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Abstract. The design of parallel manipulators with 3 translational degrees of freedom to deliver short-duration
reactive inertial forces on the base is discussed. The intended application is a device that can apply perturbing
forces on human limbs. The device, called an anti-balance perturbator, has to be mounted around the limb
in a non-obtrusive way, to be lightweight with most mass attached to the moving platform, to have a large
workspace with respect to the available space and to have a large bandwidth. Three designs are compared:
an exactly constrained manipulator with three RUU legs, an overconstrained overactuated manipulator with
four RUU legs and a manipulator with three overconstrained RRPaR legs. The designs contrast to common
ones, because most mass is placed on the movable platform and because the base and the platform are almost
in the same plane. A kinematic analysis addresses singularities and the sensitivity of the platform motion for
clearance in the joints. Moreover, the compliance at the platform due to leg flexibility is determined. For these
analyses, aggregate properties of the legs are used, which simplifies the analysis. Since the results show that the
overconstrained manipulators are much less sensitive to clearance and much stiffer than the exactly constrained
3RUU manipulator, the design specifications can be more easily met. This makes the overconstrained designs
preferable.

1 Introduction

The present study arose from the need for a small device that
can generate forces on limbs of the human body, in particular
on the lower arm. The purpose of these forces is to identify
the frequency-dependent dynamic stiffness under a range of
everyday tasks without severely hampering the natural mo-
tion, as people can adjust joint stiffness by co-contraction
of muscles and reflexive responses (Doemges and Rack,
1992a, b; Mugge et al., 2010). Short-duration applied forces
can be used to study these reflex responses. Knowledge of
human motor control and its adaptations is important for di-
agnostics and robots for rehabilitation and in domestic appli-
cations.

To estimate the dynamics and control of human motion,
the perturbations can be forces or position changes, and they
can be continuous or transient. The perturbations may dif-
fer in their frequency content and their amplitude or power
spectrum and can be deterministic or random (Cathers et al.,
1999; Mugge et al., 2007). The perturbations can be applied
at various points in different directions (Trumbower et al.,
2009; de Vlugt et al., 2006), and the device with which the
perturbations are applied can have its own dynamic proper-
ties (Schouten et al., 2008). Furthermore, the way in which
the subject is instructed can have a large influence on the re-
sults (Doemges and Rack, 1992a, b).

To allow tests with a more natural motion of the hand, we
decided not to apply the forces externally but to use moving
bodies to generate reaction forces due to accelerations; we
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call a device that generates this kind of force an anti-balance
perturbator. The purpose is to apply dynamic forces on the
support, which is in contrast to dynamically balanced devices
intended not to generate these resultant shaking forces or
shaking moments on the support (Berkof and Lowen, 1969;
van der Wijk, 2014). Based on the same principle, a handheld
device that uses a mechanism to generate a periodic force in
one direction is described in Amemiya et al. (2007) and a de-
vice using air pressure to move a piston is described in Höpp-
ner et al. (2010). An alternative principle is to use the reac-
tion force of an airjet (Xu et al., 1991; Belden et al., 2011;
Gurocak et al., 2003), but such a device has the drawback of
a high noise level and obtrusive tubing. Gyroscopic torque
generators have been used to suppress tremor (Mertz, 2016)
and to prevent falls (Lemus et al., 2017). Reaction wheel and
control moment gyroscope torque generators have been de-
veloped to give haptic signals to the wearer (Amemiya and
Gomi, 2013; Walker et al., 2016; Choinière and Gosselin,
2017).

The moving mass can be guided in several ways. One con-
cept uses a straight or circular bearing, along which the mass
glides. Another concept is to use a mechanism for the guid-
ance. For generating forces in several directions, a mecha-
nism with a parallel architecture or a serial architecture can
be used. We choose a guiding mechanism with a parallel ar-
rangement, that is, a parallel manipulator, because a compact
design can be realized and a large fraction of the total mass
can be placed on the moving platform. Putting most mass
on the platform inverts conventional designs with most of
the mass in the stationary base. In the present design, the
base is not fixed but connected to the moving limb. Further-
more, the base and the platform are nearly in the same plane,
and the base is smaller than the platform, which differs from
the usual designs. An initial design has been built and tested
(Koene, 2022; Koene et al., 2023).

Since a large workspace relative to the size of the de-
vice is required, the manipulator may encounter singularities.
Singularities in mechanisms have been widely studied (Gos-
selin and Angeles, 1990; Zlatanov et al., 1998; Merlet, 2006).
Here, singularities are analysed by considering the manipu-
lator as a constrained mechanical system.

For small mechanisms, clearances in the joints can be rel-
atively large, and their influence on the position and ori-
entation of the moving platform is important to consider
as it may worsen the performance. The influence of joint
clearance on the kinematics of planar linkages was inves-
tigated by Kolhatkar and Yajnik (1970), who introduced
massless clearance links. Tischler and Samuel (1999) stud-
ied the influence on spatial statically determinate mecha-
nisms. All clearances were supposed to be independent, and
a linearized analysis was made. A similar approach was re-
ported by Innocenti (2002) for a given load on the end effec-
tor. This analysis procedure was extended for general loads
by Parenti-Castelli and Venanzi (2005). Frisoli et al. (2011)
maximized a quadratic pose error function. Clearances in

overconstrained manipulators were studied by Meng et al.
(2009). Wu et al. (2012) studied a planar parallel manipulator
and included both tolerances and clearances; the results were
experimentally validated. Ding and Wang (2021) considered
planar systems in which the change in length of a link due to
clearance was considered, while Ding et al. (2023) analysed
spatial mechanisms with only displacement clearance in the
joints. In the present study, a clearance analysis following
these lines is proposed, which considers the combined clear-
ance of legs and is applicable to overconstrained systems. A
stiffness analysis is performed which considers leg stiffness
as in Pashkevich et al. (2009) and Yang et al. (2018) and fol-
lows a method similar to the clearance analysis.

The main contributions of this article are, firstly, the appli-
cation of parallel manipulators in the field of wearable per-
turbators used for applying forces to human limbs; secondly,
the complete inversion of the usual design of the manipula-
tors with most mass placed on the platform instead of the
base; thirdly, the presentation of the singularity analysis in
terms of constrained mechanical systems; and fourthly, the
clearance analysis with aggregate properties of legs. These
analyses show the feasibility of the proposed overconstrained
designs for the application.

In Sect. 2, the kinematic design process is described that
leads to the unusual characteristics of the manipulators. A
procedure to analyse singularities is described, and simu-
lations are made to show that the manipulators fulfil the
requirements. Then, procedures to analyse the influence of
clearance and to calculate the compliance, both of which de-
pend on the position of the end effector, are presented, and
comparisons of the exactly constrained and overconstrained
designs are made.

2 Kinematic design

In this section, the requirements are stated that aid the choice
for the concept of a parallel mechanism. Then, an architec-
ture is chosen. Based on the required workspace and the lim-
itation of the design space, the dimensions and the configu-
ration of the legs are chosen. A kinematic analysis is made,
and three design variants are proposed.

2.1 Force and motion requirements

The actuation force requirements are extracted from the liter-
ature. In an experiment by Trumbower et al. (2009), pertur-
bations on the hand were applied as random displacements
with a flat power spectrum in the range of 0–5 Hz and with
a standard deviation of 3 mm. The forces generated were in
the range of 5–10 N. The same perturbations were used by
Krutky et al. (2013), but a ramp-and-hold perturbation was
also used in which a velocity of 400 mms−1 was applied dur-
ing 100 ms. Nashed et al. (2012, 2014) applied perturbations
of 0.5–2.0 Nm at the elbow and shoulder joint. The duration
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Figure 1. Shaking force profile, equal to minus the mass times ac-
celeration (top panel), velocity profile (middle panel) and displace-
ment profile (bottom panel) for a moving mass of 0.10 kg.

was intended to excite reflexive responses, which occur 20–
105 ms after the onset of the perturbation.

Based on these previous studies, a motion profile for ap-
plying a short-duration transient impulse intended for the de-
sign is chosen, as shown in Fig. 1. The moving body, called
the platform or the end effector, is first placed in an eccen-
tric position with respect to the base, fixed to the arm, with
a relatively slow motion. Then, the platform is accelerated in
a radial direction towards the central position, resulting in a
shaking force of 7.0 N in the first 10 ms. After that, the plat-
form is decelerated by one ninth of the initial acceleration
during 90 ms, resulting in a shaking force of 0.78 N in the
opposite direction. At the end of this deceleration period, the
platform is at rest with respect to the base but with an eccen-
tric position at the opposite side. It is assumed that the de-
celeration has little influence on the human response, as the
resulting shaking force is smaller than the total weight of the
device, which is about 1 N. The whole manoeuvre is executed
within 100 ms. The acceleration profile can be smoothed to
reduce the required bandwidth. Other types of force profile
can be applied as long as they can be realized with the same
device.

There is a trade-off between the total mass and the range of
motion of the moving platform: a larger mass of the moving
platform results in lower accelerations and a smaller range
of motion and vice versa. Figure 1 shows the force, veloc-
ity and displacement profiles for a mass of 0.10 kg, which
yields a maximum acceleration of 70 ms−2, a maximum ve-
locity of 0.70 ms−1 and a total displacement of 35 mm. It is
assumed that the base is fixed. As inertial forces depend on
the absolute, not the relative, accelerations, a compensation
for the motion of the base can be made by increasing either
the mass or the range of motion: increasing the mass is the
more convenient option.

Although the shaking forces are intended and useful, shak-
ing moments have to be limited. The length scale defined
by the maximum shaking moment divided by the maximum
shaking force is a good measure, which has to be below a few
millimetres, as indicated by a pilot experiment.

Whereas the moving mass has to be relatively high, the
mass of the non-moving parts needs to be reduced as much
as possible to make the total weight of the device as small as
possible for a given value of the moving mass. Limiting the
total weight reduces the repercussion of wearing the device
on the natural motion of the limb between perturbations.

2.2 Basic architecture

The requirement that the shaking moments should be small
can best be fulfilled by a mechanism that only allows a trans-
lational motion of a platform in the same plane as the base.
The relatively large accelerations make a parallel mechanism
preferable to a serial mechanism, because it is stiffer and the
actuators act in parallel. To generate forces in arbitrary di-
rections, a translation in three directions is needed. Even if
a 2-D motion could be sufficient, it has some advantages to
have a 3-D motion to avoid, for instance, points of singularity
or collisions of links with each other or with the boundaries
of the available space. The motion requirements in a plane
perpendicular to the limb are mandatory, but the motion re-
quirements for the direction along the axis of the limb can be
relaxed if it is difficult to fulfil them.

Several aspects of the design and analysis of parallel
robots and examples of realizations are described by Merlet
(2006). A well-known example of a mechanism for transla-
tional motion is the Delta robot (Clavel, 1991). This robot in
its usual form contains spherical joints, which have a limited
range of motion and are therefore better avoided in compact
designs. Prismatic joints can have a large range of motion,
but guidances or screw spindles may stick out when actuated
and they may have a relatively large size. Currently available
more compact versions based on flexure mechanisms are not
stiff enough. Revolute joints are therefore preferred in the
present design.

Kong and Gosselin (2007) give a large number of paral-
lel mechanisms that generate a desired type of motion. For
a translation in three directions, they give three essentially
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Figure 2. Schematic drawings of the URU leg (a) and the RUU leg
(b) in front and side views, where revolute joints are represented by
tin cans (Schwab and Meijaard, 2006); (c) shows the coupling of
the two hinge rotations of the RUU leg, resulting in an RRPaR leg.

different types of mechanism with three legs with five revo-
lute joints each. The leg configurations can be classified as
ŔR̀R̀R̀Ŕ, ŔŔR̀R̀Ŕ and ŔŔŔR̀R̀, where R denotes a revolute
joint and accents of the same kind denote parallel rotation
axes. Two additional types are found by reversing the order
of the two last-mentioned types. All types can be found from
a cyclic permutation of axes of any one of them. Each leg
constrains an instantaneous rotation in a direction orthogo-
nal to the two directions of the axes of the revolute joints. If
non-parallel joint axes are perpendicular to each other, pairs
of non-parallel adjacent rotation axes can be combined into
universal joints and the three types of mechanism can be re-
duced to URU, RUU and RRUR, where U denotes a uni-
versal joint. The last one would require three links instead
of two and is therefore not studied any further. Examples of
the first and second configurations are shown in Fig. 2. The
RUU configuration has the advantage over the URU config-
uration that the out-of-plane motion of the left view can still
take place in a nearly folded pose. The RUU configuration is
chosen, although it is asymmetric.

The manipulator can be actuated at joints in the legs, but
the actuation can also be accomplished independently of the
guiding, for instance, by cables. Because cables can only
transmit tensile forces, at least four cables are needed for a
translating platform if it has to be possible to apply forces in
arbitrary directions on the platform. Other kinds of indepen-
dent actuation can be employed with the same architecture.

There is still a large freedom in the way the leg can be
arranged. It is chosen to place the revolute joint at the base
and a universal joint on the moving platform, because more
space is available for the larger universal joint and it moves
mass to the platform. The mechanism will then be driven
at the universal joint if no independent form of actuation is
used. In a nominal central position, the links are in an axial–
radial plane, that is, in a plane perpendicular to the plane of
the main motion of the moving platform. An exactly con-
strained mechanism can be obtained with three legs, denoted
by 3RUU. An overconstrained design may have some advan-

tages, such as increased stiffness, a reduction in the influence
of clearance and the avoidance of actuator singularities, so an
overconstrained and overactuated design with four legs, de-
noted by 4RUU, and a design with three legs in which the two
revolute joints with opposite rotation angles are coupled by
a parallelogram, as shown in Fig. 2c (denoted by 3RRPaR),
will also be considered. The four hinges with axes out of the
plane are arranged at the vertices of a parallelogram, as in
a four-bar mechanism with equal opposite link lengths. The
parallelogram adds four constraints, three of which are inter-
nal to the four-bar linkage, and one constrains another rota-
tion of the moving platform: all rotations about axes perpen-
dicular to the axis of the revolute joint are constrained. Note
that this leg is similar to the legs of a Delta robot, with the
spherical joints replaced by revolute joints.

2.3 Choice of the main dimensions

For the moving mass, a value of 0.10 kg is chosen. On the
one hand, a smaller mass would require a larger range of mo-
tion, and on the other hand, a larger mass would impede the
natural motion of the arm of a wearer. Giving a size of the
moving platform that just fits over the hand, the chosen value
for the mass seems to be a reasonably good compromise and
with it the motion and force profile as shown in Fig. 1 can be
used. If motion in any direction is required, the workspace is
a ball with a radius rw = 17.5 mm. For a planar motion, the
workspace is a disc with the same radius. This planar disc is
used for an initial dimensioning.

The outer shape of the cross-section of the arm with the
strap is approximated by an oblong shape, the outline of a
stadium, that is, a rectangular central part with two circular
semi-discs at two opposite ends, as shown in Fig. 3. The inner
shape of the moving platform is also a stadium, which is a
distance da apart from the strap. The legs are constructed in
the space between the strap (the base) and the moving ring,
with the joint axes at the connections tangent to the stadiums.
The strap may never be crossed by any part of the legs, but
the ring may be crossed if some holes are made in it to let
the links pass through. A choice of da = 0.025 m appears to
be a good initial guess, as it leaves 7.5 mm of space for the
joints at the extreme positions. On the basis of a typical size
of a wrist, the radius of the semicircular parts of the strap
is chosen as rs = 0.030 m, and the central rectangular part
is 2dc = 0.020 m wide. Variants with different sizes can be
easily derived from the current design.

Figure 4 shows the leg mechanism in the x′z′ plane, where
the x′ axis is in the radial direction, the z′ axis is in the axial
direction and the y′ axis is in the circumferential direction.
The revolute joints are numbered from the base (strap) to the
platform (ring), so the first joint is located at the base and
has its axis in the local y′ direction, the second and third
joints form the intermediate universal joint, and the fourth
and fifth joints form the universal joint at the platform. The
first link is located between the first and the second joint and
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Figure 3. The outer shape of the strap for mounting on the limb,
the inner shape of the moving ring and the space between them.

has a length of l1. The second link is located between the
third and the fourth joint and has a length of l2. In the design,
the link lengths are set to be equal, and the first joint may
be offset by a distance of z0 from the main plane of motion.
Equal link lengths have the advantage that the mechanism
can fold up, and a small overall size (footprint) for a given
workspace is realized. To stay away from the singular fully
folded and fully extended poses, the angle between the two
links is required to vary between a minimum angle αmin and a
maximum angle αmax, which are supplementary. For a given
value of z0, the relations

(da− rw)2
+ z2

0 = l
2
1 + l

2
2 − 2l1l2 cosαmin,

(da+ rw)2
+ z2

0 = l
2
1 + l

2
2 − 2l1l2 cosαmax

(1)

hold according to the cosine rule, from which follows, with
cosαmax =−cosαmin,

l21 + l
2
2 = d

2
a + z

2
0+ r

2
w = r

2
c + r

2
w, (2)

where rc =
√
d2

a + z
2
0 is the distance of the origin of the leg

coordinate system to the centre of the workspace. If l1 = l2,
then l1 =

√
(r2

c + r
2
w)/2. For da = 25 mm, z0 = 0 mm, l1 =

21.58 mm; if z0 = 10 mm instead, l1 = 22.71 mm. A value
of l1 = 23 mm appears to be a good value, since small values
of the angle enclosed by the links are not as detrimental as
large values, which follows from the inverse kinematics de-
tailed in Sect. 2.4; for z0 = 0 mm, the extreme angles for the
whole workspace are 18.77 and 135.01° and for z0 = 10 mm,
these are 23.65 and 143.93°.

2.4 Inverse and forward kinematics

For the inverse and forward kinematic analysis, a local right-
handed coordinate system O ′x′y′z′ is introduced for each

Figure 4. Diagram to determine the dimensions of a leg with the
links in the local x′z′ plane, with two extreme positions of the leg
shown.

leg, with the origin O ′ at the first joint and the axes as in
Fig. 4. In the inverse kinematics, the position of the end ef-
fector (the platform) is given, for which the angles at the ac-
tuators need to be determined and similarly for the veloci-
ties and accelerations. For the present mechanism, the inverse
kinematics can be found for each leg separately, because the
equations are decoupled. The position of the moving plat-
form (x,y,z)T in the coordinate system fixed to the base de-
termines the position of the attachment point of a leg to the
platform in the local coordinate system as

x′ = da+ x cosθ + y sinθ,

y′ =−x sinθ + y cosθ,

z′ = z− z0,

(3)

where θ is the angle that the x′ axis makes with the x axis, as
shown in Fig. 3.

The angle γ of the fifth joint, which is actuated, is found

from Fig. 5. The projected length of l2 is
√
l22 − (y′)2, and the

cosine rule yields

γ = β −ψ

= arccos
l22 − l

2
1 + (x′)2

− (y′)2
+ (z′)2

2
√

(x′)2+ (z′)2
√
l22 − (y′)2

− arctan
z′

x′
. (4)

This angle is measured from the line through the attachment
point parallel to the x′ axis. The angular velocity and the
angular acceleration of the actuated angle can be found by
differentiating the above expression, where, besides the po-
sition, the velocity and acceleration of the platform are pre-
scribed.

In the forward kinematic analysis, the angles, angular ve-
locities and angular accelerations of the actuators are pre-
scribed. The position and orientation of the platform, with
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Figure 5. Diagram to determine the inverse kinematics for one leg.

velocities and acceleration, have to be determined. For paral-
lel manipulators, this problem is harder than the inverse kine-
matics, and many solutions may be found. If only solutions in
which the platform does not rotate are sought and the legs are
actuated at the joints at the base, the position of the platform
can be obtained from the problem of finding the intersection
of three spheres, a standard geometric problem. Two spheres
define a circle as their intersection together with the plane in
which this circle is positioned. The intersection of this plane
with the third sphere defines a second circle in this plane.
There are, in general, two intersection points of these circles,
which give two solutions. For the case where the legs are ac-
tuated at the joints of the platform, an analytical solution is
complex, so a numerical solution procedure is used.

2.5 Singularities

Singularities can be investigated by studying the constrained
mechanical system. The configuration of the mechanism is
described by the coordinates x, which can contain the po-
sition and orientation variables of bodies but also the joint
coordinates, and are not independent. With them+n coordi-
nates x of the mechanism, the m+ r constraints can be for-
mulated as C(x)= 0, where n is the number of degrees of
freedom, m is the number of independent constraints and r
is the number of essential overconstraints. By differentiat-
ing the constraints at a feasible configuration, the constraints
on the velocities C,x ẋ = 0 are obtained, where a subscript
comma followed by variables denotes partial derivatives with
respect to these variables. The rank of C,x is at most m, and
configurations at which this rank becomes smaller than m
are intrinsic singularities of the mechanism at which some
additional constraints besides the r overconstraints on the ve-

locities become dependent and the instantaneous number of
degrees of freedom increases. For the proposed design, this
happens when the directions of constrained rotation – that is,
the directions perpendicular to the axes of the revolute joints
of a leg – become dependent (i.e. they are all parallel to a
plane), and an infinitesimal rotation of the platform about an
axis perpendicular to this plane becomes possible. In exactly
constrained designs, these singularities typically occur dur-
ing motion over an extended range, but for overconstrained
designs, these can be avoided.

Other types of singularity can occur, which are related to
the way the mechanism is used, that is, the intended motion
of the platform and the way the mechanism is actuated. If
n independent variables xd are chosen and the others xc are
dependent, the velocity constraint equation can be partitioned
as

C,xc ẋc
+C,xd ẋd

= 0. (5)

This equation can be solved for the dependent velocities if
C,xc has rank m and r equations are dependent. In the in-
verse kinematics, the coordinates describing the motion of
the platform are the independent coordinates and the others,
in particular the angles of the actuators, are dependent. From
the calculation procedure above, singularities can occur if the
angle β in Fig. 5 becomes zero or a stretched angle and also
if y′ =±l2, which correspond to points on the boundary of
the reachable displacements for the platform. By restricting
the size of the workspace, the manipulator is never close to
this boundary by design. A second kind of singularity can oc-
cur in the forward kinematics where actuator angles are cho-
sen as the independent coordinates. A motion of the mecha-
nism becomes possible with zero velocities of the actuators,
and the actuator velocities cannot be chosen independently:
the constraints imposed by fixing the actuators become de-
pendent. This singularity occurs if the lines of constraint im-
posed by the legs are all parallel to a plane. The line of con-
straint in the proposed leg corresponds to the direction of the
line of intersection of the plane through the first link and the
axes of the first and second joints and the plane of the second
link and the axes of the third and fourth joints; in the refer-
ence configuration, this is the direction of the first link. In an
overactuated mechanism, the independent actuator motions
can be chosen in different ways, which makes it possible to
avoid singularities by choosing a different set of independent
coordinates.

2.6 Design proposals

Three designs are considered in more detail to make a com-
parison. The first design has three legs, as shown in Fig. 6,
which makes the mechanism exactly constrained and fully
actuated. The legs are placed at angles of 120°, parallel to
the directions θ = 0°, θ = 120° and θ = 240° (see Fig. 3),
but there is only one symmetry because of the oblong shape
of the base and the platform. The second design has four legs,
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Figure 6. Embodiment of the exactly constrained parallel manipu-
lator with three legs: central position and three displaced positions.

as shown in Fig. 7. The additional leg makes the mechanism
overconstrained and overactuated if all four legs are driven
by a motor. The four legs are placed at angles of 90°, paral-
lel to the directions θ = 0°, θ = 90°, θ = 180° and θ = 270°,
which gives a double symmetry. All legs are placed in the
same way, with the intermediate joints having positive z co-
ordinates in the central position. The dimensions are the same
as given above, with z0 = 0. A third design has the same
kinematics as the first design, but the three legs are overcon-
strained by coupling the third and fourth revolute joints by
a parallelogram mechanism (see Fig. 2c), which forces their
rotation angles to have the same magnitude but opposite di-
rections. The additional bar of the parallelogram is placed
parallel to the second link at an offset out of the plane of
the leg in the nominal configuration. Each leg constrains ro-
tations of the platform orthogonal to the free rotation about
the direction of the three revolute joints with parallel axes. In
addition, each parallelogram introduces three internal over-
constraints. This design is fully actuated as the first design
is.

The mass of the platform is taken as 0.090 kg, the links
have a mass per unit of length of 0.034 kgm−1 and the uni-
versal joints have a mass of 0.0018 kg. The total moving mass
of the exactly constrained design is therefore 0.105492 kg,
the total moving mass of the overconstrained design with
four legs is 0.110656 kg and the design with overconstrained
legs has a moving mass of 0.107838 kg. As these masses are
all similar, the results can be directly compared.

Figure 7. Embodiment of the overconstrained parallel manipulator
with four legs: central position and three displaced positions.

3 Simulations and force analysis

Simulations are needed to evaluate the shaking forces and
shaking moments as a check of the performance. Also, the
range of relative rotations of the hinges and the transmitted
forces and moments have to be determined for the design of
the hinges and the links. For this purpose, a multi-body dy-
namics model has been developed for the program SPACAR
(Jonker and Meijaard, 1990). The fixed base and the moving
platform are modelled with rigid beam elements. Also, the
links of the legs and the connecting elements between points
are modelled with rigid beam elements. The revolute joints
in the legs are modelled with ideal hinge elements. From the
known displacement profile of the platform, the angles of the
actuated hinges are determined, and three of them are ap-
plied as given prescribed deformations of three of the actu-
ated hinges. The fourth actuated hinge, if present, is given a
constant input moment or is left unactuated. The motion is
simulated, which gives the relative rotation angles of the rev-
olute joints and the reaction forces at the ground and in the
links and the actuation moments.

Figure 8 shows the resulting shaking forces for the exactly
constrained design with three legs and a direction of mo-
tion of θ = 20°. There are some deviations from the intended
force profile with shaking forces of −6.58, −2.39 and 0 N
in the x, y and z directions, respectively, during the initial
force pulse, which are due to the finite mass of the links and
the joints, but the results are acceptable for the foreseen ap-
plication. The maximum shaking moment is 0.015 Nm, cor-
responding to a moment arm of 2.2 mm for a force of 7 N,
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Figure 8. Shaking forces for the exactly constrained three-legged
design with a motion direction of θ = 20° in the x direction (fully
drawn), the y direction (dashed) and the z direction (dashed-dotted).
The intended force pulse starts at 0 s and ends at 0.01 s.

Figure 9. Angles of the hinges for a motion direction of θ = 20°,
with three groups: the second angles (fully drawn), the first and last
angles (dashed) and the opposite pairs of angles of the other hinges
(dashed-dotted). Label ij denotes the angle of the ith joint of the
j th leg.

which is sufficiently small. The direction of the shaking mo-
ments is approximately perpendicular to the motion direction
and in the xy plane. It is caused by the mass of the legs and
contains pronounced velocity-dependent terms.

Figure 9 shows the corresponding angles of the hinges. At
the central position, the angles have their nominal values and
the lines intersect. The maximum angles at the base (dashed
lines) are about 90°, which is on the boundary of what is
acceptable; this could be improved by choosing a small pos-
itive value for z0. The other angles stay within their allowed
ranges.

Calculations for the shaking forces and joint angles have
been made for a range of motion directions for both ideal-
ized designs to evaluate the overall performance. These give
similar results.

4 Influence of clearance and compliance

In this section, the influence of clearance in the joints on the
orientations and the position of the platform is investigated
and the compliance is calculated.

4.1 Clearance analysis

Each revolute joint inevitably has some clearance or a large
friction. The radial clearance gives rise to a possible change
in the relative orientation of the axle with respect to the bush-
ing. This error can be expressed as an angle. For a radial
clearance of 0.005 mm in the proposed design with bearing
lengths of about 6 mm, this angle is 2 ·0.005/6≈ 0.0015 rad.
As each leg has five revolute joints, and the direction of
the rotation constraint of a leg is always perpendicular to
the axes of the joints, the clearance angle can build up to
c = 0.0075 rad (0.43°) in the direction of the common nor-
mal to the axes of the joints. Errors in the displacements due
to clearance can be compensated by the actuator feedback
control.

For the design with three legs, an advantageous configu-
ration where the directions of the clearance for the legs are
perpendicular to each other results in a clearance of the plat-
form, which is a factor of

√
3 (the length of the sum of the

three orthogonal unit vectors) higher than the clearance of a
single leg, that is, 0.013 rad (0.74°). For a general configura-
tion with normals directed along unit vectors n1, n2 and n3,
a small rotation angle of the platform φp gives the angles of
the legs in the directions of the constrained rotations

φ1 = n
T
1φp, φ2 = n

T
2φp, φ3 = n

T
3φp. (6)

The absolute value of each of the leg rotations φi (i = 1,2,3)
has to be smaller than, or equal to, the leg clearance ci . The
maximum platform rotation can be found by checking the
vertices of the domain and selecting the highest value; that
is, the platform rotation is calculated from
nT

1

nT
2

nT
3

φp =


±c1

±c2

±c3

 , (7)

where only half of all combinations of signs have to be
checked because of the symmetry and the maximum Eu-
clidean norm of φp is determined.

It is found that the maximum clearance occurs at the
boundary of the workspace, so only a circle with a diame-
ter of 35 mm in the xy plane is investigated. For the proposed
configuration with three legs, Fig. 10 shows the amplification
factors for the clearance, that is, the ratio of the clearance of
the platform to the clearance of a single leg. The maximum
rotation angle of the platform is nearly 19 times as high as
the clearance of each leg, that is, about 0.14 rad (8°), which
is unacceptably high. The high amplification is due to the fact
that the configuration comes close to an essential singularity.
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Figure 10. Clearance amplification factors as functions of the di-
rection angle θ at a radial displacement of 17.5 mm for the three-
legged manipulator; amplification factor for the rotations (fully
drawn) and for the displacements (dashed). Lines 1 and 2 are for
the exactly constrained manipulator, and lines 3 and 4 are for the
manipulator with overconstrained legs. Because of the symmetry,
the range of angles is restricted to 0–180°.

If a feedback control on the displacements is available, the
clearance in the displacements is determined by the proper-
ties of the control system. In commonly applied feed-forward
control, the actuators have a prescribed angle. The clearance
in displacement can then be determined by considering the
displacements in the respective constraint directions of the
legs due to the rotational clearance, where it is noted that
each hinge takes up one fifth of the total rotation. With the
displacement clearance of the platform up, the vectors from
the centre of the platform to the fifth joints of the legs r i ,
the vectors in the constraint directions for fixed actuators lci
(as defined in Sect. 2.5) and the vectors along the first and
second links l1i and l2i , we have the relation for each leg
that the displacement of the point of the fifth joint in the con-
straint direction equals

lTci(up+φp× r i)= l
T
ci

(
1
5
φp× l1i +

3
5
φp× l2i

)
. (8)

The first link of each leg suffers a clearance rotation equal
to one fifth of the clearance rotation of the platform, and the
third link suffers a clearance rotation that is three fifths of the
platform clearance rotation. This leads to the equations
lTc1

lTc2

lTc3

up =


lTc1(φp× (l11/5+ 3l21/5− r1))

lTc2(φp× (l12/5+ 3l22/5− r2))

lTc3(φp× (l13/5+ 3l23/5− r3))

 . (9)

Solving this system of equations gives the displacement
clearance of the platform for the maximum rotation clear-
ance. The maximum displacement clearance may be larger
for other clearance rotations of the platform, but the value of

Figure 11. Clearance amplification factors as functions of the di-
rection angle θ at a radial displacement of 17.5 mm for the four-
legged manipulator; amplification factor for the rotations (fully
drawn) and for the displacements with fixed actuators (dashed).

the displacement clearance for the maximum rotation angle
of the platform gives a good indication. For the example with
three legs, the magnitude of the displacement amplification,
that is, the displacement clearance divided by the rotation
clearance of a leg, for the maximum rotation of the platform
is also shown in Fig. 10. The maximum displacement am-
plification is about 0.54 mrad−1, which corresponds to about
4 mm of clearance. The results for the clearance for the three-
legged manipulator are more than 20% of the desired motion
range and are unacceptably high.

For the design with four legs, there is an additional normal
vector n4 with angle φ4. For the case of free actuators,

φi = n
T
i φp, −ci ≤ φi ≤ ci (i = 1,2,3,4). (10)

Only three of the four constraints are normally active for this
case; checking the vertices of the domain gives the combina-
tion of active constraints which yields the largest rotation of
the platform. The magnitude of this rotation angle as a func-
tion of the direction at a platform displacement of 17.5 mm
is shown in Fig. 11 as an amplification factor; the maximum
value of this factor is 2.67, corresponding to a rotation angle
of 0.020 rad (1.15°).

For the case with fixed actuators, the additional leg intro-
duces a constraint on the rotation besides constraints on the
displacement of the platform. There are now four potential
equalities of the type of Eq. (9):

lTciup = l
T
ci

(
φp×

(
1
5
l1i +

3
5
l2i − r i

))
(i = 1,2,3,4). (11)

In a simplified analysis to determine an upper bound of the
displacement clearance, only the three equalities of Eq. (11)
for the legs with active bounds of Eq. (10) for the determi-
nation of the largest rotational clearance are considered. This
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means that the amplification factors for the rotation are the
same as for the case with free actuators. The amplification
factor for the displacement clearance is about 0.106 mrad−1,
which corresponds to about 0.80 mm of clearance. Figure 11
shows the amplification factors as functions of the orientation
angle θ .

In the design with three overconstrained legs, the con-
straints imposed on the rotations are independent of the po-
sition of the platform. If the unit vector in the direction of
the first revolute joint of leg i is denoted by ei and the 3× 3
identity matrix by I, and it is assumed that the clearance per-
pendicular to ei is isotropic, this leg imposes the constraint
on the rotation given by

φT
p
(
I− eieT

i

)
φp ≤ c

2
i , (12)

which is a solid circular cylinder with its axis along ei . As
all three unit vectors ei are in the xy plane and the angles
between the legs are 120°, the maximum rotation occurs at

φp =
2
3

√
3ci

cos(30°+ (60°)k)
sin(30°+ (60°)k)

0

 , (k = 0,1, . . .,5), (13)

so the amplification factor is (2/3)
√

3= 1.15. This is the ra-
tio of the distance between opposite corners and the distance
of opposite sides of a regular hexagon, which is the intersec-
tion of the three solid circular cylinders and the plane z= 0.

The displacement of the platform due to the clearance
if the actuators are fixed is determined by Eq. (9) for
the extreme platform rotations. This displacement depends
on the position of the platform and is shown in Fig. 10.
The maximum displacement amplification ratio is about
0.142 mrad−1, which corresponds to a displacement of about
1.1 mm.

The adding of a fourth leg reduces the influence of clear-
ance by a factor of 6 to 7. This value can be accepted for the
application envisioned. The design could be modified to re-
duce the individual clearances of the joints by making them
larger or using tighter tolerances. The use of three overcon-
strained legs gives even better results for the clearance in ro-
tations, but the displacement clearance is only reduced by a
factor of 4; still, this makes this last design feasible.

As a validation, the method is applied to the planar system
described in Wu et al. (2012). The results are in agreement
with their calculations and experimental approach. The cur-
rent method is simpler, as only four cases need be considered.

4.2 Compliance analysis

If k is the rotational stiffness value of each leg along the line
ni , where this value is assumed to be independent of the con-
figuration of the legs, each leg gives a contribution to the
rotational stiffness matrix of kninT

i . The actuator stiffness,
which is usually lower than the support stiffness in the con-
strained directions, is neglected. The stiffness matrices K3

Figure 12. Compliance amplification factors as functions of the
direction angle θ at a radial displacement of 17.5 mm for the three-
legged manipulator (fully drawn, left scale) and for the four-legged
manipulator (dashed, right scale).

for rotations for the three-legged exactly constrained manip-
ulator and K4 for the four-legged manipulator, which relate
the torque on the platform to its rotations, can be found by
adding the contributions of the legs, which act in parallel, as

K3 = k[n1 n2 n3]


nT

1

nT
2

nT
3

 , K4 = k[n1 n2 n3 n4]


nT

1

nT
2

nT
3

nT
4

 , (14)

when the actuated joints are assumed to be free. The maxi-
mum compliance is the largest eigenvector of the inverse of
the stiffness matrix, which is equal to one over the smallest
eigenvector of the stiffness matrix. Figure 12 shows the two
compliances as factors relative to 1/k. The maximum com-
pliance factor for the three-legged manipulator is about 178,
whereas the maximum of this factor for the four-legged ma-
nipulator is about 2.74. This shows that the addition of a leg
reduces the maximum compliance considerably. The manip-
ulator with three overconstrained legs has a constant stiffness
matrix if the stiffness of each leg is considered to be isotropic
and independent of its configuration. Each leg then gives a
contribution to the stiffness matrix of k(I−eieT

i ), which gives
the stiffness matrix

K3o = k

 3
2 0 0
0 3

2 0
0 0 3

 , (15)

so the compliance is multiplied by 0.67. This shows that this
last design has an even smaller compliance.

Internal stresses in overconstrained mechanisms due to
manufacturing tolerances can have an influence on the stiff-
ness if it is close to the buckling load (Meijaard et al., 2010;
Klimchik et al., 2014). This may lead to a loss of stiffness for
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overconstrained mechanisms. For the current designs, buck-
ling is unlikely, because the links are mainly loaded by mo-
ments and the deflections are small, so the internal stresses
can be neglected.

5 Conclusion

This article has shown a new approach to the design of par-
allel manipulators to be used as an anti-balance perturbator.
On the foundation of the requirements, a basic parallel ar-
chitecture is chosen, kinematic dimensions are based on the
required range of motion, inverse and forward kinematics are
analysed and singularities are characterized. In the proposed
designs, the actuators are placed on the moving platform and
not on the stationary base, because the added mass fulfils a
useful function, which is in contrast to the usual practice. The
designs can be applied as a perturbator for applying force
pulses on a human limb, but the manipulator can also be used
in unrelated general applications.

A simple method of analysing the clearance has been
shown. An exactly constrained fully actuated design with
three legs, an overconstrained overactuated design with four
legs and a design with three overconstrained legs have been
compared. It has been revealed that the overconstrained de-
signs are much less influenced by the clearance (a factor of 4
to 10) and the compliance (a factor of 65–267). The addition
of a leg or the overconstraining of the legs leads to the avoid-
ance of nearly dependent constraints and a better condition
of the stiffness matrix near the boundary of the workspace.
The three-legged exactly constrained manipulator is infeasi-
ble near the boundaries of the whole workspace, whereas the
overconstrained versions can fulfil the specifications. On the
other hand, an overactuated design is more difficult to con-
trol; a collocated control scheme is envisaged. Furthermore,
the design of overconstrained legs with a parallelogram is
more complicated.

Some experiments on a closely related design based on an
inverted Delta manipulator have been made (Koene, 2022;
Koene et al., 2023), which confirmed the superiority of an
overconstrained four-legged manipulator. However, this de-
sign showed some shortcomings, especially in the control of
the actuators. Therefore it is planned to develop and build an
improved prototype that can be actually used in experiments
on human subjects.
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