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article info abstract
Keywords: The Weighted Shifted Boundary Method (WSBM) was recently introduced as an enhanced Shifted Bound-
Immersed boundary method ary Method (SBM) for the simulation of flows with moving boundaries. Earlier work of the authors on

Unfitted finite element method

no-slip boundary conditions for the two-dimensional Stokes flow is extended here to the more challenging
Approximate boundary

Moving boundaries case of the three?dimeﬁsional incorr.lpressib]e Navier-Stokes equations at ]ow. and.mod.erate Beynolds num-

Computational fluid dynamics bers. The SBM is an immersed finite element method that reformulates an infinite-dimensional boundary

Shifted boundary method value problem over a surrogate (approximate) computational domain — to avoid integrating over cut cells —
and modifies the original boundary conditions using Taylor expansions — to maintain accuracy. The WSBM
weights the SBM’s variational form with the elemental volume fraction of active fluid, drastically reducing
spurious pressure oscillations in time that occur when the total volume of active fluid changes abruptly over
a time step. The WSBM induces small mass (i.e., volume) conservation errors, which converge quadrati-
cally in the case of piecewise-linear finite element interpolations, as the grid is refined. An extensive set of
two- and three-dimensional tests demonstrates the robustness and accuracy of the proposed approach.

1. Introduction

Flows interacting with moving boundaries are commonly found in nature and in practical engineering applications. In many cases, the shapes
of immersed moving objects involve complex geometries, which, sometimes, are not even described by standard Computer Aided Design (CAD)
formats. If imperfect, non watertight representations are used for the geometry (e.g., Standard Tessellation Language, or STL), meshing may result
unfeasible. Immersed (or embedded, or unfitted) domain methods play an important role in this context, by making meshing more flexible and
reducing the grid-generation time. More specifically, because immersed methods can make the whole mesh generation process highly automated,
they are the perfect candidate for the training of digital twins involving geometric parametrizations.

A brief and possibly incomplete account of the many contributions on immersed/embedded methods for moving boundary simulations is
attempted next, with specific focus on finite element methods. Immersed Boundary Methods originated from the seminal work of Noh [1] and
Peskin [2,3], in the context of finite difference and finite volume methods. In [2,3] the geometry to be simulated is immersed in a pre-existing
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$\Omega $


$\mathbb {R}^{n}$


$n=2$


$3$


$\Gamma =\partial \Omega $


$\bs {d}$


$\bs {n}$


$\Gamma $


\begin {align}\label {eq:NavierStokesMomentum} \rho (\bs {u}_{,t} +\bs {u} \cdot {\nabla \bs {u}}) +\nabla p -\nabla \cdot ( \, 2 \, \mu \, \bs {\varepsilon }(\bs {u}) \, ) - \rho \bs {b} &=\; 0 \; , \qquad \forall \bs {x} \in \Om \; , \\ \label {eq:NavierStokesContinuity} \nabla \cdot \bs {u} &=\; 0 \; , \qquad \forall \bs {x} \in \Om \; ,\end {align}


$\rho $


$\bs {b}$


$\bs {u}_{,t}= \partial \bs {u} / \partial t$


$\bs {\varepsilon }(\bs {u}) = 1/2 (\nabla \bs {u} + \nabla \bs {u}^T)$


$p$


$\nabla \cdot \bs {u}=0$


$\bs {u}(\bs {x},t=0) = \bs {u}_0(\bs {x})$


$\G = \G _D \bigcup \G _N$


$\G _D$


$\G _N$


\begin {align}\label {eq:bcs-dirichlet} \bs {u} &=\; \bs {u}_D \; , \qquad \qquad \qquad \, \!\! \forall \bs {x} \mbox { on } \G _D \; , \\ - ( \, \chi _{\G _N^-} \, \rho \bs {u} \otimes \bs {u} - \bs {\sigma }(\bs {u},p) \, ) \, \bs {n} &=\; \bs {t}_N \; , \qquad \qquad \qquad \forall \bs {x} \mbox { on } \G _N \; ,\end {align}


$\bs {\sigma }(\bs {u},p) = - p \bs {I} + 2 \, \mu \, \bs {\varepsilon }(\bs {u})$


$\chi _{\G _N^-}$


$\G _N^-$


$\G _N^-$


$\bs {u}$


$\G _D$


\begin {align}{\G }_D^- &=\; \{ \bs {x} \in {\G }_D \, | \, \bs {u}_D \cdot \bs {n} < 0 \} \; , \\ {\G }_N^- &=\; \{ \bs {x} \in {\G }_N \, | \, \bs {u} \cdot \bs {n} < 0 \} \; ,\end {align}


${\G }_D^+ = {\G }_D \setminus {\G }_D^-$


${\G }_N^+ = {\G }_D \setminus {\G }_N^-$


$\mathcal D$


$\Om $


$\text {clos}(\Omega ) \subseteq {\mathcal D}$


$\mathcal {T}^h$


$\mathcal D$


$\mathcal {T}^h$


$\mathcal {E}^h$


$h_T$


$T \in \mathcal {T}^h$


$h$


$\mathcal {D}$


$h_{|T}=h_T$


$T \in {\mathcal D}$


$\Om $


$\text {clos}(\Omega )$


\begin {align}\ti {\mathcal {T}}^h := \{ T \in \mathcal {T}^h : T \subset \text {clos}(\Omega ) \}\,.\end {align}


$\ti {\mathcal {T}}^h$


$\ti {\Omega }^h$


$\ti {\mathcal {T}}^h$


\begin {align}\ti {\Om }^h := \text {int} \left ( \bigcup _{T \in \ti {\mathcal {T}}^h} T \right ) \subseteq \Omega \,,\end {align}


$\ti {\mathcal {E}}^h = \{ E \in \mathcal {E}^h : E \subset \ti {\Om } \}$


$\ti {\G }^h:=\partial \ti {\Om }^h$


$\ti {\bs {n}}$


$\ti {\G }^h \subset \ti {\mathcal {E}}^h$


$\ti {\G }^h$


$\G $


$\ti {\mathcal {E}}^{h}_{i} = \ti {\mathcal {E}}^h \setminus \ti {\G }^h$


\begin {align}\hat {\mathcal {T}}^h := \{ T \in \mathcal {T}^h : T \subset \text {clos}(\mathcal {D} \setminus \Omega ) \}\, , \qquad \qquad \hat {\Om }^h := \text {int} \, \left ( \bigcup _{T \in \hat {\mathcal {T}}^h} T \right ) \subseteq \mathcal {D} \setminus \Omega \,,\end {align}


$\hat {\G }^h$


$\hat {\bs {n}}$


$\Om $


$\G $


\begin {align}\mathcal {T}^h_c := \{ T \in \mathcal {T}^h : T \cap \G \neq \emptyset \}\, , \qquad \qquad \Om _c^h := \text {int} \, \left ( \bigcup _{T \in \mathcal {T}_c^h} T \right ) \,,\end {align}


$\mathcal {E}^{h}_{c}= \{ E \in \mathcal {E}^h \setminus \G : E \cap \G \neq \emptyset \}$


$\G $


$\Om ^h(t)=\ti {\Om }^h(t) \cup \Om _c^h(t)$


$\G (t)$


$\ti {\G }^h(t)$


$\hat {\G }^h(t)$


$\mathcal {E}^{h}_{c}(t)$


\begin {align}\ti {\bs {M}}^h:&\; \ti {\G }^h \rightarrow \G \; , \\ & \ti {\bs {x}} \mapsto \bs {x} \; ,\end {align}


$\ti {\bs {x}} \in \ti {\G }^h$


$\bs {x} \in \G $


$\ti {\bs {M}}^h$


$\ti {\G }^h$


$\G $


$\ti {\bs {M}}^h$


\begin {align}\label {eq:Mmap} \bs {d}_{\ti {\bs {M}}^h} (\ti {\bs {x}}) \, = \, \bs {x}-\ti {\bs {x}} \, = \, [ \, \ti {\bs {M}}^h-\bs {I} \, ] (\ti {\bs {x}}) \; ,\end {align}


$\bs {I}$


$\hat {\bs {M}}^h:\hat {\G }^h \rightarrow \G $


$\bs {d}_{\hat {\bs {M}}^h}(\hat {\bs {x}}) = \bs {x}-\hat {\bs {x}}$


$\hat {\bs {x}}\in \hat {\G }^h$


$\bs {x}\in \G $


$\bs {M}_c^h: E \in \mathcal {E}^{h}_{c} \rightarrow \G $


$\bs {d}_{\bs {M}_c^h}$


$c$


$\ti {\bs {M}}^h$


$\hat {\bs {M}}^h$


$\bs {M}_c^h$


$\bs {M}^h$


$\bs {d}_{\ti {\bs {M}}^h}$


$\bs {d}_{\hat {\bs {M}}^h}$


$\bs {d}_{\bs {M}_c^h}$


$\bs {d}$


$\ti {\G }^h$


$\hat {\G }^h$


$\bigcup \{ E \in \mathcal {E}^{h}_{c}\}$


$\G $


$\G $


$\bs {d}$


$\bs {n}$


$\bs {d} = \| \bs {d} \| \, \bs {n}$


$\bs {M}^h$


$\bs {d}$


$\bs {M}^h$


$\bs {d}$


$\bs {M}^h$


$\bs {M}^h$


$\mathbb {E}$


$\ti {\G }^h$


$\G $


$\bs {n}$


$\G $


$\ti {\G }^h$


\begin {align}\mathbb {E} \bs {n}(\ti {\bs {x}}) &\equiv \; \bs {n}(\bs {M}^h(\ti {\bs {x}})) \; .\end {align}


$\mathbb {E}$


${\bs {n}}(\ti {\bs {x}})$


$\mathbb {E}{\bs {n}}(\ti {\bs {x}})$


$\hat {\G }^h$


$\mathcal {E}^{h}_{c}$


$u$


$\G $


$\ti {\G }^h$


$\hat {\G }^h$


$\mathcal {E}^{h}_{c}$


$\ti {\bs {x}}\in \ti {\G }^h$


$\bs {x}=\bs {M}^h(\tilde {\bs {x}}) \in \G $


\begin {align}\label {eq:tayexpg} \bs {S}_{\bs {d}} u(\ti {\bs {x}}) \; := \; u(\ti {\bs {x}}) + \nabla u(\ti {\bs {x}}) \cdot \bs {d}(\ti {\bs {x}}) \; = \; \mathbb {E}{u}_D(\ti {\bs {x}}) +{O}\left ( \|\bs {d}(\ti {\bs {x}})\|^2 \right ) \; ,\end {align}


$u_D(\bs {x})$


$u$


$\bs {S}_{\bs {d}} u(\ti {\bs {x}})$


$\omega \in \mathcal {T}^h$


$\mathcal {T}^h$


$\mathcal {T}^h$


$H^m(\omega )=W^{m,2}(\omega )$


$m \geq 0$


\begin {equation}\|v \|_{H^{m}(\omega )} = \left ( \| v \|^2_{L^2(\omega )} + \sum _{k = 1}^{m} \| l(\omega )^k \bs {D}^k v \|^2_{L^2(\omega )} \right )^{1/2} \; , \label {Xeqn1}\end {equation}


$\bs {D}^{k}$


$k$


$l(A)= (\mathrm {meas}(A))^{1/{n_d}}$


$A$


$H^0(\omega )=L^{2}(\omega )$


$\| v \|_{m;\omega }=\| v \|_{H^m(\omega )}$


$| v |_{k;\omega }= \| \bs {D}^k v \|_{0;\omega }= \| \bs {D}^k v \|_{L^2(\omega )}$


$(v,w)_\omega = \int _\omega v \,w$


$L^2$


$\omega \in \mathcal {T}^h$


$\avg {v,w}_{\zeta } = \int _{\zeta } v \, w$


$L^2$


$\zeta $


$\mathcal {E}^h$


$\ti {\Om }^h$


${\Om }^h := \ti {\Om }^h \cup \Om _c^h$


$\ti {\Om }^h$


$\G $


$\Om $


$\ti {\Om }^h$


$\ti {\Om }^h$


$\Om ^h=\ti {\Om }^h \cup \Om _c^h$


$\ti {\G }_N^h=\G _N^h$


$\G _N^h$


$\G _N$


$T\in \mathcal {T}^h$


$T \subset \Om $


\begin {equation}\label {eq:alpha_T} \alpha _T = \frac {\mbox {meas}(T\cap \Omega )}{\mbox {meas}(T)} \; .\end {equation}


$\alpha _T\in [0,1]$


$\alpha _T = 1$


$T \in \ti {\mathcal {T}}^h$


$\alpha _T = 0$


$T \in \hat {\mathcal {T}}^h$


$0 < \alpha _T < 1$


$T \in \mathcal {T}^h_c$


$\alpha (\bs {x})$


$\Omega $


$\alpha _{|T}=\alpha _T$


$T \in {\mathcal {T}}^h$


$\bs {V}^h(\Om ^h)$


$Q^h(\Om ^h)$


\begin {align}\bs {V}^h(\Om ^h) &= \left \{ \bs {w} \in (\mathcal {C}(\Om ^h))^{n_d} \, : \, \bs {w}_{|T} \in \left (\mathcal {P}^1(T)\right )^{n_d} \; , \; T\in \ti {\mathcal {T}}^h\cup \mathcal {T}_c^h \right \} \; , \\ Q^h(\Om ^h) &= \left \{ q \in \mathcal {C}(\Om ^h) \, : \, q_{|T} \in \mathcal {P}^1(T) \; , \; T\in \ti {\mathcal {T}}^h\cup \mathcal {T}_c^h \right \} \; ,\end {align}


$\mathcal {P}^1(T)$


$T$


$\mathcal {C}(\Om ^h)$


$(\mathcal {C}(\Om ^h))^{n_d}$


$\Om ^h = \ti {\Om }^h \cup \Om _c^h$


$\bs {V}^h(\Om ^h)$


$Q^h(\Om ^h)$


$\alpha $


\begin {align}\bs {V}^h_{\alpha }(\Om ^h) &= \left \{ \bs {w}_{\alpha } \in (L^2(\Om ^h))^{n_d} \, : \, \bs {w}_{\alpha } = \alpha \bs {w} \; , \; \bs {w} \in \bs {V}^h(\Om ^h) \, , \, \alpha \in \mathcal {P}^0(\ti {\mathcal {T}}^h \cup \mathcal {T}^h_c) \right \} \; , \\ Q^h_{\alpha }(\Om ^h) &= \left \{ q_{\alpha } \in L^2(\Om ^h) \, : \, q_{\alpha } = \alpha q \; , \; q \in Q^h(\Om ^h) \, , \, \alpha \in \mathcal {P}^0(\ti {\mathcal {T}}^h \cup \mathcal {T}^h_c) \right \} \; ,\end {align}


$\bs {w}_\alpha $


$q_\alpha $


$T \subset {\Om }^h$


$E$


$\partial T$


\begin {align}\label {eq:DGpreStokesacac} 0 =&\; ( \, \bs {w}_\alpha \, , \, \rho \, (\bs {u}_{,t} + \bs {u} \!\cdot \! {\nabla \bs {u}} + \nabla \cdot (p \bs {I} - \, 2 \, \mu \, \bs {\varepsilon }(\bs {u})) - \bs {b}) \, )_{\Om ^h} -( q_\alpha \, , \, \nabla \cdot \bs {u} )_{{\Om }^h} \nonumber \\ =&\; ( \, \bs {w}_\alpha \, , \, \rho \, (\bs {u}_{,t} + \bs {u} \!\cdot \! {\nabla \bs {u}} - \bs {b}) \, )_{\Om ^h} +( \bs {\varepsilon }(\bs {w}_\alpha ) \, , \, - p \bs {I} + \, 2 \, \mu \, \bs {\varepsilon }(\bs {u}) )_{{\Om }^h} -( q_ \alpha \, , \, \nabla \cdot \bs {u} )_{{\Om }^h} \nonumber \\ \phantom {=} &\; - \sum _{T \in \ti {\mathcal {T}}^h \cup \mathcal {T}_c^h} \sum _{E \subset \partial T} \avg { \bs {w}_\alpha \, , \, (- p \bs {I} + \, 2 \, \mu \, \bs {\varepsilon }(\bs {u})) \bs {n}_E }_E \nonumber \\ =&\; ( \, \bs {w}_\alpha \, , \, \rho \, (\bs {u}_{,t} + \bs {u} \!\cdot \! {\nabla \bs {u}} - \bs {b}) \, )_{\Om ^h} -( \alpha \, \nabla \cdot \bs {w} \, , \, p )_{{\Om }^h} +( \alpha \, \bs {\varepsilon }(\bs {w}) \, , \, \, 2 \, \mu \, \bs {\varepsilon }(\bs {u}) )_{{\Om }^h} -( \alpha \, q \, , \, \nabla \cdot \bs {u} )_{{\Om }^h} \nonumber \\ \phantom {=} & \; - \avg { \avgb { \alpha \, \bs {w} }_{1-\gamma } \, , \, \jumpb {2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I} } }_{\ti {\mathcal {E}}^{h}_{i} \cup \mathcal {E}^{h}_{c;D} \cup \ti {\G }_{D}^h} - \avg { \jumpb { \alpha \, \bs {w} } \, , \, \avgb { 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I} }_{\gamma } }_{\ti {\mathcal {E}}^{h}_{i} \cup \mathcal {E}^{h}_{c;D} \cup \ti {\G }_{D}^h} \nonumber \\ \phantom {=} & \; - \avg { \alpha \, \bs {w} \otimes \hat {\bs {n}} \, , \, 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I}} _{\hat {\G }_{D}^h} - \avg { \alpha \, \bs {w} \otimes {\bs {n}} \, , \, 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I}} _{\G _{N}^{h}} \; .\end {align}


$\mathcal {E}^{h}_{c;D}$


$\mathcal {E}^{h}_{c;D}$


$\ti {\mathcal {E}}^{h}_{i}$


$\ti {\Om }^h$


$\avgb {\cdot }_\gamma := \gamma ^+ (\cdot )^+ + \gamma ^- (\cdot )^-$


$\gamma ^+ := \alpha ^+/(\alpha ^++\alpha ^-)$


$\gamma ^- := \alpha ^-/(\alpha ^++\alpha ^-) = 1 - \gamma ^+$


$^+$


$^-$


$E$


$\alpha ^+ \geq \alpha ^-$


$[\alpha ] := \alpha ^+ - \alpha ^- \geq 0$


$E$


$\jumpb {\bs {\sigma }} := \bs {\sigma }^+ \bs {n}_E^+ + \bs {\sigma }^- \bs {n}_E^-$


$\jumpb {\bs {v}} := \bs {v}^+ \cdot \bs {n}_E^+ + \bs {v}^- \cdot \bs {n}_E^-$


$\jumpb {\alpha } := \alpha ^+ \bs {n}_E^+ + \alpha ^- \bs {n}_E^-$


$\jumpb {2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I} }=\bs {0}$


$\ti {\mathcal {E}}^{h}_{i} \cup \mathcal {E}^{h}_{c;D} \cup \ti {\G }_{D}^h$


$- ( \chi _{\G _N^{h;-}} \, \rho \bs {u} \otimes \bs {u} + p \bs {I} - 2 \mu \, \bs {\varepsilon }(\bs {u}) ) \bs {n} = \bs {t}_N$


$\G _{N}^{h}$


$\jumpb { \alpha \, \bs {w} }=0$


$\ti {\mathcal {E}}^{h}_{i}$


$\alpha ^\pm =1$


$\bs {w}$


$E \subset \hat {\G }_{D}^h$


$\alpha ^+>0$


$\alpha ^-=0$


$[\alpha ]=\alpha ^+$


$\gamma ^+=1$


$\gamma ^-=0$


$\bs {w}$


$\Om ^h$


$\jumpb { \alpha \, \bs {w} }= \alpha \bs {w}$


$\bs {w}^+=\bs {w}^-$


$\hat {\G }_{D}^h$


$\bs {w}$


$\avgb { 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I} }_{\gamma } = 2 \mu \, \bs {\varepsilon }(\bs {u})^+ - p \bs {I}$


$\bs {\varepsilon }(\bs {u})$


$p$


$\ti {\mathcal {E}}_{a;D}^h:=\mathcal {E}^{h}_{c;D} \cup \ti {\G }_{D}^h$


$\mathcal {E}_{a;D}^h := \ti {\mathcal {E}}_{a;D}^h \cup \hat {\G }_{D}^h$


\begin {align}\label {eq:DGsapreaStokessac1b} 0 =&\; ( \, \alpha \, \bs {w} \, , \, \rho \, (\bs {u}_{,t} + \bs {u} \!\cdot \! {\nabla \bs {u}} - \bs {b}) \, )_{\Om ^h} -( \alpha \, \nabla \cdot \bs {w} \, , \, p )_{{\Om }^h} +( \alpha \, \bs {\varepsilon }(\bs {w}) \, , \, \, 2 \, \mu \, \bs {\varepsilon }(\bs {u}) )_{{\Om }^h} -( \alpha \, q \, , \, \nabla \cdot \bs {u} )_{{\Om }^h} \nonumber \\ \phantom {=} & \; - \avg { \jumpb { \alpha } \otimes \bs {w} \, , \, \avgb { 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I} }_{\gamma } }_{ \ti {\mathcal {E}}^{h}_{a} } - \avg { \alpha \hat {\bs {n}} \otimes \bs {w} \, , \, 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I} }_{ \hat {\G }_{D}^h } - \avg { \bs {w} \, , \, {\bs {t}}_N + \chi _{\G _N^{h;-}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n} } _{\G _{N}^{h}} \; .\end {align}


$\jumpb { \alpha \, \bs {v} } = \alpha \bs {v}$


$\hat {\G }_{D}^h$


\begin {align}0 =&\; ( \, \alpha \, \bs {w} \, , \, \rho \, (\bs {u}_{,t} + \bs {u} \!\cdot \! {\nabla \bs {u}} - \bs {b}) \, )_{\Om ^h} -( \alpha \, \nabla \cdot \bs {w} \, , \, p )_{{\Om }^h} +( \alpha \, \bs {\varepsilon }(\bs {w}) \, , \, \, 2 \, \mu \, \bs {\varepsilon }(\bs {u}) )_{{\Om }^h} -( \alpha \, q \, , \, \nabla \cdot \bs {u} )_{{\Om }^h} \nonumber \\ \phantom {=} & \; - \avg { \jumpb { \alpha } \otimes \bs {w} \, , \, 2 \mu \, \avgb { \bs {\varepsilon }(\bs {u})}_{\gamma } - p \bs {I} }_{ {\mathcal {E}}^{h}_{a;D} } - \avg { 2 \mu \, \avgb {\bs {\varepsilon }(\bs {w})}_{\gamma } - q \bs {I} \, , \, \jumpb { \alpha } \otimes (\avgb {\bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D) }_{{\mathcal {E}}^{h}_{a;D} } \nonumber \\ \phantom {=} & \; + \avg { \delta _{1} \avgb {2\, \mu / h }_{\gamma } [\alpha ] \avgb {\bs {S}_{\bs {d}} \bs {w}}_{\gamma } \, , \, \avgb { \bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D } _{\mathcal {E}^{h}_{a;D} } - \avg { \bs {w} \, , \, {\bs {t}}_N + \chi _{\G _N^{h;-}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n} } _{\G _{N}^{h}} \; ,\end {align}


$\jumpb {\alpha } = \alpha ^+ \bs {n}_E^+ + \alpha ^- \bs {n}_E^-= [\alpha ] \bs {n}_E^+$


$\bs {n}_E^-= - \bs {n}_E^+$


$\bs {u} \in \bs {V}^h(\Om ^h)$


$p \in Q^h(\Om ^h)$


$\forall \bs {w} \in \bs {V}^h(\Om ^h)$


$\forall q \in Q^h(\Om ^h)$


\begin {align}\label {eq:ShiftedSBMVariationalFormNavierStokes} 0=&\; ( \, \alpha \, \bs {w} \, , \, \rho \, (\bs {u}_{,t} + \bs {u} \!\cdot \! {\nabla \bs {u}} - \bs {b}) \, )_{\Om ^h} + (\alpha \, \bs {\varepsilon }( \bs {w}) , 2 \mu \, \bs {\varepsilon }(\bs {u}) )_{\Om ^h} - ( \alpha \, \nabla \cdot \bs {w} , p )_{\Om ^h} - ( \alpha \, q , \nabla \cdot \bs {u} )_{\Om ^h} \nonumber \\ \phantom {0=}&\; -\avg { \bs {w} \, , \, {\bs {t}}_N + \chi _{\G _N^{h;-}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n} } _{\G _{N}^{h}} - \avg { \jumpb { \alpha } \otimes \bs {w} \, , \, 2 \mu \, \avgb { \bs {\varepsilon }(\bs {u})}_{\gamma } - p \bs {I} }_{ {\mathcal {E}}^{h}_{a;D}} \nonumber \\ \phantom {=} & \; - \avg { 2 \mu \, \avgb {\bs {\varepsilon }(\bs {w})}_{\gamma } - q \bs {I} \, , \, \jumpb { \alpha } \otimes (\avgb {\bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D) }_{{\mathcal {E}}^{h}_{a;D} } + \avg { \delta _{1} \avgb {2\, \mu / h }_{\gamma } [\alpha ] \avgb {\bs {S}_{\bs {d}} \bs {w}}_{\gamma } \, , \, \avgb { \bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D } _{\mathcal {E}^{h}_{a;D} } \nonumber \\ \phantom {=} & \; +\avg {\delta _{\bs {u}} \jumpb {\nabla \bs {w} },\jumpb {\nabla \bs {u} }}_{\ti {\mathcal {E}}_{a;D}^h} +\avg {\delta _p \jumpb {\nabla q },\jumpb {\nabla p }}_{\ti {\mathcal {E}}_{a;D}^h} \; .\end {align}


$\alpha $


$\mathcal {T}_c^h$


$\delta _{\bs {u}}$


$\delta _p$


\begin {align}\label {eq:ghostPenaltyParameter} \delta _{\bs {u}} \, = \, \alpha _{\bs {u}} \mu h^* \; , \qquad \qquad \delta _p \, = \, \frac {\alpha _p}{\mu }{h^*}^3 \; , \qquad \qquad h^* &= \frac {2h^+ h^-}{h^+ + h^-} \; .\end {align}


$\alpha _{\bs {u}}=0.1$


$\alpha _p=.0001$


$\delta _{\bs {u}}$


$\delta _p$


$\bs {u}$


$\Delta t$


$\delta _{\bs {u}}$


$\delta _p$


$\delta _{\bs {u}}$


$\delta _p$


$\avgb {\cdot }_\gamma $


$\bs {\sigma }= - p \bs {I} + \, 2 \, \mu \, \bs {\varepsilon }(\bs {u})$


\begin {align}(\alpha \, \bs {\varepsilon }( \bs {w}) , \bs {\sigma } )_{\Om ^h} =&\; ( \bs {w}_{\alpha } , \nabla \cdot \bs {\sigma } )_{\Om ^h} +\avg { \bs {w} \, , \, \jumpb { \alpha \, \bs {\sigma } } }_{\ti {\mathcal {E}}^{h}_{a;D} \cup \ti {\mathcal {E}}^{h}_{i}} +\avg { \bs {w}_{\alpha } \, , \, \bs {\sigma } \hat {\bs {n}} }_{\hat {\G }_{D}^h} \nonumber \\ =&\; ( \alpha \, \bs {w} , \nabla \cdot \bs {\sigma } )_{\Om ^h} +\avg { \bs {w} \otimes \, \jumpb { \alpha } , \, \avgb { \bs {\sigma } }_\gamma }_{\ti {\mathcal {E}}^{h}_{a;D} \cup \ti {\mathcal {E}}^{h}_{i}} +\avg { \avgb {\alpha }_{1-\gamma } \, \bs {w} \, , \, \jumpb { \bs {\sigma } } }_{\ti {\mathcal {E}}^{h}_{a;D} \cup \ti {\mathcal {E}}^{h}_{i}} +\avg { \bs {w}_{\alpha } \, , \, \bs {\sigma } \hat {\bs {n}} }_{\hat {\G }_{D}^h} \; .\end {align}


$(\alpha \, \bs {\varepsilon }( \bs {w}) , 2 \mu \, \bs {\varepsilon }(\bs {u}) )_{\Om ^h}$


$( \alpha \, \nabla \cdot \bs {w} , p )_{\Om ^h}$


\begin {align}\label {eq:ELShiftedNitscheVariationalFormNavierStokes} 0 &=\; ( \, \alpha \, \bs {w} \, , \, \rho \, \bs {u}_{,t} + \rho \, \bs {u} \!\cdot \! {\nabla \bs {u}} +\nabla p -\nabla \cdot ( \, 2 \, \mu \, \bs {\varepsilon }(\bs {u})) - \rho \, \bs {b} \, )_{{\Om }^h} - ( \alpha \, q , \nabla \cdot \bs {u} )_{{\Om }^h} \nonumber \\ &\phantom {=}\; - \avg { \bs {w} , ( \rho \bs {u} \otimes \bs {u} \, \chi _{\G _N^{h;-}} + p \bs {I} - 2 \, \mu \, \bs {\varepsilon }(\bs {u}) ) \, \bs {n} + \bs {t}_N }_{\G _N^{h}} \nonumber \\ &\phantom {=}\; +\avg { \avgb {\alpha }_{1-\gamma } \, \bs {w} \, , \, \jumpb { - p \bs {I} + 2 \, \mu \, \varepsilon (\bs {u})} }_{\ti {\mathcal {E}}^{h}_{a;D} \cup \ti {\mathcal {E}}^{h}_{i}} \nonumber \\ &\phantom {=}\; + \, \avg { (q \bs {I}- 2 \, \mu \, \avgb {\bs {\varepsilon }(\bs {w})}_\gamma ) \jumpb {\alpha } + \delta _1 \, \avgb {\mu / h}_\gamma \, [\alpha ] \bs {w} \, , \, \avgb { \bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D }_\gamma }_{\ti {\mathcal {E}}^{h}_{a;D}} \nonumber \\ &\phantom {=}\; + \, \avg { \alpha ( q \hat {\bs {n}} - 2 \, \mu \, \bs {\varepsilon }(\bs {w}) \hat {\bs {n}}) + \delta _1 \, \mu / h \, \alpha \, \bs {w} \, , \, \bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D }_{\hat {\G }_{D}^h} \nonumber \\ \phantom {=} & \; +\avg {\delta _{\bs {u}} \jumpb {\nabla \bs {w} },\jumpb {\nabla \bs {u} }}_{\ti {\mathcal {E}}_{a;D}^h} +\avg {\delta _p \jumpb {\nabla q },\jumpb {\nabla p }}_{\ti {\mathcal {E}}_{a;D}^h} \; ,\end {align}


${\Om }^h$


$\ti {\mathcal {E}}_{a;D}^h$


$\Omega ^h$


$\bs {u=0}$


$p=-\rho gz$


$g$


$\bs {g}$


$z$


$\nabla p = \rho \bs {b}=\rho \bs {g}=-\rho g \bs {e_{z}}$


$\bs {u}=\bs {0}$


\begin {align}\label {eq:Hydrostatic01} 0=&\; -( \, \alpha \, \bs {w} \, , \, \rho \, \bs {b} \, )_{\Om ^h} - ( \alpha \, \nabla \cdot \bs {w} , p )_{\Om ^h} +\avg { \jumpb {\alpha } \otimes \bs {w} \, , \, p \bs {I} }_{\mathcal {E}^{h}_{a;D}} - \avg { \bs {w} \, , \, {\bs {t}}_N } _{\G _{N}^{h}}\end {align}


$\bs {t}_N=-p \bs {n} = \rho g z \, \bs {n}$


$T\in \ti {\mathcal {T}}^h \cup \mathcal {T}^h_c$


\begin {align}\label {eq:Hydrostatic01b} ( \alpha \, \bs {w} , \nabla p )_{\Om ^h} =&\; - ( \alpha \, \nabla \cdot \bs {w} , p )_{\Om ^h} +\avg { \jumpb {\alpha } \otimes \bs {w} \, , \, p \bs {I} }_{\mathcal {E}^{h}_{a;D}} +\avg { \bs {w} \, , \, p \bs {n} }_{\G _N^{h}} \; ,\end {align}


\begin {align}\label {eq:Hydrostatic02} 0=&\; ( \, \alpha \, \bs {w} \, , - \, \rho \, \bs {b} + \nabla p \, )_{\Om ^h} \; ,\end {align}


$\Om ^h$


$q=1$


$q_\alpha =\alpha $


$\bs {w} = \bs {0}$


$\bs {w}_\alpha =\bs {0}$


\begin {align}\label {eq:SBMsmasssccons1} 0 =&\; - \, ( \alpha \, , \, \nabla \cdot \bs {u} )_{{\Om }^h} + \, \avg { \jumpb {\alpha } \, , \, \bs {u} + \avgb {\nabla \bs {u}}_\gamma \bs {d} - \bs {u}_D }_{\ti {\mathcal {E}}^{h}_{a;D}} + \, \avg { \alpha \, \hat {\bs {n}} \, , \, \bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D }_{\hat {\G }_{D}^h} \; .\end {align}


$( \alpha , \nabla \cdot \bs {u} )_{\Om ^h}=( 1 , \nabla \cdot \bs {u} )_{\ti {\Om }^h} + ( \alpha , \nabla \cdot \bs {u} )_{\Om _c^h}$


$\alpha _{|\ti {\Om }^h}=1$


$\bs {u}$


$\alpha $


\begin {align}\label {eq:MassConservationDerivation1} 0 =&\; ( 1 , \nabla \cdot \bs {u} )_{\ti {\Om }^h} + ( \alpha , \nabla \cdot \bs {u} )_{\Om _c^h} - \, \avg { \jumpb {\alpha } \, , \, \bs {u} + \avgb {\nabla \bs {u}}_\gamma \bs {d} - \bs {u}_D }_{\ti {\mathcal {E}}^{h}_{a;D}} - \, \avg { \alpha \, \hat {\bs {n}} \, , \, \bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D }_{\hat {\G }_{D}^h} \nonumber \\ =& \; \, \avg { 1 \, , \, \bs {u} \cdot \ti {\bs {n}}^+ }_{\ti {\G }^h_D} + \avg { 1 \, , \, \bs {u} \cdot \bs {n} }_{\G ^h_N} + ( \alpha , \nabla \cdot \bs {u} )_{\Om _c^h} \nonumber \\ \phantom {=}& \; - \, \avg { \underbrace {\alpha ^+}_{=1} \ti {\bs {n}}^+ \, , \, \bs {u} + \avgb {\nabla \bs {u}}_\gamma \bs {d} - \bs {u}_D }_{\ti {\G }_{D}^h} - \, \avg { \alpha ^- \ti {\bs {n}}^- \, , \, \bs {u} + \avgb {\nabla \bs {u}}_\gamma \bs {d} - \bs {u}_D }_{\ti {\G }_{D}^h} \nonumber \\ \phantom {=}& \; - \, \avg { \jumpb {\alpha } \, , \, \bs {u} + \avgb {\nabla \bs {u}}_\gamma \bs {d} - \bs {u}_D }_{\mathcal {E}^{h}_{c;D}} - \, \avg { \alpha \, \hat {\bs {n}} \, , \, \bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D }_{\hat {\G }_{D}^h} \nonumber \\ =& \; \, \avg { 1 \, , \, (\bs {u}_D - \avgb {\nabla \bs {u}}_\gamma \bs {d} ) \cdot \ti {\bs {n}}^+ }_{\ti {\G }_{D}^h} + \avg { 1 \, , \, \bs {u} \cdot \bs {n} }_{\G ^h_N} + e_{cons}(\bs {u};\mathcal {T}_c^h)\; ,\end {align}


$\ti {\bs {n}}^+$


$\ti {\G }_D$


$\hat {\Om }^h$


$\ti {\bs {n}}^-=-\ti {\bs {n}}^+$


\begin {align}\label {eq:SBMsacmasscsacons3bis} e_{cons}(\bs {u};\mathcal {T}_c^h) =&\; ( \alpha , \nabla \cdot \bs {u} )_{\Om _c^h} -\avg { \alpha ^- \ti {\bs {n}}^- \, , \, \avgb {\bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D}_\gamma }_{\ti {\G }_D^h } -\avg { \jumpb {\alpha } \, , \, \avgb {\bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D}_\gamma }_{\mathcal {E}^{h}_{c;D} } \nonumber \\ \phantom {=}&\; -\, \avg { \alpha \, \hat {\bs {n}} \, , \, \bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D }_{\hat {\G }_{D}^h} \; .\end {align}


$\ti {\Om }^h$


$(\bs {u}_D - \avgb {\nabla \bs {u}}_\gamma \bs {d} ) \cdot \ti {\bs {n}}^+$


$\ti {\G }_{D}^h$


$\bs {u} \cdot \bs {n}$


$\G ^h_N$


$\Om _c^h$


$\mathrm {meas}(\Om _c^h) = O(h)$


$\Om _c^h$


$h$


$\nabla \cdot \bs {u} \rightarrow 0$


$h$


$\nabla \cdot \bs {u} = O(h)$


\begin {align}\label {eq:SBM_mass_cons5} ( \alpha , \nabla \cdot \bs {u})_{\Om _c^h} \; \leq \; \underbrace {\| \alpha \|_{0;\Om _c^h}}_{O(h^{1/2})} \, \underbrace {\| \nabla \cdot \bs {u} \|_{0;\Om _c^h}}_{O(h^{3/2})} \; = \; O(h^2) \; .\end {align}


\begin {align}\label {eq:SBM_mass_cons6} \avg { \alpha ^- \ti {\bs {n}}^- \, , \, \avgb {\bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D}_\gamma }_{\ti {\G }_D } +\, \avg { \jumpb {\alpha } \, , \, \avgb {\bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D}_\gamma }_{\mathcal {E}^{h}_{c;D} } +\, \avg { \alpha \, \hat {\bs {n}} \, , \, \bs {u} + (\nabla \bs {u}) \bs {d} - \bs {u}_D }_{\hat {\G }_{D}^h} \; =& \; O(h^2) \; .\end {align}


$h$


\begin {align}\label {eq:SBMmasssaconsinal} \avg { 1 \, , \, (\bs {u}_D - \avgb {\nabla \bs {u}}_\gamma \bs {d}) \cdot \ti {\bs {n}}^+ }_{\ti {\G }_D^h } + \, \avg { 1 \, , \, \bs {u} \cdot \bs {n} }_{\G _N^{h}} \; =&\; - e_{cons}(\bs {u};\mathcal {T}_c^h) \; =\; O(h^2) \; .\end {align}


$h^{p+1}$


$e_{cons}(\bs {u};\mathcal {T}_c^h) = O(h^{p+1})$


$O(h^2)$


$q=- \rho \bs {u} \cdot \bs {e}_i$


$\bs {w}=\bs {e}_i$


$\alpha _{|\ti {\Om }^h}=1$


\begin {align}\label {eq:ShiftedSBM_mom_cons_der} 0 = &\; ( \, \alpha \, \bs {e}_i \, , \, \rho \, (\bs {u}_{,t} - \bs {b}) \, )_{\Om ^h} + \underbrace { ( \, \alpha \, , \, ( \rho \, \bs {u} \!\cdot \! {\nabla \bs {u}}) \cdot \bs {e}_i \, + \, \rho \, (\bs {u} \cdot \bs {e}_i) \, \nabla \cdot \bs {u} )_{\Om ^h} }_{ \displaystyle = \, ( \, \alpha \bs {e}_i \, , \, \nabla \cdot (\rho \, \bs {u} \otimes \bs {u}) \, )_{\Om ^h} } \nonumber \\ \phantom {0=}&\; +\avg { \bs {w} \, , \, {\bs {t}}_N - \chi _{\G _N^{h;-}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n} } _{\G _{N}^{h}} - \avg { \jumpb { \alpha } \, , \, ( \avgb { 2 \mu \, \bs {\varepsilon }(\bs {u})}_{\gamma } - p \bs {I}) \, \bs {e}_i }_{ {\mathcal {E}}^{h}_{a;D}} \nonumber \\ \phantom {=} & \; - \avg { \rho \bs {u} \cdot \bs {e}_i \jumpb { \alpha } \, , \, \avgb {\bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D }_{{\mathcal {E}}^{h}_{a;D} } + \avg { \delta _{1} \avgb {2\, \mu / h }_{\gamma } [\alpha ] \bs {e}_i \, , \, \avgb { \bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D } _{\mathcal {E}^{h}_{a;D} } \nonumber \\ = &\; ( \, \bs {e}_i \, , \, \rho \, (\bs {u}_{,t} - \bs {b}) \, )_{\ti {\Om }^h} + ( \, \bs {e}_i \, , \, (\nabla \cdot (\rho \, \bs {u} \otimes \bs {u})) )_{\ti {\Om }^h} +\avg { \, \bs {e}_i \, , \, {\bs {t}}_N - \chi _{\G _N^{h;-}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n} } _{\G _{N}^{h}} \nonumber \\ \phantom {0=}&\; + ( \, \alpha \, \bs {e}_i \, , \, \rho \, \bs {u}_{,t} + \nabla \cdot (\rho \, \bs {u} \otimes \bs {u}) - \rho \, \bs {b} \, )_{\Om _c^h} \nonumber \\ \phantom {0=}&\; - \avg { \jumpb { \alpha } \, , \, \avgb { 2 \mu \, \bs {\varepsilon }(\bs {u})- p \bs {I} }_{\gamma } \, \bs {e}_i }_{ {\mathcal {E}}^{h}_{a;D}} - \avg { \avgb { \alpha }_{1-\gamma } \, \bs {e}_i \, , \, \underbrace { \jumpb { 2 \mu \, \bs {\varepsilon }(\bs {u})- p \bs {I} } }_{ \displaystyle =0 \mbox { (weakly)}} }_{ \ti {\mathcal {E}}^{h}_{a;D}} \nonumber \\ \phantom {=} & \; - \avg { \rho \bs {u} \cdot \bs {e}_i \jumpb { \alpha } \, , \, \avgb {\bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D }_{{\mathcal {E}}^{h}_{a;D} } + \avg { \delta _{1} \avgb {2\, \mu / h }_{\gamma } [\alpha ] \bs {e}_i \, , \, \avgb { \bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D } _{\mathcal {E}^{h}_{a;D} } \; .\end {align}


$\avg { \avgb { \alpha }_{1-\gamma } \, \bs {e}_i \, , \, \jumpb { 2 \mu \, \bs {\varepsilon }(\bs {u})- p \bs {I} } }_{ \ti {\mathcal {E}}^{h}_{a;D}}$


$\jumpb { 2 \mu \, \bs {\varepsilon }(\bs {u})- p \bs {I} }=0$


\begin {align}\label {eq:SBMmomsacons} 0 = &\; ( \, \bs {e}_i \, , \, \rho \, (\bs {u}_{,t} - \bs {b}) \, )_{\ti {\Om }^h} + \avg { \bs {e}_i , (\rho \, \bs {u} \otimes \bs {u}) \ti {\bs {n}}^+ }_{\ti {\G }_{D}^h} +\avg { \, \bs {e}_i \, , \, {\bs {t}}_N + \chi _{\G _N^{h;+}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n} } _{\G _{N}^{h}} \nonumber \\ \phantom {0=}&\; +( \, \alpha \, \bs {e}_i \, , \, \rho \, \bs {u}_{,t} + \nabla \cdot (\rho \, \bs {u} \otimes \bs {u}) - \rho \, \bs {b} \, )_{\Om _c^h} - \avg { 1 \, , \, \jumpb { \alpha \, ( 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I}) \, \bs {e}_i } }_{ \ti {\mathcal {E}}^{h}_{a;D}} - \avg { \alpha \hat {\bs {n}} \, , \, ( 2 \mu \, \bs {\varepsilon }(\bs {u}) - p \bs {I}) \, \bs {e}_i }_{ \hat {\G }^{h}_{a;D}} \nonumber \\ \phantom {=} & \; - \avg { \rho \bs {u} \cdot \bs {e}_i \jumpb { \alpha } \, , \, \avgb {\bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D }_{{\mathcal {E}}^{h}_{a;D} } + \avg { \delta _{1} \avgb {2\, \mu / h }_{\gamma } [\alpha ] \bs {e}_i \, , \, \avgb { \bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D } _{\mathcal {E}^{h}_{a;D} } \nonumber \\ = &\; ( \, \bs {e}_i \, , \, \rho \, (\bs {u}_{,t} - \bs {b}) \, )_{\ti {\Om }^h} + \avg { \bs {e}_i , (\rho \, \bs {u} \otimes \bs {u} + p \bs {I} - 2 \mu \, \bs {\varepsilon }(\bs {u}) ) \ti {\bs {n}}^+ }_{\ti {\G }_{D}^h} +\avg { \, \bs {e}_i \, , \, {\bs {t}}_N + \chi _{\G _N^{h;+}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n} } _{\G _{N}^{h}} + e_{mom}(\bs {u};\mathcal {T}_c^h) \; ,\end {align}


\begin {align}\label {eq:ShiftedSBMMomCons2} e_{mom}(\bs {u};\mathcal {T}_c^h) = &\; ( \, \alpha \, \bs {e}_i \, , \, \rho \, \bs {u}_{,t} + \nabla \cdot ( \rho \, \bs {u} \otimes \bs {u} + p \bs {I} - 2 \mu \, \bs {\varepsilon }(\bs {u}) ) - \rho \, \bs {b} \, )_{\Om _c^h} \nonumber \\ \phantom {=} & \; - \avg { \rho \bs {u} \cdot \bs {e}_i \jumpb { \alpha } \, , \, \avgb {\bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D }_{{\mathcal {E}}^{h}_{a;D} } + \avg { \delta _{1} \avgb {2\, \mu / h }_{\gamma } [\alpha ] \bs {e}_i \, , \, \avgb { \bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D } _{\mathcal {E}^{h}_{a;D} }\end {align}


$(\rho \, \bs {u} \otimes \bs {u} + p \bs {I} - 2 \mu \, \bs {\varepsilon }(\bs {u}) ) \ti {\bs {n}}^+$


$\ti {\G }_{D}^h$


$\bs {t}_N + \chi _{\G _N^{h;+}} \, (\rho \bs {u} \otimes \bs {u}) \bs {n}$


$\G _{N}^{h}$


$\rho \bs {b}$


$\ti {\Om }^h$


$e_{mom}(\bs {u};\mathcal {T}_c^h)$


$\mathrm {meas}(\Om _c^h) = O(h)$


\begin {align}\rho \, \bs {u}_{,t} + \nabla \cdot ( \rho \, \bs {u} \otimes \bs {u} + p \bs {I} - 2 \mu \, \bs {\varepsilon }(\bs {u}) ) - \rho \, \bs {b} = O(h) \; ,\end {align}


\begin {align}( \, \alpha \, \bs {e}_i \, , \, \rho \, \bs {u}_{,t} + \nabla \cdot ( \rho \, \bs {u} \otimes \bs {u} + p \bs {I} - 2 \mu \, \bs {\varepsilon }(\bs {u}) ) - \rho \, \bs {b} \, )_{\Om _c^h} = O(h^2) \; .\end {align}


\begin {align}- \avg { \rho \bs {u} \cdot \bs {e}_i \jumpb { \alpha } \, , \, \avgb {\bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D }_{{\mathcal {E}}^{h}_{a;D} } + \avg { \delta _{1} \avgb {2\, \mu / h }_{\gamma } [\alpha ] \bs {e}_i \, , \, \avgb { \bs {S}_{\bs {d}} \bs {u} }_{\gamma } - \bs {u}_D } _{\mathcal {E}^{h}_{a;D} } = O(h) \; ,\end {align}


\begin {align}e_{mom}(\bs {u};\mathcal {T}_c^h) \; = \; O(h) \; .\end {align}


$e_{cons}(\bs {u};\mathcal {T}_c^h) = O(h^{p})$


$p$


\begin {equation}\bs {u}_{,t} \approx \frac {3\bs {u}^{n + 1} - 4 \bs {u}^n + \bs {u}^{n-1}}{2 \, \Delta t} \; . \label {Xeqn3}\end {equation}


$t_{n+1}$


$t_n$


$t_{n-1}$


$CFL$


\begin {align}\label {eq:CFLG} \Delta t \; \leq \; CFL_{\G } \min _{T \in \mathcal {T}^h_c} \frac {D_T}{ \| \bs {v}_{\G } \|} \; ,\end {align}


$\bs {v}_{\G }$


$D_T$


$T \in \mathcal {T}^h_c$


$\G $


$CFL_{\G }<1/2$


$t_n$


$t_{n-1}$


$\hat {\G }$


$CFL_{\G }>1/2$


$1/2 \leq CFL_{\G } < 1$


$CFL$


\begin {align}\label {eq:CFL} \Delta t \; \leq \; CFL \min _{T \in \ti {\mathcal {T}}^h \cup \mathcal {T}^h_c} \frac {D_T}{ \| \bs {u} \|} \; ,\end {align}


$\Om ^h$


$\bs {u}$


$CFL=1$


$\mathcal {D}= \ti {\Om }^h \cup \Om _c^h \cup \hat {\Om }^h$


$\Om ^h=\ti {\Om }^h \cup \Om _c^h$


$\Om ^h_e \subset \hat {\Om }^h$


$\ti {\G }^h$


$\hat {\G }^h$


$\mathcal {E}^{h}_{c}$


$\G ^{h}_{e}$


$\hat {\G }^h$


$\G $


$\G ^{h}_{e}$


$\hat {\G }^h$


$\G ^{h}_{e}$


$\Delta t \to 0$


$\Delta t$


$\Delta t$


$\Delta t \rightarrow 0$


\begin {align}\label {eq:ShiftedSBM_leadingterms} 0 \approx &\; \frac {1}{2 \, \Delta t} ( \, \alpha \, \bs {w} \, , \, \rho \, (3\bs {u}^{n + 1} - 4 \bs {u}^n + \bs {u}^{n-1}) \, )_{\Om ^h} - ( \alpha \, \nabla \cdot \bs {w} , p^{n + 1} )_{\Om ^h} + \avg { \jumpb { \alpha } \cdot \bs {w} \, , \, p^{n + 1} }_{ {\mathcal {E}}^{h}_{a;D}} \nonumber \\ \phantom {0=}&\; - ( \alpha \, q , \nabla \cdot \bs {u}^{n + 1} )_{\Om ^h} +\avg {\delta _p \jumpb {\nabla q },\jumpb {\nabla p^{n + 1} }}_{\ti {\mathcal {E}}_{a;D}^h} \; .\end {align}


$\bs {u}^n$


$\bs {u}^{n-1}$


$\G ^{h}_{e}$


$\hat {\G }^h$


$\G ^{h}_{e}$


$\G ^{h}_{e}$


$p^{n + 1}$


$t_{n+1}$


$10^{-10}$


$\ti {\Om }^h$


$\Om _c^h$


$\ti {\G }^h$


$\hat {\G }^h$


$\mathcal {E}^{h}_{c}$


$\bs {d}$


$\Om ^h$


$\G ^{h}_{e}$


$10^{-10}$


$[-0.5,0.5] \times [-0.5,0.5] \, \mathrm {m}^2$


$0.2 \, \mathrm {m}$


$0.25 \, \mathrm {m}$


$\bs {x_c}$


\begin {align}\label {eq:test01motion2conv} \bs {x_c}(t) \; = \; \left \{ \begin {array}{c} -X_0 \cos (2\pi f_0 t) \\ 0 \end {array} \right \} \, \mathrm {m} \; , \qquad \qquad \bs {u_c}(t) \; = \; \left \{ \begin {array}{c} U_0 \sin (2\pi f_0 t)\\ 0 \end {array} \right \} \, \mathrm {m/s} \; ,\end {align}


$\bs {u_c}$


$X_0=0.03125 \, \mathrm {m}$


$U_0 = 2\pi f_0 X_0 \, \mathrm {m/s}$


$T = 1/f_0 = 1.0 \, \mathrm {s}$


$\rho = 1 \, \mathrm {kg/m}^3$


\begin {align}\bs {u}(x, y) &=\; \left \{ \begin {array}{c} 2\pi \sin (2\pi y)\sin (2\pi x)\sin (t) \\ 2\pi \cos (2\pi x)\cos (2\pi y)\sin (t) \end {array} \right \} \, \mathrm {m/s} \; , \\ p(x, y) &=\; (\cos (2\pi x)\cos (2\pi y) - 1)\sin (t) \, \mathrm {N/m}^2 \; .\end {align}
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\begin {equation}C_{f} = \frac {\int _{\G } p \, (\bs {n} \cdot \bs {e}_{mb}) \, \mathrm {d} \G }{(1/2) \, \rho \, \ell ^3 \, f_0^2} \approx \frac {\int _{ \ti {\G }^{h}} (p+\nabla p \cdot \bs {d}) \, (\bs {n} \cdot \bs {e}_{mb}) \, (\ti {\bs {n}} \cdot \bs {n}) \, \mathrm {d} \ti {\G }^{h} }{(1/2) \, \rho \, \ell ^3 \, f_0^2} \; , \label {eq:forceascoefficientacdefinition}\end {equation}
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\begin {align}\Theta (C_{f};t_n) &=\, C_{f}(t_n) - \bar {C}_{f}(t_n) \,\end {align}
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$X_0=0.125D = 0.03125 \, \mathrm {m}$


$U_0 = 2\pi f_0 X_0 \, \mathrm {m/s}$


$T = 1/f_0 = 1.0 \, \mathrm {s}$


$\rho = 1600.0 \, \mathrm {kg/m}^3$


$\mu = 1.0 \, \mathrm {kg/(m \, s)}$


$Re = \rho U_0 D / \mu = 78.5$


$h$


$t = 1.5T$


$C_f$


$\| \Theta (C_{f}) \|_{\ell ^\infty (\mathbb {T})}$


$D/h = 16$


$\Delta t$


$\Delta t = 0.002$


$D/h$


$C_{f}$


$C_{f}$


$\ell =D$


$h^2/\Delta t$


$\| \Theta (C_{f}) \|_{\ell ^\infty (\mathbb {T})}$


$CFL_{\G }^{-1}$


$C_f$


$CFL_{\G }$


$D/h = 16$


$D/h = 48$


$\| \Theta (C_{f}) \|_{\ell ^\infty (\mathbb {T})}$


$CFL_{\G }$


$D/h = 16$


$D/h = 48$


$CFL_{\G }=0.05$


$C_{f}$


$CFL_{\G }$


$CFL$


$<e_{cons}>$


$<e_{mom}>$


$e_{cons}$


$e_{mom}$


$1.2$


$D = 2.0 \, \mathrm {m}$


$[-10,10] \times [-5,5] \, \mathrm {m}^2$


$\rho = 50.0 \, \mathrm {kg/m}^3$


$\mu = 1.0 \, \mathrm {Kg/(m \, s)}$


$(0, X_0)$


$X_0 = 0.25 D = 0.5 \, \mathrm {m}$


\begin {align}\label {eq:test02motion} \bs {x_c}(t) \;=\; \left \{ \begin {array}{c} -5.0 \\ X_0 \cos (2\pi f_0 t) \end {array} \right \} \, \mathrm {m} \; , \qquad \qquad \bs {u_c}(t) \;=\; \left \{ \begin {array}{c} 0 \\ - U_0 \sin (2\pi f_0 t) \end {array} \right \} \, \mathrm {m/s} \; ,\end {align}
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\begin {align}\bs {C}_{f} & = \; \frac {\displaystyle \int _{\G } [p \bs {n} - 2 \mu \, \bs {\varepsilon }(\bs {u})\, \bs {n}] \, \mathrm {d} \G }{(1/2) \, \rho \, \ell ^3 \, f_0^2} \approx \frac {\displaystyle \int _{ \ti {\G }^{h}} (\ti {\bs {n}} \cdot \bs {n}) \, \left [ (p + \nabla p \cdot \bs {d}) \bs {n} - 2 \mu \, \bs {\varepsilon }(\bs {u}) \bs {n} \right ] \, \mathrm {d} \ti {\G }^{h} }{(1/2) \, \rho \, \ell ^3 \, f_0^2} \; , \label {eq:forceoefficientefinitionD} \\ \bs {C}_{t} & = \; \frac {\displaystyle \int _{\G } \bs {x} \times [p \bs {n} - 2 \mu \, \bs {\varepsilon }(\bs {u})\, \bs {n}] \, \mathrm {d} \G }{(1/2) \, \rho \, \ell ^4 \, f_0^2} \approx \frac {\displaystyle \int _{ \ti {\G }^{h}} (\ti {\bs {n}} \cdot \bs {n}) \, \left [ (\bs {\ti {x}} + \bs {d}) \times [(p + \nabla p \cdot \bs {d}) \bs {n} - 2 \mu \, \bs {\varepsilon }(\bs {u})\, \bs {n}] \right ] \, \mathrm {d} \ti {\G }^{h} }{(1/2) \, \rho \, \ell ^4 \, f_0^2} \; , \label {eq:torquecoefficientdefinitionD}\end {align}
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\begin {align}\label {eq:ShiftedSBMVariationalFormNavierStokes_Stab} 0 &=\; \mathbb {NS}(\bs {u},p;\bs {w}_\alpha ,q_\alpha ) + \mathbb {STAB}(\bs {u},p;\bs {w}_\alpha ,q_\alpha ) \; ,\end {align}
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\begin {align}\mathbb {STAB}(\bs {u},p;\bs {w}_\alpha ,q_\alpha ) &=\; -( \, \rho \bs {u} \!\cdot \! {\nabla {\bs {w}_\alpha }} \, , \, \bs {u}' \, )_{\mathcal {I}(\Om ^h)} +( \nabla q_\alpha , \bs {u}' )_{\mathcal {I}(\Om ^h)} -( \nabla \cdot \bs {w}_\alpha , p' )_{\mathcal {I}(\Om ^h)} +( \, {\bs {w}_\alpha } \, , \, \rho \bs {u}' \!\cdot \! {\nabla \bs {u}} \, )_{\mathcal {I}(\Om ^h)} \; .\end {align}
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\begin {align}\bs {u}' &=\; - \tau _m \, \left ( \rho \, \bs {u}_{,t} + \rho \, \bs {u} \cdot {\nabla \bs {u}} +\nabla p - \nabla \cdot ( 2 \mu \, \boldsymbol {\epsilon }(\bs {u})) - \rho \, \bs {b} \right ) \; , \\ p' &=\; - \tau _c \, \nabla \cdot \bs {u} \; , \\\label {eq:taum} \tau _m &=\; \left ( \left (\frac {2 \rho }{\Delta t}\right )^2 + \rho ^2 \bs {u} \cdot \bs {G} \bs {u} + 9 \, (2 \mu )^2 \, \frac {\bs {G} : \bs {G}}{3} \right )^{-1/2} \; , \\\label {eq:tauc} \tau _c &=\; \frac {1}{8 \, \mathrm {tr}(\bs {G}) \, \tau _m} \; .\end {align}
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\begin {align}\mathbb {STAB}[\mu ](\bs {u},p; \alpha \bs {e}_i,- \alpha \rho \bs {u} \cdot \bs {e}_i) &=\; -( \, \alpha \rho \bs {u} \!\cdot \! {\nabla {\bs {e}_i}} \, , \, \bs {u}' \, )_{\mathcal {I}(\Om ^h)} +( \alpha \nabla (-\rho \bs {u} \cdot \bs {e}_i) , \bs {u}' )_{\mathcal {I}(\Om ^h)} \nonumber \\ &\phantom {=}\; -( \alpha \nabla \cdot \bs {e}_i , p' )_{\mathcal {I}(\Om ^h)} +( \, \alpha {\bs {e}_i} \, , \, \rho \bs {u}' \!\cdot \! {\nabla \bs {u}} \, )_{\mathcal {I}(\Om ^h)} \nonumber \\ &=\; -( \alpha \rho \bs {u}' \!\cdot \! \nabla \bs {u} , \bs {e}_i )_{\mathcal {I}(\Om ^h)} +( \, \alpha {\bs {e}_i} \, , \, \rho \bs {u}' \!\cdot \! {\nabla \bs {u}} \, )_{\mathcal {I}(\Om ^h)} \nonumber \\ &=\; 0 \; ,\end {align}
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grid and boundary conditions are mimicked by forcing terms in the governing equations, in the form of discrete, smoothed, Dirac delta functions.
Hence, a fictitious fluid flow is computed also inside immersed bodies, to avoid computational complexities in bookkeeping active fluid cells in the
computational domain. These ideas were later applied to finite element methods in [4—10].

In the late 1900s and early 2000s, Discrete Forcing Immersed Boundary Methods [11-22] emerged in the finite volume method community, in
which no-slip boundary conditions are strongly enforced using source terms in the discrete equations. These methods do not introduce a fictitious
fluid inside the immersed bodies and delivered improved accuracy. Discrete Forcing Immersed Boundary Methods were an alternative to overset
grids [23-28], with analogies to the solution/mesh tying strategies of the latter.

Around the 2000s, a series of new unfitted finite element methods [29-77] appeared, which also employed a sharp interface approximation
but imposed boundary conditions weakly, through Lagrange multipliers or Nitsche’s method [78]. Most unfitted finite element methods inte-
grate the variational equations over grids that may contain cut elements, from which the naming cutFEMs [47]. The integration over cut cells
requires more involved data structures as well as specific algebraic preconditioning or numerical stabilization [35], when particularly small cut
cells are produced. Discrete Forcing Immersed Boundary Methods also suffer from similar difficulties. Numerical stabilization of the small-cut
cell problem takes the form of ghost penalty method [35,46,79], or Extended B-splines [29,31,41,42]. Integration on cut cells is performed by
subtriangulation [30,62,64—68], adaptive octree quadratures [32,33], or advanced quadratures based on moment-fitting [80,81] and the Gauss-
divergence theorem [82-85]: oftentimes a non-negligible portion of the simulation wall-clock time is spent handling the embedded/immersed
boundary.

An alternative to unfitted finite elements is the Fixed-Mesh ALE Method [86—89], in which the grid near the immersed boundaries is reposi-
tioned using a local Arbitrary Lagrangian Eulerian approach with remeshing, or the Method of Universal Meshes [90-93], which utilizes dynamic
remeshing around a baseline fixed grid, in close proximity of the immersed boundary. Both the Fixed-Mesh ALE Method and the Method of Uni-
versal Meshes are not immersed methods in a strict sense, since they use remeshing to accommodate the motion of immersed bodies across a fixed
grid.

More recently, the Shifted Boundary Method (SBM) was proposed as an alternative to existing unfitted finite element methods. The SBM
broadly falls in the class of immersed methods with approximate boundaries, a subclass of sharp interface/boundary representations. In the SBM,
the location where boundary conditions are applied is shifted from the true to a surrogate boundary, which is specifically chosen so as to avoid
cut cells. At the same time, modified (shifted) boundary conditions are applied in order to preserve the accuracy of the overall formulation. The
appropriate (modified) boundary conditions are applied weakly, using a Nitsche strategy. This process yields a method which is simple, robust,
accurate, efficient, and free from any of the problematic issues associated with cut elements.

The SBM was proposed for the Poisson and Stokes flow problems in [94] and generalized in [95] to the advection-diffusion and Navier-Stokes
equations, in [96] to hyperbolic conservation laws, and in [97] to the equations of static linear elasticity. The benefits of the SBM in the context of
reduced order modeling was analyzed in [98—100]. Further rigorous mathematical analysis was pursued in [101,102] for the Poisson and the Stokes
flow problems, and in [103] for the treatment of general domains with corners. A high-order version of the SBM and its numerical analysis was
presented in [104], in the context of the Poisson and Stokes flow equations, and in [105], for a penalty free variant.

While most of the works on SBM utilized unstructured triangular/tetrahedral grids in two/three dimensions, it was shown already in [95]
that this method can successfully be applied to Cartesian grids. A more recent study [106] described a methodology for the optimal selection
of the surrogate boundary in the case of Cartesian/Octree grids, which was later tested in an extensive set of computational benchmarks for the
incompressible Navier-Stokes equations [107,108], also including natural and forced thermal convection [109].

Li et al. further extended the SBM to problems with internal interfaces, under the names of Shifted Interface Method [110] and Shifted Fracture
Method [111-114]. The authors of [97,105] also reported an analysis showing that SBM formulations of the Poisson and linear elasticity equations
produce very similar condition numbers to body-fitted FEM formulations for similar grid resolutions.

When the SBM is applied to the incompressible Navier-Stokes equations with moving boundaries [115,116], one additional complication is
that the pressure may spuriously oscillate in time (but not in space!), as the result of an inaccurate numerical bookkeeping of the total volume
of active fluid [14,15,23,24]. This is a known issue also in the realm of finite volume methods: Kim et al. [15] added a mass source/sink term,
together with momentum forcing in Navier-Stokes equations, to compensate for this inexact geometric volume conservation; Liao et al. [17]
investigated the relationship between the internal numerical approximation of the solid object and the external behavior of flow; Lee et al. [16]
found that the oscillations decrease as mesh size decreases or as computational time step size increases; Seo and Mittal [14] pointed out that the
main cause of the spurious pressure oscillations in time is the inaccurate mathematical modeling of the fluid near the surface of the moving object
and introduced the “virtual cell-merging technique” to mitigate this issue. Many other works also attempted to alleviate the spurious pressure
oscillations in the simulation of moving boundary flow problems. A list far from being comprehensive includes [18-21,42,117,118]. We also
point the reader to a recent and very interesting work of Olshanskii and von Wahl [119] on the connection between the change in time of the
active domain and corresponding discrete approximation spaces, and the implications on the LBB (inf-sup) condition, and pressure oscillations in
time.

In the present work, we modify the original SBM method [94,95], by “weighting” the SBM variational form with the volume fraction of fluid
in every element. This approach preserves the total volume of active fluid to a much higher degree of accuracy than the SBM, and, consequently,
delivers a drastic reduction of the pressure oscillations in time, while still maintaining a relative simple implementation. This variant of the Shifted
Boundary Method, named the Weighted Shifted Boundary Method (WSBM), was proposed in [115] for general Neumann (i.e., traction) boundary
conditions with some focused applications to free-surface flows, and in [116] in the case of the Stokes flow with no-slip boundary conditions
imposed on moving boundaries.

The present work extends the no-slip boundary condition developments in [116] to the three-dimensional incompressible Navier-Stokes equa-
tions, which are considerably more challenging to solve than Stokes flow. We also note that the robust implementation of no-slip (Dirichlet-type)
boundary conditions is considerably more challenging than the one of traction-free boundary conditions for the WSBM, since there is no ex-
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plicit control on the pressure at the boundary, for the former. The presence of the inertia terms in the Navier-Stokes equations also exacerbate the
occurrence of pressure oscillations in time, with respect to the case of Stokes flow.

Together with [115,116], the present work is a comprehensive description of the derivation and implementation of the WSBM for the most
common boundary conditions encountered in computational fluid dynamics. In addition, we derive estimates for the mass and momentum con-
servation errors produced by the WSBM, showing that they converge as the grid is refined and they are typically small. We also prove that the
WSBM exactly preserves states of hydrostatic equilibrium (i.e., within machine precision). We demonstrate in a number of numerical tests that
the WSBM drastically reduces pressure oscillations. Mathematical proofs of stability and optimal convergence of the WSBM in the context of
the Poisson and Stokes problems with Dirichlet boundary conditions were derived in a recent preprint [120], to which we point the interested
reader.

The rest of this paper is organized as follows: Section 2 introduces the initial/boundary-value problem associated with the incompress-
ible Navier-Stokes equations; Section 3 details the derivations of the WSBM and its algorithmic properties in terms of conservation and
related aspects; Section 4 presents the results of an extensive number of two- and three-dimensional tests; conclusions are summarized in
Section 5.

2. Strong form of the Navier-Stokes equations

Let Q be a bounded and connected open region in R” (n = 2 or 3) with Lipschitz boundary I" = 0Q (the blue curve in the sketch of Fig. la
and b). Let n denote the outward-oriented unit normal vector to I (see again Fig. 1b). The Navier-Stokes equations for viscous incompressible flow
read

pu,+u-Vu)+Vp—V-(2uew))—pb= 0, VxeQ, (1a)
V-u=0, VxeQ, (1b)

where p is the density, b is a body force per unit mass (e.g., the gravity acceleration), u, = du/dt is the time derivative of the velocity, e(u) =
1/2(Vu + VuT) is the velocity strain rate (i.e., the symmetric part of the velocity gradient), and p is the pressure, which plays the role of a Lagrange
multiplier enforcing the continuity constraint V - u = 0. The initial condition for the velocity is u(x, t = 0) = u((x), and the boundary is partitioned
as the non-overlapping union I' = ', | J 'y of the Dirichlet boundary I'j, and the Neumann boundary I . The following boundary conditions are
imposed:

u=up, VxonTlp, (le)
~(r, pu®@u—o@,p))n=ty, Vxonly, (1d)
where o(u, p) = —pI +2 p €(u) and yp— is the characteristic function of the set I'y, (equal to one on I'y; and zero otherwise). Here we also

introduced the definitions of inflow and outflow boundaries for the Navier-Stokes equations, which must account for the fact that u is fully known
only on I',. We found effective the following definitions:

I'y=1{xelplup-n<0}, (2a)
Iy={xelylu-n<0}, (2b)
and '} =Tp\T,andT, =Tp \Ty.

3. The weighted shifted boundary approach

This section contains the abstract and theoretical core of the present manuscript. We start by describing the geometric and approximation
settings associated with the Shifted Boundary Method in Sections 3.1-3.4, in terms of true/surrogate boundaries, distance maps, shift/extension
operators, and approximation spaces. We derive the WSBM formulation in Section 3.5, which ends with a discussion of the algorithmic properties
of the WSBM, in terms of exact preservation of states of hydrostatic equilibrium and the rate of convergence of the mass/momentum conservation
errors. In particular, Section 3.5.7, presents an analysis of how the velocity initialization of freshly activated nodes can contribute to spurious
pressure oscillations in time, in the limit of small time steps. We then describe the details of the implementation of the WSBM in Section 3.5.8.
The discussion contained in these two sections is essential for the understanding of many of the computational results presented in Section 4.

3.1. Geometric framework: the physical and surrogate domains

We consider a background closed domain D in which Q is immersed, that is clos(Q2) C D, and we introduce a family T of admissible and
shape-regular tessellations of D. The set of all edges (in two dimensions) or faces (in three dimensions) of the tessellation 7 is indicated as £”.
We indicate by hy the diameter of an element T € 7 and by h the piecewise constant function in D such that hyp = hy foreach T € D. Then,
we restrict each tessellation by selecting those elements that are strictly contained in the closure of Q, denoted clos(€), i.e., we form

Th:={T eT" : T cclos(Q)}. 3)

Obviously, 7" is an admissible and shape-regular tessellation of Q. 7" identifies the inner surrogate domain (the red-shaded area in the sketch
of Fig. la)

ok :=int< U T> cQ, “
TeTh
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(a) Surrogate interfaces f’l,Afh, é”c” and the active surrogate subdomain Q=0 QL’ The global (b) The distance vector d, the true normal n and
domainis 2 = Q" u QU Q" the true tangent 7.

Fig. 1. The surrogate domain, its boundary, and the distance vector d.

with a corresponding set of edges/faces £" = {E € £" : E ¢ Q) and inner surrogate boundary I* := dQ" (the red polygonal line in Fig. 1a and
b) and corresponding outward-oriented unit normal vector 7 (see again Fig. 1b, and note that I"" ¢ ). Note that I may coincide with a portion
of the boundary T, if that portion can be represented as a polygonal segment in two dimensions or a polyhedral surface in three dimensions and the
computational grid is fitted to it. We also define £ 'h = &\ T". Analogously, we can define the outer tessellation and the outer inactive domain:

Thi=(TeT":Tcdos(D\Q}, Q" = int U TlcD\Q, 5)

with a corresponding outer surrogate boundary [ (the olive-green polygonal line in Fig. 1a), with inward-oriented normal # (i.e., pointing away
from Q). It will also be important to define the subset of elements that are cut by I', the cut tessellation and corresponding cut domain:

Th:={TeT":Tnr#6}, Q! :=int UT, (©6)
TeT}
and é'ch ={E € &"\T : ENT # @}, i.e., the union of edges/faces (in two/three dimensions, resp.) that are cut by I" (marked in cyan (light blue)
in Fig. 1a). In the context of the algorithm described next, the active computational domain is Q) = QM u Qﬁ' (t) and may change over time. In
other words, I'(#) is a moving boundary, which means that the sets @), I (t) and é'ch(t) may also change over time. In what follows, for the sake
of simplicity, we will omit the explicit dependence on time when indicating these sets.

3.2. Maps from the surrogate boundaries to the physical (true) boundary

We now define the map

o]

M":T">r, (7a)

XPx, (7b)
from a point X € I'* on the inner surrogate boundary to a point x € I' on the physical, or true, boundary. M " can be constructed using the closest-

point projection of points in I onto T, as shown in Fig. 1b, or similar concepts. In particular, it will become very important to characterize the map
o . .
M through a distance vector function

don(®) = x—% = [M" - 1%, ®)

where I is the identity map. Equivalently, we can find a map M " : T" - T, defined by means of the distance d i (X) = x — X, from a point on the

outer surrogate, X € [, to its closest-point projection on the true boundary, x € T. Finally, it is also possible to define a map M f’ tEe é’:’ ->T
and relative distance vector d .. For the sake of simplicity and whenever there is no chance of confusion, the “tilde” and “hat” accents and the
c

4
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. . . chooh B . - . . .
subscript ¢ will be omitted from the map symbols Mh, M and Mﬁ’, and will simply write “M”” Similarly, we will omit the subscripts of dgn.
th and d s, and write “d.”

Remark 1. In spite of the segmented/faceted nature of the surrogate boundaries of I'?, I and U{Eee€ Ch }, the closest-point projections described
above are typically well defined if the boundary I is Lipschitz. For a smooth portion of I, the closest-point projection algorithm will pick d in the
direction of the true normal n, that is d = ||d|| n. In our case, we calculate M" and d using tools developed in [121,122] and references therein.
We refer the reader to the recent analysis in [103], for the general case of general domains with corners and edges.

Remark 2. Other strategies in the definition of M " are possible, among which a level set description of the true boundary, in which d is defined
by means of a distance function and its gradient. Most importantly, the methods that we are about to introduce do not depend on how M”" is
constructed.

3.3. Extensions of fields from the surrogate to the true interfaces and Taylor expansions

Through the map M", it is possible to define an extension E operator on [ of functions initially defined only on I'. For example, the unit
normal vector n to the boundary I can be extended to the boundary I™:

En(X) = n(M"(%)) . (9a)

In what follows, with the purpose of simplifying the notation, we will omit the symbol E, whenever this does not cause confusion. Therefore
when we write n(X) we actually mean En(X). Analogous extensions can be defined on Ihore c" These constructions are particularly useful if we
consider the solution u to a partial differential equation and, for example, we desire to define an extension of a boundary condition from the true
boundary I to a surrogate boundary I (or [, or £ C"). Considering, without loss of generality, a Dirichlet boundary condition, the following Taylor
expansion formula centered at % € I holds for x = M"(%) e T:

SquX) = u®) + Vu®) - d@ = EupE) +0(Ild®]?) , (10

where u(x) is the value of the Dirichlet boundary condition on u and S yu(X) is a shift operator. This formula can be used to develop a strategy for
imposing boundary conditions in immersed domain methods. Intrinsically, this approach is at most second-order accurate, unless additional terms
in the Taylor expansion are included.

3.4. Infinite dimensional function spaces and integrals

Let @ € 7" be a subset of the tessellation 77, that is the union of some elements that belong to 7”. Throughout the paper, we will use the
Sobolev spaces H™(w) = W™2(w) of index of regularity m > 0 and index of summability 2, equipped with the (scaled) norm

m 1/2
_ 2 kyk 12
Il = <||v||L2(w) +,; lli@)* D uan(w)) , (11
where D¥ is the kth-order spatial derivative operator and /(A) = (meas(A))!/" is a characteristic length of the domain A. Note that H O(w) = L*(w).
As usual, we use a simplified notation for norms and semi-norms, i.e., we set [|[0|l,., = [0l (e and |04, = ||Dkv||0;m = ||DkU||L2(w). In the

sequel, (v, w),, = fw v w denotes the L? inner product on @ € 7" and (v, w)e = fC v w denotes the L?-inner product on the subset ¢ of £".

3.5. A volume-weighted shifted boundary method for flows with moving boundaries

In what follows, we propose a technique that extends to moving boundaries the original Shifted Boundary Method (SBM) introduced in [94,95].
In contrast to the original developments in [94,95], integration is not restricted to the surrogate subdomain Q" but instead extends over the active
computational domain Q" := Q" U QZ‘. Similar to the original SBM, the integration of the variational equations is not performed over partially cut
cells, with a considerable simplification in the implementation, when compared to cutFEM approaches.

3.5.1. Rationale

The total volume of a fluid governed by the incompressible Navier-Stokes equations is conserved over time. It is important to preserve this
property in a numerical method, or at least approximate it to a high degree of accuracy. Significant errors in the total volume budget may result in
spurious pressure oscillations in time, since the constant, zeroth-order pressure mode associated with the fluid volume (i.e., the average pressure
over the volume) is not correctly captured (see, e.g., the analysis in [23,24,26]). These pressure oscillations are particularly problematic since they
induce large spurious forces and only occur in time, while the pressure field remains smooth in space.

A problematic aspect that emerges immediately in the application to moving boundary problems of the standard shifted boundary frame-
work [94,95] is the fact that the surrogate boundary " is not constant over time. Specifically, as I" sweeps through Q, the domain Q" experiences
discrete changes due to the activation/deactivation of elements in computations, and these changes induce the mentioned spurious pressure os-
cillations in time. In what follows, we propose to control pressure oscillations by extending the computational domain beyond Q" that is to
Q=0 Qi’, and to appropriately weight the variational form by the fluid’s volume fraction, so as to preserve the fluid volume to within the
accuracy of the discretization. Because of this feature, we named this scheme the Weighted Shifted Boundary Method (WSBM). The net result is a
Petrov-Galerkin method, in which the test function space differs from the trial function space due to the geometric weighting just mentioned.

5
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3.5.2. Variational formulation of the Navier-Stokes equations

For the moment, we consider the case of moderate Reynolds numbers and we do not introduce turbulence models, which can be added explicitly
as detailed in [95] for the Spalart-Allmaras model, or implicitly as in the variational multiscale model proposed in [123,124] (see also Appendix
A). In the derivation of the computational method that follows, we will make the following:
Assumption 1. The Neumann (i.e, traction) boundary is body-fitted, that is I’ ']i] = F’]‘\, (where F’]’\, a discrete manifold that interpolates I ), and
only Dirichlet boundary conditions are immersed/shifted.
Remark 3. Assumption 1 is certainly a simplification, but is also the common practice in immersed methods for computational fluid dynamics, since
Neumann conditions are typically inflow and outflow conditions. Adapting the formulation to be described next to pressure boundary conditions
is relatively easy, taking inspiration from the formulation for moving free surfaces described in [115]. As shown in [95], and more precisely in
[97], general Neumann conditions can also be treated with the shifted boundary framework. These strategies could be useful for adiabatic walls in
thermal Navier-Stokes formulations, although simpler approaches could also be adopted in this case, taking inspiration from [109].

Now, for an element T € 7" (i.e., T C Q), let the volume fraction of the active (fluid) domain be defined as

v = meas(T N Q)
r= meas(T)

(12)

Clearly ap € [0, 1], and more precisely: a = 1if T € f"; ar =0if T € f"; andO<ap <1ifT € Tch. We also construct the piecewise
constant function a(x) in Q such that ajp = ay forall T € T". Let us introduce the spaces of continuous piecewise-linear functions over the active
computational domain V" (Q") and Q" (Q"), for the velocity and pressures, respectively. Namely:

vi@h={we @y : wye (@), TeT U, (13a)
QM ={qec@") : qreP M) . TeT"UT}, (13b)
where P!(T) is the set of piecewise linear functions over the element T, and C(Q") and (C(Q"))" are the sets of scalar- and vector-valued

continuous functions over the active domain Q" = Q" u Qﬁ‘. V(Q") and Q" (") will be the basis for the trial spaces to represent the discrete
solutions. These spaces need not satisfy any prescribed boundary conditions, which will instead be imposed weakly. The a-weighted test spaces,

viah ={w, e Q") : w,=aw, weV"Q"), a e PT"UTH} . (14a)
0@ ={q,e*@" : g,=0aq,q€0"Q"),a e PT"UTH}, (14b)
are discontinuous by construction. Multiplying the governing Eq. (1a)-(1b) by w, and g, and integrating by parts over a generic element T C Q"
(with E the generic edge on the element boundary d7T'), we have
O0=(wy, pu; +u-Vu+V - (pl = 2ue) —b))or —(q,, V- wgn
=(w,, p(uy, +u-Vu—>b))on + (e(w,), —pI + 2 pe))gn — (g, , V - w)gn
- Y Y (wy, (I + 2pe@ng)g

Tefhur) ECOT
=(wy, pu;+u-Vu—>0))on —(@V-w, p)on + (@ e@), 2pue@))on —(@q, V- u)gn
—(awh,, [2ue@) = pIanyen orn = Mawll, {(2ue@) = pIR ) angen orn
—(aw®n, Zﬂe(u)—pI)la;l.) —(aw®n, 2;4£(u)—pI)F;;V . (15)

Here £ Bh pand &€ Ch p are the sets of edges intersected by the (true) boundaries where Dirichlet boundary conditions are enforced. Analogously, fih
indicates the set of the interior edges of the elements belonging to Q" Note that we have introduced the average operator {{-}}, = yrOT+y ()"
for scalars, vectors or tensors, where y* :=a* /(aT +a7),y” :=a" /(at +a~) =1 -y, and the superscripts * and ~ indicate the two sides of
an edge E. This specific definition of the average operator is important for numerical stability as elucidated in [120].

We always choose the labels +and -so that at > @~ and we define the biased jump operator [a] := at —a~ > 0 on an edge E, as well
as the unbiased jump operators [6]] := o-*'nz +o7ng, [v] :=vt- nE +v-ng, and [«] := a+n; +a"ny for tensors, vectors, and scalars,
respectively.

Next, we weakly enforce the balance of fluxes on the inter-element interfaces, that is [2u e(u) — pI] = 0 on & ,h ué c" pY f’l;, and the Neumann
boundary conditions —(;(1_7\;7 pu@u+pl —2pue(u))n =ty on F'I’v. Observe that, [a w] = 0 over 67’, since a* = 1 and w is continuous there.
Also, for an edge E C I ,at >0and a~ =0, so that [a] = ™, y* =1, and y~ = 0. Consequently, extending by continuity w beyond Q" we
have [[@ w] = aw, (since w™ = w™ on f"l‘) by the continuity of w), and {{2u e(u) — pI'}}, =2pu e(u)* — pl for any bounded extension of £(u) with
p continuous. We define the set of edges sz = £C’€D U f'z), and 8:’:0 = sz U f'b. Hence, (15) becomes

O0=(aw, p(u,+u-Vu—>b))gn —(aV-w, p)or + (@ e(w), 2pueW)gn —(@q, V- u)gn
—([e] ®@w, {{2/4£(u)—pI}}y)g~£. —{(ah Q@ w, Zye(u)—pl)l:;l.) —(w, ty +)(F’,i,‘_ (pu®u)n)r;].v . (16)

Dirichlet boundary conditions can be enforced using a Nitsche-type approach, akin the interior penalty method. Observing that [« v]] = av on
I ’l’), we can augment (16) with appropriate boundary terms:

O=(aw, pu,+u-Vu—>b))on —(@V-w, p)on + (@ e@), 2pue@))on —(@q, V- u)gh

6
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~ (21 @ w. 2 (@)}, = pD)en = (2ulle@))), = gl . [al @ (U Squl), —up)en
2/ Sqwh, . (Squl), —up)en = (w. iy + g (ou @ W)y . (17)

where we have used the fact that [a]] = a* n +a™ny, [a]n since n, = _"E' The previous derivations lead to the following variational form:

Find u € V"(Q") and p € 0"(Q") such that Vw e Vh(sz") and Vg € QM(QM),
O=(aw, pu, +u-Vu—b))on + (x e(w),2u e))gn — (@ V - w, p)gn — (2 q,V - u)gn
—(w,ty+ Xyt (pu ® wn)pn — (el @ w, 2u {{e@)}}, —pDen

~ Culle@))), - gl Mol @ ((Squl), —up)er -+ (6 {(2u/h)},lal((Saw)), . (Squdl, —up)en
+ (VW] [Vul)gn + 6,0Vl IVPD)gn - (8)

The proposed formulation is complemented by the SUPG/variational multiscale stabilization described in Appendix A. The last two terms in
Eq. (18) are the so-called ghost-penalty terms [35] and are introduced to preserve numerical stability and/or the matrix conditioning of the algebraic
solver, whenever the volume fraction function a takes small values for elements in TC". This phenomenon is in a way analogous to the small cut
cell problem [79], although we do not explicitly integrate the equations over cut elements or cutting boundaries. &, and §, are scaling parameters
and are defined with some analogy to [46], namely,

a +p-
8, = ayuh* 8, = 7"}1*3, h = % (19)

In particular, we take a, = 0.1 and a, =.0001. These definitions take inspiration from [46] and the refinements of these ideas presented
in [120]. In contrast to what is recommended in [46], we decided not to scale 6, and 6, with the flow velocity u or the time-step At, since these
choices produced lack of convergence of the nonlinear Newton iteration in the case of three-dimensional tests. Also note that in most of the three-
dimensional computations presented in Section 4.4, the element Péclet numbers are close to unity, and the effect of the velocity scaling on 6, and
8, is fairly small. Furthermore, the time steps in those computations are chosen so that the (convective) CFL number is close to unity, and also in
this case the dependency of §, and 5, on the time step would have a small effect.

Remark 4. Atallah et al. [120] have developed an analysis of numerical stability and convergence for the WSBM for the Poisson problem and the
Stokes flow problem. The computational results in [116] demonstrated that the condition number of the WSBM is unaffected by small cuts present
in the computational grid, again for the case of Stokes flow and for the same definition of the ghost penalty (19) used here.

Remark 5 (Smooth force variation at newly activated nodes). The definition of the average {{-}}, in the variational form (18) is engineered to
produce smooth variations of the nodal forces in time when new nodes and elements are activated in the computational domain. The case of the
Navier-Stokes equations is not very different from the simpler case of the Stokes flow problem, which was analyzed in [116] with computational
experiments. Furthermore, it was mathematically proved in [120] that this specific definition of average should be preferred to the arithmetic average
in order to ensure a stable and convergent method for the Poisson and Stokes problems.

3.5.3. Euler-Lagrange equations
Observe the following element-by-element integration-by-parts result, where 6 = —pI + 2 u £(u):

(xe(w),0)gn = (W,,V - 0)gn + (W, [l a]])ﬂ ueh + (w,, aﬁ)ﬁh
=(aw,V -0)gn +(wQ [al, {{c}} )gh Luéh + ({{al} S W, [[()']])gh U +(w,, o-n)l-h . (20)
Then, integrating by parts the terms (a e(w), 2 €(u))qr and (a V - w, p)gn in (18), we obtain
0= (aw, pu,+pu-Vu+Vp—V-(2uew) —pb)on — (@ q,V - u)gn
—(w,(pu ® u ypn- +pl - 2ue)n+ty)rn
N N
+({{al}} o, w, [-pI + 2#6(u)ﬂ)g§Dugi»L
+ ((af =2 (@) lall + 6y ({u/hY, [alw, {{u+ (Vdd = up)),)en
+ (a(gh =2 pe()in) + 6, p/haw, u+ (Vu)d — uD)f_;[,)
+ (6, [V, IIVu]DngD +(6,[Vall, [[VP]DEZ{D , (21)

which are the Euler-Lagrange equations associated with the WSBM variational formulation. The first row of (21) enforces the Navier-Stokes
equations on the interior of the active surrogate subdomain Q”; the second row enforces the Neumann boundary condition; the third row enforces
the balance of stress on all interior element edges; and the fourth and fifth rows enforce the shifted Dirichlet boundary condition. The last row,
associated with the ghost-penalty terms, implements a requirement of continuity of the normal gradients of the solution at element interfaces in
Eh .

a;D

3.5.4. Preservation of hydrostatic equilibrium
An important property to be satisfied by computational methods for fluids is the preservation of stationary hydrostatic equilibrium for any shape
of the domain Q". This solution state can be expressed as u = 0 and p = —pgz, where g is the magnitude of the gravitational acceleration g and

7
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z is the vertical coordinate. Under hydrostatic equilibrium, the pressure exactly balances the gravitational force, namely Vp = pb = pg = —pge,.
Algorithms that fail to satisfy this condition typically introduce spurious pressure oscillations in space, when the fluid is in an initial state of rest or
when it comes to rest at the end of a simulation. Substituting u = 0 in (18), we obtain

0= —(aw, pb)ghn — (@ V- -w,p)gn + (el @ w, pl)sin —(w, tN>1“’,’V (22)
with ty = —pn = pgz n. Using integration by parts on every element 7' € Thu Tc”, it is not difficult to see that

(@w.Vp)gr = ~ @V - w, p)gy + ([al @ w, pDygn +w, pn)py . (23)
so that comparing (22) and (23), we have

O=(aw,—pb+Vp)an , (24)

which proves that the WSBM preserves exactly a hydrostatic solution for any shape of Q".

3.5.5. An estimate of the global mass conservation error
We provide next an estimate of the conservation error of the WSBM, and we show it converges to zero with a quadratic rate, as the grid is
refined. Consider (18), in which we setg =1 (i.e., g, =a) and w =0 (i.e., w, = 0):

0=~ (@, V-wn + (lall, u+ (Vu)),d —up)en + (@i, u+(Vuyd —up)p . 25)

Splitting the integral (o, V - w)gn = (1, V - w)gn + (a, V - u)h, where o = 1, and keeping in mind that u is continuous but a could be dis-
3
continuous across element boundaries, we obtain, by the Gauss divergence theorem:

0= (L, V- -wgen +(a,V-u)QZ, — ([lall, u+ {{V"}}yd_uD>é'{D - (an, u+(Vu)d—uD)f;13
= (1,u~ﬁ+)f;5+(1,u~n)r7v +(oc,V~u)Q£7
—( ot At,u+ {{Vu}}yd—uD)fZ —{a R, u+ {{Vu}}yd—uD)f;;)
=1
— (lel, u+ {{Vu}}yd—uD)gh_D — (an, u+(Vu)d—uD)f;Z)

=, @up - {{Vu}}},d)-ﬁJ')]:;L.) (1w m)n e (8 Th, (26)

where At indicates the normal to T' p pointing toward Qh, A~ =-nt,and

eons (@5 T = @,V - w)gp = (@A™, ((u+ (V) —upl), s — (Lal. (u+(Vad —up}))en
- <aﬁ,u+(Vu)d—uD)l:;.D . 27

Definition (27) is the error in the statement (26) of discrete global mass conservation for the WSBM over Q" . Specifically, (u p — {{Vul},d)- at
is the net mass flux across the surrogate Dirichlet boundary I }l’) and u - n is the net mass flux across the Neumann boundary I" ?v . As the computational
grid is refined, the domain QZ’ shrinks and in particular meas(Q?) = O(h), since the thickness of Qi’ scales with h. Assuming that the WSBM
discretization is numerically stable and convergent, we can expect V - u — 0 with some power of A. If we took as an example the SBM for the
Stokes problem constructed with piecewise-linear, continuous approximation spaces [101,102], we could expect V - u = O(h). Hence, by Cauchy-
Schwartz inequality, we estimate

< lallggn IV -ullggr = OK?). (28)

@V - wgp

0(h1/2> O(h3/2)

Similarly, for a stable and convergent method, the solution will converge to the boundary conditions imposed on Dirichlet (e.g., no-slip)
boundaries. For piecewise-linear finite element spaces, one can expect that

(a7, {{u+ (Vuyd —uplt,)p, + (lall, {u+(Vuyd - uD}}y)Eh_D + (af,u+ (Vu)d — uD)f;Z) =0h?). (29)
Summarizing, the WSBM produces a mass conservation error that is quadratic in the mesh size i, namely,
(1, (p = ((Val},d) - i) + (1 wemhpn = = e (W 71) = O(R?) . 30)

For higher-order interpolations, the same argument would lead to higher-order estimates of the conservation error. In particular, for a method
of accuracy hP*! in the velocity field, we can expect e,,,(u; ") = O(h?*1).

Remark 6. The proposed approach delivers a statement of conservation of active volume that is similar to the one obtained in cutFEMs. In fact,
in the case of cutFEM, the boundary is approximated with an affine (piecewise-linear) representation, which introduces a geometric error of order
O(h?) in the representation of the volume of active fluid.
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3.5.6. An estimate of the global momentum conservation error
Next, we estimate of the momentum conservation error of the WSBM. Setting ¢ = —pu - e; and w = e; in (18) and recalling that g = 1, we
get:

O=(ae;, pu,—b))on +(a, (pu-Vu)-e; + p(u-e;)V-u)gn

= (ae;, V- (pu®u))gn
+(w, ty — dphi (pu® u)n)l-f;V —(llell, {{2ue@}}, — pI) e;)gzn
—(pu-ellall. ({Squll, —uplen +(61{{Zu/h}},lale;. {Squll, - uo)gfw
=(e;,pu,—b))gn + (e, (V-(pu@u))gn + (e, ty— Zph- (pu®u)n)r;;v
+(ae;, pu,+V ~(pu®u)—pb)gf
= (lall, (2ue@) = pI}, €den = (Hlak)iy € 120 €@ = pT Tz
= 0 (weakly)
—(pu-ellall, {{Squl}, - uD)g’l + (61 {2 u/hl}, lale;, ({Squl}, — uD>gh_ . (E2Y)
Observe that the term ({{a}};_ € 2uem) — pI]])g;.D evaluates to zero, since we have required that [2u £(u) — pI] = 0 in a weak sense,
when constructing the variational form (18). An application of the Gauss divergence theorem yields:
0=C(e;, p(u; —b))gn + (e, (pu® u)ﬁ+>f"[l) +(e, ty+ X (pu ® wn)pn
+(ae, pu,+V-(pu@u)—pb)gn — (1, laQue)—pl) eiﬂ>gib —(aft, Que() - pI) e,-)ﬁZ;D
= (pu-ellall, {{Squl}, uD),gh + (61 {{2u/h}}, lale;, {{Squll, _uD>g::D
=(e;,pu;—b))gn + (e, (pu@u+pl —2u e(u))n+)r;l1) + (e, ty + Xt (pu® ")">F’;V + €om (U Tch) , (32)
where
emom(u;Tch) =(ae;, pu,+V-(pu@u+pl —2ue(u) —pb)m
= (pu-eflal (S qull, ~upen + (B U2u/h)), [ale;. ([Squll, —up)en (33)

is the momentum conservation error. Eq. (32) is a statement of (approximate) momentum conservation. In particular, (pu ® u + pI — 2u e(u))i™
is the net momentum flux across [ ’l‘) and ty + Hphi+ (pu ® u)n is the net momentum flux across I" n both of which contribute with the distributed
N

force pb to a total change of momentum in the surrogate domain €”. To quantify the momentum conservation error €om(U; TC"), as before, we
observe that meas(Qi’) = O(h) and, for a converging discrete solution,

pu,+V-(pu@®u+pl —2uew)—pb=0(h), (34)
because of the presence of the derivatives of the solution in time and space. Then
(ae;, pu;,+V-(pu®u+pl —2ueu)) _pb)ﬂi' =0(h?). (35)
Now in principle we have that, because of the Taylor expansion residuals,
~(pu- eillall. ((Squll, —up)en + (61 (2u/h}),[ole;. ((Squll, —up)en = Oh). (36)
which implies
enon@: ) = O(h). (37)

For higher-order interpolations, the same argument would lead to the estimate e, (u; Tc”) = O(h?), for polynomial finite element spaces of
order p.

3.5.7. Pressure oscillations in time and velocity initialization of newly activated nodes
The governing equations are integrated using a BDF2 time integrator, compatible with adaptive time stepping. In the case of a constant time
step computation, the BDF2 discretization of the time derivative reads:
Zut! — 4yt yr!

N —_—— . 38
e 2 A1 (38)

Hence, every node of the grid that is freshly activated at time 7, ; by the motion of the boundary must have valid states at ¢, and #,_;. This in
turns implies a C F L-type condition that is based on the motion of the boundary:

Dy
At < CFL 39
r e ol 49
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Fig. 2. The background domain D = Q" U Qhu Q" active surrogate subdomain Q" = Q" U Q! extension domain Q" c Q" and the surrogate interfaces [, I,
Eh.
.

where v is the boundary velocity and Dy is the diameter of the circle inscribed in the element T € Tch (i.e., an element intersected by I') and
CFLp < 1/2. In plain words, we require that the motion of the boundary sweeps an element over at least two time steps, so that 7, and 7,_;
are always well defined. Of course, if more layers of nodes were initialized beyond [’, it is possible to seamlessly run for CF Ly > 1/2. In some
numerical tests, we will also explore the case in which 1/2 < CF L < 1, to evaluate the potential for instabilities.

Condition (39) can be combined with a classical advective C F L condition of the form
At < CFL min —, (40)
rerhurh |lull
which is computed over all the elements in the active domain Q”, using the velocity field u, with CF L = 1. Because the time integrator used in
this work is implicit, this second CFL condition is not necessary, although beneficial for the convergence of the Newton-Raphson iterative solver.
Taking the smallest time step resulting from conditions (39) and (40) yields the final time step.

While most existing references [14,23,24,26] focus on properly enforcing that the total volume of active fluid is conserved, the velocity initial-
ization has in fact an important effect on spurious pressure oscillations in time, which may plague immersed methods. Looking at Fig. 2, nodes on
the boundary Fﬁ} are connected by an edge or face to nodes in ™, in two or three dimensions, respectively. As the true boundary I" moves, some
nodes on FZ’ may be activated, and become part of the boundary [ over the next time step. Hence, the velocity field needs to be initialized in nodes
in FZ‘, so that a time derivative can be computed. Now consider the limit case in which the time-step goes to zero. Only a few terms will dominate
the variational form. As At — 0, the time derivative term could become increasingly large, since it scales like the inverse of At. Other terms in (18)
can be as large, in the limit of a small time step: the mass conservation terms, since the conservation equation is independent from the momentum
equation, and the pressure terms, since the pressure represents the Lagrange multiplier that enforces the incompressibility constraint. The inertia,
viscous, body force, and velocity boundary condition terms, instead, do not scale like the inverse of Ar and become negligible as the time step is

reduced. In summary, as At — 0, (18) reduces to:
0~ ﬁ(aw, pGu! —du" +u"Y)on — (@ V- w, pP" D + (el - w, p"”)gh
a,D
— (@, V- u")gn + (5, VGl IVP* Dgn . @1

Now the extensions of u”" and u”~! to nodes on FZ’ may not precisely respect the incompressibility condition over the elements shaded in gray
in Fig. 2, that is the elements lying between [ and Fé‘. For example, in all computational experiments, we initialize the velocity of the nodes in l"f
with the velocity of the rigid body that is moving inside the fluid: a simple, effective, and commonly employed option. In these circumstances, the
action of the pressure field p"*! will attempt to re-establish the incompressibility of the velocity field at time ¢, +1 and, in particular, the pressure
average over the active domain will adjust.

According to our analysis, even when the total volume of fluid is correctly accounted for, spurious pressure oscillations in time may arise due
to improper initialization. This issue does not depend on the spatial discretization, in the sense that it should appear in unfitted FEMs, cutFEMs,
as well as the current formulation. The key aspect then becomes to quantify how large the oscillations are as the time-step is reduced, and we will
present extensive numerical experiments. Besides our earlier work on Stokes flow [116], we could not find a discussion on this topic in the existing
literature. The work in [14] tends to emphasize the importance of accounting for the correct conserved volume, but there is no mention to the effect
of solution initialization. A very recent and interesting work [119] is investigating the relationship between the LBB (inf-sup) stability condition

and the pressure oscillations in time.

3.5.8. Algorithmic implementation
For completeness, we summarize in Algorithm 1 the overall solution procedure that implements the WSBM variational formulation (18). The

WSBM is implemented here using a Newton solver for the coupled velocity-pressure system. The choice of a coupled Newton solver was due to
its availability in our in-house computational suite and a pressure projection approach would be a better choice if computational efficiency and
performance are the goals. The startup of the BDF2 time integrator is performed employing one BDF1 (backward Euler) step at the very beginning

10



D. Xu, O. Colomés, A. Main et al. Journal of Computational Physics 548 (2026) 114571

of the computation. For all computations presented in the numerical tests, 3—4 iterations of the Newton solver are sufficient to drive the relative
residual below the threshold of 10710,

Algorithm 1: Implementation of the WSBM for a BDF2 time integrator.

1: initialization (t =1, =0,n—1=0):
set the CF L number to a prescribed value (typically less than 0.5) and compute At| =t — ¢,
move the true boundary to its position at 7, = t;
perform the geometric preprocessing at t; to evaluate Qh, Qﬁ’, I, f", €Ch, d, etc.
set the initial velocity u,_; = u on Q"
extrapolate the initial velocity u,,_; to nodes on FZ‘, to initialize the velocity over all Q"
solve for u; and p; on Qh (1), using the BDF1 (backward Euler) integrator
8:  compute the force coefficients C ; and torque coefficients C, at t,
9: end initialization
10: loop over time step n > 1 while 7, | <774
11:  extrapolate u, to nodes on Ff(tn)
12:  compute At,, | =t,,| —t, using the prescribed C F L condition
130 ift,y > 1y, thenset At, | =17, — 1, endif
14:  move the true boundary to its position at ¢, |
15:  perform the geometric preprocessing at ¢, ,; to evaluate Qh, Qﬁ', i, £Ch, d, etc.
16:  note: u,_; and u,, are available at all nodes of Q", due to the extrapolation in stage 11
17:  solve foru,,, and p,,; on Q"(,, ), using the BDF2 integrator with u,,_, and u,,, previously computed
18:  compute the force coefficients C ; and torque coefficients C, at 1,
19: end loop over n

A o

The algebraic system of equations originating from the Newton iteration is solved using the Trilinos library [125]: the sparse linear algebra
operations are handled by the Epetra package; the linear solver is a preconditioned GMRES using the AztecOO package; and a simple Additive
Schwarz preconditioner is provided by the Ifpack package.

This algebraic solution strategy leverages general purpose algorithms and at the moment is not optimized for the W-SBM, a topic that will be
the object of future development. However, the algebraic system of equations resulting from the spatial and temporal discretization has the same
structure of the algebraic systems obtained from standard stabilized methods for incompressible Navier-Stokes equations. Therefore, we expect
that specific state of the art solvers [126—128] could be directly applied to obtain optimal performance and scalability.

Additionally, we would like to highlight a few appealing features of the moving boundary tracking strategy, which computes the active and
inactive nodes/elements. We utilize a mesh/geometry preprocessing that represents the moving boundary as a collection of linear segments in two
dimensions of flat triangular faces in three dimensions (STL format). The geometric preprocessing computes Qh, Qf rh fh e ‘h ,d, etc., and relies
on a modified version of the PhysBAM library[121,122]. The computation of the geometric parameters required by the WSBM is embarrassingly
parallel, in the sense that no communication is needed between processors during the geometric preprocessing stage.

4. Numerical results

We present next a number of numerical tests to assess the performance of the proposed approach. A first series of tests is aimed at demonstrating
the WSBM’s numerical properties discussed in Sections 3.5.4-3.5.6, and its performance with regard to the pressure oscillations in time discussed
in Section 3.5.7. To the authors’ knowledge, no immersed/embedded/unfitted method of finite difference/volume/element type can completely avoid
pressure oscillations in time, in the limit of small time steps. We will show however that the amplitude of pressure oscillations is relatively low for
the WSBM. A second series of tests is aimed at showing the capabilities of the WSBM with moving shapes of very complex three-dimensional
geometry. In this context, we will also show that the WSBM produces low levels of pressure oscillations, when the computational grids have
resolution sufficient to capture the relevant flow physics. This second set of tests will clearly demonstrate that the WSBM is a viable approach to
moving-boundary CFD with complex geometries rendered in non-CAD formats. For simplicity, as already indicated in Section 3.5.7, the velocity
of the fluid is initialized with the velocity of the immersed body, for nodes that lie beyond the active domain Q”, and in particular in the extension
boundary I Z’ As already mentioned in Section 3.5.8, for all numerical tests in two and three dimensions, 3—4 iterations of the Newton solver were
found sufficient to drive the relative residual below the threshold of 10710,

4.1. Two-dimensional convergence tests: forced Taylor-Green vortex with moving boundaries

First, we examine the accuracy of the WSBM using the method of manufactured solutions. Given the square tank [—0.5,0.5] X [-0.5, 0.5] m2,
we consider an internal moving boundary of two different shapes: a circular hole of radius 0.2 m and a square hole of side 0.25 m, both centered
at the origin. The circular shape is an example of smooth boundary, while the square shape is an example of rough boundary. The center x, of the
immersed shapes moves according to the law

xo(1) = { ~XpcotCafon }m, uo(1) = { UosinC2x fot) }m/s, “2)

11
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Fig. 3. Convergence test (circular moving boundary): Velocity magnitude and pressure at t = 1.6T for the mesh of size h = 1/128 m.
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Fig. 4. Convergence test (circular moving boundary): Convergence rates of the L?>-norm of the errors ||u — uyllogr and |[p = ppllogn for the manufactured
solution (43). Numerical solutions are computed at time t = 1.67".

where u,. is the velocity of the shape center, X, = 0.03125m, U, = 2z fy X, m/s,and T = 1/ f, = 1.0s is the period of the oscillation. The density
is p = 1kg/ m? and we consider the following exact solution

_ 27 sin(2zy) sin(2z x) sin(t)
ulx,y) = { 27 cos(27x) cos(2y) sin(t) } m/s. (“432)

p(x,y) = (cos(2zx)cos(2zy) — 1) sin(r) N/m2 . (43b)

In particular, the forcing b(x, y) and boundary conditions are adjusted using the method of manufactured solutions. Observe that the solution’s
velocity field is divergence-free and, in fact, this flow can be considered as a forced version of the Taylor-Green vortex. As already mentioned, the
velocity is initialized in the set of nodes in Fg using the velocity u, of the immersed shapes given by (42). We apply no-slip (Dirichlet) boundary
conditions at the top/bottom/hole boundaries and traction (Neumann) conditions (on = t ) at the left and right boundaries. We use progressively
refined meshes, obtained by first generating square meshes of sizes A = 1/8m, 1/16m, 1/32m, 1 /64 m, 1/128 m, 1/256 m, and 1/512 m and then
splitting every square in two sub-triangles. Computations with such mesh resolutions were run at constant time step, with corresponding values
At = 0.28971s, 0.14486 5, 0.072428 5, 0.036214 s, 0.018107 5, 0.0090535 5, 0.0045268 s, so that time and space errors stay balanced. Figs. 3 and 5
show the velocity and pressure profiles obtained with the fine mesh (2 = 1/128 m) at time # = 1.6T". The convergence rates of the velocity and
pressure L%-errors at time ¢ = 1.6T are shown in Figs. 4 and 6, and match the expected rates for stabilized methods on body-fitted meshes. Namely,
the convergence rate of the velocity error is quadratic, the convergence rate of the pressure error is 1.5, and both fields remain smooth for each of
the computational grids utilized.

Fig. 7 shows the scaling of condition numbers with the grid size h, for the circle and square geometries. In particular, the pictures show
estimates of the average, minimum and maximum condition numbers for the raw, unpreconditioned algebraic system of equations over the course
of simulations. It is easy to see that all these quantities scale like 4172, as expected. This also seems to indicate that small-cut cells do not have a
significant effect on the condition number scaling. Observe that the condition numbers of the circle case are at least an order of magnitude larger
than the square case, but with smaller relative ranges between minimum and maximum values. The higher relative ranges of condition numbers for

12
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Fig. 5. Convergence test (square moving boundary): Velocity magnitude and pressure at t = 1.6T for the mesh of size A = 1/128 m.
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Fig. 6. Convergence test (square moving boundary): Convergence rates of the L?>-norm of the errors ||u — uylloqr and ||p — pylloqn for the manufactured solu-
tion (43). Numerical solutions are computed at time ¢ = 1.67.
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Fig. 7. Convergence test with moving boundaries: Matrix condition numbers for the convergence tests discussed in Section 4.1. The average condition numbers
over the time history of the computations are shown in blue, while the red error bars indicate the maximum and minimum values attained. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

the square geometry could be attributed to the different flow patterns induced by the presence of sharp corners. We will elaborate further on this
point in Sections 4.3.2 and 4.3.3.
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Fig. 8. Validation test: Oscillating cylinder in a fluid at rest [17,117]. Left: Zoomed view of the computational grid. Right: Comparison of the horizontal component
of the force induced by the flow on the cylinder against the results of Liao et al. [17] and Diitsch et al. [117]. The simulation is performed at Re = 100 and KC = 5.

4.2. Validation against an experimental/numerical benchmark

Here, we validate the proposed WSBM against a test that was proposed by the authors of [117], who also performed numerical and experimental
investigations. This test consist of solving the flow induced by the oscillations of a cylinder of diameter D in a fluid initially at rest. In particular,
our numerical setup (computational domain/grid) is very similar to the subsequent computational studies in [17]. The computational domain is a
rectangle of dimensions 55D X 35D, with a cylinder initially located at its center. The center x, of the cylinder oscillates according to

_ sin@x f1)
x, = 57r m/s.

The computations are performed at a Reynolds number

Upax D

Re = ™ — = 100
v
and a Keulegan-Carpenter number
KC = h =5
fD |

where f is the frequency of oscillation and U, is the maximum velocity of the center of the cylinder (U, = f after a direct computation). A
uniform grid of 80 X 80 square cells is used to discretize the region [-D, D] X [—D, D] and each square cell is further subdivided into two triangles.
The grid is coarsened away from this square region, until it reaches a resolution such that 250 edges are found along each of the horizontal sides of
the rectangular domain and 200 edges along the vertical sides. A zoomed view of the grid around the region [—-D, D] X [-D, D] is shown in Fig. 8.
The computation is performed with CF L = 0.55, as in [17]. Fig. 8 shows the horizontal force produced by the flow on the cylinder and includes
comparisons with the experimental results in [117] and the numerical results in [17]. There is very good agreement of the WSBM results against
both references.

4.3. Two-dimensional studies on the spurious pressure oscillations in time

The authors of [14] studied spurious oscillations in time of the pressure field by computing the pressure drag coefficient C; of immersed moving
bodies. In the case of the present method, we define C using information on the surrogate boundary I

B Jrp(n-e,,)dl N Jea(p+Vp-d)(n-e,,) (@ - n)dr"
1/2)p3 £ (1/2)p 3 12

where T is the boundary of the moving shape, [ is its surrogate counterpart, e,,, is the unit vector aligned with the direction of motion of the

moving boundary, £ is a characteristic length of the problem, and i - n is a first order approximation of the signed area ratio |dI’| /|d[™|. The sign

of f - n avoids to double count area contributions when boundaries have marked zig-zagging patterns [110,111]. We quantify oscillations with the
metric

s . (44)

1O llescr = max O(Cyi1,)] (45a)

a measure of the maximum oscillation of C; over the period T of oscillation of the moving shape(s), where
O(Cpi1,) = Cr(t,) — C_‘f(tn) (45b)

and C +(t,,) is the output of a Butterworth high-pass filter applied to C,(t,), with sampling frequency fyuupiing = 1/Atyy, filter order 2, and
cutoff frequency f; (i.e., the frequency of oscillation of the cylinder, normalized by the Nyquist frequency fnyguise = fsampling/2)- For a detailed
description of the filtering procedure, see [116]. Data about the type and size of the grids utilized in computations are reported in Table 1. The
computations were run at constant C F Ly, given by definition (39).
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Table 1

Description of the triangular meshes used in the two-dimensional tests of Sec-
tion 4.3. Each grid is obtained first creating a uniform Cartesian grid of squares
with sides of length A, and further subdividing each square into two triangles.

Tests Mesh size (h) Number of elements
Oscillating cylinder in a fluid at rest 1/64 m 8192
1/128 m 32,768
1/192m 73,728
1/256 m 131,072
Oscillating cylinder/square in cross flow 0.Im 46,072
0.05m 184,288
0.025m 737,152

0.000e+00 0.03¢ .079 . 1.578e-01 -2.160e+02 -100 155 131 2.4700+02
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(a) Setup. (b) Velocity magnitude. (c) Pressure.

Fig. 9. Oscillating cylinder in a fluid initially at rest. Left: Setup. Center/right: Velocity magnitude/pressure at time ¢ = 1.5T", for a mesh with D/h = 64.

4.3.1. Oscillating cylinder in a fluid at rest

This benchmark was proposed by Seo and Mittal [14] in the context of finite volume simulations of the Navier-Stokes equations with direct-
forcing immersed boundary approaches. It consists of an oscillating (circular) cylinder in a square domain that has been filled with an incompressible
fluid initially at rest. A sketch of the setup is shown in Fig. 9. The diameter of the cylinder is D = 0.25 m. The initial conditions are v(0) = v, =
Om/s and p(0) = py = ON/ m?. No-slip boundary conditions are enforced on the upper and lower boundaries, while a pressure boundary condition
P = py is enforced on the left and right boundaries. The center of the cylinder has initial coordinates (— X, 0) and moves according to the equations,
governing its position and velocity,

() = { —Xoco(s)(27rfot) }m’ u (1) = { UosinE)anot) }m s, 46)

where X = 0.125D = 0.03125m, U, = 27 fyX,m/s and the period of oscillation is T = 1/ f; = 1.0s. The density of the fluid is chosen to be
p = 1600.0kg/m?> and the dynamic viscosity of the fluid is # = 1.0kg/(ms). Hence we obtain a nominal Reynolds number Re = pUgD/pu =178.5.
The computational meshes are obtained by subdividing the domain in squares of side 4 and then splitting each square into two sub-triangles.

Fig. 9 shows the velocity and pressure profiles at time ¢t = 1.5, which are smooth and consistent with the theoretical expectations. In fact,
potential pressure oscillations are global in time and do not affect the spatial behavior. Fig. 10 presents a numerical comparison of the time histories
of Cy, as the time step and grid size are changed. In the computations of the coefficient C, we take the length scale £ = D, the diameter of the
cylinder. The convergence plots at the bottom of the same figure show the behavior of oscillations as the time step and mesh size are reduced. It is
clearly visible that the oscillations are proportional to 42/ At. This implies that the oscillations (]|©(C ‘N e (r)) would scale as CF L;l , by scaling
arguments, as confirmed in the plots of Figs. 11, where we also see that oscillations appear more significant for CF L = 0.05, but even in this case
they remain on the order of 2-3 % of the peak value of C, for the coarser grid. We show the behavior of the pressure oscillations as a function of
CF Ly since often, in the practice, computations are run at constant C F L number, because of physical parametrizations of multi-physics problems,
etc. We further investigate the performance of the proposed WSBM by quantifying in Fig. 12 the time averages of the mass conservation error
e.,ns and momentum conservation error e,,,,,, defined in (27) and (33). The mass conservation error converges as expected, while the momentum
conservation error converges with rate 1.2, that is slightly faster than the theoretical estimate.

4.3.2. Oscillating cylinder in cross flow

We consider next the simulation of an oscillating circular cylinder in cross flow, a benchmark proposed in [42] in the context of the incom-
pressible Navier-Stokes equations. A cylinder of diameter D = 2.0m is immersed in the rectangular domain [—10, 10] X [-5, 5] m?2, as depicted
in Fig. 13. The fluid density is p = 50.0kg/ m>, and the dynamic viscosity is u = 1.0 Kg/(ms). The initial position of the cylinder has coordi-
nates (0, X), where X, = 0.25D = 0.5 m. The cylinder translates rigidly, following a motion expressed in terms of the location and velocity of its
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Fig. 10. Oscillating cylinder in a fluid at rest: C time histories (above) and convergence of the oscillation metric [|©(C /)|l s (r)- Left: fixed grid size (D/h = 16)
and varying time step Ar. Right: Fixed time step (At = 0.002) and varying grid sizes (D/h ratio). Note that the yellow curves on the top left and top right plots
correspond to the same simulation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Oscillating cylinder in a fluid at rest: C; time histories for various CF L. numbers and two grid sizes: D/h = 16 (left) and D/h = 48 (middle). On the
right, the variation of ||©(C)|| s« as a function of CF Lr., for the grids of size D/h = 16 (blue) and D/h = 48 (red). Numerical values are shown on the table on
the bottom-right corner. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 13. Oscillating cylinder in cross flow: Setup. A vertically oscillating circular cylinder is subject to cross flow in a rectangular domain.
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(a) Velocity magnitude at 7 = 25.0s. (b) Pressure at 7 = 25.0s.

Fig. 14. Oscillating cylinder in cross flow: Velocity magnitude and pressure distribution at time # = 25.0s.

barycenter:

-5.0 0
xe(l) = { X, cosafor) }m’ u (1) = { —U, sin@x fo1) }m/ S “n

where U, = 2x f,X,m/s is the velocity scale, f, = 0.2237 Hz is the oscillation frequency, and T = 1/ f, & 4.5 is the oscillation period. The
Reynolds number associated with the oscillatory motion is Rey = pUyD/u = 70.3.

A slip boundary condition (u,, = 0.0 m/s) is strongly enforced at the upper and lower boundaries of the rectangular domain. An inflow boundary
condition is enforced on the left side by means of the (strong) Dirichlet condition U ., = {1.0,0.0} m/s. At the outflow boundary, on the right side
of the rectangle, the pressure boundary condition p,,, = 0.0N /m2 is enforced. The Reynolds number associated with the free-stream flow is
Re, = pU, D/u = 100. The computational meshes are obtained by subdividing the domain in squares of size & and then splitting each square
into two sub-triangles.

Fig. 14 illustrates the contours of the velocity magnitude and the pressure at time ¢ = 25.0's, both of which exhibit smooth variations and
are consistent with the theoretical expectations. The velocity flow patterns around the cylinder show large velocity gradients, associated with the
interaction of the incoming flow with the oscillating motion of the cylinder. The pressure profile shows the interaction of the wake of the cylinder
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Fig. 15. Oscillating cylinder in cross flow: Vorticity at various time instants.

‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 10% | B
10F 1 10f ] b 1
CFL=1.0 : :
or 1 or ] -
£
= 10 El
-0+ 1 -10f ] ) b 1
@ [ ]
S 1000 . T ]
107! 10°
CFLy
CFLr | D/h=20 | D/h =80
1 11.0 4.39
0.5 16.2 7.50
0.1 51.8 157
s 6 1 &8 o s 6 71 8 9
t t

Fig. 16. Oscillating cylinder in cross flow: C, time histories for different CF L. values, for a grid of size D/h = 20 (left) and D/h = 80 (middle). On the right,
variation of [|©(Cy)l|s«(r) as a function of CF Ly, for the grids of size D/h =20 (blue) and D/h = 80 (red). Numerical values are shown on the table on the
bottom-right corner. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 17. Oscillating cylinder in cross flow: Time history of the (estimated) condition number for different mesh sizes (D/h = 20,40, 80) and two C F L numbers
(1.0 and 0.1). Solid lines correspond to CF L = 0.1, while dotted lines correspond to CF L = 1.0, with matching colors representing the same mesh size. Observe
that the average condition numbers scale according to =2, where £ is the grid size, and that the variations of condition number are on the order of at most 200-300 %
of the average condition number, that is, the instantaneous condition number has the same order of magnitude of the average condition number, throughout the

simulations.
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(a) Velocity magnitude at 7 = 25.0's. (b) Pressure at 7 = 25.0s.

Fig. 19. Oscillating square in cross flow: Velocity magnitude and pressure distribution at time # = 25.0s.

with the cross flow around it, and gives indication about the expected forces acting on the cylinder. Visualizations of the vorticity at two instants in
time are also presented in Fig. 15, to describe the vortex shedding past the cylinder.

Fig. 16 illustrates the time history of C; with different choices of CF L numbers, for a course grid with D/h =20 and finer grid with
D/h = 380. In the computations of the coefficient Cy, we take the length scale # equal to the diameter D of the cylinder. At CF Ly =1, the
oscillations are nearly absent for both grids, in the sense that only on the coarsest grid we observe very minor oscillations near the minimum of
the C; history. However, some oscillations start to creep in as the CF Ly approaches 0.1 in the case of the coarse grid. Still, the simulations with
CF Ly in the range [0.5, 1] seem to perform well from an engineering perspective, since the oscillations amount to just a few percents of the peak
values of C;. For the fine grid, instead, the oscillations seem minimal if non-existent for all values of CF L. Fig. 16 also shows the decay of

pressure oscillations as the CF Ly is increased, for the two grid sizes considered. Note that |©(C )|l o) scales as CF L;g with ¢ < 1, afact that
is actually positive, in the sense that the growth of the oscillations is less than what was reported with other methods in prior works.

Fig. 17 shows the time histories of the (estimated) condition numbers sampled at the last Newton iterate of each time step. Note that we also
show results from simulations over an intermediate grid with D/h = 40. The time variations of condition number are not very large compared to the
average condition number, that is the maximum condition number is on the order of 2-3 times the average. Also, comparing Fig. 17 with Fig. 16,
there is no strong correlation between the spikes in the condition number and the pressure oscillations in time. The previous two observations seem
to indicate that the condition number is not influenced by the presence of small-cut cells or the initialization issue described in Section 3.5.7.

4.3.3. Oscillating square in cross flow

This final two-dimensional test is more demanding than the previous test. As shown in Fig. 18, the geometric configuration is very similar to the
one of the benchmark described in Section 4.3.2, except for the fact that the cylinder has been replaced by a square of side L = 2.0 m. Consequently,
in the definition (44) of C/, the length-scale is taken as £ = L. The suite of computational grids is identical to the one in the previous section.

The flow properties and grids utilized are the same as the ones used in Section 4.3.2, but this time the vertical sides of the square are perfectly
aligned and overlapped with the grid lines, producing a multiplicative effect on the number of nodes that could be activated over a time step. The
law of motion governing the displacement in time of the square is given again by (47).

Fig. 19 shows the velocity and pressure fields at T = 25.0s, and Fig. 20 shows the vorticity field at T = 15.0s and T = 30.0s. Fig. 21 plots
the time history of C; for different choices of CF Ly numbers and two grids, with L/h =40 and L/h = 80, respectively. These figures should
be compared with Fig. 16, relative to the oscillating cylinder in cross flow. Oscillations of C are more pronounced in Fig. 21, particularly for the
coarse grid and with CF Ly is in the range [0.1, 0.5]. Oscillations are greatly reduced for the finer grid.

Fig. 21 also shows the decay of pressure oscillations as the C F Ly- is increased, for the two grid sizes considered. Also in this case, [|O(C )|l yoo ()
scales as CF Ll:c with { < 1 and, for CF Ly values in the range [0.5, 1], the WSBM delivers results that have very mild oscillations, and can be
used for predictive simulations of engineering applications. Note also the relatively rapid decay of oscillations under mesh refinement, since the
finer grid is still under-resolving some of the flow features in this vortex-shedding problem.
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Fig. 20. Oscillating square in cross flow: Vorticity at various time instances.
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Fig. 21. Oscillating square in cross flow: Cf time histories for different CF L. values, for a grid of size D/h = 40 (left) and D/h = 80 (middle). On the right,
variation of ||®(Cf)|| =1y as a function of CF Ly, for the grids of size D/h = 40 (blue) and D/h = 80 (red). Numerical values are shown on the table on the
bottom-right corner. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 22 shows the time histories of the (estimated) condition numbers sampled at the last Newton iterate of each time step. Also in this case we
have added results from simulations with an intermediate grid with L/h = 40. Observe first that the average condition numbers are smaller than for
the cylinder in cross flow depicted in Fig. 17, but with larger spikes, in a relative sense. As the CF Ly is reduced ten-fold, from 1.0 to 0.1, the average
condition numbers increase by a factor 10, for all grids: this typical in general fluid mechanics simulations, even on body-fitted grids. Specifically,
we argue that if a small-cut cell effect on the condition number were present, then it will be localized in time, when the boundary motion forms
the small cuts. About this point, the largest spikes of the condition number found in Fig. 22 have magnitude about 3-5 times the average, and they
seem to occur at the instants in which the motion of the square reverses. This seems to indicate that the largest spikes are more likely produced by
specific flow patterns rather than the occurrence of small cuts in the grid. In fact, small cuts most likely will occur in a random way, rather than
having specific periodicity. Furthermore, there seems not to be a specific correlation of the large spikes with the pressure oscillations in time, if we
compare Fig. 22 with Fig. 21. Instead, pressure oscillations in time seem to correlate with small oscillations of the condition number, which cannot
significantly affect the algebraic solver. Again, all these observations seem to confirm that the possible presence of small cuts is not significantly
affecting the matrix condition number produced by the WSBM.

4.4. Three-dimensional tests

We consider next a few three-dimensional tests that demonstrate the potential of the WSBM for moving boundary problems characterized by
fairly complex geometries expressed in non-standard (STL) formats. Here we consider scenarios closer to the engineering practice, both in terms
of the complexity of the geometric shapes and the size of the grids utilized.

In analogy with the previous two-dimensional tests, we study the behavior of pressures oscillations by tracking the time histories of the force
(vector) coefficient C  and the torque (vector) coefficient C,, calculated as

/[pn —2ue(u)yn]dl / @ -n)[(p+ Vp-d)n—2uen]dl™
_Jr  Jn

(48a)
1/2)p63 13 (/2963 13

’

S
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Fig. 22. Oscillating square in cross flow: Time history of the (estimated) condition number for different mesh sizes (D/h = 20,40, 80) and CFL numbers (1.0,
0.1). Solid lines correspond to CFL = 0.1, while dotted lines correspond to CFL = 1.0, with matching colors representing the same mesh size. Observe that the
average condition numbers scale according to A=2, where A is the grid size.
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Fig. 23. Rotating sphere in cross flow: Geometry and setup.

Table 2

Description of the unstructured tetrahedral meshes used in the three-
dimensional tests. The mesh size & is the target size of the mesh genera-
tor and approximately corresponds to the average length of the edges of the
tetrahedra in the specific grid considered.

Tests Mesh size (h) Number of elements
Rotating sphere in cross flow 0.1m 3,097,016
0.05m 21,080,603
Flow past a rotating gyroid geometry 0.02m 2,529,367
0.0125m 7,662,509
Flow past a rotating Monkey Trefoil 0.1m 3,097,016
0.05m 21,080,603

/xx[pn—Zue(u)n]dF /(ﬁ.n)[(sc+d)x[(p+Vp.d)n-2ye(u)n]]df"
r ~ rh

A/pt4 fy (1/2)pt* f2

where ¢ is a characteristic length of the problem and x is the position vector of a point on the true boundary I', which can also be expressed in terms
of a corresponding point % on the surrogate boundary I and the distance vector, as x = % + d. Data about the type and size of the grids utilized in
computations are reported in Table 2.

R (48b)

t

4.4.1. Rotating sphere in cross flow
This first three-dimensional test involves a rotating sphere of radius » = 1.0 m, immersed in a cylindrical region of diameter D = 8.0 m, length
L =10.0m, and symmetry axis aligned with the y-axis of the Cartesian frame. In particular, the cylindrical region spans the interval [-2.0, 8.0]
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Fig. 24. Rotating sphere in cross flow: Time histories of the force coefficients C , and C, along the x, y, and z directions, for three different cases: & = 0.1 m and
CFL =0.1 (orange); h =0.1mand CFL = 0.49 (red); and 2 = 0.05 m and CF L = 0.49 (blue). Zoomed views of the results are also provided. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

along the y-axis. The sphere is initially centered at x, = (—2.0,0.0,0.0) and follows a circular trajectory of diameter d = 4.0 m about the y-
axis, with constant angular velocity @ = —%ey rad/s (e, is the unit vectors aligned with the y-axis). This angular velocity yields the frequency
fo= I%I = ﬁ s™1. A schematic representation of the computational setup is provided in Fig. 23.

The incoming flow has free-stream velocity of Uy, = 2.811 m/s, which is weakly imposed at the inflow and lateral (curved) surface of the
cylinder. An outflow boundary condition is imposed on the surface at y = 8 m, in the form of a zero-pressure condition. This is also implemented
weakly, as a homogenous Neumann-type condition, in which the viscous part of the stress is set free. A no-slip boundary condition is applied on
the surface of the sphere using the WSBM.

The fluid density is set to p = 17.78 kg/m3, the dynamic viscosity is specified as y = 1.0kg/(m - s), and the Reynolds number based on the
free-stream velocity and the diameter of the sphere is Re, = pU (2r)/u ~ 100. Observe that the speed of the center of the sphere induced by the
rotation, that is |x.| = |@ X x.| = 0.2m/s, is relatively small compared to the free-stream velocity U, .

Fig. 24 presents the time histories of the components along the three coordinate directions (x, y, and z) of the force coefficients C ; and torque
coefficients C,, defined through equations (48a) and (48b), respectively. When computing C ; and C,, we have taken the length # equal to the
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Fig. 25. Flow past a rotating gyroid: Setup and visualization of streamlines, colored by the magnitude of the flow velocity, at time t = 0.7 s. Observe the asymmetric
pattern of the flow induced by the rotation of the gyroid shape.

diameter 2r of the sphere. Note that the force coefficient in the y-direction is larger than in the x and z-directions, by at least an order of magnitude.
Fig. 24 also compares results obtained at CF L = 0.49, computed according to (40), with a relatively coarse mesh (average size 7 = 0.1 m, in
red) and with a refined mesh (2 = 0.05m, in blue). While both meshes produce smooth results on the same scale, zoomed views of the x- and
z-components of the results reveal oscillations in the calculations. By refining the mesh, these oscillations are significantly reduced, leading to
more accurate results. These oscillations become instead more evident if the C F L is reduced to 0.1 for the coarse grid (A = 0.1 m), as shown in
orange in Fig. 24. The nature of these oscillations was already discussed in the context of the two-dimensional tests presented in Section 4.3, and
is related to pressure instabilities in time.

Observe however, that we are considering the zoomed view of the force coefficients along x and z, and the oscillations are negligible in
magnitude for the simulations at CF L = 0.49, if compared to the y-component of the force coefficient(s), that is the leading order of the forces
acting on the moving boundary. The same figure also illustrates the time histories of the components of the torque coefficients C, defined through
Eq. (48b). The components along y of the torque coefficients are comparatively small with respect to the ones along the other two directions and
this is consistent with the fact that the sphere’s rotation is about the y axis.

Conversely, the torque coefficient in the z-direction is the largest due to the dominant motion of the sphere along this axis during this time frame.
The pressure oscillations in time have minimal effect on the torque time histories, for the case at CF L = 0.49, while they are about 2 % of the
baseline solution, for the coarse grid at CF L = 0.1. These results for the torque coefficients are analogous to the results for the force coefficients.

In conclusion, the computational grids utilized in this test are sufficient to keep under control the oscillations of the pressure in time at CFL =
0.49. Observe that the levels of mesh refinement used here are not sufficient to capture all the fine features in the boundary layer, but seem sufficient
to guarantee mesh convergence of the global force/torque calculations. Note also that from an engineering perspective, one would like to run at the
largest CFL compatible with the dynamics of the problem and the time-integration procedure utilized (CF L = 0.5 in our case). Hence the proposed
WSBM is effective in this test to keep the pressure oscillations under control and very small, for the typical resolutions and time steps that would
be most likely utilized in practical computations.

4.4.2. Flow past a rotating gyroid geometry

This test case involves a rotating complex gyroid shape. Rotating bodies are particularly challenging to simulate, with regard to spurious
pressure oscillations in time. This is because the classical C F L condition given by (40) is more likely attained at the periphery of a rotating body,
while the elements swept by the moving boundary near the axis of rotation experience a relatively small (local) CF L, given by (39). This situation
has potentially negative consequences on the spurious pressure oscillations in time.

The complete configuration is illustrated in Fig. 25, which also includes a visualization of flow streamlines. This flow visualization shows the
flow meandering through the rotating gyroid and forming vortices in its wake. The flow velocity increases as the flow goes around the gyroid and
shows a strong asymmetry, due to the rotation.

The computational domain is a rectangular prism centered at the origin of the coordinate axes and with length L = 2m, width W = 2m, and
height H = 0.8 m. A gyroid shape is immersed iln |the c]omputational domain and rotates about the z axis with angular velocity @ = 1.0 e, rad/s.

@

This angular velocity yields the frequency f, = Y = s~!. The gyroid is confined in a cylinder of height H and diameter d = 1.2m. The fluid

density is setto p = 17.78 kg/ m?, and the dynamic viscosity is specified as 4 = 1.0kg/(m - s). A nominal Reynolds number of the free-stream can
be constructed as Re, = pU,d/u ~ 60.

The specific gyroid geometry used in this work was generated using the open-source software MaSMaker [129], with the following parame-
ters: structure = TPMS, TPMS structure = GYROID, radius = 0.6, height = 0.8, cell size = 0.4, volume fraction =50 %, AM/3D
printing process =FDM, and resolution = 10.

A Hagen-Poiseuille flow of flow rate O = U, H W, with U, = 2.811 m/s, is weakly imposed at the inlet, namely

u(x,—1,z) =

m/s, 49)
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Fig. 26. Flow past a rotating gyroid: Time histories of the force coefficients C ; and C, along the x, y, and z directions, computed with grids of two average sizes,
h =0.02m and A = 0.0125 m, respectively. Zoomed views of the results are also provided.

a slip (i.e., no-penetration) boundary condition is imposed weakly at the top and bottom boundaries,

u,(x,y,+0.4) =0m/s, (50)
while a no-slip boundary condition is imposed on the front and back boundaries,

u(xl,y,z)=0m/s . 1)

The outflow condition is weakly imposed as a homogeneous pressure boundary condition, and a no-slip boundary condition is enforced on the
surface of the gyroid using the WSBM. The boundary conditions and the angular velocity of rotation of the gyroid are progressively increased to
the nominal value with a linear ramp transition until # = 0.08 s.

Fig. 26 illustrates the time histories of the components of the force coefficients C s and torque coefficients C,. When computing C; and C,,
we have taken the length scale £ equal to the diameter d of the cylinder enclosing the gyroid: Other definitions are of course possible. The initial
peak in the y-components of C , is attributed to a transient initial phase. Observe that the x- and z-components of the force coefficients are about
two orders of magnitude smaller than in the y-components. A zoomed view of the x- and z-components of the force coefficients, shown in Fig. 26,
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e

Fig. 27. Flow past a rotating Monkey Trefoil. Left: Problem setup. Right: A slice of the computational mesh around the Monkey Trefoil geometry, where elements
marked in red belong to the set of intersected elements TC", elements marked in white belong to the set 7", and the inactive part of the computational grid is not
visible. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 28. Flow past a rotating Monkey Trefoil: Q-criterion of the rotating Monkey Trefoil at t = 1.6, from three different viewpoints. The color contours represent
the magnitude of the Q-criterion, providing insight into the vortical flow structures around the trefoil. The results demonstrate the WSBM’s capability capture
complex vortex dynamics and intricate flow details.

reveals small-scale oscillations, which are significantly reduced by refining the initial grid, of average size 4 = 0.02m, to a final grid, of average
size h = 0.0125 m. We also note that these oscillations are typically on the order of 1 % of the magnitude of the largest force coefficient (C ), and
are therefore minimal from an engineering perspective.

Fig. 26 also depicts the torque coefficients for this test case. While some oscillations are visible, it is important to note that these non-dimensional
coefficients are scaled consistently with respect to the force coefficient, that is the torque is normalized as the force times the length #. Within this
consistent normalization, we have that the components of C, are orders of magnitude smaller, respectively, than the components of C ;. Hence,
any oscillations seen in the torque coefficients are again negligible from an engineering perspective, with respect to the overall forces acting on the
system, or, in other words, torques are negligible in this problem.

4.4.3. A complex-geometry mixer: Flow in a pipe past a rotating Monkey Trefoil

This test case features a pipe with a complex-geometry rotating object, with some analogy to a mixing device. The rotating object is the Monkey
Trefoil shown in Fig. 27, a minimal, 3-fold symmetrical version of a 3-storey monkey-saddle Scherk tower, bent into a toroid [Séquin]. The specific
Monkey Trefoil geometry used in this work was generated using the “Sculpture Generator 1” software, developed by Carlo H. Séquin at The
University of California, Berkeley [Séquin], with the following parameters [Séquin]: branches = 3, storeys = 3, height = 2.0, flange = 1.5,
thickness =0.24, rim_bulge = 1.06, warp = 360, twist = 180, azimuth = 0, texture_tiles =1, detail = 16, and scaling factors scaleX
=scaleY =scaleZ=1.0.

The computational domain is the same cylindrical region described in the rotating sphere test of Section 4.4.1. Approximately, the Monkey
Trefoil is contained in the cylinder of diameter d = 7.2m and length 3.42m, centered at the origin. The Monkey Trefoil rotates with angular

. __1 . . _lel _ 1 1
velocity @ = 5€ rad/s, that is with frequency f, = > =S
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Fig. 29. Flow past a rotating Monkey Trefoil: Time histories of the force coefficients C; and C, along the x, y, and z directions, computed with grids of two
average sizes, h = 0.1 m and & = 0.005 m, respectively. Zoomed views of the results are also provided.

A Hagen-Poiseuille flow is weakly imposed (by way of Nitsche’s method) at the inlet:

0

u(x,~2,2) = 2Uw(1 - ’(;—?2) m/s , (52)

0

where Uy, =2.811m/s, R = D/2 = 4m, and r(x, z) = Vx2 + z2 m. No-slip boundary conditions are weakly imposed on the lateral wall of the
cylinder. The outflow condition is imposed as a homogeneous traction boundary condition, while a no-slip boundary condition is applied on
the surface of the Monkey Trefoil using the WSBM. The boundary conditions and the angular velocity of rotation of the Monkey Trefoil are
progressively increased to the nominal value with a linear ramp transition until # = 0.08 s.

The fluid has density p = 17.78kg/ m? and dynamic viscosity 4 = 1.0kg/(m - s), which yield a nominal free-stream Reynolds number Re , =
pU,d/u = 360. Fig. 27 also illustrates a slice of the computational mesh: The intersected elements are highlighted in red, while the active
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computational domain is shown in white, with edges marked in blue. This visualization helps in understanding the way WSBM captures the
complex geometry of the Monkey Trefoil within the unfitted mesh framework. As the Monkey Trefoil rotates, the tracking algorithm dynamically
identifies and updates the intersected and active elements at each time step, and recalculates the surrogate domain.

Fig. 28 presents the Q-criterion in the fluid around the rotating Monkey Trefoil at t = 1.6 s, from three viewing angles. The Q-criterion isosur-
faces are colored by the pressure and velocity magnitude, revealing complex flow features, including the formation of spiral vortices in the wake of
the Monkey Trefoil. These visualizations highlight the efficacy of the WSBM in resolving complex flow phenomena over complex geometries.

The force and torque coefficients for the rotating Monkey Trefoil are shown in Fig. 29. Consistent with expectations, the force is predominantly
in the y-direction due to the alignment of the inflow, which directly impacts the Monkey Trefoil. The force coefficients in the x- and z-directions
remain near zero, comprising only a minor fraction of the total drag. Zoomed views in this figure reveal small oscillations in the results, particularly
for the x- and z-directions. These oscillations are minimal when compared to the leading order of the active forces, and are further mitigated by
mesh refinement, as seen when comparing results from mesh sizes # = 0.1 m and 2 = 0.05 m.

Fig. 29 also presents the torque coefficients. The torque coefficients in the x- and z-directions are nearly zero, while the y-direction exhibits
slightly larger values, on the order of unity. This outcome aligns with the dominant force contribution being in the y-direction, which significantly
influences the torques. A comparison between the results from mesh sizes 2 = 0.1 m and 2 = 0.05 m demonstrates that mesh refinement effectively
reduces torque oscillations, ensuring smoother and more accurate results. Also observe that, because of the consistent normalization, we can
compare the orders of magnitude of forces and torques: the force in the y direction is at least an order of magnitude larger than the torque in the
same direction, therefore the oscillations in the torque are rather small.

This test case highlights the robustness and versatility of the WSBM approach as an accurate tool to simulate vortex formation in separated
flows. Furthermore, it is apparent that time-oscillations of the force and torque coefficients remain on the order of 1 % of the solution for relatively
coarse grids and are effectively managed through mesh refinement. These results reinforce the conclusions that the WSBM is a viable option in
practical engineering applications, where stability and accuracy are paramount.

5. Summary and future directions

We have presented a WSBM for the incompressible Navier-Stokes equations with moving (rigid) boundaries. The WSBM formulation is based
on weighting the SBM formulation using the volume fraction of the active fluid, and like the SBM, does not require integration over cut cells, and
associated complexities in the data structures.

We studied the accuracy and robustness of the proposed, approach, with particular attention to conservation errors and pressure oscillations
occurring at very small time steps. We showed that although these pressure oscillations are not completely prevented by the WSBM, they are
in general small (on the order of 1% or less) for the grid resolutions required by engineering applications and are further reduced with mesh
refinement. Hence, the simulations presented in this work indicate that the WSBM is viable in engineering applications involving complex moving
three-dimensional geometries interacting with fluid flows.

Future research will be oriented toward attacking fluid-structure interaction (FSI) problems with the WSBM. For this purpose, a structural
mechanics algorithm will need to be coupled with the WSBM fluid solver. For simple geometric shapes, this can be achieved discretizing the
structure with a Lagrangian body-fitted grid and defining the active WSBM (Eulerian) domain with respect to the geometry of the structure. More
advanced options for complex geometries would instead involve using an immersed approach for both the structure and the fluid, using a traditional
SBM implementation for the structure and a WSBM implementation for the fluid. For example, a distance map can be defined to link the surrogate
solid boundary and the corresponding true solid boundary. Then a second distance map can be defined, between the inner/outer surrogate boundaries
of the fluid domain and the solid boundary. These are the key ingredients of the geometric setup of a typical FSI problem with a combination of
SBM/WSBM.
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Appendix A. Approximation with stabilized finite elements

It is well known that the pure Galerkin formulation of the Navier-Stokes equations with finite element interpolation spaces of equal-order
is not stable. Specifically, the Galerkin formulation outlined in Section 3.5 is not stable in the advection dominated limit and with respect to the
incompressibility constraint (as the discretization of the associated Stokes flow problem does not satisfy the LBB inf-sup conditions). The numerical
tests presented are then performed with a stabilized variational multiscale method [132,133]. Namely, we modify (18) as

Findu € V"(Q") and p € Q"(Q") such that, Vw, € V"(Q") and Vg, € 0"(Q"),

0= NS, p;w,,q,) + STAB(u, p;w,.q,) , (A1)
where NS(u, p; w,, q,) denotes the right hand side of (18) and
STAB(®, p; Wy, q,) = —(pu-Vw, , u )y + (Vg W) gy = (V- Wy, D gigny + (W, pu’ - Vi) gy - (A2)

Here Z(Q") = Urefnyrn int(T) indicates the union of the interiors of the elements belonging to the surrogate domain and the following
definitions hold:

u' = -1, (pu,+pu-Vu+Vp-V-Quew)-pb), (A.3)
p=-1.V-u, (A4)
2 -1/2
2 .
o= ( () +0u- Gu+oeu? 28 , (A.5)
At 3
1
= —. A.6
“T 361, (A-6)
Here G is the metric tensor, thatis G;; = % g%, where £ is the position vector in the parent finite element domain, and x is the position vector
i 0Xj

in the spatial configuration. More details can be found in [132,133].

Remark 7. The proposed stabilization approach does not perturb the conservation statements discussed in Section 3.5.5. For example, if ¢ = 1,
that is g, = @ and w = 0, that is w, = 0, we have STAB(u, p; 0, @) = 0, that is the proposed stabilization operators do not change the global mass
conservation balance. Similarly, if w = e;, thatis w, = ae;, and g = —pu - ¢;, that is g, = —apu - e;, yields

STABIul(u, p; ae;, —apu - ) = —(apu-Ve;, u' )yon + (@V(=pu - e;)),u)gon)

— @V -e.p)pom + (ae;. pu'-Vu)on

—(apu’-Vu,e)ygn + (ae;, pu'-Vu)yan,

0, (A7)

that is the proposed stabilization operators do not change the global momentum conservation budget.
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