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Abstract

The paper describes two crack models embedded in a total strain concept, the fixed orthogonal
crack model and the coaxial rotating crack model. These two crack models are compared with
the corresponding crack models embedded in a decomposed strain concept. Further, a model
for reinforced concrete based on a total strain concept is presented. The salient feature in this
model is the stress decomposition into a stress contribution of the concrete with a strain soften-
ing model, a stress contribution of the reinforcing steel with a elasto-plastic model and a stress
contribution owing to the interaction between concrete and reinforcement. The model capabili-
ties are demonstrated in a simulation of a unidirectionally reinforced concrete panel.

Keywords : Rotating Crack Model, Fixed Crack Model, Reinforced Concrete Panels, Tension-
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1. Introduction

Fracture of concrete can be modeled following several approaches. One of the most promising
approaches for implementation in a finite element program is the phenomenological approach,
in which fracture is described within a continuum. This approach is known as the smeared
crack model. Generally an elastic-softening behavior is assumed in which a gradual decrease of
the stress occurs after the crack is initiated, These constitutive models can be embedded in dif-
ferent concepts. In this study two concepts will be used, the decomposed strain concept and the
total strain concept. The first concept is based on a strain decomposition into an elastic part and
an inelastic part: € = € + €, This mode! has been treated comprehensively in the work of de
Borst and Nauta (1985) and Rots (1988), and will not be treated in this paper. The second con-
cept is the total formulation in which the stress is assumed to be a function of the total strain,
The constitutive behavior of models embedded in both concepts is highly dependent upon the
modeling of the shear stress-strain relation, This has resulted in different crack models, the
fixed smeared crack model and the rotating smeared crack model. In this study the fixed and the
rotating crack model embedded in a total strain concept will be treated.

The practical application of fracture models for concrete generally concerns reinforced con-
crete panels, The major characteristics of reinforced concrete are the distributed fracture in the
neighborhood of the reinforcing bars and the localized fracture some distance away from the
reinforcement. Especially in unidirectionally reinforced concrete panels this phenomenon
becomes very challenging when cracks occur which are inclined at some angle with the rein-
forcement. This study deals with the gradual (ransition between the localized fracture in the
unreinforced direction and the distributed fracture in the reinforced direction.
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2. Crack models in a total strain concept

In smeared crack models a crack is conceived to be distributed over the area of an element rep-
resented by an integration point. With this approach the cracked material is considered as a
centinuum, for which the notions of stress and strain are defined. This means that the constitu-
tive relation can be described in terms of stress-strain relations. Commonly, and this has also
been done in this study, the constitutive relation in the uncracked state is restricted to linear-
elasticity. When a tension cut-off criterion is violated, this linear-elastic relation is replaced by
an orthotropic stress-strain law with the axes of orthotropy in accordance with the directions of
the principal stresses. The explicit application of the orthotropic elasticity theory to cracked
concrete is not straightforward. Indeed, the concept of a fully orthotropic material has not yet
been applied to describe smeared cracking. Instead, it is assumed that cracking only influences
the diagonal terms in the compliance matrix (BaZant and Oh, 1983). Then the total stress-strain
relation in a plane-stress configuration is given by the following stiffness relation in the crack
coordinate system n,s :

Cn,s = Dn,s &5 @
with
r oE OO E 0 ]
1= 00V 1= 0ty 02
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As a first approximation it is assumed that the reduction factors o, o, for the elastic Young's
modulus E are only functions of the .tensile strains in the considered directions, i.e.
Op = O (Ena)s 05 = O5(Ess) and By = By(Vos).

The constitutive relation, eq.(1), has been expressed in the local coordinate system, Using
the strain transformation matrix T(¢) the relation in the global coordinate system is given by:

Oy = [T Dy s T@)] £y (3)

in which the superscript T denotes the transpose and ¢ is the angle between the local crack
coordinate system and the global coordinate system. The tangential stiffness matrix is always
needed in a non-linear analysis which employs a Newton-Raphson type iterative procedure.
These stiffness moduli may be readily obtained by differentiating:

Oy = TT(¢) Op,s )
which results in:
Gry = 'Dyy by ®)
with 'D, , the tangent stiffness matrix
do AT"(%) a7
‘D, = | TT()) —= T 6
X,y I: ()] as,,,, @) + 3 Op,s aex,y 6

2.1 Fixed crack model

In the fixed crack model the principal axes of orthotropy are kept fixed during the post-cracking
phase, This results in the following constitutive model:
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Oy = [ TT(§0) Dy T(00)] &y 0]

in which ¢y the angle between the global coordinate syster and the crack coordinate system.,
Recause dTT /99 = 0, the tangential stiffness matrix reads explicitly

0Gy, [ 08y OCpy / O€ 0
Wy, = T'@0) | 00ss/0nn 0755 / sy 0 T(%o) ®)
0 0 00y / 0Yns

This model has also been used by Rots, Nauta, Kusters and Blaauwendraad (1985) as an exten-
sion of the fixed crack model proposed by BaZant and Oh {1983). A more fundamental treat-
ment of the fixed crack model is given in the inspirational work of Willam, Pramono and Sture
(1987).

2.2 Rotating crack model

The rotating crack model differs notably from the fixed crack model in the post-cracking phase.
The principal axes of orthotropy are not kept constant, but rotate coaxially with the principal
strains during crack propagation. The constitutive model is now defined by the full expression
of eq.(3) with T(¢) a function of the global strains. The tangential stiffness matrix ‘Dx,y, is
more complicated because of the introduction of the spin of the principal stress axes and is
given by the full expression of eq.(6). The first term of the tangential stiffness matrix is equal
to the tangential stiffness matrix that follows from the fixed crack approach, and can be consid-
ered as the material tangent stiffness, The second term, due to the spin of the principal axes, is a
function of the stresses and the angle ¢ between global coordinate system and crack coordinate
system. The rotating crack model does not involve an independent shear-retention factor B, but
the coaxiality condition results in a shear stiffness that is associated with the rotation of the
principal axes. Many authors, e.g. BaZant (1983), Crisfield and Wills (1989) and Willam,
Pramono and Sture (1987), have proved that in a two-dimensional configuration ‘D, , can then
be written as:

OCpy, / 08ny OCyy, / 0€g, 0
'Dyy = TT(Q) | 304 /0€mm 3Gy / s 0 T($) ©)
0 0 (Gnn - Gss) / 2(8,.,“ - ess)

3. Tension - shear model problem

To verify the elastic-softening formulations for the fixed and the rotating crack models, refer-
ence is made to the plane-stress model problem of biaxial tension and shear depicted in Figure
1 ( Willam, Pramono and Sture, 1987 ; Rots 1988). It concemns an elastic-softening continuum
of unit dimensions with a Young's modulus E = 10000 [N/mm?], Poisson’s ratio v = 0.2,
tensile strength f, = 1.0 [N/mm*] and a fracture energy G; = 0.15 [Nmm/mm] over a unit
crack band width h = 1,0 [mm]). Initially, the continuum is subjected to tensile straining in the
x-direction accompanied by ' lateral Poisson contraction in the y-direction, i.e.
Aty t Aty 1 Ay = 1:-v:0. Immediately after cracking, a switch is made to combined biax-
ial tension and shear according t0 Agyy : A€,y t AYyy = 0.5:0.75 : 1, which causes the axes of
principal strain to continuously rotate after cracking as is typical of fracture propagation in
smeared finite element models. For both concepts an analysis has been made for both the fixed
crack model as well as the coaxial rotating crack model. In the figures the following abbrevia-
tions have been used to indicate the different crack models in the two strain concepts:
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Figure 1 Lay-out tension-shear model problem.
(a) tension up to cracking;
(b) biaxial tension with shear beyond cracking
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Figure2 Behavior in shear for different strain concepts and crack models.
(a) shear stress-strain response in x, y-direction;
(b) shear retention factor f = Gy, /(G Yyy )

decomposed strain concept with a fixed crack model: dcp-fix; decomposed rotating crack
model: decp-rot; total strain concept with a fixed crack model; tot-fix and total rotating crack
model: tot-rot. The nominal o,y — ¥yy shear response is shown in Figure 2(a). The fixed crack
models both give a linear relation because of the constant shear-retention factor . The equiva-
lent shear-retention factor is given in Figure 2(b). This secant shear-retention factor is extracted
from the stresses and strains in the global coordinate system. For the rotating crack models the
results show that the shear-retention factor rapidly decreases and even becomes negative, The
decomposed strain concept shows a small deviation compared with the total strain concept
when a second crack arises, For the total formulation the shear stiffness is independent from the
cracks in both directions. For the decomposed formulation the shear stiffness for each crack is
dependent upon the shear-retention factor and this results in a decrease of the shear stiffness at
the element level. The normal stress-strain response in the global coordinate system is
depicted in Figure 3. The decomposed strain concept with a fixed crack model results in a
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Figure 3 Normal stress-strain response in x-direction and y-direction, for different strain
concepts and crack models.
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Figure 4 Principal tensile stress-strain response in n,s-direction for different strain con-
cepts and a rotating crack model.

O,y — &,y diagram which, until the second crack arises, is equivalent to the input softening dia-
gram, The large deviation between the total and the decomposed strain concept for the fixed
crack model is surprising, especially since, for the rotating crack model, both strain concepts
give results that are in reasonable agreement. The Oy — £,y response shows the the degradation
of the strength in the lateral direction. The principal stress-strain response is depicted in Figure
4 for the rotating crack model. The principal stress-strain response for the fixed crack model
has no physical meaning, since the directions of the principal strain and the principal stress are
not equal, The o, — €,, response shows the linear softening diagram since the softening is
explicitly monitored in the rotating, principal strain coordinate system. The deviation between
the total and the decomposed strain concept is a result of the Poisson effect. The stress-strain
diagram in the lateral direction o, - €, shows that the lateral stresses remain small during the
total loading process.
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4. Constitutive model for reinforced concrete

The constitutive model for reinforced concrete assumed in this study is based on the assump-
tior that reinforced concrete is a composite material. With this assumption it is possible to
decompose the total stress in the stress components of the constituent materials, concrete and
steel, and a stress component due to the interaction between concrete and steel, The reinforcing
steel is modeled with an embedded formulation in which it is assumed that the strain for both
materials is equal. The total stress is now given by:

Oyy = Oxy + Oxy + ci:.y (10)

in which the superscript ¢ denotes the concrete, s the reinforcing steel and ia the stresses due to
the interaction between concrete and reinforcement. The constitutive relation for the concrete
has already been derived (cf. eq.(3) ):

ci.y = {TT(¢) Dn,s T@®)] Exy
The constitutive relation for the reinforcing steel looks very similar:
o}y = [TT(O) D, T(B) 1 &5y (11

with @ the inclination angle between the reinforcing grid and the global x,y-coordinate system,
The constitutive relation for the reinforcing grid is given by the matrix:

PpEF 0 0
D, = 0 pEFO (12)
0 0 0

with the reinforcing ratios pp, pq in the p, q directions of the grid respectively and ESP the
secant elasto-plastic modulus.

The stress contribution owing to the interaction between concrete and reinforcement is
given by:
oy = T'(0) o, (13)

The stresses on the crack surface are in general functions of the angle between the reinforce-

ment and the normal on the crack surface. For the first crack in the n-direction this transforma-
tion yields:

ia ia X ia
G cosa. 0 O Opp 0 —sine 0 Opp
Oy = 0 0 O Oqq +[ 0 O 0 Ogq (14)
Ons 0 0 coso Opq 0 0 sino Oqp

t 1 1

with the angle o the angle between reinforcement and the normal of the crack. For the possible
second crack in the s-direction the trarisformation of the stresses in the reinforcement direction
to the crack coordinate system yields:

ia ia ia
Opn 0 0 0O Opp 0 0 0 Opp
Ogs = | sino 0 O Ogq[ + | Ocosa O Ogq (15)
Ons 0 0 —sino Opq 0 0 coso Opq

2 2 2
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The constitutive relation for the interaction stress in the p-direction of the reinforcement grid is
given by:

_ T
E. .
Cpp bpi 00 appl
Cgq [ = 0 0 0 \ €q (16)
| O] | O O0Egi ||Ym
N J

and the stress in the g-direction of the grid:

Opp 00 0 Eep
Cyq =10 qu,i 0 €qq r 17
Ogp 0 0 Eg; ||

Jq S N J

The stiffness moduli E;,, and By are the result of the bond stresses between the reinforcement
and the concrete between the cracks. This contribution to the stiffness of the structure is com-
monly known as the tension-stiffening effect. The tension-stiffening moduli Ey, and Epq are
functions of the strain in the reinforcement and the strain in the crack coordinate system. This
tension stiffening component is assumed to be a trilinear function, according to Cervenka, Pukl
and Eligehausen (1990), see Figure 5(a). At gy the crack arises and the ascending branch coin-
cides with the softening of the concrete until the ultimate crack strain &,. The constant part is a
fraction of the tensile strength of concrete, as a rough approximation 0.4 f;;. The descending
branch starts when the yielding of the reinforcement begins at a yield stress f;, and a yield
strain €.

The stiffness moduli Ey, and Eyq are the dowel stiffnesses of the reinforcement bars. These
stiffness moduli are dependent upon the bar diameter, the crack width, the stress of the rein-
forcement and possibly on other parameters as well. In this study the dowel stiffness is
assumed to be a fraction of the shear stiffness G; of the reinforcement bar, Eq, = Eyq = 8 pG;,
0s8<1.

The tangential formulation of the stress components in reinforced concrete is essential for
the solution of the nonlinear equations via a Newton-Raphson method. The tangential formula-
tion is obtained by differentiation of the total stress-strain relation. For the concrete the tangen-
tial formulation has already been derived, eq.(5) and eq.(6). The tangential formulation for the
reinforcement reads

&y = [TTOID,TO) 1,4 (18)
in which the tangent operator for the grid is given by the matrix
p'EF 0 0
'D, = 0 p'EPPO (19)
0 0 0

where 'EEP is the tangential elasto-plastic modulus: ‘E{P = do; / dg;.

The tangent operator of the interaction stresses is more complicated because of the rotation
of the crack direction if a rotating crack model is used. Using the formulation of the interaction
stresses of eq.(13), the total derivative is given by
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Figure § (a) Modeling of the tension-stiffening effect;
(b) Model panel Bhide and Collins (1987).
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in which the stress in the crack direction cf,‘_, is given by eq.(14) for the first crack and eq.(15)
for the second crack. The partial derivatives of these stress components with regard to the glo-
bal strain vector result in a complicated formulation of the tangent stiffness operator for the
interaction stress component of the total stress vector, Feenstra (1991),

5. Panel PB21 Bhide and Collins

Numerical experiments with the above described mode! for reinforced concrete were carried
out for panel PB21 of Bhide and Collins (1987), with dimensions 870x870x70 [mm?), a rein-
forcement percentage of 2.195 % in the element x-direction and a reinforcement percentage of
0.0 % in the element y-direction. The concrete has been modeled with a Young's modulus
E, = 20000 [N/mm?], Poisson’s ratio v = 0.2, tensile strength £, = 2.0 [N/mm?] and a frac-
tre energy Gy = 0.89 [Nmm/mm] over a crack band width of 890 [mm]. A crack spacing of
100 [mm] has been assumed which means that approximately 9 cracks are distributed over the
element size. The total amount of energy consumed in the panel is then 8.9 times the fracture
energy for one crack. The total strain concept and linear tension softening have been used. Both
the rotating crack model and the fixed crack model have been utilized. For the latter model a
shear retention factor § = 0.2 has been adopted. The reinforcing steel has been modeled with
a linear-elastic plastic model with a Young's modulus E, = 210000 [N/mm?] and a yield
stress fy, = 402 [N/mm?]. The deformed bars of the reinforcing grid can sustain much more
bond stress than plain bars. These bond characteristics have been modeled with a maximum
bond stress of 1.4 [N/mm?]. The dowel action and the nonlinearity in compression have been
neglected. The finite element configuration for the analysis is one four-noded element with four
integration points for both the reinforcement and the concrete, sce Figure 5(b). The analyses
have been performed under arc-length control. The results of the analyses are given in Figure 6
which shows the nominal shear stress-principal tensile strain diagram.

6. Concluding remarks

The crack models embedded in a total strain concept and a decomposed strain concept show
reasonable agreement when the models are applied to a tension-shear model problem. The
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Figure 6 Shear stress - principal tensile strain response for panel PB21.

crack models embedded in a total strain concept are conceptually simple and less CPU con-
suming than the crack models embedded in a decomposed strain concept.

The results of the simulation of the reinforced panel demonstrate the capability of the
presented model for simulating reinforced concrete behavior. Further research is necessary on
the constitutive components of the model. The main advantage of the proposed model is the
separate treatment of the softening behavior of the concrete and the tension-stiffening behavior
of the reinforced concrete due to bond stresses between the cracks.
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