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MATHEMATICAL BACKGROUND OF THE HYDRONAMIC WAVE PENETRATION MODEL 

I n t r o d u c t ion 

The t r a n s f o r m a t i o n o f waves coming f r om the deep sea and a p p r o a c h i n g 

t h e sho re depends on t he l o c a l b a t h y m e t r y , t h e t y p e o f bo t t om and 

t he t y p e o f waves . The Hydronamic Wave P e n e t r a t i o n Model c o n s i s t s 

o f a number o f programs i n o r d e r t o c a l c u l a t e t h e s e t r a n s f o r m a t i o n s . 

The main p rogram o f t h e model i s t h e p rogram REFDIF. The i n p u t f o r 

t h i s p rogram is t h e b o t t o m t o p o g r a p h y o f t h e n e a r s h o r e a rea and t h e 

wave c h a r a c t e r i s t i c s o f one component o f t h e wave c l i m a t e . The 

b o t t o m - t o p o g r a p h y i s e n t e r e d as a d e p t h - m a t r i x . For each component 

o f t h e wave c l i m a t e t h e p rogram is runned and c a l c u l a t e s a l o n g 

w a v e - r a y s t h e v a r i o u s w a v e - h e i g h t d e t e r m i n i n g p a r a m e t e r s . 

These a r e p a r a m e t e r s f o r r e f r a c t i o n , s h o a l i n g , f r i c t i o n , p e r c o l a t i o n 

and b r e a k i n g . The r e s u l t s o f t h e s e c a l c u l a t i o n s a r e p r i n t e d o u t 

and s t o r e d on computer d i s c f o r f u r t h e r p r o c e s s i n g . 

Sepe ra te programs can p l o t t h e s e d a t a as r a y - d i a g r a m s . 

In o r d e r t o t a c k l e t h e c a u s t i c p r o b l e m a s e p e r a t e p rogram w i l l be 

runned t o p rocess t h e o u t p u t - d a t a a c c o r d i n g t o t h e method o f Bouws 

A c o n t o u r p l o t t i n g p rogram then t r a n s f o r m s t h e r e s u l t s o f t he 

Bouws-program t o c h a r t s w h i c h can be i n t e r p r e t e d v i s u a l l y . 

In t h e nex t c h a p t e r s o f t h i s r e p o r t s t he m a t h e m a t i c a l background 

o f t hese programs i s d i s c u s s e d in more d e t a i l . 



R e f r a c t i o n and s h o a l i n g 

The phase-speed ( c e l e r i t y ) o f a sma l l a m p l i t u d e wave can be exp ressed 

b y : 

9 g 
c = j-^ t anh (kh ) (1 ) 

T h i s i s t h e s o - c a l l e d d i s p e r s i o n f o r m u l a f o r l i n e a r w a v e s , in w h i c h 

second o r d e r e f f e c t s a r e n e g l e c t e d , k i s t h e wave number (Z i r / L ) 

h i s t h e l o c a l w a t e r d e p t h and g t h e a c c e l e r a t i o n o f g r a v i t y . 

C o n s e q u e n t l y , t h e c e l e r i t y has a v a r a t i o n w i t h d e p t h and t h e s i t u a t i o n 

i s a n a t u r a l one f o r t h e a p p l i c a t i o n o f S n e l l ' s l a w , w h i c h r e l a t e s 

t he bend ing o f rays t o t h e speed change : 

s i n ® c 
s I n cp c 

o o 
(2 ) 

in wh i ch (j) i s t h e a n g l e between t h e w a v e - c r e s t and t h e d e p t h c o n t o u r . 

The i ndex o i n d i c a t e s d e e p - w a t e r c o n d i t i o n s . 

The energy o f a l i n e a r wave per u n i t o f c r e s t w i d t h i s g i v e n by 

E = - J ' p g H ^ (3 ) 

and i s t r a n s p o r t e d t o t h e c o a s t w i t h t h e g r o u p - c e l e r i t y : 

c =-1- (1 + 2 kh ) c = ' n c (4 ) 
9 s i n h 2kh 

Consequen t l y t h e r a t e a t w h i c h ene rgy i s t r a n s p o r t e d t o t h e coas t 

i s : 

P = - i p g H ^ c ^ (5) 

I f a s e c t i o n o f c r e s t o f w i d t h s between two rays o f o r t h o g o n a l s 

i s c o n s i d e r e d , t h e a v e r a g e r a t e o f e n e r g y - t r a n s m i s s i o n between t h e 

o r t h o g o n a l s i s : 

Ps = ^ p g H ^ (6 ) 



I t i s assumed in c l a s s i c r e f r a c t i o n t h e o r y t h a t t h e ene rgy c o n t a i n e d 

between a p a i r o f o r t h o g o n a l s in a l o n g - c r e s t e d sys tem w i l l rema in 

between t h e s e o r t h o g o n a l s . On t h i s a s s u m p t i o n i t i s p o s s i b l e t o 

f o l l o w o r t h o g o n a l s and t r a c e t h e changes i n w a v e - h e i g h t . 

I f t he o r t h o g o n a l s s p r e a d , t h e wave h e i g h t must become l e s s , 

s i n c e t h e same ene rgy i s sp read o v e r a l a r g e r a r e a . 

I f t hey c o n t r a c t , t h e h e i g h t s grow as more ene rgy i s c o n c e n t r a t e d 

i n l e s s space . A c c o r d i n g t o t h i s a s s u m p t i o n c r o s s i n g o f w a v e - r a y s 

i s no t p o s s i b l e . However, when e x e c u t i n g t h e a c t u a l c o m p u t a t i o n , 

w a v e - r a y s w i l l c r o s s f r e q u e n t l y . The p rob lem t o d e t e r m i n e t h e 

w a v e - h e i g h t in such c r o s s i n g s can be s o l v e d by a p p l y i n g t h e 

Bouws-method, w h i c h w i l l be d i s c u s s e d l a t e r . A t any r a t e , i f t h e 

a s s u m p t i o n i s r e a s o n a b l e g o o d , t h e n : 

P = P 
s s 

o 

or : - ipgH'^c i p gH^ C S 
8 ' ^ = ' . g 8 ^ 0 go o 

w h i c h means t h a t t h e ' w a v e - h e i g h t in shoa l w a t e r i s t h e h e i g h t in 

deep w a t e r , m u l t i p l i e d by two f a c t o r s : 

C . i S i 

g 

The f a c t o r ( S ^ / s ) ^ = i s c a l l e d t h e r e f r a c t i o n c o e f f i c i e n t ; t h e 

o t h e r f a c t o r (C /C )^= K i s c a l l e d t h e s h o a l i n g c o e f f i c i e n t . 
§ 0 g s 

E l a b o r a t i n g t h e f o r m u l a f o r t h e s h o a l i n g - c o e f f i c i e n t , a p p l y i n g 

r e l a t i o n ( 4 ) , one g e t s : 

s ^ o'' ^ ' ^ s i n h 2kh^ 



The s h o a l i n g c o e f f i c i e n t i s o n l y a f u n c t i o n o f deep w a t e r da ta and 

t h e l o c a l w a t e r d e p t h . U n f o r t u n a t e l y i t i s no t p o s s i b l e t o d e r i v a t e 

such a s i m p l e f o r m u l a f o r t h e r e f r a c t i o n c o e f f i c i e n t , because t h e 

r e f r a c t i o n c o e f f i c i e n t depends on t h e shape o f t h e d e p t h c o n t o u r s , 

w h i c h a r e c r o s s e d . 

In g e n e r a l K ^ = ( S ^ / s ) ^ , i n w h i c h s i s t h e d i s t a n c e between two 

a d j a c e n t w a v e - r a y s . However, because i n t h e c o m p u t a t i o n a l p r o c e s s , 

o n l y one ray i s computed a t a t i m e , i t i s no t p o s s i b l e t o 

d e t e r m i n e t h e d i s t a n c e d i r e c t l y . But a r e l a t i o n between t h e r a y -

d i s t a n c e s and t h e c u r v a t u r e o f t h e wave ray ( y ) e x i s t s : 

i n w h i c h i s n t h e d i s t a n c e a l o n g t h e r a y . Formula (11) a l l o w s 

s e q u e n t i a l c a l c u l a t i o n o f t h e v a l u e o f s a l o n g t h e r a y , and 

thus s e q u e n t i a l c a l c u l a t i o n o f 

The v a l u e o f p can be c a l c u l a t e d w i t h t h e second o r d e r d e r i v a t i v e 

o f t h e t r a j e c t o r y , w h i c h can be e x p r e s s e d as a p r o d u c t o f t h e 

c e l e r i t y and t h e s t e p - d i s t a n c e . The second o r d e r d i f f e r e n t i a l 

e q u a t i o n s a r e s o l v e d by n u m e r c i a l t e c h n i q u e s . 

For a more d e t a i l e d d e r i v a t i o n o f t h e above men t i oned f o r m u l e s can 

be r e f e r r e d t o Kinsman ( I 9 6 5 ) . 



F r i c t i o n and p e r c o l a t i o n 

The d i s s i p a t i o n o f ene rgy by b o t t o m f r i c t i o n a n d / o r p e r c o l a t i o n 

can b r i n g abou t s i g n i f i c a n t l o ss o f wave ene rgy w i t h a p o s s i b l e 

r e d u c t i o n o f w a v e - h e i g h t , p a r t i c u l a r l y f o r h i g h waves o f l ong 

p e r i o d w h i c h a r e p r o p a g a t e d i n t o a s h a l l o w r e g i o n o f v e r y g e n t l e 

bo t t om s l o p e . The r a p i d a t t e n u a t i o n o f energy by b o t t o m f r i c t i o n 

f o r waves o f long p e r i o d can be e x p l a i n e d q u a l i t a t i v e l y as due t o t h e 

f a c t t h a t t he long waves e f f e c t i v e l y " f e e l " b o t t o m sooner than t h e 

s h o r t p e r i o d waves and c o n s e q u e n t l y a r e s u b j e c t t o f r i c t i o n a l 

d i s s i p a t i o n o v e r a g r e a t e r d i s t a n c e . In a complex wave g roup 

t h i s s e l c t i v e a t t e n u a t i o n c o u l d p r o d u c e , under c e r t a i n c o n d i t i o n s , 

a s h i f t in t h e peal< o f t h e e n e r g y - s p e c t r u m towards l owe r p e r i o d s 

as t h e waves t r a v e l t owards s h o r e . 

The method used in t h e Hydronamic Wave P e n e t r a t i o n Model i s t h e 

method d e s c r i b e d by B r e t s c h n e i d e r , a l t h o u g h some more r e c e n t 

c o e f f i c i e n t s f o r f r i c t i o n have been a p p l i e d ( T r e l o a r s A b e r n e t h y , 

Putnam & Johnson ( 1 9 4 9 ) have shown f o r s i n u s o T d a l waves o f sma l l 

s teepness t h a t t he amount o f e n e r g y . 0 ^ d i s s i p a t e d per u n i t a rea 

a t t h e b o t t o m per u n i t t i m e (ave raged o v e r a w a v e l e n g t h ) i s g i v e n 

ƒ is a d i m e n s i o n l e s s pa rame te r r e p r e s e n t i n g t h e f r i c t i o n f a c t o r 

f o r t h e b o t t o m . 

1 9 7 8 ) . 

by : 

3/H 

T ( s I nh — ^ ) 

Putnam ( 1 9 ^ 9 ) has examined t he o s c i l l a t o r y p e r c o l a t i o n o f w a t e r 

t h r o u g h a pe rmeab le sea b e d , a s s o c i a t e d w i t h s i n u s o i d a l waves 

o f smal 1 amp l i t u d e . 



The amount o f ene rgy d i s s i p a t e d i n t h i s way i s g i v e n b y : 

D = PPÜ^ 

P V ^ ( ^ ^ ^ ^ 2 ^ ) 2 

i n w h i c h p i s t h e p e r m e a b i l i t y o f t h e b o t t o m and v i s t h e 

l<i nema t i c v i s c o s i t y 

For s t e a d y s t a t e c o n d i t i o n s , t h e r a t e a t w h i c h t h e t o t a l e n e r g y -

f l u x i s a l t e r e d per u n i t d i s t a n c e a l o n g one o f t h e w a v e - r a y s i s : 

For p r a c t i c a l a p p l i c a t i o n a c o e f f i c i e n t w i t h t h e same p r o p e r t i e s 

as t h e r e f r a c t i o n and s h o a l i n g c o e f f i c i e n t s i s r e q u i r e d , t hus 

a c o e f f i c i e n t K w h i c h a l l o w s t h e f o l l o w i n g e q u a t i o n 

H=K.K .K .H 
g r o 

E q u a t i o n (15) can be e n t e r e d i n (12) and ( 1 3 ) . E n t e r i n g (12) and 

(13) i n (14) and some ma thema t i cs g i v e 

^ + T . Y } + F„K= 0 
dn 1 2 

where 

6 4 ^ ( _ ^ ) 3 

F„= $^ 
2 v .T^ P 

64TT3 , \ 
2 

*P 9 \ , 4 . h ^ 
s I nh — j — 



7. 

- 2 

E q u a t i o n (16) i s pu t in a l i n e a r f o r m by d e v i d i n g by K . Tlie r e s u l t i s 

~dr ^2^ - ^] (21) In t h e s p e c i a l case o f no b o t t o m f r i c t i o n F^=0 and t h e s o l u t i o n f o r 

K wi 1 1 be deno ted by i n t h i s c a s e , i s s i m p l y 

n 

K = e x p ( - ƒ F dn) (22) 
" n" 

o 

where t h e c o n d i t i o n K ~1 a t deep w a t e r p o s i t i o n n^ has been used 

t o e v a l u a t e t h e c o n s t a n t o f i n t e g r a t i o n . T h i s s o l u t i o n i s an i n t e g r a t i n g 

f a c t o r f o r t h e gene ra l e q u a t i o n ( l 6 ) , f o r i f t he l a t t e r e q u a t i o n i s 

m u l t i p l i e d w i t h K^^ i t i s f ound upon c o l l e c t i n g te rms t h a t 

9 . , . - 1 , • J - (K ' K j = F , K _ (23) 

o r : 

K=K 1+ J F,K dn (24) 
n J 1 P J 

where t h e c o n d i t i o n s K=1 a t t h e deep w a t e r p o s i t i o n n^ i s a g a i n i m p l i e d . 

Because a s e p e r a t e e x p r e s s i o n f o r t h e f r i c t i o n - c o e f f i c i e n t i s 

r e q u i r e d , e q u a t i o n (24) i s d e v i d e d by K^, and t h u s : 

I- *n n - 1 

•' L o ^ 

D u r i n g t h e c o m p u t a t i o n a l p rocess t h e v a l u e s o f F.| and F^ can be 

c a l c u l a t e d a l o n g t h e wave r a y , and c o n s e q u e n t l y t h e i n t e g r a t i o n s i n 

e q . (22) and (25) can be c a r r i e d o u t a l o n g t h e r a y , g i v i n g p e r c o l a t i o n 

and f r i c t i o n c o e f f i c i e n t s i n any p o i n t . 



8 . 

B r e a k ! n g 

At a c e r t a i n r e l a t i o n between wave - l ne ig l i t and w a t e r - d e p t h t h e 

wave w i l l b r e a k . T h i s r e l a t i o n i s d e f i n e d by 

Seve ra l i n v e s t i g a t i o n s do n o t ag ree upon t he e x a c t r e l a t i o n 

between w a t e r d e p t h and b r e a k e r h e i g h t . For a s o l i t a y wave y = 0 ' 7 8 , 

as can be d e r i v e d t h e o r e t i c a l l y . A l i n e a r s m a 1 1 - a m p l i t u d e wave 

canno t b reak t h e o r e t i c a l l y . M o s t l y a v a l u e o f a p p r o x . 0 . 8 i s 

assumed f o r monochromat i c waves . For Ray 1 e i g h - d i s t r i b u t e d waves 

B i j k e r S Svasek ( 1 9 6 9 ) f ound a y o f 0 - 5 f o r t he b r e a k e r p o i n t 

o f t h e s i g n i f i c a n t wave . G e r r i t s e n ( 1 9 7 9 ) f ound f o r t h e H 
^ rms 

o f waves b r e a k i n g on a r e e f a v a l u e o f 0 . 6 5 . 

Recent s t u d i e s i n d i c a t e t h a t y may be a f u n c t i o n o f t h e 

I r i b a r r e n - n u m b e r 

in w h i c h a i s t h e b o t t o m s l o p e . U n t i l f i n a l r e s u l t s a rea a v a i l a b l e 

t h e choosen v a l u e o f y can be e n t e r e d in t h e program as an i n p u t 

v a r i a b l e 

D u r i n g t h e b r e a k i n g p rocess a p a r t o f t h e wave ene rgy i s d i s s i p a t e d . 

The r e m a i n i n g ene rgy w i l l c o n t i n u e i t s way t o t h e s h o r e . U n t i l t oday 

o n l y a few r e s e a r c h has been made on t h i s phenomenon. I t i s known 

t h a t t h e p e r i o d may change somewhat by t h i s p r o c e s s , bu t no e x a c t 

q u a n t i t i e s a r e a v a i l a b l e . In t h e model i s assumed t h a t t h e p e r i o d 

i s n o t changed . The w a v e - h e i g h t i s dec reased u n t i l a v a l u e o f e 

t i m e s t h e o r i g i n a l w a v e - h e i g h t . T h u s , i f a wave b reaks q t i m e s t h e 

w a v e - h e i g h t w i l l be ( n e g l e c t i n g r e f r a c t i o n , f r i c t i o n e t c . ) 

H 
( 2 6 ) 

( 2 7 ) 

H = H ( 2 8 ) 
o 



9 . 

The p rob lem o f c a u s t i c s 

The e q u a t i o n s d e s c r i b i n g r e f r a c t i o n o f w a t e r waves a r e based on t h e 

g e o m e t r i c a 1 - o p t i c s a p p r o x i m a t i o n , i n w h i c h waves rays a r e c a l c u l a t e d 

i ndependent l ' y o f each o t h e r ; Fo r i t hJs " - reason . the-model- : r e a c t s 

o v e r s e n s i t i v e l y t o sma l l v a r i a t i o n s i n d e p t h s , as w e l l i n i n c i d e n t 

wave f r e q u e n c y and d i r e c t i o n . T h i s l eads t o an u n c e r t a i n t y in t h e 

i n t e r p r e t a t i o n o f t h e l o c a t i o n o f i n d i v i d u a l r a y s , p a r t i c u l a r l y i n 

cases o f l a r g e t r a v e l d i s t a n c e s t h r o u g h r e g i o n s w i t h smooth b u t 

i r r e g u l a r b o t t o m t o p o g r a p h y . An a l t e r n a t i v e f o r m u l a t i o n i s t o say 

t h a t t h i s u n c e r t a i n t y reduces t h e s p a t i a l r e s o l u t i o n . 

Bouws S B a t t j e s have deve loped a method t o overcome t h i s p r o b l e m 

by c o n s i d e r i n g t h e wave rays as r e a l i s a t i o n s o f a p a r t i a l l y random 

p r o c e s s . The wave ene rgy w i t h i n each squa re i n t h e s t u d i e d a rea 

i s e s t i m a t e d f r o m t h e p r o p a g a t i o n t i m e o f wave ene rgy a l o n g t h e 

rays c r o s s i n g t h e s q u a r e . The s i z e o f t h e squa re d e t e r m i n e s t h e 

s p a t i a l r e s o l u t i o n . 

T h i s v i e w p o i n t i s worked o u t by Bouws & B a t t j e s q u a n t i t a t i v e l y 

by a d o p t i n g a Monte - C a r l o me thod , i n w h i c h a number o f dense 

s e t s o f rays i s g e n e r a t e d , each f o r a s p e c i f i c i n i t i a l T- ( | i -combi na t i on 

On deep w a t e r t h e rays have a u n i f o r m s p a c i n g s ^ . T h u s , t h e t o t a l 

i n c i d e n t wave e n e r g y , w h i c h i s i n r e a l i t y c o n t i n u o u s a l o n g t h e 

i n c i d e n t wave f r o n t , i s d i s c r e t i z e d i n t o equa l lumps 6P^= E^S^. 

Each lump i s t o a s s o c i a t e d w i t h a r a y . In o t h e r w o r d s , each ray 

i s c o n s i d e r e d as an e n e r g y c a r r i e r w i t h a t o t a l power (SP^ The l o c a l 

energy t r a n s p o r t v e l o c i t y i s C . The energy d e n s i t y a l o n g t h e ray 

(ene rgy per u n i t l e n g t h o f r a y ) i s t h e r e f o r e equa l t o ö P ^ / c ^ . 

A l e n g t h o f ray between n=n.j and n=n2 t hen r e p r e s e n t s an ene rgy 

equa l t o : 



1 0 . 

The l a t t e r i n t e g r a l i s t h e t i m e i t tal<es a p a r t i c l e o f ene rgy t o 

t r a v e l t h e g i v e n p a t h w i t h speed c ^ . Now, t h e t o t a l wave ene rgy i n 

a square i s e s t i m a t e d a s : 

' 2 
E = S-? 

sq o 

m 
E 

i = 1 

n, 
p i , 

dn ( 3 0 ) 

n . " 
I 

The ene rgy i n a d e e p - w a t e r squa re can be c a l c u l a t e d i n t h e same way 

and i s c a l l e d E In t h i s way t h e r e f r a c t i o n - c o e f f i c i e n t f o r e v e r y 

( 3 1 ) 



A c t u a l Compu ta t i on 

Tlie a rea t o be s t u d i e d i s d e v i d e d i n t o a l a r g e number o f s q u a r e s . 

A normal r a y - r e f r a c t i on c a l c u l a t i o n i s c a r r i e d o u t . A l o n g t l i e 

wave rays t he v a l u e s o f K , K, and e*̂  a r e c a l c u l a t e d i n d i s c r e t e 

P f 
p o i n t s . A f t e r t e r m i n a t i o n o f t h e ray c a l c u l a t i o n f o r e v e r y squa re 

t h e v a l u e o f E^^ i s c a l c u l a t e d , u s i n g t h e da ta f r o m t h e f o r m e r 

p rogram and t h e geomet ry o f t h e wave r a y s . 

Then , i n e v e r y square t h e v a l u e o f Kg i s c a l c u l a t e d . W i t h t h e 

use o f t h i s v a l u e t h e wave h e i g h t i n e v e r y squa re can be d e t e r m i n e d . 

F i n a l l y t he w a v e - h e i g h t s a r e p r e s e n t e d as w a v e - h e i g h t c h a r t s f o r 

a g i v e n H-T-(|> c o m b i n a t i o n . 

A c o m b i n a t i o n o f a l l t h e w a v e - h e i g h t c h a r t a l l o w s t o d e t e r m i n e t h e 

( d i r e c t i o n a l ) s p e c t r u m i n any p o i n t o f t h e s t u d i e d a r e a . 



L i s t o f Symbols 

c - wave c e l e r i t y m/ s 

cg - wave g roup e e l e r i t y m/s 

D/ - energy d i s s i p a t i o n due t o f r i c t i o n kgm/s 

D 
p 

- energy d i s s i p a t i o n due t o p e r c o l a t i o n kgm/s 
r 

E - wave ene rgy kgm/s^ 

ƒ - f r i c t i o n f a c t o r -
g - a c c e l e r a t i o n o f g r a v i t y m/s^ 

H - wave l i e i g f i t m 

- w a t e r - d e p t i i m 

i< - wave number (Z t r /L ) -
K 

r 
- r e f r a c t i o n c o e f f i c i e n t -

K 
s 

- s l i o a l i n g c o e f f i c i e n t -

K 
p 

- f r i c t i o n c o e f f i c i e n t -
K 

p 
- p e r c o l a t i o n c o e f f i c i e n t -

h - r e f r a c t i o n / s f i o a l i ng c o e f f a c c . Bouws -
L - wave l e n g t l i m 

n - r a t i o g roup v e l o c i t y t o wave v e l o c i t y -
n - c o ö d i n a t e a l o n g a wave ray m. 

P - wave power kgm/s 

P - permeab i 1 i t y 
2 

m 

q - number o f t i m e s a wave i s brol<en -
s - d i s t a n c e between wave rays m 

T - wave p e r i o d s 

X - b o t t o m s l o p e -
Y - b r e a k e r - i ndex -
e - energy d i s s i p a t i o n f a c t o r a t b r e a k i n g 

rad ^ y - c u r v a t u r e o f a ray rad ^ 

V - k i n e m a t i c v i s c o s i t y m^/s 

P - d e n s i t y o f sea w a t e r kg /m^ 

<}> - d i r e c t i on o f waves rad 
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