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INTRODUCTION

This thesis focuses on asymptotic inference for smooth nonparametric esti-
mators under monotonicity constraints. We start with an introductory chap-
ter where we present fundamental facts about smooth and monotone esti-
mation and essential notations that will be used throughout the thesis. Two
aspects of asymptotic inference, namely, the pointwise and the global limit
behavior of the estimators, will be treated in Part II and III respectively.

1.1 ESTIMATION UNDER MONOTONICITY CONSTRAINTS

1.1.1  Motivation

There are many situations in statistics in which the estimation of an un-
known function is of interest. The most basic problem is recovering the un-
derlying probability density that models the randomness of a given set of
independent data points. Other examples include estimation of the regres-
sion relationship between a response variable and an explanatory variable
or estimation of the failure rate in survival analysis. All these problems
have been widely studied in the literature and a variety of methods have
been proposed. Parametric methods are the first and the most commonly
used due to their simplicity in computation, interpretation and prediction.
However, assuming that the function of interest has a certain parametric
form is usually a very strong and unrealistic assumption which, in case of
model misspecification, can lead to incorrect inference. On the other hand,
nonparametric methods require fewer or no assumptions on the functional
form and as a result are more flexible and robust.

Yet, in many real life problems, one has some prior knowledge on the
shape of the curve of interest and it is desirable to have estimators that are
consistent with these practical expectations. Shape constrained methods im-
pose certain qualitative assumptions on functional forms without needing to
specify parametric models. Monotonicity, in particular, is a shape restriction
that arises naturally in various applications. In survival analysis monotonic-
ity constraints reflect the property of aging or becoming more reliable as the
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survival time increases. For example, decreasing hazards are used to model
survival times of patients after a successful medical treatment. The property
of monotonicity plays an important role also when dealing with regression
relationships. Indeed, it is often very reasonable to assume that increasing
a factor X has a positive (negative) effect on a response Y. Among other ex-
amples, the econometric demand functions are monotonic in price while the
biometric age-height charts should be monotonic in age over an appropriate
range. In situations like these, incorporating monotonicity constraints in the
estimation procedure leads to more accurate results and avoids obtaining
implausible estimates. Often, monotonicity is also used because it allows
for more straightforward inference since the estimators can be constructed
without using tuning parameters.

1.1.2 Isotonic estimation

Nonparametric inference under shape constraints is currently a very active
research area in statistics which initiated with estimation of a monotone real
valued function. Two well-known criteria from parametric methods, maxi-
mum likelihood and least squares, are usually used also for nonparametric
estimation of monotone curves. The first example can be found in Grenan-
der, 1956 in the context of estimating a nonincreasing density f on [0, c0) on
the basis of an i.i.d. sample X1, ..., X, from f. We start illustrating the main
ideas behind isotonic estimation through this simple density model.

The nonparametric maximum likelihood estimator of f is the maximizer
fn of the log-likelihood function

n
frs ) logf(Xi)
i=1

over all nonincreasing functions f : [0,c0) — [0, 00). In Grenander, 1956 it
is shown that f,, can be characterized as the left-hand slope of the least con-
cave majorant (LCM) Fn of the empirical distribution function F,. Hence, it
is a piecewise constant function which can jump only at the points X1, ..., Xyx.

The concave majorant characterization leads to a fast computational algo-
rithm and also plays a role in the asymptotic analysis. Besides, it initiated
a more general strategy to produce monotone estimators. The idea is as
following. The primitive of a nonincreasing function is concave. Hence, an
estimator of the function of interest is the derivative of the least concave
majorant of an estimator for its primitive function. Similarly, in case of esti-
mating nondecreasing curves, we start with a naive estimator for the prim-
itive of the curve of interest and then take the left-derivative of the greatest
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convex minorant (GCM) of the naive estimator. Such estimators are called
Grenander-type estimators. In particular, in the density model the empiri-
cal distribution function F,, is taken as a naive estimator for the cumulative
distribution function F. The resulting Grenander-type estimator satisfies the
maximum likelihood principle.

The Grenander-type procedure has been developed in a variety of other
statistical models, e.g., regression (see Brunk, 1958), random censoring (see
Huang and Wellner, 1995), or the Cox model (see Lopuhad and Nane, 2013).
In the next section we discuss some of them in more details.

1.1.3 Examples

The first two models we are going to consider come from survival analysis,
known also as reliability theory, which studies the time until the occurrence
of a certain event of interest. In survival analysis, subjects are followed dur-
ing a period of time (duration of the study) and event times are registered
for each of them. However, at the end of the follow-up some of the subjects
will not have experienced the event. Hence, these observations will be cen-
sored, i.e., the exact event time is not known, only partial information is
available. There are different type of censoring schemes but here we focus
on right censoring which means that the subject might leave the study be-
fore the event occurs or the event occurs after the end of the study. Moreover,
we assume that censoring times are independent of survival times.

While random variables are typically characterized by their probability
density or distribution function, in survival analysis it is more natural to fo-
cus on the hazard function (failure rate). It is defined as the probability that
an individual will experience an event within a small time interval given
that the subject has survived until the beginning of this interval. Hence, a
frequently encountered problem in this field is the estimation of the hazard
rate. In this context, monotonicity constraints arise naturally, reflecting the
property of aging or becoming more reliable as the survival time increases.

Example 1.1.1. RIGHT CENSORING MODEL Suppose we have an i.i.d. sam-
ple X1,..., Xy, with distribution function F and density f, representing the
survival times. Let Cy,...,Cy be the ii.d. censoring variables with a dis-
tribution function G and density g. Under the right random censorship
model, we assume that the survival time X and the censoring time C are in-
dependent and the observed data consists of i.i.d. pairs of random variables
(T1,A1),...,(Tn, An), where T denotes the follow-up time T = min(X, C)
and A = T x< ) is the censoring indicator.
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The hazard rate A is characterized by the following relation

__f(t)
Alt) T—F 0 (1.1.1)
and we refer to the quantity
t
Alt) = J Al(u)du = —log [1 —F(t)], (1.1.2)
0

as the cumulative hazard function. We aim at estimating A, subject to the
constraint that it is decreasing (the case of an increasing hazard is analo-
gous), on the basis of n observations (Ty, A1), ..., (Tn, An).

The likelihood function is given by
[ LT (1= GTI & [g(Te) (1 F(T) =4
i=1

Hence, using (1.1.1) and (1.1.2), the nonparametric maximum likelihood es-
timator A, of A is the maximizer of the pseudo-loglikelihood

A) =D [AlogA(Ty) — A(Ty)]
i=1

over all decreasing functions A : [0, Tr) — [0, 00), where Tr is the end point
of the support of F. It is shown in Huang and Wellner, 1995 (see their The-
orem 3.3) that A,, is the left derivative of the least concave majorant of the
cumulative sum diagram consisting of points

P):(Wn(T(J))/Vn(T()])), j:(),],...,n,

where Py = (0,0), {T(j)}j=1,...n is the ordered statistics of {Tj}j=1,...n and

] J 1
— E n—i+1) ( )—T(iq)), Vn(T(j)):E E A(i)-
i=1

On the other hand, the Grenander-type estimator Ay, of A is defined as the
left-hand slope of the least concave majorant A, of the Nelson-Aalen esti-
mator Ay, for the cumulative hazard function A, where

Z Z]l{T S (1.1.3)

) 1 {TJ >T1}

;s

It turns out that, in this case the maximum likelihood estimator and the
Grenander-type estimator are different. However, as noticed in Huang and
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Wellner, 1995, the two estimators are very close for moderately large sample
size and, almost always, they have the same jump points.

Now, we consider estimating the density function f assuming that it is
nonincreasing. The nonparametric maximum likelihood estimator f,, is again
characterized as the derivative of the least concave majorant of some cumu-
lative sum diagram (see Corollary 3.1 in Huang and Wellner, 1995). On the
other hand, to construct the Grenander-type estimator f, of f, we take as a
naive estimator of the cumulative distribution function F the Kaplan-Meier

estimator
P =1- ] <1di>, (1.1.4)

. ni
1: X[l) gt

where X(3), 1 = 1,...,m are the ordered observed event times, d; is the
number of events at time X(;) and n; is the number of individuals at risk
prior to time X(i). Then, fn is defined as the left-hand slope of the least

concave majorant fn of F.. Once more, the two estimators are different but
very close to each other.

Example 1.1.2. THE COX REGRESSION MODEL The semi-parametric Cox
regression model is a very popular method in survival analysis that allows
incorporation of covariates when studying lifetime distributions in the pres-
ence of right censored data. It was initially proposed in biostatistics (Cox,
1972) and quickly became broadly used to study, for example, the time to
device failure in engineering, the effectiveness of a treatment in medicine,
mortality in insurance problems, duration of unemployment in social sci-
ences etc. The ease of interpretation, resulting from the formulation in terms
of the hazard rate as well as the proportional effect of the covariates favor
the wide use of this framework.

Let X1,..., Xy be an iid. sample representing the survival times of n
individuals, which can be observed only on time intervals [0, Ci] for some
iid. censoring times Cj, ..., Cy. One observes i.i.d. triplets (Ty,Aq, Z4),...,
(Th, An, Zn), where T; = min(Xj, C;) denotes the follow up time, A; =
Iix,<c,) is the censoring indicator and Z; € RP is a time independent
covariate vector. Given the covariate vector Z, the event time X and the cen-
soring time C are assumed to be independent. Furthermore, conditionally
on Z = z, the event time is assumed to be a nonnegative random variable
with an absolutely continuous distribution function F(x|z) and density f(x|z).
Similarly the censoring time is assumed to be a nonnegative random vari-
able with an absolutely continuous distribution function G(x|z) and density
g(x|z). The censoring mechanism is assumed to be non-informative, i.e., F
and G share no parameters. Within the Cox model, the conditional hazard

7
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rate A(x|z) for a subject with covariate vector z € RP, is related to the corre-
sponding covariate by

Altlz) = Ao(t)ePo%, teRT,

where Ay represents the baseline hazard function, corresponding to a subject
with z =0, and 3¢ € RP is the vector of the regression coefficients. We refer
to the quantity

t
Aolt) = L No(w) du,

as the cumulative baseline hazard. Then, for the conditional cumulative haz-
ard A(tlz) = —log [l —F(tlz)] we have A(tlz) = Ag(t)exp(B)z). It follows
that the likelihood function is given by

[T F(TiZo) 1= Gz {g(TalZs) [1 = F(Talzly! — 4

n

= [[ATzo) A exp {-A(TZ)} [ [ o(TilZo)' 2 1 = G(Tilzi))?
i=1

i=1

Hence, we essentially need to maximize the following pseudo log-likelihood
function

UB A =Y [A logAo(Ty) + AiB'Z; — B ZiA(Ty )} (1.1.5)

i=1

over 3 € R and Ap. Such a maximum does not exist if Ay is only restricted
to be absolutely continuous because we can always choose some function
Ao with fixed values at the T; while letting A¢(T;) go to infinity for some T;
with A; =0.

However, if one is interested only on the effect of the covariates on sur-
vival, the proportional hazard property of the Cox model allows estimation
of 3o while leaving the baseline hazard completely unspecified. Indeed, by
now it seems to be rather a standard choice estimating B¢ by Bn, the maxi-
mizer of the partial likelihood function

eP'Ziw

B+— H Z] 1 (1.1.6)

Z
=X }ef5

as proposed in Cox, 1972. Here X(1),..., X denote the ordered observed
event times. Note that each factor of the partial likelihood function can be
seen as the ratio between the hazard at time X(j) of the individual that
failed at that time and the total hazard of all the individuals that were alive
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at time X(;). The event times are actually not being used, only their ranking
is important.

The partial likelihood is a profile likelihood if the parameter space is re-
stricted to

{(B,Ao) : B € R and Ay is increasing step function with jumps only at T;’s}
Let Ao (t) be the jumpsize at time t. The modified loglikelihood is of the form
n , n
LB, Ao) = ) ¢ AilogAo(Ti) +Aip'Zi —eP %1 Yy No(Tj) Iy <1y
i=1 j=1
and the maximum of 1(3,A) w.r.t. Ag(T;) is obtained at

A A
}\TL (T) = 7 l, .
DR ST T

Substituting the above values for {Ag(Ti)}i—1,...n into the expression of
L(3,Ao), we obtain the profile log-likelihood function for 3

m

n
UB) =) ¢ B'Zuy—log) e Hlirox,,)

i=1 j=1
which is exactly the log-partial likelihood function.

On the other hand, when one is interested for instance in the absolute
time to event, estimation of Ay is required. A piecewise constant estimator
was suggested in Breslow and Crowley, 1974, which results in

An(t) = Z di , (1.1.7)

n G/ Z:
X<t Z]’:] emn ’]l{Tj>Xm}

where B, is the maximum partial likelihood estimator of 3 and d; is the
number of events at time X(i)' In particular, in the case of no covariates, the
Breslow estimator reduces to the Nelson-Aalen estimator in (1.1.3).

Although the most attractive property of this approach is that it does
not assume any fixed shape on the hazard curve, there are several cases
where order restrictions better match the practical expectations (e.g., see van
Geloven et al., 2013 for an example of a decreasing hazard in a large clinical
trial for patients with acute coronary syndrome). Estimation of the baseline
hazard function under monotonicity constraints has been studied in Chung
and Chang, 1994 and Lopuhad and Nane, 2013.
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Assume we want to estimate Ag, subject to the constraint that it is in-
creasing (the case of a decreasing hazard is analogous). For a fixed (3, the
constrained nonparametric maximum likelihood estimator is of the form

0 X<T(])
AGB) =4 A Ty <x< Ty
o0 XZT(n),

where A; is the left derivative of the greatest convex minorant at the points
P; of the cumulative sum diagram consisting of points Py = (0,0),

P] = <Wn(T(]+1]rB)rVn(T(]+]))>, j=1,2...,n—1,
for

X
WTL(X; [3) :J <e[5/ZJ ]luZS ds) d]PTL(urérZ)r X 2 T(])/
T

Vn(x;B) = Jéﬂ{ugx} dPn (w,9,2).

Then, Lopuhad and Nane, 2013 propose An(x) = An(x, Bn) as an estimator
of Ay, where B is an estimator of By. The standard choice for Bn is the
maximum partial likelihood estimator.

On the other hand, taking the Breslow estimator as a naive estimator of
the cumulative baseline hazard, the Grenander estimator A,, of Ag is the left
slope of the greatest convex minorant Ay, of A,.

1.1.4 Distributional results

The isotonic estimators discussed in the previous sections are consistent in
the interior of the support if the function we are estimating is continuous.
Inconsistency at the boundaries or at discontinuity points has been shown
in Anevski and Hossjer, 2002; Balabdaoui et al., 2011, Woodroofe and Sun,
1993. On the other hand, in the interior of the support, the pointwise asymp-
totic behavior of isotonic estimators is typically characterized by a cube-root
n rate of convergence instead of the more common /n-rate. The reason be-
hind this is explained in Kim and Pollard, 1990 for argmax type of estima-
tors. Again we illustrate the main ideas for the monotone density model.
Isotonic estimators are connected to argmax estimators through the inverse
process. The inverse process related to the Grenander-type estimator of a
nonincreasing density is given by

ﬂn(a) = arg;r:)ax{Fn(s) —as}, (1.1.8)
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It is a sort of inverse of f,, in the sense that it satisfies the switching relation

A

fat) >a<=Up(a)>t, a€R, t>0. (1.1.9)
Since t,, = ﬁn(a) maximizes I'h (t) = F(t) — at we have
M(tn) —Ta(to) =0, (1'1'10)

where ty = f~'(a) is the maximizer of the deterministic version I'(t) =
F(t) — at. We can write

Mn(t) =Tn(to) = {(Mn =T (t) = (P =T (to)} +{T"(t) = T'(to)}
=I1+1L

By a Taylor expansion it follows that II ~ f]j\f "(to)|(t — to)? while the first
term is normally distributed with mean zero and variance

(F(t) = F(to)) (1 — (F(t) — F(to))) =~ ]

—f(to)[t —tol.
n

31—

Hence I = Op (n*]/zy/\t—to\). In order to have (1.1.10) we need that I
and II have the same order, i.e.,

n 2 /lt—tol ~ (t—to)?,

which means that U, converges at rate n'/3. By the switching relation, it
can be shown that also f;; converges at the same rate.

The pointwise asymptotic distribution of these type of estimators was first
obtained in Prakasa Rao, 1969, 1970 and reproved in Groeneboom, 1983,
who introduced a more accessible approach based on inverses. For every
to > 0 such that f/(ty) < 0 we have

v | v f f d A% 2
n <4f(to)|f/(t0)> {fn(to) —f(to) } —>artggl1{ax{ (t) —t }/
(1.1.11)

where W; denotes a two-sided Brownian motion. The limit distribution is
known as the Chernoff distribution (Chernoff, 1964). It is the distribution of
the value at zero of the process

X(a) = argmax {W(t) —(t— a)z} , (1.1.12)
teR

which was introduced and investigated by Groeneboom, 1983; Groeneboom,
1989 and plays a key role in the asymptotic behavior of isotonic estimators.

11
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The main steps for proving (1.1.11) can be found, for example, in Durot
and Lopuhad, 2018. Apart from the direct approach, using (1.1.9), the asymp-
totic distribution of f;, can also be obtained through the more tractable pro-
cess Urp.

By defining the inverse process appropriately, this approach can be used
to derive the limit distribution of isotonic estimators even in other models,
given that we have a convex minorant (concave majorant) characterization as
in the previous examples. It initiated a stream of research on isotonic estima-
tors, e.g., see Huang and Zhang, 1994 for density estimation with censored
observations, Huang and Wellner, 1995 for estimation of a monotone haz-
ard in the right censoring model, Lopuhad and Nane, 2013 for estimation of
the baseline hazard in the Cox model. A more general theory on consistency
and limit distribution of estimators that are constructed as left derivatives of
the least concave majorant (greatest convex minorant) of a cumulative sum
diagram can be found in Anevski and Hossjer, 2006; Westling and Carone,
2018.

1.2 SMOOTH ISOTONIC ESTIMATION

Traditional isotonic estimators, such as maximum likelihood estimators and
Grenander-type estimators are step functions which, in case of heavily cen-
sored data and small or moderate sample sizes, tend to have only a few
jumps of large size. In such situations smooth estimators would be preferred
to piecewise constant ones because they have a nice graphical representation
and are more accurate. Indeed, a long stream of research has shown that, at
the price of additional smoothness assumptions on the function of interest,
smooth estimators achieve a faster rate of convergence (with respect to the
cube-root n rate) to a Gaussian distributional law. Smooth estimation has
received considerable attention in the literature, also because it is needed to
prove that a bootstrap method works (see for instance, Kosorok, 2008; Sen,
Banerjee, and Woodroofe, 2010). Moreover, it provides a straightforward es-
timate of the derivative of the function of interest, which is of help when
constructing confidence intervals (see for instance, Nane, 2015).

Various approaches can be used to obtain smooth shape constrained es-
timators. Typically, these estimators are constructed by combining an iso-
tonization step with a smoothing step. It essentially depends on the methods
of both isotonization and smoothing and on the order of operations. Estima-
tors constructed by smoothing followed by an isotonization step have been
considered in Cheng and Lin, 1981, Wright, 1982, Friedman and Tibshirani,
1984, and Ramsay, 1998, for the regression setting, in van der Vaart and
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van der Laan, 2003 for estimating a monotone density, and in Eggermont
and LaRiccia, 2000, who consider maximum smoothed likelihood estima-
tors for monotone densities. Methods that interchange the smoothing step
and the isotonization step, can be found in Mukerjee, 1988, Durot, Groene-
boom, and Lopuhad, 2013. Comparisons between isotonized smooth estima-
tors and smoothed isotonic estimators are made in Mammen, 1991 for the
regression setting, in Groeneboom, Jongbloed, and Witte, 2010 for the cur-
rent status model and in Groeneboom and Jongbloed, 2013 for estimating
a monotone hazard rate. Other references for combining shape constraints
and smoothness can be found in Chapter 8 in Groeneboom and Jongbloed,
2014.

Smooth estimation under monotonicity constraints for the baseline haz-
ard in the Cox model was introduced in Nane, 2013. By combining an iso-
tonization step with a smoothing step and alternating the order of smooth-
ing and isotonization, four different estimators can be constructed. Two of
them are kernel smoothed versions of the maximum likelihood estimator
and the Grenander-type estimator from Lopuhad and Nane, 2013. The third
estimator is a maximum smoothed likelihood estimator obtained by first
smoothing the loglikelihood of the Cox model and then finding the max-
imizer of the smoothed likelihood among all decreasing baseline hazards.
The forth one is a Grenander-type estimator based on the smooth Breslow
estimator for the cumulative hazard.

1.2.1  Characterization of smooth isotonic estimators

Smoothing approaches include kernel, spline and penalized likelihood meth-
ods. Here we consider kernel smoothing which is probably the most popular
method due to its simplicity and intuitive nature.

Let k be an m-orthogonal kernel function for some m > 1, which means
that

Jlk(u)llulm du<oco and Jk(u)ui du=0,

forj=1,...,m—1,if m > 2. We assume that

1
k has bounded support [—1, 1] and is such that J k(y)dy =1; ( )
. 1.2.1

k is differentiable with a uniformly bounded derivative.

We denote by ky, its scaled version ky (1) = b~ 'k(u/b). Here b = by, is a
bandwidth that depends on the sample size, in such a way that 0 < b, — 0
and nb, — oo, as n — co. From now on, we will simply write b instead
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of by, Note that if m > 2, the kernel function k necessarily attains negative
values and as a result also the kernel smoothed estimators may be negative
and monotonicity might not be preserved. To avoid this, one could restrict
oneself to m = 2. In that case, the most common choice is to let k be a
symmetric probability density.

Consider estimating a function A : [0, 1] — R subject to the constraint that
it is non-increasing. Suppose that on the basis of n observations we have at
hand a cadlag step estimator A of

t
At) = Jo AMu)du, tel0,1].

Then, at a point t € [0, 1], the standard kernel estimator of A is given by

B (t+b)A1
A(t) = J kp (t —u) dAL (u). (1.2.2)
(t—b)VoO

This estimator is smooth but not necessarily monotone. On the other hand,
we can construct, an isotonic estimator A, which is piecewise constant for
example by a Grenander-type procedure. In order to obtain an estimator
that is smooth and monotone at the same time we can smooth A, or iso-
tonize A$. The first procedure produces the smoothed isotonic estimator

) (t+b)AT R (t+b)AT R
ASI(t) = j oo (£ — 1WA (u) du = J o (t— u) dAn (w),
(t—b)\VO (t—b)\VO0

(1.2.3)
where A, is the least concave majorant of Ay,. Note that, if k is a symmetric

probability density, smoothing preserves monotonicity on (b, 1 —b). Indeed,
for a decreasing A, and b < t < s < 1—b, by a change of variable we have

1
A1) =AS(0) = | K(y) (huls —by) —An(t—by)] dy <o

On the other hand, the isotonized kernel estimator is constructed as follows.
First we smooth the piecewise constant estimator A, by means of a kernel
function,

AS () = ka(t—u)/\n(u) du, forte[0,1].

Next, we define a continuous monotone estimator ALS of A as the left-hand
slope of the least concave majorant A3, of Aj on [0, 1]. In this way, we define
a sort of Grenander-type estimator based on a smoothed naive estimator
for A. We use the superscript IS to indicate that smoothing is performed
first, followed by isotonization. Note that ALS is usually less smooth than
AST since only continuity is guaranteed.
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For both methods, in practice one also has to choose the kernel func-
tion and the bandwidth parameter. The choice of the kernel does not effect
much the resulting estimates. The standard choice is a symmetric probabil-
ity density function. On the contrary, the choice of the bandwidth is crucial.
In particular, in situations when the data are not equally distributed, the
fixed bandwidth kernel tends to oversmooth in dense regions and under-
smooth in sparse ones. Therefore, data-dependent rules for determination
of the bandwidth would be more appropriate for achieving a uniform de-
gree of smoothing (see for example Hess, Serachitopol, and Brown, 1999,
Miiller and Wang, 1990). However, for simplicity reasons, usually a global
bandwidth is used. Determining rigorous rules for optimal bandwidth se-
lection is a difficult task. Through the asymptotic analysis of the estimators
one can determine the optimal order of the bandwidth which regulates the
trade-off between the bias and the variance but this does not solve the prob-
lem for finite sample sizes. Various methods of bandwidth selection have
been proposed in the literature such as cross-validation, plug-in techniques,
bootstrap etc. However, selecting the right amount of smoothness remains
problematic.

1.2.2 Distributional results

Distribution theory of smooth isotonic estimators was first studied by Muk-
erjee, 1988, who established asymptotic normality for a kernel smoothed
least squares regression estimator, but this result is limited to a rectangular
kernel and the rate of convergence is slower than the usual rate for kernel es-
timators. Later on, a smoothed isotonic estimator and an isotonized smooth
estimator are considered in Mammen, 1991 and their asymptotic equiva-
lence is derived. In van der Vaart and van der Laan, 2003 it is shown that the
isotonized kernel density estimator has the same limit normal distribution
at the usual rate n™/ (2m+1) a5 the ordinary kernel density estimator, when
the density is m times continuously differentiable. Similar results were ob-
tained by Groeneboom, Jongbloed, and Witte, 2010 for the smoothed maxi-
mum likelihood estimator and the maximum smoothed likelihood estimator,
and by Groeneboom and Jongbloed, 2013 for a smoothed Grenander-type
estimator. This long stream of research shows that the asymptotic behav-
ior of smooth isotonic estimators resembles the one of the standard kernel
estimator (in terms of rate of convergence and limit distribution). Next we
illustrate why this is indeed the case.

We consider first the standard kernel estimator A$, in (1.2.2). Let t € (0, 1).
For n large enough, we have t € (b, 1 —b). Thus, for now, we don’t have to
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worry about being in the boundary region. For simplicity, we also assume
m = 2, i.e., the function A is two times continuously differentiable and we
use a 2-orthogonal kernel function. In this case, the optimal bandwidth is of
order n~1/5 and the kernel estimator converges at rate n%/> to a Gaussian
distribution. Indeed, we have

n?/S IR (1) —A(t)} =n?/> {J kp (t—u) dA(u) — )\(t)}
(1.2.4)
+n?/3 ka(t—u) d(An —A)(w).

The first (deterministic) term on the right hand side of (1.2.4) gives us the
asymptotic bias by using a change of variables, a Taylor expansion, and the
properties of the kernel:

t+b
n?/> {J kp (t —u) A(w) du?\(t)}

t—b

1
_n2/5 J K(y) {A(t—by) —A(t)} dy
. (1.2.5)

1
_ n2/5 J k(y) {—Mt)by + ;A"(an)bzyz} dy,
-1

1 1
= 3¢ A" (1) J 1 y? k(y) dy.
where |, —t| < bly| < b — 0 and n'/?b =5 ¢>0.In general, if the function
A was m-times continuously differentiable and the kernel was m-orthogonal

then the rate of convergence would be n™/(2m+1) and the optimal band-
width of order n~=1/(2m+1),

On the other hand, for proving the asymptotic normality of the second
term in (1.2.4), the idea is to write it in terms of the empirical process

n?/3 ka(t Cwd(An — A () = J gen (1) APy — P) (1)

for some function g, and then use results from empirical process theory to
show that it converges to a normal distribution with mean zero and certain
variance.

Now we want to show that the smoothed isotonic estimator AS! defined
in (1.2.3) has the same asymptotic behavior as the kernel estimator. By defi-
nition we can write

t+b R
R0 -A80 = [ kelt-wd (R = An) (.
t—b
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Then, integration by parts and a change of variable yield

~ < 1 [t t—u
SI s /
A () =A% (L) = 02 L_b {/\n(u) —/\n(u)} k <b > du

1

= J]] {T\n(t—by) —An(t—by)} k' (y) dy.

For the density model it was shown in Kiefer and Wolfowitz, 1976 that
sup, Ifn(t) —Fa(t)] = Op (n_2/3(logn)2/3). The result was later on ex-
tended to a more general setting which includes various statistical models
by Durot and Lopuhad, 2014. For such models, using

sup |/,in(t) —An(t) =0p (n*2/3 (10g1’1)2/3) , (1.2.6)
te[0,1]
we obtain
ASE(t) —AS (t) = Op (b’1n*2/3(logn)2/3) ‘
Hence

n2/3 (3810 s} Do,
which means that the two estimators are asymptotically equivalent.

The approach for dealing with the isotonized kernel estimator AL is dif-
ferent. It follows from Lemma 1 in Groeneboom and Jongbloed, 2010 (in the
case of a decreasing function), that ALS is the unique minimizer of

VQA) =5

5 f (?\(t) —x;?five(t))z dt

0
over all nonincreasing functions A, where Anaive(t) — dAS$ (t)/dt. Note that,
for t € [b,1— D], from integration by parts we get

7\naive(t) _ l tre K/ 2 An(u)du = e kp (t—u)dAR(u)
n T b2 b " B ° b i
t—b t=b

(1.2.7)
i.e., A3ve coincides with the standard kernel estimator of A on the interval
[b, T —b]. Then, the idea is to show that for large n, the kernel estimator is
monotone with large probability and as a result, for every 0 <e <M < 1,

P(AS (t) = ALS(t) for all t € [e, M]) — 1. (1.2.8)

Hence, the asymptotic distribution of ALS is the same as for the kernel
estimator.
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1.2.3 Boundary problems

If the function we are estimating has bounded support, kernel estimates are
inconsistent at the boundary regions. This effect is due to the fact that the
support of the kernel exceeds the range of the data. Indeed, if t = cb for
c € [0,1), then the bias of the kernel estimator is

t+b
{J' kp(t—u) A(u) du—?\(t)}
0

c 1
= | ty) = by) At dy A | i)y
1

—-on'(0) | Kyiydy+ 362070 |kl dy A [ kly)dy + oo

—1 c

(1.2.9)

We do not get the usual bias of order b? because ft/ b (y)dy # 0 and
JE1 klylydy #o.

In order to prevent inconsistency problems at the boundaries of the sup-
port, different approaches have been tried, including penalization (see for
instance, Groeneboom and Jongbloed, 2013) and boundary corrections (see
for instance, Albers, 2012). However, no method performs strictly better than
the others. We choose to apply some boundary correction which allows the
shape of the kernel to change in the boundaries. It is constructed by a linear
combinations of k(u) and uk(u) with coefficients depending on the value
near the boundary (see Durot, Groeneboom, and Lopuhad, 2013; Zhang and
Karunamuni, 1998). To be precise, we define, for instance, the smoothed iso-
tonic estimator A3 by

. (t+B)AT y
AST(t) = J K (t—1) An (w) du (1.2.10)
(t—b)VO

with k{) (u) denoting the rescaled kernel b™ k(Y (u/b) and
1 (k) + 2 (Fuk(w) t e [0,b],
kM (u) = k(uw) te(b,1-0) (1.2.11)
P1 (50 k(w) =2 (15 Juk(u)  te[1-b,1],
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where k(u) is a standard kernel satisfying (1.2.1). For s € [—1, 1], the coeffi-
cients V1 (s), P2 (s) are determined by

S

¥1(s) L (w) du + 2 (s) L uk(wdu=1,

s (1.2.12)

S
Ny (S)J uk(u) du—Hl)z(s)J' u?k(u)du =0.
1 —
The coefficients 11 and 1, are not only well defined, but they are also
continuously differentiable if the kernel k is assumed to be continuous (see
Durot, Groeneboom, and Lopuhai, 2013). Furthermore, it can be easily seen
that, for each t € [0, b], equations (1.2.12) lead to

t/b t/b
J kY () du=1 and J uk® (w) du = 0. (1.2.13)
1 1
Hence, by reasoning as in (1.2.9), we get a bias of order b? even in the
boundary regions.

Note that boundary corrected kernel smoothed estimator coincides with
the standard kernel smoothed estimator on [b, 1 — b].

1.3 GLOBAL ERRORS OF ESTIMATES

A lot of attention has been given in the literature to the pointwise asymp-
totic behavior of smooth and/or monotone estimators. However, for exam-
ple for goodness of fit tests, global errors of estimates are needed instead
of pointwise results. There are various measures of the global error of the
estimators but the most common ones are the L,-errors. Among L,-errors,
the L, L, and L-errors are very popular. The Ly and L.-errors are more
natural because they can easily be visualized as the area and the maximum
pointwise distance between the curves. While the L;-distance can be used
in hypothesis testing, the supremum distance is more useful for construct-
ing confidence bands. Another widely used global measure of departure
from the true parameter of interest is the Hellinger distance. It is a conve-
nient metric in maximum likelihood problems, which goes back to Le Cam,
1973; Le Cam, 1970, and it has nice connections with Bernstein norms and
empirical process theory methods to obtain rates of convergence, due funda-
mentally to Birgé and Massart, 1993, Wong and Shen, 1995, and others (see
Section 3.4 of van der Vaart and Wellner, 1996 or Chapter 4 in van de Geer,
2000 for a more detailed overview).

For the Grenander estimator of a monotone density, a central limit the-
orem for the Lj-error was formulated in Groeneboom, 1983 and proven
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rigorously in Groeneboom, Hooghiemstra, and Lopuhad, 1999. A similar re-
sult was established in Durot, 2002 for the regression context. Extensions to
general L, -errors can be found in Kulikov and Lopuhaé, 2005 and in Durot,
2007, where the latter provides a unified approach that applies to a variety of
statistical models. For the same general setup, an extremal limit theorem for
the supremum distance has been obtained in Durot, Kulikov, and Lopuhas,
2012. Consistency in Hellinger distance of shape constrained maximum like-
lihood estimators has been investigated in Pal, Woodroofe, and Meyer, 2007,
Seregin and Wellner, 2010, and Doss and Wellner, 2016, whereas rates on
Hellinger risk measures have been obtained in Seregin and Wellner, 2010,
Kim and Samworth, 2016, and Kim, Guntuboyina, and Samworth, 2016. On
the other hand, central limit theorems for Ly-errors of regular kernel den-
sity estimators have been obtained in Cs6rg6 and Horvéth, 1988 and Csorgd,
Gombay, and Horvéth, 1991. However there is no distribution theory for the
global errors of smooth and isotonic estimators.

Compared to the pointwise behavior, deriving asymptotics for global er-
rors requires some additional techniques such as strong approximations.
Once more, we illustrate the main ideas for the monotone density model.
Let f,, be the Grenander estimator of a decreasing density f: [0, 1] — [0, c0).
Then, for 1 < p < 2.5, we have (see Theorem 1.1 in Kulikov and Lopuha4,
2005 or Theorem 2 in Durot, 2007)

1
n!/e {np/3 L [frn(t) —f(1)|" dt—mp} 4 N(o, o2), (1.3.1)

where m;, = E [[X(0)[P] fg) l4£ (t)f(t)[P/3 dt with X(a) as in (1.1.12) and the
variance

1
o2 = 8k; J At () F(1)2P—1/3f(1) dt
0

depends on
kp :J' cov (IX(0)|P,1X(a) — alP) da. (1.3.2)
0

For k > 2.5, the inconsistency of f, at the boundaries starts to dominate
the behavior of the Lj-error, so the result is no longer true. As in the point-
wise case, the central limit theorem in (1.3.1) is obtained through the more
tractable inverse process U, defined in (1.1.8). First, using the switching
relation (1.1.9), it can be shown that the L, -error

1
S i=nP/3 |l = (0P dt
0
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can be approximated by

f(0)
o mmP/3 Lm Tin (@) — g(@)Plg’(a)' P da,

where g(a) = f~'(a). Using properties of the argmax function we obtain
n'/3 {ﬂn(a) — g(a)} = argmax Zn (t),
t

where

Zn(®) =12 { (Fn = F)(g(a) + 17 "/31) + (Fn ~ F(g(a))}

(1.3.3)
+n?/3 {F((g(a) +n~"/31)) ~ F(g(a)) - f(gla)n "3t} .

By a Taylor expansion, the second term in (1.3.3) can be approximated by
%f '(to)t2. Moreover, from the embedding in Komlés, Major, and Tusnady,
1975, the empirical process Gn(t) = n'/2[Fo(t) — F(t)] can uniformly be
approximated by By (F(t)), where B, is a standard Brownian bridge con-
structed on the same probability space as Fy. It follows that the process
Zr (1) converges in distribution to the process

Z(t) = W(at) + %f’(to)tz.

The convergence in distribution of Z,, to Z is sufficient when dealing with
pointwise limit results as in Section 1.1.4. For the global errors, since the
speed of convergence in (1.3.1) is faster than in the pointwise case, we also
need the convergence of Z, to Z to be sufficiently fast. Till now, this has
been obtained through strong embedding results that approximate the rel-
evant process A, by a Brownian motion or Brownian bridge (see for exam-
ple Komlés, Major, and Tusnady, 1975; Major and Rejt6, 1988). Afterwards,
for the approximating process, asymptotic normality follows from a big-
blocks-small-blocks procedure. The idea is to partition the interval [0, 1] in
big blocks and small blocks. The small blocks do not contribute to the limit
distribution and they separate the big blocks in such a way that the inte-
grals over the big blocks become independent. This follows from the inde-
pendence of the increments of the Brownian motion and the fact that the
argmax of a Brownian motion with parabolic drift can actually be localized.
Then, since the sum of the integrals over the big blocks is a sum of indepen-
dent random variables, the central limit theorem can be used to derive the
limit distribution.

The situation is slightly different when dealing with the kernel estima-
tor, mainly because there is no need to go through the inverse process and
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argmax approximations. In this case, the Ly-error of the kernel estimator 3,
of a smooth density on R (without monotonicity constraints) satisfies the
following central limit theorem

b 172 {nbp/2 [ 780 10 de—map) | 4 N0, o)
R

for some myu(p) and o?(p) (see Csorg6 and Horvath, 1988) that depend
on whether nb> — 0 or nb> — C > 0. Again the main idea is to use the
embedding in Komlds, Major, and Tusnédy, 1975

Fu(t) = F(t) + 1" /2By (F(1)) + O (n " logn),

which holds uniformly in t, for approximating
3.0 1(0) = [ Ky(t—w) d(Fa ~ D)

by the corresponding Gaussian process I'n (t) = n—1/2 [ kp (t—u) dBn (F(u)).
Then, if B, was a Brownian motion, the asymptotic normality of the L-
norm of Iy follows by a big-blocks-small-blocks procedure. The last step
consists in showing that even if By, is a Brownian bridge, the asymptotic
behavior remains the same as for a Brownian motion. Note that no bound-
ary problems are present here since the density is smooth on the whole real
line.

1.4 OUTLINE

The thesis consists of two main parts. The first part establishes results on the
pointwise behavior of smooth isotonic estimators in the right censoring and
Cox regression model. The second part deals with asymptotics for global
errors of estimates in a general setting which includes estimation of a prob-
ability density, a regression function or a failure rate under monotonicity
constraints.

We start in Chapter 2 by considering kernel smoothed Grenander-type
estimators for a monotone hazard rate and a monotone density in the pres-
ence of randomly right censored data. This is a relatively simple model
since the limit distribution can be derived using a Kiefer-Wolfowitz type
of result as in (1.2.6). We show that the estimators converge at rate n2/5
and that the limit distribution at a fixed point is Gaussian with explicitly
given mean and variance. To avoid inconsistency problems of standard ker-
nel smoothing, we use some boundary correction. The obtained results are
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used to construct pointwise confidence intervals and their performance is
investigated through a simulation study.

The right censoring model is a special case of the Cox regression model
that will be treated in Chapter 3. The lack of a Kiefer-Wolfowitz type of
result makes the asymptotic analysis in this model more challenging and
techniques different from the ones described in Section 1.2.2 need to be
developed. We consider four smooth isotonic estimators for a monotone
baseline hazard rate Ag. Two of them are obtained by kernel smoothing the
constrained maximum likelihood estimator and the Grenander-type estima-
tor whereas the other two are a maximum smooth likelihood estimator and
an isotonized kernel estimator. We analyze their asymptotic behavior and
show that they are asymptotically normal at rate n™/(2™+1) when A, is
m > 2 times continuously differentiable. It turns out that the isotonized ker-
nel estimator is asymptotically equivalent to the kernel smoothed isotonic
estimators, while the maximum smoothed likelihood estimator exhibits the
same asymptotic variance but a different bias. Finally, we present numeri-
cal results on pointwise confidence intervals that illustrate the comparable
behavior of the four methods.

Once results for the pointwise behavior are established the interest natu-
rally moves towards global errors of the estimators. Even if our main mo-
tivation was the Cox regression model, we decided to start with a simpler
situation for two main reasons. First, there exist no results on the global er-
rors of smooth and isotonic estimators even in more common models such
as density or regression function estimation. Second, dealing directly with
the Cox model is more challenging since no strong approximation result
is available for the Breslow estimator. Hence, here we focus on a general
setup, considered also in Durot, 2007 and Durot and Lopuhad, 2014. It in-
cludes estimation of a monotone density, regression function and hazard
rate. The main assumption is that there exist a strong approximation of Ay,
by a Gaussian process.

In Chapter 4 we consider Grenander type estimators for a monotone func-
tion A : [0,1] — R™, obtained as the slope of a concave (convex) estimate
of the primitive of A. Our main result is a central limit theorem for the
Hellinger loss of this estimator. Moreover, we also propose a test for expo-
nentiality knowing that the density is decreasing based on the Hellinger
distance between a parametric estimator and the Grenander-type estimator.
Its performance is investigated through simulation studies.

We proceed in Chapter 5 considering the process An — An, where Ay
is a cadlag step estimator for the primitive A of a nonincreasing function
A on [0,1], and Ay is the least concave majorant of A,. We extend the re-
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sults in Kulikov and Lopuhad, 2006, 2008 to the general setting considered
in Durot, 2007. Under this setting we prove that a suitably scaled version
of Ap —An converges in distribution to the corresponding process for two-
sided Brownian motion with parabolic drift and we establish a central limit
theorem for the L,-distance between Kn and Ap. Such result is needed in
the next chapter for dealing with smoothed Grenander-type estimators.

Finally, the asymptotic behavior of the L,-distance between a monotone
function on a compact interval and a smooth estimator of this function is
investigated in Chapter 6. Our main result is a central limit theorem for the
L,-error of smooth isotonic estimators obtained by smoothing a Grenander-
type estimator or isotonizing the ordinary kernel estimator. As a preliminary
result we establish a similar result for ordinary kernel estimators. We also
perform a simulation study for testing monotonicity on the basis of the L;-
distance between the kernel estimator and the smoothed Grenander-type
estimator.

The last part of the thesis consists in some supplemental material contain-
ing proofs and additional technicalities.
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SMOOTH ISOTONIC ESTIMATION UNDER RIGHT
CENSORING

In this chapter we consider kernel smoothed Grenander-type estimators for
the hazard function and the probability density in the presence of randomly
right censored data. The results presented are based on:

Lopuhad, H. P. and Musta E. (2017) "Smooth estimation of a monotone
hazard and a monotone density under random censoring". Statictica Neer-
landica 71.1, pp. 58-82.

The Grenander estimators of a monotone hazard and a monotone den-
sity in the random censorship model (see Example 1.1.1) were considered
in Huang and Wellner, 1995. They established consistency and the limit dis-
tribution, together with the asymptotic equivalence with the maximum like-
lihood estimators. On the other hand, the smoothed maximum likelihood
estimator of a monotone hazard under right censoring was investigated in
Groeneboom and Jongbloed, 2014 and its limit distribution is stated in their
Theorem 11.8. Hence, it seems quite natural to address the problem of the
smoothed Grenander-type estimator.

We derive the limit distribution of the smoothed Grenander-type estima-
tors using a a rather short and direct argument that relies on the method
developed in Groeneboom and Jongbloed, 2013 (for non-censored observa-
tions) together with a Kiefer-Wolfowitz type of result derived in Durot and
Lopuhad, 2014. Both Theorem 2.2.2 and Theorem 2.3.4, highlight the fact
that also after applying smoothing techniques, the constrained maximum
likelihood estimator and the Grenander estimator remain asymptotically
equivalent. In order to be able to apply the Kiefer-Wolfowitz type of re-
sult in Durot and Lopuhad, 2014 we need to consider only estimation on a
restricted interval [0, T*] that does not contain the end point of the support.
Furthermore, boundary kernels are used to avoid inconsistency problems at
the boundaries.

The chapter is organized as follows. In Section 2.1 we briefly introduce
the Grenander estimator in the random censorship model and recall some
results needed in the sequel. The smoothed estimator of a monotone hazard
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function is described in Section 2.2 and it is shown to be asymptotically nor-
mally distributed. Moreover, a smooth estimator based on boundary kernels
is studied and uniform consistency is derived. Using the same approach, in
Section 2.3 we deal with the problem of estimating a smooth monotone
density function. Section 2.4 is devoted to numerical results on pointwise
confidence intervals.

2.1 THE RIGHT CENSORING MODEL

Suppose we have an iid. sample Xj,..., X, with distribution function
F and density f, representing the survival times. Let Cy,...,Cy, be the
iid. censoring variables with a distribution function G and density g. Un-
der the random censorship model, we assume that the survival time X and
the censoring time C are independent and the observed data consists of
iid. pairs of random variables (Ty,A1),...,(Tn, An), where T denotes the
follow-up time T = min(X, C) and A = T x< ) is the censoring indicator.

Let H and H"¢ denote the distribution function of the follow-up time and
the sub-distribution function of the uncensored observations, respectively,
ie., H*¢(t) = P(T < t,A = 1). Note that H"¢(t) and H(t) are differentiable
with derivatives

h™e(t) = f(t) (1 - G(t))

and
h(t) = f(t)(1—G(t)) + g(t) (T —F(t))

respectively. We also assume that Ty = Tg < Tf < 0o, where T, Tg and Ty
are the end points of the support of F, G and H.

First, we aim at estimating the hazard function A (see (1.1.1)), subject to
the constraint that it is increasing (the case of a decreasing hazard is analo-
gous), on the basis of n observations (T, A1),...,(Tn, An). Since we want
to derive asymptotic normality using the Kiefer-Wolfowitz type of result in
Durot and Lopuhad, 2014, which holds only on intervals [0, T*] for T* < Ty,
we consider only estimation on [0, T*]. A similar approach was considered
in Groeneboom and Jongbloed, 2013, when estimating a monotone hazard
of uncensored observations. Let A,, be the Nelson-Aalen estimator of the
cumulative hazard function A defined in (1.1.3). Fix 0 < ™ < t. The
Grenander-type estimator Ay, of A is defined as the left-hand slope of the
greatest convex minorant Ay, of A, on [0, 7*]. In practice we might not even
know T, so the choice of an estimation interval is necessary. It is reasonable
to take as T* the 95%-empirical quantile of the follow-up times, because this
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Figure 1: The Nelson-Aalen estimator (piecewise constant solid line) of the cumula-
tive hazard (dotted line) and its greatest convex minorant (solid line).

converges to the theoretical 95%-quantile, which is strictly smaller than Ty4.
Otherwise one can choose T < T(y).

Figure 1 shows the Nelson-Aalen estimator and its greatest convex mino-
rant for a sample of n = 500 from a Weibull distribution with shape parame-
ter 3 and scale parameter 1 for the event times and the uniform distribution
on (0,1.3) for the censoring times. We consider only the data up to the last
observed time before the 90% quantile of H. The resulting Grenander-type
estimator can be seen in Figure 2.

In Huang and Wellner, 1995, the same type of estimator is considered
without the restriction on [0, 7*]. Note that, in practice this requires the
knowledge of T14. They show that the Grenander estimator of a nondecreas-
ing hazard rate satisfies the following pointwise consistency result

A(t—) < liminf Ay (t) < limsup An (t) < A(t+), (2.1.1)
n—oo n—oo
with probability one and for all 0 < t < T, where A(t—) and A(t+) denote
the left and right limit at t. For our version of the estimator such result
would hold for all 0 < t < T*.

Moreover, we will also make use of the fact that for any 0 < M < Ty,

Vi osup  [An(u) —Au)| = O0p(1), (2.1.2)
uelo,M]

(see for instance, Lopuhad and Nane, 2013, Theorem 5, in the case § =0, or
van der Vaart and Wellner, 1996, Example 3.9.19).
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It becomes useful to introduce
O(t) = | L0 (y) dP(y,5) =T H() (213)
and
©n(t) = | Lit00) (1) dPn(y,5), (21.4)

where P is the probability distribution of (T,A) and [Py, is the empirical
measure of the pairs (T;,Ai), i =1,...,n. From Lemma 4 in Lopuhad and
Nane, 2013 we have,

sup |Pn(t)—@(t) =0, as.and vn sup [On(t)—O(t)=O0p(1).

S te[0,TH]
(2.1.5)
Let us notice that, with these notations, we can also write
Olryugty 0lpugy
An(t) = ~— dIP ,0), At) = = dIP(u, d). .1.6
w0 = [ GRS dPaws), Al = [T P (216)

Our second objective is to estimate a monotone (e.g., increasing) density
function f . In this case the Grenander-type estimator f,, of f is defined as
the left-hand slope of the greatest convex minorant ,, of the Kaplan-Meier
estimator F,, (see (1.1.4)) restricted on [0, T*]. Again, for the non-restricted
version, pointwise consistency of the Grenander estimator of a nondecreas-
ing density:

f(t—) < liminffy, (t) < limsup fn (t) < f(t+), (2.1.7)
n—oo n—oo
with probability one, for all 0 < t < Ty, where f(t—) and f(t+) denote
the left and right limit at t, is proved in Huang and Wellner, 1995. For any
0 < M < Ty, it holds

vn sup  [Fp(u)—F(u)[=0p(1), (2.1.8)
uelo,M]

(see for instance, Breslow and Crowley, 1974, Theorem 5). Moreover, by The-
orem 2 in Major and Rejt6, 1988, for each 0 < M < 1 and x > 0, we have
the following strong approximation

]P{ sup n)Fn(t)fF(t)fnq/z(l7F(t))WoL(t) >x 4Ky 1ogn}<KzeK3X,

te[o,M]
(2.1.9)
where Ky, K3, K3 are positive constants, W is a Brownian motion and
t
Alu)
Lt)=| ———du. 2.1.10
0=, i (2:1:10)
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Figure 2: The Grenander-type estimator (dashed line) of the hazard rate (dotted line)
and the kernel smoothed version (solid line).

2.2 SMOOTH ESTIMATION OF A MONOTONE HAZARD

Next, we introduce the smoothed Grenander-type estimator A5S of an in-
creasing hazard. Let k be a standard kernel, i.e.,

k is a symmetric probability density with support [—1,1]. (2.2.1)

For a fixed t € [0,7*], the smoothed Grenander-type estimator 7\TSLG is de-
fined by

(t+b)AT*
J kp (t —u) Ap(u) du = J kp(t—u)dAn,(u), (2.2.2)

(t—b)Vo

where ky, is the rescaled kernel function as in Section 1.2.1. Figure 2 shows
the Grenander-type estimator together with the kernel smoothed version for
the same sample as in Figure 1. We used the triweight kernel function

35 2)

k(u) = 3—2(1 —u

i<y

and the bandwidth b = copt n~ 15, where Copt is the asymptotically MSE-
optimal constant (see (2.2.5)) calculated in the point ty = 0.5. Actually, the
choice of the kernel function does not seem to effect the estimator.

The following result is rather standard when dealing with kernel smoothed
isotonic estimators (see for instance, Nane, 2013, Chapter 5). For complete-
ness, we provide a rigorous proof.
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Theorem 2.2.1. Let k be a kernel function satisfying (2.2.1) and let ASC be the
smoothed Grenander-type estimator defined in (2.2.2). Suppose that the hazard func-
tion A is nondecreasing and continuous. Then for each 0 < e < t*, it holds

sup  ASS(t)—A(t) =0

tele,t*—¢€]
with probability one.

Proof. First, note that for a fixed t € (0,7*) and sufficiently large n, we have
0<t—b<t+b < 1" We start by writing

ASS (1) —AL) = ASS (1) = A (1) +Agn) (1) — A1),

where A (t) = [ kp (t —u)A(u) du. Then, a change of variable yields

1
Ay (1) —A(t) = L] k(y) (At —by) —A(t)} dy.

Using the continuity of A and applying the dominated convergence theorem,
we obtain that, for each t € (0, t*),

Am)t) = A(t), asn — oo. (2.2.3)

On the other hand,

1
AC(0) = N(t) = | Kly) {Rnlt—by) =Mt —by]} dy.

Choose € > 0. Then by continuity of A, we can find § > 0, such that 0 <
t—06 <t+06 < T and A(t+8) —A(t —d)| < €. Then, there exists N such
that, for all n > N and for all y € [—1,1], it holds [by| < 6. Hence, by the
monotonicity of the hazard rate, we get

A (t—8) —A(t+8) < An(t—by) —A(t—by) < An(t+06) —A(t—20).
It follows from (2.1.1) and (1.2.1) that

—e <HmiInfARS (1) = A (1) < lim sup ASC(t) = A (t) <e,
with probability one. Since € > 0 is arbitrary, together with (2.2.3), this
proves the strong pointwise consistency at each fixed t € (0, T*). Finally, uni-
form consistency in [e, T — €] follows from the fact that we have a sequence
of monotone functions converging pointwise to a continuous, monotone
function on a compact interval. O
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It is worth noticing that, if one is willing to assume that A is twice differ-
entiable with uniformly bounded first and second derivatives, and that k is
differentiable with a bounded derivative, then we get a more precise result
on the order of convergence

sup  ASS(t) —A(t)=Op(b "n /2 +b2).

tele,t*—¢€]

Such extra assumptions are considered in Theorem 5.2 in Nane, 2013 for the
Cox model and the right censoring model is just a particular case with re-
gression parameters 3 = 0. Furthermore, in a similar way, it can be proved
that also the estimator for the derivative of the hazard is uniformly con-
sistent in [e, T* — €], provided that A is continuously differentiable and the
kernel is differentiable with bounded derivative.

The pointwise asymptotic normality of the smoothed Grenander estima-
tor is stated in the next theorem. Its proof is inspired by the approach used
in Groeneboom and Jongbloed, 2013. The key step consists in using a Kiefer-
Wolfowitz type of result for the Nelson-Aalen estimator, which has recently
been obtained by Durot and Lopuhad, 2014.

Theorem 2.2.2. Let A be a nondecreasing and twice continuously differentiable
hazard such that X and N are strictly positive. Let k satisfy (2.2.1) and suppose that
it is differentiable with a uniformly bounded derivative. If bn!/> — ¢ € (0,00),
then for each t € (0,T*),

n2/5 (A6 (1) — A1) L N(w, 0?),
1

Ecz)\”(t)J'uzk(u)du and  o? =

At)
c(1—H(t)

For a fixed t € (0,7*), the asymptotically MSE-optimal bandwidth b for ASC is
given by copt(t)n~1/3, where

1/5 2
copt(t):{A(t)sz(u)du} {(1—H(t)))\”(t)2 (Juzk(u)du> }

Proof. Once again we fix t € (0,7*). Then, for sufficiently large n, we have
0<t—b<t+b < 1" We write

n= sz (uWdu. (2.2.4)

~1/5
(2.2.5)
RS (1) = ka(t wWdA(w) + ka(t—md(/\n—A)(u)

(2.2.6)
ka An — An)(w).
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As in (1.2.5), the first (deterministic) term on the right hand side of (2.2.6)
gives us the asymptotic bias:

t+b 1 !
n?/3 {J' Kp (t— 1) A(u) du—A(t)} —5c? A'/(t)J y?k(y)dy.
b 2 1

On the other hand, the last term on the right hand side of (2.2.6) converges
to zero in probability. Indeed, integration by parts formula enables us to
write

t+b
nZ/SJ oo (t — 1) d(An — An) (W)
t—b

—n2/5r+b (An(W) — An(w)} — K/ (t_u> du
b Lo " b2 b

n2/5
=— J {An(t—Dby) —An(x—by)} K'(y)dy,

and then we use SUP [0 M] IAn(t) — An(t)] = Op(n’z/g'(logn)z/g) (see
Durot and Lopuhad, 2014, Corollary 3.4) together with the boundedness of
k'

What remains is to prove that
1% [kt =w d(An ~ A 4 N(O,02),

where 02 is defined in (2.2.4). Let us start by writing

2/5 e d ! 1 dv
n Lb oo (t— ) (An—A)(m:WL K(y) dWa (u),

where, for each y € [—1, 1], we define

5
- \/fj @n( ) {ﬂlort—by}(u) —1po,y(w) p dPr(w,0)

- %d D(u) { [0,t—by) (U )_]l[o,t](u)} dIP(u,d)
_ )
b 1/2J ] { 0,t—by] (U )—1[0,:&}(11)} dvn(Py, —P)(w,d)
1 1
+ %d 641 [0,t— by 1[0,t](u)} {Cl)n(u) (D(u)}dlpn(u,é).

(2.2.7)
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Here we took advantage of the representations in (2.1.6). The last term in
the right hand side of (2.2.7) is bounded in absolute value by

:
\/%WJfS ’]l[o,t—by](u) 1o (u)‘ |D(u) — O (u)] dPn(w,8) =op(1).

Indeed, by using (2.1.5), we obtain that 1/®»(M) = Op(1) and then it
suffices to prove that

o172 [8 |10 y) — Eio,0(w)] dPn(w,3) = op(1)
To do so, we write the left hand side as
b2 [8] 10,40~ o, )] dP(u,)

+b71/2 Js L0,y (W) = 1 0,(w)]| d(Pn —IP) (1, 5) (229
— b /2 [HY (t— by) — HY(t)| + Op (b~ /20" 1/2) = 0p(1).

Here we have used that H"¢ is continuously differentiable and that the class
of indicators of intervals forms a VC-class, and is therefore Donsker (see van
der Vaart and Wellner, 1996, Theorem 2.6.7 and Theorem 2.5.2).

The last step consists in showing that

1 5

7 J 0] {]1 (0t—byl (W — Lo (U)} dvn(Pyn —P)(u,3)
d Alt)
~\ The YW

where W is a two sided Brownian motion. This follows from Theorem 2.11.23

in van der Vaart and Wellner, 1996. Indeed, we can consider the functions

5

g (w,8) = b~/ 2 o0 {Torby@ 1oy},  yel11

with envelopes Fn(u,6) = b‘”z(D(M)_]S]I[t,brwb}(u). It can be easily
checked that

[Ful? —1Jt+bf(u)u—e(u))du—om
niL, (IP) b(DZ(M) b ’

and that for all 1 > 0,
1

f(uw)(1—G(u))du — 0.
b®Z(M) J{u;bT/Zq)(M)11[tb,t+b](u)>n\/ﬁ}
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Moreover, for every sequence 6, J 0, we have

———— sup f(w)(1—G(u))du — 0.

1 t—b(sAr)
b®2(M) J

[s—1|<&n Jt=b(sVT)

Since fy,y are sums and products of bounded monotone functions, the
bracketing number is bounded (see van der Vaart and Wellner, 1996, Theo-
rem 2.7.5) by

logN() (ellFalli, ), Fns - Lop)) S log (1/€ [Falli, ) ) -

Hence, since ||[Fn ||, (p) is bounded we obtain

on on
Jo \/logNH (€||Fn||L2(1P)r3"m [ - ||L2(1P)> de < on +L log(1/€)de — 0.

Finally, as in (2.2.8), for any s € [-1,1],
Pfns =b /2 [H"(t—bs) — H(t)} — 0.

Furthermore, for 0 < s < r < 1, we have

Lyt [t -G ot AW
Ian,sfn,T =b J't,bs (DZ(‘LL) du=b J't,bs 1 7H(u) du
LAY
T—H(t) ™

Similarly, for =1 < r < s < 0, Pfy sfn,r — —sA(t)/(1 — H(t)), whereas
Pfpn, sfnr =0, for st < 0. It follows that

At
MY _gAm) L ifsr 0
Pfn,sfnr —PfnsPfny — 1—H(t) (2.2.9)

0 ,if st < 0.

Consequently, according to Theorem 2.11.23 in van der Vaart and Wellner,
1996, the sequence of stochastic processes /n (P, —IP)fy, , converges in dis-
tribution to a tight Gaussian process G with mean zero and covariance given
on the right hand side of (2.2.9). Note that this is the covariance function of
VA(1)/[1 —H(t)]W, where W is a two sided Brownian motion. We conclude
that

t+b
nﬂﬂ‘ o (t— ) d(An — A)(w)

R
|y @ty

g (_ A\ anfo 20 [
— (c(] —H(t))) J_1 k(y)dW(y) =N (0,0(1 ) J_1 K2(y)dy | .
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This proves the first part of the theorem.

The optimal c is then obtained by minimizing the asymptotic mean squared
error

AMSE(ASS, ¢)

2
;‘04)\”(’()2 (Juz k(uw) du) + CL sz(u) du
with respect to c. O

This result is in line with Theorem 11.8 in Groeneboom and Jongbloed,
2014 on the asymptotic distribution of the SMLE under the same model,
which highlights the fact that even after applying a smoothing technique the
MLE and the Grenander-type estimator remain asymptotically equivalent.

Standard kernel density estimators lead to inconsistency problems at the
boundary. In order to prevent those, here we consider a boundary corrected
kernel. To be precise, for t € [0, T*], we define the smoothed Grenander-type
estimator ASC by

X (tro)AT N (t+DAT X

ASG (1) :J K (t— 1) An (w) du:J kY (t—w) dAn (u),
(t—b)VO (t—b)VO

(2.2.10)

with k(Y) (1) as in (1.2.11). In this case, we obtain a stronger uniform consis-

tency result which is stated in the next theorem.

Theorem 2.2.3. Let ASC be defined by (2.2.10) and suppose that A is nondecreasing
and uniformly continuous. Assume that k satisfies (1.2.1) and is differentiable with
a uniformly bounded derivative and that bn® — ¢ € (0,00). If 0 < & < 1/2, then

sup [ASS(t) —A(t)| =0
te[0,t*]

in probability.

Proof. Write

where
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We have to distinguish between three cases. First, we consider the case t €
[0, b]. By means of (1.2.13) and the fact that A is uniformly continuous, a
change of variable yields

t/b
sup Ay (t) =A(t) < sup J kK (y)A(t—by) —A(t)|dy — 0.
telo,b] tefo,p] -1
(2.2.11)
On the other hand, integration by parts and a change of variable give

1SG trb (t) A
AS (t)—?\(n)(t)zj KOt —w) d(An — A)(w)

t+b d () R
:_JO Sk (=) (An(w) — Afu) du (2.2.12)

] t/b a (t) N
5|, e ) (An(t—by)— Alt—by) dy,

Consequently, we obtain

sup  |An(u) —A(u)| = Op(n~1/27%),
uel0,t*]

o' =

sup [ASS (1) = A (1] S
te(0,b]

because of (2.1.2) and the boundedness of the coefficients ¢,  and of k(u)
and k’(u). Together with (2.2.11) and since 0 < « < 1/2, this proves that,

When t € (b, 7" —b), by a change of variable and uniform continuity of A,
it follows that

1
sup An) (1) —?\(t)‘ < J k(y)A(t—by) —A(t)[dy = 0. (2.2.13)
te(b,*—b) -1

Furthermore,
t+b

AW = plt-wAn(u)du,
t—b

so that, arguing as in (2.2.12), we find that

sup S () = A (0)] = Op (01724,
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Figure 3: The kernel smoothed versions (standard-dashed line and boundary
corrected-solid line) of the hazard rate (dotted line).

which, together with (2.2.13), proves that

sup  [ASS(t) —A(t)| = op(1).
te(b,t*—b)

This proves the theorem. O

Note that for the unconstrained smoothed Grenander-type estimator on
[0, TH], even with the boundary kernels, one can not avoid inconsistency
problems at the end point of the support, i.e., uniform consistency would
hold only on intervals [0, M] for M < Ty4. Although a bit surprising, this
is to be expected because we can only control the distance between the
Nelson-Aalen estimator and the cumulative hazard on intervals that stay
away from the right boundary (see (2.1.2)). Figure 3 illustrates that boundary
corrections improve the performance of the smooth estimator constructed
with the standard kernel.

2.3 SMOOTHED ESTIMATION OF A MONOTONE DENSITY

This section is devoted to the smoothed Grenander-type estimator f3© of an
increasing density f. Let k be a kernel function satisfying (2.2.1). For a fixed
t € [0,7*], f5C is defined by
(t+b)AT
B56(t) = J ki (t—u) fn(u) du = J kp(t—w)dFn(u).  (2.3.1)
(t—b)\VO
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Figure 4: The kernel smoothed versions (standard-dashed line and boundary
corrected-solid line) of the density function (dotted line).

We also consider the boundary corrected version of the smoothed Grenander-
type estimator, defined by

(t+b)AT*

K (t—w) dfn (w),

G (t+b)AT*
56 (1) =J

Kb (t =) Fin () du = J
(t=b)VO (t=b)VO

(2.3.2)

with k(*) (w) as in (1.2.11). The following results can be proved in exactly the

same way as Theorem 2.2.1 and Theorem 2.2.3.

Theorem 2.3.1. Let k be a kernel function satisfying (2.2.1) and let f5C be the
smoothed Grenander-type estimator defined in (2.3.1). Suppose that the density
function f is nondecreasing and continuous. Then for each 0 < e < T*, it holds

sup  [FSS (1) —f(t)] =0
tele,t*—e€]

with probability one.

Theorem 2.3.2. Let 5,6 be defined by (2.2.10) and suppose that f is nondecreasing
and uniformly continuous. Assume that k satisfies (2.2.1) and is differentiable with
uniformly bounded derivatives and that bn* — c € (0,00). If 0 < o« < 1/2, then

sup |fSC(t)—f(t)| =0
te[0,t*]

in probability.

Figure 4 shows the smooth isotonic estimators of an increasing density
up to the 20% quantile of H for a sample of size n = 500. We choose

f(x) = (€2 —1)"Te¥ g 51 (x) (2:3.3)
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and
g(x) = (>/2 = 1) TeX/ 214 51(x) (2.3.4)

for the censoring times. The bandwidth used is b = copt n~1/5, where
Copt = 4 is the asymptotically MSE-optimal constant (see (2.3.10)) corre-
sponding to ty = 2.5.

In order to derive the asymptotic normality of the smoothed Grenander-
type estimator f3© we first provide a Kiefer-Wolfowitz type of result for the
Kaplan-Meier estimator.

Lemma 2.3.3. Let f be a nondecreasing and continuously differentiable density
such that f and £' are strictly positive. Then we have

. logn | 2/3
sup |Fn(t)—Fn(t)|=op(°§“) ,

te[0,t*]

where Fy, is the Kaplan-Meier estimator and T, is the greatest convex minorant of
Fn on [0, T*].

Proof. We consider f on the interval [0, T*] and apply Theorem 2.2 in Durot
and Lopuhad, 2014. The density f satisfies condition (A1) of this theorem
with [a,b] = [0,T*]. Condition (2) of Theorem 2.2 in Durot and Lopuhag,
2014 is provided by the strong approximation (2.1.9), with L defined in (2.1.10),
Yn = O0(n'logn)?/3, and

B(O) = (1-FL7' (1)) W(1), te [L(0),L(x")

where W is a Brownian motion. It remains to show that B satisfies conditions
(A2)-(A3) of Theorem 2.2 in Durot and Lopuhad, 2014 with T = 1. In order
to check these conditions for the process B, let x € [L(0), L(T*)] = [0, L(T*)],
ue (0,1 and v > 0. Then

]P< sup |B(x)—B(y)|>v>

[x—yl<u
<]P< sup |B(X)—B(y)I>V>
Ix—yl<w,yelo,L(t*)] (235)
v
< 2P sup |[W(x)—W(y)l > 35
[x—ylsu 3

+P ( sup FIL™T(x) = F(L T () IW(x)| > ) .

Ix—yl<u,yelo,L(t*)]
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Note that from the proof of Corollary 3.1 in Durot and Lopuhad, 2014 it
follows that W satisfies condition (A2) in Durot and Lopuhad, 2014. This
means that there exist K1, K; > 0, such that the first probability on the right
hand side of (2.3.5) is bounded by K; exp(szvzu_1 ). Furthermore, since
ue (0,1 and

SUPy, e (0,7+] f(u) Xyl < SUP, c[0,7%] f(u) Xl
X . ) 7

F ]__1 x))—F I__1 < ;
[FIL™ ' (%)) = F(L™ " (y)] infye o0 L' (1) infy 0,0 Mu

the second probability on the right hand side of (2.3.5) is bounded by

A% A%
P <|W(x)| > ) <P sup WHI>——r],
K3viu g S Ksviu

for some K3 > 0. Hence, by the maximal inequality for Brownian motion,
we conclude that there exist K{, K5 > 0 such that

P ( sup [B(x)—B(y)l > v> < Kjexp (—Kévzu_1)

Ix—yl<u
which proves condition (A2) in Durot and Lopuhad, 2014.

Let us now consider (A3). For all x € [0,L(t*)], w € (0,1], and v > 0, we
obtain

]P( sup {B(x—z)—B(x)—vzz} >0>

uLzLx

2
<1P< sup {W(x—z)—W(x)—vg} >0>

ugz<x

+P ( sup {F(L_](XZ))[W(X) —W(x—2z)] VZZ} > 0>

ugz<x
2
+P [ sup { (FLT ) = FIL™ (= 2)) ) W) — VZ} >0].
ugLz<x 3

(2.3.6)

Again, from the proof of Corollary 3.1 in Durot and Lopuhad, 2014 it follows
that W satisfies condition (A3) in Durot and Lopuhad, 2014, which means
that there exist Ky, K, > 0, such that the first probability on the right hand

side of (2.3.6) is bounded by Kj exp(—szzu3 ). We establish the same bound
for the remaining two probabilities. By the time reversal of the Brownian
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motion, the process W/(z) = W(x) — W(x —z) is also a Brownian motion
on the interval [u, x]. Then, using the change of variable u/z = t and the
fact that W(t) =tu""2W/(u/t), for t > 0, is again a Brownian motion, the
second probability on the right hand side of (2.3.6) is bounded by

t fyan vud/2 B ~ vu3/2
]P( sup ] ﬁ ’W (;)‘ > T =P sup [W(t)|> 3 . (2.3.7)

te (0,1 tel[0,1]

Finally,

sup
uLzLx

F(LT(3) —F(L~ ' (x—2)) ‘ _ SUWPucior F(W
z infyepo e Aw)

so that the third probability on the right hand side of (2.3.6) is bounded by

—1 —1
ugzLx

z 3
3/2 3/2
<P(WKI>5— ) <P sup Wu>S—],
K3 tel0L ()] K3

(2.3.8)

for some K3 > 0. By applying the maximal inequality for Brownian motion
to the right hand sides of (2.3.7) and (2.3.8), we conclude that there exist
K7, K5 > 0, such that

P ( sup {B(x—z)—B(x)—vz?} > 0) < K exp(—Kjv2ud),

ugLz<x
which proves condition (A3) in Durot and Lopuhad, 2014. O
Theorem 2.3.4. Let f be a nondecreasing and twice continuously differentiable
density such that f and £’ are strictly positive. Let k satisfy (1.2.1) and suppose that

it is differentiable with a uniformly bounded derivative. If bn'/5 — ¢ € (0,00),
then for each t € (0,t*), it holds

n2/5 (F38 (1) — (1)) % N(y, 0?),

where
f(t)

1
h=3 2 (1) Juz k(uwdu and o= )] sz(u) du. (2.3.9)

For a fixed t € (0,7*), the asymptotically MSE-optimal bandwidth b for ASC is
given by c:opt(x)n_1 /5, where

1/5
Copt = {f(t) sz(u) du} {(1 —G1)f"(t)? <Ju2k(u) du>

5y —1/5

(2.3.10)
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Proof. Fix t € (0,7*). Then, for sufficiently large n, we have 0 < t—b <
t+b < 7. Following the proof of 2.2.2, we write

756 (1) = ka(t—u) dF(u) +ka(t—u) d(Fn — F)(w)
(2.3.11)
+ ka (t—u) d(f:n —Fn)(u).

Again the first (deterministic) term on the right hand side of (2.3.11) gives
us the asymptotic bias:

t+b 1
n2/s {J kp (t —u)f(w) du—f(t)} - -

1
2czf”(t)J yZk(y) dy,
t—b 1

and by the Kiefer-Wolfowitz type of result in Lemma 2.3.3, the last term on
the right hand side of (2.3.11) converges to 0 in probability. What remains is
to prove that

12’2 [yt =) d(Fn ~ F)w) 4 N(O,0?),

where 07 is defined in (2.3.9). We write

2/5 t+b 1 1 R
n Lb ko (t— ) d(Fr — F)(w) = WL K(y) dWa (y),

where, for each y € [—1, 1], we define
Waly) = \/E{Fn(tby)mt)F(tby)+F(tJ}
= \E{Fn(tby)F(tby)n_l/zﬂ —F(t—by))WoL(tfby)}

_ \/E{Fn(t) —Ft)—nV2(1 —Ft))Wo L(t)}

+ (1 —F(t)){wout—by)—wout)}

+ (F(t) —F(t—bg))Wo L(t—by).

S5l

(2.3.12)
Using the strong approximation (2.1.9), we obtain

1P< sup \/E‘Fn(u)l:(u)n_wzﬂF(u))WoL(u)‘ >e>
]

uelo,t*

< Kyexp {—Kz(e\/nb —K3 logn)} — 0,
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and it then follows that the first two terms on the right hand side of (2.3.12)
converge to zero in probability uniformly in y. For the last term, we get

1
P su — (F(t) = F(t —by) WoL(t—by)’>e
(ye[—l?,ﬂ \Fb( )
Kzez
<P (Vb sup f(u) sup [W(u)>e|<Kjexp|— — 0.
weld ] uelo Ll b

For the third term on the right hand side of (2.3.12), note that
y= b /2(Wol(x—by)—Wol(x)), yel-1,1],
has the same distribution as the process

Y W <L(t)—Lb(t—by)> , foryel[-1,1], (23.13)

where W is a two-sided Brownian motion. By uniform continuity of the
two-sided Brownian motion on compact intervals, the sequence of stochastic

processes in (2.3.13) converges to the process w (L'(t)y) :y € [-1,1]%

o, () W] o
yel—1,
As a result

1 A a f) (! _

R f) 12
N (O’ o " (”)dy> |

The optimal c is then obtained by minimizing the asymptotic mean squared
error

2
AMSE(f3, ¢) = %c“f”(t)z (Juz k() du) + % sz(u) du,

with respect to c. U

2.4 POINTWISE CONFIDENCE INTERVALS

In this section we construct pointwise confidence intervals for the hazard
rate and the density based on the asymptotic distributions derived in The-
orem 2.2.2 and Theorem 2.3.4 and compare them to confidence intervals
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constructed using Grenander-type estimators without smoothing. Accord-
ing to Theorem 2.1 and Theorem 2.2 in Huang and Wellner, 1995, for a fixed
to € (0,7%),

- 1/3
Vet | ()= t0) 42
and 1/3
‘I_ ~
ooty il M) 2

where W is a two-sided Brownian motion starting from zero and Z =
argmin, . {W(t) + t?}. This yields 100(1 — &)%-confidence intervals for
f(to) and A(tp) of the following form

Cha = fnlto) £n7/3¢0 1(t0)q(Z,1 — /2),
and
Cha = Anlto) =17 "/3¢n 5 (t0)q(Z,1 — /2),
where q(Z,1— «/2) is the (1 — «/2) quantile of the distribution Z and

1/3 1/3

4fn (to)f], (to)
1— Gn(tO)

En,1(to) = ’

Here, H;, is the empirical distribution function of T and in order to avoid
the denominator taking the value zero, instead of the natural estimator of
G, we consider a slightly different version as in Marron and Padgett, 1987:

0 if0<t<T(]),

k—1 . 1—A;
n—i+1 v
Gn(t) _ 1*1|:|] (]’H—}—z) if T(k*]) < t< T[k)’ k—Z,...,TI,
n . 1—A:
n—i+1 v
1_H(n—i+2) i T,

(2.4.1)
Furthermore, as an estimate for f/ (to) we choose

Fn(Tm) - ‘En(Tm—l )

7

Tm — Tm—1

where T, 1 and T, are two succeeding points of jump of f,, such that
to € (Tm_1,Tml), and A/ (to) is estimated similarly. The quantiles of the
distribution Z have been computed in Groeneboom and Wellner, 2001 and
we will use q(Z,0.975) = 0.998181.
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The pointwise confidence intervals based on the smoothed Grenander-
type estimators are constructed from Theorem 2.2.2 and Theorem 2.3.4. We
find B

Cho =TS (tg) £n /3 (3n,1 (to)d1—o/2 + fin,1 (to)) ,

and
C2 o =A3C(to) £n 25 (6n2(t0) 1 _o/2 + Bin2(to)),

where q1_y/; is the (1 — «/2) quantile of the standard normal distribution.
The estimators &y, 1(to) and fin 1(to) are obtained by plugging FTSLG and its
second derivative for f and f”, respectively, and Gn and cop¢(to) for G and
¢, respectively, in (2.3.9), and similarly 6,2 (to) and i 2(to) are obtained
from (2.2.4). Estimating the bias seems to be a hard problem because it de-
pends on the second derivative of the function of interest. As discussed, for
example in Hall, 1992, one can estimate the bias by using a bandwidth of
a different order for estimating the second derivative or one can use under-
smoothing (in that case the bias is zero and we do not need to estimate the
second derivative). We tried both methods and it seems that undersmooth-
ing performs better, which is in line with other results available in the litera-
ture (see for instance, Hall, 1992; Groeneboom and Jongbloed, 2015; Cheng,
Hall, and Tu, 2006).

When estimating the hazard rate, we choose a Weibull distribution with
shape parameter 3 and scale parameter 1 for the event times and the uni-
form distribution on (0, 1.3) for the censoring times. Confidence intervals are
calculated at the point ty = 0.5 with T = H=T1(0.9), using 1000 sets of data
and the bandwidth in the case of undersmoothing is b = copt(to)nq/ 4
where copt(to) = 1.2. In case of bias estimation we use b = copt(to)‘rﬁS/17
to estimate the hazard and b; = copt(to)n_v 17 to estimate its second
derivative (as suggested in Hall, 1992). Table 1 shows the performance, for
various sample sizes, of the confidence intervals based on the asymptotic
distribution (AD) of the Grenander-type estimator and of the smoothed
Grenander estimator (for both undersmoothing and bias estimation). The
poor performance of the Grenander-type estimator seems to be related to
the crude estimate of the derivative of the hazard with the slope of the cor-
respondent segment. On the other hand, it is obvious that smoothing leads
to significantly better results in terms of both average length and coverage
probabilities. As expected, when using undersmoothing, as the sample size
increases we get shorter confidence intervals and coverage probabilities that
are closer to the nominal level of 95%. By estimating the bias, we obtain cov-
erage probabilities that are higher than 95%, because the confidence inter-
vals are bigger compared to the average length when using undersmoothing.
Another way to compare the performance of the different methods is to take
a fixed sample size n = 500 and different points of the support of the hazard
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Grenander  SG-undersmoothing SG-bias estimation

n AL cr AL cp AL cp
100 0.930 0.840 0.648 0.912 0.689 0.955
500 0.560 0.848 0.366 0.948 0.383 0.975
1000 0.447 0.847 0.283 0.954 0.295 0.977

5000 0.255 0.841 0.155 0.953 0.157 0.978

Table 1: The average length (AL) and the coverage probabilities (CP) for 95% point-
wise confidence intervals of the hazard rate at the point to = 0.5.

function. Figure 5 shows that confidence intervals based on undersmooth-

070 075 080 085 090 095 100

0.2 : 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 1.0
(@) (b)

Figure 5: Left panel: Actual coverage of 95% confidence intervals for the hazard rate.
Dashed line-nominal level; dotdashed line-Grenander-type; solid line-SG
undersmoothing; dotted line-SG bias estimation. Right panel: 95% confi-
dence intervals for the hazard rate using undersmoothing.

ing behave well also at the boundaries in terms of coverage probabilities,
but the length increases as we move to the left end point of the support. In
order to maintain good visibility of the performance of the smooth estima-
tors, we left out the poor performance of the Grenander estimator at point
x=0.1.

It is also of interest to compare our confidence intervals with other com-
peting methods, in particular with those obtained via the inversion of the
likelihood ratio statistic proposed in Banerjee, 2008. We consider their set-
ting of simulation A.2 (heavy censoring case), where the event times come
from a Weibull distribution with shape parameter 2 and scale v/2 and the
censoring times are uniform in (0,1.5). Again, we recorded the average



2.4 POINTWISE CONFIDENCE INTERVALS

length of nominal 95% confidence intervals for the hazard rate at the point
to = y/2log 2 obtained using undersmoothing and their coverage probabil-
ities. The results for various sample sizes and choices of the constant ¢ in
the definition of the bandwidth are displayed in Table 2. These observations
show that the performance of the confidence intervals strongly depends on
the choice of c. Most of the time the confidence intervals are shorter com-
pared to those using likelihood ratio and for ¢ = 1 or ¢ = 1.2 our method
produces also better coverage probabilities. On the other hand, if ¢ is too
small, e.g. ¢ = 0.8, the confidence intervals become quite conservative (or
anticonservative for large c). Of course the likelihood ratio method has the
advantage of not requiring estimation of nuisance parameters or choosing
the bandwidth but our results confirm that with the right choice of the
bandwidth smooth estimation performs much better. The importance of the
choice of the smoothing parameter is well-known and different methods
has been proposed in the literature to find the optimal one (see for exam-
ple Cheng, Hall, and Tu, 2006 and Gonzélez-Manteiga, Cao, and Marron,
1996). However, it is beyond the scope of this paper to investigate methods
of bandwidth selection.

LR c=038 c=1 c=12

n AL CpP AL cr AL Cp AL CP
50 3.110 0911 2951 0962 2700 0.946 2463 0.925
100 2408 0.917 2213 0964 1.991 0.951 1.820 0.935
200 1.684 0.929 1.680 0.972 1512 0.947 1392 0.930
500 1.073 0.932 1.202 0970 1.070 0.952 0.981 0.927
1000 0.782 0.936 0.935 0975 0.836 0.958 0.764 0.936
1500 0.653 0.941 0.809 0.982 0.720 0.965 0.663 0.944

Table 2: The average length (AL) and the coverage probabilities (CP) for 95% point-
wise confidence intervals of the hazard rate at ty = /2log 2 using likelihood
ratio (LR) and undersmoothing with various choices of c .

Finally, we consider estimation of the density. We simulate the event times
and the censoring times from the density functions in (2.3.3) and (2.3.4).
Confidence intervals are calculated at the point ty = 2.5 with T = H=1(0.9),
using 1000 sets of data and the bandwidth in the case of undersmoothing
isb = copt(Z.S)nq/“, where copt(2.5) = 4. When estimating the bias we
use b = copt(Z.S)n*E’/W to estimate the hazard and by = copt(Z.S)n*V17
to estimate its second derivative (as suggested in Hall, 1992). Table 3 shows
the performance, for various sample sizes, of the confidence intervals based
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on the asymptotic distribution (AD) of the Grenander-type estimator and
of the smoothed Grenander estimator (for both undersmoothing and bias

estimation).
Grenander  SG-undersmoothing SG-bias estimation
n AL CP AL Ccp AL CpP
50 0.157 0822 0.129 0.948 0.136 0.929
100 0.127 0.856 0.101 0.954 0.109 0.959
500 0.073 0.859 0.056 0.971 0.064 0.979
1000 0.058 0.864 0.043 0.979 0.050 0.976
5000 0.032 0.845 0.023 0.965 0.029 0.965

Table 3: The average length (AL) and the coverage probabilities (CP) for 95% point-
wise confidence intervals of the density function at the point ty = 2.5.

Confidence intervals based on the Grenander-type estimator have a poor
coverage, while, by considering the smoothed version, we usually obtain
high coverage probabilities. Again, undersmoothing behaves slightly better.
The performance of these three methods for a fixed sample size n = 500
and different points of the support is illustrated in Figure 6.

1.00
8

0.90

0.85

(@) (b)

Figure 6: Left panel: Actual coverage of 95% confidence intervals for the density.
Dashed line-nominal level; dotdashed line-Grenander-type; solid line-SG
undersmoothing; dotted line-SG bias estimation. Right panel: 95% confi-
dence intervals for the density using undersmoothing.



SMOOTH ISOTONIC ESTIMATION IN THE COX MODEL

In this chapter we consider smooth estimation under monotonicity con-
straints of the baseline hazard rate in the Cox regression model. The results
presented are based on:

Lopuhad, H. P. and Musta E. (2018) "Smoothed isotonic estimators of a
monotone baseline hazard in the Cox model". Scandinavian Journal of Statis-

tics 45.3, pp- 753-791.

Lopuhad, H. P. and Musta E. (2017) "Isotonized smooth estimators of a
monotone baseline hazard in the Cox model". Journal of Statistical Planning
and Inference 191, pp. 43-67.

Nonparametric estimation under monotonicity constraints of the baseline
hazard function in the Cox regression model (see Example 1.1.2) has been
studied in Chung and Chang, 1994 and Lopuhad and Nane, 2013 while
smooth isotonic estimators were introduced in Nane, 2013. By combining
an isotonization step with a smoothing step and alternating the order of
smoothing and isotonization, four different estimators can be constructed.

Two of them are kernel smoothed versions of the maximum likelihood
estimator and the Grenander-type estimator from Lopuhad and Nane, 2013.
The third estimator is a maximum smoothed likelihood estimator obtained
by first smoothing the loglikelihood of the Cox model and then finding
the maximizer of the smoothed likelihood among all decreasing baseline
hazards. By first smoothing the loglikelihood, one avoids the discrete be-
havior of the traditional MLE. This approach is similar to the methods
in Eggermont and LaRiccia, 2000 for monotone densities and in Groene-
boom, Jongbloed, and Witte, 2010 for the current status model. The forth
estimator we consider is isotonized kernel estimator. It is a Grenander-type
estimator based on the smooth Breslow estimator for the cumulative haz-
ard. Grenander-type estimators for a nondecreasing curve are obtained as
the left-derivative of the greatest convex minorant of a naive nonparamet-
ric estimator for the integrated curve of interest, see Grenander, 1956 and
also Durot, 2007 among others. For our setup, the smoothed Breslow estima-
tor serves as an estimator for the cumulative baseline hazard. By smoothing
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the Breslow estimator, one avoids the discrete behavior of the left-derivative
of its least concave majorant. This approach is similar to the methods consid-
ered in Cheng and Lin, 1981, Wright, 1982, Friedman and Tibshirani, 1984,
and van der Vaart and van der Laan, 2003, and to one of the two methods
studied in Mammen, 1991.

We establish asymptotic normality at rate n™/(2m+1) where m denotes
the level of smoothness of the baseline hazard, for the four estimators. The
isotonized kernel estimator (GS) is shown to be asymptotically equivalent
to the smoothed Grenander-type estimator (S5G) and the smoothed maxi-
mum likelihood estimator (SMLE). In particular, this means that the order of
smoothing and isotonization is irrelevant, which is in line with the findings
in Mammen, 1991. On the other hand, the maximum smoothed likelihood
estimator (MSLE) exhibits the same limit variance as the previous ones but
has a different asymptotic bias, a phenomenon that was also encountered
in Groeneboom, Jongbloed, and Witte, 2010. As a result, from the theoret-
ical point of view, there is no reason to prefer one estimator with respect
to the other (apart from the fact that the kernel smoothed estimators are
differentiable while the other two are usually only continuous).

Deriving asymptotic normality of the two kernel smoothed isotonic esti-
mators is particularly challenging for the Cox model, because the existing
approaches to these type of problems do not apply to the Cox model. The
smoothed Grenander-type estimator in the ordinary right censoring model
without covariates was investigated in Chapter 2. Following the approach
in Groeneboom and Jongbloed, 2013, asymptotic normality was established
by using a Kiefer-Wolfowitz type of result, recently derived in Durot and
Lopuhad, 2014. Unfortunately, the lack of a Kiefer-Wolfowitz type of result
for the Breslow estimator provides a strong limitation towards extending the
previous approach to the more general setting of the Cox model. Recently,
Groeneboom and Jongbloed, 2014 developed a different method for find-
ing the limit distribution of smoothed isotonic estimators, which is mainly
based on uniform L,-bounds on the distance between the non-smoothed
isotonic estimator and the true function, and also uses that the maximal dis-
tance between succeeding points of jump of the isotonic estimator is of the
order Op(n~'/3logn). A sketch of proof in the right censoring model is
given in Section 11.6 of Groeneboom and Jongbloed, 2014. However, these
two key ingredients heavily depend on having exponential bounds for tail
probabilities of the so-called inverse process, or rely on a strong embedding
for the relevant sum process. Exponential bounds for tail probabilities of the
inverse process are difficult to obtain in the Cox model and a strong embed-
ding for the Breslow estimator is not available. Nevertheless, inspired by
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the approach in Groeneboom and Jongbloed, 2014, we obtain polynomial
bounds, which are suboptimal but sufficient for our purposes.

The method used to establish asymptotic normality for isotonized smooth
estimators is quite different from the previous one because the isotonization
step was performed after a smoothing step. Here we rely on techniques de-
veloped in Groeneboom, Jongbloed, and Witte, 2010 and the key idea is
that the isotonized smooth estimator can be represented as a least squares
projection of a naive smooth estimator. The latter estimator is not mono-
tone, but much simpler to analyze and it is shown to be asymptotically
equivalent to the smooth isotonic estimator. As a consequence, the resulting
estimators are asymptotically equivalent to corresponding naive estimators
that are combinations of ordinary kernel type estimators, to which standard
techniques apply.

Furthermore, we also investigated the finite sample performance of these
estimators by constructing pointwise confidence intervals. First, making use
of the theoretical results, we construct pointwise confidence intervals based
on the limit distribution with undersmoothing to avoid bias estimation. Re-
sults confirm the comparable behavior of the four methods and favor the use
of the smoothed isotonic estimators instead of the unsmoothed Grenander-
type estimator or the kernel estimator. However, coverage probabilities are
far from the nominal level and strongly depend on the choice of the band-
width and the accuracy in the estimation of the regression coefficient (.
Since most of the well-known methods to overcome these problems do not
seem to work in our setting, a thorough investigation is still needed for
improving the performance of the confidence intervals. Instead, we choose
to exploit pointwise confidence intervals based on smooth bootstrap pro-
cedures as proposed by Burr, 1994 and Xu, Sen, and Ying, 2014. It turns
out, the simple percentile bootstrap works better than the studentized one.
Such a phenomenon was also observed in Burr, 1994. The four estimators
again exhibit comparable behavior but the smoothed maximum likelihood
estimator and the maximum smoothed likelihood estimator have slightly
better coverage probabilities. The performance is satisfactory, but still fur-
ther investigation is required for bandwidth selection and correcting the
asymptotic bias, which might improve the results.

The chapter is organized as follows. In Section 3.1 we specify the Cox
regression model and provide some background information that will be
used in the sequel. The kernel smoothed versions of the Grenander-type
estimator and of the maximum likelihood estimator of a non-decreasing
baseline hazard function are considered in Section 3.2.We only consider the
case of a non-decreasing baseline hazard. The same results can be obtained
similarly for a non-increasing hazard. The maximum smoothed likelihood
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estimator is considered in Section 3.3 and the isotonized kernel estimator
in Section 3.4. The results of a simulation study on pointwise confidence
intervals are reported in Section 3.5. In order to keep the exposition clear
and simple, most of the proofs are delayed until Section 3.6, and remaining
technicalities have been put in the Supplementary Material A.1.

3.1 THE COX REGRESSION MODEL

Let X1,...,Xn be an ii.d. sample representing the survival times of n in-
dividuals, which can be observed only on time intervals [0, C;] for some
iid. censoring times Cy, ..., Cy,. One observes i.i.d. triplets (Ty,Aq, Z4),...,
(Th, An, Zn), where Ty = min(Xj, C;) denotes the follow up time, A; =
Ix,<c,} is the censoring indicator and Z; € RP is a time independent
covariate vector. Given the covariate vector Z, the event time X and the cen-
soring time C are assumed to be independent. Furthermore, conditionally
on Z = z, the event time is assumed to be a nonnegative r.v. with an abso-
lutely continuous distribution function F(x|z) and density f(x|z). Similarly
the censoring time is assumed to be a nonnegative r.v. with an absolutely
continuous distribution function G(x|z) and density g(x|z). The censoring
mechanism is assumed to be non-informative, i.e. F and G share no param-
eters. Within the Cox model, the conditional hazard rate A(x|z) for a subject
with covariate vector z € IRP, is related to the corresponding covariate by

A(tlz) = A(t)ePoZ, teRT,

where A represents the baseline hazard function, corresponding to a subject
with z =0, and By € RP is the vector of the regression coefficients.

Let H and H"¢ denote respectively the distribution function of the follow-
up time and the sub-distribution function of the uncensored observations,
ie.,

HYt)=P(T<t,A=1) = J‘S]l{ugt} dP(u, 8, z), (3.1.1)

where P is the distribution of (T, A, Z). We also require the following as-
sumptions, some of which are common in large sample studies of the Cox
model (e.g. see Lopuhad and Nane, 2013):

(A1) Let 1f, Tg and Ty be the end points of the support of F, G and H.
Then
TH = Tg < TF < 00.
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(A2) There exists € > 0 such that

sup E {IZI2 ezﬁ,z} < 00.
IB—Bol<e

(A3) There exists € > 0 such that

sup E {IZI2 e4B/Z} < 00.
IB—Bol<e

Let us briefly comment on these assumptions. While the first one tells us
that, at the end of the study, there is at least one subject alive, the other two
are somewhat hard to justify from a practical point of view. One can think
of (A2) and (A3) as conditions on the boundedness of the second moment
of the covariates, uniformly for 3 in a neighborhood of 3.

By now, it seems to be rather a standard choice estimating 3o by B, the
maximizer of the partial likelihood function in (1.1.6), as proposed by Cox,
1972. The asymptotic behavior was first studied by Tsiatis, 1981. We aim at
estimating Ao, subject to the constraint that it is increasing (the case of a de-
creasing hazard is analogous), on the basis of n observations (T1, A1, Z1),...,
(Th, An, Z1). By introducing

Ot;p) = Jn{u>t}eﬁ/2 dP(w, 8, z), (3-1.2)
h
we have . nit)
olt) = m, (3.1.3)

where h(t) = dH“¢(t)/dt (e.g., see (9) in Lopuhad and Nane, 2013). For
B € RP and x € R, the function ®(t; 3) can be estimated by

O (t;B) = ant}eﬁ/l P (w,5,2), (3.1.4)

where P, is the empirical measure of the triplets (Ti, A, Z;) with i =
1,...,m. Moreover, in Lemma 4 of Lopuhad and Nane, 2013 it is shown
that

sup |Dn (t; Bo) — @(t; Bo)|l = Op(n~1/2). (3-1.5)
teR

It will be often used throughout the paper that a stochastic bound of the

same order holds also for the distance between the cumulative hazard Ay
and the Breslow estimator

[ Mgy
Anlt) = j o P a5 2), (3.1.6)
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but only on intervals staying away of the right boundary, i.e.,

sup [An(t) —Ap(t)] = Op (n=1/2), foral0 <M <1y, (3.1.7)
te[0,M]

(see Theorem 5 in Lopuhad and Nane, 2013).

Smoothing is done by means of an m-orthogonal kernel function satis-
fying (1.2.1). Note that if m > 2, the kernel function k necessarily attains
negative values and as a result also the smooth estimators of the baseline
hazard defined in Sections 3.2 may be negative and monotonicity might not
be preserved. To avoid this, one could restrict oneself to m = 2. In that case,
the most common choice is to let k be a symmetric probability density.

3.2 SMOOTHED ISOTONIC ESTIMATORS

We consider smoothed versions of two isotonic estimators for Ag, i.e, the
maximum likelihood estimator A,, and the Grenander-type estimator A,
introduced in Lopuhad and Nane, 2013. The maximum likelihood estimator
of a nondecreasing baseline hazard rate A is of the form

0 t<T(]]
}\n(t): ,}\\i T(i)<t<T(i+1), fori=1,...,n—1,

oo t 2 T(n)/

where A; is the left derivative at point P; of the greatest convex minorant
of the cumulative sum diagram consisting of points Py = (0,0) and P; =
(Wn(T(jH 1), Va(T(541))), forj =1,...,n—1, where W,, and V,, are defined
as

~

A t
Wn('t) == J <eB"ZJ 1{1125} ds) d]PTL(u/ 6/ Z)/ t 2 T(] )/
Ti) (3.2.1)

Vn(t) = J 6]l{u<t} dPn (u’ 5, Z)’

with B, being the partial maximum likelihood estimator (see Lemma 1
in Lopuhad and Nane, 2013). For a fixed t € [0, ], the smoothed maxi-
mum likelihood estimator A3M of a nondecreasing baseline hazard rate A,
was defined in Nane, 2013 by

(t+b)/\TH n
J kp (t—uw) Apn(u) du. (3.2.2)
(t—b)VO
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The Grenander-type estimator An of a nondecreasing baseline hazard rate
Ao is defined as the left hand slope of the greatest convex minorant (GCM)
An of the Breslow estimator A,,. For a fixed to € [0, TH], we consider the
smoothed Grenander-type estimator A5 S, which is defined by

(t+b)ATH
J kp (t —uw)An (u) du. (3.2.3)

(t—b)\V0

Uniform strong consistency on compact intervals in the interior of the sup-
port [e, M] C [0, t] is provided by Theorem 5.2 of Nane, 2013,

sup ‘XiG (t) — ?\o(t)’ — 0, with probability one. (3.2.4)
tele,M]
Strong pointwise consistency of A3M in the interior of the support is estab-
lished in Theorem 5.1 in Nane, 2013. Under additional smoothness assump-
tions on Ay, one can obtain uniform strong consistency for ASM similar
to (3.2.4). Inconsistency at the boundaries is can be partially avoided by us-
ing a boundary corrected kernel. It can be proved, exactly as it is done in
Chapter 2, that uniform consistency holds on [0, M] C [0, Tyy].

w |
- - -
rd
.
o | o | /
— — d
'’
‘4
wn wn
o | o |
o o
:i | T T T T T :i | T T T T T
0.0 0.2 04 0.6 0.8 0.0 0.2 04 0.6 0.8

Figure 7: Left panel: The MLE (piecewise constant solid line) of the baseline haz-
ard (dashed) together with the smoothed MLE (solid). Right panel: The
Grenander estimator (piecewise constant solid line) of the baseline hazard
(dashed) together with the smoothed Grenander estimator (solid).

Figure 7 shows the smoothed maximum likelihood estimator (left) and
the smoothed Grenander-type estimator (right) for a sample of size n = 500
from a Weibull baseline distribution with shape parameter 1.5 and scale 1.
For simplicity, we assume that the real valued covariate and the censoring
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times are uniformly (0,1) distributed and we take fp = 0.5. We used a
boundary corrected triweight kernel function

k(u) = (35/32)(1 — w31y <y

and bandwidth b = n~1/5. Note that, even though for deriving the asymp-
totic normality we do not need to restrict the estimation interval as in Chap-
ter 2, for finite sample sizes restriction on [0, T*] C [0, T] gives better results.
For the figures we used as v the 95% empirical quantile of the follow-up
times.

In the remainder of this section we will derive the pointwise asymptotic
distribution of both smoothed isotonic estimators, in (3.2.2) and (3.2.3). As
already mentioned, our approach is inspired by techniques introduced in
Section 11.6 of Groeneboom and Jongbloed, 2014. We briefly describe this
approach for the smoothed Grenander estimator, for which the computa-
tions are more complicated. We start by writing

ASG (1) = ka(t—u) dAo(u) +jkb(t—u) dAn—Ao)w).  (3.23)

The first (deterministic) term on the right hand side of (3.2.5) gives us the
asymptotic bias. The method applied in Chapter 2 for the right censoring
model continues by decomposing the second term in two parts

[t wdthn = Aww) + [ p(t= v diAn ~ A0,
and then uses the Kiefer-Wolfowitz type of result

sup |An(t) = An(t)] = Op (n"2/3(logn)2/3), (3.2.6)
te[0,M]

to show that [k (t—u) d(An — An)(u) converges to zero. Finally, results
from empirical process theory are used to show the asymptotic normality
of [ ky(t—u)d(An — Ap)(u). This approach cannot be followed in our case
because of the lack of a Kiefer-Wolfowitz type of result as in (3.2.6) for the
Cox model.

Alternatively, we proceed by describing the main steps of the L,-bounds
approach introduced in Groeneboom and Jongbloed, 2014. On an event E,,
with probability tending to one, we will approximate

ka (t—w d(An — Ag)u) (3.27)

by [ On,t(u,d,z)dPP(u,,z), for some suitable function 6., ¢ (see Lemma 3.2.1),
whose piecewise constant modification 6, integrates to zero with respect
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to the empirical measure P, (see Lemma 3.2.2). This enables us to approxi-
mate (3.2.7) by

J@n,t(u, 5,z)d(IPn, —IP)(u,$,z) + J (én,t(u, 8,2) — Ont(u,d, z)) dP(w, b, z).

(3.2.8)
Then, the key step is to bound the second integral in (3.2.8) by means of L;-
bounds on the distance between the ordinary Grenander estimator and the
true baseline hazard (see Lemma 3.2.3). The last step consists of replacing
gn,t by a deterministic function nn ¢ (see Lemma 3.2.4) and use empirical
process theory to show that

Jnn,t (w,5,2) d(Pr — P)(w,,2)

is asymptotically normal.

Before we proceed to our first main result, we will formulate the steps
described above in a series of lemmas. Let t € (0, 1), define

. kp(t—u)
an,t(u) - CD(LL, BO) 7

where ©(u; 3¢) is defined in (3.1.2). Note that an t(u) =0foru ¢ (t—b,t+
b). We then have the following approximation for (3.2.7). The proof can be
found in Section 3.6.

uec (O/TH)/ (329)

Lemma 3.2.1. Suppose that (A1)—(Az2) hold. Let an be defined by (3.2.9) and
let P be the partial MLE for . There exists an event En, with 1g, — 1 in
probability, such that for

Al uw A
Ont(w,0,z) =1g, {6 ant(u) —ePn= J an,t(v) dAn(v) } , (3.2.10)
0
it holds

Jen,t(u, §,2z)dP(u,§,z) = —1g ka(t —uw)d(An —Ag) (1) + Op(n~1/2).

Next, we consider a piecewise constant modification antDn of an1Dn,
which is constant on the same intervals as Ay,. Since the smoothed Grenan-
der estimator is not affected by changing the values of A,, at the jump points,
for the proof we consider the right-continuous version of An. Let g = 0,
Tm+1 = Th and let (t{)i™; be successive points of jump of An. Then, for
u € [1q,Ti+1), we choose

A

an,’can(u} Pn) = an,t(An (u))(Dn(An(u)) Bn)r (3.2.11)
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where for u € [ti,Ti41),

Ty, if Ag(s) > An(Tiy1), forall s € [ty, T 1),
An(uw) =45, if Ag(s) = An(s), for some s € [1i, Ti41), (3.2.12)
Tit+1, if}\o(s) <7\n(Ti+1)/ forall s € [T-'L,Ti+‘|).

Furthermore, let E,, be the event from Lemma 3.2.1 and define

an,tﬁn(u} Bn)

Wi i(u) = ~ Teg,, u<Tq, (3.2.13)
" On (u; Br) m
and ¥, x (u) = 0 otherwise. Let
jn1 =max{j: T; <t—b}, jn2 =min{j : 1; > t+ b} (3.2.14)

be the last (first) jump point of A, before (after) t —b (t + b). Note that,
from the definition of an, and of An(u), it follows that Yo (u) = 0 for
u & [75,,,7j,,]. Now, define the following piecewise constant modification
of O ¢, by

Al uw —_— A
Ont(w,8,2) = 8 Wn (1) —ePn? JO Wit (v) dAR (V). (3-2.15)

We then have the following property. The proof can be found in Section 3.6.

Lemma 3.2.2. Let Oy ¢ be defined in (3.2.15). Then

J'g‘n,t ('LL, 6/ Z) d]PTL (LL, 6/ Z) =0. (3216)

At this point it is important to discuss in some detail how we will obtain
suitable bounds for the second integral in (3.2.8). In order to do so, we first
introduce the inverse process Uy,. It is defined by

Un(a) = argmin {An(s) — as}. (3.2.17)
s€[0, Tl

and it satisfies the switching relation, An (t) < a if and only if Uy (a) > t, for
t < T(). In their analysis of the current status model, Groeneboom, Jong-
bloed, and Witte, 2010 encounter an integral that is similar to the second
integral in (3.2.8). They bound this integral using the fact that the maximal
distance between succeeding points of jump of the isotonic estimator is of
the order Op, (n~1/3logn). Such a property typically relies on the exponen-
tial bounds for the tail probabilities of Uy (a), obtained either by using a
suitable exponential martingale (e.g., see Lemma 5.9 in Groeneboom and
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Wellner, 1992), or by an embedding of the relevant sum process into Brow-
nian motion or Brownian bridge (e.g., see Lemma 5.1 in Durot, Kulikov,
and Lopuhaé, 2012). Unfortunately, an embedding of the process A, is not
available and in our current situation the martingale approach only yields
to polynomial bounds for tail probabilities of U, (a). A polynomial bound
was also found by Durot, 2007 (see her Lemma 2) leading to

sup E [(An(t) —Ao(t))P] < Kn~P/3, (3.2.18)
teln

for p € [1,2) and some interval I, (see her Theorem 1). By intersecting with
the event E;; from Lemma 3.2.1 we extend (3.2.18) to a similar bound for
p = 2. Groeneboom and Jongbloed, 2014 provide an alternative approach
to bound the second integral in (3.2.8), based on bounds for (3.2.18) with
p = 2. Unfortunately, they still make use of the fact that the maximum
distance between succeeding points of jump of the isotonic estimator is of
the order O, (n—1/3 log 1) to obtain a result similar to (3.2.21). Nevertheless,
we do follow the approach in Groeneboom and Jongbloed, 2014, but instead
of using the maximum distance between succeeding points of jump of A,
we use a bound on

E| sup (Xn(t)—?\o(t))z , (3.2.19)
tcle,M]

for 0 < € < M < . Exponential bounds for the tail probabilities of Un (a)
would yield the same bound for (3.2.19) as the one in (3.2.18) apart from a
factor logn. Since we can only obtain polynomial bounds on the tail prob-
abilities of Ul (a), we establish a bound for (3.2.19) of the order O(n—4/7).
This is probably not optimal, but this will turn out to be sufficient for our
purposes and leads to the following intermediate result, the proof of which
can be found in Section 3.6.

Lemma 3.2.3. Suppose that (A1)—(A2) hold. Fix t € (0, Ty ) and let Oy and O ¢
be defined by (3.2.10) and (3.2.15), respectively. Assume that Ao is differentiable,
such that A} is uniformly bounded above and below by strictly positive constants.
Assume that x — ©(x; po) is differentiable with a bounded derivative in a neigh-
borhood of t and let k satisfy (1.2.1). Then, it holds

J {Ont(1,8,2) — Ont(w,8,2)} dP(w,8,z) = Op(b~ 'n~2/3).

The last step is to replace @n,t in the first integral of (3.2.8) with a deter-
ministic approximation. This is done in the next lemma, the proof of which
can be found in Section 3.6.

61



62

SMOOTH ISOTONIC ESTIMATION IN THE COX MODEL

Lemma 3.2.4. Suppose that (A1)-(A3) hold. Fix t € (0,Ty) and take 0 < € <
t <M’ <M < 1. Assume that Ao is differentiable, such that N} is uniformly
bounded above and below by strictly positive constants. Assume that x — ©(x; o)
is differentiable with a bounded derivative in a neighborhood of t. Let Oy, 1 be defined
in (3.2.15) and define

u

nt(,8,2) = Te., <6an,t(u)e%zj an,t(v)d/\o(v)>, we 0.
0

(3.2.20)
where an ¢ is defined in (3.2.9) and Ey is the event from Lemma 3.2.1. Let k

satisfy (1.2.1). Then, it holds

J (B (1,8,2) — Mg (1,5,2)} d(Pr —P)(u,5,2)

_ Op(b*3/2n*13/‘8) I Op(nq/z).

(3.2.21)

We are now in the position to state our first main result.

Theorem 3.2.5. Suppose that (A1)-(A3) hold. Fix t € (0,Tn). Assume that
Ao is m > 2 times continuously differentiable in t, such that A} is uniformly
bounded above and below by strictly positive constants. Moreover, assume that
x = O(x; Bo) is differentiable with a bounded derivative in a neighborhood of t and
let k satisfy (1.2.1). Let ASC be defined in (3.2.3) and assume that n! /mAD)p
¢ > 0. Then, it holds

M/ (2mt) (7\1516 (t) 77\0(’()) % N(w, 02),

where
_ (=)™ m) F m 2 Aolt) Jz
= Ay (1) 71k(y)y dy and o = CO(t po) k“(u) du.
(3.2.22)
Furthermore,
nm/@mn) (336 (1) —ASM (1) — o, (3.2.23)

in probability, where ASM (t) is defined in (3.2.2), so that ASM(t) has the same
limiting distribution as A3C (t).
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Proof. Choose 0 < € <t < M’ < M < Ty, so that for n sufficiently large,
we have ¢ < t—b < t+b < M’. Consider the event E;, from Lemma 3.2.1
and choose &1, &, > 0 and &3, such that it satisfies (3.6.19). We write
RS (0 = [ kot —w dAnw)
= [enlt - dnatw + T, [Rolt—wd(An—A0w) G220
+ 1E% ka(t—u) d(/\n —Ao)(u).
Because 1gc — 0 in probability, the third term on the right hand side tends

to zero in probability. For the first term, we obtain from a change of variable,
a Taylor expansion, and the properties of the kernel:

nm/(2m+1) {ka(t—u) Ao (u) du—Ao(t)}

1
_pm/(2m) j K(y) ho(t — by) — Ao (t)} dy
—1

:
— nm/(2m+1) L1 k(y){ —AS()by +- - (3.2.25)
Am=1 (g . " (En) m
+(°7”!(by) ]+Om! (—=by) }dy
(=)™

with [&n, —t| < Dblyl. Finally, for the second term on the right hand side
of (3.2.24), Lemmas 3.2.1 to 3.2.4 yield that

nm/(2maT)g ka(t—u) d(An = Ag) (W)

(3.2.26)
=2 [ (8, 2) (P~ P)(w,3,2) + 0p (1)
For the first term on the right hand side of (3.2.26) we can write
nm/(2m+1) Jnn,t(u, 5,2)d(Pn —P) (1, 5,2)
Okp (t—u)
— /@m0 (P, — P (u, 8
n En J D, Bo) (Pn —P)(w,9,2) (3.2.27)

L
_pm/@manyg J eﬁézjo e (v) dAo(v) d(Pr — P)(w, 5, 2).
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We will show that the first term on the right hand is asymptotically normal
and the second term tends to zero in probability. Define

Y1 = n~ (MAED/EmED A (£ —T4) /O(Ty; Bo),

so that the first term on the right hand side of (3.2.27) can be written as

n

Skp (t—u)

1 nm/@m“)JbidIP ~P)(,5,z) =1 Yni—E[Yni).
En CD(LL,‘ BO) ( n )( ) En ; ( n,i [ Tl,l})
Using (3.1.3), together with a Taylor expansion and the boundedness as-
sumptions on the derivatives of A and ®(t; 3¢), we have

iVar(Yn,i)
i=1
1/ {H]] @) gty ( [kl Aot du)z}
_ % F] K (y)dy —n~zmeT J]1 yk?(y) [i%}t_ay dy +of1
— %Jl] k2 (y) dy +o(1).

.2.28
Moreover, o

Yo il < n=(mED/CmEDoM; o)~ sup  k(x),
xe[—1,1]

so that Y I* ; IE[\Yn,i|2]1{wni|>eﬂ — 0, for any € > 0, since 1jjy_.|=¢} =0,

for n sufficiently large. Consequently, by Lindeberg central limit theorem,
and the fact that 1g, — 1 in probability, we obtain

e nm/(lm“)de(n?n—nv)(u,s,z) S N(0,02).  (3.2.29)

@ (w; Bo)

For the second term on the right hand side of (3.2.27), write

n

Rz Jeﬁéz Ju ant (V) dAo (V) d(Pr — P)(,8,2) = Y (Vi —EVail).
0 i=1

where

T _
Vn,i:nf(m+1)/(2m+1)e[3(’)ziJ Kp (t—Vv) dAg(v).
o ©;Bo)
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We have
mn n
v 2
Z Var(Yy i) < Z E {Yn,i}
i=1 i=1

u o 2
<n71/(2m+1)Je2r53z (J kb(tv)d/\o(v)) dP(w,5,2),
o @(v;Bo)

where the integral on the right hand side is bounded by

t+b Ky (t—\)) 2 .
(Lb D(v; Bo) dAOM) (0280

[0} (0 2[-)’0) t+b 2
<5 kp(t—v)dAo(v) | =0(1).

2 (M; Bo) J-tfb ° °
Hence, the second term on the right hand side of (3.2.27) tends to zero in
probability. Together with (3.2.24), (3.2.25), and (3.2.29), this proves the first
part of the theorem.

For the smoothed maximum likelihood estimator, we can follow the same
approach and obtain similar results as those in Lemmas 3.2.1 to 3.2.4. The
arguments are more or less the same as those used to prove Lemmas 3.2.1
to 3.2.4. We briefly sketch the main differences. First, An, we will now be

replaced by
t

An(t) = | Anfow)du
0

in (3.2.7). Then, since the maximum likelihood estimator is defined as the
left slope of the greatest convex minorant of a cumulative sum diagram
that is different from the one corresponding to the Grenander-type estima-
tor, Lemmas 3.2.1 and 3.2.2 will hold with a different event En and Wn,t
will have a simpler form (see Lemmas A.2.1-A.2.2 and definition (A.2.4) in
A.2. Similar to the proof of Lemma 3.2.3, the proof of its counterpart for
the maximum likelihood estimator (see Lemma A.2.10) is quite technical
and involves bounds on the tail probabilities of the inverse process corre-
sponding to A,, (see Lemma A.2.5), used to obtain the analogue of (3.2.19)
(see Lemma A.2.6). Moreover, the inverse process related to the maximum
likelihood estimator is defined by

Un(a) = argmin {Vn(s)—aWn(s)}, (3.2.30)
SG[T“),T(H)]

where V,, and Wn are defined in (3.2.1), and we get a slightly different
bound on the tail probabilities of Uy, (compare Lemmas 3.6.3 and A.2.5). The
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reason is that the martingale decomposition of Vy, (s) — aWp (s) has a simper
form. The counterpart of Lemma 3.2.4 (see Lemma A.2.11) is established in
the same way, replacing Ay, by A,,. For details we refer to Section A.2.

From (3.2.24) and (3.2.26), we have that
i/ (2mEFSG () — pym/(2me1) ka(t —wdAo(w)

0™/ [ (1,6,2) (P — P)(a,5,2) + 0p (1)
(3.2.31)
where 1, 1 is defined in (3.2.20) and where

pm/(2me) Jnn,t (1,8,2)d(Pn —P)(w,5,2) = N(0,02).  (3232)

Similarly, from the results in Section A.2, we have that there exists an event
En, such that

R/ DR 4 =/ 27D [ (-0 dAow)

nm/(2me) jﬁn,t(u,s,z)dm “P)(w,5,2) + 0p(1)
(3.2.33)

where T ¢ is defined in (3.2.20) with En instead of En,, where 1z — Tin
probability, and where

nm/ (2m+T) Jnn ¢(w,8,2)d(Pr, — P)(w, §,2) — N(0, 02). (3.2.34)
Together with (3.2.32) and (3.2.34), this means that
pm/(2m1) (7\7516 (t) _§\TSIM(,[))

- (11,@%]11:_“ gl )

uw
X MImT J{éant —ef’oz an,t(v) dAp( )} d(Py, —IP)(u,,z) +0p(1)
0
:]IE%OP( ) —T1ge Op(1) +0p(1) = 0p (1),
because ]lAC — 0 and 1g¢ — 0 in probability. O

Note that in the special case o = 0 and m = 2, we recover Theorem
2.2.2 and Theorem 11.8 in Groeneboom and Jongbloed, 2014, for the right
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censoring model without covariates. The fact that 7\7516 (t) and 7\§LM (t) are
asymptotically equivalent does not come as a surprise, since for the corre-
sponding isotonic estimators according to Theorem 2 in Lopuhaid and Nane,
2013, for t € (0,Ty) fixed, n'/3(An(t) —An(t)) — 0, in probability. How-
ever, we have not been able to exploit this fact, and we have established the
asymptotic equivalence in (3.2.23) by obtaining the expansions in (3.2.31)
and (3.2.33) separately for each estimator.

Remark 3.2.6. The estimators considered in Theorem 3.2.5 are based on the
partial maximum likelihood estimator 3, which defines the Breslow esti-
mator, see (1.1.7), and the cumulative sum diagram from which the SMLE
is determined, see (3.2.1). However, Theorem 3.2.5 remains true, if B is any
estimator that satisfies

Bn —Bo—0, as, and f BTI O‘p( ) (3235)

In particular, this holds for the partial MLE for (3¢. See, e.g., Theorems 3.1
and 3.2 in Tsiatis, 1981. When proving consistency of the bootstrap, we are
not able to establish bootstrap versions of Theorems 3.1 and 3.2 in Tsiatis,
1981, but, in view of this remark, it is sufficient to assume the bootstrap
version of (3.2.35).

3.3 MAXIMUM SMOOTH LIKELIHOOD ESTIMATOR

Maximum smoothed likelihood estimation is studied in Eggermont and
LaRiccia, 2000, who obtain Lj-error bounds for the maximum smoothed
likelihood estimator of a monotone density. This method was also consid-
ered in Groeneboom, Jongbloed, and Witte, 2010 for estimating the distribu-
tion function of interval censored observations. The approach is to smooth
the loglikelihood and then maximize the smoothed loglikelihood over all
monotone functions of interest. For a fixed 3, the (pseudo) loglikelihood for
the Cox model can be expressed as

1g(Ao) = J (5 logAo(t) —eP'z E Ao(w) du) dPn(t,5,z), (3.3.1)

(see (1.1.5)). To construct the maximum smoothed likelihood estimator (MSLE)
we replace [Py, in the previous expression with the smoothed empirical mea-
sure (in the time direction),

] n
dPn(t,58,2) = H; (AL,Z3) 5Zkb(t_T)dt/
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and then maximize the smoothed (pseudo) loglikelihood

s (Ao) = J <6 log Ao (t) — eb'z Jt Ao(u) du> dP.(t,5,2). (3.3.2)

0

The characterization of the MSLE is similar to that of the ordinary MLE. It
involves the following processes. Fix 3 € RP and let

Zeﬁzj kp (w—T;) du,
:*Zﬂikb(t—ﬂ)-

n

i=1

The next lemma characterizes the maximizer of {j;. The proof can be found
in Section 3.6.2.

(3-3-3)

Lemma 3.3.1. Let {3, wy and vy be defined by (3.3.2) and (3.3.3), respectively.
The unique maximizer of ¢} over all nondecreasing positive functions Ao can be
described as the slope of the greatest convex minorant (GCM) of the continuous
cumulative sum diagram

t t
t— <J wn(x;B) dx,J vn (%) dx) , te[0,Tpl, (3-3.4)

0 0

where g = sup{t > 0 : wn(t; ) > 0}

For a fixed f3, let 7\151(-; ) be the unique maximizer of E%(?\OJ over all
nondecreasing positive functions Ap. We define the MSLE by

AN (1) = A5t Bn), (3-3.5)

where B, denotes the maximum partial likelihood estimator for 3¢. It can
be seen that under appropriate smoothness assumptions,

Jt W (W Bn)du = JWn(s)kb(t— s)ds +O0p(n~1/2) + 0, (b),
0

t
J (W) du = J (s)kp (t—s) ds + Oy (b),
0

where the processes Vy, and W,,, as defined in (3.2.1), determine the cumu-
lative sum diagram corresponding to the ordinary MLE. This means that
the cumulative sumdiagram that characterizes the MSLE, is asymptotically
equivalent to a kernel smoothed version of the cumulative sumdiagram that
characterizes the ordinary MLE.
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Figure 8: Left panel: The MSLE (solid) and the naive estimator (dotted) of the hazard
function (dashed) using bandwidth b, = 0.5n~1/2. Right panel: The same
but using bandwidth by, = n-1/5,

As can be seen from the proof of Lemma 3.3.1, the MSLE minimizes

1 va(t) )?
o =3 [ (0= 2 wwpia, 63e)
2 wn () /) "
over all nondecreasing functions A. This suggests
Anai vn (t)
Anatve(py — T (3-3-7)
" Wn (t; Bn)

as a naive estimator for Ay. The naive estimator is the ratio of two smooth
functions, being the derivatives of the vertical and horizontal processes in
the continuous cumulative sum diagram in (3.3.4). The naive estimator is
smooth, but not necessarily monotone and its weighted least squares projec-
tion is the MSLE. Figure 8 illustrates the MSLE and the naive estimator for
a sample of size n = 500 from a Weibull baseline distribution with shape
parameter 1.5 and scale 1. For simplicity, the covariate and the censoring
time are chosen to be uniformly (0,1) distributed and we take 3o = 0.5.
We used the triweight kernel function k(u) = (35/32)(1 —u2)3]l{|u‘<1} and
bandwidth b = n~1/%. Note that if we use bandwidth b,, = 0.5n"1/3, the
naive estimator is not monotone, but the distance to the MSLE (which is the
isotonic version of AM'¢) is very small. On the other hand, for bandwidth
bn = n /3 isotonization is not needed and the two estimators coincide. In-
deed, following the reasoning in Groeneboom, Jongbloed, and Witte, 2010,
the derivation of the asymptotic distribution of AN'S is based on showing
that with probability converging to one, the naive estimator will be mono-
tone and equal to AMS on large intervals. Consequently, it will be sufficient
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to find the asymptotic distribution of the naive estimator. The advantage of
this approach is that in this way we basically have to deal with the naive
estimator, which is a more tractable process.

This approach applies more generally. The situation for the MSLE is a
special case of the more general situation, where the isotonic estimator is
the derivative d\?n /dXy of the greatest convex minorant {(Xn(t),\?n(t)) :

€ [0,1]} of the graph {(Xn(t), Yn(t)) : t € [0,1]}, for some 0 < T < Ty,
where X;, and Yy, are differentiable processes in a cumulative sumdiagram,
whereas the naive estimator is the ratio dY;, /dX;, of the derivatives of Xy,
and Yy,. The MSLE and the corresponding naive estimator from (3.3.7) form
a special case, with Xy, = Wy, Y5, = Vy,, where

t t

Wi (t) = JO wnwBn)du,  Valt) = L Ve (W) du, (33.8)

and t = sup{t > 0 : wn (t; Bn) > 0). The following result considers the
general setup and shows that, in that case, the isotonic estimator and the
corresponding naive estimator coincide on large intervals with probability
tending to one.

Lemma 3.3.2. Let Xy, and Yn, be differentiable processes and let {(Xn(t),\?n(t)) :
t € [0,%]} be the greatest convex minorant of the graph {(Xn(t), Yn(t)) : t €
[0, %]}, for some 0 < © < Tn. Let 3\}15 (t) = d?n(t)/an(t) and Xﬂaive(t) =
dYn (t)/dXn(t), for t € [0, t]. Suppose that

(a) Xn(s) < Xn(t)/foro <s<t<d
(b) for every t € (0,1) fixed, 7\{{‘11"6(‘() — Ao (t), in probability;
(c) forall 0 < € < M < % fixed, P (AN is increasing on [, M]) — 1;

(d) there exists processes Xo and Yy, such that

sup [Xn (t) —Xo(t)| 0, sup [Yn(t) = Yo(t) 2 0.
t€[0,t] te[0,t]

Moreover, the process Xo is absolutely continuous with a strictly positive
nonincreasing derivative xo, and Xo and Yy are related by

t
Yo(t) = L Ao (w) dXo ().

Then, forall 0 <L <M < %, P (Xﬂaive(t) =AMS(t), forall t € [(, M]) — 1.
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The proof of Lemma 3.3.2 can be found in the Appendix 3.6.2. We will
apply Lemma 3.3.2 to the MSLE and the naive estimator from (3.3.7). Recall
that XMS and f\ﬁ‘f‘i"e are defined on [0, tn], where

tn = sup{t = 0:wn(t; fn) >0},

and note that t,, — Ty with probability one. Condition (a) of Lemma 3.3.2
is trivially fulfilled with X;, = Wy, defined in (3.3.8). A first key result is that
for each 0 < { < M < Ty, it holds

sup fvn(t) —h(t) = 0(b™)+ Op(b~'n"1/2),
tel(,M]

sup [w(t; fn) — ®(t; Bo)l = O(b™) + Op (b~ 'n~1/2),
tele,M]

(3-3-9)

where vy, wn, and @ are defined in (3.3.3) and (3.1.2), see Lemma 3.6.8. A
direct consequence of (3.3.9) is the fact that the naive estimator converges
to Ao uniformly on compact intervals within the support, as long as b — 0
and 1/b = o(n'/2), see Lemma 3.6.9. In particular, this will ensure condition
(b) of Lemma 3.3.2. A second key result is that, under suitable smoothness
conditions, for each 0 < { < M < Ty, it holds

sup WA(t)—h/(t) 5o,

tele,M]
U (3:3-10)
sup  [wy (t; fn) — @7(t; Bo)l = 0,
tele,M]

see Lemma 3.6.8. This will imply that the naive estimator is increasing on
large intervals with probability tending to one, see Lemma 3.6.11, which
yields condition (c) of Lemma 3.3.2. Finally, condition (d) of Lemma 3.3.2 is
shown to hold with Xp = H"¢ from (3.1.1) and Yy = W), defined by

t
Wolt) = jo (u; Bo) du. (3.3.17)

In view of (3.3.9) and (3.1.3), this is to be expected, and it is made precise
in Lemma 3.6.12. Hence, Lemma 3.3.2 applies to the MSLE and the naive
estimator from (3.3.7). Therefore we have the following corollary.

Corollary 3.3.3. Suppose that (A1)-(A2) hold. Let HY¢(t) and ©(t; o) be de-
fined in (3.1.1) and (3.1.2), and let h(t) = dH"C(t)/dt, satisfying (3.1.3). Sup-
pose that hoand t — ®(t; Bo) are continuously differentiable, and that A} is uni-
formly bounded from below by a strictly positive constant. Let k satisfy (1.2.1) and
let ARV pe defined in (3.3.7). If b — 0 and 1/b = O(n®), for some o € (0,1/4),
then for each 0 < { < M < Ty,

P (j\ﬁaive(t) =AMS (), forall t € [(, NU) — 1.
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Consequently, for all t € (0,Ty), the asymptotic distributions of AT3Ve(t) and
AMS (1) are the same.

Under similar smoothness conditions as needed in Lemma 3.6.8 to ob-
tain (3.3.9), one can show that

sup [vi,(t) —h/() = O(b™ 1) + Op (b 2n"1/2),
tele,M]

sup (Wi (t; Bn) — @'(t;Bo)l = O™ 1)+ 0p (b~ 'n"1/2).
tel(,M]

(3.3.12)

In that case, it can also be proved that

sup %Xrﬁfive(t)fké(t) = 0™ 1)+ 0p(b*n"1/2) = 0p(1),
tee,M]

aslong as b — 0 and 1/b? = o(n'/2).

From Corollary 3.3.3 and the fact that the naive estimator converges to Ao
uniformly on compact intervals within the support, see Lemma 3.6.9, an-
other consequence of Lemma 3.3.2 is the following corollary concerning
uniform convergence of the MSLE.

Corollary 3.3.4. Suppose that (A1)-(Az) hold. Let H*¢ (t) and O (t; po) be defined
in (3.1.1) and (3.1.2), and let h(t) = dH“¢(t)/dt, satisfying (3.1.3). Suppose
that h and t — O(t; po) are m > 1 times continuously differentiable, and that
A§ is uniformly bounded from below by a strictly positive constant. Let k be m-
orthogonal satisfying (1.2.1). Then, the maximum smooth likelihood estimator is
uniformly consistent on compact intervals [, M] C (0, TH):

sup AN (t) =Ao(t)| = O(b™) + Op (b~ 'n~1/2).
te(e,M]

Proof. The result follows immediately from Corollary 3.3.3 and Lemma 3.6.9.
O

To obtain the asymptotic distribution of AMS(t), we first obtain the asymp-
totic distribution of AT@Ve(t). To this end we establish the joined asymptotic
distribution of the vector (W (t; fn), vn(t)), see Lemma 3.6.13. Then an ap-
plication of the delta-method yields the limit distribution of A%V¢ as well as
that of AMS, due to Corollary 3.3.3.

Theorem 3.3.5. Suppose that (A1)-(A2) hold. Let H“¢(t) and ®(t; o) be defined
in (3.1.1) and (3.1.2), and let h(t) = dHY“C(t)/dt, satisfying (3.1.3). Suppose that
hand t — O(t;Bo) are m > 2 times continuously differentiable and let k be
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m-orthogonal satisfying (1.2.1). Let ANS (t) be defined in (3.3.5) and assume that
n!/2m+ Dy 5 ¢ > 0. Then, for each t € (0,7H), the following holds

nm/(2m+1) (ﬁﬁ“(t) *M(ﬂ) N N(f, Gz),

where
~_(—C)‘“h(‘“)(t)—7\o(t)<1>(t)(x;Bo) ! o
b= O(t; Bo) Lk“‘”” dy;
(3-3-13)
2 Aolt)

1
CAolt) 2
~ cD(t;Bo) J—l K (y) dy.

This also holds if we replace AN'S (t) with AN3iVe(t), as defined in (3.3.7).

The proof of Theorem 3.3.5 can be found in Section 3.6.2. Theorem 3.3.5
is comparable to Theorem 3.2.5. The limiting variance is the same, but the
asymptotic mean is shifted. A natural question is whether AMS (x) is asymp-
totically equivalent to these estimators, if we correct for the difference in the
asymptotic mean. The next theorem shows that this is indeed the case. The
proof can be found in Section 3.6.2. In order to use results from Section 3.2,
apart from conditions (A1) and (Az2), we have to assume also (A3).

Theorem 3.3.6. Suppose that (A1)-(A3) hold. Suppose that Ay and t — @ (t; o)
are m > 2 times continuously differentiable, with Ny uniformly bounded from
below by a strictly positive constant, and let k be m-orthogonal satisfying (1.2.1).
Let 7\T’\{ls (t) be the maximum smoothed likelihood estimator and let ASM (t) be the
smoothed maximum likelihood estimator, defined in (3.2.2). Let 1 and w be defined
in (3.3.13) and (3.2.22), respectively. Then, for each t € (0, TH), the following holds

nm/@mEn) (WS (1) ~ASM(0) — (- w) - 0

in probability, and similarly if we replace ASM (t) by the smoothed Grenander-type
estimator ASC (t), defined in (3.2.3).

3.4 ISOTONIZED KERNEL ESTIMATOR

The fourth method that we consider is an isotonized kernel estimator. Let
A3, be the smoothed Breslow estimator defined by

AR = [ Kolt—wAn () du. (3.41)

In order to avoid problems at the right end of the support, we fix 0 < T <
Ty and consider estimation only on [0,T*]. A similar approach was con-
sidered in Groeneboom and Jongbloed, 2013, when estimating a monotone
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Figure 9: Left panel: The smoothed version (solid) of the Breslow estimator (solid-
step function) for the cumulative baseline hazard (dotted) and the greatest
convex minorant (dashed). Right panel: The Grenander-type smoothed es-
timator (solid) of the baseline hazard (dotted).

hazard of uncensored observations. The main reason in our setup is that in
order to exploit the representation in (3.1.3), we must have t < T, because
D(t; Bo) = 0 otherwise. The isotonized kernel estimator of a nondecreasing
baseline hazard is a Grenander-type estimator, as being defined as the left
derivative of the greatest convex minorant of A on [0, T*]. We denote this
estimator by ASS.

Note that this type of estimator was defined also in Nane, 2013 without
the restriction on [0, T*]. Strong pointwise consistency was proved and uni-
form consistency on intervals [e, Ty — €] C [0, Ty] follows immediately from
the monotonicity and the continuity of Ag. These results also illustrate that
there are consistency problems at the end point of the support. Since in
practice we do not even know Ty, the choice of T might be an issue. Since
one wants T to be close to T, one reasonable choice would be to take as T
the 95%-empirical quantile of the follow-up times, because this converges
to the theoretical 95%-quantile, which is strictly smaller than T1. Note that
we cannot choose Ty, because it converges to Ty, i.e., for large n, it will be
greater than any fixed " < tH.

Figure 9 shows the smoothed Breslow estimator and the isotonized kernel
estimator for the same sample as in Figure 8. To avoid problems at the
boundary we use the boundary corrected version of the kernel function
and consider the data up to the 95%-empirical quantile of the follow-up
times. The bandwidth is by, = n~!/3. Similar to the proof of Lemma 3.3.1,
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it follows from Lemma 1 in Groeneboom and Jongbloed, 2010, that 7\,615 is
continuous and is the unique maximizer of

1 (" Xs a2
) =3 | (e —-Aa0)® ar
over all nondecreasing functions A, where
A (1) = PR = [ [t WA () d (3.42)
This suggests '
AR () = AR (1) (3-4.3)

as another naive estimator for Ag(t). This naive estimator is the derivative
of the smoothed Breslow. Again, it is smooth but not necessarily monotone
and its least squares projection is the isotonized kernel estimator. Note that
by means of integration by parts, we can also write

A1) = [ kot —w dAn(w)

Hence, the naive estimator from (3.4.2) is equal to the ordinary Rosenblatt-
Parzen kernel estimator for the baseline hazard. Asymptotic normality for
this estimator under random censoring has been proven by Ramlau-Hansen,
1983 and Tanner and Wong, 1983. A similar result in a general counting pro-
cesses setup, that includes the Cox model, is stated in Wells, 1994, but only
the idea of the proof is provided. We will establish asymptotic normality for
the naive estimator from (3.4.2) in our current setup of the Cox model, see
the proof of Theorem 3.4.3.

Then, similar to the approach used in Section 3.3, the derivation of the
asymptotic distribution of AS® is based on showing that it is equal to the
naive estimator in (3.4.3) on large intervals with probability converging
to one. The isotonized kernel estimator is a special case of Lemma 3.3.2,
with Xn(t) = t, Yn(t) = A5 (1), and T = t*. As before, condition (a) of
Lemma 3.3.2 is trivial and condition (b) is fairly straightforward, see (3.6.69)
for details. condition (c¢) of Lemma 3.3.2 is established in Lemma 3.6.14
and condition (d) is also straightforward, see (3.6.70) for details. Hence,
Lemma 3.3.2 applies to the isotonized kernel estimator and the naive es-
timator from (3.4.3), which leads to the following corollary.

Corollary 3.4.1. Suppose that (A1)-(Az) hold. Let Ay be continuously differen-
tiable, with Ny uniformly bounded from below by a strictly positive constant, and
let  satisfy (1.2.1). If b — 0 and 1/b = O(n*), for some « € (0,1/4), then for
each 0 < £ < M < %, it holds

P (Aneve(t) = ASS(t) forall t € [6,M]) — 1.
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Consequently, for all t € (0,T*), the asymptotic distributions of N\@Ve(t) and
AGS(t) are the same.

The proof of Corollary 3.4.1 can be found in Section 3.6.3.

Remark 3.4.2. Note that in case the kernel function is strictly positive on
(—1,1) and the baseline hazard is strictly increasing, one can easily check
that
t/b
e |ty olt—by)dy
is a continuously differentiable, strictly increasing function on [0, M] and as
a result we obtain that

d jnaive _ d t/e
Sxgiveqy = & (Jl k(y)Ao(t—by)thJ)
| (= (3-4-4)
ror [ (552) 4= Aoy
> C+op(1).

This implies that 7\?15‘1"'3 is increasing on [0, M.

Finally, consistency and the asymptotic distribution of A$ S (t) is provided
by the next theorem. Its proof can be found in Section 3.6.3.

Theorem 3.4.3. Suppose that (A1)-(A2) hold. Fix t € (0,7ty) and T € (t,Ty).
Assume that Ao is m > 2 times continuously differentiable, with \§ uniformly
bounded from below by a strictly positive constant. Assume that s — D(s; o)
is continuous in a neighborhood of t and let k be m-orthogonal satisfying (1.2.1).
Let ASS be the left derivative of the greatest convex minorant on [0,7*] of A$,
defined in (3.4.1) and suppose that n'/(2m+ Db — ¢ > 0. Then, for all 0 < { <
M < %,

sup ‘XTGIS(S) 77\0(3)‘ =0((d™) + Op(b_1n_1/2),
selL,M]

in probability, and it holds that

nm/(2m+1) (Xﬁs(t) _)\O(t)) 4, N(L, 62),

1 1
7}\(()1“)(’() J_] k(y)y™dy and 0% = CCD)\(Ot(t[;o) J_1 k(y)z dy.



3.5 NUMERICAL RESULTS FOR POINTWISE CONFIDENCE INTERVALS

According to Corollary 3.4.1, the naive estimator from (3.4.3) has the same
limiting distribution described in Theorem 3.4.3. In this case we recover a
result similar to Theorem 3.2 in Wells, 1994. As can be seen, the limiting dis-
tribution of the isotonized kernel estimator in Theorem 3.4.3 is completely
the same the one for the smoothed MLE and smoothed Grenander-type esti-
mator in Theorem 3.2.5. The following theorem shows that A$ S (t) is in fact
asymptotically equivalent to both these estimators. In particular, this means
that the order of smoothing and isotonization for the Grenander-type esti-
mator does not affect the limit behavior. This is in line with the findings
in Mammen, 1991 and van der Vaart and van der Laan, 2003.

Theorem 3.4.4. Suppose that (A1)-(A3) hold. Fix t € (0,th) and T € (t,TH).
Assume that Ao is m > 2 times continuously differentiable, with A} uniformly
bounded from below by a strictly positive constant. Assume that s — @(s; 3o)
is differentiable with a bounded derivative in a neighborhood of t and let k be m-
orthogonal satisfying (1.2.1). Let ASS be the left derivative of the greatest convex
minorant on [0, "] of AS, defined in (3.4.1) and suppose that n1/Cm+1)p 5 ¢ >
0. Let ASC be the smoothed Grenander-type estimator defined in (3.2.3). Then

/@) (R85 (6 - A58 (1) = o,

in probability, and similarly if we replace A3C (t) by the smoothed maximum like-
lihood estimator A;M (t), defined in (3.2.2). This also holds if we replace A$S (t)
with ND3Ve (), defined in (3.4.3).

The proof of Theorem 3.4.4 can be found in Section 3.6.3.

3.5 NUMERICAL RESULTS FOR POINTWISE CONFIDENCE INTERVALS

In this section we illustrate the finite sample performance of the four es-
timators considered in Sections 3.2, 3.3 and 3.4 by constructing pointwise
confidence intervals for the baseline hazard rate. We consider two different
procedures: the first one relies on the limit distribution and the second one is
a bootstrap based method. In all the simulations we use the triweight kernel
function, which means that the degree of smoothness is m = 2. The reason
for choosing a second-order kernel is that higher order kernels may also
take negative values, which then might lead to non monotone estimators
for the baseline hazard.
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3.5.1 Asymptotic confidence intervals

From Theorems 3.2.5, 3.3.5 and 3.4.3, it can be seen that the asymptotic
100(1 — «)%-confidence intervals at the point ty € (0, T ) are of the form

AL (tg) —n—2/3 {ﬁn(to) iﬁn(to)QFoc/z},

where qq_ 4, is the (1 — «/2) quantile of the standard normal distribution,
A}L(to) is the smooth isotonic estimator at hand (i € {SG, SMLE, GS, MSLE}),
and fin (to), On(to) are corresponding plug-in estimators of the asymptotic
mean and standard deviation, respectively. However, from the expression
of the asymptotic mean in Theorems 3.2.5, 3.3.5 and 3.4.3 for m = 2, it
is obvious that obtaining the plug-in estimators requires estimation of the
second derivative of Ay. Since accurate estimation of derivatives is a hard
problem, we choose to avoid it by using undersmoothing. This procedure
is to be preferred above bias estimation, because it is computationally more
convenient and leads to better results (see also Hall, 1992, Groeneboom and
Jongbloed, 2015, Cheng, Hall, and Tu, 2006). Undersmoothing consists of us-
ing a bandwidth of a smaller order than the optimal one (in our case n='/).
As a result, the bias of nz/S(A%(to) —Ao(to)), which is of the order n?/5b2
(see (3.2.25)), will converge to zero. On the other hand, the asymptotic vari-
anceis n~/5b 16?2 (see (3.2.28) with m = 2). For example, with b = n-1/4,
asymptotically n?/ 5(?\§Ll(to) —Ao(to)) behaves like a normal distribution
with mean of the order n~ /10 and variance n'/2%¢2. Hence, the confi-
dence interval becomes

A (to) £ 37860 (t0) g1 /20 (3-5-1)
where St :
N Ax (to) 2
Balto) = 0 [ k(y)?dy. (3.52)
" c®On (to; Bn) J-1

Note that undersmoothing leads to confidence intervals of asymptotic length
Op(n—3/8), while the optimal ones would be of length Op(n—2/3). In our
simulations, the event times are generated from a Weibull baseline distribu-
tion with shape parameter 1.5 and scale 1. The real valued covariate and the
censoring time are chosen to be uniformly distributed on the interval (0, 1)
and we take 3¢9 = 0.5. We note that this setup corresponds to around 35%
uncensored observations. Confidence intervals are calculated at the point
to = 0.5 using 10000 sets of data and we take bandwidth b = cn~1/4, with
¢ = 1, and kernel function k(u) = (35/32)(1 — u2)3]1{‘u|<1}.

It is important to note that the performance depends strongly on the
choice of the constant ¢, because the asymptotic length is inversely propor-
tional to c (see (3.5.2)). This means that, by choosing a smaller ¢ we get wider
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SG SMLE MSLE GS
n AL cr AL CcpP AL cp AL cr
100 0.996 0.740 1.101 0.796 1.035 0.779 1.007 0.740
500 0545 0.824 0.563 0.857 0.562 0.840 0.554 0.841
1000 0.421 0.852 0430 0.883 0424 0.846 0.428 0.843
5000 0.232 0910 0.234 0916 0.234 0892 0.234 0.888

Table 4: The average length (AL) and the coverage probabilities (CP) for asymptotic
95% pointwise confidence intervals of the baseline hazard rate at to = 0.5.

confidence intervals and as a result higher coverage probabilities. Unfortu-
nately, it is not clear which would be the optimal choice of such a constant.
This is actually a common problem in the literature (see for example Cheng,
Hall, and Tu, 2006 and Gonzélez-Manteiga, Cao, and Marron, 1996). As in-
dicated in Miiller and Wang, 1990, cross-validation methods that consider a
trade-off between bias and variance suffer from the fact that the variance of
the estimator increases as one approaches the endpoint of the support. This
is even enforced in our setting, because the bias is also decreasing when
approaching the endpoint of the support. We tried a locally adaptive choice
of the bandwidth, as proposed in Miiller and Wang, 1990, by minimizing an
estimator of the Mean Squared Error, but in our setting this method did not
lead to better results. A simple choice is to take c equal to the range of the
data (see Groeneboom and Jongbloed, 2015), which in our case corresponds
to ¢ = 1. Table 4 shows the performance of the four smooth isotonic estima-
tors. For each of them we report the average length (AL) and the coverage
probabilities (CP) of the confidence intervals given in (3.5.1) for various sam-
ple sizes. Results indicate that the SMLE behaves slightly better, but as the
sample size increases its behavior becomes comparable to that of the other
estimators. Even though the coverage probabilities are below the nominal
level of 95%, smoothing leads to significantly more accurate results in com-
parison with the non-smoothed Grenander-type estimator given in the last
two columns of Table 5. The confidence intervals for the Grenander-type
estimator are constructed on the basis of Theorem 2 in Lopuhad and Nane,
2013, i.e,, they are of the form An(to) £n~1/3 Cn(to)q1,a/2(Z), where

4Xn(to)7\uto)>” 3
(Dn(to? Bn) ’

q«(Z) is the a-quantile of the distribution of Z = argmin, {W(t) + 2},
with W a standard two-sided Brownian motion starting from zero. In partic-
ular, qo.975(Z) = 0.998181. The main advantage of using the non-smoothed

Cn(tO) = (
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Kernel Grenander

n AL cpP AL Ccp
100 1.055 0.756 0.757  0.500
500 0.560 0.822 0.449 0.615
1000 0.429 0.845 0.359 0.657
5000 0.234 0.884 0.215 0.764

Table 5: The average length (AL) and the coverage probabilities (CP) for asymptotic
95% pointwise confidence intervals of the baseline hazard rate at to = 0.5.

Grenander-type estimator is that it does not involve the choice of a tuning
parameter. However, the performance is not satisfactory, because we still
need to estimate the derivative of Ay, which is difficult if the estimator of Ag
is a step function. Here we use the slope of the segment [Xn(T(i),Xn(TiH )]
on the interval [T(;), T(;1)] that contains to.

We also compare the performance of the smooth isotonic estimators with
that of the ordinary (non-monotone) kernel estimator

A3, (to) = jkb (to — ) dAn (1),

which is shown in the first two columns of Table 5. We note that the ker-
nel estimator coincides with the naive estimator that approximates the iso-
tonized kernel estimator, see Section 3.4. In the proof of Theorem 3.4.3, it
is shown that A$, exhibits a limit distribution which coincides with the one
of the smoothed estimators in Theorem 3.2.5. Also the numerical results in
Table 5 confirm that the performance of the kernel estimator is comparable
with that of the smooth isotonic estimators.

More importantly, estimation of the parameter 3o has a great effect on the
accuracy of the results. Table 6 shows that if we use the true value of ¢ in
the computation of the estimators, the coverage probabilities increase signif-
icantly. However, in this case the confidence intervals for the SMLE and the
MSLE become too conservative. Things are illustrated for the isotonized ker-
nel estimator in Figure 10, which shows the kernel densities of the values of
the GS estimator and the corresponding lengths of the confidence intervals,
computed using the true parameter 3o and the partial ML estimator 3, for
1000 samples of size n = 500. We conclude that the use of f,, leads to un-
derestimation or overestimation of both Ay (tp) as well as the corresponding
length of the confidence interval. In fact, underestimation of both goes hand
in hand, since the variance of the GS estimator is proportional to Ag(to),
and similarly for overestimation. As can be seen in Table 6, estimation of 3¢
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Figure 10: Left panel: Values of the GS estimator computed using the true parame-
ter B¢ (solid line) and the Cox’s partial MLE B, (dashed line). Right panel:
Values of the length of the confidence interval computed using the true
parameter 3¢ (solid line) and the Cox’s partial MLE B, (dashed line).

does not seem to effect the length of the confidence interval. However, the
coverage probabilities change significantly. When Ay (tp) is underestimated,
the midpoint of the confidence interval lies below Ag(tp) and the simulta-
neous underestimation of the length even stronger prevents the confidence
interval to cover Ap(tp). When Ag(to) is overestimated, the midpoint of the
confidence interval lies above Ag(tg), but the simultaneous overestimation
of the length does not compensate this, so that the confidence interval too
often fails to cover Ap(to).

Although the partial ML estimator B, is a standard estimator for the
regression coefficients, the efficiency results are only asymptotic. As pointed
out in Cox and Oakes, 1984 and Ren and Zhou, 2011, for finite samples
the use of the partial likelihood leads to a loss of accuracy. Recently, Ren
and Zhou, 2011 introduced the MLE for (3¢ obtained by joint maximization
of the loglikelihood in (3.3.1) over both 3 and Ay. It was shown that for
small and moderate sample sizes, the joint MLE for 3¢ performs better
than ... However, in our case, using this estimator instead of B, does
not bring any essential difference in the coverage probabilities. Pointwise
confidence intervals, for a fixed sample size n = 500, at different points of
the support are illustrated in Figure 11. The results are again comparable
and the common feature is that the length increases as we move to the
left boundary. This is due to the fact that the length is proportional to the
asymptotic standard deviation, which in this case turns out to be increasing,
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SMLE, SGo MSLE, GSo

n AL CP AL CP AL CP AL CP
100 1.057 0958 0.984 0.941 1.050 0.970 0.981 0.911
500 0559 0.977 0.538 0.949 0556 0979 0547 0.940
1000 0430 0.979 0419 0957 0429 0976 0424 0.953
5000 0234 0981 0232 0.969 0234 0975 0.248 0.960

Table 6: The average length (AL) and the coverage probabilities (CP) for asymptotic
95% pointwise confidence intervals of the baseline hazard rate at the point
to = 0.5 using Bo.

02(t) = 1.5v/1/(c®(t; Bo)). Note that ®(t; B) defined in (3.1.2) is decreasing.

3.5.2 Bootstrap confidence intervals

An alternative to confidence intervals based on the asymptotic distribution
relies on bootstrap. Studies on bootstrap confidence intervals in the Cox
model are investigated in Burr, 1994 and Xu, Sen, and Ying, 2014. In the
latter paper, the authors investigate several bootstrap procedures for the
Cox model. We will use one (method M5) of the two proposals for a smooth
bootstrap that had the best performance and were recommended by the
authors.

We fix the covariates and we generate the event time X; from a smooth
estimate for the cdf of X conditional on Z;:

Fa(tZy) =1—exp {—/\fl(t)eﬁ‘lizi},
where A$ is the smoothed Breslow estimator
A5 () = ka (t—u)An(u)du.

The censoring times CI are generated from the Kaplan-Meier estimate Gr,.
Then we take T = min(X], C}) and A} = Lix:<cy)- For constructing the
confidence intervals, we take 1000 bootstrap samples (T.*, A}, Z;) and for
each bootstrap sample we compute the smooth isotonic estimates 7\?16'* (to),
ASMA (14), AMS* (15) and ASS* (t). Here the kernel function is the same as
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Figure 11: 95% pointwise confidence intervals based on the asymptotic distribution
for the baseline hazard rate using undersmoothing.
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before and the bandwidth is taken to be b = n~'/°. Then, the 100(1 — o)%
confidence interval is given by

(452 (t0), 4} a2 (t0)] (3:53)

where g} (to) is the a-percentile of the 1000 values of the estimates 7\}{* (to)
of the corresponding smooth isotonic estimator (i € {SG, SMLE, GS, MSLE}).

We investigate the behavior of the four estimators in the following two
different settings

Model 1 Model 2

X Weibull (1.5,1)  Weibull (3,1)
C  Uniform (0,1)  Uniform (0,2)
Z  Uniform (0,1) Bernoulli (0.5)
Bo 0.5 0.1
X0 0.5 0.5

Note that Model 1 is the same as in the previous simulation. The main
differences between the two models are the following: the baseline hazard
rate is slightly increasing in Model 1 and strongly increasing in Model 2,
the covariates have a smaller effect on the hazard rate in Model 2, and
Model 1 corresponds to 35% uncensored observations, while in the Model 2
we have about 50% uncensored observations. It is also worthy noticing that,
for Model 1, we calculate the confidence intervals at the middle point of the
support to = 0.5 in order to avoid boundary problems, while, in Model 2 we
again consider ty = 0.5, because the estimation becomes more problematic
on the interval [1,2]. This is probably due to the fact that we only have a
few observations in this time interval, on which the hazard rate is strongly
increasing.

The average length and the empirical coverage for 1000 iterations and
different sample sizes are reported in Table 7 and Table 8 . We observe
that bootstrap confidence intervals behave better that confidence intervals
constructed on the basis of the asymptotic distribution, i.e., the coverage
probabilities are closer to the nominal level of 95%. Results also indicate
that the SMLE and MSLE behave slightly better than the other two estima-
tors, in general, it leads to shorter confidence intervals and better coverage
probabilities.
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SMLE 5G MSLE GS
n AL cr AL cr AL cp AL cr
100 1.870 0.948 1376 0.899 1553 0.943 1.625 0.914
500 0.730 0.942 0.660 0.892 0.701 0.947 0.726 0.941
1000 0.521 0960 0487 0.902 0.512 0949 0.527 0.963

Table 7: The average length (AL) and the coverage probabilities (CP) for the 95%
bootstrap confidence intervals of the baseline hazard rate at ty = 0.5 for
Model 1.

SMLE SG MSLE GS
n AL cp AL cr AL cp AL cr
100 0.899 0966 0.730 0.960 0.766 0.970 0.858 0.975
500 0.387 0.955 0.376 0.969 0.362 0.959 0.395 0.951
1000 0.279 0954 0.275 0.960 0.271 0.959 0.286 0.962

Table 8: The average length (AL) and the coverage probabilities (CP) for the 95%
bootstrap confidence intervals of the baseline hazard rate at ty = 0.5 for
Model 2.

In order to provide some theoretical evidence for the consistency of the
method, we would like to establish that, given the data (Ty,Aq,Z4),...,
(Tn, An, Zr), it holds

n?/% (A (0 - AN (V) 5 N, 02), (3:5-4)

for some fi € R (possibly different from p in Theorem 3.2.5) and o2 as
in (3.2.22), where )\1511 is one of the smoothed isotonic estimators at hand and
AT is the same estimator computed for the bootstrap sample. We focus
here on the smoothed Grenander-type estimator. In view of Remark 3.2.6,
we are able to obtain (3.5.4) for the smoothed Grenander estimator, if 37 —
B — 0, for almost all sequences (T, A}, Z;),1=1,2,..., conditional on the
sequence (T;,Aq,Z;),1=1,2,..., and \/ﬁ(fii‘l —Bn) = O]*;U). By the latter
we mean that for all € > 0, there exists M > 0 such that

limsup Py, (VnIBs — Bnl > M) < ¢, P — almost surely.

n—oo
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where P}, is the measure corresponding to the distribution of (T*, A*, Z) con-
ditional on the data (Ty,Aq1,Z1), ... ,(Tn, An, Zn), with T* = (min(X*, C*)
and A* = T x«<c+}, Z), where X* conditional on Z has distribution function
Fn(t | Z) and C* has distribution function Gr,. To prove (3.5.4), we mimic
the proof of Theorem 3.2.5, which means that one needs to establish the
bootstrap versions of Lemmas 3.2.1-3.2.4. A brief sketch of the arguments is
provided in Appendix A.3.

Then, we can approximate the distribution of n2/3(No(to) — )\1511 (to)) by
the distribution of n2/5 ()\il’* (to) = ASI(to)) — (L + ). Consequently, we can
write

Prlah,/2(to) AR (1) < 4742 (t0))

=i {Rolto) € [a% o (to) =25 (Rt ), 47 o) = n 22 (1) }
This means that we should actually take

[d%/2(t0), 47—« /2 (to0)] —n 23 ()

instead of (3.5.3). The use of (3.5.3) avoids bias estimation. However, since
the effect of the bias is of the order n 2/, the results are still satisfactory. In
order to further reduce the effect of the bias, we also investigated the possi-
bility of constructing bootstrap confidence intervals with undersmoothing,
i.e, we repeat the previous procedure with bandwidth b = n=1/4. Results
for Model 1 are shown in Table 9. We notice that the length of the confi-

SMLE SG MSLE GS
n AL CP AL CP AL CP AL CP
100 1.901 0.954 1415 0900 1.659 0.951 1.620 0.922
500 0.749 0951 0.672 0918 0.740 0.954 0.735 0.941
1000 0.540 0.950 0.501 0.924 0543 0951 o0.5541 0.939

Table 9: The average length (AL) and the coverage probabilities (CP) for the 95%
bootstrap confidence intervals of the baseline hazard rate at ty = 0.5, using
b=n-1/4,

dence interval increases and the coverage probabilities improve. To summa-
rize, also the bootstrap confidence intervals are affected by the choice of
the bandwidth, but the results are more satisfactory in comparison with the
ones in Table 4.
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3.6.1  Proofs for Section 3.2

Proof of Lemma 3.2.1. Define Dg)(x;ﬁ) = 00, (x;3)/9p and let Dg).) (x; B)

be the jth component of Dg ) (x;B), for j = 1,...,p. Then according to the
proof of Lemma 3(iv) in Lopuhad and Nane, 2013, for any sequence (7,
such that 3}, — Bo almost surely, it holds

lim sup sup |Dg)(x; Bl < oo.
n—oo xR

In fact, from its proof, it can be seen that

5 o]

supan] (x; By < Z

xeR I, CI 4
— Z E [IZIeVlQZ} <2P sup E {\Zleryz} < o0
I CI IB—Bol<e

with probability 1, where the summations are over all subsets Iy, = {i1,..., 1k}
of I = {1,...,p}, and yy is the vector consisting of coordinates yy; =
Boj +€/(2y/p), forj € Iy, and yi; = Boj — €/(2y/P), for j € I\ Ii. Therefore,

sup DR (% BRI < VB ) ( Z zi|evf<zi> — VP Y E|1Zlevi?|

x€R 1. CI i=1 I, CI

with probability one. Hence, if for some &7 > 0,

En1 = { NN (lZmleV'kZi) —VP Y E[1zlev?]| <& }

L, ClI i=1 I, CI
(3.6.1)
then 1g,_, — T in probability. Moreover, on this event, we have
sup DY/ <VP Y E|lZieve?] +e, (36.2)

x€R I CI
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ie, sup, g \Dg ) (x; B3| is bounded uniformly in n. For &;,&3,&4 > 0 and
0 < M < TH define

En2 = {n2/3|Bn —Bol* < Ez}, En3 = { sup |An(t) —Ao(t) < 53},

te[0,M]
Eng = {ﬂ]/s sup [On (t; Bo) — @ (t; Bo)l < E4} , Ens = {T(n) > M}

teR
(3-6.3)

where T(;,) denotes the last observed time. Because Vi(Bn—Bo) = Op(1)
(see Theorem 3.2 in Tsiatis, 1981), together with (3.1.7) and Lemma 4 in Lop-
uhad and Nane, 2013, it follows that 1¢, — 1 in probability, for the event
En=E1NEx2NEn3NEqs4NEys.

From the definitions of an t, 6n,t+ and H"¢, in (3.2.9), (3.2.10), and (3.1.1),
respectively, we have

J On,t(u,d,z)dP(u,9,2)

A u ~
=1g, {J an,t(u) dH" (1) — Jeﬁn z J an,t(v)dAn (v) dP(y, 5,2)} :
v=0
Then, by applying Fubini’s theorem, together with (3.1.3), we obtain

J On,t(u,d,z)dP(u,d,z)
1, { e (w) dH (u) — J anc(v) ro

u=v

e, { e () dHYE (1) — J e (v) O Br) dAn(v)}

— 1, { [Kolt—w) gppue ) —ka(t—u) O(u; Bn) dAn(u)}

Pz dP(w, 5,2) dAn (v)}

J ©(w;Bo) ®(w; Bo)
=1En{ K (t— ) (“M) dAn(u)—jkb(t—u)d(An—Ao)(u)}.
The mean value theorem yields
[rote—w 1—% dAn ()
:ka(t_u) | (w; qu();{i()u; Bn)l dAn ()
LR ASG
<|anﬁo\32§ aq>(ay[;(3 ) ®(7t\11£f?50)’
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with [B* — Bol < |Bn — Bol- According to Lemma 3(iii) in Lopuhad and Nane,
2013, for € > 0 from (A2),

00 (y; )
op

0D (y;
sup (UBJ‘ >
yeR

<sup sup
YeR[B—Bol<e

op

Furthermore, there exists M < Ty, such that for sufficiently large n we have
t+b < M. This yields the following bound ®(t+b;3¢) > ®(M; o) > 0.
Moreover, according to (3.2.4), 7\?16 (t) — Ap(t) with probability one. Since
IBrn—Bol = Op (n~1/2) (see Theorem 3.1 in Tsiatis, 1981), it follows that

D (w; Gn)

- O(uw; Bo)

dAn(u) = 0p(n~1/2),

]lEn J' kb (t — LL)
which finishes the proof. O
Proof of Lemma 3.2.2. By means of Fubini’s theorem

Jén,t (u/ 6/ Z’) d]PTL (u/ 6/ Z’)

u

= Jé@n,t(u) dP, (w, 5, 2) _Jee‘/‘ZJ

v=

1?1'1,1: (V) d/A\Tl (V) dIPTl (u/ 6/ Z)
0

T

= J §Wn t(u)dPn (v, $,z) — L

. an,tan(u; Bn)
— e {Jé OnluBr) (O

- LH T D (3 Br) dAn (v)}

T‘)f Al ~
Wn¢60JﬂhévanZdPnhg&z)dAnhd

m
— A ]l[T~T~ )('LL)5
=1g, ) TniPnlTi; — e dPn(w, 8,z
En = n,t n( i Bn){J (Dn(u)ﬁn) n( )

- (An(ml)—Anm))}.

Then, (3.2.16) follows immediately from the characterization of the Breslow
estimator in (3.1.6). O

To obtain suitable bounds for (3.2.19), we will establish bounds on the
tail probabilities of U, (a) defined in (3.2.17). To this end we consider a
suitable martingale that will approximate the process A, —Ap. For i =
1,2,...,mn, let Ni(t) = Tix, <t)Di be the right continuous counting process
for the number of observed failures on (0,t] and Yi(t) = 1;7,>¢; be the
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at-risk process. Then, for each i = 1,2,...,mn, M;(t) = Ni(t) — Ay(t), with
Ai(t) = fé Yi(s)eP 0Zi dAy(s), is a mean zero martingale with respect to the
filtration

gj{L = O-{]I{Xigs}Ai/]l{TiBS}/Zi 01 < i < TI.,O < S < t}.

(e.g., see Kalbfleisch and Prentice, 2002). Furthermore, it is square integrable,
since

t
E [Mi(t)z} < 2+2J0 E [IL{T@S}eZﬁoZi} )\%(3) ds
< 2+ 2T A () @(0;2B0) < o0.

Finally, it has predictable variation process (M;) = A;(t) (e.g., see Gill, 1984
or Theorem 2 of Appendix B in Shorack and Wellner, 1986). For each n > 1,
define

Nn(t)=) Ni(t),  An()=) Ai(t),  Ma(t)=Nn(t) - An(t).

(3.6.4)
Then My, (t) is a mean zero square integrable martingale with predictable

variation process

n

t t
(Mn)(t) =) (M)(t) =) L ]1{T~1>s}eﬁézi dAo(s) = Jo ndy (s; Bo) dAo(s),

i=1 i=1
where @, is defined in (3.1.4).

Lemma 3.6.1. Suppose that (A1)—(Az) hold. Let 0 < M < Ty and let @ be defined
in (3.1.2). Then, the process

Bn (t) =

tA\M
J 1 aML(s) (3.6.5)

0 nd(s; Bo)

is a mean zero, square integrable martingale with respect to the filtration F}+, More-
over, By, has predictable variation process

ds.

tAM .
(Br)() :J' Ao (s)Dn(s; Bo)

0 n®2(s; Bo)
Proof. Write

Lis<my

t
Bn(t) = JO Yn(s)dMn(s),  where Yn(s) = 2o ro0 5
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and M, = Ny — Ay. We apply Theorem B.3.1¢ in Shorack and Wellner,
1986 with Y, H, M, N, and A, replaced by By, Yn, My, Ny, and A, re-
spectively. In order to check the conditions of this theorem, note that Yy, is
a predictable process satisfying [Yr ()| < oo, almost surely, for all t > 0, and
that

n

t t {s<M} BLZ;
Jovn(s)dAn(s)—E |, 7t s geP 2 dols
=1

_J Lis<my —=> 2L D (s; Bo) dAg(s) < 0o,  as.
(s; o)

Moreover, since for s < M we have @ (s; o) = ®(M; Bo) > 0, it follows that

® 5 = Lssmy ,
E Uo Yn(S)d<Mn>(5)} =E UO n(DZ(S;BO)(Dn(SIBO)d/\O(S)]

n

Ao(TH)M B/Zi
< 20z M py) 2 F [#6%] < oo,

because of the assumption (Az2). It follows from Theorem B.3.1¢ in Shorack
and Wellner, 1986, that B, is a square integrable martingale with mean zero
and predictable variation process

t toq

Bn)(t) = | Y2 = | M g (s;80)dA

(B} () = | VA5 AMA)(s) = | 250 (5B0)dAals)
where @ and @, are defined in (3.1.2) and (3.1.4), respectively. O

It is straightforward to verify that for t € [0, M] and M < Tny,

An(t) —Ag(t) = Bn(t) + Rn(t), (3.6.6)
where
[t ©nls; Bo) B t ( 1 1 ) we
Rn(t) = Jo @(s; o) dMols) AO(t)JF,[o On(s;pn)  D(s;Bo) dHnls),
(3.6.7)
with
HyC(s) = J'f)]l{tgs}dll’n(t, d,z). (3.6.8)

For establishing suitable bounds on the tail probabilities of Un (a), we need
the following result for the process By, which is comparable to condition
(A2) in Durot, 2007.
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Lemma 3.6.2. Suppose that (A1)—(A2) hold. Let 0 < M < Ty and let By, be
defined as in (3.6.5). Then, there exists a constant C > 0 such that, for all x > 0
and t € [0, M],

sup (Bn(u) — ]Bn(t))zl < ==,
clo,M],[t—u|<x

Proof. The proof is similar to that of Theorem 3 in Durot, 2007. First consider
the case t < u < t+x. According to Lemma 3.6.1, By, is a martingale. Hence,
by Doob’s inequality, we have

sup (Bn(u) — Bn(t))zl
ue[0,M], t<ut+x

<4E [(Bn ((t+x) AM) —]Bn(t))z}

— 4 :IBn((t-FX) AM)? - an(t)z} (3.6.9)
g | [N @alsi BolAa(s)
=4E _L nd2(s; Bo) ds
AN(M)x
< [ —
n®2(M; o)

E [@n(0; Bo)],

where according to (Az2),

:\—

]E[q)n 0 BO

PR ICRET

for some C > 0. This proves the lemma for the case t <u < t+x.

For the case t — x < u < t, we can write

E sup (B (u) — ]Bn(t))zl

uelo,M]t—xugt

=E sup (Bn(u)— an(t))Z]

oV (t—x)<ugt

< 2E [ (B (t) — Bn 0V (t—x)))’]

+2F sup (Bn(u)—Bn(owt—x)))Z].

oV (t—x)<u<t
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Then similar to (3.6.9), the right hand side is bounded by
2E [ (Br(t) — Bn (0V (t—x)))*] +8E [ (Bn(t) = Bn(0V (t—x)))?]
Jt n (s; Bo) Aols) ds]

= 10E [Bo(t)? ~Ba(0V (t=x)*] <10E| | =5

T0A(M) x ] Cx
S m]}z [(DTL(O/ BO)] < T’

for some C > 0. This concludes the proof. O

In what follows, let 0 < M < T. Moreover, let U be the inverse of Ay on
Ao (0), A0 (M)], ie.,

0 a < Ag(0);
Ula) = § a5 T(a@) @ Mo(0),A0(M)]; (3.6.10)
M a > Ag(M).

Note that U is continuous and differentiable on (Ag(0),Ag(M)), but it is
different from the inverse of Ay on the entire interval [Ag(0), Ag(TH)].

Lemma 3.6.3. Suppose that (A1)—(A2) hold. Let 0 < M < Ty and let Uy, and U be
defined in (3.2.17) and (3.6.10), respectively. Suppose that H"¢, defined in (3.1.1),
has a bounded derivative h on [0, M] and that 7\(’) is bounded below by a strictly
positive constant. Then, there exists an event By, such that 1g, — 1 in probability,
and a constant K such that, for every a > 0 and x > 0,

nx3’ n3x>
(3.6.11)

H’({Iﬂn(a)—u(a)l>x}ﬂEnﬁ{ﬂn(a)<M})gKmaX{1 1 }

for n sufficiently large.

Note that Lemma 3.6.2 and Lemma 3.6.3 correspond to Theorem 3(i) and
Lemma 2 in Durot, 2007. It is useful to spend some words on the restric-
tion to the event En, N{Un(a) < M}. The event {Un(a) < M} is implicit
in Durot, 2007, because there the Grenander-type estimator is defined by
only considering A, on a compact interval not containing the end point of
the support. The event E,, is needed in our setup because of the presence of
the covariates, which lead to more complicated processes, and because we
require (3.2.18) for p = 2.

Proof of Lemma 3.6.3. First, we note that, from the definition of U and the
fact that U, is increasing, it follows that

[Un (@) = U(a)l < [Tn(Ao(0)) — U0 (0))],
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if a < Ap(0), and
]l{lln(a)gl\/l}|ﬂn(a) *u(a)| < ]l{ﬂn(a)gM}|ﬂn()\0(M)) *U(AO(M)N/

if a > Ap(M). Hence, it suffices to prove (3.6.11) only for a € [Ag(0),Ao(M)].
Let E,, be the event from Lemma 3.2.1. We start by writing

P ({{Un(a) — U(a)|
=P ({U(a) +

x} NEn N {Un(a) < M})
(n(a) KM}PNER) +P ({Un(a) < U(a) —x} NEy) .
(3.6.12)

First consider the first probability on the right hand side of (3.6.12). It is
zero, if U(a) +x > M. Otherwise, if U(a) +x < M, then x < M and

)=
X<

P ({U(a) +x < Un(a) <M} NEy)
< IP({/\n(y) —ay < An(U(a)) — al(a), for some y € [U(a) +x, M]}N En)

=F <{U€[U(icr11)f+x,M] (A“(y) —ay —An(U(a)) + au(a)) < 0} n En) .

From Taylor’s expansion, we obtain

Aoly) — Ao(U(a)) > (y—U(a))a+c(y —U(a))?,

where ¢ = infic(o ;) Ay(t)/2 > 0, so that with (3.6.6), the probability on the
right hand side is bounded by

P({ye[u(inf (Bn(y)*Bn(u((l))+Rn(y)—Rn(U(a))

a)+x,M]
+cly —U(a))2> < o} N En>.

Let i > 0 be such that M — U(a) € [x2},x2'*1) and note that, on the event
En one has T,y > M. Therefore, if U(a) <y < M, theny < T,y and
U(a) < T(y). It follows that the previous probability can be bounded by

> ({ sup ([Bn(y) — Bn (U(@)] + Rn(y) = Rn(Ul@)]) > ex° sz} mzn> :
k=0 yel
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where the supremum is taken over y € [0, M], such thaty — U(a) € [x2¥, x2k+ 1,

Using that P(X+Y > €) < P(X > €/2) +P(Y > €/2), together with the
Markov inequality, we can bound this probability by

i
-1
4 Z (c2x424k) E sup |Bn(y) —]Bn(U(a))|2
k=0 ysm
y—U(a)ex2kx2k+T)
L eek) ! 3
+SZ (c x°2 ) E sup 1g, ‘Rn(y)—Rn(U(am
k=0 y<M
y—U(a)ex2kx2k+T)
(3.6.13)
We have
3
E sup 1g, |Rn(y) —Rn(U(a))|

y—U(a)ex2k,x2ktT)

3
<4E sup 1g
y<M
y—U(a)ex2kx2k+T)

n

Y D (s;Bo) . > d
Ju(a) ( ®(s; Bo) 1) Rols)ds

3
Y 1 1
+4E su ]lEn J ( _ _ )dHuC(S)
.y ) \On(sBn)  O(s:B0)) T
y—U(a)e[x2k,x2k+T)
(3.6.14)

3

For the first term in the right hand side of (3.6.14) we have
E sup 1e
y<M

4 D (s; Bo) )
————— —1]Ao(s)ds
Ju(a) ( D(s; o) 0
y—U(a)ex2kx2k+T)

(U(a)+x2KT)AM R e 3
@E[HEH (J . @ (s o) @(s,BoJAO(S)dSM

n

U(a) O(s; o)
X323(k+”7\8(M) 3
< E |1g, sup [Dn(s;Bo)—D(s;PBo)l
®(M;Bo)3 b se[o,Iz)\A] "

X323(k+1 ) )\8(7\4)54
nd(M; o) '
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where we have used (3.6.3). In order to bound the second term on the right
hand side of (3.6.14), note that on the event E;,

sup | @ (5; Pn) — @(s; Bo)l < sup [Dn(s; Bn) — Pn(s; Bo)l

seR seR
+sup [On (s; Bo) — @(s; Bo)l
s€R
. £ (3.6.15)
< IBn —Bolsup Dy (5;B) |+ 7
seR
\ﬁL—I—E4
S n1/3 :
In particular, for sufficiently large n we have
sup |Pn(s; Bn) — O(s; Bo)| < ©(M;Bo)/2,
seR
which yields that, for s € [0, M],
. 1
D (s;Bn) = (s; Bo) — 5 P(M; Bo) = 5@ (M; o). (3.6.16)

Using (3.6.15), on the event E,, for n sufficiently large, we can write

sup 1 B 1 < sup ‘(Dn(S}Bn)_(D(S}BOH
selom] | Onls;Bn)  @(s;Bo) ciom]  DOn(s;Bn) @(s;Bo)
2
S — D — (s
@M po) SR, |7 )~ Ol Ro)
<cnl/3,

for some C > 0. Consequently, for the second term in the right hand side
of (3.6.14) we obtain

3

E sup 1g

Y 1 1 )
— — dHYC(s)
y<M Ju(a) <<Dn(s; Bn)  D(s;Bo) "
y—U(a)ex2kx2k+T)

C3 1 n 3 C3 3
< —FE |le, | - ) Almema,u@esacamy | | < 7E [N }
i=1

where N is a binomial distribution with probability of success

y =H"((U(a) +x2¥" 1) AM)) —H"(U(a)) < sup [h(s)x2""".
se[0,M]
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Furthermore,

7 ,if <1
E [Nﬂ =ny(1 73Y+3T1Y+2‘Y2*3T1‘Y2 +n2y2) < w ny
m3y3 L ifny > 1.

Using Lemma 3.6.2 and the bound in (3.6.13), for the first probability on the
right hand side of (3.6.12), it follows that there exist Ky,K; > 0, such that
forala>0,n>1and x > 0,

P ({U(a) +x < Un(a) <M}0En)

i
X2k+1 X2k+1 323(k+1 )
K Z ik K2 Z max{n3 676k’ 11x626K

k=0
.6.17)
2K1 — 3k 2Ky o sk 8Ka o 3k G
ZZ +max =5 ) 270, 5 2
k=0 k=0

< Kmax L 17
= nx3' n3x> [’

We proceed with the second probability on the right hand side of (3.6.12).

We can assume x < U(a), because otherwise ]P(fln(a) < U(a)— x) =0. We
have

ﬂ <U(a)—x}NEn)
<{y€ oinf - [Anly) —ay = An(U(a) +all(a)] <o}mEn).

Let i > 0 be such that U(a) € [x2},x2'*1). By a similar argument used to
obtain the bound (3.6.13), this probability is bounded by

i
1 2
4 (&i2™) E sup [Br(y) —Bn (U(a))]
y<U(a)
U(a)—yex2kx2k+)

i
—1 3
+8) (c3x02%) B sup Le,[Ra(y) = Ra(U(a))]
y<U(a)
U(a)—yex2kx2k+T)

(3.6.18)
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In the same way as in the first case, we also have

E sup L, [Rn(y) — Rn(U@)|®

y<U(a)
U(a)—yex2kx2k+T)

x2k+T X323(k+1)
< Ky max .

n3 ’ n

Exactly as in (3.6.17), Lemma 3.6.2 and (3.6.18) imply that

1 1
P ({Un(a) g U(a) —X} N ETL) < Kmax {Tlxg, ]13)('5} ’
for some positive constant K. Together with (3.6.12) and (3.6.17), this finishes
the proof. O

Lemma 3.6.4. Suppose that (A1)—(A2) hold. Let 0 < e < M/ < M < Ty and
suppose that HYC, defined in (3.1.1), has a bounded derivative h on [0, M]. Let An
be the Grenander-type estimator of a nondecreasing baseline hazard rate Ao, which
is differentiable with A§ bounded above and below by strictly positive constants. Let
En be the event from Lemma 3.2.1 and take &3 in (3.6.3) such that

L n2 2\ /
0<&3< gmm{(M—M )2, e }te%gﬁH])\o(t). (3.6.19)

Then, there exists a constant C such that, for n sufficiently large,

sup E {n2/3]1En (Ao(t) —Xn(t))z} <C.
tele,M']

Proof. It is sufficient to prove that there exist some constants C;,C, > 0,
such that for each n € IN and each t € (e, M’], we have

E {712/3]1En {(An(t) t)+} } (3.6.20)

E {nz/g]l]gn {(?\0 +} } 2 (3.6.21)
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Lets first consider (3.6.20). We will make use of the following result
5 2
E [n231g, {(An(t) = Ro(0)1}]

- ZJ:o]P (n1/311En (An(t) —Ao(t)) = x) xdx

2
= zJ 'p (n‘/311En (An(t) —Ag(t)) > x) xdx
0

+zr° P (n1/3]1En(7\n(t) (1) = x) xdx
2n

<4n2+zJ P (n'/31g, (n(t) = Ao()) > x/2) xdx

2n

<4n2+4J ll’(n]/3]1En(7\n(t)—?\0(t))>x>xdx
n

for a fixed n > 0. We distinguish between the cases a + n1/3x < Ag(M)
and a+n"1/3x > Ap(M), where a = Ag(t). We prove that, in the first case,
there exist a positive constant C such that for all t € (¢, M’] and n € N,

P(n'/31g, (An(t) —Ao(t)) > x) < C/x3,

for all x >, and in the second case P(n'/31g (An(t) —Ao(t)) > x) = 0.
Then (3.6.20) follows immediately.

First, assume a +n~'/3x < Ao(M). By the switching relation, we get
P ('3 1g, (An(t) = 2o(0) > x) =P ({An(t) > a+n""3x} NEn)
=P ({U.n(a+n_]/3x) < t} ﬂEn) .
Because a+n~1/3x < Ap(M), we have U(a +n""/3x) > M > t. Further-

more, {Un(a+n"13x) < t} ¢ {Un(a+n"13x) < M}. Hence, together
with Lemma 3.6.3, we can write

P ({ﬂn(a+n_1/3x) < t} ﬂEn)
< ]P({ ‘U(a+n_]/3x) —ﬂn(a+n_1/3x)’ > U(a+n"13x) —t}

NELN {ﬂn(a—&—n*lﬁx) < M})

1 1 C
< Kmax 3 50 < o3
n(Ula+n=13x) —t)" n3(U(a+n"1/3x)—1) X

(3.6.22)
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because U(a+n""/3x) —t = U/(En)n1/3x, for some &y € (@, a+n"1/3x),
where U'(&n) =A5(Ag " (En)) ™" = 1/5Upgjo .z, b () > 0.

Next, consider the case a +n~'/3x > Ag(M). Note that, we cannot argue
as in the previous case, because for a + n=1/3x > Ap(M) we always have
U(a+n"13x) = M, so that we loose the dependence on x. However, if
n'/3(An(t) —Ao(t)) > x, then for each y > t, we have

Any) = An(t) ZAn(t) (y—1t) > (a+n"13x) (y—t),

where a = Ag(t). In particular for y = M = M’ 4+ (M — M) /2, we obtain

P{n' 1, (n(t) = Ro(t) > x}

<P ({;\n(m) —An(t) = (Ao(M) = A (t)) >

(a+n713%) (M=) = (Ao(M) /\o(t))} n En>

selo,M]

<1P<{z sup |An(s) = Ao(s) > (a+n~"3x =0 (M) (M—t)}ﬁEn>,

(3.6.23)

also using that Ag(M) — Ag(t) > Ag(M)(M —t). Furthermore, since a +
n~1/3x > Ay (M), it follows from (3.6.19) that

! (M—=M"? inf  Aj(x) > 283,

(a+n_1/3x—7\0(1\7l)) M—t) > ;
x€[0,tH]

(3.6.24)
so that, by the definition of &3 in (3.6.3), the probability on the right hand

side (3.6.23) is zero. This concludes the proof of (3.6.20).

Next, we have to deal with (3.6.21). Arguing as in the proof of (3.6.20),
we obtain

E [0/ 1, {(Rolt) ~An(t)+ }]

<n? 2| P (W31, (olt) - An(t) > x) xdx,

n
for a fixed n > 0, where

N

P (n'31e, Rol®) = An (1)) > x) =P ({Un(a=n""3%) > t} NEn),
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with a = Ag(t). First of all, we can assume that a —n~'/3x > 0, because
otherwise P{An (t) < a—n~1/3x} = 0. Since t = U(a), as before, we write

P ({ﬂn(afn_]/sx) > t} ﬂEn)

<P ({‘ﬂn(a—n’1/3x)—U(a—n’1/3x)’ > t—U(a—n’”z’x)}ﬂEn).

In order to apply Lemma 3.6.3, we intersect with the event Uy, (a —n~1/3x) <
M. Note that

P ({ﬂn(a—n*‘“x) > M} mEn) <P ({Xn(M) < a—n*1/3x} mEn) —0.

This can be seen as follows. If A, (M) < a—n—"/3x, then for each y< M,
we have

An(M) = An(y) An(M)M—y) < (a—n" 33 (M —y).
In particular fory = M = M/ + (M — M’)/2, similar to (3.6.23), we obtain

P ({XH(M) < a—n’]/3x} ﬂEn) <

P({Zsmp Anu)—Aoun>(—a+n.”3x+AdNn)@A—NQ}mEn>.

sel0,M]

Because a = Ag(t) < Ao(M’), we can argue as in (3.6.24) and conclude that
the probability on the right hand side is zero. It follows that

]P( —n_1/3x)>t}ﬂEn>

{Unla
<P<{

Un(a—n’]/sx)—U(a—n’1/3x)‘ > t—U(a—n’]/gx)}

ﬁEnﬂ{Un(a—n’1/3x) < M})

< Kmax 1 3 1 = (-
n(t—Ula—n~13x))" n3(t—Ula—n"1/3x))

To bound the right hand side, we have to distinguish between the cases
a—n""3x% > Ag(0) and a —n"V3x < Ag(0). If a—n~1/3x > Ao(0), then
the right hand side is bounded by K/x3, because t — U(a —n~1/3x) =
U (& )n~1/3x, for some &, € (a—n~1/3x, a), where

1

u’ =AMATE))T > > 0.
(En) =A0(Ay " (&n)) SWPrero e 200
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Otherwise, if a —n~1/3x < Ay(0), then we are done because then
P(n'/>1g, (Ao(t) = An (1)) = x) =0.

This can be seen as follows. When a —n~1/3x < Ao (0), then for each y < t,
we have

N ~

An(t) = Anly) S An(0)(t—y) < (a—n"3x)(t—y),

In particular, for y = €’ = €/2, we obtain

P (n1/3]lEn (Mo(t) —An () > x)

~

<P ({An(t) —An(e) < (a—n_1/3x) (t—e')} ﬂEn>

< P({f\n(t) —An(e") = (Ao(t) = Aole))
< (a=n713x) (t= e = (Ao(t) = Aole) } mEn>

<P ({2 sup |An(s) —Ao(s)| > (—a+n*]/3x+?\o(e’)) (t—e')} ﬂEn> )

sel0,M]

Because a —n~1/3x < Ag(0), we can argue as in (3.6.24),

(—a+n’1/3x+)\o(e’)) (t—e€’) = (Ao(e’) —Ap(0)) (e —€)
1

, . ) (3.6.25)
€ inf  Aj(x) > 2&3.

and conclude that the probability on the right hand side is zero. This con-
cludes the proof of (3.6.21). O

We also need a slightly stronger version of Lemma 3.6.4 which is used to
prove Lemma 3.2.4 and to show that the distance between the jump times
is of smaller order than b (see Lemma 3.6.6). Note that, in order to have
the uniform result in (3.6.26), we loose a factor n?/? with respect to the
bound in Lemma 3.6.4. This might not be optimal, but it is sufficient for our
purposes.

Lemma 3.6.5. Suppose that (A1)—(A2) hold. Let 0 < ¢ < M’ < M < Ty and
suppose that H“€, defined in (3.1.1), has a bounded derivative h on [0, M]. Let An
be the Grenander-type estimator of a nondecreasing baseline hazard rate Ao, which
is differentiable with Ny bounded above and below by strictly positive constants. Let
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En be the event from Lemma 3.2.1 and assume that &3 satisfies (3.6.19). Then, there
exists a constant C > 0, such that, for each n € N,

E [n?/?1g, sup (Aolt) —An(t))’| <C. (3.6.26)
te(e,M’]

Proof. We decompose (e, M'] in m intervals (cy, ¢k 1], where

/!

M/ —
cr=€+k e’ fork=0,1,...,m
m

and m = (M’ — €)n?/?. Then, we have
. 2 . 2
sup  (Ao(t) —An(t))” = max sup  (Aol(t) —An(t)”.
te(e,M’] Osksm=T (e e

On the other hand, the fact that A, is differentiable with bounded derivative
implies that

< 2
sup  (Ao(t) —An(t)
te(ck,Crr1l
2 5 2
<2 sup  (Ao(t)=Aolek41)) " +2  sup  (Aoleks1) —An(t))
te(cy,cxp) te(ck,crr1l
z
<2 sup 7\0 ck—ck+1
uel[o,M’]
2 5 2
+2max{ Ao(ckﬂ An(ck)) , (Roleri1) = Anlerin))?}
<2 sup 7\0
uel[o,M’]
2
7\ A —A .
+o§11<a<xm olck) — )) +o<&an)i_1( olck1) —Aolex))

Here we used that Ay, is non-decreasing, and therefore

% 2
sup  (Aolexs1) —An(t)
te(ex,Cri1l
is achieved either att =cy ort =cyx 1, fork=0,1,..., m— 1. Hence,
3 2

sup  (Ao(t) —An(t))
te(e,M/]

2
~ 2 / (M/ - e)z
<4 Aolck) — A 6 A -
ogfgxm( olek) =Anler))” + (ueﬁlg,ﬁ/{’] o(u)>

<4 max (Aole) —Anler))? +Cn 47,
o<k<m
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where Cq = 6(supu€[e,M/] 7\6(11))2. Consequently, using Lemma 3.6.4, we
derive

E

n?1e, sup  (Aolt) —An(t))?
te(e,M/]

4/9 A 2
<4E [n Mg, Jmax (Aofer) = An(ex)) }+C1

Xt

<4n72/9Z [2/3]1E (Aolex) — Xﬂ(ck))z}—i—a

\4(M/—e+1)c+c1.
This concludes the proof of (3.6.26). O

Lemma 3.6.6. Under the assumption of Lemma 3.6.5,if T1, ..., Tm are jump times
of An on the interval [e, M'] then

—2/9
_ max |t — Ty =0p(n 7).
i=1,...m—1

Proof. Since Tge maxi—1,.. m—1/Ti —Tir1] = op(1), it is sufficient to con-
sider 1¢, maxi—1,.. m—1 ITi — Tix1l. By the Markov inequality we have

i= m—

r (n2/9]lE ]max ! Ty —Tip1] > K)
(3.6.27)

1
< —E [n4/9]lgn ,_max
i=1,...,

2
S ]|T1—Ti+1\ }

From the mean value theorem and the boundedness of 7\6, it follows that,
ITi — Tip1l < CAo(Ti) = Aoltit1)l, i=1,...,m—1.

Now we consider three possible cases separately. First, if An(Tig1) < Ao(u)
for each u € (T, Ti1 1], then
Ao () = Ao (Tip 1)l < Po(Tig1) = An(Tivr)l
and as a result
ITi — Tip1l < CAo(Tir1) — AnlTitr)l

On the other hand, if An (Ti41) > Ag(u) for each u € (i, Ti4 1], then

Mo(Ti) —Ao(Tip1)l < llim Ao(t) —An(t)]

and consequently

Ity — Tl < ChmP\o() An (B[
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The last case is when A (s) > Ao(s) for some s € (T, Ti11]. Then we have
Mo (i) = Ao (Tir 1)l < Mo(Tip1) —An(Tipr)l+ Pﬁ: Mo(t) = An(t)]
and it follows that
Ity =Tl <C {|7\0(Tt+1 ) = An(Tipr)l+ llﬁll Ao(t) — Xn(t)} :
In other words, it always holds

Ity —=Ti41l <2C sup  [Ao(t) —An(t)]. (3.6.28)
tele,M’]

Therefore, (3.6.27) and Lemma 3.6.5 yield

P (n2/91En _max Ty —Tig1] > K>

i=1,..., m—

4C? | s 5
< WIE n*/“1g, sup Ao(t) —An(t)]
tele,M’]
C/
< Vv 7
K
which concludes the proof. O

Lemma 3.6.7. Suppose that (A1)-(A2) hold. Fix t € (0,7). Let 0 < e < x <
M’ < M < 1y and suppose that H", defined in (3.1.1), has a bounded derivative
h on [0, M]. Let Ay, be the Grenander-type estimator of a nondecreasing baseline
hazard rate Ao, which is differentiable with A bounded above and below by strictly
positive constants. Let By, be the event from Lemma 3.2.1 and assume that &3
satisfies (3.6.19). Let jn1 and jn2 be defined as in (3.2.14). Then

e, [ o) — An (1) 2du = Oy (b2,

Tjnl

Proof. Define the event Ay, = {|(t—b) -1 _,| < bA|1j , — (t+Db)| < b}. From

the definition of 7;, , and 7;, , and Lemma 3.6.6, it follows that IP(Af) — 0.

We start by writing
—1.2/3 Tin2 5 2
Pb 'm“ 1g, (Ao(u) —An(u))*du>K
Tjn]
-
<P (b]nz/gﬂEnnAn J "™ Ro(w) = An(w)? du > K) +P(AY)
T

in1

t+2b
<P (b_1n2/31EnJ Ao(w) —An(w)? du > K) +o(1).
t—2b
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Moreover, Markov’s inequality and Fubini, yield

t+2b
P <b1n2/3]1En J (Ao(w) —An (w)? du > K)
t—2b

1 t+2b 5
<E[bTn1e | (o)~ Anw)?du
K t—2b
2 -
< X sup E {n2/3]lgn(7\0(u) —?\n(u))z} .

ue[t—2b,t+2b]

For n sufficiently large [t —2b, t+2b] C [e, M'], so that according to Lemma 3.6.4,
the right hand side is bounded by 2C/K, for some constant C > 0. This
proves the lemma. O

Proof of Lemma 3.2.3. Take t < M < T and n sufficiently large such that
t+b < M. With @, 1 O defined in (3.2.11), we have

J {On,t(w,8,2) — O t(u,8,2)} dPP(u,8§,2)
=1, J]lm (W <a“t®“(“‘3“) = an,t(u)> dP(v,5,2)
g, Jef”%z j: (Tt () — ane (V) d An(v) dP(w, 5,2)

Using Fubini, the definition (3.1.2) of @, and the fact that @, (@ and an t
are zero outside [1j_, ,Tjnz], we obtain

J (Bnt(6,2) — O (w,5,2)} dP(u,3,2)

Tin2 an,t6n(ur' Gn) uc
e J ( OnluiBn) ““’t(”)) A (3629)
Tin2 aﬂ,taﬂ (v; Gn) . 5 A
—1Ig, ij (CDn(VBn) an,t(v)> O (v; fn) dAR(v).

Write @ (1) = O (), @(u) = @(1; fn), and Op(u) = @ (1; Bo). Then
the right hand side can be written as

1 J an 4 (An (1)) O (An (1) — an,1 (1) Dn (1)
e P (u)

int



3.6 PROOFS 107

where A, (u) is defined in (3.2.12). The Cauchy-Schwarz inequality then
yields

U {Ont(w,8,2) — On,t(w,8,2)} dPP(u,8d,2)

< IlEn (antoAn)( noAn)*ant(D o (3.6.30)
) [Tj1/Tina !
n LZ
x H ((DO)\O N (D}\n) ]l[Tin]'Tinz] Ly
Furthermore,
1 (an,toAn)((/I\)noAn)_an,ta\)n
En o [T] ,Tj }
q)Tl ni n2 £
T (Kot — Ancw)  kplt—w)
<ZMHJ“Z sl [
Ting O (An(u)) Op(u)
~ N ~ 2
Tnr (ko (t— An(w) ) ((Dn(An(u)) - d)n(u))
+ 21, = = > du
T Op(An(u)) D (u)

Then, using the boundedness of k/, d®(x; f)/dx and 1/®(x; o) on [0, T;2 ]
[0, M], we obtain

(an,toAn)(a\)noAn)_an,t&\)n
Te, = (T35, 1.7, 5]
(DTL nl’ n2 £,
Yo [ d kp(t—y) 2
<2ﬂEnJ m Lty (An(u)—u)z du
Tjn1 dy (DO(Q) y:&u
C1 Tin2 /~ a ~ 2 ( 6 1)
+1 nAij Or(An(u) —Dn(u)) du 3-6.3
E szDn(M)Z . ni/in n )
Cc n2 A 2
< 1g, iJ (An(w) —u)” du
b Tjn.l
Cq Tin2 /7~ A~ ~ 2
+nngjf——fj Br(An(w) — Dn(w) du,
E bZCDn(M)Z - ni/in n )

for some constants cq,c2 > 0. Then, since Ag(u) —

Ao(An(u) = AJ(E)(u—
An(u)) and )\0 is bounded and strictly positive on [0 M] D [t
exists a constant K > 0 such that

, J%] there

3=

)

u—An (Wl < KRAo(w) = Ao(An (w))l-



108

SMOOTH ISOTONIC ESTIMATION IN THE COX MODEL

If ue [ty,Tirq) and A, (1) < Tiy 1, then An (1) = A (A, (1)) and we obtain

< Ko (1) = An (W) + KAn (An (1) = Ao (An (w)] (3:6.32)
< 2KMo(w) = An (w)]. -

This holds also in the case A, (1) = Ti 1, simply because [Ap(u) —Ag (An(u)l <
Ao(w) —An (u)]. As a result, using Lemma 3.6.7, for the first term on the right
hand side of (3.6.31), we derive that

1

TjnZ A 2 C TjnZ ~
1Enb7J (A —w)” du < bannJ (Mo(w) —An(w)? du

T Tint

=0p(b3n=2/3).
(3.6.33)

For the second term on the right hand side of (3.6.31), we find

|(Dn(An(u)} Bn) —On(y Bn)|
< ZSuE | D (x;Bn) — On(x; Bo)| + |Q(An(w); Bo) — ©(1; Bo)|
xe
+2sup |On(x; Bo) — P (x; Bo)l
xER

< 2Bn — Bolsup DY (x; B%)| + 1@/ (& Bo)lIAn (1) — 1
x€R

+ 2sup [On(x; Bo) — D (x; Bo)l,
x€R

which, using (3.6.2), (3.1.5) and B — Bol = Oy (n—1/2) (see Theorem 3.2
in Tsiatis, 1981), leads to

b—annJ " (@n(An (W) Br) — O (w;Br))” du

_ A w2
<80p(b")1g, [Bn — Bol? sup Dy (x; p*)|

xER
-2 ! Tin2 2
+2b"“1g, sup @(S,‘ﬁo)J (An(w) —u)” du
s€le,M] T
+80p(b™ ") sup [®n(x; Bo) — D(x; Bo)I?
x€eR

— Op(b*1n*1 ) + Op(b*]nfz/s) + OP (bi]ni]) _ OP (b71n72/3).
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Consequently, from (3.6.31) together with (3.6.16), for the first term on the
right hand side of (3.6.30), we obtain

(an,t S An)((/f)n S An) - an,t(/lsn

[t5_.,75.,]
in17Yin2
(O3 n1’n

Te

n

L
= 0p (b0 ?/3)+ 0, (b~ 'n2/3)
= 0p(b3n72/3).

For the second term on the right hand side of (3.6.30), we first write

H (@07\0 _ &nin) 1

Tjn] 'Tjnz]

L
. 2 R (3.6.34)
S H (d)o B (D> }\O]I[Tim'Tinz] £ + H(?\O —An) (I)IL[TJnl'Tan} £
On the event E,,, we find
~ 2
Tg, (<Do—<D) Aol ) £
A 1 w112
< 20p(b) e, [Bn — Bol> sup DY (% B*)|> sup Ao(w)
x€R ueo,M]
=Op(bn™),
and
~ ~ 2 A TjnZ ~ 2
e, | (o = An) Btiey oy [, < @O Bte, |7 (o)~ Rnfw)? du
n mn. 2 T

jn]
= 0p(bn2/3),

due to Lemma 3.6.7. It follows that

T,

(CD()?\O — (T)j\n) T—b,t+b] HL = Op (b1/2n71/3).
2
Together with (3.6.30), this concludes the proof. O

Proof of Lemma 3.2.4. Let n be sufficiently large such thatt+b < M’ <M <
7. Denote by Ry, the left hand side of (3.2.21). Write G, = /n(P, — P)
and decompose R, = Ryy1 + Ry 2, where

R —L]I Jw(d O (1 Pr) — an (W) On (w; B )) dGn (1,5, 2)
‘n]*\/FL En q)n(u;[gn) ntYnl Pn n,t n\WwpPn nw,0,z2j,

1 A7 u/\Tjnl a tq_) (Vfg ) N
Ry g (1, ﬁan ntPn(v;iPn) 41
" Un E“J {‘”’“”[e o On(upa)

, uA(t+b)
—eBOZJ ant(v)dAo(v)| dGn (1,8, 2).
t—b
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Choose 11 > 0. We prove separately that there exists v > 0, such that

limsup IP (b3/2n13/18|Rn1\ > v) <1

n—oo

(3.6.35)
limsup P (n”ZIan\ > v) <.
n—oo
We consider the following events.
Ant = {A(M) > Ky},
(3.6.36)

Ano = sup ‘7\0(3) 77\n(s)| > Kzn_z/9 ,
s€le,M']

where K1,K; > 0, and let A, = A1 UAn>. Since A (M) = Op (1) we can
choose Ky > 0, such that P(A,,1) < n/3 and from Lemma 3.6.5 we find that
we can choose K > 0, such that P(A,,»2) <1n/3, so that P(A.) < 2n/3. First
consider R, 1. Since

P (03203 B R 1 > v) <P (An) + P ({03 2013/ 18R,y > v} NS )
<2n/3+03/ 213/ 18y TVE [[Ryq[1ac ],
(3.6.37)
it suffices to show that there exists v > 0, such that
b3/ 23/ T B[R llag ] <n/3,
for all n sufficiently large. Write
1 A X N o
wu) = ———— (an,t(An(u))(Dn(An(u); Brn) —ant(W)Pn(w; Bn))
O (w; Bn)
ant(An(uw) 5 A 5
= " ~ (D A u ; - q) A u ;
O (w5 Br) (On(An(w); Bn) — @(An(uw);Bo))
an,t (u)

m ((D(u; Bo) — On(w; Bn))

~ N

T orip (ant(An ) @(An w); o) —an () @(u; Bo))

We will argue that the function W;, = b?n?/?w is uniformly bounded and
of bounded variation. Because of (3.6.15), we have that

n!/3(@n (An(w); Bn) — @(An(u);Bo)) and n'/3(@(w;Bo) — Pnl1;Bn))

are uniformly bounded. Moreover, they are of bounded variation, as be-
ing the difference of two monotone functions. Similarly, 1/®n (w; Bn) is of
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bounded variation and on the event Ey, it is also uniformly bounded. Fur-
thermore, by the definition of an, ¢, we have

an,t(An (W)@ (An (W); Bo) — ant (WO Bo) = kb (t — An(u)) —kp(t —u).

This is a function of bounded variation, such that multiplied by b2n?/? it is

uniformly bounded on the event A{,, because using (3.6.32), we obtain

ko (t—An(w) —kp(t—w)| < b AAn(w) —ul sup [K'(x)]

xe[—1,1]
< 2Kb 2An(u) —Ao(w)| sup [k/(x)]
xe[—1,1]
<b2n2/72KK, sup [k/(x)I.
xe[—1,1]

(3.6.38)

Finally, ban (1) = bky (t —u)/®(w; Bo) is also a function of bounded vari-
ation, as being the product of a function of bounded variation bky (t —u)
with the monotone function 1/®(u; 3¢ ), and it is uniformly bounded. Then,
since ban ¢ ( An(u)) is the composition of an increasing function with a func-
tion of bounded variation that is uniformly bounded, it is also a function
of bounded variation and uniformly bounded. As a result, being the sum
and product of functions of bounded variation that are uniformly bounded,
Wy = b?n?/?w belongs to the class By of functions of bounded varia-
tion, uniformly bounded by some constant K. Moreover, from Lemma 3.6.6,
it follows that on the event A, the distance between the jump times of
An on [e,M] is of smaller order than b. In particular, this means that,
ITj,; — (t—=b)| <band |t , — (t+b)] < b. Consequently, on AY,, it holds

Rny =n""/21g, J&l [t—2b,t+2b) (Ww(w) dyn(P (w,8,2)
= b_zn_B”SIlEn Jé‘ﬂ[tfzb,tJer]( u)dvn(P )(w, 8, z).

Let B¢ be the class of functions of bounded variation on [0, M], that are uni-
formly bounded by K > 0, and let § ={(gn : B € By}, where (g n(u,0) =
O [t_2b,t+2b)(W)B(w). Then, d1(4_5p ¢426)Wn is a member of the class G,
which has envelope Fn (u,8) = K81y 2y ¢4 2p](u). Furthermore, if J(§, Gn)
is the corresponding entropy-integral (see Section 2.14 in van der Vaart and

Wellner, 1996), then according to Lemma A.1.1, J(5, Gn) jo 1+ C/ede,

111
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for some C > 0. Consequently, together with Theorem 2.14.1 in van der
Vaart and Wellner, 1996, we obtain that

E [[Rn1llae ] < b 2n"13/18E sup
CEGn

<K, Gn)[Fall, ey~ *n /1
<K/ (HYC(t +2b) — H¥(t — 2b)) /2 b~ 2n~13/18
< K//bf3/2n713/18

J'CBnLHde\f P)(u,$,z)

because H"¢ is absolutely continuous. As a result, for sufficiently large v

"

_ K
b3/ 238y TE [[RugLag] < — <n/3.

This proves the first part of (3.6.35).
We proceed with Ry,;. Similar to (3.6.37),

P (n'/2Rnal > v) <20/3+12vE [Ruallag] - (3.6.39)
and it suffices to show that there exists v > 0, such that
n'/ 2y E[Rnallag ] <n/3,

for all n sufficiently large. We write
n"/2R, =1¢g, J (eBT/lern(u) —eﬁéz ) dyvn(P (u,8,z),

where

M) =1 Jumjﬂ ant(An(v))
In {u>Tjn1 } Tjﬂ] q)n (\), (-5711)
J'uA(ter)

(Dn(An (v); é’n)i\n (v) dv,

T2n(u) = IL{u>’c7b} an,t(v) Ao (v)dv,

are both monotone functions, uniformly bounded by some constant C on
the event Af NEn. Let M be the class of monotone functions bounded
uniformly by C > 0 and let G, ={(;g(w,z) : 1€ Mc,B € RP,IB —Bol < &2},
where & is chosen as in (3.6.3) and ;g (u,z) = r(u)eﬁl"". Then eﬁﬁznln(u)
is a member of the class G, which has envelope

P
Fn(w,z) = Cexp Z BO] on)z V(Bo,j+0n)lj ’
j=1
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with o, = \/&;n72/3 is the envelope of Gn. If J{}(5, Gn, L2(IP)) is the brack-
eting integral (see Section 2.14 in van der Vaart and Wellner, 1996), then
according to Lemma A.1.2, J{{(8, Gn, L2(IP Io v/ 1+ C/ede, for some
C > 0. Hence, together with Theorem 2. 14 2 in van der Vaart and Wellner,
1996, we obtain

E H]IA%QEH JAe[gT/‘ZT'] df U.,5 Z) :|
< E sup JCTB u,z)dvn(P,, —P)(u,§,z)
CEGn

KJ 131, Sn, L2 (P) [Pl ) < K7,

for some K’ > 0. We conclude that,

v 'E H]IA%QEH J'eB/nZn u)dyn(P (u,8,z)

K/
v

for sufficiently large v. In the same way, it can also be proved

v 'E H]l/\%mgTl JeﬁoZan ydvn(P (u,$,z2)

K
}\V n/6

for sufficiently large v, concluding the proof of (3.6.39) and therefore the
second part of (3.6.35). O

3.6.2  Proofs for Section 3.3

Proof of Lemma 3.3.1. We start by writing
n 00
Z J log Ao (t)kp (t—T;) dt
=1
1 o« t
EZ J (J ?\o(u)du> kp(t—T;)dt
1 0
:J log Ao(t) ( ZA kp(t—T )d
7J ( ZeBZJ Ko (t — T)dt) du,

0

113



114

SMOOTH ISOTONIC ESTIMATION IN THE COX MODEL

which is equal to

J:o {Vn(t) log Ao (t) —wn (t; B)?\o(t)} dt

© v (t) }
= —————logAp(t) —Ap(t) p wn(t; B)dt,
[ ot tog (1) ~Ao(t)f walti )
with v and wy defined in (3.3.3). Maximizing the right hand side over
nondecreasing Ag is equivalent to minimizing

a0 (%,A(t)) wa(t; B) dt (5.6.40)
over nondecreasing A, where Agp(u,v) = O(u) — O (v) — (u—v)d(v), with
®(u) = ulogu. Theorem 1 in Groeneboom and Jongbloed, 2010 provides a
characterization of the minimizer X%(t; ) of (3.6.40), and hence of the max-
imizer of {j. It is the unique solution of a generalized continuous isotonic
regression problem, i.e., it is continuous and it is the minimizer of

2
o =5 | (A(t) _ V“(”)) o (6 B) dt,

2 wn(t; B
over all nondecreasing functions A and can be described as the slope of the
GCM of the graph defined by (3.3.4). O

Proof of Lemma 3.3.2. It is enough to prove that for an arbitrarily fixed € > 0
and for sufficiently large n

P (?\?five(t) —AIS(1), forall t € [¢, M]) >1 e

Recall that ALS(t) is defined as the slope of the greatest convex minorant
{(Xn(t), Yn(t)),t € [0,]} of the graph {(Xn(t), Yn(t))),t € [0,%]}. We con-
sider Yy, on the interval [{, M] and define the linearly extended version of Yn,
on [0, 1] by

Yr(0) 4+ (Xn (t) — Xn (€))ABAVE(g), for t € [0,0),

Yn(t), for t € [(, M],
Yn(M) + (Xn(t) —Xn(M))M‘fi"e(M), for t € (M, 1].

Ya(t) =

It suffices to prove that, for sufficiently large n,
P ({(Xn(t), Yy (1) : t € [0,4]} is convex ) > 1—¢/2, (3.6.41)

and
P (Y (t) < Yn(t), forallt €[0,%]) > 1—¢€/2. (3.6.42)
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Indeed, if (3.6.41) and (3.6.42) hold, then with probability greater than or
equal to 1— ¢, the curve {(Xn(t), Y} (t)) : t € [0,4]} is a convex curve lying
below the graph {(Xn(t), Yn(t)) : t € [0,4]}, with Y} (t) = Yn(t) for all
t € [(,M]. Hence, Yn(t) = Yi(t) < Yn(t) < Yn(t), for all t € [¢, M]. It
follows that, for sufficiently large n,

_dYa(t) _ dYa(t)
T dXa(t) T dXa(t)

P (Af;ﬁive(t) =AS(t), forallt e [¢, M]) >1—e.

To prove (3.6.41), define the event
An = {?\IT‘five is increasing on [ —11, M + le]} ,

forn; € (0,¢) and > € (0,f— M). Note that on the intervals [0,{) and
(M, 1], the curve {(Xn(t), Y/ (t)) : t € [0,4]} is the tangent line of the graph

{(Xn(t), Yn(t)) : t € [0,4]} at the points (Xn (£), Yn({)) and (Xn (M), Yn(M)).

As a result, on the event A, the curve is convex, so that together with con-
dition (c), for sufficiently large n

P ({(Xn(t), Y (1)) : t € [0,4]} is convex ) > P(An) > 1—€/2.

To prove (3.6.42), we split the interval [0, 1] in five different intervals Iy =
[O,f—T]] )/ IZ = [Z_Thre)/ 13 = [E/ ML I4 = (M/ M‘I'T]Z]r and I5 = (M‘HU, 'ﬂr
and show that

P(Y;(t) < Yn(t), foralltel;) >1—¢/10, i=1,...,5. (3.6.43)

For t € I3, Y}, (t) = Yn(t) and thus (3.6.43) is trivial. For t € I,, by the mean
value theorem,

Yn(t) = Yn(0) = (Xn(t) = Xn (0) AFVe (),
for some &; € [t,£]. Thus, since Xn (t) < Xy (£) according to condition (a),
P (Y] (t) < Yn(t), forall t € I)

=P ((Xn(t) = Xn (0) (ARe(£0) — AF(0) > 0, forall t € )
. . (3-6-44)
_P ((Aﬁalve(at) — A ()} < 0, forall t € 12)
> P(An) 2 1—¢/10,

for n sufficiently large, according to condition (c). The argument for t € 14 is
exactly the same. Furthermore, making use of condition (d), for each t € Iy,
we obtain

¢

Yo(t) — Yo (0) — Ao (0) (Xo(t) — Xo () = L (Ao (0) —Ap(w)) dXo(u)

£
> j (Ao (0) — Ao(w)) dXo(w).
{—my
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This implies that
Y (t) = Y (t) = Yn(t) — Yn(0) — (Xn(t) — Xn (0))A03Ve(¢)
> Yn(t) = Yo(t) + Yo (&) = Yn(€) + Ao (0) (Xo(t) — Xn(t))
+ A0 () (Xn(0) = Xo(€)) + (ATAVe(2) — Ao (€)) (Xn (€) — Xn (1))

)
)

4
+J (Ro(0) — Ao (w)dXo(u)

-y
> —2 sup [Yn(s) = Yo(s)|=2Ao(f) sup [Xn(s)—Xo(s)]
s€(0,0] se(0,(]
— 2IAmave(g) — Xy (0)] sup [Xn(s)|
s€[0,4]

4

[ o =rotw)dxotw)
€=

According to conditions (b) and (c), the first three terms on the right hand

side tend to zero in probability. This means that the probability on the left

hand side of (3.6.43) for i = 1, is bounded from below by

[4

P <Zn < L (Ao(0) —Ao(u))dxo(u)> ,
-m

where Z,, = op(1). This probability is greater than 1—€/10 for n sufficiently

large, since

¢ ¢
[, 0t =Row) dxofw) = %ol | (ho() = Aofw)) du >0,
£—my £—my

using that Ag is strictly increasing. For Is we can argue exactly in the same
way. O

Lemma 3.6.8. Suppose that (A1)-(A2) hold. Let H*¢(t) and ®(t; B¢) be defined
in (3.1.1) and (3.1.2), and let h(t) = dH“C(t)/dt. Suppose that h and t —
D(t; Bo) are m > 1 times continuously differentiable and let k be m-orthogonal
satisfying (1.2.1). Then, for each 0 < £ < M < Ty, it holds

sup fvn(t) —h(t) =0(b™)+ Op(b~'n"1/2),
tele,M]

sup |Wn(t} Gn) —O(t; [30)| = O(bm) + Op(b*1n71/2),
tee,M]

(3-6.45)

where v, Wn and © are defined in (3.3.3) and (3.1.2).

Proof. To obtain the first result in (3.6.45), we write

vn(t) —h(t) = vn(t) — hs(t) + hs(t) —h(t),
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where
hs(t) = J kp (t —u) h(u) du. (3.6.46)

By a change of variable and a Taylor expansion, using that k is m-orthogonal,
we deduce that

hs(t) —h(t)
! h(m=1(y) him)(gy)
_ RN A SO m—1 ty m
—J]k(y){ B (8)by + -+ o by T by dy
" Lh (Ery)k(yly™dy,
(3.6.47)
for some |&yy —t| < [byl. It follows that
b™ !
sup [ho()~hol < Do sup [RM(©] | ikiylyi™ dy = 0(o™).
tele,M] M telo,mh] -1
(3.6.48)

Let Hy¢ be the empirical sub-distribution function of the uncensored obser-
vations, defined by

Hﬁc (t) = J 61{u<t} dlP, (u, d, z).
Then integration by parts yields
(1) = s (1) = [ Ko (t— ) d(HEE — 1))

a uc uc
_ _J Sk () (M — HY) () du (3-6.49)
1

1
— 5 | ) (= e by,
Note that Hi¢(x) —HY“¢(x) = fé]l{ugx} d(IP, —IP)(u, d, z). Because the class
of functions I = {f(;;x) : x € [0, Tul}, with f(w;x) = T, <), is @ VC-class
(e.g., see Example 2.6.1 in van der Vaart and Wellner, 1996), also the class
of functions {§ = 6f : f € JF} is a VC-class, according to Lemma 2.6.18
in van der Vaart and Wellner, 1996. It follows that the class G is Donsker, i.e.,
the process /n(HRE® — H"¢) converges weakly, see Theorems 2.6.8 and 2.5.2
in van der Vaart and Wellner, 1996. It follows by the continuous mapping
theorem that

vnosup  [HRS(t) —HYC(t)] = Op(1). (3.6.50)
tE{O,TH]
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Hence, we get

1 1
sup [vn(t)—hs(t)] < ~ sup \HﬁC(t)—H“C(tJ\J i ()] dy
tele,M] te[e,M] —1

=0p(b 'n71/2).

(3.6.51)

Together with (3.6.48), this proves the first result in (3.6.45).

To prove the second result in (3.6.45), note that from (3.3.3) and (3.1.4) we
have

1
Zeﬁ Zi J kb u—T )du:J_] k(y)(Dn(t*by;B)dy'

(3.6.52)
Consequently, we can write

1
Wi (6 Bn) — Dt Bo) = L K(y) {®n (t — by; ) — (L Bo)} dy
1
_ L K(y) {@n (t — by; ) — Ot —by; Bo)} dy

1
+ | i) (e by po) — 0(t; o)) dy.

Similar to (3.6.47) and (3.6.48), for the second term on the right hand side,
we obtain

sup
tele,M]

1
| Kty (@(t—by;po) — 0(1;B0)} dy| = O™

Hence, by means of the triangular inequality,

sup |[wn(t;Bn) —@(t; Bo)| < sup |@n(t; Brn) — @(t; Bo)| +O(B™)
tele,M] teR

=0p(n~/2)+0(b™),
according to Lemma 4 in Lopuhad and Nane, 2013. O

Lemma 3.6.9. Let AWe be defined in (3.3.7). Then, under the assumptions of
Lemma 3.6.8, for each 0 < £ < M < Ty,

sup [ARYe(t) — Ao ()| = O(b™) + Op (b~ 'n~1/2).
tee,M]
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Proof. By (3.1.3) and the definition of A%¢, we have

- vn (t) h(t)
sup [AMVe(t) —Ao(t)| = su LIS
te[(@,IZ)\/l] " te[(@,Il)\/l] wn(t;Bn) @t Bo)

< SUP¢ere,M] |Vn(t)(D(t} Bo) —h(t)wn(t; Bn)’
h i (M; B )| ® (M Bo)
The triangular inequality and Lemma 3.6.8 yield

sup |vn()®(t; Bo) — h(t)wn (t; Bn)| = O(B™) + Op (b~ 'n~1/2).
te[,M]

and wn (M; Bn) ! = Op(1). The statement follows immediately. O

Lemma 3.6.10. Suppose that (A1)-(A2) hold. Let H“¢(t) and ®(t; o) be de-
fined in (3.1.1) and (3.1.2), and let h(t) = dH"“¢(t)/dt. Suppose that h and t —
D(t; Bo) are m > 1 times continuously differentiable and let k be m-orthogonal
satisfying (1.2.1). If b — 0 and 1/b = O(n®), for some o« € (0,1/4), then for each
0<l< M < Ty, it holds

sup A(t)—h/(t)] B0, sup Wi (t; Bn) — @' (t; Bo)l 0,

tele,M] tele,M]
(3.6.53)
where vy, Wy and © are defined in (3.3.3) and (3.1.2).
Proof. Let us consider the first statement of (3.6.53). We write
vp(t) = h'(t) = vi (1) = h{(t) + h¢(t) —R'(1),
where hg is defined in (3.6.46). For the second term we have
1
sup |hi(t) —h'(t)] < sup J k(y)l [h'(t—by) —h'(t)]| dy — 0,
tele,M] tefe,M] -1

by the uniform continuity of h’. Moreover, similar to (3.6.49) and (3.6.51),

sup vy, (t) —hg(t)]
tele,M]

1 1
<o sup N - ROl K ()l dy
tele,M] =1

= 0p(n2e1/2),

which tends to zero in probability, as o« < 1/4. To obtain the second state-
ment of (3.6.53), first note that from (3.3.3),

W (6 ) = Jk{,(t WOy B du, (3.6.54)
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and write

Wi (£ Brn) — @' (1 Bo) = Wi (t; Brn) — W, (t; Bo) + Wi (t Bo) — @' (t; Bo),

(3.6.55)
where
ws(t;Bo) = | Kot~ wD(u; Bo)
For the second difference on the right hand side of (3.6.55) we have
sup |[w{(t; Bo) — @'(t; Bo)|
telt,M]
]
= sup || )0t~ by o) dy — /(13 Bo) (.656)
tele,M] |1

1
< sup j K(y)| | (£ by; Bo) — ' (t; Bo)| dy — 0,
tele,m] J—1

by uniform continuity of ®’. Furthermore, with (3.6.54), we obtain

A 1 . 1
sup \wa(t;ﬁn)—w;(t;ﬁo)\<5sup|®n(t;rsn)—®(t;rsonj k' (y)l dy,
tel[¢,M] teR —1

which converges to zero because

sup | O (t; Bn) — O(t; Bo)l < sup [On (t; Pn) — On(t; Bo)l
teR teR

+sup [On(t; Bo) — O(t; Bo)l

teR
DO (t; B A
< sup [22nlUBR) (3 gy 10, (n/2)

teR op

=0p(n172),
(3.6.57)
due to Lemmas 3 and 4 in Lopuhad and Nane, 2013. Together with (3.6.56)
this proves the last result. O

Lemma 3.6.11. Suppose that (A1)-(A2) hold. Let H*¢(t) and ®(t; o) be de-
fined in (3.1.1) and (3.1.2), and let h(t) = dHY“C(t)/dt, satisfying (3.1.3). Sup-
pose that h and t — @(t; Bo) are continuously differentiable, and that A} is uni-
formly bounded from below by a strictly positive constant. Let k satisfy (1.2.1) and
let Xﬂai"e be defined in (3.3.7). If b — 0 and 1/b = O(n*), for some « € (0,1/4),
then for each 0 < { < M < Ty, it holds

Ip(f\f‘fi"e is increasing on [(, MD — 1.
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Proof. Note that w, (x, Bn) =0 if and onlyif ; <x—b,foralli=1,...,n,

which happens with probability H(x —b)™ < H(M)™ — 0. This means that

with probability tending to one, wn (x, Bn) > 0 for all x € [¢{, M]. Thus with

probability tending to one, ARV is well defined on [¢, M] and
d s Vi (t) wa (t; Brn) —vn(t) wi (t; Bn)

}\nalve t — -
dt™™ ) wn (t; Bn)z

(3.6.58)

In order to prove that ARV is increasing on [¢, M] with probability tending
to one, it suffices to show that

P (teuéﬂ]:\/l VL OWR(E Bn) —vn(B)w] (tBn)} < O) —0. (3.6.59)
We can write
VR (OWn (6 Br) —vn (O (6 Br)
=wn(tBn) (vi(t) =1/ (1) +vn(t) (@' (t; Bo) —wp (t; Bn))
+R(1) (Wit Bn) — @t Bo)) + @ (t; Bo) (N(t) —vn(t))
+R (Dt Bo) — ' (t; Bo)h(t),
where the right hand side can be bounded from below by

— sup A(t)—h'(t)] sup wn(t;Bn)l

tele,M] telg,M]

— sup |®@'(t;Bo) —wp(t; Bn)l sup [vn(t)l

tel(,M] te[g,M]

— sup wn(t;Bn) —@(t;Bo)l sup [h(t)l

te(,M] te(,M]

— sup [h(t)—vn(t)] sup [®'(t;Bo)l+h (1)D(t;Bo) — D'(t; Bo)h(t).
tele,M] te(,M]

From the proof of Lemma 3.6.12 we have that

sup vn(t)=O0p(1) and  sup wn(t;Bn) =0p(1),
tee,M] tee,M]
so that from Lemmas 3.6.10 and 3.6.8 (with m = 1), it follows that the first
four terms on the right hand side tend to zero in probability. Therefore, the
probability in (3.6.59) is bounded by

n)(xn> inf (h’(t)@(t;rso)—@'(t;ﬁo)h(t))),

tele,M]

where X, = op(1). This probability tends to zero, because with (3.1.3), we
have

inf (W ()®(t;Bo) —@'(t;Bo)h(t) = inf AF(H)D(t;Bo)?

tee,M] tee,M]

O(M;Bo)? inf Aj(t) > 0.
tE[O,TH}
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O

Lemma 3.6.12. Let W, Vy,, and W, be defined by (3.3.8) and (3.3.11), and
let HY¢ be defined in (3.1.1). If b — 0 and 1/b = O(n—1/2), then, under the
assumptions of Lemma 3.6.8, it holds

sup |V (t) — HU(t)| 5 0, sup  [Wn(t) —Wo(t)| 5 0. (3.6.60)
te[0,tH] te[0,tH]

Proof. To prove the first result in (3.6.60), we take 0 < € < Ty arbitrarily and

write
~ TH
sup (Vi (t) — HUC(1)] < J [vn () — h(w)| du
te [O,TH] 0
€ TH—€ TH
= || ol = hwldu | ) = hwldu [ s - hiwldu
0 € TH—€
<2 sup |vp(u)|+2e sup |h(u)|+ (TH —2€) sup v (1) —h(u)).
uelo,ty] uelo,tyl ucle,ty—el

(3.6.61)

Since h is bounded and the last term tends to zero in probability, according
to Lemma 3.6.8, it suffices to prove that SUPLe0,1y] n(u)] = Op(1). By
definition and the triangular inequality we have

on (8)] = Ukb (t— ) dHue (u)‘

<O HEC((t+b) Ati) —HRS((t—b) VO)| sup  [k(y)|
yel-1,1]

<b! {]HgC((HbMTH) —HYC((t+b) AT)
—H}{C((t—b)\/O)JrHuC((t—b)\/O)‘

+H"((t+b) AthH) —H”C((t—b)\/O)} sup |k(y)l
yel-1,1]

1
<2 {b sup [HR%(y) —H"(y)l+2 sup h(u)l} sup [k(y)l.
yelo,ty] uel0,tH] yel-1,1]
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Using (3.6.50), it follows that the right hand side of the previous inequality
is bounded in probability. For the second result in (3.6.60), similar to (3.6.61)
we have

sup |wn(t>—wo(t)|<J W (1 ) — @ (11; Bo)| du
te[O,TH} 0

<2 sup wn(wPn)l+2e sup @ Bo)l
uelo,tyl uelo,tyl

+(tH—2€) sup  |wn(w;Bn)— @ Bo)|.

u€ele,ty—el

By using Lemma 3.6.8 and the fact that ®(u; 3¢) is bounded, it remains to
handle the first term on right hand side. Since

_ j K(y) dy
(t—u)/b

<2 sup [kly)l,  (3.662)

(o]
J kp(s—u)ds
yel-1,1]

t

and kp(t—u) =0, for u < t—b, we have

wn(t; Bn)l = J‘eBﬁZJ kp (s —u) ds dPn (u, §,2)
t

o0 A
<2 swp Kiy)l| ePhdPas2)
yel-1,1] t—b
=20, (t—b;Bn) sup [k(y)l,
yel—1,1]

A

whereas Lemma 3 in Lopuhaé and Nane, 2013 gives that sup, g On (t; fn) =
Op(1). This establishes the second result in (3.6.60). O

Proof of Corollary 3.3.3. According to Lemmas 3.6.9, 3.6.11 and 3.6.12, to-
gether with (3.1.3), conditions (b)-(d) of Lemma 3.3.2 are satisfied, with
Xn =Wy, Yn =V, and © = sup{t > 0 : wn(t; Bn) > 0}, and condition (a)
of Lemma 3.3.2 is trivially fulfilled with X;, = W,,. Hence, the corollary
follows from Lemma 3.3.2. O

Lemma 3.6.13. Suppose that (A1)-(A2) hold. Fix t € (0,Ty). Let H"C and @
be defined in (3.1.1) and (3.1.2), and let h(s) = dH"¢(s)/ds, satisfying (3.1.3).
Suppose that hand s — @ (s; Bo) are m > 2 times continuously differentiable and
that N} is uniformly bounded from below by a strictly positive constant. Let k be
m-orthogonal satisfying (1.2.1). Let vy, and wy, be defined in (3.3.3) and suppose

that n'/2m+1Dy 5 ¢ > 0. Then
am/(2me1) [ (walt Brn)|  |D(tBo) SN (M 0 0
h(t) 15 0 o?

vn(t)
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where
wi| (=)™ (! m O™ (t; Bo) >, _h) (v,
Lj = Lk(y)y dy[ R |0 —TLk (y) dy.

Proof. First we show that
™MD (i (4 ) —wn (4 Bo)) — 0

in probability, which enables us to replace wn, (t; Br) with wn (t; Bo) in the
statement. From (3.3.3), together with (3.6.62), we find

eéﬁzi _ ef’(/)zi

JOO kp(u—T;) du‘

\ vy
Wi (t; Br) —wn (t; Bo)| < ;i; .

BH_BO 7

1 & Al 7.
<2 sup Kyl ) (ZiePri®
yel—1,1] i=1

for some IBn,i —Bol <IBn—Pol = Op (n—'/2). Furthermore, for all M > 0,

] c BT/LiZi ] c B;izi
]P<n2|21|e . >M><W;E[|Zi|e / }

i=1
1 /
<— sup E [IZIeB Z} ,
[B—Bol<e

where sup;s_ 5 <. [E[|Z|eP'%] < 0o according to assumption (A2). It follows
that
™MD (o (6 Ba) = wn (x; Bo)) = Op (n /1M F2)),

Now, define

Yni = Yni,1 — - (m+1)/(2m+1) eﬁéziﬁokb(s_-ri)ds .
ky (t—T;)Aq

ni,2

By a Taylor expansion, using that h is m times continuously differentiable
and that k is m-orthogonal, as in (3.6.47) we obtain

1
E [Yni2] =n*(m+”/(2m+”j K(y)h(t - by) dy
—1

m 1
— IR <h(t)+(_b) h(mJ(t)J k(y)ymdy+o(bm)>-

m! |
(3.6.63)
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Similarly, with Fubini we get

r (e¢]
E [Ypi] = n-(m+1)/@me1) eﬁon Kp (s — 1) ds dP(w, 5, 2)
J t
r1
— n—(m+1)/(2m+1) ] (Jeﬁozﬂ{u2t—by}dlp(u’ 5,2’,)) k(y) dy
1
= (mA1)/(2m) Ky)@(t—by; Bo) dy

(=)™

m+ b 1
= n I (CD(t;BoH — CD(m)(t;Bo)J1k(y)ymdy+0(bm)>.

(3.6.64)
Hence, we have
E[Y, ;] = n—(m+1)/(@m+1) O(t; Bo) =t M fom Ty,
h(t) H2
and we can write
A T n
B (lwfl“'ﬁ“) — |®ttPo) ): MY (Yo —E Vo) +o(1).
Va () n(t) w5

It remains to show that }_ " ; (Yni — E [Yni] ) converges in distribution to a
bivariate normal distribution with mean zero. From (3.6.64) we have,

Var(Yni1) =E [Yii,l} £ O(n2m+1)/(2m+1))

2 m+1 2|3’Z © 2 -2 m+1
=1~ “2ZmFT [e“Po kp(s—u)ds | dP(w,5,z)+0 (n Zm+F )
t

-0 (nfz(m+1)/(2m+1))

7

(3.6.65)

using that, with (3.6.62),

Jezﬁéz (J:O kp (s —u) ds) ’ dIP(u, 5, z)
|

2
<<2 sup |k(y)|> e2Boz dPP(vu, 5, 2)
yel—1,1]

2
—(2 sup |k(y)|> ®(0;2B0) < o0.
yel-1,1]
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Moreover,

COV( nllenlz) n11Yn12} +0 (Tl (m+])/(2m+]))

E|

_om B z OO _2 m+1

I 5e o ke (s ko (t—u) dP(w,5,2) + Op (n~ 23T )
t

=o(n~ )—|—O( (m+1)/( 2m+1)),

because, with (3.6.62),

b J 5ePoz (JOO kp (s —u) ds) ky (t —u) dP(u, §,z)

t

u

z xX—
k <b) ‘ CUP(LL, 6, Z)

<2 sup |k(y)\J]1{x—b<u<x+b}eﬁé
yel—1,1]

2
<2( sup k(y)) (@(t—1b;Bo) —@(t+1b;Bo)) — 0.

yel—1,1]

Once again, by a Taylor expansion, from (3.6.63), we obtain

Var(Yni2) = E {sz] 40 ( 72(m+1)/(2m+1))

1
P .~ J K2 (y)h(t — by) dy + O (n 28T ) (3:6.66)

16?2 +o(n™ ).
It follows that

5 +o(1).

Y Cov(Yni) = [0
i=1 0

o

Furthermore, since
. 2

[Ypi? = n—2(m+1D)/(2m+1) (emozi <J kb(S—Ti)dS) +k123(t_Ti)Ai> ,
t

with (3.6.62), we obtain

n 2

D_E [‘Yﬂdzﬂ{wmbe}} < (2 sup Ik(y)l> n~1/@m+g [ezﬁéz]
]

i=1 yel-1,1

n
22 sup [k(y)l Y P (il > €,
yel-1,1] i=1

where the right hand side tends to zero, because Efe2PoZ] = D(0;2B0) < 0
and, with (3.6.65) and (3.6.66), we have

Z]P [Ynil > €) -2 Z IE|YTL'L|2 (1.
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By the multivariate Lindeberg-Feller central limit theorem, we get

LR 2))

which finishes the proof. O

n
i=1

(Yni —E[Ynil) SN (

Proof of Theorem 3.3.5. By definition of A%Ve(t) in (3.3.7) together with (3.1.3),
we can write

N (1) = Ao (t) = @ (Wi (Bn), v (1)) — 0 (@[t Bo), Ao (IO (t; Bo) )

with @(w,v) = v/w. The asymptotic distribution of ﬁﬁai"e(t) then follows
from an application of the delta method to the result in Lemma 3.6.13. Then,
by Corollary 3.3.3, this also gives the asymptotic distribution of AN'S(t). [

Proof of Theorem 3.3.6. First note that by means of (3.1.3), it follows from the
assumptions of the theorem that h(s) = dH"¢(s)/ds is m > 2 times contin-
uously differentiable. We write

A/ (2m1) (xms(t) _;\iM(t))
_ nm/(2m+1 ) (j\r;taive(t) . 7\517\/[ (t)) + nTn/(2111+1 ) (XTIYLS (t) o j\rTllaive (t)) )

By Corollary 3.3.3, the second term on the right hand side converges to zero
in probability. Furthermore, as can be seen from the proof of Theorem 3.2.5

Skp (t—u)
®(u; Bo)

with p from (3.2.22). From the proof of Lemma 3.6.13, we have

nImeT (XELM(t) - Ao(t)) = ptnzme J d(Pn —TP)(w, 8,2) +op(1),

NS (1) = Mo () = b (wn (6 Bn), v (8)) — & (@[5 Bo), Ao (D[t Bo) )

| ©(t; Bo)
h(t)
with Z,7 = op(1) and

| _eym ] (m) (¢.
lm S gy [@h m()titﬁ)o)].

12 m!

where ¢(w,v) = v/w and

am/(2m) < Wn (t; Bn)
vn(t)
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Then with a Taylor expansion it follows that

nm/(2m+1 ) (j\rTlLaive(t) _ )\O(t)>

[Pt 1 ul Tz
_{ O(t; Bo) d)(t;ﬁo)} ( " + 7 >+0p(1)
_ ZnZ

=u+ Ot Bo) +op(1),

where 11 is from Theorem 3.3.5. Moreover, from the proof of Lemma 3.6.13
it can be seen that
Zn2 1 m/(2m+1) J
= n dky (t—u) (P, —P)(u, d,2) + op(1)
O(t;Bo)  O(t;Bo) ol P ’

— M/ (2m+1) J' Skp(t —uw) (P —P)(w,$,2)

O (u; Bo)
e o) (G~ aaspe)) (P PIw s
+op(1)
_ am/(2m+1) M _
n J ®(w; Bo) (P =P} 8,2) +op (1),
because
nm/(2m+1)J-5kb(t_u)( ! — ! ) (P, —P)(w, , 2)
O(t;Bo)  D(w;Bo)

—(m m ] !
X =n—(MFD/@m+D A (4T (d)(t'ﬁo) N (I)(T~'[30)) '
7 v

where similar to the proof of Lemma 3.6.13,

2
B[] =no2mety/GmeD Jk%’(t_u) (CD(t?Bo) - (D(U]'BO)) )

_amete (2 T | )2 _
=n L [ (y)(d)(t;ﬁo) Dlt—by;po)) MYy

=o(n ).

We conclude that

m

m_ A ~ Oky (t —
nm (}\?LaIVE(t) _)\O(t)) — u+n2m+] J'M

O (u; Bo)
— it nzmeT (iflM(t)*Ao(tO +op(1)

(Pn —P)(u,8,2) 4+ op (1)
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which proves the first statement in the theorem. The second statement is
immediate using the asymptotic equivalence in (3.2.23). O

3.6.3 Proofs for Section 3.4

Lemma 3.6.14. Suppose that (A1)-(A2) hold. Let Ao be continuously differentiable,
with A} uniformly bounded from below by a strictly positive constant, and let k
satisfy (1.2.1). If b — 0 and 1/b = O(n%), for some « € (0,1/4), then for each
0< <M <", it holds

P (7\?3“’6 is increasing on [L, M]) — 1.
Proof. From (3.4.3), it follows with integration by parts that
Anaive (1) — J ki, (t—wAp(w) du+ J ki (t—u) (An(u) —Ap(w)) du
= Rolt) + [ kot~ {Aolw) ~ho(t)} (3.6.67)
+ [ kelt=wd (An = Ao ()

so that

) 1
SRS =200+ [ Kyl A~ by) N0} dy
-1 (3.6.68)

+ blzjk/ (tb”) d (An — Ag) (1).
By assumption, the first term on the right hand side of (3.6.68) is bounded
from below by a strictly positive constant and the second term converges
to zero because of the continuity of Aj. Moreover, for n sufficiently large
M +b < 1*. Then, the second term on the right hand side of (3.6.68) is
bounded from above in absolute value by

1
07 SUP |An(s)—Ao(s) sup kK (y)l = Op (n**1/2) = 0, (1),
se[0,t*] yel—1,1]

according to (3.1.7) and the fact that o« < 1/4. We conclude that ATaiVe is
increasing on [{, M] with probability tending to one. O
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Proof of Corollary 3.4.1. We apply Lemma 3.3.2. Condition (a) is trivial with
Xn(t) = t. Furthermore, for every fixed t € (0,t*), we have for sufficiently
large n, that t € (b, " —b) and

AR (1) = Ao(t)

:jkb(t—u)xom) du—xo(t)+jkb(t—u)d(An(u)—Ao(u))

1 1
= k(y){Ao(t —by) —A¢(t)} dy + % L] (An(t—Dby) —Ag(t—Dby)) k' (y)dy

)/

1
op (1
(3.6.69)
by continuity of Ag and (3.1.7), which proves condition (b) of Lemma 3.3.2.

Condition (c) follows from Lemma 3.6.14. Finally, for t € [0, T*],

|AS (1) — Ao ()] =

(t+b)AT*
J o (t— 1) (An (W) — Ao(w)) du

(t—b)\VO

(t+b)AT*
+J kp (t —uw)Ag(uw) du— Ap(t)
(t—b)\VoO

1
< sup \An(t)—Ao(t)\j k(y)l dy
xe[0,7*] =1

+ k(y)Ao(t—Dby)dy — Ap(t)

J~t/b/\1

—1V(t—1*)/b
According to (3.1.7), the first term on the right hand side is of the order
Oy (n—1/2). For the second term we distinguish between t < b, t € [b, T* —
bl and t > ™ —b. When t € [b, t* — b], then with (1.2.1),

1 1
|| ko= vyrdy = Aot < [ ki Aate— byl ~ Aoio)]dy

1
=b sup \?\o(t)|J k(y)ldy — 0,
tel0,ty] -1

uniformly for t € [b, T —b]. When t < b, then again with (1.2.1), we can
write

t/b
| emnatt—byrdy = Ao(t)

t/b 1

<[ ktyAate =~ by) = Ao(w)] dy + Aoft) | iktw)ldy
—1 t/b

1
< O(b) +bxo(b)L k(y)ldy — 0,
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uniformly for t € [0, b]. Similarly, we deal with the case t € (t* —b, 7*]. It
follows that
sup A5 (1) = Ao(t)| = op(1), (3.6.70)
te[0,t*]
which proves condition (d) of Lemma 3.6.11. The result now follows from
Lemma 3.6.14. O

Proof of Theorem 3.4.3. From (3.6.69), similar to (3.6.47), we find

. 1
() ~Aoft) = | kly) Dol by) —a(t]}

!
+ H (An(t—by) —Ao(t—by)) k'(y) dy
-1

—p)m 1 m m
= | A e ety

1

1
| At by) = Aot - by) K (y) d,
1

for some |&ty — x| < [byl. It follows that
m

< nai b !
sup [Me(t) ho(t)] < T sup (0| [ty dy
tele,M] M tefo,th) ~1

]
#071 sup An(0 = Ao(0) | K Tylay
x€[L,M] —1
=op(1).
Similar to (3.6.48), the first term on the right hand side is of the order O(b™),

and according to (3.1.7) the second term is of the order Op (b= "n"1/2). The
first statement now follows directly from Corollary 3.4.1.

To obtain the asymptotic distribution, note that from (3.6.67), (3.1.3) and (3.1.7),
we have

v/ 2m) (R ) Ao 1))
— nm/(2m+1) (J kp(t—u)Ag(u)du—2Ay (U)

+nm/(2m+” ka (t —u)ﬁd(l’n —P)(w,9,2)

n
1 1
—(m41)/(2m+1) — T A -
+n Zkb(t Ti)A; (CDn(Ti; BT\) DO(Ty; BO)) .

(3.6.71)

i=1



132 SMOOTH ISOTONIC ESTIMATION IN THE COX MODEL

We find that, the first term in the right hand side of (3.6.71) converges to u,
since

nm/(2m+1) (J kp(t—u)Ag(u) du—Ap (t))

1
=qnm/(2m+1) J k(y) Ao (t —Dby) —Ao(t)} dy
-1

/) CO T gy
— m! o 0 ty yy U

(3.6.72)

_a\m 1
( :1)' AT (1) L k(y)y™dy,

for some [&ty — x| < [byl. Let 0 < M < M/ < T, so that t +b < M’ for
sufficiently large n. Because 1/®» (M’; Bn) = Op (1), similar to (3.6.57)

s 1T < sup D (u; Bn) — @ (u; Bo)
uelo,M’] CDn(u; Bn) q)(ur BO) = ue[o,M’] ch(M/; Bn)(D(M/; BO)
=0p(n~'/2),

and similar to (3.6.66)

n
Var <n_(m+”/(2m+” Z |kb(t—Ti)|Ai> =0(m™),

i=1

so that the last term on the right hand side of (3.6.71) converges to zero in
probability. The second term on the right hand side of (3.6.71) can be written
as

Ay

(Yni —E[Ypil), Ypg=n—(m+D/@m+ine g 1)
ni ni ni b 1) q)(Ti} BO)

1

n

1
where similar to (3.6.66),
Var(Yni) —FE |:Y311:| + O(n—z(m+1 )/(2m+1))
1 2 _ m
_ 2 lJ k“(y)h(t —by) dy+0 (nfzizmﬂ ) (3.6.73)

b ] @2(t—by;po)
=n"'o?+o(n ).

Moreover,

n n

9y m+1 1
> E |:|Y“i|21{|yni|>€}} <Pt sup [k(y)l ) P (IVail > ),
i=1 yel—1,1] i=1
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where the right hand side tends to zero, because with (3.6.73),

n n 2
E[Yhi
> Pival>e) <y Sl oop)
i=1

i=1

By Lindeberg-Feller central limit theorem, we obtain

> (Yni —EYnd) 5 N(0,02),

i=1

which determines the asymptotic distribution of A%3ve(t). Then, by Corol-
lary 3.4.1, this also gives the asymptotic distribution of A$S (t). O

Proof of Theorem 3.4.4. We write
nm/(2m+1 ) (7\§LG (t) o XSS (t))
— pm/(2m+1) (7\151@ (t) — mawe(tm L pm/(2m+1) (;\Kaive(t) . Xﬁs(t)) '

By Corollary 3.4.1, the second term on the right hand side converges to zero
in probability. Furthermore, as can be seen from the proof of Theorem 3.2.5,

n

nm/(mATRSG () = pm/(2m+1) ka (t—u)dAo(u)

L pm/2me) J % d(Py — P)(,5,2) + 0p (1).

Similarly, from the proof of Theorem 3.4.3, we have

nm/2mtl)inatve ) _ ym/(2m+1) Jk{, (t—wAn(u) du
_ m/(2me) ka (t—w) dAn (W)

= nImeT ka(t—u) dAg(u) + nzmeT ka(t—u) d(An(u) — Ag(w)

Skp (t—u)

O o) d(Pr, —P)(w,8,2) +op(1).

= nzmT ka(tfu) dAg(u) +nZmeT J
From this it immediately follows that
/@A) (386 (1) — AReive(t)) = op (1),
and hence, with Corollary 3.4.1, also
/@) (386 (1) — RSG5 (1)) = 0p (1),

The second statement about A5M(t), is immediate using the asymptotic
equivalence in (3.2.23). O
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Part II1

GLOBAL ASYMPTOTIC INFERENCE






THE HELLINGER LOSS OF GRENANDER-TYPE
ESTIMATORS

In this chapter we consider the Hellinger loss of Grenander type estimators
for a monotone function A : [0, 1] — R™. The results presented are based on:

Lopuhad, H. P. and Musta E. (2018) "A central limit theorem for the
Hellinger loss of Grenander-type estimators". To appear in Statistica Neer-
landica.

The Hellinger distance is a convenient metric in maximum likelihood
problems, which goes back to Le Cam, 1973; Le Cam, 1970, and it has nice
connections with Bernstein norms and empirical process theory methods
to obtain rates of convergence, due fundamentally to Birgé and Massart,
1993, Wong and Shen, 1995, and others, see Section 3.4 of van der Vaart
and Wellner, 1996 or Chapter 4 in van de Geer, 2000 for a more detailed
overview. Consistency in Hellinger distance of shape constrained maximum
likelihood estimators has been investigated in Pal, Woodroofe, and Meyer,
2007, Seregin and Wellner, 2010, and Doss and Wellner, 2016, whereas rates
on Hellinger risk measures have been obtained in Seregin and Wellner, 2010,
Kim and Samworth, 2016, and Kim, Guntuboyina, and Samworth, 2016.
However, there is no distribution theory available for the Hellinger loss of
shape constrained nonparametric estimators.

We present a first result in this direction, i.e., a central limit theorem for
the Hellinger loss of Grenander type estimators for a monotone function A.
The result applies to statistical models that satisfy the setup in Durot, 2007,
which includes estimation of a probability density, a regression function, or
a failure rate under monotonicity constraints.

In fact, after approximating the squared Hellinger distance by a weighted
L,-distance, a central limit theorem can be obtained by mimicking the ap-
proach introduced in Durot, 2007. An interesting feature of our main re-
sult is that in the monotone density model, the variance of the limiting
normal distribution for the Hellinger distance does not depend on the un-
derlying density. This phenomena was also encountered for the L;-distance
in Groeneboom, 1983; Groeneboom, Hooghiemstra, and Lopuhad, 1999.
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In Section 4.1 we define the setup and approximate the squared Hellinger
loss by a weighted L,-distance. A central limit theorem for the Hellinger dis-
tance is established in Section 4.2. A short discussion on the consequences
for particular statistical models can be found in Section 4.3. The chapter ends
with a a simulation study on testing exponentiality against a non-increasing
density by means of the Hellinger distance (Section 4.4).

4.1 RELATION TO THE Lz-DISTANCE

Consider the problem of estimating a non-increasing (or non-decreasing)
function A : [0,1 — R™ on the basis of n observations. Suppose that we
have at hand a cadlag step estimator Ay for

Alt) :J Alu) du, te[0,1].

If A is non-increasing, then the Grenander-type estimator A, for A is de-
fined as the left-hand slope of the least concave majorant (LCM) of A;,, with
An(0) = limg 10 An(t). If A is non-decreasing, then the Grenander-type es-
timator A, for A is defined as the left-hand slope of the greatest convex
minorant (GCM) of A, with A, (0) = lim, 10 An(t). We aim at proving the
asymptotic normality of the Hellinger distance between A, and A defined

b
’ - 2\ 12
H(,}\\n/ >\) = <2 J.O <\/ 5\-“ (t) — v/ A(t)) dt) . (4.1.1)

We will consider the same general setup as in Durot, 2007, i.e., we will
assume the following conditions

(A1) A is monotone and differentiable on [0, 1] with

0<1QﬂA%ﬂ|<supm’un<:ax
t

(A2) Let My, = A, — A. There exist C > 0 such that for all x > 0 and
te {01},

E sup (M)~ Mn(1)?| <

uel0,1], x/2<|t—ul<x

(4.1.2)

In Durot, 2007, an additional condition (A2) is considered in order to ob-
tain bounds on p-th moments without requiring (A4) (see Theorem 1 and
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Corollary 1 in Durot, 2007). Here, as in Theorem 2 in Durot, 2007, we need
(Ag) to get a central limit theorem type of result. Hence, condition (A2’) is
sufficient.

(A3) An(0) and A, (1) are stochastically bounded.

(Ag) Let By, be either a Brownian bridge or a Brownian motion. There exists
q>12,Cq >0,L:[0,1] = R and versions of My = A, — A and By,
such that

P n]*1/q Sup Mn(t)—ni]/anOL(t)‘ > X < quiq
te(0,1]

for x € (0,n]. Moreover, L is increasing and twice differentiable on
[0, 1] with sup, |L”(t)| < co and infy L’(t) > 0.

In Durot, 2007 a variety of statistical models are discussed for which the
above assumptions are satisfied, such as estimation of a monotone proba-
bility density, a monotone regression function, and a monotone failure rate
under right censoring. In Section 4.3, we briefly discuss the consequence of
our main result for these models. We restrict ourselves to the case of a non-
increasing function A. The case of non-decreasing A can be treated similarly.
Note that, even if this may not be a natural assumption, for example in the
regression setting, we need to assume that A is positive for the Hellinger
distance to be well-defined.

The reason that one can expect a central limit theorem for the Hellinger
distance is the fact that the squared Hellinger distance can be approximated
by a weighted squared L,-distance. This can be seen as follows,

1 2 1 -2
L (\/ﬂn(t)—«/A(t)> dt:J'o (An(t) —A()? (\/ﬁn(t)—kx/?\(t)) dt

1
~ J (An(t) — A1) (4A(1) " dt.
0

(4.1.3)

Since L,-distances for Grenander-type estimators obey a central limit the-
orem (e.g., see Durot, 2007; Kulikov and Lopuhad, 2005), similar behavior
might be expected for the squared Hellinger distance. An application of the
delta-method will then do the rest.

The next lemma makes the approximation in (4.1.3) precise.

Lemma 4.1.1. Assume (A1), (A2’°), (A3), and (A4). Moreover, suppose that there
exist C' > 0 and s > 3/4 with

AN(t) =N (x)| < Clt—xI, forallt,x €[0,1]. (4.1.4)
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If A\ is strictly positive, we have that
1 - 2 1 5
J (\/An(t) — mm) dt = J (An(t) —A[1)” @A) dt +op(n57/8).
0 0

In order to prove Lemma 4.1.1, we need the preparatory lemma below. To
this end, we introduce the inverse of Ay, defined by

Un(a) = argmax {A} (1) —au}, foralla€R, (4.1.5)
uelo,1]
where
A (t) = max {/\n(t),lim /\n(u)} )
utt
Note that

An(t) > a= Un(a) >t (4.1.6)
Furthermore, let g denote the inverse of A. We then have the following result.

Lemma 4.1.2. Under the conditions of Lemma 4.1.1, it holds
] o
J An(t) = A1) dt = op (n*5/6> '
0

Proof. We follow the line of reasoning in the first step of the proof of The-
orem 2 in Durot, 2007 with p = 3. For completeness we briefly sketch the
main steps. We will first show that

T AT
[, An0)=AWEde= [ 1la(b) ~ gBIEN (g(b)) db + op(n /%),

0 A0)
To this end, consider

1 1
I = JO (An(t) _A(t))i dt, I, :J (7\(t)—7\n(t))3+ dt,

where x = max{x, 0}. We approximate Iy by

T r(A(0)=A(t))3
]1 = JO J'O 1{5\n(t)>K(t)+a]/3} dadt.

From the reasoning on page 1092 of Durot, 2007, we deduce that

n=1/3logn 3

o<nh-J <] (An(t) ~A)7 dt

N 3
+ A (0) =AML /50, (A (0))>logn )
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Since the An(0) is stochastically bounded and A(1) is bounded, together

with Lemma 4 in Durot, 2007, the second term is of the order o, (n—3/¢),

Furthermore, for the first term we can choose p’ € [1,2) such that the first
term on the right hand side is bounded by

n~1/3logn

An(0) = A’ L An(t) — AP dt.

As in Durot, 2007, we get

—-1/3
n=13logn . ,
E

An(t) —A(t)P dt] <Kn~ P/ 3 10gn = o(n5/6),

0
by choosing p’ € (3/2,2). It follows that I} = J; + op(n—>/6). By a change
of variable b = A(t) + a'/3, we find

A(0) Un(b) 5 5/6
I _L\“) Jg(b) 3(b—A(t)) ]l{g(b]<ﬂn(b)}dtdb+op(n ).

Then, by a Taylor expansion, (A1) and (4.1.4), there exists a K > 0, such that
(6 =A1)? = { (g(b) —) N (g(b))}*| <K (t—g(b)*™,  (417)

forall b € (A(1),A(0)) and t € (g(b), 1]. We find

A(0) (Un(b) , ,
h :J J 3(t—g(b))"A"(g(b))"L . dtdb
A1) Jg(b) {g(b)<Un(b)}

+Rn+o0p (n=>/9),

(4.1.8)

where

A(0) pUn(b) 24
|Rn‘ < J;\(]) J 3K(t—g(b)) S]l{g(b)<l:ln(b)} dtdb

3K M) o 3+sd =0 —(3+s)/3y _ —-5/6
< |Un (b) —g(b) b=0p(n )=op(n ),
3+s A1)

by using (23) from Durot, 2007, i.e., for every q’ < 3(q— 1), there exists
Kq/ > 0 such that

E {(n1/3|ﬂn(a) - g(a)\)q } <Kg, forallaeR. (4.1.9)

It follows that

N

" SN 2 —5/6
I _J)\(” (un(b)_g(b)) A (g(b)) ﬂ{g(b)<ﬂn(b)}db+0'p(n )

141



142

THE HELLINGER LOSS OF GRENANDER-TYPE ESTIMATORS

In the same way, one finds

" Y 2 —5/6
12 _J}\“) (g(b)_un(b)) A (g(b)) ]l{g(b)>ﬂn(b)}db+0p(n ),

and it follows that
1
j An(t) —A®Pdt=1; +1,
0

A(0)
— L\(U [0 (b) — g(b)PA’ (g (b))% db + o (n5/6).

Now, since A’ is bounded, by Markov’s inequality, for each € > 0, we can
write

A1)
P <n5/6 L(O] Un (b) — g(b)IPA/(g(b))? db > e)

1 M A
<—| E [nlun(b) - g(b)ﬂ db < Kn~1/6 - 0.
cen'/€ Jx(0)

For the last inequality we again used (4.1.9) with q’ = 3. It follows that

AT
J, g, ()~ DIN (g(0)2db = 0pn>/), (41.10)
which concludes the proof. O

Proof of Lemma 4.1.1. Similar to (4.1.3), we write

1 2 1
j (\/in(t)—\/xm) dtzj (An(6) = A(D)2 (4A(0) " dt+ Ry,
0 0

where
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Since 0 < A(1) < A(t) < A(0) < oo, this implies that

1
< cJ An(t) —A()] dt,
0

for some positive constant C only depending on A(0) and A(1). Then, from
Lemma 4.1.2, it follows that n>/®R,, = op(1). O

4.2 A CENTRAL LIMIT THEOREM

The following theorem gives a central limit theorem for the squared Hellinger
loss. Note that the limit distribution depends on the process X defined in
(1.1.12).

Theorem 4.2.1. Assume (A1), (A2’), (A3), (A4), and (4.1.4). Moreover, suppose
that A is strictly positive. Then, the following holds

/6 {2/3J <\/7 \/T> dt—pu }—>N(0,62),

T 7 / 2/3
2 2 IA(t) L' (1)
b —Eﬁxmn}Lzuﬂ“)dn

where

and
dt,

1T %\ 1 2/3711
24173 () L' ()77 °L'(t)
ot =2 |

with k; defined in (1.3.2).

Proof. According to Lemma 4.1.1, it is sufficient to show that
nl/6é (nz/SIn — uz) — N(0, (72),

with :
Iy = J (An (1) —A(D)% (4A (1)) dt.

0

Again, we follow the same line of reasoning as in the proof of Theorem 2
in Durot, 2007. We briefly sketch the main steps of the proof. We first express
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I, in terms of the inverse process U, defined in (4.1.5). To this end, similar
to the proof of Lemma 4.1.2, consider

1 1
- N 2 _ 5 2 2 _
I = JO (n () ~A(D)? (A1) dt, Tp= L (A1)~ An(0)? (4A(1) " dt.
For the first integral, we can now write
B 1 poo
h = Jo L ]l{fxn(t)2)\(t)+\/4a?\(t)} da dt.
Then, if we introduce
. 1 r(A(0)=A(1))2/4A(1)
J1 = Jo Jo ]l{i\n(t)>7\(t)+ ﬁax(t)} dadt, (4.2.1)
we obtain

A

(
Un(A(0))
1 J (An(t) A1) dt.

<
SAN) Jo

Similar to the reasoning in the proof of Lemma 4.1.2, we conclude that
I =1 +op(n5/8).

Next, the change of variable b = A(t) + y/4aA(t) yields

JMO) J‘Un(b) b—A(t)
| =

h= A1) Jg(b) 2A(t) {Un(b)>

JMO) Jan(b) b—A(t)
= 7]1 R
A1) Jg(v) 2b  (Un(b)>

A(0) pUn(b) (b—A(1))2
+J J T(t)]l{ﬂn(b]>g(b)}dtdb.

o(b)) dtdb

g(b)} dtdb (4.2.2)
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Let us first consider the second integral on the right hand side of (4.2.2). We
then have

A(0) (Un(b) b— A1)
J J ST} L 0)>g 0y At
A1) Jg(v) 2bA(t) n

2012 Ja) Jg(v)
1 vl g2 did
< sup |A'(t J 1 J t—g(b tdb
FINER LA ainy i e)zge)} |

1 A (0) . 3
~6n(1)2 t;gpu'”t”J L1, (0)>g (v} (Un(b) —g(b))" db.

Again by using (4.1.9) with q’ = 3 we obtain

AO) rUn(b) (p —A(1))2 s/e
J J “IonD) Ml (b)=g (b)) dEdD = 0p (7).

A1) Jg (o) 2bA(t)

Then consider the first integral on the right hand side of (4.2.2). Similar
to (4.1.7), there exists K > 0 such that, forall b € (A(1),A(0)) and t € (g(b), 1],

(b —A(t) — (g(b) — )\ (g(b)))| < K(t—g(b))'*>.

Taking into account that A’(g(b)) < 0, similar to (4.1.8), it follows that
~ }\(0) an(b] |}\/(g(b))|
s :J J o (t—g(b)) iy dtdb

A gy 20 90N e, (0)>g(0))

where

PN

A(0)
j [0 (b) — g(b)2*5 db

_ Op (n7(2+8)/3) =op (n75/6)’
by using (4.1.9) once more, and the fact that s > 3/4. It follows that

MOV A (g(b))]

I =
Jam 4b

(un(b) - g(b))z H{Un(b)>g(b)} db + op(n—5/6).

In the same way

rA(0) ‘A/(g(b))‘ . 5 ]
A9V B R _5/6
A 4b (un(b) g(b)) ]l{un(b)<g(b)}db+op(n ),

I =
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so that

5 B A(0) 1
=T, +12=J 2 PASIODE gy, 4 o (n576),

9
A(T) 4b

We then mimic step 2 in the proof of Theorem 2 in Durot, 2007. Let By, be
the process in condition (A4). Consider the representation

Bn(t) = Wn(t) - Ent/

where W, is a standard Brownian motion, &,, = 0 if B,, is Brownian motion,
and &, is a standard normal random variable independent of By, if By, is a
Brownian bridge. Then, define

We(u) =n'/® {Wn(L(t) +n 13y —Wn(L(t))}, fort € [0,1],

which has the same distribution as a standard Brownian motion. Now, for
t e [0,1], let d(t) = |A/(t)]/(2L’(t)?) and define
V(t) = argmax {\Wt(u) - d(t)uz} ) (4.2.3)

[u|<logn

Then similar to (26) in Durot, 2007, we will obtain

1
i |
0

2

V() —n1/6_5n

2N (1)
2d(t) ‘

L'(t) dt + OP(nil/GJ' (4.2.4)

4N (1)

To prove (4.2.4), by using the approximation

(Un(a)) —L(g(a))
L'(g(a))

and a change of variable at =a—nl/2 &nl’(g(a)), we first obtain

Un(a) — gla) ~ =

MOZon 2 A(g(a))] 1

2/3 —n2/3 &)y 3 LU .
n In n J' I—(un(a )) I—(g(a )) (L/(g(a)))z 4a da

A1) 4585
+0p(n*1/6),

where 5, = n~'/¢/logn. Apart from the factor 1/4a, the integral on the
right hand side is the same as in the proof of Theorem 2 in Durot, 2007
for p = 2. This means that we can apply the same series of succeeding
approximations for L(Un(a®)) —L(g(a%)) as in Durot, 2007, which yields

MO=on En |7 Wigla)l 1
2d(g(a))| (L'(g(a)))?4a

n2/3L, = n2/3 J
A1) 480

+op(n_1/6).

V(g(a)) —n~"/®
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Finally, because the integrals over [A(1),A(1) 4+ 8x] and [A(0) — &, A(0)] are
of the order op, (n~1/¢), this yields (4.2.4) by a change of variables t = g(a).

The next step is to show that the term with &;, can be removed from (4.2.4).
This can be done exactly as in Durot, 2007, since the only difference with
the corresponding integral in Durot, 2007 is the factor 1/4A(t), which is
bounded and does not influence the argument in Durot, 2007. We find that

] - )\/(t) 2 1 B
2/31 _ 2 1/6
n2/31,, = L VP [P s des op(n /),
Then define
/ 2

By approximating V/(t) by

V(t) = argmax {\Wt(u) — d(t)uz} ,
uelR

and using that, by Brownian scaling, d(t)2/3V(t) has the same distribution
as X(0), see Durot, 2007 for details, we have that

1 / 2
N I
JOIE VO] | o
1 / 2
. 2 —4/3 A (t) 1 —1/6
= E [X(0)| ”0 a0\ g dtron )

=2 4+o(n 19,

It follows that
1
n'/®(I, —p?) = nVGJ Yn(t)dt+op(1).
0
We then first show that

1
Var <n1/6J Yn(t) dt) — o2 (4.2.6)
0

Once more, following the proof in Durot, 2007 we have

1
vn = Var <J Yn(t) dt)
0

B 1 1 }\/(t) A/(S)
=2| |, [ttt

2

o
AN(Y) 4A(S)C°V(|V(t)| ,IV(s)|?) dtds.




148

THE HELLINGER LOSS OF GRENANDER-TYPE ESTIMATORS

After the same sort of approximations as in Durot, 2007, we get

1 rmin(1,s+cn)
V= ZJ J
0Js

 cov([Vi(s)2, [Vs(s)[?)
(4A(s))2

A (s)
L'(s)

dtds + 0(n’1/3),

where ¢, = 2n1/3 logn/infy L’(t) and where, for all s and t,

Vi(s) = argmax {\Wt(u) — d(s)uz} .
uekR

Then use that d(s)2/3V¢(s) has the same distribution as
X(n'/3d(s)?/3(L(t) — L(s))) —n'/3d(s) (L(t) — L(s)),

so that the change of variable a = n'/3d(s)2/3(L(t) — L(s)) in vn leads to

Troa/s) ¥ 1 1
1/3 2 2
n'/Sv, — ZL Jo U0s)| @) d(s)m/SL/(s)covﬂX(aN ,IX(0)]9) dads
1 A(s) 4 1 210/3“_/(5)‘17/3 3
*Zkzjo U(s)| @2 wios 4=

which proves (4.2.6).

Finally, asymptotic normality of n'/¢ [ (]) Yn(t)dt follows by Bernstein’s
method of big blocks and small blocks in the same way as in step 6 of the
proof of Theorem 2 in Durot, 2007. O

Corollary g4.2.2. Assume (A1), (A2°), (A3), (A4), and (4.1.4) and let H(An, A)
be the Hellinger distance defined in (4.1.1). Moreover, suppose that A is strictly
positive. Then,

nl/é {n‘/3H(7\n,7\) _ g} —N(0,52),

where it = 27V 2w and 52 = o2/8u2, where u? and o? are defined in Theo-
rem 4.2.1.

Proof. This follows immediately by applying the delta method with ¢(x) =
2-1/2,/x to the result in Theorem 4.2.1. O

4.3 EXAMPLES

The type of scaling for the Hellinger distance in Corollary 4.2.2 is similar to
that in the central limit theorem for L,-distances. This could be expected in
view of the approximation in terms of a weighted squared L;-distance, see
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Lemma 4.1.1, and the results, e.g., in Kulikov and Lopuhad, 2005 and Durot,
2007. Actually, this is not always the case. The phenomenon of observing
different speeds of convergence for the Hellinger distance from those for
the L1 and L, norms is considered in Birgé, 1986. In fact, this is related to
the existence of a lower bound for the function we are estimating. If the
function of interest is bounded from below, which is the case considered
in this paper, then the approximation (4.1.3) holds, see Birgé, 1986 for an
explanation.

When we insert the expressions for u? and o2 from Theorem 4.2.1, then
we get
2 ke JoWEU@PAL M) dt
AE [IXOOP]  [IA/ )L/ (1)2/3A (1)~ dt

where k; is defined in (1.3.2). This means that in statistical models where

L = A in condition (A4), and hence L’ = A, the limiting variance 6% =

k2/(4E[X(0)]?]) does not depend on A.

One such a model is estimation of the common monotone density A on
[0, 1] of independent random variables Xj,...,Xy,. Then, A, is the empir-
ical distribution function of Xj,...,Xn and A, is Grenander’s estimator
(Grenander, 1956). In that case, if infy A(t) > 0, the conditions of Corol-
lary 4.2.2 are satisfied with L = A (see Theorem 6 in Durot, 2007), so that the
limiting variance of the Hellinger loss for the Grenander estimator does not
depend on the underlying density. This behavior was conjectured in Well-
ner, 2015 and coincides with that of the limiting variance in the central
limit theorem for the L-error for the Grenander estimator, first discovered
by Groeneboom, 1983 (see also Durot, 2002; Groeneboom, Hooghiemstra,
and Lopuhad, 1999 and Durot, 2007; Kulikov and Lopuhad, 2005).

Another example is when we observe independent identically distributed
inhomogeneous Poisson processes N1, ..., Ny with common mean function
A on [0, 1] with derivative A, for which A(1) < co. Then A4, is the restriction
of (N7 +---+Npn)/n to [0,1]. Also in that case, the conditions of Corol-
lary 4.2.2 are satisfied with L = A (see Theorem 4 in Durot, 2007), so that
the limiting variance of the Hellinger loss for A,, does not depend on the
common underlying intensity A. However, note that for this model, the L;-
loss for 7\n is asymptotically normal according to Theorem 2 in Durot, 2007,
but with limiting variance depending on the value A(1) — A(0).
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Consider the monotone regression model y; n, = A(i/n) + €, for i =
1,...,mn, where the €;,’s are ii.d. random variables with mean zero and
variance o2 > 0. Let

1
An(t) = n Z Yin, t€ [0,1],

i<nt

be the empirical distribution function. Then A, is (a slight modification of)
Brunk’s estimator from Brunk, 1958. Under appropriate moment conditions
on the €; ,, the conditions of Corollary 4.2.2 are satisfied with L(t) = to?
(see Theorem 5 in Durot, 2007). In this case, the limiting variance of the
Hellinger loss for An depends on both A and 02, whereas the L;-loss for An,
is asymptotically normal according to Theorem 2 in Durot, 2007, but with

limiting variance only depending on ¢?2.

Suppose we observe a right-censored sample (X1,A1),..., (Xn, An), where
Xi =min(Ty, Yi) and Ay = 1T, <v,}, with the T;’s being nonnegative i.i.d. fail-
ure times and the Y;’s are i.i.d. censoring times independent of the T;’s. Let
F be the distribution function of the T;i’s with density f and let G be the
distribution function of the Y;’s. The parameter of interest is the monotone
failure rat A = f/(1 —F) on [0, 1]. In this case, Ay, is the restriction of he
Nelson-Aalen estimator to [0, 1]. If we assume (A1) and inf; A(t) > 0, then
under suitable assumptions on F and G the conditions of Corollary 4.2.2
hold with .

L(t) = J Alu)

o (1=Fw)(—G(u)
(see Theorem 3 in Durot, 2007). This means that the limiting variance of the
Hellinger loss depends on A, F and G, whereas the limiting variance of the
Li-loss depends only on their values at 0 and 1. In particular, in the case
of nonrandom censoring times, L = (1 — F)*] — 1, the limiting variance of
the Hellinger loss depends on A and F, whereas the limiting variance of the
L;-loss depends only on the value F(1).

du, tel0,1],

4.4 TESTING EXPONENTIALITY AGAINST A NON-DECREASING DENSITY

In this section we investigate a possible application of Theorem 4.2.1, i.e,,
testing for an exponential density against a non-increasing alternative by
means of the Hellinger loss. The exponential distribution is one of the most
used and well-known distributions. It plays a very important role in reli-
ability, survival analysis, and in renewal process theory, when modeling
random times until some event. As a result, a lot of attention has been given
in the literature to testing for exponentiality against a wide variety of al-
ternatives, by making use of different properties and characterizations of
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the exponential distribution (see Meintanis, 2007, Alizadeh Noughabi and
Arghami, 2011, Jammalamadaka and Taufer, 2003, Haywood and Khmal-
adze, 2008). In this section we consider a test for exponentiality, assuming
that data comes from a decreasing density. The test is based on the Hellinger
distance between the parametric estimator of the exponential density and
the Grenander-type estimator of a general decreasing density. In order to be
able to apply the result of Corollary 4.2.2, we first investigate a test whether
the data is exponentially distributed with a fixed parameter Ay > 0. Since
such a test may not be very interesting from a practical point of view, we
also investigate testing exponentiality leaving the parameter A > 0 unspeci-
fied.

4.4.1  Testing a simple null hypothesis of exponentiality

Let fa(x) = Ae 1,50y be the exponential density with parameter A >
0. Assume we have a sample of i.i.d. observations Xq,..., X, from some
distribution with density f and for Ap > 0 fixed, we want to test

Ho:f =", against H;j :fis non-increasing.

Under the alternative hypothesis we can estimate f on an interval [0, T] by
the Grenander-type estimator fy, from Section 4.1. Then as a test statistic we
take T, = H(fn, fa,), the Hellinger distance on [0, T] between fn and faor
and at level o, we reject the null hypothesis if T, > ¢y 2, for some critical
value cpy o0, > 0.

According to Corollary 4.2.2, it follows that Ty, is asymptotically normally
distributed, but the mean and the variance depend on the constant k;, de-
fined in (1.3.2). To avoid computation of k,, we estimate the mean and the
variance of Tn empirically. We generate B = 10000 samples from f,. For
each of these samples we compute the Grenander estimator f,, ; and the
Hellinger distance T, ; = H(?n,i, fao), for i = 1,2,...,B. Finally, we com-
pute the mean T and the variance st of the values Ty, 1,..., T, g. For the
critical value of the test we take cn o\, = T+ q1_asT, where qq_ is the
100(1 — «)% quantile of the standard normal distribution. Note that, even if
in the density model the asymptotic variance is independent of the underly-
ing distribution, the asymptotic mean does depend on A, i.e., the test is not
distribution free. Another possibility, instead of the normal approximation,
is to take as a critical value &, «,, the empirical 100(1 — «)% quantile of the
values Ty 1,..., Tn,B-

To investigate the performance of the test, we generate N = 10000 sam-
ples from f,;. For each sample we compute the value of the test statistic
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Tn = H(fn, fa,) and we reject the null hypothesis if T, > cn o, (Or if
Tn > Cn,an,)- The percentage of rejections gives an approximation of the
level of the test. Table 10 shows the results of the simulations for differ-
ent sample sizes n and two values of Ap and « = 0.01, 0.05, 0.10. Here we
take T = 5, since the mass of the exponential distribution with parameter
one or five outside the interval [0, 5] is negligible. We observe that the per-
centage of rejections is close to the nominal level if we use ¢y A, as critical
value for the test, but it is a bit higher if we use ¢y« »,- This is due to the
fact that for small sample sizes, the normal approximation of Corollary 4.2.2
is not very precise. Moreover, to investigate the power, we generate a sample

Ao =1 Ao =5

=001 =005 a=010 ax=001 =005 o=0.10

n =20 0.0229 0.0680 0.1016 0.0310 0.0791 0.1127
0.0118 0.0498 0.0971 0.0117 0.0533 0.1058

50 0.0244 0.0684 0.1123 0.0243 0.0659 0.1086
0.0106 0.0469 0.0923 0.0103 0.0494 0.0964
n=100 0.0190 0.0589 0.1021 0.0236 0.0673 0.1126
0.0106 0.0531 0.1063 0.0091 0.0453 0.0951

3
Il

Table 10: Simulated levels of T, using ¢y, 2, (top) and ¢y, (bottom), with & =
0.01, 0.05, 0.10, under the null hypothesis varying the sample size n and
the parameter Ag.

from the Weibull distribution with shape parameter v and scale parameter
?\51 . Recall that Weibull(T, ?\5] ) corresponds to the exponential distribution
with parameter Ay and that a Weibull distribution with v < 1 has a de-
creasing density. We compute the Hellinger distance T, = H(fy,f),) and
we reject the null hypothesis if Ty > ¢y o, (Or if Tn > Cnan,). After
repeating the procedure N = 10000 times, we compute the percentage of
times that we reject the null hypothesis, which gives an approximation of
the power of the test.

The results of the simulations, done with n = 100, Ag = 1, « = 0.05
and alternatives for which v varies between 0.4 and 1 by steps of 0.05, are
shown in Figure 12. As a benchmark, we compute the power of the like-
lihood ratio test statistic for each v. As expected, our test is less powerful
with respect to the LR test, which is designed to test against a particular al-
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Figure 12: Simulated powers using ¢y, 2, (solid) and &, «,, (dashed), with o« =
0.05, of T, and the power of the LR test (dotted) for A = 1, v =
0.4,045,...,1 and n = 100.

ternative. However, as the sample size increases, the performance improves
significantly and the difference of the results when using ¢, o, OF Cn o2,
becomes smaller.

4.4.2 Testing a composite null hypothesis of exponentiality

Assume we have a sample of i.i.d.observations Xj, ..., Xy from some distri-
bution with density f and we want to test

Hp : f =1, for some A >0, against H; :f is non-increasing.

Under the null hypothesis, we can construct a parametric estimator of the
density which is given by f5 , where An = n/Y ', X; is the MLE of A.
On the other hand, under the alternative hypothesis we can estimate f on
an interval [0, 7] by the Grenander-type estimator f,, from Section 4.1. Then
as a test statistic we take R, = H(fn, f;\n), the Hellinger distance on [0, 1]
between the two estimators, and at level «, we reject the null hypothesis if
Rn > dn,« for some critical value dn,, > 0. Because the limit distribution
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of the test statistic is not known we use a bootstrap procedure to calibrate
the test. We generate B = 1000 bootstrap samples of size n from f5 and

for each of them we compute the estimators f;. , ﬁ‘m and the test statistic
Rj‘m = H(f;\;i,ﬁ‘l’i), for i = 1,2,...,B. Then we determine the 100x-th

upper-percentﬂe dj, « of the values R, ;,..., R ;. Finally we reject the null
hypothesis if Ry > dj, «-

To investigate the level of the test, for « = 0.05 and A > 0 fixed, we
start with a sample from an exponential distribution with parameter A and
repeat the above procedure N = 10000 times. We count the number of
times we reject the null hypothesis, i.e., the number of times the value of the
test statistics exceeds the corresponding s5th upper-percentile. Dividing this
number by N gives an approximation of the level. Table 11 shows the results
of the simulations for different sample sizes n and different values of A. The
rejection probabilities are close to 0.05 for all the values of A, which shows
that the test performs well in the different scenarios (slightly and strongly
decreasing densities).

A 0.05 0.1 0.5 1 2 3 4 5

n=>50 0.051 0.052 0.049 0.049 0.05 0.053 0.051 0.054
n=100 0.049 0.047 0.050 0.052 0.054 0.047 0.049 0.050
n=>500 0.052 0.049 0.0492 0.049 0.053 0.052 0.053 0.048
n=1000 0.053 0.046 0.049 0.051 0.049 0.048 0.048 0.052

Table 11: Simulated levels of Ry, under the null hypothesis varying the sample size
n and the parameter A.

To investigate the power, for o = 0.05 and fixed 0 < v < 1 and A > 0, we
now start with a sample from a Weibull distribution with shape parameter
v and scale parameter AT and compute the value R, = H(f;\n,fn). In
order to calibrate the test, we treat this sample as if it were an exponential
sample, and estimate A by A, = n/ Y ' ; X;. Next, we generate B = 1000
bootstrap samples of size n from the exponential density with parameter A, .
For each bootstrap sample we compute the test statistic R}, ; = H(fX; Y 1?:1/{),

fori=1,2,...,B, and we determine the 5th upper-percentile dil,o.oé of the
values R} ,..., R} . Finally, we reject the null hypothesis if Rn > dJ, ; o5-
After repeating the above procedure N = 10000 times, each time starting
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Figure 13: Simulated powers of the Hellinger distance test (black solid) and some
other competitor tests: T; (blue), T, (green), w% (yellow), Sy (brown),
EPn (red), KLin (purple), COn (orange), and the power of the LR test
(black dotted) for n =100, A =1,0.4 <v < 1 (left) and T < < 8 (right).

with a Weibull sample, we compute the percentage of times that we reject
the null hypothesis, which gives an approximation of the power of the test.

We compare the Hellinger distance test to some of the tests from Alizadeh
Noughabi and Arghami, 2011, which are designed to test exponentiality
against all the possible alternatives, i.e., not only against decreasing densi-
ties. These test are all distribution free, which means that their critical values
can be computed independently of A. Then, for each of the Weibull samples
generated before, we count the percentage of times that the tests Ty, T,
szl, Sn, EPn, KLinn, COy, (see Alizadeh Noughabi and Arghami, 2011 for
a precise definition) reject the null hypothesis. Finally, we also compare the
power of our test with the likelihood ratio test for each v.

The results of the simulations, done with n = 100, A = 1, and alterna-
tives for which v varies between 0.4 and 1, are shown in the left panel in
Figure 13. Actually, we also investigated the power for different choices of
A and we observed similar behavior as for A = 1. The figure shows that
the test based on the Hellinger distance performs worse that the other tests.
In this case, the test of Cox and Oakes COy, has greater power. However,
Alizadeh Noughabi and Arghami, 2011 concluded that none of the tests is
uniformly most powerful with respect to the others.

We repeated the experiment taking, instead of the Weibull distribution,
the beta distribution with parameters &« = 1 and 1 < § < 8 as alternative.
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Note that it has a non-increasing density on [0, 1] proportional to (1 —x)F~!
and the extreme case 3 = 1 corresponds to the uniform distribution. Results
are shown in the right panel in Figure 13. We observe that for small values of
B the Hellinger distance test again behaves worse than the others and in this
case R, and EPy have greater power. However, for larger 3 the Hellinger
distance test outperforms all the others.



THE DISTANCE BETWEEN A NAIVE CUMULATIVE
ESTIMATOR AND ITS LEAST CONCAVE MAJORANT

In this chapter we consider the process /A\Tl — An, where A, is a cadlag step
estimator for the primitive A of a nonincreasing function A on [0, 1], and A,
is the least concave majorant of A,,. The results presented are based on:

Lopuhad, H. P. and Musta E. (2018) "The distance between a naive cu-
mulative estimator and its least concave majorant". Statistics and Probability
Letters 139, pp. 119-128.

A large part of the literature is devoted to investigating properties of
Grenander-type estimators for monotone curves, and somewhat less atten-
tion is paid to properties of the difference between the corresponding naive
estimator for the primitive of the curve and its LCM. Kiefer and Wolfowitz,
1976 show that sup, I?n —Fnl=0p (n~! log n)2/3). Although the first mo-
tivation for this type of result has been asymptotic optimality of shape
constrained estimators, it has several important statistical applications. The
Kiefer-Wolfowitz result was a key argument in Sen, Banerjee, and Woodroofe,
2010 to prove that the m out of n bootstrap from Fn. works. Mammen, 1991
suggested to use the result to make an asymptotic comparison between a
smoothed Grenander-type estimator and an isotonized kernel estimator in
the regression context. See also Wang and Woodroofe, 2007 for a similar ap-
plication of their Kiefer-Wolfowitz comparison theorem. An extension to a
more general setting was established in Durot and Lopuhad, 2014, which has
direct applications in Durot, Groeneboom, and Lopuhad, 2013 to prove that
a smoothed bootstrap from a Grenander-type estimator works for k-sample
tests, and in Groeneboom and Jongbloed, 2013 and in Chapter 2 of this
thesis to extract the pointwise limit behavior of smoothed Grenander-type
estimators for a monotone hazard from that of ordinary kernel estimators.
However, to approximate the Ly,-error of smoothed Grenander-type estima-
tors by that of ordinary kernel estimators, such as in Csoérg6 and Horvath,
1988 for kernel density estimators, a Kiefer-Wolfowitz type result no longer
suffices. In that case, results on the L,-distance, between ?n and F,, are more
appropriate, such as the ones in Durot and Tocquet, 2003 and Kulikov and
Lopuhad, 2008.
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We extend the results in Kulikov and Lopuhad, 2006, 2008 to the general
setting considered in Durot, 2007. Under this setting we prove that a suitably
scaled version of An — A converges in distribution to the corresponding
process for two-sided Brownian motion with parabolic drift and we estab-
lish a central limit theorem for the L,-distance between /A\n and A;,. In this
paper, we extend the results in Durot and Tocquet, 2003 and Kulikov and
Lopuhad, 2008 to the general setting of Durot, 2007. Our main result is a
central limit theorem for the L-distance between /A\n and Ay, where A,
is a naive estimator for the primitive A of a monotone curve A and An is
the LCM of Ay. As special cases we recover Theorem 5.2 in Durot and Toc-
quet, 2003 and Theorem 2.1 in Kulikov and Lopuhad, 2008. Our approach
requires another preliminary result, which might be of interest in itself, i.e.,
a limit process for a suitably scaled difference between An and Ay. As spe-
cial cases we recover Theorem 1 in Wang, 1994, Theorem 4.1 in Durot and
Tocquet, 2003, and Theorem 1.1 in Kulikov and Lopuhad, 2006.

5.1 PROCESS CONVERGENCE

We consider the general setting in Durot, 2007. Let A : [0,1] — R be non-
increasing and assume that we have at hand a cadlag step estimator An
of

Alt) = Jo Alw)du, telo,1].

In the sequel we will make use of the following assumptions.

(A1) A is strictly decreasing and twice continuously differentiable on [0, 1]
with infy A/(t)] > 0.

(A2) Let By, be either a Brownian motion or a Brownian bridge. There exists
q>6,Cq>0L:[0,1 - R, and versions of M, = A, —A and B,
such that

P <n1]/q sup [Mn(t) —n~ 2B, oL(t)’ > x) < Cgx M
te[0,1]

for all x € (0,n]. Moreover, L is increasing and twice differentiable on
[0, 1], with sup, |[L”(t)| < co and infy [L’(t)] > 0.

Note that this setup includes several statistical models, such as monotone
density, monotone regression, and the monotone hazard model under ran-
dom censoring, see Section 3 in Durot, 2007.
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We consider the distance between A, and its least concave majorant A,, =
CM|p,1)/An, where CM[ maps a function h : R — R into the least concave
majorant of h on the interval I C R. Consider the process

An(t) =n2/3 (Kn(t) - /\n(t)) . telo 1], (5.1.1)
and define
Z(t) =W(t)—t3,  ¢(t) = [CMRZI(t) — Z(t), (5.1.2)

where W denotes a standard two-sided Brownian motion originating from
zero. For each t € (0,1) fixed and t + ¢, (t)sn—1/3 € (0,1), define

Cnils) = e1 (VAR (t+ea(vsn™13), (5:13)

/ 1/3 , 1/3
= (gge) - e0=(maE) - G

Our first result is the following theorem, which extends Theorem 1.1 in Ku-
likov and Lopuhad, 2006.

where

Theorem 5.1.1. Suppose that assumptions (A1)-(A2) are satisfied. Let Cn¢ and
be defined in (5.1.3) and (5.1.2). Then the process {Cni(s) : s € R} converges in
distribution to the process {C(s) : s € R} in D(IR), the space of cadlag function on
R.

Note that as a particular case (¢ (0) converges weakly to ((0). In this way,
we recover Theorem 1 in Wang, 1994 and Theorem 4.1 in Durot and Tocquet,
2003. The proof of Theorem 5.1.1 follows the line of reasoning in Kulikov
and Lopuhad, 2006.

Let us briefly sketch the argument to prove Theorem 5.1.1. Note that A;, =
Djo,11m?/3Ax] and ¢ = Dg(Z], where Dih = CMth—h, for h : R — R.
Since Dj is a continuous mapping, the main idea is to apply the continuous
mapping theorem to properly scaled approximations of the processes A,
and Z on a suitable chosen fixed interval I. The first step is to determine the
weak limit of Ay, which is given in the following lemma.

Lemma 5.1.2. Suppose that assumptions (A1)-(A2) are satisfied. Then for fixed
t € (0,1), the process

Xnt(s) = n?/3 (/\n(t+ sn_]/3) —An(t)— (/\(t+ sn_]/S) —/\(t)))

converges in distribution to the process {W(L'(t)s) : s € R}
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Since
23 (At +sn 13— A@) & n'BA)s + A (1)s2/2

and Dy is invariant under addition of linear functions, it follows that the
process Ay can be approximated by a Brownian motion with a parabolic
drift. The idea now is to use continuity of Dj, for a suitably chosen inter-
val I = [—d, d], to show that D{E,{ converges to D1Z, where

Ent(s) = n2/3/\n(t+ sn_1/3)
Zi(s) = W(L'(t)s) + A/ (t)s%/2.

In order to relate this to the processes (nt and ¢ in Theorem 5.1.1, note that
An(t+sn1/3) = D1, Entl(s), where It = [—tn!/3, (1 —t)n'/3], and by
Brownian scaling, the process Z(s) has the same distribution as the process
c1(t)Z¢(cz(t)s). This means that we must compare the concave majorants
of Ent on the intervals I, and I, as well as the concave majorants of Z; on
the interval I and IR. Lemma 1.2 in Kulikov and Lopuhad, 2006 shows that,
locally, with high probability, both concave majorants of the process Z; co-
incide on [—d/2,d/2], for large d > 0. A similar result is established for the
concave majorants of the process Ent in Lemma 5.1.3, which is analogous
to Lemma 1.3 in Kulikov and Lopuhad, 2006. As a preparation for Theo-
rem 5.2.1, the lemma also contains a similar result for a Brownian motion
version of Ent.

(5.1.5)

Let By, be as in assumption (A2) and let &,, be a N(0, 1) distributed ran-
dom variable independent of By, if By, is a Brownian bridge, and &, = 0,
when B, is a Brownian motion. Define versions W,, of a Brownian motion
by Wn (t) = Bn(t) + &nt, for t € [0,1], and define

AW = n2/3 (CM[O,”/\nW - /\nW) (5.1.6)

where AW (t) = A(t) + n~12W, (L(t)), with L as in assumption (A2). Fur-

thermore, define E,, = \/n(An —A), /\}51 = An, AE = Aq. The superscripts

E and W refer to the empirical and Brownian motion version. For d > 0, let

Ine(d)=1[0,11N[t—dn" "3, t+dn"1/3] and, for ] = E, W, define the event
NJ  (d) = {[CM[O,”AL](S) = (M ()ALl(s), forall s € Int(d/Z)}.

(5.1.7)
Let Iy = In¢(logn) and NJ, = NJ , (logn).

Lemma 5.1.3. Assume that assumptions (A1)-(Az2) hold. For d > 0, let NJ. (d)
be the event defined in (5.1.7). There exists C > 0, independent of n, t, d, such that

P ((NNi(@)) =0 (e7C%)

P ((Nﬁt(d))c) =0 (n]_q/3d_2q +e—Cd3) ,
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where q is from assumption (A2).

The proof of Theorem 5.1.1 now follows the same line of reasoning as
that of Theorem 1.1 in Kulikov and Lopuhad, 2006, see Section 5.3 for more
details.

5.2 CLT FOR THE Lp-DISTANCE

The next step is to deal with the L, norm. Our main result is the following.

Theorem 5.2.1. Suppose that assumptions (A1)-(Az2) are satisfied and let A, and C
be defined by (5.1.1) and (5.1.2), respectively. Let p be a measure on the Borel sets
of R, such that

(A3) du(t) = w(t)dt, where w(t) > 0 is differentiable with bounded derivative
on [0,1].

Then, for all 1 < p < min(q,2q —7), (with q as in assumption (Az2)),

1
nl/6 (J An(t)pdu(t)—m> SN(0,0%),
0

where o o
2P/ (1)4P
=E[C0)P] | ==z du(t
m [¢(0) }JO SIOIE u(t)
and
1 2(2p+5)/31 /(1) (4p+1)/3 s
2 _ 5 ) ;
_JO |}\/(t)|(2p+2J/3 w (t) dtJO COV(C(O) /C(S) )dS

For the special cases that A is a probability density or a regression function,
we recover Theorem 2.1 in Kulikov and Lopuhad, 2008 and Theorem 5.2
inDurot and Tocquet, 2003, respectively. In order to prove Theorem 5.2.1 we
first need some preliminary results. We aim at approximating the L,-norm
of An by that of the Brownian motion version AY and then finding the
asymptotic distribution for the latter one. To this end, we first need to relate
the moments of A,, to those of AnW. We start by showing that, for ] =€, W, a
rescaled version of A}, can be approximated by the same process Yyt plus a
linear term. This result corresponds to Lemma 4.1 in Kulikov and Lopuha,
2008.

Lemma 5.2.2. Suppose that assumptions (A1)-(A2) are satisfied. Then, for fixed
€(0,1),for]=E,W,and s € [—tn!/3, (1 —t)n1/3], it holds

n23AL (t+n71/3s) = Yo (s) + LLt(S) + RLt(S),
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where 1) (s) is linear in s and

Yni(s) =n'/® {wn(L(t+n*‘/3s)) —Wn(L(t))} + %?\’(t)sz

Moreover, forall p > 1,

E

P
sup ‘R ‘
[s|<logmn

=0 <n’p/3 (logn)3p> ,

uniformly in t € (0,1). If, in addition 1 < p < q (with q as in assumption (A2)),
then

E| sup ’RTE“(S)‘]D :o(nfp/3+1v/q)

[s|<logn

uniformly in t € (0,1).

Since the map Dy is invariant under addition of linear terms, Lemma 5.2.2
allows us to approximate the moments of A}, (t) = n?/3Dq 1jA), by those
of [Dn, YntJ(0) for some interval Hn¢, as in Lemma 4.2 in Kulikov and
Lopuhad, 2008.

Lemma 5.2.3. Suppose that assumptions (A1)-(A2) are satisfied. and let Yy be
the process defined in Lemma 5.2.2. Define

Hpt = [fn]/st,nl/g’(] —t)]N[—logn,lognl.
Then for all p > 1, it holds

E [AY (0P| = EIDn, Ynd (0] +0 (n71/€),

uniformly for t € (0,1). If, in addition 1 < p < min(q,2q —7), with q from
condition (A2), then also

E [AL(®P] = E Dy, Ynd (0] +0 (n1/€),

uniformly for t € (0,1).
The process Yy has the same distribution as

Yni =W (n1/3 (L <t+n_1/3’s) — L(t))) + %?\’(t)sz, (5.2.1)

which is close to the process Z; in (5.1.5) by continuity of Brownian motion.
Lemma 4.3 in Kulikov and Lopuhad, 2008 is then used to show that the con-
cave majorants at zero are sufficiently close. Note that, with by Brownian
scaling, the process c1(t)Z¢(c2(t)s) has the same distribution as the process
Z(s). As a consequence of Lemma 5.2.3 the moments of AL(t) can be re-
lated to those of the process ¢. This formulated in the next lemma, which
corresponds to Lemma 4.4 in Kulikov and Lopuhad, 2008.
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Lemma 5.2.4. Suppose that assumptions (A1)-(A2) hold. Then, for all p > 1,

14 2\ P/3
s[tior) - (i) zicorneo ()

uniformly int € (n=1/3logn, 1 —n~1/3logn) and

1412\ P/3
E AW (17 < G;EB') E[C(0)"]+o0 (n~1/)

uniformly in t € (0,1). If, in addition 1 < p < min(q,2q —7), where q is from
assumption (Az), then the same (in)equalities hold for A (t).

In Lemmas 5.2.3 and 5.2.4 the moments of A and AY are approximated
by the moments of the same process. This suggests that the difference be-
tween them is of smaller order than n~'/¢. Indeed, on the events NLt,
where A], = n?/3D;,  Al,, we make use of Lemma 5.2.3 and the fact that

D; is invariant under addition of linear functions to obtain that

sup [n2P/3[Dy, A1) —n2P /3Dy AWI(b)]
te(0,1)

< sup  sup {\Rﬁt(s)l—l—\RnWt(s)\},
te(0,1) [s|<logn

where the processes RLt converge to zero sufficiently fast. On the other
hand, on (NJ,)¢ we just need the boundedness of the moments of AJ,,
which follows by Lemma 5.2.4 and the fact that the probability of these

events is very small (Lemma 5.1.3).

Lemma 5.2.5. Suppose that assumptions (A1)-(A2) hold. Then, for 1 < p <
min(q,2q —7), with q from assumption (A2), it holds

E[[AL@P - A @[] =o (n1/6)
E[[AL-AW®[] =0 (n/)
uniformly in t € (0,1).
From Lemma 5.2.4 it follows that

1/6

n m—J] E [A,Vlv(t)?’} dt

0

— 0,
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where m is the asymptotic mean in Theorem 5.2.1. Moreover, Lemma 5.2.5
implies that

1 1
nl/6é J AE()P dt—J' AW (1)P dt
0

0

1
< nVGJ \A}i(t)v —ATVIV(t)p‘ dt — 0.
0

As a consequence, in order to prove Theorem 5.2.1, it suffices to prove
asymptotic normality of its Brownian motion version

1
TT\{V:TL]/6J

. (AW @ —E[AW 1)P]) du(v).

The proof of this is completely similar to that of Theorem 2.1 in Kulikov
and Lopuhad, 2008. First, by using Theorem 5.1.1 for a Brownian version of
{nt and the mixing property of AY (this can be obtained in the same way
as Lemma 4.6 in Kulikov and Lopuhad, 2008), we derive the asymptotic
variance of TV in the following lemma.

Lemma 5.2.6. Suppose that assumptions (A1)-(A3) are satisfied. Then, for every
p=1,

1
Var <n1/6j AV (t)P du(t))
0

12(2p+5)/31 /() (4p+1)/3
~ |, s

(o)

wz(t)dtJ. cov (C(0)P, ¢(s)P) ds.
0

The last step is proving the asymptotic normality of TY. This is done
by a big-blocks small-blocks argument, where the contribution of the small
blocks to the asymptotic distribution is negligible, while the mixing prop-
erty of AY allows us to approximate the sum over the big blocks by a sum
of independent random variables which satisfy the assumptions of Linde-
berg central limit theorem.

5.3 PROOFS
Proof of Lemma 5.1.2. The proof is completely similar to that of Lemma 1.1
in Kulikov and Lopuhai, 2006, but this time E,, = y/n(An —A) and

sup [En(t)—BnoL(t)| = Op(n~1/2F1/4),
t€[0,1]
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according to (Az2). Similar to the proof of Lemma 1.1 in Kulikov and Lop-
uhaé, 2006, this means that

Xnt(s) —nl/6 (Wn(L(t+sn—1/3)) —Wn“_(t))) +Op(n—1/3+1/q)
L W(L(t)s) +Rnls),

where sup 1 [Rn (s)| — 0in probability for compact I C IR. From here on the
proof is the same as that of Lemma 1.1 in Kulikov and Lopuhad, 2006. [

Proof Lemma 5.1.3. Let ?\1‘4‘/ be the left derivative of /A\nW = CM[O,”/\HW. De-
fine the inverse process

UT\{V(a) = argmax {/\nw(t) — at}
te[0,1]

and
V¥ (@) =n'/3 (LUW (@) — Lig(a),

where g denotes the inverse of A. As in the proof of Lemma 1.3 in Kulikov
and Lopuhad, 2006 [see (2.2)], we get

P ((NW(@)®) <P (AW (t-n""3d) =AW (t—n""/34/2))

- . (5.3.1)
P (Anw(t+n*‘/3d) - AnW(t+n*‘/3d/2)) .

Then, with s =t —dn~1/3/2, x = d/2, and en, = inf (o1 N/ (t)ldn"1/3/8,
it holds (see (2.3) in Kulikov and Lopuhad, 2006),

P (XT‘{V(tfnf‘“d) :an(tfn”/sd/Z))
<P (/XTLW(S +n_1/3x) “As+n"13%) > en> (5.3.2)

+TP (X,KV(S) —A(s) < —en) .

Moreover, using the switching relation AV (t) > a e UW(a) > t, we rewrite
this probability as

]P{Unw (?\ (s+n_1/3x) +en) P s+n_1/3x}
=]P{VT‘{V ()\(s—i-n*]/g’x) —i—en) >
nl/3 (L <s+n71/3x) —L(g (7\ (s+n71/3x> +en)))}

infyc o1 N (1) infe o1 L' (1) d
P w A\ ~1/3 > telo, , .
(W (3 (s 28) ) » P RO
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It suffices to show that there exists positive constants C1, C, such that
P (Vr‘fv(a) > X) < Cre G2 (5:3-3)

because then it follows that

_ infy A/ (t)|infy L' (t)d ~ .43
P(VvW (A 1/3 >lnt < Cya®
( WA (s ) ) 8sup, N/ (1)] Cre

Similarly we can also bound the second probabilities in (5.3.1) and (5.3.2).
Then the statement of the lemma follows immediately.

Now we prove (5.3.3). First write

va(a] =n'/3 <L <argmax {W(L(t)) +Vn(At) — at)}) — L(g(a)))

te[0,1]

=nl/3 ( argmax {W(s) +vn (/\ (L’1 (s)) —alL™! (s)) } — L(g(a))) )

s€[L(0),L(1)]

Using properties of the argmax functional we obtain that the right hand side
is equal to the argmax of the process

/6w (n13s + Ligla)) ) — W (Lig(a)) }
tn2/3 {A (r‘ (n4/3s+ug(a))) — Alg(a))
—alL™! (n_1/3s+L(g(a))> +ag(a)}

for
s € In(a) = '/3(L(0) — L(g(a))),n'/3(L(1) — L(g(a)))l.

By Brownian motion scaling, V¥V (a) is equal in distribution to

argmax{W(t) —Dqn(t)},
teln(a)

where W is a standard two-sided Brownian motion originating from zero
and

Danls) = nZ/S{A(L‘ (n713s+L(g(a)) ) — Algla))
—alL™! (n_1/3s + L(g(a))) + ag(a)}.

By Taylor’s formula and the assumptions on A and L, one can show that
there exist a constant ¢y > 0, independent of n, a and t, such that D (t) >
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cot?. Then (5.3.3) follows from Theorem 4 in Durot, 2002, which proves the
first statement.

To continue with the second statement, let ?\n be the left derivative of /A\TL
and define the inverse process

Un(a) = argmax{An(t)—at}, and Vn(a) =nl/3 (Un(a)—g(a)),
te(0,1]

where g denotes the inverse of A. As in (5.3.1), we get

P ((Nﬁt(d))C) <P (in(t—n—‘/3d) :Xn(t—n—‘“dm)

4P (Xn(t+n*‘/3d) —Anl(t +n*‘/3d/2)) . 534
where similar to (5.3.2),
P (An(t-n""3d) =An(t—n""/3d/2))
<P (?\n(s +n71/3%) = A(s —I—n_1/3x) > en) (5.3.5)

+P (Xn(s) A(s) < —en) .

Then using the switching relation Xn(t) < a & Up(a) < t, we rewrite the
first probability in (5.3.5) as

inf A(t)ld
P(Vn (?\ (s+n—1/3x) +€n) . te[o,1]| ()] ‘
8supycpo,17 A ()]

According to Lemma 6.4 in Durot, Kulikov, and Lopuhad, 2012, there exists
positive constants C1, C; > 0, independent of n, a, and x, such that

C]Tll_q/“”

3
2e C2x7,
x24 +

P (Vn(a) >x) <

It follows that

—+—2e_c2 d3.

inf A(t)]d Conl—a/3
P (Vn (?\(s+n_]/3x)+en) > te[0,1}| ) > < Cin

8sup,cio1) A ()] d2a

Similarly we can also bound the second probabilities in (5.3.4) and (5.3.5).
Then the statement of the lemma follows immediately. O

Proof Theorem 5.1.1. The proof is similar to the proof of Theorem 1.1 in Ku-
likov and Lopuhad, 2006. We briefly sketch the main steps. Arguing as
in the proof of Theorem 1.1 inKulikov and Lopuhad, 2006, it suffices to
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show that for any compact K C R, the process {An(t+sn~1/3) : s € K}
converges in distribution to the process {{DrZ¢l(s) : s € K} on D(K), the
space of cadlag functions on K, where Z; is defined in (5.1.5). By definition
An(t+sn~1/3) = D1, Entl(s), for s € Iny = [—tn1/3, (1 —t)n1/3], where
Ent is defined in (5.1.5). To prove convergence in distribution, we show that
for any bounded continuous function g : D(K) — R,

IE [g (D1, Ent)] —E[g (DRZ¢)I| — 0. (5.3.6)

To this end, we choose d > 0 sufficiently large, such that K C [—-d/2,d/2] C
[—d, d] =TI and take n sufficiently large so that I C I;;+. Then, similar to in-
equality (2.7) in Kulikov and Lopuhad, 2006, the triangular inequality yields

IE [g (D1, Ent)] —E [DrZ¢]| < [E[g(Dy, Ent)] — E[D1End]l
+ [Elg(D1Ent)] — E[D1Z¢]] (53.7)
+[Elg(D1Z¢)] — E[DRZ¢]|.
In the same way as in Kulikov and Lopuhad, 2006, the three terms on the
right hand side are shown to go to zero. For the last term on the right
hand side of (5.3.7), the argument is exactly the same and makes use of
their Lemma 1.2. The first term on the right hand side of (5.3.7) is bounded
similar to their inequality (2.9) and then uses Lemma 5.1.3. For the second

term on the right hand side of (5.3.7), note that from Lemma 5.1.2, it follows
that

Zni(s) =n2/3 (/\n(t+ sn1/3) — An(t) — (/\(t+ sn1/3) = A(t)))

+ %?\’(t)sz,

converges in distribution to Z¢. Therefore, because of the continuity of the
mapping D1, we get

[E[h(D1Znt)] —E[h(D1Zy)l] =0,
for any h: D(I) — R bounded and continuous. Moreover, we now have
Ent(s) = Znt(s) + 0?2 An(t) + A(t)sn'/? 4+ R (s),

where
Rnt(s) =n?/3 (/\(H- sn 13— A(t) = A(t)sn /3 — ;)\’(t)sznz/g> i

Similar to the argument leading up to (2.11) in Kulikov and Lopuhaé, 2006,
from the continuity of Dy, its invariance under addition of linear functions,
and continuity of A/, it follows that [E[g(D1Znt)] — E[g(D1Ent)l| = 0. This
establishes (5.3.6) and finishes the proof. O
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Proof of Lemma 5.2.2. By a Taylor expansion, together with (5.1.6), we can
write
n2BAW (4 1/3s) = Yoels) + LW (s) + R (s),

where
LW (s) = n?/3A(t) +n oW, (L(t) +n'/3A(t)s

and

RY (s) =n?/3 (/\(t+n‘/3s) —At) —nTBA[)s — ;nz/s)\'(t)sz>

— %n71/37\”(91 )53

for some |07 —t| < n~'/3|s|. Then, from the assumptions (A1)-(A2), it fol-
lows that o
sup ‘Rnwt(s)‘ =0 (n*p/3(1ogn)3p) ,
[s|<logn

uniformly in t € (0, 1). Similarly, we also obtain
nz/s/\}:{(t+n_1/3s) = nz/s/\rvlv(t +n1/3s)—nl/®¢, (L(t) + L’(t)n_1/3s)
+n!/8 (En(t4+n™"/3s) - Bn(Lt+n""/35))
—n/8Cn (L(t+n713) L) — L' (= /3s)
= Yne(s) + Li(s) + Ri(s),
where LE, (s) = LY (s) —n'/®¢,L(t) —n~1/6¢, L/ (t)s and

RE,(s) = RW,(s) +n'/® (En(t+n—‘/3s) —Bn(L(t+n_1/3s)))
1
—5n 20 L"(02)s7,
for some |0, —t| < n~1/3s|. Let S, = SUPge0.1] [En(s) — Bn(L(s))|. From

assumption (A2) we have P(S, > n—1/2+1/ay) < Cgqx™ 9 and it follows
that

E [S}] :JO P (S} > x) dxzpjo yPIP (Sn > y) dy
0

: - (5.3-8)
< pnP/2FP/4 {J xP~dx + CqJ xP~1—d dx}
0 1

-0 (n—p/2+p/q) )

if p < gq. Consequently E [Sup|s\<logn |RTELt(S)|p] =0 (n—P/3+p/q). O
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Proof of Lemma 5.2.3. Note that we can write
AL(t)ﬂNLt :nZ/S[DInt/\L}(t)llNLt.
We have
E [AL(t)p} — n20/3E [[Dlnt/\;](t)r’]
2p/3
E {(Aa(t)p —n??/ [Dlnt/\ll](t)p) ]l(NIt)C} .
To bound the second term on the right hand side, first note that

’AL(t)" —n?p/3 [DIM/\LJ(U‘" <2AL (1P, (5:3.9)

because the LCM on [0, 1] always lies above the LCM over I, ;. Since A is
concave, we have that

CMo AR —/\‘ ‘CMO]/\ [CMO1]/\‘+’/\ /\’+‘CMO]/\ A
‘CM[M [CM01A‘+‘/\E /\‘

<2 sup ‘/\E —A(s)
s€[0,1]

7

which means that

0 < AE()P <2Pn?P/3 sup ‘/\E /\(s)‘p
s€l0,1]

Furthermore,
P
0 < AW(t)P < 2Pn?P/3 {/\(1) +n "2 sup IWn(s)} .
sel0,1]

In contrast to Kulikov and Lopuhad, 2008 it is more convenient to treat both
cases separately. For the case ] = E, with (5.3.9), we find that

E [(AR (WP —n2P/3 Dy, ARIOP) T, |

p+1,2p/3 P
2 IE ’ H(NLt)C] 7

sup ‘/\E —A(s)
s€[0,1]

where

sup /\E(s)—/\(s)‘pgz {

sup ’/\E —Als) —n " 2Wi (L(s))
sel0,1]

’P
s€[0,1]

+n"P/2 sup IWn(L(s))Ip} )
s€l[0,1]
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For the first term on the right hand side we get with Holder’s inequality

P
n?P/3E sup ‘/\TEL(S)—/\(s)—n’1/2Wn(L(s))‘ L NE e
s€l0,1] nt
2p/3 E 1/2 pe] E o)/
<nZPBE | sup ‘/\n(s)—/\(s)—n* / Wn(L(s))‘ ]P((Nnt)c)
s€[0,1]

=n?r/30 (n’p“’/q) 0 (npq/g‘(logn)*zq +e’C“°g“]3)1/e ,

forany {, ¢’ > 1such that 1/€+1/¢’ =1, according to (5.3.8) and Lemma 5.1.3.

When q > 6, then the right hand side is of the order o(n~1/9). For the sec-
ond term, with Holder’s inequality

n?P/3E | sup W (L(s)IP T (NE e
se0,1] nt
1/¢ ”
<nPPBE | sup Wi (s)P JP((NTE&)C)
se[0,L(1)]

for any ¢,¢" > 1 such that 1/¢€+1/¢’ = 1. Since SUP,c0.1 (1) Wn(s)l has
finite moments of any order, it follows from Lemma 5.1.3 that the right
hand side is of the order

nZpr/3E

sup IWn(L(SJJPH(NEt)C]
s€l0,1] "

<n?r/30 (n1_q/3(logn)_2q 4—e_C(l°g“)3)]/lZ )

Hence, because q > 6 and p < 2q — 7, it follows that
AR (P =n2P/3Dy, ARJ()] = o(n1/9).

Next, consider the case ] = W. Then with (5.3.9) and Cauchy-Schwarz, we
find
w 2p/3 w
E (AW (0P —n?P 3Dy AWIOP) 1w |
1/2

B 2p 1/2
</\(1)+n /2 sup IWn(s)|> ] {]P((NYQQ)C)} :

s€[0,1]

< 2‘P+]n2'p/3]E

Again using that all moments of sup ¢ 1 (1) [Wn(s)| are finite, according
to Lemma 5.1.3, the right hand side is of the order

nZ'p/SO(efC(lognP) _ O(nq/e)_
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It follows that for ] = E, W,
E [AL(tP] = n2"/3E [Dr, ALI(1)P] +0 (n~1/6).
Moreover, Lemma 5.2.2 implies that
n2/3 [Dy, AL (1) = Dy Ynd (0) +Ane,

where
Any = [DHM (Yot + R;t)] (0) — Dy, Yntl (0).

From Lemma 5.2.2, we have

P
ElAn:” < 2PE |

sup ’Rllt(s) =0 (n_p/3+p/q) . (5.3.10)

Isl<logn

Then as in Lemma 4.2 in Kulikov and Lopuhad, 2008, one can show that

E [AL(OP] = B [Dy, Ynt OP] + ene +o0 (n717)
=E[[Dy,,Ynt(0)P1+0 (n71/3+]/q (logn)zr’*z) +o (n’VG)
=E Dy, Ynt(0)P1+o0 (n71/6) .

This concludes the proof. O

Proof of Lemma 5.2.4. The proof is exactly the same as the one for Lemma 4.4
in Kulikov and Lopuhad, 2008. Define

Tt = {n’“’ Lland) —L(t) 1,3 L(bnt)]—(t)}

Uy (1)

where ant = max(0,t —n~'/3logn) and by = min(1,t+n""/3logn).
Furthermore, here we take

nl/3 (L(t+n_1/3s) — L(t))
L'(t)

bntls) =

As in the proof of Lemma 4.4 in Kulikov and Lopuhad, 2008, it follows that
1—on < Ont(s)/s < 1+ an, for s € Hpy, the interval from Lemma 5.2.3,
and o, = Cyn~'/3logn, with C; > 0 only depending on L’. Let Z be the
process in (5.1.5). Then

2
Bl =S 0 (255 )
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where Yyt is defined in (5.2.1). Lemma 4.3 in Kulikov and Lopuhai, 2008,
then allows us to approximate the moments of [Dy,, Yntl(0) by the mo-
ments of [Dy,  Z{](0). Completely similar to the proof of Lemma 4.4 in Ku-
likov and Lopuhad, 2008, the result now follows from Lemma 5.2.3 and
Brownian scaling. O

Proof of Lemma 5.2.5. Let In¢ and NlLt be as in Lemma 5.2.3 and define
Knt = NE, A NW. Then
E|AL (1) — AW ()| =n?P/3E Dy, AR (1) — D1, AW 1k,
YE \Aﬁ(t)r’ — AV (P Te,.
(5.3.11)

We bound the two terms on the right hand side, following the same line
of reasoning as in Lemma 4.5 in Kulikov and Lopuhad, 2008. Using that
according to Lemma 5.1.3,

P(Ksy) <P ((N5)) +P ((NW)<) = 0 (n179/3 (logm) ~29 e~ Cllogm)’),
the second term on the right hand side of (5.3.11) is of the order
0 (]P(K%t)]/2> =o0 (n_vé) ,

because q > 6. On the other hand, the first term on the right hand side
of (5.3.11) can be bounded by

1

1 272
212
pE [(Aﬁ(t)p—‘ +AnW(t)p—1) } E {( sup |RE|+ sup Rnwt> } ,

[s|<logn [s|<logn

where the right hand side is of the order O (n_]/ 3+1/ q) =o0 (n_l/ 6),
according to Lemmas 5.2.2 and 5.2.4.

In the same way, we have
E[[AL () —ATVLV(t)’p ke, ] = 0 (P(K)2) =0 (n7176)
and

n2p/3E H Dy, ALI(t) — [Dlnt/\nw](t)\p Jle}

P
( sup IREtI—&- sup |Rm>]

[s|<logn [s|<logn

<E
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which is of the order O (n*p/3+p/q) =o0 (n*] /6) ,according to Lemma 5.2.2.
O

Proof of Lemma 5.2.6. The proof is completely similar to the one of Lemma 4.7
in Kulikov and Lopuhad, 2008. For t € (0,1) fixed, and t + ca(t)sn=1/3 ¢
(0,1), let

Cnils) = 1 (DAY (t+ca(t)sn/3),

where AY is defined in (5.1.6) and cq(t) and c,(t) are defined in (5.1.4).
According to Theorem 5.1.1, {n¢ converges in distribution to ¢, as defined
in (5.1.2). As in the proof of Lemma 4.7 in Kulikov and Lopuhad, 2008,
Lemma 5.2.4 yields that, for s, t, and k fixed, the sequence ant(s)k is uni-
formly integrable, so that the moments of (CT‘Q([ (0)k, CTVth (s)%) converge to the
corresponding moments of (C(0)Kk, ¢(s):).

Furthermore, the process {Anw(t) :t € (0,)} is strong mixing, i.e., for
d>0,

sup[P(ANB) — P(A)P(B)] = an (d) = 48eCnd’ (5.3.12)

where C > 0 only depends on A and L from (Az2), and where the supremum
is taken over all sets

AGU{AnW(s):Ogsét} and BGG{Ay(s):t+d<s<1}.

This can be obtained by arguing completely the same as in the proof of
Lemma 4.6 in Kulikov and Lopuhad, 2008. The rest of the proof is the same
as that of Lemma 4.7 in Kulikov and Lopuhad, 2008. O

Proof of Theorem 5.2.1. The proof is completely similar to the proof of Theo-

rem 2.1 in Kulikov and Lopuhad, 2008, by using the method of big-blocks

small-blocks and the exponential decreasing mixing function o, from (5.3.12).
O



ON THE L, -ERROR OF SMOOTH ISOTONIC
ESTIMATORS

In this chapter we investigate the Ly-error of smooth isotonic estimators ob-
tained by kernel smoothing the Grenander-type estimator or by isotonizing
the ordinary kernel estimator. The results presented are based on:

Lopuhad, H. P. and Musta E. (2018) "Central limit theorems for global
errors of smooth isotonic estimators". Submitted to Electronic Journal of Statis-
tics.

We consider the same general setup as in Durot, 2007, which includes
estimation of a probability density, a regression function, or a failure rate
under monotonicity constraints (see Section 3 in Durot, 2007 for more de-
tails on these models). An essential assumption in this setup is that the
observed process of interest can be approximated by a Brownian motion or
a Brownian bridge. Our main results are central limit theorems for the L-
error of smooth isotonic estimators for a monotone function on a compact
interval. However, since the behavior of these estimators is closely related
to the behavior of ordinary kernel estimators, we first establish a central
limit theorem for the Ly-error of ordinary kernel estimators for a mono-
tone function on a compact interval. This extends the work by Csorgd and
Horvéath, 1988 on the Ly-error of densities that are smooth on the whole
real line, but is also of interest by itself. The fact that we no longer have
a smooth function on the whole real line, leads to boundary effects. Unex-
pectedly, different from Csorgé and Horvéath, 1988, we find that the limit
variance of the L,-error changes, depending on whether the approximating
process is a Brownian motion or a Brownian bridge. Such a phenomenon
has also not been observed in other isotonic problems, where a similar em-
bedding assumption was made. Usually, both approximations lead to the
same asymptotic results (e.g., see Durot, 2007 and Kulikov and Lopuhad,
2005).

After establishing a central limit theorem for the L,-error of ordinary
kernel estimators, we transfer this result to the smoothed Grenander esti-
mator (SG). The key ingredient here is the behavior of the process obtained
as the difference between a naive estimator and its least concave majorant.
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For this we use results from Chapter 5. As an intermediate result, we show
that the L,-distance between the smoothed Grenander-type estimator and
the ordinary kernel estimator converges at rate n?/3 to some functional of
two-sided Brownian motion minus a parabolic drift.

The situation for the isotonized kernel estimator (GS) is much easier, be-
cause it can be shown that this estimator coincides with the ordinary kernel
estimator on large intervals in the interior of the support, with probabil-
ity tending to one. However, since the isotonization step is performed last,
the estimator is inconsistent at the boundaries. For this reason, we can only
obtain a central limit theorem for the L,-error on a sub-interval that ap-
proaches the whole support, as n diverges to infinity. Finally, the results on
the L-error can be applied immediately to obtain a central limit theorem
for the Hellinger loss.

The chapter is organized as follows. In Section 6.1 we describe the model,
the assumptions and fix some notation that will be used throughout the
paper. A central limit theorem for the Ly-error of the kernel estimator is
obtained in Section 6.2. This result is used in Section 6.3 and 6.4 to obtain
the limit distribution of the L,-error of the SG and GS estimators. Section 6.5
is dedicated to corresponding asymptotics for the Hellinger distance. In
Section 6.6 we provide a possible application of our results by considering
a test for monotonicity on the basis of the L,-distance between the kernel
estimator and the smoothed Grenander-type estimator. Details of some of
the proofs are delayed to Section 6.7 and additional technicalities have been
put in Appendix B.

6.1 ASSUMPTIONS AND NOTATIONS

Consider estimating a function A : [0, 1] — R subject to the constraint that
it is non-increasing. Suppose that on the basis of n observations we have at
hand a cadlag step estimator A of

t

A(t) :J Alw)du, telo,1].
0

A typical example is the estimation of a monotone density A on a compact

interval. In that case, A, is the empirical distribution function. Hereafter

M, denotes the process M, = A, — A, |t is a measure on the Borel sets of

R, and

k is a twice differentiable symmetric probability density with sup-
port [—1,1].
(6.1.1)



6.1 ASSUMPTIONS AND NOTATIONS

The rescaled kernel is defined as ki, (u) = b~ "k (u/b) where the bandwidth
b =bn = 0, as n — oo. In the sequel we will make use of the following
assumptions.

(A1) A is decreasing and twice continuously differentiable on [0, 1] with
infy [A/(t)] > 0.

(A2) Let By, be either a Brownian motion or a Brownian bridge. There exists
q>5/2,Cq>0,L:[0,1] = R and versions of M;, and By, such that

P09 sup [Mp(t)—n"1/2BpoL(t)] > x | < Cqxd
tel0,1]

for all x € (0,n]. Moreover, L is increasing and twice differentiable on
[0, 1] with sup, |L”(t)| < co and infy [L(t)] > 0.

(A3) du(t) =w(t)dt, where w(t) > 0 is continuous on [0, 1].

In particular, the approximation of the process My, by a Gaussian process,
as in assumption (A2), is required also in Durot, 2007. It corresponds to a
general setting which includes estimation of a probability density, regres-
sion function or a failure rate under monotonicity constraints (see Section 3
in Durot, 2007 for more details on these models).

First we introduce some notation. We partly adopt the one used in Csorg6
and Horvéth, 1988 and briefly explain their appearance. Let A$, be the stan-
dard kernel estimator of A, i.e.

3 t+b
AL(t) = J kp(t—u)dAn(u), forte [b,1-—Db]. (6.1.2)
t—b

As usual we decompose into a random term and a bias term:

(mb) /2 (A%, (t) —A(t)) = (nb)‘/zjkb(t—u)dmn —A)(W) +g(n)(t)

(6.1.3)
where

9 (8= (10)'/2 () (0 =21, Ay (0) = [k (£~ wA(w)
(6.1.4)
When nb> — Cg > 0, then g(,,)(t) converges to

1

g(t) = 5CoN"(0) [ Kly)y? dy. (615

After separating the bias term, the first term on the right hand side of (6.1.3)
involves an integral of ky (t —u) with respect to the process M. Due to (A2),
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this integral will be approximated by an integral with respect to a Gaussian
process. For this reason, the limiting moments of the L,-error involve inte-
grals with respect to Gaussian densities, such as

d(x) = 2m) /% exp(—x?/2),

1 xz—Zuxy +y2
P(u,x,y) = mexp (_M) (6.1.6)
B 1 X —uy
-7 _u2q> (\/1 _uz) $(y),

and a Taylor expansion of ky, (t —u) yields the following constants involving
the kernel function:

_ Jk(2)k(s+2)dz

D2 = Jk(y)z dy, T(s) = 2@ dz (6.1.7)

For example, the limiting means of the L,-error and a truncated version are
given by:

1
map) = | | [VETODx g (0wt dea,
RJO (6.1.8)

1-b P
ms, (p) = [ VIDx+ g (1] Wt () dtdx,
bls

where D and g,,) are defined in (6.1.7) and (6.1.4). Depending on the rate
at which b — 0, the limiting variance of the L,-error has a different form.
When nb> — 0, the limiting variance turns out to be

1
o%(p) = 01 D?P J ‘L’(u)‘p wlu)? du, (6.1.9)
0

where

o1 = LR {LR J}R xylP(r(s), x,y) dx dy —LR LR xylP () b(y) dxdy} ds,

(6.1.10)
with o7 representing p-th moments of bivariate Gaussian vectors, where D,
P, and ¢ are defined in (6.1.7) and (6.1.6). When nb> — Co > 0 and B,
in (A2) is a Brownian motion, the limiting variance of the Ly-error is

0=, [,

9(w)? + (1) (x+y)y/T/(W)D + DL (u)ey|” 6ann
111

w2 (1) (W(r(s), %, y) — S(x)p(y) ) ds dy dxdu,
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where g, D, 1V, and ¢ are defined in (6.1.5), (6.1.7) and (6.1.6), whereas, if
By, in (A2) is a Brownian bridge, the limiting variance is slightly different,

. 02
02(p) = 0%(p) — pHT (6.1.12)

with
1
01(p) = JO LR ‘\/L’(t)Dx+ g(t)’p xb(x)dx VI Ow(t)dt.  (6.1.13)

Finally, the following inequality will be used throughout this chapter:

B B
J uq(tnp—wtmdu(t)<pzv—1j lq(t) — h(OP du(t)
A A

B =% /B i
+p2p (Lh(tnp du(ﬂ) (J lq(t) — h(t)P du(‘t)) ,

where p € [1,00), —o0o <A <B < ooand g, h € L,(A,B).

6.2 KERNEL ESTIMATOR OF A DECREASING FUNCTION

We extend the results of Csorgé and Horvath, 1988 and Csorgd, Gombay,
and Horvath, 1991 to the case of a kernel estimator of a decreasing func-
tion with compact support. Note that, since the function of interest cannot
be twice differentiable on R (not even continuous), the kernel estimator is
inconsistent at zero and one. Moreover we show that the contribution of
the boundaries to the Ly,-error is not negligible, so in order to avoid the L,,-
distance to explode we have to restrict ourselves to the interval [b, T —b] or
apply some boundary correction.

6.2.1 A modified L-distance

Let A$ be the standard kernel estimator of A defined in (6.1.2). In order to
avoid boundary problems, we start by finding the asymptotic distribution
of a modification of the L,-distance

1-b
IS (p) = L 13, (6) = A®)[” du(t), (6.2.1)

instead of

1
In(p) = | A8 =M duto) (6:22)
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Theorem 6.2.1. Assume that (A1)-(A3) hold. Let k satisfy (6.1.1) and let <, be
defined in (6.2.1). Suppose p > 1 and nb — oo.

i) If nb> — 0, then

(b0 (p))~"/2 { (nb)P/2J5,(p) = m, (p) } 5 N(0, 1);

ii) Ifnb5 — C(Z) > 0, and By, in Assumption (A2) is a Brownian motion, then

(002 (p)) /2 { (nb)P/2J5, (p) —mé,(p) } % N(O,1);

iii) If nb> — C% > 0, and By, in Assumption (A2) is a Brownian bridge, then

(682(p)) "2 { (nb)P/215, (p) —m, (p) } 5 N(O,1),

where m€ (p), o2(p), 0%(p), 6%(p) are defined in (6.1.8), (6.1.9), (6.1.11), and
(6.1.12), respectively.

The proof goes along the same lines as in the one for the case of the L;-
norms for kernel density estimators on the whole real line (see Csorgé and
Horvath, 1988 and Csorg6, Gombay, and Horvéth, 1991). The main idea is
that by means of assumption (Az2), it is sufficient to prove the central limit
theorem for the approximating process. When B, in (A2) is a Brownian mo-
tion, the latter one can be obtained by a big-blocks-small-blocks procedure
using the independence of the increments of the Brownian motion. When
Bn in (A2) is a Brownian bridge, we can still obtain a central limit theorem,
but the limiting variance turns out to be different. The latter result differs
from what is stated in Csorgé and Horvath, 1988. In Csorgé and Horvéth,
1988, the complete proof for both Brownian motion and Brownian bridge, is
only given for the case nb> — 0, and it is shown that the random variables
obtained by using the Brownian motion and the Brownian bridge as approxi-
mating processes are asymptotically equivalent (see their Lemma 6). In fact,
when dealing with a Brownian bridge, the rescaled Ly,-error is asymptoti-
cally equivalent to the L-error that corresponds to the Brownian motion
process plus an additional term which is equal to CW(L(1)), for a constant
C proportional on 61 (p) defined in (6.1.13). When the bandwidth is small,
i.e, nb> — 0, the bias term g(t) in the definition of 81 (p) disappears. Hence,
by the symmetry property of the standard normal density, 81 (p) = 0 and
as a consequence C = 0. This means that the additional term resulting from
the fact that we are dealing with a Brownian bridge converges to zero. For
details, see the proof of Lemma 6.7.1. When nb® — C% > 0, only a sketch
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of the proof is given in Csorgé and Horvath, 1988 for B,, being a Brownian
motion and it is claimed that again the limit distribution would be the same
for By, being a Brownian bridge. However, we find that the limit variances
are different.

Proof of Theorem 6.2.1. From the definition of J§ (p) we have

P

1—b
(nb)P/2]S (p) = L (nb)'/2 jkb (t—w d(An — A + g ()] dus(t).

Let (W¢)ier be a Wiener process and define

1 t—u
i = i (b) dW(L(w)), (6:23)
Hence, if By, in assumption (A2) is a Brownian motion, then according
to (6.1.14),

1-b
o)/ 275 )= [ o720 )+ gy (0] e

1-b

<p2p_]b_p/zj Jk (“*) d(Bn o L(u) —n”zMn(u))'p du(t)
b b
1—b /v
+p2r~! <b_p/2J Uk(t_u> d(BnoL—nVZMn)(u)’p du(t)) :
b b
1-b : P 1=1/p
(L \b—”zré)(twg(n)(t)\ du(t)>
We can write
Uk t;“) d(BnoL—anMn)(u)‘

1
j K(y) d(Bn o L—n'/2My)(t— by)
-

(6.2.4)

1
j (BnoL—n'/2Mu)(t —by) dk(y)
-1

<C sup ‘BnoL(t)—nszn(t)‘.
tel0,1]

According to assumption (A2), the right hand side of (6.2.4) is of the order
Op(n—1/2+1/4), and because

b71/ZOP(n71/2+1/q): (nb5)3/1OOP(n72/5+1/q) — OP“)
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we derive that

1—b
o)/ 215 ) = [ 077200+ gy (1] i) = o)

As a result, the statement follows from the fact that

1-b
(bo?(p)) /2 {L ‘b*”zrﬁ”(t)Jrg(n)(t)‘p du(t)—m%(p)} < N0, 1),

where g(,,) and mf (p) are defined in (6.1.4) and (6.1.8), respectively. This
result is a generalization of Lemmas 1-5 in Csorgd and Horvéth, 1988 and
the proof goes in the same way. However, for completeness we give all the
details in Appendix B (see Lemma B.1.1).

Finally, if By, is a Brownian bridge on [0, L(1)], we use the representation
B (1) = W(t) —tW/(L(1))/L(1). By replacing T\ with

n () = Jk (:“) d (W(L(u)) _ mwam)) (6.2.5)

in the previous reasoning, the statement follows from Lemma 6.7.1. O
When nb* — 0, the centering constant my, (p) can be replaced by a quan-

tity that does not depend on n.

Theorem 6.2.2. Assume that (A1)-(A3) hold. Let k satisfy (6.1.1) and let |§, be

defined in (6.2.1). Suppose p > 1 and nb — oo, such that nb* — 0. Then

(002 (p))~"/2 { (0)P/2J5, (p) —m(p) } % N(O,1),

where o2 (p) is defined in (6.1.9) and

P/2 1
m(p) =LR PP (x) dx (szmdt) [ ez du

0

Proof. If [m& (p) —m(p)| = 0(b'/2), the statement follows from Theorem 6.2.1.
First we note that

b 1
J|L’<t)\p/2du<t):o(b‘/2) and j L()P/2 du(t) = o(b'/2).
0 1—b
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Moreover, according to (6.1.14), for each x € IR, we have
J H\/L/ JDX+ g(n ‘ —’\/L’ Dx‘ ’dp

]7
<p2r! L ‘g(n)(t)‘ du(t)

_ -1/ _ 1/
+p2r~! (J; b‘MDx‘p du(t)) ' O] ’ )g(n)(t)'p du(t)) p,

b

where g(;,)(t) is defined in (6.1.4). Hence, it suffices to prove

L[t -
b /2 [ g )] dult) =o(1),
This follows, since sup, (o 1 ‘g ‘ = O((nb)'/?b?) and

b P/2(nb)P/2p?P = (nb?)P/2 — 0.

6.2.2  Boundary problems

We show that, actually, we cannot extend the results of Theorem 6.2.1 to the
whole interval [0, 1], because then the inconsistency at the boundaries dom-
inates the L,-error. A similar phenomenon was also observed in the case of
the Grenander-type estimator (see Durot, 2007 and Kulikov and Lopuhas,
2005), but only for p > 2.5. In our case the contribution of the boundaries to
the Ly-error is not negligible for all p > 1. This mainly has to do with the
fact that the functions g(y,), defined in (6.1.4), diverge to infinity. As a result,
all the previous theory, which relies on the fact that g(,j = O(1) does not
hold. For example, for t € [0,b), we have

t+b
9o (1) = (nb)!/2 L o (t— ) dA(W) — A(D)

:(nb)]/zj

—1

t/b

1
K(y) At — by) — A(t)] dy — (nb)/2A(1) L/b K(y) dy

1

t/b
= (nb)!/2 {J] Ky~ by) Aldy A0 |ty dy} .
(6.2.6)
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For the first term within the brackets, we have

t/b t/b
| ke by) - Awndy| <o sup wol|| Kyl = o),
-1 telo,1] —1
(6.2.7)
whereas for any 0 < ¢ < 1 and t € [0,cb],
1 1
0< inf ?\(t)J' k(y)dy < ?\(t)J' k(y) dy < A(0). (6.2.8)
telo,1] c t/b
Because nb — oo, this would mean that
sup g(n)(t) = —oo. (6.2.9)

te[0,cb]

What would solve the problem is to assume that A is twice differentiable as a
function defined on R (see Csorgd and Horvath, 1988 and Csorgd, Gombay,
and Horvath, 1991). This is not the case, because here we are considering
a function which is positive and decreasing on [0,1] and usually is zero
outside this interval. This means that as a function on IR, A is not monotone
anymore and has at least one discontinuity point.

The following results indicate that inconsistency at the boundaries domi-
nates the L -error, i.e., the expectation and the variance of the integral close
to the end points of the support diverge to infinity. We cannot even approach
the boundaries at a rate faster than b (as in the case of the Grenander-type
estimator), because the kernel estimator is inconsistent on the whole interval
[0,b) (and (1 —1b, 1]).

Proposition 6.2.3. Assume that (A1)-(A3) hold and let AS, be defined in (6.1.2).
Let k satisfy (6.1.1). Suppose that p > 1 and nb — oo.

i) When nb3 — oo, then for eachp > 1,

(nb)P/2E jb A5 (6 =A@ du(t)] — o0;
0

ii) Ifon'=1/P — 0, then

b B b P
b1/2 {Jo ()2 88,6 =MO” dult) = | [gc ) du(t)} -0,

where gy is defined in (6.1.4);
iii) Let
t+b

Yn(t):bVZJ ki (t —u)dBn(L(u)), te[0,b]. (6.2.10)
0
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IFo~Tn=1+1/4 = O(1) and bP~'mP~2+2/4 — 0, then

b b
— 5 P
b172 || )2 R0 =0 dutt) = | Y(t) + g0 0] o
(6.2.11)
converges to zero in probability. Moreover, when bn'=1/P — oo, then for

all0<c< 1,
] cb p
b~ Var JO ‘Yn(t) +g(n)(t)’ du(t) | = oo,

where g () is defined in (6.1.4).

The previous results also hold if we consider the integral on (1 —b,1] instead of
[0,b).

The proof can be found in Appendix B.

Remark 6.2.4. Note that, if b ~ n™%, for some 0 < & < 1, then for « < 1/3,
Proposition 6.2.3(i) shows that for all p > 1, the expectation of the boundary
regions in the Ly-error tends to infinity. This holds in particular for the
optimal choice « = 1/5. For p < 1/(1 — «), Proposition 6.2.3(ii) allows us to
include the boundary regions in the central limit theorem for the L,-error
of the kernel estimator,

(b2 (p)) /2 { (Wb)P/ 2] (p) — M (p) | 5 N(O, 1),

with J,(p) defined in (6.2.2) and mn(p) = fé )g(n)(t)’p du(t). However,
the bias term ™My (p) is not bounded anymore. On the other hand, if p >
1/(1 — «), Proposition 6.2.3(iii) shows that the boundary regions in the L-
error behave asymptotically as random variables whose variance tends to
infinity.

Remark 6.2.5. The choice of the measure p instead of the Lebesgue measure,
in Csorgd and Horvath, 1988 and Csorg, Gombay, and Horvéth, 1991, is
motivated by the fact that, for a particular p(t) = w(t)dt, the normalizing
constants m(p) and o(p) in the CLT will not depend on the unknown func-
tion. In our case, a proper choice for pu can also be used to get rid of the
boundary problems. This happens when p puts less mass on the boundary
regions in order to compensate the inconsistency of the kernel estimator. For
example, if p(t) = t2P (1 — t)?Pdt, then

1

b
J 190 (DI du(®) +J 190y (OIP dps(t) = 0
0 1—b

and, as a result, Theorem 6.2.1 also holds if we replace J$ (p) with Jn(p),
defined in (6.2.2).
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6.2.3 Kernel estimator with boundary correction

One way to overcome the inconsistency problems of the standard kernel es-
timator is to apply some boundary correction. Let now A$ be the ‘corrected’
kernel estimator of A, i.e.

t+b
(t):J kYt —w)dAn(u), fortelo,1], (6.2.12)
t—b

where kg) (u) denotes the rescaled kernel b= k() (u/b), with k(t)(u) as in

(1.2.11).

We aim at showing that in this case, Theorem 6.2.1 holds for the L,-error
on the whole support, i.e., with ] (p) instead of J£ (p). Note that boundary
corrected kernel estimator coincides with the standard kernel estimator on
[b, 1 —b]. Hence the behavior of the L,-error on [b, 1 —b] will be the same.
We just have to deal with the boundary regions [0, b] and [1 — b, 1].

Proposition 6.2.6. Assume that (A1)-(A3) hold and let A$, be defined in (6.2.12).
Let k satisfy (6.1.1) and suppose p > 1 and nb — oo. Then

A

AS () = A(D)] du(t) B o.

b
b”/z(nb)P/ZJ
0

The previous result also holds if we consider the integral on (1 —b,1] instead of
[0,b).
The proof can be found in Appendix B.

Corollary 6.2.7. Assume that (A1)-(A3) hold and let ], (p) be defined in (6.2.2).
Let k satisfy (6.1.1) and suppose p > 1 and nb — oo. Then

i) ifnb5 — 0, then it holds

(b2 (p)) /2 { (Mb)P/ 2] (p) — mn (p) | 5 N(O, 1);

i1) Ifnb5 — C% > 0 and By, in Assumption (A2) is a Brownian motion, then
it holds

(00%(p))~"/2 { (0)P/ 21 (p) — ma(p) | % N(O, 1);

iii) If nb> — C% > 0 and By, in Assumption (A2) is a Brownian bridge, then it
holds

(082(p)) 7"/ { (Wb)P/2Jn (p) —mn(p)} % N(O, 1),
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where o2, 02, 82 and my, are defined respectively in (6.1.9), (6.1.11), (6.1.12) and
(6.1.8).

Proof. It follows from combining Theorem 6.2.1 and Proposition 6.2.6, to-
gether with the fact that

b
b—‘/ZJ J ‘MDX_;_Q(M(J;)pw(t)q)(x)dtdx—>0,
R JO

where D and g(,,) are defined in (6.1.7) and (6.1.4). O
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The smoothed Grenander-type estimator is defined by

~ TA(t+b) R
XSG (1) = J kYt —wdAn(w), fortelo1], (6.3.1)
oV (t—b)

where A,, is the least concave majorant of A,. We are interested in the
asymptotic distribution of the L,-error of this estimator:

1
13800 = | [ASS 0 -a)|” auo). 632)

We will compare the behavior of the Ly-error of ASS with that of the regular
kernel estimator A$ from (6.2.12). Because

ASG (1) —AS (1) = Jk{ﬁ (t—w) d(An — An)(w),

we will make use of the behavior of Ay, — Ay, which has been investigated in
Chapter 5, extending similar results from Durot and Tocquet, 2003 and Ku-
likov and Lopuhad, 2008. The idea is to represent An — Ap in terms of
the mapping CM; that maps a function h : R — R into the least con-
cave majorant of h on the interval I C R, or equivalently by the mapping
Dy =CMih—h.

Let By, be as in assumption (A2) and &, a N(0, 1) distributed r.v. indepen-
dent of By. Define versions W;, of Brownian motion by

Bn(t t ifBnpisaB ian brid
Wi (t) = n(t)+&nt if By is a Brownian bridge

Bn(t) if By, is a Brownian motion.

187
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Define
AL =13 (CMpg 11An = An ) =n2/?Djg 1)An,
AW —n2/3 (CM[o,n/\nW _AT\/IV) 23D | AW (6.3.3)
where
AW () = At) +n 12w, (L(Y), (6.3.4)

with L as in Assumption (Az2). We start with the following result on the
L,-distance between A5C and A$,. In order to use results from Chapter 5,
we need that 1 < p < min(q,2q —7), where q is from Assumption (A2).
Moreover, in order to obtain suitable approximations in combination with
results from Chapter 5, we require additional conditions on the rate at which
1/b tends to infinity. Also see Remark 6.3.2. For the optimal rate b ~n~1/5,
the result in Theorem 6.3.1 is valid, as long as p < 5 and q > 9.

Theorem 6.3.1. Assume that (A1) — (A2) hold and let w be a finite measure
on (0,1). Let k satisfy (6.1.1) and let ASG and AS, be defined in (6.3.1) and (6.2.12),
respectively. If 1 < p < min(q,2q —7) and nb — oo, such that

1/b=o(n/31/4),  1/b =0 (nla-3)/er)

and
1/b=o (n1/6+1/(6p)(logn)—U/ZH/(Zp))) )

then

-b . P 1/p .
J IBER(] du(t)> % &o[DRZI(0),

where Z(t) = W(t) — t2, with W being a two-sided Brownian motion originating
from zero, and

S

Proof. We write

1-b . P P -0 v
n2/3 (J A;iG(t)—Ai(t)\ du(t)> =b! (J Yn (1) du(t))

b b

¢} (t) 1/3

cq(t)?

P 1/p /
du(ﬂ) . alt= ‘2382

where

t+b
Yo (t) =bn?/3 (J kp(t—u)d(An — /\n)(u)> , te(b,1—b).
t—b
(6.3.5)

7
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We first show that
1—b
b*pJ Y (£)[P du(t) 4, ocg [DRZ](0)P, (6.3.6)
b

and then the result would follow from the continuous mapping theorem.
Note that integration by parts yields

1
Yo (t) = %L % (t;v) AE (v) dv.

The proof consists of several succeeding approximations of Af. For details,
see Lemmas 6.7.2 to 6.7.6. First we replace AL in the previous integral by
AnW. The approximation of Yn (t) by

1 _
Yg)(t) = %Ji] K’ (t bv) AV (v) dv. (6.3.7)

where AY is defined in (6.3.3), is possible thanks to Assumption (A2). Ac-
cording to (6.1.14),

1—b 1—b 1)
J wademw—j v (P du(t)
b b

1-b
<pﬂ*{k Yo (1) = Y (0P du(t)

1—b P 1-b 1_%
+pﬂ’1<L |mau—vS%quMﬂ> (L YQ%ﬂPdMﬂ) :

(6.3.8)

According to Lemma 6.7.2, b=P [17° [V, (t) = Y\ (1)[P du(t) = op(1). Con-
sequently, in view of (6.3.8), if we show that

I (1) d
bpjb Y (O du(t) & «oPDRZIO)P, (63.9)

then we obtain

I AR
b pL Yn ()P du(t) =b pr Yn "(0)[P du(t) +op(1),  (6:3.10)

and (6.3.6) follows.
In order to prove (6.3.9), we replace AY by n?/3Dy, AY, i.e., we approx-

imate Yg ) by

t+b _
J % (tbv> n2/3D;  AW](v) dv. (6.3.11)
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where I, = [0,1]N[v—n—1/3 logn,v+ n-1/3 logn] and AW is defined
in (6.3.4). From Lemma 6.7.3, we have that

1-b
o’ L VR (1) = Vi ()P du(t) = op (1)
Hence, similar to the argument that leads to (6.3.10), if we show that
1-b 2) d
bP J Y P du(t) S aoP DRZI(O), (6.3.12)
b
then, together with (6.1.14), it follows that
1-b -b
bP L VR ()P du(t) = b P L V2 ()P d(t) +op(1),

Consequently, (6.3.9) is equivalent to (6.3.12).

In order to prove (6.3.12), let

You(s) =n!/6 [WH(L(v+n_]/3s)) —Wn(L(v))] i %?\’(V)sz. (6.3.13)

Let Hny = [—n'/3v,n1/3(1 =) n[— logn,logn] and

Any =1?3[Dy,  AWI(v) — [Dh,, Ynul(0).

We approximate Y by

t+b _
- J K/ <t - V) Dy, Yoyl (0) dv. (6.3.14)
t—b

From Lemma 6.7.4, we have that
2 3)
b7 [P0 =Y 0P dutt) = on (1),
Again, similar to the argument that leads to (6.3.10), if we show that
-0 g d
b | V0P dutt) S a0 DrZI(O. (6315)
b
then, together with (6.1.14), it follows that
=0 o -0 g
b |t = b7 | O dute) +op(1),

which would prove (6.3.12).
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We proceed with proving (6.3.15). Let W be a two sided Brownian motion
originating from zero. We have that

nl/e [wn(L(v+n—1/3s)) —Wn(l_(v))} 4y (n1/3(uv+n—1/3s) - L(v)))

as a process in s. Consequently,

t+b _
Yﬁf)(t)ilj % (t V) D, Ynv](0) dv

)b b
where
Voo (5) = WA Llvtn 1 5) L)) + VWIS (6316)
Now define ]
Znv(s) = W(L'(v)s) + 5A'(v)s2. (6:3.17)
and
I ATCSSUATES ]|

where an, = max(0,v—n—1/3 logn) and bn, = min(1,v+n—1/3 logn).

We approximate Yy, by Zy,y, i.e., we approximate YT({?’) by

t+b _
Y&‘”(t)zlj K (V) Dy, Zavl (0) v, (6.3.18)
b t—b b
Lemma 6.7.5 yields
BVES (4)
b~ P . Y ' (t) = Yr ' (D[P du(t) = op(1).

Once more, similar to the argument that leads to (6.3.10), if we show that

1—b
b P YV )P du(t) & aoPDRZI(0)P, (6.3.19)
b

then, together with (6.1.14), it follows that

1—b (3) 1—b )
bP Jb Y ()P du(t) = b Jb Y (P dp(t) +op (1),
and as a result, also (6.3.15) holds.

4

As a final step, we prove (6.3.19). Since c¢1 (V)W (L’(v)ca(v)s) = W(s) as a

process in s, where

L N1/3 SN /3
(W (A
= <zmv)2> - a0 ()

191
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we obtain that

b
Y&‘”(t)%]r k’(t_") "D, 71(0) dv
1v) ™

b t—b b Cc

where Iy, = ¢2(v) " 'Jny and Z(t) = W(t) — t2. We approximate Dy, by
Dg, i.e., we approximate YT(14) by

(5) oy l t+b ,(t—v 1
Yu (t) = [DRZ](O)b J't—b k v ) an dv. (6.3.20)
It remains to show that
1-b a
b V0P dult) % ofDezI0)?, (6.321)
b

because then, it follows that

1—b 1—-b
b—PL |Y£:”(t)|Pdu(t)=b—PL Y (P du(t) +op(1)

so that (6.3.19) holds. Since

1 (ttb t—v 1 1 (!
= w( > dv = J k' (y) dy =0.
bL_b v Jan P T awl KW

we can write

1Y ft=v) 1 U (v 1

bL_bk( b )cvadV—bL_bk ( b ><c1(v) c1(t)>dv
LI 1 1

:L k) <C1(tby) B m(t)) dy.

Assumptions (A1) and (Az2) imply that t — cq(t) is strictly positive and
differentiable with bounded derivative, so by a Taylor expansion we get

T 1 1 o (o, 5
|0 (e~ am) = e ], K @uds - ow

Hence,

1—b T—b | s P

b*PL |Y1&5)(twdu(t):[DRZ](O)%*DL :Egﬁ’ du(t) + op(1)
_ Toep(r) |P
~Dr2IO | | S dutt) +op()

which concludes the proof of (6.3.21) and concludes the proof of the theorem.
O
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Remark 6.3.2. Note that the assumption
1/b=o0 (n1/6+1/(sm(logn)f(u]/p))

of the previous theorem puts a restriction on p, when b has the optimal
rate n~ /2. This is due to the approximation of YT(LA') (t) by YT(LS) (t) for t €
(b, 1 —1). This restriction on p can be avoided if we consider the L,-error
on the smaller interval (b+n~"/3logn,1—b—n"1/3logn).

Remark 6.3.3. For p > 1, the boundary regions cannot be included in the
CLT of Theorem 6.3.1. For example, for t € (0, b), it can be shown that there
exists a universal constant K > 0, such that

b

n2p/3J ]xiG (1) — A& 1)|” du(t) > Kb P+ [DRZI(0)P +op(b P 1),

0

which is not bounded in probability for p > 1. For details see Appendix B
The same result also holds for t € (1 —b,1).

In the special case p =1, for t € (0,b) we have

b
w3 | S8 (0 - A4 0] duty

D Z](O)1 v dk(t)( ) dy| d 1
R bJo ) L] dy y) dy| du(t) +op(1)
If (A3) holds, then

1Jb 1 Jt/b d. g

| |— —k dy| du(t

v ), lom), ay (y) dy| du(t)

w(0)
7 5(0)

1
L W1 (y) k(y) +2 (y)yk(y) dy.

Similarly, we can deal with the case t € (1 —b, 1). It follows that

1
nz/sJ ’7\1516 () —X;(t)‘ du(t) % &oDRZI(0)
0

with

- w(0)  w(l) ) f
&o = xg + + 1 (y) k(y) + k (y)| dy.

o= o+ (25 + ) [ o (o) b2 ) uk )l

We are now ready to formulate the CLT for the smoothed Grenander-
type estimator. The result will follow from combining Corollary 6.2.7 with
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Theorem 6.3.1. Because we now deal with the Lp-error between A3C and
A, the contribution of the integrals over the boundary regions (0,2b) and
(1—2b, 1) can be shown to be negligible. This means we no longer need the
third requirement in Theorem 6.3.1 on the rate of 1/b.

Theorem 6.3.4. Assume that (A1) — (A3) hold and let k satisfy (6.1.1). Let 156
be defined in (6.3.2). If 1 < p < min(q,2q —7) and nb — oo, such that

1/b:0(n]/3’1/q) and 1/b:o(n(q’3)/(6p)).
i) If nb> — 0, then

(bo?(p)) /2 {(nBIP/213% (p) — mn(p) } % N(0, 1);

ii) If nb® — C2 > 0, and By, in assumption (A2) is a Brownian motion, then
0 P

(08%(p)) /2 { (L) 2138 (p) — man (p) } % N0, 1);

iii) If nb® — C2 > 0, and By, in assumption (A2) is a Brownian bridge, then
0 p 8

(082(p))~1/2 { (n0)P/ 2138 (p) = ma(p) | 5 N(O,1),

where If’LG, mn, 02, 02, and 62 are defined in (6.3.2), (6.1.8), (6.1.9), (6.1.11), and
(6.1.12), respectively.

Proof. Define

(6.3.22)
02(p) if mb® — Cé.

By Corollary 6.2.7, we already have that

yz(p) _ {Gz(p) if nb>—0

(by2(p)~'/2 {(nb v/ZJ AS () —At)|” du(t) —mn(p)} LN, 1),

for A$, defined in (6.2.12). Hence it is sufficient to show that

|

in all three cases (i)-(iii). First we show that

2b
JO

b=1/2(no)? 2 LAY

A5G A" duty) J AL (0 = A du(v

P

2b
b /2mb)P 2| RS () A ()\ du(t) j A5 () =A®)]7 du(t)| = o.

(6.3.23)
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Indeed, by (6.1.14), we get

Kh ASS (0 -] du) - jjb

A

As (1) = A()]” dult)

2b

<p2p_1j
0

RS0 —An )| duy

0

b X - 5 /20 . T
4p2r! (j ]Afﬁ(t)—x;(t)\ du(t)) (Jo IHGENNG du(ﬂ) :

Moreover, by integration by parts and the Kiefer-Wolfowitz type of result in
Corollary 3.1 in Durot and Lopuhad, 2014, it follows that

sup ‘XTSLG(t)—f\fl(t)‘: sup
te(0,1] tel0,1]

<Cb ! sup |An(t) —Anlt
te[ol,jﬂ‘ n(t) — An(t)] (6.3.24)

2/3
_on <b1 (10gn> ) _
n
Hence

2b 2p/3
J ARC (1) _x;(t)‘p du(t) = Op <b1p <logn> ’ ) . (6.3.25)

Jk&“(t—u)d(An—An)(u)]

0 n

Together with Proposition 6.2.6 this implies (6.3.23). Similarly, we also have

f RS0 —Aw)]” du() —f

1-2b 1-2b

1

b 2(nb)?

Thus, it remains to prove

b2 (nb)? Ebe ‘XﬁG (t) — A1) ]p du(t) *J

195
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Again, from (6.1.14), we have

1-2b G P 1-2b . P
[ s 2] aww - R -A0P du
2b 2b
1-2b o
<o | sS oA duty
2b
1-2b . - 1/p (6327)
w2 ([ 7RSS0 -Aa 0] duto
2b
1-2b . =1/
(J AS () — A1) du(t)>
2b
Because b~ ! =o(n!/3-1/4) implies that

(2b,1=2b) C (b+n""3logn,1—b—n""31logn),
g g

from Theorem 6.3.1, in particular Remark 6.3.2, we have
1-2b . -
[, 7 Pt -a @] duw) = 0pin 23 —opn /2. (63.28)
2b

Then, (6.3.26) follows immediately from (6.3.27) and the fact that, according
to Theorem 6.2.1,

1-2b
. P =A0F du(w) = Op(ino) 772

This proves the theorem. O

Remark 6.3.5. Note that, if b = ecn™%, for some 0 < « < 1, the proof is
simple and short in case o < p/(3(1 +p)) because the Kiefer-Wolfowitz
type of result in Corollary 3.1 in Durot and Lopuhad, 2014 is sufficient to
prove (6.3.28). Indeed, from (6.3.24), it follows that

1-2b 203

~ N ‘p 1

J ASS (1) ~An(0)] dut) =0p (b7 (Ogn>

2b n
=op (b2 (mb) P/2).

However, this assumption on « is quite restrictive because for example if

o = 1/5 then the theorem holds only for p > 3/2 (not for the L;-loss) and if
o = 1/4 then the theorem holds only for p > 3.
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The isotonized kernel estimator is defined as follows. First, we smooth the
piecewise constant estimator A,, by means of a boundary corrected kernel
function, i.e., let

(t+b)AT

AS (1) = J K (t— WAy (W) du, forte [0,1], (6.4.1)
(t—b)VoO

where k() (u) defined as in (1.2.11). Next, we define a continuous monotone
estimator ASS of A as the left-hand slope of the least concave majorant A,
of Af on [0,1]. In this way we define a sort of Grenander estimator based

on a smoothed naive estimator for A. For this reason we use the superscript
GS.

We are interested in the asymptotic distribution of the L,-error of this
estimator:

IS3(p) = f \XSS(t)—Mt)\p du(t).
0

It follows from Lemma 1 in Groeneboom and Jongbloed, 2010 (in the case of
a decreasing function), that A$S is continuous and is the unique minimizer
of

over all nonincreasing functions A, where NS (t) = dAS (t)/dt. This suggests
A% (t) as a naive estimator for Ay(t). Note that, for t € [b, 1 —b], from inte-
gration by parts we get

< 1 [t+b Lt t+b
At = L_b K (bu> An(w) du = L_b Ko (t—w)dAn(w), (6.4.2)

ie., 7\?1 coincides with the usual kernel estimator of A on [b, 1 — b].
Let 0 <y < 1. It can be shown that
P(AS (1) =ASS(t) forall t € [bY,1—bY]) — 1. (6.4.3)

See Corollary B.2.2 in Appendix B. Hence, their Ly-error between A$S and
A$ will exhibit the same behavior in the limit. Note that this holds for every
v < 1, which means that the interval we are considering is approaching
(b,1—1). Consider a modified Ly-error of the isotonized kernel estimator
defined by
1-bY | P

€550 =] RS w-aof du (6.44)

We then have the following result.
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Theorem 6.4.1. Assume that (A1)-(A3) hold and let Iﬁg,’c (p) be defined in (6.4.4).
Let k satisfy (6.1.1) and let L be as in Assumption (A2). Assume b — 0 and
1/b=om"* andlet1/2 <y < 1.

i) Ifnb5 — 0, then

(bo?(p)) /2 {(nBIP/2185< (p) = mn(p) } % N(O, 1);

ii) Ifnb> — C3 > 0 and By, in assumption (Az) is a Brownian motion, then

(00 (p)) /2 { (nb)P/2185< (p) — mu(p) } 5 N(0,1);

iii) If nb> — C% > 0 and By, in assumption (A2) is a Brownian bridge, then

(082(p)) /2 { ()P 2135 (p) — man(p) } % N(O,1),

where 02, 02, 82 and m, are defined respectively in (6.1.9), (6.1.11), (6.1.12) and
(6.1.8).

Proof. 1t follows from Theorem 6.2.1 and (6.4.3). Note that the results of
Theorem 6.2.1 do not change if we consider the interval [bY, 1 —bY] instead
of [b,1—b] and that b=1/2|mS (p) — mn (p)| — 0. O

65 HELLINGER ERROR

In this section we investigate the global behavior of estimators by means of
a weighted Hellinger distance

1 2 1/2
H(ﬁn,mzcjo (\/ﬁn(t)—\/x(t)) du(ﬂ) . (65.)

where A, is the estimator at hand. This metric is convenient in maximum
likelihood problems, which goes back to Birgé and Massart, 1993; Le Cam,
1973; Le Cam, 1970. Consistency in Hellinger distance of shape constrained
maximum likelihood estimators has been investigated in Pal, Woodroofe,
and Meyer, 2007, Seregin and Wellner, 2010, and Doss and Wellner, 2016,
whereas rates on Hellinger risk measures have been obtained in Seregin and
Wellner, 2010, Kim and Samworth, 2016, and Kim, Guntuboyina, and Sam-
worth, 2016. The first central limit theorem type of result for the Hellinger
distance was presented in Chapter 4 for Grenander type estimators of a
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monotone function. We deal with the smooth (isotonic) estimators follow-
ing the same approach.

Note that, for the Hellinger distance to be well defined we need to assume
that A takes only positive values. We follow the same line of argument as in
Chapter 4. We first establish that

1 2 1
| (\/ia(t) _ x/Mt)) autt) = [ (a0 -A0)” (9A(0) " dutt)
+0p ((nb)=3/2),

which shows that the squared Hellinger loss can be approximated by a
weighted squared L;-distance. For details, see Lemma B.3.1 in Appendix B,
which is the corresponding version of Lemma 4.1.1. Hence, a central limit
theorem for squared the Hellinger loss follows directly from the central
limit theorem for the weighted L;-distance (see Theorem B.3.2, which corre-
sponds to Theorem 4.2.1. An application of the delta method will then lead
to the following result.

Theorem 6.5.1. Assume (A1)-(A3) hold. Let AS, be defined in (6.1.2), with k sat-
isfying (6.1.1), and let H be defined in (6.5.1). Suppose that nb — oo and that A is
strictly positive.

i) Ifnb> — 0, then

TZ(Z) 1/2 X .
(bgu (2)> {(nbﬂ/ZH()\Tsl’A)_2*1/2Hn(2)1/2} —>N(O,1)

ii) If nbS — C3 > 0 and By, in Assumption (Az2) is a Brownian motion, then

KZ(Z) —1/2 X .
(b8pl (2)) {(nb)l/zHO\;,A)72_1/2}1‘”(2)1/2} 4 N(0, 1),

i) Ifnb> — C% > 0 and By in Assumption (Az) is a Brownian bridge, then

®2(2) \ /2 A ;
(b8u (2)) {m)2H(As, N =27 2 ()12} S NG, 1),

where T2, k?, % and w,, are defined as in (6.1.9), (6.1.11), (6.1.12) and (6.1.8),
respectively, by replacing w(t) with w(t)(4A(t) )~

(iv) Under the conditions of Theorem 6.3.4, results (i)-(iii) also hold when replac-
ing NS, by the smoothed Grenander-type estimator A3S, defined in (6.3.1).
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Proof. The proof consists of an application of the delta-method in combina-
tion with Theorem B.3.2. According to part (i) of Theorem B.3.2,

b~ 1/2 2nbHAS,A) —un(2)) 5 Z

where Z is a mean zero normal random variable with variance t2(2). There-
fore, in order to obtain part (i) of Theorem 6.5.1, we apply the delta method
with the mapping ¢(x) = 2-1/2x1/2 Parts (ii)-(iv) are obtained in the same
way. O

To be complete, note that from Corollary B.2.2, the previous central limit
theorems also hold for the isotonized kernel estimator 7\55, defined in Sec-
tion 6.4, when considering a Hellinger distance corresponding to the inter-
val (bY,1—1bY) instead of (0,1) in (6.5.1).

6.6 TESTING MONOTONICITY

In this section we investigate a possible application of the results obtained
in Section 6.3 for testing monotonicity. For example, Theorem 6.3.4 could
be used to construct a test for the single null hypothesis Hp : A = A, for
some known monotone function Ay. Instead, we investigate a nonparametric
test for monotonicity on the basis of the L,-distance between the smoothed
Grenander-type estimator and the kernel estimator, see Theorem 6.3.1.

The problem of testing a nonparametric null hypothesis of monotonic-
ity has gained a lot of interest in the literature (see for example Kulikov
and Lopuhad, 2004 for the density setting, Hall and Van Keilegom, 2005,
Groeneboom and Jongbloed, 2012 for the hazard rate, Akakpo, Balabdaoui,
and Durot, 2014, Birke and Dette, 2007, Birke and Neumeyer, 2013, Gijbels
et al., 2000 for the regression function).

We consider a regression model with deterministic design points

Y, = A (;) te, iefl,...m) (6.6.1)

where the €;’s are independent normal random variables with mean zero
and variance 2. Such a model satisfies Assumption (A2) with q = +oc0 and
An(t) =n~! 2 i<nt Vi, for t € [0, 1] (see Theorem 5 in Durot, 2007).

Assume we have a sample of n observations Yi,...,Yn. Let D be the
space of decreasing functions on [0, 1]. We want to test Hp: A € D against
Hi: A ¢ D. Under the null hypothesis we can estimate A by the smoothed
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Grenander-type estimator A5C defined as in (6.3.1). On the other hand, un-
der the alternative hypothesis we can estimate A by the kernel estimator
with boundary corrections 7\?1 defined in (6.2.12). Then, as a test statistic we

take
1-b ) X 5 1/2
T, = n2/3 L ‘Afﬁ (t) — ?\;(t)‘ dt|

and at level «, we reject the null hypothesis if T, > cn,« for some critical
value cnp,o > 0.

In order to use the asymptotic quantiles of the limit distribution in Theo-
rem 6.3.1, we need to estimate the constant Cp which depends on the deriva-
tives of A. To avoid this, we choose to determine the critical value by a boot-
strap procedure. We generate B = 1000 samples of size n from the model
(6.6.1) with A replaced by its estimator ASS under the null hypothesis. For
each of these samples we compute the estimators A3°"*, A%* and the test
statistic

1/2
1-b R 2
TT’i,j:nz/S(L RS (1)~ A (v) dt) , j=1,...B.

Then we take as a critical value, the 100x-th upper-percentile of the values
Th1/---, T g- We repeat this procedure N = 1000 times and we count the
percentage of rejections. This gives an approximation of the level (or the
power) of the test if we start with a sample for which the true A is decreasing

(or non-decreasing).

We investigate the performance of the test by comparing it to tests pro-
posed in Akakpo, Balabdaoui, and Durot, 2014, Baraud, Huet, and Laurent,
2005 and in Gijbels et al., 2000. For a power comparison, Akakpo, Balab-
daoui, and Durot, 2014 and Baraud, Huet, and Laurent, 2005 consider the
following functions

M (X) = =15(x = 0.5)* (05 — 03(x — 05) + exp (~250(x — 0.25)2) ,
Az2(x) =160%x, Az(x) =0.2exp (—SO(x — 0.5)2) ,  A4(x) = —0.1cos(67mx),
As(x) = —0.2x +A3(x), Ag(x) =—0.2x + Aq(x),
A7(x) = —(14x) +045exp (—50(x— 0.5)2) )
We denote by Tg the local mean test of Baraud, Huet, and Laurent, 2005
and Si°9 the test proposed in Akakpo, Balabdaoui, and Durot, 2014 on the

basis of the distance between the least concave majorant of Ay, and Ay,. The
result of the simulations for n =100, « = 0.05, b = 0.1, are given in Table 12.
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Function A4 A2 A3 A4 As A6 A7
o? 0.01 0.01 0.01 0.01 0.004 0.006 0.01
Th 1 1 1 1 1 1 0.99
T 0.99 0.99 1 099 099 098 0.76

S 0.99 1 098 0.99 099 0992 0.68

Table 12: Simulated power of T, Tg and Si°9 for n = 100.

We see that, apart from the last case, all the three tests perform very well
and they are comparable. However, our test behaves much better for the
function A7, which is more difficult to detect than the others.

The second model that we consider is taken from Akakpo, Balabdaoui,
and Durot, 2014 and Gijbels et al., 2000, which is a regression function given
by

Aa(x) =—=(T+x)+aexp (750(x70.5)2), x € [0,1].

The results of the simulation, again for n = 100, « = 0.05, b = 0.1 and
various values of a and ¢ are given in Table 13. We denote by S;.°9 the test
of Akakpo, Balabdaoui, and Durot, 2014 and by Trun the test of Gijbels et
al., 2000. Note that when a = 0, the regression function is decreasing so Hp

a=0 a=0.25 a=045
o 0.025 0.05 0.1 0.025 0.05 0.1 0.025 0.05 0.1
T, 0.012 0.025 0.022 0.927 0497 0.219 1 1 0.992
Trun 0 0 0 0.106 0.037 0.014 1 1 0.805
SS9 0 0.002 0.013 0.404 0.053 0.007 1 1 0.683

Table 13: Simulated power of Tn, Tryn and Sy for n = 100.

is satisfied. We observe that our test rejects the null hypothesis more often
than Tyyn and Syi°9 so the price we pay for getting higher power is higher
level. As the value of a increases, the monotonicity of A4 is perturbed. For
a = 0.25 our test performs significantly better than the other two and, as
expected, the power decreases as the variance of the errors increases. When
a = 0.45 and o2 not too large, the three tests have power one but, when o?
increases, Tn, outperforms Tyyn and S;,°9.

We note that the test performs the same way if, instead of the L,-distance
between ASC and AS, we use the L;-distance on (0, 1). Indeed, in Remark 6.3.3
we showed that , for p = 1, the limit theorem holds on the whole interval



67 AUXILIARY RESULTS AND PROOFS 203

(0,1). Moreover, we did not investigate the choice of the bandwidth. We
take b = 0.1, which seems to be a reasonable one considering that the whole
interval has length one.

6.7 AUXILIARY RESULTS AND PROOFS
6.7.1  Proofs for Section 6.2

Lemma 6.7.1. Let L: [0, 1] — IR be strictly positive and twice differentiable, such

that infye (o 1) L'(t) > 0 and sup, o 11 IL” (V)] < oo. Let T\, g (), and m (p)
be defined in (6.2.5), (6.1.4), and (6.1.8), respectively. Assume that (A1) and (A3)
hold.

1. If nb> — 0, then
2 _1 1= (2) P c d
op)E 4 | [ 0+ g (0] dutt) —msip)p SN0,

where o (p) is defined in (6.1.9).

2. IfnbS — CZ, then

b

1 1-b 1
(b62(p)) 2 {j o NP + gy )] it —m&(p)} SN,

where 02 (p) is defined in (6.1.12).

Proof. From the properties of the kernel function and L we have
(2) 10y t—u _W(L(]))J t—u) ,
M (t) = Jk <b ) dW(L(u)) a0 k 5 L'(u)du

B t—u W(L(1)) ., 3
—Jk<b> dW(L(u))—b D) L'(t)+Op(b>),

where the Op term is uniformly for t € [0, 1]. Hence, (6.1.14) implies that
1-b
P
J, o + g )] autn -

1=t 1 t—u

+0(b3).

Nj—
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Therefore, it is sufficient to prove a CLT for

1-b
J ‘b”zjk(tbu) AW(L(w) + g (1) — b1/2 ) 1( D] duw.

b L(T)
(6.7.1)
Let
Xng =012 [l (100 ) awittu) + g0 672)
Then Xnt ~ N(gm)(t), 031( )), where
1 _
o2 (t) = 5 sz (tbu> L'(u) du. (6.7.3)

We can then write

1-b
b1/2 {J ‘b*‘/znﬂz)(t) n g(n)(t)‘p dp(t) —mi(P)}

1/2{

{ Xntl? du(t) — %(p)}
W(

P I_(1(; J Xn,t P~ sgn {Xn,} L' (w(t) dt

|
b

W(L(1
X o1/ WL

1—b
0 (bW(L(U)Z) dt +o(1),

(6.7.4)
where we use
X[P = [ylP +p(x—y)lyP~ " sgn(y) + O((x —y)?) (6.7.5)

for the first term in the integrand on the right hand side of the first equal-
ity in (6.7.4). The third term on the right hand side of (6.7.4) converges to
zero in probability, so it suffices to deal with the first two terms. To estab-
lish a central limit theorem for the first term, one can mimic the approach
in Csorg6 and Horvath, 1988 using a big-blocks-small-blocks procedure. See
Lemmas B.1.1 and B.1.2 for details. It can be shown that

1—b Ms
b {L Xn,tlP du(t)mﬁ(P)} :b1/zzci+OP“)’
i=1

where (; = Z].d:ic_l &;, with

ci=A—1)(Ma+2)+1 and di=({—1)(Ms+2)+M,,
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forsome0<v<1, My =[M;—1)"],

1 My =1
M1|:b—]:| and M3|:M2+2:|’
and
| [fo+e +00 P
£ —b J‘b { Xn [P —J ’\/L’(t)Dx—f— g(n)(t)’ d(x) dx}w(t) dt.
1 —00
The random variables (; are independent and satisfy
My
b'/2 3 ¢ S NO,¥(p)), (6.7.6)

i=1
where y2(p) is defined in (6.3.22).

Next, consider the second term in the right hand side of (6.7.4). We have

E

1—b
J Xt~ sgn Xoe) L' (Ow(t) dt}
b

p—1

— J]_b LR ‘Gn(t)x—i— g(n)(t)’

sgn {Gn(t)x +9m) (t)} b(x)dxL’ (t)w(t)dt
b

1
0

- J LR ’\/LT”DX +9(t) ’p_1 Sgn{mDX + g(t)} b(x) dx L' (H)w(t) dt,

where D and oy, (t) are defined in (6.1.7) and (6.7.3), respectively, and ¢
denotes the standard normal density. Note that

d P p—1
™ \/L’(t)Derg(t)‘ :p’\/L’(t)Derg(t)‘ sgn{\/L’(t)Derg(t)}.
Hence, integration by parts gives

ﬂ J, [VETDx g0 sgn { VITEIDx-+ g(0)} bl dx L (el e

_ 8i(p)
Dp ’

where 07 is defined in (6.1.13). We conclude

91(]9).

E
Dp

1-b
J X, 1P~ sgn {Xn (L' (t)w(t) dt] —
b
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Moreover,
1-b
Var J Xt P71 sgn (X o L/ (H)w(t) dt
b
1-b p1—-b ] ]
:J J Covar (IXn,tlp’ sgn{Xn,t}, [Xn,s/P™ sgn{Xn,s})
b b
-L'(t)L"(s)w(t)w(s) dtds

1-b (1-b
- L Jb Lijt—s|<2v)Covar (|Xn,t‘p7] sgn {Xn i}, Xns/P Sgn{Xn,s})
L'(OL (s)w(t)w(s) dtds,

because for |t —s| > 2b, Xy ¢ is independent of X;, 5. As a result, using that
Xn,t has bounded moments, we obtain

1-b
Var <J Xt P71 sgn (X o} LY (£)w(t) dt) — 0.
b

This means that

1—b
[, P sgn e de - 2P,
in probability and
1-b
—pw L X e P~ sgn X0 L (Hhw(t) dt = CW(L(T)) + op(1),
where 81(v)
__oip
C= DL’ (6.7.7)

Going back to (6.7.4), we conclude that

1-b

b 1/2 {J \b“/zn(?)(t) + 9] dut) —m%(p)}
b

=b'"23 &+ CW(L(1)) +op(1).

i=1

In the case nb> — 0, we have g(t) = 0 in the definition of 81 (p) in (6.1.13).
Hence, by the symmetry of the standard normal distribution, it follows that
01(p) = 0 and as a result C = 0. According to (6.7.6) and (6.7.8), this means
that

1—b
b1/2 { J 6202 (1) + g (0] dplt m%(p)}
b
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converges in distribution to a mean zero normal random variable with vari-
ance o2 (p).

Then, consider the case nb> — C(Z) > 0. Note that ¢; depends only on
the Brownian motion on the interval [c;b — b, ¢;b + b]. These intervals are
disjoint, because ci+1b —b = dib +b. We write

M3
WL(1) =D W(tip1) — W(ts)] + W(L(1) = W(tnm,),

i=1

where t; = L(cib—b), fori=1,...,M3. Moreover, W(L(1)) — W(tpm,) — 0,
in probability, since tp, ~ L(1+ O(b)) — L(1). Hence, the left hand side
of (6.7.8), can be written as

M3
D Yitop(l), Yi=b"2G+CW(tipr) —W(t)l.
i=1

Since now we have a sum of independent random variables, we apply the
Lindeberg-Feller central limit theorem. Using E[Y;] = O (b%/2M,,), it suffices
to show that

E (Z Yi) —0%(p)>0, (6.7.9)
i=1

and that the Lyapounov condition

M; M; -2
> EN{] (Z IE[Y%J) — 0. (6.7.10)

In order to prove this, we use that ]E[Cf] = 0(M3), (see (B.1.4) in the proof
of Lemma B.1.2. Then, we get

> EN{1< 0% Y E[E{1+0(1) ) EI(W(tiy1) - W(t;))"]
i=1 i=1 i=1

< O(M3b*M3) + O(M3(tiy1 —ti)?)
= o(1) + O(M3M3b?) = o(1).

207
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Because E[Y;] = O(b>/2M,), for (6.7.9) we have

M; 2 M;
E (Z\q) =Z]E[Y§]+o(1)
i=1 i=1

= bZIE [C%} +C Z(tl+1 —t;)
i=1 i=1
M3
+2Cb'/2 3 BIG{W(tip1) — W(t))] +o(1).
i=1

It can be shown that b le\i 31 E [Cﬂ — 0, see Lemma B.1.2 for details. More-
over,

M3
Z(ti+l —t) =L((M3 —1)(M2+2)b) —L(0) = L(1) +o(1).

i=1

Finally, since

B 1 dib P +oo P
G=ot |l = | VAT g 0] o) dx pe

we can write
M3 M3 .4;b
2C0"/% Y ElG{W(tig1) - W) =2C ) J E [Xn t/PZn,J w(t) dt,
i=17cib

i=1

where Z,, + = b~ "/2{W(tiy1) — W(t;)}. Note that

g(n)m] l o3 (1) pn(thrn(t)ﬁn(t)D |
pn(t)

XntrLn,t) ~N
(Xt Znt) ( 0 on(t)on (1) 57 (1))

where Gfl(t) is defined in (6.7.3) and
on(t) = b '[L(t+b) —L{t—b)],

on(t) = on(t) o () Tb! Jk (t_“) 1(u) du.

Using

Zn,txn,t:XNN<
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we obtain
E (ol Zu 1] = B [Xoyo? ElZ1 | X 1]
— P Z 0 o (8) (Xt — 90 1)
= I o (U [t (X — 90 (V)]
= om0 g (0)+ o (DXP on Ux(x) dx

t—u

=on(t) o] Jk <_b> 1(w) duLR 19(n) (1) + on ()xPxd(x) dx

Because (Y%l(t) — D21(t), where D is defined in (6.1.7), g (t) — g(t),

defined in (6.1.5), and b~ [k (1%) 1(u) du — 1(t), we find that

E o Zn ) —+ VO LR 19(t) + Dy/ITONPx(x) dx

Hence

(£

2 2 2C 7 (e
=0%(p)+C L(1)+BZJ' J lg(t) + /U(t)Dx[Pxd (x)dx/L(t)w(t)dt + o1
R

j=17¢cib

as

1
:Gz(p)+C2L(1)+26CJ'OJ}ng(t)—kD\/l(t)xlpxd) )dx+/1(t)w(t) dt +o(1)

=0%(p) + C2L(1)+2CD 07 (p) + o(1)

0%(p)
D2L(1)

=0%(p) — +o(1),

applying the definitions of C and 61 (p) in (6.7.7) and (6.1.13), respectively.

It follows from the Lindeberg-Feller central limit theorem that ) i\i 3 Yy LN

N(0,682(p)), where 8(p) is defined in (6.1.12).

6.7.2  Proofs for Section 6.3

Lemma 6.7.2. Let Yy, and YT(J) be defined in (6.3.5) and (6.3.7), respectively. As-

sume that (A1) — (A2) hold. If 1 < p < min(q,2q—7),

1/b=o0 (n‘/3—‘/q) and 1/b=o0 (n(q—3)/(6p)) ,

O
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then

1—b
pP L Yo (0) = Y (0P dult) = 0p(1).

Proof. We follow the same reasoning as in the proof of Lemma 5.2.5. Let
Iy =00,11Nv=—m"1/3 logn,v—i—nq/3 logn] and for ] = E, W, let
Nhy = { Mo 11 ARI(s) = [CM1, ALI(s) for all s € Tny b (6.7.11)

Then according to Lemma 5.1.3, there exists C > 0, independent of n,v, d,
such that

P ((N},)°) =0(e~ %)
N (6.7.12)
P ((NE,)) =0(n'~4/3q 24 1 e~ C"),

Let Kny = NE, NN and write

E [[AE@)P — AW ()

| =E AL 0P - AW )| 1k,
+ 12/ [| Dy, Al (0P — D1, AWIOP | 1k, ]
From the proof of Lemma 5.2.5, using (6.7.12) with d = logn, we have
E [|AL )P — AW ()| Ik, | = Op(n!/279/6(logn) 9 4 e~ Cllogm’/2 )
and
23 [[Dy, Anl(0)F = D1 AWIOP | 1k, | = Op (n71/341/9).

It follows that

1—b
pP L Yo (t) = YO (0P du()

1
<co [ A= by) - AY (e by)P dy
—1
— b POp (n—p/3+p/q) +bPOp (n‘/z—q/6(1ogn)—q +e—caogn)3/2) ‘

According to the assumptions on the order of b—!, the right hand side is of
order op(1). O

Lemma 6.7.3. Let Y1(1” and YT(Lz] be defined in (6.3.7) and (6.3.11), respectively.
Assume that (A1) — (A2) hold. If b — O, such that nb — oo, then

1—b
bP L v (0 — Y2 (0P dult) = op(1).
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Proof. We have

P
sup [V 0 - v (0)]]
te(b,1-b)

1 t—v
te(b,1-b)

<c sup E

te(b,1-b)

w 2 W p (1 t+b p
sup ‘An (v)—n3[DIm/\n](v)’ Sl Taagedv) |
velo,1] t=b

where NY is defined in (6.7.11). Moreover, since

WIN

[Dlm/\nw](v)‘<4n {/\(1)+n”2 sup IWn(S)I},
1]

sup ‘ATVLV(V) —-n
] sel0,L(

ve(o,1

from the Cauchy-Schwartz inequality we obtain

p (1 (t+o P
sup [E | sup ’AXV(\))_TLZ/.’:[DIM/\XV}(\))‘ EJ 1(NnWV)CdV
te(b,1—b) velo,1] t—b
2p71/2
< 4Pn?P/3E {/\(1)+n_]/2 sup IWn(s)}
sel0,L(1)]
1/2

1 rt+b 2p
- sup [E EJ Linw e dv
te(b,1-b) t—b

For the last term on the right hand side, we can use Jensen’s inequality:

b p b
(b 1 . Ja f(x) dx) < 5 1 . Ja f(x)P dx,

forall a <b,p > 1, and f(x) > 0. Because all the moments of

sup  [Whn(s)]
se[0,L(1)]

are finite, together with (6.7.12), it follows that

sup B [[vi(t) —Yff](t)m

1/2
1 t+b
L mNde4 (6.7.13)
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Since
ogn 2 og Z
b Pn2r/3 exp (fC(logn)s/Z) = (nb)%—c(lg : b—P—%EﬂLiC(l% ] =0,
this concludes the proof. O

Lemma 6.7.4. Let YT(LZ) and Y1({2') be defined in (6.3.11) and (6.3.14), respectively.
Assume that (A1) — (A2) hold. If 1/ =0 (n]/3*1/q), then

1—b
bP L Y2 (0) — Y (0P dult) = op(1).

Proof. Let Hpy = [—n'/3v,n13 (1 =v)n[— logn,logn] and

Any = n?/3 [DI,W/\TVLV] (v) = [DH,,, Ynul(0).

t+b
t_

J b K ( bV) Anvdv

ti

sup E [|Ant‘P] -0 (n*p/3+P/q)
te(0,1)

By definition, we have

1-b

1-b
J |Y7(12)(t)_yr(13](t)|pdu(t):J %

b b

Moreover, using

see the proof of Lemma 5.2.3, we obtain

( he proof of L 5.2.3 btai

1 t+b t—

bl ¥ (557) ame
t_

< sup K'(WP sup E
uel-1,1] te(b,1-b)

P
sup [E
te(b,1-b)

b

(6.7.14)

1 t+b
<C sup 7,[ E [|[AnyP] dv < 2C sup E [[Any[P]
te(b,1-b) bJib ve(o,1)

-0 (n—p/3+p/q) ,

Because 1/b =0 <n1 /3=1/ q), this concludes the proof. O

Lemma 6.7.5. Let Yff) and YT(L4) be defined in (6.3.14) and (6.3.18), respectively.
Assume that (A1) — (A2) hold. If 1/b = o (n1/3=1/4), then

1—b
bP L Y (1) — Y (0P dult) = op(1).
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Proof. Let Hy, be defined as in the proof of Lemma 6.7.4 and let

- 1/3 Llanyv) —L(v) 1/3 L(bnv) —L(v)
v = [“ R A T

7

where an, = max(0,v—n—1/3 logn) and by, = min(1,v +n1/3 logn). As
in (4.31) in Kulikov and Lopuhad, 2008 we have

sup E [|Dr,, Yav)(0) = Dy, Znu)(0)[7| = O~/ (logm)*P),
ve(o,1)

where Yy, and Z ., are defined in (6.3.16) and (6.3.17). This means that,

P
sup lEHYn *YT(14)(JC)’ }
e(b,1—
(11 rt+b ~ P
<C sup E|l5| {Dn, Va0~ Dy, Zui0)} dv
te(b,1-b) | t—b
1 t+b B
<C sup | E[|Dy,, Ym0 =Dy, Znnl(0)]"] av
te(b,1-b) t-b
<C sup E ’[DHMVTW](O)—[D]nva,](O)’p}:O(n*P/3(logn)3p).
ve(b,1—b) -
(6.7.15)
Since 1 /b:o(n]/ 3= q),this concludes the proof. O

Lemma 6.7.6. Let Yn and Y ) be defined in (6.3.18) and (6.3.20), respectively.
Assume that (A1) — (A2) hold. If nb — oo, such that

1/b =o(n 1/6+1/(6p) (logn)~ (1/2-9-1/(213)))’
then

1—b
P L Y (1) = Y (0P dult) = op(1).

Proof. We argue as in the proof of Lemma 4.4 in Kulikov and Lopuhaé, 2008.

When v € (n71/3logn,1 —n~1/3logn), there exists M > 0, depending
only on A, such that [-Mlogn, Mlogn] C In,, and on [-Mlogn, Mlogn|
we have that

CM[—Mlogn,Mlogn]Z < CMIm,Z < CMRZ.

Let Nym = N(Mlogn), where N(d) is the event that [CM[_4 4;Z](s) is
equal to [CMRZ](s) for s € [—d/2, d/2]. According to Lemma 1.2 in Kulikov
and Lopuhad, 2006, it holds that

P(N(d)€) < exp(—d3/27). (6.7.16)
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214 ON THE Lp-ERROR OF SMOOTH ISOTONIC ESTIMATORS

For convenience, write 6, =n /3 log n. Because
[CM[fMlogn,Mlogn}Z](o) = [CMInVZMO) = [CMRZ](0)
on the event Ny, 1, we have by means of Cauchy-Schwartz, we find that

sup  E [|[Dy,,Z](0) — [DrZI(0)7]
VE(5n,1—8n)

= sup  E[Dy,2)(0) - DrZIOF] In,,
VE(dn,1—0n)

P
< 2PE | | sup|Z(s)] Ine,
seR "

2p 1/2
<2P (113 (suplZ(s)I) ]) P(NS )2
s€R

Because E[(sup 1Z|)2P] < oo, together with (6.7.16), we find that

sup  E [IDy,,Z](0) — [DrZI(0)P] = O (exp(—C(logn)3)) .
VE(6n,1—0n)

Note that

t+b B
) —vS () = 1J K <”) % (ID1.. Z)(0) — [DRZ(0)) dv.

t—b b (v)
(6.7.17)
Whente (b+6,,1—b—06n),thenve (t—b,t+b) C (6,1 —0n), so after
change of variables, it follows that

P
sup E HYT(LA')(‘[) —YT(LS](t)‘ }
te(b+dn,1—b—05n)

su i K ()P
P -Pue[ 1,1] sup  E[|D
infye0,1) C1VP e (5,1-6)

= 0 (exp(~Cllogn)?)).

<2 2)(0) - [DRZI(O)"]

ITlV
(6.7.18)

Next, consider the case where t € (b,b + 6y, ). In this case we split the inte-
gral on the right hand side of (6.7.17) into an integral over v € (t —b, dn)
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and an integral over v € (6n,t + b). The latter integral can be bounded in
the same way as in (6.7.18), whereas for the first integral we have

1 f“ % (H>]([DI 21(0) — [DRZ1(0)) dv

bJi b b c1(v) ™

sup,, 111k’ ()]
infyc(0,1)c1(Vv)

sup, (1,17 k' (w)]

inf,c(0,1)c1(V)

<b '8,

|[Dr,,, Z](0) — [DrZ](0)]

<b o, [DRZI(0),

where we also use that [Dy,  Z](0) < [DrZ](0). Furthermore, since [DrZ](0)
has bounded moments of any order, for t € (b, b+ 6r,), we obtain

4 5 P
sup ]EHYT(I)(t)—YT(l)(t)‘ |
te(b,b+5n)

SUPye—1,1] k(WP
inf,c(0,1)c1(V)P

— Op (b778R) + Op (exp(—Cllogn)*)) .

<b PSP E[[DR]Z)(0)"] + O (exp(—C(logn)*))

(6.7.19)

A similar bound can be obtained for t € (1 —b — 6,1 —b). Putting things
together yields,

1-b
P _
L V0 =¥ (0] dult) = Op (exp(—Cllogn)?)) +0p (b P85*").
Because nb — oo implies
b P exp(—C(logn)®) - 0 and % =0 (n]/GH/(Gp)(logn)’“/z*]/(zp]))

yields b—2p SEH — 0, this concludes the proof. O
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CONCLUSIONS AND REMARKS

This thesis deals with smooth estimation under monotonicity constraints of
a real valued function on a compact interval. Functions of prime interest are
probability densities, hazard rates and regression relationships. We consid-
ered different scenarios in which such an estimation problem is encountered
and we analyzed various estimators obtained by a two step procedure: iso-
tonization and smoothing (the order can be reversed). Isotonization is done
through a constrained maximum likelihood or a Grenander-type procedure
and smoothing through kernel functions. We were mainly interested in rates
of convergence, which reflect the accuracy of the estimators, and large sam-
ple distributional properties, which are necessary for making statistical in-
ference.

7.1 LOCAL BEHAVIOR OF ESTIMATORS

There is a wide literature on pointwise asymptotic results of various smooth
monotone estimators in particular models (mostly for density and regres-
sion problems). Our objective was to apply and investigate smooth isotonic
estimation in survival analyses, in particularly for the semi-parametric Cox
regression model.

This model was initially proposed in biostatistics and quickly became
broadly used to study the time to device failure in engineering, the effective-
ness of a treatment in medicine, mortality in insurance problems, duration
of unemployment in social sciences etc. One advantage of such a model is
that it allows for the presence of censored data and covariates. Moreover,
the proportional hazard property allows estimation of the regression coeffi-
cients while leaving the baseline hazard completely unspecified. However,
when one is interested for instance in the absolute time to event, estimation
of the baseline hazard is required. In practice, due to simplicity, a paramet-
ric assumption is commonly made on the baseline distribution but, in case
of model misspecification, this can lead to incorrect inference. On the other
hand, when one does not want to assume any particular functional form,
nonparametric methods can be used (for example the Breslow estimator for
the cumulative baseline hazard). However, it was shown that if a monotone
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hazard is expected (for example when modeling survival times of patients
after a successful medical treatment or failure times of mechanical compo-
nents that degrade over time), using shape-constrained methods produces
more accurate and reasonable estimates.

Motivated by these results, we aimed at further improving estimation of
a monotone baseline hazard by means of smoothing, which in general leads
to a faster rate of convergence and a nicer graphical representation. Indeed,
if the true hazard function is twice differentiable and the bandwidth con-
verges at an optimal rate, then we showed that the smooth isotonic estima-
tors converge pointwise at rate n?/> (instead of n'/3 for the isotonic ones) to
a Gaussian distribution. The convergence could be faster if the true function
was smoother but in that case higher order kernels need to be used which
might lead to negative values of the estimates or deviations of monotonicity.
We considered four different estimators and concluded that interchanging
the order of smoothing and isotonization does not effect the asymptotic
distribution. Moreover, smoothing preserves the asymptotic equivalence be-
tween the isotonic estimators. Hence, from the theoretical point of view,
there is no reason to prefer one estimator with respect to the others. Such
behavior was to be expected in view of existing results in other frameworks
such as density or regression models. However, to our best knowledge, this
is the first study that investigates and compares at the same time four dif-
ferent smooth isotonic estimators, varying both the method of isotonization
and the order of the procedures.

From a methodological point of view, the Cox model is more challenging
than standard density and regression models because it contains a para-
metric an a nonparametric component. The estimates of the nonparametric
baseline hazard depend on the parametric estimator of the regression co-
efficients. To emphasize this, we first considered the simpler right random
censoring model without covariates and showed that there, the asymptotic
normality is obtained using a short and direct argument that relies on a
Kiefer-Wolfowitz type of result. This approach does not apply to the Cox
model because such result is not available. Hence, we followed a more tech-
nical method that is mainly based on tail probabilities for the inverse process
and uniform L,-bounds for the distance between the non-smoothed isotonic
estimator and the true function.

As an application, we considered constructing pointwise confidence inter-
vals using the asymptotic distribution or a bootstrap procedure. Numer-
ical results show that smoothing improves the performance of the non-
smooth isotonic estimators. Moreover, undersmoothing leads to more ac-
curate asymptotic confidence intervals with respect to bias estimation. We
observe that the performance of the confidence intervals depends on the
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choice of the constant ¢ in the definition of the bandwidth (b = cn~1/3).
However, with right choice of the smoothing parameter, the asymptotic con-
fidence intervals based on the smooth isotonic estimators can behave even
better than those obtained through inversion of likelihood ratio statistics
which, on the other hand, has the advantage of being parameter free. The
fact that estimation in the Cox model is more challenging is also reflected by
the lower coverage probabilities compared to the ones for the right censor-
ing model. For finite sample sizes, estimation of (3o effects the performance
of the estimators even if it does not influence the limit distribution. How-
ever, using a bootstrap procedure, instead of the normal approximation,
leads to more satisfactory results. In particular, bootstrap confidence inter-
vals with undersmoothing seem to have the most accurate coverage prob-
abilities. Simulations confirm that the four smooth isotonic estimators that
we considered (and the ordinary kernel estimator) have comparable behav-
ior, with the smoothed maximum likelihood and the maximum smoothed
likelihood being slightly more accurate.

Unfortunately, it is still not clear how to optimally choose the smoothing
parameter. Various methods of bandwidth selection have been proposed in
the literature such as cross-validation, plug-in techniques, bootstrap etc. For
an increasing hazard estimation, cross-validation methods seem to suffer
from the fact that the variance of the estimator increases as one approaches
the endpoint of the support. We also tried a locally optimal bandwidth by
minimizing the estimated asymptotic mean squared error but, in our setting,
it did not improve the results. We did not investigate this problem in details
but chose to prefer simplicity by using a constant ¢ equal to the range of
the data in the definition of the bandwidth. However, more insight into this
problem would certainly be useful for the practical use of smooth monotone
estimators.

7.2 GLOBAL BEHAVIOR OF ESTIMATORS

In contrast to pointwise asymptotic results of shape constrained estimators,
the literature on global errors of estimates is more limited. Common mea-
sures are the L, and the Hellinger distances. Central limit theorems for
the L-errors were previously established for the Grenander-type estimator
of a monotone density or a monotone function in a general setting which
includes the density, regression and right censoring model. On the other
hand, central limit theorems for the kernel estimator of a smooth density
on R (without monotonicity constraints) were also available but there was
no result on global errors of smooth isotonic estimators. Hence, instead of

221



222

CONCLUSIONS AND REMARKS

investigating directly the global behavior of smooth isotonic estimators in
the Cox model, which is quite challenging, we started with a simpler setup.
We considered estimation of a general monotone function under a strong
approximation assumption of the observed cumulative process by a Gaus-
sian process. Such an assumption was shown to be satisfied in the density,
regression and right censoring model, but does not hold in the Cox frame-
work.

We first derived a central limit theorem for the Hellinger distance of the
Grenander-type estimator by relating it to a weighted L;-error. We observed
that, in the density model, the limit variance of the Hellinger-error does
not depend on the underlying density. Such a phenomenon was previously
encountered for the Li-distance. Moreover, we investigated the use of the
Hellinger distance for goodness of fit tests. In particular, we considered test-
ing exponentiality, which is of interest in practice, against a decreasing alter-
native. The critical region of the test is determined using a bootstrap proce-
dure and the performance is investigated in different scenarios. In terms of
level, the test behaves quite well but it is usually less powerful than existing
tests for exponentiality (which is to be expected because they make use of
properties of the exponential distribution). However, there are cases (Beta
distribution) in which our test is more powerful than the other competing
tests.

Afterwards we investigated the asymptotic behavior of the Lj-error of
the smoothed Grenander-type estimator and the isotonized kernel estima-
tor. First, we noticed that when dealing with global errors, a uniform bound
on the distance between a naive cumulative estimator and its least concave
majorant (Kiefer-Wolfowitz result) is no longer sufficient for connecting the
smoothed Grenander-type estimator to the kernel estimator. Hence, as an
intermediate step, we generalized previous results in the literature (only
available for density functions) to our general setting. We proved the pro-
cess convergence of An — An after a suitable rescaling and a central limit
theorem for the L,-distance between An and A,,. Such result was then used
to show that the L,-error of the smoothed Grenander-type estimator has the
same asymptotic behavior as the L,-error of the kernel estimator. We con-
clude that the smooth isotonic estimators have the same limit distribution
as the kernel estimator even in terms of global distances.

For the L -error of the ordinary kernel estimator, we observe that not hav-
ing a smooth density on the whole real line leads to boundary effects which
can be overcome by using a boundary corrected kernel. In the latter case,
the contribution of the boundary regions in the limit distribution of the L-
error is negligible. An interesting fact is that we find a limit variance which
changes according to whether the approximating process is a Brownian mo-
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tion or a Brownian bridge. Such a phenomenon has not been observed be-
fore in isotonic problems and also contradicts the previously made claim in
Csorgd and Horvath, 1988 that the limit variance of the Ly-error of the ker-
nel density estimator (in this case the approximating process is a Brownian
bridge) is the same as if the approximating process was a Brownian motion.
Such difference is not encountered only when the bandwidth is taken of
smaller order than n=1/3.

As an application, we propose a test for monotonicity based on the L;-
distance between the smoothed Grenander estimator and the kernel estima-
tor. We consider a regression model with deterministic design points and
compute the critical region of the test by a bootstrap procedure instead of
using the asymptotic distribution (to avoid estimation of unknown quanti-
ties). Compared to other tests available in the literature, this test performs
better in terms of power. However, a more thorough investigation is still
needed to show that the bootstrap method works and that the test also has
the right level.

To conclude, it remains to address the global errors of isotonic and smooth
isotonic estimators in the Cox model. This is more challenging since a strong
approximation by a Gaussian process, that we assumed here, is not available
for the Cox model. Such a problem is object of my current (and future)
research. We expect that similar results to those established in Part III of
this thesis would hold even in the Cox model. In contrast to the pointwise
case, we expect that, for a bandwidth of order n-1/5 B will effect the limit
distribution of the L,-error of the kernel estimator (and of smooth isotonic
estimators).
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SUPPLEMENT TO: SMOOTH ISOTONIC ESTIMATION IN
THE COX MODEL

A.1 ENTROPY BOUNDS FOR THE SG ESTIMATOR

Lemma A.1.1. Let 0 < t < M < T and let By be the class of functions of
bounded variation on [0, M], that are uniformly bounded by K > 0. Let G, =
{CBn : B € By}, where (g n(u,8) = 81 (t_21 t+20)(W)B(W). For & >0, let

)
J(5,5n) = SupJ /1108 N(el[Fa L Q) S L2(Q)) de
Q 0

where N(€, Gn, L2(Q)) is the minimal number of L, (Q)-balls of radius € needed
to cover Gn, Fn = K81y 4 2v) i5 the envelope of Gn, and the supremum is
taken over measures Q on [0, M] x {0,1} x RP, for which Q([t —2b,t + 2b] x

{1} x RP) > 0. Then J(8, Gn) < fg 1+ C/ede, for some C > 0.

Proof. We first bound the entropy of 9, with respect to any probability
measure Q on [0, M] x {0, 1} x RP, such that

IFnllf, (o) = KQ (It —2b, t+2b] x {1} x RP) > 0. (A.1.1)
Fix such a probability measure Q and let € > 0. Let Q' be the probability
measure on [0, M] defined by

Q(SN[t—2b,t+2b] x {1} x RP)
Q(t—2b,t+2b] x {1} x RP)

For a given €’ > 0, select a minimal €’-net By, ..., By in B with respect to
L,2(Q’), where N = N(e’, By, L2(Q’)). Then, from (2.6) in Geer, 2000

logN(e, By, 12(Q")) < =, (A1.2)

for some constant K > 0. Then, consider the functions (g, n,..., (By,n COI-
responding to By,...,Bn. For any (g € Gn, there exists a B; in the ¢’-net
that is closest function to B, i.e., [[B —Bi||,(q/) < €’. Then, we find

15,0~ ool = QUt —2b, 1+ 261 x (1} x RP) /2B~ B, 1
< Q([t—2b,t+2b] x {1} x RP)1/2¢’.

Q'(S) = Selo,M],

(A.1.3)
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Hence, if we take ¢’ = ¢/Q([t —2b,t 4+ 2b] x {1} x RP)1/2, it follows that
(Byms---, (By,n forms an e-net in Gy, with respect to L;(Q), and

N(e, Sn, L2(Q)) < N(e, B, L2(Q").
Using (A.1.2), this implies that

K K-Q([t—2b,t+2b] x {1} x RP)1/2
logN(e, Gn,L2(Q)) < o= :

where K does not depend on Q, and according to (A.1.1),

13
J(5,9n) =sup | \/1+1ogN(elFult,q), 5n L2(Q)) de
Q Jo
o
C
< L) ]+Wd€,
for some C > 0. O

Lemma A.1.2. Let M¢ be the class of monotone functions bounded uniformly by
C >0 Let Sn = {Grp(w2z) : 7 € M, B € R, IB — Bol < &2}, where &5 is
chosen as in (3.6.3) and C; g(u,z) = r(u)eﬁ/Z. For 6 > 0, let

3
1118, S LaP)) = | /1 Tog Ny (ellFul i 1), S, La(P)) de

where Nyy(e, Gn, L2(IP)) is the bracketing number and

P
Fn(w, CeXP{Z BO]_Un Zj (Bo,j+6n)2j}r

with oy, = \/&yn—2/3 is the envelope of Gn. Then
J11(8, G, Lo (P J V1T Clede,

for some C > 0.

Proof. The entropy with bracketing for the class of bounded monotone func-
tions on RR satisfies

K
logN()(v, Mc, Ly (Q)) < = (A.1.4)

for every probability measure Q, vy > 0 and p > 1 (e.g., see Theorem 2.7.5
in van der Vaart and Wellner, 1996). Define the probability measure Q on R

by
Q(S) :Jﬂs(u) dlP(u, 5, z), forall S C R,



A.1 ENTROPY BOUNDS FOR THE SG ESTIMATOR

and fix € > 0. For a giveny > 0, take a net of y-brackets {(1,Ly) ..., (In, Ln)}
in M¢c with respect to L4(Q), where N = Npj(y,Mc,L4(Q)). For every
j=1,...,p,divide the interval [3¢ ; — on, B0, + On] in subintervals of length
v, ie.,

[akj,bkj] = [Boj —on +KjV,Boj—on+ (& +1)v],
for kj =0,...,N—1, where N = 20y, /y. Then, for i = 1,...,N and k; =
0,...,N—1,j =1,...,p, construct brackets (hlk],.__,kp,Lilk],_“/kp), in the
following way:

P
ik, kp (W, 2) = li(u) exp Z ax;zj A bz o,
=1

P
Likyokp (02) =Li(w)expq > ay,z V by, z
=1

By construction, using (A.1.4), the number of these brackets is

P
N - NP < exp{K/y}- <2:/n> < exp{K/y}-exp {Zp\/g/y} =eK1/y,

(A.1.5)
for some Ky > 0 independent of n > 1. For any (g € Gn, there exist a

v-bracket (li,L;), such that r € [l;,L;], and intervals [akj,bkj], such that
B € [akj,bk].], for all j = 1,...,p. It follows that there exists a bracket
(Lky,okpr Liky,e k) such that Gog € (Ui, ks Likg,... k|- Moreover, for
eachi=1,...,nand k; =0,...,N—1,forj=1,...,p,

P
< |lexp Zakjlj/\bkjlj (1i(w) — Li(u)
=1 Ly (P)

li,k],...,kp - Li,k],...,kp ‘ L, (P)

P P
+ Cllexp Z i, Zj /\bka]- —exp Z ay; Zj \/bka]-
= = L2(P)

< ||exp ZaijjAbijj L —Lille, )
)= L4(P)

P P
+Cllexp Z a;zj Aby;zj p —exp Z ay;zj V by, z;
=1 =1 L2 (P)
For the first term on the right hand side, we use that forallj =1,...,p,

|k, — Boj| <on and by — Bos| < o, (A.1.6)
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so that, according to (A3), there exist a Ky > 0, such that for n sufficiently
large

P
Jexp 4Z ax; Zj /\bk].zj dP(u, $,z) < sup E e4B/Z} < K.
- B—Bol<pon

For the second term we have ||l; —Li[|1, Q) < 7, by construction, and by the
mean value theorem, the third term on the right hand side can be bounded
by

1/2

P 2 1/2
C J <v > zi|> e?%:dIP(1, 5, 2) <Cly (J |21%e?9=dP (v, &z)) ,
i=1

for some 3 P_; ax;zj Abyzj < 0z < Y ak;zj V by;zj. Consequently, in
view of (A.1.6), we find

1/2
1/4 /
Liky,.ookp = Liky ok I, () < YK1/ +C'y (IB 6sullz E ||Z]2e%P Z})
—PolXPOn

<K'y,

for some K’ > 0, using (A2). Hence, if we take y = €/K’, then the brack-

ets {(li,k1,...,kprLi,k],...,kp)}r fori=1,...,n and kj = 0,....,N—1, forj =
1,...,p, forms a net of e-brackets, and according to (A.1.5), there exists a

K > 0, such that
K
log Npj(e, Gn, L2(P)) < =

As a result,

1
][](119TL/L2(H))) = ,[O \/1 +10gN[}(€ ||FHL2(]P)/ 911/]—2(]1)))(16

1
J \/1+Ede,
0 €

for some K > 0. O

A.2 SMOOTH MAXIMUM LIKELIHOOD ESTIMATOR

To derive the pointwise asymptotic distribution of ASM, we follow the same
approach as the one used for A5S. We will go through the same line of
reasoning as used to obtain Theorem 3.2.5. However, large parts of the proof

are very similar, if not the same. We briefly sketch the main steps.



A.2 SMOOTH MAXIMUM LIKELIHOOD ESTIMATOR

In this case we take

t
An(t) = L An (W) du,

where 7\71 is the MLE for A¢. First, the analogue of Lemma 3.2.1 still holds.

Lemma A.2.1. Suppose that (A1)—(A2) hold. Let an,; be defined by (3.2.9) and let
Bn be the partial maximum likelihood estimator for B¢. Define

u

en,t(u/ 61 Z) = ]lEn {6an,t(u) *eGAZJV

an,t(V) dAn (v)} , (A.2.1)
0

Then, there exists an event Er,, with 1g, — 1 in probability, such that

J Oni(w,8,2)dP(w,8,2) = —LE, ka(t —wd(An —Ao)(w) +0p(n~1/2).

Proof. We modify the definition of the event E;; from Lemma 3.2.1 as follows.
The events Ey 1, En 2, Eng, and E; 5, from (3.6.1) and (3.6.3) remain the
same. Replace E;, 3 in (3.6.3) by

En3 = sup  [Vn(x) —H"(x)| < &3 », (A2.2)
x€[T(1),Tn)l
and let
En,6 = {T(]) < 6} , (A23)

for some € > 0 and &3 > 0. Then P(E,, 5) — 1, and also IP(E, 3) — 1 ac-

cording to Lemma 5 in Lopuhad and Nane, 2013. As before E,, = ﬂf=1 Eni.
Similar to the proof of Lemma 3.2.1, we obtain

J One (1, 5,2) dP(w, 3, 2)
—1g, {J @ (w) dHYE (u) — Jeﬁﬁz Lu_o an(v) dAn (v) dP(, 5,z)}
— 1, {jkb(t—u) (1 - m> dAn(w) —ka(t—u)dmn —Ao)(u)}
and A
ﬂEanb(t—u) 1- 2((3[;2)) dAn (1) = 0p(n~1/2).

which proves the lemma. O
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Next, we slightly change the definition of ¥y, x from (3.2.13), i.e.,
Wn,t(w) = Tn it (Wlg, = ant(An(w)le, (A.2.4)

where E,, is the event from Lemma A.2.1 and A,,, as defined in (3.2.12), is
now taken constant on [Ty, Ti 1) and consider

A/ u — A
Ot (1, 8,2) = 8Wp ¢ (u) — ePn? JO Ve (v)dAR (v). (A.2.5)

Let
jn1 =max{j: 1y <t—b}, jn2 =min{j : T; > t + b} (A.2.6)

where (Tj)j=1...,m are jump point of An. Note that, from the definition of
an,t and of An(w), it follows that Yoi(uw)=0foru¢ (75,1, Tj,.,)- With this
Bn,t, we have the same property as in Lemma 3.2.2.

Lemma A.2.2. Let Oy, ¢ be defined in (A.2.5). Then

J Ont(w,8,z)dPy(u,8,z) =0.

Proof. Similar to the proof of Lemma 3.2.2, we have

J én,t (u/ 6/ Z’) d]PTL (u/ 6/ Z’)

o Tit1
—ﬂEnEZ;mﬁon){Jnhhn+ﬂhmadwnh»az)—j
1=0

Ti

D (v; Bn) d/\n(\")}

=1g, Zan,t(Ti) {Valtis1) = Va(ti) = An () W (Tizr) = Walti))}
i=0
—0,

The last equality follows from the characterization of the maximum likeli-
hood estimator. O

Furthermore, for 0;, ¢+ defined in (A.2.5), we also have
J{én,t(u, §,2) —Ont(1,8,2)} dP(w,8,2z) = Op (b~ 'n"2/3),  (A2y)
see Lemma A.2.10, and

meawamgmmaw&m}dwn—rnw&n

— Op (b—S/Zn—13/18) + Op (TL_]/Z),

(A.2.8)
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see Lemma A.2.11, where 1nn,t is defined similar to (3.2.20), but with E,
taken from Lemma A.2.1. Similar to the proof of Lemma 3.2.3, the proof
of Lemma A.2.10 is quite technical and involves bounds on the tail prob-
abilities of the inverse process corresponding to A, (see Lemma A.2.5),
used to obtain the analogue of (3.2.19) (see Lemma A.2.6). The inverse pro-
cess defined as in (3.2.30) satisfies the switching relation A, (t) < a if and
only if Un(a) > t. Let U be the inverse of Ay on [Ag(€),A\g(M)], for some
O<e<M< 1y, ie,

€ a<Aole);
Ula) =4A5"(a) aeole)ro(M)]; (A.2.9)
M a > Ao (M).

In order to bound the tail probabilities of Un (a) we first introduce a suitable
martingale that will approximate the process Vi (t) — aWi (t).

Lemma A.2.3. Suppose that (A1)-(Az2) hold. Define
t
Bn(t) = Va(t)— Jo D (s;Bo)Ao(s)ds. (A.2.10)

The process {(Bn (), F}*) : 0 < t < Ty} is a square integrable martingale with
mean zero and predictable variation process

1 t
Bu)lt] = - | @nls;B)dAols)

Proof. Note that

— 1

.I n
Bn(t) = —Mn(t) = — 3 Tir—udi
i=1

where M, is defined in (3.6.4). Since H"€ is absolutely continuous, we have
Ii1,—Ai = 0 a.s., which means that B, = My a.s.. Hence By, is a mean
zero martingale and has the same predictable variation as n~ M. O

Lemma A.2.4. Suppose that (A1)-(A2) hold. There exists a constant C > 0 such
that, for all x > 0 and t € [0, T,

E sup (B (u) —]Bn(t))2 < =

uel0, Tyl lt—ul<x

233
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Proof. First, consider the case t < u < t + x. Then, by Doob’s inequality, we
have

E sup (B (w) —Bn(t))?

ue0, Tl t<ugt+x

for some K > 0, using (A2). For the case t —x < u < t, we can write

E

sup (B (u) — I_Bn(t))zl

uel0, Tl t—xugt

=E

sup  (Bn(u)— Bn(t))zl
OV (t—x)<ugt

<2E [(]Bn(t) —Bn(0V (t—X)))z}

+2E

sup  (Bn(w) —Bn(0V(t x)))zl :
oV (t—x)<u<t

Then similar, the right hand side is bounded by

2F [(Bn(t) —Bn((t—xm)z} +8E [(]Bn(t) —Bn((t—xm)z}

= 10E [Bn (12~ Ba((t —x),)?] =

t

j (I)n(S;Bo)?\o(S)dS]
(t—x)+

Cx

< 1T 14 (0ot < &,
n n

for some C > 0. This concludes the proof. O

Lemma A.2.5. Suppose that (A1)—(A2) hold. Let 0 < € < M < Ty and let
Un(a) and U be defined in (3.2.30) and (A.2.9). Suppose that N} is uniformly
bounded below by a strictly positive constant. Then, there exists an event Ey, such
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that 1¢, — 1 in probability, and a constant K such that, for every a > 0 and
x>0,

X

P ({lUn(a) =Ula)| > x} NEnN{e < Unla) SM}) < —.

(A.2.11)

Proof. Similar to the proof of Lemma 3.6.3, we start by writing

P ({|un(a) —U(a)l > X} NEnN {€ < Un(a) < M})

=P ({U(a) +x < Un(a) KM}NEn) +P ({e <Un(a) <U(a) —x} NEn).
(A.2.12)

The first probability is zero if U(a) +x > M. Otherwise, if U(a) +x < M,
then x < M and we get

P ({U(a) +x < Un(a) KM} NE,) <

v <{ye[u(ic?)f+x,w (Va(y) — aWn(y) = Va(U(a)) + aWn (U(a))) < O} mEn) )

Define

R(t) = a | (@nls:Bo) ~ Onls;Bn)) o (A2.13)

Then, for T(y) < U(a) <y,

Bn(y) —Bn(U(a)) + Rn(y) —Rn(U(a))

=vn(y)—vn(u(a>)—j O (5 Bo)Ao(s) ds

Y
+(1J Dn(s;Bo)ds
U(a)

= Va(y) — aWa(y) — Va(U(a)) + aWn (U(a))

y
—J O (s Bo) (Mols) — a) ds.
U(a)
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On the event E,, by Taylor expansion we find that

Yy
j O (53 Bo) (Mols) — @) ds

U(a)
Y

:J O (s; Bo)(Aols) — Ao(U(a))) ds
U(a)
g°]

:J O (s;Bo) (Ay(Es)(s—U(a))) ds
U(a)

WV

NP 81— ean-13) Ly~ ua))?
I A0 (@(M;Bo) — £an'72) 5y~ U(a)

> ey —U(a))?

for some ¢ > 0. Similar to the proof of Lemma 3.6.3, it follows that

v <{y€[u(i(111]f+x,M] (Vn(y) — aWa (y) — Va(U(a)) + aWn (U(a))) < o} N En>

<P ({ye[u(igfﬂ,w (Bn(y) — Bn(U(a)) + Rn(y) — Rn(U(a))

+ely —U(a))z) < o} mEn>.

Hence, as before

({u x < Un(a) < M}NER) <

Z P ({sup ( n(y) —Bn(U(a)| + [Rn(y) —Rn(u(a))|) > cx222k} ﬁEn>

I

where the supremum runs over y < M, such that y —U(a) € [x2Kk, x2k+T).
With Markov, we can bound this probability by

i
- | _ _ 2
4 (A42™) E sup [Br(y) —Bn(U(a))]
— ysm
y—U(a)ex2kx2k+T)

i
1 _ _ 3
+8) (cx02) T E sup Le, [Rn(y) — Rn(U(a))]
k=0 ysm
y—U(a)e[x2kx2kHT)
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As in the proof of Lemma 3.6.3, we will bound both expectations separately.
We have

E

. . 3
sup Lg, [Rn(y) —Rn(U(a))] ]
y<M,y—U(a)€E[x2k,x2k+1)

(U(a)+x2*HAM . 3
<E |1g, J a|®n(s; Bo) — Dnls; Pn)| ds
U(a)

< X323(k+1 )AO(M)a]E

P 3
Ig, sup “Dn(S;ﬁo)—@n(S;Bn)’]
se[0,M]

< X323(k+1)>\0(M)3]E

A 3
Le, Br — Bol® sup DR (B x)| ]

x€ER
3g3/2 393(k+1
<x323(k+”7\0(M)3L iz < Cx Zn( + )’

for some C > 0.

To bound the first expectation in (A.2.14), we use Lemma A.2.4 and we
can argue as in the proof of Lemma 3.6.3 to obtain

L

P ({U(a)+x < Un(a) < M}NEL) < 5

We can deal in the same way as in the proof of Lemma 3.6.3 with the second
probability on the right hand side of (A.2.12), using the properties of By
and Ry,. O

Note that on the event E,, from Lemma A.2.1, similar to (3.6.15), we have

Co

O (% Bn) — @ Bo)l < — 0,
Sup| n(% Bn) (% Bo)l /3

x€R

(A.2.15)

where Cy, = /&2L + &4, with L the upper bound from (3.6.2).

Lemma A.2.6. Suppose that (A1)—(Az2) hold. Tuke 0 < e < ¢/ <M/ < M < 1.
Let Ay, be the maximum likelihood estimator of a nondecreasing baseline hazard rate
Ao, which is differentiable with N} uniformly bounded above and below by strictly
positive constants. Let By, be the event from Lemma A.2.1. Take &5 > 0 and &4 > 0
in (3.6.3) sufficiently small, such that

O(M; o) min{e/—e,M—M'} inf AL(1). (A.2.16)

Cp < —F—+
4 2)\0(M) te[0,tH]

237
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and take &3 in (A.2.2) sufficiently small, such that

1{(M—M’)

C
i inf  A4(t) ¢

&3 < 2 telomy 0T ©(M;Bo)

AO(M)} (M —M)(M; Bo).

(A.2.17)
Then, there exists a constant C such that, for each n € IN,

sup E {nz/‘?’]lgn (?\o(t)—f\n(t))z} < C.
tele’/,M’]

Proof. 1t is sufficient to prove that there exist some constants C;, C; such
that for each n € N and each t € [e/, M'], we have

E [n*31g, {(xn(t)—xo(t)) Fl<a, (A.2.18)
E {712/3]1En {(Ao(t) t)+} } < Cy. (A.2.19)

Lets first consider (A.2.18). Then as in the proof of Lemma 3.6.4 we have
E [n231g, {(An(t) = Ro(0))1}]

<4”2+4J

P (n‘/3nEn(i\n(t) ~Ro(t) > x) xdx,
n

for a fixed n > 0, where
P ('3 1g, (n(t) = 2o(0) > x) =P ({Unla+n""3x) < )N Ey).
We distinguish between the cases
a+n 3x < Ao(M)  and a+n 3x> Ao (M),

where a = Ap(t). We prove that, in the first case, there exist a positive con-
stant C such that for all t € (¢, M’], and n € N,

P(n'A1e, (An(t) —Ao(t) > x} < X%

for all x > 1, and in the second case P (n1/3]lE (An(t) —Ao(t)) > x) =0.
Then (A.2.18) follows immediately.

First assume a+n~1/3x > A¢(M). Note that, if A, (t) > a+n—1/3x, then
for each y > t, we have

Vn(y)—Vn(t) > j\n(t) (Wn(y) _Wn(t)) > (a+n71/3x) (Wn(y) _Wn(t)) .
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In particular for y = M = M/ + (M — M’) /2, we obtain
P (131, (n(t) = Ao(8)) > X)
<P({Va M) = V(1) = (HU(N) — H*¢ (1))

> (@+n713x) (Wa (M) = Wa (1)) = (HH€(M) = H¥< (1)) } NEn)

<IP<{2 sup  [Vn(s) —H"(s)|
s€lT(1), Tny!

> JM {<a+n_1/3x> O (s;Pn) —Ao(s)D(s; (50)} ds} ﬁETL).

t

(A.2.20)

Note that according to (A.2.15), On(s; Brn)— D(s,Bo) = —C¢, and that
a+n"13x > Ag(M) > Ag(M) = Ag(s). Therefore, since Cop < O(M;Bo),
from (A.2.17), we have

ﬂ\/l {(a+n*1/3x) O (s; Pn) —Ao(s)D(s; ﬁo)} ds
M

. - Co
2®(M,l30)L {<a+n 1/3x) (1_‘1)(7\4)[5()))_)\0(8)} ds

S O(M; Bo) (M — M) (AO(M) (1 _ @(,\CA“’BM) —AO(M))
1 {MM’ , Co

>1 in AO(X)MM(M)}(MM’)@(M;%) > 285,
(A.2.21)

Hence, similar to (3.6.24) and (3.6.25), we conclude that the probability on
the right hand side of (A.2.20) is zero.

2 x€[0,tH]

Then, consider the case a +n~'/3x < Ag(M). Similar to (3.6.22), from
Lemma A.2.5, we have

P ({e < Un(a—i—n*]/sx) <t}ﬂEn) < x%

for some C > 0. Moreover, for the case U, (a +n"'/3x) < €, we find

P ({Un(a—kn*]/gx) < e} n En) —P ({i\n(e) > a+n*‘/3x} mEn) .
Note that, if Xn(e) > a+n~1/3x, then for each Yy > €, we have
Vi(y) = Vnl(e) = Anle) (Wnly) — Wal(e))
> (at+n13%) (Waly) — Wale)
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In particular fory = €+ (e/ —€)/2, similar to (A.2.20), we obtain
IP({?\n( )>a+n] }ﬁEn)
<P ({va(® )> (a+n73x) (Waly) = Wale) fNEn)

g]l’({z sup  [Vn(s) —H"(s)]
SG[T“),T(n]}

> Jé {(a—i—n*]“x) D (s; ) — Ao(s)D(s; [30)} ds} N En>.
(A.2.22)

Then, similar to (A.2.21) and using & > €’, from (A.2.17) we obtain

r {(a+n71/3x> D (s; Bn) —Ao(s)D(s; Bo)} ds

1 C<1> ) . '
2 xelo,ty] 0 B mAO(e )} (6 €) (D(Mr Bo) = 2&3,

/ p—
> 2{€ € inf AL)
and we conclude that the probability on the right hand side of (A.2.22) is
zero. This concludes the proof of (A.2.18).

We proceed with (A.2.19). Arguing as in the proof of (A.2.18), we obtain

E [n2/3]1En {Ao(t) )¢} }
<n? +2JOO]P (n1/311En (Ro(t) = An(1)) > x) xdx,
n

for a fixed n > 0, where
P (n'31e, (Ro(®) = Ant) > x) =P ({Unla=n""3x) >t} NEn),

where a = Ag(t). First consider the case 0 < a —n~"/3x < Ag(e). For each
Yy < t, we have

Vi (t) — Vi (y) < An(t) (Wn(t) —Wa(y) < (afn_]/g‘x) (Wa (1) — Wh (1)) -

In particular, for y = €+ (e’ —€)/2, similar to (A.2.22), we obtain

P (111 /3]1En (7\0(’() ) )

g]P({Z sup  |Vn(s) —H"(s)]
s€[T1y, Tyl

> r {(—a—i—n’]ﬁx) O (s; Pn) +Ao(s)D(s; [30)} ds} N En>.

(A.2.23)
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As before, using that —a4+n""3%x4+N(s) > 0and t—& >= %(e’ —€),
similar to (A.2.21), from (A.2.17) we have

J:[ {(*a+n_1/3x) D (s; Bn) +Ao(s)D(s; BO)} ds

C
(7\/&50)7\0(@} ¢/ — )0 (M; Bo) > 265,
(A.2.24)

1 (e —¢
> - inf  AL(s)—
2{ 2 seloy] ols) ®

and we conclude that the probability on the right hand side of (A.2.23) is
Zero.
Next, suppose that a — n1/3x > Ag(€) and consider
P ({lﬁln(a—nqﬂx) > t} N En) .
In order to use Lemma A.2.5, we must intersect with the event
{e < ﬂn(a—n*”“z’x) <ML

Since t € [e/,M’], Upn(a—n""/3x) > t implies Un(a—n""/3x) > e. Using
Lemma A.2.5 and the mean value theorem, we obtain

P ({t <Up(a—n~13x) < M} ﬂEn)

:]P({l]n(a—n]/3x)—U(a—n1/3x) > t—U(a—n’1/3x)}
ﬂ{e < Un(a—n’1/3x) < M}ﬁEn>
< H’({ﬂn(a—n1/3x)—U(a—n1/3x)| > t—U(a—n’1/3X)}

ﬂ{e < ﬂn(a—n_1/3x) < M}ﬂEn>

K < K < £
n{t—Ula—n-1/3x)}>  (W(En))3x*> =3

where t = U(a), &n € (a—n""3x,a), and U/ (&,) = 1/)\6(?\51(511)) is
bounded. Finally, note that

<

P ({lﬁln(a—n’”g’x) > M} ﬁEn) <P ({7\“(1\4) < a—n’1/3x} ﬂEn> .

If An(M) < a—n—1/3x, then for each Yy < M, we have
Vi (M) —=Vn(y) < j\nU\/l) (Wn(M) _Wn(y))

~

< (a—n_1/3x) (Wn(M) = Wh(y)).
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In particular fory = M = M/ + (M — M’)/2, similar to (A.2.23), we obtain

P ({XH(M) < a—n_1/3x} ﬂEn>

<1P<{2 sup  |Vn(s)—H"(s)]
SE[T(]),T(H]}

M

> J-M {(a—n’]/g’x) Dn(s; Pn) —Ao(s)D(s; [30)} ds} ﬂEn>
(A.2.25)

As before, similar to (A.2.24), from (A.2.17) we have

JM {(a—n—l/Sx) D (s; Bn) —Ao(s)D(s; Bo)} ds

1{M—M’ Co

M
inf A4(s) -~ o AO(M’)} (M—MD(M; Bo) > 265,

~2 2 selon) (M; Bo)
and we conclude that the probability on the right hand side of (A.2.25) is
zero. This concludes the proof. O

To establish the analogue of Lemma 3.2.4 for A, and to show that the
distance between jump times of A,, is of smaller order than b, similar to
Lemma 3.6.5, we need a stronger version of Lemma A.2.6. As before, we
loose a factor n?/? with respect to the bound in Lemma A.2.6, which might
not be optimal, but suffices for our purposes.

Lemma A.2.7. Suppose that (A1)—(A2) hold. Take 0 < e < ¢/ <M/ < M < 1.
Let An be the maximum likelihood estimator of a nondecreasing baseline hazard rate
Ao, which is differentiable with A} uniformly bounded above and below by strictly
positive constants. Let Ey, be the event from Lemma A.2.1 and choose Cg and
&3 such that they satisfy (A.2.16) and (A.2.17), respectively. Then, there exists a
constant C > 0 such that, for each n € N,

E [n*%1g, sup (ho(t)—An(1)’| <C. (A.2.26)
tele’/,M]

Proof. The proof is exactly the same as the proof of Lemma 3.6.5 (replacing
An with Ap). O

Lemma A.2.8. Under the assumption of Lemma A.2.7, if T1,...,Tm are jump
times of An on the interval [e’, M] then

-2
_ max |t — T =0p(n 7).
i=1,...m—1
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Proof. The proof is similar to that of Lemma 3.6.6. This time we use Lemma A.2.7
instead of Lemma 3.6.5. O

Lemma A.2.9. Suppose that (A1)-(A2) hold. Fix t € (0,t) and take 0 < € <
e’ <M’ < M < 1. Let Ay, be the maximum likelihood estimator of a nondecreas-
ing baseline hazard rate No which is differentiable with Ny uniformly bounded above
and below by strictly positive constants. Let Ey, be the event from Lemma A.2.1 and
choose Cg, and &3 such that they satisfy (A.2.16) and (A.2.17), respectively. Let
Tj,1v Tjn, be defined as in (A.2.6). Then

fe, J (ho(1t) = An(w)? du = O (bn2/3).

Tjn]

Proof. The proof is exactly the same as the proof of Lemma 3.6.7 (replacing
An with Ap). ]

We are now in the position to establish the analogue (A.2.7) of Lemma 3.2.3.

Lemma A.2.10. Suppose that (A1)—(A2) hold. Fix t € (0, ) and let 0y and
On,t be defined by (A.2.1) and (A.2.5), respectively. Assume that A is differentiable,
such that A is uniformly bounded above and below by strictly positive constants
and let k satisfy (1.2.1). Then, it holds

J {0nt(1,8,2) — Ont(w,8,2)} dP(,8,2) = Op(b~'n=2/3).

Proof. Take 0 < ¢ < ¢/ <t <M’ < M < Tty and consider n sufficiently
large such that [1j,_,, 75, ,] C [e/, M']. Similar to (3.6.29), we have

J {On,t(w,8,2) — On ¢(w,8,2)} dPP(u,d)

A ~

= HERJ " (ant(An(w) = an,c(w)) (®(w; Bo)Ao(w) — @(w; Bn)An(u)) du

Tjn]

so that by Cauchy-Schwarz inequality

U {Bnt(w,8,2) — On,¢(w,8,2)} dP(u,8,z2)

(@oAo — DnAn) Lie.

<1 oAn— 1
X LEn H(Cln,t An Cln,t) [Tjn1’Tjn2] 5

2 Tin2 A
<1 J ™AL —w?du,

Tg, (an,t(An)_an,t)]l[ o, S A En
2

Tint ’Tjnz]
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for some constant ¢, and by the same reasoning as in (3.6.32), for u €
[ti,Tiy 1) and An(u) < Ti41, We obtain

[u—An (W] < 2KAg (u) —An(u)],
which also holds in the case A (1) = Ti41 simply because
Ao (w) = Ao(An (W) < o (w) —An(ul.
As a result, using Lemma A.2.9, we derive that

TjnZ

1 Tjn2 A 2 C
ILE“T‘J (An(u)—u)” du< 71Enj
b Tjnl b Tjnl

=0p(b3n2/3).

(Mo(w) — An(w)? du

The argument for second factor in (A.2.27) is the same as for (3.6.34), and
yields

=0p(b'/2n~1/3).

(CDO)\O - &)xn) 1

1 ) )
En U1 Tin2) £

Together with (A.2.27), this concludes the proof. O

Lemma A.2.11. Suppose that (A1)—(A2) hold. Fix t € (0, ty) and take 0 < € <
e/ <t <M <M < 1. Assume that A is differentiable, and such that N
is uniformly bounded above and below by strictly positive constants. Assume that
x — @(x; Bo) is differentiable with a bounded derivative in a neighborhood of t.
Let Oyt be defined in (A.2.5) and let i ¢ be defined by (3.2.20), where Eq, is the
event from Lemma A.2.1. Let k satisfy (1.2.1). Then, it holds

j (Br(,6,2) — Mg (w,5,2)} (P — P)(u,5,2)

— OP (b73/2n713/18) + Op(nf1/2)'

(A.2.28)

Proof. Let n be sufficiently large, such that ¢’ < 7;_, < T3,, < M’. Denote
by Ry, the left hand side of (A.2.28) and write Ry = Ry1 + Rpy2, where

Rt =120 Dy ) 8 (an ()~ an g} dVRIPy ~ P)(u,5,2),

A’ u/\TjnZ N
an = TL_1/2]1En J]l{u>Tjn]}{eBnZJ an,tn(u) d/\n(\))

Tjn]

, (uA(t+b)
— btz | @ (v) dAg(v) Ay (P — P)(w, 5, 2).
t—b
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Choose 1 > 0. Consider similar two events as in (3.6.36):

Ant = {An(M) > K1},

A A2
Ano = sup ]7\0(5) —?\n(s)| >Kon 27 %, ( 9
s€le’,M’]

where Kq,K; > 0, and let A, = An1 UAn2. From Lemma A.2.7 and the
fact that An (M) = Op(1), it follows that we can choose Kq,K; > 0 such
that P(An) < 2n/3. As in the proof of Lemma 3.2.4, it suffices to show

that there exists v > 0, such that b3/2n13/18y=TE[R;[14c ] < n/3 and

n!/2v 7V E[[Rn2[14¢ | < /3, for all n sufficiently large.

Let us first consider R, 1. We have
kp (t—An(u) —kpy(t—u)
O (An(u); Bo)

@ (w; Bo) — @(An(u); Bo)
O (An(w); Bo)®(w; Bo)

an,t(An (u)— an,t (u) =
(A.2.30)

+kp(t—u)

Similar to (3.6.38),

ko (t—An(u) —kp(t—u)| < n 27Ky sup [K'(x)],
xe[—1,1]

for some K; > 0, and similarly, using that x — ®(x; o) is differentiable
with bounded derivative in a neighborhood of t,

b @ (w; Bo) — ©(An(w); Bo)l < Kb~ T|AL(u) —ul < b 'n™2/7KK3,

Consequently, as in the proof of Lemma 3.2.4, on the event Aj, we can write
Rn1 as

Rng = nEnb—Zn—”/‘SJn[t,zmﬂb]( )§Wn (w) dvn(Pr, —P)(w, 8, 2),

where W, is a function of bounded variation, uniformly bounded. Com-
pletely similar to the proof of Lemma 3.2.4, together with Lemma A.1.1 we
find that

"

K
b2n '3/ T8y TE [Rgllac] < —5755 <N/3,

for sufficiently large v. For R, we write

n1/2Roy = 1, [ (ePheri )~ ePSoran (]) dVRPY ~ P)(w8,2),
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where

uAT]nz .
M) = Loy [ ansAn)An)
Tjnl
Ju/\(t+b)

TZ,n(u) = ]l{u>t—b} an,t(v) Ap(v) dv,
ti

are both monotone functions, uniformly bounded by some constant C on
the event AY,. Once more, from here we follow exactly the same proof as the
one for Lemma A.1.1. O

Theorem A.2.12. Suppose that (A1)—-(A2) hold. Fix t € (0, Ty ). Assume that A
is m > 2 times differentiable in t, such that N} is uniformly bounded above and
below by strictly positive constants. Moreover, that x — @ (x; Bo) is differentiable
with a bounded derivative in a neighborhood of t, and let k satisfy (1.2.1). Let ASM
be defined in (3.2.2) and assume that n!/@m+Dp 5 ¢ > 0. Then, it holds

nm/(2m+1) (XiM(t) _}\o(t)) 4, N(, 02),

where
(=)™, (m m Ao(t)
p= AS™ (1) J Kwu™du  and azzm J K2 () du.

Proof. The proof is completely analogous to that of Theorem 3.2.5 and is
based on a similar decomposition as in (3.2.24). After using Lemmas A.2.1,
A.2.2, A2.10, and A.2.11, it remains to obtain the limit of (3.2.27), where E,,
is the event from Lemma A.2.1. This is completely similar to the argument
in the proof of Theorem 3.2.5. O

A.3 CONSISTENCY OF THE BOOTSTRAP

Instead of Pr,, we consider P}, the empirical measure corresponding to
the bootstrap sample (Ty,AY,Z1),..., (T, A}, Zn), and instead of P, we
consider P}, the measure corresponding to the bootstrap distribution of
(T*,A*, Z) = (min(X*, C*), I;x+<c*), Z) conditional on the data (Tq, A1, Z1),

(T, An, Zn), where X* conditional on Z has distribution function Fn (x |
Z) and C* has distribution function G,. To prove (3.5.4), we mimic the proof
of Theorem 3.2.5, which means that one needs to establish the bootstrap
versions of Lemmas 3.2.1-3.2.4.

In view of Remark 3.2.6, let . be an estimate for [50 satlsfylng (3.2.35).
Let 3% be the bootstrap version and suppose that 3% — 3, — 0, for al-
most all sequences (T, A}, Z;), i = 1,2,..., conditional on the sequence



A3 CONSISTENCY OF THE BOOTSTRAPT

(Ti, Ay, Z3), i = 1,2,..., and that (B}, — Bn) = O} (1), meaning that for
all € > 0, there exists M > 0 such that

lim sup P}, (\/TT.‘B:L —Bnl > M) <eg, P — almost surely.

n—oo

Then, similar to (3.2.9) and(3.1.2), define
N kp(t—u e B *

an(u) = CDEELL'B)) and @*(t;pBn) = J]l{u>t}eﬁ"z dPy (w,9,z).

7 n
and let
Ax /! u ~
O al8,2) = g {5l —e#'% [ a0 aAR 0.

Here A% is the greatest convex minorant of the bootstrap Breslow estimator

o1
/\:]_(t) = J Lgf\t} le:l(u, 6/ Z)l
Q7 (w; By)
with
(D;’fl(t’ B) e J']l{u>t}e6 z d]P:L('LL, 6, Z),

and Ej, is an event such that 1gx =1+ 0} (1), meaning that for all € > 0,

limsup Py ([Tgx — 1| > €) =0, P — almost surely.
n—o00

To obtain the bootstrap equivalent of Lemma 3.2.1, we first show that

o1
* {ugt} * s
AZ(t) i= | ——————dP;(u,d,z) = A ().
o() JI*(,B) n( z) n()

*

For constructing of the event Ej},, we prove that \/nsup ) IAE () —

AS (t)] and \/ﬁsupxe]R |DF (x; Br) — ®*(x; prn)| are of the order O;(]). This
yields the bootstrap equivalent of Lemma 3.2.1:

Je;lt(u, 5,2) dPL(u,5,2) = 1, ka(t—u) d(A% — AS)(w) + 0% (n~1/2),

The proof of the bootstrap version of Lemma 3.2.2 is completely the same
as that of Lemma 3.2.2. The bootstrap versions of Lemmas 3.6.1-3.6.7, which
are preparatory for the bootstrap version of Lemma 3.2.3, can be obtained
by means of similar arguments. This requires a suitable martingale that
approximates the process Aj, — A3,. To this end we define

n

t A/
M3 (0 = 3 (Lixgeodi - | ¥iwebhZ anz w)

i=1
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and
tAM 1

B, (1) =J ————— dMj; (s),
" o nO(s;pn) "
where the latter can be shown to be a mean zero square integrable mar-
tingale, that satisfies a bound similar to one in Lemma 3.6.2. Similar to
Lemma 3.6.3, this leads to a suitable bound on the tail probabilities of the
bootstrap inverse process, defined for a € AS(e), A5 (M)], for0 < e < M <

TH, by

€ a < AS (e);
Un(a) =4 (As)""(a) ae s (e),AS (M)]; (A3.1)
M a>AS (M).

This enables us to obtain L;-bounds similar to Lemmas 3.6.1 and 3.6.2,

sup B [n*1; (A0 -An(v)’] <
tecle/,M’]

t+b
J (A5, (w) — A7 (w)?dt = O (bn—2/3),

for 0 < e < ¢/ < M’ < M < 114, where E* denotes the expectation with
respect to P},. Moreover, since the proof of Lemma 3.2.3 makes use of the
derivative of ky (t —y)/®@(y; Bo), differentiation of its bootstrap counterpart
ko (t —y)/®*(y; Bn) has to be circumvented. This is done by a suitable dif-
ferentiable approximation of ®*(y; Br), and we then obtain the bootstrap
version of Lemma 3.2.3:

J {@;t(u, 5,2) — 07 (1, 5,z)} P (w,8,2) = 05 (b 'n2/3),

Finally, after proving the bootstrap version of Lemma 3.6.5, i.e.,

]E*

114/(’7]IET*1 sup (Xfl(t)—?\;(t))z <C,
te(e/,M’]

we obtain the bootstrap version of Lemma 3.2.4 for

o (U
MW, 8,z) = Tgs (6 ap () — ePnz Jo ap(v) d/\fl(v)> , uwe 0Tl

by using arguments similar to those in the proof of Lemma 3.2.4. Next, the
proof of (3.5.4) for AnC7* is the same as that of Theorem 3.2.5 for ASG.



SUPPLEMENT TO: ON THE L,-ERROR OF SMOOTH
ISOTONIC ESTIMATORS

B.1 KERNEL ESTIMATOR OF A DECREASING FUNCTION

Lemma B.1.1. Let L(t) be a differentiable function on [0, 1] such that inf[o 17 1(t) >

0 and Supjo 1) [U(t)] < oo. Define L(t) = fé L(u) du and let FT(L” be as in (6.2.3).
Assume that (A1) and (A3) hold. Then

1-b -
(by?(p))~'/2 {L o720 @) + gy (®)] du(®) —m(p) ¢ L N(O,1),
where y?(p), g(n) and my, (p) are defined respectively in (6.3.22), (6.1.4) and (6.1.8).

Proof. With a change of variable we can write

() P
L ‘bf /2T (t)+9(n)(t)‘ du(t) —my (L p)

(1-b)/b
S
—LR ‘l(tb)Dx+ g(n)(tb)‘p d(x) dX} dt

M;—1
:b{ > EHrﬂ},
i=1

where M =[1/b—1],

i
&= J {

P

t+1
b*‘/ZJ K(t—y) AW(L(bY)) + g(n)(tb)| w(tb)

t—1

P

t+1
p-1/2 L] k(t—y) dW(L(by)) + g(n)(tb)

N (B.1.1)
—J ‘l(tb)Dx—k 9(n) (tb)

—0oQ

‘ P

d(x) dx} w(tb)dt
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and
(1-b)/b 41 P
n =J { b—‘/zj K(t —y) dW(L(by)) + g(n) (tb)
M, t—1
_ roo ‘l(tb)Dx +g(n) (D) ]p b(x) dx} w(tb)dt.

First, we show that 1 has no effect on the asymptotic distribution, i.e. is
negligible. Using Jensen inequality and (a +b)P < 2P(aP +bP) and the fact
that 1 and w are bounded, we obtain

_ Zp
5 J(] b)/b
n° <

M,

t+1
b-1/2 L_l k(t—y) dW(L(by)) + g(n)(tb)

b 2
+<J ’I(tb)Dx+g(n)(tb)‘ q>(x)dx> }w(tb)dt
R

2p

1
- JH K(t —y) dW/(L(by))
t—1

1-b
b
<C1J'
M,

for some positive constants Cy and C;. On the other hand,

+ ‘g(n)(tb)‘zp} dt+Cy,

5 2p (1-v)/b 2p
J 9(n) (th‘ dt = (nb)? J ‘Nn) (tb) — A(tb)’ dt
M, M,

1—b
=)o [ 0 - AT e
M;b
1-b 2p
— (mb)Pb J Jk(y)D\(t—byJ AWldy|  dt
M;b

2p
< (nb)Pb*P sup ()P

Jk(y)yz dy
te(0,1]

Hence,

1-b
lE[nz}<C1J ’ lE[

1 t+1
b 2 J k(t—y)dW(L(by))
M,

t—1

2p
] +2C3(nb)Pb* + C,

-0 ((nb)pb4p) — o).

This means that by = op(1). The statement follows immediately from Lemma B.1.2.
O
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Lemma B.1.2. Let L(t) be a differentiable function on [0, 1] such that inf[o 17 1(t) >

0 and supy 1) [V’ (t)] < co. Define L(t) = J'é L(w) du . Assume that (A1) and (A3)
hold. Let &;, fori=1,...,My —1, be defined as in (B.1.1). Then we have

where v (p) is defined in (6.3.22).

Proof. Let y € (0,1) and M, = [M; —1)Y], M3 = [[M; —1)/(M, +2)].

Define
(i—=1)(M2+2)+M;,
i = > &, i=1,...,M3
j=(i—1)(M3+2)+1
Mi—1
Yi = &iMy+2i-1 &My 200 Y= Z &j-

With this notation we can write

Mj—1

M M
D Ei=) GH+) ity
i=1 i=1 i=1

and we aim at showing that the first term in the right hand side of the
previous equation determines the asymptotic distribution of }_ 1’\2 ‘0_] &i.

Note that
t+1
b 12 [kt —y) dW(L(by) ~ N (0,07)
t—1
where
t+1
o2 :J (= y)l(by) dy = D2U(bt) +O(b?)
ti
and
t1 P
E b*]/zj K(t—y) dW(L(bY)) + g(n) (tb)
t—1
—+0o0 p
= ’Gtx—i—g(n)(tb)‘ b(x)dx

= [ ’D\/MX'F g(n) (tb)‘p (j])(x) dx + O(bZ)
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Hence, we get E[&;] = 0(b?) and Ely;] = O(b2). Furthermore, and, as we
did for 7, it can be seen that [E E,z O(1) and Ely ] o(1).

Since y; depends only on the Brownian motion on the interval
[L(b(iM3 +21—2)), L(b(iM; + 21+ 2))],

it follows that y; are independent (note that M, > 2). Moreover, v* is inde-
pendent of yi,i=1,...,M3—1 and E[y*] = O(M;b?2). In addition, since
&; is independent of &; for [i —j| > 3, we also have ]E[(y*)z] < CM;,. As a
result

2
M3
(Z viw*) < c(M3+M;) = o(1/b) (B.1.2)
i=1

because bM, — 0 and bM3 — 0. Indeed M, < (T/b)Y and

[(1—1)/b] 1—-b 1-b bY
b {[[(1—b)/bm+z} SR o1 S (T r by =0

Consequently

i=1

M3
b!/2 ZV1+Y* Po.

Next, since (j, 1 = 1,..., M3 are independent, we apply the central limit
theorem to conclude that

M3
b/ 2y(p)! Z ¢ — N(O,1)
i=0

It suffices to show that

i=0

M3 2 M;
(Z a) =b > EIZ]—v(p) (B.1.3)
i=1

and that they satisfy the Lyapunov’s condition

L ElG]
2
(£(EI2)
Note that, once we have (B.1.3), the Lyapunov’s condition is equivalent to

b2 ¥, E[¢}] — 0. Using

ElC{l=4 >  Elix&i&més,

klmrel;
k<l<mgr
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forI; ={(i—1)Ma+2)+1,...,(i—1)(M2 +2) + M3}, the fact that
E[&x&iéméd =0(bH)*  if  1>k+3orr>m+3
and that all the moments of the &;’s are finite, we obtain that
]E[(fi‘] = O(M%), (uniformly w.r.t. 1). (B.1.4)

Consequently b2 > IE[C?] = O(szg,M%) — 0 because bM,; — 0 and
bM3M;, = O(1). Indeed

My —1

bPM,M3 < bM
23 M; 12

<bM; < 1.

In particular, it also follows that

2
M3
b> E[(}] =bE (Z ci) +bO(M3M3b%) = O(bM3M,) = O(1).
i i=0

(B.1.5)
Now we prove (B.1.3). From (B.1), it follows that

1-b M1
Var (J ‘b—l/ZFT(J)(t) +9(n)(t)‘¥’ du(t)) — b2Var ( > 5i+n) _
° 1

i=1

Moreover, since [E[§;] = O(b?) fori=1,...,M;—1and EMn] =0, we get

1-b
b~ Var (J 1120 (0) + gy (0] du(‘t))
b

My—1 2
=DbE (Z Ei+ﬂ) +o(1)
iz

M;—1 M;—1 2
= bEn?] + 2bE [( > ai) n] +bE ( > &) +o(1)
i=1

i=1
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We have already shown in the proof of the previous lemma that Em?] =
O(1), so the first term in the right hand side of the previous equation con-
verges to zero. Furthermore,

M;—1 2 i M; M; 2
bE || Y & | |=bE||) &+) vi+Y"
i=1 i=1 i=1

[ Mj 2 Mj
= bE (ZCi) +bE (Zyﬁ-v*)
i=1 i=1

+bE [(% Ci) (.Mivﬁv*)} :

Now, making use of (B.1.2), (B.1.5) and the fact that, by Cauchy-Schwartz,

E{(%Cl) (§Y1+Y*)]<E (.Mi(:i) zlE (%V1+Y*) 2

we obtain
M;—1 2 M; 2
bE ( > ai) =bE (Z ci) +o(1).
i=1 i=1

2

Similarly,

M3 M;
(Z Ci+ZV1 +y*) n]
i=1 i=1

511/2 511/2

M; M;
<SBPEMH'2SE [ ) G +E[[ D vit+y" —0.
im1 im1

This means that

& : 1 T ) P
bE | (Y & =b "Var (L ‘b* /2y (t)-l—g(n)(t)‘ du(t)) +o(1).
i=1

Define

t+b _
Xnt = b—VZJ K (tby) AW(L(y)) + g(n) (t)- (B.1.6)
t—b
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Then, from Lemma B.1.3, it follows that

1 o) P
b~ Var Jb ‘b* /214 (t)+g(n)(t)‘ du(t)

= :)Fb rb {]E [XntXnulP] — J}R ‘O‘n(t)X-F g(n)(t)‘p b (x) dx

b b

+o00
] oty + gm0 oyl dy pwionwtw dtdu

b

b J'I_b J]_b J]RZ {|An(t,u,X,y)|p — ‘Gn(t)x—f— g(n)(t)‘p}

Jon iy + g 00| WtWDGX)y) dx dy dt du

S A R A AT W eI

b
VDY + gy ()| wlthw(w) b (x)dly) dx dy dt du+ o(1)
where
An(tw,x,y) = gm)(t) + on(tpn(t, Wy + /1= pa(t, Won(t)x
with pp (t,1) and oy, () as defined in (B.1.8) and (B.1.7).

First we consider the case nb® — 0 and show that we can remove the 9(n)
functions from the previous integral. Indeed, since

P
[V wDy + gy @)|” — IV (wDyP|
<p2P g () (WP +p2P /L (W)DyP gy ()]

we obtain

1
Vn= bJI% JRZ

¢ P p—1
<bL%LRZ{‘9(n)(u)‘ +‘\/mDy’ ‘g(n)(u)‘}
[Br(t,u,x,y)wtww)d(x)d(y) dxdy dt du,
where I, = [b,1—b],

VIWDY|” Ba (11,6 y)whw(w)d(x)bly) dxdy dt du

1-b (1) P
Vo=t Var ([ o720 (0 + gy 0] dute)
b

and

P
Bn(t/u/X/y) = |An(t/uzxzy)|p - ’ V l(t)DX+ g(TL) (t)’
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Note that, if [t —u| > 2b, then pn(t,u) = 0 and the previous integrand
is equal to zero. Hence, a sufficient condition for the left hand side of the
previous inequality to converge to zero is to have

1 1—b p1—b . ,
b~ Jb Jb ]l{lt—u\<2b}‘g(n)(u)’ ‘Q(HJ(’()‘ dudt — 0.

and

1 1-b 1—-b
b Jb Jb ﬂ{\t u|<2b}’9 ‘ dudt — 0.

This is indeed the case because gn (1) = O ((nb)” sz) uniformly w.r.t. u

and (nb)'/?b? — 0. In the same way we can remove also the other 9(n)
functions from the integrand ie.

Vn = bJ J

where

n(twx, ywt)w(u)d(x)dp(y) dxdy dtdu+o(1)

on(t)en(t, Wy +1/1T—pa(t, u)on(t

With the change of variable t = u + sb, we get

B/ (t,u,x,y) =

vt
T—-b—u)/b

el L o)

‘\/ )/ + sb) Dzy‘ w(u+ sb)d(x)d(y) dxdy ds du + o(1),

where 7(s) is defined in (6.1.7). The continuity of the functions | and w and
the dominated convergence theorem yield
P }

1-b 2p
Ve | ] ] ViR D“yw{
b R2
[s|<2
Then, with the change of variable yr(s) 4+ y/1—12(s)x = z we can write
equivalently
1 z—r1(s)y
- P P_
Vn 27TJ]R3 Wl {|Z| 1—12(s)

-DZPJ ‘W’ )2 du+o(1)
—anzPJ ‘W‘ )2 du+o(1)

yr(s) +1/1—12(s)x

yr(s) +1/1—12(s)x

ww)?dp(x)d(y) dxdy dsdu + o(1).

1
20—2(s)) ——— dzduds
T—r2(s) 9

p _zz+yz—21-z}!
e
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where ¢! is defined in (6.1.10).

Let us now consider the case nb> — c% > 0. First we show that the g((u)
functions can be replaced by g(u) defined in (6.1.5). Indeed, g,)(u) =
g(u) + o((nb)'/2b?), where the big O term is uniform w.r.t. u and similar
calculations to those of the previous case allow us to conclude that

1
Vn = bL% J}RZ

P
u)‘ B;L(t,u,x,y)

wt)ww)d(x)d(y) dxdydtdu+o(1)

where
P
B/ (t,w,%,y) —’ )+ /L7 (t D[pntuer 1p%(t,u)x}
P
_ ‘\/L’(t)Derg(t)‘
With the change of variable t = u+ sb, we get
(1—b—u)/b ,

Vn :J J J , {‘g(u—l—sb) ++/L(u+sb)Dyr(s) +4/1—12(s)x]

" pwe N

[s|<2
P
— ‘g(u+ sb) + +/H(u+ sb)Dx’ }
‘g )+ /L' Dy’ W+ sb)db(x)b(y) dx dy ds du + o(1).

Again, by the continuity of the functions |, w and g and the dominated
convergence theorem we obtain that A,, converges to

1 P
I, [, stw + vETDy[" {gtu) + VEIDIur(s) + /1= 1250
— Jotw + VI/WDY|" } w(w)d(x)b(y) dxdy dsdu,
which is exactly 82 (p) defined in (6.1.11). O

Lemma B.1.3. Let l(t) bea diﬁerentiable function on [0, 1] such that inf}g 1) 1(t) >

0 and supq 17 [V'(t)] < oo. Define L(t fo u) du and, for t € [0,1], let Xn ¢
be as in (B.1.6). It holds

E [|Xn,tXn,u|p] = J]R J]R ‘g(n) (t)+ O‘n(t)pn(t,u)y + \/ 1— p%(t,u)O‘n(t)X

Jontury + g (W] dX)ly) dedy,

P
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where

0% (t) =1(t)D?+0(b?),  on(tuw) =b"" Jk(tfy)k(ufy)uy)dy.

(B.1.7)
and

() k() Uy) dy
~ by/D21(t) + O(b2)/D21(u) + O(b2)

pn(t,u) (B.1.8)

Proof. First, note that

(Xn,t/ Xn,u) ~N (

Hence, Xy t/Xnu = x2 is distributed as

(a2

on(t,1) (32~ 9 w) (1= o3 (1wl (1))

and

E [Xn [P [Xn o] = J
R

Consequently, we obtain

E [|Xn,tXn,u|p] =E []E [|Xn,tXn,u|p|Xn,u”

P
- gm) () +on(tpen(t, Wy +1/1—p&(t, uon(t)x| d(x)dx

: ’Gn(u)y + g(n)(u)‘p $(y)dy

ror P
= gin) () +on(t)pn(t, Wy + /1 —pA(t, Won(t)x

Jontwy + g (W] dXIby) drdy.
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Proof of Proposition 6.2.3. We first prove (i). For each t € [0,b), we have

) t+b
A3 (1) —A(t) = L Ko (t — 1) dAn (W) — At
t+b t+b
_Lf kb(t—u)d(/\n—/\)(u)-l-JoJr K (£ —w) dA (1) — A(t)
t+b t/b
= L kp(t—uw)d(An —A)(u) -l—J k(y)A(t—by) —A(t)]ldy

Note that

t+b
J o (t— 1) d(An — A)(w)

0
] t+b , t—u
-2 L (An — AWk <b> du
<cb™! sup [Mn(u) — Mn (0)]
u<2b

<cb 1< sup M n2 —2 —
< p n(u)—n"2Brol(u)|+n" 2 [ByoL(u) =By oL(0)]
u<2b

=0p (670714} £ n 712071 sup [Br(y) = Op ((nb)~1/2),
y<cb
(B.1.9)

uniformly in t € [0, b], and that according to (6.2.7),

t/b
J K(y)A(t — by) —A(t)] dy| = O(b),

—1

Moreover, for t < b/2,
1 1
A(t)J k(y)dy > inf )\(t)J k(y)dy =C > 0.
t/b te(0,1] 1/2

Now, define the event

An =< sup (
telo,b]

t+b
L o (t— ) d(An — A) (u)‘

+

t/b
J k(y)A(t —by) — A(t)] dy’) < C/Z}-

—1

259
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Then, P(A,,) — 1 and on the event Ay, AS (t) —A(t)] > C/2. Consequently
we obtain

b
E (| Ram-20] duw]| > E
0

(B.1.10)

for some ¢ > 0. Hence

(nb)?/2E

b
J [AS. (1) —A)|” du(t)] > cb(nb)P/2P(An) — oo,
0

because b(nb)P/2 > b(nb)/2 = (mb3)1/2 = .

In order to prove (ii), due to (6.1.14), we can bound

b 5 b P
o 12| )2 A4 0 M0 dul))— | o 0] dutt
0 0
by
b | t+b P
pzp*‘b*‘/z(nb)wzjo jo kp(t—w) d(An —A(w)| du(t)

P 1/p
du(ﬂ)

b t+b
+p2pTp1/2 (J (nb)P/2 J kp(t—u)d(An = A)(u)
0

0

According to (B.1.9)

t+b
j kp(t—u) d(An —A)(w)| = Op ((nb)172),

0

uniformly in t € [0,b]. Furthermore, using (6.2.6), (6.2.7), and (6.2.8), we
have

gm(t)=0 ((nb)l/z) , (B.1.11)
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uniformly for t € [0, b]. Hence, we obtain

b1/ Jj(nbw/z [A5(1) —AM)]7 du(t) J: |9 ()] du(t

< Op (b‘/2)+o ( (p— ”/pr/z)—m,

because n(P=1)/2pP/2 — (bn'=1/P)P/2 _; 0.

Next we deal with (iii). Again by means of (6.1.14), we can bound

b
b~ /2 ] ()72 R4 ) A0 du(t) J]Yn g (0)] dult)
0
by
(b t+b : P
pr_Ib_TJ (nb)”ZJ kp(t—uw)d(An —A—n"2ZBnoL)(u)| dpu(t)
0 0
1-1/p
1,1 b P
#9270 (| Vatt) g 0] duto
b . [ttb : P 1/p
: J (nb)fj kp(t—u)d(An —A—n"2Bpol)(u)| du(t)
0 0
Note that
t+b
sup V(] = sup [/ ] eyt ) dBalL(w)| = Op(1),
te[0,b] t€[0,b] 0

and, as in (B.1.9),

t+b
J kp(t—w)d(An —A—n"1"2Brol)(u)
0

1
< — sup ‘(/\n—/\—n_”anoL)(u)’ =0Op (b_1n_1+1/q> ,
buéZb

uniformly for t € [0, b]. Together with (B.1.11), we obtain

b1/ J:(nb)v/zm( ()]" du(t) “Yn + g0 ()] du(t

<Op (b*‘/2(nb)P/2bn*P+P/qb*P) +0p (b*”zb(nb)P/Zn*”‘/qb*‘)

— b 1/2(nb)P/2n1+1/a {OP ((n—1+1/qb—1)p—1) Jropm}‘
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Because n~'T1/db=1 = O(1), the term within the brackets is of order
Op(1), and since bP~'nP—2+2/d 5 0, the right hand side tends to zero.
This proves (6.2.11).

Then, by Jensen’s inequality, we get

cb
b~ Var (L Yo (t) + ) (1P du(’t))

[ cb cb 2
[, o)+ gy O distt) = | " E [IYa () + gy (0P du(ﬂ)

1
"t ( 0
cb cb 2
[, Wal®) + 90 (OF du(®) = | " [IYa () + gy (01P] @ (t)].
0 0

(B.1.12)

WV
| =

Note that Y, (t) ~ N(O, G%l(t)), where,

b _ /b
o2 (t) = b JH K2 (t“) L' () du = J K2(y)L’(t — by) dy,
0 b 1

if B;, is a Brownian motion, and

t/b

()= | L by)dy+Olb)

if By, is a Brownian bridge. Now, choose € > 0. Then

IminflP (e < Yn(0) <2¢) >0 and liminflP (—2e < Yn(0) < —€) >0.

n—oo n—oo
For ¢ > 0, define the events
An1 ={e/2 < Yn(t) < 3¢, forall t € [0,cbl},
Anz ={-3e < Yn(t) < —€/2, forall t € [0,cb]},

and let
cb

an{j:blﬁ[vn( )+ g0 (0P ] dult) > | Ig(n)(t)lpdu(t)}~

Then, since Yy, has continuous paths, we have

liminfP(A, ) >0 and liminfP(A,2) > 0.

n—oo n—oo
Moreover, Y, (t) > 0 on the event A, 1, and from (6.2.9), it follows that
Yn(t) + gm)(t) < 0, for n sufficiently large. Therefore, for n sufficiently
large, we have on Ap 1,

cb cb
[, Walt)+ gm0 dutt) < | “les2+ g (0P dute). Baas)
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Similarly, Yn (t) < 0 on the event Az and Yn (t) + g(n)(t) < O, for large n,
so that on A2,

cb cb
L |Yn(t)+g(n>(t)|r’du(t)>jo |—e/2+ g (DP dus(t).  (Br1g)
Next, let

Xn = JCb Y (1) + gy ()P dn(t) —JCb E [Va(t) + g (07| du(t)
0 0
and write
EXnll > E [Xnlla,,] 15, +E [Xnlla,,] 1ag. (B.1.15)

Consider the first term on the right hand side. Because for n large, Yy (t) +
g(n)(t) < 0on the event A1, we have [Yn (t) + g(n)(t)] < [g(n) ()] It follows
that on the event A1 N Bn:

cb cb
j Y (t) + gy (DIP dis(t) < J 190 (B)IP dp(t)

0 0

< JCb E [[Yn(t) + g (1P du(t)

0

This means that we can remove the absolute value signs in the first term
on the right hand side of (B.1.15). Similarly, Y5 (t) + g(n)(t) < 0, for n suffi-
ciently large on the event A, ,, so that on the event A, N BS:

cb cb
JO Y (t) + g(n) (D dp(t) = JO Ig(n) (V)P dp(t)

cb
> | B [Va(t)+ gy (0P] dito)
0

so that we can also remove the absolute value signs in the second term on
the right hand side of (B.1.15). It follows that the right hand of (B.1.15) is
equal to

E [—Xnlg,, |1z, +E [Xnla,,] Lse

|

by using (6.2.7) and (6.2.8). Furthermore, for the first term on the right hand
side

0

N

cb P cb
+<jo 3 +om 0] dut)— | |g(n)(t)|Pdu(t)> P(An2)lss,

9m) (V)P —le/24 g(n)(DIP =Igm) (V)P (1 —len(t) +17),
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where en(t) = €/(2g(n)(t)) = O((nb)~1/2) — 0, due to (6.2.6), (6.2.7)
and (6.2.8), where the big-O term is uniformly for t € [0,b]. This means
that, for n large, 1 + e (t) > 0, and by a Taylor expansion

T+en(t)P =1+pen(t)+0((mb)~ ).

It follows that

cb cb
[, 9t (O dutt) = | le/2+ gy (0P dio)
0 0

cb
:L lg(n) (OP {1 —len(t) + 1P} du(t)

cb
:—PJ g(n) (D)Pen(t)du(t) +cb sup [g(n)(H)PO((nb)~")
0 t€[0,cb]

=ple/2) JCb gy (DP~ T du(t) + 0 (b(nb)(P—”/z)
0 n
=0 (b(nb)P-1)/2)

due to (B.1.11). Similarly

cb

cb
[ 1= /2 gm0 dutt) = | g (0 dutt) = 0 (b(nb) P 172)

0

Going back to (B.1.12), since P(An1) — 1 and P(An2) — 1, we conclude
that

cb 5
b~ Var (J IYn(t) + gy (D[P du(t)) >b'0 (b(nb)(pf] )/2) .
0

The statement follows from the fact that b= (nb)P~ 162 = nP~TbP — .

Finally, one can deal in the same way with the L,-error on the interval
(1—0b,1]. O

Proof of Proposition 6.2.6. By definition we have

b
(nb)p/zj AS (1) — AP du(t)
0
B b
-,

Gn)(t) = (nb)!/2 (J K (= wA(w) du— A(t)) . (B.1.16)

P
du(t),

t+b

(nb)‘/zjo KO (W) d(An — A)W) + g (0

where
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When By, in assumption (A2) is a Brownian motion, we can argue as in the
proof of Theorem 6.2.1. By means of (6.1.14) we can bound

b 1/2|(nb) P/2J A% (1) = A)|” dult)
—Jb b”zjwbk“(t_ )dB (L) + 5 (0] (e
0 0 b " (n) ’
from above by
b b P
pzp—1b—1/2b—P/2J JH Kkt <tu> dBpoL—n'2Mp)(u)| du(t)
o |Jo b
b b P %
Fp2P Ty 2 (b—%J JH k() <t_”> d(BnoL—n2My)(u) du(t))
0 |JO
b| | (b f— P -3
<L b—zL km( b“) dBr (L(w)) + g (1) du(t))
(B.1.17)

Similar to (6.2.4),
sup

t+b t—u
J kK ([ Z—=) dBnoL—n"?Mu)(u)
te[0,b] b

K t t 1/2
[ o (&) ka5 ) ki b diBnot =M by)

—1

<

<C sup ’Bnol_ t)— n”zMn(t)‘
tel0,1]

_ Op(nf1/2+1/q)‘
(B.1.18)

Note that here we used the boundedness of the coefficients {7 and V.
Similar to the proof of Theorem 6.2.1, the idea is to show that

b1/zjb
0

in probability. We first bound the left hand side of (B.1.19) by

t+b
JO Kt (b)dB(())

P
du(t) =0,

(B.1.19)

P
} du(t).

t+b
b1/2 L Kt (t b“) dBn (L(w) + g(n) (1)

b
Cb~1/2 L {lg(m(t)lp +bP/2

265
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According to (1.2.13), a Taylor expansion gives

t+b
J Kb (t—w)A(w) du—A(t)
0

sup [g(n)(t) = (nb)!/% sup
te[0,b] te[0,b]

t/b
J KUy A by) A dy

= (nb)"/? sup
te[0,b]

1 t/b
,J' 1 k(t)(y)yz}\”(at,y)dy

= (nb)”zb2 sup
te[0,b]

= 0p ((nb%)'/2) = 0p (1),

Furthermore,
t+b o p
E J K0 (t”) dBn (L(w)) 1
0 b

b 2 p/2
Jt+ (k(t) (t_bu>) L’(u)du> [x[P b (x) dx
0
, P p/2
r (k(t) (t—bu>> L’(u)du) XIPd(x) dx
0

1
o)

=0(bP/?),

where ¢ denotes the standard normal density. This proves (B.1.19) for the
case that B;, is a Brownian motion.

When By, in (A2) is a Brownian bridge, then we use the representation
Bn(u) = Wi (uw) —uWy (L(1))/L(1), for some Brownian motion Wy,. In this
case, by means of (6.1.14), we can bound

|

P

b 1/2 du(t)

172 J A0 (t‘“) dBr(L(w)) + G(n) (1)

0 b
b
g

P

b
b-1/2 JH k() (t_u> AW (L(W)) + gn)(t)

. 5 du(t) ‘
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by

b

b
p— i Wa(L(T) JH () (t_u> L'(w) du+Gn) (t)

2P—‘b—%J
P TORE

0
zpfl b
2]
()

(L

which tends to zero in probability, due to (B.1.19). O

Whn(L(1)) trb (t) <t_u) / _
oL Jo k L(u)du+g(n)(t)

_p [UPP t= g
b ZL k() <b“> dWn (L(w) + G (n) (1)

B.2 ISOTONIZED KERNEL ESTIMATOR

Lemma B.2.1. Assume (A1)-(A2) and let NS, be defined in (6.1.2). Let k sat-
isfy (6.1.1) and let p > 1. If b — 0, nb — oo, and 1/b = o(n'/4), then

P (X3, is decreasing on [b,1—b]) — 1.

Proof. The proof is completely similar to that of Lemma 3.6.14. Note that
(3.1.7) follows from our Assumption (A2) and that here A is a decreasing
function.

We use the fact that on [b, 1 —b], A$, is the standard kernel estimator of A
given by (6.4.2) and we get

d e ft—u the 1 ft—u
(B.2.1)

The first term on the right hand side of (B.2.1) converges to zero because in
absolute value it is bounded from above by

07 Sup An(x)—A()| sup k" (y)l = Op(b?n""/2) = 0p (1),
x€l0,1] yel-1,1]

according to Assumption (Az2) and the fact that 1/b = o(n—1/4). Moreover,
integration by parts gives

_ 1

Jlk’ (tb“) Alw) du = J K(y)A' (t — by) dy.
—1

Hence, the second term on the right hand side of (B.2.1) is bounded from

above by a strictly negative constant because of Assumption (A1). We con-

clude that A$, is decreasing on [b, 1 — b] with probability tending to one. [
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Corollary B.2.2. Assume (A1)-(A2) and let NS, and NS be defined in (6.1.2) and
Section 6.4, respectively. Let k satisfy (6.1.1). Let 0 <y < landp > 1.Ifb =0,
nb — oo, and 1/b = o(n'/4), then

P (x;(t) = ASS(t) forall t € [bY, 1 —bV]) .

Proof. The proof is completely similar to that of Lemma 3.3.2, but now we
want to extend the interval to [bY, 1 —bY], which is not fixed but approaches
the boundaries as n — oo. In this case we define the linearly extended
version of A}, by
A$ (DY) + (t—bY)AS (bY), fort € [0,bY),
An(t) =S AS (1), fort e [bY,1—bY],
AS(T=DY)+ (t=T+DbY)A5(1-DbY), forte (1-DbY,1].
Choose 0 < & < 2. It suffices to prove that, for sufficiently large n,

IP (A}, is concave on [0,1]) > 1-58/2, (B.2.2)

and
P (A% (t) > A5 (t), forall t € [0,1]) > 1-5/2. (B.2.3)

To prove (B.2.2), define the event
An = {A}, is decreasing on [b,1—bl}.
On the event A, the curve A% is concave on [0, 1], so
IP (A%, is concave on [0,1]) > P(Ay),

and the result follows from Lemma B.2.1. To prove (B.2.3), we split the
interval [0,1] in five intervals I; = [0,b), I, = [b,bY), I3 = [bY,1 —-DbY],
I4 =(1—-bY,1—"] and I5 = (1 — b, 1]. Then, as in Lemma 3.3.2, we show
that

P (AL(t) > A% (1), forallt € ;) >1-58/10, i=1,...,5. (B.2.4)

Fort € I3, /A\fl(t) = A$ (1), so (B.2.4) is trivial. For t € I,, by the mean value
theorem,

As (1) = A5 (1) = AL (bY )+(t bV)AS (bY) = A3 (1)
= (bY —t) [A5 (&) =A% (bY)],

for some &t € (t,bY) C (b,bY). Thus,

P (AL(t) > A5 (1), forallt € I;) > P(An) > 1-58/10,
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for n sufficiently large, according to Lemma B.2.1. The argument for 14 is
exactly the same.

Next, we consider t € I;. We have

An(t) =A%)
= AR (0Y) + (t—=bY)A%(bY) — A3 (1)
= [AL (DY) = AS (DY) + A (1) = AF (D] + A% (DY) — AS(t) — (DY —t)A% (bY)

> =2 sup [A5(t) = AS(H)+A3(DY)—AS(t) — (bY —t)A(bY)
t€[0,1]

+(bY —t) AMbY) = A5 (bY)],
(B.2.5)

where AS is the deterministic version of A3,
(t+o)AT
AS(t) = J ki (t—wA(u) du.
(t—b)\VO

For the first term on right hand side of (B.2.5), note that

(LHRIAT
sup |AS () —AS(t)] = sup J kY (= w) [An (1) = A(w)] du
te[0,1] te[o,1] |4 (t=b)VO
= sup ka(y)[/\n(t—by)*/\(tfbyﬂ dy‘
te(0,1]
< sup IAn(t—by)—/\(t—by)\J sup ‘k(t)(y)’dy
tel0,1] t€[0,1]
— Op (nq/z)/

(B.2.6)

due to Assumption (A2). Moreover, for the third term on right hand side
of (B.2.5), for t € (b,1—b), we have

A —As ()] < ’Mt) - [kolt—wnw du‘ " Ukb(t—u)d(/\—An)(u)‘

= Uk(y)[?\(t) —A(t—by)] dy’ i1 Uk’(y)(/\—/\n)(t—by) dy‘

b
=0(b2)+0p(b~ n1/2).
(B.2.7)
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For the second term on right hand side of (B.2.5), for t € [0,b), we write

AS(BY) — AS(t) — (bY — t)A(bY)

bY+b t+b

- kp (bY —wA(u) du—J kY (t— WA (w) du— (bY — t)A(bY)
JbY—b 0
bY+b t+b
- kp (bY —w)A(u) — A(bY)] du— J kY (t— WA (W) — A(t)] du
JbY—b 0
+ AY) = At) — (bY —t)A(bY)]
N t/b
=] KWIARY —by) —A®Y)Idy— |k y)IA{t—by) — At dy
2O
r1 rt/b
> | KIAGY by —ALdy— | K )IAR=by) —A(t] dy

1
— inf N +< inf N (1)[%Y
te[0,1] 2 te0,1]

(B.2.8)

where &; € (t,bY). Furthermore, the first two integrals on the right hand
side can be written as

b2 (! 5 b2 [t/b ,
7J ]k(y)y 7\’(£1,y)dy—7j 1 K (y)y?A (£2,4) dy
b2 | ! 5, ve .
72 L] klyly~A (E’Ly)dU—L K (y)yA (62,9) dy
b2 1 s, t/b t 5, 5
Z = L k(y)y=A (51,y)dy—L kM (y)y2N(£2,) dy| = O(b?),

with & € (t,bY), [&1,y —bY| < by and [£; , —t| < by. This means that

. 1
P(AL(t)—A5(t) >0, forallxe ;) > P (Yn <3 if(l)f” IA'(t)IbZV) ,
telo,

where
Yo =0p(n~"/2)+0(bY) {o(bz) v op(b—1n—1/z)}

+0(b%)— inf (Y)Y
te(0,1]

=O0p(b'*Y).

Hence, for n large enough, this probability is greater than 1 —6/10, because
v<1. O
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Lemma B.3.1. Assume (A1)-(A3) hold. If A is strictly positive, we have

1 2 1
L (\/%a(t) - \/A(t)> du(t) = L (A8 (0) = A(D) (A1)~ dult
+0p ((nb)*/z) .

The previous results holds also if we replace AS, with the smoothed Grenander-type
estimator ASC.

Proof. As in the proof of Lemma 4.1.1, we get
1 2 1
JO (m;(t) — \/?\(t)> du(t) = JO (A% (6) = A(1)® (4A(1) " dua(t) + Rn,
where

1
Ral < CL 143 (6) — A@)]° du(t)

for some positive constant C only depending on A(0) and A(1). Then, from
Corollary 6.2.7, it follows that R, = Op ((nb)_3/ 2). When dealing with

the smoothed Grenander-type estimator, the result follows from Theorem
6.3.4. O

Theorem B.3.2. Assume (A1)-(A3) hold and that A is strictly positive.
i) If nb> — 0, then it holds

(bo?*(2))~1/2 {anH(x;,A)Z ~ m;(z)} 4 N(0,1).
i) If nb> — C% > 0 and By, in Assumption (A2) is a Brownian motion, then
it holds
2% —-1/2 s 2 * d
(b62*(2)7"/2 {2nbH(A3, N2 — (2} S N(O,1),
iii) If nb> — C3 > 0 and By, in Assumption (A2) is a Brownian bridge, then it
holds

(b82*(2))1/2 {anH(X;,A)Z - m}i(z)} 9 N(O,1),
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where o2*, 02*, 2* and mj, are defined, respectively, as in (6.1.9), (6.1.11),
(6.1.12) and (6.1.8) by replacing w(t) with w(t) (4A(t) 1.

Ifp < min(q,2q—7) and

% o (n(1/34/q)min(q/(2p),1)) )

the same results hold also when replacing NS, by the smoothed Grenander-type esti-
mator A3S.

Proof. According to Lemma B.3.1, it is sufficient to show that the results
hold if we replace 2H(7\f1,7\)2 by

1

1
JO (A () = A(0) (4A(1) " du(t) = L (A8 (0~ A1) di(w),

where | ®
L _ W
dii(t) = NO du(t) = AU dt.

It suffices to apply Corollary 6.2.7 with a weight fi instead of p.

For the smoothed Grenander estimator the result would follow from The-
orem 6.3.4. O



BIBLIOGRAPHY

Akakpo, Nathalie, Fadoua Balabdaoui, and Cécile Durot (2014). “Testing
monotonicity via local least concave majorants.” In: Bernoulli 20.2, pp. 514~

544-

Albers, M.G. (2012). “Boundary Estimation of Densities with Bounded Sup-
port.” Master’s thesis. ETH Ziirich.

Alizadeh Noughabi, Hadi and Naser Reza Arghami (2011). “Testing expo-
nentiality based on characterizations of the exponential distribution.”
In: J. Stat. Comput. Simul. 81.11, pp. 1641-1651.

Anevski, D. and O. Hossjer (2006). “A general asymptotic scheme for infer-
ence under order restrictions.” In: Ann. Statist. 34.4, pp-. 1874-1930.

Anevski, Dragi and Ola Hossjer (2002). “Monotone regression and density
function estimation at a point of discontinuity.” In: Journal of Nonpara-
metric Statistics 14.3, pp. 279—294.

Balabdaoui, Fadoua, Hanna Jankowski, Marios Pavlides, Arseni Seregin,
and Jon A. Wellner (2011). “On the Grenander estimator at zero.” In:
Stat. Sinica 21.21, pp. 873-899.

Banerjee, Moulinath (2008). “Estimating monotone, unimodal and U-shaped
failure rates using asymptotic pivots.” In: Statist. Sinica 18.2, pp. 467-
492.

Baraud, Yannick, Sylvie Huet, and Béatrice Laurent (2005). “Testing convex
hypotheses on the mean of a Gaussian vector. Application to testing
qualitative hypotheses on a regression function.” In: Ann. Statist. 33.1,

pp. 214-257.

Birgé, Lucien (1986). “On estimating a density using Hellinger distance and
some other strange facts.” In: Probability Theory and Related Fields 1.2,
pp. 271—291.

Birgé, Lucien and Pascal Massart (1993). “Rates of convergence for mini-
mum contrast estimators.” In: Probability Theory and Related Fields 97.1-2,
pp- 113-150.

273



274

BIBLIOGRAPHY

Birke, M. and H. Dette (2007). “Testing strict monotonicity in nonparametric
regression.” In: Math. Methods Statist. 16.2, pp. 110-123.

Birke, Melanie and Natalie Neumeyer (2013). “Testing monotonicity of re-
gression functions—an empirical process approach.” In: Scand. J. Stat.

40.3, pp. 438-454.

Breslow, N. and J. Crowley (1974). “A large sample study of the life table
and product limit estimates under random censorship.” In: Ann. Statist.
2. Collection of articles dedicated to Jerzy Neyman on his 8oth birthday,

PP- 437-453.

Brunk, H. D. (1958). “On the estimation of parameters restricted by inequal-
ities.” In: Ann. Math. Statist. 29, pp. 437-454.

Burr, Deborah (1994). “A comparison of certain bootstrap confidence inter-
vals in the Cox model.” In: |. Amer. Statist. Assoc. 89.428, pp. 1290-1302.

Cheng, Kuang Fu and Pi Erh Lin (1981). “Nonparametric estimation of a
regression function.” In: Z. Wahrsch. Verw. Gebiete 57.2, pp. 223-233.

Cheng, Ming-Yen, Peter Hall, and Dongsheng Tu (2006). “Confidence bands
for hazard rates under random censorship.” In: Biometrika 93.2, pp. 357—
366.

Chernoff, Herman (1964). “Estimation of the mode.” In: Ann. Inst. Statist.
Math. 16, pp. 31—41.

Chung, Daehyun and Myron N. Chang (1994). “An isotonic estimator of
the baseline hazard function in Cox’s regression model under order
restriction.” In: Statist. Probab. Lett. 21.3, pp. 223-228.

Cox, D. R. (1972). “Regression models and life-tables.” In: J. Roy. Statist. Soc.
Ser. B 34. With discussion by F. Downton, Richard Peto, D. J. Bartholomew,
D. V. Lindley, P. W. Glassborow, D. E. Barton, Susannah Howard, B. Ben-
jamin, John J. Gart, L. D. Meshalkin, A. R. Kagan, M. Zelen, R. E. Barlow,
Jack Kalbfleisch, R. L. Prentice and Norman Breslow, and a reply by D.
R. Cox, pp. 187—220.

Cox, D. R. and D. Oakes (1984). Analysis of survival data. Monographs on
Statistics and Applied Probability. Chapman & Hall, London, pp. ix+201.
ISBN: 0-412-24490-X.

Csorg6, Miklés, Edit Gombay, and Lajos Horvath (1991). “Central limit the-
orems for L, distances of kernel estimators of densities under random
censorship.” In: Ann. Statist. 19.4, pp. 1813-1831.



BIBLIOGRAPHY 275

Csorgd, Miklés and Lajos Horvath (1988). “Central limit theorems for L,-
norms of density estimators.” In: Probab. Theory Related Fields 80.2, pp. 269—
291.

Doss, Charles R. and Jon A. Wellner (2016). “Global rates of convergence
of the MLEs of log-concave and s-concave densities.” In: The Annals of

Statistics 44.3, pp. 954—981.

Durot, Cécile (2002). “Sharp asymptotics for isotonic regression.” In: Probab.
Theory Related Fields 122.2, pp. 222—240.

Durot, Cécile (2007). “On the IL,-error of monotonicity constrained estima-
tors.” In: Ann. Statist. 35.3, pp. 1080-1104.

Durot, Cécile, Piet Groeneboom, and Hendrik P. Lopuhad (2013). “Test-
ing equality of functions under monotonicity constraints.” In: J. Non-

parametr. Stat. 25.4, pp. 939—970.

Durot, Cécile, Vladimir N. Kulikov, and Hendrik P. Lopuhad (2012). “The
limit distribution of the L.-error of Grenander-type estimators.” In:
Ann. Statist. 40.3, pp. 1578-1608.

Durot, Cécile and Hendrik P. Lopuhaé (2014). “A Kiefer-Wolfowitz type of
result in a general setting, with an application to smooth monotone
estimation.” In: Electron. ]. Stat. 8.2, pp. 2479-2513.

Durot, Cécile and Hendrik P. Lopuhad (2018). “Limit Theory in Monotone
Function Estimation.” In: Statist. Sci. 33.4, pp- 547-567.

Durot, Cécile and Anne-Sophie Tocquet (2003). “On the distance between
the empirical process and its concave majorant in a monotone regres-
sion framework.” In: Ann. Inst. H. Poincaré Probab. Statist. 39.2, pp. 217-
240. ISSN: 0246-0203.

Eggermont, P. P. B. and V. N. LaRiccia (2000). “Maximum likelihood estima-
tion of smooth monotone and unimodal densities.” In: Ann. Statist. 28.3,

PP- 922-947.

Friedman, J. and R. Tibshirani (1984). “The monotone smoothing of scatter
plots.” In: Technometrics 26, pp. 243—350.

Geer, Sara A (2000). Empirical Processes in M-estimation. Vol. 6. Cambridge
university press, Cambridge.

Gijbels, Iréne, Peter Hall, M. C. Jones, and Inge Koch (2000). “Tests for mono-
tonicity of a regression mean with guaranteed level.” In: Biometrika 87.3,

pp- 663-673.



276

BIBLIOGRAPHY

Gill, Richard D. (1984). “Understanding Cox’s regression model: a martin-
gale approach.” In: . Amer. Statist. Assoc. 79.386, pp. 441—-447.

Gonzalez-Manteiga, W., R. Cao, and J. S. Marron (1996). “Bootstrap selection
of the smoothing parameter in nonparametric hazard rate estimation.”
In: |. Amer. Statist. Assoc. 91.435, pp. 1130—1140.

Grenander, Ulf (1956). “On the theory of mortality measurement. I.” In:
Skand. Aktuarietidskr. 39, 125-153 (1957).

Groeneboom, P. (1983). Estimating a monotone density. Vol. II. Proceedings
of the Berkeley conference in honor of Jerzy Neyman and Jack Kiefer,
Berkeley, Calif.: Wadsworth Statist./Probab. Ser., pp. 539-555.

Groeneboom, Piet (1989). “Brownian motion with a parabolic drift and Airy
functions.” In: Probab. Theory Related Fields 81.1, pp. 79-109.

Groeneboom, Piet, Gerard Hooghiemstra, and Hendrik P. Lopuhad (1999).
“Asymptotic normality of the Ly error of the Grenander estimator.” In:
Ann. Statist. 27.4, pp. 1316—1347.

Groeneboom, Piet and Geurt Jongbloed (2010). “Generalized continuous iso-
tonic regression.” In: Statist. Probab. Lett. 80.3-4, pp. 248-253.

Groeneboom, Piet and Geurt Jongbloed (2012). “Isotonic L,-projection test
for local monotonicity of a hazard.” In: J. Statist. Plann. Inference 142.7,

pPp- 1644-1658.

Groeneboom, Piet and Geurt Jongbloed (2013). “Smooth and non-smooth
estimates of a monotone hazard.” In: From probability to statistics and
back: high-dimensional models and processes. Vol. g. Inst. Math. Stat. (IMS)
Collect. Inst. Math. Statist., Beachwood, OH, pp. 174-196.

Groeneboom, Piet and Geurt Jongbloed (2014). Nonparametric estimation un-
der shape constraints. Vol. 38. Cambridge University Press.

Groeneboom, Piet and Geurt Jongbloed (2015). “Nonparametric confidence
intervals for monotone functions.” In: Ann. Statist. 43.5, pp. 2019—2054.

Groeneboom, Piet, Geurt Jongbloed, and Birgit I. Witte (2010). “Maximum
smoothed likelihood estimation and smoothed maximum likelihood es-
timation in the current status model.” In: Ann. Statist. 38.1, pp. 352-387.

Groeneboom, Piet and Jon A. Wellner (1992). Information bounds and non-
parametric maximum likelihood estimation. Vol. 19. DMV Seminar. Basel:
Birkh&duser Verlag, pp. viii+126. ISBN: 3-7643-2794-4.



BIBLIOGRAPHY

Groeneboom, Piet and Jon A. Wellner (2001). “Computing Chernoff’s distri-
bution.” In: . Comput. Graph. Statist. 10.2, pp. 388—400.

Hall, Peter (1992). “Effect of bias estimation on coverage accuracy of boot-
strap confidence intervals for a probability density.” In: Ann. Statist.

20.2, pp. 675-694.

Hall, Peter and Ingrid Van Keilegom (2005). “Testing for monotone increas-
ing hazard rate.” In: Ann. Statist. 33.3, pp. 1109-1137.

Haywood, John and Estate Khmaladze (2008). “On distribution-free goodness-
of-fit testing of exponentiality.” In: J. Econometrics 143.1, pp. 5-18.

Hess, Kenneth R, Dan M Serachitopol, and Barry W Brown (1999). “Hazard
function estimators: a simulation study.” In: Statistics in medicine 18.22,

pPp. 3075—3088.

Huang, Jian and Jon A. Wellner (1995). “Estimation of a monotone density
or monotone hazard under random censoring.” In: Scand. |. Statist. 22.1,

pPp- 3-33.

Huang, Youping and Cun-Hui Zhang (1994). “Estimating a monotone den-
sity from censored observations.” In: Ann. Statist. 22.3, pp. 1256—1274.

Jammalamadaka, S. Rao and Emanuele Taufer (2003). “Testing exponential-
ity by comparing the empirical distribution function of the normalized
spacings with that of the original data.” In: . Nonparametr. Stat. 15.6,
PP- 719-729.

Kalbfleisch, John D. and Ross L. Prentice (2002). The statistical analysis of

failure time data. Second. Wiley Series in Probability and Statistics. Wiley-
Interscience [John Wiley & Sons], Hoboken, NJ, pp. xiv+439.

Kiefer, J. and J. Wolfowitz (1976). “Asymptotically minimax estimation of
concave and convex distribution functions.” In: Z. Wahrscheinlichkeits-
theorie und Verw. Gebiete 34.1, pp. 73-85.

Kim, Arlene K. H., A. Guntuboyina, and Richard J. Samworth (2016). “Adap-
tation in log-concave density estimation.” In: arXiv:1609.00861.

Kim, Arlene K. H. and Richard J. Samworth (2016). “Global rates of con-
vergence in log-concave density estimation.” In: The Annals of Statistics

44.6, pp. 2756-2779.

Kim, JeanKyung and David Pollard (1990). “Cube root asymptotics.” In:
Ann. Statist. 18.1, pp. 191—-219.

277



278

BIBLIOGRAPHY

Komlés, Janos, Péter Major, and Gébor Tusnddy (1975). “An approximation
of partial sums of independent RV’-s, and the sample DE. 1.” In: Proba-
bility theory and related fields 32.1, pp. 111-131.

Kosorok, Michael R. (2008). “Bootstrapping the Grenander estimator.” In:
Beyond parametrics in interdisciplinary research: Festschrift in honor of Pro-
fessor Pranab K. Sen. Vol. 1. Inst. Math. Stat. Collect. Beachwood, OH:
Inst. Math. Statist., pp. 282—-292.

Kulikov, Vladimir N. and Hendrik P. Lopuhad (2004). “Testing for a mono-
tone density using Ly -distances between the empirical distribution func-
tion and its concave majorant.” In: Report-028, Eurandom.

Kulikov, Vladimir N. and Hendrik P. Lopuhaé (2005). “Asymptotic normal-
ity of the Ly-error of the Grenander estimator.” In: Ann. Statist. 33.5,

pp. 2228-2255.

Kulikov, Vladimir N. and Hendrik P. Lopuhad (2006). “The limit process
of the difference between the empirical distribution function and its
concave majorant.” In: Statist. Probab. Lett. 76.16, pp. 1781-1786. 1SSN:
0167-7152.

Kulikov, Vladimir N. and Hendrik P. Lopuhad (2008). “Distribution of global
measures of deviation between the empirical distribution function and
its concave majorant.” In: J. Theoret. Probab. 21.2, pp. 356-377.

Le Cam, L. (1973). “Convergence of estimates under dimensionality restric-
tions.” In: The Annals of Statistics 1, pp. 38-53.

Le Cam, Lucien (1970). “On the weak convergence of probability measures.”
In: Annals of Mathematical Statistics 41, pp. 621-625.

Lopuhad, Hendrik P. and Gabriela F. Nane (2013). “Shape constrained non-
parametric estimators of the baseline distribution in Cox proportional
hazards model.” In: Scand. ]. Stat. 40.3, pp. 619-646.

Major, P. and L. Rejt6 (1988). “Strong embedding of the estimator of the
distribution function under random censorship.” In: Ann. Statist. 16.3,

pp. 1113-1132.

Mammen, Enno (1991). “Estimating a smooth monotone regression func-
tion.” In: Ann. Statist. 19.2, pp. 724-740.

Marron, J. S. and W. J. Padgett (1987). “Asymptotically optimal bandwidth
selection for kernel density estimators from randomly right-censored
samples.” In: Ann. Statist. 15.4, pp. 1520-1535.



BIBLIOGRAPHY

Meintanis, Simos G. (2007). “Test for exponentiality against Weibull and
gamma decreasing hazard rate alternatives.” In: Kybernetika (Prague)

43.3, Pp- 307-314. ISSN: 0023-5954.

Mukerjee, Hari (1988). “Monotone nonparameteric regression.” In: Ann. Statist.
16.2, pp. 741-750.

Miiller, Hans-Georg and Jane-Ling Wang (1990). “Locally adaptive hazard
smoothing.” In: Probab. Theory Related Fields 85.4, pp. 523-538.

Nane, Gabriela F (2013). Shape Constrained Nonparametric Estimation in the
Cox Model. Delft University of Technology, Delft.

Nane, Gabriela F (2015). “A likelihood ratio test for monotone baseline haz-
ard functions in the Cox model.” In: Statistica Sinica 25, pp. 1163-1184.

Pal, Jayanta Kumar, Michael Woodroofe, and Mary Meyer (2007). “Estimat-
ing a Polya frequency function,.” In: Complex datasets and inverse prob-
lems. Vol. 54. IMS Lecture Notes Monogr. Ser. Inst. Math. Statist., Beach-
wood, OH, pp. 239-249.

Prakasa Rao, B. L. S. (1969). “Estimation of a unimodal density.” In: Sankhya
Ser. A 31, pp. 23—36. ISSN: 0581-572X.

Prakasa Rao, B. L. S. (1970). “Estimation for distributions with monotone
failure rate.” In: Ann. Math. Statist. 41, pp. 507-519. ISSN: 0003-4851.

Ramlau-Hansen, Henrik (1983). “Smoothing counting process intensities by
means of kernel functions.” In: Ann. Statist. 11.2, pp. 453—466.

Ramsay, J. O. (1998). “Estimating smooth monotone functions.” In: J. R. Stat.
Soc. Ser. B Stat. Methodol. 60.2, pp. 365-375.

Ren, Jian-Jian and Mai Zhou (2011). “Full likelihood inferences in the Cox
model: an empirical likelihood approach.” In: Ann. Inst. Statist. Math.
63.5, pp- 1005-1018.

Sen, Bodhisattva, Moulinath Banerjee, and Michael Woodroofe (2010). “In-
consistency of bootstrap: the Grenander estimator.” In: Ann. Statist. 38.4,

PP- 1953-1977-

Seregin, Arseni and Jon A. Wellner (2010). “Nonparametric estimation of
multivariate convex-transformed densities.” In: The Annals of Statistics
38.6. With supplementary material available online, pp. 3751—3781.

Shorack, Galen R. and Jon A. Wellner (1986). Empirical processes with applica-
tions to statistics. Wiley Series in Probability and Mathematical Statistics:



280

BIBLIOGRAPHY

Probability and Mathematical Statistics. John Wiley & Sons, Inc., New
York, pp. xxxviii+938.

Tanner, Martin A. and Wing Hung Wong (1983). “The estimation of the
hazard function from randomly censored data by the kernel method.”
In: Ann. Statist. 11.3, pp. 989—993.

Tsiatis, Anastasios A. (1981). “A large sample study of Cox’s regression
model.” In: Ann. Statist. 9.1, pp. 93—108.

Van de Geer, Sara A. (2000). Applications of empirical process theory. Vol. 6.
Cambridge Series in Statistical and Probabilistic Mathematics. Cam-
bridge University Press, Cambridge, pp. xii+286.

Van der Vaart, Aad W. and Mark J. van der Laan (2003). “Smooth estimation
of a monotone density.” In: Statistics 37.3, pp. 189—203.

Van der Vaart, Aad W. and Jon A. Wellner (1996). Weak convergence and empir-
ical processes. Springer Series in Statistics. With applications to statistics.
Springer-Verlag, New York, pp. xvi+508.

Van Geloven, N., I. Martin, P. Damman, R. J. de Winter, ]. G. Tijssen, and
H. P. Lopuhad (2013). “Estimation of a decreasing hazard of patients
with acute coronary syndrome.” In: Stat. Med. 32.7, pp. 1223-1238.

Wang, Xiao and Michael Woodroofe (2007). “A Kiefer-Wolfowitz compar-
ison theorem for Wicksell’s problem.” In: Ann. Statist. 35.4, pp. 1559

1575.

Wang, Yazhen (1994). “The limit distribution of the concave majorant of an
empirical distribution function.” In: Statist. Probab. Lett. 20.1, pp. 81-84.

Wellner, Jon A. (2015). “Musings about shape constrained estimation and
inference: some problems.” In: Presentation at workshop Shape Constrained
Inference: Open Problems and New Directions, Lorentz Centre, Leiden, The
Netherlands, 2015.

Wells, Martin T. (1994). “Nonparametric kernel estimation in counting pro-
cesses with explanatory variables.” In: Biometrika 81.4, pp. 795-801.

Westling, Ted and Marco Carone (2018). “A unified study of nonparametric
inference for monotone functions.” In: arXiv preprint arXiv:1806.01928.

Wong, Wing Hung and Xiaotong Shen (1995). “Probability inequalities for
likelihood ratios and convergence rates of sieve MLEs.” In: Ann. Statist.

23.2, pp. 339-362.



BIBLIOGRAPHY

Woodroofe, Michael and Jiayang Sun (1993). “A penalized maximum likeli-
hood estimate of f(0+) when f is nonincreasing.” In: Statist. Sinica 3.2,
PP. 501-515. ISSN: 1017-0405.

Wright, F. T. (1982). “Monotone regression estimates for grouped observa-
tions.” In: Ann. Statist. 10.1, pp. 278-286.

Xu, Gongjun, Bodhisattva Sen, and Zhiliang Ying (2014). “Bootstrapping
a change-point Cox model for survival data.” In: Electron. |. Stat. 8.1,
PP- 1345-1379.

Zhang, Shunpu and Rohana ] Karunamuni (1998). “On kernel density esti-
mation near endpoints.” In: Journal of Statistical Planning and Inference
70.2, pp- 301-316.

281






SUMMARY

In this thesis we address the problem of estimating a curve of interest (which
might be a probability density, a failure rate or a regression function) under
monotonicity constraints. This problem arises in different fields of appli-
cation. For example, in survival analysis, a monotone hazard rate reflects
the property of aging, meaning that components become less reliable as the
survival time increases. Monotonic regression relationships are reasonable
in econometrics (demand-price), biometrics (age-height) etc. In such situa-
tions, incorporating monotonicity constraints in the estimation procedure
leads to more accurate results. There is a large body of literature on iso-
tonic estimation which focuses on two methods: constrained nonparametric
maximum likelihood estimation and a Grenander-type procedure. These es-
timators are piecewise constant and converge at rate cube-root n. On the
other hand, smooth estimators are usually preferred because, among other
reasons, they have a faster rate of convergence and a nicer graphical repre-
sentation.

The main concern of this thesis is investigating large sample distributional
properties of smooth isotonic estimators. In the first part we focus on the
pointwise behavior of estimators for the hazard rate in survival analysis
while the second part is dedicated to global errors of estimators in a general
setup, which includes estimation of a probability density, a failure rate, or a
regression function.

In Chapter 2 we consider kernel smoothed Grenander-type estimators for
a monotone hazard or a monotone density in the right censoring model.
Weak convergence of the estimators at a fixed point is established through a
Kiefer-Wolfowitz type of result and the use of a boundary corrected kernel
is proposed to avoid inconsistency at the boundary regions. Once having
derived the asymptotic distribution of the estimators, a practical applica-
tion is constructing pointwise confidence intervals. Simulations show that
smoothing leads to more accurate results and undersmoothing is preferred
with respect to bias estimation.

Chapter 3 focuses on smooth isotonic estimation of the baseline hazard in
the Cox regression model, which is a generalization of the right censoring
model that takes into account the presence of covariates. Four different es-
timators are obtained by combining an isotonization step with a smoothing
step and alternating the order of smoothing and isotonization. We show that
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three of the estimators are asymptotically equivalent with a Gaussian limit
distribution at rate n2/> while the fourth one has a different asymptotic bias.
Hence, there is no preference between the four methods on the basis of large
samples theoretical properties. Moreover, we assess the finite sample perfor-
mance of the estimators by means of simulation studies for constructing
pointwise confidence intervals. We investigate both asymptotic confidence
intervals using undersmoothing to avoid bias estimation and bootstrap con-
fidence intervals. We observe that the second method performs better and
the estimators have comparable behavior (with smoothed maximum likeli-
hood estimator and maximum smoothed likelihood estimator being slightly
more accurate). However, it is presently not clear how to "optimally" choose
the smoothing parameter which in practice might be an issue.

Chapter 4 provides a central limit theorem for the Hellinger error of
Grenander-type estimators of a monotone function obtained by approximat-
ing the squared Hellinger distance with a weighted L,-distance. A goodness
of fit test under the assumption of a non-increasing density is proposed
based on the Hellinger distance between a parametric estimator and the
Grenander-type estimator. Its performance is investigated through a simu-
lation study on testing exponentiality.

In Chapter 5 we proceed by considering the process An — An, where Ay,
is a cadlag step estimator for the primitive A of a nonincreasing function
Aon [0,1], and 7\n is the least concave majorant of A,,. We extend the re-
sults in Kulikov and Lopuhad, 2006, 2008 to the general setting considered
in Durot, 2007. Under this setting we prove that a suitably scaled version
of An —An converges in distribution to the corresponding process for two-
sided Brownian motion with parabolic drift and we establish a central limit
theorem for the L,-distance between /A\TL and A,. Such result is then used
in the Chapter 6 for dealing with smoothed Grenander-type estimators.

Finally, in Chapter 6 we provide central limit theorems for the Ly,-error
of smooth isotonic estimators obtained by kernel smoothing the Grenander-
type estimator or isotonizing the kernel estimator. Both of them are con-
nected to the behavior of the L-error of the ordinary kernel estimator, for
which we extend the results from Csorg6 and Horvath, 1988. However, dif-
ferently from Csorgd and Horvath, 1988 we find that the limit variance
changes depending on whether the approximating process of A, — A is a
Brownian motion or a Brownian bridge. As an application we consider test-
ing monotonicity of a regression function on the basis of the L,-distance
between the ordinary kernel estimator and the smoothed Grenander estima-
tor. The limit theorem cannot be directly used for determining the critical
region of the test due to the presence of unknown parameters in the limit



distribution. Instead, we use a bootstrap procedure and compare the perfor-
mance of the test with other tests available in the literature.
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SAMENVATTING

In dit proefschrift behandelen we het probleem van het schatten van een
curve (zoals een kansdichtheid, een hazard functie, of een regressiefunc-
tie) onder de aanname van monotonie. Dit probleem doet zich voor in
verschillende toepassingsgebieden. Bijvoorbeeld in de analyse van levens-
duren wordt veroudering weerspiegeld door een monotone hazard func-
tie, evenals het minder betrouwbaar worden van onderdelen naarmate de
overlevingstijd toeneemt. Monotone regressierelaties komen vaak voor in
de Economie (bijvoorbeeld tussen de omvang van de vraag en de prijs),
in de Biologie (bijvoorbeeld tussen leeftijd en lengte), enz. In dergelijke
situaties leidt het opnemen van monotonie in de schattingsprocedure tot
nauwkeuriger resultaten. Er is een uitgebreide literatuur over isotone schat-
ters, die zich richt op twee methoden: de niet-parametrische maximum like-
lihood schatter en een soort van Grenander-schatter. Deze schatters zijn
stuksgewijs constant en convergeren met snelheid n'/3. Aan de andere
kant, hebben gladde schatters meestal de voorkeur omdat ze, naast andere
redenen, een hogere convergentiesnelheid hebben en een mooiere grafische
weergave.

Het belangrijkste doel van dit proefschrift is het onderzoeken van asymp-
totische verdelingseigenschappen van gladde isotone schatters. In het eerste
deel concentreren we ons op het puntsgewijze gedrag van schatters voor
de hazard functie bij de analyse van levensduren, terwijl het tweede deel
gewijd is aan globale afwijkingen in een algemene opzet die het schatten
van een kansdichtheid, een hazard functie, en een regressiefunctie bevat.

In Hoofdstuk 2 beschouwen we glad gemaakte Grenander-schatters voor
een monotone hazard en een monotone kansdichtheid in het rechts cen-
surerings model. Puntsgewijze zwakke convergentie van de schatters wordt
aangetoond met behulp van een soort van Kiefer-Wolfowitz resultaat, ge-
bruikmakend van van een rand-gecorrigeerde kernfunctie om inconsistentie
aan de rand te voorkomen. Nadat de asymptotische verdeling van de schat-
ters is afgeleid, is een praktische toepassing het construeren van puntsgewi-
jze betrouwbaarheidsintervallen. Simulaties laten zien dat het glad maken
leidt tot meer accurate resultaten en dat “undersmoothing” de voorkeur
heeft boven het schatten van de “bias”.

Hoofdstuk 3 richt zich op gladde isotone schatters voor de baseline haz-
ard in het Cox model, een generalisatie van het rechts-censurerings model
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dat rekening houdt met de aanwezigheid van covariaten. Vier verschillende
schatters worden verkregen door twee soorten van isotonisatie te combineren
met een “smoothing”-stap in twee verschillende volgorden. We laten zien
dat de schatters asymptotisch normaal verdeeld zijn en consistent zijn met
snelheid n?/3. Drie van de schatters zijn asymptotisch equivalent terwijl
de vierde schatter een andere asymptotische bias heeft. Derhalve is er geen
voorkeur voor een van de vier methoden op basis van theoretische eigen-
schappen voor grote steekproeven. Verder onderzoeken we de prestaties van
de schatters bij eindige steekproeven bij het construeren van puntsgewijze
betrouwbaarheidsintervallen door middel van simulaties. We onderzoeken
zowel asymptotische betrouwbaarheidsintervallen, met behulp van “under-
smoothing” om het schatten van de bias te vermijden, alsmede bootstrap-
betrouwbaarheidsintervallen. We zien dat de tweede methode beter presteert
en dat de schatters een vergelijkbaar gedrag vertonen (waarbij de glad ge-
maakte maximum likelihood schatter en de maximum smoothed likelihood
schatter iets nauwkeuriger zijn). Het is echter momenteel niet duidelijk hoe
de gladheidsparameter "optimaal" kan gekozen worden, hetgeen in de prak-
tijk een probleem kan zijn.

Hoofdstuk 4 bevat een centrale limietstelling voor de afwijking in Hellinger-
afstand voor Grenander-schatters voor een monotone functie, verkregen
door de gekwadrateerde Hellinger-afstand te benaderen met een gewogen
L;-afstand. Onder de aanname van een niet-stijgende kansdichtheid stellen
we een goodness-of-fit toets voor op basis van de Hellinger-afstand tussen
een parametrische schatter en de Grenander-schatter. De prestaties hiervan
worden onderzocht door middel van simulaties voor het toetsen van expo-
nentialiteit.

In Hoofdstuk 5 gaan we verder met het proces /A\n — An, waarbij A,, een
stuksgewijs constante schatter is voor de primitieve A van een niet-stijgende
functie A op [0, 1], en /A\TL de kleinste concave majorant is van A,,. We breiden
de resultaten in Kulikov and Lopuhad, 2006, 2008 uit naar de algemene
opzet die in Durot, 2007 wordt gebruikt. Voor deze opzet bewijzen we dat
een geschikt geschaalde versie van An —An in verdeling convergeert naar
het overeenkomstige proces voor een tweezijdige Brownse beweging met
parabolische drift. Bovendien leiden we een centrale limietstelling af voor
de L,-afstand tussen /A\n en Ay. Dit resultaat wordt vervolgens gebruikt in
Hoofdstuk 6 voor het behandelen van glad gemaakte Grenander-schatters.

Tenslotte behandelen we in Hoofdstuk 6 centrale limietstellingen voor
de afwijking in L-afstand voor gladde isotone schatters die verkregen zijn
door glad maken van een Grenander-schatters of door het isotoniseren van
een kernschatter. In beide gevallen is het gedrag gerelateerd aan dat van



de Ly-afstand voor een reguliere kernschatter, waarvoor we de resultaten
van Csorgd and Horvath, 1988 uitbreiden. Echter, anders dan in Csorgd
and Horvath, 1988, zien we dat de limietvariantie verschillend is, athanke-
lijk van of het benaderende proces voor Ay, — A een Brownse beweging is
of een Brownse brug. Als een toepassing beschouwen we het toetsen van
monotonie van een regressiefunctie op basis van de L,-afstand tussen de
kernschatter en de glad gemaakte Grenander-schatter. De limietstelling kan
niet rechtstreeks worden gebruikt voor het bepalen van het kritieke gebied
van de toets vanwege de aanwezigheid van onbekende parameters in de
limietverdeling. In plaats daarvan gebruiken we een bootstrap procedure
en vergelijken we de prestaties van de toets met andere toetsen die in de
literatuur beschikbaar zijn.
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