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Equivalent Circuit Representation of a Parallel Plate
Waveguide Fed Connected Array

Caspar M. Coco Martin , Graduate Student Member, IEEE, and Daniele Cavallo , Senior Member, IEEE

Abstract— We present an analytical model to describe arrays
of connected slots fed by parallel plate waveguides (PPWs).
Connected slot arrays are planar ultrawideband arrays with
wide scanning capability. PPW feeds can be used to reduce the
complexity of the unit cell design. However, existing analytical
expressions of the active input impedance of the array cannot
account for the presence of PPWs. Here, we develop a new model
that includes PPW structures in the stratification, enabling the
optimization of the design together with the feed. An equivalent
circuit of the unit cell is derived, where the PPW sections are
represented in terms of equivalent transmission lines for each
Floquet mode. Closed-form expressions are also derived for the
capacitance associated with step discontinuities of the PPW and
the inductance associated with the feed. Full-wave simulations
are used to validate the model.

Index Terms— Artificial dielectrics, connected arrays, parallel
plate waveguide (PPW), spectral domain method, wideband
arrays.

I. INTRODUCTION

MODERN radar and telecommunication systems can ben-
efit from wideband antenna arrays, to combine multiple

functions in a single aperture, and thus reduce the total volume
and weight of the system. The most popular solutions for
wideband antenna arrays belong to two families: connected
or tightly coupled arrays [1], [2] and tapered slot arrays [3],
[4]. The latter have typically electrically large heights, which
makes them unsuitable for applications that require low-
profile arrays. On the contrary, connected arrays can obtain
comparable performance as tapered slot arrays in terms of
bandwidth, but with a lower vertical profile.

To radiate in a single direction, connected array designs
include a backing reflector, which limits the operational band-
width. Artificial dielectric layers (ADLs) have been proposed
in [5], [6], and [7] to overcome the frequency dependence of
the reflector and enlarge the bandwidth. These are periodic
arrangements of subwavelength metal patches to synthesize a
desired effective refractive index. Unlike conventional dielec-
tric slabs, ADLs are highly anisotropic and do not support
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Fig. 1. Schematic of a cavity-backed connected array unit cell, loaded with
ADLs. (a) Delta-gap feed on the slot plane and (b) feeding structure consisting
of a PPW section beside the cavity excited with a pin.

surface waves, allowing for wide scanning with stable input
impedance.

Another benefit of connected arrays is that analytical solu-
tions are available for the active input impedance of the
array in the presence of ADLs [6], [8]. These solutions
allow simulation of the unit cell with negligible computational
resources, enabling the optimization of the performance in
the design phase. The unit cell consists of a cavity-backed
connected slot loaded with ADLs [Fig. 1(a)]. The feed is
represented by a delta-gap source located at the slot plane.
Such a feed would require an additional coaxial transition to
transfer the input below the ground plane. The design of this
transition is not trivial, as it degrades the impedance matching
and requires large aspect ratio vias [7].

An alternative feed concept, consisting of a parallel-plate
waveguide (PPW), was proposed in [9], and was shown to
simplify the feeding structure of connected slot arrays. The
radiating slot is fed by a vertical PPW and the cavity is
folded, to be positioned next to the PPW, allowing a single
vertical pin to feed the structure [Fig. 1(b)]. The resulting
unit cell has two main advantages: the PPW can implement
a part of the impedance transformer, reducing the number of
metal layers required for the ADLs; the feed is now already
located at the ground plane, and thus, no additional transition is
required.

Despite the advantages of the PPW feed, the existing
analytical models of connected arrays [6] do not include the
PPW, which is an integral part of the unit cell design. The
goal of this work is to derive a new model that rigorously
accounts for the effects of the PPWs. An analysis of periodic
PPWs under a generic dielectric stratification was presented in
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Fig. 2. (a) Unit cell of a connected slot in a stratified medium, periodically
fed by a delta-gap source and (b) connected slot in a PPW stratified medium,
with characteristic geometrical parameters.

TABLE I
COMPARISON WITH PREVIOUS WORKS

[10] and [11], based on a mode matching method, assuming
a plane-wave-like incident field in the PPW. However, this
approach does not consider the dimension of the feed in a
periodic array and it does not lend itself to a simple equivalent
circuit representation.

Here, a different approach is proposed, based on the Floquet
expansion, where we assume that only transverse electromag-
netic (TEM) modes can propagate in the PPW (see Table I).
The advantage of our formulation is that it can provide an
equivalent circuit of the unit cell, which gives physical insight
and aids the design of the array. In the equivalent circuit, the
PPW sections are represented in terms of equivalent transmis-
sion lines for each Floquet mode. Closed-form expressions
are also found for the capacitance associated with a step dis-
continuity of the PPW and the inductance associated with the
feed dimension. Full-wave simulations based on commercial
electromagnetic solvers are used to validate the model.

II. GEOMETRY OF THE PROBLEM AND SOLUTION

A typical connected array unit cell is depicted in Fig. 2(a)
and consists of an x-oriented connected slot element, with
periods dx and dy along x and y, respectively. The slot width
is indicated by w, and δ refers to the delta-gap feed size.
Both w and δ are assumed to be small compared with the
wavelength. The slot is located within a general stratified
dielectric medium. A different type of unit cell is considered
in this article and is drawn in Fig. 2(b). This structure consists
of a slot embedded in a layered medium made by PPWs with
a different widths di and heights hi , where i is chosen as
a positive index to indicate the layers above the feed and
negative for the layers below. The goal is to find an expression
of the active input impedance for general structures, that might
include combinations of PPW sections and dielectric slabs.

Fig. 3. Unit cell of a connected PPW array, with delta-gap feed at interface
between two semi-infinite PPWs with plate distance d−1 and d1. (a) 3-D
view and (b) side view of the problem and (c) application of the equivalence
theorem, with a perfect electric conductor sheet placed at the feed plane, and
equal and opposite equivalent magnetic currents above and below the sheet.

A. Integral Equation in the Space Domain and Assumption
for the Magnetic Current Distribution

As the starting point, we first consider the simple case
of two PPWs infinitely extended in the vertical direction,
as shown in Fig. 3(a). The PPWs for z > 0 and z < 0 are
characterized by plate spacing d1 and d−1, respectively, and
are fed at the discontinuity by delta-gap feeds with size δ

and width d−1 (assuming d−1 < d1), periodically spaced by
dx . The upper and lower PPWs are filled with materials of
relative permittivity εr,1 and εr,−1, respectively, as shown in
the side view of the structure in Fig. 3(b).

By applying the equivalence theorem, we define the
equivalent magnetic currents on the aperture at the PPW
discontinuity, as shown in Fig. 3(c). The magnetic currents
m+ and m− are located above and below a thin perfect electric
conductor sheet, and they are equal and opposite to satisfy the
continuity of the electric field at the feed plane (m = m+

=

−m−). For electrically narrow PPWs, the magnetic currents
are also assumed to be oriented along x , i.e., m = mx x̂.

Imposing the continuity of the magnetic field on the feed
plane, one can write the magnetic field integral equation
(MFIE) as follows:∫

∞

−∞

∫
∞

−∞

gxx
(
x − x ′, y − y′

)
mx
(
x ′, y′

)
dx ′dy′

= − ji (x, y)

(1)

where gxx is the xx component of Green’s function relating
magnetic field to magnetic sources and can be written as the
sum of Green’s functions of the upper and lower PPWs

gxx (x, y) = gxx,1(x, y) + gxx,−1(x, y). (2)

The term ji (x, y) is the incident current associated with the
periodic feeds, given by

ji (x, y) =

∞∑
nx =−∞

I0

δ
rectδ(x − nx dx )e− jkx0nx dx rectd−1(y) (3)

where I0 is the amplitude of the current source and the function
recta(x) is defined as follows:

recta(x) =

{
1, for |x | ≤ a/2
0, otherwise.

(4)
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The exponent term in (3) accounts for the linear phase shift
to scan in the xz plane, where kx0 = k0 sin θ , and k0 and θ

are the wavenumber and scan angle in free space, respectively.
According to the Snell law, k0 sin θ = ki sin θi , with i = ±1,
where ki and θi are the wavenumber and the scan angle in the
media filling the PPWs.

By applying the separation of variables, one can write the
surface magnetic current as follows:

mx
(
x ′, y′

)
= v

(
x ′
)
m t
(
y′
)

(5)

where the transverse distribution is assumed to be uniform,
corresponding to the TEM mode in a PPW

m t
(
y′
)

=
1

d−1
rectd−1

(
y′
)

(6)

while the longitudinal distribution v(x ′) is the unknown of the
integral equation. Due to the periodicity along x , this distri-
bution satisfies the condition v(x ′

+ nx dx ) = v(x ′)e− jkx0nx dx .

B. Integral Equation in the Spectral Domain

Following the steps similar to [12], the integral equation
in (1) can be written in the spectral domain. By applying the
Poisson formula to account for the periodicity along x and the
presence of perfectly electric conductor (PEC) walls along y,
the spectral integrals are converted into discrete Floquet sums

1
dx

∞∑
mx =−∞

∞∑
m y=−∞

(
Gxx,1

(
kxm, kym,1

)
Mt
(
kym,1

)
e− jkym,1 y

d1

+
Gxx,−1

(
kxm, kym,−1

)
Mt
(
kym,−1

)
e− jkym,−1 y

d−1

)
× V (kxm)e− jkxm x

=
1
dx

∞∑
mx =−∞

sinc
(

kxmδ

2

)
e− jkxm x rectd−1(y) (7)

where kxm = kx0 − 2πmx/dx and

Mt
(
kym,i

)
= sinc

(
kym,i d−1

2

)
(8)

is the Fourier transform of the transverse distribution in (6),
with kym,i = −2πm y/di and i = ±1 for the regions
z > 0 and z < 0, respectively. The functions denoted with
uppercase symbols Gxx,i (kx , ky) and V (kx ) refer to the Fourier
transforms of their spatial counterparts gxx,i (x, y), and v(x),
respectively.

To solve the equation for V (kxm), we apply the Galerkin
projection on the test function defined in (6) and (8). This is
equivalent to integrating both left- and right-hand sides of (7)
over the slot width

∫ d−1/2
−d−1/2(·)dy and dividing by the width d−1.

After some algebraic steps, this operation results in

1
dx

∞∑
mx =−∞

[
D1(kxm) + D−1(kxm)

]
V (kxm)e− jkxm x

=
1
dx

∞∑
mx =−∞

sinc
(

kxmδ

2

)
e− jkxm x (9)

Fig. 4. 3-D view of connected PPW unit cell with periodic feeds.

where we defined

Di (kxm) =
1
di

∞∑
m y=−∞

Gxx,i
(
kxm, kym,i

)
sinc2

(
kym,i d−1

2

)
. (10)

C. Active Input Impedance

Because (9) is valid for every x , the terms in the sums can
be equated, and one can solve for the discrete voltage spectrum

V (kxm) = −
I0sinc

( kxmδ

2

)
D1(kxm) + D−1(kxm)

. (11)

The active input impedance of the array can be defined as
the ratio of the average voltage and the current over the feeding
gap. By applying the discrete inverse Fourier transform to (11)
and averaging it over the feeding gap, we can obtain the input
voltage, which is divided by the impressed current I0 to give
the active input impedance as follows:

Z in = −
1
dx

∞∑
mx =−∞

sinc2( kxmδ

2

)
D1(kxm) + D−1(kxm)

. (12)

The expression in (12) is valid for uniform voltage on
the feeding gap. This is the case for broadside and E-plane
scanning, even if the size of the feed δ is not much smaller
than the period dx . However, when scanning to large angles
in the H-plane and for large values of δ, the voltage can vary
over the feeding gap. For these cases, the correction method
described in the Appendix can be used to account for the
voltage variations over the gap, yielding improved accuracy
for the H-plane scanning.

III. NONSTEPPED PPW

A special case of the previously described geometry is when
the two PPWs have equal plate spacing d1 = d−1 = d,
as shown in Fig. 4. The function Di in (10) simplifies as
follows:

Di (kxm) =
1
d

∞∑
m y=−∞

Gxx,i

(
kxm,

−2πm y

d

)
sinc2(πm y

)
=

1
d

Gxx,i (kxm, 0) (13)

where we used the identity

sinc
(
πm y

)
=

{
1, for m y = 0
0, for m y ̸= 0.

(14)

Authorized licensed use limited to: TU Delft Library. Downloaded on March 24,2025 at 08:38:16 UTC from IEEE Xplore.  Restrictions apply. 



COCO MARTIN AND CAVALLO: EQUIVALENT CIRCUIT REPRESENTATION OF A PPW FED CONNECTED ARRAY 1499

Fig. 5. (a) Equivalent transmission line representation for each Floquet mode
and (b) equivalent circuit for the total input impedance with the fundamental
Floquet mode represented as transmission lines and the higher order modes
represented as an equivalent inductance.

By assuming that the PPW is infinitely extended and filled
with a homogeneous material, we can substitute the spectral
Green’s function for an infinite homogeneous dielectric half-
space

Ghs
xx,i

(
kx , ky

)
= −

k2
i − k2

x

k0ζ0

√
k2

i − k2
x − k2

y

(15)

where ki = k0
√

εr,i and ζ0 is the free-space wave impedance.
By replacing (15) in (13), we obtain

Di (kxm) = −
1
d

√
k2

i − k2
xm

k0ζ0
. (16)

By substituting (16) into (12), one can find the active input
impedance of a periodically fed PPW

ZPPW
in =

∞∑
mx =−∞

sinc2(kxmδ/2)

dx
d

√
k2

1−k2
xm

k0ζ0
+

dx
d

√
k2
−1−k2

xm

k0ζ0

=

∞∑
mx =−∞

ZPPW
FM (kxm) (17)

where each of the terms of the sum, indicated as ZPPW
FM (kxm),

can be interpreted as the impedance of the mx th Floquet mode.

A. Equivalent Circuit of Nonstepped Connected PPW

It is convenient to represent the impedance in (17) in terms
of an equivalent circuit model. A possible representation can
be obtained for each Floquet mode by noting that ZPPW

FM
is the parallel between two infinite transmission lines with
characteristic impedance

ZPPW
i (kxm) =

dζ0

dx

√
εr,i − k2

xm/k2
0

(18)

with i = ±1, connected to a transformer with turn ratio
n(kxm) = sinc(kxmδ/2). The resulting circuit is shown in
Fig. 5(a) and will be later used to represent the higher order
Floquet modes in more general stratification.

Another convenient representation can be made for the total
input impedance in (17), by splitting the impedance in the
fundamental mode (mx = 0) and higher order modes (mx ̸= 0)

ZPPW
in =

sinc2(kx0δ/2)

1/ZPPW
c,1 + 1/ZPPW

c,−1
+ Zho (19)

Fig. 6. Active input impedance of periodic PPW for (a) broadside
and (b) scanning to θ = 60◦. Unit cell parameters: dx = 0.5λ0,
dPPW = ddown = 0.1λ0, δ = 0.1λ0, εr,−1 = 3, and εr,1 = 1.

where the fundamental mode is the parallel of two infinite
transmission lines with characteristic impedance ZPPW

c,i =

ZPPW
i (kx0) from (18), representing the propagation in the PPW

[see Fig. 5(b)]. The multiplying constant is expressed as a
transformer with turn ratio n0:1, with n0 = sinc(kx0δ/2). For
kx0 = 0, the turn ratio n0 becomes 1, and ZPPW

c,i reduces to the
well-known equation for the characteristic impedance of the
TEM mode in a PPW [13].

For a well-sampled array, the higher order Floquet modes
do not propagate, thus the term Zho is purely reactive and can
be associated with the inductance of the feed

Zho = jωµ0
d
dx

∑
mx ̸=0

sinc2(kxmδ/2)√
k2

xm − k2
1 +

√
k2

xm − k2
−1

(20)

where ω is the angular frequency and µ0 is the free space
permeability.

It can be noted that the circuit in Fig. 5 is also valid for
scanning since all circuit components depend on the scan angle
θ through the Floquet wavenumbers kxm .

B. Validation of Nonstepped Periodic PPW Model

As an example, we consider a PPW geometry with dx =

0.5λ0, d = 0.1λ0, δ = 0.1λ0, εr,−1 = 3, and εr,1 = 1, where
λ0 is the wavelength at the frequency f0. The analytical input
impedance is compared with simulations in CST Microwave
Studio in Fig. 6, for broadside and scanning to 60◦ in the
upper PPW. There is a good correspondence between the two
methods. If only the fundamental Floquet mode propagates,
the real part of the input impedance is frequency independent,
as it represents the characteristic impedance of the PPW lines.
The input reactance can be associated with the inductance of
the feed. When scanning, the real part of the active impedance
is constant until 0.75 f0, and then, the first higher order Floquet
mode enters the visible region, as expected from the condition
k2

i − k2
xm > 0, creating a discontinuous derivative in the

curve.

IV. STEPPED PPW

Building upon the structure presented in Section III, a more
general structure that can be studied is the case, where the two
PPWs have different plate spacing d−1 ̸= d1 [see Fig. 7(a)].

Because of the step discontinuity, while the simplification
in (16) can be used for the lower PPW, the more general
expression in (10) must be used for the upper PPW. The
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Fig. 7. Connected PPW with step discontinuity and periodic feeds. (a) 3-D
view and (b) equivalent circuit.

higher order Floquet modes kym,1 = −2πm y/d1, for m y ̸= 0,
contribute to the reactive field, representing the fringing field
at the discontinuity.

A. Equivalent Step Capacitance

The reactance due to the fringing field at the PPW step can
be modeled as a shunt capacitance [14] in the equivalent circuit
for mx = 0. If we split the expression in (10) into the funda-
mental (m y = 0) and higher order modes (m y ̸= 0), we can
identify the parallel of two transmission lines representing
the propagation in the PPWs, with characteristic impedance
described by (18), and a reactive admittance associated with
the higher order modes

Ystep = −
dx

d1

∑
m y ̸=0

Ghs
xx,1

(
kx0,

−2πm y

d1

)
sinc2

(
πm yd−1

d1

)
.

(21)

Substituting (15) into (21), we can write

Ystep = jωε0εr,1
dx

d1

∑
m y ̸=0

(
1 − k2

x0/k2
1

)
sinc2

(
πm y d−1

d1

)
√(

2πm y/d1
)2

− k2
1 − k2

x0

(22)

where ε0 is the free-space permittivity. In the equation, the
factor jωε0εr,1 can be recognized as typical of a capacitance.
A schematic drawing of the equivalent circuit is given in
Fig. 7(b). For brevity, the circuit for each Floquet mode
is omitted, and all higher order mode circuits are summed
together in the feed inductance, which can be written in the
most general form as follows:

Zho = −
1
dx

∑
mx ̸=0

sinc2(kxmδ/2)

D1(kxm) + D−1(kxm)
. (23)

B. Noncentered PPWs

The axes of the PPWs do not necessarily have to be aligned.
For example, a structure as shown in Fig. 8 could be of
interest, specifically for the PPW-fed connected array unit cell.
We indicate with s the shift in the y-direction of the narrower
PPW w.r.t. the center of the wider PPW.

Fig. 8. Schematic of unit cell with noncentered PPWs.

Fig. 9. (a) Side view of nonaligned stepped PPW, periodically fed with
delta-gap generator. (b) Equivalence theorem: PEC sheet placed in the feed,
and equal and opposite magnetic currents above and below the sheet. (c) Image
theorem is applied once to make the upper PPW symmetric.

The side view of the structure is shown in Fig. 9(a),
while the application of the equivalence principle is depicted
in Fig. 9(b), highlighting a nonsymmetric unit cell for the
upper PPW. By applying the image theorem for one of the
two walls of the larger PPW, a unit cell with a period of
2d1 is defined, as shown in Fig. 9(c), which includes the
original current distribution and the image. Thus, to take into
account the shift between the PPWs, an extra term must be
considered that represents a phase-shifted copy of the feed
in the spectral domain. After some algebraic steps, one can
derive the correction term that should be multiplied inside the
Floquet sum of (21) and (22)

C
(
m y
)

=
1 + e− jπm y(d1−2s)/d1

2
. (24)

In this equation, the period in y is effectively doubled,
meaning that the step capacitance is modified as follows:

Ystep = −
dx

d1

∑
m y ̸=0

Ghs
xx,1

(
kx0,

−πm y

d1

)
sinc2

(
πm yd−1

2d1

)
C
(
m y
)
.

(25)

C. Validation of Stepped PPW Model

For validation, full-wave simulations are made of a stepped
PPW, with and without shift. The resulting input impedance
is shown in Fig. 10. The solid curves are from the equivalent
circuit, while the dotted curves are the CST simulation result.
A good correspondence can be observed for two considered
cases, where no shift is present (s = 0) in Fig. 10(a), and
with shift s = (d1 − d−1)/2 in Fig. 10(b). Both figures refer
to a scan angle θ = 60◦. It can be noted that a resonance
corresponding to a zero of the input resistance occurs around
0.55 f0 in the case with the shift, while it is not present in the
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Fig. 10. Active input impedance of stepped PPW with dx = 0.5λ0,
d1 = 0.5λ0, d−1 = 0.1λ0, εr,1 = 4, εr,−1 = 3, and δ = 0.1λ0 for scanning to
θ = 60◦, for different shifts. (a) s = 0. (b) s = (d1 − d−1)/2.

Fig. 11. (a) Schematic of the full structure to analyze, including an arbitrary
horizontal stratification and (b) equivalent circuit representation.

absence of the shift. This highlights the importance of properly
accounting for the shift in the estimation of the impedance.

V. ANALYSIS OF CONNECTED PPW ARRAY UNIT CELLS

With the spectral Green’s function of the PPW defined, and
the introduced step capacitance and feed inductance formulas,
one can derive an expression for the active input impedance of
a more general PPW-fed connected slot array unit cell, such as
the one depicted in Fig. 11(a). For example, we can consider
a unit cell consisting of a feed with width δ backed by a
noncentered dielectric-filled cavity with relative permittivity
εr,−1 and height h−1, modeled as a shorted PPW section
with plate spacing d−1. Above the feed, there is a PPW
with plate spacing d1 and length h1, filled with a material
of permittivity εr,1. The open end of this PPW line is loaded
with a generic stratification that might include real or artificial
dielectric slabs. In the figure, as an example, a dielectric slab
is considered, with height h2 and relative permittivity εr,2.

To find the input impedance of this unit cell, it is convenient
to first rewrite (12) in a more general form that depends on
the input admittances of the stratification above and below the
feed plane

Z in =

∞∑
mx =−∞

sinc2(kxmδ/2)

Yup(kxm) + Ydown(kxm)
. (26)

We can then derive the expressions for these two admit-
tances.

A. Medium Below the Feed

We can define the input admittance looking into the cavity
Ydown(kx ), by defining Green’s function of the cavity, given by

Gcav
xx

(
kxm,

−πm y

d−1

)
= j

k2
−1 − k2

xm

k0ζ0kzm,−1
cot
(
kzm,−1h−1

)
(27)

where

kzm,−1 =

√
k2
−1 − k2

xm −
(
πm y/d−1

)2 (28)

leading to

Ydown(kxm) =
−dx

d−1

∞∑
m y=−∞

Gcav
xx

(
kxm,

−πm y

d−1

)
× sinc2

(
πm yd1

2d−1

)
C
(
m y
)
. (29)

B. Medium Above the Feed

To find the expression for Yup(kxm), we first analyze the
stratification above the PPW, which can be, for example, the
dielectric slab shown in Fig. 11(a)

Ystrat(kxm) =
−dx

dy

∞∑
m y=−∞

Gstrat
xx

(
kxm, kym

)
sinc2

(
kymd1

2

)
(30)

where kxm = kx0 − 2πmx/dx and kym = ky0 − 2πm y/dy ,
with kx0 = k0 sin θ cos φ and ky0 = k0 sin θ sin φ, and φ is
the azimuth scan angle. For a stratified dielectric medium, the
spectral Green’s function can be written in the form

Gstrat
xx

(
kxm, kym

)
= −

1/ZTE
stratk

2
xm + 1/ZTM

stratk
2
ym

k2
xm + k2

ym
(31)

where ZTM/TE
strat refers to the input impedance of the transmission

line representing the stratification for TE or TM mode.
For the general expression of Yup(kxm), we assume that

for every Floquet mode the PPW can be expressed as a
transmission line section with characteristic impedance defined
in (18) and propagation constant kz,1 = (k2

1 − k2
xm)1/2. Thus,

the admittance transfer formula can be used [13], resulting in

Yup(kxm)

=
1

ZPPW
1 (kxm)

j tan
(
kz,1h1

)
/ZPPW

1 (kxm) + Ystrat(kxm)

j tan
(
kz,1h1

)
Ystrat(kxm) + 1/ZPPW

1 (kxm)
. (32)

C. Equivalent Circuit

Considering Ydown(kx0) in (29), we can split this term into
the fundamental mode (m y = 0) and the higher order modes
(m y ̸= 0). The latter contribution can be associated with the
step capacitance. Therefore, at each step discontinuity, a shunt
capacitance can be evaluated as follows:

Y strat
step =

−dx

d−1

∑
m y ̸=0

Gstrat
xx

(
kx0, kym

)
sinc2

(
kymd1

2

)
(33)
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Fig. 12. Active input impedance of PPW-fed connected slot array when
scanning to (a) θ = 0◦, (b) θ = 60◦ and φ = 90◦, and (c) θ = 60◦ and
φ = 0◦. Unit cell parameters: dx = dy = 0.5λ0, δ = 0.1λ , εr,1 = εr,−1 = 1,
εr,2 = 5, h−1 = 0.1λ0, h1 = 0.2λ0, h2 = 0.25λ0, d−1 = dy , and d1 = 0.1λ0.

Y feed
step =

−dx

d−1

∑
m y ̸=0

Gcav
xx

(
kx0,

−πm y

d−1

)
sinc2

(
πm yd1

2d−1

)
C
(
m y
)

(34)

for the steps at the open end of the PPW and at the feed,
respectively.

The fundamental mode m y = 0 can be represented as the
equivalent circuit model in Fig. 11(b), where each PPW is
described as a transmission line section with characteristic
impedance ZPPW

c,1 and ZPPW
c,−1 for the PPW and the cavity,

respectively. The stratified medium in which the array radiates
is represented as a pair of transmission lines, for TE and
TM modes, respectively, connected by transformers sinφ and
cosφ, as done in [15]. A transformer with turn ratio nstrat =

(dx/dy)
0.5

× sinc(ky0d1/2) is included to account for the
aspect ratio of the unit cell dimensions and the scanning in
the E-plane. It can be noted that the provided transmission
line model represents in the same circuit both the guided mode
inside the PPW and the radiated mode in free space.

D. Validation of the Circuit

To validate the model, a comparison between the proposed
equivalent circuit and CST is given in Fig. 12. This considers
a connected PPW array, backed by a cavity, and loaded with
a dielectric slab of relative permittivity εr,2 = 5 and thickness
h2 = 0.25λ0. The slab is sized so that surface waves occur
within the frequency range of investigation, to validate the
model also for the estimation of resonances.

It can be seen that there is a good correspondence between
the analytical method and the full-wave simulation, both for
broadside [Fig. 12(a)] and scanning to θ = 60◦ in the E-plane
[Fig. 12(b)].

With the equivalent circuit representation, more complex
superstrates including ADLs that are optimized for wideband
performance can also be analyzed and designed. One such

Fig. 13. (a) Side view of the wideband array unit cell and (b) active reflection
coefficient computed with the analytical model and using CST. Unit cell
parameters: dx = dy = 0.445λ0, δ = 0.13λ0, εr,1 = 1.7, εr,−1 = 1.5,
d1 = 0.085λ0, d−1 = 0.2λ0, h1 = 0.14λ0, and h−1 = 0.22λ0. ADL
parameters: pADL = dx/2, w1 = 0.034λ0, w2 = 0.017λ0, w3 = 0.020λ0,
w4 = 0.019λ0, w5 = 0.028λ0, w6 = 0.056λ0, l1 = 0.034λ0, l2 = 0.026λ0,
l3 = 0.045λ0, l4 = 0.082λ0, l5 = 0.102λ0, and l6 = 0.221λ0. The interlayer
shifts are maximum.

example is given in Fig. 13(a), where the array is loaded with a
six-layer ADL. The ADLs are modeled in the transmission line
representing the stratification above the PPW using the method
developed in [8]. Compared with the CST simulation (dashed
line), a fair agreement can be observed in the estimation of
the active reflection coefficient, as shown in Fig. 13(b), for
broadside and scanning in the main planes to 60◦. The differ-
ence between our method and CST is in line with previous
results of the connected array with artificial dielectrics in [6]
and [7] and can be attributed to the approximation used for
the current distribution on the array aperture, that might be
affected by the lowest patch layer.

VI. MULTIPLE PPW SECTIONS

The procedure explained in Section V rigorously describes
a method to obtain Z in for a connected array consisting of a
single PPW section, a stratified medium, and a cavity.

In the case of multiple PPW sections of finite length,
the expression of the step capacitance at every discontinuity
cannot be found in a rigorous manner, since we are neglecting
the interaction of higher order modes m y ̸= 0 between the two
ends of a PPW section. Nevertheless, we can approximate the
step capacitance at each discontinuity as the one derived for
the infinitely long PPWs in (25). This approximation is based
on the assumption that the reactive energy due to the fringing
field is localized near the discontinuity and does not change
with the PPW length.

By computing the input admittance above and below the
feed, the total active input impedance can be found using (26).

A. Multisection PPW Validation

To validate the multisection PPW model, the structure in the
inset of Fig. 14 is considered, consisting of a cavity below the
feed and three PPW sections with equal length h. The PPWs
are filled with free space and mutually shifted such that they
have one common wall.

When finite PPW sections are used, the real part of the
impedance is no longer frequency independent as shown in
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Fig. 14. Comparison of multisection PPW array between CST and equiv-
alent circuit when scanning to θ = 60◦ and φ = 0◦, with dimensions
dx = dy = λ0/2, d−1 = λ0/2.5, d1 = λ0/8, d2 = λ0/4, d3 = λ0/3, δ = dx/4,
εr,1 = εr,2 = εr,3 = 1, and h−1 = λ0/4, for (a) h1 = h2 = h3 = λ0/4,
(b) h1 = h2 = h3 = λ0/20, (c) h1 = λ0/4, h2 = λ0/2, and h3 = 0, and
(d) h1 = λ0/16, h2 = λ0/8, and h3 = λ0/4.

Fig. 15. (a) Schematic of slot/PPW with electrically large δ-gap feed. (b) Feed
is split in N smaller size feeds. (c) Circuit representation of the N feeds.

Fig. 6, but it varies as a function of frequency. The impedance
values are much higher than the infinite PPW case since the
free space impedance (377 �) is transferred by a line section
with a finite length. The typical oscillations with frequency due
to impedance transfer can be observed. Moreover, the presence
of the cavity below the feed results in a low input resistance
and inductive reactance at the lower frequencies.

A comparison with CST is shown for two different lengths
of the PPWs, namely, λ0/4 and λ0/20. A good comparison
can be observed for the longer PPW [Fig. 14(a)], but the
approximation seems to remain accurate also for the shorter

PPWs [Fig. 14(b)]. To demonstrate the generic applicability
of the model, also two cases with unequal PPW section
lengths are shown to agree well with CST simulations in
Fig. 14(c) and (d).

VII. CONCLUSION

A spectral domain method was presented for the analysis
of PPW-fed connected slot arrays. The method allows to
derive the closed-form expressions to estimate the active
input impedance of the array with negligible computational
resources.

An equivalent circuit of the unit cell was also derived,
where the PPWs sections are represented in terms of equivalent
transmission lines, and closed-form expressions are given for
the capacitance associated with step discontinuities of the PPW
and the inductance associated with the feed. The model can be
used for several geometries including PPW in general stratified
media and multisection PPWs with nonaligned axes.

The model was validated by comparing the analytical input
impedance with full-wave simulations and a good correspon-
dence between both methods was observed. The method can
be used for the design of wideband PPW-fed connected
arrays, enabling the optimization of the unit cell performance
including the feed.

APPENDIX
IMPROVED ANALYSIS OF LARGE δ-GAP FEEDS FOR

H-PLANE SCANNING

The analysis of connected arrays is valid for electrically
small δ-gap feed sizes [12]. For broadside radiation or
when scanning in the E-plane, the voltage over the feed is
approximately constant, and the model remains accurate for
electrically large δ-gap sizes. However, when scanning in the
H-plane, the voltage can vary along the feed length. Therefore,
the approximation of constant voltage and current in the gap
is no longer valid.

To improve the accuracy of the input impedance calculation
for H-plane scanning, we introduce an extension of the method
presented in this article. The proposed approach involves
splitting the large feed [Fig. 15(a)] into N smaller subfeeds,
each with size δ/N [Fig. 15(b)]. The number N can be chosen
such that the size of each individual subfeed is ≈λ0/10. The
center of the nth feed is defined as follows:

xn =
δ

2

(
2n − 1

N
− 1

)
. (35)

The combination of the multiple feeds can be represented
as the N -port network in Fig. 15(c), where the Z represent the
impedance matrix whose entries are defined as follows:

Zmn = −
1
dx

∞∑
mx =−∞

sinc2( kxmδ

2N

)
e− jkxm (xn−xm )

D1(kxm) + D−1(kxm)
. (36)

We define the vector of the incident currents as a column
vector with N elements equal to in = I0. Assuming that the
original large feed has an internal impedance ZL , the internal
impedance of the subfeeds can be represented as an N × N
matrix

ZL = ZL NIN (37)
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Fig. 16. Comparison of active input impedance scanning to θ = 60◦ in
the H-plane, for different δ values. (a) With the conventional single feed and
(b) using up to N = 5 subfeeds for the largest value of δ. The geometry of
Fig. 14 is used.

where IN is the identity matrix of size N . By computing the
parallel of the input impedance Z and the reference impedance
ZL in matrix form, and multiplying it with the incident
currents, the active voltages can be computed as follows:

va = (Z + ZL)−1ZLZi. (38)

From the active voltage, the active current is found as
follows:

ia = Z−1va . (39)

Since the subfeeds are in parallel, we can define the active
input impedance of the combined feed as the ratio between
the average active voltage and the total current over the δ-gap

Z in =

1
N

∑N
n=1 va,n∑N

n=1 ia,n
. (40)

For comparison, the multisection PPW geometry reported in
Fig. 14 was analyzed for δ ∈ [λ0/15, λ0/2] using the conven-
tional single feed in Fig. 16(a) and up to N = 5 subfeeds in
Fig. 16(b), both for scanning to θ = 60◦. It is evident that the
use of multiple subfeeds, allowing for the variation of voltage
and current within the feed, yields a more accurate estimation
of the input impedance.
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