAGE to find for each elliptic curve an
isomorphic elliptic curve given by a Weierstrass equation with integer coefficients, which is as
suggested minimal in the sense that A as defined in Definition 5.7 is an integer of minimal
absolute value. The minimal_model command returns an elliptic curve given by the equation

y2 +a1xy + azy = 3+ aga:2 + asx + ag

with a1, az2,a3 € {—1,0,1} and a4, ag € Z. Using Propositions 3.6 and 3.7, we can then get an
equation in the required form.

In practice, we only find new independent points on such elliptic curves when |a4| < 10?2
and |ag| < 10%". So we try to make sure that the elliptic curves we will get satisfy these
conditions by considering the (b1,...,b10) € Bs4(Q) with |b1],...,|bio] < 15. Note that if
(Ep, Q) is the elliptic curve corresponding to some b € Bs4(Q), then changing the order of b
(in a way such that the result is still an element of Bs4(Q)) only changes @ and not E,. And
by Theorem 3.4, the isomorphism class of the group E,(Q) does not depend of ). Hence we
may (in most cases) reorder b. So we will only look at the (b1,...,b10) € Bs4(Q) that satisfy
0 <b; <bg <--- <byp <15. This makes it much simpler to go through all possibilities.
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So for all b = (by,...,b1g) with by,...,b10 € Z such that 0 < by < bs < -+ < byg < 15 we
check if b € Bs4(Q), if the minimal_model command returns an elliptic curve with |as| < 1022
and |ag| < 10%7 and if the points Py,..., Py as in section 5.2 are linearly independent. We also
check if the reduction of our elliptic curve at p exists and has at least p + 1 + ,/p points for at
least 9 primes p < 50. The reason that we do not focus on small primes is that we cannot be
sure that our elliptic curve has a good reduction at those primes. After all this, we get a list of
elliptic curves that we all search using the ratpoints program.

For b = (0,1,3,6,7,10,11,12,14,15) we find elliptic curve that is isomorphic to the elliptic
curve given by

y? + 2y = 23 — 55234491932639620 + 4558178199992994234882416

This second elliptic curve has the following linearly independent points.

(4308782,2078522517224) (86989586714, 25656569172315416)
(8015499410, 717312855401624) (26294774, 1767465373736)
(46910978, 1438833150488) (282663782, 3395427645224 )
(195211634, 1102084840856 (67567838, —1065199529752)
(—19716394, —2374761442264) (—11258468, 2275660900624 )
(—7453570, 2229231903464 ) (—1364326, 2152565086286

(_ 88463362785364642 76917829732353145250863688 )
865124569 ’ 25445908947997

This means that the elliptic curve over QQ given by
y? 4+ zy = 23 — 55234491932639620x + 4558178199992994234882416

has rank at least 13.

6.3 Elliptic curves corresponding to b € Bg,(Q)

We will also try to improve our record for the rank of elliptic curves over Q with a 2-torsion
point. In section 5.5, we found an infinite family of such curves with rank at least 8. However,
one can imagine from the elliptic curve we gave explicitly that the coefficients will not be small
enough for ratpoints to find new points. One way to solve this problem is to let the b; be small
integers. This means that we have to find four points with different integer coordinates on the
same circle. Equivalently, we have to write integers N, which represent the radius of the circle
squared, as the sum of two squares in four different ways.

We will try to limit the size of the coeflicients of the elliptic curve by restricting to N < 20000.
We again use the minimal_model command to get an elliptic curve to use as input for the
ratpoints program and check the same conditions as in the previous section (where we in this
case check the linear independence of Py, Ps, ..., Pi5 as in section 5.5). Again we get a list of
elliptic curves, which we all search using the ratpoints program.

For b = (21,118,37,114,54,107,69,98, —21, —118, —37, —114, —54, —107, —69, —98) we get
an elliptic curve which is isomorphic to the elliptic curve given by

y? + 2y +y = 2° 4+ 1493264593028517x + 21931962432346864347802
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This second elliptic curve has the following linearly independent points.

(13391150, —210553204599) (311129025377/64, —173551219073551755/512)
(156029008, —2013398349559) (1177929422, —40450296532599)
(734379911 /4, —20372550261291/8) (—67671023/64, —73041625702373/512)
) )
) )

(327208184/49, —61551570214161/343 (—1128934, 142284528585

5528023603116623995  29611075829087199554022683061
(_10195999’ 75149482110 (_ 539948675344 T 396760766026875328

This means that the elliptic curve over QQ given by
v+ zy 4+ y = 23 + 149326459302851 72 + 21931962432346864347802

has rank at least 10.
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