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Abstract
As the power system grows more complex and active, equivalent models have become a solution for
modelling parts of the network that have limited observability or are confidential or too complex to sim-
ulate otherwise. In the past decade, this topic has also made its way to distribution networks because
of its transition towards an active network, which was not the case before. The current grey- and black-
box techniques for equivalent modelling create models that are fitted to the average dynamic response
of the system or have limited applicability. Also, the existing methods lack extensive verification under
different system conditions, and these works rarely focus on active distribution networks (ADNs) with
multiple points of common coupling (PCCs). This thesis aims to develop an equivalent model that can
estimate the dynamic response of an active distribution network with multiple PCCs and under diverse
operating conditions and topological changes.

The proposed approach is based on a graph-time convolutional neural network (GTCNN) that relates
available PMU measurements inside the distribution network on a graph structure 𝒢𝐺𝑇𝐶𝑁𝑁. The graph
𝒢𝐺𝑇𝐶𝑁𝑁 is obtained by taking a modified line graph of the graph representation of the power system and
is expanded using the Cartesian product graph rule to include the temporal dependencies of nodes on
their past values. The inputs of the equivalent model are the voltage magnitude |𝑉| and angle 𝜃 at the
PCC and the initial power injections 𝑃0 and 𝑄0 at non-PCC nodes, while the model outputs the active 𝑃̂
and reactive 𝑄̂ power at the PCC nodes. The GTCNN explicitly considers the initial power injections 𝑃0
and 𝑄0 at non-PCC nodes to help the model learn how different operating conditions and topological
changes impact the dynamic response. The DSO trains the equivalent model using simulation data or
collected PMU measurements. The model is exchanged with the TSO every month, who can use the
equivalent in co-simulation with their transmission network model to perform transient stability studies.

The GTCNN-based equivalent model showed promising performance as an equivalent model for tran-
sient stability. The GTCNN was benchmarked against two state-of-the-art Long Short-Term Memory
(LSTM)-based equivalent models and a hybrid GTCNN-LSTM model. The evaluation was performed
on a real Dutch distribution network using three datasets, each focussing on a different system condi-
tion: different fault events, different operating conditions and different hidden topological changes. The
GTCNN-based equivalent model had a mean-squared error (MSE) below 0.02 for each dataset, which
means it can accurately reproduce the dynamics. This accuracy is comparable to the LSTM-based
equivalent models, but the GTCNN could train 4x faster. The GTCNN also showed good generalisa-
tion performance, as its accuracy did not decrease on the validation and test sets. A study on scaling
performance suggested that the MSE of the GTCNN-based equivalent model increases slower than
that of the LSTM-based models while its training time increases faster. Therefore, the GTCNN-based
equivalent model trains faster for smaller ADNs but will be more accurate with more measurement
nodes. However, the proposed GTCNN has difficulty learning the response at different close-by PCC
terminals if the dynamics are different.

The developed GTCNN-based equivalent model can predict the dynamic response accurately under
changing topologies and operating conditions at a similar performance level to existing LSTM-based
approaches. However, its training time is much faster, which can result in a more accurate equivalent
model by a more frequent model exchange between the DSO and TSO or a more extensive dataset
being used to train the model. In future research, the GTCNN performance will be evaluated on a
more comprehensive dataset containing all three system conditions to establish how much data is
needed to train the equivalent model accurately. Also, the system frequency will be considered as
an additional input. Moreover, its scaling performance will be evaluated more extensively and with a
more efficient coding implementation. Furthermore, a heterogenous graph convolutional operator will
be implemented to learn the connection per relational type (source node - edge type - target node).
Finally, the co-simulation interface between the equivalent model and popular simulation tools will be
explored.
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1
Introduction

The power grid is humankind’s most remarkable machine. In 2021, the transmission system had an
estimated 4.7 million km, while the distribution grid trivialises that with a total length between 88 and
104 million km [1]. If we were to untangle the distribution network, we could create one long electricity
cable that could power Mars when it is closest to Earth’s orbit and still have 30 million km of wire left.

It is truly remarkable how ubiquitous and vital electricity has become, especially considering how novel
the technology is. In 1752, Benjamin Franklin was experimenting with lightning [2]. It took 79 more
years for Michael Faraday to discover the basic principles of electricity generation in 1831 and 49 more
years for Thomas Edison to patent the incandescent lightbulb. Around that time, the first electricity
grid was born in New York City, powering lights in houses of the privileged few. Samuel Insull, who
started as Edison’s assistant, transformed electricity into an economically feasible undertaking and
built the foundation of the modern power grid. ”Samuel Insull did for electricity what Henry Ford did
for the automobile—he turned a luxury product into an affordable part of everyday life for millions of
Americans.” [3] One hundred forty years later, electricity has become (almost) a basic human necessity.
In 2020, 21 % of the generated energy was electricity [4], which is only rising with the electrification of
transportation and heating towards our goal of becoming carbon neutral by 2050.

The first power grid was relatively straightforward to manage as there were few generating units whose
purpose was to light up houses. Nowadays, many distributed generators with different properties power
the grid. The interaction between other units and the physical laws that govern them give rise to more
complex dynamics in the power system. For example, all units are coupled through the electrical in-
frastructure. Traditional machines have a rotating generator which produces fluctuating power; the
rate is known as the system frequency. A change in the output of one generator creates a deviation
in the system frequency, in turn affecting other units. The frequency cannot deviate too much from
its nominal value to prevent equipment damage, e.g. by speeding up the rotating core past safe val-
ues. Other power quality issues, such as voltage surges, power outages and noise, also need to be
prevented, some of which are related to frequency instability [5]. Therefore, it is crucial to investigate
system dynamics thoroughly to keep humankind’s most remarkable machine alive.

1.1. Problem definition
Investigating power system dynamics is challenging because the equations that describe the compo-
nents are nonlinear differential equations. For example, a ninth-order model is required to fully describe
the behaviour of synchronous generators (SGs) [6]. Using these models when analysing big systems is
impractical because of the high computational burden. Therefore, a reduced-order model that ignores
some dynamics of the generator is used. Even then, the simulations can be computationally expensive
as at least a fourth-order model might be needed to reproduce the dynamics of interest accurately [7].

1
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Another challenge for dynamic studies is that the network is expanding. In Europe, transmission system
operators (TSOs) want to reach the EU Green Deal using ”a pan-European approach to electricity
planning” [8]. One of the consequences has been the coupling of the electricity markets in North-West
Europe [9]. This impacts system dynamics as there is a cross-border flow of power, in turn requiring
the use of a bigger and, thus, more computationally expensive network model.

The transmission network (TN) delivers power to distribution networks (DNs). Since the DNs are di-
rectly exchanging power with the TN, they must be included in the TSO’s model. This is usually done
through equivalent models where the response of the DN is aggregated. This aggregation is neces-
sary as DNs are bigger than TNs [1], [10]. DNs are bigger since they consist of tens to thousands
of nodes, depending on the model’s voltage levels included in the model [11], [12]. Moreover, a TN
network connects multiple DNs, so the model size would quickly explode in terms of dimensionality
and computational complexity if the detailed DN models were included in the TSO model. By using
equivalent models, the TSOs can have a lightweight representation of the DN that they can use for
power system analysis.

Nowadays, the distribution network has become active by the addition of distributed generation (DG)
[13]. Solar panels, for example, are interfaced with the DN through an inverter, adding dynamic be-
haviour to the network. By aggregating these DG units with storage and controllable loads, virtual
power plants (VPPs) [14] or microgrids (MGs) can be formed [15]. VPPs and MGs are active clus-
ters in the power systems and can provide services like frequency support to the TSO [14]. At the
same time, the power system is encountering a digital transformation which enables new interactions
between assets. For example, the Dutch TSO TenneT experiments directly accessing the network’s
flexible storage capacity, e.g., electric vehicles (EVs), through the blockchain-based Equigy platform
[16]. If successful, this could result in direct interactions between the TSO and the DN. To model these
types of dynamic behaviour, new equivalent models are needed.

1.2. Literature review
The issue of dynamic equivalent modelling is a relatively recent topic in literature. An overview of
techniques for dynamic equivalents can be found in [17], where the authors distinguish between con-
ventional system reduction based andmeasurement based approaches. The former is so-called white
box modelling, where a full network model is available, and system reduction techniques can be applied
to derive an equivalent model. In the latter, both grey and black box approaches are found, depending
on the available knowledge on the configuration of the DN (grey box) or not (black box).
The field is evolving rapidly, especially with the expansion and maturation and expansion of data-
driven techniques like machine learning. Moreover, approaches from different fields have potential for
equivalent modelling, such as learning the probability distribution to predict the most likely dynamic
response [18], [19] or the usage of holomorphic embedding to predict voltage stability [20].
To make a better distinction between the measurement-based approaches, this thesis subdivides the
methods between white, grey and black box modelling:

• White box modelling: This type of modelling assumes that an accurate system model is avail-
able, including the control systems.

• Grey box modelling: There is some prior knowledge about the model in this approach, but it
is far more limited than white box modelling. For example, the type of components in a DN are
known, but their exact configuration is not. The prior knowledge can be exploited to create simple
and accurate models even when the entire dynamic model is unavailable.

• Black box modelling: This method uses no prior knowledge about the network to construct
an equivalent model since it relies on (collected) measurement data to reproduce the dynamic
response. Machine learning and other curve-fitting methods fall under this category.
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Figure 1.1: Overview of common approaches for dynamic equivalent modelling

Using three groups to classify equivalent models allows for a clear separation between methods solely
based on measurement data (i.e. black box) and methods that use prior network knowledge (grey
box). The approaches and their submethods are also illustrated in Figure 1.1. In the remainder of this
section, each approach is elaborated more and compared to the others. Moreover, scientific gaps are
identified.

1.2.1. White box modelling
White box modelling is considered the conventional approach to equivalent modelling [17]. The starting
point of these methods is the full dynamic network model, full of non-linear differential equations. The
model includes the full-order model of the synchronous generator and its control systems, such as the
AVR, PSS and GOV, which are computationally expensive to run.

Initial approaches to achieve model reduction are model order reduction and system linearisation. It
was demonstrated in [7] that the full generator model can be reduced to a fourth-order model while
still preserving the necessary dynamic response. The second option is to perform system linearisation,
among which SLT (standard form of linearisation technique using Taylor series approximation), DFL
(direct feedback linearisation) and DGT (linearisation of nonlinear model-based on differential geomet-
ric technique) are the popular techniques [21]. These methods are old but effective and are applied in
other fields, such as robotics and control engineering (especially linearisation). One downside is that
they achieve a limited model reduction, which is insufficient for big networks. Another drawback is that
the system linearisation is highly dependent on the operating condition around which it is performed
and is usually only accurate for small disturbances [17].

There are other reduction-based approaches based on modal analysis. In modal analysis, the system
state-space representation is linearised first. After that, eigenvalue decomposition is performed, which
yields information about the oscillatory modes in the system or, in other words, the dynamics that can
occur in the network. With this information, it is possible to eliminate modes that hardly contribute to
dynamics while losing very little accuracy [22].[23] extends on the idea by proposing a method that can
be applied when part of the system is unavailable. Other modal analysis approaches are elaborated
in [17], each retaining different system properties in the reduced model. Modal analysis has several
drawbacks [17]. For example, they can be difficult to perform or integrate in simulation software. Also,
like linearisation, they depend highly on the operating condition around which the system is linearised.
Finally, choosing relevant modes is difficult the more extensive the network becomes.

Coherency identification is an alternative approach where generators are grouped based on their dy-
namic response to an event. This is usually done based on the rotor angle swings of generators [24].
Two generators whose rotor angles remain close after an event are considered coherent and can be
represented by a single generator with different parameters. The parameters are found by matching
the generator response to either the time or frequency domain response. The electrical proximity is
also considered in [25] to overcome convergence issues. There are a couple of disadvantages of co-
herency analysis [17]. First, the found parameters of the equivalents is highly dependent on the class
of events, meaning that updating the equivalent is difficult. Another critical challenge is that coherency-
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based methods rely on synchronicity between generators. While this is the case in conventional TNs
consisting of synchronous machines, the situation is different with the advent of invertor-based gener-
ators (IBGs) and distributed generation in the DN. This makes the method more difficult to apply, albeit
grouping is possible on other aspects.

Holomorphic embedding is used in [20] to assess the voltage stability. The system is decoupled into
a set of decoupled two-bus circuits consisting of a separate load or generator connected through a
transmission line with the swing bus. The voltage stability is evaluated by plotting the trajectories of
the holomorphic function for different operating conditions. While this approach provides an interesting
alternative for power system analysis, it is too simple to capture complex system dynamics as this
approach has only been proven for static power flows [20].

White box modelling is a straightforward way to achieve reduced equivalent models, and its working is
highly explainable. However, approaches of this category require the full systemmodel, whichmight not
be possible because of confidentiality issues or simply because such a dynamicmodel is not available in
the traditionally passive distribution network. Hence, this class of models is not attractive for modelling
active distribution networks.

1.2.2. Grey box modelling
Grey box modelling is a measurement-based method for equivalent modelling that incorporates prior
knowledge about the network. Even when no model is available for the DN, some knowledge about
the system is still available. For example, the operator might know what types of loads are present.
Moreover, there will be some knowledge about the share of distributed generation in the system. This
knowledge can be used to derive equivalent models, which is similar to system identification theory
(the building of mathematical models from observed data). In this thesis, a distinction is made between
equivalent circuit-based, response-based, component-based and cluster-based models.

Equivalent circuit-based methods create an equivalent model by using an equivalent circuit represen-
tation. Thevenin and Norton equivalents are well-known examples, where at a given observation point,
the remainder of the circuit is represented by a source and an impedance. Ward equivalence is used in
[26] to create an equivalent model of a multi-terminal power system. In Ward equivalence, the internal
circuit is simplified as fictitious lines between the different points of common coupling (PCCs) [26], [27].
Moreover, a fictitious load is added at each PCC. In a way, ward equivalence can be considered as
a multi-terminal generalisation of Thevenin’s theorem. In the original method, the load is either fixed
current or fixed power, while in [26], a ZIP load is used (constant impedance, current and power). This
approach is interesting because it considers multiple terminals, something that also occurs with DNs in
more urban areas. A drawback is that the method requires different parameters for various operating
conditions to produce an accurate response.

Response-based equivalent models construct a model whose response is the same as the full net-
work. Various control systems and schemes are in place to ensure continuous power system operation.
These are the primary, secondary and tertiary control schemes. Secondary and tertiary controls are
system-level controls whose response can be represented by an equivalent model. System identifica-
tion theory was used to represent the local secondary control of microgrids in [28]. The fast dynamics
part provided by grid-forming converters is kept, while the slower dynamics part representing grid-
following converters are replaced with an equivalent model. This approach to equivalent modelling
is valid when the lower-level control systems are well-designed and can still ensure this system-level
behaviour. Therefore, it is also clear that during contingencies and in poor designed systems, these
type of equivalents could lose their accuracy.

Component-based equivalent models are based on knowing which types of components are part of
the DN. Households, for example, contain both static loads (e.g. laptops, LED) and inductive loads
(e.g. washing machines). The DN could contain different types of inductive loads, as seen in [29]. An
equivalent network can be obtained by aggregating components of the same type into one analogous
component. An optimisation is performed to find the parameters of the equivalent components that
yield a similar output to the full model at the PCC. There exists multiple models that can be used to
represent the components. Different types of models are compared in [30] for different ratios of dy-
namic loads and distribution generation. This includes ZIP, exponential (EXP), EPRI and exponential
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recovery model (ERM), and the dynamic extensions of ZIP and EXP. [29] makes a distinction between
different types of inductive machines, e.g. residential motors, large and small industrial motors and air
conditioning devices, and compares the performance of ZIP and 1st and second-order ERM. [31], [32]
are some of the earlier works of component-based modelling and represent the DN by an induction ma-
chine, a ZIP (constant impedance, current and power) load and a converter-based SG. [33] uses a ZIP
load, directly connected SG and a voltage source connected through an inverter (e.g. photovoltaics,
PV) to represent a microgrid. Trajectory sensitivity analysis is performed to optimise only the important
parameters of the equivalent. [34] uses the network of [31] but simplifies the problem by discarding
non-controllable and non-observable parts from the model. [35] takes a different approach by using
Monte Carlo simulations to sample different load and generator parameters and generate dynamic re-
sponses of the network to different disturbances. The parameters of the equivalent model are found as
1) the set of randomly drawn parameters whose response is closest to the average of the responses
caused by each set of parameters or 2) the set that gives a response that is closest to any other given
response. [35] also uses an inverter-based generator that reproduces the typical response of such
a component to terminal voltage changes required by most grid codes. This concept is expanded in
[36], where the first approach is used to find the parameters, but it is scaled by the standard deviation
between responses, and LASSO is applied to reduce the number of parameters in the optimisation.
Moreover, multiple operational scenarios can be considered by evaluating the existing equivalent per-
formance, deriving a new set of parameters if necessary, and storing them for later use. [37] considers
the spatial uncertainty between renewable energy sources (RES) and uses enhanced reinforcement
learning (ERL) to run a probabilistic power flow for TSOs. Sometimes, the components are replaced
by equivalents at multiple buses instead of only at the PCC [38], [39]. [38] introduces a partial trip-
ping feature that reproduces the effect of individual IGBs tripping in the DN and provides more insights
into the LASSO method for reduction of optimisation parameters. The component-based equivalents
are attractive to system operators because of their explainability and can easily be implemented into
existing simulation software because they consist of the same components. A drawback is that the
equivalent’s performance is highly dependent on the found parameters, and its best performance is
limited by the underlying (usually fixed) network structure.

Cluster-based equivalent models are a relatively new type of equivalent models that combine the pow-
ers of knowing the type of components in the network and deriving useful patterns from the measure-
ment data. Different methodologies for clustering are employed, focusing either on grouping compo-
nents with similar dynamic responses or on clustering based on varying initial operating conditions.
The first approach follows the concept of coherency identification but uses machine learning clustering
methods to find components that behave similarly. Each group is represented by a single component
in the equivalent. [40] finds clusters with similar behaviour from real measurement data and fits those
responses to modified ERM models. A similar approach is applied in [41], and the performance is
compared with a long short-term memory (LSTM) network, a black box approach, and proves better
performance.
The second approach is creating equivalent models based on clusters of initial operating conditions.
[42], [43] concurrently train a neural network to predict the fitted parameters under different conditions,
which improves the generalisation performance. In [42], an artificial neural network is trained per clus-
ter of similar initial conditions that predicts the dynamic model parameters. Prediction is performed by
finding the cluster most similar to the current conditions and using the trained network. [43] follows a
similar approach but adds Fisher discriminant analysis to combine similar clusters, uses a component-
based equivalent model to fit the parameters, and predicts new operating conditions with an Elmann
neural network.

Grey box modelling approaches are attractive for equivalent modelling of DNs because there is a tan-
gible base to the model, i.e. underlying components or structure. They have higher explainability than
black box models, meaning it is easier to get acceptance for using them. It is no wonder that most re-
search is concentrated in this area. One of the major downsides is that the underlying model inherently
limits the maximum accuracy of the dynamic response that the equivalent can produce [30]. Neverthe-
less, this class of equivalent modelling remains attractive for modelling active distribution networks.
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1.2.3. Black box modelling
Black box modelling is a model-agnostic way of creating equivalent models. These methods rely on
collected data to fit a model, but, unlike the grey box models, the underlying model is not based on
power system elements. The three main types of identified approaches are machine learning, curve
fitting, and learning probability distributions.

Machine learning is a fast-developing field where data is used to train (mathematical) models to perform
a specific task. One such task is regression, where the model learns to predict one or several outputs
based on input data. Reproducing the dynamic response of a system from input data is an example of
regression. In [44], [45], recurrent neural networks (RNNs) are used for this task. This type of neural
network has the property that it can capture long-term dependencies in the data, which is desired from
dynamics since the current value is highly correlated to the previous values. Moreover, the mathemat-
ical representation of these networks resembles that of the differential algebraic equations that govern
the power system. This makes this type of network suitable for representing the dynamic response of
ADNs. [44] uses a long short-term memory (LSTM) RNN sandwhiced between fully connected layers
to predict the active and reactive power using the previous bus voltages as inputs. [45] applies gated
recurrent units (GRUs) to predict the 𝑖𝛼 , 𝑖𝛽 currents of a microgrid cluster using the operating points of
all clusters and the voltage at the observation point. Moreover, the known differential equations are
also used in the neural network to predict the output. Other regression methods are also suitable for
this prediction task but might yield lower accuracy. For example, regular neural networks can also
perform regression tasks but larger networks are needed to accurately produce a sequence resulting
is less computational efficient networks. Convolutional neural networks (CNNs) improve this by de-
riving new latent features using convolutional filters, yielding better performance with usually a lower
dimension. These latter networks can be trained in parallel, something that RNN cannot. However,
CNNs do not store their network state for using it in future predictions. Machine learning methods have
demonstrated their excellent performance in various tasks. But, a downside is that they need a lot of
data to train, whereas data is quite scarce in power systems.

Curve fitting is another way to fit data to amodel by learning the best coefficients. It has some similarities
with machine learning, but in curve fitting, themathematical model is often chosen beforehand based on
some assumptions about the form of the output. In contrast, machine learning methods often learn this
themselves. Prony analysis uses Prony’s method to fit several complex exponentials to the measured
signal. These exponentials contain the phase, magnitude and damping coefficient of each frequency.
Prony analysis is also used as a data-driven modal analysis method because it is possible to estimate
the modes from the signal. [32] uses Prony analysis to learn the parameters that reproduce the power
output of the system for different events and concludes this approach works well when there is only one
dominant mode in the network. [46] expands on this concept by using the pre-disturbance steady state
condition and disturbance amplitude to adapt the magnitude term of the Prony exponential, realising a
slightly more general model. Still, this method requires the oscillation frequency to be known, making
it more suitable for mode identification than reproduction. Hammerstein-Wiener models represent the
dynamics of a non-linear system by using a linear transfer function and imposing the non-linearities
using input and output functions. Because of their convenient block representation and clear relation to
linear models, they are easier to implement than neural networks [47]. [12] uses Hammerstein-Wiener
models to learn the relationship between the voltage at the PCC and the power (and current) output of
the DN. This model performs better than the EXP load model, but, as the authors also point out, this
obtained model is only valid for the cases under which it was trained. This parameter-dependency is
similar to that of the grey box models, except that at the basis of those approaches, there were real
power system components.

A different approach is to view this task as a probabilistic problem and learn to estimate the most likely
output given some past observations and measurements. [18] uses probabilistic time-varying param-
eter identification to predict the power output by estimating the parameters of a ZIP load and induction
motor using past predictions and measurements. This problem is implemented using a deep gener-
ative architecture consisting of temporal feature extraction with LSTMs and a generative adversarial
network. [19] uses Gaussian Processes to predict the power output. A Gaussian Process is ”a set of
finite random variables connected by a joint multivariate Gaussian distribution” [19]. The prediction is
done using a separate process for the active and reactive power output, and the difference in power
output is taken to compensate for different levels of DG penetration. The more diverse observations
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there are, the better the model will be. The advantage of these approaches is that because the pre-
dicted output is probabilistic, it is possible to indicate how confident the model is. However, this can be
a double-edged sword because operators are slow to adopt probabilistic approaches and would rather
have a deterministic output than a range of possible outputs.

Black box models are attractive for equivalent modelling because they can be applied in situations with
limited prior knowledge available about the underlying network structure and its components. Similar
to grey box modelling, their performance depends on some fitted parameters to the response of the
system. A drawback is that they rely on abundant data for accurate predictions and good generalisation
performance [17]. This is because the output is generated by mathematical functions rather than real
power system components in grey box modelling. Nevertheless, this class remains attractive because
of its excellent prediction performance, even in system-agnostic cases.

1.2.4. Missing research
Equivalent modelling is an ongoing topic of interest because larger systems need to be simulated on
finite computational power. In the past decade, this topic has made its way to DN as well because of
their transition towards an active network, something which was not the case before. The scientific
literature is mostly focused on grey box modelling because of its explainability and ease of implemen-
tation in existing simulation software. On the other hand, black box models have been explored more
in recent years and have shown promising results. Still, some topics have not been investigated yet.

The problem with existing approaches is that they do not explicitly consider the operating conditions or
the topological changes in their models. Instead, other approaches fit parameters that best represent
the average dynamic behaviour. For grey box equivalents, where the entire DN is represented by one or
several components that produce a dynamic response equivalent to the original network, this approach
is logical as the components can have a single set of parameters [31]. The problem with fitting a single
set of parameters is limited generalisation performance [46]. As the system conditions shift slightly,
e.g. by an increase in generation and consumption, a different set of parameters will yield a better
accuracy [29], [41], [42]. This was also seen in [34], where two equivalents were derived for different
times of the day. More recent approaches focus on clustering similar dynamic responses and deriving
a set of parameters per cluster [29], [41], [42]. However, the real-time selection of the most appropriate
clusters is unclear. Moreover, grey-box models have a limit to their accuracy as that will depend on
the components making up the equivalent model or the chosen mathematical model [30], and there is
no consensus on which one is better. On the other hand, black-box approaches rely on curve fitting
techniques and machine learning to reproduce the dynamic response by using large amounts of data
to train the models [44]–[46]. Unfortunately, the curve-fitting algorithms suffer the same problem as
the grey-box models, meaning their coefficients change under different system conditions [46]. The
machine learning approaches can learn any arbitrary function [48] but are usually less interpretable
since their internal models differ from the power system model [17]. Also, machine learning models
require large amounts of data to cover a variety of scenarios, which has resulted in limited validation
of the models under different system conditions [17]. At the same time, this is a necessity for accurate
equivalent models [41].

1.3. Objective
Accurate simulation of the now active distribution network is becoming crucial for network operators.
The current techniques for equivalent modelling create models that are fitted to the average dynamic
response of the system or have limited applicability. Also, the existing methods lack extensive verifi-
cation under different system conditions. Moreover, these works rarely focus on ADNs with multiple
PCCs, something which becomes more common as ADNs become more meshed. This thesis aims to
develop an equivalent model that can estimate the dynamic response of an ADN with multiple PCCs
and under diverse operating conditions and topological changes. The following research questions
need to be answered:

1. How can an equivalent model be created that can estimate the dynamic response of an ADN with
multiple PCCs under diverse operating conditions?

2. How can an equivalent model be created that can estimate the dynamic response of an ADN with
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multiple PCCs under topological changes?

3. How does the method scale to larger systems?

The expected outcome is a new method for developing equivalent models of distribution networks that
can grow with their transformation into active components of the power system. It is more future-proof
than alternative approaches because it can handle different network configurations while still allowing
for fast simulation of networks with many nodes, something that is unfeasible for full network models.

1.4. Thesis outline
The thesis consists of the following chapters. Chapter 2 presents the theoretical background, including
equivalent modelling, power system dynamics and machine learning fundamentals. Chapter 3 contains
the proposed methodology. In Chapter 4, several case studies investigate the proposed methodology.
The discussion and conclusion are presented in Chapter 5.



2
Background

This chapter discusses the relevant background information on which the proposed approach has been
developed. First, section 2.1 elaborates on the role of equivalent models. Second, an overview of
power system dynamics is given in section 2.2. Third, three mainstream neural networks are discussed
in section 2.3. Finally, in section 2.4, the graph neural network (GNN) is introduced with its temporal
variant. This is the GNN used in the developed method.

2.1. Equivalent modelling
Equivalent models (or surrogate models in machine learning) are simplified representations of more
complex systems. The purpose of such models is to retain specific characteristics of the entire model
while unessential aspects are discarded. The result is a model that is accurate for the desired applica-
tion but is usually easier to solve.

2.1.1. Applications
The applications of equivalent models are numerous. In engineering, such models represent the fun-
damental physical interactions and create a reduced design problem with several crucial parameters.
In economics, market dynamics and customer behaviour are approximated by mathematical models
that allow for the interpretation and prediction of economic trends. Weather models are another ex-
cellent example where a simpler model can be used instead of running complex thermodynamic, fluid,
and other equations. In circuit theory, the Thevenin and Norton equivalent circuits replace entire circuit
parts with an equivalent (voltage/current) source and an impedance, simplifying the analysis of linear,
time-invariant circuits. Conceptually, every model made from a real process can be considered an
equivalent.

2.1.2. Advantages and disadvantages
Equivalents have several advantages. First, they drastically simplify the underlying mathematical equa-
tions for a model. As an effect, simulation is made possible and faster. Second, equivalents could be
more cost-effective than full models because fewer resources are needed. Third, sensitive information
can be hidden depending on the type of equivalent. Others can still use a black box model for a specific
application without seeing its content. This is important when exact designs or sensitive data should
not be shared. There are two downsides to equivalent modelling. Their accuracy can be lower than
the original model. Moreover, their application is limited, meaning they are less versatile.

2.2. Power system dynamics
Power systems are analysed to ensure their behaviour is within operational limits or satisfies macro-
scopic needs such as consumed power. When the system is in a steady state, the system is considered
stable, and quantities such as voltage, current, active and reactive power and frequency do not change.
However, any change in one of these will result in the transient behaviour of the various components

9
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and their control systems as the power system tries to reach a new steady state. Analysis of the dy-
namics against various disturbances will ensure that the power system is resilient enough to work within
limits in real life; alternatively, it will highlight improvement areas.

2.2.1. Different types of dynamics
Various phenomena require distinct timescales in power system studies, as shown in Figure 2.1. On
the one hand, electromagnetic transient (EMT) studies assess the effects of fast transients such as
lightning strikes and switching behaviour. These EMT studies can be used to determine if equipment
limits (e.g. max voltage) are violated to prevent equipment failure or destruction. On the other hand,
slow and long-term dynamics are investigated to restore system frequency and optimise dispatch for
economical operation.

Figure 2.1: Overview of power system dynamics’ time scales (from [49])
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The equivalent model developed in this thesis is focused on transient stability. Transient stability (some-
times called dynamic stability) is located somewhere in the middle with a time scale of 10-2 and 101
seconds. These types of studies indicate the ability of a system to remain in synchronism with other
generators following a large disturbance [50]. In other words, the goal is to investigate the network’s
resilience against a selected set of disturbances (e.g. faults) and evaluate whether the system moves
towards a steady state operation. These events are low probability but have a high impact since they
can cause cascading outages and widespread blackouts [51]. Therefore, system operators must main-
tain transient stability.

2.2.2. Frequency and voltage control
Initially, the grid was dominated by induction and synchronous machines with control systems that
behaved in a particular way. To ensure that the components in the system are not damaged and that
the desired amount of power is transferred, two quantities have to be controlled: frequency and voltage
[50]. Frequency closely affects active power, while voltage regulates reactive power (as demonstrated
in Chapter 6.3 of [50]).

The regulation of frequency is done by the automatic generation control (AGC) system. The AGC con-
sists of primary, secondary and tertiary controls. The primary control maintains the power balance in a
network using the droop control relation, dictating how the power output of a particular unit must change
following a frequency deviation. This is done by the speed governor (GOV) in rotating generators, and
the result is a new stable frequency, although different from the nominal frequency. The secondary
control will detect that the frequency is different from its nominal value and adjust the set points of the
generators to return it to the nominal speed. The tertiary control might again adjust the setpoints to
yield more economical operation, e.g. by minimising the transfer losses.

A constant frequency is essential for the satisfactory performance of generators as they depend
on the performance of all auxiliary drives associated with the fuel, the feed-water and the combustion
air supply systems [50]. Also, a sudden drop in frequency could result in high magnetising currents in
induction motors and transformers. Moreover, large deviations could result in generator tripping, load
loss and blackouts.

The regulation of voltage is made by automatic voltage regulators (AVR) in generators and other com-
ponents such as shunt capacitors and reactors, static var compensators (SVCs), series capacitors and
regulating transformers [50]. Active systems such as the AVR and SVCs automatically adjust their
reactive power output to maintain a preset voltage level of the buses to which they are connected.

Failing to regulate the voltage has several undesired effects. The voltage can fall outside the op-
erational limits of components, causing equipment damage, disconnection, and possibly cascading
failures. Poor voltage and reactive power control also adversely impact the system stability [50]. More-
over, a large amount of reactive power can drastically increase transmission losses when present in
large quantities in the network.

2.2.3. Equivalent models for transient stability
The frequency and voltage control systems introduce a dynamic power system response every time
it is disturbed from its steady state point. Since failing to control the active and reactive power in the
network has drastic implications, operators must investigate the network’s dynamic behaviour, including
the distribution networks, which have now become active [13]. Equivalent models are suitable for
modelling active distribution networks since they reduce the computational burden and hide sensitive
information such as customer consumption.

Generally, the equivalent model can be represented by Figure 2.2. At the input, it has the controlled
quantities 𝑉 (voltage) and 𝑓 (system frequency); at its output, there are the controlled quantities 𝑃
(active power) and 𝑄 (reactive power).

Figure 2.2: General representation of a dynamic equivalent
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The difference between the different types of equivalents is the method used to derive them.
White box modelling often reduces the full network model to a simplified representation through tech-
niques such as model order reduction [7], system linearisation [21], modal analysis [22], [23] and co-
herency identification [24], [25].
Many grey box approaches are a form of system identification where several generic representative
components have unknown parameters (see Fig. 2.3). The value of those parameters is determined
through fitting techniques and collected measurement data.

Figure 2.3: Grey box equivalent consisting of one inductive load, a ZIP load and a convertor-based generator (from [31])

Black box approaches are model agnostic methods for creating equivalents: they use no prior knowl-
edge about the network but instead rely on collected measurement data to learn to reproduce the
dynamic response. Different approaches can be used; three are shown in Fig. 2.4:

Figure 2.4: Three black box equivalents based on prony exponentials, RNNs (figure from [52]) and spatiotemporal GNNs.

At the core of these black box approaches, there is a mathematical model with different parameters
that can be learnt. Using optimisation algorithms such as nonlinear least square optimisation [46],
metaheuristics such as particle swarm optimisation or solvers such as stochastic gradient descent
(SGD) or adapted moment estimation (ADAM), it is possible to learn the parameters that give an output
as close to the actual output as possible. How well a black box model can learn the input-output
relation depends on the (mathematical) model’s compatibility with the data structure. Prony’s method,
for example, works well because power system dynamics are a combination of (dampened) oscillatory
modes. Similarly, RNNs and spatiotemporal GNNs are designed to learn time series data, making them
more suitable to capture dynamics than a simple, fully connected neural network (FCNN).

Grey and black box approaches have advantages and disadvantages when used as equivalent models
for transient stability.

Grey box models are explainable because the underlying components are usually power system
components. This also means these models should be easier to implement in power system simulation
software such as PowerFactory. A big drawback is that the used components and their number limit the
accuracy. Suppose two distinct inductive loads are fitted to a single equivalent component (as in Fig.
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2.3). In that case, the model should have a lower accuracy than one where an individual equivalent
component represents every distinct type of load.

Black box models, on the other hand, use generic mathematical expressions that can approximate
any function provided that the network is infinitely large, which is known as the universal approximation
theorem in machine learning [48]. Therefore, if the underlying model is chosen correctly, this class of
equivalents could generalise better. However, a large amount of data is needed to create accurate
equivalents.

2.3. Neural networks
According to IBM, ”machine learning (ML) is a branch of artificial intelligence (AI) and computer science
which focuses on the use of data and algorithms to imitate the way that humans learn, gradually im-
proving its accuracy.” [53] At the forefront of this field are neural networks, which have gained immense
popularity due to their wide range of applications caused by their ability to identify patterns in large data
sets. These networks, drawing inspiration from neurons in the human brain, excel in tasks such as
image and speech recognition, predictive analytics, and even in creating advanced language models
like ChatGPT 1.

In this section, more background is provided on regression with machine learning and three types of
neural networks that can be used: artificial neural networks (ANNs), recurrent neural networks (RNNs)
and convolutional neural networks (CNNs).

2.3.1. Supervised regression
Regression analysis estimates the relationship between a dependent variable (the label) and one or
more independent variables (the features). In the case of the dynamic equivalents of Fig. 2.2, the
active 𝑃 and reactive power 𝑄 are the outputs, and the voltage 𝑉 and frequency 𝑓 are the inputs.
Fig. 2.5 shows an example where only the voltage is considered. For this example, an equivalent for
transient stability would have four inputs (features) and four outputs (labels). Note that this example is
not a forecaster. This is because the period of the inputs is identical to that of the outputs, whereas a
forecaster would use historic inputs to predict future values.
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(a) Voltage inputs at two PCCs of an active distribution network (ADN).
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(b) Active and reactive power response at the PCCs of the same ADN.

Figure 2.5: Example inputs and outputs of an ADN.

1This paragraph has been written by ChatGPT 4
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The task shown by this example falls under supervised machine learning instead of other categories
such as unsupervised and reinforcement learning. In supervised learning, the algorithm is trained on
a labelled dataset, meaning that the inputs (in this example, 𝑉 and frequency 𝑓) have known outputs
(𝑃 and 𝑄). A pair of inputs and outputs is called a sample. Using this category to predict power system
dynamics makes sense for two reasons. First, measurement data collected by, e.g. phasor mea-
surement units (PMUs) already contains the desired quantities and, therefore, the labels. Second, the
output should be tuned to a particular ADN and its specific dynamics. This requires using labelled data,
whereas other categories, such as unsupervised learning, would try to learn some general character-
istics.

Various models can be used for supervised regression. Ordinary Least Squares regression is well-
known in fields such as economics. It fits a linear combination of the features to minimise the residual
sum of squares between the predictions and the targets. The popular Python library scikit-learn sup-
ports many models, including Bayesian and logistic regression, support vector machine regression,
nearest neighbour regression and decision tree regression. Neural networks are another model type
for regression. They can outperform these models because of their ability to model non-linear relation-
ships and their scalability performance.

2.3.2. Artificial neural network basics
This section contains the basics for understanding derivatives such as RNN, CNN and GNNs. The
more interested reader is referred to Chapters 6 - 8 of [54] for a more in-depth explanation of (deep)
neural networks and their training.

Neural networks are the foundation of many AI tasks. The neurons inspire their structure in the human
brain, consisting of the following key components (see Fig. 2.6).

Figure 2.6: A simple neural network.

A node is the place where information is collected. Each node receives one or more inputs from the
features inputted to the NN (in the input layer) or from other nodes (hidden and output layers). Each of
these inputs is associated with a certain weight, and together with a bias, they form the linear output
(or embeddings) of a node; an activation function 𝑔(⋅) is often used to introduce a non-linearity to this
output.

Nodes in the first layer can be formulated as follows. If the input is given by 𝑉, the weights to node 𝑁(1)𝑖
by 𝑤(1)𝑖 , the bias by 𝑏(1)𝑖 and the activation function by 𝑔(1), it is possible to write the output of 𝑁(1) as:

𝑁(1)𝑖 (𝑉) = 𝑔(1)(𝑤(1)𝑖 ⋅ 𝑉 + 𝑏(1)𝑖 ) (2.1)

If all nodes of the same layer are aggregated, the following equations are obtained:

𝑁(1)(𝑉) = 𝑔(1)(𝑊(1) ⋅ 𝑉 + 𝑏(1)) (2.2)

The outputs of all nodes from the same layer 𝑁(1) are passed as inputs to the nodes in the next layer,
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and the process is repeated with 𝑁(1) as the input:

𝑁(𝑖)(𝑉) = 𝑔(𝑖)(𝑊(𝑖) ⋅ 𝑁(𝑖−1)(𝑉) + 𝑏(𝑖)) (2.3)

Finally, the node embeddings from the last hidden layer are passed through another activation function,
𝑔(𝑜𝑢𝑡)(⋅), in the output layer to form the network’s output. If there are 𝐿 hidden layers, the output can
be formulated as:

𝑓(𝑉) = 𝑔(𝑜𝑢𝑡)(𝑊(𝑜𝑢𝑡) ⋅ 𝑁(𝐿)(𝑉) + 𝑏(𝑜𝑢𝑡)) (2.4)

The choice for this activation function depends on the task at hand [55]; for regression, this is a linear
activation function, and this simplifies Eq. 2.4 into:

𝑓(𝑉) = 𝑊(𝑜𝑢𝑡) ⋅ 𝑁(𝐿)(𝑉) + 𝑏(𝑜𝑢𝑡) (2.5)

The output 𝑓(𝑉) is the predictor for 𝑃 and 𝑄, but there will be some error because 𝑃̂ ≠ 𝑃 and 𝑄̂ ≠ 𝑄.
This is expected because all parameters 𝜃 (the weights and biases) are not yet optimised but have
some random values. A loss function is introduced to quantify this error. For regression, the mean
squared error (MSE) loss is a useful metric which is computed as follows for 𝑛 input-output pairs:

MSE = 1
𝑛

𝑛

∑
𝑖=1
(𝑌̂𝑖 − 𝑌𝑖)

2
(2.6)

In Eq. 2.6, 𝑌𝑖 represents the true output (𝑃 or 𝑄), and 𝑌̂𝑖 is the predicted values by the output layer (𝑃̂ or
𝑄̂). The optimal parameters 𝜃∗ are the ones that minimise the loss function of Eq. 2.6 for all 𝑛 samples.
This means that, on average, the squared error between the predicted output and the true output is as
small as possible.

Unfortunately, neural networks usually do not have closed-form solutions and, therefore, require
an iterative solver such as SGD to approximate the optimal parameters 𝜃∗. This is done in a couple
steps. First, a forward pass is done to compute the outputs 𝑃̂ or 𝑄̂. Next, the loss is computed using a
loss function such as in Eq. 2.6. Subsequently, backwards propagation takes place. In this step, the
gradients of the loss function are calculated with respect to each network parameter. The computed
gradients are then used to update the network parameters using an optimisation algorithm such as
SGD. This will slowly move the current weights towards the optimum 𝜃∗. This process is repeated for
a predetermined duration, number of updates using the entire dataset (epochs) or until the accuracy is
not improving anymore.

As stated by the universal approximation theorem, ANNs can, in theory, learn to represent any function
if their growth is unbounded. In reality, computational power limits what can be achieved. This has
resulted in developing more specialised networks, each with distinct properties and suitable for different
types of data. The next sections will discuss three types: RNNs, CNNs and GNNs.

2.3.3. Recurrent neural networks
Humans do not perform regular tasks only relying on information available at the time of execution;
they use prior information they have learnt earlier in their life. Moreover, even mundane tasks such as
communication with others do not consist of individual pieces of information but are instead based on
a connected sequence. Many other, more specific, tasks also consist of connected sequential data,
as is the case for time-series data such as a power system dynamics response. This means that the
input-output pairs are no longer independent of each other but follow a sequential order.

Recurrent neural networks exploit this property of data by introducing loops in the network structure,
as seen in Fig. 2.7. As opposed to the ANN in Figure 2.6, the output predicted by the RNN depends not
only on the current input but also on the output of a previous prediction 2. This results in the introduction
of a memory element in the NN, resulting in a more suitable structure for learning sequential data.
2The output of the RNN, in Figures 2.7 to 2.9 denoted as ℎ𝑡, are the hidden output of the network. This is not necessarily the
same as the actual output (e.g. 𝑃𝑡 or 𝑄𝑡). This depends on the exact network structure as the outputs of the RNN could be
passed through additional layers, such as a fully connected ANN.
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Figure 2.7: Unrolled RNN (figure from [52])

The simplest version is seen in Fig. 2.8. Here, a single hyperbolic tangent activation function is used,
and the output is directly combined with the input in the following prediction step.

The problem with this RNN is that it is elementary. The network does not have a separate state for
the memory element but shares this with the previous output. This also means that the memory of the
network is limited to only the previous state.

Figure 2.8: A basic RNN cell (figure from [52])

A long short-term memory (LSTM) network solves this problem by introducing a separate memory state
called the cell state 𝐶𝑡. In Figure 2.9, this is the output at the top that flows from one step to another.
The LSTM network can change the cell state by subtracting or adding information.

In the first step, a sigmoid layer called the forget layer removes information from the cell state 𝐶𝑡−1.
A sigmoid function has an output between 0 and 1. By looking at the current input 𝑋𝑡 and previous
output ℎ𝑡−1, this layer determines what information to keep and remove from the cell state. This gives
Equation 2.7a.

In the second step, information is stored in the cell state. This consists of two parts. First, a sigmoid
layer is used to decide which parts of the cell state to update (Eq. 2.7b); similar to the forget layer.
Then, a hyperbolic tangent layer is used to create the new values 𝐶̃𝑡 to add to the cell state, as seen in
Eq. 2.7c.

The cell state is then updated using Equation 2.7d by multiplying the previous cell state 𝐶𝑡−1 with
the value from the forget layer (Eq. 2.7a) and multiplying the value from the input layer with the new
values for the cell state (Equations 2.7b and 2.7c respectively).

The output of an LSTM cell ℎ𝑡 is computed based on a filtered version of the new cell state 𝐶𝑡. First,
a sigmoid function is used to choose what parts of the cell state to output (Eq. 2.7e). Next, the output
is computed with Equation 2.7f, using the cell state 𝐶𝑡 passed through a hyperbolic tangent function
and the previously calculated output multiplier (Eq. 2.7e).
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𝑓𝑡 = 𝜎𝑔(𝑊𝑓𝑥𝑡 + 𝑈𝑓ℎ𝑡−1 + 𝑏𝑓) (2.7a)
𝑖𝑡 = 𝜎𝑔(𝑊𝑖𝑥𝑡 + 𝑈𝑖ℎ𝑡−1 + 𝑏𝑖) (2.7b)
𝑐̃𝑡 = 𝜎𝑐(𝑊𝑐𝑥𝑡 + 𝑈𝑐ℎ𝑡−1 + 𝑏𝑐) (2.7c)
𝑐𝑡 = 𝑓𝑡⊙ 𝑐𝑡−1 + 𝑖𝑡⊙ 𝑐̃𝑡 (2.7d)
𝑜𝑡 = 𝜎𝑔(𝑊𝑜𝑥𝑡 + 𝑈𝑜ℎ𝑡−1 + 𝑏𝑜) (2.7e)
ℎ𝑡 = 𝑜𝑡⊙𝜎ℎ(𝑐𝑡) (2.7f)

Figure 2.9: LSTM cell(figure adapted from [52])

RNNs and LSTMs are suited for representing power system dynamics because of their ability to learn
sequences in data. An LSTM-based equivalent has been developed in [44] based on the mathematical
similarity between LSTMs and the discretised differential equations.

There also exist several variations of the RNN and LSTM. One notable mention is the gated recur-
rent unit (GRU). This type combines the forget and store steps of the cell state and merges the cell and
(hidden) output state of the LSTM. A network based on gated recurrent units has been used by [45] to
learn the dynamic behaviour of unknown components in a microgrid.

2.3.4. Convolutional neural networks
The human brain is excellent at filtering large amounts of information and identifying only the relevant
bits for a task. An excellent example is vision. Incandescent light from our field of view falls on the
retina and reaches the receptors. At its core, this is just light falling on a tiny surface. However, our
brains process this information to interpret things such as shapes, objects, and colours and even fill in
missing details at the periphery of our vision.

Vision and vision data work with grid-like structures. As an example, the number 1 is drawn in Fig.
2.10 on an 8x8 field using black (value 1) and white (value 0) squares3. Neural networks such as the
ANN of Fig. 2.6 would treat each field or pixel individually, introducing several challenges such as the
need for a deep network, an extensive dataset and difficulty in learning patterns.
3Although this is an elementary example, this is how cameras and computers reproduce images, albeit at much higher resolutions
and include multiple channels (red, green and blue for colour and an alpha channel for brightness).
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Figure 2.10: An 8x8 greyscale representation of the number 1.

CNNs are inspired by this process of learning to detect helpful information and are designed to work on
grid-like structures. They typically consist of three types of layers: a convolutional layer, a pooling layer
and a fully connected layer, as is also seen in Fig. 2.11. These layers are arranged to detect simpler
patterns first (e.g. edges, corners and colour gradients) and more complex patterns later on (shapes,
numbers, etc.)4.

Figure 2.11: Example of a seven-layered 2D CNN network architecture for handwritten digit recognition (from [56])

The convolution layer is one of the fundamental building blocks of CNNs. In this layer, a kernel (or filter)
is passed over the original data (or image) and transforms the data by performing convolution between
the original input and the values in the kernel. Mathematically, this is given by:

(𝑓 ∗ ℎ)(𝑡) ∶= ∫
∞

−∞
𝑓(𝜏)ℎ(𝑡 − 𝜏) 𝑑𝜏 (2.8)

In Equation 2.8, 𝑓 is the input function, and ℎ is the kernel function. The multidimensional, discretised
form of this equation becomes:

𝐺[𝑥, 𝑦] = (𝑓 ∗ ℎ)[𝑥, 𝑦] =
𝐿𝑘𝑒𝑟𝑛𝑒𝑙
∑
𝑗=0

𝐿𝑘𝑒𝑟𝑛𝑒𝑙
∑
𝑘=0

ℎ[𝑗, 𝑘] ⋅ 𝑓[𝑥 − 𝑗, 𝑦 − 𝑘] (2.9)

In Eq. 2.9, 𝐺[𝑥, 𝑦] is the computed output at the grid coordinates 𝑥 and 𝑦, and 𝐿𝑘𝑒𝑟𝑛𝑒𝑙 is the kernel
width. The kernel parameters ℎ[𝑗, 𝑘] are usually optimisable parameters when training the CNN. When
applying Eq. 2.9 to the number of Fig. 2.10 with a so-called outline kernel5 of ( −1 −1 −1−1 8 −1

−1 −1 −1 ), the following
result is obtained:
4The early layers extract simple patterns and features. These values propagate towards the deeper layers of the CNN, which
then learn combinations of them.

5This type of kernel is chosen for visualisation purposes. Normally, the kernel consists of learnable parameters by the network
as it tries to detect useful features. However, when known kernels are applied to an input, certain effects can be obtained. This
type of kernel is called an outline kernel because it can detect the outer edges of a shape. In Figure 2.12, it can be seen that
the kernel can approximately learn the location of the vertical edges of the 1. If the image was of higher resolution, the detected
edges would be much more visible. The convolution with known kernels on images are at the foundation of effects in image
processing softwares such as Photoshop.
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Figure 2.12: Example of the convolution layer on the 8x8 grid using an outline kernel.

In Fig. 2.12, the purple square represents the outline kernel at 𝑥 = 𝑦 = 0. This kernel is continuously
shifted over the grid structure, and at every new position, the value is computed.

The results demonstrate two key points. Firstly, the convolution process reduces the output size
compared to the input. This reduction occurs as convolution merges input values. This leads to a more
compact model with fewer parameters, reducing memory usage and enhancing statistical efficiency
[57]. Secondly, the kernel is applied uniformly across all inputs, unlike the separate weights in ANNs.
This means that CNNs have sparse interaction because of this uniform application, and it grants the
model a property known as equivariance to translation, implying that transformations in the input lead
to analogous changes in the output [57].

The output computed by the convolution operation is linear. An activation function such as the
sigmoid is used to introduce nonlinearities.
The second important layer is the pooling layer. Like the convolution operation, it looks at groups of
values and then applies some statistical functions, such as average or maximum, to find the outputs;
Fig. 2.13 shows an example using maximum pooling.

The pooling layer has two effects. First, it reduces the data dimensions going into the next con-
volutional layer. Second, it helps the generalisation performance. Because only the most important
features are preserved during pooling, a certain translation invariance is provided [58].

Figure 2.13: Max pooling layer performed on the output of the outline kernel.

The general structure of a CNN is similar. A convolutional layer is stacked together with a pooling layer.
This process is repeated a couple of times, and every time, the input is shrunk. After the convolutional
and pooling layer pairs, the result includes general embeddings from the input. A fully connected layer
is then used to derive the final output from these embeddings (see Fig. 2.11).

Although CNNs are designed to work on grid-like structures, they can also be used for time series
predictions by using 1D convolutional layers6. [59], for example, uses 1D CNNs to forecast the load
consumption data.
6The 1D convolutional layer slides the kernel along a single dimension, namely time, and works similarly to find the embeddings
and arrive at a prediction. In this section, it was chosen to show 2D convolution as that would provide a more tangible example
to understand the basics.
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CNNs have several advantages. First, the applied operations are highly parallelisable, meaning
CNNs are much faster to train than sequential networks such as RNNs. Second, CNNs can automati-
cally detect (hierarchical) patterns and features in the data. Third, some studies have also shown they
can outperform other approaches such as LSTM and MLP [60].

There are also limitations to CNNs. For example, the input should have fixed dimensions because
the kernels have a fixed size. This can be problematic for dynamic simulations where the input can
be of different lengths. Moreover, the CNN only works well when data points are grid-like, i.e. equally
spaced.

2.4. Graph and spatiotemporal neural networks
GNNs are a relatively new type of neural network designed to work on graph-like structures. Stanford
defines graphs as ”a general language for describing and analysing entities with relations [or] interac-
tions” [61]. In graph theory, entities are called nodes or vertices, and relations are edges or links.

Graphs are ubiquitous with applications in many domains. For example, they can model transporta-
tion networks such as traffic and transit. Moreover, they can be used to model social and knowledge
graphs and create recommender systems that show things of potential interest, such as people you
might know [62]. Another excellent example is Google’s PageRank algorithm, which determines a web
page’s importance by investigating how many other pages point to it [63].

The large diversity in graphs results in various GNN methods. All these models can be represented by
a general design pipeline [64].

The first step involves finding the graph structure. This is obvious in applications where the graph
structure is explicit, such as applications on molecules, transport networks and power systems. Other
applications require the building of a graph first.

In the second step, the graph type and scale are specified. Graphs can be directed or undirected,
indicating the bi-directionality of the relation between two entities. Moreover, graph components can be
homogenous (identical) or heterogeneous (different from each other). Finally, the graph can be static (a
traffic network) or dynamic (a social graph). All these choices affect which type of GNN is best suited.

The third step is the design of a loss function, which is task-specific. There are three types of
tasks for graph learning: node level, edge level and graph level. Node-level tasks could focus on the
classification of entities or regression of a specific value. Edge-level tasks are tasks where the type
of a relation is predicted or whether a relation exists between two given entities. Graph-level tasks
are performed on the entire network and try to predict holistic properties; classification, regression and
matching are all possible. Based on the task level and whether the problem is supervised (labelled) or
not, a different loss function is suitable.

The fourth step is to build a model using computational modules. A graph’s computational module
can generally be represented as in Fig. 2.14. The input is passed through several GNN layers, each
learning the optimal parameters that minimise the loss function at the output embedding. Every GNN
layer consists of the following general components. A sampling module is used to sample the infor-
mation propagated on the graphs, especially on large graphs. The propagation module determines
how the aggregated information is shared between nodes. [64] distinguishes between convolution and
recurrent operators based on the principles seen in Section 2.3; skip connections can be used to
propagate certain information directly. Finally, pooling modules can be used when performing graph-
level tasks. Their goal is similar to that of CNNs, namely to extract high-level information from individual
features or nodes.
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Figure 2.14: Basic design pipeline of a GNN (adapted from [64]).

GNN are also making their way to power systems with possible applications ranging from fault local-
isation and prediction and time series prediction of power generation or consumption to power flow
calculations and (synthetic) data generation [65]. Since each application is distinct, they rely on differ-
ent network types. A couple of important ones are discussed in more detail below.

Graph Convolutional Networks (GCNs) are most similar to CNNs as their goal is to extract a latent
representation of graph-structured data. A distinction can be made between spatial and spectral GCNs.
The main distinction is that the former performs convolutions in the graph domain while the latter does
this in the spectral domain through the Fourier transform. This means the spatial-based GCNs show
more robust generalisation and flexibility than the spectral-based network [65]. [66] detects faults in PV
arrays from variousmeasurements by using graph filters, which avoids computing thematrix inverse but
rather uses powers of the shift operators (a repetitive operation). In [67], a spectral-based GCN based
on Chebyshev polynomials localises faults in power distribution systems. A re-normalised spectral
GCN is trained to infer upsampled DN measurements in [68]; state estimation is used to tune the
output to be within physical constraints. A knowledge graph is combined with a GCN in [69] to identify
the system topology, where the GCN detects conflicting information. Spectral GCN is also used in [70],
but a clustering method is used to forecast residential power consumption.

Graph Attention Networks (GATs) are similar to GCNs but can learn the importance of adjacent nodes
(or neighbours). Intuitively, this makes sense as some nodes (e.g. the slack bus) are more important
in the network than others (e.g. a passive load).

GCNs and GATs alone cannot be used directly to predict power system dynamics. This is because the
temporal aspect is not present. It would be possible to modify the input features to include the values
at different time instances and do the same for the output. However, the underlying convolutional
operation would still (randomly) learn to represent the input-output relation instead of having a structure
that fully benefits the temporal sequentiality.

Spatiotemporal Graph Neural Networks (STGNNs) solve this issue by accounting for the temporal
element in the data. Many of these approaches apply graph and time learning disjointly, meaning
that the spatial part is processed separately and then fed into a temporal model (or vice versa). This
type of STGNN is easier to implement and uses readily available components, which presumably is
one reason why these models are popular in literature. A drawback is that there is limited theoretical
analysis backing this approach and spatiotemporal dependencies are not captured as efficiently [71].

Graph Recurrent Neural Networks (GRNNs) are an example of STGNNs. They are similar to RNNs
but instead have their features in the graph domain and can be used on node-level and graph-level
problems that require outputting sequences, hence exploiting the memory properties of RNNs. These
combined networks are considered disjoint if the spatial processing is an entirely separate step. In
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[72], the transient stability is assessed by passing graph-structured measurements of a disturbance
through GCN layers and feeding the embeddings through an LSTM. A similar approach is used in [73]
where PMU measurements and known network parameters are used to predict the post-disturbance
frequency trajectory. When the spatial processing is embedded in an RNN, this is known as a recursive
model. This approach is explored for the prediction of solar irradiance where the graph convolution
operation is part of the recurrent operation, and the cell and hidden states of the LSTM are updated
by considering the influence of neighbours [74]. Moreover, it is possible to use GRUs instead of LSTM
cells, as done in [75], to predict the fault location by using fault current and voltage measurements, the
calculated short circuit current and the operation of protection devices. [76] takes a different approach
by building a graph-convolutional recurrent adversarial network, training a generator to recover and
predict synchrophasor measurements by creating data indistinguishable from real PMU data. [77]
explores both a disjoint and a recursive model and finds a competitive performance compared to an
LSTM and LSTMN-CNN on the Moving-MNIST and Penn Treebank datasets.

Graph Convolutional Networks with Temporal Convolutional Neural Networks (GCN-TCNNs) are
another example of STGNNs but represent the temporal aspect with a CNN rather than a GNN. The
advantage of this change is that CNNs do not have dependencies on previous steps, allowing for
parallelisation and faster training [78]. The GCN-TCNN in [78] consists of a GCN layer sandwiched
between two gated CNN layers and is used for predicting future traffic measurements based on past
observations. A gated CNNmodulates the convoluted output of a layer by a gate regulated by a different
convoluted output [79]. A similar approach is used in [80] to forecast the PV power output at different
locations by leveraging both the correlation in the output of nearby units and the temporal relation of
a single unit. The receptive field of the gated CNN is expanded in [81] using a dilated convolution
to estimate the remaining useful lifetime of NASA turbofan engines from sensor measurements. All
these methods are examples of disjoint STGNNs since the spatial part is processed separately from
the temporal part.

Graph-Time Convolutional Neural Networks (GTCNN) model the spatial and temporal aspects in
a single, expanded graph. This is based on product graphs, where the spatial graph (indicating the
connection of nodes at one time step) is combined with the time graph (containing information on how
a node’s features evolve over time) [82]. The result is a bigger product graph that contains both the
spatial and temporal aspects. A big advantage of this approach is that different GNN structures can
be applied directly since the resulting product graph is just a graph from the model’s perspective. The
GTCNN performs similarly to existing approaches such as LSTMs and Gated GRNNs for regression
and classification tasks [82]. However, the GTCNN consistently performs competitively in the Molene
and NOAA datasets, while the NN-based approaches outperform linear models when a lot of data is
available and vice versa.

The approaches discussed so far are very similar to neural networks and combine the sampling and
propagation steps of Fig. 2.14. However, some methods include a separate sampling module to collect
the data. For example, missing data is recovered in [83] by using random walks to learn a latent vector
feature representation of spatial and temporal features, which can then be used to train a regression
NN that predicts the actual outputs. The interested reader is referred to [64] for a more comprehensive
overview.

GNNs are promising for various power system applications since the network follows a graph structure,
where buses could be seen as nodes and lines as edges. Using NNs biased with graph structures
could result in better accuracy and faster training than a more generic network such as the ANN. From
the discussed GNNs, the STGNNs are more suitable for designing dynamic equivalents for transient
stability. This is because they include the temporal element in the network architecture, either in a
separate model, through a recursive step or by using a product graph. GRNNs could better capture
long-term dependencies because they keep track of a hidden (and possibly a cell state). However,
these models are sequential because of the recursive computation (as illustrated in 2.7), making them
train slower. GCN-TCNNs are faster because the 1D-CNN is a parallel computation, but their disjoint
nature will not effectively capture the spatiotemporal dependencies. GTCNNs could be the middle
ground, where the spatial and temporal elements are included in the same graph, but no recursive
computation is required.
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Methodology

This chapter describes the method to create the equivalent model. The proposed equivalent model is
based on the system structure and includes previous-day conditions. Moreover, the equivalent model
is implemented using a GTCNN network, a GNN that relates the available measurements through a
product graph structure.

This chapter is structured as follows. First, the problem of equivalent modelling under changing op-
erating conditions is highlighted in section 3.1. Then, section 3.2 explains the working of the GTCNN
and its building blocks, the GCN with filter banks and the product graph. Finally, in section 3.3, the
proposed method using the GTCNN is described.

3.1. Equivalent modelling under changing conditions
The Dutch high voltage (HV) grid diagram is seen in Figure 3.1. The grid map represents the per-
spective of the transmission system operator. The TSO models relevant parts of the network (e.g. the
high-voltage overhead lines), while for other parts, they use equivalent models. The more detailed DN
model must be connected to the more extensive network to derive a new equivalent network, e.g. for
the Zeeland 150 kV grid on the bottom left. Events are generated in the HV grid, which yields a voltage
𝑉 and frequency 𝑓 disturbance at the PCC with the DN. In response, the DN will change its active 𝑃
and reactive power 𝑄 outputs. 𝑉, 𝑓, 𝑃 and 𝑄 are vectors of length 𝑇 containing the time-evolving input
and output sequences of the DN under one scenario. By recording the input and output pairs, a dataset
can be constructed that shows how the DN behaves under different events. An equivalent model will
then learn a function 𝑓(⋅) that relates (𝑉, 𝑓) ↦ (𝑃, 𝑄) of the collected input and output pairs:

𝑃̂𝑃𝐶𝐶(𝑡) = 𝑓𝑃(𝑉𝑃𝐶𝐶(𝑡), 𝜃𝑃𝐶𝐶(𝑡),𝑊𝑃) (3.1a)
𝑄̂𝑃𝐶𝐶(𝑡) = 𝑓𝑄(𝑉𝑃𝐶𝐶(𝑡), 𝜃𝑃𝐶𝐶(𝑡),𝑊𝑄) (3.1b)

In Eq. 3.1, 𝑓(⋅) is a mapping function which depends on the used model, 𝑉𝑃𝐶𝐶(𝑡) is the time-varying
voltage magnitude |𝑉| at the PCC, 𝜃𝑃𝐶𝐶(𝑡) is the time-varying voltage angle 𝜃 at the PCC. For a grey
box model,𝑊 contains the parameters of the different components of the equivalent model, making𝑊
more interpretable. For a black box model, 𝑊 are the trainable weights of the mapping function 𝑓(⋅).
This mapping function differs based on the used model, e.g., a GTCNN, an LSTM, a CNN or Prony
exponentials. When an ML model is used, 𝑊 represents the ML model weights. Using an ML model
introduces less modelling bias than grey box models, as a mapping function 𝑓(⋅) is used that makes
fewer assumptions about the underlying components it represents.

DNs are increasingly active, meaning they also produce power, e.g. through WTGs and PVs. The
amount of generated power also influences the DN’s ability to react in response to an event. For exam-
ple, more wind and solar irradiance generate more power, meaning the DN can provide more active and
reactive power to the TN. Similarly, the amount of consumed power also affects the dynamic response
of the DN. Therefore, it is also important to consider events under different operating conditions. These
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changes are reflected by changes in the initial power injections 𝑃0 and 𝑄0 at various points in the DN.
This changes the mapping to(𝑉, 𝑓, 𝑃0, 𝑄0) ↦ (𝑃, 𝑄), where 𝑃0 and 𝑄0 are scalar values. This changes
Eq. 3.1 to:

𝑃̂𝑃𝐶𝐶(𝑡) = 𝑓𝑃(𝑉𝑃𝐶𝐶(𝑡), 𝜃𝑃𝐶𝐶(𝑡), 𝑃0, 𝑄0,𝑊𝑃) (3.2a)
𝑄̂𝑃𝐶𝐶(𝑡) = 𝑓𝑄(𝑉𝑃𝐶𝐶(𝑡), 𝜃𝑃𝐶𝐶(𝑡), 𝑃0, 𝑄0,𝑊𝑄) (3.2b)

Simultaneously, the internal structure of a DN is not static but is evolving. Lines and cables will be built
to reinforce the network. Inactive components such as redundancy transformers and generators are
turned on when extra capacity is needed. Transformers with taps change their positions to keep the
voltage within operational limits. These are all examples of topological changes in the network, which
also affect the DN dynamic response to a disturbance. Considering the model’s performance under
different topological conditions is crucial to verify its accuracy.

If a topological change is explicit, such as the addition of generators interfaced through transform-
ers, an extra input S should be added to the mapping function (𝑉, 𝑓, 𝑃0, 𝑄0,S) ↦ (𝑃, 𝑄). However, in
this thesis, only two hidden topological changes are considered: activating inactive transformers and
changing the tap positions of DN transformers. These topological changes are hidden since they are
not observable by the TN in real applications. This means the mapping remains (𝑉, 𝑓, 𝑃0, 𝑄0) ↦ (𝑃, 𝑄).

Figure 3.1: Diagram of the Dutch high voltage grid interfaced with an equivalent model (adapted from [84])

3.2. GTCNNs
GTCNNs are a type of GNN specialised in learning spatio-temporal relations. Being a type of GNN
means that GTCNNs learn graph-structured data, which is useful for power systems as its network can
be modelled by a graph. This section will discuss the working of product-graph-based GTCNNs. First,
some fundamental graph notations are discussed. Next, the working of GCNs with filter banks, which
form the sampling and propagation operators of the GNN, is described. Finally, the temporal aspect is
included by using product graphs.

3.2.1. Graphs and graph signals
Graphs are characterised by nodes (entities) and edges (the connection between nodes). In Fig. 3.2,
the circles with a number represent the nodes, and the black lines are the edges. This means that, in
total, there are seven nodes and eight edges.
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Figure 3.2: A simple graph.

Mathematically, a graph 𝒢 is defined by (𝒱, ℰ), where 𝒱 is the set of nodes in the graph, and ℰ is the
set consisting of all node pairs connected by an edge. For the graph of Fig. 3.2, 𝒱 = {1, 2, 3, 4, 5, 6, 7}
and ℰ = {(1, 2), (1, 3), (2, 4), (3, 4), (4, 5), (5, 6), (6, 7)}. The graph in Fig. 3.2 is undirected since all the
edges are lines instead of arrows. All nodes in 𝒱 are connected to at least one other node, meaning
the graph is connected. This also implies that for every node 𝒱𝑖, at least one neighbour exists, implying
a non-empty set𝒩𝑖. As an example, the neighbours of 𝒱2 are𝒩2 = {1, 4}.
Two common ways to represent a graph 𝒢 are the adjacency matrix A and the Laplacian L, both of
dimensions ℝ𝑁×𝑁 where 𝑁 is the number of nodes |𝒱|. The adjacency and Laplacian matrices of the
graph in Figure 3.2 are:

A =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 1 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
0 1 1 0 1 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 1
0 0 0 0 0 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

L =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

2 −1 −1 0 0 0 0
−1 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 3 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

The adjacency matrix A is intuitive to understand. Every row (or column) represents a node. For
example, row 𝑖 represents node 𝒱𝑖. If node 𝒱𝑖 is connected to 𝒱𝑗 i.e. (𝒱𝑖 , 𝒱𝑗) ∈ ℰ, the entry 𝐴𝑖𝑗 will be
1. Because graph 𝒢 is undirected, A is symmetric and the entry 𝐴𝑗𝑖 = 𝐴𝑖𝑗 = 1. If the graph is directed,
𝐴𝑖𝑗 = −1 will indicate an outward link from 𝒱𝑖 to 𝒱𝑗 while a 1 represents an incoming connection.

The LaplacianL is computed asL = D−AwhereD is a diagonal matrix whose entry𝐷𝑖𝑖 is the degree
of node 𝒱𝑖 or, in other words, the number of neighbours in𝒩𝑖. This is equivalent to D = 𝑑𝑖𝑎𝑔(A1) with
1 an all ones matrix.

The adjacency A and Laplacian L matrices shown before are unweighted. This means that all
edges are considered equal, in this case, they all have the value 1 [68], [76]. It is possible to assign
a different level of importance by using a different value. This value could represent a distance metric
(Euclidean, Mehalanobis etc.) between nodes [66], [67], [70], [80], [81], the line impedance/admittance
between two buses (nodes) [72], [73] or a correlation coefficient indicating the correlation between
measurements [74]. Whether the adjacency A and Laplacian L matrices are weighted or not depends
on the application and the available information.

The graph of Fig. 3.2 only shows which nodes are connected to each other. Additional features are
needed to make full use of GNNs. Generally, a distinction is made between features associated with
nodes (node features) and those related by edges (edge features).
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Figure 3.3: A simple graph with scalar node features.

In Fig. 3.3, all the nodes in the graph have a single feature 𝑉 ( ). If the value of 𝑉 at node 𝒱𝑖 is given
by 𝑣𝑖, we can collect the features into the vector v = [𝑣1, 𝑣2, … , 𝑣𝑁].

Figure 3.4: A simple graph with multiple scalar node features.

If every node has 𝐹 features instead of a single scalar, Fig. 3.4 is obtained. If feature 𝑖 is represented
by the vector v𝑖, then putting all the node features together will result in the matrix V = [v1,v2, … ,v𝑁] ∈
ℝ𝐹×𝑁. A similar approach can be used to derive the edge features, but the resulting matrix will be of
size ℝ|ℰ|×𝐹.
In power systems, node features are quantities that can be observed at buses, such as the voltage
magnitude and angle, frequency, and active and reactive power injections. On the other hand, edge
features could represent values such as current and power flow through lines, losses in the lines, and
loading percentages. Because the values are scalars, they would be a snapshot of the quantities at
the time of observation.

3.2.2. Graph Convolutional Filters and GCNs
During training, CNNs learn filter (the kernel) parameters by sliding the kernel over grid-like data struc-
tures to capture spatial hierarchies and patterns. When the filter (or kernel) is treated as a fixed point
of reference, it becomes evident that the input data is moved or shifted in various amounts relative to
this stationary filter to compute the network’s output. This operation, where the filter is applied across
different regions of the input data to capture local patterns, is known as convolution. GCNs operate on
this principle but instead use an operator S to achieve the shift [85]. Often, these shift operators are the
adjacency A and Laplacian L matrices or their normalised versions A𝑛 and L𝑛. This approach works
because the powers of the adjacency matrix A indicate the existence of k-hop walks1 between nodes.
For example, a nonzero entry in the squared adjacency matrix A2𝑖𝑗 means that there exists (at least)
one walk connecting 𝒱𝑖 to 𝒱𝑗, which traverses precisely two edges. Something similar is observed for
the Laplacian.

Suppose that the graph signal is given by v = [1, 0, 0, 0, 0, 0, 0], an unit pulse originating at node 1. Shift-
ing this signal by powers of the shift operator S results in an exchange of information from neighbours
up to K-hops away. This is illustrated in Fig. 3.52.
1In graph theory, a walk is a sequence of nodes in a graph where consecutive nodes are connected by edges. This can be
interpreted as the route taken from the source to the target node while passing other nodes. The length of the walk is given by
the number of traversed edges. A k-hop walk means that exactly three edges were used to reach the target node.

2The exact contribution between a pair of nodes will depend on the shift operator and the graph’s topology. For example,
the multiplication Av using the adjacency matrix of this simple graph would result in an exchange only to nodes 2 and 3.
Nevertheless, a higher power S𝑘 will be equivalent to aggregating values from a larger neighbourhood.
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Figure 3.5: Effect of shift operator powers on the propagation of a scalar signal originating in node 1 (inspired by [86]).

The multiplication by powers of the shift operator in Fig. 3.5 is equivalent to shifting the grid-like data
structures in the CNN. It is now possible to learn the importance of the various shifts by constructing a
graph filter as in Fig. 3.6 yielding Equation 3.3.

Figure 3.6: The graph convolutional filter outputs a signal consisting of a linear combination of graph-shifted versions of the
signal (inspired by [86]).

z = 𝐻(S)v =
𝐾

∑
𝑘=0

ℎ𝑘S𝑘v (3.3)

The filter consists of a linear combination of different graph reception fields of increasing neighbour-
hoods scaled by the learnable (scalar) parameters ℎ𝑘. The larger the value of 𝐾, the bigger the neigh-
bourhoods will be considered by the graph filter. Note how, similar to the CNNs, the parameters ℎ𝑘 are
shared between nodes and how the number of parameters does not depend on the dimension of S.
Moreover, the output z can be computed efficiently regardless of the matrix power S𝑘. This is because
the required computation is S𝑘v instead of S𝑘, which allows for recursive calculation as in Eq. 3.4.
Also, S is usually super sparse, meaning that few actual multiplications are required.

v(𝑘) = Sv(𝑘−1) = S(Sv(𝑘−2)) = S(S(S…(Sv))) (3.4)

The filter in Eq. 3.3 is linear, meaning it has limited expressive power [86]. However, remember that
the nodes in an ANN also consist of a linear operation and a non-linearity is introduced by adding an
activation function 𝑔(⋅). A similar idea can be applied to the linear graph filter to result in the graph
perceptron:

𝜙(v) = 𝜎 (
𝐾

∑
𝑘=0

ℎ𝑘S𝑘v) (3.5)

In Eq. 3.5, 𝜎(⋅) represents the element-wise non-linear function, creating a more powerful structure
than the linear graph filter. It is possible to stack multiple graph perceptrons together to create a GCN,
as seen in Fig. 3.7.
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Figure 3.7: A multi-layer graph perceptron (adapted from [86]).

The advantage of this structure is that the number of parameters of the linear graph filter is independent
of the dimension of the input v (unlike the fully connected ANN) but instead depends on the graph filter
order 𝐾. Moreover, although the ANN should give a smaller cost (or higher accuracy) when training the
network as the GNN is a particular case of an ANN, the GNN will pull head since it generalises better
to unseen signals and graphs [86].

The graph perceptron of Eq. 3.5 consists of a single set of parameters and, therefore, represents a
single filter. The output 𝜙(v) could be considered the hidden feature of this graph perceptron. Usually,
it is desired to learn multiple hidden features to have more expressive power (and possibly better
performance). CNNs, in fact, also learn multiple filters to extract different information from the data.
The same principle can be applied to the graph perceptron using filter banks instead of a single graph
convolutional filter:

Figure 3.8: A filter bank of 𝐹1 filters is applied on a single-featured input signal v (adapted from [86]).

In Fig. 3.8, 𝐹1 graph convolutional filters of Eq. 3.3 are applied to the input v consisting of only one
feature:

z𝑓1 = 𝐻
𝑓
1 (S)v =

𝐾

∑
𝑘=0

ℎ𝑓1𝑘S𝑘v (3.6)

In Eq. 3.6, 𝑓 represents the f-th (hidden) feature obtained by the corresponding graph convolutional filter
and 𝑙 the layer number. Passing the input v through the filter bank results in Z1 = [z11,z21, … ,z

𝑓
1 , … ,z

𝐹1
1 ] ∈

ℝ𝑁×𝐹1 . The resulting outputs Z1 are passed through the non-linear function 𝜎(⋅), resulting in V1 ∈
ℝ𝑁×𝐹1 . Note how using 𝐹1 filter banks allows for controlling the number of features going out of each
graph perceptron with filter banks layer.
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Figure 3.9: A GCN consisting of 𝐹2 graph filters is applied on a multi-featured input signal V1 (adapted from [86]).

The input going into the second layer (𝑙 = 2) is given by V1 = [v11,v21, … ,v
𝑔
1 , … ,v

𝐹1
1 ]. The processing in

the second layer will be similar, except that there are 𝐹2 filter banks, and the input is now a matrix V1
instead of a vector v1, as seen in Fig. 3.93. However, it is possible to apply Eq. 3.6 on each column of
V1 since column v

𝑔
1 is identical in shape to the single-featured input signal:

z𝑓𝑔2 = 𝐻𝑓𝑔2 (S)v𝑔1 =
𝐾

∑
𝑘=0

ℎ𝑓𝑔2𝑘S𝑘v
𝑔
1 (3.7)

In Eq. 3.7, 𝑔 stands for the input features, and 𝑓 stands for the (hidden) features of the current layer.
Equation 3.7 is repeated on all columns of V1, resulting in Z

𝑓
2 = [z

𝑓1
2 ,z

𝑓2
2 , … ,z

𝑓𝐹1
2 ] ∈ ℝ𝑁×𝐹1 for feature

𝑓 of the second GCN layer. Because there are 𝐹2 filter banks in the second layer, the output of this
layer would become three-dimensional. Therefore, the columns of Z𝑓2 are summed to give z𝑓2 ∈ ℝ𝑁.
Collecting the outputs of all 𝐹2 filter banks gives Z2 = [z12,z22, … ,z

𝑓
1 , … ,z

𝐹2
2 ] ∈ ℝ𝑁×𝐹2 . This process can

be written as:

Z𝑙 =
𝐾

∑
𝑘=0

S𝑘V𝑙−1H𝑙𝑘 (3.8)

In Eq. 3.8, 𝑙 represents the layer number. Moreover, H𝑙𝑘 is a matrix containing all 𝐹𝑙−1 × 𝐹𝑙 filter
parameters of the kth-hop neighbourhood. This means that for every incoming feature, a new set of 𝐹𝑙
linear graph convolutional filters of Eq. 3.3 is applied, and thus, independent parameters are learnt per
feature. Different features convey different information, so different parameters are needed to include
the information effectively. Again, the non-linear function 𝜎(⋅) is applied to the point-wise non-linear
function to obtain V1.
The GCN with filter banks described here keeps the advantages of the linear graph convolutional filter
of Eq. 3.3. This means that the number of trainable parameters of the GCN with filter banks does not
depend on the size of the shift operator S (and therefore the number of nodes) but instead relies on
the number of features at the input and in the hidden layers and the value of 𝐾 [86]. The computational
complexity also depends on the number of edges in S.

3.2.3. Product Graphs
The GCN created from the graph convolutional filter does not consider time. This makes GCNs not
useful for equivalent models for transient stability. It would be possible to consider time by creating
3The multi-featured input signal V1 was obtained by applying 𝐹1 filters on a single-featured input in the previous layer. However,
it is also possible that multiple features are considered, starting with an already multi-featured input. Regardless of the origin
of the multiple features of V1, Eq. 3.8 can be applied, resulting in a GCN that can work with multiple features.
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separate features for different time instants. For example, if v(𝑡) contains the values of the voltage at
time 𝑡 at all 𝑁 nodes, it would be possible to create a matrix V = [v(0),v(1), … ,v(𝑡), … ,v(𝑇)] ∈ ℝ𝑁×𝑇
where the rows would give the voltage 𝑣(𝑡) at node 𝑖 from 𝑡 = 0 until 𝑡 = 𝑇. However, the GCN layer of
Eq. 3.8, and any GNNs and ML models that do not explicitly account for time, will learn weights for the
input features without recognising their temporal relationships. This means these models treat each
feature independently, disregarding the sequential nature of the data. Since the measurements are a
temporal sequence, models that include this property explicitly are expected to perform better. This is
reflected by the superiority of RNNs on regression tasks that predict temporal sequences.

Product graphs are an alternative approach to recurrent models and merge the temporal and spatial
dependencies into one graph [82]. Suppose a single feature on the simple graph is time evolving, e.g.,
the voltage 𝑣(𝑡). Sampling this feature at time 𝑡 for all nodes gives v(𝑡) at each sample 𝑡 ∈ [0, 1, … , 𝑇].
It is possible to replicate the graph 𝒢 for every time instance t, yielding 𝒢(𝑡). Each replica 𝒢(𝑡) contains
a snapshot of the values v(𝑡):

Figure 3.10: Three snapshots of a time-dependent feature were taken at different times, resulting in three graph replicas.

The different replicas in Fig. 3.10 are now standalone. However, the values of a single node are
connected in time by the temporal graph in Fig. 3.11. This is known as the temporal graph 𝒢𝑇, consisting
of the nodes 𝒱𝑇 and the edges ℰ𝑇. Note how the edges are now directed, as indicated by the arrow.

Figure 3.11: The temporal graph of feature 𝑣 at node 𝒱𝑖.

The graph replicas of Fig. 3.10 should be connected to include the dependencies given by the temporal
graph of Fig. 3.11. This is done by combining the time graph 𝒢𝑇 with the spatial graph 𝒢 according to
some rule ⋄ into a bigger product graph 𝒢⋄:

Figure 3.12: The product graph is created by combining the temporal and spatial graphs into a larger spatiotemporal graph.
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There are different combination rules ⋄ which all lead to different product graphs 𝒢⋄ [82]. Three types
will be discussed: the Cartesian, Kronecker and strong product graphs. They will be compared on
three points: spatial dependencies at current time 𝑡, temporal dependency of nodes on themselves
and temporal dependencies from neighbours.

Figure 3.13: The Cartesian product graph is created by considering the spatial relations between nodes at the current time
instance and also connecting a node to itself at the previous graph time replica.

The Cartesian product graph (Fig. 3.13) considers the spatial dependencies at the current time and the
temporal dependency of nodes on themselves. This type is also the most interpretable since it provides
a clear and separate representation of the spatial and temporal aspects. The Cartesian product graph
shift operator is given by:

S× = S𝑇⊗ I|𝒱| + I|𝒱𝑇|⊗ S = [
S 0 0
I|𝒱| S 0
0 I|𝒱| S

] ∈ ℝ𝑁𝑇×𝑁𝑇 (3.9)

In Eq. 3.9, S is the shift operator (e.g. the adjacency matrix A), S𝑇 = [
0 0 0
1 0 0
0 1 0 ] is a matrix containing the

temporal coupling between different graph replicas, I|𝒱| ∈ ℝ𝑁×𝑁 and I|𝒱𝑇| ∈ ℝ𝑇×𝑇 are identity matrices,
0 ∈ ℝ𝑁×𝑁 is an all-zeroes matrix and⊗ is the Kronecker product between two matrices.

Figure 3.14: The Kronecker product graph is created by connecting a node at the current time to its neighbours at the previous
time replica.

The Kronecker product graph (Fig. 3.14) considers only the temporal dependencies from neighbours.
This type of product graph would be useful in a situation where the value node 𝒱𝑖 at time 𝑡 depends
only on the previous values of its neighbours. The Kronecker product shift operator is given by:

S⊗ = S𝑇⊗ S = [
0 0 0
S 0 0
0 S 0

] ∈ ℝ𝑁𝑇×𝑁𝑇 (3.10)
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Figure 3.15: The strong product graph is created by combining the Kronecker and Cartesian product graphs.

The strong product graph (Fig. 3.15) is the sum of the Cartesian and Kronecker product graphs and
therefore considers spatial dependencies at current time 𝑡, temporal dependency of nodes on them-
selves and temporal dependencies from neighbours. This is the most powerful network since it consid-
ers all dependencies, but it is also the hardest to train since it has many more interactions than either
the Cartesian or Kronecker product graphs. The strong shift operator is obtained by summing Eq. 3.9
and Eq. 3.10:

S⊠ = S𝑇⊗ I|𝒱| + I|𝒱𝑇|⊗ S+ S𝑇⊗ S = [
S 0 0

S+ I|𝒱| S 0
0 S+ I|𝒱| S

] ∈ ℝ𝑁𝑇×𝑁𝑇 (3.11)

It is possible to write the shift operators S×,S⊗ and S⊠ of the Cartesian, Kronecker and strong product
graphs respectively as a general shift operator S⋄:

S⋄ = 𝑠00(I|𝒱𝑇|⊗ I|𝒱|) + 𝑠10(S𝑇⊗ I|𝒱|) + 𝑠01(I|𝒱𝑇|⊗ S) + 𝑠11(S𝑇⊗ S) (3.12)
In Eq. 3.12, the scalars 𝑠00, 𝑠10, 𝑠01 and 𝑠11 control which product graph is created. Setting 𝑠10 and 𝑠01
to 1 gives S⋄ = 𝑆×, 𝑠11 = 1 gives S⋄ = S⊗, and 𝑠10, 𝑠01 and 𝑠11 equal to 1 gives S⋄ = S⊠. 𝑠00 can be
used to add self-loops, meaning that a node’s current feature values will also be considered.

Considering spatiotemporal dependencies with product graphs has one major advantage: they can be
used with existing GNN methods. This is because the temporal element is embedded with the spatial
element in the new product graph 𝒢⋄; the GNNs see a bigger shift operator S⋄. This means that Eq.
3.8 can be used to create a Graph-Time Convolutional Neural Network (GTCNN):

Z⋄,𝑙 =
𝐾

∑
𝑘=0

S𝑘⋄V⋄,𝑙−1H𝑙𝑘 (3.13)

In Eq. 3.13, V⋄,𝑙−1 is given by concatenating V𝑙−1(𝑡) at time steps 𝑡 ∈ [0, 1, … , 𝑇]. This results in:

V⋄,𝑙−1 =
⎡
⎢
⎢
⎢
⎣

V𝑙−1(0)
⋮

V𝑙−1(𝑡)
⋮

V𝑙−1(𝑇)

⎤
⎥
⎥
⎥
⎦

∈ ℝ𝑁𝑇×𝐹 (3.14)

Applying the non-linear function gives:

V⋄,𝑙 = 𝜎(
𝐾

∑
𝑘=0

S𝑘⋄V⋄,𝑙−1H𝑙𝑘) ∈ ℝ𝑁𝑇×𝐹𝑙 (3.15)

The number of parameters of the GTCNN depends only on 𝐾, the number of features at the input and
hidden layers and the number of layers, plus the parameters of the non-linear activation functions 𝜎(⋅).
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This independence on the size of S⋄ is essential since it allows the GTCNN to remain trainable even
when there are many nodes, a characteristic of distribution networks. The computational complexity,
however, scales with the number of edges |ℰ⋄| in S⋄.

3.3. GTCNN-based equivalent model

Figure 3.16: The DN is represented by a GTCNN-based equivalent model.

The GTCNN based on product graphs is chosen for the implementation of the equivalent network.
This preference has several reasons. First, it is a type of GNN, which, as a type of NN, means that
it can approximate any arbitrary function. Also, power systems are a network. This means that they
can be modelled by graphs, making GNNs a specialised NN structure suitable for efficiently modelling
power systems while keeping the model interpretable. Finally, the number of parameters in the GTCNN
depends neither on the number of nodes nor the number of time steps. This property is useful as the
number of nodes in DN networks is large, meaning the model’s training complexity does not grow with
bigger networks. In contrast, RNNs model different nodes as separate input features, which makes the
RNN harder to train as it has more parameters.

The implementation of theGTCNN for equivalent modelling is discussed in the remainder of this section.
First, the graph representation of the DN is addressed in section 3.3.1. Next, the GTCNN structure is
presented in section 3.3.2. Section 3.3.3 discusses the training of the GTCNN-based equivalent model.
Finally, section 3.3.4 shows the proposed workflow of training and sharing the equivalent between DSO
and TSO.

3.3.1. Graph representation of the DN
The GTCNN needs a graph representation of the DN to work. There are two options for the nodes and
the edges. The first option is to represent every bus as a node and every line, cable or transformer as
an edge. This approach is more interpretable as the graph explicitly represents the network elements.
However, this requires having measurements available at all buses in the DN, which is hard under the
limited observability of DNs. The second option is to model measurement locations as nodes. The
edges will then indicate the connection between the different measurement locations. The advantage
of this approach is that it will use the already available measurements. However, this makes the edge
definition more abstract.

Having the nodes 𝒱𝐺𝑇𝐶𝑁𝑁 represent the measurement locations is more feasible in real applications
because the information is already available at all the nodes. Although the PMUs are close to one
system bus, they measure on the transmission lines or cables (see Figure 3.17a). Therefore, the nodes
𝒱𝐺𝑇𝐶𝑁𝑁 represent the lines on which measurements are available (i.e., the measurement points), while
the edges ℰ𝐺𝑇𝐶𝑁𝑁 indicate how two PMUs are electrically connected.

To derive the GTCNN graph 𝒢𝐺𝑇𝐶𝑁𝑁, the line graph of the power system graph will be adapted. Suppose
that 𝒱 gives all the buses in the DN, and ℰ contains all the connections between two buses (see Fig.
3.17b). The line graph 𝐿(𝒢) replaces every edge 𝑒𝑘 of graph 𝒢 with a node. Moreover, if two edges 𝑒𝑘1
and 𝑒𝑘2 share the same node in graph 𝒢, that common node will be an edge in 𝐿(𝒢). The nodes 𝒱𝐿(𝒢)
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and edges ℰ𝐿(𝒢) are given by Eq. 3.16, and the resulting line graph 𝐿(𝒢) can be seen in Figure 3.17c.

𝒱𝐿(𝒢) = {𝑒𝑘| ∀𝑒𝑘 ∈ ℰ} (3.16a)
ℰ𝐿(𝒢) = {(𝑒𝑘1, 𝑒𝑘2)| if 𝑒𝑘1 and 𝑒𝑘2 share a common node in 𝒢} (3.16b)

The line graph can be used to construct the GTCNN graph 𝒢𝐺𝑇𝐶𝑁𝑁 = (𝒱𝐺𝑇𝐶𝑁𝑁 , ℰ𝐺𝑇𝐶𝑁𝑁) that relates
the measurements, but it requires three adaptations. First, only the observable elements 𝒢𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒 =
(𝒱𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒 , ℰ𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒) should be used to find the nodes 𝒱𝐿(𝒢) in Eq. 3.16a. Using the observable
graph ensures that measurements are available at all nodes. As there is no PMU on one of the double
lines between buses 4 and 5, the node in 𝐿(𝒢) that corresponds to that edge should be removed.
Second, theremay be two PMUs on the same line. There will be a slight difference in themeasurements
in the power system because of losses in the line. To keep both measurement locations, a fictitious
midpoint node is added to graph 𝒢 on every edge with a PMU at every end, giving graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 This
corresponds to the edge between bus 2 and 3 in Fig. 3.17a, and the fictitious node is shown in orange in
Fig. 3.17d. These two modifications result in the graph 𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑), whose nodes 𝒱𝐺𝑇𝐶𝑁𝑁 and edges
ℰ𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑) are given by Equations 3.17a and 3.17b. The third modification prevents creating multiple
disjoint subgraphs when computing the modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁. This issue occurs when there is
no PMU on any line between two buses, as is the case between buses 3 and 4 (see Fig. 3.17a). After
obtaining the modified line graph 𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑), an edge is added between two nodes if the PMUs are
electrically connected4 in graph 𝒢. The graph 𝒢𝐺𝑇𝐶𝑁𝑁 = (𝒱𝐺𝑇𝐶𝑁𝑁 , ℰ𝐺𝑇𝐶𝑁𝑁) can be seen in Figure 3.17e.

𝒱𝐺𝑇𝐶𝑁𝑁 = {𝑒𝑘| ∀𝑒𝑘 ∈ ℰ𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒 , ℰ𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒 ⊆ ℰ𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑} (3.17a)
ℰ𝐿(𝒢) = {(𝑒𝑘1, 𝑒𝑘2)| if 𝑒𝑘1 and 𝑒𝑘2 share a common node in 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑} (3.17b)

ℰ𝐺𝑇𝐶𝑁𝑁 = {(𝑒𝑘1, 𝑒𝑘2)|(𝑒𝑘1, 𝑒𝑘2) ∈ ℰ𝐿(𝒢) or 𝑒𝑘1 and 𝑒𝑘2 are electrically connected by 𝒢} (3.17c)

(a) A radial DN connected to the TN at two PCCs. Moreover, various PMU measurement locations are indicated.

(b) Graph 𝒢 = (𝒱, ℰ) of the radial DN.

(c) Line graph 𝐿(𝒢) of the radial DN.

(d) The graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 of the radial DN modified according to the two rules. Edges that are not observable ( ) are not considered when
computing the line graph 𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑). Also, a fictitious midpoint node ( ) is added on edges in 𝒢 with two PMUs. This gives two nodes in

𝒢𝐺𝑇𝐶𝑁𝑁, allowing the mapping of both PMUs to a separate node.

(e) Modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁 = (𝒱𝐺𝑇𝐶𝑁𝑁 , ℰ𝐺𝑇𝐶𝑁𝑁) used by the GTCNN. The line ( ) was added by the third rule to prevent the creation of a
two disjoint graphs from 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 as there is no PMU between buses 3 and 4.

Figure 3.17: An example DN and overview of the different possible graphs

4In this context, electrically connected means that the power can flow from one PMU to another without encountering a different
PMU.
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To include the temporal element, the graph 𝒢𝐺𝑇𝐶𝑁𝑁 is transformed into a product graph by including
the time graph using the Cartesian product graph. The stability and functioning of power systems
depend on having instantaneous power balance. Hence, it is crucial to consider the exchange between
different points at the same time instance. The Kronecker product graph does not contain any spatial
dependencies at the current time instant, as seen in Eq. 3.11, and is therefore not an option for the
graph 𝒢𝐺𝑇𝐶𝑁𝑁. This leaves the Cartesian and strong product graphs as candidates. Both types include
the temporal dependency of nodes on themselves, which is a desired property as the current value
of any temporal sequence will depend on its previous values. The difference between the Cartesian
and strong product graphs is the inclusion of the temporal dependencies from neighbours in the strong
product graph. Although these temporal dependencies might exist in the measurement data, no clear
link exists in the physical world. Hence, the Cartesian product graph is chosen as it yields the most
realistic representation of the network. Note that this omission does not necessarily decrease the
performance w.r.t. the strong product graph, as the Cartesian product graph will have fewer parameters
to learn. Fewer parameters can prevent overfitting and thus improve the generalisation performance.

3.3.2. GTCNN structure
The inputs for the equivalent model are chosen based on the available information. TSOs (sometimes
even DSOs) have limited information about a DN, making the modelling much harder. The first two
inputs are the controlled quantities of the power system, the voltage 𝑉 and frequency 𝑓, as a disturbance
in one of these quantities will trigger a dynamic response from the DN. [28], [31], [34] include both the
voltage 𝑉 and frequency 𝑓 while newer works [29], [38], [41], [42], [44] only include the voltage 𝑉. In
this thesis, only the system voltage will be considered, namely the voltage magnitude |𝑉| and angle 𝜃.
Therefore, the developed equivalent will be accurate for voltage disturbances.

The equivalent model should also perform well under different operating conditions and hidden topo-
logical changes. A change in the operating conditions of various components in the network leads
to a different amount of active and reactive power being produced or consumed. This will affect the
produced and consumed active and reactive power at the measurement nodes in the system. There-
fore, the initial injections 𝑃0 and 𝑄0 are also chosen as inputs to the GTCNN. These two quantities can
be found online on the ENTSO-E transparency platform [87], measured at the PCC, or shared by the
DSO. The considered hidden topological changes affect the voltage levels in the system. The flow of
reactive power is governed by the voltage difference between buses, and a more optimal distribution
of voltages can reduce the active and reactive power losses in the network [50]. This means that the
hidden topological changes can also be observed in the initial injections 𝑃0 and 𝑄0.
The four inputs |𝑉|, 𝜃, 𝑃0 and 𝑄0 will be used to learn a mapping function 𝑓(⋅) that predicts the outputs
𝑃 and 𝑄, as seen in Eq. 3.2. The GTCNN is chosen as the mapping function since it models the
spatial relations of the power system network and can also include the temporal aspect without re-
quiring the recursive computation of LSTMs. To use the GCN with filter banks of Eq. 3.15, the inputs
|𝑉|, 𝜃, 𝑃0 and 𝑄0 should be mapped to the graph 𝒢𝐺𝑇𝐶𝑁𝑁. This is done as seen in Figure 3.18. A dis-
tinction should be made between the PCC nodes ( ), which are connected to the TN, and the internal
nodes ( ). The TSO can observe the PCC nodes, while the internal nodes cannot be observed. This
means the voltage magnitude |𝑉| and angle 𝜃 can only be measured at the PCC nodes. Moreover,
the active 𝑃 and reactive power 𝑄 will also be observed here, so this is where these two quantities will
be estimated (𝑃̂ and 𝑄̂). Note that these four quantities are dynamic, meaning they vary throughout a
measurement. The initial setpoints 𝑃0 and 𝑄0 are inputs to the internal nodes and represent the active
and reactive power injections at the buses in the system. These two quantities are static, meaning their
value does not change with time. Using this configuration, the TSO can input the voltage obtained from
their simulations and get the dynamic response of the equivalent model at the connection point with
the TN (the PCCs):

𝑃̂𝑃𝐶𝐶𝑖 = 𝑓𝐺𝑇𝐶𝑁𝑁(𝑉𝑃𝐶𝐶𝑖(𝑡), 𝜃𝑃𝐶𝐶𝑖(𝑡), 𝑃0,𝑗 , 𝑄0,𝑗 , 𝒢𝐺𝑇𝐶𝑁𝑁 ,𝑊𝑃), ∀𝒱𝑖 ∈ Ω𝒱𝑃𝐶𝐶 , ∀𝒱𝑗 ∈ Ω𝒱𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 (3.18a)
𝑄̂𝑃𝐶𝐶𝑖 = 𝑓𝐺𝑇𝐶𝑁𝑁(𝑉𝑃𝐶𝐶𝑖(𝑡), 𝜃𝑃𝐶𝐶𝑖(𝑡), 𝑃0,𝑗 , 𝑄0,𝑗 , 𝒢𝐺𝑇𝐶𝑁𝑁 ,𝑊𝑄), ∀𝒱𝑖 ∈ Ω𝒱𝑃𝐶𝐶 , ∀𝒱𝑗 ∈ Ω𝒱𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 (3.18b)
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In Eq. 3.18, 𝑓𝐺𝑇𝐶𝑁𝑁(⋅) is the mapping function of the GTCNN network, 𝑉𝑃𝐶𝐶𝑖(𝑡) and 𝜃𝑃𝐶𝐶𝑖(𝑡) are the
time-varying voltage magnitude |𝑉| and angle 𝜃 at the PCC node 𝒱𝑖, 𝑃0,𝑗 and 𝑄0,𝑗 are the initial ac-
tive and reactive power injections at the internal node 𝒱𝑗, 𝒢𝐺𝑇𝐶𝑁𝑁 is the modified line graph of the
ADN and 𝑊𝑃 and 𝑊𝑄 are the weights of the GTCNN network for the active and reactive power mod-
els respectively. Ω𝒱𝑃𝐶𝐶 and Ω𝒱𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 are two sets containing the PCC and internal nodes, respec-
tively, and are given by Ω𝒱𝑃𝐶𝐶 = {𝒱𝑖| if 𝒱𝑖 is a PCC node} Ω𝒱𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 = {𝒱𝑗|if 𝒱𝑗 is an internal node} and
Ω𝒱𝑃𝐶𝐶 , Ω𝒱𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 ⊂ 𝒱𝐺𝑇𝐶𝑁𝑁.

Figure 3.18: The inputs of the equivalent applied to the graph 𝒢𝐺𝑇𝐶𝑁𝑁. The nodes at the PCC ( ) receive the dynamic inputs
|𝑉| and 𝜃 and produce the outputs 𝑃̂ and 𝑄̂. The internal nodes ( ) only have the static initial setpoints 𝑃0 and 𝑄0.

The graph 𝒢𝐺𝑇𝐶𝑁𝑁 of Fig. 3.18 is heterogeneous because there are two types of nodes, internal and
external. The GTCNN of section 3.2 is homogenous, meaning the GNN expects nodes of the same
type. Because the number of inputs per node is the same (𝑉 and 𝜃 for the PCC nodes and 𝑃0 and 𝑄0
for the internal nodes), it is possible to use the GTCNN without modifications. The input matrix V0 at 𝑡
becomes:

V0(𝑡) = [v10(𝑡),v20(𝑡)] =

⎡
⎢
⎢
⎢
⎢
⎣

𝑉𝑃𝐶𝐶0(𝑡) 𝜃𝑃𝐶𝐶0(𝑡)
⋮ ⋮

𝑉𝑃𝐶𝐶𝑖(𝑡) 𝜃𝑃𝐶𝐶𝑖(𝑡)
𝑃0,0 𝑄0,0
⋮ ⋮
𝑃0,𝑗 𝑄0,𝑗

⎤
⎥
⎥
⎥
⎥
⎦

∈ ℝ𝑁×2 (3.19)

In Eq. 3.19, v10(𝑡) is the input vector at the 0-th layer (input) and the first node feature, which contains
the voltage magnitude measurements 𝑉𝑃𝐶𝐶𝑖(𝑡) at the PCC nodes and the initial active power injections
𝑃0,𝑗 at the internal nodes at time 𝑡. Similarly, v20(0) has the second node feature, the voltage angle
𝜃𝑃𝐶𝐶𝑖(𝑡) at the PCC nodes and the initial reactive power injections 𝑄0, 𝑗 at the internal nodes at time
𝑡. The downside of this approach is that the sampling and propagation function is shared between the
different node types, losing some of the interpretability and expressive power. However, the GTCNN
can learn multiple hidden features that can improve performance.

Figure 3.19: Overview of the GTCNN structure.
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The graph 𝒢𝐺𝑇𝐶𝑁𝑁 is transformed into the spatiotemporal graph by using the Cartesian product of the
shift operator of 𝒢𝐺𝑇𝐶𝑁𝑁 and the temporal coupling graph 𝒢𝑇. This gives a single GTCNN layer, as
depicted in Fig. 3.19.
The input at the first GTCNN layer will be the matrix V⋄,0 ∈ ℝ𝑁𝑇×𝐹, where 𝑁 is the number of nodes in
graph 𝒢𝐺𝑇𝐶𝑁𝑁, 𝑇 is the measurement duration, and 𝐹 is the number of input features per node5. In this
case, 𝐹 = 2, where the PCC nodes have as inputs |𝑉| and 𝜃, and the internal nodes have 𝑃0 and 𝑄0:

V⋄,0(𝑡) =
⎡
⎢
⎢
⎢
⎣

V0(𝑡 − 𝑇)
⋮

V0(𝑡 − 2)
V0(𝑡 − 1)
V0(𝑡)

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑉𝑃𝐶𝐶0(𝑡 − 𝑇) 𝜃𝑃𝐶𝐶0(𝑡 − 𝑇)
⋮ ⋮

𝑉𝑃𝐶𝐶𝑖(𝑡 − 𝑇) 𝜃𝑃𝐶𝐶𝑖(𝑡 − 𝑇)
𝑃0,0 𝑄0,0
⋮ ⋮
𝑃0,𝑗 𝑄0,𝑗
⋮ ⋮

𝑉𝑃𝐶𝐶0(𝑡) 𝜃𝑃𝐶𝐶0(𝑡)
⋮ ⋮

𝑉𝑃𝐶𝐶𝑖(𝑡) 𝜃𝑃𝐶𝐶𝑖(𝑡)
𝑃0,0 𝑄0,0
⋮ ⋮
𝑃0,𝑗 𝑄0,𝑗

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ ℝ𝑁𝑇×2 (3.20)

In Eq. 3.20, the input matrices V0(𝑡), given by Eq. 3.19, are concatenated for all time instances
𝑡 ∈ [0, 𝑇]. The output of this layer V⋄,1 ∈ ℝ𝑁𝑇×𝐹1 will be 𝐹1 new features for the 𝑁𝑇 nodes, given by Eq.
3.15:

V⋄,1(𝑡) = 𝜎 (
𝐾1
∑
𝑘=0

S𝑘⋄V⋄,0(𝑡)H1𝑘) ∈ ℝ𝑁𝑇×𝐹1 (3.21)

These features are computed using the multi-feature GCN with filter banks of Eq. 3.8 for a graph filter
order 𝐾1. The non-linear activation function is the rectified linear unit (ReLU) given by 𝜎(Z⋄,0(𝑡)) =
𝑚𝑎𝑥(0,Z⋄,0(𝑡)), and is applied element-wise for every entry in Z⋄,0(𝑡). V⋄,1(𝑡) is the input to the second
layer, which again uses Eq. 3.15 and a graph filter order 𝐾2 to get the output V⋄,2(𝑡) ∈ ℝ𝑁𝑇×𝐹2 :

V⋄,2(𝑡) = 𝜎 (
𝐾2
∑
𝑘=0

S𝑘⋄ 𝜎 (
𝐾1
∑
𝑘=0

S𝑘⋄V⋄,0(𝑡)H1𝑘)H2𝑘) ∈ ℝ𝑁𝑇×𝐹2 (3.22)

This computation is repeated for all the 𝑙 layers of the GTCNN until the output V⋄,𝑙(𝑡) ∈ ℝ𝑁𝑇×𝐹𝑙 is
obtained:

V⋄,𝑙(𝑡) = 𝜎 (
𝐾𝑙
∑
𝑘=0

S𝑘⋄ 𝜎 (…𝜎(
𝐾1
∑
𝑘=0

S𝑘⋄V⋄,0(𝑡)H1𝑘)…)H𝑙𝑘) ∈ ℝ𝑁𝑇×𝐹𝑙 (3.23)

The output at the last GTCNN layer V⋄,𝑙(𝑡) ∈ ℝ𝑁𝑇×𝐹𝑙 is multi-dimensional, while a single scalar value
is desired at the output: the (predicted) active power 𝑃̂(𝑡) or reactive power 𝑄̂(𝑡) at every PCC node.
Therefore, the outputs are aggregated using a fully connected linear layer. The aggregation is done
per node, meaning the output is learnt per node from the input V𝒱𝑖⋄,𝑙(𝑡) ∈ ℝ𝑇𝐹𝑙 , which contains the 𝐹𝑙
hidden features of node 𝒱𝑖 across all 𝑇 time values:

𝑓(𝒱𝑖)𝐺𝑇𝐶𝑁𝑁(𝑡) =W
(𝒱𝑖)
𝑙 V(𝒱𝑖)⋄,𝑙 (𝑡) + b

(𝒱𝑖)
𝑙 , ∀𝒱𝑖 in 𝒱𝐺𝑇𝐶𝑁𝑁 (3.24)

In Eq. 3.24, W(𝒱𝑖)
𝑙 and b(𝒱𝑖)𝑙 are the weights and biases of the linear layer at node 𝒱𝑖, and V(𝒱𝑖)⋄,𝑙 (𝑡) is

obtained by reshaping and rearranging V⋄,𝑙(𝑡) to get V(𝒱𝑖)⋄,𝑙 (𝑡) ∈ ℝ𝐹𝑙𝑇 (the hidden features at the last
layer across all time copies of node 𝒱𝑖):
5The time dimension is included in V0 by the use of time-nodes. The product graph allowed to start with the shift operator S of
a single graph (e.g. 𝒢𝐺𝑇𝐶𝑁𝑁) and include the time graph 𝒢𝑇 by creating a new shift operator S⋄. The result of this was a bigger
product graph 𝒢⋄, which contains 𝑇 times the number of nodes 𝑁. This is because the product graph operation is equivalent
to replicating the graph 𝒢𝐺𝑇𝐶𝑁𝑁 for every time instant. Therefore, every node in graph 𝒢⋄ can be called a time-node, and will
contain the value of its features at one of the time instances. This approach allows to merge the time dimension into the node
dimension and enables the use of existing GNNs.
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V⋄,𝑙(𝑡) ∈ ℝ𝑁𝑇×𝐹𝑙
reshape−−−−−→ ℝ𝑁×𝑇×𝐹𝑙 extract 𝒱𝑖−−−−−−→ V(𝒱𝑖)⋄,𝑙 (𝑡) ∈ ℝ𝑇𝐹𝑙 (3.25)

This approach of node-specific predictions motivates the GTCNN to identify hidden features in the final
layer that accurately reflect each node’s output rather than relying on arbitrary combinations of weights
across all features and nodes. This approach ensures that the model’s learning is more focused and
interpretable.

Using Eqs. 3.23 and 3.24, themapping functions 𝑓𝐺𝑇𝐶𝑁𝑁(𝑡) of theGTCNNw.r.t. the inputV⋄,0(𝑡)become:

𝑃̂(𝒱𝑖)(𝑡) = 𝑓(𝒱𝑖)𝐺𝑇𝐶𝑁𝑁,𝑃(𝑡) =W
(𝒱𝑖)
𝑙,𝑃 V(𝒱𝑖)⋄,𝑙 (𝑡) + b

(𝒱𝑖)
𝑙,𝑃 ∀𝒱𝑖 ∈ Ω𝒱𝑃𝐶𝐶 (3.26a)

𝑄̂(𝒱𝑖) = 𝑓(𝒱𝑖)𝐺𝑇𝐶𝑁𝑁,𝑄(𝑡) =W
(𝒱𝑖)
𝑙,𝑄 V(𝒱𝑖)⋄,𝑙 (𝑡) + b

(𝒱𝑖)
𝑙,𝑄 ∀𝒱𝑖 ∈ Ω𝒱𝑃𝐶𝐶 (3.26b)

V(𝒱𝑖)⋄,𝑙 (𝑡) = reshape (V⋄,𝑙(𝑡), 𝐹𝑙𝑇)

V⋄,𝑙(𝑡) = 𝜎 (
𝐾𝑙
∑
𝑘=0

S𝑘⋄ 𝜎 (…𝜎(
𝐾1
∑
𝑘=0

S𝑘⋄V⋄,0(𝑡)H1𝑘,𝑃/𝑄)…)H𝑙𝑘,𝑃/𝑄) ∈ ℝ𝑁𝑇×𝐹𝑙

IThe three hyperparameters of the GTCNN structure are the number of features in each layer 𝐹𝑙, the
graph filter order 𝐾𝑙 and the product graph rule: 𝒢𝑇 ⋄𝒢𝐺𝑇𝐶𝑁𝑁. During training, the graph filter coefficients
H1𝑘,𝑃/𝑄 ,H2𝑘,𝑃/𝑄 , … ,H𝑙𝑘,𝑃/𝑄 are learned for every k-hop neighbourhood together with the weightsW(𝒱𝑖)

𝑙,𝑃/𝑄
and biases b(𝒱𝑖)𝑙,𝑃/𝑄 of the fully connected layer at the output for every node 𝒱𝑖 ∈ Ω𝒱𝑃𝐶𝐶 . The active and
reactive power equivalent models learn a different set of weights.

3.3.3. Training the GTCNN

Figure 3.20: The training workflow for the equivalent model using the proposed GTCNN structure. The PowerFactory and
entso-e logos are trademarks of DIgSILENT GmbH and EN TSO-E respectively. The PMU image is from Schweitzer

Engineering Laboratories Model SEL-735 (not affiliated).

The training workflow for the proposed GTCNN structure is seen in Fig. 3.20. The workflow consists
of three steps, which will be explained in more detail below.

Step 1: Create 𝒢𝐺𝑇𝐶𝑁𝑁
The first step is to create the graph 𝒢𝐺𝑇𝐶𝑁𝑁. This is done by using the modified line graph 𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑)
using Eq. 3.17 (as explained in section 3.3.1). The graph 𝒢 can be found by inspecting a system
schematic that shows the different buses, their interconnections and the location of the PMU devices.
If graph 𝒢 is unknown, it is possible to get the graph 𝒢𝐺𝑇𝐶𝑁𝑁 by estimating how the PMUs are connected
by the DN infrastructure. After the graph 𝒢𝐺𝑇𝐶𝑁𝑁 is obtained, the graph operator S can be computed
using either the adjacency matrix A, the Laplacian L, or one of their normalised versions, A𝑛 or L𝑛.
Step 2: Collect measurements
The second step is to create the measurement database to train the model. The measurement includes
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the inputs |𝑉|, 𝜃, 𝑃0 and 𝑄0 and the outputs 𝑃 and 𝑄. These measurements can be collected by real
PMU devices in the DN or are generated by a network model in power system simulation software
such as PowerFactory, PSCAD, Simulink etc. The measurements collected should cover the faults,
operating conditions, and topological changes of interest for transient stability studies, also referred to
as the scenarios.

Step 3: Train the GTCNN using backpropagation
The third step is to train the GTCNNwith the collected data. The training is done on the entire database,
with a portion being held back for validation and testing of the model. The training of the equivalent
model will be done using a supervised learning approach. Supervised learning is a type of machine
learning where an algorithm is trained on a labelled dataset, which means that each training sample
is paired with an output label. The inputs for the GTCNN-based equivalent model are the voltage
magnitude |𝑉| and angle 𝜃 together with the initial power injections 𝑃0 and 𝑄0; the output labels are the
true active 𝑃 and reactive power 𝑄 response. This approach enables the model to learn the functions
𝑓(𝒱𝑖)𝐺𝑇𝐶𝑁𝑁,𝑃(⋅) and 𝑓(𝒱𝑖)𝐺𝑇𝐶𝑁𝑁,𝑄(⋅) of Eq. 3.26 that map the inputs |𝑉|, 𝜃, 𝑃0 and 𝑄0 to the predicted outputs
𝑃̂ and 𝑄̂. In the context of dynamic equivalent models, supervised learning is the best approach as
it allows for the precise modelling of power system dynamics based on historical or simulated data,
ensuring that the model learns to reproduce the true dynamics.

Figure 3.21: A scenario 𝑠 is divided into multiple samples of duration 𝑇𝑤𝑖𝑛𝑑𝑜𝑤.

The GTCNN is not trained per scenario of duration 𝑇. Instead, a sliding window approach is used to
divide scenario 𝑠 into samples of duration 𝑇𝑤𝑖𝑛𝑑𝑜𝑤; 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 is also known as the observation window.
The sliding window gives 𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠 = 𝑇−𝑇𝑤𝑖𝑛𝑑𝑜𝑤+1 samples per scenario 𝑠 (see Fig. 3.21). There are
two advantages to using this approach. First, the size of the Cartesian product graph will be reduced
from 𝑁𝑇 (time) nodes to 𝑁𝑇𝑤𝑖𝑛𝑑𝑜𝑤, which will also reduce the number of computations for the GTCNN.
In power systems, and especially DNs, the number of nodes 𝑁 is high. With this approach, it is possible
to have 𝑇/𝑇𝑤𝑖𝑛𝑑𝑜𝑤 times the number of nodes 𝑁 before the same computational complexity is reached.
Second, the GTCNN becomes insensitive to the moment of the event that causes the dynamic re-
sponse. As the GTCNN is trained on smaller training samples, it learns how the input changes leading
up to an event within the window. The moment this occurs could be at a different time in the scenario,
while the input the model sees remains the same, therefore making the model more robust. Similarly,
the windowing approach also ensures that the model considers training samples where there are no
dynamics, ensuring a more balanced dataset with both training samples with and without dynamics.

The GTCNN predicts 𝑃̂ or 𝑄̂ at the end of each training sample (see Fig. 3.21). This way, every time
instance 𝑡 is predicted only once. The output of the GTCNN to a single scenario can be obtained
by giving the training samples of a scenario 𝑠 in chronological order, making the predictions with the
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GTCNN, and putting all predictions together6. The drawback of this approach is that the model will not
be able to output a dynamic response before 𝑇𝑤𝑖𝑛𝑑𝑜𝑤. This limitation can be overcome by inputting a
longer measurement before the event.

The proposed GTCNN structure has four hyperparameters, three of which come from the GTCNN (see
section 3.3.2). The first hyperparameter is the GTCNN structure. This parameter indicates how many
hidden layers the GTCNN has and the number of hidden features 𝐹𝑙 per layer. More hidden features
and layers can improve the expressive power of the network but also make it more prone to overfitting
the data. The second hyperparameter is the graph filter order 𝐾𝑙 per layer (see Eq. 3.23). A larger
value of 𝐾𝑙 results in filters that consider the signal at further-away nodes (larger neighbourhood) when
computing the embeddings V⋄,𝑙 (as seen in Fig. 3.5). A larger 𝐾𝑙 can result in hidden features that
focus more on the entire graph, but it will also increase the number of trainable parameters and, thus,
the training time. The third hyperparameter is the type of product graph to use (Cartesian, Kronecker
or strong). As section 3.3.1 explains, the Cartesian product graph is preferred for its interpretability.
A strong product graph could yield better results as it also considers the connection of a node’s value
at the current time with respect to the value of its neighbours at a previous time instance. Adding
this relation will also increase the runtime as there are more edges on which the graph signal should
be propagated. The fourth hyperparameter comes from the training approach and is the observation
window 𝑇𝑤𝑖𝑛𝑑𝑜𝑤. The observation window gives the number of measurement points in a single training
sample. More measurement points mean that a larger segment of the inputs is considered, which
makes the model more accurate for a particular scenario because the GTCNN model sees a larger
part of the input. However, having more measurement points per training sample will likely lead to
overfitting.

The output 𝑃̂ and 𝑄̂ from every training sample is compared with the actual output 𝑃 and 𝑄 by the loss
function. The prediction of the dynamic response is a supervised regression task. Therefore, a loss
function compares the predictions to the true targets. The MSE loss is chosen as the loss function for
the GTCNN, which is applied per node as the predictions are made per node. The MSE loss will only
be computed for the nodes where the targets 𝑃 and 𝑄 are available. In the GTCNN structure, this is at
the PCC nodes (see also Fig. 3.18), which means that the hidden features 𝐹1, 𝐹2, … 𝐹𝑙−1 is updated w.r.t.
the loss at the PCC nodes instead of all nodes. After computing the loss, the optimiser updates the
graph filter coefficients H1𝑘,𝑃/𝑄 ,H2𝑘,𝑃/𝑄 , … ,H𝑙𝑘,𝑃/𝑄 and the weightsW(𝒱𝑖)

𝑙,𝑃/𝑄 and biases b
(𝒱𝑖)
𝑙,𝑃/𝑄 of the fully

connected layer at the output for every node 𝒱𝑖 ∈ Ω𝒱𝑃𝐶𝐶 . This process is repeated for a predetermined
number of epochs, the maximum allowable runtime or until the model no longer improves.

3.3.4. Exchange with the TSO
The workflow using the GTCNN equivalent model is shown in Fig. 3.22. The TSO has their TN model
with some scenarios of interest, for which they want to know the dynamic response of the DN. The
outcome of these studies can show TSOs the severity of the active and reactive power produced by
various connected DNs and can help them reinforce the network where necessary. The TSO shares
these scenarios with the DSO (e.g., once per month), which can use its network model to collect the
measurements |𝑉|, 𝜃, 𝑃 and 𝑄 in a measurement database. The DSO can also use the grid code re-
quirements to generate scenarios and measurements that show the DN’s dynamic behaviour. Alterna-
tively, the measurement database can be constructed with measurements directly taken from PMUs
throughout the system (or both). The DSO uses the measurement database to train the equivalent
model7.

The TSO receives the equivalent model from the DSO8, which it will use in its TN network model to
predict the dynamic responses of the DNs in response to an event. The current active and reactive
power injections, 𝑃0 and 𝑄0, are obtained from the recent load, PV andWTG profiles from the ENTSO-E
transparency platform. Using these profiles to find the current injections, the GTCNN will give an output
6The predictions 𝑃̂ and 𝑄̂ will be in a correct chronological order since the training samples were also inputted in the correct
order.

7The measurement database is constructed in this thesis using the DN network model; this process is described in more details
in section 4.2.

8The proposed methodology here suggests that DSOs make the equivalent model as they have the most information available
about their DN. However, it is also possible for the TSO to create an equivalent model using this methodology by using recorded
measurements to construct the training database.



3.3. GTCNN-based equivalent model 41

that is more representative of the current operating conditions and, thus, more accurate. Because
the GTCNN is trained to be robust under changing operating conditions and topological changes, the
equivalent model has to be updated less frequently, for example, once per month. A possible way
to connect the equivalent model to the TN network is through a co-simulation interface. Instead of
inputting the entire scenario duration 𝑇, the equivalent model will receive only 𝑇𝑤𝑖𝑛𝑑𝑜𝑤, containing the
current and previous 𝑇𝑤𝑖𝑛𝑑𝑜𝑤−1 values of the input. It will then compute the output at the current solver
time 𝑡: 𝑃(𝑡) and 𝑄(𝑡). The solver can use these values to find the inputs at the next time step, and the
process is repeated for the entire simulation duration.

Figure 3.22: Workflow for the GTCNN equivalent when used by the TSO for dynamic studies. The PowerFactory, TenneT,
Python, PyTorch and entso-e logos are trademarks of DIgSILENT GmbH, TenneT TSO B.V., Python Software Foundation,
PyTorch Foundation and ENTSO-E, respectively. The PMU image is from Schweitzer Engineering Laboratories Model

SEL-735 (not affiliated)

The possible application presented here should not be hard to implement, as much of the information
used by the GTCNN equivalent is already available. For example, many European grid operators
already share the actual power production and consumption on the ENTSO-E transparency platform
[87]. If these profiles are unavailable, the TSO can use their measurements at the PCC to determine
the injections at the DN. Similarly, the graph 𝐺𝐺𝑇𝐶𝑁𝑁 can be found relatively easily if a top-level grid
map is available and the measurement locations are known. If the DSO uses a network model, this
is no problem. If the TSO collects its measurements, it will know the PMU locations and can connect
them accordingly to the underlying top-level infrastructure, as no network-specific parameters, such as
line admittances, are needed.

The biggest challenge will be the collection of the various measurements under the different sce-
narios. It is expected that when DN dynamics start playing a crucial role in the power system, the DSOs
will have a dynamic network model of their system. This dynamic network model can be used to gen-
erate the measurement database. It is also possible to use collected PMU measurements from various
points in the system. The downside of this approach is that faults or other events rarely occur in the
power system, which means that these events will hardly be present in the database. This scarcity will
make the equivalent model less accurate and drastically reduce its performance for unseen scenarios.
Therefore, it is crucial to have a representative measurement database when training the equivalent
model.





4
Case Study

This chapter will validate the GTCNN-based equivalent model proposed in Chapter 3. As the equivalent
is black-box-based, it does not require having a full system model, but collecting only PMU measure-
ments and the network graph 𝒢𝐺𝑇𝐶𝑁𝑁 is sufficient. Generally, this information is not directly available
unless specific agreements are made with grid operators, as in [40]. Therefore, the required data is
generated using the PowerFactory model of a real distribution ring in Zeeland, The Netherlands, called
the Zeeland (Delta) 50 kV distribution ring [88]. This network will be referred to as the Zeeland 50 kV
ring in the remainder of this thesis.

This chapter is structured as follows. First, an introduction to the Zeeland 50 kV ring is given in section
4.1. Second, in section 4.2, the data generation process with this network is elaborated. Third, section
4.3 discusses two baseline models. Next, the choice for the GTCNN hyperparameters is elaborated in
section 4.4. Sections 4.5, 4.6 and 4.7 compare the results of theGTCNNwith the baselinemodels under
different datasets. In Section 4.8, four additional case studies are included supporting the proposed
methodology. Finally, in section 4.9, the scaling behaviour of the GTCNN is discussed.

4.1. Introduction to the Zeeland 50 kV ring
The Zeeland 50 kV ring represents a distribution network near the North Sea in the southwest of the
Netherlands. It consists of five 50 kV substations, Goes Evertsenstraat (Gse), Zierikzee (Zrz), Ooster-
land (Otl), Tholen, (Tln) and Kruiningen (Kng), connected in a ring-like structure and coupled to the 150
kV transmission network at two locations, Kng and Goes de Poel (Gsp). Historically, the distribution
network operator was Delta Network Group, which is why the network is also known as the Delta 50 kV
ring. In 2006, 200 kilometres of 150 kV and 380 kV network parts were sold to the TSO TenneT as part
of the passed law for independent network operation (Wet Onafhankelijk Netbeheer) [89]. Moreover,
the network operation had to be done by an independent party that was not supplying energy since
that would create monopolies. This led to the Delta network operation division (DELTA Netwerkbedrijf
or DNWB) changing its name to Enduris in 2016 [90]. In 2017, DNWB was acquired by the network
operator Stedin, making the Zeeland 50 kV ring now part of Stedin’s assets. To avoid any confusion or
incorrectness about who owns the network, the network is called the Zeeland 50 kV ring.

4.1.1. Network description
The Zeeland 50 kV ring is depicted in Figure 4.1. The five 50 kV substations (Gse, Zrz, Otl, Tln and
Kng) are connected using underground cables [91]. Although Figure 4.1 represents the substations
linearly, their geographical location is in a ring-like configuration (see Figures 1 and 2 of [91]). Each 50
kV substation is connected to local 10 kV distribution grids through two 50/10 kV transformers. Loads
are aggregated into a single load at each 10 kV bus. Moreover, there are wind turbine generators
(WTGs) at three locations (Zrz, Otl and Tln) and combined heat and power plants (CHPs) at Otl and
Tln. This makes the Zeeland 50 kV ring an active distribution network [13], with an overall system
generation that is roughly double the system load [88].

The Zeeland 50 kV ring is connected to the 150 kV transmission network in the south at two locations
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(Gsp and Kng) through four three-winding (150/50/10 kV) transformers. The presence of two identical
transformers at each point of common coupling (PCC) signifies an n-1 redundancy.

The network is monitored by Phasor Measurement Units (PMUs) installed at each 50 kV substation.
This was done to have maximum observability with information on the voltage phasors at all five sub-
stations [88]. Zrz has two PMUs since the two lines connecting it to Otl have different parameters,
whereas an equal impedance eliminates this need between Gse and Zrz [88].

The used model is the one implemented by the authors of [91] and is based on the real Zeeland 50 kV
distribution ring as described by DNWG in [88]. Interested readers can study [91] for more information
about the modelling and validation of the Zeeland 50 kV distribution ring.

DN Area

PMU
PMU PMU

PMU
PMU

PMU

Figure 4.1: The Zeeland (Delta) 50 kV distribution ring is implemented in PowerFactory. Only the 50 kV area of the network is
considered to be the DN ( ). The DN has six PMUs ( ), at least one near each 50 kV bus. The DN is connected to the
150 kV TN at two points by four PCC terminals ( ). The fault events are generated on the 150 kV transmission lines between

Gsp and Kng ( ).

4.1.2. Comparison to other networks in the literature
The Zeeland 50 kV ring was chosen for three reasons. First, its size and voltage level are comparable
to existing literature, which are in the range of tens of kVs. A 22 kV microgrid is used in [46]. [34]
uses the Cigre Task Force C6.04.02 Benchmark Medium Voltage Distribution Network. The real PMU
measurements in [41] are collected from ADNs ranging between 10 and 20 kV. In [11], [35], [36], [39],
a 75-bus 11 kV network is deployed; [29] uses a different 11 kV network. A 400 V laboratory scale
network is utilised by [42]. Second, the Zeeland 50 kV ring is modelled after a real ADN [91]. The
realistic nature of this network will make the generated data more representative. Third, this ADN is
connected to the TN at two PCCs, while existing works consider a single PCC [28], [29], [35], [36], [38],
[39], [41], [42], [44], [46]. Using a meshed ADN shows the performance of the proposed GTCNN-based
equivalent model under a more complex and futuristic DN.

This network is connected to the TN at the 150 kV terminals at Gsp and Rll, as seen in Fig. 3.1.
Unfortunately, the PowerFactory model of the Dutch high-voltage grid is not available to generate the
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events that cause a response from the Zeeland 50 kV network. There are still several ways to generate
events when the TN model is unavailable. It is possible to connect a different TN to the DN [44], [92].
Another option is to create a (voltage) disturbance at the PCC [29], [38], [42]. Additionally, it’s feasible
to split the entire ADN into two parts: one dedicated to constructing an equivalent model and the other
focused on generating events [28], [34], [46].

Splitting the ADN into two parts is the best choice for this PowerFactory model. This is because the
150 kV parts of the network should be part of the TN [89]. Moreover, the data remains representative
as the events are generated within the same previously validated network.

4.1.3. Graph representation
The modified graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 of the Zeeland 50 kV ring is depicted in Fig. 4.2a. This graph is con-
structed using the DN area of Fig. 4.1 and the rules from section 3.3.1. The cable 1 Gse-Zrz between
Gse and Zrz is not observable and is, therefore, not considered in 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑. Moreover, a fictitious
node is added between the buses Otl and Tln as there are two PMUs on the cable Otl-Tln; note how
this results in two nodes in the modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁.

(a) The graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 of the Zeeland 50 kV ring.

(b) Modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁 = 𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑) of the Zeeland 50 kV ring.

Figure 4.2: The modified graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 and the corresponding GTCNN graph 𝒢𝐺𝑇𝐶𝑁𝑁.

4.2. Preparing the data
The proposed GTCNN equivalent model requires simulation data as it is a black box model. This data
will be generated from the Zeeland 50 kV ring using the PowerFactory model discussed in section 4.1.
Two stages are needed to generate the required data for the GTCNN (see Fig. 4.3): data generation
(stage 1) and data preprocessing (stage 2). In the first stage, the necessary data is gathered through
a Python script that simulates different scenarios in a PowerFactory model. In the second stage, the
generated data is preprocessed into the appropriate form for the model. Finally, the GTCNN can be
trained using the training workflow discussed in section 3.3.3. The full code is available upon request.

This section will briefly describe the two steps needed to generate the data for the GTCNN-based equiv-
alent model. First, the data generation is discussed in section 4.2.1. Second, section 4.2.2 elaborates
on the preprocessing of the generated data.

Figure 4.3: The general pipeline for equivalent modelling using GNNs.
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4.2.1. Data generation
The derivation of any grey- or black-box equivalent model requires creating a dataset with various
scenarios 𝑠𝑖 of interest. In this thesis, a scenario refers to a unique combination of an event 𝑓, operating
condition 𝑜𝑐 and topological state 𝑡𝑐 of the network. Algorithm 1 incorporates the three elements of the
scenario definition into the network.

Algorithm 1 works as follows. First, the class PowerFactory is created. This class communicates
with PowerFactory through its Python interface and can access all the network elements and their pa-
rameters, allowing it to run repetitive simulations without manual intervention. The class first reads a
JSON file, which tells it how to simulate the scenarios and from what components to collect the mea-
surements. After that, the class method run_topology_simulations is called, which creates the
scenarios according to the provided settings, implements them into the network and runs the simula-
tion. This is done with several for-loops: one iterates over the faults 𝑓 (i.e. the events), three over the
load, WTG and PV profiles to generate different operating conditions 𝑜𝑐 and one over the topological
changes 𝑡𝑐.
The outermost loop iterates over fault events that excite a dynamic response from the DN. Faults are
sampled from a set of events in the study case of the PowerFactory model together with their clear
event. Each of these events represents a different fault location, i.e. the component in which the fault
occurs, such as a line. The fault events will be generated on one of the eight 150 kV transmission lines
outside the DN (see Fig. 4.1)1. After choosing a line, the fault impedance and location percentage in
the line are sampled. The sampled values are then assigned to the selected event, resulting in a new
fault 𝑓.
The next three for-loops iterate over the load, WTG and PV profiles obtained from ENTSO-E to sample
different operating conditions 𝑜𝑐 at different points on the profiles. The sampling of different 𝑜𝑐 will be
illustrated using theWTGs; the process is identical for the loads and PVs. It is possible to find the active
and reactive power production per day, week, season, etc., on the transparency platform. This allows
for the computation of the daily averages and deviation per season. As TenneT, the Dutch TN operator,
makes this information available in intervals of a quarter of an hour, the mean and standard deviations
are stored in day quarters (96 in a day) for the four seasons. Selecting the mean and standard deviation
in a different season (𝑠𝑒𝑎𝑠𝑜𝑛) and at a different time of the day (day-quarter 𝑡), it is possible to evaluate
the response of the DN under different conditions (e.g. low or high generation). The iteration of the
seasons is done in the second and the day quarters in the third for-loop of algorithm 1.

Once the average and the spread of the WTGs are determined at a particular time of the year, new
values are sampled. This can be done using the normal distribution, where its parameters are found
from the computed values at this time interval. However, there is one problem: all samples are con-
sidered independent and indentically distributed. This means that scenarios would occur where some
wind farms have a high production (at one tail of the normal distribution) while others do not produce at
all (at the other tail). In reality, the different WTGs are geometrically close to each other, meaning that
their production should be correlated because the weather conditions are shared. This is solved using
Monte Carlo sampling with correlated samples that follow a Kumaraswamy distribution 𝒦(𝑎, 𝑏). This
type of sampling includes the correlation between the different WTGs in the DN. The probability density
function 𝑓(𝑥; 𝑎, 𝑏) = 𝑎𝑏𝑥𝑎−1(1−𝑥𝑎)𝑏−1 of the Kumaraswamy distribution𝒦(2, 2) resembles the normal
distribution𝒩(12 , 𝜎

2) but is a bit skewed to the right and bounded between 0 and 1. The original support
𝑥 ∈ (0, 1) is scaled to 𝑥 ∈ (𝜇 − 3𝜎, 𝜇 + 3𝜎), where 𝜇 is the normalised average production/consumption
at the specified 𝑠𝑒𝑎𝑠𝑜𝑛 and day quarter 𝑡 and 𝜎 is the first standard deviation at the same point on the
profile. These bounds are more realistic as they prevent extreme outliers in components that operate
with finite limits.

The sampling of new operating conditions also requires checking the power flow convergence before
running the dynamic (RMS) simulation2. This is to ensure that no limits are violated prior to the fault,
as that would result in protection equipment stepping in or equipment damage if the protection fails.
The new operating condition 𝑜𝑐 is considered to be converging if all bus voltages are between 0.95
1This approach of generating fault events within the same model but outside the DN part is similar to [34].
2This step was not required when implementing the fault event since the network in its default values is already stable and
converging.
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and 1.05 pu and when the loading percentage of the transformers, lines and cables does not exceed
100% (their maximum capacity). If one of these limits is violated, new values are sampled for the loads,
WTGs, and PVs until convergence (or surpassing the maximum tries). If no limits are violated, a new
operating condition 𝑜𝑐 is obtained.

Algorithm 1 Run Topology Simulations
1: 𝑝𝑜𝑤𝑒𝑟𝐹𝑐𝑡 ← new PowerFactory(𝐽𝑆𝑂𝑁, 𝑝𝑟𝑜𝑗𝑒𝑐𝑡, 𝑠𝑡𝑢𝑑𝑦𝑐𝑎𝑠𝑒)

2: procedure RunTopologySimulations(𝑠𝑎𝑣𝑒𝑑𝑖𝑟) # part of PowerFactory class
3: Check inputs
4: Optional: Implement custom start scenario
5: Save network state to 𝑎𝑑𝑎𝑝𝑡𝑒𝑑𝑆𝑡𝑎𝑡𝑒
6: 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 = 0
7: for 𝑓 ← 0 to 𝑛𝑢𝑚𝐹𝑎𝑢𝑙𝑡𝑠 do
8: Cancel all events
9: Update seed
10: Sample fault 𝑓
11: Save network state to 𝑜𝑐𝑆𝑡𝑎𝑡𝑒
12: for all 𝑠𝑒𝑎𝑠𝑜𝑛 ∈ 𝑠𝑒𝑎𝑠𝑜𝑛𝑠 do
13: for all 𝑡 ∈ 𝑑𝑎𝑦𝑄𝑢𝑎𝑟𝑡𝑒𝑟𝑠 do
14: for 𝑡𝑖 ← 0 to 𝑛𝑢𝑚𝑇𝑖 do
15: Sample operating condition 𝑜𝑐
16: Check scenario feasibility
17: Save network state to 𝑡𝑐𝑆𝑡𝑎𝑡𝑒
18: for 𝑡𝑐 ← 0 to 𝑛𝑢𝑚𝑇𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑒𝑠 do
19: Sample topological change 𝑡𝑐
20: Check scenario feasibility
21: if convergence conditions are met then
22: Store current scenario 𝑠𝑖 = {𝑓, 𝑜𝑐, 𝑡𝑐}
23: Setup and run simulation
24: Save simulation results
25: end if
26: if no more topological changes to sample then
27: Restore network state 𝑡𝑐𝑆𝑡𝑎𝑡𝑒
28: break loop
29: end if
30: 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 += 1
31: Restore network to 𝑡𝑐𝑆𝑡𝑎𝑡𝑒
32: end for
33: Restore network to 𝑜𝑐𝑆𝑡𝑎𝑡𝑒
34: end for
35: end for
36: end for
37: Restore network to 𝑎𝑑𝑎𝑝𝑡𝑒𝑑𝑆𝑡𝑎𝑡𝑒
38: end for
39: Restore network to initial state
40: Save the list of collected scenarios 𝑠
41: end procedure

The innermost for-loop samples topological changes. Topological changes change the electrical net-
work, resulting in a different dynamic behaviour. Some examples are the disconnection of network
parts because of damage or planned maintenance, the connection of inactive (redundancy) compo-
nents, the addition of lines and cables, the connection of existing feeders through interconnectors, the
addition of DGs through transformers, etc3. The sampling of topological changes in algorithm 1 has
3The connection of an extra load is not considered a topological change since it is equivalent to changing the setpoint of existing
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two stages. First, it chooses which component to alter from a list of available components. Second,
it implements a new topological change based on the component type. The value is flipped for binary
variables such as the (dis)connection of components. For the tap changeable transformers, a new po-
sition is sampled between its minimum and maximum positions. After a topological change has been
sampled, the convergence of the power flows is checked before running the RMS simulation. The
topological change 𝑡𝑐 is stored to prevent resampling of the same action4.
Once the sampling is done and a convergent scenario 𝑠𝑖 = {𝑓, 𝑜𝑐, 𝑡𝑐} is obtained, the RMS simulation
is run. The measurements of the observable elements, as specified in the JSON file, are logged during
the simulation and stored in Parquet files5. For the Zeeland 50 kV ring, the observable elements
are the cables and terminal of the PMU devices and the four PCC terminals (see Fig. 4.1). A 2x
decrease in disk size is obtained using Parquet files, which are chosen as the preferred format for
storing the simulations. A separate file containing the converging scenarios 𝑠𝑖 is created at the end
of the run_topology_simulations function. After all the scenarios are generated, the network is
restored to its initial state.

4.2.2. Data preprocessing
All the scenarios generated by Algorithm 1 are represented by a separate Parquet file. The scenario
files of the training, validation or test sets are saved in different folders, while the scenarios of a single
set are in the same folder together with the list of collected scenarios. Each scenario file is formatted as
a table where every column represents a different measurement variable (e.g. 𝑃 at the 50 kV substation
Zrz), and the rows contain the values at different time instances. This format is not suitable for training
the GTCNN-based equivalent model without preprocessing.

Algorithm 2 constructs a single dataset from all the Parquet files in a specific folder in the expected
format by the MLmodel. The procedure prepare_data is used to transform scenarios from the format
of the PowerFactory simulations 𝑇 ×𝑀 (where 𝑀 is the number of collected measurement values) into
the expected format of the ML model. In the GTCNN implementation of [82], whose codebase is used
in this thesis, the expected format is 𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠 ×𝐹×𝑇𝑤𝑖𝑛𝑑𝑜𝑤𝑁. The procedure prepare_data iterates
over all files and applies the same steps. First, it will skip the scenario file 𝑠𝑖 if it is a duplicate scenario6.
Next, it will only read the data of scenario 𝑠𝑖 from the Parquet file if it is not a duplicate. The next two
steps are optional: merging PCC terminals7 and interpolating the data to have a constant sampling
rate8.

The next step is to transform the data from the PowerFactory format (𝑇 × 𝑀) into the desired format.
This is done by the function transform_data, whose working is visualised in Fig. 4.4. First, the

loads and is thus an operating condition.
4This step is needed to efficiently sample the topological changes since the changes are discrete, increasing the likelihood of
picking the same event. The sampling of the operating conditions did not have this problem since its distribution was continuous
between the upper and lower bounds, making it less likely to have exactly the same values at all the loads, WTGs and PVs
between two given sampled scenarios.

5”Apache Parquet is an open source, column-oriented data format designed for efficient data storage and retrieval.” [93] Comma
Separated Values (CSV) files, on the other hand, are row-based. In both cases, the rows represent the different elements, and
the columns are usually attributes. Because CSV files are row-based, they require reading in the entire dataset when accessing
a single attribute, while parquet files can import only specific columns. Moreover, Parquet files also apply some compression,
which reduces the disk size. For these reasons, Parquet files can drastically reduce costs of storage and compute power [94].

6The list of collected scenarios is used for this purpose, containing a different scenario 𝑠𝑖 = {𝑓, 𝑜𝑐, 𝑡𝑐} per row. This step is
intended as a last resort in case Algorithm 1 fails to prevent duplicate scenarios. However, when the settings in the JSON
file are chosen correctly, no duplicates should exist. The fault events and operating conditions are sampled from continuous
distributions, making it highly unlikely that the same values are implemented. Moreover, although the topological changes are
sampled from a discrete set, Algorithm 1 keeps track of the sampled 𝑡𝑐 to prevent resampling the same actions.

7The merging of the PCC terminals can be used when a single PCC has two single terminals (as is the case for the Zeeland
50 kV ring of Fig. 4.1) to create a single PCC. The merging will improve the GTCNN performance when both terminals have a
very distinctive behaviour. The measurements from both terminals are combined into a single measurement according to the
following rules. If the measured quantities are the voltage magnitude |𝑉|, the phase angle 𝜃 or loading percentage, take the
first value as these should be identtical. If the measured quantities are the active power 𝑃, the reactive power 𝑄 or the current
𝐼, add the two values together.

8This processing step should be used when the steps between different measurement sample points is not constant. This
difference is mostly a problem in simulation software such as PowerFactory, where the solver might use a different step size
when needed to be able to solve the differential equations properly. It is recommended to solve this issue inside the simulation
software before generating the data with Algorithm 1 as the interpolator will approximate the measurement data, thus reducing
its accuracy and increasing the processing runtime.
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table obtained from the PowerFactory simulations is transformed into the standard format of PyTorch
Geometric9, which is 𝑁 (nodes) ×𝐹 (node features); a third dimension is added to include the temporal
aspect. This transformation is realised by splitting the different columns 𝑀 into nodes 𝑁 and features
𝐹. The resulting 3D array is windowed using the approach described in section 3.3.3 to create 𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠
of length 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 from the original measurements with duration 𝑇. This gives a 4D array of dimensions
𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠 ×𝑁×𝐹 ×𝑇𝑤𝑖𝑛𝑑𝑜𝑤. This 4D array can then be manipulated using permutations and reshaping
to arrive at the expected input format of the model10; in the case of the GTCNN, this is 𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠 ×
𝐹 × 𝑇𝑤𝑖𝑛𝑑𝑜𝑤𝑁. These data transformations are repeated for all scenario files 𝑠𝑖 in the current folder,
resulting in 𝑁𝑠𝑐𝑒𝑛𝑎𝑟𝑖𝑜𝑠 ⋅ 𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠 total training samples for the model. The training samples are shuffled
and saved with the targets inside a PyToch Geometric DataLoader of a specific batch size, which can
be inputted into the different models. A wrapper function construct_datasets is written to create
a single Python dictionary with three data loaders: one for the training, one for the validation and one
for the test set. If used, the scalers are fit on only the training data.

Algorithm 2 Prepare Data for Training
1: function TransformData(𝑝𝑓_𝑑𝑎𝑡𝑎𝑠𝑒𝑡)
2: 𝑔𝑛𝑛_𝑑𝑎𝑡𝑎 ← create_3d_dataset(𝑝𝑓_𝑑𝑎𝑡𝑎𝑠𝑒𝑡) # 3D tensor 𝑁 × 𝐹 × 𝑇
3: 𝑑𝑎𝑡𝑎 ← window_dataset(𝑔𝑛𝑛_𝑑𝑎𝑡𝑎) # 4D tensor 𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠 × 𝑁 × 𝐹 × 𝑇𝑤𝑖𝑛𝑑𝑜𝑤
4: 𝑡𝑎𝑟𝑔𝑒𝑡𝑠 ← find_targets(𝑔𝑛𝑛_𝑑𝑎𝑡𝑎)
5: Permute 𝑑𝑎𝑡𝑎, 𝑡𝑎𝑟𝑔𝑒𝑡𝑠 for model # specific to the ML model
6: return (𝑑𝑎𝑡𝑎, 𝑡𝑎𝑟𝑔𝑒𝑡𝑠)
7: end function

8: procedure PrepareData(𝑝𝑎𝑡ℎ)
9: Check inputs
10: if 𝑝𝑎𝑡ℎ is a folder then
11: 𝑓𝑖𝑙𝑒𝑠 ← sorted list of scenario results 𝑠𝑖 in 𝑝𝑎𝑡ℎ
12: else if 𝑝𝑎𝑡ℎ is a file then
13: 𝑓𝑖𝑙𝑒𝑠 ← list containing the file at 𝑝𝑎𝑡ℎ
14: end if
15: Optional: Create training/validation/test splits from 𝑓𝑖𝑙𝑒𝑠
16: for scenario file 𝑠𝑖 in 𝑓𝑖𝑙𝑒𝑠 do
17: Optional: Skip 𝑠𝑖 if duplicate
18: 𝑝𝑓_𝑑𝑎𝑡𝑎𝑠𝑒𝑡 ← read_parquet(𝑠𝑖)
19: Optional: Merge PCC terminals
20: Optional: Interpolate data
21: 𝑑𝑎𝑡𝑎, 𝑡𝑎𝑟𝑔𝑒𝑡𝑠←TransformData(𝑝𝑓_𝑑𝑎𝑡𝑎𝑠𝑒𝑡)
22: Add samples to 𝑑𝑎𝑡𝑎, 𝑡𝑎𝑟𝑔𝑒𝑡𝑠
23: Optional: Compute time vector
24: end for
25: Optional: Fit scalers
26: Create data points from 𝑑𝑎𝑡𝑎, 𝑡𝑎𝑟𝑔𝑒𝑡𝑠
27: Optional: Shuffle datapoints
28: Create DataLoaders of specified batch size
29: end procedure

The procedure prepare_data can also be used on a single scenario file 𝑠𝑖. This mode is useful when
finding the accuracy of the equivalent model for a single scenario 𝑠𝑖. The main difference in steps is
that the time vector will be computed for plotting and that the data is not shuffled before returning it, as
the temporal sequence of the samples should be preserved.
9PyTorch Geometric is a Python for GNNs built on to the popular ML library PyTorch. Many papers on GNNs publish their models
to the package. As this library is actively maintained and a central hub for GNN implementations in Python, adopting their data
format will simplify future work on GNNs for equivalent modelling.

10The basic skeleton of the function transform_data can be used to format the data for any ML model. This makes the
implementation extremely powerful, as it allows for easily adding different ML models and comparing their performance to the
proposed GTCNN model.
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Figure 4.4: A single simulation scenario 𝑠𝑖 is transformed from its tabular format into a 3D array in the PyTorch Geometric
format, including time. The resulting array is then windowed across the temporal dimension to create the different training

samples. This output can then be permuted into the expected input format of the different models.

4.3. Baseline models
The proposed GTCNN structure will be compared against a state-of-the-art black box model based on
an LSTM network, which showed promising performance because of its ability to learn the differential
equations of the power systemwith LSTM networks and the algebraic equations with the fully connected
layers [44]. The network can be seen in Fig. 4.5. The input sequence, in this case 𝑉(𝑡), is used as
input to train 𝑁𝐿𝑆𝑇𝑀 networks of 𝐿𝐿𝑆𝑇𝑀 layers. The hidden features output 𝐹𝐿𝑆𝑇𝑀 of each LSTM network
is used as input to the fully connected layer of 𝐹1 hidden features. The 𝐹1 features from the first fully
connected layer are passed through a second fully connected layer, giving 𝐹2 features. These features
are passed through an output layer to give the output 𝑃 or𝑄. The LSTM-based equivalent model follows
the same prediction approach as the GTCNN, as seen in Fig. 3.21. This means that the network uses
𝑇𝑤𝑖𝑛𝑑𝑜𝑤 historical measurements to predict the active 𝑃 or reactive 𝑄 power output at the end of the
current window, meaning a single value is obtained. The following values were used in the case studies:
𝑁𝐿𝑆𝑇𝑀 = 100, 𝐹𝐿𝑆𝑇𝑀 = 64, 𝐿𝐿𝑆𝑇𝑀 = 2, 𝐹1 = 150 and 𝐹2 = 80. Moreover, the observation window 𝑇𝑤𝑖𝑛𝑑𝑜𝑤
is set to 5 (as in [44]) and 10011. These models are referred to as LSTM5 and LSTM100, respectively.
The number of trainable parameters of these two models is 6,399,59212.

Figure 4.5: The neural network architecture of the LSTM-based equivalent model from [44].

11This is done to match the observation window of the GTCNN, ensuring that the same data is inputted into the LSTM model.
12The number of parameters is the same for both models as the number of trainable parameters does not depend on the length
of the input sequence 𝑇𝑤𝑖𝑛𝑑𝑜𝑤. However, it is expected that the LSTM100 will be slower to train than the LSTM5 as more data
is passed through the former network.
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A hybrid model has been created that combines the GTCNN with the LSTM network; this network is
referred to as the GTCNN-LSTM network. The network can be seen in Figure 4.6. The GTCNN-LSTM
uses the same layers as the GTCNN network, but instead of using the fully connected layers per node
to find the outputs 𝑃 and 𝑄, it uses the LSTM network. The 𝐹𝑙 hidden features at the last GTCNN layer
are inputted per temporal graph replicas of 𝒢𝐺𝑇𝐶𝑁𝑁, meaning the inputs at each time instant will have the
dimensions 𝑁 ⋅ 𝐹𝑙. This approach of transferring the outputs from the GTCNN to the LSTM is selected
because the temporal graph 𝒢𝑇 ensures that the hidden features within the GTCNN at a specific graph
replica provide insights into the inputs at that particular time and prior instances. This approach requires
that 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 is the same for theGTCNN and the LSTM. This approach is classified as a disjoint model as
two different models are combined, and it will evaluate if the LSTM model using temporally structured
hidden graph features yields better performance than either individual model. The hybrid GTCNN-
LSTMmodel has an observation window of 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100, two layers of each 20 hidden features in the
GTCNN, a graph filter order 𝐾 = 2 and uses the Cartesian product graph. The LSTM part has the same
parameters as the LSTM100 network: 𝑁𝐿𝑆𝑇𝑀 = 100, 𝐹𝐿𝑆𝑇𝑀 = 64, 𝐿𝐿𝑆𝑇𝑀 = 2, 𝐹1 = 150 and 𝐹2 = 80. The
input length of the LSTM part is 100 to match the number of temporal graph replicas of the GTCNN.
These hyperparameters give the number of trainable parameters of 10,086,912.

Figure 4.6: The neural network architecture of a disjoint model that combines the proposed GTCNN structure with the
LSTM-based equivalent model from [44].
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4.4. Hyperparameter tuning
The proposed GTCNN-based equivalent model has four hyperparameters that need to be tuned: the
observation window 𝑇𝑤𝑖𝑛𝑑𝑜𝑤, the GTCNN structure and the filter order 𝐾. The GTCNN is tuned in-
dependently on each hyperparameter by evaluating the average MSE and the standard deviation of
several candidate values. The default parameter is changed with the best-performing one before tuning
the next hyperparameter.

First, the observation window 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 is tuned. 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 indicates the number of measurement points
per training sample, where a larger value corresponds to a longer input sequence. A separate model
is trained to predict the active power 𝑃 and reactive power 𝑄. The GTCNN is trained for 100 epochs,
but the training is stopped early if the validation accuracy does not improve over 25 epochs. A batch
size of 64 is used. The evaluated values are 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = {25, 50, 100}.
The results are seen in Table 4.1, with the best results marked in green . For the model predicting
the active power, 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 50 gives the best results, while a lower or higher value slightly increases
the average error. The results obtained for 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 25 or 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100 are nearly identical,
but considering more measurement points per training sample more than doubles the training time
of 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 25. 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100 gives the best results in the model for the reactive power, while
𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 25 and 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 50 give similar results. Again, a larger observation window increases
the training time except for 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 50, where the model was stopped early as it was not improving
anymore. The optimal observation window is 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 50 for the equivalent of the active power and
𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100 for the reactive power equivalent.

Table 4.1: Effect of different 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 on the model performance.

Target Twindow Training Validation Test Training time

P
100 0.013 (± 0.009) 0.011 (± 0.008) 0.010 (± 0.005) 00:28:14
25 0.012 (± 0.009) 0.009 (± 0.007) 0.010 (± 0.004) 00:10:43
50 0.006 (± 0.003) 0.005 (± 0.002) 0.006 (± 0.002) 00:12:25

Q
100 0.030 (± 0.031) 0.027 (± 0.022) 0.026 (± 0.013) 00:27:28
25 0.051 (± 0.034) 0.043 (± 0.024) 0.041 (± 0.017) 00:10:40
50 0.054 (± 0.043) 0.043 (± 0.031) 0.034 (± 0.019) 00:08:52*

*The training was stopped early as there was no improvement over 25 epochs.

Second, six different GTCNN structures are evaluated: two layers of each ten hidden features (10-10),
three layers of each of 10 hidden features (10-10-10), two layers with more features in the second layer
(10-20), two layers with fewer features in the second layer (20-10), three layers with half the number of
features in the next layer (20-10-5) and two layers with more hidden features (20-20). These structures
are evaluated using the previously found optimal observation windows: 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 50 (active power
model) and 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100 (reactive power model). The GTCNN is trained for 100 epochs, and a batch
size of 64 is used.

The results are seen in Table 4.2, with the best results marked in green . Increasing the number of hid-
den features improves the MSE for both equivalents while slightly increasing the training time. Adding
an extra layer results in a higher MSE for both equivalents while significantly increasing the training
time as more hidden features are added. The best results are obtained for the GTCNN structure of two
layers with 20 hidden features for the active power model. The 10-20 and 20-20 GTCNN structures
give the best results for the reactive power model, with the 20-20 structure giving a slightly lower stan-
dard deviation. Two layers with 20 hidden features are selected as the optimal GTCNN structure for
both models.
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Table 4.2: Effect of different GTCNN structures on the performance. The numbers indicate the number of hidden
features in a layer, and layers are separated by a hyphen (e.g. 10-10 indicates two layers of 10 hidden features

each). These results are for the optimal values of 𝑇𝑤𝑖𝑛𝑑𝑜𝑤, i.e. 50 for the active power model and 100 for the reactive
power model.

Target Structure Training Validation Test Training time

P

10-10 0.011 (± 0.006) 0.010 (± 0.005) 0.011 (± 0.003) 00:11:52
10-10-10 0.008 (± 0.007) 0.009 (± 0.005) 0.009 (± 0.002) 00:17:25*
10-20 0.007 (± 0.005) 0.006 (± 0.002) 0.006 (± 0.002) 00:12:33
20-10 0.007 (± 0.006) 0.006 (± 0.004) 0.004 (± 0.002) 00:12:14
20-10-5 0.031 (± 0.019) 0.055 (± 0.015) 0.041 (± 0.007) 00:14:17
20-20 0.007 (± 0.004) 0.005 (± 0.002) 0.007 (± 0.003) 00:12:40

Q

10-10 0.046 (± 0.032) 0.036 (± 0.023) 0.034 (± 0.015) 00:26:43
10-10-10 0.072 (± 0.046) 0.061 (± 0.038) 0.042 (± 0.017) 00:48:47
10-20 0.036 (± 0.041) 0.032 (± 0.032) 0.030 (± 0.017) 00:27:45
20-10 0.043 (± 0.031) 0.033 (± 0.018) 0.032 (± 0.014) 00:28:20
20-10-5 0.065 (± 0.041) 0.054 (± 0.030) 0.046 (± 0.015) 00:34:30
20-20 0.027 (± 0.028) 0.032 (± 0.027) 0.022 (± 0.011) 00:28:20

*The training was stopped early as there was no improvement over 25 epochs.

Next, five possible values for the graph filter order 𝐾 are considered. Three of these consider the same
order in both layers (2-2, 4-4 and 6-6). The other two options, 2-4 and 4-2, show the impact of increasing
or decreasing the reach of the graph filter on the second layer. These structures are evaluated using
the previously found optimal observation windows and GTCNN structure. The GTCNN is trained for
100 epochs, and a batch size of 64 is used.

The results are seen in Table 4.3, with the best results marked in green . Increasing the graph filter
order 𝐾 results in a larger MSE for both the active and reactive power models while increasing the train-
ing time. Moreover, the MSE on the test set is higher for larger K values, indicating that the equivalent
model overfits the training and validation data. This is most noticeable for the active power model and
the hyperparameter values 4-4 and 6-6 of the reactive power model. The overfitting problem is also
shown by the training time, where three active power models with a larger graph filter order are stopped
early; the same is observed for the reactive power model with the largest graph filter order (6-6). The
best results are obtained with two taps in each layer (2-2).

Table 4.3: Effect of having different graph filter orders 𝐾 per layer. These results are for the optimal GTCNN structure, two
layers of 20 hidden features, and 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 of 50 for the active power model and 100 for the reactive power model.

Target Filter order K Training Validation Test Training time

P

2-2 0.008 (± 0.004) 0.006 (± 0.004) 0.007 (± 0.003) 00:10:03
2-4 0.014 (± 0.010) 0.010 (± 0.008) 0.008 (± 0.005) 00:19:19
4-2 0.020 (± 0.005) 0.009 (± 0.005) 0.022 (± 0.008) 00:09:48*
4-4 0.034 (± 0.021) 0.026 (± 0.021) 0.028 (± 0.015) 00:10:54*
6-6 0.067 (± 0.034) 0.047 (± 0.023) 0.076 (± 0.030) 00:18:52*

Q

2-2 0.034 (± 0.031) 0.032 (± 0.025) 0.026 (± 0.017) 00:19:26
2-4 0.053 (± 0.040) 0.048 (± 0.027) 0.035 (± 0.019) 00:48:34
4-2 0.034 (± 0.028) 0.034 (± 0.032) 0.031 (± 0.017) 00:22:36
4-4 0.123 (± 0.055) 0.085 (± 0.051) 0.086 (± 0.037) 00:46:52
6-6 1.816 (± 0.317) 1.903 (± 0.303) 1.978 (± 0.287) 00:36:02*

*The training was stopped early as there was no improvement over 25 epochs.
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The optimal values found with the hyperparameter tuning are:

• 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 50 for the active power model and 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100 for the reactive power model

• two layers of each 20 hidden features

• 𝐾 = 2 for both models

The larger observation windows mean that the GTCNN performs better when there is more data at its
input. However, a too-large observation window reduces the performance, likely because of overfitting.
Moreover, a simpler GTCNN structure performs better, suggesting overfitting for the more complex
structure. These hyperparameters result in 1,921 trainable parameters for the active power model and
2,921 for the reactive power model.

4.5. Performance on different fault locations
An equivalent model for transient stability should accurately represent the dynamic response for dif-
ferent events. In this case study, the performance of the GTCNN is compared to the two baseline
LSTM models (LSTM5 and LSTM100) and the hybrid GTCNN-LSTM model. All models receive the
same inputs |𝑉|, 𝜃, 𝑃0 and 𝑄0. The fault events are three-phase short circuits, represented by a fault
impedance 𝑍 = 0 [50]. The fault occurs 1 second into the simulation, with a clearing time of 50 ms (two
and a half cycles), corresponding with current protection devices [95]. The Zeeland 50 kV ring is stable,
meaning its control systems can reach a new steady state after the fault event has been cleared. The
network is simulated for 7 seconds, allowing the Zeeland 50 kV ring to return to a steady state; this
duration is similar to previous works on equivalent modelling [17], [34], [41], [44] and focuses on the
short-term dynamics. The PMU measurements are recorded from PowerFactory simulations using a
100 Hz sampling rate, corresponding to the highest standard PMU reporting rate for a 50 Hz system
[96]. The measurements at the individual PCC terminals are merged for the two connection points Gsp
and Kng. Different fault events are obtained by choosing a different fault location (i.e. the cable where
the fault occurs) and the fault percentage (the location in the selected cable). 100 faults are generated
for the training set with the fault percentages sampled from the uniform distribution 𝑓% ∼ U(10, 90).
The validation set consists of 30 faults with fault percentages sampled from the same distribution. The
test set consists of 10 faults, with the faults percentages sampled from 𝑓% ∼ 𝐿𝐹% = {2, 5, 30, 60, 95, 99},
meaning the test set also includes percentages outside the training and validation sets. The models
are trained on the DelftBlue Supercomputer on the GPU type-a node using a single CPU core and 12
GB of RAM [97].

The results are seen in Table 4.4, with the best results marked in green . The values represent the
average ± first standard deviation of the MSE of all scenarios in a particular split. Four scenarios with
different MSEs are plotted in Fig. 4.7 to visualise how different MSEs impact the prediction accuracy.
The prediction with an MSE of 0.004 can accurately capture the dynamic behaviour, including around
the extremes (see Fig. 4.7a). An MSE of 0.049 follows the majority of the simulated output accurately,
but there are bigger deviations of the predicted response near the fault event (see Fig. 4.7b). An even
higher MSE of 0.136 shows differences in the predicted and simulated output throughout larger portions
of the scenario (see Fig. 4.7c). An MSE of 3.632 does not capture the dynamics accurately as it does
not reach the correct peak values during the response (see Fig. 4.7d).
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(c) MSE of 0.136
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Figure 4.7: Impact of the MSE error on the prediction accuracy of four scenarios.
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Table 4.4: Performance of the four models for different fault locations

Target Model Training Validation Test Training time

P

GTCNN 0.002 (± 0.002) 0.002 (± 0.002) 0.003 (± 0.002) 00:13:06
GTCNN-LSTM 0.008 (± 0.021) 0.006 (± 0.014) 0.006 (± 0.006) 02:14:07
LSTM100 0.010 (± 0.023) 0.009 (± 0.018) 0.009 (± 0.009) 02:13:47
LSTM5 0.008 (± 0.010) 0.007 (± 0.011) 0.006 (± 0.005) 02:05:40

Q

GTCNN 0.016 (± 0.018) 0.015 (± 0.013) 0.011 (± 0.004) 00:13:27
GTCNN-LSTM 0.011 (± 0.028) 0.011 (± 0.021) 0.009 (± 0.006) 02:14:41
LSTM100 0.014 (± 0.033) 0.014 (± 0.028) 0.007 (± 0.005) 02:13:48
LSTM5 0.017 (± 0.014) 0.017 (± 0.013) 0.016 (± 0.012) 02:05:38

From Tab. 4.4, several things can be observed. The GTCNN performs the best for the active power
prediction, while the LSTM100 performs the best for the reactive power model. However, all the models
are performing fairly similarly. The GTCNN has a smaller deviation than the other models and is trained
8x faster than the equivalents with an LSTM model. These results show that the GTCNN can predict
the active power response of the ADN to a three-phase short circuit with different fault locations most
accurately, while its performance is slightly worse for the reactive power. However, a model with an
MSE of 0.011 still gives an accurate prediction, as seen in Fig. 4.7. The lower spread of the GTCNN
suggests a more consistent performance for the different fault locations and, therefore, a performance
closer to the mean MSE. Moreover, the MSE error does not increase between the training, validation
and test sets, indicating a good generalisation performance of the model and no overfitting in any of
the models. This consistency in performance showcases that the models can accurately predict the
dynamic response to unseen faults.

4.6. Performance on different operating conditions
The equivalent model is also studied under changing operating conditions to determine if the equivalent
model is robust when the conditions in the ADN change. This is done with a different dataset that
contains different setpoints for the six loads and threeWTGs in the Zeeland 50 kV ring. These setpoints
are sampled from the Kumaraswamy distribution 𝑜𝑐 ∼ 𝒦(2, 2) with the lower and upper bounds scaled
to 𝑥 ∈ (𝜇 − 3𝜎, 𝜇 + 3𝜎). The loads are correlated by the correlation coefficient 𝑐𝑙𝑜𝑎𝑑 = 0.6, while the
WTGs use 𝑐𝑊𝑇𝐺 = 0.75. A stronger correlation is assumed for the WTGs since they share the same
meteorological conditions because of their geographical proximity, while the inhabitants of different
cities will behave slightly differently from each other. To account for varying levels of production and
consumption throughout the year, two seasons (summer and winter) and three day-quarters (15, 27
and 70) are considered; the day-quarters correspond to low (15), base (28) and peak consumption (70).
Multiple samples are drawn from the distribution K(2,2) for every season and day quarter combination:
30 for the training set, 20 for the validation set and 15 for the test set. The fault event is a three-
phase short-circuit fault in the transmission line Zwart Kng150z-Kng152 at three different percentages:
𝑓% = {25, 50, 75}13. These settings yield 540 training, 360 validation and 270 test scenarios. Each
scenario is simulated for 7 seconds, with the fault event occurring at 1 s and being cleared in 50 ms.
The measurements are collected at a 100 Hz sampling rate, and the measurements at the individual
PCC terminals are merged for the two connection points Gsp and Kng. The models are trained on the
DelftBlue Supercomputer on the GPU type-a node using a single CPU core and 12 GB of RAM [97].

The results are seen in Table 4.5, with the best results marked in green . The values represent the
average ± first standard deviation of the MSE of all scenarios in a particular split. The GTCNN and
LSTM5 models perform the best for the active power equivalent, with the GTCNN having a slightly
lower standard deviation. The LSTM100 model is not far behind. The hybrid GTCNN-LSTM model
has a poorer performance with a 6x loss increase. For the reactive power equivalent, the LSTM-based
models perform similarly and perform the best out of all models. The GTCNN model has a 2x higher
loss than the other equivalents, but its training time is 4x shorter. The MSE is very low for all models,
meaning they can reproduce the ADN’s dynamic response accurately under varying network operating
13The fault percentages are not sampled, but chosen sequentially. This leads to three fault events.
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Table 4.5: Performance of the four models for different operating conditions.

Target Model Training Validation Test Training time

P

GTCNN 0.004 (± 0.004) 0.005 (± 0.006) 0.005 (± 0.005) 01:27:08
GTCNN-LSTM 0.017 (± 0.014) 0.038 (± 0.071) 0.032 (± 0.041) 05:52:52**
LSTM100 0.005 (± 0.004) 0.008 (± 0.014) 0.008 (± 0.009) 05:43:47**
LSTM5 0.004 (± 0.003) 0.006 (± 0.009) 0.005 (± 0.005) 05:52:22**

Q

GTCNN 0.022 (± 0.013) 0.023 (± 0.019) 0.026 (± 0.025) 01:37:23*
GTCNN-LSTM 0.009 (± 0.006) 0.014 (± 0.033) 0.012 (± 0.013) 05:52:33**
LSTM100 0.008 (± 0.006) 0.010 (± 0.012) 0.010 (± 0.010) 05:46:16**
LSTM5 0.008 (± 0.006) 0.011 (± 0.013) 0.011 (± 0.009) 05:55:20**

*The training was stopped early not to exceed the requested runtime.
**The training was stopped early not to exceed the maximum training time of 6 hours.

conditions using a single model instead of requiring different models per operating condition. The
performance for the reactive power response is slightly worse, but it still yields an accurate response
when looking at Fig. 4.7. This is also seen by the prediction of the reactive power model of test scenario
88 in Fig. 4.8 with an MSE of 0.09. The MSE does not vary significantly between the training, validation,
and test sets, indicating that the equivalents can generalise well to unseen operating conditions and
that a single equivalent can be used for different operating conditions.
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Figure 4.8: The predicted reactive power dynamic response of test scenario 88 with an MSE of 0.09 by the best GTCNN-based
equivalent model.

4.7. Performance on different topological changes
The equivalent model should also work accurately when the DN is changing. To evaluate the robust-
ness, a different dataset is used focusing on hidden topological changes, i.e. topological changes that
are not directly observed by the TSO and, therefore, are not an input to the equivalent model. The two
types considered in this case study are activating one inactive 50 kV transformer inside the Zeeland
50 kV ring or changing the tap positions of one active 50 kV transformer. There are five active 50/10
kV transformers in the Zeeland 50 kV ring: 51 Gse, 51 Zrz, 51 Otl, 51 Tln and 51 Kng. Moreover, five
inactive transformers function as redundancy transformers to their active counterpart: 52 Gse, 52 Zrz,
52 Otl, 52 Tln, and 52 Kng. A single component is sampled randomly, and the corresponding action
is implemented. To create the training, validation and test sets, a component is uniquely defined in
one of the sets. The training set has the tap-changeable transformers 51 Gse, 51 Zrz and 51 Kng and
the inactive transformers 52 Otl, 52 Tln and 52 Kng. The validation set contains the tap-changeable
transformer 51 Otl and inactive transformer 52 Gse. The test set has the tap-changeable transformer
51 Tln and the inactive transformer 52 Zrz. The fault event is a three-phase short-circuit fault in the
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transmission line Zwart Kng150z-Kng152 at three different percentages: 𝑓% = {25, 50, 75}14. These
settings yield 48 training, 18 validation and 18 test scenarios15. Each scenario is simulated for 7 sec-
onds, with the fault event occurring at 1 s and being cleared in 50 ms. The measurements are collected
at a 100 Hz sampling rate, and the measurements at the individual PCC terminals are merged for the
two connection points Gsp and Kng. The models are trained on the DelftBlue Supercomputer on the
GPU type-a node using a single CPU core and 12 GB of RAM [97].

Table 4.6: Performance of the four models for different topological changes.

Target Model Training Validation Test Training time

P

GTCNN 0.002 (± 0.002) 0.002 (± 0.001) 0.002 (± 0.001) 00:07:02*
GTCNN-LSTM 0.004 (± 0.003) 0.004 (± 0.003) 0.005 (± 0.003) 01:09:12
LSTM100 0.005 (± 0.002) 0.006 (± 0.003) 0.005 (± 0.003) 00:31:12**
LSTM5 0.003 (± 0.001) 0.004 (± 0.002) 0.004 (± 0.003) 01:03:36

Q

GTCNN 0.012 (± 0.011) 0.014 (± 0.010) 0.016 (± 0.010) 00:06:00*
GTCNN-LSTM 0.025 (± 0.025) 0.021 (± 0.009) 0.030 (± 0.027) 00:30:39**
LSTM100 0.029 (± 0.027) 0.025 (± 0.011) 0.029 (± 0.017) 00:34:05**
LSTM5 0.015 (± 0.017) 0.014 (± 0.007) 0.015 (± 0.012) 01:04:03

*The training was stopped early as there was no improvement over 100 epochs.
**The training was stopped early as there was no improvement over 20 epochs.

The results are seen in Table 4.6, with the best results marked in green . The values represent the
average ± first standard deviation of the MSE of all scenarios in a particular split. The GTCNN is the
best-performing equivalent for the active power model and has the best performance together with the
LSTM5model for the reactive power equivalent. This means that the GTCNN equivalent can reproduce
the dynamic response of the DN accurately under the different hidden topological changes. Moreover,
there is no significant increase in MSE between the training, validation and test set, indicating that a
single model can capture a broad range of hidden topological changes. The MSE of the reactive power
equivalents is slightly higher but still produces accurate results when comparing it with Fig. 4.7. This is
also seen by the prediction of test scenario 11 in Fig. 4.9, which has an MSE of 0.01. In both cases, the
GTCNN trained much faster than the LSTM-based models. Two models (GTCNN and LSTM100) were
stopped early for the active power equivalent, while three models (GTCNN, LSTM100 and GTCNN-
LSTM) were stopped early for the reactive power model; all these models share an observation window
𝑇𝑤𝑖𝑛𝑑𝑜𝑤 of 100 measurement points.
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Figure 4.9: The predicted reactive power dynamic response of test scenario 11 with an MSE of 0.01 by the best GTCNN-based
equivalent model. Test scenario 11 has a three-phase short-circuit fault event in Zwart Kng150z-Kng152 at a fault percentage

of 50% and the tap position of 51 Tln has been changed to -4.

14The fault percentages are not sampled, but chosen sequentially. This leads to three fault events.
15There are fewer scenarios than all possible options since not all topological changes result in convergent power flows.
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4.8. Design considerations
This section contains four case studies validating the following design choices: including initial power
injections 𝑃0 and𝑄0 in theGTCNN-based equivalent model, creating a heterogenousGTCNN, choosing
the Cartesian product graph and predicting the output at individual PCC terminals.

4.8.1. Effect of including the initial power injections
To evaluate the effect of adding the initial power injections, the datasets of sections 4.5 (faults), 4.6
(operating conditions) and 4.7 (hidden topological changes) are used. The GTCNN with initial power
injections is compared against the LSTM5 model without the initial power injections16. Both models
have the same hyperparameters as described in sections 4.3 and 4.4, except that the GTCNN-based
equivalent model for active power has an observation window of 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100.
The results for different fault locations are seen in Table 4.7, with the best results marked in green .
The values represent the average ± first standard deviation of the MSE of all scenarios in a particular
split. From Tab. 4.7, it can be seen that the GTCNN performs the best for the active power equivalent
and the LSTM5 for the reactive power equivalent. In both cases, the GTCNN has a smaller spread of the
MSE for the different scenarios. The GTCNN and LSTM models have an MSE below 0.011, meaning
both models can capture the dynamic response accurately. This comparable performance suggests
that including the initial power injections 𝑃0 and𝑄0 has a negligible effect when only considering different
fault events.

Table 4.7: Performance of the GTCNN with initial power injections 𝑃0 and 𝑄0 and the LSTM-based model
without initial power injections for different fault locations.

Target Model Type Training Validation Test

P
GTCNN 0.002 (± 0.002) 0.002 (± 0.002) 0.003 (± 0.002)
LSTM5 0.004 (± 0.009) 0.005 (± 0.009) 0.004 (± 0.005)

Q
GTCNN 0.016 (± 0.018) 0.015 (± 0.013) 0.011 (± 0.004)
LSTM5 0.009 (± 0.017) 0.009 (± 0.012) 0.007 (± 0.006)

The results for different operating conditions are seen in Table 4.8, with the best results marked in
green . The values represent the average ± first standard deviation of the MSE of all scenarios in a
particular split. The GTCNN and LSTM5 models perform similarly for the active power, but the LSTM5
model performs poorer than the GTCNN for the reactive power equivalent. Therefore, including the
initial setpoints 𝑃0 and 𝑄0 helps the GTCNN to better learn the difference in operating conditions.

Table 4.8: Performance of the GTCNN with initial setpoints 𝑃0 and 𝑄0 and the LSTM-based model
without initial setpoints for different operating conditions.

Target Model Type Training Validation Test

P
GTCNN 0.004 (± 0.004) 0.005 (± 0.006) 0.005 (± 0.005)
LSTM5 0.006 (± 0.005) 0.005 (± 0.005) 0.005 (± 0.004)

Q
GTCNN 0.022 (± 0.013) 0.023 (± 0.019) 0.026 (± 0.025)
LSTM5 0.286 (± 0.249) 0.341 (± 0.341) 0.352 (± 0.306)

The results for different hidden topological changes are seen in Table 4.9, with the best results marked
in green . The values represent the average ± first standard deviation of the MSE of all scenarios in
a particular split. The GTCNN is better than the LSTM5 model for both the active and reactive power
equivalents. However, the performance of the LSTM5 model is still acceptable as an MSE below 0.03
can still reproduce the dynamics accurately (see Fig. 4.7). The better performance of the GTCNN
shows that including the initial power injections 𝑃0 and 𝑄0 results in better performance under different
hidden topological changes.
16This model is the closest to the one in [44].
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Table 4.9: Performance of the GTCNN with initial power injections 𝑃0 and 𝑄0 and the LSTM-based model
without initial power injections for different topological changes.

Target Model Type Training Validation Test

P
GTCNN 0.002 (± 0.002) 0.002 (± 0.001) 0.002 (± 0.001)
LSTM5 0.003 (± 0.002) 0.003 (± 0.002) 0.003 (± 0.001)

Q
GTCNN 0.012 (± 0.011) 0.014 (± 0.010) 0.016 (± 0.010)
LSTM5 0.032 (± 0.028) 0.026 (± 0.006) 0.030 (± 0.013)

4.8.2. Performance of the heterogenous GTCNN
The proposed GTCNN-based equivalent model is a heterogeneous GNN, as it has two types of nodes,
each with a different input. The PCC nodes have the inputs |𝑉| and 𝜃, which vary over time, while
the internal nodes receive the static initial power injections 𝑃0 and 𝑄0. This network is known as the
heterogeneous GTCNN. By design, the GCN with filter banks is homogeneous, meaning it expects
the same features at every node. Therefore, the initial configuration that was evaluated consisted of a
single node type, which received all available measurements: the voltage magnitude |𝑉|, the voltage
angle 𝜃, the current 𝐼, the line loading 𝐿𝑙𝑖𝑛𝑒 and the initial active and reactive power injections 𝑃0
and 𝑄0 (see Fig. 4.10). The performance of these two GTCNN types is evaluated using the optimal
hyperparameters of section 4.4 and the dataset with fault events of section 4.5.

Figure 4.10: The homogenous GTCNN with the dynamic features |𝑉|, 𝜃, 𝐼 and 𝐿𝑙𝑖𝑛𝑒 and the static initial power injections 𝑃0 and
𝑄0 at every node.

The results are seen in Table 4.10, with the best results marked in green . The heterogeneousGTCNN
performs better for the active power model than the homogeneous GTCNN. This difference could be
caused by the homogeneous model slightly overfitting to the training and validation splits, which is also
observed by the slight increase in average MSE on the test split from 0.001 to 0.004. Nevertheless,
the MSE of both models is similar, and both are suitable as equivalent models. For the reactive power
model, the homogeneous GTCNN performs better than the heterogeneous GTCNN (0.003 instead of
0.02). The MSE of the homogeneous GTCNN is similar for both the active and reactive power models,
while that of the heterogeneous GTCNN increases by a factor of 10. This difference suggests that
having less information in heterogenous GTCNN will reduce the model performance. However, an
MSE of 0.02 still yields a good prediction of the dynamic response (see Fig. 4.7). Moreover, having
these measurements as inputs to all nodes is unrealistic for an equivalent model, where the inputs
will come from the TN model. These measurements would only be available at all nodes if the TN is
connected to the DN at all points, but then there will be no point in having an equivalent model as the
TSO could directly observe the outputs 𝑃 and 𝑄. Therefore, heterogeneous GTCNN is preferred over
homogeneous GTCNN.
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Table 4.10: Performance comparison of the heterogeneous GTCNN (current implementation) and the homogeneous GTCNN,
which includes the dynamic features |𝑉|, 𝜃, 𝐼 and 𝐿𝑙𝑖𝑛𝑒 and the static initial power injections 𝑃0 and 𝑄0 at every node.

Target GTCNN Type Training Validation Test

P
Heterogeneous 0.002 (± 0.002) 0.002 (± 0.002) 0.002 (± 0.001)
Homogeneous 0.001 (± 0.001) 0.001 (± 0.000) 0.004 (± 0.003)

Q
Heterogeneous 0.023 (± 0.023) 0.024 (± 0.027) 0.020 (± 0.018)
Homogeneous 0.004 (± 0.003) 0.003 (± 0.002) 0.003 (± 0.002)

4.8.3. Impact of different product graphs
In section 3.3.1, the Cartesian product graph was selected as it has a more realistic representation of
the power system. However, it is possible that considering the extra relations (temporal dependency
on past neighbours) of the strong product graph yields a better performance. These two product graph
types are compared using the previously found optimal observation windows, GTCNN structure and
graph filter order 𝐾. The GTCNN is trained on different fault events for a maximum of 250 epochs, and
a batch size of 64 is used.

The results are seen in Table 4.11, with the best results marked in green . The Cartesian product
graph gives a significantly lower MSE for both the active and reactive power equivalents, as it can train
much lower before the model stops improving. Therefore, the Cartesian product graph is kept as the
product graph type.

Table 4.11: Effect of using a parametric or strong product graph. These results are for the optimal GTCNN structure, 2 layers
of 20 hidden features with a filter order of 2, and 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 of 50 for the active power model and 100 for the reactive power

model.

Target Product type Training Validation Test Epochs trained

P
Cartesian 0.004 (± 0.002) 0.004 (± 0.003) 0.008 (± 0.006) 172
Strong 0.042 (± 0.029) 0.036 (± 0.018) 0.052 (± 0.030) 52

Q
Cartesian 0.010 (± 0.005) 0.010 (± 0.004) 0.008 (± 0.004) 237
Strong 0.016 (± 0.013) 0.015 (± 0.010) 0.015 (± 0.006) 140

4.8.4. Performance in predicting individual terminals
The Zeeland 50 kV ring has two terminals at each PCC to increase its reliability (as seen in Fig. 4.1).
Throughout this thesis, the GTCNN is predicting the outputs of the two PCCs, meaning that the two
terminals at each PCC are merged into one by taking the first value of the voltage magnitude |𝑉| and the
phase angle 𝜃, or summing the active power 𝑃 and reactive power 𝑄. The performance of the GTCNN
in predicting the dynamic response at each terminal is investigated using the optimal hyperparameters
of section 4.4 and the dataset with fault events of section 4.5. The corresponding graphs 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 and
𝒢𝐺𝑇𝐶𝑁𝑁 are shown in Fig. 4.11.

(a) The graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 of the Zeeland 50 kV ring with the four terminals ( ).

(b) Modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁 = 𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑) of the Zeeland 50 kV ring.

Figure 4.11: The modified graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 and the corresponding GTCNN graph 𝒢𝐺𝑇𝐶𝑁𝑁 of the Zeeland 50 kV ring with four
terminals.
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The results are seen in Table 4.9, with the best results marked in green . The values represent the
average ± first standard deviation of the MSE of all scenarios in a particular split. For the active power
model, the GTCNN is equally good at predicting the dynamic response at the individual terminals and
the PCCs. The average MSE at individual terminals is slightly lower, but the spread is higher, meaning
the average MSEs are similar. Both models yield accurate responses since their MSE is low (as seen
in Fig. 4.7). However, the reactive power model predicting at the terminals has a very high average
MSE of 11.93. The GTCNN-based equivalent model, in that case, is not usable, as it cannot capture
the dynamics accurately.

Table 4.12: Performance of the GTCNN in predicting the dynamic response at each terminal or at the PCCs.

Target Prediction at Training Validation Test Training time

P
PCC 0.002 (± 0.002) 0.002 (± 0.002) 0.002 (± 0.001) 00:21:32
terminal 0.018 (± 0.010) 0.021 (± 0.011) 0.018 (± 0.011) 00:27:55

Q
PCC 0.023 (± 0.023) 0.024 (± 0.027) 0.020 (± 0.018) 00:49:15
terminal 10.088 (± 5.884) 12.801 (± 5.344) 11.927 (± 5.536) 01:08:44

In Figs. 4.12 and 4.13, the reactive power predictions are shown at the two terminals of the PCCs Gsp-
Gse and Kng, respectively. The prediction of the terminals Wit Gsp-Gse and Zwart Gsp-Gse follows
the simulated dynamic response closely (see Fig. 4.12). In contrast, in Fig. 4.13, the prediction of
the 151 Kng and 152 Kng terminals is inaccurate (151 Kng has the overshoot in the wrong direction).
The difference between these two PCCs (Gsp and Kng) is that the terminals at Gsp have a similar
response, while the terminals at Kng have opposite responses17. The GTCNN predicts a similar dy-
namic response at each terminal, which is in the middle of the two overshoots. Therefore, the GTCNN
tries to learn a single response for the two terminals. As two measurement nodes that correspond to
the terminals 151 Kng and 152 Kng are close to each other in the graph 𝒢𝐺𝑇𝐶𝑁𝑁 (a two-hop distance),
these results suggest that the GTCNN is unable to learn different dynamic responses at nodes that are
in each other’s proximity. Therefore, merging the PCCs yields a better performance.
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Figure 4.12: Predicted sequence by the reactive power equivalent at each terminal of PCC Gsp-Gse.

17The different sign in reactive power at Kng indicates an opposite flow of reactive power at each terminal.
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Figure 4.13: Predicted sequence by the reactive power equivalent at each terminal of PCC Kng.

4.9. Scaling to larger systems
The scaling performance of the GTCNN against the different model types is evaluated by extending
the Zeeland 50 kV ring with more nodes. This extension is realised by copying the 50 kV buses Zrz,
Otl and Tln. Moreover, two interconnectors are added between the original 50 kV ring and the copy
to create a more meshed network; each interconnector also has a PMU device. This results in an
additional eight nodes per copy of the Zeeland 50 kV ring. The Zeeland triple 50 kV ring has been
created for evaluating the scaling behaviour by copying the 50 kV buses Zrz, Otl and Tln twice (see
Fig. A.3). The modified graph is seen in Fig. A.1, together with its modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁 (see
Fig. A.2). The number of nodes in 𝒢𝐺𝑇𝐶𝑁𝑁 is increased from 8 in the Zeeland 50 kV ring to 24 in the
Zeeland triple 50 kV ring. The network is still stable because of the various control systems, but their
parameters are not optimal, as these were tuned for the original Zeeland 50 kV ring. The 150/50/10 kV
transformer tap positions are changed to 20 to yield an internal pre-fault voltage level of 1 pu. More-
over, the WTG transformer ratings are doubled. Three datasets were created to evaluate the scaling
performance of the proposed GTCNN-based equivalent model. Dataset 1 has only faults. Dataset 2
has predominantly operating conditions. Dataset 3 focuses on topological changes. The models are
trained on the DelftBlue Supercomputer on the GPU type-a node using a single CPU core and 12 GB
of RAM [97].

The first dataset contains only three-phase short-circuit fault events at different fault locations and
percentages. 100 faults are generated for the training set with the fault percentages sampled from
the uniform distribution 𝑓% ∼ U(10, 90). The validation set consists of 30 faults with fault percentages
sampled from the same distribution. The test set consists of 10 faults, with the faults percentages
sampled from 𝑓% ∼ 𝐿𝐹% = {2, 5, 30, 60, 95, 99}, meaning the test set also includes percentages outside
the training and validation sets. Each scenario is simulated for 7 seconds, with the fault event occurring
at 1 s and being cleared in 50 ms. The measurements are collected at a 100 Hz sampling rate, and
the measurements at the individual PCC terminals are merged for the two connection points Gsp and
Kng. The detailed results for this dataset are found in Tab. A.1.

The second dataset contains different operating conditions under three fault events. The fault event
is a three-phase short-circuit fault in the transmission line Zwart Kng150z-Kng152 at three different
percentages: 𝑓% = {25, 50, 75}. To account for varying levels of production and consumption throughout
the year, two seasons (summer and winter) and three day-quarters (15, 27 and 70) are considered;
the day-quarters correspond to low (15), base (28) and peak consumption (70). Multiple samples
are drawn from the distributions 𝒦(2, 2) for every season and day quarter combination: 30 for the
training set, 20 for the validation set and 15 for the test set. The loads are correlated by the correlation
coefficient 𝑐𝑙𝑜𝑎𝑑 = 0.6, while the WTGs use 𝑐𝑊𝑇𝐺 = 0.75. The lower and upper bounds are scaled
to 𝑥𝑙𝑜𝑎𝑑 ∈ (𝜇 − 𝜎, 𝜇 + 𝜎) and 𝑥𝑊𝑇𝐺 ∈ (𝜇 − 0.25𝜎, 𝜇 + 0.25𝜎)18. These settings yield 318 training, 209
18The support 𝑥 is smaller for the Zeeland triple 50 kV ring to give more converging scenarios. Because the control systems are
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validation and 160 test scenarios19. Each scenario is simulated for 7 seconds, with the fault event
occurring at 1 s and being cleared in 50 ms. The measurements are collected at a 100 Hz sampling
rate, and the measurements at the individual PCC terminals are merged for the two connection points
Gsp and Kng. The detailed results for this dataset are found in Tab. A.2.

The third dataset contains different topological changes under three fault events. The fault event
is a three-phase short-circuit fault in the transmission line Zwart Kng150z-Kng152 at three different
percentages: 𝑓% = {25, 50, 75}. The training set has the tap-changeable transformers 51 Gse, 51 Tln,
51 Kng, 2nd 51 Zrz, 2nd 51 Tln, 3rd 51 Otl, and 3rd 51 Tln, and the inactive transformers 52 Zrz,
52 Tln, 52 Kng, 2nd 52 Otl, 2nd 52 Tln, 3rd 52 Zrz, and 3rd 52 Otl. The validation set contains tap-
changeable transformers 51 Otl and 3rd 51 Zrz, and the inactive transformers 52 Gse and 2nd 52 Zrz.
The test set has the tap-changeable transformers 51 Zrz and 2nd 51 Otl, and the inactive transformers
52 Otl and 3rd 52 Tln. These settings yield 108 training, 30 validation and 30 test scenarios. Each
scenario is simulated for 7 seconds, with the fault event occurring at 1 s and being cleared in 50 ms.
The measurements are collected at a 100 Hz sampling rate, and the measurements at the individual
PCC terminals are merged for the two connection points Gsp and Kng. The detailed results for this
dataset are found in Tab. A.3.

The comparison of the average test MSE (without outliers) from each dataset and each output (𝑃 and
𝑄) of the original network and the Zeeland triple 50 kV ring can be seen in Fig. 4.14. The training
time is normalised against the total number of training scenarios in the dataset20 to account for the
reduced number of scenarios obtained from the Zeeland triple 50 kV ring. The GTCNN has the fastest
training time for both networks, while the LSTM-based networks are slower. This difference in speed
has two implications. First, the GTCNN-based equivalent can be trained faster for the same number of
scenarios, which means that the equivalent model can be exchanged more often between the TSO and
DSO, ensuring a more actual model. Second, more scenarios can be included in the training for the
same training time, resulting in an equivalent model that has seen more scenarios. The performance of
the GTCNN is in the range of the other models for both networks, which implies a similar performance
of the GTCNN against existing approaches [44]. The MSE of all models is below 0.02 for the Zeeland
50 kV ring (see Fig. 4.14a), while the MSE is below 0.08 for the Zeeland triple 50 kV ring (see Fig.
4.14b). Both these MSEs give an equivalent output that follows the simulated output pretty closely
(see Fig. 4.7). This makes the proposed GTCNN-based equivalent suitable for usage as a dynamic
equivalent model.

not optimally tuned, the system is not able to fully recover from a fault when the operating conditions are too far away from
their original values. Having a smaller support still allows for the generation of different operating conditions while keeping
the system stable. The WTGs have a smaller support since the generated reactive power caused frequent overloading of the
various cables and transformers.

19There are less scenarios for the Zeeland triple 50 kV ring than the original Zeeland 50 kV ring since not all scenarios resulted
in convergent pre-fault power flows.

20Training a machine learning model has two steps: training and inference. First, the training data is used to calculate the loss
and update the network weights through backpropagation (training). Second, the validation and test data are passed through
the network to find its performance on unseen data (inference). The training step takes the longest to run since all weight
gradients have to be computed during the backpropagation to update the weights. As the exact difference in computation time
between the training and inference steps is unknown, it is chosen to normalise only against the step that takes the longest, i.e.
the training step.
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Figure 4.14: The training time vs the average MSE per dataset of the different equivalent models.

The average performance across all datasets of each model is seen in Fig. 4.15. The LSTM5 model
has the lowest average MSE and standard deviation for the Zeeland 50 kV ring (see Fig. 4.15a),
which means that this model has the most consistent performance across the different datasets and,
therefore, the different type of changing system conditions. The GTCNN is slightly better than the
LSTM100 network, while the hybrid GTCNN-LSTM has the highest average MSE. These models have
a higher spread, meaning their output varies more between the different system conditions. However,
the highest MSE is slightly above 0.02. Therefore, the higher output variability does not significantly
impact the accuracy of the equivalent models for the Zeeland 50 kV ring. The GTCNN performs better
for the Zeeland triple 50 kVwith a slightly lower averageMSE than the LSTM5model and a lower spread
than the LSTM-based equivalents. These results mean that the GTCNN-based equivalent produces an
output that is slightly closer to the simulated output than those of the GTCNN-based models, although
all of them produce fairly accurate responses when considering the impact of the MSE on the accuracy
of the models (Fig. 4.7). The GTCNN also has a lower average training time and shows less variability
in the average training time per scenario than the LSTM-based models, meaning that the GTCNN
model can be trained quicker, and it is more certain how long it will take to train the model.
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Figure 4.15: The average training time vs the average model performance (MSE) across all datasets. The whiskers indicate
the first standard deviation of each model.
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Fig. 4.16 shows how the MSE of the different models changes with the number of measurement nodes.
This figure is created with the results of the different datasets and outputs of each model for the two
networks (the datapoints of Figures 4.14a and 4.14b). The average MSE of the models is initially
0.01 and increases above 0.03 (which was also seen in Fig. 4.15), which means that the accuracy
of all models decreases slightly as the number of nodes increases. The GTCNN and LSTM5 have a
lower average MSE than the other models. The GTCNN has the smallest and lowest 95% confidence
interval, suggesting the GTCNN performs the best on the bigger network, although this cannot be said
with certainty as the confidence intervals of the models overlap.
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Figure 4.16: The increase in MSE with the number of measurement nodes for each model type. The solid line is the central
tendency (average) of the different datasets and model targets (𝑃 or 𝑄), while the shaded areas show the confidence interval.

The models have a different rate of MSE increase per number of measurement nodes, as seen in Fig.
4.17. The MSE of the GTCNN increases the slowest, followed by the LSTM5 and LSTM100 networks,
with the hybrid GTCNN-LSTM network having the highest slope. This suggests that the GTCNN retains
better accuracy than the other models as the number of measurement nodes grows.
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Figure 4.17: The slopes of the increase in MSE with the number of measurement nodes for each model type.
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Fig. 4.18 shows how the training time of the different models scales with the number of measurement
nodes. The GTCNN has a much lower training time, while the LSTM-based models take 4x longer to
train. Also, the 95% confidence intervals show that the training time varies a lot for the LSTM-based
models, but their runtime is higher than the GTCNN since their confidence intervals do not overlap.
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Figure 4.18: The increase in training time with the number of measurement nodes for each model type. The solid line is the
central tendency (average) of the different datasets and model targets (𝑃 or 𝑄), while the shaded areas show the confidence

interval.

The rate of increase in training time per node is different per model (see Fig. 4.19). The training
time of the GTCNN increases slightly faster than the LSTM100 model and almost 3x faster than the
LSTM5 model; the training time of the GTCNN-LSTM model increases the quickest. The higher slope
of the GTCNN-based equivalent implies that the LSTM-based models will train faster after a certain
number of measurement nodes is reached. This makes the GTCNN model faster on ADNs with fewer
measurement nodes, while the LSTM models will be faster for ADNs with more measurement nodes.
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Figure 4.19: The slopes of the increase in training time with the number of measurement nodes for each model type.





5
Discussion and Conclusion

This chapter discusses the results from the case studies in sections 4.5, 4.6, 4.7, 4.8 and 4.9, and
how these results relate to the objectives and research on equivalent models in general. This chapter
concludes with several recommendations for future research.

5.1. Interpretation of the results
The proposed GTCNN-based equivalent model was evaluated on three case studies, each focussing
on a different system condition: different fault events, different operating conditions and different hid-
den topological changes. The model is evaluated against an LSTM-based equivalent [44] with two
observation windows. Moreover, a hybrid model that combines the GTCNN and LSTM models is also
evaluated. The key findings are discussed below.

A simpler GTCNN yields better performance
The hyperparameter tuning of the GTCNN resulted in an active power model with an observation
window of 𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 50, two layers of each 20 hidden features in the GTCNN, a graph filter order
𝐾 = 2 and uses the Cartesian product graph; the reactive power model has an observation window of
𝑇𝑤𝑖𝑛𝑑𝑜𝑤 = 100 with the other parameters remaining the same. Of all the considered hyperparameters,
the ones that give a simpler GTCNN resulted in a better performance. One of the reasons is that a
longer training time is needed to achieve a similar performance since more parameters have to be
trained for a more complex network. However, this is no guarantee that a more complex network will
perform better, especially as there will be a higher risk of overfitting. This issue was reflected in the
tuning, where the simplest GTCNNs and the most complex GTCNNs did not perform optimally. The
small number of parameters of the GTCNN could be why the model shows excellent generalisation
performance between the training, validation and test sets.

Faster training speed
The GTCNN model is faster than the LSTM5, LSTM100 and GTCNN-LSTM networks for all case stud-
ies. The number of trainable parameters in each network can explain the training speed. The GTCNN
has 1,921 and 2,921 parameters, while the LSTM-based models have a number of parameters in the
order of millions. Although a low training time is not as critical for equivalent models as for real-time
applications, it can make a difference in two ways. The first way is that when an equivalent model
can be trained faster, the model can be exchanged more often between the DSO and TSO (see Fig.
3.22), which ensures that the TSO uses a more accurate model. The reduced computational barrier will
also facilitate this more frequent exchange, as it requires fewer resources (both human resources and
computing power), which can eliminate the need for special allocation of time and resources to com-
pute the equivalent model. The second way the lower training time can make a difference is that the
GTCNN-based equivalent model can be trained more extensively than the LSTM-based models within
the same time frame. This means the GTCNN-based equivalent model can be trained with many more
scenarios, yielding a more accurate model. If the DSO includes fault locations, operating conditions
and topological changes in a single measurement database, there will easily be tens or hundreds of
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thousands of scenarios1. In the case studies of chapter 4, the runtime of the LSTM-based equivalents
was already limited to six hours of training per dataset to keep the training time manageable on shared
resources such as the DelftBlue Supercomputer. On more extensive datasets, the training time of the
LSTM-based models might increase so much that it will become infeasible, even within the monthly
time frame. In contrast, the faster training GTCNN would be able to incorporate more scenarios before
reaching the same limit.

Accuracy comparable to other models
The accuracy is measured by the average MSE of all training samples. The impact of the MSE error
on the prediction accuracy is shown in Fig. 4.7, with MSEs of 0.05 and below providing accurate pre-
dictions of the dynamic response and an MSE of 0.136 producing more significant deviations but still
giving reasonably accurate performance. The GTCNN slightly outperforms the other models for the
active power model, while its performance is somewhat worse for the reactive power model. However,
when considering the impact of the MSE on the predicted dynamic response, the performance of the
GTCNN (and the other equivalents) is exceptional, with an MSE that is consistently below 0.05. More-
over, the MSE of the GTCNN increased less per number of measurement nodes than its competitors,
suggesting that the GTCNN retains a better accuracy on bigger networks. This means that the pro-
posed GTCNN-based model is suitable for equivalent modelling of the transient stability of ADNs. This
accurate performance also showcases the importance of the induction bias, as the assumption that the
data follows a graph structure allows the GTCNN to obtain a similar performance with 1,921 and 2,921
parameters instead of 6,399, 592 for the LSTM model.

In the results on the Zeeland 50 kV ring, the GTCNN never outperformed the other models when predict-
ing the reactive power response. Similarly, the GTCNN was not always the best-performing equivalent
model for the active power on the Zeeland triple 50 kV ring. One reason for this performance could
be the locality of the GTCNN. The sampling and propagation steps of the GNN are a local opera-
tion since the outputs of the graph convolutional filters, the fundamental building block of the GTCNN,
are composed of a sum of graph-shifted versions of the input signal. The best-performing filter order
𝐾 found in the hyperparameter tuning was 2, meaning the exchange is taking place at a maximum
distance of two hops. This implies that the two PCCs never directly exchange their inputs with each
other but rather slowly propagate the input through the other nodes, while the LSTM-based networks,
LSTM5 and LSTM100, treat all the inputs equally. The PCC inputs are the dynamic input sequences of
the voltage |𝑉| and 𝜃, which are expected to contain the most information. Indeed, the homogeneous
GTCNN, which received dynamic inputs at all nodes, performed much better on the reactive power
model. When both PCC inputs are needed to find the dynamic response, the heterogeneous GTCNN
could be at a disadvantage.

Another reason the GTCNN did not outperform the other models could be that its structure is not fully
utilised. The GTCNN based on graph convolutional filters and product graphs is a homogenous GNN,
assuming every node has the same features. However, the internal nodes have the static initial power
injections 𝑃0 and 𝑄0, which differ from the dynamic voltage inputs |𝑉| and 𝜃 at the PCC nodes. A
heterogeneous graph convolutional operator will learn different message functions per relational type
(a source node - edge type - target node triplet)[98], and can learn more accurately the relation between
the inputs and the output. Moreover, the GTCNN network would benefit if it had more dynamic inputs
at its nodes, as these contain more information about the dynamic response than the static initial power
injections. A difference in performance was also observed when comparing the heterogeneous GTCNN
with the homogenous GTCNN with dynamic inputs at all nodes. The latter showed a much better
MSE for both the active and reactive power models. Unfortunately, this information is not available for
equivalent modelling, where only the terminals of the model are connected and, thus, observed.

A different argument for the slight difference in performance is that the LSTM-based models are excel-
lent in handling time-series data; this is what they were designed for. As all the models received the
same inputs to create a fair comparison, the effect of explicitly considering the initial power injections
has been hidden. Therefore, two different ML models designed to handle time-series data will perform
1The three datasets of the Zeeland 50 kV ring had 100 different fault locations and percentages, 180 different operating conditions
and 16 topological changes per fault percentage. Combining all these events in a single database would result in 288,000
scenarios. Also, note how this dataset excludes only operating conditions and only topological changes, which would make the
database even larger.
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more or less similarly. This was also seen when the GTCNN was compared against the LSTM5 model
without initial setpoints: the GTCNN did (slightly) outperform the LSTM5 model for the datasets with
changing operating conditions and hidden topological changes, but a comparable performance was
reached when only considering the fault events (i.e. when only learning time-series data under the
same system condition).

Another cause for the similar performance of the GTCNN is that the variation in the system conditions
(operating conditions and topological changes) might not be that pronounced. Historically, DNs were
passive and thus responding to events in the TN. The behaviour of DNs had to be well-defined (partially
by requirements such as the grid code) to keep the power system stable. As a result, the behaviour
of DNs might not deviate much before other limits are violated or protection equipment steps in. The
effect of including the initial power injections 𝑃0 and 𝑄0 might be too small to produce a significant
difference in performance. This was observed when evaluating the effect of including the initial power
injections. Adding the initial power injections resulted in a slightly better performance of the GTCNN,
but the LSTM5 model still had an acceptable performance. In the future, when the grid is much more
decentralised, the dynamic behaviour of ADNs might vary significantly depending on the role they play
at that moment (flexibility or other grid-support services). Then, the GTCNN-based equivalent could
show a more significant improvement over existing methods.

Good generalisation performance
All models show a robust performance under the different training, validation and test splits. This is
because the MSE does not change significantly from one split to another. In some cases, the average
validation and test MSE is lower than the training split’s. This suggests that the scenarios of the test split
are drawn from the same distribution as the training (and validation) split(s). This is the case because
the variations in the data from the different splits are created mainly by sampling from continuous
random distributions2. It also means that the models do not overfit the training data, which means they
can give reliable dynamic responses to unseen data. This property is essential as the equivalent model
should be accurate under various changing system conditions.

It is essential to include extreme scenarios in the training dataset
One exception was observed to the excellent generalisation performance: the fault events dataset of
the Zeeland triple 50 kV ring. In that dataset, a fault at 99% fault percentage causes an extreme outlier
of MSE 3.632 for the reactive power prediction. This outlier affects the performance of all models
(as seen in Tab. A.1), highlighting the importance of including extremes in the training dataset. This
issue became more transparent in the Zeeland triple 50 kV ring because it is closer to its stability
boundary because of its increased number of active components and sub-optimal control parameters.
The GTCNN is the most impacted because of its already lower performance on the reactive power.

The GTCNN is better at predicting PCCs than individual terminals
The GTCNN had trouble predicting the dynamic response at individual terminals when their response
differs significantly from each other. Although multiple graph filters are computed per input, the filter
parameters are shared between all nodes. Therefore, the embeddings that are computed at every node
will use similar parameters, and two nearby nodes will get similar embeddings by the GTCNN layers.
The fully connected layer per node then needs to find a different dynamic response from the same
embeddings, which did not work well. Therefore, the GTCNN should be used to predict the response
at PCCs and at not single terminals when their dynamic response is very different.

The hybrid GTCNN-LSTM model is not better
The hybrid GTCNN-LSTM model did not outperform the GTCNN or the LSTM-based equivalent mod-
els. This performance can be attributed to the GTCNN-LSTM being a disjoint model: the LSTM part
represents the temporal element, while the GTCNN is doing the spatial part. The result is that the
input of the LSTM model is the hidden graph features of the GTCNN across different temporal graph
replicas. There is no theoretical advantage to why these features would perform better than the in-
puts |𝑉|, 𝜃, 𝑃0 and 𝑄0; in fact, the added GNN at the input makes the training much slower as there are
2The only exception to this is the test set of the fault events, where extreme fault location percentages (2, 5, 95 and 99%) are
included.
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approximately 1.5 times the number of parameters of the LSTM-based equivalent models.

5.2. Addressing the research questions
As the power system grows more complex and active, equivalent models have become a solution
for modelling parts of the network that have limited observability or are confidential or too complex
to simulate otherwise. In the past decade, this topic has also made its way to DN because of their
transition towards an active network, something which was not the case before. The scientific literature
is mainly focused on grey box modelling because of its explainability and easy integration into existing
simulation software. These models typically generalise the dynamic behaviour rather than adapt to
specific changes in operating conditions or network topologies. Moreover, the accuracy of grey-box
models is limited, as it depends on the components comprising the equivalent model or the selected
mathematical model. In addition, there is no consensus on which model type is optimal. In response to
these limitations, there has been a growing interest in black box models, particularly machine learning,
for their potential to model complex relationships. These models promise greater adaptability and
accuracy, but they lack interpretability and require a lot of data for training across diverse scenarios,
resulting in limited validation of the models under different system conditions. At the same time, this is
a necessity for accurate equivalent models.

To overcome these limitations, the following three research questions were answered:

1. How can an equivalent model be created that can estimate the dynamic response of an ADN with
multiple PCCs under diverse operating conditions?

2. How can an equivalent model be created that can estimate the dynamic response of an ADN with
multiple PCCs under topological changes?

3. How does the method scale to larger systems?

How can an equivalent model be created that can estimate the dynamic re-
sponse of an ADN with multiple PCCs under diverse operating conditions?
An equivalent that can estimate the dynamic response of an ADN with multiple PCCs under diverse
operating conditions can be created by training a GTCNN-based model using measurement data that
contains different operating conditions. The GTCNN relates the measurement data from PMUs in the
network to its graph structure, and it directly considers system conditions through the initial power in-
jections 𝑃0 and 𝑄0, which help the equivalent model to learn how different operating conditions impact
the dynamic response. Training and validating the GTCNN model on a dataset with various operating
conditions for the same faults indicated that the GTCNN could predict the dynamic response accurately
with an average MSE of 0.005 for the active power 𝑃 and 0.026 for the reactive power 𝑄. This per-
formance is within the range of existing LSTM-based equivalents, but the results were obtained much
faster. This difference in speed makes the GTCNN a promising alternative which could enable training
on more comprehensive datasets.

How can an equivalent model be created that can estimate the dynamic re-
sponse of an ADN with multiple PCCs under topological changes?
The proposed GTCNN-based equivalent model can also be used to estimate the dynamic response of
an ADN with multiple PCCs under topological changes by training the equivalent using measurement
data containing different topological changes, something existing works did not do. Two topological
changes were considered: including 50/10 kV redundancy transformers and changing tap positions
of already connected 50/10 kV transformers. These topological changes are hidden since they are
not directly observed as input to the GTCNN. The GTCNN implicitly includes the impact of the hidden
topological changes through changes in the initial power injections 𝑃0 and 𝑄0. Training and validating
the GTCNNmodel on a dataset with various hidden topological changes demonstrated that the GTCNN
could predict the dynamic response accurately with an averageMSE of 0.002 for the active power 𝑃 and
0.016 for the reactive power 𝑄. This performance was the lowest out of the considered LSTM-based
equivalents and obtained much faster. However, it was still within range of the existing approaches.
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How does the method scale to larger systems?
The proposed GTCNN-based equivalent model showed promising scaling performance for ADNs with
fewer measurement points as it boasts similar performance but trains faster than LSTM-based ap-
proaches. The scaling performance was evaluated by replicating the 50 kV nodes Zrz, Otl and Tln to
create the bigger Zeeland triple 50 kV network, which contains 24 instead of 8 measurement nodes.
Themodels were trained with three datasets: one containing faults, one predominantly containing oper-
ating conditions and one predominantly containing topological changes. The GTCNN-based equivalent
model requires less training time to reach comparable performance to the LSTM-based models, but
its runtime increases faster when going from 8 to 24 measurement points. At the same time, the MSE
of the GTCNN increases slower than the LSTM-based when going from 8 to 24 measurement points.
These differences in slope suggest that the GTCNN network can be trained faster for ADNs with fewer
measurement points, while it will be more accurate with more measurement points.

5.3. Limitations and recommendations
The proposed GTCNN-based equivalent model has demonstrated comparable performance to the
LSTM-based approaches but at a smaller runtime. The current research has some limitations, which
can be addressed by future research.

To test the robustness of the GTCNN on different system conditions, three datasets have been created
with a different focus: the first one contained faults, the second had operating conditions and the third
focussed on topological changes. The performance was thus evaluated on a specific portion of the
system conditions and showed that the proposed method could generalise over one of these different
conditions, thus answering the first two research questions. A more comprehensive dataset should
be studied in future work to evaluate the model’s performance when all these events are combined
into a bigger, more comprehensive dataset. As this dataset will likely contain tens of thousands of
scenarios, different challenges that need to be solved will arise, including how to deal with long training
times. Future research should investigate howmuch and which training data is required for an accurate
equivalent. Perhaps having an equivalent per fault type is better to keep the training manageable.
Moreover, future work should involve TSOs and DSOs to develop more tailored equivalents that solve
more pressing issues.

The scaling performance was compared only between two networks, resulting in two data points. This
only gives partial information about how the MSE and training time change between 8 and 24 mea-
surement nodes; a third data point could reveal a non-linear increase in one of the models and yield a
more complete picture of how the training time increases for each model. Also, the LSTM models are
implemented using the models from the PyTorch library, which have been coded efficiently and highly
optimised; the GTCNN implementation is from [82]. The LSTM and the GTCNN depend on the input
dimension through their non-linear activation functions 𝜎(⋅), but the LSTM has four activation functions
connecting the input while the GTCNN has only one. This difference suggests that the runtime of the
LSTM should increase faster than that of the GTCNN, but the opposite was observed. The faster in-
crease in the runtime of the GTCNN could be caused by the current code implementation that does
not exploit the sparsity of S⋄. As the shift operator S⋄ grows exponentially with the number of nodes
(S⋄ ∈ ℝ𝑁𝑇×𝑁𝑇), the inefficient computation could drastically affect the performance. Future work should
consider a more efficient GTCNN implementation to yield a more accurate picture of the MSE and run-
time increase with the number of measurement nodes. Luckily, these limitations do not change the fact
that the GTCNN is faster for networks with 24 measurement nodes. Moreover, it is unlikely that ADNs
will have hundreds of PMU locations as DSOs are still incorporating PMUs in their network, and it does
not make sense to have PMUs at every bus in radial feeders.

The developed equivalent only considers the voltage |𝑉| and 𝜃 as an input, which makes it mainly
accurate under voltage disturbances. The power grid has another controllable quantity: the frequency
𝑓. Future works should investigate the impact of including both the voltage and frequency. Including
the frequency could result in an equivalent model that produces a more accurate dynamic response
since it can better distinguish between slightly different scenarios. Adding the frequency could also
result in an equivalent model that is accurate under a broader range of events and could make the
equivalent model the frequency controls as well.
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The proposed GTCNN-based equivalent model assumes the ADN is modelled by a heterogeneous
graph with two types of nodes. The PCC nodes receive the voltage magnitude |𝑉| and angle 𝜃, which
are dynamic inputs, while the internal nodes get the (static) initial active and reactive power injections
𝑃0 and 𝑄0. These inputs can be implemented easily as they represent available information. However,
the current heterogeneous GTCNN does not fully utilise the available information. One of the reasons
is that the same graph convolutional operator is used for the voltage magnitude |𝑉| and initial active
power injection 𝑃0, and another one is shared between the voltage angle 𝜃 and the initial reactive
power injection 𝑄0. In future research, this GCN should be replaced by a heterogeneous operator,
which works per relational type (source node - edge type -target node triplet). This approach would
ensure individual weights are learned per relation, possibly ensuring better performance.

The equivalent model has been trained as a black box model to reproduce the outputs 𝑃̂ and 𝑄̂ from
the inputs |𝑉| and 𝜃. In the workflow of Fig. 3.22, it is suggested to use the GTCNN in co-simulation
with the TN model. The model is expected to work in co-simulation, but it has not been validated, and
the exact implementation of the model is unknown. Perhaps it is possible to use the Python interface of
simulation packages such as PowerFactory and PSCAD to pass the inputs to the GTCNN equivalent
and feedback its outputs in the TN. Or the better option could be to use a third-party co-simulation tool
to exchange data between the two models. Future research can focus on integrating the black-box
dynamic equivalents and popular simulation tools.

The dataset for the topological changes included only hidden topological changes, such as the connec-
tion of redundancy transformers and changing transformer tap positions. Therefore, the information on
topological changes has been implicitly encoded in the dataset. One of the powers of GNNs is that they
operate on graphs, which can also be reinterpreted as inputs to enable transference across graphs.
What this could mean for equivalent models is that power system upgrades, such as the addition or
disconnection of lines, when passed as an input to the GTCNN, will still produce an accurate dynamic
response without requiring retraining of the model. Moreover, if two DNs are similar, and if their dy-
namic behaviour is bounded similarly by the grid code, the transference property could mean that the
same equivalent can be reused for the different DNs. Future research can evaluate the impact of treat-
ing the graph as an explicit input and what this means for the accuracy of the GTCNN under different
graph topologies.

The proposed GTCNN-based equivalent model only receives dynamic inputs at the PCC nodes. It
was observed that the GTCNN performs better when more dynamic input features (e.g. |𝑉|, 𝜃, 𝐼,
𝐿𝑙𝑖𝑛𝑒, 𝑃0 and 𝑄0) are included at all nodes. Future projects should investigate in which circumstances
or applications this information would be available, as that would fully exploit the proposed GTCNN
structure. One possible application would be to predict the future outputs of the ADN based on historical
measurements, i.e. a trajectory prediction of the DN’s outputs.



A
Zeeland triple 50 kV ring

This appendix contains supplementary figures and Zeeland triple 50 kV ring results. In section A.1, the
network diagram and the corresponding graph representation are shown. Section A.2 contains the full
results of the different models for the Zeeland triple 50 kV ring.

A.1. Network diagram and graph representation
The modified graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 and the corresponding modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁 are seen in Figures
A.1 and A.2 respectively.

Figure A.1: The graph 𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 of the Zeeland triple 50 kV ring.

Figure A.2: Modified line graph 𝒢𝐺𝑇𝐶𝑁𝑁 = 𝐿(𝒢𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑) of the Zeeland triple 50 kV ring.
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In Fig. A.3, the full PowerFactory network diagram of the Zeeland triple 50 kV network is found.

G~G~ G~

G~G~

G~G~

G~ G~ G~

G~

G~G~

G~
G~

G~

G~

G~

G~

-1

-1

-1-1

-5

-5

-1

-1

-5

-5-1-1

-1

-1

-5

-5

-1

-7

-7

-11

-8

-5

-5

18

18

-1

3r
d 

52
 T

ln

3rd 1 Gse-Zrz

3r
d 

Zr
z-

O
tl 

2 
C

on
ne

ct
or

3rd Tln-Kng

3rd Otl_WT3rd Zrz_WT 3rd Tln_WT

3r
d 

Tl
n_

C
H

P

3rd Tln10

3r
d 

Tr
f_

W
T_

Tl
n

3r
d 

51
 T

ln

3rd Zrz-Otl 1(1)

3r
d 

52
 Z

rz

3r
d 

Tr
f_

Zr
z_

W
T

3r
d 

51
 Z

rz

3rd Zrz10 3rd Otl103rd Otl_CHP

3r
d 

Tr
f_

O
tl_

W
T

3rd Zrz-Otl 1(3)

3r
d 

52
 O

tl

3rd Zrz-Otl 2

3r
d 

51
 O

tl

3r
d 

O
tl-

Tl
n 

C
on

ne
ct

or

3rd Otl-Tln

3rd 2 Gse-Zrz

2n
d 

O
tl-

Tl
n 

C
on

ne
ct

or

2n
d 

Zr
z-

O
tl 

2 
C

on
ne

ct
or

2nd Tln-Kng

2n
d 

52
 T

ln

2n
d 

51
 T

ln

2nd Zrz-Otl 1(3)

2n
d 

Tl
n_

C
H

P

2nd Tln10

2nd Zrz-Otl 1(1)
2nd 1 Gse-Zrz

2n
d 

52
 O

tl

2nd Otl-Tln

2nd Otl10

2nd Zrz-Otl 2

2nd Otl_CHP

2n
d 

51
 O

tl

2nd Zrz_WT

2n
d 

Tr
f_

O
tl_

W
T

2n
d 

Tr
f_

W
T_

Tl
n

2nd Otl_WT

2n
d 

52
 Z

rz

2n
d 

Tr
f_

Zr
z_

W
T

2n
d 

51
 Z

rz

2nd Zrz10

2nd 2 Gse-Zrz

2nd Tln_WT

Tr
f_

Zr
z_

W
T

Zrz_WT

150KV Network

Tr
f_

w
ap

-2

WAP_Wt-2

Tr
f_

W
AP

-1

WAP_Wt-1

Tr
f_

W
T_

Tl
n

Tln_WT

Tr
f_

O
tl_

W
T

Otl_WT

Tr
f-W

T 
G

SP

GSP_WT

152 Kng

Kng10-B

52
 Z

rz

Zrz10

51 Zrz

2 Gse-Zrz

1 Gse-Zrz

52
 O

tl

Otl10Otl_CHP

51 Otl

Zrz-Otl 2

52
 T

ln

Otl-Tln

51 Kng

Kng10A

52 Kng

Tln-Kng

151 Kng

Zw
ar

t G
sp

15
0-

W
ap

15
0z

(1
)

W
it 

G
sp

15
0-

W
ap

15
0w

150KV Transmission Network-1

Zwart Kng150z-Rll150z

Wit Kng150w-Rll150w

Zwart Kng150z-Kng152

Wit Kng150w-Kng151

WAP_CHP

Wap10

152 Wap
151 Wap

Zwart Wap150z-Kng150z

Wit Wap150w-Kng150w

52 Gse

51 Gse

Gse10

152 Gsp

Se
rie

s 
R

ea
ct

or

151 Gsp

Gsp10

15
3 

G
sp

Wit Gsp-Gse

Zwart Gsp-Gse

Zrz-Otl 1(1) Zrz-Otl 1(3)

Tln_CHP Tln10

51 Tln

3Zrz50/B

3Tln10/3Tln_10

3Tln50/A

3LV_Otl_WT

3Tln50/B

3LV_Zrz

3Zrz50/A

3Zrz10/3Zrz_10

3LV_Tln

3Otl50/A3Otl50/B

Kng50/BGse50/A Kng50/AGse50/B

2LV_Zrz 2LV_Tln

2Tln50/B2Zrz50/B

2Zrz10/2Zrz_10 2Tln10/2Tln_10

2Tln50/A

2LV_Otl_WT

2Otl50/A2Otl50/B2Zrz50/A

LV_Zrz

LV_WAP-2LV_WAP-1

LVLV_Otl_WT
LV_Gsp

Zrz10/Zrz_10

Tln50/ATln50/B

Kng10/Kng_10

Rll150/ARll150/B

Kng152

Kng151

Wap10/aStaBar

Gse10/Gse10KV

Gsp10/Gsp_10

Gsp150/B Gsp150/A

Tln10/Tln_10

Otl50/AOtl50/B

Zrz50/AZrz50/B

3Otl10/3Otl_10

2Otl10/2Otl_10

Otl10/Otl_10

C
reated w

ith D
IgSILEN

T Pow
erFactory Thesis Licence

DN Area

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU

PMU
PMU PMU

PMU

Figure A.3: The Zeeland 50 kV ring whose 50 kV busses have been copied two times yields a bigger and meshed ADN. Only
the 50 kV area of the network is considered to be the DN ( ). The DN has 22 PMUs ( ), at least one near each 50 kV
bus. The DN is connected to the 150 kV TN at two points by four PCC terminals ( ). The fault events are generated on the

150 kV transmission lines between Gsp and Kng ( ).
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A.2. Full results
This section contains the results of the four models on three datasets: one contains fault events (Tab.
A.1), the second has operating conditions (Tab. A.2) and the third focuses on topological changes
(Tab. A.3). The best results are marked in green . The values represent the average ± first standard
deviation of the MSE of all scenarios in a particular split. Please see Fig. 4.7 for the effect different
MSE values have on the equivalent’s accuracy.

Table A.2: Performance of the four models of the triple Zeeland 50 kV network for different operating conditions.

Target Model Training Validation Test Training time

P

GTCNN 0.012 (± 0.005) 0.011 (± 0.005) 0.012 (± 0.005) 01:19:04
GTCNN-LSTM 0.010 (± 0.007) 0.017 (± 0.024) 0.018 (± 0.023) 05:51:20*
LSTM100 0.007 (± 0.005) 0.013 (± 0.016) 0.017 (± 0.037) 05:55:09*
LSTM5 0.004 (± 0.003) 0.004 (± 0.004) 0.005 (± 0.004) 05:57:18*

Q

GTCNN 0.024 (± 0.013) 0.029 (± 0.027) 0.028 (± 0.024) 03:07:23**
GTCNN-LSTM 0.066 (± 0.044) 0.071 (± 0.057) 0.072 (± 0.059) 05:50:08*
LSTM100 0.087 (± 0.051) 0.103 (± 0.065) 0.097 (± 0.057) 05:55:20*
LSTM5 0.039 (± 0.025) 0.050 (± 0.043) 0.046 (± 0.031) 05:56:33*

*The training was stopped early not to exceed the maximum training time of 6 hours.
**The training was stopped early as there was no improvement over 100 epochs.

Table A.3: Performance of the four models of the triple Zeeland 50 kV network for different topological changes.

Target Model Training Validation Test Training time

P

GTCNN 0.006 (± 0.003) 0.011 (± 0.003) 0.053 (± 0.008) 00:21:31
GTCNN-LSTM 0.013 (± 0.012) 0.013 (± 0.011) 0.011 (± 0.006) 03:09:18
LSTM100 0.013 (± 0.005) 0.013 (± 0.005) 0.013 (± 0.005) 01:29:11*
LSTM5 0.008 (± 0.004) 0.008 (± 0.005) 0.010 (± 0.009) 02:25:16

Q

GTCNN 0.051 (± 0.043) 0.040 (± 0.026) 0.056 (± 0.047) 00:58:14
GTCNN-LSTM 0.043 (± 0.030) 0.042 (± 0.020) 0.051 (± 0.032) 01:44:03*
LSTM100 0.038 (± 0.029) 0.034 (± 0.019) 0.046 (± 0.035) 01:11:41*
LSTM5 0.053 (± 0.028) 0.054 (± 0.025) 0.056 (± 0.029) 02:23:19

*The training was stopped early as there was no improvement over 20 epochs.
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Table
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