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Abstract Wave-induced transport in the coastal zone can play an important role in the distribution of
nutrients, plankton, and pollutants including plastic litter. The effect of the water depth, unsteadiness of the
wave field, and the rotation of the Earth on the wave-induced drift is investigated in this paper. We derive a
model for the time-dependent drift velocity in finite-depth water for a time-varying wave forcing, where we
include the effect of rotation and a constant eddy viscosity. The solution is given in the form of a finite-depth
Ekman-Stokes kernel. Convolution of this kernel with a time series of the Stokes drift gives the wave-induced
Eulerian-mean velocity. The resulting unsteady flow contains damped inertial oscillations, where the amplitude
of the oscillations is influenced by the rate of change of the wave forcing. Both a decrease in water depth (lower
kh) and a decrease in the relative importance of rotation compared to viscosity (lower (inverse) wave Ekman
number Ek~') lead to faster decay of these oscillations. Applying the model to buoy data shows a large impact
on the predicted transport in finite depth.

Plain Language Summary To understand the distribution of particles in the ocean such as nutrients,
plankton, and pollutants including plastic litter, we need to know how they are transported. The coastal zone can
play a role in this distribution, since it connects the shore to the deep ocean. One of the important processes in
this region is the transport by waves. We derive a mathematical model for wave-induced transport near the coast,
where we take the rotation of the Earth and the time variation of the both the drift and the wave field into
account. Particles near the water surface are transported to the right of the wave direction (on the Northern
Hemisphere), while describing damped inertial oscillations. Both a smaller water depth and a lower relative
importance of rotation compared to viscosity can make these oscillations disappear faster. However, it is the
combination of both of these effects that ultimately determines how quickly these oscillations decay. Applying
the model to buoy data shows a large impact on the predicted transport when considering coastal regions.

1. Introduction

Accurate prediction of the distribution of pollutants such as plastic (van Sebille et al., 2020), nutrients (Gruber
et al., 2011) and plankton (Nooteboom et al., 2019) requires an understanding of physical processes leading to
particle transport in the ocean. The coastal zone links the shore to the open ocean and can act as an important
source and/or sink of pollutant particles. The coastal zone can therefore play a potentially very large role in the
distribution of these particles across the oceans. For example, large floating marine plastic has been found to be
more abundant in coastal waters, suggesting that the nearshore region could act as a sink for such plastics
(Morales-Caselles et al., 2021).

There are many different processes that drive transport in the coastal zone, spanning a wide range of scales, from
large-scale currents to small-scale turbulence (DiBenedetto, 2025; Moulton et al., 2023). One of the important
processes is the transport due to surface gravity waves. The unclosed orbital motion of a particle underneath a
wave gives rise to a net drift in the wave direction known as Stokes drift (Stokes, 1847; van den Bremer &
Breivik, 2017). The combination of the Stokes drift with a background rotation, such as the rotation of the Earth,
causes an additional wave-induced Eulerian-mean velocity (Hasselmann, 1970; Higgins et al., 2020; Lewis &
Belcher, 2004; Ursell, 1950; Xu & Bowen, 1994). Together, they determine the wave-induced transport of a
particle by the Lagrangian-mean velocity

medium, provided the original work is up =us+ug, (1)
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where {} denotes a wave average, ug is the Stokes drift and # the wave-induced Eulerian-mean velocity. The wave-
induced transport is not only influenced by the rotation of the Earth, but also by viscosity and the water depth. We
will discuss the effect of including these physical processes in the following paragraphs.

The impact of the Earth's rotation on wave-induced transport was first considered by Ursell (1950), who argued
that conservation of circulation leads to the requirement that there can be no steady Lagrangian-mean velocity in
an inviscid rotating ocean. Hasselmann (1970) showed that, under rotation, the wave-averaged Reynolds stress is
not zero, leading to the Coriolis—Stokes force. The resulting inviscid wave-averaged Lagrangian flow describes an
inertial oscillation. Averaging over this inertial circle leads to a zero Lagrangian-mean velocity, in agreement with
Ursell (1950), due to the cancellation of the Stokes drift by the (inertially averaged) Eulerian-mean velocity at
every depth. This Eulerian-mean velocity is sometimes referred to as the “anti-Stokes drift.” The effect of vis-
cosity on wave-induced drift was studied by Longuet-Higgins (1953) for water of finite depth in a non-rotating
frame. He showed that the viscous bottom boundary layer leads to a (Eulerian-mean) streaming velocity close to
the bottom, and the viscous surface boundary layer leads to a wave stress just below the surface, which both effect
the Lagrangian-mean velocity (see also Phillips, 1977).

Combining the effects of both rotation and viscosity on the wave-induced transport in deep water shows that a
non-zero viscosity causes a non-zero net mass transport, in contrast to the inviscid solution (Jenkins, 1986;
Madsen, 1978; Weber, 1983a, 1983b, 2019). Extending previous work by allowing for any given time variation of
the wave forcing, Higgins et al. (2020) derived a kernel solution for the time-dependent Eulerian-mean velocity in
deep water. Using observational data to estimate the Stokes drift, Cunningham et al. (2022) applied this
Ekman-Stokes kernel and showed that the inclusion of the wave-induced Eulerian-mean flow in particle tracking
simulations has a significant impact on the distribution of floating plastic in the ocean. Alternatively, a fully
coupled ocean-wave model can be used to include the wave-induced Eulerian-mean flow in simulations
(e.g., Breivik et al., 2015; Drivdal et al., 2014; Riihs et al., 2025). Riihs et al. (2025) show that the Stokes drift and
wave-induced Eulerian current have a significant impact on the surface particle dispersal. They emphasize the
need to include both effects, since including only the Stokes drift might not improve the dispersal predictions
compared to not including any wave effect at all.

In realistic ocean conditions, the turbulence in the mixed surface layer should also be considered. The effect of
turbulence can be captured by an eddy viscosity, which combines the molecular viscosity with the effect of tur-
bulence. For simplicity, the eddy viscosity is often assumed to be constant. However, the local level of turbulence is
better represented by a depth-dependent eddy viscosity (Craig & Banner, 1994). For that reason, Lewis and
Belcher (2004) and Polton et al. (2005) extend previous work by providing a steady solution for a linearly varying
eddy viscosity. By comparing their solutions to observational data, they also demonstrate the importance of the
inclusion of the Coriolis—Stokes force. On the inner continental shelf, the importance of including the
Coriolis—Stokes force has also been demonstrated in the analysis of field observations by Lentz et al. (2008). They
measured a Eulerian-mean flow with the same vertical structure as the Stokes drift, but in the opposite direction
(anti-Stokes) and showed that this is consistent with a steady balance between Coriolis and Coriolis—Stokes forces.

The recent studies by Higgins et al. (2020), Cunningham et al. (2022) and Riihs et al. (2025) highlight the
importance of including the effect of rotation when considering the time-dependent wave-induced transport, but
focus on deep-water conditions. In coastal regions, the effect of finite depth also plays an important role. Xu and
Bowen (1994) provide a steady solution for the Eulerian-mean velocity in finite-depth water, by combining the
rotating, inviscid solutions of Ursell (1950) and Hasselmann (1970) with the non-rotating viscous solutions of
Longuet-Higgins (1953). However, this analysis has not been explicitly extended to include time dependence of
the wave forcing and the Eulerian-mean velocity that results from this, as has been done by Weber (1983a) and
Higgins et al. (2020) for deep water. Xu and Bowen (1994) do consider the unsteady effects arising for a suddenly
imposed steady wave forcing (formulated as an eigenvalue problem) and note that their solution can, in principle,
be extended to any time-varying forcing through superposition. Their solution is given in the form of an integral
that is left unevaluated. Beyond identifying its main features, Xu and Bowen (1994) do not investigate the effects
of unsteadiness, finite depth, their interaction, and its implications for wave-induced transport, which are the
focus of the present paper.

In this paper, we derive a model for the time dependent wave-induced transport in finite-depth water for any given
time variation of the Stokes drift forcing, following the same approach as Higgins et al. (2020). Hence, it forms a
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link between the finite-depth solution by Xu and Bowen (1994) and the time-dependent solution by Higgins
et al. (2020). We show that our solution recovers the solution of Xu and Bowen (1994) if the integral that makes
up their solution is explicitly evaluated (Appendix A). We provide the solution in the form of what we call the
finite-depth Ekman—Stokes kernel (Section 3.1). This kernel can be applied in the same way as the Higgins
et al. (2020) deep-water kernel, as was done by Cunningham et al. (2022), but now for regions with a smaller
water depth, such as near coasts. Additionally, we derive and analyze the solutions for the Eulerian-mean velocity
for both a suddenly imposed constant wave forcing (Section 4.1) and a suddenly imposed viscously attenuated
wave forcing (Section 4.2). We present a detailed analysis of the unsteady flow in finite depth through the
application of the finite-depth kernel to an idealized storm (Section 5.1) and to a Stokes drift time series estimated
from buoy data (Section 5.2).

2. Governing Equations

We consider waves on a sea with a constant, finite water depth 4, in a Cartesian coordinate system, where x and y
are the horizontal coordinates, and the vertical coordinate z is directed upwards from the undisturbed water
surface. In the Eulerian framework, the governing equations for an incompressible, viscous, rotating fluid of
constant density p are the Navier—Stokes and continuity equations, given by.

0 1
a—l;+rou+f><u=—;V(p+pgz)+uV2u, 2)

V-u=0, 3)

where u = (u,v,w) is the three-dimensional velocity vector, f = (0,0,f) is the Coriolis vector with f the Coriolis
parameter, p is the pressure, g is the acceleration due to gravity and v is the eddy viscosity, which we assume to be
constant. From these equations, Xu and Bowen (1994) derive the equations for the drift velocity in finite-depth
water subject to a background rotation. Taking the wave average of Equations 2 and 3 and assuming that the
horizontal variations are much smaller than the vertical variations gives the mean flow equations. Using the
solution to the linearized equations for the wave orbital velocities to rewrite the Reynolds stresses leads to the
Stokes—Coriolis force in the interior (Hasselmann, 1970) and the streaming velocity above the bottom boundary
(Longuet-Higgins, 1953; Phillips, 1977). Assuming a free surface without explicit external forcing of the waves
leads to the (virtual tangential) wave stress just below the surface (Longuet-Higgins, 1953; Xu & Bowen, 1994).
Retaining not only rotation and the effect of the eddy viscosity, but also time variation, the wave-averaged
equations for the Eulerian-mean velocity outside the boundary layers are then given by (Hasselmann, 1970;
Higgins et al., 2020; Longuet-Higgins, 1953; Weber et al., 2015; Xu & Bowen, 1994)

(0, + if —v02) Uk(z,1) = —if Us(z, 1), 4)
0.Ug(z,1) = 0.Ug(z,1) atz=n-6, = 0, 5)

— 3
Ug(z,t) = EUS(Z’ t) atz=-h+6, ~—h, (6)

where 7, is the free surface elevation, §, = 4/2v/w is the thickness of the (wave-driven) boundary layer, and we use
the complex notation Up = up + i vg for the horizontal wave-induced Eulerian-mean velocity and
Us = ug + i vg for the Stokes drift. Equations 4—6 are identical to those derived by Xu and Bowen (1994,
Equations 68-70) for wave-driven flow (zero wind stress), aside from the inclusion of the time derivative and
exclusion of the region inside the bottom boundary layer. The boundary conditions (Equations 5 and 6) of Longuet-
Higgins (1953) are applied at the edge of the thin boundary layers. As a consequence, the solution to the
Ekman-Stokes equation (Equation 4) is only valid outside the boundary layers. It is possible to solve for the velocity
inside both the surface and the bottom boundary layer (Weber, 1983a, 1983b, 2019; Xu & Bowen, 1994). However,
since a Lagrangian framework would be more suitable for this, we leave this outside the scope of the present paper.

The wave-averaged “Ekman-Stokes” equation (Equation 4) and the (wave-averaged) surface boundary condition
(Equation 5) are identical to those used in Higgins et al. (2020). However, instead of requiring the flow to vanish
at large depth as in Higgins et al. (2020), we require the flow to match the bottom streaming velocity at finite depth
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z = —h. The Eulerian-mean velocity Ug(z,?) is, therefore, not only driven by the Coriolis—Stokes force in the
interior, but also by the (virtual tangential) wave stress at the surface (Equation 5) and the streaming velocity
at the bottom (Equation 6).

3. General Unsteady Solution: The Finite-Depth Ekman—Stokes Kernel

In order to solve Equation 4 subject to the boundary conditions (Equations 5 and 6), we convert the partial
differential equation (PDE) to an ordinary differential equation (ODE) using a Laplace transform. The Laplace
transform is denoted by a tilde and is defined as

[+

#(s) = L{(0) = f g0 e dr, ™)

0

for a general function g(f). We consider a suddenly imposed (quasi-) monochromatic wave forcing with an
arbitrary time dependence (slow compared to the time scale of the waves) of the wave amplitude and direction,
giving a Stokes drift

0 t <0,

2ok cosh (2k(h + 2)) iy ®)

Usta.t) = t>0
2sinh2(kh) -7

with wave amplitude a(7), angular frequency of the wave w, wavenumber k and wave direction with respect to the
x-axis O(z). Assuming

UE(Z’ = 0) = O’ (9)
and solving the ODE gives a solution in Laplace space of the form
Ur(z.5) = K(z.5) Us(z =0.9), (10)

where we define K(z,s) as the Laplace transform of the Ekman—Stokes kernel for finite-depth water K(z,1).
Using the Laplace convolution theorem, we find the Eulerian-mean velocity

Ug(z,t) = Ug(z =0,1) * K(z,1) = f Us(z =0,T)K(z,t — T)dT, (11)
0

where * denotes a convolution in time.

3.1. Finite-Depth Ekman-Stokes Kernel

To determine the Eulerian-mean velocity for a given Stokes drift, we need to find the expression for the finite-
depth Ekman—Stokes kernel given by
K0 = LK@ 9),
Y+ico (12)

1 .
— K(z,5)e" ds,
2mi )y

(—ico

where we write the inverse Laplace transform as a Bromwich integral along the vertical line in the complex
plane such that Y €R is larger than the real part of all singularities of K(z,s). Considering a contour integral
that contains the Bromwich line integral and using Cauchy's residue theorem to write this contour integral as
the sum of the residues of the enclosed singularities, we find the kernel (see Text S1 in Supporting
Information S1).
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& 2 1\ z
K — it —(n+%) ut/h? i P
(z)=e Ze cos(|n+ )

n=0

3D (n+ B iflv
W cosh(2kh)  (n+1Yn2 + (2kh)? (13)

X v %tanh(Zkh) +

D' (n+3)n

4 h(2 2
X | 4kh tanh (2kh) + cosh(2Kh)

We can non-dimensionalize the kernel using the parameters k4 and the (inverse) wave Ekman number, which is a
measure of the relative importance of rotation and viscosity and is defined as (Huang, 1979; Mol et al., 2025)

& f
Ek' =3 =——, 14
5% Suk? (14)

with the Stokes depth §g = 1/(2k) and the Ekman depth 6z = /2v/f. Rewriting then gives the dimensionless
kernel

K & 2 -1 1
% e r;)e_(H%) w21/(2Ek (2kh)?) cos((n + E)n %)

3" (n+l
2k tanh (2khy + 2 E (1 + )7

X 2 cosh(2kh)

1
Ek™'(2kh)? (15)

2i D' (n+ )
- (n—+ e <2kh tanh (2kh) + === i)

as a function of z/h, © = ft. Convolution of the kernel with a given Stokes drift forcing gives the wave-induced
Eulerian-mean velocity (Equation 11). Taking the limit # — oo of the finite-depth kernel (see Text S4 in Sup-
porting Information S1) recovers the deep-water kernel of Higgins et al. (2020). Xu and Bowen (1994) also give a
kernel-like solution for an unsteady wave forcing in their equation 110, but they do not provide a fully computed
expression or any further analysis. Explicit computation and rewriting of their expression (not performed therein)
can be shown to result in Equation 13 (see Appendix A).

The finite-depth Ekman—Stokes kernel is illustrated in Figure 1. The magnitude and argument of the finite-depth
kernel show behavior that is very similar to the deep-water kernel of Higgins et al. (2020), with the magnitude of
the kernel decreasing over time and depth and the argument showing an oscillation with the inertial period 2n/f.
However, comparing the real and imaginary parts of the finite-depth and deep-water kernels in Figure lc, we
notice that the hodograph of the finite-depth kernel spirals toward the origin much faster. In Section 4.1 and 4.2,
we will also see this enhanced damping effect of finite depth in the solutions for a suddenly imposed constant and
a suddenly imposed attenuated wave forcing.

4. Solutions for Simplified Forcing Examples

The kernel solution itself does not provide a velocity, since it first needs to be convolved with a time series of the
Stokes drift. We will, therefore, consider some simple wave forcing examples that allow us to examine the
induced Eulerian-mean velocity. To investigate the time dependence of the drift and the effect of kh and Ek™!
without the influence of a time dependence of the forcing (after the initial step function onset), we first consider a
(suddenly imposed) constant wave forcing. The second example, with an attenuated wave forcing, illustrates the
addition of a (simple) time dependence of the forcing. It also shows the remaining flow after the wave forcing has
(almost completely) dissipated.
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Figure 1. The magnitude (a), argument (b) and hodograph (c) of the finite-depth Ekman-Stokes kernel K(z/h,7) for
f =1x10"*rad/s, Ek™' = 1 and kh = 2. In (c), both the finite-depth kernel and the deep-water kernel of Higgins
etal. (2020) are shown (by a blue line and a dashed gray line, respectively) at z = O for a duration of 7 days. The time (in days) is
marked on the hodograph of the finite-depth kernel for the first 3 days (orange dots). It should be noted that # = 0 is a singular
point.
4.1. Suddenly Imposed Constant Wave Field
The simplest forcing we can consider is a suddenly imposed constant wave field, giving a Stokes drift of
0 t <0,
US,const(Z, t) = (16)
Us(z) t20.
To find the Eulerian-mean velocity for this specific wave forcing, we calculate the convolution (Equation 11) of
the Stokes drift (Equation 16) with the finite-depth kernel. The result consists of an inertial oscillation (exp (—ir))
with a time- and z-dependent amplitude and a time independent part (ﬁE Sleady>, which together give the Eulerian-
mean velocity (see Texts S2 and S3 in Supporting Information S1)
UE const (/R 7) —ir S —(n+%)27r21/(2Ek'](2kh)2) 1\ z l:]E steady (z/h)
Econst\ /7 F, tojnt |+ — 17
Us(Z — 0) e ; e n,const cosf|n 2 T h Us(Z — 0) ( )
with
1
Ez,const = N2 R )
1+ (n+ 1Y) n2/(2EK™" (2kh)*)
-2 3ED"(n+d)m
x | ———— | 2kh tanh (2k) + = ' (n+ o)
2iEk™" (2kh) 2 cosh(2kh)
(18)
2 ~1)"(n+ 1)
o 2kh tanh (2kh) + M
(n+1)"n2 + (2kh) cosh (2kh)
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and

_ . —

Ur, seaty(z/h) _ tanh (2kh) Slnh(zth2IEk ( +Z/h))/ | 2B )
Use=0)  +aiEx cosh(Zkh\/ZiEk“) U 1-2iEk!
) cosh(Zkh\/2iEk" z/h)(3 — )

. 3_
cosh (2Kh) cosh(2kh 2iEk—1)

2 1-2iEk"!
cosh(2kh(1 + z/h)) 1 1
cosh (2kh) 1 — 2iEk™!

19)

where the latter (EE steady(2// h)) corresponds to the solution to the steady (time-independent) version of Equation 4,

where {} indicates an average over both wave and inertial time scales. The same solution for the Eulerian-mean
velocity can be found by taking the Laplace transform of Equations 4, 5, and 6 for the Stokes drift given in
Equation 16, solving the resulting ODE in Laplace space and calculating the inverse Laplace transform by using a
contour integral and Cauchy's residue theorem (see Texts S2 and S3 in Supporting Information S1). The steady

solution ﬁE steady(2) is equal to the steady solution given by Xu and Bowen (1994), when considering only the wave-
driven flow outside the bottom boundary layer. Xu and Bowen (1994) also consider the unsteady flow driven by a
suddenly imposed constant wave forcing, but do not provide a fully explicit solution. However, explicitly calcu-
lating the integral expression they give (equation 100 Xu & Bowen, 1994) leads to Equation 17 (see Appendix A).

To assess the range of Ek~! for realistic conditions near the coast, we explore buoy measurements of the wave
conditions along the coastlines of the United States provided by the Coastal Data Information Program (CDIP).
We gather all historic data (containing 187 buoy stations) and select the measurements for which kh < 3
(estimated based on the water depth and the recorded peak wave period). For this data set of coastal wave
conditions, the peak wave period is between 3 and 25 s, with a mean of 11 s. Based on the water depth, latitude and
the recorded peak period, and assuming an eddy viscosity of v = 107> m? s~!, we find (inverse) wave Ekman
numbers between 0.05 and 356, with a mean of 9. Of the estimated (inverse) wave Ekman numbers 95% are in the
range 0 < Ek~! < 30 and only 0.13% are larger than 100. In the figures in this paper we, therefore, show the
typical values Ek~' = 5,10,30 (corresponding to, e.g., a wave with a period between 10 and 15 s, a mid latitude
value of the Coriolis parameter f = 1 x 107* rad/s, v = 10~ m%/s and kh = 1.5) and the less common value
Ek™' = 100. However, the value of Ek™! critically depends on the value of the eddy viscosity, where a higher
value of the eddy viscosity leads to a lower (inverse) wave Ekman number (and vice versa). In the open ocean, the
eddy viscosity is estimated to be of the order of 107>~10~2 (Cunningham et al., 2022). Cunningham et al. (2022)
calculated this by using the Mellor and Yamada (1982) 2.5 level turbulence model, which relates the eddy vis-
cosity to the turbulent kinetic energy and the turbulent length scale, together with the vertical mixing coefficient
from Mellor and Blumberg (2004). Near the coast, the eddy viscosity might vary over several orders of magnitude
with estimates in the range of 1074-1072 (Cao et al., 2017; Geyer & MacCready, 2014; Sentchev et al., 2023;
Yoshikawa & Endoh, 2015). However, due to the difficulty of determining the eddy viscosity, which is dependent
on the local sea state, the uncertainties in these estimates are large.

The steady solution (Equation 19) is shown in Figure 2 as a function of depth for different values of k# and (inverse)
wave Ekman number. As noted by Xu and Bowen (1994), rotation causes the flow to be contained in two Ekman
layers, one near the surface driven by the (virtual tangential) wave stress and one near the bottom driven by the
bottom streaming (see Figures 2b—2e). For kh = 3, we approach the deep-water solution in which only the surface
Ekman layer remains (Figures 2c-2f). While Xu and Bowen (1994) plot only a single case (one value of ki and
Ek™"), Figure 2 demonstrates the effect of kk and Ek~! on the velocity profile by showing a range of values. An
increase in either ki (deeper water) or Ek~! (larger relative effect of rotation) leads to a reduction of the Lagrangian
drift velocity in the central region of the water column, as well as a decrease in the thickness (compared to the water

depth) of the bottom and surface Ekman layers, as can be seen from the sinh (Zkhv 2%EK" (1 + z/ h)) and

cosh <2kh\/ 2Ek™" 7/ h) terms in Equation 19. Laboratory experiments measuring the surface drift induced by
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Figure 2. The steady Lagrangian-mean velocity normalized by the Stokes drift at the surface
ﬁL, steady(2)/ Us(z = 0) = (ﬁ; steady (@) + US(Z))/ U(z = 0) as a function of the vertical coordinate for waves in the x-
direction, such that Ug = ug, and different values of ki and Ek™". The left column (a—c) shows the velocity in the x-direction
and the right column (d—f) shows the velocity in the y-direction.
deep-water waves under rotation have already shown that an increase in rotation rate reduces the mean Lagrangian
drift (Mol et al., 2025). Figure 2b and (e) illustrate that a reduction in the drift velocity due to an increase in the
rotation rate (larger Ek™!) is also expected to occur for finite-depth waves, both at the surface and at depth. The
cancellation is generally expected to be less complete for finite depth, mostly due to the important role of bottom
boundary layer streaming.
The time-dependent Eulerian-mean velocity for a suddenly imposed constant wave field (Equation 17) is given in
Figure 3. Both the % and v velocity consist of damped inertial oscillations around the value given by the steady
solution (Equation 19). Although Figure 3 only shows the velocities at the surface, these inertial oscillations occur
throughout the water column with time- and z-dependent amplitudes (see Equation 17). A decrease in either ki
(shallower water) or Ek~' (smaller effect of rotation compared to viscosity) causes the inertial oscillations to
decay faster. Examining Equation 17 shows that the exp(—izr) term drives the inertial oscillations and the
exp(—(n + %)znzr/ (2Ek_1(2kh)2)) terms are responsible for the damping. Since we have a sum of these
exponential terms, the oscillations do not show a single exponential decay. To still quantify the decay of the
inertial oscillations, we examine the envelope of the oscillations (the time-dependent part of Equation 17, but
without the oscillating exp(—iz) term) defined as
ATUe(z/ht)  Ug weaas(@/h
I(Z/h, T) = " E(Z/ T) _ E, steady( / ) ) (20)
Us(z=0) Us(z =0)
MOL ET AL. 8 of 19
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Figure 3. The Eulerian-mean velocity Ug cons(z//1,7)/ Ug(z = 0) as a function of time for a suddenly imposed constant wave

forcing in the x-direction, such that Ug(z = 0) = ug, for z/h = 0 and different values of ki and Ek~'. The time is shown in
number of inertial periods. The left column (a—c) shows the velocity in the x-direction and the right column (d—f) shows the
velocity in the y-direction.

We calculate the half-life time and the analogous quarter-life time of the oscillations by determining when the
envelope 1(z/h,7) reaches half of its maximum value and a quarter of its maximum value. The resulting life
times are shown in Figure 4. The half-life time and the quarter-life time both show a strong dependence on the
(inverse) wave Ekman number, where a lower value of Ek~' (less relative importance of rotation and more
relative importance of viscosity) leads to shorter life times (faster decay of the oscillations). A decrease in
water depth also leads to a reduction in the life times. For the quarter-life time this effect of the water depth
starts to occur at the transition between the deep-water regime and the finite-depth regime (kh =~ 3), while
the half-life time is only influenced by small values of kh. Figure 4, therefore, demonstrates that while kh and
Ek™" have a similar effect on the life times of the inertial oscillations, it is ultimately the combination that
determines the behavior of the flow. We also notice that the quarter-life time is much longer then twice the
half-life time. This means that the oscillations quickly reduce in amplitude, but that it takes much longer for
them to disappear.

4.2. Exponential Attenuation

We will now consider the solution for a simple (exponentially decaying) time dependence of the forcing and
evaluate the flow after the forcing has dissipated. Since the boundary conditions of Longuet-Higgins (1953)
assume a free surface without any normal wind stress, there is no explicit wave growth mechanism included in our
model (see also Section 6). We therefore also consider the case of (viscous) exponential attenuation of the
suddenly imposed wave forcing with a Stokes drift of

Usan(@) = 1 r<o 1)
221 =
S,atte US(Z) e_zﬂt : Z 0,

where £ is the attenuation coefficient of the wave amplitude. Calculation of the convolution (Equation 11) of the
Stokes drift (Equation 21) with the finite-depth Ekman—Stokes kernel gives (see Text S3 in Supporting
Information S1)
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Figure 4. The half-life time in number of inertial periods 7,,,/(2x) (a) and the quarter-life time in number of inertial periods
71,4/ (21) (b) of the envelope of the inertial oscillations (Equation 20) in the Eulerian-mean velocity for a suddenly imposed
constant forcing in the x-direction Uy consi(z/h,7)/ Us(z = 0) as a function of kh for different values of Ek " atz = 0.
U (z/h,7) LN (n))e ~1(2kh)? 1\ z — -
—EUH;[EQ -0) =e ;06 (n43) /(2K 2kh)’) Fraten €OS| |7+ 3 nz + el g (22)
with
. _ 1
P R 24 + (n+ 1Y m2/(2iEK (2Kkh)?)
) 3" (n+)n
X | === | 2kh tanh (2kh) + 5 M
2iEk™" (2kh) 2 cosh(2kh)
(23)
2 —1)"(n+)n
+ | 2kh tanh 2Kh) + CU'(n+ )n
(n+1)"n% + (2kh) cosh (2kh)
and
inh ( 2khy/2iEK"' (1 + 24 1
.- anh (2kh) sin ( kha/2iEK~ (1 + 2iB/f) (1 + z/h))
\/2iEK' (1 + 2iB/f) cosh (Zkhw [2iEK'(1 + 2i/3/f))
e .
DiEk] 1 cosh <2kh\ [2iEK' (1 + 2iB/f) z/h) (24)
"o aEe a2 * cosh (2kh)
— 2Bk (1 + 2ip/f) cosh (Zkh« [2uE (1 + 2iﬁ/f)>
(3 2iEk™! ) cosh(2kh(1 +z/h))( 1 — 24Ek™"2ip/f 1)
27 1= 2EK" (1 + 2iB/f) cosh(2kh)  \1—2iEk'(1 +2ip/f) )
The same expression can be obtained by solving Equation 4 for a suddenly imposed exponentially attenuating
Stokes drift (Equation 21) using Laplace transforms (see Text S3 in Supporting Information S1). For an attenuation
coefficientof § = 0, the solution reduces to the solution for a suddenly imposed constant wave field (Equation 17).
Figure 5 shows the Eulerian-mean velocity forced by a suddenly imposed viscously attenuated wave field for
different values of kk and Ek™'. The viscous attenuation of the wave forcing (Equation 21) is given by
exp(—(26/f)7) in non-dimensional form. For deep water, the viscous dissipation occurs due to internal friction
gives (Phillips, 1977)
20k 1
ﬂdei _ K . (25)
f [ 4Ek
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Figure 5. The Eulerian-mean velocity Ug yuen(2/h,7)/ Us(z = 0) as a function of time for a suddenly imposed exponentially
attenuated wave forcing in the x-direction, such that Ug(z = 0) = ug, for z/h = 0 and different values of kh and Ek~". For
deep water (ki = 5), we use fyep, and for finite depth (kh = 0.5,1.0,1.5), we use S, Where we estimate \/w/f based on

f =1 x 107* rad/s and a wave period of T = 10's. This gives a half-life time 7, , of the forcing of 0.01-0.1 inertial periods for
finite depth and 1 to 22 inertial periods for deep water. The time is shown in number of inertial periods. The left column (a—c)
shows the velocity in the x-direction and the right column (d—f) shows the velocity in the y-direction.

In shallow and intermediate water depths, the dissipation due to friction at the bottom boundary dominates and
gives (Phillips, 1977)

ﬁﬁnite =l vk — \/w_f (26)
[ f8,sinh(2kh) ~ 4/EK T sinh (2kh)

These attenuation coefficients cause a rapid decrease in the wave forcing, especially for finite depth. In Figure 5,
the forcing has a half-life time of 1-22 inertial periods for deep water and 0.01 to 0.1 inertial periods for finite
depth (see also Figure S3 in the Supporting Information S1). The resulting %z and Vg velocities again consist of
inertial oscillations, which disappear faster for lower values of ki and Ek~'. However, as soon as the forcing has
attenuated, both velocities oscillate around zero (Figure 5), rather than around a non-zero steady solution, as is the
case for a suddenly imposed constant forcing (Figure 3). This illustrates that the (oscillatory) Eulerian-mean
velocities remain, even when there is no longer any wave forcing (see also Figure 1 in Weber, 1983a), while
the value around which they oscillate depends on the forcing that is active at that time. The reason for this is that
the time scale of orbital motion of the waves is much shorter than the time scale of inertial oscillations
(1/w < 1/f). Inertial oscillations observed in a coastal sea might, therefore, be from a past storm, where the
associated wave field has already decayed (see also Section 5.1).

5. Application to Realistic Forcing Conditions
5.1. Gaussian Storm

In realistic ocean conditions the wave forcing is not suddenly imposed, but typically has a more gradual time
variation. To illustrate the effect of such a time dependence we consider an idealized Gaussian storm with a Stokes
drift at the surface of
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Figure 6. The Eulerian-mean velocity (a, ), given by Equation 11, generated by a Gaussian storm (b, d), given by Equation 27,
as a function of time for different storm durations Ty = 40 with z/h = 0,kh = 1,f = 1 x 107 rad/s, Ek™' = 10 and
tmax = 30. The left column (a, b) shows the velocity in the x-direction and the right column (c, d) shows the velocity in the y-
direction.

Us(t) = thg ay e /2, 7)

where ¢ is the standard deviation, which controls the duration of the storm, and the maximum value ug ,,y is reached
at ... The Eulerian-mean velocity resulting from the convolution of the finite-depth Ekman—Stokes kernel with a
Gaussian storm is shown in Figure 6 for different storm durations. For a Gaussian curve, 95% of the area lies within
tmax T 20, such that we consider the storm duration to be given by T, = 4o (note that here we use the standard

deviation of the Stokes drift and that the standard deviation of the wave height differs by a factor of \/5). The global
coastal mean duration of wave storms is in the range of 24—120 hr, where for most locations the mean duration lies
between 24 and 72 hr (Lobeto et al., 2024). Hence, the selected storm durations in Figure 6 of Ty, = 24 hr
(6 = 6hr)to Tgyom = 96hr (o = 24 hr) are representative of realistic conditions. Figure 6 shows a combination of
the effects previously observed for a suddenly imposed constant wave forcing (Section 4.1) and for a suddenly
imposed attenuated wave forcing (Section 4.2). Namely, the storm with a duration of T, = 24 hr shows
decaying inertial oscillations, like in Figure 3 (constant wave field), and it shows oscillations around zero after the
forcing has disappeared, like in Figure 5 (attenuated forcing). Accordingly, field observations of inertial oscilla-
tions could, therefore, be caused by a past storm event with a fast time variation. The Eulerian-mean velocity ug
(Figure 6a) follows the forcing velocity ug (Figure 6b) quite closely for the duration of each of the storms, but with
an opposite sign. However, the response in iy, after the storm has passed and the response in v (Figure 6¢) are both
very dependent on the duration of the storm. A shorter storm with a faster onset (and a faster decay) causes much
more prominent inertial oscillations then a longer storm with a slower time variation. It is this time variation that
controls the generation of the inertial oscillations, where a faster time variation in the arrival of the storm creates
oscillations with a larger amplitude (see Figure S4 in the Supporting Information S1). The time variation (and
associated duration) of a storm is, therefore, crucial for the resulting wave-induced flow.

5.2. Buoy Data

To demonstrate the use of finite-depth kernel for real sea conditions, we obtain buoy data from the Coastal Data
Information Program (CDIP). The Imperial Beach Nearshore buoy, located near the coast of San Diego in water
with a depth of 21 m (32.57°N, 117.17°W), provides observational data of the significant wave height Hy(r), peak
period 7),(#) and peak direction D, (#) with a half hour resolution. Based on this data we estimate the Stokes drift by
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Figure 7. The wave-induced Eulerian-mean and Lagrangian-mean velocities at the surface computed using data from the
Imperial Beach Nearshore buoy (32.57°N, 117.17°W) between the 22nd and the 29th of December 2024, for which k2 = 0.6
and f = 2Qsin(¢) = 0.8 x 107 rad/s with ¢ the latitude of the buoy and Q the rotation rate of the Earth. The left column
(a—d) shows the velocities calculated from the convolution (Equation 11) of the Stokes drift (Equation 28) with the finite-depth
kernel (Equation 13). The right column (e-h) shows the deep-water equivalent, where we have used the same (finite-depth)

Stokes drift, but applied the deep-water kernel of Higgins et al. (2020) instead. The top two rows (a, b, e, and f) assume an eddy

viscosity of v = 1072 m?s~!, giving Ek™' = 1.1, while the bottom two rows (c, d, g, and h) assume v = 1073 m?s~!,

giving Ek™' = 11.

coshQ(h +2)) oy

)
Usen) = ok =G ot ¢

(28)

with a(f) = Hs(t)/(2\/§ ), 0(t) = D,()*n/180, = (2r/T,(1)) and k = (k,(2)) with the peak wavenumber
k,(t) calculated from the linear dispersion relation based on 7),(r) and &, where () denotes taking the mean over the
full selected record duration.

The estimated Stokes drift is shown in Figure 7, together with the resulting Eulerian-mean and Lagrangian-mean
velocities calculated using the finite-depth kernel and the deep-water kernel of Higgins et al. (2020). The cor-
responding trajectories are shown in Figure 8. In calculations with the deep-water kernel, we use the same (finite-
depth) estimate of the Stokes drift based on Equation 28, since the effect of using the deep-water limit of
Equation 28 would dominate the comparison with finite depth and obscure the effect of using a different kernel.
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Figure 8. The surface trajectories computed using data from the Imperial Beach Nearshore buoy (32.57°N, 117.17°W)
between the 22nd and the 29th of December 2024, for which k2 = 0.6 and f = 2Q sin(¢) = 0.8 x 107* rad/s with ¢ the
latitude of the buoy and Q the rotation rate of the Earth. The trajectories correspond to the velocities shown in Figure 7. The left
column shows the trajectories calculated using the estimated Stokes drift (Equation 28) and the finite-depth kernel (Equation 13)
in solid lines and the steady trajectories, that ignore all time dependence, in dashed lines, where X geaay = #(Us),

XE sieady = tﬁE,S,eady and X geady = tﬁEmady + t{Us) with the angular brackets denoting averaging over the full duration
shown (and ﬁEMeadY computed using this averaged value of Ug). The right column shows the deep water equivalent, where we
used the same Stokes drift, but applied the Higgins et al. (2020) deep-water kernel instead. All tracks start at the origin (0,0). The

top row (a, c) assumes an eddy viscosity of v = 1072 m2s~!, giving Ek™! = 1.1, while the bottom row (b, d) assumes

v =107 m>%s~!, giving Ex~! = 11.

For the selected record duration of the 22nd to the 29th of December 2024, we find a relative water depth of
kh = 0.6. The peak wave direction is in the negative y-direction, which is directed toward the coast, giving a
negative vg and a near-zero ug. For the lower value of the eddy viscosity (higher Ek~!) used in Figures 7¢ and 7d),
we observe inertial oscillations, in contrast to Figures 7a and 7b) where a higher value of the eddy viscosity (lower
Ek™') was used. The value of the eddy viscosity is therefore key, since it determines the behavior of the resulting
flow through a different value of the (inverse) wave Ekman number. When we compare the velocities in

Figures 7a and 7b to 7e and 7f, we notice that for this higher value of the eddy viscosity (lower Ek™') the Eulerian-
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mean velocity calculated with the deep-water kernel shows inertial oscillations, while the finite-depth kernel does
not predict these. This shows the importance of taking the water depth into account and emphasizes that it is the
combination of ki and Ek™! that ultimately determines the Lagrangian-mean velocity. In line with Sections 4.1
and 4.2, the difference between Figures 7c and 7d with 7g and 7h shows that the inertial oscillations decay faster
in finite-depth water. Figures 7d—7h illustrates that a (rapid) increase in the Stokes drift magnitude can generate
inertial oscillations and that these remain after the wave forcing has decreased, which is in accordance with
observations in Section 5.1. Observed inertial oscillations can, therefore, be caused by a past wave event with a
larger wave height and faster time variation (compared to the current conditions).

The effects described above can also be seen in Figure 8 when comparing the trajectories for different viscosity
values and when comparing the trajectories predicted by the finite-depth and deep-water kernels. A Lagrangian
tracer particle does not travel with the Stokes drift alone, but is transported to the right of the Stokes drift direction
with the Lagrangian-mean velocity, due to the addition of the wave-induced Eulerian-mean velocity. For deep
water, it has already been demonstrated that taking this Eulerian-mean velocity into account leads to a consid-
erable change in the predicted trajectory (Cunningham et al., 2022; Higgins et al., 2020). Figure 8 shows that this
is also the case in finite-depth water. The wave-induced Eulerian-mean velocity can largely cancel the Stokes drift

(anti-Stokes flow), depending on the value of the eddy viscosity (resulting in different values of Ek™").

Using the mean of the estimated Stokes drift (Equation 28) and the steady solution (Equation 19), the time-in-
dependent response is shown in Figures 8a and 8b with dashed lines. This steady approximation does not resolve
the inertial oscillations, but provides reasonable agreement with the finite-depth kernel for the net transport over
the full duration shown (1 week). Comparing X; with X/ gcaqy yields a root mean square error (RMSE) in the
predicted distance from the initial position over a 1-week period of 0.9 km (Ekfl =1L 1) and 0.4 km
(Ek_I = 11.0), corresponding to 5% and 11%, respectively, of the length of the trajectory predicted by the steady
approximation. At early times, the relative error is substantially larger (see Figure S5 in the Supporting Infor-
mation S1). For Ek™! = 1.1, the RMSE in the predicted distance ranges from 35% to 62% of the time-independent
prediction during the first 24 hr. For Ek™! = 11.0, this relative error is between 17% and 36% during the first 48 hr
of the trajectory. Including the time-dependence of the flow can therefore be essential for accurate transport
predictions at early times but is of limited importance on longer time-scales. Furthermore, the RMSE in the
transport in the (negative) y-direction, which is closely aligned with the mean wave direction, is generally smaller
than the RMSE in the transport in the x-direction. It should be noted that the calculation of the convolution of the
Stokes drift with the kernel is sensitive to the time resolution, while the steady approximation is independent of
this. However, in this case, we are limited by the discrete nature of the buoy data (30-min resolution).

Comparing Figures 8a and 8c, shows that using the finite-depth kernel instead of the deep-water kernel can lead to
a substantial difference in the predicted surface transport. For Ek~! = 1.1, the net displacement increases by 64%
in finite depth compared to deep water, whereas for Ek™' = 11.0 a decrease of 29% is observed. In practical
applications, the vertically integrated transport in the near-surface region often provides a more robust measure
than the drift at a specific depth (as is the case for Ekman spirals, cf. Lenn and Chereskin (2009)). The impact of
finite depth on the vertically integrated transport is considerably larger than on the surface displacement, due to
the difference in the vertical structure of the flow. The vertically integrated Lagrangian transport over the Stokes
depth (from z = —1/(2k) to z = 0) is more than twice as large when using the finite-depth kernel as opposed to
the deep-water approximation (see Figure S6 in the Supporting Information S1).

6. Discussion and Conclusion

In this paper, we have presented a model for the time-dependent wave-induced drift in finite-depth water
including the effect of both rotation and a constant eddy viscosity. We provide the solution for a general time
dependence of the wave forcing in the form of the finite-depth Ekman—Stokes kernel. The convolution of any
given time series of the Stokes drift forcing (e.g., estimated from observations) with the finite-depth kernel gives
the generated wave-induced Eulerian-mean velocity. As such, the kernel is readily applied in particle tracking
simulations, as was done by Cunningham et al. (2022) for the deep-water kernel by Higgins et al. (2020). So-
lutions for the Eulerian-mean velocity induced by a suddenly imposed constant wave forcing and a suddenly
imposed viscously attenuated wave forcing are also given. Our solutions recover the solutions by Xu and
Bowen (1994) if the integral therein is explicitly evaluated.
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The assumption of a constant eddy viscosity likely breaks down for realistic coastal conditions. A different eddy
viscosity profile could modify the wave-induced drift velocity (Lentz, 1995; Weber, 2019). Future work should
extend the model by allowing a depth dependence of the eddy viscosity, such as a linear variation with depth
(Lewis & Belcher, 2004; Polton et al., 2005). We note that the turbulence model has several roles: it affects the
linear surface gravity waves, their decay rate and, consequently, the virtual wave stress, but it also sets the vertical
structure of the mean flow and the damping of inertial oscillations contained therein. When comparing to field
data, which aspect the comparison will be focused on will matter for choosing the right turbulence model. Even a
linearly varying eddy viscosity would probably be insufficient to capture the full complexity of the turbulent
mixed layer in coastal seas, due to the presence of a wide range of processes, including Langmuir circulation
(Gargett et al., 2004; Kukulka et al., 2012) and, closer to the shore, the vertical mixing resulting from wave
breaking (Reniers et al., 2004). We envisage that increasing the complexity of the model, for example, by
introducing a multi-equation turbulence model, would reduce its tractability and primarily affect the vertical
structure of the flow, while leaving the underlying mechanisms unchanged and only influencing the solution
quantitatively. Furthermore, the question whether using an eddy viscosity model (both the model itself and the
high vales of eddy viscosity of 1073 — 107> m?s~! chosen to parameterize vertical mixing) is appropriate for
calculating the virtual wave stress, as we have done here, is not limited to its vertical dependence. Eddy viscosities
as high as those used in the present study are likely to damp the waves too quickly compared to field observations
(e.g., Ardhuin & Jenkins, 2006). Explicitly modeling the production of turbulent kinetic energy, as in Ardhuin and
Jenkins (2006), can potentially give quantitatively correct estimates of both wave damping and vertical mixing as
relevant for drift.

For wind-driven Ekman spirals, the depth dependence of the eddy viscosity is a key factor underlying the
discrepancy between the classical Ekman spiral and observations (Lenn & Chereskin, 2009). As a result, the
Ekman transport (the vertically integrated Ekman velocity) is often more reliably predicted than the vertical
structure of the velocities. For comparison with observations, the present model can, therefore, also be used to
estimate the vertically integrated transport. We provide the solutions for a quasi-monochromatic wave field. This
will make the application to long-duration forcing with a changing peak frequency challenging. An extension that
takes the broad-banded nature of realistic wave fields into account may be necessary to capture a realistic depth
variation of the forcing to be used in combination with a different turbulence model. Further complexity may be
incorporated by including spatial variations in both the wave field and bottom topography, as well as by ac-
counting for the effects of stratification, which could modify the damping of inertial oscillations (Bell, 1978),
which are now set to decay due to viscous dissipation alone. The latter assumption may yield decay rates of our
inertial response that are not realistic. Additionally, our model does not include a wave growth/decay mechanism.

When using a Lagrangian rather than a Eulerian framework, the wave-averaged equations can also be solved
inside the surface boundary layer (Weber, 1983a, 1983b), without the need for a curvi-linear coordinate trans-
formation. This allows for the inclusion of a coupling between the surface stress and the wave growth/decay rate.
Weber (1983b) shows that an oscillating normal stress at the surface can exactly compensate the viscous decay of
the wave amplitude. Weber (2019) derives the relation between the normal stress at the surface and the temporal
and spacial decay rates for finite-depth and deep water. Analogous to the derivation of Jenkins (1986) for deep
water, the result by Weber (2019) can be used to extend our model by deriving the wave-averaged Lagrangian-
mean velocity for a given surface stress and corresponding time-dependence of the wave forcing. The velocities
inside and just below the surface boundary layer, which are affected by the coupling between the wind and waves,
are essential in determining the transport of floating marine litter and other materials near the surface. A better
understanding of this air-water interface could, therefore, improve transport predictions in this surface region.

The combined effect of rotation and viscosity leads to a non-zero inertially averaged steady Lagrangian-mean
velocity, with a reduced magnitude compared to the Stokes drift, as previously shown by Xu and
Bowen (1994). In finite-depth, rotation confines this steady flow to two Ekman layers (Figure 2), one at the
surface driven by the (virtual tangential) wave stress and one at the bottom driven by the bottom streaming (Xu &
Bowen, 1994). When we allow for time-variation of the wave-induced drift, the resulting Eulerian-mean velocity
shows inertial oscillations. In finite-depth water with lower values of kh, these oscillations decay faster than in
deeper water, as was shown for a suddenly imposed constant wave forcing (Figures 3 and 4), a suddenly imposed
attenuated wave forcing (Figure 5) and a wave forcing time series estimated from buoy data (Figure 7). However,
this decay is also influenced by the relative effect of rotation and viscosity given by (inverse) wave Ekman
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number Ek~! = f/ (8uk2). It is, therefore, the combination of kk and Ek~' that determines the Lagrangian-mean
velocity. Consequently, the value of the eddy viscosity is crucial, since it influences the value of Ek~'. We have
also shown that for an idealized Gaussian storm the Eulerian-mean response is dependent on the storm width,
where a storm with a faster time variation leads to more prominent inertial oscillations. So altogether, it is the rate
of change of the wave forcing that determines the strength of the inertial oscillations and the combination of kA
and Ek~! that controls how fast these oscillations decay. Hence, there are two aspects to the unsteadiness; the
unsteadiness of the wave forcing and the unsteadiness of the resulting flow. For applications requiring short-term
(1-2 days or less) forecasts, such as search-and-rescue or oil-spill modeling, accounting for the time variation of
the flow can be crucial for accurate transport predictions, whereas for longer time-scale applications, such as
plastic transport, the steady approximation may be sufficient. Taking the effect of finite depth into account can
lead to a considerable difference in transport predictions, as illustrated by the comparison of the trajectories, and
vertically integrated transport, calculated using the finite-depth kernel and the Higgins et al. (2020) deep-water
kernel for CDIP buoy data (Figure 8). Particle tracking simulations near the coast should, therefore, include
the effect of finite depth in order to make accurate predictions.

Appendix A: Comparison to Xu and Bowen (1994)

Xu and Bowen (1994) first consider the time-independent flow in the interior and bottom boundary layer, where
they explicitly include the stress induced by the bottom friction and a wind stress at the surface. The steady
solution they find for the wave-driven flow (without the effect of wind) is given by (their equation 78 written in
our notation)

Uk, xB steady(2) = Uk, sieaty(2/h) + B(yz"), (A1)

with the contribution close to the bottom

1 . -z
B(') = 5Us(e = =m[e™ =202 +2)¢7 cos(r2') )

—2(rz' = 1) e sin(rz")),

where z/ = z + h s the distance above the bottom, y = 1/§, and ﬁE steady(2/) is given by Equation 19. They
then examine the unsteady flow as a sum of this steady solution and a transient response to a suddenly imposed
steady wave forcing. Rather than solving the full unsteady equations, they only solve for the transient response.
Treating this as an eigenvalue problem in space, they find (Xu & Bowen, 1994, equation 100)

— &, e (e d)22 a2 1 Z =
UE, XB Consl(z, t) = Z C,,e lﬂe (n+2) wut/h COS((VL + 5)” E) + UE, XB s{eady(z)v (A3)
n=0

with

2 (0= 1\ z
Cn = —%\/. UE, XB steady(z) Cos ((l’l + E)T[ ﬁ) dz. (A4)

—h

Xu and Bowen (1994) explicitly state that they do not include further computation. When we calculate the integral
for flow in the interior (excluding B(yz’), which vanishes outside the bottom boundary layer) and rewrite the
resulting expression in non-dimensional form, we find that Equation A3 is equal to Equation 17.

The flow resulting from an unsteady wave forcing is briefly explored by Xu and Bowen (1994) as a summation of
incremental responses. The expression they provide is given by (Xu & Bowen, 1994, equation 110):

— (1)
UE, XB unsteady(z’ t) = / T UE, XB const(zal - T) dT’ (AS)
0
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where ((r) is the time dependence of the forcing such that Us xp(z,f) = Ug(2){(f). By rewriting this as a
convolution, we find.

_ dé(t _
UE, XB unsleady(zy [) = i(t ) * UE, XB const(a t) (A6)
()U N (Z’ Z)
— Z:(Z) " E, XBacon t (A7)
t
! oy, . -T
— / ((T) UE, XB w{;;t(zvt )dT, (AS)
0

where we have assumed that {(f = 0) = 0. Calculating the time derivative of Ug, xp const(z.7) for flow in the

interior and writing ﬁE steady(2/h) as a Fourier series (see Texts S2 and S3 in Supporting Information S1), we find

that the expression is equal to the kernel solution (Equation 11).
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