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In this thesis, we construct explicit formulas for canonical local height function on low
genus curves. We do this based on an abstract definition of canonical local heights.
In the case of elliptic curves over number fields there is a full ‘formulaire’ by Néron
and Tate. We present a new proof of the formula for the canonical local height at a
non-archimedean place, if the curve has multiplicative reduction at that place. We do
this by evaluating the normalized tropical Riemann theta function on the Jacobian of
the reduction graph.

In the case of a Jacobian of a genus 2 curve with semistable reduction, we can again
evaluate the normalized tropical Riemann theta function, to obtain formulas for the
Néron correction term, at non-archimedean places. This yields seven formulas, one
for every semistable reduction type of the curve. These formulas are dependent on
the tropical theta characteristic, which is generally hard to find. Under certain as-
sumptions on the tropical theta characteristic, these formulas resemble formulas for
canonical local heights on the Kummer surface. This leads us to explicitly calculate
the intersection multiplicity of a point on the Jacobian, with the Theta divisor, by eval-
uating functions on the Kummer surface. This suggests that our assumptions may be
correct, and should bring us closer to understanding the tropical theta characteristic.
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1

Introduction

Solutions to polynomial equations have been a subject of study for mathematicians
since the Ancient Greeks. Even today, the area of Diophantine geometry, which studies
solutions to these polynomials by means of methods in algebraic geometry, is one of
the most rich theories in mathematics. Diophantine geometry also offers a great
source of open problems in mathematics.

It turns out that determining the solutions to these Diophantine equations is gener-
ally very difficult. The solution to Hilbert’s tenth problem shows there cannot exist a
general algorithm that determines whether a polynomial equation with integer coef-
ficients has an integer solution. Even a single, deceptively straightforward equation,
can present a monumental mathematical challenge. The most famous example of this
is Fermat’s Last Theorem. It took centuries before it was finally, and famously, proven
by Andrew Wiles in 1995 that the seemingly simple equation

xn + yn = zn

has no (non-trivial) integer solutions (x, y, z) for any integer n > 2.

Luckily, there are also numerous meaningful and important results that we can give.
A lot of these results are based on measuring the arithmetic complexity of possible
solutions to an equation. If we want to determine solutions in a number field K,
i.e. a finite extension of the field of rational numbers Q, we can use the concept of
heights to study arithmetic complexity. These heights roughly measure the ‘size’ of
a solution. They reflect both the arithmetic of the solution and the geometry of the
equation. This leads us to the framework of algebraic geometry. We study varieties
V over fields K, which roughly speaking define the set of zeroes of a polynomial
equation, and points P on those varieties, corresponding to the solutions to the given
equation. To use the theory of heights, we let K be a number field.

Many fundamental theorems in Diophantine geometry are based on the fact that there
are only finitely many points of bounded heights. Using this, we can prove e.g. the
Mordell-Weil theorem that states that the group of K-rational points on an abelian
variety is finitely generated [Weil, 62] and Faltings’ theorem that states a projective
curve of genus g ≥ 2 has only finitely many K-rational points [Faltings, 21]. In the
case that the set of K-rational points on a variety is not finite, heights can also be
used to define a ‘counting function’ that still offers insight into the arithmetic of the
variety.

Heights can be defined in a large number of ways. There is a way of associating a
height hD with every divisor D on a variety, due to André Weil. This height measures
the ‘size’ of a point from the perspective of that divisor. On abelian varieties A these
heights have almost-quadratic properties and are only unique only up to a bounded
functions. We can make a unique choice among these functions, that does define
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a quadratic form, called the canonical height ĥD. This canonical height is used for
example to construct the canonical regulator of an abelian variety. This canonical
regulator is a constant in the Birch and Swinnerton-Dyer (BSD) Conjecture, which is
one of the unsolved Millennium Prize Problems [13].

It is important to be able to calculate canonical heights explicitly, for example to
calculate canonical regulators and gather evidence for the BSD Conjecture. The defi-
nition of canonical heights requires evaluating a limit, which can be computationally
expensive. An alternative method to calculating canonical heights ĥD, comes from
the decomposition of these heights into local factors λ̂D,v, one for every place v of
K. The resulting canonical local heights vanish for all but finitely many places. The
calculation of the canonical height thus reduces to the calculation of finitely many
canonical local heights.

Finding explicit formulas for canonical local heights not only leads to efficient ways
of calculating the global height, but also offers fundamental insight into the finer
structure of the abelian variety. For example, the canonical local height of a point can
be formulated in terms of intersection multiplicities on a model of the curve.

The goal of this thesis is to find explicit formulas for these canonical local heights. We
restrict our attention to the case that the abelian variety is either an elliptic curve, or
the Jacobian of a curve of genus 2.

For elliptic curves, there are well-known explicit formulas, due to Néron [47] and
Tate [58]. We present these results, with a new proof for some cases, in Chapter 3.
For the case of genus 2 Jacobians, there is no complete ‘formulaire’, as is the case for
elliptic curves. There are some results distributed through literature. For example,
Uchida [60] provides formulas at archimedean places and Müller and Stoll [43] give
explicit formulas at non-archimedean places for certain semistable reduction types,
via calculations on the Kummer surface. We also present these formulas in Chapter
4. Furthermore there are algorithms to approximate the canonical local height via
arithmetic intersection theory [42] [61] and via division polynomials [40].

Our approach is the following. In Chapter 1, we introduce the theory of curves and
Jacobian varieties. In particular we define the Θ-divisor. We also define the Néron
model of the Jacobian J of a curve C, and show that is can be calculated from the
reduction graph Γv of the C at a place v ∈ MK , if C has semistable reduction. In
Chapter 2, we give a brief introduction of (global) heights and give a extensive expo-
sition on the theory of local heights. We define (canonical) local heights abstractly,
which allows us to give a more general theory than is usual in literature.

Throughout this thesis, we use a result of Néron [47] that states the canonical local
height, associated to the Θ-divisor at non-archimedean places v ∈MK can be written
as the intersection of Θ and a point on the Néron model plus a correction term γv,
that factors via the component group of the Néron model. In the case of semistable
reduction, we can use a result of De Jong and Shokrieh [18] to calculate γv as the
tropical Riemann theta function. This function essentially gives the squared length of
a vector in a real torus, whose dimension is bounded by the genus of the curve. This
makes explicit calculations for genus 1 and 2 possible. This method is dependent on
finding the tropical theta characteristic. It is not known in literature how this can be
done.

In Chapter 3 the case of elliptic curves, we use the tropical Riemann theta function to
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find a new calculation of the canonical local height function in the case of multiplica-
tive reduction. We find that

γv(i mod n) =
n

2
B2(

i

n
),

where B2(T ) = T 2 − T + 1
6 is the second Bernoulli polynomial. This agrees with the

classic formula as given by Néron and Tate.

In Chapter 4 we can calculate formulas for γv on Jacobians of genus 2 curves, in an
entirely new way via the tropical Riemann theta function. These results can be found
in Section 4.4. In the case of genus 2 we compare these calculations to the results
of Müller and Stoll [43], where the calculations are done on the Kummer surface, a
surface in P3 related to the Jacobian of a curve. In this case a correction function is
calculated as the resistance on the reduction graph. Not only is this correction func-
tion heuristically similar to −γv, they actually coincide in four of the seven semistable
reduction types, and differ by an integer in the other cases.

As calculations on the Kummer surface are very explicit, this comparison allows us
to draw conclusions on the intersection multiplicity on the Néron model of a genus 2
Jacobian. These results are dependent on an assumption (4.5.12) about the tropical
theta characteristic. We find under this assumption that the intersection multiplicity

iv(Θ, ·) = λv + c,

see Proposition 4.5.13. Here λv is a function that is easily calculated on the Kummer
surface, and c is an integer that is relatively easy to find. Under the same assumption,
we can connect the inner product on the Jacobian of a reduction graph, with the
shortest path between vertices on this graph. We find that

s(x, y) = −2⟨w, k⟩,

where s denotes the length of the shortest path between the vertices x and y, and
w and k represent a path between x and y and the tropical theta characteristic, re-
spectively. These results suggest that our assumption is correct, and should bring us
closer to understanding the tropical theta characteristic.
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Chapter 1

Curves and Jacobians

In this chapter we construct the objects of study in this thesis, curves and their Jaco-
bians. In Section 1.1 we classify curves by their genus and give complete descriptions
of curves of genus 0 and 1. For genus ≥ 2 we restrict our attention to hyperellip-
tic curves, which can be given by a simple Weierstrass equation. These hyperelliptic
curves are not suitable for the theory of canonical heights, we will embark on in Chap-
ter 2, as we need the structure of an abelian variety. In Section 1.2, we construct the
Jacobian of such a curve, which is a self-dual abelian variety and can be seen as a
linearization of the curve. This variety is suited for the theory of canonical heights.
Next, in Section 1.3, we construct models of varieties, which give insight in the re-
duction of the variety. A special model is the Néron model, which has a certain group
structure and is essential for the construction of canonical local heights. Finally we
will look at the skeleton of the Jacobian of a curve, which can be constructed from
the reduction graph of the curve. This skeleton is the basis for Theorem 2.5.4, which
we will use in Chapters 3 and 4 to calculate canonical local heights explicitly.

In this chapter K denotes an arbitrary field, unless explicitly stated otherwise. If
we work with the algebraic closure of K, we always denote this by K. The general
example to keep in mind is that K is a number field (i.e. a finite extension of Q), or
the completion of such a number field at an absolute value.

Our main objects of study are varieties over K, which are integral, separated schemes
of finite type over Spec(K), which we generally denote by X. We also assume all va-
rieties to be connected. If we work over K, this coincides with the classical definition
of varieties, as defined in Hartshorne [Hartshorne, 26, Chapter I]. We assume ba-
sic knowledge about varieties as in Chapter I and II of loc. cit. Particular types of
varieties of interest are curves, which we generally denote by C, which are varieties
of dimension one, and abelian varieties, generally denoted by A, which are varieties
that admit a group structure, given by algebraic morphisms. In Section 1.3 we will
also use scheme terminology, as defined in [Hartshorne, 26, Chapter II].

We will freely switch between the notions of Weil and Cartier divisors on varieties
and use the word ‘divisor’ for both terms, if we work on a smooth variety. In all other
cases, the term ‘divisor’ will mean a Cartier divisor. On smooth varieties we hence
identify the Picard and divisor class group. If X is a variety defined over K, we say a
divisor D ∈ Div(X) := DivK(X) is defined over K, if D is invariant under the action
of the absolute Galois group Gal(K/K).

Notation 1.0.1. If we work with divisors on a smooth curve C, prime divisors are simply
points on C. We denote the prime divisor given by the point P ∈ C by (P ), to avoid
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confusion. A general divisor on a smooth curve is thus given by a finite sum

D =
∑
P∈C

nP (P ), nP ̸= 0 for finitely many P.

When working in the Picard group, we denote by [D] the class containing D. The support
of a divisor is denoted |D|. If D is effective, it is denoted D ≥ 0. Two divisors D and E
being linearly equivalent is denoted by D ∼ E.

On projective curves C, we use that all principal divisors have degree 0, so we can
define the degree-zero Picard group

Pic0(C) := ker(deg) = {[D] ∈ Pic(X) : deg(D) = 0}. (1.1)

1.1 Curves and Genus

Curves are varieties of dimension one. In this sense, they are the easiest varieties to
study after varieties of dimension zero, which are just finite sets of points. Curves
still offer a rich theory. Famously, the Riemann-Roch Theorem gives insight into the
structure of divisors and rational functions on curves and defines the genus of a curve,
acting as a good measure for its complexity. We will introduce the Riemann-Roch
Theorem in this section and study curves of genus 0, 1 and ≥ 2, respectively. The
main reference for this section is [Hindry and Silverman, 27, Section A.4].

1.1.1 The Riemann-Roch Theorem

Let X be a projective variety, defined over K, and let D ∈ Div(X) be a (Cartier)
divisor. We can associate to D a subspace of K(X) by

L(D) = {f ∈ K(X)× | D + div(f) ≥ 0} ∪ {0}.

This space is in fact aK-vector space and it is finite dimensional (see e.g. [Hartshorne,
26, Theorem III.5.2] for a more general statement). In this case, we denote its
dimension by ℓ(D). If K is a perfect field (e.g. if K is number field), L(D) has a basis
consisting of K-rational functions. Via these spaces, we can construct maps from
projective varieties to projective space that are associated with a divisor.

Definition 1.1.1. LetD ∈ Div(X) be a divisor onX. Choose a basis f0, . . . , fn of L(D).
The rational map associated with D, denoted by φD, is the map

φD : X 99K Pℓ(D)−1, x 7→ (f0(x) : · · · : fn(x)).

The map clearly depends on the chosen basis and is hence only uniquely defined up
to an automorphism of Pℓ(D)−1. Furthermore, this map is only defined outside of the
poles of the individual fi’s and the common zeros of the fi’s. Clearly, if the fi have
common zeros or common poles, then the set of base points of D, by which we mean
the intersection of the supports of all divisors in {E ∈ Div(X) | E ≥ 0 and E ∼ D},
is non-empty. It can be easily shown that φD is a morphism outside of the base points
of D. If a divisor has no base points, we say it is base point free.

Definition 1.1.2. A divisor D on a projective variety X is very ample if the associated
rational map φD : X 99K Pn is a closed immersion (i.e. X maps isomorphically onto its
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image φD(X)). A divisor D is said to be ample if a positive multiple nD is very ample.

Proposition 1.1.3. Any divisor can be written as the difference of two ample divisors.

For a proof, see [Hindry and Silverman, 27, Theorem A.3.2.3].

Now we move our attention to curves, and their genus. The genus of a curve is a
nonnegative integer g, and if the curve C is projective, non-singular and defined over
C, it is equal to the number of holes in the Riemann surface C(C). Over general
fields, the genus of a curve can be defined via the famous Riemann-Roch Theorem.
To state the theorem, we need a canonical divisor. A canonical divisor on a smooth
curve C is the divisor of a non-zero differential 1-form. This determines a unique
divisor class in Pic(C).

Theorem 1.1.4 (Riemann-Roch). Let C/K be a smooth projective curve and let KC ∈
Div(C) be a canonical divisor. Then there is a non-negative integer g(C), called the
genus of C, such that for all divisors D ∈ Div(C),

ℓ(D)− ℓ(KC −D) = deg(D)− g(C) + 1.

The genus may be calculated as the dimension over K of the first cohomology group
of the structure sheaf OC of C:

g(C) = dimK H1(C,OC). (1.2)

For general varieties, there are separate notions for the arithmetic and geometric
genus, but for a smooth projective curve, these notions coincide and we may talk
unambiguously about the genus of a curve (see [Hartshorne, 26, Remark III.7.12.2]).

In the remainder of this thesis, we will not be concerned with calculating the genus
of a curve, but rather take the genus as a given.

1.1.2 Curves of genus 0 and 1

Curves of genus 0 are easy to understand, using the following theorem.

Theorem 1.1.5. Let C/K be a smooth projective curve of genus 0.

(a) The curve C is isomorphic over K to a conic in P2.

(b) The curve C is isomorphic over K to P1 if and only if it has a K-rational point.

If K is algebraically closed, then any smooth projective curve C of genus 0 is isomor-
phic to P1.

Curves of genus 1 offer a richer theory. If such a curve admits a rational point, there
is a group structure on the set of rational points on the curve, and we call it an
elliptic curve. Elliptic curves and their arithmetic are well-studied, see for example
[Silverman, 56].

Definition 1.1.6. An elliptic curve, defined overK, is a pair (E,O), whereE is a smooth
projective curve of genus 1, defined over K, and O ∈ E(K) is a rational point.

Proposition 1.1.7. Let E/K be an elliptic curve. Then there exist constants a1, . . . a6 ∈
K, such that there is an isomorphism of E over K to the smooth plane cubic given by
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the projective closure Weierstrass equation

E′ : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6, (1.3)

and the point O is mapped to the point (0 : 1 : 0) ∈ E′.

From the Riemann-Roch Theorem it can be proven that ℓ(n()) = n. The space
L(6(O)) is thus 6-dimensional, but contains the seven functions 1, x, x2, x3, y, xy and
y2, for some non-constant functions x ∈ L(2(O)) and y ∈ L(3(O)). There must
thus be a non-trivial relation between these functions, which gives the Weierstrass
equation.

If char(K) ̸= 2, 3, we can complete the square in y and the cube in x to reduce the
Weierstrass equation to the form y2 = x3 +Ax+B, for some A,B ∈ K.

The rational points of an elliptic curve form an abelian group. The group law can
be given very explicitly by a ‘chord-and-tangent’ operation if we have a Weierstrass
equation for the elliptic curve, see for example [Silverman, 56, Section III.2]. The
identity element is the point at infinity O. The negation [−1] : E → E is given by the
involution (x, y) 7→ (x,−y − a1x− a3).

It is particularly interesting that this group law is algebraic and intrinsic, in the sense
that it is given by rational functions and only depends on the abstract curve E and
the choice O ∈ E(K). That is, the group law makes E into an abelian variety.

Theorem 1.1.8. Let E/K be an elliptic curve. Then there is a group structure on E that
makes E into an abelian variety. Furthermore, the group Pic0(E) can also be made into
an abelian variety, and the map

κ : E → Pic0(E), P 7→ [(P )− (O)],

is an isomorphism of abelian varieties.

We will later see that Pic0(E) is the Jacobian of E, which is an abelian variety. That
is, an elliptic curve is isomorphic to its own Jacobian.

1.1.3 Hyperelliptic Curves

There is (significantly) more diversity in curves of genus g ≥ 2. In this thesis we will
focus on a particular family of curves, known as hyperelliptic curves.

Definition 1.1.9. A smooth, projective curve C/K of genus g ≥ 2 is called a hyperel-
liptic curve if there exists a morphism C → P1 of degree 2.

Note that elliptic curves also have a double covering of the projective line, via the
morphism x : E → P1, given by (x, y) 7→ [x : 1], but in most literature, and in the
remainder of this thesis, only curves of genus g ≥ 2 are considered hyperelliptic.

Similar to Weierstrass equations for elliptic curves, we can construct explicit equa-
tions that define hyperelliptic curves. Suppose that char(K) ̸= 21. The degree two
morphism implies that the function field of the hyperelliptic curve C is a quadratic
extension of the function field K(P1) = K(x). That is, K(C) is of the form K(x, y),

1In Chapter 4 we work with hyperelliptic curves over number fields, which have characteristic 0, so
this assumption is harmless for our purposes.
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and x, y are related via an equation of the form

y2 = F (x), (1.4)

for some F (x) ∈ K[x]. This equation now gives an affine model for C. If the equation
has double root α, we can replace y by (x−α)y and divide the double root out. That
is, we may assume F has distinct roots. A complete smooth model is now obtained
by gluing this affine curve to the affine curve defined by

v2 = udF (u−1), (1.5)

where d = deg(F ) if deg(F ) is even, and d = deg(F ) + 1 if it is odd. The gluing is
done via the map (u, v) = (x−1, yx−d/2). We call the affine equation y2 = F (x) a
Weierstrass equation for C.

If deg(F ) is odd, Equation 1.5 has a unique solution for u = 0, and if deg(F ) is even,
it has two solutions. These solutions correspond to the points “at infinity” of the curve
C, as given by the affine Weierstrass equation 1.4. In the prior case we denote the
single point at infinity by ∞, in the latter case we denote two points at infinity by
∞+ and ∞−. In the case of an elliptic curve E/K with Weierstrass equation as in
Equation 1.3, corresponding to deg(F ) = 3, the point at infinity ∞ coincides with the
identity element O ∈ E(K).

By the Riemann-Hurwitz formula (see [Hindry and Silverman, 27, Theorem A.4.2.5])
we get

2g(C)− 2 = deg(C → P1)(2g(P1)− 2) +
∑

P∈C(K)

(eP − 1),

where eP is the ramification index at the point P of the map C → P1. This map is
ramified exactly at all roots of F , and if deg(F ) is odd also at ∞. The ramification
indices at these points are all equal to 2, so that

∑
P∈C(eP−1) = d. Hence 2g(C)−2 =

d− 4, and

g(C) =
d

2
− 1 = ⌈deg(F )/2⌉ − 1.

We see that there are two possibilities for deg(F ) once g(C) is fixed. Suppose deg(F ) =
2g + 2, and that F has a rational root α ∈ K. The transformation

x 7→ 1/(x′ − α), y 7→ y′/(x′ − α)g+1 (1.6)

is then an isomorphism over K from the curve defined by Equation 1.4 to a degree 5
equation. For example if we do this transformation to the equation y2 = x6 − 1, with
root x = 1, we get the substitutions x = 1+x′

x and y = y′

x′3 , yielding the equation

y′2 = (1 + x′)6 − x′6 = 6x′5 + 15x′4 + 20x′3 + 15x′2 + 6x′ + 1.

For this reason, when working with a hyperelliptic curve of genus g, we will take a
Weierstrass equation of degree 2g + 1.

There is no analogue to an addition morphism on hyperelliptic curves (see Theorem
1.2.1). However, there does exist a hyperelliptic involution given by

i : C → C, i(x, y) = (x,−y), (1.7)
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which is the analogue of the map [−1] on an ellitpic curve.

On genus 2 curves, the additional assumption of having a degree 2 map to P1 is not
restrictive.

Proposition 1.1.10. Every smooth, projective curve of genus 2 is hyperelliptic.

Proof. Let C be a curve of genus 2 and let KC be a canonical divisor on C. Note that
L(0) consists of only constant functions, so ℓ(0) = 1. Applying Riemann-Roch to both
the zero divisor D = 0 and the canonical divisor D = KC yields deg(KC) = ℓ(KC) =
2. Thus the divisor KC gives a rational map φKC

: C 99K P1. This map is actually a
morphism, as C is a projective curve ([Hartshorne, 26, Proposition I.6.8]).

Now the map φKC
satisfies that pullbacks of hyperplanes H on P1 land in |KC | (see

e.g. [Hartshorne, 26, Theorem II.7.1]). We thus get

deg(φKC
) deg(H) = deg(φ∗(H)) = deg(KC) = 2.

As deg(H) = 1, we get deg(φKC
) = 2, hence the divisor KC defines a map of degree

2, and C is hyperelliptic.

Not all curves of genus g ≥ 3 are hyperelliptic. Curves of genus g are parametrized
by a variety Mg, called the moduli space of curves of genus g, and for g ≥ 2 one
can show that this variety has dimension 3g − 3. The moduli space of hyperelliptic
curves of genus g is a subvariety of Mg of dimension 2g−1. Note that the dimensions
coincide for g = 2, exactly what we have shown.

1.2 Jacobian Varieties

The ‘chord-and-tangent’ operation on an elliptic curve is unique to elliptic curves. It
cannot be translated to curves of genus larger than 1. In fact, there is no (algebraic)
group structure possible at all on smooth projective curves of genus unequal to 1.

Theorem 1.2.1. Suppose C is a smooth projective curve and an abelian variety. Then
the genus of C is 1.

This can be proven e.g. by noting the canonical divisor of such a curve must be
the zero divisor, as the group structure trivializes the (co)tangent bundle, and by
Riemann-Roch, deg(KC) = 2g(C)− 2 ̸= 0, for g(C) ̸= 1.

In Chapter 2, we will define canonical heights on abelian varieties. These canonical
heights are hence not defined on hyperelliptic curves. The closest we can get to an
abelian structure on a curve of genus g ≥ 2 is by embedding the curve into a variety
of dimension g, that does admit a group structure. This variety is called the Jacobian
of C. It can be seen as a linearization of the curve. Canonical heights can then be
defined on this Jacobian.

Theorem 1.2.2. Let C/K be a smooth projective curve of genus ≥ 1. There exists an
abelian variety Jac(C) of dimension g, defined over K, called the Jacobian of C, and
a closed immersion Φ : C ↪−→ Jac(C), called the Abel-Jacobi map, with the following
properties:
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(a) Extend Φ linearly to divisors on C. Then Φ induces a group isomorphism between
Pic0(C) and Jac(C).

(b) Define
ΘΦ = Φ(C) + · · ·+Φ(C)︸ ︷︷ ︸

g−1 times

.

Then ΘΦ is an irreducible ample divisor on Jac(C).

For the full proof, see [Hindry and Silverman, 27, Section A.8.1]. To simplify nota-
tion, we often write J(C) for Jac(C), or even simply J , if it is clear from context what
C is.

From now on, we will always use the identification of Jac(C) with Pic0(C), as in The-
orem 1.2.2(a), as a definition of the Jacobian and take for granted that this defines
an abelian variety. Then we can make the injection Φ : C ↪−→ Jac(C) explicit by taking
a divisor D of degree 1 and defining

Φ = ΦD : C ↪−→ Pic0(C) ∼= Jac(C), P 7→ [(P )−D]. (1.8)

If D is defined over K, then ΦD and ΘΦD
are defined over K. If we take a Weierstrass

form for a hyperelliptic curve C, with a unique point ∞ at infinity, we will usually
choose D = (∞). We then set

Θ := ΘΦ∞ . (1.9)

If C has two points ∞+ and ∞− at infinity, we define Θ± = ΘΦ∞+ +ΘΦ∞− .

Under the identification of Jac(C) with Pic0(C), the embedding Φ, and therefore also
the divisor ΘΦ, are dependent on the choice of the divisor D, but are unique up to
translation.

Working directly with J = Jac(C) as Pic0(C) can be quite difficult. For example, it is
not immediately clear what the function field on J should look like. This will be very
relevant in Chapter 4, when we will construct local height functions on Jacobians.
Luckily, we can use a different perspective, coming from the symmetric powers of the
curve C.

We define the r-th symmetric power of a curve C to be

Symr C = (C × · · · × C)/Sr,

where Sr is the symmetric group on r elements, acting on the r copies of C in the
obvious way. The set Symr C is naturally identified with effective divisors of degree
r on C, and can be given the structure of a variety. If D is a degree 1 divisor as in
Equation 1.8, then we can give a map

πr : Sym
r C → J = Pic0(C), (P1, . . . , Pr) 7→ [(P1) + · · ·+ (Pr)− rD]. (1.10)

As noted before, we usually set D = (∞). Now the map π = πg has some useful
properties. First of all, it is surjective, which is to say that any degree 0 divisor on
C is linearly equivalent to a divisor of the form

∑g
i=1(Pi) − g(∞). Here Pi = ∞ is

allowed. Next, define the set

Dg = {(P1, . . . , Pg) : Pi ̸= ∞, Pi ̸= i(Pj), ∀i ̸= j} ⊆ Symg C.
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The map π is injective on Dg. This fact can be proven by showing that L(D) = K for
divisors

∑g
i=1(Pi), with (P1, . . . , Pg) ∈ Dg. Both these facts are proven in [Mumford,

44, Section IIIa.2] (where the base field is assumed to be C, but the arguments work
for general K).

From Theorem 1.2.2(b), we can see that the Theta divisor is defined by

Θ = {[(P1) + · · · (Pg−1)− (g − 1)(∞))] ∈ Pic0(C) : P1, . . . , Pg−1 ∈ C} ⊆ J. (1.11)

No point in Dg maps to a point in Θ. Conversely, if P = (P1, . . . , Pg) is not in Dg, then
either Pi = ∞, for some i, in which case π(P ) is a divisor of the form in Equation
1.11, or Pi = i(Pj) for some i ̸= j. In the latter case, let f = 1/(x − x(Pi)). Then
div(f) = −(Pi) − (Pj) + 2(∞), so that the divisor π(P ) is linearly equivalent to the
same divisor, where (Pi) + (Pj) is replaced with 2(∞). That is, π(P ) is of the form in
Equation 1.11. We conclude that the set Dg can be naturally identified with the set
J\Θ.

In fact, we can realize the set J\Θ as affine variety in A2g, via Mumford coordinates,
see [Mumford, 44, Section IIIa.1]. Furthermore, any divisor in J is linearly equiva-
lent to a unique divisor of the form

∑r
i=1(Pi) − r(∞), with 0 ≤ r ≤ g and no points

Pi equal to ∞ or an involution of another point. That is, defining

D0 = {∞} and Dr = {(P1, . . . , Pr) : Pi ̸= ∞, Pi ̸= i(Pj), ∀i ̸= j} ,

we get a stratification of J as a disjoint union

J = π1(D0) ∪ π1(D1) ∪ π2(D2) · · · ∪ π(Dg).

We can now explain addition on J as taking the sum of two divisors and using the
procedure in [Mumford, 44, Section IIIa.2] to reduce the result to one of the Di.
Note that in practice it may be hard to carry out this process.

1.2.1 The divisor Θ

The divisor Θ is in a certain sense a natural choice for a divisor on J to study, due to
its properties. First of all, Θ is a symmetric divisor, by which we mean that [−1]∗Θ is
linearly equivalent to Θ. As we will see in Lemma 2.3.1, symmetry is used to define
the canonical height associated with a divisor. Furthermore Θ defines a principal
polarization which we define in this section. This is a requirement to use Theorem
2.5.4 to calculate local height functions. Moreover, if the genus of the curve C is 2,
Θ ⊆ J = Jac(C) is isomorphic to C itself.

Proposition 1.2.3. Let C be a hyperelliptic curve of genus g. Then the divisor Θ is
symmetric. That is, [−1]∗Θ ∼ Θ.

Proof. We use the fact that [−1]∗ΘΦ = τ∗κΘΦ, with κ = Φ(KC), see [Hindry and
Silverman, 27, Theorem A.8.2.1(i)].

Let x : C → P1 be the morphism of degree 2 mapping each point on C to its x-
coordinate, w.r.t. the given Weierstrass equation. By the Hurwitz formula ([Hindry
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and Silverman, 27, Proposition A.2.2.8]) we find that for char(K) ̸= 2, we get

KC ∼ x∗KP1 +
∑
P∈C

(eP (f)− 1)(P ).

The map x is ramified above all roots of F (x) and at ∞, all of ramification index 2. A
canonical divisor on P1 is given by −2([1 : 0]), so that x∗(KP1) = −4(∞). Note that
div(y2) =

∑
P :F (x(P ))=0(P )− (2g + 1)(∞). We get

KC ∼ −4(∞) +
∑

P :F (x(P ))=0

(P ) + (∞)− div(y2) = (2g − 2)(∞).

That is, (2g − 2)(∞) is a canonical divisor on C.

Now we get that κ = Φ(KC) = Φ((2g − 2)(∞)) = 0, the zero divisor, which is the
identity element of J . That is, τ∗κ is the identity map, and

[−1]∗Θ = τ∗κΘ = Θ.

Given an abelian variety A, we can construct its dual abelian variety Â by giving the
set

Pic0(A) = {c ∈ Pic(A) : τ∗a (c) = c for all a ∈ A} ⊆ Pic(A)

the structure of abelian variety. This set is the connected component of the zero
divisor. Note that in the case that A is an abelian variety and a curve (so A is an
elliptic curve) this definition of Pic0 agrees with our earlier definition in Equation
(1.1). Given a c ∈ Pic(A), there is a map Φc : A → Â, given by a 7→ τ∗a c − c. A class
c ∈ Pic(A) is said to give a principal polarization if the map Φc is an isomorphism. In
this case the abelian variety A is self-dual.

The divisor Θ gives such a principal polarization, which makes the Jacobian of a
curve self-dual, see [Hindry and Silverman, 27, Corollary A.8.2.3]. Duals come
up regularly in algebraic geometry and the fact that Jacobians are self-dual makes
this study often easier and more explicit. In this thesis, we will not directly use
duals, but rather make use of results, like Theorem 2.5.4, that only hold for principal
polarizations.

Note that elliptic curves are isomorphic to their Jacobian. By construction we have
Θ = (O), where O is the identity element of the elliptic curve. The fact that Θ = (O)
gives a principal polarization is exactly the content of Theorem 1.1.8.

1.2.2 Jacobians over C

Jacobians over the complex numbers can be constructed very explicitly. For Jacobians
of curves of genus 1, this construction is the classical uniformization of elliptic curves.
We will give a brief summary of the construction of the Jacobian of a hyperelliptic
curve, without proofs. A full treatment can be found in e.g. [Hindry and Silverman,
27, Section A.6]. We use this explicit description in Sections 3.1 and 4.2 to construct
explicit formulas for canonical local heights at archimedean places.
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Let C be a smooth projective hyperelliptic curve of genus g ≥ 1 over C, given by a
Weierstrass equation of the form

y2 = x2g+1 + λ2gx
2g + · · ·+ λ0,

with all λi ∈ C. Then C is a compact Riemann surface of genus g. The space of
regular 1-forms Ω1[C] is g-dimensional with a basis given by

ω1 =
dx

y
, ω2 =

x dx

y
, . . . , ωg =

xg−1 dx

y
.

The homology group H1(C,Z) is free on 2g generators α1, . . . , αg, β1, . . . , βg that can
be chosen to not intersect the point ∞ and such that

αi · αj = βi · βj = 0, αi · βj = δi,j , ∀i, j,

where δi,j is Kronecker’s delta, see [Mumford, 44, Section IIIa.5].

We define the matrices

Ω1 =

(∫
αi

ωj

)
1≤i,j≤g

and Ω2 =

(∫
βi

ωj

)
1≤i,j≤g

.

The choice of intersections of the symplectic basis implies the Riemann period rela-
tions:

Ω1Ω
T
2 = Ω2Ω

T
1 , and −

√
−1(Ω1Ω

T
2 − Ω2Ω

T
1 ) > 0,

where M > 0 denotes that a matrix is positive definite. The matrix Ω1 is invertible.
To see this, suppose ΩT

1X = 0. Then XT
(−

√
−1(Ω1Ω

T
2 − Ω2Ω

T
1 ))X = 0, from which

we find X = 0. Set τ = Ω−1
1 Ω2. Then the Riemann relations say that τ is symmetric

and the imaginary part Im(τ) is positive definite.

Theorem 1.2.4. Let Λτ = Zg + τZg. Then Λ is a lattice in Cg. The g-dimensional torus
Cg/Λτ is an abelian variety over C and is isomorphic to J = Jac(C).

We always use this identification of the Jacobian of a complex curve over C with the
torus in Theorem 1.2.4. The Abel-Jacobi map, relative to a fixed basepoint a ∈ C, is
now given by the map

Φa : C ↪−→ J = Cg/Λτ , b 7→ (

∫ b

a
ω1, . . . ,

∫ b

a
ωg)modΛτ . (1.12)

Now that we have a description of the variety Jac(C)/C, we also want to have some
elements of the function field to work with. To this end, we introduce on the lat-

tice Λ = Zg + τZg, the function θτ

[
a
b

]
: Cg → C, called the theta function with

characteristics a, b ∈ Rg, given by

θτ

[
a
b

]
(z) =

∑
n∈Zg

exp(πi(n+ a)T τ(n+ a) + 2πi(n+ a)T (z + b)),
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for z ∈ Cg and a, b ∈ Rg. This function is a theta function in the sense that it is entire
and satisfies a functional equation of the form

θτ

[
a
b

]
(z + λ) = exp(gλ(z))θτ

[
a
b

]
(z), ∀z ∈ Cg, λ ∈ Λτ , (1.13)

for an affine function gλ : Cg → C. By a Theorem of Poincaré, for any effective divisor
D on a complex torus Cg/Λ, there exists a theta function that vanishes on the pullback
D of D to Cg. Two theta functions define the same divisor if and only if their quotient
is a trivial theta function, which is a theta function of the form exp(f(z)), with f a
polynomial of degree 2. For a = δ = [12 , . . . ,

1
2 ]

T and b = δ′ = [g2 ,
g−1
2 , . . . , 12 ]

T , the

theta function θτ

[
δ
δ′

]
(z) has Θ as its divisor, see [Mumford, 44, Theorem 3.5.3].

To talk about the function field on Cg/Λτ , we first need to define a slight variation of
the theta function with characteristics, called the hyperelliptic σ-function, for which
we need some more notation. For j = 1, 2, . . . , g, we define a differential form with a
pole only at ∞

ηj =
1

2y

2g−j∑
k=j

(k + 1− j)λk+1+jx
k dx,

and matrices

E1 =

(∫
αi

ηj

)
1≤i,j≤g

, E2 =

(∫
βi

ηj

)
1≤i,j≤g

,

where the αi and βi form a symplectic basis of H1(X,Z) as before.

Definition 1.2.5. The hyperelliptic σ-function on Cg, w.r.t. a lattice Λτ ⊆ Cg is the
function

σ(z) = c exp

(
1

2
zTE1Ω

−1
1 z

)
θ − τ

[
δ
δ′

]
(Ω−1

1 z).

The constant c in the definition is chosen such that the Taylor expansion around u = 0
has coefficients in Q[λ0, . . . , λ2g] and

σ(u) = det
((
ui+j−1

)
1≤i,j≤l

)
+ (terms of degree ≥ l + 2), (1.14)

where we write g = 2l − 1, or g = l. An explicit expression of c can be found in
[Buchstaber, Enolskĭı, and Lĕıkin, 11, Definition 2.1].

As σ is defined by multiplying θ
[
δ
δ′

]
by a trivial theta function, the hyperelliptic σ-

function also has Θ as divisor.

The hyperelliptic σ-function is not periodic w.r.t. Λ (as it is entire and non-constant),
but it does satisfy a relatively nice translational relation. In order to state it, we define
the C-valued form L(z, w) on Cg × Cg by

L(z, w) =
1

2πi
zT (E1w1 + E2w2), (1.15)

where we decompose a vector w into w1, w2 ∈ Rg, via w = Ω1w1 + Ω2w2. This form
is C-linear in the first variable, and R-linear in the second. Furthermore, for lattice
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points l ∈ Λ, we define a characteristic

χ(l) = exp

(
2πi

(
lT1 δ

′ − lT2 δ +
1

2
lT1 l2

))
∈ {±1}.

Proposition 1.2.6 (Translation relation, [Uchida, 60, Proposition 2.2]). For any
u ∈ Cg and any l ∈ Λ, we have

σ(z + l) = χ(l) exp

(
2πiL

(
z +

1

2
l, l

))
σ(z).

The logarithmic derivatives of σ give us our first elements of the function field on
Cg/Λ.

Definition 1.2.7. The hyperelliptic ℘-functions are the meromorphic functions on Cg

given by

℘ij(z) = − ∂2

∂zi∂zj
log σ(z), ℘ijk(z) = − ∂3

∂zi∂zj∂zk
log σ(z), ∀i, j, k ∈ {1, 2, . . . , g}.

The hyperelliptic ℘-functions do not depend on the order of their indices and are
periodic with respect to Λ. This is clear from the translational relation in Proposition
1.2.6:

℘ij(z + l) = − ∂2

∂zi∂zj
log σ(z + l)

= − ∂2

∂zi∂zj
2πiL

(
z +

1

2
l, l

)
− ∂2

∂zi∂zj
log σ(z)

= − ∂2

∂zi∂zj
(z +

l

2
)T (E1l1 + E2l2) + ℘ij(z)

= ℘ij(z),

where the second derivative of (z + l
2)

T (E1l1 + E2l2) vanishes, as it is linear in z.

That is, ℘ij , ℘ijk ∈ C(J). We will use this functions to describe the division polyno-
mials on J in Section 4.1.2.

1.3 Models

To construct local heights on abelian varieties in later chapters, we will make dis-
tinctions based on the type of reduction at a certain place of the variety. Reducing
a variety at, e.g. a non-archimedean place on Q, corresponding to a prime number
p ∈ Z, roughly corresponds to reducing the defining equations of the variety modulo
p. A good way to get a grip on the type of reduction is to construct models for these
varieties. In particular a good understanding of the Néron model of an abelian vari-
ety, constructed in Section 1.3.2, will be crucial to understand local heights, as can
be seen in Theorem 2.5.1.

In this section, we denote by R a Dedekind domain (a Noetherian, integrally closed
domain of dimension one), by K = Frac(R) its field of fractions and by S = Spec(R)



1.3. Models 17

the spectrum of R. The main examples to keep in mind are either that K is a number
field, with R = OK its ring of integers, or R is a discrete valuation ring (then S has
only two elements). The latter case is especially important in the case that K = Kv is
the completion of a number field at an absolute value (see Section 2.1) and R = Rv

the corresponding valuation ring.

The scheme S consists of a dense point η ∈ S, which is called the generic point. For
a morphism f : X → S, we call the fiber of f over η, Xη := X ×S Spec(k(η)), the
generic fiber of f . Fibers over closed points p ∈ S are called special fibers.

Definition 1.3.1. Let K, R, and S be as above. Let X/K be a variety. A model for
X over S is a separated scheme of finite type X → S, together with a K-isomorphism
Xη → X.

For example, the scheme S is a model for Spec(K) over itself and the scheme Pn
Z is a

model for Pn
Q over Spec(Z). If E/Q is an elliptic curve given by a Weierstrass equation

E : y2 = x3 +Ax+B, A,B ∈ Z, we may look at the closed subscheme E ⊆ P2
Z of P2

Z
over SpecZ given by the equation

E : y2 = x3 +Ax+B.

The generic fiber is simply the elliptic curve E/Q. The special fibers at a prime p ∈ Z
are the (possibly singular) curves over Fp given by

Ep : y2 = x3 + Ãx+ B̃, Ã = A, B̃ = B mod p.

We see that taking special fibers makes the notion of reducing a variety modulo a
prime precise.

Intuitively, we would like to say X has good reduction at p ∈ S if the special fiber
Xp of a model X → S is smooth. The fiber Xp is the same as the one obtained by
forming the model X ×S Spec(Rp) → Spec(Rp) for X over the localized ring Rp and
then taking the unique special fiber. This leads to the following definition.

Definition 1.3.2. We say a smooth projective variety X over K has good reduction at
the closed point p ∈ S, if there exists a projective model of X over Spec(Rp), whose
special fiber is smooth. We say X has bad reduction at p if no such model exists.

1.3.1 The Minimal Proper Regular Model

Models of varieties are not unique. There are also many models that do not provide
relevant information about the variety. If we add some assumptions on the structure
of a model, we can give some interesting results. In this section we restrict our
attention to smooth projective curves C.

Proposition 1.3.3 ([Silverman, 57, Corollary Iv.4.4]). Let K, R and S be as before.
Let C/K be a smooth projective curve and let C → S be a model for C, and let C0 ⊆ C
be the largest subscheme of C such that the map C0 → S is a smooth morphism.

If C is proper over S, then everyK-rational point Spec(K) → C of C extends to a section
S → C. In other words, C(K) = C(R). If in addition C is regular, then

C(K) = C(R) = C0(R).
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Note that all projective models (meaning all fibers of the model are projective vari-
eties) are proper.

Now the question is if such proper, regular models actually exist. For smooth projec-
tive curves they do.

Theorem 1.3.4. Let K, R and S be as before. Let C/K be a smooth projective curve of
genus g.

(a) There exists a proper, regular model C → S for C.

(b) Assume that g ≥ 1. Then there exists a proper, regular model Cmin → S for C,
with the following minimality property:

Let C → S be any other proper regular model for C. Then the R-birational
map

C 99K Cmin,

induced from the isomorphism of the generic fibers of C and Cmin, is anR-morphism.
We call Cmin → S the minimal proper regular (mpr) model for C. It is unique up
to unique R-isomorphism.

The first result is due to Abhyankar and Lipman, and the second due to Lichtenbaum
and Shafarevich. Proofs are provided by [Artin, 2] and [Shafarevich, 54, Lectures
6-8].

For (hyper)elliptic curves C/K we can easily construct an explicit model of the curve
via the Weierstrass equation

C : y2 = F (x),

with F ∈ R[x], by taking the closed subscheme of P2
R defined by the equation. We call

this model the Weierstrass model W for C. This model is proper, as it is projective, but
will in general not be regular. Singular points on special fibers will generally result in
singular points of W. Sections coming from points P ∈ C(K) may go through these
singular points. If we take the largest smooth subscheme W0 of W, we get a regular
model for C, but we lose properness (in general), so W0(R) ̸= C(K).

Suppose now R is a discrete valuation ring, and K is its field of fractions. We say a
Weierstrass curve for C/K as above is minimal, if the valuation of its discriminant is
minimized, subject to the condition that the coefficients are integral. The resulting
model is then called the minimal Weierstrass model.

1.3.2 The Néron Model

When considering models for abelian varieties, another property we can ask for is if
the group law on the abelian variety can be extended to the model.

Definition 1.3.5. Let A/K be an abelian variety. A model N → S for A is called a
Néron model for A if it is smooth, separated and of finite type and it satisfies the Néron
Mapping Property:

Let X/R be a smooth R-scheme with generic fiber X/K. Then every morphism
X → A over K can be extended uniquely to a morphism X → N .
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In other words, the natural map

HomS(X ,N ) → HomK(X,A)

given by extending the base from S to K is a bijection.

The Néron model is a group scheme. This essentially means there are S-morphisms
that constitute a group structure, see [Silverman, 57, Section IV.3] for a full defini-
tion. The group structure arises from the Néron mapping property: the addition map
A×A→ A extends uniquely to a morphism N ×N → N .

The group scheme N comes equipped with an identity element σ0 ∈ N (R). This
identity element intersects each special fibers Np in a point σ0(p), which lies in one
of the connected components N 0

p , which we call the identity component of Np. This
component is naturally a subgroup of the special fiber Np. The quotient ΦN

p = Φp =
Np/N 0

p forms a group, called the group of connected components of the special fiber Np

or simply the component group. This group is crucial in the theory of canonical local
heights, as we will see in Theorem 2.5.1.

Due to the Néron Mapping Property, every point P ∈ A(K) defines a section P : S →
N . This section maps the point p ∈ S to one of the elements of Φv. We call the map
sending a point P ∈ A(K) to this element of Φv the specialization map, denoted

sp : A(K) → Φv.

Theorem 1.3.6 (Existence of Néron models [Néron, 46], [Bosch, Lütkebohmert, and
Raynaud, 10, Theorem 1.4.3]). Every abelian variety over K admits a Néron model.
It is unique up to unique isomorphism.

Another (non-trivial!) fact proven in [Néron, 46] and [Bosch, Lütkebohmert, and
Raynaud, 10, Corollary 7.2.2] is that if R is a discrete valuation ring with valuation
v, then the Néron model over the completion Rv can be calculated by base changing
the Néron model over R.

Remark 1.3.7. In Chapters 3 and 4 we will mostly be in the situation that we want
to calculate properties of the Néron model N over S = Spec(OK), with OK the ring
of integers of a number field K. We previously mentioned that the special fiber Np at
a non-zero prime ideal p ⊆ OK can be calculated by base changing to the localized
ring Rp and taking the (unique) special fiber. Now Rp is a discrete valuation ring
with valuation v, that corresponds to a place on K. The fact above now says we can
base change once again to the completion (Rp)v, which is the valuation ring of the
completion Kv at the absolute value. The special fiber Np is now the same as the
special fiber of the Néron model over (Rp)v.

For this reason, we will generally work over either a general discrete valuation ring
R, or specifically over the valuation ring Rv of the completion Kv of a number field
K at an absolute value v.

For general abelian varieties it can be very hard to deduce what the Néron model
looks like. For the Jacobian of smooth projective curve of genus g ≥ 1, we will be
able to describe the component group Φp in Section 1.3.5. For elliptic curves we can
make the entire Néron model explicit.
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Theorem 1.3.8. Let E/K be an elliptic curve and let E → S be an mpr model for E.
Let E0 be the largest subscheme of E that is smooth over R. Then E0 is a Néron model
for E/K.

That is, once we know what the mpr model of E/K looks like (which is unique up to
unique isomorphism), we can remove all components that have multiplicity ≥ 2 and
all singular points on the remaining components. There are 10 types of mpr models
of elliptic curves, which are classified by Néron [Néron, 46] and Kodaira [Kodaira,
29]. We will encounter and use this classification in Section 3.2.

The identity component N 0
v of the Néron model is especially easy to describe for

elliptic curves.

Proposition 1.3.9. Let W0 be the largest subscheme of the minimal Weierstrass model
for E/K that is smooth over R. Then W0

v
∼= N 0

v . If W is already smooth over R, then
W is a Néron model for E/K.

The first assertion follows from Tate’s algorithm, which we describe in Section 3.2.
Both assertions are proven in [Silverman, 56, Chapter IV].

1.3.3 Intersections

We saw in previous sections that to understand the Néron model of an elliptic curve, it
is important to study its mpr model. We are especially interested in the intersections
of the components of the special fibers. In the case of Jacobians J of curves of genus
g > 1, these intersections completely dictate what we can say about the Néron model
of J . In this section we will briefly introduce the relevant properties of intersections
that we will use in Sections 1.3.4, 1.3.5 and 2.5.

In this sectionR denotes a discrete valuation ring, with maximal ideal p,K = Frac(R)
and S = Spec(R). See Remark 1.3.7 for why this suffices for the general case.

There are two types of irreducible divisors on a regular, proper model C over R of a
curve C/K. A irreducible divisor on C can be completely contained in the special fiber
Cp, in which case it is a component of Cp. We call such a divisor a irreducible fibral
divisor. A linear combination of irreducible fibral divisors is called a fibral divisor.
The group of fibral divisors is denoted Divp(C) ⊆ Div(C). If an irreducible divisor is
not a fibral divisor, we call it horizontal.

There now is a unique bilinear, symmetric intersection pairing

Div(C)×Divp(C) → Z, (D,F ) 7→ D · F,

that satisfies D · F =
∑

x∈D∩F (D · F )x, whenever D ∈ Div(C) and F ∈ Divp(C)
are distinct, and satisfies div(f) · F = 0, for all f ∈ K(C)× and F ∈ Divp(C). Here
(D ·F )x denotes the local intersection index of D and F as defined in [Silverman, 57,
Definition IV.7.1], which intuitively denotes the order of intersection at x of the two
divisors.

This pairing has the following properties.

Proposition 1.3.10 ([Silverman, 57, Proposition 7.3]). Let C be a regular, proper
model over R of a curve C/K.
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(a) The special fiber Cp is connected.

(b) Let F ∈ Divp(C) be a fibral divisor. Then F 2 ≤ 0, and

F 2 = 0 ⇐⇒ F · F ′ = 0, ∀F ′ ∈ Divp(C) ⇐⇒ F = nCv, for some n ∈ Z.

Proposition 1.3.11 ([Silverman, 57, Proposition 7.4]). Assume the residue field k =
R/p is algebraically closed. Let C be a regular, proper model over R of a curve C/K.

(a) (Adjunction formula) There is a divisor KC ∈ Div(C), called a canonical divisor
on C such that

F 2 +KC · F = 2pa(F )− 2,

for every irreducible fibral divisor F ∈ Divv(C).

(b) pa(Cv) = pa(C) = g(C).

Consider an abelian variety A defined over the field of fractions K of a discrete val-
uation ring R, with Néron model N over R. By the Néron Mapping Property, every
rational point P ∈ A(K) comes from a unique section P : S → N to the Néron model
of A. Let Y be a prime divisor on A and denote by Y the Zariski closure of Y in N ,
which is a prime divisor on N . The divisor group on S is cyclic, generated by (p), for
p ∈ S the unique closed point. Assuming that Y does not contain the image of P , we
can write

P
∗
Y = ip(Y , P )(p),

for some integer ip(Y , P ). In fact, this integer is uniquely determined by Y and P , so
we can simply write ip(Y, P ).

Definition 1.3.12. Let D ∈ Div(A) be a divisor and write D =
∑

Y nY Y , with Y all
prime divisors. Let P ∈ A(K)\|D| a rational point. The intersection multiplicity of D
and P at p is the integer

i(D,P ) = ip(D,P ) =
∑
Y

nY ip(Y, P ) ∈ Z.

We will see in Theorem 2.5.1 that the intersection multiplicity defines a local height
function, and is almost equal to a canonical local height function.

Remark 1.3.13. If we have a description of the closure D of a divisor D as Cartier
divisor on N , we can easily calculate i(D,P ) for any P ∈ A(K). Suppose that D
is represented by a pair (U, f), where U is open on N and f ∈ K(N ) = K(A).
Then for any P ∈ A(K), such that f is defined at P and f(P ) ̸= 0,∞, we have
i(D,P ) = (v ◦ f)(P ), which is independent of the choice of pair, see [Lang, 32,
Theorem 11.5.1].

1.3.4 Semistable Reduction of Curves

Fibers of (mpr) models of curves can take on many different forms. In this section
we introduce the notion of semistable curves, and consider the case that the special
fiber of a mpr model of a curve is a semistable curve. For calculations it is often
helpful to assume this is the case. By the Semistable Reduction Theorem 1.3.15 this
assumption is, in some sense, harmless. We then discuss how we can classify the
possible semistable curves that can occur as a special fiber. We denote by C/K a



22 Chapter 1. Curves and Jacobians

projective curve, of genus g ≥ 1, and by C the mpr model of C. The notation of K,
R, and S is as introduced in Section 1.3.

Definition 1.3.14. We say a connected projective curve is semistable if all singularities
are nodal and all of its rational components intersect other components at least two
times. We say a smooth curve C (of genus g ≥ 1) has semistable reduction at p ∈ S if
the special fiber Cp at p of the mpr model C for C is a semistable curve.

Semistability is called so because of the following theorem, see Artin and Winters
[Artin and Winters, 3].

Theorem 1.3.15 (Semistable Reduction Theorem). Let K be a number field and sup-
pose C is defined over K. Then there exists a finite field extension L/K, such that C has
semistable reduction at all places of L.

By definition, the intersections of semistable curves are very well-behaved. This re-
lates semistable curves to graphs.

By a graph, we mean a pair Γ = (V,E), where V is a set of vertices and E is a set of
edges. There is an (undirected) edge assignment map ι : E → {{v, w} : v, w ∈ V },
that associate an edge with the two vertices that it connects. We will allow two
vertices to be connected by more than one edge (which in literature is often called a
multigraph). The graph is finite if V and E are finite. A graph can have vertex (resp.
edge) weights, by which we mean that there is a weight map w : V (resp. E) → R.

Definition 1.3.16. Let C be a semistable curve over K. The dual graph of C is the finite
graph Γ with weighted vertices, constructed as follows:

• Γ has one vertex v for every irreducible component Ci
p of C,

• Γ has one edge e between two vertices for each intersection of the two corresponding
components,

• the weight function w : V → Z≥0 is given by setting w(v) the genus g(Ci
p) of the

(normalization of the) corresponding component.

If C is a smooth curve with semistable reduction over a discrete valuation ring R, we call
the dual graph Γp of the special fiber Cp the reduction graph of C.

The possible intersections on the special fiber are related to the genus of the curve,
by the Adjunction Formula (Theorem 1.3.11(a)). This also has effect on the reduc-
tion graph. This severely restricts the shape of a reduction graph of a curve of a
given genus, and will help us later in Theorem 3.2.1 and 4.3.1 to classify all possible
reduction types of such curves.

Definition 1.3.17. The genus of a finite graph Γ = (V,E,w) with weighted vertices is

g(Γ) = |E| − |V |+ 1 + ws(Γ),

where ws(Γ) =
∑

v∈V w(v) is the total weight of the graph.

Proposition 1.3.18. The reduction graph of a curve C of genus g has genus g.

Proof. Let Γp = (V,E) be the reduction graph of C. Write Cp =
∑n

i=1miCi for the
decomposition of the special fiber of C into its irreducible components, where n = |V |.
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As C has semistable reduction, all multiplicities mi are equal to 1.

From the adjunction formula for the fibral divisor F = Cv we get

C2
p +KC · Cp = 2pa(Cp)− 2.

Now we use pa(Cp) = pa(C) = g(C) = g, Cp · Cp = 0 from Theorem 1.3.11 and
linearity of the intersection pairing to get

2g − 2 = KC · Cp =
n∑

i=1

KC · Ci =
n∑

i=1

(2pa(Ci)− 2− C2
i ).

The last step follows again from the adjunction formula.

For a irreducible component Ci we define the incident components multiset I(Ci)
with every component Cj , j ̸= i taken |Ci ∩ Cj | times and Ci itself taken 2(pa(Ci) −
g(Ci)). That is, every node on Ci contributes Ci to I(Ci) twice. Note that #I(Ci) is
exactly equal to the valency of the vertex in the reduction graph corresponding to Ci.
Therefore also

∑n
i=1#I(Ci) = 2|EΓ|.

To calculate C2
i we note that for any i, Ci · Cp = Ci ·

∑n
j=1 Cj = 0, so that

C2
i = −

n∑
j=1,j ̸=i

Ci · Cj = −
n∑

j=1,j ̸=i

|Ci ∩ Cj | = 2(pa(Ci)− g(Ci))−#I(Ci),

as semistability implies all components intersect transversally. This yields the formula

2g − 2 =
n∑

i=1

(
2pa(Ci)− 2− 2(pa(Ci)− g(Ci)) + #I(Ci)

)
=

n∑
i=1

(2g(Ci)− 2 + #I(Ci))

= 2
n∑

i=1

g(Ci)− 2n+
n∑

i=1

#I(Ci) = 2ws(Γp)− 2|V |+ 2|E| = 2g(Γp)− 2,

so that g = g(Γp), as wanted.

1.3.5 The Néron model of a Jacobian

In the case that a curve C has semistable reduction, we can relate the component
group of the Néron model of Jac(C) to the intersections on the special fiber of the
mpr model of the curve.

Let C be a curve with mpr model C and assume the special fiber Cp is semistable. The
intersections of the irreducible components {Ci}i∈I of Cp can be encapsulated into a
so-called intersection matrix A, defined by

Aij = Ci · Cj .

It must come as no surprise that this matrix can be calculated directly from the re-
duction graph Γ of C, as the graph is defined by the intersections of the irreducible
components. Indeed A is equal to (−1) times the Laplacian matrix L of Γ, defined by
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L = D −A, where the valency matrix D and adjacency matrix A are defined by

Dij =

{
val(vi), i = j

0, else,
Aij =

{
2#{self-loops at vi}, i = j,

#{edges between vi and vj}, else.

Note that Proposition 1.3.10(b) implies that the sum of every row is 0.

Theorem 1.3.19 ([Raynaud, 50, Proposition 8.1.2]). Let C be a curve of genus g ≥ 1,
with mpr model C. Suppose C has semistable reduction at v, and let {Ci}i∈I be the
family of irreducible components of the special fiber Cp. Let A = (Ci · Cj)i,j∈I be the
intersection matrix of the special fiber Cp. Let J be the Jacobian of C. Define the maps

ZI α−−−−→ ZI β−−−−→ Z,

with α given by the matrix A and β(a1, . . . , ar) =
∑
ai. Then the group of connected

components Φp = Jp/J 0
p of the Néron model J of J is canonically isomorphic to the

quotient kerβ/ imα.

For the full proof, see [Bosch, Lütkebohmert, and Raynaud, 10, Theorem 9.6.1]. The
theorem there is stated in greater generality, where semistability is not assumed. In
our results in Chapter 4, we do only calculations in the case of semistable reduction,
so our formulation of this theorem does not restrict us.

1.4 Skeleta of Jacobians

Reduction graphs are not only useful to gain insight into the structure of special
fibers of Néron models. These graphs can be interpreted as so-called tropical curves.
The area of tropical geometry is very rich and is closely related to classical algebraic
geometry. Many fundamental results in algebraic geometry have a tropical analogue.
Giving a full introduction to tropical geometry is beyond the scope of this thesis.
Instead we briefly discuss only the specific topics that we need to give our desired
results in later chapters. In this section, we denote by R a complete discrete valuation
ring, with maximal ideal p and K = Frac(R).

Suppose C is a curve of genus ≥ 1 with semistable reduction at p. Let J be the Jaco-
bian of C, with Néron model J over R. Using Raynaud’s theory of non-archimedean
uniformization (as explained e.g. in [Berkovich, 9]), we can associate with J a real
torus Σ(J), which is called the canonical skeleton of J . This skeleton is a tropical vari-
ety. The component group ΦJ

p of J is now naturally embedded in Σ(J), see [Faltings
and Chai, 22, Corollary III.8.2]. In this section we construct the Jacobian of a graph,
and show that the Jacobian of the reduction graph Γp is exactly the skeleton of J .

Let Γ = (V,E) be a finite graph. We give the edges arbitrary orientation and denote
the head and tail vertex of e by e+ and e−. Let A be either Z or R and denote
by H1(Γ, A) the first homology group, with coefficients in A. We can construct this
group by taking C0(Γ, A) and C1(Γ, A) the free A-module generated by respectively
the vertex set V and the edge set E. Then we define the operator d∗ : C1(Γ,R) →
C0(Γ,R) by

(d∗α)(x) =
∑

e∈E,e+=x

α(e)−
∑

e∈E,e−=vx

α(e),
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and let H1(Γ, A) ∼= ker(d∗). Note that the rank of this group is equal to the first Betti
number of the graph, b1(Γ) = |E| − |V |+ 1.

We can identify chains α ∈ C1(Γ,R) with a vector α ∈ R|E|. Then we have an inner
product on C1(Γ, A) via

⟨α, β⟩ =
∑
e∈E

α(e)β(e) = αTβ, α1, α2 ∈ C1(Γ, A). (1.16)

The inner product restricts to a symmetric, positive pairing ⟨·, ·⟩ : H1(Γ, A) → A
for both A = Z and A = R. We can now embed H1(Γ,Z) into both H1(Γ,Z)∗ :=
Hom(H1(Γ,Z),Z) and H1(Γ,R)∗ := Hom(H1(Γ,R),R) via

µ : α 7→ ⟨α, ·⟩.

The group µ(H1(Γ,Z)) sits inside H1(Γ,R)∗ as lattice.

Definition 1.4.1. The Jacobian of a graph Γ is defined to be the real torus

Jac(Γ) = H1(Γ,R)∗/µ(H1(Γ,Z)).

Now let α1, . . . , αn be a basis for H1(Γ,Z). Then it also defines a basis for H1(Γ,R),
via which we can identify H1(Γ,R) with Rn. Then also H1(Γ,R)∗ can be identified
with Rn via the dual basis α1, . . . , αn that satisfies αi(αj) = δij , where δij denotes the
Kronecker delta.

We can define the Gram matrix

Ω =
(
⟨αi, αj⟩

)
1≤i,j≤n

of the basis α1, . . . , αn with respect the inner product on H1(Γ,R). This is exactly
the Gram matrix of the lattice µ(H1(Γ,Z)). Via the identification above, we get that
Jac(Γ) is isomorphic to Rn/ΩZn = Coker(Ω : Zn → Rn). The spanning vectors of the
lattice thus are vi = (⟨αi, αj⟩)1≤j≤n, which are the columns of the Gram matrix. The
induced inner product on H1(Γ,R) ∼= Rn is then given by ⟨v, w⟩ = vTΩw, so that the
induced inner product on H1(Γ,R)∗ ∼= Rn is given by

⟨v, w⟩ = ⟨v, w⟩Ω = vTΩ−1w.

Example 1.4.2. Suppose Γ is a cycle graph with n vertices, xn = x0, . . . , xn−1 ordered
clockwise and n edges. We order the edges e1, . . . , en, such that ι(ei) = (xi−1, xi). The
homology groups satisfy H1(Γ,K) ∼= K for K = Z,R, both generated by the cycle
α = [e1 + · · ·+ en]. That is, the torus Jac(Γ) is 1-dimensional, and hence a circle. We
can write the cycle α as vector by α = (1, 1, . . . , 1)T , so that the Gram matrix, and its
inverse, are

Ω =
(
⟨α, α⟩

)
= (n), Ω−1 = (

1

n
).

The lattice in H1(Γ,R)∗ ∼= R is now spanned by the vector v = (n) ∈ R, so that
Jac(Γ) ∼= R/nZ. The inner product on H1(Γ,R)∗ ∼= R is given by ⟨v, w⟩ = vTΩ−1w.
That is, for v = (a), w = (b), with a, b ∈ R, then ⟨v, w⟩ = ab

n .
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As we alluded to in the beginning of this section, the Jacobian of a reduction graph is
a tropical variety.

Theorem 1.4.3. Let C be a curve with semistable reduction graph Γp and let J be its
Jacobian. There is a canonical isomorphism

Jac(Γp) ∼= Σ(J).

Moreover, the isomorphism is compatible with the natural principal polarization on both
sides.

As Γp is also the skeleton of the curve C, we can summarize this theorem as “The
skeleton of the Jacobian is the Jacobian of the skeleton”.

The inclusion ΦJ
p ↪−→ Σ(J) can now also be made explicit in terms of the homology of

the graph Γ.

Corollary 1.4.4. Let C be a curve with semistable reduction graph Γ and let J be its
Jacobian, with Néron model J . Denote by Φp = ΦJ

p the component group of the special
fiber Jp. Then there is an isomorphism

Φp
∼= H1(Γ,Z)∗/µ(H1(Γ,Z)) ⊆ Jac(Γ).

This is in essence a reformulation of Raynaud’s formulation of the component group
in Theorem 1.3.19. This result can also be found in [Baker and Rabinoff, 8, Corollary
2.4] and [Dokchitser et al., 19, Lemma 2.22]. If we identify H1(Γ,Z)∗ ∼= Z2 via the
dual basis of α1, . . . , αn, we get that Φv

∼= Zn/ΩZn = Coker(Ω : Zn → Zn).

Now that we have a notion of Jacobians of graphs, we can also ask if there is an
analogue of the Abel-Jacobi map, that maps a graph into its Jacobian. This is the
case. Let x be a fixed vertex of Γ. We construct the tropical Abel-Jacobi map Φx :
Γ → Jac(Γ) as follows. Let y be some other vertex, and let P be a path in Γ, from x
to y. Then P defines a chain δP by setting δP (e) the amount of times e appears in P
with the correct orientation, minus the amount of times it appears with the opposite
orientation. This chain δP then defines an element µ(δP ) = ⟨δP , ·⟩ ∈ H1(Γ,R)∗. We
then define

Φx(y) := [µ(δP )] ∈ Jac(Γ).

Remark 1.4.5. If we identify H1(Γ,R)∗ via the dual basis of α1, . . . , αn, we see that
Φx(y) depends only on the vector (⟨δP , αi⟩)1≤i≤n ∈ Rn. That is, if x, y are connected
by a path P and x′, y′ by a path Q that satisfy ⟨δP , αi⟩ = ⟨δQ, αi⟩, for all 1 ≤ i ≤ n,
then Φx(y) = Φx′(y′). Note in particular that Φx(y) = Φy(x). We use this e.g. in
Section 4.4 to ‘shift’ paths, so they start at a fixed vertex.

It is proven in [Baker and Faber, 7, Section 4] that this map depends on x, but not
on the chosen path. Also the tropical Abel-Jacobi map collapses any segment that is
not part of a cycle, and maps cycles to straight segments.

This tropical Abel-Jacobi map interacts well with the regular Abel-Jacobi map. Let
v ∈ MK be a non-archimedean place. Let P ∈ C(Kv), and let xP be the vertex of
the reduction graph Γv, corresponding to the component that sp(P ) lies in. Then we
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have that the square

C(Kv) Jac(C)(Kv)

Γv Jac(Γv)

sp

Φp

sp

ΦxP

(1.17)

commutes, see [Baker and Rabinoff, 8, Theorem 1.3]. This has some favorable
implications for us. We can represent any point P ∈ Jac(C)(Kv) on the Jacobian by
P = [(P1) − (P2)] = ΦP2(P1), for P1, P2 ∈ C(Kv). Let x1 and x2 be the components
of Γv that P1 and P2 respectively specialize to. Then

sp(P ) = Φx2(x1) ∈ Φp ⊆ Jac(Γv). (1.18)

We finish this section with defining a function on Jac(Γ), that will become very im-
portant when we consider local height functions in Section 2.5.

Definition 1.4.6 ([de Jong and Shokrieh, 18, Equation (4.4)]). We define the nor-
malized tropical Riemann theta function ∥Ψ∥ : H1(Γ,R)∗ → R by

∥Ψ∥(ν) = 1

2
min

u∈µ(H1(Γ,Z))
⟨ν + u, ν + u⟩.

The inner product gives a notion of distance between elements in H1(Γ,R)∗. The
normalized tropical Riemann theta function thus is equal to half the distance between
a vector ν and the nearest lattice point, squared. It is clear to see that ∥Ψ∥ descends
along the lattice Y to give a well-defined map ∥Ψ∥ : Jac(Γ) → R.

It is useful to give a fundamental domain for Σ, on which the function ∥Ψ∥ is easily
evaluated. To do this, we define the Voronoi cell of a lattice point u ∈ µ(H1(Γ,Z)),
by

Vor(u) = {ν ∈ H1(Γ,R)∗ : ⟨ν−u, ν−u⟩ ≤ ⟨ν−u′, ν−u′⟩, ∀u′ ∈ µ(H1(Γ,Z))}, (1.19)

as the set of points that are at least as close to u as to any other lattice point. Clearly,
each Voronoi cell contains at least one representative for each point in the torus Σ.
On the Voronoi cell Vor(0), where the nearest lattice point is 0, the map ∥Ψ∥ is simply
given by

∥Ψ∥(ν) = 1

2
⟨ν, ν⟩, ∀ν ∈ Vor(0).
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Chapter 2

Heights

The height of a point on a variety is a great measure of the arithmetic complexity of
that point. In this chapter we build up the theory of (canonical) heights on (abelian)
varieties and show their decomposition into (canonical) local heights.

In Section 2.1 we review the theory of absolute values on number fields. We will later
decompose heights into local factors, one for each of these absolute values. Section
2.2 introduces a basic notion of heights on Pn which is then extended to projective
varieties. These heights are uniquely defined only up to O(1) and in Section 2.3
we will show that we can define a canonical height on abelian varieties that has
desirable properties. In Section 2.4 we show that global heights, and in particular the
canonical height, can be decomposed into local heights, which will be the basis for
the remaining chapters.

2.1 Absolute values

In order to give a local decomposition of the global canonical height, we need to
define what we mean by ‘local’.

Definition 2.1.1. Let K be a field. An absolute value on K is a function

| · | : K → [0,∞),

satisfying:

(1) |x| = 0 if and only if x = 0,

(2) |xy| = |x||y|, for all x, y ∈ K;,

(3) |x+ y| ≤ |x|+ |y|, for all x, y ∈ K.

An absolute value is said to be nonarchimedean if it also satisfies |x+y| ≤ max{|x|, |y|},
for all x, y ∈ K, otherwise it is said to be archimedean.

Every field has a trivial absolute value, which sends the zero element to 0 and all
other elements to 1. Two absolute values | · |1, | · |2 on K are called equivalent if there
is a constant a ∈ (0,∞), such that |x|2 = |x|a1, for all x ∈ K. Then equivalent absolute
values define the same topology on K. It is easily checked that this is an equivalence
relation. An equivalence class of non-trivial absolute values on K is called a place of
K.
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Absolute values on Q.
We can classify all non-trivial absolute values on Q. First of all we have the standard
archimedean absolute value, given by

|x| = |x|∞ = max{−x, x},

which is the restriction to Q of the standard absolute value on R. Furthermore we get
an absolute value, for every prime number p ∈ Z, as follows:

Let α ∈ Q. Write α = pn a
b , with gcd(a, b) = 1, p ∤ ab and n ∈ Z. Then we define the

p-adic absolute value of α as

|α|p = |pna
b
|p = p−n.

This absolute value is non-archimedean. If n ≥ m, then

|pna
b
+ pm

c

d
|p = |pm(pn−ma

b
+
c

d
)|p ≤ p−m.

Note that for integers n ∈ Z, we get |n|p ≤ 1, for any prime p ∈ Z.

Any other non-trivial absolute value is equivalent to one of the absolute values above,
which is a classic result due to Ostrowski [Ostrowski, 49]. We denote the set of these
normalized non-trivial absolute values by MQ.

Absolute values on number fields.
For K a number field, i.e. a finite field extension of Q, we then define the set MK to
be the set of all absolute values on K, whose restriction to Q is one of the absolute
values in MQ. This defines a uniform normalization of all absolute values on K. We
denote by M∞

K and M0
K the sets of resp. the archimedean and non-archimedean

absolute values in MK .

The set M∞
K contains an absolute value for every embedding of K into R and for

every pair of embeddings into C (conjugate embeddings define the same absolute
value). For such an embedding ρ : K ↪−→ C, we define | · |ρ = |ρ(·)|, where | · | denotes
the standard absolute value on C.

There is exactly one non-archimedean absolute value in M0
K for every non-zero prime

ideal p in the ring of integers OK , denoted | · |p. This absolute value satisfies that
for α = x

y ∈ K×, with x, y ∈ OK , we have |α|p = 1 if x, y /∈ p. Every place is
represented by an absolute value in MK , see [Conrad, 15] for a proof of this fact and
a full description of all absolute values. By abuse of notation we may call an element
v ∈MK a place, even though strictly speaking it is an absolute value.

We write the absolute value corresponding to a place v ∈ MK as | · |v. We write Kv

for the topological completion of K, with respect to | · |v. For example, Qv = R if v is
the archimedean absolute value and Qv = Qp, the field of p-adic numbers, if v is the
p-adic absolute value. The completion Kv has only one place, the one induced by v.
This place can then be uniquely extended to Kv. If we fix an embedding K ↪−→ Kv,
we can extend places v ∈MK to a place v on the algebraic closure K.

Let L/K be an extension of number fields. We say that w ∈ ML divides v ∈ MK and
write w|v if the restriction of w to K is equal to v. We define the local degree of a
place v ∈MK on a number field K that divides v0 ∈MQ to be nv := [Kv : Qv0 ].
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One of the fundamentals reasons that we can build a theory of heights over number
fields is that the product formula holds.

Theorem 2.1.2 (Product formula). Let K be a number field and let x ∈ K×. Then∏
v∈MK

|x|nv
v = 1.

Proof. We first prove the formula over Q. Then nv = 1 for all v ∈ MQ. Let x ∈ Q×.
Then we can write x = ±

∏
p p

np as factorization over all primes in Z, with np ∈ Z.
Note that only finitely many np are non-zero, so that the product below is a finite.
Then ∏

v∈MQ

|x|nv
v = |x|∞ ·

∏
p

|x|p =
∏
p

pnp ·
∏
p

p−np = 1.

Now let K be an arbitrary number field and let x ∈ K×. We use [Lang, 33, Corollary
II.1.2] to get

∏
v∈MK ,v|v0 |x|

nv
v = |NK

Q (x)|v0 , for v0 ∈ MQ and NK
Q : K → Q the norm

of the extension K/Q. We get∏
v∈MK

|x|nv
v =

∏
v0∈MQ

∏
v∈MK ,v|v0

|x|nv
v =

∏
v0∈MQ

|NK
Q (x)|v0 = 1,

which finishes the proof.

Let v ∈M0
K be a non-archimedean place. Then the negative logarithm of the absolute

value | · |v, is a valuation
− log | · |v : K×

v → R.

Let Rv = {x ∈ Kv : − log |x|v ≥ 0} ⊆ Kv be the valuation ring. Then mv = {x ∈
Kv : − log |x|v > 0} is the unique maximal ideal of Rv. Let Nv denote the order of
the residue field kv = Rv/mv.

We can now normalize the valuation − log | · |v to a discrete valuation v(·) : K×
v ↠ Z

that is surjective, which is defined by

v(x) := − nv
logNv

log |x|v. (2.1)

For v ∈ M∞
K an archimedean place, we define v(x) = − log |x|v (which is not a

valuation on K×
v ). We also define the constant

qv =

{
logNv, v ∈M0

K ,

nv, v ∈M∞
K ,

(2.2)

so that v(x) = −nv
qv

log |x|v. Note that qv = 1 for v ∈ M∞
K coming from a real

embedding K ↪−→ R and qv = 2 for v ∈ M∞
K coming from a pair of conjugate, strictly

complex embeddings K ↪−→ C. Later in this chapter we will work with logarithmic
heights and hence with the logarithms of | · |v. Then we can rewrite the product
formula as: ∑

v∈MK

qvv(x) = 0. (2.3)
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2.2 Global Heights

From now on, K always denotes a number field. Now that we have defined absolute
values on K, we are ready to define heights. We start this definition of heights for
points in Pn(K) and extend this to arbitrary projective varieties. Intuitively, this
height measures ‘arithmetic complexity’, rather than the ‘size’ of a point. For example,
the numbers 1 and 0.999 in Q are of similar size, as the (standard) absolute value of
their difference is small. However, to write 0.999 = 999

1000 as a fraction of two integers,
we need a (rather large) denominator of 1000, so that its arithmetic complexity is
much bigger than that of 1. This intuition is the base of the definitions in this section.

2.2.1 Global Heights on Pn

We can give an intrinsic definition of heights of points in Pn(Q). Let P ∈ Pn(Q).
Write P = (x0 : . . . : xn) ∈ Pn(Q) with homogeneous coordinates that are chosen
such that xi ∈ Z are coprime integers, we define the multiplicative height of P by

H(P ) = max{|x0|, . . . , |xn|} ∈ Z,

where | · | denotes the standard absolute value on Z.

For arbitrary number fields K, the ring of integers OK is not necessarily a principal
ideal domain, so there is no analogous notion of coprime homogeneous coordinates.
To give a well-defined definition for heights on K, we need to take the contributions
from all places of K into account.

Definition 2.2.1. Let K be a number field and let P = (x0 : . . . : xn) ∈ Pn(K). We
define the multiplicative height of P , relative to K, as

HK(P ) =
∏

v∈MK

max{|x0|nv
v , . . . , |xn|nv

v }.

The logarithmic height of P , relative to K, is

hK(P ) = logHK(P ) =
∑

v∈MK

−qv min{v(x0), . . . , v(xn)}.

For P = (x0 : . . . : xn) ∈ Pn(Q), with xi ∈ Z coprime, we see that the archimedean
factor max{|x0|∞, . . . , |xn|∞} in the product above is exactlyH(P ). All non-archimedean
factors max{|x0|p, . . . , |xn|p} are equal to one, as the xi are integer (i.e. |xi|p ≤ 1) and
coprime (i.e. at most one xi has |xi|p < 1). Thus H(P ) = HQ(P ) and the definitions
agree for K = Q.

It is more common to work with the logarithmic height, which is the standard height
considered in literature. We will from now on work only with the logarithmic height
and hence drop the term ‘logarithmic’ and simply talk about hK(P ) as the height of
P , relative to K.

Of course we wish for Definition 2.2.1 not to depend on the choice of homogeneous
coordinates for P . We also wish that this definition does not depend on the choice of
field over which we define P . Unfortunately, the latter is too much to ask for, but the
definition does behave well with respect to field extensions.
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Lemma 2.2.2. Let K be a number field and P ∈ Pn(K) be a point.

(a) The sum that defines hK(P ) is finite and independent of the choice of homogeneous
coordinates for P .

(b) Let L/K be a finite field extension. Then, for all P ∈ Pn(K),

hL(P ) = [L : K]hK(P ).

Proof. (a) Recall that there are finitely many archimedean places in MK and there
is one place v for every non-zero prime ideal p ⊆ OK . Let P = (a0 : . . . : an) =
(x0
y0
, . . . , xn

yn
), with all xi, yi ∈ OK . Then the xi and yi lie in only finitely many prime

ideals as OK is a Dedekind domain (see e.g. [Atiyah and MacDonald, 4, Theo-
rem 9.5]). If xi, yi ̸∈ p, we have v(α) = 0, so that at most finitely many factors
min{v(x0), . . . , v(xn)} are unequal to 0. Thus the infinite sum is well-defined.

Let us again write P = (a0 : . . . : an). Any other choice of homogeneous coordinates
has the form (cao : . . . : can) for some c ∈ K×. Using the product formula (Theorem
2.1.2) we get∑
v∈MK

−qv min{v(ca0), . . . , v(can)} =
∑

v∈MK

−qvv(c) +
∑

v∈MK

−qv min{v(a0), . . . , v(an)}

=
∑

v∈MK

−qv min{v(a0), . . . , v(an)}.

(b) The proof depends on the degree formula
∑

w∈ML,w|v[Lw : Kv] = [L : K], and can
be found in [Hindry and Silverman, 27, Lemma B.2.1(b)].

Note that we can always choose one of the homogeneous coordinates of P ∈ Pn(K)
to be equal to 1, so that hK(P ) ≥ 0.

We can now give a uniform definition for global height on an algebraic closure Q of
the rational numbers. Note that for a number field K, we have K = Q.

Definition 2.2.3. Let P ∈ Pn(Q). Let K be a number field over which we can define all
coordinates of P . Then we define the (global) absolute height h : Pn(Q) → [0,∞) by

h(P ) =
1

[K : Q]
hK(P ).

By Lemma 2.2.2(b) this definition does not depend on the chosen field of definition
for P . This definition also allows us to define the height of an arbitrary element
α ∈ Q, by setting h(α) := h((α : 1)). Then h(0.999) = 1000 ≫ 1 = h(1).

Heights give a measure of arithmetic complexity of points (on projective space). The
Nortcott Property (see [Hindry and Silverman, 27, Theorem B.2.3]) states that the
set {P ∈ Pn(K) | h(P ) ≤ N} is finite for all N ≥ 0. That is, there are only finitely
many points with small complexity. Finiteness properties of heights, like the Northcott
property, are crucial for many proofs in Diophantine geometry. To name a few, the
Mordell-Weil theorem (the group of K-rational points on an abelian variety over K
is finitely generated), Siegel’s theorem (an affine curve over K of genus g ≥ 1 has
only finitely many integral points) and Faltings’ theorem (a projective curve overK of
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genus g ≥ 2 has only finitely many K-rational points) are all based on this finiteness
result.

2.2.2 Global Heights on Varieties

We wish to extend the definition of height on Pn(Q) to work on arbitrary projective
varieties, defined over a number field K. As projective varieties admit an embedding
into projective space, we can give the height of a point on the variety by viewing it
as point on the projective space, via this embedding. More generally, we can define
heights of these points via any morphism to projective space.

Definition 2.2.4. Let V be a projective variety, and let φ : V → Pn(Q) be any mor-
phism. Then we define the height on V , relative to φ as

hφ : V (Q) → [0,∞), hφ(P ) = h(φ(P )).

Example 2.2.5. Let C be a hyperelliptic curve defined over a number field K with a
unique point at infinity ∞, given by a Weierstrass equation

C : y2 = λ2g+1x
2g+1 + · · ·+ λ1x+ λ0.

We can define a morphism x : C → P1(K), by projecting points onto their x-
coordinate. That is, for P = (x, y) ∈ C(K)\{∞}, we have x(P ) = [x : 1] ∈ P1(K)
and x(∞) = [1 : 0] ∈ P1(K).

Applying Definition 2.2.4 to this morphism gives us a height on C(K), defined by

hx(P ) = h(x(P )) = h([x : 1]) =
1

[K : Q]

∑
v∈MK

−qv min{v(x), 0},

for P = (x, y) ∈ C(K)\{∞} and hx(∞) = 0. We see that this (global) height natu-
rally splits into the sum of ‘local heights’, one for every v ∈MK .

Definition 2.2.4 is obviously very dependent on the chosen morphism φ. We know
from Definition 1.1.1 that we can associate a rational map to any divisor D. For base-
point free divisors, we even get a morphism. We thus have a way of assigning height
functions to base point-free divisors on V , by hV,D := hφD = h ◦ φD. If D is not base
point-free, we can write D = E − F as the difference of two base-point free divisors
(see Hindry, Silverman [Hindry and Silverman, 27, Theorem A.3.2.3]) and define
hV,D = hV,E − hV,F .

Divisors reflect the geometry of a variety. Associating a height function to each divisor
(class) converts geometric statements into arithmetic statements in terms of height
functions. This relation is exactly the content of the Height Machine, due to André
Weil.

All height functions in the Height Machine are uniquely defined up to a bounded
function. For two functions h, h′ : V (K) → R, we denote

h′ = h+O(1), or h′(P ) = h(P ) +O(1), for all P ∈ V (K)

if |h′(P ) − h(P )| ≤ C for all P ∈ V (K) and some constant C ≥ 0, which does not
depend on P .
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Theorem 2.2.6 (Weil’s Height Machine). Let V be a smooth projective variety defined
over a number field K. Then there exists a map

hV : Div(V ) → {functions V (K) → R},

that sends D ∈ Div(V ) to a Weil height hV,D, associated with D, with the following
properties:

(a) (Normalization) Let H ⊆ Pn be a hyperplane (i.e. the zero set of one non-zero
linear form). Then hPn,H = h +O(1), where h is the height on Pn(K) defined in
Definition 2.2.3.

(b) (Functoriality) Let φ : V → W be a morphism and let D ∈ Div(W ). Then
hV,φ∗(D) = hW,D ◦ φ+O(1).

(c) (Additivity) Let D,E ∈ Div(V ). Then hV,D+E = hV,D + hV,E +O(1).

(d) (Linear Equivalence) Let f ∈ K(V ). Then hV,div(f) = O(1).

(e) (Positivity) LetD ∈ Div(V ) be an effective, base-point free divisor. Then hV,D(P ) ≥
O(1).

(f) (Finiteness) Let D ∈ Div(V ) be ample. Then for every finite extension L/K and
every constant B, the set

{P ∈ V (L) : hV,D(P ) ≤ B}

is finite.

(g) (Uniqueness) The Weil heights hV,D are determined, up to O(1), by (a), (b) just
for embeddings V ↪−→ Pn, and (c).

The map hV , given by hV (D) = hV,D = hφD as discussed above, satisfies these condi-
tions.

The Height Machine is said to be effective, in the sense that we can give explicit
bound for the O(1) in terms of the coefficients of the defining equations of the V ’s,
D’s and φ’s. However, in practice it is often difficult to give these bounds and they
are generally quite large.

Example 2.2.7. Let us return to Example 2.2.5 and consider the divisor 2(∞) on C.
Let D′ = (0, y1) + (0, y2), where y1, y2 are the zeroes of y2 = λ0. Then D′ has disjoint
support from 2(∞), is effective, and D′ − 2(∞) = div(x), which means D′ ∈ |2(∞)|.
Thus 2(∞) is a base-point free divisor.

We have the equality L(2(∞)) = K ⊕K · x, so the morphism x : C → P1 is exactly
φ2∞. Now we can use the additivity of Weil’s Height Machine to find the height
associated with the divisor (∞) for an P ∈ C(K)\{∞}:

hC,(∞)(P ) =
1

2
hx(P ) =

1

[K : Q]

∑
v∈MK

−1

2
qv min{v(x(P )), 0}. (2.4)

The divisor (∞) is ample, so we find that the finiteness property from Theorem
2.2.6(f) holds for hC,(∞). Also (∞) is effective, so we have positivity from Theorem
2.2.6(e), which is easy to see from Equation 2.4.

The height machine and the abelian structure on an abelian variety A combine well.
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Abelian varieties come equipped with the multiplication-by-m maps [m] : A → A
for m ∈ Z, recursively defined by adding an element |m| times to itself and, if m is
negative, composing with the inverse map [−1].

Corollary 2.2.8. Let A be an abelian variety defined over a number field K and let
D ∈ Div(A) be a divisor on A. Let m ∈ Z and let P ∈ A(K). Then

hA,D([m]P ) =
m2 +m

2
hA,D(P ) +

m2 −m

2
hA,D(−P ) +O(1).

In particular, if D is a symmetric divisor (i.e. [−1]∗D ∼ D), then

hA,D([m]P ) = m2hA,D(P ) +O(1).

The proof relies on the Mumford formula (see [Hindry and Silverman, 27, Corollary
A.7.2.5]),

[m]∗D ∼ m2 +m

2
D +

m2 −m

2
[−1]∗D, (2.5)

and the properties (c) and (d) of the Height Machine.

2.3 Canonical Heights

The properties in Theorem 2.2.6 and Corollary 2.2.8 are very desirable properties
to have, except that they only hold up to a factor O(1). In this section we will see
that we can make a canonical choice for a height function on an abelian variety that
satisfies all the properties of the height machine and for which all O(1) vanish.

This canonical height is an important tool to describe the structure of an abelian
variety A/K. For example, if we have generators P1, . . . , Pr of the (free, and finitely
generated) Mordell-Weil groupA(K)/A(K)tors, we can calculate the regulator ofA/K
via the canonical height of these points. We do this in Section 3.6 for an elliptic
curve. In particular, if the associated divisor defines a principal polarization, we get
the canonical regulator. This canonical regulator is one of the constants appearing
in the famous Birch and Swinnerton-Dyer Conjecture, one of the unsolved Millenium
Prize Problems.

From now until the end of the chapter we only work with an abelian variety A.
A canonical height function can also be defined on a certain class of non-abelian
varieties, but they will not play a role in this thesis.

Lemma 2.3.1. Let A be an abelian variety defined over a number field K. Let D ∈
Div(A) be a symmetric divisor, let hA,D be a Weil height, associated with D, and let
P ∈ A(K). Then the limit

ĥA,D(P ) = lim
n→∞

hA,D([2
n]P )

4n

exists. The resulting function ĥA,D : A(K) → R is called the canonical height, associ-
ated with D.

From Corollary 2.2.8 with m = 2, we can prove that, for all P ∈ A(K), the sequence
(4−nhA,D([2

n]P ))n≥1 is Cauchy, which proves the limit converges.
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These canonical heights have useful properties, and do not depend on the chosen
Weil height that we use to calculate the limit.

Theorem 2.3.2. Let A be an abelian variety defined over a number field K. Let D ∈
Div(A) be a symmetric divisor. The canonical height ĥA,D : A(K) → R, associated with
D, satisfies the following properties:

(a) The canonical height satisfies the Height Machine. That is, let hA,D be any height,
associated with D. Then ĥA,D = hA,D +O(1).

(b) (Quadraticity) For all integers m, ĥA,D ◦ [m] = m2hA,D.

(c) (Additivity) For all D,E ∈ Div(A), we have ĥA,D+E = ĥA,D + ĥA,E .

(d) (Functoriality) Let φ : B → A be a homomorphism of abelian varieties over K.
Then ĥB,φ∗D = ĥA,D ◦ φ.

(e) (Positivity) Suppose D is ample. Then for all P ∈ A(K), we have ĥA,D(P ) ≥ 0,
with equality if and only if P is a point of finite order.

(f) (Uniqueness) The canonical height ĥA,D depends only on the divisor class of the
divisor D and is uniquely determined by (a) and (b) for any one integer m ≥ 2.

Proof. We only prove property (a), (b), (e) and (f). The other properties follow
similarly from the properties of the Height Machine and can be found in [Hindry and
Silverman, 27, Theorem B.5.6].

(a) Let h′A,D be the height function used to construct ĥA,D in Lemma 2.3.1. Using the
notation from that lemma, we find that if we take m = 0 and let n→ ∞, we get

|ĥA,D(P )− h′A,D(P )| = lim
n→∞

|4−nh′A,D([2
n]P )− h′A,D(P )| ≤

C

3
,

which, together with the fact that hA,D = h′A,D +O(1), proves the statement (a).

(b) This follows directly from the definition and Corollary 2.2.8. Note that the
multiplication-by-m maps commute. We calculate:

ĥA,D([m]P ) = lim
n→∞

4−nhA,D([2
nm]P )

= lim
n→∞

4−n
(
m2hA,D([2

n]P ) + Cn

)
= m2ĥA,D(P ),

as the sequence Cn is bounded.

(e) AsD is ample, we can choose an associated height function with only nonnegative
values by Theorem 2.2.6(e). Then ĥA,D(P ) ≥ 0 is obvious from the definition.

Now suppose that P ∈ A(K) is a point of finite order n. Then the set generated by P
is ⟨P ⟩ = {O,P, [2]P, . . . , [n − 1]P}, so that {[2n]P | n ≥ 0} ⊆ ⟨P ⟩ is finite. It follows
immediately that

ĥA,D(P ) = lim
n→∞

4−nhA,D([2
n]P ) = 0.

Conversely suppose that ĥA,D(P ) = 0. Then for any n ≥ 1, ĥA,D([2
n]P ) = 4nĥA,D(P ) =

0. That is {[2n]P : n ≥ 0} ⊂ {Q ∈ A(K) : ĥA,D(Q) ≤ 0}. By Theorem 2.2.6(f) the



38 Chapter 2. Heights

latter set is finite, as D is ample, so there must be some n > m ≥ 0, such that
[2n]P = [2m]P . Hence [2n − 2m]P = O and P is a torsion point.

(f) To prove property (f), suppose that ĥ and ĥ′ are both functions satisfying proper-
ties (a) and (b) for some integer m ≥ 2. By property (a), g = ĥ−ĥ′ is a bounded func-
tion, say |g(P )| ≤ B for all P ∈ A(K). We find from property (b) that g ◦ [m] = m2 · g
and iterating this yields g ◦ [mn] = m2n · g for all n ≥ 1. Then

|g(P )| = |g([mn]P )|
m2n

≤ B

m2n
→n→∞ 0.

Hence g(P ) = 0 for all P ∈ A(K), so h = ĥ.

To prove that ĥA,D only depends on the divisor class of D, note that for f ∈ K(A),
any Weil height hA,div(f) is bounded, so that the canonical height ĥA,div(f) = 0. The
statement now follows from additivity.

These definitions and properties are all stated for symmetric divisors D, based on the
property that hA,D([m]P ) = m2hA,D(P ) + O(1). For antisymmetric divisors D, we
can do a similar procedure based on the property hA,D([m]P ) = mhA,D(P ) + O(1)
(which can also be proven from the Mumford formula 2.5) by defining

ĥA,D(P ) = lim
n→∞

hA,D([2
n]P )

2n
.

Following the lines of the proof of Theorem 2.3.2, we can then prove this canonical
height is linear.

For general divisors D, we can decompose 2D into a symmetric and antisymmetric
part, by writing 2D = D++D− = (D+[−1]∗D)+ (D− [−1]∗D). Then we can define

ĥA,D(P ) =
1

2
ĥA,2D(P ) =

1

2
(ĥA,D+(P ) + ĥA,D−(P )).

That is, we can define a canonical height associated with any divisor D on an abelian
variety A and it splits into a quadratic and a linear form. We henceforth focus only
on symmetric divisors, as in Chapter 3 and 4 we work only with symmetric divisors.

2.4 Decomposition into Local Heights

Calculating the canonical height via its definition (Lemma 2.3.1) requires calculating
many multiples of a point, and taking a limit, with uncertain speed of convergence.
This is not ideal. An alternative methods is to use a decomposition of (canonical)
heights into local factors, one for each place of K. These are generally easier to
compute (once we have explicit formulas), and zero for almost all places. That is, the
computation of canonical heights reduces to a calculation of finitely many terms.

In this section we introduce an abstract definition of local heights, associated with a
divisor. We then show that local heights sum to a (global) Weil height. We similarly
give an abstract definition of canonical local heights, which sum to the canonical
height, up to a constant. The theory of local heights is also constructed in [Serre, 53,
Chapter 6], where one place v ∈MK is fixed, and in [Lang, 32, Chapter 10, Chapter
11]. Our exposition differs from these sources in our level of detail and generality. In
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particular, we define canonical local heights abstractly and define the global height,
associated to a local height (Definition 2.4.9) more generally than [Lang, 32, Section
10.4].

We saw in Example 2.2.7 that we have a natural decomposition of the global height
hC,∞ into local factors, as follows:

hC,∞(P ) =
1

[K : Q]

∑
v∈MK

−1

2
qv min{v(x(P )), 0}, ∀P ∈ C(K)\{∞}. (2.6)

The local factor of the height at v ∈MK for the point P ∈ C(K)\{∞} is given by

λC,∞,v := −1

2
qv min{v(x(P )), 0}.

Intuitively, this local factor measures (minus) the logarithm of the v-adic distance
between P and ∞ (where P = ∞ is not allowed). If the x-coordinate of P is v-
adically large and hence the distance to the “point at infinity” ∞ is small, the value
|x(P )|v is large. Then the value v(x(P )) is large and negative, and λC,∞,v is large. The
fact that we take the minimum of v(x(P )) and 0 ensures that λC,∞,v is bounded away
from ∞. The function x has a pole of order 2 at (∞), so measuring with x “overshoots”
the v-adic distance between P and ∞ by a factor 2, which is counteracted with the
factor 1

2 in λC,∞,v.

We can summarize this discussion by noting that the function x is a local equation for
the divisor −2(∞), i.e. div(x) = −2(∞) + (zeros away from ∞). Then, close to the
support of the divisor −2(∞) (which is simply ∞), the local factor of hC,−2(∞) looks
like v(x(P )). Again, we take the maximum of this value and 0 to ensure λ is bounded
away from ∞. To get back to the local factors hC,∞, we use additivity to multiply by
−1

2 .

We use this intuition to define local height functions on (arbitrary) varieties abstractly.
We start with some definitions to make this discussion easier.

Remark 2.4.1. From the example above, we see that local heights, associated with
a divisor D, on a variety V should be defined, both for all P ∈ V (K) outside the
support of D, and for all v ∈ MK . In fact, global heights are given for all points
defined over K, so that local heights should be too. To make things easier, we work
with the completion Kv at every place v ∈ MK , and its algebraic closure Kv. Note
that v extends uniquely to Kv. We write VD := V \|D|. Local heights, associated with
D, are then given as functions with domain⊔

v∈MK

VD(Kv).

We represent elements of this disjoint union by pairs (P, v), with v ∈ MK , and P ∈
VD(Kv). Using such pairs, we can embed both VD(K)×MK and VD(K)×MK in this
set (by fixing an embedding K ↪−→ Kv). We use this embedding below as a standard.

An MK -constant is a function ε : MK → R, that satisfies εv := ε(v) = 0 for all but
finitely many v ∈ MK . Note that for a fixed α ∈ K×, the function v 7→ v(α) is an
MK -constant.
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Let V/K be a variety. Let B be a subset of
⊔

v∈MK
V (Kv). We say that B is affine

MK -bounded if B is contained in
⊔

v∈MK
U(Kv) for some affine open U ⊆ V , with

coordinate ring K[f1, . . . , fn] and there exists an MK -constant ε, such that for all
(x, v) ∈ B, we have

|fi(x)|v ≤ e
−nv

qv
ε(v)

, or equivalently v(fi(x)) ≥ ε(v), (2.7)

for all i. If we consider only one place v, then Equation (2.7) is equivalent to saying
B is bounded in U with respect to the v-adic topology on Kv.

We say B ⊆
⊔

v∈MK
V (Kv) is MK -bounded if it is contained in the finite union of

affine MK -bounded subsets. Let U ⊆ V . Then we may abbreviate
⊔

v∈MK
U(Kv) ⊆⊔

v∈MK
V (Kv) being MK -bounded by saying that U is an MK -bounded subset of V .

Example 2.4.2. The space
⊔

v∈MK
Pn(Kv) is MK -bounded. As any projective variety

V admits a closed embedding into projective space Pn, this immediately implies that
V is MK -bounded as well.

We cover Pn by the (standard) open affines Ui = {xi ̸= 0}, in which we use the affine
coordinates xj/xi. Now define

Wi = {((x0 : . . . : xn), v) ∈
⊔

v∈MK

Pn(Kv) : |xi|v ≥ |xj |v for all j} ⊆
⊔

v∈MK

Ui(Kv).

Then we find that for all (x, v) ∈ Wi and for all j, |xj/xi|v ≤ 1, so the sets Wi are
affine MK -bounded. The Wi cover

⊔
v∈MK

Pn(Kv), so Pn is MK -bounded.

Definition 2.4.3. Let U be a subset of V . A function α :
⊔

v∈MK
U(Kv) → R is said to

be MK -bounded if there exist MK -constants ε1 and ε2, such that

ε1(v) ≤ α(P, v) ≤ ε2(v),

for all (P, v) ∈
⊔

v∈MK
U(Kv). Similarly we define α to be MK -bounded from below

and from above.

The function α is locally MK -bounded if it is MK -bounded on all MK -bounded subsets
of U .

From this definition we can easily see that for locally MK -bounded functions α, the
function v 7→ α(P, v), for a fixed P ∈ U , is an MK -constant.

A function α as above is said to be MK -continuous, or simply continuous, if for each
v ∈MK , the function

P 7→ αv(P ) := α(P, v)

is continuous, with respect to the v-adic topology on U .

Example 2.4.4. Let V be a variety and let f be a regular function on V . Then the
map

(P, v) 7→ (v ◦ f)(P )

is continuous and locally bounded from below. If f is also invertible on V , it is locally
bounded.
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To prove this is suffices to assume that V is an affine variety. Then f is a polynomial
in the coordinates of V , so it is immediate from the definition that the map

(P, v) 7→ log |f(P )|v = − qv
nv

(v ◦ f)(P )

is bounded from above on every bounded subset of V ×M , so the claim follows. If f
is invertible, we use that v ◦ f−1 = −v ◦ f .

We are now ready to give a definition of local height functions. Afterwards we will
prove these functions have desirable properties, and most importantly sum to a global
height function.

Definition 2.4.5. Let V be a variety and D a divisor on V . A real-valued function

λD :
⊔

v∈MK

VD(Kv) → R

is called a local height function, associated with D, if the following condition holds:

Let (U, f) be a pair representing D. Then there exists a locally MK -bounded contin-
uous function α := αU :

⊔
v∈MK

U(Kv) → R, such that for all P ∈ UD and v ∈ MK ,
we have

λD(P, v) = v(f(P )) + α(P, v). (2.8)

Note that λD is an MK -continuous function. These functions are also known as Weil
functions.

Example 2.4.6. For any f ∈ K(V ), the function (P, v) 7→ (v ◦ f)(P ) is a local height,
associated with div(f).

Using the notation from the definition above, we have that for fixed P ∈ VD(K), both
v(f(P )) and α(P, v) are MK -constants, so that λD(P, ·) is an MK -constant as well.
That is, λD(P, v) = 0 for all but finitely many v ∈MK .

Remark 2.4.7. Let S ⊆ MK be a finite set of places. Then λD :
⊔

v∈MK
VD(Kv) → R

is a local height function, associated with D, if, for all pairs (U, f) representing D,
the following conditions hold:

(i) For all v ∈ S, there is a continuous function αv : U(Kv) → R that is bounded
w.r.t. the v-adic topology, such that

λD(P, v) = v(f(P )) + αv(P ), ∀P ∈ UD(Kv).

(ii) There exists a locallyMK -bounded continous function α := αU :
⊔

v∈MK\S U(Kv) →
R, such that for all P ∈ UD and v ∈MK\S, we have

λD(P, v) = v(f(P )) + α(P, v).

That is, if we restrict our attention to a finite set of places (such as the archimedean
places ofK) then we only need to check the difference between λ and v◦f is bounded
in the v-adic topology, provided the condition from Equation 2.8 holds for all places
outside S.
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Suppose now we have two divisors D,E ∈ Div(V ), represented on some open U by
(U, f) and (U, g) respectively. Let λD and λE be two associated local height functions,
given on U respectively by

λD(P, v) = v(f(P )) + α1(P, v), and λE(P, v) = v(g(P )) + α2(P, v).

The sum of these two functions is a priori only defined outside |D| ∪ |E|, which may
not coincide with |D + E|. However, (U, fg) represents the divisor D + E, so that
(v ◦ (fg))(P ) is well-defined outside |D + E|. Furthermore the sum α1 + α2 is also a
locally MK -bounded function on

⊔
v∈MK

U(Kv). That is all to say that the function

(P, v) 7→ v(fg(P )) + α1(P, v) + α2(P, v)

defines a local height function associated with D+E and restricts to λD+λE outside
|D|∪ |E|. It is also the unique local height function with this property (see e.g. [Lang,
32, Prop. 10.1.5]).

Suppose now φ : V →W is a morphism of varieties andD ∈ Div(W ) is a divisor, such
that φ(V ) ̸⊆ |D|, represented by the set {(U, f)}. Then the divisor φ∗D is represented
by the set {(φ−1U, f ◦φ)}. If λD is a local height function associated with D, one can
now check that the function λD ◦ φ satisfies the condition of Definition 2.4.5 for the
divisor φ∗D. This proves functoriality for local height functions.

Lemma 2.4.8. Let V/K be a projective variety.

(a) Let λ be a local height function associated with the zero divisor. Then λ is a MK -
bounded continuous function.

(b) If λD and λ′D are two local height functions, associated with the same divisor D,
then λD − λ′D is MK -bounded.

Proof. Property (a) follows from the fact that the zero divisor is represented by (V, 1)
on all of V and V is MK -bounded by Example 2.4.2. For the second statement, note
that −λ′D is a local height function associated with −D. By the discussion above we
can extend λD − λ′D to a local height function associated with D −D = 0, which is
then MK -bounded by the first statement.

We have not proven yet that local height functions actually exist. Also, the termi-
nology ‘local height’ is only justified if the local heights actually sum to a global
height. For points defined over K, we know from Equation 2.6 what shape this for-
mula should have. However, global heights are given on points defined over K, and
hence should be invariant under the absolute Galois group Gal(K/K). We can de-
fine local heights on points defined over K, by embedding K ↪−→ Kv. This choice is
non-canonical, and it is not clear why the resulting formula should be Gal(K/K)-
invariant, which it should be. To resolve this, we fix embeddings K ↪−→ Kv and take
the Gal(K/K)-orbit of a point P ∈ V (K),

Orb(P ) = OrbK/K(P ) = {σ(P ) : σ ∈ Gal(K/K)},

into account.

Definition 2.4.9. Let V/K be a projective variety and let D ∈ Div(V ). Let λ :⊔
v∈MK

VD(Kv) → R be a local height function, associated with D. We define the
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global height hλ : VD(K) → R, associated with λ, by

hλ(P ) =
1

#Orb(P )

∑
Q∈Orb(P )

 1

[K : Q]

∑
v∈MK

qvλ(Q, v)

 . (2.9)

This sum is obviously invariant under the action of Gal(K/K) and is well-defined as
for fixed P ∈ VD(K), λ(P, v) is non-zero only for finitely many v ∈ MK , and Orb(P )
is finite. It is not yet clear the definition is independent of the choice of K.

Lemma 2.4.10. Let L/K be a finite Galois extension and let P ∈ VD(L). Then

hλ(P ) =
1

[L : Q]

∑
v∈MK

qwλ(P,w). (2.10)

Proof. The extension L/K is Galois, so that OrbK/K(P ) = OrbL/K(P ). Write G =

Gal(L/K) Let K(P ) the field of definition of P (that is, the smallest field K ′/K such
that P ∈ VD(K

′)). Then #Orb(P ) = [K(P ) : K], and Stab(P ) = {σ ∈ G : σ(P ) =
P} = [L : K(P )]. Then we get

hλ(P ) =
1

[K(P ) : K]

∑
σ∈G

1

[L : K(P )]

 1

[K : Q]

∑
v∈MK

qvλ(σ(P ), v)


=

1

[L : Q]

∑
v∈MK

∑
σ∈G

qvλ(σ(P ), v).

Now from [Lang, 34], we find that G acts transitively on the absolute values w ∈ML

dividing a fixed v ∈ MK . This means that {|σ(x)|v : σ ∈ G} = {|x|w : w | v}, for any
x ∈ L. By our definition of qv (Equation 2.2), we then find that

{qvλ(σ(P ), v) : σ ∈ G} =

{
qwnw
nv

λ(P,w) : w | v
}

=

{
qw

[Lw : Kv]
λ(P,w) : w | v

}
.

The stabilizer of v under the action of G has size [Lw : Kv], so that

hλ(P ) =
1

[L : Q]

∑
v∈MK

∑
σ∈G

qvλ(σ(P ), v)

=
1

[L : Q]

∑
v∈MK

∑
w|v

[Lw : Kv]
qw

[Lw : Kv]
λ(P,w)

=
1

[L : Q]

∑
v∈MK

qwλ(P,w),

which is exactly the desired result.

Note that this lemma also gives argumentation for why we should include the coeffi-
cients qv. The formula in Equation 2.10 is exactly the formula presented in [Lang, 32,
Section 10.4], so our definition coincides with the definition in loc. cit. The advan-
tage of using Definition 2.4.9 in practice is that it bypasses finding ML and redefining
local heights for every finite extension L/K, something that is necessary using Lang’s
formula.
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Note that Equation 2.9 cannot define a Weil height, as it is a priori defined only
outside the support of D. However, for all P ∈ VD(K), we can write

λ(P, v) = v(f(P )) + αU (P, v),

if (U, f) represents D and P ∈ UD. Suppose K to be big enough to contain P . Then
we see that by the product formula

1

[K : Q]

∑
v∈MK

qvλ(P, v) =
1

[K : Q]

∑
v∈MK

qv(v(f(P )) + αU (P, v)) (2.11)

=
1

[K : Q]

∑
v∈MK

qvαU (P, v). (2.12)

Now α(P, v) is defined on all of U , not just UD. Hence setting

hλ(P ) =

{
1

[K:Q]

∑
v∈MK

qvλ(P, v), P ∈ VD,
1

[K:Q]

∑
v∈MK

qvαU (P, v), P ∈ |D|, and U ∋ P,
(2.13)

gives a canonical way of summing a local height function to a function on all of
V (K). If (V, g) is any other representing pair of D, with P ∈ V , we get by writing out
Equation 2.11 for (V, g) that 1

[K:Q]

∑
v∈MK

nvαU (P, v) =
1

[K:Q]

∑
v∈MK

nvαV (P, v) on
(U ∩ V )\|D|, and by continuity of αU and αV , we can extend the equality to U ∩ V .
Thus Equation 2.13 does not depend on the choice of U ∋ P .

We will generally view hλ as a function on V (K) in this way.

We now get existence of local height functions, and the fact that Equation 2.13 actu-
ally defines a global height, from the following theorem.

Theorem 2.4.11. Let D ∈ Div(V ) be a divisor on a projective variety V over a number
field K.

(a) There exists a local height function

λD :
⊔

v∈MK

VD(Kv) → R.

It is unique up to the addition of an MK -bounded function.

(b) Let λD, λ′D be two local height functions, associated with the same divisor D. Then
hλD

− hλ′
D

is bounded as a real-valued function.

(c) Let λD be a local height function, associated with D. Then hλD
defines a Weil

height, in the sense of Theorem 2.2.6. In other words, if hD is a global height,
associated with D, then

hD = hλD
+O(1). (2.14)

Proof. (a) We only provide a sketch of the proof, a full proof can be found in [Lang,
32, Section 10.3]. There exist positive divisors E1, . . . , En, F1, . . . , Fm such that

n⋂
i=1

|Ei| =
m⋂
j=1

|Fj | = ∅,
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and for all i, j
D + Ei − Fj = div(fij)

for some rational functions fij . Then the function

(P, v) 7→ max
1≤j≤m

min
1≤i≤n

v(fij(P ))

defines a local height function, associated with D. Uniqueness up to a MK -bounded
function was proven in Lemma 2.4.8(b).

(b) From Lemma 2.4.8(b), we find an MK -constant ε, such that

|λD(P, v)− λ′D(P, v)| ≤ ε(v),

for all (P, v) ∈
⊔

v∈MK
VD(Kv). Then we find that

|hλD
− hλ′

D
| ≤ 1

[K : Q]

∑
v∈MK

qvε(v),

which is a finite constant.

(c) By the uniqueness of global height functions (Theorem 2.2.6(h)), we need to
check normalization, functoriality for embeddings V → Pn and additivity. Functo-
riality and additivity follow from (b) and the fact that local height functions satisfy
functoriality and additivity.

To prove normalization, let H be a hyperplane in Pn defined by t =
∑n

i=0 αixi = 0.
Let Fj , j = 0, . . . , n be the hyperplane in Pn corresponding to the vanishing of the
coordinate function xj . Then ∩n

j=1Fj = ∅ and the rational functions fj = t/xj satisfy
div(fj) = H − Fj . By the proof of (a) we then find that

λ(P, v) = max
0≤j≤n

v(fj(P ))

is a local height associated with H.

Suppose K is big enough to contain P . We calculate

hλ(P ) =
1

[K : Q]

∑
v∈MK

qv max
0≤j≤n

v(fj(P ))

=
1

[K : Q]

 ∑
v∈MK

qvv(t(P )) +
∑

v∈MK

qv max
0≤j≤m

{−v(xj))}


=

1

[K : Q]

∑
v∈MK

−qv min
0≤j≤m

{v(xj)} = h(P ),

where h(P ) denotes the standard height of P , defined in Section 2.2.1.

2.4.1 Canonical Local Height

It is now natural to ask whether it is possible to give local heights on an abelian va-
riety A/K, that sum to the canonical height. And if so, if they also satisfy a similar
quadratic property to Theorem 2.3.2(b). The latter is a bit too much to ask for. We
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proved quadraticity by using the Mumford formula 2.5, and using that linearly equiv-
alent divisors have the same associated height, up to O(1), which vanishes when
taking the canonical height. We know, however, that local heights associated with
principal divisors are not trivial, see Example 2.4.6. That is, a similar approach for
local heights would not work. We can nevertheless decompose the canonical height
into local functions that are almost quadratic. This leads us to the following defini-
tion, which is justified by the theorems that follow it.

Definition 2.4.12. Let A/K be an abelian variety and D ∈ Div(A) a symmetric divi-
sor. A function λ̂D :

⊔
v∈MK

AD(Kv) → R is called a canonical local height function
associated with D, if the following properties hold:

(i) λ̂D is a local height function associated with D.

(ii) Let φ2 = φD,2 be a rational function on A, such that [2]∗D = 4D+div(φ2). Then
for all (P, v) ∈

⊔
v∈MK

AD(Kv), such that [2]P /∈ |D|, we have

λ̂D,v([2]P ) = 4λ̂D,v(P ) + v(φ2(P )) + ε(v), (2.15)

for some MK -constant ε.

These functions are also called Néron functions, or Néron-Tate local height functions.

Note that the existence of a rational function φ2 with these properties is guaranteed
by Mumford’s formula (2.5). We call such a rational function a second division poly-
nomial, associated with D. In general, we define the nth division polynomial φD,n to
be a rational function, that satisfies [n]∗D = n2D + div(φD,n).

Remark 2.4.13. From the definition it is clear to see that canonical local heights are
not unique, as we can choose the MK -constant in Equation 2.15 freely. Below we will
see that indeed canonical local heights are only unique up to the addition of an MK -
constant. If we fix a second division polynomial φ2 = φD,2, we can define a canonical
local height function λ̂D = λ̂D,φ2 , normalized with respect to φ2, by requiring that λ̂
satisfies

λ̂D,v([2]P ) = 4λ̂D,v(P ) + v(φ2(P )), (2.16)

instead of Equation 2.15 at every place v ∈MK . This canonical local height, normal-
ized with respect to φ2, is then unique.

We can also give a definition of canonical local height functions associated with anti-
symmetric divisors by replacing the 4 in Definition 2.4.12 by a 2. We can then write
two times an arbitrary divisor as sum of a symmetric and an antisymmetric divisor to
extend the definition of canonical local heights to arbitrary divisors.

Theorem 2.4.14 (Néron [47]). Let A be an abelian variety defined over a number field
K and let D ∈ Div(A). There exists a canonical local height function

λ̂D :
⊔

v∈MK

AD(Kv) → R

with the following properties:

(a) (Uniqueness) λ̂D is unique, up to the addition of an MK -constant.



2.4. Decomposition into Local Heights 47

(b) (Normalization) If D = div(f) is a principal divisor, then

λ̂D = v ◦ f + ε1.

(c) (Additivity) For all D1, D2 ∈ Div(A),

λ̂D1+D2 = λ̂D1 + λ̂D2 + ε2.

(d) (Functoriality) Let π : B → A be a morphism of abelian varieties. If π∗(D) is
defined (i.e. π(B) ̸⊆ |D|), then

λ̂π∗D = λ̂D ◦ π + ε3.

Here ε1, ε2, ε3 are MK -constants.

The proof can be found in [Lang, 32, Chapter 11].

From now on we restrict our attention to symmetric divisors. We are now ready to
show that canonical local heights sum to the global canonical height, up to a constant.

Theorem 2.4.15. Let A be an abelian variety defined over K and let D ∈ Div(A) be a
symmetric divisor. Let

λ̂D :
⊔

v∈MK

AD(Kv) → R and ĥD : A(K) → R

be a canonical local height and the canonical (global) height, associated with D, respec-
tively. Then for all P ∈ AD(K),

ĥD(P ) = hλ̂D
(P ) + c =

1

#Orb(P )

∑
P ′∈Orb(P )

 1

[K : Q]

∑
v∈MK

qvλ̂D,v(P )

+ c, (2.17)

for some constant c ∈ R.

Again, the right-hand side of Equation 2.17 is only defined outside the support of D,
but it can be uniquely extended to the entirety of A(K), as in Equation 2.13.

Proof. We already saw in Theorem 2.4.11 that hλ̂D
defines a global height. Now let

P ∈ AD(K), such that [2]P ̸∈ |D|. Then

hλ̂D
([2]P ) =

1

#Orb(P )

∑
Q∈Orb(P )

 1

[K : Q]

∑
v∈MK

qvλ̂D,v(Q)


=

1

#Orb(P )

∑
Q∈Orb(P )

 1

[K : Q]

∑
v∈MK

qv

(
4λ̂D,v(Q) + v(φ2(Q)) + ε(v)

)
=

4

#Orb(P )

∑
Q∈Orb(P )

 1

[K : Q]

∑
v∈MK

qvλ̂D,v(Q)

+
1

[K : Q]

∑
v∈MK

qvε(v)

= 4hλ̂D
(P ) + a.
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The term a := 1
[K:Q]

∑
v∈MK

qvε(v) is a constant, independent of P . By Theorem
2.3.2(f) we have proven that hλ̂D

− a
3 is the canonical height.

Remark 2.4.16. Of course we want the constant c in Theorem 2.4.15 to be zero. We
see that this is true whenever the MK -constant in Equation 2.15 satisfies the product
formula. This is the case, for example, if we take a canonical local height that is
normalized with respect to a second division polynomial, see Remark 2.4.13.

In practice, we can easily find out what the constant c is, even if it is non-zero. We
must have ĥD([2]P ) = 4ĥ(P ), so that hλ̂D

([2]P ) + c = 4hλ̂D
(P ) + 4c and

c =
1

3
(hλ̂D

([2]P )− 4hλ̂D
(P )),

for any P ∈ A(K).

2.5 Local Heights as Intersection Multiplicities

Canonical local heights are not only useful for the computation of canonical (global)
heights, but they are intrinsically interesting due to their geometric nature.

Let D be a symmetric divisor on an abelian variety A/K. In this section, we fix a
place v ∈ MK and calculate λ̂D,v, the restriction of λ̂D to v ∈ MK . We restrict our
domain to AD(Kv), the points of AD defined over the completion of K at v.

The valuation ring Rv = {x ∈ Kv : v(x) ≥ 0} of Kv is a discrete valuation ring, with
maximal ideal mv. We can thus look at the Néron model N of A over S = Spec(Rv).
See Section 1.3.2 for details. As Rv is a discrete valuation ring, S contains only two
points, so we can speak about the special fiber Nv := Nmv of the Néron model. Note
that this special fiber is the same as the special fiber above p ∈ OK of the Néron
model over OK , where p is the prime ideal corresponding to v, see Remark 1.3.7.

Recall that the set Φv = ΦN
v of connected components of the special fiber forms a

group, and we have a specialization map sp : A(Kv) → Φv. The following remarkable
theorem by Néron relates the canonical local height to this specialization map.

Theorem 2.5.1 ([Néron, 47]). Let A/K be an abelian variety and let D ∈ DivK(A).
Let λ̂D be a canonical local height function, associated with D. Let v ∈ MK be a non-
archimedean place and let N be the Néron model of A over R. Then there is a map
γv : Φv → R, such that for all P ∈ AD(Kv), we have

λ̂D,v(P ) = iv(D,P ) + γv(sp(x)).

Here iv(D,P ) ∈ Z is the intersection multiplicity of P andD at v as defined in Definition
1.3.12.

By Remark 1.3.13, if the Zariski closure D of D in N is represented by a pair (U, f),
with f ∈ K(N ) = K(A), we get that iv(D,P ) = (v ◦ f)(P ). The map γv thus gives
the locally MK -bounded term in Definition 2.4.5. For this reason we may call the
function γv the local correction term. The fact that this correction term factors via the
component group Φv comes from the Néron mapping property (see Definition 1.3.5).
This ensures the intersection multiplicity is invariant under translations, which in
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turn allows us to show the correction term is dependent only sp(P ). See [Lang, 32,
Theorem 5.1] for a full proof.

As canonical local heights are only defined up to an additive constant, there is no
unique way to define the function γv. However, if we fix the value of the function to
be rational at any element of Φv, the function is rational and we can get a bound on
the denominator.

Theorem 2.5.2 ([Lang, 32, Theorem 11.5.2]). Suppose that λ̂D is normalized such
that γv(0) = 0. Let N be the smallest integer, such that N · Φv = 0. Then

γv(Φv) ⊆ (1/N2)Z.

Note that in particular this ensures the local height itself is rational at non-archimedean
places, if we normalize such that γv(0) = 0.

Remark 2.5.3. In the case that A has semistable reduction at all places, we can even
prove γv(Φv) ⊆ ( 1

2N )Z, see [de Jong and Shokrieh, 18, Theorem A(i)].

We see that it is important to know the structure of the component group Φv to
calculate local heights. From the Theorems 1.3.8, 1.3.19 and 1.4.4, we can calculate
the structure of the component group for semistable elliptic curves and Jacobians of
(hyperelliptic) curves.

In the case that additionally D gives a principal polarization on the Jacobian J of a
curve C, we can apply our knowledge about skeleta of Jacobians from Section 1.4.
In particular the normalized tropical Riemann theta function plays an important role
in the construction of local heights, as we alluded to.

Theorem 2.5.4 ([de Jong and Shokrieh, 18, Theorem A, B]). Suppose the divisor
D defines a principal polarization on J . Embed Φv into Jac(Γ) as a subgroup, using
Theorem 1.4.4. Then there exists a unique element κ ∈ Jac(Γ), called the tropical theta
characteristic, and a constant r ∈ Q, such that 2κ = 0 ∈ Jac(Γ) and

γv = ∥Ψ∥ ◦ τκ + r

on Φv ⊆ Jac(Γ). Here τκ denotes translation by κ ∈ Jac(Γ) and ∥Ψ∥ is the normalized
tropical Riemann theta function from Definition 1.4.6.

The tropical theta characteristic κ ∈ Jac(Γ) is a 2-torsion point. The 2-torsion points
of a real lattice Λ inside the Voronoi cell Vor(0) are calculated in [Conway and Sloane,
16] to be exactly the zero vector and the Voronoi vectors of Λ. A vector v ∈ Λ is called
a Voronoi vector if the perpendicular bisector of the line segment between 0 and v,
which is the set {x ∈ Rn : ⟨x, v⟩ = 1

2⟨v, v⟩}, has non-empty intersection with the
Voronoi cell Vor(0).

Finding the tropical theta characteristic is a highly non-trivial task. A real torus of
dimension n has exactly 2n 2-torsion points, so there are only finitely many options
for κ. In practice, formulas are calculated for all of these 2-torsion points. By using
existing bounds for local height it can then be shown which of these formulas is actu-
ally correct, and hence what the tropical theta characteristic actually is. In Chapter 4,
we take a similar approach, in that we present formulas for γv for all possible options
for κ. We then show consequences of certain assumptions on κ, that give heuristic
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argumentation for why these assumptions are reasonable.

If we impose that γv(0) = 0, as in Theorem 2.5.2, we get

r = −(∥Ψ∥ ◦ τκ)(0) = −∥Ψ∥(κ) = −1

2
⟨k, k⟩, (2.18)

for k ∈ Vor(0) ⊆ H1(Γ,R) a representative of κ.

Remark 2.5.5. The normalization γv(0) = 0 is useful in the sense that γv is rational,
with a clearly bounded denominator, but in light of summing to the canonical (global)
height, it may not be desirable. Ideally we want the constant c in Theorem 2.4.15 to
vanish. We already saw that this happens if we normalize with respect to a second
division polynomial, see Remark 2.4.13.

Another way of normalization, that interacts well with Theorem 2.5.4, is set by re-
quiring that the integral of the canonical local height over the skeleton is zero. In [de
Jong and Shokrieh, 18, Definition 7.1] this is called the normalized canonical local
height. For our purposes this means the value r in Theorem 2.5.4 is chosen to equal

r = −
∫
Jac(Γ)

(∥Ψ∥ ◦ τκ) dµH = −
∫
Jac(Γ)

∥Ψ∥ dµH ,

where µH is the Haar measure on the torus Jac(Γ), which has the property
∫
Jac(Γ) dµH =

1. The last equality comes from the fact that translation on the torus Jac(Γ) does not
influence the value of the integral over the entire torus.

For archimedean places we can define a similar normalization, by asking that the
integral of λ̂D,v over the torus A(Kv) = A(C), with respect to the Haar measure on
this torus, is zero. If we now choose a canonical local height, associated with D, that
is normalized as above, then the constant c in Theorem 2.4.15 is calculated explicitly
in [de Jong and Shokrieh, 18, Remark 9.2]. It turns out that c = −g(C) · hD(D),
where hD(D) is the canonical height of the divisor D itself, as discussed e.g. in [de
Jong and Shokrieh, 17].



51

Chapter 3

Local Heights on Elliptic Curves

In the case that we work on an elliptic curve E, defined over a number field K,
Néron [47] and Tate [58], [59] have given explicit formulas for canonical local height
functions, associated with the divisor (O), whereO is the identity element. In the case
of non-archimedean places, these formulas are closed form expressions. The formulas
for archimedean places are not closed form, but Tate has given a rapidly converging
series, in the case that Kv = R and no point on the curve has x-coordinate equal
to zero. This formula has been generalized by Silverman [Silverman, 55] to include
the other cases as well. The full collection of these formulas is known as the ‘Tate
formulaire’.

These results are easily extended to arbitrary divisors. We can write an arbitrary
divisor D ∈ Div(E) as sum D =

∑
P∈E(K) nP (P ), where the P where only finitely

many of the nP are non-zero. All translations on elliptic curves are automorphisms
and P + (−P ) = O in the group law, so that τ∗−P (O) = (P ) as equality of divisors.
Thus we can write

D =
∑

P∈E(K)

nP (P ) =
∑

P∈E(K)

nP τ
∗
−P (O).

Then by additivity and functoriality of canonical local height (Theorem 2.4.14(c), (d)
we get

λ̂D(Q) =
∑

P∈E(K)

nP λ̂τ∗−PO(Q) + εv =
∑

P∈E(K)

nP λ̂O(Q− P ) + εv,

with ε some MK -constant.

As noted before, canonical local height functions are unique only up to an MK -
constant. In Equation 3.7, we will define a second division polynomial φ2. The
formulas stated below give the (unique!) canonical local height function, that is nor-
malized with respect to φ2, see Remark 2.4.13. This normalization corresponds to the
classic formulas given by Tate, which are independent of a chosen Weierstrass form,
which can be found e.g. in [Silverman, 57, Chapter VI].

Recall that a Weierstrass equation with discriminant ∆ for an elliptic curve E/K is
minimal at a non-archimedean place v ∈ MK , if v(∆) is minimized, subject to the
condition that the coefficients are integral.

We can now state the main result of this chapter.
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Theorem 3.0.1 (Tate Formulaire for Elliptic Curves). Let K be a number field and let
E/K be an elliptic curve defined over a number field K, given by a Weierstrass equation

f(x, y) = y2 + a1xy + a3y − x3 − a2x
2 − a4x− a6 = 0, ai ∈ K, (3.1)

with discriminant ∆. Define c4 = (a21 + 4a2)
2 − 48a4 − 24a1a3. Let φ2 and φ3 be the

second and third division polynomials, defined in Equations 3.7 and 3.8.

Let v ∈MK be a place. Then the canonical local height, normalized w.r.t. φ2, at v,

λ̂v = λ̂O,v : E(Kv)\{O} → R,

is given for P ∈ E(Kv)\{O} by the following formulas:

Case I. v is archimedean. Then there exist coefficients cn ∈ R, as defined in Theorem
3.1.3, such that

λ̂v(P ) =
1

2
c−1 +

1

8

∞∑
n=0

4−ncn. (3.2)

Case II. v is non-archimedean. Assume the Weierstrass equation in 3.1 is minimal at v. Let
E0(Kv) = {P ∈ E(Kv) : P has non-singular reduction modulo v} (see Section
3.2 for a full definition). We separate the following (mutually exclusive) cases:

(a) P ∈ E0(Kv) (i.e. v(fx(P )) ≤ 0 or v(fy(P )) ≤ 0). Then

λ̂v(P ) = −1

2
min {v(x(P )), 0}+ 1

12
v(∆).

(b) E has multiplicative reduction at v (i.e. n := v(∆) > 0 and v(c4) = 0) and
P ̸∈ E0(Kv). Then

λ̂v(P ) =
n

2
B2

(
i

n

)
,

with i = min{v((2y + a1x + a3)(P )),
n
2 }. Here B2(T ) = T 2 − T + 1

6 is the
second Bernoulli polynomial.

(c) E has additive reduction at v (i.e. v(∆), v(c4) > 0) and P ̸∈ E0(Kv). Then

λ̂v(P ) =

{
−1

3v(φ2(P )), if v(φ3(P )) ≥ 3v(φ2(P )) +
1
12v(∆),

−1
8v(φ3(P )), else.

All cases of this theorem will be proven separately in the Sections 3.1, 3.3, 3.4 and
3.5. A full exposition with alternative proofs can also be found in [Silverman, 57,
Chapter VI] and [Silverman, 55]1.

3.0.1 Division Polynomials

To apply the definition of canonical local height functions (Definition 2.4.12), and
give a clear definition of our normalization, we need the second division polynomial.

1The formulas in Exercise VI.6.8 and VI.6.9 of the first source are off by an additive factor 1
12
v(∆)

(see the Errata). The normalization in the second source is different than ours and coincides with
requiring that γv(0) = 0, as in Theorem 2.5.2.
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This is a rational function φ2 := φO,2 ∈ K(E) that satisfies

[2]∗(O) = 4(O) + div(φ2). (3.3)

It is only well-defined up to a constant.

We can construct this function explicitly, given a Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6, ai ∈ K,

for the curve E/K. Define the associated values

b2 = a21 + 4a2, b4 = 2a4 + a1a3, b6 = a23 + 4a6, (3.4)

and
b8 = a21a6 + 4a2a6 − a1a3a4 + a2a

2
3 − a24. (3.5)

The discriminant of the equation can now be given by

∆ = −b22b8 − 8b34 − 27b26 + 9b2b4b6.

We use the doubling formula

x([2]P ) =
x4 − b4x

2 − 2b6x− b8
(2y + a1x+ a3)2

, (3.6)

for P = (x, y) ∈ E(K)\{O} to see that

[2]P = O ⇐⇒ 2y + a1x+ a3 = 0, ∀P = (x, y) ∈ E(K)\{0}.

That is, the polynomial 2y+ a1x+ a3 satisfies div(2y+ a1x+ a3) = [2]∗O− 4O. Note
that this polynomial is in fact K-rational. To define our second division polynomial
we divide by a factor ∆1/4, to get

φ2 :=
2y + a1x+ a3

∆1/4
. (3.7)

By writing out the change-of-variable formulas (see [Silverman, 56, Table 3.1]), we
can see that this function is independent of the choice of Weierstrass equation, and
hence is intrinsic to the elliptic curve.

Similarly to this, we have the triplication formula

x([3]P ) =
f(x)

(3x4 + b2x3 + 3b4x2 + 3b6x+ b8)2
,

with f some polynomial in x. We define the third division polynomial

φ3 =
3x4 + b2x

3 + 3b4x
2 + 3b6x+ b8

∆2/3
, (3.8)

which is independent of the choice of Weierstrass equation and satisfies

div(φ3) = [3]∗(O)− 9(O). (3.9)

The nth division polynomial φ5 can be constructed similarly. For n ≥ 5, there exist
recursion relations, that make calculations easier, see e.g. [Silverman, 56, Exercise
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3.7]. These satisfy div(φn) = [n]∗(O)− n2(O).

Functoriality and normalization of canonical local heights (Theorem 2.4.14(b), (d))
now imply that

λ̂v([n]P ) = n2λ̂v(P ) + v(φn(P )) + ε, (3.10)

for some MK -constant ε. If We require λ̂v to be normalized with respect to φ2, as we
do in this chapter, the term ε vanishes.

3.1 Archimedean Places

Let v ∈M∞
K be an archimedean place. Then v comes from an embedding ρ : K ↪−→ C,

and we have v(x) = − log |ρ(x)|, where | · | is the standard absolute value on C. We
have in this case that Kv = R or Kv = C, and via ρ we can see Kv as subfield of
C. We can thus use the theory of elliptic curves over C to construct a canonical local
height function, and evaluate this at points P ∈ E(Kv), by using the embedding ρ.

The classical Uniformization Theorem says that any elliptic curve over C is isomorphic
to C/Λ for a lattice Λ ⊆ C. Such an isomorphism is given as follows. Let α and β be
closed paths on E(C) forming a basis for H1(E,Z). Then the periods

ω1 =

∫
α

dx

y
, ω2 =

∫
β

dx

y

are linearly independent over R and generate a lattice Λ. This lattice has a discrimi-
nant ∆(Λ) (see e.g. [Silverman, 56, p. VI.3.6]). Then the map

F : E(C) → C/Λ, F (P ) =

∫ P

O

dx

y
(mod Λ),

is a complex analytic isomorphism of Lie groups. This agrees with the construction in
Theorem 1.2.4, and the fact that an elliptic curve is isomorphic to its own Jacobian,
Theorem 1.1.8.

We can use this uniformization to give the canonical local height of an elliptic curve
at an archimedean place v ∈MK . We use the Weierstrass σ-function

σ(z) = σΛ(z) = z
∏

ω∈Λ\{0}

(
1− z

ω

)
e

z
ω
+ 1

2(
z
ω )

2

,

which is equal to the hyperelliptic σ-function defined in Definition 1.2.5 in the case
g = 1. The quasi-period map associated with Λ is the map η = ηΛ : Λ → C, given by

η(ω) =
d

dz
log σ(z)

∣∣∣
u+ω

− d

dz
log σ(z)

∣∣∣
u
, ω ∈ Λ, u ∈ C,

which is independent of u ∈ C. This map can be extended linearly to a map η : C ∼=
Λ⊗Z R → C.

We can now make sense of the functions σv, ηv : E(Kv) → C, by embedding E(Kv)
into E(C) via ρ, and using the isomorphism F : E(C) → C/Λ. That is, we define
σv(P ) := (σ ◦ F ◦ ρ)(P ) and ηv(P ) := (η ◦ F ◦ ρ)(P ).

Theorem 3.1.1. Let E/K be an elliptic curve. Let v ∈ M∞
K be an archimedean place,
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coming from an embedding ρ : K ↪−→ C. Let Λ be a lattice in C, such that E(C) ∼= C/Λ.
Then the canonical local height function at v,

λ̂v : E(Kv)\{O} → R,

is given by the formula

λ̂v(P ) = − log
∣∣∣e− 1

2
F (ρ(P ))ηv(P )σv(P )∆(Λ)

1
12

∣∣∣
=

1

2
Re

(
F (ρ(P ))ηv(P )

)
− log |σv(P )| −

1

12
log |∆(Λ)|,

for all P ∈ E(Kv)\{O}.

We will prove the analogous statement for canonical local heights at archimedean
places on Jacobians of curves of genus g ≥ 1 (of which this is the special case g = 1)
in Theorem 4.2.2. For a full proof we hence refer either to Theorem 4.2.2 and leave
it to the reader to verify the statements coincide, or to [Silverman, 57, Section
IV.3], where this formula is proven specifically for elliptic curves and it is shown this
formula is normalized with respect to φ2, as is desired.

This formula seems easy, but it requires the evaluation of the transcendental function
σ, so in practice it can be hard to compute the local height via this formula, especially
without the help of computer packages. Tate [59] has given an alternative formula,
given by an easy to compute series. This formula only works in the case that the
completion Kv at v is isomorphic to R, and no rational point on the curve has x-
coordinate equal to 0. Silverman [55] has extended this result to include the case
Kv

∼= C, in which case there are always points with x-coordinate equal to 0, by
the fundamental theorem of algebra. We prove Tate’s formula and briefly show the
extension by Silverman.

Theorem 3.1.2. Let E/K be an elliptic curve defined by the Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

Let v ∈ M∞
K be a place, such that Kv = R. Define b2, b4, b6, b8 as in Equations 3.4 and

3.5. Suppose that E(Kv) contains no points with x-coordinate equal to 0. Define the
functions

t =
1

x
, z = 1− b4t

2 − 2b6t
3 − b8t

4,

which are by assumptions well-defined. Then the local height function at v is given by
the converging sequence

λ̂v(P ) = −1

2
v(x(P ))− 1

8

∞∑
n=0

1

4n
v(z([2n]P )) +

1

12
v(∆).

Proof. Rewriting the doubling formula 3.6, yields

t([2]P ) =
∆1/2φ2

2(P )

x(P )4z(P )
, (3.11)

for P ∈ E(R)\{O}. By assumption |x(P )| ≥ ε for some ε > 0 and all P ∈ E(R)\{O}.
Then t is bounded from above as a function, and so is z. Now also t ◦ [2] is bounded
from above, and z has no zero in common with t and φ2, so that z is also bounded
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away from zero. That is, v ◦ z = − log |z| is a bounded function, and

µ(P ) =

∞∑
n=0

1

4n
v(z([2n]P ))

is an absolute convergent series. This series satisfies µ(2P ) = 4µ(P ) − 4v(z(P )) We
also have from Equation 3.11 that

−v(x([2]P )) = v(t([2]P )) =
1

2
v(∆) + 2v(φ2(P ))− 4v(x(P ))− v(z(P )).

Now define λ(P ) = −1
2v(x(P ))−

1
8µ(P )+

1
12v(∆). Note that µ is continuous w.r.t. the

v-adic topology, and µ(O) = 0, as z(O) = 1. That is, −1
8µ(P ) +

1
12v(∆) is bounded

in a v-adic neighbourhood of O. As there are only finitely many archimedean places,
this means λ is a local height function, associated with O, at v, by Remark 2.4.7.
Furthermore, λ satisfies

λ([2]P ) = −1

2
v(x([2]P ))− 1

8
µ([2]P ) +

1

12
v(∆)

= v(φ2(P ))− 2v(x(P ))− 1

2
v(z(P ))− 1

2
µ(P ) +

1

2
v(z(P )) +

1

3
v(∆)

= 4

(
−1

2
v(x(P ))− 1

8
µ(P ) +

1

12
v(∆)

)
+ v(φ2(P ))

= 4λ(P ) + v(φ2(P )).

That is, λ is a canonical local height function, associated with O, normaized w.r.t. φ2,
which is what we are looking for.

As the coefficients v(z([2n]P )) in the series are bounded, we get an error of the order
4−N , by stopping the sum at n = N .

In the case that there are points with x-coordinate equal to 0, e.g. when K = C, we
can get the problem that the coefficients cn := v(z([2n]P )) get too large, and the sum
does not converge. To resolve this issue, we can switch over to another sequence
c′n, when this happens. This new sequence is then essentially the same sequence
c′n = v(z′([2n]P )), where z′ is calculated with the parameter x′ = x + 1. We then
continue with the sequence c′n until that sequence gets too large, after which we
return to the inital sequence cn. This process results in a series that is convergent,
and defines a local height function.

To state the new theorem, we introduce the following notation. Let t, w, z be the
functions as before, and let t′, w′, z′ be these functions after the substitution x′ = x+1.
The explicit formulas can be found in [Silverman, 55, Equation (14)]. Define the sets

U = {Q ∈ E(K) : |t(Q)|v ≤ 2}, U ′ = {Q ∈ E(K) : |t′(Q)|v ≤ 2},

which satisfy E(K) = U ∪ U ′, see [Silverman, 55, Lemma 2.1].

Theorem 3.1.3. Define a sequence of real numbers cn, n ≥ −1 and a sequence of
Boolean values βn, n ≥ −1 as follows:

c−1, β−1 =

{
−v(t(P )), 1, if P ∈ U,
−v(t′(P )), 1, if P /∈ U.
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cn, βn =



v(z([2n]P )), 1, if βn−1 = 1, [2n+1]P ∈ U,

v(z([2n]P ) + w([2n]P )), 0, if βn−1 = 1, [2n+1]P /∈ U,

v(z′([2n]P )), 1, if βn−1 = 0, [2n+1]P ∈ U ′,

v(z′([2n]P )− w′([2n]P )), 0, if βn−1 = 0, [2n+1]P /∈ U ′.

Then the local height function at v is given by

λ̂v(P ) =
1

2
c−1 +

1

8

∞∑
n=0

4−ncn.

The proof can be found in [Silverman, 55, Theorem 2.2]. The error introduced by
stopping the sum after N terms is again of the order 4−N , as the coefficients cn are
bounded.

3.2 Reduction Types

From now on we work with non-archimedean places v ∈ M0
K . We can classify

semistable reduction types at v of elliptic curves by analyzing semistable reduction
graphs, defined in Definition 1.3.16. By Proposition 1.3.18, we only have to classify
graphs of genus 1.

Theorem 3.2.1. Let v ∈M0
K be a non-archimedean place. Let Rv be the valuation ring

of the completion Kv, with maximal ideal mv. Let E be an elliptic curve over Kv with
minimal proper regular model C/Rv and assume E has semistable reduction at v. Then
the special fiber Cv := Cmv has one of the following forms:

Type I0. Cv is a non-singular curve of genus 1 (i.e. E has good reduction at v).

Type I1. Cv is a curve with a node, whose normalization has genus 0.

Type In. Cv consists of n ≥ 2 curves of genus 0, arranged in the shape of an n-gon.

With two genus 0 curves in the shape of a 2-gon we mean two non-singular curves
with genus 0, that intersect transversally in two distinct points.

Proof. As noted, we will make these classifications based on the reduction graph Γ =
(V,E,w), with genus

g(Γ) = |E| − |V |+ 1 + ws(Γ) = 1.

By Proposition 1.3.10(a) the special fiber Cv is connected, so we only consider con-
nected graphs. From this we get the bound |E| ≥ |V | − 1. Therefore we must have
ws(Γ) ≤ 1. We consider two cases.

ws(Γ) = 1. We have |E| = |V | − 1, which means Γ is a path graph. If |V | > 1,
there are two vertices of valency 1. At least one of them is of weight 0, which is
not allowed, as C has semistable reduction. The only remaining option, which also
defines a valid reduction graph, is the graph with one vertex of weight 1 and no
edges. This corresponds to Cv being a non-singular curve of genus 1, which is Type
I0.
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ws(Γ) = 0. We have |E| = |V | and all vertices have weight 0. The graph is con-
nected, so it is constructed from a path graph with |V | vertices by adding one extra
edge. If |V | = 1, this can be done in only one way, resulting in the graph with one
vertex and one edge, connecting the vertex with itself. This corresponds to Cv being
a genus 0 curve, with one self-intersection, i.e. with a node. This is Type I1. Suppose
|V | ≥ 2. To end up with a valid reduction graph, we must resolve the two outer
vertices of the path graph with valency 1. This can only be done by connecting these
two vertices by an edge. This results in a cycle graph. Now the corresponding fiber
has n = |V | components of genus 0 that intersect the other curves twice, which is
Type In.

These reduction types can also be studied classically, by looking at the reduction of the
Weierstrass equation at a place v ∈ MK . For this, we embed K into the completion
Kv of K at v, and hence E(K) into E(Kv). We can then take a minimal Weierstrass
equation, with coefficients ai in the valuation ring Rv. We reduce these coefficients ai
modulo the maximal ideal mv of Rv to ãi ∈ kv = Rv/mv. The resulting curve, defined
over kv, given by

Ẽ : y2 + ã1xy + ã3y = x3 + ã2x
2 + ã4x+ ã6,

may be singular. Note that this curve is exactly the special fiber at mv of the minimal
Weierstrass model of E over Rv. The chord-and-tangent operation makes the subset
Ẽns(kv) of non-singular points on Ẽ, defined over kv, into a group.

If P ∈ E(Kv) is given by homogeneous coordinates P = (x : y : z), with x, y, z ∈ Rv

and at least one in R×, we get a reduced point

P̃ = (x̃ : ỹ : z̃) ∈ Ẽ(kv).

This defines a reduction map

E(Kv) → Ẽ(kv), P 7→ P̃ .

The subset
E0(Kv) = {P ∈ E(Kv) | P̃ ∈ Ẽns(kv)} ⊆ E(Kv) (3.12)

is a subgroup, which can be checked by carefully analyzing the reduction of the group
law (see e.g. [Silverman, 56, Proposition VII.2.1]). The group E0(Kv) called the
group of points with smooth reduction. We can easily check if P ∈ E0(Kv) from
the Weierstrass equation. The point P̃ is non-singular if the partial derivatives, with
respect to x and y, of the reduced Weierstrass equation Ẽ do not both vanish. This is
equivalent to v(fx(P )) ≤ 0 or v(fy(P )) ≤ 0, where f = y2+a1xy+a3y−x3−a2x2−
a4x− a6 defines the original Weierstrass equation.

An elliptic curve E/K with reduction type In for n ≥ 1 at a place v, is classicallty
said to have multiplicative reduction at v. In this case the group of non-singular points
Ens(kv) is isomorphic to the multiplicative group kv

×
. The curve Ẽ(kv) then has a

node.

In all other cases of bad reduction (i.e. E does not have semistable reduction at v)
we say that E has additive reduction. In this case the group Ens(K) is isomorphic to
the additive group K+. The curve Ẽ(kv) then has a cusp.
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We can read off the reduction type of an elliptic curve from its minimal Weierstrass
equation.

Proposition 3.2.2. Let E/K be an elliptic curve and let v ∈M0
K . Let

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

be a minimal Weierstrass equation for E at v and let ∆ be the discriminant of this
equation and let c4 = (a21 + 4a2)

2 − 48a4 − 24a1a3.

(a) E has good reduction at v if and only if v(∆) = 0 (i.e. ∆ ∈ R×
v ).

(b) E has multiplicative reduction at v if and only if v(∆) > 0 and v(c4) = 0 (i.e.
∆ ∈ mv and c4 ∈ R×

v ). The specific reduction type is In with n = v(∆).

(c) E has additive reduction at v if and only if v(∆), v(c4) > 0 (i.e. ∆, c4 ∈ mv).

This proposition is classical and proven e.g. in [Silverman, 56, Proposition III.1.4] by
analyzing the reduction of the Weierstrass equation. The fact that n = v(∆) in Type
In reduction is calculated in Tate’s algorithm, which we discuss in more detail below.

For additive reduction, it is not yet clear what the special fiber looks like. Fortu-
nately, there is a complete classification of all possibilities for special fibers of elliptic
curves, due to Néron [46] and Kodaira [29]. The proof is essentially a combinatorial
argument on the possible intersections of the irreducible components of the special
fiber. The possible fibers can be seen in Figure 3.1. As the Néron model is the largest
smooth subscheme of the minimal proper regular model (see Theorem 1.3.8), we can
read off the component group Φv of the Néron model by looking at the irreducible
components of multiplicity 1.

FIGURE 3.1: The Kodaira-Néron classification of special fibers of the
minimal proper regular model of elliptic curves, with Kodaira symbols.
The group E(K)/E0(K) here is calculated using Tate’s algorithm and
coincides with the component group Φv of the Néron model. Taken

from [Silverman, 57, Table 4.1]

Given a (not necessarily minimal) Weierstrass equation, we can find the correspond-
ing Kodaira symbol of the special fiber (and many more important quantities associ-
ated with the elliptic curve) via Tate’s algorithm. The algorithm essentially performs
a sequence of blow-ups to the singular points of the Weierstrass equation, until it is
clear which special fiber arises. The algorithm is described and proven in [Silverman,
57, Algorithm IV.9.4].
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The algorithm also computes a minimal Weierstrass equation for the elliptic curve, but
it is inefficient if that is the only goal. Checking if a Weierstrass equation, with dis-
criminant ∆ is minimal is relatively easy. Any change of coordinates of a Weierstrass
equation, resulting in a new integral Weierstrass equation, yields a new discriminant
∆′ = u−12∆, for some u ∈ K×

v . That is, the valuation of the discriminant changes in
multiples of 12. Thus if 0 ≤ v(∆) < 12, we can conclude the equation is minimal. If
we cannot draw this conclusion, we can use an efficient algorithm due to Laska [35]
to find a minimal equation.

3.3 Good reduction

In the case that an elliptic curveE/K has good reduction at a certain non-archimedean
place v ∈M0

K , we know that the canonical local height at v is given by the intersection
multiplicity of a point P with the divisor O, up to the addition of an MK -constant.
In the case of elliptic curves, we can extend this result, not only in the case of good
reduction, but for any type of reduction, provided that P has smooth reduction at v,
i.e. P ∈ E0(Kv).

Theorem 3.3.1. Let E/K be an elliptic curve and let

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

be a minimal Weierstrass equation at v for E, with discriminant ∆. Then the canonical
local height function at v,

λ̂v : E(Kv)\{O} → R,

is given by the formula

λ̂v(P ) = −1

2
min {v(x(P )), 0}+ 1

12
v(∆), for all P ∈ E0(Kv).

Proof. Let P ∈ E0(K). Then P defines a divisor (P ) on the generic fiber of the
minimal Weierstrass model W/R of E/K. By definition of E0(K), the thickening
(P ) of this divisor lands in the largest smooth subscheme W0 of W. By Proposition
1.3.9, we get that Wv

0
∼= N 0

v , the identity component of the special fiber of the Néron
model of E/K. Then the thickening (P ) of the divisor (P ) on the generic fiber of the
Néron model, which coincides with the (unique) associated section P : S → N , also
lands in N 0

v . By definition of the specialization map sp : E(K) → Φv, we get that
sp(P ) = 0 ∈ Φv. By Theorem 2.5.1, we get

λ̂v(P ) = iv(O,P ) + ε(v),

for some MK -constant ε.

We calculate the intersection multiplicity iv(−2(O), P ) = −2iv(O,P ), using Remark
1.3.13, by constructing the thickening −2(O) = −2(O) of −2(O) as Cartier divisor on
N .

Set P1, P2 the two points of vanishing on E of the function x. Note that the divisor of
the functions 1, x ∈ Kv(E) = Kv(N ) on N are given by

divN (1) = 0, divN (x) = (P1) + (P2)− 2(O) + F,
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for some fibral divisor F ⊆ Nv. Define

U = N\(O) and V = N\
(
|(P1)| ∪ |(P2)| ∪ |F |

)
.

From this we see that the pairs (U, 1), (V, x) are pairs representing −2(O). Now this
is not yet a full description of −2(O) as a Cartier divisor, as U and V do not cover
N . However, it suffices for our purposes, as the generic fiber Nη

∼= E is included in
U ∪ V , since F |Nη = 0. Then for P ∈ E(Kv), we can use the pair (U, 1) to calculate
iv(O,P ) = −1

2 iv(−2O,P ) = 0 if P ∩ (O) = ∅. This latter requirement is exactly
saying that P does not reduce to O modulo v, which is equivalent to v(x(P )) ≥ 0.
If P ∈ E(Kv) does reduce to O, so that v(x(P )) < 0, we use the set V to calculate
iv(O,P ) = v(x(P )). Combining these results, we get

iv(O,P ) = −1

2
iv(−2O,P ) =

{
0, v(x(P )) ≥ 0,

−1
2v(x(P )), v(x(P )) < 0

= −1

2
min {v(x(P )), 0} .

Now all that remains to do is to calculate the MK -constant ε. This is done in the
proof of [Silverman, 57, Theorem VI.4.1]. There it is calculated that ε(v) = 1

12v(∆),
so that

λ̂v(P ) = −1

2
min {v(x(P )), 0}+ 1

12
v(∆)

defines a canonical local height function at v, normalized with respect to φ2. We
note additionally that v(∆) = 0 if E has good reduction at v, so that λ̂v = iv(O,P ),
which coincides with the normalization introduced in Remark 2.5.5. In the case of
bad reduction, this coincides with the calculations γv(0) = 1

12v(∆) in Sections 3.4
and 3.5.

Remark 3.3.2. If E has good reduction at v, then E0(Kv) = E(Kv) and v(∆) = 0, so

λ̂v(P ) = −1

2
min {v(x(P )), 0}

defines a canonical local height function on the entirety of E(Kv)\{O}.

Remark 3.3.3. Note that by definition of the identity component of the Néron model,
the thickening of the divisor (O) lands in the identity component of the special fiber,
and not in any other component. That is, if P ̸∈ E0(K), the intersection multiplicity
iv(O,P ) is zero. Now by Theorem 2.5.1, we can say

λ̂v(P ) = γv(sp(P )), ∀P ̸∈ E0(K). (3.13)

3.4 Multiplicative Reduction

Let v ∈ M0
K again be a non-archimedean place, and suppose now that the elliptic

curve has multiplicative reduction at v. Then the reduction type (see Theorem 3.2.1)
is Type In, with n = v(∆) ≥ 1. We know from the result of previous section that we
already have formulas for P ∈ E0(K). Also from the discussion at the end of previous
section, we know that iv(O,P ) = 0. Using Theorem 2.5.1, we only need to calculate
the local correction term γv : Φv → R to compute the canonical local height. As (O)
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gives a principal polarization on E, we can calculate this local correction term at v
via Theorem 2.5.4.

This method is dependent on finding which of the (finitely many) 2-torsion points in
the skeleton is the tropical theta characteristic κ. This is difficult to do by theoretical
means. What this means in this case, is that we find two formulas for the canonical
local height at v, that are equally likely to be correct based on Theorem 2.5.4. To
find out which of these formulas is actually correct, and hence to find out what the
theta characteristic is, we compare them to the formula for canonical local height, as
calculated in e.g. [Silverman, 57, Theorem VI.4.2] and [Lang, 30, Theorem III.5.1],
which both use the theory of the Tate curve. Although this method thus does not give
one concrete formula, and is hence unsatisfactory in some way, we still present the
calculations using this method in this section, as it is not yet present in literature and
is easier to generalize to curves of higher genus.

To calculate the correction term using Theorem 2.5.4, we need to consider the Jaco-
bian Jac(Γ) of the reduction graph Γ = Γv of E at v, which is a cycle graph with n
vertices, xn = x0, . . . , xn−1 ordered clockwise and n edges. The vertex x0 represents
the identity component of the special fiber of the Néron model. We order the edges
e1, . . . , en, such that ι(ei) = (xi−1, xi). The graph is pictured in Figure 3.2.

x0

x1
x2

xn−2

xn−1

xi−1

xi

xi+1

Γv

FIGURE 3.2: The reduction graph Γv of the special fiber of E, with
multiplicative reduction of type In.

The Jacobian of this graph is calculated in Example 1.4.2. We get Jac(Γ) ∼= R/nZ.
The Voronoi region Vor(0) is given by the interval Vor(0) = [−n

2 ,
n
2 ] ⊆ R ∼= H1(Γ,R).

The inner product on H1(Γ,R)∗ ∼= R is given by ⟨v, w⟩ = vTΩ−1w = vT
(
1
n

)
w.

We now use this to do the calculation that leads to a formula for the canonical local
height, in the case of multiplicative reduction. We choose here the normalization, as
discussed in Remark 2.5.5. We will see below that it coincides with the normalized
with respect to the second division polynomial φ2, that we use in the rest of the
chapter.

Theorem 3.4.1. Let E/K be an elliptic curve with v-minimal discriminant ∆. Suppose
that E has multiplicative reduction at v of type In, with n = v(∆). Then the canonical
local height function at v,

λ̂v : E(Kv)\{O} → R,

is given by the formula

λ̂v(P ) =
i(i− n)

2n
+

n

12
=
n

2
B2

(
i

n

)
, (3.14)
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for P ̸∈ E0(Kv), with sp(P ) = i ∈ Z/nZ ∼= Φv, and 0 < i < n. HereB2(T ) = T 2−T+1
6

is the second Bernoulli polynomial.

Proof. As noted in the beginning of this chapter, we have λ̂v(P ) = γv(sp(P )) for
P /∈ E0(Kv). We use Theorem 2.5.4 and the discussion above to calculate γv.

Let P ∈ E(Kv)\E0(Kv) and suppose P maps to i mod n ∈ Z/nZ ∼= Φv, with 0 < i <
n. We assume that E has multiplicative reduction of type I∗n, so that the component
group Φv is cyclic of order n. We use the isomorphism of E with its Jacobian J , via
the Abel-Jacobi map, based at O (see Theorem 1.1.8). Then using the commutative
square 1.17, we have

(Φx0 ◦ spE)(P ) = (spJ ◦ΦO)(P ) = [xi − x0] ∈ Jac(Γ).

A path vector between path vector between the vertices xi and x0 is given by

δ =
(
1j≤i(j)

)
1≤j≤n

= (1, . . . , 1, 0, . . . , 0),

where 1S denotes the indicator function on S. Then the vector w representing δ in
H1(Γ,R)∗ ∼= R is w = (⟨δ, α⟩) = (i). The tropical theta characteristic κ ∈ Jac(Γ) is a
2-torsion point, so it is either equal to 0 ∈ R/nZ or n

2 ∈ R/nZ. We will calculate two
possible formulas λ̂1v and λ̂2v for the local height, assuming either of these options.

Case I. κ = 0. A representative for w in Vor(0) is given by

w̃ = (⟨δ, α⟩) = (i), if i ≤ n

2
, w̃ = (i− n), if i >

n

2
.

We get

λ̂1v(P ) = ∥Ψ∥(w) =

{
1
2⟨i, i⟩, i ≤ n

2 ,
1
2⟨i− n, i− n⟩, i > n

2

=

{
i2

2n , i ≤ n
2 ,

(i−n)2

2n , i > n
2 .

To find r, we use the formula in Remark 2.5.5, and calculate

r = −
∫
R/nZ

∥Ψ∥ dµH = −
∫ n/2

0

x2

2n

dx

n
−
∫ n

n/2

(x− n)2

2n

dx

n

= −
[
x3

6n2

]n/2
0

−
[
(x− n)3

6n2

]n
n/2

= − n

48
− n

48
= − n

24
,

so that

λ̂1v(P ) =

{
i2

2n − n
24 , i ≤ n

2 ,
(i−n)2

2n − n
24 , i > n

2 .

Case II. κ = n
2

. We evaluate ∥Ψ∥ on a representative of w + κ inside Vor(0). This
representative is given by w̃ = (i− n

2 ) for all 0 < i < n. We get

λ̂2v(P ) = ∥Ψ∥(w̃) + r =
1

2

〈
i− n

2
, i− n

2

〉
+ r =

(i− n
2 )

2

2n
+ r.
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Note that
∫
Jac(Γ)(∥Ψ∥ ◦ τκ) dµH =

∫
Jac(Γ) ∥Ψ∥ dµH , so that r = − n

24 again. We find
that

λ̂2v(P ) =
(i− n

2 )
2

2n
− n

24
=
i(i− n)

2n
+

n

12
=
n

2
B2(

i

n
).

Now based on Theorem 2.5.4, we cannot decide which of the formulas λ̂1v and λ̂2v
should hold. Based on comparison with the formulas for canonical local height in the
case of multiplicative reduction in [Silverman, 57, Theorem VI.4.2] and [Lang, 30,
Theorem III.5.1], we find both that λ̂2v defines a canonical local height at v, and that
the normalization of Remark 2.5.5 coincides with the normalization with respect to
φ2, that is used in loc cit., as well as in the rest of this chapter.

The formula in Theorem 3.4.1 is not yet explicit, as it is dependent on the special-
ization map. We can manipulate the duplication formula to get this specialization
map specific (modulo multiplication by −1) for the case of Type In reduction. Note
that the local height formula is invariant under P 7→ −P and hence the substitution
i 7→ n − i, so that knowing the specialization map modulo multiplication by −1 is
enough to get the formula (3.14) explicit.

Lemma 3.4.2. Let E/K be an elliptic curve with Type In reduction at v. Then the
specialization map, restricted to the set E0(Kv)

c, is given, up to sign, by

sp : E0(K)c → Φv, P 7→ ±min
{
v((2y + a1x+ a3)(P )),

n

2

}
.

Proof. Assume for now that sp(P ) = i mod n, with 0 < i ≤ n
2 . If 0 < i < n

2 , we can
substitute the local height function (3.14) in the duplication formula (3.10):

n

2
B2

(
2i

n

)
= 2nB2

(
i

n

)
+ v(φ2(P )).

After some algebra, this yields

i =
n

4
+ v(φ2(P )) =

v(∆)

4
+ v((2y + a1x+ a3)(P ))−

v(∆)

4
= v((2y + a1x+ a3)(P )).

Now if i = n
2 , then 2P ∈ E0(K) and we know from Theorem 3.3.1 that λ̂v(2P ) ≥

v(∆)
12 = n

12 . Substituting this in the duplication formula yields

n

12
≤ 2nB2

(
1

2

)
+ v((2y + a1 + a3)(P ))−

n

4
= −5n

12
+ v(φ2(P )),

so that
v(φ2(P )) ≥

n

2
= i,

and i = min{v(φ2(P )),
n
2 } holds in either case.

Finally we note that if n
2 < i < n, then 0 < n−i < n

2 . Then − sp(P ) = sp(−P ) = n−i,
so that

n− i = min
{
v(φ2(P )),

n

2

}
, and i ≡ −min

{
v(φ2(P )),

n

2

}
∈ Z/nZ.
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3.5 Additive reduction

In the case that an elliptic curve E/K has additive reduction at a non-archimedean
place v ∈ MK , we cannot use techniques from previous section, as we no longer
have semistable reduction. It is possible to still get formulas in this case, by finitely
extending fields until the elliptic curve has semistable reduction over that field. This
is possible by the Semistable Reduction Theorem 1.3.15. Then the formulas from
Sections 3.3 and 3.4 hold.

It is, however, not desirable to have to extend fields to get formulas. Based on the
structure of the groups Φv that we know from Figure 3.1, we can manipulate the
duplication and triplication formulas (Equation 3.10, for n = 2, 3) to get the local
height functions.

Theorem 3.5.1. Let E/K be an elliptic curve. Suppose that E has additive reduction
at v. Then the canonical local height function at v,

λ̂v : E(Kv)\{O} → R,

is given by the formula

λ̂v(P ) =

{
−1

3v(φ2(P )), if v(φ3(P )) ≥ 3v(φ2(P )) +
1
12v(∆),

−1
8v(φ3(P )), else,

for P /∈ E0(Kv).

Proof. E has additive reduction at v, so from Figure 3.1, we see that the reduction is
of type II, III, IV, I∗0, I∗n, IV∗, III∗, II∗. We see that Φv = 0 for the types II and II∗. That
is, the special fiber Nv of the Néron model consists only of the identity component
N 0

v . As we showed in the proof of Theorem 3.3.1, P ∈ E0(Kv) implies the associated
section P maps to the identity component N 0

v . Thus for the types II and II∗ there is no
point P /∈ E0(Kv), and we have formulas for all P ∈ E(Kv) = E0(Kv) via Theorem
3.3.1, and we no longer need to consider these cases.

We use that λ̂v(−P ) = λ̂v(P ), for all P ∈ E(Kv). From the table, we see that for all
additive reduction types, we have #Φv ≤ 4, so that sp(nP ) = 0, and nP ∈ E0(K),
for some 2 ≤ n ≤ 4. We separate these three cases.

2P ∈ E0(K). The reduction type is either III, I∗n, or III∗. The points P and 3P have
the same image in Φv, so that λ̂v(3P ) = λ̂v(P ). Filling this in the triplication formula
(Equation 3.10 for n = 3), yields

λ(P ) = 9λ(P ) + v(φ3(P )), so λ(P ) = −1

8
v(φ3(P )). (3.15)

By Theorem 3.3.1, we get that λ̂v(2P ) ≥ 1
12v(∆). Filling this in the duplication

formula (Equation 3.10 for n = 2), yields

1

12
v(∆) ≤ 4λ(P ) + v(φ2(P )), so λ(P ) ≥ −1

4
v(φ2(P )) +

1

48
v(∆). (3.16)

Combining Equations 3.15 and 3.16 gives us the bound

v(φ3(P )) ≤ 2v(φ2(P ))−
1

6
v(∆). (3.17)
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3P ∈ E0(K). The reduction type is either IV or IV∗, and Φv
∼= Z/3Z. Now P and

−2P have the same images in Φv, so that λ̂v(2P ) = λ̂v(P ). We also have λ̂v(3P ) ≥ 0
from Theorem 3.3.1. Then using the duplication and triplication formulas similarly
to the previous case, we get

λ(P ) = −1

3
v(φ2(P )), and λ(P ) ≥ −1

9
v(φ3(P )) +

1

108
v(∆). (3.18)

Combining these gives the bound

3v(φ2(P )) ≤ v(φ3(P ))−
1

12
v(∆). (3.19)

Note now that the bounds in Equations 3.17 and 3.19 cannot both hold at the same
time. If they were to hold at the same time, we get 3v(φ2(P )) ≤ 2v(φ2(P ))− 1

4v(∆),
and so v(φ2(P ))+

1
4v(∆) = v((2y+a1x+a3)(P )) ≤ 0. But by assumption P ̸∈ E0(K),

which means v(fy(P )) = v((2y + a1x + a3)(P )) > 0, where f is the Weierstrass
equation (see the definition of E0(K) in Section 3.2). We can hence separate these
two cases by the bound 3.19.

2P,3P ̸∈ E0(K). The reduction type is I∗n with n odd, so Φv
∼= Z/4Z, and the

image of P generates Φv. Then P and −3P have the same image in Φv, so that
λ̂v(3P ) = λ̂v(P ) and we get

λ(P ) = −1

8
v(φ3(P )), (3.20)

as in the case 2P ∈ E0(K). The inequality (3.17) is no longer true, but a consequence
of Tate’s algorithm is that reduction type I∗n implies that

3v(φ2(P )) =
3

4
n ≥ 1

4
n = v(φ3(P ))−

1

12
v(∆),

so that the equality in (3.19) is violated. Thus, we can still use the bound (3.19) to
decide whether λ̂v(P ) is given by −1

3v(φ2(P )) or −1
8v(φ3(P )).

Remark 3.5.2. The denominator 8 in the case that

λ̂v(P ) = −1

8
v(φ3(P )) = −1

8
v((3x4 + b2x

3 + 3b4x
2 + 3b6x+ b8)(P )) +

1

12
v(∆)

seems to violate Theorem 2.5.2 for the Types III, III∗, and I∗n with n even. For these
types, we have 2 · Φv = 0, so that we expect a denominator of size 4, not 8. This
proves, in a rather oblique way, that v((3x4 + b2x

3 + 3b4x
2 + 3b6x+ b8)(P )) must be

even in this case. Fortunately, we can also prove this fact using Tate’s algorithm. For
example, for Type III, we get that v(b2) ≥ 0, v(b4) ≥ 1, v(b6) ≥ 2, v(b8) = 2, and
v(x) ≥ 1, so that

v((3x4 + b2x
3 + 3b4x

2 + 3b6x+ b8)(P )) = min{v(3x4), v(b2x3), v(3b4x2), v(3b6x), v(b8)}
= v(b8) = 2.

For the other reduction types a similar calculation holds. This also proves that we
cannot extend the result in Remark 2.5.3 to non-semistable reduction types.
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3.6 Examples

In this section we illustrate the use of the formulas constructed in this chapter, by
calculating canonical heights on an elliptic curve. We use the mathematical software
SageMath [51], and specifically the functions described in [52], for all calculations
below.

We calculate heights on the elliptic curve E1, defined over Q, given by the Weierstrass
equation

E1/Q : y2 + xy = x3 + x2 − 50x+ 132. (3.21)

The minimal discriminant of the equation is ∆ = −24 · 34 · 1433. The curve has no
non-trivial torsion elements, and has rank 2, meaning its Mordell-Weil group E(Q) is
isomorphic to Z2. Two of its generators are given by

P = (−8, 14) and Q =

(
29

16
,
401

64

)
.

We calculate ĥ(P ) and ĥ(Q), where ĥ := ĥO is the canonical height, associated with
the divisor (O). We do this by calculating the local heights λ̂v := λ̂O,v of P and Q at
all places v ∈MQ.

From the discriminant, we see that 0 < v(∆) < 12 for the places v = 2, 3, 1433,
and v(∆) = 0 for all other non-archimedean places, so that Equation 3.21 defines a
minimal Weierstrass equation at all non-archimedean places v ∈ M0

Q, and we have
good reduction at all non-archimedean places v ̸= 2, 3, 1433. From Tate’s algorithm it
follows that at v = 2, 3, 1433 there is multiplicative reduction. This can also be seen
from the fact that c4 = 2425, which is not divisible by these three primes. At v = 2, 3
the reduction type is Type I4 and at v = 1433 it is Type I1.

Note that v(x(P )) ≥ 0 for all v ∈ M0
Q, and v(x(Q)) ≥ 0 for all v ∈ M0

Q\{2}. That
is, at all non-archimedean places with good reduction, we have λ̂v(P ) = λ̂v(Q) = 0.
Furthermore note that qp = log |p| and q∞ = 1, so that we get

λ̂v(R) = log(2)λ̂2(R) + log(3)λ̂3(R) + log(1433)λ̂1433(R) + λ̂∞(R), (3.22)

for R = P,Q. We thus reduced the calculation of the canonical (global) height to the
calculation of local heights at only four places. For the calculation of height of these
places, we need to know if the points are in E0(Qv), which can be checked using the
partial derivatives of the Weierstrass equation f . We get

fx(P ) = −112, fy(P ) = 20; fx(Q) =
10953

256
, fy(Q) =

459

32
.

v = 2. We see that v(fx(P )), v(fy(P )) ≥ 0, but v(fx(Q)), v(fy(Q)) < 0, so that we
have P ̸∈ E0(Q2) and Q ∈ E0(Kv). We get from Theorem 3.4.1 and Lemma 3.4.2
that

λ̂2(P ) = 2B2

(
i

4

)
, for i = min{v(fy(P )), 2} = min{v(20), 2} = 2,
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so that λ̂2(P ) = 2B2

(
1
2

)
= −1

6 . For Q, we use Theorem 3.3.1, to see that

λ̂2(Q) = −1

2
min{v(x(Q)), 0}+ 1

12
v(∆) = −1

2
min{−4, 0}+ 1

3
=

7

3
.

v = 3. We now have v(fx(R)), v(fy(R)) ≥ 0 for R = Q, but not for R = P , so that
we have Q ̸∈ E0(Q2) and P ∈ E0(Kv). We calculate similarly to the case v = 2, that

λ̂3(P ) = −1

2
min{v(x(P )), 0}+ 1

12
v(∆) = −1

2
min{0, 0}+ 1

3
=

1

3
,

λ̂3(Q) = 2B2

(
1

4
min{v(459), 2}

)
= 2B2

(
min{3, 2}

4

)
= 2B2

(
1

2

)
= −1

6
.

v = 1433. We have Type I1 reduction, so that the special fiber of the Néron model
has only one component, the identity component. That is, all E(Q1433) = E0(Q1433),
and we use Theorem 3.3.1 in any case. Note that v(x(P )) = v(x(Q)) = 0, so that we
get

λ̂1433(P ) = λ̂1433(Q) =
1

12
v(∆) =

1

12
.

v = ∞. We use Theorem 3.1.2, as no Q-rational point on the curve with x-coordinate
equal to 0. Denote s(R) = 1

8

∑∞
n=0

1
4n log

∣∣∣z([2n]R)∣∣∣ for R ∈ E(Q∞) = E(R). We can
approximate this term by stopping the sum at n = N , which introduces an error of
order O(4−N ). We do this below for N = 20, although it should be noted that the the
terms n > 10 in the sum did not change the first 10 decimals of the result. We get

λ̂∞(P ) =
7

6
log(2)− 1

3
log(3)− 1

12
log(1433) + s(P ),

λ̂∞(Q) = −7

3
log(2)− 1

3
log(3) +

1

2
log(29)− 1

12
log(1433) + s(Q).

with
s(P ) ≈ 0.2068941160 . . . , s(Q) ≈ 0.5998857943 . . . .

The canonical height. We are now ready to combine results and calculate the canon-
ical heights of P and Q. We get from Equation 3.22 and the results above that

ĥ(P ) = log(2) + s(P ) ≈ 0.9000412965 . . . ,

ĥ(Q) = −1

2
log(3) +

1

2
log(29) + s(Q) ≈ 1.7342275649 . . . .

We can calculate similarly that ĥ(P + Q) = ĥ
(
123752
24649 ,−

33890746
3869893

)
= 5.0594198986 . . ..

The canonical regulator of E1/Q is the determinant of the matrix(
2ĥ(P ) ĥ(P +Q)− ĥ(P )− ĥ(Q)

ĥ(P +Q)− ĥ(P )− ĥ(Q) 2ĥ(Q)

)
,

which is thus equal to 0.3621515061 . . .. This canonical regulator is a constant in
the Birch and Swinnerton-Dyer Conjecture, which is one of the unsolved Millennium
Prize Problems [13]. To gather evidence for the conjecture, it is thus useful to be able
to calculate this canonical regulator.
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Chapter 4

Local Heights on Genus 2
Jacobians

In the previous chapter we presented and proved the ‘Tate formulaire’, that gives a
collection of local height functions on elliptic curves, for any reduction type. Our aim
in this chapter is to give a similar formulaire for the Jacobian of a curve of genus
2. We construct canonical local heights, associated with the Θ-divisor, as defined in
Equation 1.9. As Θ defines a principal polarization, we can use Theorem 2.5.4 to
construct local height functions. Also, via these local heights we can construct the
canonical height, associated with Θ. This canonical height is used e.g. in Mumford’s
Theorem (see [Hindry and Silverman, 27, Theorem B.6.5]) that estimates the so-
called ‘counting function’, which calculates the number of rational solutions on a
curve of genus g of bounded height.

In this chapter K denotes a number field, with its set of places MK , and C denotes a
smooth projective curve of genus 2, defined over K, given by a Weierstrass equation

C : y2 = F (x) = λ6x
6 + λ5x

5 + · · ·+ λ1x+ λ0, λi ∈ K. (4.1)

Note that such a curve is automatically hyperelliptic, by Proposition 1.1.10. Write
J = Jac(C) for the Jacobian of C.

4.1 The divisor Θ

To construct canonical local height functions, associated with the Θ-divisor, via Defi-
nition 2.4.12, we first of all need to know what (non-canonical) local height functions
look like. To apply Definition 2.4.5, we need to describe Θ as a Cartier divisor. We
describe the function field of J in Section 4.1.1 and construct Θ as Cartier divisor. To
then check if a local height function is canonical we need to check the duplication
formula (2.15). This involves finding the second division polynomial, which we do in
Section 4.1.2 and describing multiplication by 2 on the Jacobian explicitly, which we
do in Section 4.1.3.

4.1.1 The function field k(J)

From the discussion after Equation 1.10, we know we can identify the (open) set J\Θ
with the (open) set

D2 = {(P1, P2) : Pi ̸= ∞, P1 ̸= i(P2)} ⊆ Sym2C.
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That is, the varieties J and Sym2C are birationally equivalent. Now from the def-
inition of function fields, birationally equivalent varieties have isomorphic function
fields. That is, we can identify the function field K(J) of J with the function field
K(Sym2C). Now to give a rational function on Sym2C is to give a function on C2

that is invariant under the action of S2, the symmetric group on 2 elements. Via this
construction, we always identify symmetric functions on C2 with functions on J . We
use the Weierstrass coordinates x, y on the first copy of C and u, v on the second copy.

Let π : Sym2C → J be the map in Equation (1.10) and p : C2 → Sym2C the natural
projection. Note that we can describe the divisor Θ ⊆ J as the image under (π ◦ p) of
C × {∞} (or {∞} × C).

Lemma 4.1.1 ([Arledge and Grant, 1, Lemma 1]). Let f ∈ K(J), and take f =
p∗ π∗f ∈ K(C)(C) (where we consider functions in K(C2) as functions on C with
coefficients in K(C)). Then

ordΘ(f) = ord∞(f).

Consider the following functions on J :

ξ1 = 1, ξ2 = x+ u, ξ3 = xu, ξ4 =
F0(x, u)− 2yv

(x− u)2
, (4.2)

with

F0(x, u) = 2λ0 + λ1(x+ u) + 2λ2xu+ λ3xu(x+ u) + 2λ4(xu)
2 + λ5(xu)

2(x+ u).

Now using Lemma 4.1.1, it directly follows that

ordΘ(ξ1) = 0, ordΘ(ξ2) = ordΘ(ξ3) = ord∞(x) = −2,

and these functions are regular when x, u, y, z ̸= ∞, so they have no other poles
outside Θ. With a bit more work, we can also calculate using this lemma that

ordΘ(ξ4) = ordΘ(F0(x, u)− 2yv)− ordΘ((x− u)2)

≥ min{ordΘ(F0), ordΘ(2yv)} − 2 ordΘ(x− u)

≥ min{ord∞(x3), ord∞(y)} − 2 ord∞(x)

≥ min{−6,−6} − (−4) = −2.

The only problem for regularity outside Θ can occur when x = u, as then the denom-
inator of ξ4 vanishes. However, when (x, y) = (u, v), we get that the numerator of ξ4
is

F0(x, u)− 2yv = F0(x, x)− 2y2 = 2(F (x)− y2),

which vanishes with order 2, so that ξ4 is regular. By analyzing the zeroes of ξi, we
find that they are also linearly independent functions. We have now proven exactly
that

ξ1, ξ2, ξ3, ξ4 ∈ L(2Θ).

By Riemann-Roch for abelian varieties, we have ℓ(nΘ) = n2 Θ·Θ
2 (see [Hindry and

Silverman, 27, Remark A.4.6.3.3]). Using the Adjunction Formula ([Hindry and
Silverman, 27, Theorem A.4.6.2]) then yields Θ · Θ = 2, so that ℓ(nΘ) = n2, and
ℓ(2Θ) = 4. That is, the set {ξ1, ξ2, ξ3, ξ4} actually forms a basis for L(2Θ).
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The divisor −2Θ is base-point free ([Hindry and Silverman, 27, Theorem A.5.3.6]).
That is, the divisors of the basis functions ξ1, . . . , ξ4 share no common support outside
Θ. We can then use these functions to describe −2Θ as a Cartier divisor.

Lemma 4.1.2. The divisor −2Θ can be given as a Cartier divisor by the pairs

(J\Θ, ξ1), (U2, ξ2), (U3, ξ3), (U4, ξ4),

where the Ui are defined by Ui = {ξi ̸= 0}. In particular J = (J\Θ) ∪ U2 ∪ U3 ∪ U4.

Now that we have a basis for L(2Θ) we can form the associated rational map (see
Definition 1.1.1)

ξ := φ2Θ : J → P3, x 7→ (ξ1(x) : ξ2(x) : ξ3(x) : ξ4(x)). (4.3)

As 2Θ is base-point free, this map is a morphism. It is called the Kummer map. It is
the analogue of the double cover x : E → P1 of an elliptic curve. The image of this
map in P3 is called the Kummer surface, denoted by KS. This surface can be given as
the vanishing of the polynomial

Ξ(ξ1, . . . , ξ4) = Ξ2ξ
2
4 + Ξ1ξ4 + Ξ0 = 0,

with Ξ0, Ξ1 and Ξ2 polynomials in ξ1, ξ2, ξ3 as in [Cassels and Flynn, 14, Equation
(3.1.9)], if char(K) ̸= 2, and as in [Müller, 41] in general. The divisor 2Θ is not very
ample and this map is not an embedding. If we denote by i : J → J the involution
P 7→ −P , then KS is isomorphic to the quotient variety J/i(J), so that the Jacobian
is a double cover for KS. Note that for a canonical local height function λ̂ on J
associated with the Θ-divisor, we have that λ̂(−P ) = λ̂(P ), by the symmetry of Θ.
That is, the canonical local height function descends to a function on KS.

By the Lefschetz embedding theorem ([Lang, 31, Theorem VI.6.1]) the divisor 3Θ
is very ample. From Riemann-Roch we get that ℓ(3Θ) = 9, so the Jacobian can be
embedded in P8. A basis for L(4Θ), of dimension 16, is constructed in [Cassels and
Flynn, 14, Section 2.1], and gives an embedding of the Jacobian in P15.

The Jacobian of a curve is defined abstractly, which makes explicit calculations dif-
ficult. The embedding of the Jacobian in P8 requires 9 coordinate functions, and is
hence also a rather difficult object to work with, due to its size. For this reason, the
Kummer surface is used more regularly in literature. For example, in Section 4.5 we
present a formula from [Müller and Stoll, 43] for local height functions, associated
with Θ, that is proven using the Kummer surface.

4.1.2 Division Polynomials

In light of using the definition (2.4.12) to check if a function is a canonical local height
function, associated with Θ, we must construct a second division polynomial. This
polynomial, and in general the nth division polynomial, is studied e.g. in [Kanayama,
28] (on the Jacobian of a curve of genus 2) and [Uchida, 60] (for general hyperelliptic
curves). In these papers, the division polynomials are constructed over C, which can
be generalized to number fields. In [Cantor, 12], a different approach is taken using
Mumford coordinates, over a general field, with characteristic unequal to 2. As we
work with number fields, we use the approach taken in the first two references.
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We start our discussion of division polynomials for Jac(C) defined over C. In this case,
we can use the uniformization over C, as discussed in Section 1.2.2. In particular, we
constructed the hyperelliptic σ-function in Definition 1.2.5. From the discussion after
this definition, we know that we have

div(σ) = κ−1Θ,

where κ : C2 ↠ C2/Λ = Jac(C) is the projection. Now we define the nth division
polynomial φn by

φn(z) =
σ(nz)

σ(z)n2 , z ∈ C2.

A priori this function is only defined on C2, but we will show in a moment that this
function descends to a function on Jac(C). It is clear that this function has a simple
zero whenever nu ∈ κ−1Θ, which is z ∈ [n]∗(κ−1Θ) and that φn has a pole of order
n2 whenever z ∈ κ−1Θ.

Recall from Definition 1.2.7 the hyperelliptic ℘-functions

℘ij(z) = − ∂2

∂zi∂zj
log σ(z), ℘ijk(z) = − ∂3

∂zi∂zj∂zk
log σ(z), ∀i, j, k ∈ {1, 2, . . . , g}.

If we write z = Φ∞((x, y), (u, v)) ∈ Cg/Λ, where Φ∞ is the Abel-Jacobi map as in
Equation 1.12, then we can compute the functions ℘ij(z) and ℘ijk(z) in terms of
x, y, u, v. This comes from classical computations by Baker [5] (see also [Grant, 25,
Equation (1.4)]). We present the few of these that are relevant for Equation 4.6:

℘12(z) = −xu,
℘22(z) = x+ u,

℘122(z) = −2
yu− vx

x− u
,

℘112(z) = 2
yu2 − vx2

x− u
,

℘111(z) = 2
vψ(x, u)− yψ(u, x)

(x− u)3
, where

ψ(x, u) = 4λ0 + λ1(3x+ u) + 2λ2x(x+ u) + λ3x
2(x+ u)

+ 4λ4x
3u+ λ5x

3u(3x+ u).

(4.4)

Note that ℘12 and ℘22 coincide, up to sign, with the Kummer coordinates ξ3 and ξ2,
from Equation 4.2, respectively. Also the other ℘-functions written out above coincide
with the basis of 16 functions constructed in [Cassels and Flynn, 14, Section 2.1],
that embed the Jacobian into P15.

Another classical formula from Baker [5] (see also [Arledge and Grant, 1] for a for-
mula in greater generality) that encodes addition on the Jacobian is the following:

σ(z + w)σ(z − w)

σ(z)2σ(w)2
= −℘11(z) + ℘11(w)− ℘12(z)℘22(w) + ℘22(z)℘12(w) =: q(z, w).

We then get
σ(z + w)

σ(z)2σ(w)2
=

q(z, w)

σ(z − w)
.
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Now taking the limit w → z and using the Taylor expansion of σ (Equation 1.14) to
see that ∂σ(z − w)/∂z1|w=z = 1, we get

σ(2z)

σ(z)4
=
∂q(z, w)

∂z1

∣∣∣∣
z=w

= ℘12(z)℘122(z)− ℘22(z)℘112(z)− ℘111(z), (4.5)

so that
φ2(z) = ℘12(z)℘122(z)− ℘22(z)℘112(z)− ℘111(z). (4.6)

Now the right-hand side of this equation is well-defined on J , so that φ2 ∈ C(J).
From the definition using σ-functions we now also can see that we have the desired
relation

div(φ2) = [2]∗Θ− 4Θ. (4.7)

If we now consider the Jacobian of a genus 2 curve, defined not over C, but over
a number field K, we see that the right-hand side of Equation (4.7) is a K-rational
divisor. Moreover, if we use Equation 4.6 as a definition of φ2, we see that φ2 ∈ K(J),
as the ℘-functions are all K-rational, by their definition in Equation 4.4 and our
description of K(J) in Section 4.1. That is, the equality in (4.7) is an equality of
K-rational divisors and φ2 as given in Equation 4.6 is the second division polynomial
on J .

4.1.3 Duplication

The third ingredient we need to compute canonical local heights via the definition
is a way to calculate 2P for arbitrary points P ∈ J(K)\Θ. Theoretically this is very
easy. The doubling of the element [D] ∈ Pic0(C) = J is simply the class of the divisor
2D. Also if we work with the completion of a number field at an archimedean place,
we can use our knowledge about Jacobians over C from Section 1.2.2. However, if
we work with functions in K(J) as constructed in Section 4.1.1, we want elements
in J\Θ to be represented by a divisor of the form D = (P1) + (P2) − (∞+) − (∞−).
Then the divisor 2D is not of the correct form, so we need to reduce it to a divisor of
the correct form, before we can explicitly evaluate a function on 2P = 2[D]. This is
not easy to do in practice.

Of course, the duplication map also induces a map that can be explicitly given by poly-
nomials by embedding the Jacobian as a surface in P8. In fact, duplication commutes
with negation, so that duplication is already well-defined on the Kummer surface KS
of J . We get a map

δ = (δ1, δ2, δ3, δ4) : KS → KS, (4.8)

such that
ξ(2P ) = δ(ξ(P )),

where ξ is the Kummer map from Equation 4.3. The polynomials δi are of degree 4.
The full polynomials are rather large and can be found in [Flynn, 23, Appendix C]
(taking up almost two pages). More generally, there are is a 4×4 matrix B consisting
of biquadratic forms Bij , that satisfy

Bij(ξ(P ), ξ(Q)) = (ξi(P +Q)ξj(P −Q)− ξj(P +Q)ξi(P −Q)).

This is the closest we can come to describing addition on KS, as we cannot distin-
guish P + Q and P − Q on KS. Explicit formulas for B can be found in [Flynn, 23,
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Appendix B].

The methods described above either require the division and factorization of polyno-
mials or use formulas that are rather long. Therefore, it is hard to ‘guess’ a function
that possibly defines a canonical local height function using the defining equation, as
is the structure of proof in [Silverman, 57, Chapter VI] for elliptic curves. We, for
this reason, will only take this approach for archimedean places, and rely on other
methods, described in Section 2.5, to find canonical local height functions at non-
archimedean places.

4.2 Archimedean Places

To find a canonical local height function at an archimedean place v ∈ MK , we can
use the theory of Jacobians over C, as in Section 1.2.2. This allows us to give local
canonical heights at archimedean places not only on Jacobians of curves of genus 2,
but in fact on Jacobians of hyperelliptic curves of arbitrary genus g ≥ 1. Note that
the case of g = 1 coincides with the formulas for elliptic curves in Section 3.1.

We follow the construction of λ̂v as in Section 7 of [Uchida, 60]. We work with a Ja-
cobian J of a hyperelliptic curve C of genus g ≥ 1, that hence admits an isomorphism
J(C) ∼= Cg/Λ, for some lattice Λ. We identify J(C) as the complex torus in this way.
There is a canonical projection κ : Cg ↠ Cg/Λ = J(C).

In Section 1.2.2, we constructed the hyperelliptic σ-functions on Cg by

σ(z) = c exp

(
1

2
zTE1Ω

−1
1 z

)
θτ

[
δ
δ′

]
(Ω−1

1 z),

with notation explained in the aforementioned section. The divisor of the hyperellip-
tic σ-function is the pull-back along κ of the Θ-divisor on J .

To ease notation, let us write e(z) := exp(2πiz). Now we define the function Σ(z) on
Cg by

Σ(z) = e

(
−1

2
L(z, z)

)
σ(z),

where L is the C-valued R-bilinear form in Equation 1.15.

Proposition 4.2.1. The function |Σ(z)| on Cg is periodic with respect to Λ.

Proof. This follows from the translation relation 1.2.6. For z ∈ Cg and l ∈ Λ, we get

|Σ(z + l)| =
∣∣∣∣e(−1

2
L(z + l, z + l)

)∣∣∣∣ ∣∣∣∣e(L(
z +

1

2
l, l

))
σ(z)

∣∣∣∣
=

∣∣∣∣e(−1

2
L(z, z)

)∣∣∣∣ ∣∣∣∣e(−1

2
(L(z, l) + L(l, z))

)∣∣∣∣ ∣∣∣∣e(−1

2
L(l, l)

)∣∣∣∣∣∣∣∣e(1

2
L(l, l)

)∣∣∣∣ |e (L(z, l))| |σ(z)|
=

∣∣∣∣e(1

2
(L(z, l)− L(l, z))

)∣∣∣∣ ∣∣∣∣e(−1

2
L(z, z)

)∣∣∣∣ |σ(z)|
=

∣∣∣∣e(1

2
E(z, l)

)∣∣∣∣ |Σ(z)|,
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where E(z, l) = L(z, l)− L(l, z) is real-valued, so that∣∣∣∣e(1

2
E(z, l)

)∣∣∣∣ = 1.

This proves the proposition.

Theorem 4.2.2 ([Uchida, 60, Theorem 7.4]). Let C be a hyperelliptic curve of genus
g ≥ 1, defined over a number field K, with Jacobian J that admits an isomorphism
J(C) ∼= Cg/Λ. Let v ∈M∞

K be an archimedean place. Define a function λ̂v : (J\Θ)(Kv) →
R by

λ̂v(P ) = v(Σ(z)), ∀P ∈ (J\Θ)(Kv),

where z ∈ Cg is such that κ(z) = P . Then λ̂v is a local canonical height function,
associated with Θ, at v.

Proof. By Proposition 4.2.1, λ̂v is well-defined. We first prove λ̂v is a local height
function associated with Θ. Let (U, f) be a pair representing Θ as Cartier divisor.
Define a function g on κ−1(U) by g(w) = σ(w)/f(κ(w)). Then g has no zeroes or
poles, so g and 1/g are holomorphic on κ−1(U). Therefore v(g(z)) is continuous, and
bounded on κ−1(U). By the definition, we have

λ̂v(P ) = v(f(P )) + v(g(z))− π ImL(z, z),

which is now of the right form, by Remark 2.4.7. Thus λ̂v is a local height function,
associated with Θ.

Now to prove it is a canonical local height function, we calculate

λ̂v([2]P ) = v

(
e

(
−1

2
L(2z, 2z)

)
σ(2z)

)
= v

(
e

(
−4

2
L(z, z)

)
σ(z)4

σ(2z)

σ(z)4

)
= 4v

(
e

(
−1

2
L(z, z)

)
σ(z)

)
+ v

(
σ(2z)

σ(z)4

)
= 4λ̂v(P ) + v(φ2(P )),

which finishes the proof.

4.3 Reduction types

From now on we work with non-archimedean places v ∈ M0
K . We let Kv be the

completion of K at v, with Rv its valuation ring. Namikawa and Ueno [45] have
given a complete geometrical classification of the special fibers of the mpr models
of genus 2 curves over Rv. There turn out to be over a hundred reduction types.
Among these there are seven semistable types. Just as we did in Theorem 3.2.1, we
can classify all these semistable reduction types by analyzing semistable reduction
graphs.

To give this classification, we first classify all stable reduction type. A curve is said
to have stable reduction, if the special fiber of the mpr model has only nodes as
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singularities and all of its rational components intersect other components at least
three times (compared to Definition 1.3.14).

Theorem 4.3.1. Let v ∈ M0
K be a non-archimedean place. Let Rv be the valuation

ring of the completion Kv, with maximal ideal mv. Let C be a curve of genus 2 over Kv

with mpr model C/Rv and assume C has stable reduction at v. Then the special fiber
Cv := Cmv has one of the following seven forms

Type I. Cv is a non-singular curve of genus 2.

Type II. Cv is an elliptic curve with a node.

Type III. Cv is a genus 0 curve with two nodes.

Type IV. Cv consists of two genus 0 curves, crossing transversally in three different
points.

Type V. Cv consists of two elliptic curves crossing transversally in one point.

Type VI. Cv consists of a genus 0 curve with a node and an elliptic curve, crossing
transversally in one point.

Type VII. Cv consists of two genus 0 curves with a node, crossing transversally in one
point.

The numbering of the types corresponds to the numbering in [Liu, 36].

Proof. Similarly to the proof of Theorem 3.2.1, we will make these classifications
based on the reduction graph Γ = (V,E,w), with genus

g(Γ) = |E| − |V |+ 1 + ws(Γ) = 2.

We consider only stable reduction types, so the valence of all vertices with weight 0
must be at least 3. By Proposition 1.3.10(a) the special fiber Cv is connected, so we
only consider connected graphs. From this we get the bound |E| ≥ |V |−1. Therefore
we must have ws(Γ) ≤ 2. We consider three cases.

ws(Γ) = 2. We have |E| = |V | − 1, which means Γ is a path graph. In a path
graph all vertices have valency ≤ 2, so there cannot be any weight 0 vertices. Then
Γ consists of either one vertex of weight 2 and no edges, or two vertices of weight 1
connected by one edge. The first case corresponds to Cv being a non-singular genus 2
curve, which is Type I. The second corresponds to Cv consisting of two elliptic curves
crossing in one point, which is Type V.

ws(Γ) = 1. We have |E| = |V |. There is one vertex of weight 1, which has valency
at least 1, and all others have weight 0, with valency at least 3. From this we can get
a bound on the amount of vertices:

3(|V | − 1) + 1 = 3|V | − 2 ≤
∑
v∈V

val(v) = 2|E| = 2|V |.

That is, |V | ≤ 2. If |V | = 1, we have one vertex of weight 1, with one edge connecting
the vertex to itself. This corresponds to Cv being an elliptic curve with a node. This
is Type II. If |V | = 2, we have two vertices, one of weight 1 and the other of weight
0, and two edges. One of the edges connects the vertices. In order for the weight
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0 vertex to have valency 3, the other edge should connect the weight 0 vertex with
itself. This graph corresponds to Cv consisting of a genus 0 component with a node
and a genus 1 curve, crossing in one point. This is Type VI.

ws(Γ) = 0. We have |E| = |V | + 1. All vertices have weight 0, so they must have
valency at least 3. We get the bound:

3|V | ≤
∑
v∈V

val(v) = 2|E| = 2|V |+ 2.

That is, |V | ≤ 2. If |V | = 1, we have one vertex and two edges, that both connect the
vertex to itself. This corresponds to Cv being a genus 0 curve with two nodes. This
is Type III. If |V | = 2, we have three edges. At least one of the edges connects the
two vertices. To get a valency of 3 for both edges, either all three edges connect the
vertices to each other, or both vertices have an additional edge connecting the vertex
to itself. The first case corresponds to Cv consisting of two genus 0 curves crossing in
three different points. This is Type IV. The second case corresponds to Cv consisting
of two genus 0 curves with a node, crossing in one point. This is Type VII.

We can get all the semistable reduction types from these stable reduction types. To
construct semistable reduction types that are not stable we need to consider reduction
graphs Γ that have vertices v of weight 0 with valency (exactly) 2. Note that the
valency cannot come from an edge that connects the vertex v to itself, as then we
would get a disconnected graph. That is, the vertex v connects to two (possibly
coinciding) vertices v− and v+ with a single edge. The graph is a refinement of the
graph constructed from Γ by removing v and its two edges and instead connecting
v+ and v− by a single edge.

Γ

v− v v+

Γ′

v− v+

FIGURE 4.1: The graph Γ′ is obtained from Γ by removing a vertex of
valence 2.

By repeating this process, we can “remove” any vertices of weight 0 with valency 2
from a semistable reduction graph. The resulting graph is then a stable reduction
graph. Conversely, any semistable reduction graph is a refinement of a stable reduc-
tion graph, which is to say that it is constructed from a stable reduction graph by
‘adding vertices’ on an edge.

Refining an edge with n vertices in a reduction graph corresponds in the special fiber
Cv to replacing an intersection (or node) with a chain of n curves of genus 0 (which
below we call an n-chain). We then get a classification of all semistable reduction
types in Table 4.1. The notation is taken from [Namikawa and Ueno, 45].

There is an algorithm of Liu [39] that calculates the reduction type of genus 2 curve,
and gives the corresponding stable reduction type that the curve has after field ex-
tension. This stable reduction type can also be read off from the so-called Igusa
invariants, which are expressions in the coefficients of the Weierstrass equation, see
[Liu, 37, Théorème 1]. This method is similar to Proposition 3.2.2. Finally, we note
that the semistable reduction type can also be read off from the cluster picture of C,
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TABLE 4.1: Classification of all semistable reduction types of genus 2.
The numbers in the depiction of the special fiber denote the genus of

the component, if it is ≥ 1.

Semistable
reduction type

Index range Corresponding
stable

reduction type

Depiction of the special fiber Cv

[I0−0−0] Type I

[In−0−0] n ≥ 1 Type II

[In−p−0] n, p ≥ 1 Type III

[In−p−q] n, p, q ≥ 1 Type IV

[I0 − I0 −m] m ≥ 1 Type V

[In − I0 −m] n,m ≥ 1 Type VI

[In − Ip −m] n,m, p ≥ 1 Type VII

which is a description of the configuration of the roots of the Weierstrass equation.
This is done in [Dokchitser et al., 19, Section 18].

4.4 Semistable reduction

Let v ∈ M0
K be a non-archimedean place of K. For the semistable reduction types

found in the previous section, we can use Theorem 2.5.4, to calculate the correction
term γv in Theorem 2.5.1. This approach is similar to that in Section 3.4. In that
section, we could give an explicit expression for the canonical local height, in the case
of semistable reduction, as we could describe the intersection multiplicity iv(O,P )
explicitly (see Theorem 3.3.1 and Remark 3.3.3). We gave this description by using
the connection between the minimal Weierstrass model of an elliptic curve and the
Néron model and the fact that O is the identity element, which maps by definition
to the identity component of the special fiber of the Néron model. For the divisor Θ
on a genus 2 Jacobian, we do not have such theorems. The intersection multiplicity
iv(Θ, P ) of a point with the Theta divisor, is thus much harder to find. The results in
this section therefore only give the correction term γv and not a full formula for λ̂v.
In Section 4.5 we will use these formulas to relate the intersection multiplicity to the
Kummer map (Equation 4.3).
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Calculating γv via the formula in Theorem 2.5.4 requires finding the tropical theta
characteristic κ. As we noted before, this is hard to do. The characteristic κ is a
2-torsion point in the Jacobian of the reduction graph, so that there are only finitely
many options. We thus can give multiple formula for γv by assuming κ is given by
one of these finitely many options. One of these formulas is correct.

In this section, go through all semistable reduction types of C, and calculate γv. We
use the normalization γv(0) = 0, which means we calculate the constant in Theorem
2.5.4 as in Equation 2.18. This will make for a better comparison with the results in
Section 4.5.

Type [I0−0−0].
If C has reduction type [I0−0−0] at v, then C has good reduction at v, which implies
that J has good reduction. Then γv is a constant, and our chosen normalization yields

γv = 0. (4.9)

Type [I0 − I0 −m].
If C has reduction type [I0 − I0 −m] at v, for some m ≥ 1, then the reduction graph
Γv is a path graph. All cycles on this graph are trivial, so that the Jacobian of Γv and
hence the component group Φv is trivial. The Jacobian J thus has good reduction at
v and γv is again a constant, and with our normalization we again get

γv = 0. (4.10)

Type [In−0−0].
Next consider the case that C has reduction type [In−0−0] at v, with n ≥ 1. The
reduction graph Γv is a cycle graph with n vertices. Note that this graph differs from
the reduction graph of an elliptic curve with reduction type In only by the vertex
weights. The vertex weights are not relevant in the definition of the Jacobian of
Γv and the embedding of Φv in the Jacobian. That is, the calculations necessary to
determine γv for J are exactly as those done in Section 3.4 for elliptic curves with
reduction Type In. We can hence draw the same conclusion on the function γv as we
did in that section, except that we now choose a different normalization. Also the
arguments that we used to determine the tropical theta characteristic do not hold in
this case. That is, the tropical theta characteristic is represented by either k = 0, or
k = n

2 in Jac(Γv) ∼= R/n/Z. This yields

γv(i mod n) =
i(i− n)

2n
, for 0 ≤ i < n, or γv(i mod n) =

{
i2

2n , 0 ≤ i ≤ n
2 ,

(i−n)2

2n , n
2 < i < n.

(4.11)

Type [In − I0 −m].
The reduction graph Γv of a genus 2 curve C with reduction type [In − I0 −m] with
n,m ≥ 1 is a path with m edges attached to one of the vertices of a cycle graph with n
vertices. Jacobians of graphs contract paths, so that the Jacobian of Γv is isomorphic
to the Jacobian of a cycle graph with n vertices. That is, the function γv of J is
calculated in the same way as for the reduction type [In−0−0].

Type [In−p−0].
Now suppose C has reduction type [In−p−0], with n, p ≥ 1. The reduction graph Γv
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is a union of two cycle graphs with respectively n and p vertices, that are identified
in one point. We label the vertices x0, . . . , xn, and y0, . . . , yp, where we identify x0 =
xn = y0 = yn, as in Figure 4.3 on the left. We label the edge from xi to xi+1 by
ei and the edge from yj to yj+1 by en+j . The homology group H1(Γ,K) ∼= K2 is
generated by the cycles α1 = [e1 + · · ·+ en] and α2 = [en+1 + · · ·+ en+p]. As vectors
these are represented by α1 = (1i≤n(i)) − (1, . . . , 1, 0, . . . , 0) and α2 = (1i>n(i)) =
(0, . . . , 0, 1, . . . , 1). Then the Gram matrix, and its inverse, are

Ω =
(
⟨αi, αj⟩

)
1≤i,j≤2

=

(
n 0
0 p

)
, Ω−1 =

( 1
n 0
0 1

p

)
.

We get
Jac(Γv) = R2/ΩZ2,

so that the lattice in H1(Γ,R)∗ ∼= R2 is spanned by the vectors v1 = (n, 0)T and
v2 = (0, p)T . Via Corollary 1.4.4, we get that the component group Φv is isomorphic
to the cokernel of Ω, which is Z/nZ× Z/pZ.

The Voronoi region Vor(0) is the region [−n
2 ,

n
2 ] × [−p

2 ,
p
2 ] ⊆ R2. We are now in the

case of p12 = 0 in [Conway and Sloane, 16, Section 6], so that there are 4 pairs of
Voronoi vectors, ±v1,±v2,±(v1 + v2),±(v1 − v2). Note that ±1

2(v1 + v2) is identified
with ±1

2(v1 − v2) in the torus. The tropical theta characteristic κ ∈ Jac(Γ) is thus
given by the class of either of the following four vectors:

k1 = (0, 0), k2 =
(n
2
, 0
)
, k3 =

(
0,
p

2

)
, k4 =

(n
2
,
p

2

)
.

We assume for the moment that κ is represented by k4 = (n2 ,
p
2), so that our normal-

ization requires via Equation 2.18 that

r =
1

2
⟨k4, k4⟩ = −n

8
− p

8
.

Now let P ∈ J(Kv) and write P = [(P1) − (P2)], with P1, P2 ∈ C(Kv). Without
loss of generality (see Remark 1.4.5), we can assume that P1 and P2 specialize to
the vertices xi and yj respectively, with 0 ≤ i < n and 0 ≤ j < p. This means
sp(P ) = (i, j) ∈ Z/nZ× Z/pZ ∼= Φv. Now a path vector from xi to yj is given by

δ =
(
1n+1≤k≤n+j(k)− 11≤k≤i(k)

)
1≤k≤n+p

= (−1, . . . ,−1, 0, . . . , 0, 1, . . . , 1, 0, . . . , 0).

This path is represented in H1(Γ,R)∗ ∼= R2 by the vector w =
(
⟨δ, α1⟩, ⟨δ, α2⟩

)T
=

(−i, j)T .

A representative for w + κ inside Vor(0) is given by w̃ = (−i+ n
2 , j −

p
2), so

γv(sp(P )) = γv(i, j) = (∥Ψ∥ ◦ τκ)(w) + r = ∥Ψ∥(w̃) + r =
1

2
⟨w̃, w̃⟩+ r

=
1

2
w̃TΩ−1w̃ + r

=
(i− n

2 )
2

2n
+

(j − p
2)

2

2p
− n

8
− p

8

=
i(i− n)

2n
+
j(j − p)

2p
. (4.12)
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Note that this formula is invariant under both the substitutions i 7→ n−i and j 7→ p−j.
From this we see that the choice of a different path between xi and yj , does not
influence the formula.

The formula resulting from the assumption that κ is represented by ki for 1 ≤ i ≤ 3
is calculated similarly. The difference in the calculation lies (only) in the fact that we
need to find a representative of w + ki in Vor(0).

Type [In − Ip −m].
The reduction graph Γv of a genus 2 curve C with reduction type [In − Ip −m] with
n, p,m ≥ 1 consists of two cycle graphs with n and p vertices, connected by a bridge
consisting ofm+1 vertices. Jacobians of graphs contract bridges, so that the Jacobian
of Γv is isomorphic to the Jacobian of a union of two cycle graphs with respectively
n and p vertices, that are identified in one point. That is, the function γv of J is
calculated in the same way as for the reduction type [In−p−0].

Type [In−p−q].
Now suppose C has reduction type [In−p−q], with n, p, q ≥ 1. We assume without
loss of generality that p, n ≥ q. Then the reduction graph Γv consists of two vertices,
that are connected via three disjoint paths of n, p, q edges. We label the vertices
x0, . . . , xn, y0, . . . , yp, z0, . . . , zq, where we identify x0 = y0 = z0 and xn = yp = zq,
as in Figure 4.4 on the left. We label the edge from xi to xi+1 by ei, the edge from
yj to yj+1 by en+j , and the edge from zk to zk+1 by en+p+j . The homology group
H1(Γ,K) ∼= K2 is generated by the cycles α1 = [e1+ · · ·+ en− en+p+1− · · ·− en+p+q]
and α2 = [−en+1−· · ·−en+p+en+p+1+· · ·+en+p+q]. As vectors these are represented
by α = (1i≤n(i) − 1i>n+p(i)) = (1, . . . , 1, 0, . . . , 0,−1, . . . ,−1) and β = (1i>n+p(i) −
1n<i≤n+p(i)) = (0, . . . , 0,−1, . . . ,−1, 1, . . . , 1). Then the Gram matrix, and its inverse,
are

Ω =
(
⟨αi, αj⟩

)
1≤i,j≤2

=

(
n+ p −q
−q p+ q

)
, Ω−1 =

1

np+ nq + pq

(
p+ q q
q n+ q

)
.

(4.13)
We now get

Jac(Γv) = R2/ΩZ2,

so that the lattice in H1(Γ,R)∗ ∼= R2 is spanned by the vectors v1 = (n + p,−q)T
and v2 = (−q, p + q)T . Via Corollary 1.4.4, we get that the component group Φv is
isomorphic to the cokernel of Ω. The cokernel of a map given by such a matrix Ω can
be calculated via the Smith normal form, which has the elementary divisors of Ω on
its diagonal (see e.g. [Newman, 48]). The elementary divisors of an invertible 2 × 2
matrix are given by the greatest common divisor of the entries and the determinant
of the matrix, divided by this greatest common divisor. That is,

Φv
∼= Z/dZ× Z/rZ,

d = gcd(n+ q,−q, p+ q) = gcd(n, p, q), r =
det(Ω)

gcd(n, p, q)
=
np+ nq + pq

gcd(n, p, q)
.

We are now in the case of p12 ̸= 0 in [Conway and Sloane, 16, Section 6], so that
there are 3 pairs of Voronoi vectors, ±v1,±v2,±(v1+v2), which determine the Voronoi
region Vor(0). The tropical theta characteristic κ ∈ Jac(Γ) is thus given by the class
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of either of the following four vectors:

k1 = (0, 0), k2 =

(
n+ p

2
,−q

2

)
, k3 =

(
−q
2
,
p+ q

2

)
, k4 =

(n
2
,
p

2

)
.

We assume for now that κ is represented by k4 = (n2 ,
p
2). Then the constant in Theo-

rem 2.5.4 is calculated by

r =
1

2
⟨k4, k4⟩ = −n

8
− p

8
.

Now let P ∈ J(Kv) and write P = [(P1) − (P2)], with P1, P2 ∈ C(Kv). By Remark
1.4.5, we can assume without loss of generality that P1 and P2 specialize to the pair
of vertices (xi, yj), (xi, zk), or (yj , zk), with 0 ≤ i ≤ n, 0 ≤ j ≤ p and 0 ≤ k ≤ q.
Suppose that P1 and P2 specialize to the vertices xi and yj respectively, with 0 ≤ i ≤ n
and 0 ≤ j ≤ p. A path between xi and yj is given by

δ =
(
1n+1≤k≤n+j(k)− 11≤k≤i(k)

)
1≤k≤n+p

= (−1, . . . ,−1, 0, . . . , 0, 1, . . . , 1, 0, . . . , 0).

This path is represented in H1(Γ,R)∗ ∼= R2 by the vector

w =
(
⟨δ, α1⟩, ⟨δ, α2⟩

)T
= (−i,−j)T .

We get that a representative forw+κ in Vor(0) is given by w̃ = w+k4 =
(
n
2 − i, p2 − j

)
.

We calculate the formula γv = γv,k4 , depending on the assumption that κ is repre-
sented by k4, to be

γv(sp(P )) = (∥Ψ∥ ◦ τκ)(w) + r = ∥Ψ∥(w̃) + r =
1

2
⟨w̃, w̃⟩+ r

=
1

2(np+ nq + pq)

(
n
2 − i p

2 − j
)(p+ q q

q n+ q

)(
n
2 − i
p
2 − j

)
− n

8
− p

8

=
i2p+ i2q + j2n+ j2q − inp− inq − ipq − jnq − jnp− jpq + 2ijq

2(np+ nq + pq)

=
pi(i− n) + q(i+ j)(i− n+ j − p) + nj(j − p)

2(np+ nq + pq)
. (4.14)

From this expression it is clear to see that the formula is invariant under the map
i 7→ n− i, j 7→ p− j.

The formulas for if P1 and P2 map to the pair of vertices (yj , zk) or (xi, zk) are anal-
ogous. Again, the formula resulting from another assumption on κ yields a similar
formula, based on another representative of w + k in Vor(0).

Remark 4.4.1. We can extend the results from this section to curves of higher genus.
The formulas for γv are entirely dependent on the reduction graph Γv, but not on the
vertex weights of this graph. We saw in Proposition 1.3.18 that the reduction graph
of a genus g curve has genus g. The reduction graphs that are classified in Theorem
4.3.1 hence define reduction graphs for a curve of genus g if we adjust the vertex
weights so that they sum to g. For these specific reduction types (that do not form
a complete classification of all semistable reduction types) we get the same formulas
for the correction term γv as in this section.
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4.5 Calculations on the Kummer surface

We once again fix a non-archimedean place v ∈ M0
K , and work over the completion

Kv of K at v, with valuation ring Rv. We assume that the Weierstrass equation of C
as in Equation 4.1 is integral, meaning the coefficients λi are elements of Rv. We fur-
thermore assume the equation is minimal, meaning the valuation of the discriminant
is minimal among all integral Weierstrass equations that define C. Criteria for such a
Weierstrass being minimal are given in [Liu, 37].

In this section, we use calculations on the Kummer surface to construct local height
functions on the Jacobian J of C.

First of all, we can use the Kummer coordinates (4.2) to give a local height function,
w.r.t. the divisor Θ. This is exactly as done in the proof of Theorem 2.4.11(a). We
have

div

(
1

ξi

)
= 2Θ− Fi,

with Fi effective divisors such that
⋂4

i=1 |Fi| = ∅, so the function

λv(P ) := −1

2
min{v(ξ1(P )), v(ξ2(P )), v(ξ3(P )), v(ξ4(P ))} (4.15)

defines a local height function, w.r.t. 1
2(2Θ) = Θ. We call this function the standard

local height on the Kummer surface. This function gives the intersection multiplicity
of the image of Θ and the image of P on the Kummer surface. Note that this function
is very dependent on the used Weierstrass model.

Definition 4.5.1. Let C be given by a fixed minimal Weierstrass equation at v ∈ M0
K .

Let λ̂v be a canonical local height function on J at v, associated with Θ. We define the
local height correction function µv : J(Kv) → R by

µv(P ) = λv(P )− λ̂v(P ).

As λ defines an intersection between the theta divisor with points on the Jacobian,
this function µ resembles (−1) times the Néron correction function from Theorem
2.5.1. However, it is not clear that intersections on the Kummer surface and on the
Néron model should coincide. We will see in the remainder of this section that the
resemblance is more than just a heuristic expectation.

Remark 4.5.2. As λ̂v is only defined up to an additive constant, µv is as well. We
adopt the same convention for normalization as in [Müller and Stoll, 43]. In this
paper a Weierstrass equation of degree 6 is used, which means the Theta divisor
Θ± (see Section 1.2) is used. Then a function µ is constructed from the duplication
formula 4.8. It is then later shown (in Lemma 8.2) that 2λv − µ defines a canonical
local height function, associated with Θ±. When transforming the degree 6 formula
to a degree 5 formula, Θ± corresponds to 2Θ, so that λv − 1

2µ is a canonical local
height, associated with Θ. Our function µv thus corresponds to 1

2µ in [Müller and
Stoll, 43].

As the correction function µ resembles the negation of the correction function γv
from Theorem 2.5.1, it may be unsurprising that µv (at least in the case of semistable
reduction) depends only on the component group Φv of the Jacobian.
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Let P ∈ J(Kv), with P = [(P1)− (P2)], with P1, P2 ∈ C(Kv). Then by the commuta-
tive square in Equation 1.17, The specialization of P , can be represented by the pair
(x, y) of vertices in the reduction graph Γv of C that P1 and P2 specialize to. We can
calculate µv in terms of the effective resistance between x1 and x2.

Effective resistance is a term used in electrical circuit theory that gives a measure of
obstruction of current flow on an electrical network. We can interpret a reduction
graph Γv as electrical network by assigning to all edges a weight, called resistance, of
1, and interpreting vertices as nodes, and edges as wires. The effective resistance is
then a function r := rΓ : V 2 → R. For a full exposition of the theory of effective resis-
tance, see [Baker and Faber, 6]. For our purposes it suffices to show some calculation
rules.

Lemma 4.5.3. Let Γ = (V,E) be a graph with resistance on the edges r : E → R≥0.
Then the following hold:

(a) r is a symmetric non-negative function. Furthermore, r(x, y) = 0 if and only if
x = y.

(b) If e is a bridge between vertices x and y, then r(x, y) = r(e).

(c) (Series Law) Let x, y, z ∈ V and suppose Γ1 and Γ2 are subgraphs of Γ such that
Γ = Γ1 ∪ Γ2, Γ1 ∩ Γ2 = {y}, x ∈ Γ1, z ∈ Γ2. Then

rΓ(x, z) = rΓ1(x, y) + rΓ2(y, z).

(d) (Parallel Law) Let x, y ∈ V and suppose Γ1 and Γ2 are subgraphs of Γ such that
Γ = Γ1 ∪ Γ2, Γ1 ∩ Γ2 = {x, y}. Then

1

rΓ(x, y)
=

1

rΓ1(x, y)
+

1

rΓ2(x, y)
.

Furthermore we can calculate the resistance using the Laplacian matrix (or the inter-
section matrix) of the graph (see Section 1.3.5).

Lemma 4.5.4. Let L be the Laplacian of a graph Γ with weights on the edges, determined
by the inverse of the resistance. Let L+ the pseudoinverse of L and vx,y be the vector with
a 1 at position x, −1 at position y and zero everywhere else. Then

r(x, y) = vTx,yL
+vx,y = L+

xx − 2L+
xy + L+

yy.

The effective resistance defines a notion of distance between vertices on a graph. This
distance is always smaller or equal to the ‘shortest path distance’ on the graph. The
difference between these two distances is given by the normalized tropical Riemann
theta function.

Proposition 4.5.5 ([Godding, 24, Theorem 5]). Let P = [(P1) − (P2)] ∈ J(Kv) be
a point, with P1, P2 ∈ C(Kv) and write x, y for the vertices on the reduction graph Γv

that P1 and P2 specialize to. Let s(x, y) denote the length of the shortest path between x
and y. Then

r(x, y) = s(x, y)− 2∥Ψ∥(sp(P )).
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Theorem 4.5.6 ([Müller and Stoll, 43, Theorem 8.7]). Suppose C has semistable
reduction of type [In−p−q], with n, p, q ≥ 0. Let P = [(P1) − (P2)] ∈ J(Kv) with
P1, P2 ∈ C(Kv), that specialize to the vertices x and y in Γv, respectively. Then we have

µv(P ) =
1

2
r(x, y).

In the case that C has one of the semistable reduction types in the theorem above,
there is a unique minimal Weierstrass model for C (e.g. by [Liu, 38, Theorem 3.12]),
so that µv is uniquely defined.

The idea of the proof is as follows. In [Zhang, 63], a pairing between two points
on a curve with semistable reduction is constructed that involves a Green’s function
associated with a measure on the reduction graph. It is then proven that a certain
expression, using Zhang’s pairing, defines a canonical local height function, w.r.t. 2Θ.
Under certain conditions, that are satisfied when the reduction type is [In−p−q] with
n, p, q ≥ 0, the correction function µv exactly ends up as 1

2 times the Green’s function,
associated with the Dirac measure at Γ1, evaluated in Γ2. In [Zhang, 63] it is proven
that this is exactly half of the resistance between Γ1 and Γ2.

Going through the reduction types for which we can use Theorem 4.5.6, we find the
following results.

If C has semistable reduction of type [I0−0−0], then Γv consists of a single vertex x,
and

µv(P ) = r(x, x) = 0, (4.16)

for any P ∈ J(Kv).

Corollary 4.5.7. Suppose C has semistable reduction of type [In−0−0], with n ≥ 1
and reduction graph labeled as in Figure 4.2. Let P = [(P1) − (P2)] ∈ J(Kv) with
P1, P2 ∈ C(Kv). Suppose that P1 and P2 specialize to the vertices x0 and xi. Then

µv(P ) =
i(n− i)

2n
.

The reduction graph Γ of Cv is a cycle graph with n vertices, as in Figure 4.2. If P1,
P2 specialize to xj and xk, we can see that by symmetry r(xj , xk) = r(x0, x|k−j|), so
that our assumption is without loss of generality.

Proof. By Theorem 4.5.6,

µv(P ) =
1

2
r(x0, xi).

By the series law, we can replace the two paths from x1 to xn of lengths i and n − i
with edges of resistance i and n − i, respectively. The resulting graph is pictured as
Γ′ in Figure 4.2. Now the resistance is easily calculated from the parallel law:

µv(P ) =
1

2
r(x0, xi) =

1
2
i +

2
n−i

=
i(n− i)

2n
.

Corollary 4.5.8. Suppose C has semistable reduction of type [In−p−0], with n, p ≥ 1
and reduction graph labeled as in Figure 4.3. Let P = [(P1) − (P2)] ∈ J(Kv) with
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x0

x1
x2

xn−2

xn−1

xi−1

xi

xi+1

Γv

x0 xi

i

n− i

Γ′
v

FIGURE 4.2: Left: The reduction graph Γv of the special fiber of C,
with reduction type [In−0−0], with unit resistance along every edge.
Right: The graph Γ′

v with equal resistance between yj and xi as on Γv.
The label of the edges denote the resistance.

P1, P2 ∈ C(Kv). Suppose that P1 and P2 specialize to the vertices xi and yj . Then

µv(P ) =
i(n− i)

2n
+
j(n− j)

2n
.

Again, the assumption on the vertices that P1 and P2 is without loss of generality. For
example if P1 and P2 specialize to xk and xl, with k > l, then r(xk, xl) = r(x0, xk−l) =
r(y0, xk−l).

x0

x1

x2

xn−2

xn−1

xi−1

xi

xi+1

y0

y1

y2

yp−2

yp−1

yj−1

yi

yi+1

Γv

yj
x0

y0
xi

i

n− ip− j

j

Γ′
v

FIGURE 4.3: Left: The reduction graph Γv of the special fiber of C,
with reduction type [In−p−0], with unit resistance along every edge.
Right: The graph Γ′

v with equal resistance between yj and xi as on Γv.
The label of the edges indicate the resistance.

Proof. By Theorem 4.5.6,

µ(P ) =
1

2
r(xi, yj).

By the series law, the resistance can be decomposed

r(xi, yj) = r(xi, x0) + r(y0, yj).

Now the resistances on the right hand side are calculated on the cycle graphs Γ1 and
Γ2, and are hence calculated as in Corollary 4.5.7. This yields

µ(P ) =
1

2
r(xi, x0) +

1

2
r(y0, yj) =

i(n− i)

2n
+
j(p− j)

2p
.
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Suppose now that C has semistable reduction of type [In−p−q], with n, p, q ≥ 1 and
reduction graph labeled as in Figure 4.4. Let P = [(P1)− (P2)] ∈ J(Kv) with P1, P2 ∈
C(Kv). Then, similar to the cases above, we can assume without loss of generality
that P1 and P2 specialize to either a pair of vertices in Γv of the form (xi, yj), (xi, zk)
or (yj , zk).

Corollary 4.5.9. Suppose C has semistable reduction of type [In−p−q], with n, p, q ≥ 1.
Let P = [(P1)− (P2)] ∈ J(Kv) with P1, P2 ∈ C(Kv). Suppose that P1 and P2 specialize
to the vertices xi and yj . Then

µv(P ) =
pi(n− i) + q(i+ j)(n− i+ p− j) + nj(p− j)

2(np+ nq + pq)
. (4.17)

The formulas for P1 and P2 mapping to either (xi, zk) or (yj , zk) are analogous.

Proof. We use Proposition 4.5.5. To evaluate ∥Ψ∥(sp(P )), we use the same calcula-
tions as in Section 4.4 for Type [In−p−q], to find that we need to evaluate ∥Ψ∥ on the
vector w = (−i,−j)T , and use the inner product defined by Ω−1 as in Equation 4.13.
Note that here we do not need to translate with the tropical theta characteristic. We
calculate

∥Ψ∥(P ) = 1

2
⟨w,w⟩ = 1

2
wTΩ−1w

=
1

2(np+ nq + pq)
(−i − j)

(
p+ q q
q n+ q

)
(−i − j)T

=
i2p+ i2q + 2ijq + j2n+ j2q

2(np+ nq + pq)
.

Suppose for now that i + j ≤ 1
2(n + p), so that the shortest path between xi and yk

has length i+ j. Then we get

µv(P ) =
1

2
r(xi, yj) =

1

2
s(xi, yj)− ∥Ψ∥(P )

=
1

2
(i+ j)− i2p+ i2q + 2ijq + j2n+ j2q

2(np+ nq + pq)

=
−i2p− i2q − 2ijq − j2n− j2q + inp+ inq + ipq + jnq + jnp+ jpq

2(np+ nq + pq)

=
pi(n− i) + q(i+ j)(n− i+ p− j) + nj(p− j)

2(np+ nq + pq)
.

This formula is invariant under the substitution i 7→ n − i and j 7→ p − j, so that we
get the same formula if i+ j > 1

2(n+ p), and the shortest path between xi and yk has
length (n− i) + (p− j).

Alternatively, we can use the series law to reduce the calculation of the effective resis-
tance between xi and yj to a calculation on the graph with four vertices, pictured in
Figure 4.4, on the right. Unfortunately, the series and parallel law cannot reduce this
graph further, so we use Lemma 4.5.4. This then requires finding the pseudoinverse
of a 4 × 4 matrix. Another method that calculates the effective resistance is using
an electrical network approach, which goes beyond the parallel and series law, as in
[Doyle and Snell, 20], where the resistance on a graph of this form is calculated in
Section 1.3.1.
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If P maps to (xi, zk) or (yj , zk), the resistance is calculated in the exact same way, by
substituting the values n, p, q and i, j, k for each other in the appropriate way.

x0
y0
z0

x1

y1
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x2

y2

z2

xn−2

yp−2

zq−2

xn−1

yp−1

zq−1

xn
yp
zq

Γ′
v

xi

x0 xn
yj

i n− i

j p− j

q

Γv

FIGURE 4.4: Left: The reduction graph Γv of the special fiber of C,
with reduction type [In−p−q], with unit resistance along every edge.
Right: The graph Γ′

v with equal resistance between yj and xi as on Γv.
The label of the edges indicate resistance.

In the case that C has semistable reduction type [In − Ip − m], with n, p ≥ 0 and
m ≥ 1, we cannot use the formula in Theorem 4.5.6 to calculate the function µv.
This problem comes from the fact that, in this case, there is more than one minimal
Weierstrass model for C and µv is inherently dependent on the chosen Weierstrass
model.

For curves C with reduction type [In−Ip−m], the special fiber of the mpr model con-
sists of the special fibers of elliptic curves with reduction types In and Ip, connected
by a chain of m − 1 rational curves. The reduction graph consists of the reduction
graphs of these elliptic curves, connected via a bridge consisting of m+1 vertices (see
Figure 4.5). In this case, there are m + 1 pairwise non-isomorphic minimal Weier-
strass models for C (see [Liu, 38, Theorem 3.2]), that correspond to m + 1 vertices
x0 = z0, z1, . . . , zm = y0 that make up the bridge. We denote these Weierstrass models
by C0, C1, . . . , Cm and we denote the µv-function calculated w.r.t. the model Cl by µlv.
Explicit formulas for the Weierstrass equations defining Cl can be found in [Müller
and Stoll, 43, Equation (10-1)].
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x1

x2

xn−2

xn−1

xi−1
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z0

z1 zm−1

zm
y0

y1

y2

yp−2

yp−1

yj−1

yi

yi+1

Γv

FIGURE 4.5: The reduction graph Γv of the special fiber of C, with
reduction type [In − Ip −m].

A simple path in a graph is a series of adjacent edges, where no vertices are repeated.
We say that the vertex zl lies between the vertices x and y in the reduction graph
Γv, if there is a simple path from x to y that goes through zl. Note that only z0 lies
between xi and xj , for i ̸= j and only zm lies between yi and yj , for i ̸= j. For any
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0 ≤ i ≤ n, 0 ≤ j ≤ p, we have that all vertices zl, l = 0, . . . ,m lie between the vertices
xi and yj . We can now state the following modification to Theorem 4.5.6.

Theorem 4.5.10 ([Müller and Stoll, 43, Proposition 10.5]). Suppose C has semistable
reduction of type [In−Ip−m], with n, p ≥ 0 and m ≥ 1. Let P = [(P1)− (P2)] ∈ J(Kv)
with P1, P2 ∈ C(Kv), that specialize to the vertices x and y in Γv, respectively. Let
lmin, lmax be respectively the smallest and largest l′ ∈ {0, . . . ,m}, such that the vertex Cl′

lies between x and y, and let lmin ≤ l ≤ lmax. Then we have

µlv(P ) = r(x, y) + lmax − lmin.

Corollary 4.5.11. SupposeC has semistable reduction of type [In−Ip−m], with n, p ≥ 0
and m ≥ 1. Let P = [(P1)− (P2)] ∈ J(Kv) with P1, P2 ∈ C(Kv), that specialize to the
vertices x and y in Γv, respectively. Let l be as above. Then

µlv(P ) =


i(n−i)

n + 2(m− k), if (x, y) = (xi, zk),
j(p−j)

n + 2k, if (x, y) = (yj , zk),
i(n−i)

n + j(p−j)
n + 2m, if (x, y) = (xi, yj),

2(k − k′), if (x, y) = (zk, zk′),

where 0 ≤ i ≤ n, 0 ≤ j ≤ p, 0 ≤ k′ ≤ k ≤ m.

Proof. We can use Theorem 4.5.10 to calculate the value of µlv(P ). By the series law
and Lemma 4.5.3(b), a bridge of length a between two vertices contributes a to the
effective resistance between the vertices. Note that lmax − lmin is the length of the
largest bridge between x and y.

That is, to compute the effective resistance rΓ(x, y), we can construct a new graph
Γ′, by contract the bridge from z0 to zm in Γv to a single point and compute the
rΓ′(x, y) + lmax − lmin. The graph Γ′ is the reduction graph of a curve with reduction
type [In−p−0]. We can thus use the results from Corollary 4.5.7 (if n or p is zero), and
Corollary 4.5.8 to compute rΓ′(x, y). To calculate µlv using Theorem 4.5.10, we once
again have to add lmax − lmin to this value. The result of this corollary now comes
from doing this procedure for the four given options.

If we now compare the results of this section to the results in Section 4.4, we see a
lot of similarities. Note that the results in that section are based on an assumption of
what the tropical theta characteristic κ is. Hence, the following results are also based
on this assumption .

Assumption 4.5.12. Let C be a curve of genus 2 and suppose C has semistable
reduction. Let Jac(Γv) be the Jacobian of the reduction graph Γv of C, and identify it
with a real torus as in Section 4.4. Then we assume the tropical theta characteristic
κ to be given by

k =


0, if Type C = [I0−0−0], [I0 − I0 −m],
n
2 , if Type C = [In−0−0], [In − I0 −m],

(n2 ,
p
2)

T , if Type C = [In−p−0], [In−p−q], [In − Ip −m],

with n, p, q,m ≥ 1.
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In general, κ is hard to determine theoretically, so there is no reason to assume this
assumption is more likely than any other assumption on what κ should be. The results
below should therefore not be taken as proven facts, but rather as argumentation for
why the assumption is reasonable, and may be true.

As we noted before the correction function µv is heuristically very similar to the
negation of the Néron correction term γv, as are the intersection multiplicity iv(Θ, P )
and the standard local height λ(P ). The following makes this precise.

Proposition 4.5.13. Suppose Assumption 4.5.12 holds. Let C be a genus 2 curve over
K, with Jacobian J and let Θ be the Theta-divisor on J . Let v ∈ M0

K be a non-
archimedean place. Suppose C has semistable reduction at v.

(a) Suppose C has reduction type [In−p−q], with n, p, q ≥ 0. Then there is an integer
c ∈ Z, such that

iv(Θ, ·) = λv + c.

(b) Suppose C has reduction type [In − Ip −m], with n, p ≥ 0,m ≥ 1. Let lmax and
lmin be as in Theorem 4.5.10. Let lmin ≤ l ≤ lmax and let λlv be the function λv
calculated w.r.t. the minimal Weierstrass model Cl. Then there is an integer c ∈ Z,
such that

iv(Θ, ·) = λlv − 2(lmax − lmin) + c.

In both cases the integer c can be calculated as c = i(Θ, P )−λlv(P ), for some P ∈ J(Kv),
with sp(P ) = 0 ∈ Φv.

Proof. (a) Combining Theorem 2.5.1 and Definition 4.5.1 we get that

iv(Θ, P ) = λv(P )− µv(P )− γv(sp(P )) + c, (4.18)

for all P ∈ J(Kv) and some constant c ∈ R. From our chosen normalization, we find
µv(P ) = γv(sp(P )) = 0, if sp(P ) = 0, so that

c = iv(Θ, P )− λv(P ) ∈ Z,

for such P . Now by comparing Equations 4.9, 4.11, 4.12 and 4.14 to Equation 4.16
and Corollaries 4.5.7, 4.5.8 and 4.5.9, respectively, we see that −µv = γv, under
Assumption 4.5.12. Then Equation 4.18 becomes

iv(Θ, P ) = λv(P ) + c.

(b) Let lmin ≤ l ≤ lmax. We again get Equation 4.18, for λv = λlv, and by the same
reasoning c = iv(Θ, P ) − λv(P ) ∈ Z, for P ∈ J(Kv) with sp(P ) = 0 ∈ Φv. From the
discussions in Section 4.4 the formulas in Equations 4.9 4.11, and 4.12 hold for the
reduction types [I0− I0−m], [In− I0−m], and [In− Ip−m], respectively. Comparing
these to the formulas in Corollary 4.5.11 yields −µv = γv − 2(lmax − lmin), under
Assumption 4.5.12, so that Equation 4.18 becomes

iv(Θ, P ) = λ(P )− 2(lmax − lmin) + c.

There is another interesting conclusion we can make based on Assumption 4.5.12.
We use Proposition 4.5.5 to relate the tropical theta characteristic to the shortest
path function. Let sΓ : V (Γ)2 → Z≥0 be the function that associates to each pair
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(x, y) of vertices the length of the shortest path between x and y on Γ. For any graph
Γ, let Γ′ be the graph resulting from Γ by contracting all bridges to a single vertex.
Then define s′Γ : V (Γ)2 → Z≥0, by s′Γ(x, y) = sΓ′(x, y).

Proposition 4.5.14. Suppose Assumption 4.5.12 holds, and write k for the given rep-
resentative of the tropical theta characteristic κ. Let P = [(P1) − (P2)] ∈ J(Kv) with
P1, P2 ∈ C(Kv). Suppose that P1 and P2 specialize to the vertices x and y in the reduc-
tion graph Γv. Let w ∈ Vor(0) ⊆ Rn ∼= H1(Γv,R) be a vector representing a path from
sp(P ) in Jac(Γv), such that w + k ∈ Vor(0). Then

s(x, y) = −2⟨w, k⟩.

Proof. From Proposition 4.5.5 and w ∈ Vor(0), we get

r(x, y) = s(x, y)− 2∥Ψ∥(w) = s(x, y)− ⟨w,w⟩. (4.19)

If Γv contains no bridges, we also have from the discussion in Proposition 4.5.13 and
w + k ∈ Vor(0) that

r(x, y) = 2µv(P ) = −2γv(sp(P )) = −2∥Ψ∥(w + k) = −⟨w + k,w + k⟩+ ⟨k, k⟩.

Combining these equations we find

s′(x, y) = s(x, y) = ⟨w,w⟩+ ⟨k, k⟩ − ⟨w + k,w + k⟩ = −2⟨w, k⟩.

If Γv does contain bridges, we find from the discussion in Proposition 4.5.13 that

r(x, y) = 2µv(P ) = −2γv(sp(P ))+(lmax−lmin) = −⟨w+k,w+k⟩+⟨k, k⟩+(lmax−lmin).

Then again combining this with Equation 4.19 yields

s(x, y)− (lmax − lmin) = ⟨w,w⟩+ ⟨k, k⟩ − ⟨w + k,w + k⟩ = −2⟨w, k⟩.

We get our conclusion by noting that (lmax − lmin) is the length of the largest bridge
between x and y, so that s′(x, y) = s(x, y)− (lmax − lmin).

Under Assumption 4.5.12 we thus get that taking the inner product with a represen-
tative of the tropical theta characteristic calculates the length of the shortest path
between two vertices.

These two results, based on Assumption 4.5.12, are desirable properties to have.
There is often a profound elegance to the way mathematics is structured, so that it is
in some sense likely for the assumption to be true. In any case, these results should
bring us closer to understanding the tropical theta characteristic.
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