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Structural design is a search for the best trade-off between multiple architecture, engineering, and construction
objectives, not only mechanical efficiency or construction rationality. Producing hybrid designs from single-
objective optimal designs to explore multi-objective trade-offs is common in the design of structural forms,
constrained to a single parametric design space. However, producing topological hybrids offers a more complex
challenge, as a combinatorial problem that is not encoded as a finite set of real numbers but as an unbonded
series of grammar rules. This paper presents a strategy for the generation of hybrid designs of quad-mesh
pattern topologies for surface structures. Based on a quad-mesh grammar, an algebra is introduced to measure

the distance between designs, find their similar features, and enumerate designs with different degrees of
topological similarity. Structural design applications are shown to highlight the use of topologically hybrid
designs as a surrogate for obtaining multi-objective trade-offs.

1. Introduction
1.1. Problem statement

Structural design is a challenging feat where multiple objectives
have to be met, stemming from architecture, engineering, and con-
struction. Beyond single-objective optimisation, structural designers are
after a design that offers a trade-off between the different project’s
requirements, which evolve along the design process. For instance,
between a design that is optimal for mechanical efficiency [1] and a
design that is optimal for construction rationality [2], hybrid designs
that offer performance compromises should be sought for [3]. Fig. 1
illustrates this challenge with the patterns of the waffle and isostatic
ribbed floor systems.

Parametric design allows for the production of hybrid designs by
combining the continuous-valued parameters that describe its geome-
try, as in state-of-the-art parametric shape multi-objective optimisation
strategies. Multi-objective search in architecture has been applied to
the optimisation of building physics [4] and structures [5], using
evolutionary [6] and data-driven [7] exploration. Evolutionary search
algorithms rely on operations recombining genes of the design’s geno-
type, i.e. the set of design parameters, in the search for hybrid designs
to propose different multi-objective trade-offs to the designer, forming
a Pareto front. A heuristic suggested by the study of rule-based topology
finding with self-organising maps based on design performance is that
designs with similar topologies have similar performances [8]. Finding

designs with different degrees of topological similarity should offer
different degrees of performance similarity for multi-objective design.
This assumption relaxes the problem from the downstream performance
space to the upstream topological space. However, the generation of
topologically hybrid designs is not as clearly defined as for paramet-
rically defined geometries. Indeed, topological exploration requires a
different design approach, like grammatical generative design, using a
grammar of rules [9-11], resulting in a combinatorial design space that
is challenging to explore, let alone for merging design options based
on their similarity. In continuum mechanical topology optimisation,
similarity has been integrated into solvers to inform the search [12].
Developments include reverse engineering to obtain a specific similar-
ity with regression models [13], Generative Adversarial Networks [14],
or Convolutional Neural Networks [15], informed by an input design,
potentially drawn [16], using different similarity metrics [17], and
domain clustering for modularity [18-20]. However, this approach of
topological design does not apply to structural patterns represented by
meshes as structured graphs, as opposed to surfaces or bitmaps, which
can be computed as lightweight objects independently from density
tuning and geometrical exploration.

1.2. Research objectives

This search for topological hybrids is applied to topology finding
of structured quad meshes for structural surfaces [21]. Quad meshes
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Fig. 1. The challenge of finding hybrid topological pattern designs offering
multi-objective trade-offs based on input designs derived for single-objective
performance.

(a) Topology (b) Density (¢) Geometry
Fig. 2. Approaching exploration of singularities in quad meshes via a coarse quad
mesh in black decouples topology from density and geometry. The boundaries are in

red, the singularities in pink, and the dense quad mesh in grey.

Fig. 3. The strip structure, in blue, completely defines the topology of a quad mesh
and its singularities, with nine strips from A to I here. The strip data is collected as
the lists of topologically opposite edges across the quad faces.

are natural parameterisations for the design of 2D surface patterns,
for shells, gridshells, vaults, or nets. The singularities, the irregular
vertices of the pattern, have the most significant influence on the
qualitative flow of mesh elements, and therefore on the structural
components that they represent. Topological exploration is performed
on the design space of singularities, described with coarse quad meshes,
independently from later densification and geometrical processing, a
common approach in computer graphics, as shown with the workflow
in Fig. 2.

Rule-based topology finding allows for the comprehensive explo-
ration of the singularity design space of quad meshes [22]. The gram-
mar is based on a pair of reciprocal rules that modify the topology of the
strips in the quad mesh. These strips are formed by a continuous series
of quad faces, which fully describe the topology of the quad mesh, as
shown in Fig. 3. Strip-based modelling already found applications for
digital [23,24] or physical [25,26] approaches, also referred to as loops,
rings, or chords.

These strips are modified through polyedges, their dual counterpart,
which consist of a continuous series of mesh edges. Through the
addition of strips, by inserting it along a polyedge, and deletion of
strips, by collapsing them into a polyedge, as the examples shown in
Fig. 4, the topology of the quad mesh can be modified, editing its set of
singularities and the flow of mesh elements. Other structured patterns
can be obtained by applying Conway operators or other transformations

Computer-Aided Design 176 (2024) 103751
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Fig. 4. Adding a strip along the blue polyedge and deleting the two green strips using
the two-rule grammar changes the connectivity of the singularities of the coarse mesh.

by considering the quad mesh as a parameterisation of the surface, not
the pattern itself [27-29].

Through open exploration, the designer can search for the rules that
yield topologies with strips that improve performance, however, relying
on the designer’s experience [30]. Through the generation of hybrid
designs based on the strip description of quad meshes and the editing
grammar rules, design space exploration can be informed by initial
designs, stemming from intuition, experience, or any other exploration
and optimisation strategies.

1.3. Contributions

This paper introduces similarity-driven topology finding, focusing on
quad-mesh patterns for surface structures, as a strategy to produce topo-
logical hybrids with different degrees of similarity with input designs,
resulting in an algebra with novel mesh operators. Section 2 develops
the methodology: clarifies the topological equality between two quad
meshes based on their strip structure; defines a topological distance
between two quad meshes to assess their similarity; implements an
algorithm for computing the distance along with the dissimilar strips
to modify; introduces the intersection submesh and union supermesh
objects; and develops a strategy to generate hybrid quad meshes sharing
different degrees of similarity with a set of input quad meshes to
combine. Section 3 illustrates how to apply this approach to similarity-
driven topology finding of designs based on single-objective heuristic
or optimal quad meshes to perform multi-objective design.

2. Methodology

In this section, the methodology for producing topological hybrid
quad meshes based on input meshes is presented, based on quad-mesh
similarity.

2.1. Mesh isomorphism

Mesh equality, in the topological sense, is assessed based on graph
isomorphism. The algorithm of [31] for graph isomorphism is used
through its implementation in NetworkX [32].

Two graphs are isomorphic if a bijection exists that maps the
vertices of one graph to the other while preserving the edge connec-
tivity. Several bijections may exist, which will be leveraged to enrich
topological combination (Section 2.3). Fig. 5 illustrates this concept
with a graph that is isomorphic to another, through two bijections,
while not being isomorphic to another one.

The isomorphism of the meshes is based on the isomorphism of
the graphs using the mesh edges. The following approach is limited
to manifold meshes with a genus of zero, so that the graphs are planar,
i.e. can be embedded in the plane without edge crossing. First, for
a given mesh, a graph is built with the edges of the mesh. The face
connectivity data from the mesh is integrated into the graph by adding
a ‘boundary’ attribute to graph edges that correspond to boundary
mesh edges. Therefore, two meshes are isomorphic if their graphs are
isomorphic with matching ‘boundary’ edge attributes. Fig. 6 illustrates
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Fig. 5. Two graphs are isomorphic if at least one bijection exists between the vertices
that preserves the edge connectivity.
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Fig. 6. Two meshes are isomorphic if their edge graphs with ‘boundary’ edge attributes,
in red, are isomorphic.

the necessity to include boundary labels, shown in red, for valid mesh
isomorphism through graph isomorphism.

For meshes with pseudo quads, i.e. faces that are geometrically like
triangles but topologically like quads with double vertices to mark the
pole singularity, the pole vertices are given a ‘pole’ attribute in the
graph that needs to be matched, like the ‘boundary’ edge attribute.

2.2. Topological similarity

The evaluation of mesh isomorphism, or equality, serves as a basis
for defining and computing the topological similarity between two quad
meshes, using a distance, or metric.

2.2.1. Definition

The distance defined is not only based on topology (like the set
of singularities in the mesh) but also on the grammar of addition and
deletion strip rules, which informs how to obtain a mesh from another.
The distance is defined as the minimal number of strips to add and delete
to go from one quad mesh to another. The proposed distance has already
been used for finding two-colour quad meshes [33].

A parallel exists with string metrics that measure the distance
between two strings as the minimum number of character modifications
to apply. The Levenshtein distances uses character insertions, deletions,
and substitutions [34], whereas the Hamming distance only uses sub-
stitutions [35], for instance. However, the two-rule grammar does not
consider direct modifications of the strips, only deletions and additions.

This distance d applies to two elements of the space E = E, y of
quad meshes with the same number of handles g and boundaries N
and yields a positive integer in N*: d : E — N*. The three distance
properties are verified. The distance is symmetric, as the same minimal
number of rules apply from a topology A to a topology B and from B to
A, as for each addition or deletion strip rule there is a reciprocal one:

V(A, B) € E?,d(A, B) = d(B, A). (€D)

Computer-Aided Design 176 (2024) 103751

The distance from a topology to itself is null because no rules need
to be applied and if no rules need to be applied then two topologies are
the same:

V(A,B) € E?,d(A,B)=0 < A=B. (2)

The triangle inequality is satisfied as the same or a lower number of
rules have to be applied to go directly from a topology A to a topology
C than going through an intermediary topology B:

Y(A, B,C) € E3,d(A,C) < d(A, B) + d(B,C). 3

Equality occurs if no rules between A and B and between B and C are
reciprocal and can compensate each other.

During rule-based exploration, successive application of strip rules
generally increases by one the distance and therefore decreases by one
the topological similarity with the initial design. Only the application of
a reciprocal rule cancelling a previous rule reduces by one the distance.
Fig. 7 shows the application of two addition rules and two deletion
rules, not reciprocal ones, resulting in a distance of four between the
initial and final quad meshes.

Deleting some strips can cause collateral deletion of other strips
whose faces are all included in the deleted strips. In Fig. 8, deleting
the strip in pink in a four-strip quad mesh results in a two-strip quad
mesh at a distance of two due to the secondary deletion of the strip in
green. Although one rule is applied, the distance is not one but two.
Therefore, the application of a deletion rule counts as the application
of multiple deletion rules, equal to one plus the number of collateral
deletions.

The distance could be measured on a lighter object like the strip
graph of the quad mesh [33] with a modified Graph Edit Distance
[36] to include additions and deletions of graph nodes and/or edges.
However, the space of strip graphs is not isomorphic to the space of
quad meshes, flawing this alternative, which necessitates refinement.

2.2.2. Approach

The computation of the topological distance is based on mesh
isomorphism check while trying combinations of an increasing number
of strip deletions. Along with the distance, tracking the similar and
dissimilar strips will provide the rules to go from one topology to
another for topological combination (Section 2.3).

The distance between two quad meshes is defined as the minimum
number of strips to add and delete to go from one to another. Searching
for combinations of addition and deletion rules to apply on one quad
mesh involves infinite combinatorial possibilities for strip additions.
However, the number of strip deletions is bounded by 2" for a quad
mesh with n strips. Therefore, the distance results from finding the
two minimum sets of strip deletions to apply on the two quad meshes
M, and M, that yield the same submesh M, up to an isomorphism.
In Fig. 9, the deletion of the strips in pink yields two non-isomorphic
submeshes M’ and M", as the submesh is not necessarily unique. A
submesh represents the largest similar structure of strips in common
between the two quad meshes in terms of number of strips. As strip
deletion rules are not reciprocal and cannot compensate each other,
processing only with deletion rules guarantees having the minimum
number of strips to modify. Therefore, finding such a submesh yields
the equality case of the triangle inequality:

d(M, M) =d(M,M) +d(M, M,). (€)]

Let n; and n, be the number of strips of the two quad meshes M,
and M,, respectively, and supposedly n; > n,. To find the submesh, an
increasing number of strips are deleted on both meshes in parallel. The
meshes have a minimum distance:

dmin =nhp —ny, (5)

due to a potentially different number of strips. Starting with k = 0,

all pairs of combinations to delete k+d,,;, strips in mesh M| and k strips

min
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Fig. 7. Applying addition and deletion rules that modify different strips on a quad mesh increases the distance d by one, and decreases the topological similarity by one.
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Fig. 8. Collateral strip deletion occurs when deleting one or several strips, like the
one in pink, results in the deletion of other strips, the one in green. Applying such a
deletion rule counts as multiple deletion rules.

in mesh M, are tested. If a pair of combinations yields two isomorphic
quad meshes after deletion of the respective combinations of strips,
then the process stops. Otherwise, k is incremented by one, and the
process is repeated to find the submesh.

If there is no such submesh, then the largest similar structure is a
degenerated single strip. The distance between the two quad meshes is
then the maximum:

dmaxz(nl_1)+(n2_1):n|+l’12—2. (6)

When the search finds such a submesh, summing the two distances
to the submesh yields the distance between the input meshes, as the
equality case of the triangle inequality. Indeed, the enumeration of
combinations of rules in an increasing order guarantees finding the
largest mesh, resulting from the minimum number of rules needed. If
the submesh M has n strips, then the distance equals:

dM, M) =d(M;, M) +d(M, M)
=n; —ng+n, —n @
=ny +ny —2n.

The distance can be expressed by the number of iterations k as well
as:

ng = n, —k, (€))
therefore:
d(M,, M) = n; —n, + 2k. 9

Fig. 9 shows the computation of the distance between two meshes
with five strips each, finding two non-isomorphic submeshes M’ and
M" with four strips, so a distance of two. Finding a single sub-
mesh is sufficient to compute the distance, however, collecting all
of the non-isomorphic submeshes enriches topological combination
(Section 2.3).

Deletion rules with collateral deletions are discarded to prevent
overestimation of the distance, as they are equivalent to multiple
deletion rules that should appear only for a higher value of k.

2.2.3. Implementation
The implementation of the computation of the topological distance
between two quad meshes is detailed in Algorithm 1. It is still assumed

n; > n, for the input quad meshes M, and M,. The algorithm returns
the distance; all the non-isomorphic submeshes; and the strip deletions
to apply between each pair of input mesh and submesh.

start empty list of results
n; and n, = number of strips in M, and M,
assume n; > n,
for k from 0 to n; — 2 do
for combinations of n; — n, + k strips S; in M, do
copy M, as M,
delete strips .S; in M,
if collateral strip deletion in M,, then
skip this combination
end
for combinations of k strips S, in M, do
copy M, as My,
delete strips S, in My,
if collateral strip deletion in M,, then
skip this combination
end
end
if meshes M, and M, are isomorphic then
if M, is not isomorphic to any submesh in results then
M = M,
d=ny —ny+2k
add to results d, S|, S,, and M
end

end

end
if results are not empty then
return results
end
return max distance = n; +n, — 2
end
Algorithm 1: Pseudo-code for computing the topological distance
and the dissimilar strips between two quad meshes M, and M,
through their submesh.

2.2.4. Verification

The examples in Fig. 10 are used to verify the distance com-
putation, with numerical results in Table 1 including the different
number of strips, the distance, as well as the computation time. The
examples highlight all potential outcomes, multiple (Fig. 10(a)), single
(Fig. 10(b)), or no (Fig. 10(c)) submeshes. The example in Fig. 10(e)
highlights the increase in computation time, from under a second to a
dozen seconds for larger distances, due to a combinatorial increase of
isomorphism checks to perform.

Several improvements can be considered regarding computation
efficiency. First, using parallel computing with multi-threading for the
enumeration of rules and isomorphism checks. Second, performing a
preliminary isomorphism check on the strip graph of quad meshes [33],
as a necessary but not sufficient condition, as the strip graph describes
part of the connectivity of the quad mesh with a lighter though partial
data structure.
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Fig. 9. Finding the distance between two quad meshes M, and M, via a common submesh M using strip deletion rules only. Multiple submeshes, M’ and M”, that are
non-isomorphic and have the same number of strips and at the same distance of input quad meshes M, and M, can exist due to the deletion of different combinations of strips,

resulting from the deletion of the pink or green strips.
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Fig. 10. Verification examples for computing the topological distance between two
quad meshes. The distances between the meshes M,, M,, and their submeshes M are
provided along with one of the possible combinations of strips to delete in blue. Pole
singularities are marked with black vertices.

Table 1
Numerical results for the verification examples for the computation of the topological
distance between two quad meshes.

Figure 10(a) 10(b) 10(c) 10(d) 10(e)
n 8 10 4 6 8
n, 4 8 2 5 6
ny 4 8 - 4 3
k 0 0 2 1 3
d 4 2 4 3 8
# submeshes 15 1 - 1 2
# iso. checks 55 41 5 62 1516

comp. time [s] 0.58 0.52 0.025 0.30 12.4

2.3. Quad-mesh combination

Based on the computation of the distance between two meshes along
with the identification of their similar and dissimilar strips, hybrid
quad meshes can be generated to produce an interpolation between the
input meshes at different distances with varying degrees of topological
similarity.

2.3.1. Approach
The approach for the generation of hybrid meshes is as follows:

1. the input meshes M, and M, are obtained by any generation
means;

2. the submeshes M are computed, which comprise the largest
sets of common strips of the input meshes. A submesh is the
intersection of the sets of strips;

3. the supermeshes M are computed, which comprise the smallest
set of all the strips of the input meshes. A supermesh is the union
of the sets of strips;

4. the intermediary meshes are enumerated, which comprise dif-
ferent combinations of sets of strips of the input meshes.

Fig. 11 illustrates these steps. In this example, two input meshes
with respectively three and four strips yield seven hybrid meshes that
are not isomorphic and therefore offer different design options. These
hybrid meshes include one submesh with two strips, three supermeshes
with five strips, and three intermediary meshes with three to four strips.
Each hybrid mesh can result from different combinations of input strips,
due to symmetry, for instance, but only one of these combinations is
shown here. The coloured strips highlight the similarity between each
hybrid mesh and the input meshes, provided as the similarity s, based
on the distance d to the input meshes. They respectively correspond
to the number of strips present in the common strip structure, and the
absent ones, related to a given input mesh M; with n; strips as:

s;=n;—d,. 10)

2.3.2. Implementation
The generation of the hybrid meshes proceeds first with the in-

tersection submeshes, then the union supermeshes, and finally the
intermediary meshes.
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1. INPUT MESHE

5=(2,2) d=(1,2)

3. UNION SUPERMESH(ES): all strips
O

s=(3,4) d=(2,1) s=(3,4) d=(2,1) s=(3,4) d=(2,1)

4. INTEMEDIARY MESHES: combinations of strips
o

s=(2, 3) d=(2, 1)

$=(3,3) d=(1,2)

$=(3,3) d=(1,2)

s:similarity with input meshes
d:distance to input meshes

Fig. 11. Generating hybrid quad meshes with different degrees of topological similarity
with input quad meshes. The colours correspond to similar strips, supporting the values
on the similarity s and dissimilarity/distance d with the input meshes.

Intersection submeshes. Computing the distance between the input
meshes also yields the submeshes (Section 2.2). All non-isomorphic
submeshes with the largest number of strips are collected. This process
is extended to multiple input meshes as follows:

1. the submeshes M, , between two input meshes M, and M, are
computed,; -

2. new submeshes M| ,; between each submesh M, , and another
input mesh M, are computed; -

3. new submeshes M, __; between each submesh M,
other input mesh M; are computed;

4. the final submeshes are M, __,, which are the non-isomorphic
meshes that share the largest strip structure in common between
the N input meshes M, to My are computed.

peesi—

The submeshes contain all the similar strips. The reciprocal
polyedges of the dissimilar strips serve as input for an addition rule to
obtain these dissimilar strips. When deleting a strip S/ in a mesh M,,
the resulting polyedge P’ is stored. This polyedge is updated during
the deletion of the other strips. For each submesh, there is a set of
polyedges that correspond to the addition rules to apply to revert the
applied deletion rules. These rules are used to obtain supermeshes from
the submeshes. Let n, be the number of strips in a submesh M between
two meshes M, and M, with n; and n, strips, respectively. Exploring
all combinations of strip deletions from two input meshes to a submesh
provides a sum for the number of the combination of rules ry;, . to
obtain potential submeshes:

Pagyyop = 27170 4272710, an

Union supermeshes. Supermeshes are the non-isomorphic meshes that
contain the strip structure of each input mesh. For each submesh, strip

Computer-Aided Design 176 (2024) 103751
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Fig. 12. Maps for vertex relabelling, in red and green, after strip addition and strip
deletion rules, in blue.

additions are applied to all stored polyedges. After each strip addition,
the polyedges for the remaining addition rules is updated. The addition
rules on the longest polyedges are applied first as some polyedges may
initially correspond to a single vertex.

A supermesh M is obtained by adding the missing strips on a
submesh M. Exploring all combinations of strip deletions through their
reciprocal strip additions provides a product for the number of the
combination of rules r,, ;- to obtain potential supermeshes:

Faggp =210 20 = onitmy=2ng. 12)

Full combination increases the potential number of hybrid meshes.
In the general case of N input meshes, the number of combinations is:

N
Hzn,._no — o X (=g (13)
i=1

The supermesh combines all the strips before exploring its combi-
nations of strips.

Intermediary meshes. The intermediary meshes result from the com-
bination of deletions of dissimilar strips on supermeshes. Deleting no
strips yields the supermesh with the maximum number of strips n,,,, =
Y.;(n;—ny). Deleting all the strips yields the submesh with the minimum
number of strips n,,, = n,. Other deletion combinations yield the
intermediary meshes with n,,, to n,, strips, strictly. For 4n = n,,, —

n,,;, Strips to delete in a supermesh, the combinations to apply equals:

An A
N\ _ ~4n
2<k>_2 . 14)

k=0

2.3.3. Data structure

During the generation process, strip rules are transposed and re-
versed from one mesh to another using the input and output polyedges
thanks to specific management of the polyedge and strip data.

Updating polyedges. Applying strip rules modifies the topology, the
number of elements and their connectivity in the quad mesh. As a
result, the labelling of the vertices changes, as shown in Fig. 12.
Therefore, polyedges must be updated to apply multiple rules.

Adding a strip duplicates the vertices of the input polyedge. The
new edges of a polyedge must be selected to rebuild a new continuous
polyedge. Moreover, the polyedge must have its extremities on the
boundary, unless the corresponding strip is closed or has pole extremi-
ties. The polyedge update considers the shortest edge path to rebuild a
polyedge out of the several possibilities, found using an A* search [37].
On the other hand, deleting a strip merges the vertices of the edges of
the input strip.

Mapping strips. The strips are mapped from one mesh to another
by mapping polyedges for rule application. From the input meshes,
strips are deleted to obtain the submesh. From the submeshes, strips
are added to obtain the supermeshes. Fig. 13 shows this process
for two input meshes yielding two non-isomorphic submeshes, four
non-isomorphic supermeshes, and two non-isomorphic intermediary
meshes. The strip structure of one of the input meshes is coloured in
all meshes to highlight the similarity with this input mesh.

Fig. 14 details the mapping process of the polyedges from the input
meshes to the submeshes, along which strips can be added to obtain the
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INPUT MESHES
5 STRIPS

SUBMESHES
4 STRIPS

SUPERMESHES
6 STRIPS

INTERMEDIARY MESHES
5 STRIPS

Fig. 13. Deleting the dissimilar strips between input meshes yields the submeshes.
Adding the dissimilar strips to the submeshes yields the supermeshes. Deleting com-
binations of dissimilar strips to the supermeshes yields the intermediary meshes. The
strip structure of one of the input meshes is coloured in all hybrid meshes to highlight
the similarity with this input mesh.

supermeshes, all shown in Fig. 13. As the input meshes have two non-
isomorphic submeshes, the polyedge-mapping process applies to each.

Deleting the dissimilar strips on each input mesh M, results in
a submesh M, that is isomorphic to the other ones M;. These sub-
meshes M, and M ; are isomorphic, but there can be multiple bijections
that map one submesh to another. In Fig. 14 for instance, the red
polyedge in M; from M; and the blue polyedge in M; from M; can
be combined in two ways. This situation results from the four possible
bijections between the twofold symmetrical submeshes, two of which
are not isomorphic. The deleted strips provide reciprocal polyedges
to apply the addition rule to obtain the supermesh. However, several
possibilities exist to map the polyedges, two in this case. The multiple
strips are added, while updating the other polyedges, resulting in the
supermeshes. In Fig. 14, the two submeshes have two polyedge maps
each, resulting in the four supermeshes shown in Fig. 13. Deleting strips
in the supermeshes yields the intermediary meshes shown in Fig. 13.
Here, only one strip is deleted, to obtain intermediary meshes with five
strips, between the four-strip submeshes and the six-strip supermeshes.
Most are isomorphic to the other meshes, except for two intermediary
meshes.

3. Structural design application

This section shows how to perform similarity-driven topology find-
ing to search for hybrid topological designs offering different multi-
objective trade-offs using the previous generation methodology. Ex-
amples show the potential of hybrid topology search for enumeration
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based on a single design (Section 3.1) and combination from multiple
designs (Section 3.2). Different workflows, state-of-the-art form-finding
and shape-optimisation strategies, and performance analyses and met-
rics are considered to highlight the flexibility and complementarity of
topology finding within various design workflows.

3.1. Enumeration from a single design

In this example, 2" potential designs are enumerated by deleting
the different combinations of strips from an input design with » strips.
By applying n rules on a design, n other designs are generated. This
set of designs, reduced as some are isomorphic, provides a gradient of
similarities with the input design.

3.1.1. Design problem

Let us consider the design of a quad-mesh pattern for a form-found
gridshell on an elliptic boundary of 15 m by 10 m. First, a compression-
only geometry is found using the Force Density Method [38]. The load
path LP is used to assess structural performance as a metric to minimise
LP = Y, f.l, with E the set of edges in the mesh, f, and /, the
force and length of edge e, respectively. Then, the faces are planarised
for fabrication rationality, which induces a deviation from the initial
compression-only geometry, assessed with the deviation metric D equal
to the average movement of the vertices when enforcing planarisation.
The remaining average curvature C of the panels is assessed, as well
as the skewness S of the panels, to minimise material loss during the
cutting process. Curvature is measured as C = 1/4,, 3., A,C; with 4,,
the mesh area, A, the area of face f, and C, the curvature of face f as
C;=2dL/(L, + L,) where L, and L, are the lengths of the diagonals
of the quad face and d L the shortest distance between them. Skewness
is measured as S = 1/4,, ¥, A;S, with S, the skewness of face f
as Sy = max((0,,5, — 90)/90,(90 - 6,,,,)/90) where 0,,, and 0,,,, are the
minimal and maximal angles in degrees between two consecutive edges
in the quad face.

3.1.2. Pattern design

A couple of heuristics informed the rule-based design of the input
topology of the coarse mesh in Fig. 15, including strips that form a
grid to reduce face skewness and strips that follow the curvature of
an ellipsoidal dome to reduce face curvature. The addition rules are
shown with dashed blue curves following the polyedges along which
to add the strip. The dense quad mesh in grey helps for visualisation
without representing the actual density. The eight strip additions on
the initial two-strip topology result in a ten-strip topology, considered
as the supermesh, shown in Fig. 16. The ten strips are gathered in six
groups to preserve the twofold symmetry, represented by the colour
scheme. The enumeration of the 26 = 64 deletions of the strip groups
yields the 26 quad meshes in Fig. 17. This reduction from 64 to 26
stems from: excluding isomorphic topologies that result from the dele-
tion of different sets of strips; excluding deletions of strips that result
in topologies with a different number of boundaries; and excluding
redundant denser versions of the same topology, like the 2 x 2 grid
and the 1 x 1 grid.

The topologies shown in Fig. 17 are organised based on topological
similarity with the supermesh, mesh 0, the closer the more similar.
However, this organisation does not reflect the distance between other
pairs of meshes.

The topologies are all processed with the same workflow to obtain
the quad-mesh patterns. The strips are subdivided equally with a
target of a total of 500 mesh faces. The mesh is relaxed with area-
weighted Laplacian smoothing with boundary vertices constrained to
the elliptic boundary. The mesh is form-found with the Force Density
Method [38] with fixed boundary vertices, a uniform force density of
1, and a uniform vertical load distributed on the vertices weighted by
their projected tributary area. The mesh is planarised with an iterative
procedure that independently projects each face to its best-fit plane
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Fig. 14. Combining vertex maps to find polyedges across meshes with different numbers and labels of vertices. The strips become reduced polyedges through the rule maps from

the input meshes M; and M; to the submeshes M; and M;, which are mapped across the submeshes M via isomorphism search. Other submeshes between the same initial meshes
result in different maps and therefore other possibilities for the generation of hybrid meshes.
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before merging the disconnected vertices [39,40]. The resulting designs
are shown in Fig. 18, with the mesh singularities in pink, the dense
mesh in grey, the coarse mesh in black with the boundary in red, and
the bar charts of the multiple performance objectives to minimise.

3.1.3. Numerical results

Table 2 shows the numerical results of each design for each objec-
tive, plotted as bar charts in Fig. 18. The lower the metrics, the better
the design. The maximum value of each metric X is used to normalise
it as X. The designs present different trade-offs between the multiple
objectives, with a Pareto front consisting of five designs (0, 1, 14, 18,
and 19). The Pareto designs, which represent 19% of the design pool,
are underlined in Table 2 and Fig. 18. With a low number of designs and
a high number of objectives, the Pareto front can only be represented
Fig. 16. The supermesh has ten strips, gathered in six coloured groups to preserve the coarsely. Releasing the Pareto condition considers more designs close
twofold symmetry. to the Pareto front, controlling performance loss and maintaining di-
versity in the pool of designs for upcoming considerations in the design
process [41]. The 0.95-Pareto front adds nine designs (2, 5, 6, 7, 13,




ig. 17. Enumeration of the deletions of the coloured strip groups in mesh 0O to generate 25 other meshes. These meshes share a different number of these strips and, therefore,
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Table 2

Performance metrics of the hybrid designs in Fig. 18:
normalised load path LP, normalised panel curvature
C, normalised deviation due to planarisation D, and
normalised panel skewness S. The Pareto designs are
underlined, the lowest values in green, and the highest

ones in red.
LP[-1 CI[-] D[-] S[-1
0 0.83 0.16 0.29 0.53
1 0.77 0.18 0.18 0.42
2 0.81 0.25 0.26 0.55
3 0.84 0.37 0.63 0.52
4 0.93 0.58 0.68 0.89
5 0.81 0.42 0.52 0.53
6 0.82 0.62 0.66 0.42
7 0.78 0.49 0.39 0.46
8 0.82 0.82 0.74 0.64
9 0.84 0.39 0.68 0.52
10 0.92 0.49 0.64 0.88
11 1 0.68 0.67 0.75
12 0.84 0.32 0.61 0.67
13 0.8 1 1 0.39
14 0.78 0.23 0.18 0.22
15 0.94 0.17 0.46 0.68
16 0.87 0.37 0.61 0.58
17 0.83 0.64 0.9 0.51
18 0.95 0.19 0.15 0.5
19 0.78 0.17 0.15 0.33
20 0.99 0.43 0.58 1
21 0.85 0.48 0.62 0.68
22 0.82 0.53 0.5 0.35
23 0.78 0.42 0.32 0.36
24 0.8 0.48 0.23 0.42
25 0.82 0.39 0.53 0.34
min. 0.77 0.16 0.15 0.22
max. 1.00 1.00 1.00 1.00
avrg. 0.85 0.46 0.53 0.55
st. dev. 0.07 0.23 0.24 0.22

22, 23, 24, and 25) to the strict Pareto front, consisting of 54% of the
design pool.

3.2. Combination from multiple designs

By combining designs with n; strips that have an intersection sub-
mesh with n, strips, [[;2"~"° combinations of rules can be applied
to explore designs with different degrees of similarity. However, the
intersection submesh may not exist to create a reference to generate the
union supermesh, especially when considering a large number of input
meshes. However, the designer can add strips to the initial designs to
create a submesh before the generation of hybrid meshes.

3.2.1. Design problem

Let us consider the design of a quad-mesh pattern for a gridshell
constrained to a pillow-like shape. The NURBS geometry has a square
boundary with a 10 m span and a 2 m height. The four corners
are vertically and horizontally supported, and the structure has to
withstand a uniform surface load of 2 kN/m? and a central point
load of 100 kN, as shown in Fig. 19. The built-in steel S235 beams
have an RO 114.3/4 tubular cross-section, with a stiffer RO 457.2/6.3
boundary cross-section for the local stability of the free edge [42].
The performance objectives consist of three metrics to minimise. A
relative edge-length variation L measures geometrical regularity for
fabrication as L = (0 — Lpin)/lie With [, the maximum edge
length, /,;, the minimum edge length, and /,,, the total edge length.
Two metrics measure the structural efficiency, as the strain energy
E,,; under the mesh load, and the strain energy E, under the point
load. A second-order mechanical analysis is performed, using the Finite
Element Analysis plugin Karamba3D for Grasshopper3D [43].
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Fig. 19. Design of a pillow-shaped gridshell pinned at the corners and withstanding a
point load.

(a) Temporarily adding the strips in cyan to add the strips (b) Temporarily adding the strips in cyan to add the strips
in blue and pink to obtain a quad-mesh topology with a  in green and red to obtain a quad-mesh topology with a pole
pole at the centre, to provide many load paths from the at each corner, to provide many load paths to the supports.

point load

Fig. 20. Two quad-mesh topologies heuristically generated from a simple coarse quad
mesh.

Fig. 21. The intersection between the initial designs does not yield any submesh due
to the lack of a common strip structure. Adding the strips in cyan provides such a
structure to obtain an intersection submesh and a union supermesh.

3.2.2. Pattern design

The design starts from a regular quad-mesh grid. Fig. 20 shows
two heuristic designs obtained by applying addition and deletion rules
on the initial design. Coloured dashed polylines highlight the input
polyedges and strips of these rules. The colours highlight the clustering
of the strips based on the twofold symmetry of the design problem.

The quad-mesh topology in Fig. 20(a) with a pole at the centre
provides many load paths from the point load, whereas the quad-
mesh topology in Fig. 20(b) with a pole at each corner provides many
load paths to the supports. To combine these two topological designs,
the intersection mesh must be computed before obtaining the union
supermesh. As they do not share any strip structure, addition rules are
applied to create this common strip structure, as a third input design,
as shown in Fig. 21. The resulting intersection submesh and union
supermesh with their reciprocal strip and polyedge elements are shown
in Fig. 22.
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(a) Intersection submesh (b) Union supermesh

Fig. 22. The reciprocal polyedges for addition in the submesh and strips for deletion
in the supermesh. The colour scheme representing the strip groups takes into account
the symmetry of the design problem.

The seventeen strips in the super mesh represent five symmetrical
groups for 2° = 32 combinations of strip deletions. The removal of the
redundant isomorphic meshes and of the meshes with a different shape
topology results in the fourteen meshes with different strip structures
in Fig. 23. The two initial meshes (meshes 1 and 2) and the submesh
(mesh 0) mark the corners of a triangular layout, the supermesh (mesh
13) marks the centre, and the other meshes are arranged based on their
relative strip similarity, for visualisation.

The coarse quad meshes are densified based on a target number
of faces of 500, with each strip having the same density parameter.
Surface mapping and relaxation are performed using area-weighted
Laplacian smoothing [44]. The resulting fourteen quad-mesh patterns
are shown in Fig. 24, arranged based on topological similarity, with
their measured performance plotted as bar charts.

3.2.3. Numerical results

The numerical results are provided in Table 3. The maximum value
of each metric X is used to normalise it as X. The lower the metric,
the more efficient the design for this metric.

Computer-Aided Design 176 (2024) 103751

Table 3

Performance metrics of the hybrid designs in
Fig. 24: normalised edge-length disparity L,
normalised strain energy for a mesh load E,,,
and normalised strain energy for a point load
Ep. The Pareto designs are underlined, the
lowest values in green, and the highest ones

in red.
LL-1 Ey[-1 Ep[-]

0 0.09 0.75 0.91
1 0.75 0.41 0.62
2 0.68 0.59 0.28
3 0.85 0.39 1

4 0.8 0.67 0.54
5 0.55 0.42 0.87
6 0.35 1 0.66
7 0.97 0.51 0.35
8 0.62 0.39 0.28
9 1 0.4 0.22
10 0.85 0.4 0.49
11 0.77 0.45 0.61
12 0.8 0.43 0.5
13 0.51 0.48 0.51
min 0.09 0.39 0.22
max. 1.00 1.00 1.00
avrg. 0.69 0.52 0.56
st. dev. 0.25 0.18 0.24

Designs 0, 1, and 2 are among the best designs for edge-length
regularity, mesh-load energy, and point-load energy, respectively, as
intuitively designed. However, these designs do not perform well for
the other two metrics. The designs generally offer different trade-
offs between the multiple objectives. Particularly, design 13, from the
supermesh, shows a balanced trade-off between the three objectives.
The Pareto front consists of eight designs (0, 2, 3, 5, 6, 8, 9, and 13),

Fig. 23. Combination of the strip structures of the initial meshes and the submesh. The fourteen meshes are arranged based on topological similarity, highlighted by the common

coloured strips.

12



R. Oval et al.

[
[
[

EDGE LENGTH DISPARITY L
STRAIN ENERGY MESH LOAD E,,
STRAIN ENERGY POINT LOAD E,

Computer-Aided Design 176 (2024) 103751

Fig. 24. Combining different topological designs for a pillow-shaped gridshell. The designs are organised based on topological similarity with designs 0, 1, and 2. The designs
provide different trade-offs between geometrical regularity and structural efficiency under different load cases. The Pareto designs are underlined.

underlined in Table 3 and Fig. 24, which represent 57% of the design
pool.

4. Conclusion

This paper introduced similarity-informed topology finding with
the generation of hybrid pattern topologies to explore multi-objective
performance trade-offs. This approach is based on generative design
with a novel algebra for quad meshes with operators for distance,
intersection, and union, based on a quad-mesh strip structure and a
two-rule design grammar:

+ an assessment was presented for topological similarity between
two quad meshes with a distance;

+ a strategy was developed for the combination of quad meshes
to generate hybrid meshes with different degrees of topological
similarity;

« this strategy was used to perform heuristic multi-objective de-
sign of quad-mesh patterns based on single-objective designs to
find Pareto fronts, demonstrated on different design workflows,
computational methods, performance objectives, and load cases.

This approach enables informed exploration through a heuristic
combination of previous designs that perform well for different objec-
tives, as a means to explore the daunting combinatorial design space of
surface pattern topology.

Topology processing. The processing of the topology through density
and geometry design is essential for the final performance of the design
itself. Fig. 25 shows the topological interpolation between two quad
meshes for a plate supported at its corners, based on stress fields stem-
ming from two load cases, a symmetrical and an anti-symmetrical mesh
loads. Fig. 26 illustrates their application to a ribbed concrete floor
system. Only some of the hybrid topologies are shown. The integration

13

of the stress field into a coarse quad mesh, the orientation of the edges
of the dense quad mesh, and their alignment with the boundary of the
plate are important design decisions. The processing of the topology
into the design matters. Simultaneous topology, density, and geometry
exploration and optimisation, across the different design spaces, are
necessary to explore the full potential of a topological design.

Towards optimisation. For future work on the development of a novel
framework for grammatical topology optimisation, several aspects must
be addressed.

Although the patterns are encoded as coarse quad meshes inde-
pendent of density and geometry, the combinatorial search explodes
for patterns with an increasing number of singularities. Although, the
examples shown feature designs with a significant number of singu-
larities for industrial and practical application, the computation of
the distance can be accelerated by leveraging parallel computing to
perform the multiple independent checks and by exploring the potential
of probabilistic strategies.

The discrete nature of the distance can challenge state-of-the-art
exploration and optimisation algorithms if not turned into a continuous
one. A larger set of descriptors that apply at the level of the mesh
can be extracted. These descriptors include the number of vertices and
faces, the number of boundaries, the Euler characteristic, the number
of singularities per type (valency or index). Statistical methods like
interpolation, regression, and dimensionality reduction can enable the
creation of a latent space to obtain a continuous distance from such a
set of discrete topological descriptors.

The input designs create a bias in the algorithmic search, as they
bound the topological design space, making the quality of the output
therefore particularly sensitive to the quality of the input, which can
limit exploration if chosen poorly. Along with gene recombination,
mutation is essential in evolutionary search algorithms to create diver-
sity in the pool of genes to explore alternative design directions. With
this aim, the mesh grammar can be expressed as a formal grammar,
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Fig. 25. Similarity-informed topology finding based on structural performance for multiple load cases.
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Fig. 26. Similarity-informed topology finding of hybrid topologies for ribbed concrete floors.
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