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S U M M A R Y 

As seismic imaging moves towards the imaging of more complex media, properly modelling 

elastic effects in the subsurface is becoming of increasing interest. In this context, elastic 
wav e conv ersion, where acoustic, pressure ( P -) wav es are conv erted into elastic, shear ( S-)
waves, is of great importance. Accounting for these wave conversions, in the framework of 
forward and inverse modelling of elastic waves, is crucial to creating accurate images of 
the subsurface in complex media. The underlying mechanism of wave conversion is well 
understood and described by the Zoeppritz equations. Ho wever , as these equations are highly 

nonlinear, approximations are commonly used. The most well-known of these approximations 
is Shue y’s approximation. Howev er, this approximation only holds for small angles and small 
contrasts, making it insufficient for realistic forward and inverse modelling scenarios, where 
angles and contrasts may be large. In this paper we present a novel set of approximations, 
based on Taylor expansions of the Zoeppritz equations, which we name the extended Shuey 

approximations. We examine the quality of these approximations to the Zoeppritz equations and 

compare them to existing approximations described in literature. We then apply these extended 

Shuey approximations to the elastic full-wavefield modelling algorithm for a simple, synthetic, 
1.5-D example, where we show that we can accurately model the P - and S-wavefields in a 
forw ard modelling case. Finall y, we appl y our approximations to the elastic full-wavefield 

migration algorithm for a simple, synthetic, 1.5-D example, where we show that we can 

recover an accurate image in an inverse modelling case. 

Key words: Inverse theory; Numerical approximations and analysis; Numerical modelling. 

1  I N T RO D U C T I O N  

Properly modelling the propagation and scattering of elastic waves throughout the subsurface of the Earth is an important aspect in many
seismic applications. In this context, the process of wave conversion, which occurs due to the elastic nature of the Earth’s subsurface, has
received increased interest in recent years. Wave conversion is a process where acoustic, pressure waves, known as P waves, convert into
elastic, shear waves, known as S waves. This conversion takes place when a wavefield strikes an interface between two different media. This
process is highly relevant in multiple areas, such as subsurface imaging in complex media, anisotropy analysis, and reservoir characterization 
(Ste w art et al. 2003 ). 

The underlying mechanism by which wave conversion occurs is well understood in literature, and exact reflection and transmission
coefficients can be derived for flat interfaces between two media. These exact reflection and transmission coefficients are known as the
Zoeppritz equations (see Zoeppritz 1919 and Aki & Richards 2002 ). Ho wever , while these equations are e xact, the y are also notoriously
difficult to work with. This is due to the nonlinearity of the Zoeppritz equations, which presents itself in two different ways. First of all,
the Zoeppritz equations depend on the medium properties of the two media in a very nonlinear fashion. This makes it difficult to use these
equations in inversion settings, where one wishes to recover the medium properties from the measurement data. Secondly, as an additional
complication, the Zoeppritz equations need to account for critical angles, where the reflection and transmission coefficients diverge, which 
can cause a multitude of issues. 

Due to these challenges, when working with the Zoeppritz equations in practice, approximations are commonly applied. By far the
most well-known of these approximations is Shuey’s approximation (Shuey 1985 ). With Shuey’s approximation the Zoeppritz equations are 
linearized, which makes them simple to invert, and removes the critical points from the Zoeppritz equations. Due to this ease of inversion, it
876 
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as become the standard in amplitude variation with offset (AVO) analysis. Ho wever , Shuey’s approximation is only accurate for small angles
nd weak contrasts, which limits its applicability. Also, it only describes the P P -reflection coefficient, which means that wave conversions
re not taken into account. 

To address these issues, alternative approximations have been developed. The most influential of these alternative approximations are
he linearized approximations of Aki and Richards (Aki & Richards 2002 ). These approximations do address wave conversions, extending
heir applicability. Ho wever , these appro ximations are also only applicab le in situations w here the contrasts are weak. Other appro ximations,
uch as by Wang (Wang 1999 ), have also been de veloped. Howe ver, most of these approximations focus on the P P -reflection coefficient, as
his coefficient has been of the most interest historically. 

In recent years, the forward and inverse modelling of wave paths including wave conversions have become of greater interest. As the
ocus of seismic imaging shifts towards more challenging scenarios, specifically those with strong reflectors (Jones & Davison 2014 ), or
owards cases where the goal is the recovery of the elastic parameters (Prieux et al. 2013 ), it is important to accurately describe these wave
onversions. To do this, high quality approximations of the full set of Zoeppritz equations are required. 

In this paper, we present a novel set of accurate approximations to the full set of Zoeppritz equations, which we name the extended Shuey’s
pproximations, based on applying Taylor expansions to the Zoeppritz equations. We show that the result of this approximation reduces to the
ell-known Shuey’s approximation in the linear case. In addition, we show how it can be extended to retrieve more accurate approximations

or both the P P -reflection coefficient as well as the other reflection and transmission coefficients. We then apply our approximation to a
imple forward and inverse modelling scenario to give a proof-of-concept of how this approximation can improve the accuracy of modelling
av e conv ersions in practice. 

 T H E O RY  

his section is split into three parts. First, in Section 2.1 , we derive the extended Shuey’s appro ximations, w here we focus on the R P P term,
nd show that they are a natural extension of the traditional Shuey approximation. Next, in Section 2.2 , we apply this approximation to a
imple, elastic, forward modelling algorithm called elastic full-wavefield modelling (FWMod). Finally, in Section 2.3 we discuss the inverse
roblem associated with the forward model of Section 2.2 , referred to as elastic full-wavefield migration. 

.1 Deri v ation of the extended Shue y’ s a ppr o ximations 

e begin by deriving the extended Shuey’s approximations of the Zoeppritz equations. Consider a flat, laterally invariant interface between
wo media located at a depth level z = z n . Following the notation used in Aki & Richards ( 2002 ), each medium is characterized by its P -wave
 elocity α, S-wav e v elocity β, and mass density ρ. The subscript 1 is used to denote properties within the medium above the interface (at a
epth z < z n ), while properties within the medium below the interface (at a depth z > z n ) are denoted by the subscript 2. 

In this situation, the reflection and transmission coefficients are given analytically by the Zoeppritz equations. As these equations are
nwieldy to write down directly, we once again follow the notation used in Aki & Richards ( 2002 ) and introduce a set of intermediate
ariables. We begin by introducing the dimensionless contrast parameters 

 α = 

α2 − α1 

1 
2 

( α2 + α1 ) 
, c β = 

β2 − β1 

1 
2 

( β2 + β1 ) 
, c ρ = 

ρ2 − ρ1 

1 
2 

( ρ2 + ρ1 ) 
. (1) 

ewriting the medium parameters above and below the interface in terms of these contrast parameters gives 

α1 = ᾱ

(
1 − 1 

2 
c α

)
, β1 = β̄

(
1 − 1 

2 
c β

)
, ρ1 = ρ̄

(
1 − 1 

2 
c ρ

)
, 

α2 = ᾱ

(
1 + 

1 

2 
c α

)
, β2 = β̄

(
1 + 

1 

2 
c β

)
, ρ2 = ρ̄

(
1 + 

1 

2 
c ρ

)
, (2) 

here 

ᾱ = 

1 
2 

( α1 + α2 ) , β̄ = 

1 
2 

( β1 + β2 ) , ρ̄ = 

1 
2 

( ρ1 + ρ2 ) . (3) 

ext, we introduce the intermediate variables a, b, c, and d , which we write in terms of the contrast parameters c α , c β , and c ρ , viz. 

a = ρ̄ ˜ a = ρ̄
(

c ρ − ˜ d ̂  V 

2 sin 2 ( θ ) 
)

, b = ρ̄ ˜ b = ρ̄
(

1 + 

1 
2 c ρ − ˜ d ̂  V 

2 sin 2 ( θ ) 
)

, 

c = ρ̄ ˜ c = ρ̄
(

1 − 1 
2 c ρ + ̃

 d ̂  V 

2 sin 2 ( θ ) 
)

, d = ρ̄β̄2 ˜ d = ρ̄β̄2 
(
4 c β + 2 c ρ

(
1 + 

1 
4 c 

2 
β

))
, 

(4) 

ith generalized angle of incidence θ , and where we use the shorthand notation ˆ V = β̄/ ̄α. Also note the use of the ̃  symbol in eq. ( 4 ) to
ndicate dimensionless variables. 

In eq. ( 4 ) we have introduced the generalized angle of incidence θ , which is defined implicitly using Snell’s law, viz. 

sin ( θ ) 

ᾱ
= 

sin ( i 1 ) 

α1 
= 

sin ( i 2 ) 

α2 
= 

sin ( j 1 ) 

β1 
= 

sin ( j 2 ) 

β2 
, (5) 
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where i 1 and i 2 are the angles of incidence and refraction of the P waves in the medium above and below the interface, respecti vel y, while j 1 
and j 2 are the angles of incidence and refraction of the S waves in the medium above and below the interface. Using eq. ( 5 ), along with the
trigonometric identity sin 2 ( θ ) + cos 2 ( θ ) = 1 , we write the associated cosine terms as 

cos ( i 1 ) = 

√ 

1 −
(

1 − 1 

2 
c α

)2 

sin 2 ( θ ) , cos ( j 1 ) = 

√ 

1 − ˆ V 

2 

(
1 − 1 

2 
c β

)2 

sin 2 ( θ ) , 

cos ( i 2 ) = 

√ 

1 −
(

1 + 

1 

2 
c α

)2 

sin 2 ( θ ) , cos ( j 2 ) = 

√ 

1 − ˆ V 

2 

(
1 + 

1 

2 
c β

)2 

sin 2 ( θ ) . (6) 

Next, we introduce the additional intermediate variables 

E = 

ρ̄

ᾱ
˜ E = 

ρ̄

ᾱ

(
˜ b cos ( i 1 ) 

1 −c α/ 2 + ̃  c cos ( i 2 ) 
1 + c α/ 2 

)
, F = 

ρ̄
ˆ V ̄α

˜ F = 

ρ̄
ˆ V ̄α

(
˜ b cos ( j 1 ) 

1 −c β/ 2 + ̃  c cos ( j 2 ) 
1 + c β/ 2 

)
, 

G = ρ̄ ˜ G = ρ̄
(

˜ a − ˜ d ̂  V 

cos ( i 1 ) 
1 −c α/ 2 

cos ( j 2 ) 
1 + c β/ 2 

)
, H = ρ̄ ˜ H = ρ̄

(
˜ a − ˜ d ̂  V 

cos ( i 2 ) 
1 + c α/ 2 

cos ( j 1 ) 
1 −c β/ 2 

)
, 

D = E F + G H p 2 = 

ρ̄2 

ᾱ2 

(
˜ E ̃ F 
ˆ V 

+ 

˜ G  ̃

 H sin 2 ( θ ) 
)

, 

(7) 

where w e ha ve once again indicated dimensionless variables with the ˜ symbol. Finally, using eqs ( 2 ), ( 4 ), ( 6 ) and ( 7 ), the Zoeppritz
P P -reflection coefficient for waves coming from above equals 

R 

∪ 
P P 

(
sin ( θ ) , c α, c β, c ρ

) = 

(
˜ b 

cos ( i 1 ) 

1 − c α/ 2 
− ˜ c 

cos ( i 2 ) 

1 + c α/ 2 

) ˜ F 

ˆ V 

−
(

˜ a + 

˜ d ̂  V 

cos ( i 1 ) 

1 − c α/ 2 

cos ( j 2 ) 

1 + c β/ 2 

)
˜ H sin 2 ( θ ) 

˜ E ̃

 F 

ˆ V 

+ 

˜ G  ̃

 H sin 2 ( θ ) 

. (8) 

As expected, R 

∪ 
P P 

(
sin ( θ ) , c α, c β, c ρ

)
is dimensionless, and only depends on the dimensionless variables c α , c β , c ρ , ˆ V , as well as the angle

sin ( θ ) . In a similar way, the expressions for the remaining reflection and transmission coefficients can be found. 
The goal of our work is to find accurate approximations of the Zoeppritz reflection and transmission coefficients. To do this, we begin by

noting that c α , c β , c ρ and sin ( θ ) all have a magnitude smaller than 1 for normal seismic applications. Therefore, a natural approximation is
gi ven b y taking the Taylor expansion of eq. ( 8 ) with respect to c α , c β , c ρ and sin ( θ ) . For a function of multiple variables, the Taylor expansion
is given by 

R 

∪ 
P P 

(
sin ( θ ) , c α, c β, c ρ

) ≈
∑ 

n,m,k,l 

1 

n ! m ! k! l! 

d n + m + k+ l R 

∪ 
P P 

d ( sin ( θ ) ) n d c m 

α d c k βd c l ρ

∣∣∣∣∣
( 0 ) 

sin n ( θ ) c m 

α c k βc l ρ, (9) 

where the argument | ( 0 ) is used as shorthand for sin ( θ ) = 0 , c α = 0 , c β = 0 and c ρ = 0 . As the Zoeppritz equations are w ell-beha ved up to
the critical angle sin ( θc ) = ᾱ/ max ( α1 , α2 ) , we know that the Taylor series of eq. ( 9 ) will converge to R P P for angles θ < θc , given enough
terms. For ease of interpretation, we order the terms of eq. ( 9 ) in terms of the power n of the sin n ( θ ) term and the total power λ = m + k + l
of the contrast terms c m 

α , c k β and c l ρ , hence 

R 

∪ 
P P 

(
sin ( θ ) , c α, c β, c ρ

) ≈
N ∑ 

n = 0 

� ∑ 

λ= 0 

(
˜ R 

∪ 
P P 

)n 

λ
sin n ( θ ) , (10) 

with 

(
˜ R 

∪ 
P P 

)n 

λ
= 

λ∑ 

m = 0 

λ−m ∑ 

k= 0 

1 

n ! m ! k! ( λ − k − m 

) ! 

d n + λ R 

∪ 
P P 

d ( sin ( θ ) ) n d c m 

α d c k βd c ( λ−k−m ) 
ρ

∣∣∣∣∣
( 0 ) 

c m 

α c k βc ( λ−k−m ) 
ρ . (11) 

While eq. ( 11 ) is difficult to e v aluate b y hand, b y using mathematical software such as Maple it is straightforward to calculate the necessary
terms. The first few terms of eq. ( 11 ) are given by (

˜ R 

∪ 
P P 

)0 

1 
= 

1 
2 

(
c α + c ρ

)
, 
(

˜ R 

∪ 
P P 

)0 

2 
= 0 , 

(
˜ R 

∪ 
P P 

)0 

3 
= − 1 

8 c αc ρ
(
c α + c ρ

)
, (

˜ R 

∪ 
P P 

)2 

1 
= 

(
1 
2 c α − 2 ̂  V 

2 
(
c ρ + 2 c β

))
, 
(

˜ R 

∪ 
P P 

)2 

2 
= 

(
ˆ V 

3 
(
c ρ + 2 c β

)2 − 1 
4 

ˆ V c 2 ρ

)
, (

˜ R 

∪ 
P P 

)4 

1 
= 

1 
2 c α, . . . 

(12) 

Also note that 
(

˜ R 

∪ 
P P 

)n 

λ
= 0 for odd values of n , as we know that R 

∪ 
P P is an even function with respect to θ [meaning that it contains no sin n ( θ )

terms for odd values of n ]. 
Let us now examine the terms of eq. ( 11 ) in more detail. We begin by writing the two-term Shuey approximation (Shuey 1985 ), which,

using the notation used in this paper, is denoted as 

R 

∪ 
P P 

(
sin ( θ ) , c α, c β, c ρ

) ≈ 1 

2 

(
c α + c ρ

) + 

(
1 

2 
c α − 2 ̂  V 

2 
(
c ρ + 2 c β

))
sin 2 ( θ ) . (13) 
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o wever , this is exactly equal to the approximation gi ven b y taking N = 2 and � = 1 in eq. ( 10 ). Continuing in this manner, we examine the
hree-term Shuey approximation (Shuey 1985 ), which can be written as 

R 

∪ 
P P 

(
sin ( θ ) , c α, c β, c ρ

) ≈ 1 

2 

(
c α + c ρ

) + 

(
1 

2 
c α − 2 ̂  V 

2 
(
c ρ + 2 c β

))
sin 2 ( θ ) + 

1 

2 
c α

(
tan 2 ( θ ) − sin 2 ( θ ) 

)
. (14) 

e note that the Taylor expansion of tan 2 ( θ ) − sin 2 ( θ ) is given by 

an 2 ( θ ) − sin 2 ( θ ) ≈ sin 4 ( θ ) + sin 6 ( θ ) + sin 8 ( θ ) + . . . , (15) 

hich, once again, matches the approximation given in eq. ( 10 ) for N = 8 and � = 1 . Therefore, we conclude that the approximation
resented here can be viewed as an extension to Shuey’s approximation. 

In a similar wa y, w e can construct approximations to the rest of the Zoeppritz equations. For example, the S P -reflection coefficient R 

∪ 
S P ,

hich describes the conversion of P waves to S waves for waves coming from above, is given by 

R 

∪ 
S P = −2 

(
˜ a ̃  b + ̃  c ̃ d ̂  V 

cos ( i 2 ) 

1 + c α/ 2 

cos ( j 2 ) 

1 + c β/ 2 

)
cos ( i 1 ) sin ( θ ) 

(
1 − c β/ 2 

) (
˜ E ̃

 F + 

˜ G  ̃

 H 

ˆ V sin 2 ( θ ) 
) . (16) 

nce again, we take the Taylor expansion 

R 

∪ 
S P 

(
sin ( θ ) , c α, c β, c ρ

) ≈
∑ 

n,λ

(
˜ R 

∪ 
S P 

)n 

λ
sin n ( θ ) , (17) 

ith 

(
˜ R 

∪ 
S P 

)n 

λ
= 

λ∑ 

m = 0 

λ−m ∑ 

k= 0 

1 

n ! m ! k! ( λ − k − m 

) ! 

d n + λ R 

∪ 
S P 

d ( sin ( θ ) ) n d c m 

α d c k βd c ( λ−k−m ) 
ρ

∣∣∣∣∣
( 0 ) 

c m 

α c k βc ( λ−k−m ) 
ρ . (18) 

he first few terms of eq. ( 18 ) are given by (
˜ R 

∪ 
S P 

)1 

1 
= −

(
ˆ V 

(
c ρ + 2 c β

) + 

1 
2 c ρ

)
, (

˜ R 

∪ 
S P 

)1 

2 
= 

(
1 
4 

(
2 ̂  V − 1 

)
c 2 ρ + 

1 
4 c ρ

(
ˆ V 

(
4 c β + 2 c α

) − c β
)

+ 

ˆ V c αc β
)

, (
˜ R 

∪ 
S P 

)3 

1 
= 

1 
4 

(
ˆ V 

2 
(
8 c β + 3 c ρ

) + 

ˆ V 

(
2 c ρ + 4 c β

))
. 

(19) 

n a similar way as before for the R 

∪ 
P P terms, we note that 

(
˜ R 

∪ 
S P 

)n 

λ
= 0 for even values of n , as we know that R 

∪ 
S P is an odd function with

espect to θ . 
A thorough analysis of the quality of these extended Shuey approximations are given in Sections 3.1 and 4 . In Section 3.1 we examine

ow many terms of the Taylor expansion are required to produce an accurate approximation. In Section 4 we compare the approximation
ntroduced here with well-known approximations from literature, such as the standard Shuey’s approximation and the linearized approximation
f Aki & Richards ( 2002 ). 

.2 Elastic full w av efield modelling 

e now apply these e xtended Shue y approximations, described in Section 2.1 , to the elastic full-wavefield modelling (FWMod) algorithm
Berkhout 2014a ). For simplicity’s sake we consider a 1.5-D medium: a laterally homogeneous, but potentially vertically changing medium,
haracterized by a P - and S-wav e v elocity profile α ( z ) and β ( z ) , respecti vel y, and a mass density profile ρ ( z ) . As the medium is laterally
omogeneous, we will work in the ( k x , ω 

) -domain, where k x is the lateral wave number and ω is the angular frequency. Our goal is to describe
he propagation and scattering of the P and S wavefields p P ( k x , ω, z ) and p S ( k x , ω, z ) , respectively. 

Assume the existence of an interface at a depth level z n , illustrated in Fig. 1 . At a depth level z −n right above the interface, the P and S
avefields are given by 

p P/S 

(
k x , ω, z −n 

) = p + P/S 

(
k x , ω, z −n 

) + q −P/S 

(
k x , ω, z −n 

)
, (20) 

here we have split the P and S wavefields p P/S 

(
k x , ω, z −n 

)
into downgoing components, p + P/S 

(
k x , ω, z −n 

)
, travelling towards the interface,

nd upgoing components, q −P/S 

(
k x , ω, z −n 

)
, tra velling awa y from the interface. Similarly, at a depth level z + n right below the interface, the P

nd S wavefields are given by 

p P/S 

(
k x , ω, z + n 

) = q + P/S 

(
k x , ω, z + n 

) + p −P/S 

(
k x , ω, z + n 

)
, (21) 

here w e ha ve once again split the P and S wavefields into upgoing components, p −P/S 

(
k x , ω, z + n 

)
, travelling towards the interface, and

owngoing components, q + P/S 

(
k x , ω, z + n 

)
, tra velling awa y from the interface. Note the notation used here. Superscripts above the field

uantities p and q are used to indicate the direction of propagation, where + and − denote downwards and upwards propagation, respectively.
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Figure 1. Schematic representation of the wavefields and operators at depth level z n and its neighbouring levels. 
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The characters p and q are used to denote wavefields propagating towards or away from the interface, respectively . Finally , the subscripts P 

and S are used to differentiate between P and S wavefields, respectively. 
At the interface at z = z n , the relationships between these wavefields are given by ( 

q + P 

q + S 

) 

= 

( 

R 

∩ 
P P R 

∩ 
P S 

R 

∩ 
S P R 

∩ 
SS 

) ( 

p −P 

p −S 

) 

+ 

( 

T + P P T + P S 

T + S P T + SS 

) ( 

p + P 

p + S 

) 

, (22) ( 

q −P 
q −S 

) 

= 

( 

R 

∪ 
P P R 

∪ 
P S 

R 

∪ 
S P R 

∪ 
SS 

) ( 

p + P 

p + S 

) 

+ 

( 

T −P P T −P S 

T −S P T −SS 

) ( 

p −P 
p −S 

) 

, (23) 

where, for ease of legibility, we have omitted the dependence on ( k x , ω 

) , as well as the dependence on the depth level z n . For similar reasons,
we also introduce the following shorthand notation for eqs ( 22 ) and ( 23 ), viz 

q 

+ ( z n ) = R 

∩ ( z n ) p 

− ( z n ) + T 

+ ( z n ) p 

+ ( z n ) , (24) 

q 

− ( z n ) = R 

∪ ( z n ) p 

+ ( z n ) + T 

− ( z n ) p 

− ( z n ) , (25) 

which we will use throughout the rest of this paper. 
In eqs ( 22 ) and ( 23 ) the terms R 

∪ 
... and T + ... represent the reflection and transmission coefficients for waves coming from above, respecti vel y,

while the terms R 

∩ 
... and T −... represent the reflection and transmission coefficients for waves coming from below. In principle, it is possible

to use the true Zoeppritz reflection and transmission coefficients for these terms. We will, ho wever , use the extended Shuey approximations
detailed in Section 2.1 instead, to simplify the inverse problem described in Section 2.3 . Applying the extended Shuey approximations to
R 

∪ 
P P , for example, we write 

R 

∪ 
P P ( k x , ω, z n ) ≈

N ∑ 

n = 0 

� ∑ 

λ= 0 

(
˜ R 

∪ 
P P ( z n ) 

)n 

λ

(
ᾱ ( z n ) k x 

ω 

)n 

, (26) 

where we have used the relationship 

k x = 

ω sin ( θ ( z n ) ) 

ᾱ ( z n ) 
. (27) 

In a similar way, we can write the approximations to the other reflection and transmission coefficients. 
Next, we write the relationship between wavefields at different depth levels, viz. ( 

p + P ( z n + 1 ) 

p + S ( z n + 1 ) 

) 

= 

( 

W P ( z n + 1 , z n ) 0 

0 W S ( z n + 1 , z n ) 

) ( 

q + P ( z n ) 

q + S ( z n ) 

) 

, (28) ( 

p −P ( z n −1 ) 
p −S ( z n −1 ) 

) 

= 

( 

W P ( z n −1 , z n ) 0 
0 W S ( z n −1 , z n ) 

) ( 

q −P ( z n ) 
q −S ( z n ) 

) 

, (29) 

where we have introduced the propagation operators W P and W S for P and S wavefields, respecti vel y. These operators are given by 

W P ( z n + 1 , z n ) = exp 

[ 

−i	z 

√ (
ω 

α( z + n ) 

)2 
− k 2 x 

] 

, W S ( z n + 1 , z n ) = exp 

[ 

−i	z 

√ (
ω 

β( z + n ) 

)2 
− k 2 x 

] 

, 

W P ( z n −1 , z n ) = exp 

[ 

−i	z 

√ (
ω 

α( z −n ) 

)2 
− k 2 x 

] 

, W S ( z n −1 , z n ) = exp 

[ 

−i	z 

√ (
ω 

β( z −n ) 

)2 
− k 2 x 

] 

, 

(30) 
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here 	z is the distance between neighbouring depth levels. Note that the quantity 
√ (

ω/α
(
z −n 

))2 − k 2 x may become imaginary for certain
alues of ω, α

(
z −n 

)
and k x . To avoid problems during modelling and inversion, we make the following substitution 

 (
ω/α

(
z −n 

))2 − k 2 x → Re 

[√ (
ω/α

(
z −n 

))2 − k 2 x 

]
− i 

∣∣∣∣Im 

[√ (
ω/α

(
z −n 

))2 − k 2 x 

]∣∣∣∣ (31) 

n practice. Finally, we once again introduce shorthand notations for eqs ( 28 ) and ( 29 ), viz. 

 

+ ( z n + 1 ) = W 

( z n + 1 , z n ) q 

+ ( z n ) , (32) 

 

− ( z n −1 ) = W 

( z n −1 , z n ) q 

− ( z n ) . (33) 

With the building blocks of eqs ( 24 ), ( 25 ), ( 32 ) and ( 33 ) in place, we now examine the forward modelling algorithm. To initialize
he algorithm, we set all upgoing and downgoing wavefields to zero, that is, p 

−, 0 ( z n ) = p 

+ , 0 ( z n ) = 0 . Note the notation of p 

−, 0 and p 

+ , 0 ,
here w e ha v e introduced an e xtra number in the superscript, which denotes how many so-called ‘round-trips’ have been modelled. Each

ound-trip increases the maximum order of multiples which are taken into account by one, up to the chosen number of round-trips to
e modelled. Fur ther more, for simplicity’s sake, we assume that there are no sources within the subsurface, only at the surface. In that
ase, we set p 

+ ,m ( z 0 ) = s 0 for all m round-trips, where s 0 is a vector containing the source wavefield for one shot at z = z 0 . Finally, we
ssume that there are no upgoing waves coming from below the deepest depth level z n = z N z . Therefore, we write p 

−,m 

(
z N z 

) = 0 for all m
ound-trips. 

We then begin by computing the downgoing wavefields for the first round-trip. Starting at z n = z 0 , we use eq. ( 24 ) to write q 

+ , 1 ( z 0 ) =
 

+ ( z 0 ) p 

+ , 1 ( z 0 ) + R 

∩ ( z 0 ) p 

−, 0 ( z 0 ) . Next, we apply the propagation operators, using eq. ( 32 ) to write p 

+ , 1 ( z 1 ) = W 

( z 1 , z 0 ) q 

+ , 1 ( z 0 ) . At the
epth level z n = z 1 we simply repeat this process with the appropriate transmission, reflection and propagation operators. In this wa y, w e
odel the downgoing wavefield p 

+ , 1 ( z n ) at all depth levels. 
Next, we compute the upgoing wavefield p 

−, 1 ( z n ) at all depth levels. We start at the deepest depth level z n = z N z . We then use eq. ( 25 )
o write q 

−, 1 
(
z N z 

) = T 

− (
z N z 

)
p 

−, 1 
(
z N z 

) + R 

∪ (z N z 
)

p 

+ , 1 (z N z 
)

and apply the propagation operators of eq. ( 33 ) to write p 

−, 1 
(
z N z −1 

) =
 

(
z N z −1 , z N z 

)
q 

−, 1 
(
z N z 

)
. Once again, we continue to apply these operators to find the upgoing wavefield p 

−, 1 ( z n ) at each depth level. 
We now repeat this process as many times as we wish to account for higher order scattering, where the scattering order is increased by

ne after each round-trip. The full process for finding the wavefields p 

+ ,M ( z n ) and p 

−,M ( z n ) for up to M scattering orders is illustrated in
lgorithm 1. 

.3 Elastic full w av efield migration 

e xt, we e xamine the elastic full wavefield migration (FWM) algorithm (Berkhout 2014b ), which is the inversion process associated with the
lastic FWMod algorithm described in Section 2.2 . As in Section 2.2 , we limit our analysis to the 1.5-D case. Note the acronyms used here,
WMod refers to the forward modelling algorithm, while FWM refers to the associated inversion process. 

Consider a situation with known, P - and S-wave measurement data d 

( k x , ω 

) at the surface. We also assume the source wavefield s 0 and
he propagation operators W 

( z n + 1 , z n ) and W 

( z n −1 , z n ) to be known. Our goal is to recover the contrast parameters c α ( z n ) , c β ( z n ) and c ρ ( z n )
t all depth levels z n . 
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To achieve this, we first define a cost function J , which measures the mismatch between the measured data d 

( k x , ω 

) and the forward
modelled data at the surface after M roundtrips, p 

−,M ( k x , ω, z 0 ) , viz. 

J = 

1 

2 

∑ 

k x 

∑ 

ω 

∣∣d 

( k x , ω 

) − p 

−,M ( k x , ω, z 0 ) 
∣∣2 

. (34) 

To retrieve the contrast parameters, we now apply a gradient-descent algorithm with respect to these parameters to minimize J . Taking the
gradient of the cost function with respect to the contrast parameter c α at depth level z n , for example, yields 

∂ J 

∂ c α ( z n ) 
= −

∑ 

k x 

∑ 

ω 

Re 

[ 

∂ p 

−,M ( k x , ω, z 0 ) 

∂ c α ( z n ) 

H 

e ( k x , ω 

) 

] 

, (35) 

where e ( k x , ω 

) = d 

( k x , ω 

) − p 

−,M ( k x , ω, z 0 ) . 
We now examine the deri v ati ve of p 

−,M ( k x , ω, z 0 ) with respect to c α ( z n ) . To e v aluate this, we first examine the contribution of a scatterer
located at the depth level z = z n to the forward modelled wavefield p 

−,M ( k x , ω, z 0 ) , viz 

p 

−,M ( z 0 ; z n ) = W̄ 

− ( z 0 , z n ) 
[
R 

∪ ( z n ) p 

+ ,M ( z n ) + T 

− ( z n ) p 

−,M ( z n ) 
]

+ W̄ 

∪ ( z 0 , z n ) 
[
R 

∩ ( z n ) p 

−,M ( z n ) + T 

+ ( z n ) p 

+ ,M ( z n ) 
]
, (36) 

where we have assumed p 

−,M−1 ( z n ) ≈ p 

−,M ( z n ) . In eq. ( 36 ) we have also introduced the generalized propagation operators W̄ 

− ( z 0 , z n ) and
W̄ 

∪ ( z 0 , z n ) . These operators are constructed by applying sequences of propagation, reflection and transmission operators and are defined as 

W̄ 

− (
z j , z i 

) = 

j+ 1 ∏ 

m = i−1 

[
W 

( z m −1 , z m 

) T 

− ( z m 

) 
]
W 

( z i−1 , z i ) ∀ j < i, (37) 

W̄ 

+ (z j , z i 
) = 

j−1 ∏ 

m = i+ 1 

[
W 

( z m + 1 , z m 

) T 

− ( z m 

) 
]
W 

( z i+ 1 , z i ) ∀ j > i, (38) 

W̄ 

∪ ( z 0 , z n ) = 

N z ∑ 

m = n + 1 
W̄ 

− ( z 0 , z m 

) R 

∪ ( z m 

) W̄ 

+ ( z m 

, z n ) . (39) 

If we assume that the contrast parameters are independent at each depth level, we can write 

∂ p 

−,M ( k x , ω, z 0 ) 

∂ c α ( z n ) 
= 

∂ p 

−,M ( z 0 ; z n ) 

∂ c α ( z n ) 
, (40) 

with 

∂ p 

−,M ( z 0 ; z n ) 

∂ c α ( z n ) 
= W̄ 

− ( z 0 , z n ) 
[ 
∂ R 

∪ 
c α ( z n ) 

( z n ) p 

+ ,M ( z n ) + ∂ T 

−
c α ( z n ) 

( z n ) p 

−,M ( z n ) 
] 

+ W̄ 

∪ ( z 0 , z n ) 
[ 
∂ R 

∩ 
c α ( z n ) 

( z n ) p 

−,M ( z n ) + ∂ T 

+ 
c α ( z n ) 

( z n ) p 

+ ,M ( z n ) 
] 
, (41) 

where ∂R 

∪ 
c α ( z n ) 

, ∂R 

∩ 
c α ( z n ) 

, ∂T 

+ 
c α ( z n ) 

and ∂T 

−
c α ( z n ) 

are 2 ×2 matrices. These matrices are constructed by calculating the deri v ati ves of the approximate
reflection and transmission coefficients introduced in Section 2.1 . For example, the P P component of the matrix ∂R 

∪ 
c α ( z n ) 

is given by 

∂R 

∪ 
c α ( z n ) 

( z n ) 
∣∣
11 

= 

∂ R 

∪ 
P P ( k x , ω, z n ) 

∂ c α ( z n ) 
= 

N ∑ 

n = 0 

� ∑ 

λ= 0 

∂ 
(

˜ R 

∪ 
P P ( z n ) 

)n 

λ

∂ c α ( z n ) 

(
ᾱ ( z n ) k x 

ω 

)n 

, (42) 

with similar definitions for the other components. Using eqs ( 41 ) and ( 42 ) we can now e v aluate eq. ( 35 ) for all depth levels z n . 
In a similar fashion, we can calculate the gradients with respect to c β ( z n ) and c ρ ( z n ) . Using the full gradient, we calculate the linearized

wavefield perturbation at the surface, viz. 

	 p 

−,M ( z 0 ) = 

∑ 

n 

∑ 

c∈ c α, c β , c ρ

∂ J 

∂c ( z n ) 

∂ p 

−,M ( z 0 ; z n ) 

∂c ( z n ) 
. (43) 

Finally, using eq. ( 43 ), we calculate the update to the contrast parameters using 

c new ( z n ) = c old ( z n ) + γ
∂ J 

∂c ( z n ) 
, (44) 

for c ∈ c α, c β, c ρ , where the (real) constant γ is given by 

γ = 

∑ 

k x 

∑ 

ω 

Re 
[
	 p 

−,M ( k x , ω, z 0 ) 
H e ( k x , ω 

) 
]

∑ 

k x 

∑ 

ω 

∣∣	 p 

−,M ( k x , ω, z 0 ) 
∣∣2 

. (45) 

Repeating the process described above for as many iterations as desired, one can retrieve the contrast parameters c α ( z n ) , c β ( z n ) and
c ρ ( z n ) at all depth levels z n . This process is summarized in algorithm 2 
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 N U M E R I C A L  R E S U LT S  

his section is, once again, split into three parts. First, in Section 3.1 , we examine how many terms of the e xtended Shue y’s approximation
ntroduced in Section 2.1 are required to accurately approximate the Zoeppritz equations. Next, in Section 3.2 , we compare the forward

odelled wavefields using the FWMod algorithm of 2.2 to true, synthetic, data generated using an elastic Kennett algorithm. Finally, in
ection 3.3 , we examine the inversion results of the elastic FWM algorithm of Section 2.3 . 

.1 Extended Shue y’ s a ppr o ximations 

e begin by examining the quality of the approximation of eq. ( 26 ) of Section 2.1 . Specifically, we are interested in how many terms n ≤ N
nd λ ≤ � of the Taylor expansion are required for a good approximation. The Taylor expansions of R 

∪ 
P P and R 

∪ 
S P for dif ferent v alues of N

nd � for both a low- and a high-contrast interface are shown in Fig. 2 . The associated medium parameters used for the low- and high-contrast
nterface are displayed in Table 1 . 

From the results of Fig. 2 we can draw a number of conclusions. First of all, we see that increasing N and � improves the approximation
p to the critical angle, as we would expect. If the contrasts at the interface are low, we see that the quality of the approximation is mostly
etermined by the number of sin n ( θ ) terms N taken into account. By contrast, if the contrasts are high, we see that the quality is mostly
etermined by the number of contrast terms � taken into account. 

In general, we conclude that, in order to obtain a high-quality approximation, one should choose a value of N > 2 , as well as a value
f � > 1 , at the very least, especially for interfaces with high contrasts. In this case, the e xtended Shue y’s appro ximation yields reasonab le
esults for both R 

∪ 
P P and R 

∪ 
S P . Note that, w hile F ig. 2 only shows the results for R 

∪ 
P P and R 

∪ 
S P , a similar analysis has been performed for the

ther reflection and transmission coefficients. These results can be found in the appendix. 

.2 Elastic FWMod 

e xt, we e xamine the results of the elastic FWMod algorithm, as described in Section 2.2 . To benchmark the method, we compare the results
o synthetic data generated using an elastic Kennett algorithm (Kennett 1984 ), which takes the full, Zoeppritz, reflection and transmission
oefficients into account. The medium parameters used are equi v alent to the high-contrast scenario described in Table 1 . Note that, as we
now that the approximation presented in Section 2.1 only holds up to the critical angle θc , data corresponding to angles θ > 0 . 8 · θc have
een removed from the data. 

In Figs 3 and 4 we have displayed the difference between the forward modelled data and the true, synthetic, data at the surface for P and
S w aves, respecti vel y. From these figures, we see similar behaviour as in Fig. 2 . The difference between the true data at the surface and the
orward modelled data decreases as N and � increase. Once again, we see that high-quality results are only achieved for N > 2 and � > 1 . 
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Figure 2. A comparison of the extended Shuey approximation to the exact Zoeppritz equations. On the left-hand side, results for a low-contrast interface are 
shown, while the right-hand side shows the results for a high-contrast interface. The medium parameters used for both interfaces are displayed in Table 1 . 
Within each figure, the number of contrast terms � taken into account is constant, while the different coloured lines represent the results for different values 
of N . These results are compared to the true, Zoeppritz, equations, which are represented by the solid black lines. Also note the dashed vertical lines, which 
indicate the maximum angle θmax = 0 . 8 · θc up to which the approximation holds. 

Table 1. Parameters Fig. 2 

Low contrast High contrast 

α1 = 1500 m s −1 α2 = 1800 m s −1 α1 = 1500 m s −1 α2 = 3000 m s −1 

β1 = 750 m s −1 β2 = 1000 m s −1 β1 = 750 m s −1 β2 = 1600 m s −1 

ρ1 = 1000 m s −1 ρ2 = 1400 m s −1 ρ1 = 1000 m s −1 ρ2 = 1700 m s −1 
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This conclusion is supported by the plots of the cost function J , seen in the top-right corner of Figs 3 and 4 . In these plots we see that
the cost function sharply decreases up to N = 4 , after which it remains more or less constant. Also, we see a considerable improvement when
comparing the curves for � = 1 (blue lines) to the curves for � = 2 (red lines). 

3.3 Elastic FWM 

Finally, we examine the results of the FWM algorithm using the e xtended Shue y approximations, as described in Section 2.3 . We apply the
FWM algorithm to synthetic data, generated using the same elastic Kennett algorithm as we used in Section 3.2 for the high-contrast case of
Table 1 . The results of this process are shown in Fig. 5 . 

From this figure, we initially conclude that the FWM algorithm recovers the contrasts to a reasonable accurac y, irrespectiv e of the value
of N and � chosen. Looking closer , ho wever , we note that increasing the value of N to at least N = 4 improves the result somew hat. F rom
the figures of the contrasts, we see a slightly improved recovery of the ground truth for N = 4 compared to N = 2 . Also, examining the cost
function (displayed in the top-right corner of Fig. 5 ), we see that the cost function still decreases between N = 2 and N = 4 . 

Also note the case N = 0 , � = 1 , display ed as b lue lines in the plots on the left-hand side of Fig. 5 . This case is of special interest, as it
represents the result of applying conventional, angle-independent, acoustic FWM to the data. Note that, in this case, the contrasts c α and c ρ
are impossible to separate. This can be seen in Fig. 5 , where the results for c α and c ρ are identical for the acoustic result. Also, we see that c β
cannot be recovered in this case. These effects may lead to artefacts, which can be seen in the area between the two reflectors, as well as the
area below the lowest reflector. While some artefacts are also visible for the other cases, they are reduced compared to the acoustic result. 

Finally, we note that, in this case, taking � > 1 does not appear to improve the results significantly. This is most likely due to the fact
that, due to the band-limitation of the source wavefield, it is impossible to recover the sharp interfaces present in the medium. Instead, a
spread-out, band-limited approximation of the contrasts is recovered. As this reduces the value of the contrasts, higher order powers of the
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Figure 3. Comparison of the FWMod results to true, synthetic, data for P waves. In the top-left corner the synthetic data, generated using an elastic Kennet 
algorithm, is displayed. The top-centre image shows the underlying model parameters used. In the top-right corner the cost function J for the P waves is 
displayed for dif ferent v alues of N and � after five iterations. The remaining figures show the data misfit between the synthetic data and the forward modelled 
data at the surface for different values of N and � after five iterations. Note that these figures have been clipped to a value of 10 per cent of the maximum value 
of the data. 
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ontrasts do not notably impact the result. In cases where this band-limitation is compensated for , ho wever , taking � > 1 will improve the
esults. 

 D I S C U S S I O N  

n this section, we compare the extended Shuey’s approximations derived in this paper to two existing sets of approximations in literature.
he first set of approximations we consider are the two- and three-term Shuey approximations, given by 

R 

∪ 
P P,S huey 2 ≈

1 

2 

(
c α + c ρ

) + 

(
1 

2 
c α − 2 ̂  V 

2 
(
c ρ + 2 c β

))
sin 2 ( θ ) , (46) 

R 

∪ 
P P,S huey 3 ≈

1 

2 

(
c α + c ρ

) + 

(
1 

2 
c α − 2 ̂  V 

2 
(
c ρ + 2 c β

))
sin 2 ( θ ) + 

1 

2 
c α

(
tan 2 ( θ ) − sin 2 ( θ ) 

)
. (47) 

econdly, we also consider the linearized approximations of Aki and Richards (Aki & Richards 2002 ), which are given by 

R 

∪ 
P P,Aki ≈

1 

2 

(
1 − 4 ̂  V 

2 sin 2 ( θ ) 
)

c ρ + 

1 

2 cos 2 ( i ) 
c α − 4 ̂  V 

2 sin 2 ( θ ) c β, (48) 

R 

∪ 
S P,Aki ≈ − sin ( θ ) 

2 cos ( j ) 

[ 
c ρ −

(
2 ̂  V 

2 sin 2 ( θ ) + 

ˆ V cos ( i ) cos ( j ) 
) (

c ρ + 2 c β
)] 

, (49) 

here w e ha ve introduced the a verage P -wa ve angle i = 

( i 1 + i 2 ) / 2 and the a verage S-wa ve angle j = 

( j 1 + j 2 ) / 2 , following the notation
f Section 2.1 . 

The reflection coefficients for the approximations under consideration at different angles are shown in Fig. 6 . From this figure, we can
raw a number of conclusions. First of all, we note that for high contrasts, both the 2- and 3-term Shuey’s approximations, shown in blue, as
ell as the linearized Aki-Richards approximations, shown in red, fail for angles up to the critical angle. In this case, one requires nonlinear
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Figure 4. Comparison of the FWMod results to true, synthetic, data for S waves. In the top-left corner the synthetic data, generated using an elastic Kennet 
algorithm, is displayed. The top-centre image shows the underlying model parameters used. In the top-right corner the cost function J for the S waves is 
displayed for dif ferent v alues of N and � after five iterations. The remaining figures show the data misfit between the synthetic data and the forward modelled 
data at the surface for different values of N and � after five iterations. Note that these figures have been clipped to a value of 10 per cent of the maximum value 
of the data. 
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terms with respect to the contrasts to properly approximate the reflection coefficients, which are absent in these approximations. This can be
seen most clearly in the bottom right of Fig. 6 , where we see that one requires third-order terms with respect to the contrasts to accurately
approximate the reflection coefficient up to the critical angle. 

Secondly, we see that the standard, 2-term Shuey approximation (solid blue line), as well as the equi v alent approximation for R 

∪ 
S P using

N = 1 , � = 1 , only holds for small contrasts and angles far from the critical angle. While this behaviour is expected, one should note the
very small range of angles for which this approximation holds, especially for the R 

∪ 
S P term. This limits the applicability of this approximation

for forward and inverse modelling, where good performance of the approximation over a range of angles is required. 
Finally, we note that the linearized Aki-Richards approximation (solid red line) performs very well for lo w-contrast scenarios, sho wing

a very good approximation for all angles. This is due to the 1 / cos 2 ( i ) and 1 / cos ( j ) terms in eqs ( 48 ) and ( 49 ). While these terms lead
to a high-quality approximation, they also introduce critical points in the approximations, making them difficult to invert for directly. The
e xtended Shue y’s approximations of this paper avoid this prob lem, w hile showing similar behaviour up to the cutoff angle θc for N ≥ 4 and
� ≥ 2 . For high-contrast scenarios, the linearized Aki-Richards approximation deteriorates, due to the lack of higher order terms with respect
to the contrasts. In these situations, the extended Shuey’s approximations yield a more accurate approximation when taking � ≥ 2 . 

5  C O N C LU S I O N  

In this paper, we present an alternative set of approximations to the Zoeppritz equations for the elastic reflection and transmission coefficients,
which we call the extended Shuey approximations. We show that these approximations can be applied to the elastic FWMod forward modelling
algorithm as well as the elastic FWM migration algorithm, where we have shown that using the extended Shuey approximations improves
the forward and inverse modelling results compared to using the standard Shuey appro ximations. F inally, w e ha ve compared the extended
Shuey approximations to the conventional approximations in literature, where w e ha ve shown that the extended Shuey approximations achieve
comparable performance in cases where the contrasts are low, up to the critical angle, and achieve better results in cases with large contrasts.
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Figure 5. Results of the FWM method after 30 iterations, applied to synthetic data generated using an elastic Kennett algorithm. The underlying medium 

parameters are displayed in Table 1 . On the left-hand side, the results for c α , c β and c ρ are displayed. The band-limited, ground truth contrasts are displayed in 
black, with the results for different values of N and � displayed in different colours. In the top-right corner, the cost function J after 30 iterations is displayed 
for different values of N and � . Finally, the data residual for both P and S waves after 30 iterations is displayed in the centre-right and bottom-right figures, 
respecti vel y, for N = 4 and � = 1 . 

Figure 6. Comparison of the e xtended Shue y approximations with the standard two- and three-term Shuey approximations and the linearized Aki-Richards 
approximations. On the left-hand side the P P -reflection coefficients are shown for a low and high contrast case. The parameters used are given in Table 1 . On 
the right-hand side, the S P -reflection coefficients are shown. 
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Based on these results, we conclude that the extended Shuey approximations presented in this paper are a useful addition to the existing
approximations to the Zoeppritz equations, specifically in their application in forward and inverse modelling. 
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In this section we show the approximations to the full set of reflection and transmission coefficients. Fig. A1 shows the four terms of R 

∪ ,
Fig. A2 shows the four terms of R 

∩ , Fig. A3 shows the four terms of T 

+ and Fig. A4 shows the four terms of T 

−. 
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Figure A1. A comparison of the extended Shuey approximation to the exact Zoeppritz equations for R 

∪ . The left-most column shows the 1,1-element, which 
corresponds to the P P term. The centre-left column shows the 1,2-element, which corresponds to the P S term. The centre-right column shows the 2,1-element, 
which corresponds to the S P term. Finally, the right-most column shows the 2,2-element, which corresponds to the S S term. The medium parameters used 
for the interface correspond to the low-contrast parameters displayed in Table 1 . Within each figure, the number of contrast terms � taken into account is 
constant, while the different coloured lines represent the results for different values of N . These results are compared to the true, Zoeppritz equations, which 
are represented by the solid black lines. Also note the dashed vertical lines, which indicate the maximum angle θmax = 0 . 8 · θc up to which the approximation 
holds. 

Figure A2. Same as Fig. A1 , but for the R 

∩ terms. 
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Figure A3. Same as Fig. A1 , but for the T 

+ terms. 

Figure A4. Same as Fig. A1 , but for the T 

− terms. 
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permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited. 
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