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SUMMARY
Prostate cancer is the most common malignancy among men. To con-
firm an initial detection by a prostate-specific antigen test, magnetic res-
onance imaging (MRI) is used, but MRI is costly. Ultrasound is a cost-
effective imaging modality and shows promising results in diagnosing
prostate cancer, especially the dynamic contrast-enhanced ultrasound.
Dynamic contrast-enhanced ultrasound (DCEUS) is an imaging modal-
ity that allows the imaging of the injected microbubbles by exploiting
their non-linear acoustic scatter. Because of their size, comparable to
red blood cells, ultrasound contrast agents can flow through the vascu-
lar tree down to the microvessels, enabling the visualization and, pos-
sibly, quantification of the angiogenic processes associated with cancer
growth. Although several techniques are applied to DCEUS to reduce
noise, speckle noise still exists.

Speckle noise occurs due to the coherent imaging of many microbub-
bles in one resolution cell. In existing methods, a low-rank matrix de-
composition is applied to the DCEUS acquisitions using singular value
decomposition, and the despeckling is done by keeping the highest few
singular vectors and values. The DCEUS acquisitions come in a tensor
format, rich with higher-order structure. The application of the matrix-
based denoising technique does not utilize the original tensor structure.

This dissertation focuses on despeckling through higher-order tensor
decomposition methods. We tackle the following research question: "How
can low-rank tensor decomposition methods be leveraged to effectively
denoise DCEUS acquisitions of the prostate for improved prostate cancer
detection?" We apply tensor decomposition methods that utilize orthogo-
nal factors. In the spatial domain, the orthogonality allows the separation
of the malignant and benign regions and the separation of the tissue and
the vasculature. In the time domain, the orthogonality allows for cap-
turing the components that correspond with the bubble movement and
rejects the components related to the noise.

Despeckling of DCEUS through low-rank tensor decomposition has not
been conducted before, and we propose tensor estimation algorithms
for this application by utilizing established tensor decomposition frame-
works. We start our research by modeling speckle noise as white Gaus-
sian noise (WGN) with sparse outliers. We assess the performance of
convex tensor estimation algorithms through simulations. We propose a
novel weighting scheme for the soft-thresholding of the singular values.
Instead of iterative thresholding, we can truncate the tensor and de-
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x Summary

speckle the DCEUS acquisitions. We propose a rank estimation method
for DCEUS acquisitions. Instead of modeling speckle noise as WGN with
sparse outliers, we minimize its negative log-likelihood and propose a
gradient-based denoising algorithm.

Next, we investigate the classification performance of prostate cancer
by comparing the proposed algorithms with the literature. We use the
area under the receiver-operator characteristic curve (ROC-AUC) met-
ric to assess the classification performance. For the voxel-based cancer
diagnosis of 94 prostate cancer patients, truncated multilinear singu-
lar value decomposition has a better performance for the majority of
the prostate cancer markers when the ROC-AUC metric is used. A rank
estimation technique incorporating WGN with sparse outliers, followed
by truncated multilinear singular value decomposition (tr-MLSVD), is the
best-performing denoising method for DCEUS. In the context of the main
research question, the cancer diagnosis performance of DCEUS acquisi-
tions improves the majority of the time when a tensor-based denoising
technique is used. On average, the tensor-based denoising techniques
yield approximately a 1.6% relative improvement in the ROC-AUC metric
compared to the literature. This translates to billions of additional cor-
rect voxel-level malignancy discriminations in our clinical study, which
may significantly impact downstream classification and localization per-
formance.

We conclude with a theoretical study on the lower bound of the tensor
decomposition method that performs the best for despeckling DCEUS.
We calculate a lower bound for estimating the components of MLSVD
when the ranks are known. In general, the CCRB that lower bounds the
variance of the unbiased estimates of the components of MLSVD does
not exist due to the non-uniqueness of the decomposition. However,
when the mode-n singular values are unique, the CCRB exists. Addition-
ally, when the multilinear ranks are high and modal singular values are
well-separated, it is a tight bound. Such cases do not typically occur with
real data such as DCEUS, highlighting the limited modeling capability of
the CCRB.



SAMENVATTING
Prostaatkanker is de meest voorkomende vorm van kanker bij mannen.
Om een eerste detectie via een prostaat-specifieke antigeentest te be-
vestigen, wordt vaak gebruikgemaakt van magnetische resonantiebeeld-
vorming (MRI), maar MRI is duur. Echografie is een kosteneffectieve
beeldvormingstechniek en toont veelbelovende resultaten bij de diagnose
van prostaatkanker, met name de dynamisch contrast-versterkte echo-
grafie. Dynamisch contrast-versterkte echografie (DCEUS) is een beeld-
vormingstechniek waarmee geïnjecteerde microbubbels kunnen worden
afgebeeld door gebruik te maken van hun niet-lineaire akoestische ver-
strooiing. Door hun grootte, vergelijkbaar met rode bloedcellen, kunnen
contrastmiddelen voor echografie door de bloedvaten tot in de microva-
ten stromen. Dit maakt het mogelijk om de angiogeneseprocessen die
met kanker gepaard gaan, zichtbaar te maken en mogelijk ook te kwan-
tificeren. Hoewel verschillende technieken worden toegepast om ruis in
DCEUS te verminderen, blijft speckleruis aanwezig.

Speckleruis ontstaat door de coherente beeldvorming van veel micro-
bubbels binnen één resolutiecel. Huidige technieken passen een matrix-
decompositie met lage rang wordt toegepast op de DCEUS-opnamen via
de singuliere-waarde-decompositie (SVD) toe, waarbij het ont-specklen
gebeurt door alleen de hoogste singuliere waarden en vectoren te be-
houden. De DCEUS-data worden vastgelegd in tensorformaat, rijk aan
hogere-orde structuren. Het toepassen van de op matrices gebaseerde
denoising-techniek benut deze oorspronkelijke tensorstructuur niet.

Dit proefschrift richt zich op het ont-specklen van DCEUS via hogere-
orde tensor-decompositie methoden. We behandelen de volgende onder-
zoeksvraag: "Hoe kunnen lage-rang tensor-decompositiemethoden wor-
den ingezet om DCEUS-opnamen van de prostaat effectief te denoisen
ter verbetering van de prostaatkankerdiagnose?"We gebruiken tensor-
decompositiemethoden die orthogonale factoren benutten. In het ruim-
telijke domein maakt orthogonaliteit het mogelijk om maligne en benigne
gebieden te scheiden, evenals het scheiden van weefsel en vasculatuur.
In het temporele domein maakt orthogonaliteit het mogelijk om de com-
ponenten te isoleren die verband houden met de beweging van de mi-
crobubbels, terwijl de componenten die verband houden met ruis worden
onderdrukt.

Ont-specklen van DCEUS met behulp van lage-rang tensor-decompositie
is niet eerder uitgevoerd, en wij stellen tensor-schatting algoritmes voor
deze toepassing voor, gebaseerd op bestaande tensor-decompositie raam-
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werken. We beginnen ons onderzoek door speckleruis te modelleren als
witte Gaussische ruis (WGN) met sporadische uitschieters. De prestaties
van convex tensor-schatting algoritmes worden geëvalueerd via simula-
ties. We stellen een nieuw weging-schema voor de soft-thresholding van
de singuliere waarden voor. In plaats van iteratief thresholden, kunnen
we de tensor afkappen en de DCEUS-opnamen direct ont-specklen. Ook
stellen we een rangschattingsmethode voor DCEUS-opnamen voor. In
plaats van speckleruis als WGN met sporadische uitschieters te modelle-
ren, minimaliseren we de negatieve log-likelihood en stellen we een op
gradiënt gebaseerde denoising-algoritme voor.

Vervolgens onderzoeken we de classificatieprestaties voor prostaat-
kanker door de voorgestelde algoritmes te vergelijken met methoden uit
de literatuur. We gebruiken de area under the receiver-operator charac-
teristic curve (ROC-AUC) als maatstaf voor de classificatieprestaties. Voor
de voxel-gebaseerde kankerdiagnose van 94 prostaatkankerpatiënten le-
vert de getrunceerde multilineaire singuliere-waarde-decompositie be-
tere prestaties voor de meerderheid van de prostaatkanker-biomarkers
wanneer de ROC-AUC-metriek wordt toegepast. Een rangschattingsme-
thode die WGN met sporadische uitschieters combineert, gevolgd door
getrunceerde multilineaire SVD (tr-MLSVD), blijkt de best presterende
denoising-methode voor DCEUS. In de context van de hoofdonderzoeks-
vraag blijkt dat de diagnostische prestaties van DCEUS-opnamen meestal
verbeteren wanneer een tensor-gebaseerde denoising-techniek wordt toe-
gepast. Gemiddeld gezien leveren de tensor gebaseerde denoising tech-
nieken een relatieve verbetering van ongeveer 1.6% op in de ROC AUC
metriek ten opzichte van bestaande methoden uit de literatuur. Dit komt
overeen met tientallen miljarden extra correcte discriminaties op voxel
niveau van maligniteiten in onze klinische studie, wat mogelijk leidt tot
significante verbeteringen in de daaropvolgende classificatie en localisa-
tie prestaties.

We sluiten af met een theoretische studie naar de ondergrens van
de tensor-decompositiemethoden die het beste presteren voor het ont-
specklen van DCEUS. We berekenen een ondergrens voor het schatten
van de componenten van MLSVD wanneer de rangen bekend zijn. In
het algemeen bestaat de constrained Cramér-Rao Bound (CCRB), die de
variantie van de onvertekende schattingen van de componenten van
MLSVD begrenst, niet vanwege de niet-uniciteit van de decompositie.
Echter, wanneer de mode-n singuliere waarden uniek zijn, bestaat de
CCRB wel. Bovendien is deze begrenzing strak wanneer de multilineaire
rangen hoog zijn en de singuliere waarden goed gescheiden zijn. Derge-
lijke gevallen doen zich echter zelden voor in echte data zoals DCEUS,
wat de beperkte modelleringscapaciteit van de CCRB benadrukt.



1
INTRODUCTION

1.1. RESEARCH MOTIVATION
Prostate cancer is the most commonly diagnosed cancer among men and
presents a growing public health concern worldwide. Early and accurate
diagnosis is critical in improving patient outcomes. Conventional diag-
nostic approaches, such as MRI or biopsy, are either expensive, invasive,
or uncomfortable for the patient. This has led to a growing interest in
using ultrasound imaging as a diagnostic modality due to its real-time
capability, non-invasive nature, and cost-effectiveness.

Dynamic Contrast-Enhanced Ultrasound (DCEUS) is a promising imag-
ing technique that enhances vascular visualization through the intra-
venous injection of microbubble contrast agents. These microbubbles
interact non-linearly with the incoming ultrasound waves, producing har-
monic signals that can be selectively captured. The result is a dynamic,
4th-order dataset that captures the time evolution of a volume with
valuable information about microbubble perfusion, dispersion, and cor-
responding vascular characteristics, crucial markers in distinguishing be-
tween malignant and benign prostate regions.

However, DCEUS is susceptible to speckle noise, which complicates
image interpretation and impairs diagnostic performance. Traditional de-
noising approaches often flatten the data onto a spatio-temporal matrix,
discarding the rich temporal and spatial structure present in the full ac-
quisition. Tensor-based methods offer a promising alternative, as they
preserve the higher-order structure of DCEUS data and allow for more
nuanced low-rank approximations. This dissertation is motivated by the
need to develop such advanced, structure-aware denoising techniques
to enhance DCEUS utility in prostate cancer diagnosis. This motivation
stems from the initial application of matrix-based orthogonal decompo-
sitions to flattened DCEUS acquisitions. In this dissertation, we extend
this approach by exploring despeckling through tensor-based orthogonal
decompositions, which better preserve the multidimensional structure of
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the data.

1.2. RESEARCH OBJECTIVES
This dissertation aims to improve prostate cancer diagnosis by enhancing
the quality of DCEUS acquisitions through tensorial structure-preserving
denoising techniques. The main question driving this research is "How
can low-rank tensor decomposition methods be leveraged to effectively
denoise dynamic contrast-enhanced ultrasound recordings of the prostate
for improved prostate cancer detection?" We focused on orthogonal de-
compositions. Multiple tensor decomposition frameworks can extract or-
thonormal factor matrices with their corresponding singular values. In
addition, these decompositions do not readily incorporate different noise
types. Such distinctions create the themes that this dissertation aims to
tackle. The first theme is the analysis of different orthogonal tensor de-
composition frameworks for denoising speckle noise. The other theme
is investigating ways to incorporate the probability distribution of the
noise type into the tensor decomposition. Specifically, the research aims
to answer the following research questions to answer the overarching
question:

Q1: Under which signal-to-noise ratios can the speckle noise be modeled
as white Gaussian noise with sparse outliers?

The success of denoising algorithms hinges on accurately modeling
the noise. Identifying the regimes in which speckle noise resembles
a mixture of white Gaussian noise and sparse outliers enables the
design of more effective denoising techniques.

Q2: Can we improve the prostate cancer classification performance using
tensor-based denoising techniques applied to DCEUS?

Tensor rank can be defined in multiple ways, each affecting the
structure and performance of decomposition algorithms. Determin-
ing the most suitable definition for DCEUS helps ensure that denois-
ing retains diagnostically relevant features.

Q3: Can a lower bound on the variance of locally unbiased estimators be
derived in the context of low multilinear rank tensor estimation?

Establishing theoretical lower bounds, such as constrained Cramér-
Rao bounds, provides valuable insights into the ultimate limits of
denoising accuracy, serving as benchmarks for algorithm perfor-
mance. Further, whether DCEUS naturally exhibits these charac-
teristics determines whether the CCRB result can be used.

To better position this work, we present the bigger picture in prostate
cancer diagnosis. Fig. 1.1 shows the clinical trial path and the algorithmic



1.2. Research Objectives

1

3

Figure 1.1: The clinical trial path and the algorithmic process related to
DCEUS. The scope of this dissertation is shown in blue.

process related to DCEUS. The clinical trial path is related to obtaining a
prostate cancer ground truth that matches the patient’s DCEUS acquisi-
tions. The algorithmic process is related to the feature extraction from
DCEUS. The clinical trial path starts with the urologists and the cancer pa-
tients. After obtaining the ethical board approvals, the patients undergo
radical prostatectomy. The pathologists delineate the cancerous and be-
nign regions, along with their grade of malignancy. The prostate’s shape
outside the body and inside the body is not the same due to reasons
such as shrinkage and deformation. Through a reconstruction step, the
shapes are matched and the ground truth is obtained. The algorithmic
process for the DCEUS acquisitions is as follows. The microbubbles are
injected intravenously into the patient’s arm, and a two-minute recording
is done. The resolution of the recording changes in the plane orthogo-
nal to the direction of propagation. This resolution is equalized across
space through a deconvolution. The despeckling, which is the focus of
this dissertation, is applied after the resolution equalization. Following
the despeckling, the markers of prostate cancer are extracted from the
DCEUS acquisitions.

In Fig. 1.1, the scope of this dissertation is shown in blue colors. We
propose tensor-based algorithms to denoise DCEUS acquisitions and use
the classification performance of prostate cancer as a metric to assess
their quality. The algorithms analyzed under the Despeckling category
in Fig. 1.1 are based on orthogonal tensor decompositions, employing
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different probabilistic assumptions to model the speckle noise. These
probability distributions are the Fisher-Tippett distribution and a relax-
ation based on Gaussian noise with sparse outliers. We analyzed two
convex relaxations of low-rankness based on two frameworks described
in Section 2.3. For ease of reference, the abbreviations of the methods
discussed in the corresponding chapters, namely, General Tensor Esti-
mation (GTE), Orientation Invariant Tensor Nuclear Norm (OITNN), and
Multilinear Singular Value Decomposition (MLSVD), are presented herein.

1.3. OUTLINE OF THE DISSERTATION
The dissertation is organized as follows.

CHAPTER 2: TENSOR PRELIMINARIES
We introduce the tensor and matrix algebra that is used in the follow-
ing chapters. In addition, we introduce the two tensor decomposition
frameworks that explain the tensor’s low-rankness and compare them.

CHAPTER 3: ULTRASOUND FOR PROSTATE CANCER
We introduce the application domain, including the formation of dynamic
contrast-enhanced ultrasound recordings, the segmentation of the prostate
in the recording domain, and the annotations provided by urologists.
A brief introduction to prostate cancer markers is also provided, which
are used in subsequent chapters to assess the performance of denois-
ing methods. We assume that an effective denoising method will im-
prove the separability of benign and malignant voxels. We introduce the
speckle noise and motivate the usage of the proposed tensor decompo-
sition frameworks described in Chapter 2 to DCEUS acquisitions.

CHAPTER 4: COMPARISONS OF CONVEX OPTIMIZATION ALGORITHMS
FOR SPECKLE DENOISING: A SIMULATION STUDY
The log-transformed speckle noise can be modeled as WGN with sparse
outliers. We investigate the denoising performance of low-rank tensor
decomposition methods for denoising WGN and WGN with sparse out-
liers under various SNR conditions. This chapter compares various low-
rank decomposition methods to identify which algorithms perform best
in high and low SNR scenarios. We formulate several optimization algo-
rithms that incorporate the tensor low-rankness and sparsity of the noise
through their convex relaxation. For the tensor low-rankness, we intro-
duce the sum of the nuclear norm (SNN) and tensor nuclear norm (TNN).
In addition, the sparsity of the noise is represented through its convex
relaxation, the L1 norm. Through the convex relaxation of the tensor
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low-rankness and the sparsity of the noise, we can iteratively solve the
optimization algorithms using proximity operators.

This chapter answers the first research question. Here, we run simu-
lations by incorporating the knowledge about the true tensor, i.e., the
ranks and the infinity norm. In DCEUS acquisitions, such knowledge
about the true tensor is not available. They need to be estimated. In the
following chapters, we address these questions and report the prostate
cancer classification results.

CHAPTER 5: DENOISING OF DYNAMIC CONTRAST-ENHANCED
ULTRASOUND USING MULTILINEAR SINGULAR VALUE
DECOMPOSITION
We introduce an algorithm to estimate the multilinear ranks of a DCEUS
acquisition and truncate it to reconstruct a signal subspace that repre-
sents microbubble dynamics. Through simulation, we examine how well
the ranks are estimated and compare denoising performance with the
existing literature. We also present classification results on six DCEUS
acquisitions. This chapter partially answers the second research ques-
tion. The truncated multilinear singular value decomposition (tr-MLSVD)
is found to perform well in high SNR scenarios in Chapter 4. The tr-
MLSVD is better suited for WGN. In the next chapter, we aim to extend
the denoising performance by including the prior probability distribution
of speckles.

CHAPTER 6: SPECKLE DENOISING OF DYNAMIC CONTRAST-ENHANCED
ULTRASOUND: A COMPARISON OF NOISE MODELS AND ALGORITHMS
We introduce two algorithms that incorporate the probability distribution
of speckle into tensor decomposition. The first method is a gradient-
descent-based approach that minimizes the negative log-likelihood of
the data parametrized by the distribution of the speckle noise. The sec-
ond method, OITNN, is investigated in Chapter 4 through simulation, and
is found to be performing well in low SNR scenarios. We test the perfor-
mance on a larger patient cohort compared to Chapter 5 and compare
it with various other tensor and non-tensor-based denoising techniques.
This chapter partially answers the second research question.

CHAPTER 7: CONSTRAINED CRAMÉR-RAO BOUND OF MULTILINEAR
SINGULAR VALUE DECOMPOSITION
The Cramér-Rao bound is commonly used in estimation problems to cal-
culate an asymptotic lower bound on the variance of locally unbiased
estimates. This chapter introduces a lower bound on the variance of lo-
cally unbiased estimates of the components of a unique multilinear sin-
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gular value decomposition (MLSVD). The properties of MLSVD, such as
the orthonormal factor matrices and the all-orthogonal core tensor, are
incorporated as additional constraints into the Cramér-Rao bound formu-
lation, and the resulting constrained Cramér-Rao bound is derived under
the assumption of white Gaussian noise. This chapter answers the third
research question.

CHAPTER 8: CONCLUSION AND FUTURE WORK
We conclude the dissertation by answering the overarching research
question, "How can low-rank tensor decomposition methods be lever-
aged to effectively denoise DCEUS?" through the investigation of the re-
search objectives provided in Section 1.2. We express the limitations of
the dissertation and propose future work.

1.4. RESEARCH CONTEXT: ANGIOGENESIS ANALYTICS
This research is, in part, funded by Angiogenesis Analytics, which is
a start-up specializing in prostate cancer diagnosis using DCEUS. In a
joint collaboration with the Technical University of Eindhoven, the com-
pany conducted clinical trials in Amsterdam Medical Center, Netherlands
Cancer Institute, Antoni van Leeuwenhoek, Andros Clinics, Canisius Wil-
helmina Hospital. Their product uses AI algorithms to analyze 3D B-
mode, 3D elastography, and 4D DCEUS acquisitions, produces a 3D heatmap
indicating the potential presence of prostate cancer, assists the urologist
in diagnosing, and facilitates target prostate biopsy. This dissertation
contributes to the preprocessing efforts aligned with the company’s over-
arching goal of advancing prostate cancer diagnosis using ultrasound.
They provided the dataset used in this dissertation, as well as access to
the servers on which the algorithms were executed.

1.5. LIST OF PUBLICATIONS
In the context of this dissertation, the following papers have been pub-
lished or submitted:

JOURNAL
1. M. Calis, M. Mischi, A. van der Veen, and B. Hunyadi, “Speckle Denoising of

Dynamic Contrast-enhanced Ultrasound using Low-rank Tensor Decomposi-
tion” In: Transactions in Medical Imaging (TMI), 2025

2. M. Calis, R.T. Rajan, M. Mischi, A. van der Veen, and B. Hunyadi, “Con-
strained Cramér-Rao Bound of Higher-order Singular Value Decomposition”
In: IEEE Open Journal of Signal Processing (IEEE-OJSP), 2025



1.5. List of Publications

1

7

CONFERENCES
1. M. Calis, M. Mischi, A. van der Veen, and B. Hunyadi. “Denoising of dy-

namic contrast-enhanced ultrasound sequences: a multilinear approach.”
In: BIOSIGNALS. 2022, pp. 192–199

2. P. Chen, M. Calis, H. Wijkstra, P. Huang, B. Hunyadi, and M. Mischi. “Mul-
tiparametric ultrasound and machine learning for prostate cancer localiza-
tion”. In: European Signal Processing Conference. 2022, pp. 907–911

3. M. Calis and B. Hunyadi. “Denoising of the speckle noise by robust low-
rank tensor decomposition”. In: 2024 32nd European Signal Processing
Conference (EUSIPCO). 2024
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1. M.Calis, A. van der Veen, M. Mischi, B. Hunyadi, "Outlier Resistant Tensor

Decompositions for Denoising Contrast-Enhanced Ultrasound" In: 9, BME
Dutch Conference for Biomedical Engineering (2023)





2
TENSOR PRELIMINARIES

C onventionally, we explain the physical domain with three Cartesian coordi-
nates. A single observation of something in this physical domain is a 3rd-

order snapshot. If we want to explain the change of such a physical domain over
time, we can stack the snapshots and obtain 4th-order data. Such higher-order
data is called tensors. We can consider linear transformations as matrices that
operate on the vectorization of these tensors. On the other hand, tensors can be
considered as multilinear mappings. Tensor decompositions go beyond the ma-
trix factorizations with additional subscripts and provide more detailed descrip-
tions with different geometric and uniqueness properties [4][5]. In this chapter,
we introduce the multilinear algebra concepts used throughout the dissertation.

2.1. FROM SCALARS TO TENSORS
The order is the minimum number of coordinates required to describe all the
points that make up an object. Scalars are 0th-order tensors, vectors are 1st
order tensors, and matrices are 2nd order tensors. We follow the notation of
Cichocki, Lee, and Oseledets [6][7] to describe tensors, matrices, vectors, and
scalars. Tensors are represented by underlined boldface letters such as the Nth-
order Y ∈ R1×···×N . We use the word mode to refer to a specific order. The tensor
Y has 1 elements in the first mode, 2 elements in the second, and so on until
the Nth mode that has N elements. We use small letters such as 1 ∈ {1, . . . , 1},
2 ∈ {1, . . . , 2}, or N ∈ {1, . . . N} to define the elements in the corresponding
modes.

Several matrices are commonly used. The identity matrix is denoted with .
Matrices that share a similar property are denoted with superscript notation. For
example, in the tensor decompositions explained in Section 2.3, the N orthonor-
mal factor matrices of multilinear singular value decomposition are explained
with U(n) for n ∈ {1 , . . . , N}. Such a description allows a simpler notation where
superscripts are used to explain the related matrices concisely instead of a dif-
ferent letter.

Matrices are represented by boldface letters such as A ∈ R1×2 . We can fix
the second mode of A to 2 and define a column vector 2 ∈ R1 . Scalars are
represented by lower case letters such as 1,2 that represent the element at the
1th row and 2th column of the matrix A ∈ R1×2 . Along with the aforementioned

9
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notation, we interchangeably use MATLAB notation to describe the different ele-
ments of a tensor, for example, when Greek letters or explicit elements of a ten-
sor are described. An example is the (1, 2, 3)th element of a tensor Ω ∈ R1×2×3
that can be shown as Ω(1, 2, 3). Additionally, the frontal slice when we fix the
third mode to 3 can be shown with Ω(:, :, 3). When all the modes but one are
fixed, such as Ω(:, 2, 3) or Ω(1, :, 3), we call this a fiber of Ω.

Equipped with the scalar and tensor notation, we can define operations be-
tween tensors and matrices, namely, the tensor and matrix algebra. A simple
indexing to refer to the elements of a tensor is defined. We build upon such
indexing descriptions to explain various unfoldings of a tensor, such as vector-
ization and mode-n unfoldings. Finally, we will use such unfoldings to describe
various tensor decompositions that are used throughout the dissertation.

2.2. TENSOR AND MATRIX ALGEBRA
2.2.1. INDEXING
Indexing is the process of using indices to refer to or locate the elements of a
tensor. Tensors are higher-order arrays, and the elements are stored in memory
using two common conventions. The first one is called the little-endian, and the
second one is called the big-endian. In the little-endian format, we start counting
from the first mode, whereas in the big-endian format, we start counting from
the last mode. Big-endian indexing is used in Python, and in MATLAB, little-
endian indexing is used. In this dissertation, we use the little-endian indexing.
For example, the first and the second element of the tensor A ∈ R1×2×3 are
A(1,1,1) and A(2,1,1). On the other hand, for the big-endian indexing, the
first and the second elements are A(1,1,1) and A(1,1,2) for the same tensor.
Such a distinction is important once different coding languages are used. The
basic notations, such as vectorization, unfoldings, Kronecker products, and outer
products, should be consistent with the definition of the convention.

2.2.2. VECTORIZATION
The vectorization of the tensor vec(Y) results in the vector y with y(123 . . . N) =
y1,2,3,...,N . We use the little-endian or MATLAB style ordering of the indices. This
is shown with

123 . . . N = 1 + (2 − 1)1 + (3 − 1)12 + · · · + (N − 1)12 . . . N−1 . (2.1)

For a matrix, this vec-operator amounts to column-wise stacking.

2.2.3. MODE-n UNFOLDING
The mode-n unfolding of a tensor is a matrix created by stacking all the fibers in
the nth mode while traversing the rest in a MATLAB-style ordering. The mode-n
unfolding of Y ∈ R1×2 ···×N is depicted with the subscript in parenthesis, that is,
Y(n) ∈ Rn×1...n−1 n+1...N . The indices have the following relation

Y(n)
�

n, 1 . . . n−1 n+1 . . . N
�

= y1,2,3,...,N . (2.2)
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Two steps will result in such an unfolding: swapping the nth mode with the first
mode and reshaping the tensor into a matrix of size n× 1 . . . n−1n+1 . . . N. Here,
the MATLAB indexing is used. Note that for the mode-1 unfolding, i.e. n = 1, we
have 1 . . . n−1 n+1 . . . N = 2 . . . N.

The vectorizations of different mode-n unfoldings are related using permuta-
tion matrices. The permutation matrices are represented with P(·) that define a
row-wise permutation between vectorization of the different mode-n unfoldings.
An example is the permutation matrix P(2) that permutes the vectorization of
the mode-2 unfolding of M ∈ R1×···×N , such that vectorization of the mode-1 un-
folding of M is obtained, i.e. vec(M(1)) = P(2) vec(M(2)). The matrix P(2) can be
generated by first creating a square matrix of 0s of size

∏N
n=1 n ×

∏N
n=1 n and

assigning p
(2)
1 2...N,2 1...N

= 1. As an example, we illustrate the structure of the

permutation matrix P(2) in Fig. 2.1 for a tensor M ∈ R2×2×2.

Figure 2.1: The structure of the P(2) matrix for a tensor M ∈ R2×2×2. P
permutes the vectorization of the second mode unfolding of
M to the vectorization of the first mode unfolding of M.

2.2.4. MODE-n FOLDING
The operation that reverts the mode-n unfolding Y(n) of a tensor Y ∈ R1×2 ···×N is
depicted with foldn and has the relation

foldn(Y(n)) = Y , (2.3)

for n ∈ {1, . . . , N}.

2.2.5. MODE-n PRODUCT
The mode-n product, also called the tensor-matrix product, of a tensor Y ∈
R1×2 ···×N and a matrix B ∈ RJ×n yields the tensor

C = Y×nB ∈ R1×···×n−1×J×n+1×···×N , (2.4)

with entries

c1,2,...,n−1,j,n+1,...,N =
n
∑

n=1

y1,2,...,n,...,N bj,n . (2.5)
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The following relation holds
C(n) = B Y(n) . (2.6)

The mode-n product takes the linear combinations of the mode-n fibers of the
tensor Y with the weight specified by the rows of the matrix B.

2.2.6. OUTER PRODUCT
The outer product of two tensors A ∈ R1×2×···×N and B ∈ RJ1×J2×···×JN yields a
tensor C = A ◦B ∈ R1×2×···×N×J1×J2×···×JN with entries

c1,...,N,j1,...,jN = 1,...,N bj1,...,jN . (2.7)

2.2.7. KRONECKER PRODUCT
For two tensors A1×···×N and B ∈ RJ1×···×JN , the left Kronecker product C = A⊗B
yields the tensor C ∈ R1 J1×···×N JN with entries

c1 j1, ..., N jN = 1,...,N bj1,...,jN . (2.8)

Throughout the dissertation, we use the Kronecker product as the left Kronecker
product (2.8), which uses the little-endian indexing. The Kronecker product and
outer product are related. For two tensors A and B, we have

vec
�

A ◦B
�

= vec
�

A
�

⊗ vec
�

B
�

, (2.9)

that is, the Kronecker product of the vectorizations of two tensors is equivalent
to the vectorization of their outer product.

2.2.8. HADAMARD PRODUCT
For two matrices A×J and B ∈ R×J the Hadamard product yields the matrix

C = A⊙B =







1,1b1,1 · · · 1,Jb1,J
...

. . .
...

,1b,1 · · · ,Jb,J






∈ R×J . (2.10)

2.2.9. INNER PRODUCT
The inner product between two tensors is represented with

〈A,B〉 = vec(A)⊤ vec(B) , (2.11)

for Nth-order tensors A and B with same number of elements.

2.2.10. FROBENIUS NORM
The Frobenius norm of a tensor Y ∈ R1×···×N is given by

∥Y ∥F =
q

〈Y,Y〉 . (2.12)
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2.2.11. NUCLEAR NORM
The nuclear norm of a matrix is the sum of its singular values. For a real-valued
rank R matrix Y ∈ R×J, and its SVD

Y = U  V⊤ , (2.13)

with orthonormal U ∈ R×R, V ∈ RJ×R, and diagonal and positive  ∈ RR×R, the
nuclear norm is defined as

∥Y ∥∗ = Tr () . (2.14)

2.2.12. TENSOR-TENSOR PRODUCT
The tensor-tensor product A ∈ R1×2×3×···×N and B ∈ R2×J×3×···×N yields the
tensor

R1×J×3×···×N ∋ C = A×FB , (2.15)
with entries

C(:, :, 3, 4, . . . , N) = A(:, :, 3, 4, . . . , N) B(:, :, 3, 4, . . . , N) . (2.16)

The tensor-tensor product is the matrix multiplication of each frontal slice of two
Nth-order tensors.

2.2.13. T-PRODUCT
The t-product is proposed in [8] to define an algebraic group on 3rd-order tensors.
The t-product uses the tensor-tensor product 2.2.12 and it is the building block
of the t-SVD decomposition, which is introduced in Section 2.3.2. It is the circular
convolution of the 3rd-mode fibers. The t-product between two 3rd-order tensors
A ∈ R1×2×3 and B ∈ R2×J×3 yields a tensor C ∈ R1×J×3 ,

C(1, j, :) =
2
∑

2=1

A(1, 2, :)⊛B(2, j, :) , (2.17)

where ⊛ is the circular convolution operator. This connection provides a motiva-
tion for using the Discrete Fourier Transform (DFT), since convolution in the time
domain becomes multiplication in the frequency domain. We will introduce this
connection by introducing the t-product between Nth-order tensors using the DFT
operations. In [9], the t-product is extended to Nth-order tensors. We express
the Nth-order t-product using the general form in [10].

The t-product between two tensors A ∈ R1×2×3×···×N and B ∈ R2×J×3×···×N

yields a tensor C ∈ R1×J×3×···×N ,

C = A ⋆B =
�

�

A×3 F(3) · · ·×NF(N)
�

×F
�

B×3 F(3) · · ·×NF(N)
�

�

×3F(3)
−1
· · ·×NF(N)

−1
,

(2.18)
with the Discrete Fourier Transform matrix F(n) for n ∈ {3, . . . , N} that is given by

F(n) =
1
p

n



















1 1 1 · · · 1
1  2 · · · n−1

1 2 4 · · · 2(n−1)

1 3 6 · · · 3(n−1)

...
...

...
. . .

...
1 n−1 2(n−1) · · · (n−1)(n−1)



















, (2.19)
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where  = e−2π/ n and 2 = −1. The multiplication A×n F(n) results in the one-
dimensional Fourier transform of A in the nth mode. For a 3rd-order tensor, we
can see that (2.17) and (2.18) are equivalent. After the 1D Fourier transforms
A×3 F(3) and B×3 F(3), we have the DC components in the first frontal slices,
the lowest frequency components in the second frontal slices until the the mid-
dle frontal slices, which correspond to the highest frequency components. The
frontal slices after the middle, 3 = {3/2, . . . , 3}, exhibit Hermitian symmetry
due to the DFT’s properties when the input tensors are real-valued. When 3 is
odd, appropriate adaptations of the DFT can be applied to preserve the symme-
try properties [11]. The circular convolution of the 3rd-mode fibers of tensors
A and B is thus equivalent to matrix multiplication of the corresponding frontal
slices of A×3 F(3) and B×3 F(3), followed by an inverse Fourier transform.

Here, we give some properties related to the t-product. More information can
be obtained in [12].

• A ⋆(B ⋆C) = (A ⋆B) ⋆C .

• (A+B) ⋆C = A ⋆C+B ⋆C .

• The set of all invertible  ×  ×  tensors forms a group under ⋆ operation.

• If T(B) = A ⋆B where A ∈ R1×J×3 and B ∈ RJ×2×3 are real tensors, then T :
RJ×2×3 → R1×2×3 is linear.

Equipped with the tensor and matrix algebra, we can define the tensor decom-
positions.

2.3. TENSOR DECOMPOSITIONS
We investigate two orthogonal tensor decompositions: MLSVD, and t-SVD de-
composition. We will start by defining the tensor rank in these two frameworks.

2.3.1. MULTILINEAR SINGULAR VALUE DECOMPOSITION
The multilinear singular value decomposition (MLSVD) is proposed in [13]. The
authors show that any tensor Y ∈ R1×···×N can be written as

Y = S×1U(1) ×2U(2) · · · ×N U(N) , (2.20)

where S ∈ R1×2×···×N is called the all-orthogonal core tensor and U(n) ∈ Rn×n
for n ∈ {1, . . . , N} are called the column-wise orthonormal factor matrices. The
multilinear singular value decomposition is found by applying a thin SVD on each

of the N unfoldings of Y, i.e., Y(n) = U(n) (n)V(n)
T
. The thin SVD operation re-

tains the first min(n, 1 . . . n−1n + 1 . . . N) columns of the factor matrices and the
singular value matrix of the full SVD components [14]. We assume the thin SVD
operation orders the singular values (n) from the highest to the lowest. The
columns of the factor matrices are also ordered corresponding to (n). The left
singular vectors of each unfolding are assigned as the factor matrices U(n) for
n ∈ {1, . . . , N}. Finally, the core tensor can be found by the operation

S = Y×1U(1)
T
. . . ×N U(N)

T
. (2.21)
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Algorithm 1 MLSVD

npt :Y ∈ R1×2×···×N
for n = {1, . . . , N} do
U(n)(n)VT ← svd(Y(n)) ▷ thin SVD with n < 1 . . . n−1n+1 . . . N

end for
S← Y×1U(1)

T · · · ×N U(N)
T

Retrn :U(n) ∈ Rn×n ,∀n ∈ {1, . . . , N},S ∈ R1×2×···×N

The operations that decompose Y into the form (2.20) are shown in Algorithm 1.
The all-orthogonality of the core tensor can be expressed for n ∈ {1, ..., N} as

Ç

S(n) S(n)
T = (n) , (2.22)

where the square root operator is applied element-wise. For a real-valued tensor,
each element of the diagonal singular value matrix (n) is greater than or equal
to zero for n ∈ {1, . . . , N}. The column-wise orthonormality of the factor matrices
can be expressed for n ∈ {1, . . . , N} as

U(n)
T
U(n) =  . (2.23)

For a real-valued tensor Y, the core tensor S is also real-valued. For the MLSVD
of Nth-order tensors with N > 2, S can have both negative and positive elements.
One might expect S to have non-zero elements only at the super-diagonal. The
super-diagonal is defined here as the elements with the same indices in all
modes, i.e., s1 ,... ,N for 1 = · · · = N. The core tensor can not be super-diagonal
unless the original tensor can be written exactly as a sum of rank-one tensors,
i.e., Nth-order tensors that are outer products of N vectors. The latter decompo-
sition is called the CANDECOMP/PARAFAC decomposition (CPD) [15].

One can also observe that the right orthonormal matrices VT from the SVD
applied to the mode-n unfoldings given in Algorithm 1 are not used. The right
singular vectors VT have other applications, such as measuring the similarity
of two tensors [16]. On the other hand, we can observe that the MLSVD of
a 2nd-order tensor is the usual SVD UVT with U(1) as the left orthonormal
matrix U, U(2) as the right orthonormal matrix V, and S(1) = S(2) = S = . In
the multiplication UVT , we can see that U makes linear combinations of the
rows of , and V makes linear combinations of the columns of . Instead of the
transpose, we can use the mode-n product and write UVT as  ×1 U×2V.

Consider a tensor Y ∈ R1×2×···×N . There are N possible mode-n unfoldings as
described in (2.2). The rank of each mode-n unfolding of a tensor is called the
mode-n rank Rn. The multilinear ranks of a tensor are described with an N-tuple
such as (R1, . . . , RN). The mode-n rank of a tensor is expressed with rankn(Y).
For Y this is expressed as

rankn(Y) = rank(Y(n)) = Rn forn ∈ {1, . . . , N} . (2.24)

The (R1, ..., RN) multilinear ranks of a tensor Y has the following relation

R ≤
N
∏

j=1
j ̸=

Rj for  ∈ {1,2, . . . , N}. (2.25)
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We can use such ranks to truncate the core tensor and the factor matrices ac-
cordingly.

TRUNCATED MULTILINEAR SINGULAR VALUE DECOMPOSITION
The MLSVD gives rise to a well-posed low multilinear rank approximation prob-
lem, i.e., any tensor can be written using Algorithm 1. The largest contribution
explained by the mode-n singular vectors is captured by the top slices of the core
tensor due to the ordering defined in (2.22). Consequently, we can truncate the
core tensor and take the corresponding mode-n singular vectors for a low multi-
linear rank approximation of a tensor. This is depicted for a 3rd-order tensor in
Fig. 2.2.

Assuming that the multilinear ranks Rn for n ∈ {1, . . . , N} are known and that
the signal subspace is captured by the highest singular values and the vectors,
the truncated MLSVD (tr-MLSVD) is achieved by taking the first Rn columns of
U(n) for n ∈ {1, . . . , N}, respectively, and truncating the core tensor by taking the
first Rn elements in the respective modes. The low multilinear rank tensor Ŷ is
obtained by

Ŷ = Ŝ×1 Û
(1) ×2 · · · ×N Û

(N)
,

Ŷ = S(1:R1, . . . ,1:RN) ×1 U(1)(:,1:R1) · · · ×N U(N)(:,1:RN) .
(2.26)

An illustration is shown in Fig. 2.2. Truncation of the core tensor and the factor
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Figure 2.2: The truncated multilinear singular value decomposition of a
3rd-order tensor with ranks (R1, R2, R3).

matrices according to the desired rank does not yield the best approximation. In
fact, the truncated MLSVD satisfies the quasi-best approximation Theorem 10.2
in [17]. Define Ŷ as the truncated core tensor as defined in (2.26) and Ybest the
estimated low multilinear rank tensor that is jointly optimized on the product of
Stiefel Manifolds, i.e., the manifold of the product of orthonormal matrices with
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sizes n × Rn for n ∈ {1, . . . , N}. We have







Y− Ŝ×1 Û
(1) ×2 · · · ×N Û

(N)









F
≤
p

N







Y− Ybest









F
. (2.27)

In an informal way, we can explain the reason why tr-MLSVD does not give the
best multilinear rank approximation as follows. Consider the SVD in a mode-n
unfolding. With known ranks, the best that can be done in this low-rank ap-
proximation is the projection of the matrix onto the signal subspace, denoted
by the rank. We can do this process for each of the unfoldings n ∈ {1, . . . , N}.
However, these subspaces are not independent of each other for MLSVD. Some
of the information that is truncated in a mode-n unfolding is truncated again
in another mode-n unfolding, depending on the overlap. This can be visualized
with the truncation of a 3rd-order core tensor, given in Fig. 2.2. For example,
if we truncate in the first mode with rank R1, and keep the other modes, we

will have Û
(1)
= U(1)(:,1 : R1) and Ŝ = S(1 : R1, :, :). If we truncate in the sec-

ond mode, we will have Û
(2)
= U(2)(:,1 : R2) and Ŝ = S(:,1 : R2, :). The region

in S(R1 : 1, R2 : 2, :) is truncated twice. We call this the overlapping region
between mode-1 and mode-2. Similarly, the mode-3 truncation will have over-
lapping regions with the other modes. Once part of the core is truncated in one
mode, the structure of the unfolding in the other modes is altered, and thus the

truncated singular vectors Û
(n)

are no longer true left singular vectors of the trun-
cated mode-n unfolding. The interdependence between the modes undermines
the optimality of separate truncations. A joint optimization on a Stiefel Manifold
includes the dependencies of each mode-n unfolding and provides more optimal
low multilinear rank approximations [18]. This joint optimization is prohibitively
complex.

The authors in [19] tackled the problem of the best rank (R1, . . . , RN) approx-
imation of a tensor and introduced the higher-order orthogonal iteration (HOOI)
algorithm, which is a multilinear extension of the orthogonal iterations for the
matrix case, given in Section 7.3.2 of [14]. The approximation is improved com-
pared to the tr-MLSVD. However, several local minima are found. The least
squares formulation on the Frobenius norm of the residual error contains local
minima. Furthermore, the authors in [20] introduced optimization algorithms that
tackle the best rank (R1, . . . , RN) approximation of a tensor on a Stiefel manifold
of orthonormal matrices of size n × Rn. The authors found a slight improvement
in the performance over HOOI and tr-MLSVD. However, the problem of global vs
local minima still persists. The multilinear extension of the Eckhart-Young the-
orem [21], which says that the best low-rank approximation of a matrix can be
obtained through the truncated SVD if we consider the Frobenius norm on the
residual error, is not possible using the multilinear rank [22]. On the other hand,
using the t-product defined in Section 2.2.13, an Eckhart-Young-like theorem for
low-rank tensor approximation is achieved by tensor SVD (t-SVD) for 3rd-order
tensors.

2.3.2. TENSOR-SVD
The tensor SVD (t-SVD) is defined for 3rd-order tensors in [8] and extended for
any Nth-order tensor in [9]. The decomposition uses t-product as a building block
and can be considered as modeling tensor low-rankness in the Fourier domain.
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Most of the real data often has a limited bandwidth. Therefore, t-SVD decomposi-
tion is suited for applications where certain frequency bands are more important
than others. The t-product explained in Section 2.2.13 always applies the 1D DFT
to the modes greater than two. Hence, the t-SVD framework is an orientation-
specific decomposition. Consider a 4th-order tensor with the first three indices
indicating the Cartesian domain and the last axis indicating the time domain. The
application of t-SVD on two cases where we switch the ordering from 1× 2× 3× 4
to 1× 3× 2× 4 gives two different decompositions. Suppose that the frequency
content in the second mode and the fourth mode is expected to be significantly
more bandlimited, the permutation 1 × 3 × 2 × 4 will give a better t-SVD de-
composition. In [23], a preliminary analysis through simulation or investigation
on a subset of the real data is advised to assess the best possible orientation.
We start with explaining the basics of the t-SVD decomposition and compare it
to MLSVD in Section 2.4.

We use the breve notation for t-SVD-related components and start by defining
the algebraic group related to the t-product explained in Section 2.2.13.

• The Nth-order identity tensor ̆ ∈ RJ×J×3×···×N is a tensor such that ̆(:, :
, . . . , :,1) is an (N − 1)st-order identity tensor, and ̆(:, :, . . . , :, n) is an (N −
1)st-order zero tensor for n ∈ {2, . . . , N}. For an Nth-order tensor A ∈
R1×J×3×···×N , we have

̆ ⋆A = A ⋆ ̆ = A .

An illustration is provided in Fig. 2.3 for a 4th-order identity tensor.

I

I(:,:,:,1)

0

0

I(:,:,1,1)

0

0

0

0

0

0

0

0

˘

˘

Figure 2.3: The identity tensor given in Section 2.3.2 for ̆ ∈ RJ×J×3×3
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• The transpose of A ∈ R1×2×3×···×N is denoted by A⊤ ∈ R2×1×3×···×N , and is
obtained by transposing each A(:, . . . , :, n) and then reversing the ordering
for n ∈ {2, . . . , N}. An illustration is provided in Fig. 2.4 for a 4th-order
tensor.

A

A(:,:,:,1)T

A(:,:,:,3)T

A(:,:,:,2)T

A(:,:,1,1)T

A(:,:,3,1)T

A(:,:,2,1)T

A(:,:,1,3)T

A(:,:,3,3)T

A(:,:,2,3)T

A(:,:,1,2)T

A(:,:,3,2)T

A(:,:,2,2)T

T

Figure 2.4: The tensor transpose described in Section 2.3.2 for A ∈
R1×2×3×3.

• A tensor A ∈ RJ×J×3×···×N is said to be orthogonal if

A ⋆A⊤ = A⊤ ⋆A = ̆ .

• The inverse of a tensor A ∈ RJ×J×3×···×N is a tensor B ∈ RJ×J×3×···×N such
that

A ⋆B = B ⋆A = ̆ . (2.28)

With the definition of identity, orthogonality, and transpose, we can express
the t-SVD decomposition. Any Nth-order tensor Y ∈ R1×2×···×N can be written as

Y = Ŭ ⋆ S̆ ⋆ V̆
⊤
, (2.29)

where Ŭ ∈ R1×1×3×···×N and V̆ ∈ R2×2×3×···×N are orthogonal tensors, and S̆ ∈
R1×2×3×···×N is a forward-diagonal core tensor [12][8]. The forward-diagonal
tensor has diagonal frontal slices. The t-SVD decomposition can be found using
Algorithm 2. First the 1D Fourier transforms of a tensor Y ∈ R1×2×···×N is taken for
n ∈ {3, . . . , N}. The SVDs of the frontal slices of the resulting tensor, that is, the
slices corresponding to the first two indices, are calculated. The components of
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the SVD U, V and  are assigned to the corresponding locations Ŭ(:, :, 3, . . . , N),
V̆(:, :, 3, . . . , N), and S̆(:, :, 3, . . . , N), respectively. Finally, the 1D inverse Fourier
transforms of Ŭ, S̆, V̆ are taken for n ∈ {3, . . . , N}.

Algorithm 2 Nth-order t-SVD

Input: Y ∈ R1×2×···×N
Y← Y×3 F(3)×4 F(4) · · · ×N F(N) ▷ F(n) is the DFT matrix from (2.19)
for 3 = {1, . . . , 3}, 4 = {1, . . . , 4}, . . . , N = {1, . . . , N} do
[U,,V] ← svd

�

Y(:, :, 3, 4, . . . , N)
�

Ŭ(:, :, 3, 4, . . . , N)← U
S̆(:, :, 3, 4, . . . , N)← 
V̆(:, :, 3, 4, . . . , N)← V

end for
Ŭ← Ŭ×3F(3)

−1 ×4 F(4)
−1 · · · ×N F(N)

−1
▷ F(n)

−1
is the inverse DFT

matrix
S̆← S̆×3F(3)

−1 ×4 F(4)
−1 · · · ×N F(N)

−1

V̆← V̆×3F(3)
−1 ×4 F(4)

−1 · · · ×N F(N)
−1

Return: Ŭ ∈ R1×1×3×···×N , S̆ ∈ R1×2×3×···×N , V̆ ∈ R2×2×3×···×N

For t-SVD, the rank is defined using the tubal rank, which is denoted with
ranktbl. The tubal rank ranktbl is defined as the maximum rank of any frontal
slice of Y← Y×3 F(3) ×4 F(4) ×5 · · · ×N F(N), that is,

ranktbl(Y) = mx
3,...,N

rank
�

�

Y×3 F(3) ×4 F(4) ×5 · · · ×N F(N)
�

(:, :, 3, . . . , N)
�

. (2.30)

The tubal rank has properties [24] like the matrix rank, such as

ranktbl ≤min (1, 2) . (2.31)

For this reason, the decomposition in (2.29) can also be expressed as

Y =
min(1,2)
∑

=1

Ŭ(:, , :, . . . , :) ⋆ S̆(, , :, . . . , :) ⋆ V̆(:, , :, . . . , :)⊤ . (2.32)

The tubal rank of the t-product of two tensors Y ∈ R1×J×3...N and X ∈ RJ×2×3...N
will be less than or equal to the tubal rank of each tensor. This can be described
by

ranktbl
�

Y ⋆X
�

≤min
�

ranktbl
�

Y
�

, ranktbl
�

X
��

. (2.33)

2.3.3. TRUNCATED TENSOR-SVD
The low tubal rank approximation of Y, denoted by Ŷ, can be obtained by trun-
cating the SVD given in the fourth line of Algorithm 2 with ranktbl < min(1, 2)
components and computing

Ŷ =
R
∑

=1

Ŭ(:, , :, . . . , :) ⋆ S̆(, , :, . . . , :) ⋆ V̆(:, , :, . . . , :)⊤ . (2.34)
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The truncation of the t-SVD operation is illustrated in Fig. 2.5 for a 3rd-order
tensor.
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Figure 2.5: The truncated t-SVD defined in (2.34) for a 3rd-order tensor
with tubal rank R.

For R <min(1, 2), this truncation yields the optimal low tubal rank approxima-
tion in terms of minimizing the Frobenius norm of the residual error for 3rd-order
tensors [22]. The same result is not provided for Nth-order tensors. This result is
formally stated in the following theorem.

Theorem 2.3.1. Let the t-SVD of Y ∈ R1×2×3 be given by

Y = Ŭ ⋆ S̆ ⋆ V̆
⊤

and its truncation as in (2.34). Then, for R <min(1, 2), we have

Ŷ = rgmin
Ỹ∈M





Y−Ỹ






F , (2.35)

where the set M is defined via the t-product as

M =
�

C = A ⋆B
�

�

� A ∈ R1×R×3 , B ∈ RR×2×3
	

.

We have provided the truncated t-SVD and the truncated MLSVD, which have
a closed-form expression. If the ranks are not known, we can create a convex op-
timization problem such that a low tubal rank or multilinear rank approximation
can be achieved. However, neither the tubal rank nor the multilinear rank ex-
pressions are convex expressions. In the following sections, we will introduce the
convex relaxation of low multilinear rank and low tubal rank, such that a convex
optimization algorithm can be constructed.

2.3.4. CONVEX RELAXATION OF LOW MULTILINEAR RANK
We will start by explaining the convex relaxation of the matrix rank and then gen-
eralize it to multilinear rank tensors. We can formulate an optimization problem
to find a rank R approximation Ŷ ∈ R1×2 of a matrix Y ∈ R1×2 as

min
Ŷ

�

1

2

�

�

�

�Ŷ− Y
�

�

�

�

2
F

�

s.t. rank(Ŷ) = R . (2.36)
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The matrix rank is not a convex constraint. We can use the nuclear norm defined
in Section 2.2.11 as the convex relaxation of the rank constraint and express
(2.36) as

min
Ŷ

�

1

2
|| Ŷ− Y ||2

F
+ γ

�

�

�

�Ŷ
�

�

�

�

∗

�

, (2.37)

where γ is a penalty parameter related to the nuclear norm. The nuclear norm is
the sum of the singular values of Ŷ. By minimizing this sum, we are forcing the
optimization algorithm to find a matrix that has a small sum of singular values,
which indirectly forces a low rank expression. The expression in (2.37) can be
solved using a proximity operator. A proximity operator is a generalization of
the notion of projection in optimization. It is used to solve problems involving
non-smooth convex functions efficiently [25]. Define the proximal operator of
the nuclear norm with a penalty parameter γ as

Ŷ = prox∥·∥∗
γ
(Y) = rgmin

Ŷ

�

1

2
∥Ŷ − Y ∥2

F
+ γ∥Ŷ∥∗

�

. (2.38)

This operator (2.38) admits a closed-form solution via the soft-thresholding of the
singular values of Y ∈ R1×2 by γ [25]. Assuming that the SVD of Y = UVT , the
proximity operator returns

Ŷ = prox||·||∗
γ
(Y) = Umax(− γ,0)VT , (2.39)

where max(·) is the elementwise maximum operator, 0 is a matrix consisting of
0s. Soft-thresholding is the operation where each element in the diagonal of 
is reduced by γ, until the lowest possible value of 0 is obtained. This is done to
prevent negative entries in the singular value matrix . The proximity operator in
(2.39) is the solution of (2.37). Note that the low-rank approximation of a matrix
given in (2.36) has an exact solution via truncated SVD. The convex relaxation
proposed here is an algorithm that finds a low-rank approximation of Y using a
tuning parameter γ. The only guarantee of (2.39) is that a monotonically lower
rank approximation of Y is going to be achieved with an increasing γ.

Extending to Nth-order tensors, the multilinear low-rankness is also not a con-
vex constraint. We can use the nuclear norm for the convex relaxation of low
multilinear rank by summing the nuclear norms of each mode unfolding. For an
Nth-order tensor Y ∈ R1× ...×N we can express the sum of the nuclear norm (SNN)
of mode-n unfoldings as

�

�

�

�Y
�

�

�

�

SNN =
N
∑

n=1

�

�

�

�Y(n)
�

�

�

�

∗ . (2.40)

A low multilinear rank approximation Ŷ of tensor Y can be found with the follow-
ing objective function

min
Ŷ

1

2

�

�

�

�Ŷ − Y
�

�

�

�

2
F
+ γ

�

�

�

�Ŷ
�

�

�

�

SNN , (2.41)

where γ is a penalty parameter related to SNN. We can see that SNN on the
right-hand side of (2.41) includes a summation of the nuclear norms of mode-n
unfoldings, which are not separable. It has been proposed in [26] to separate the

mode-n unfoldings in (2.41) using auxilliary variables Ŷ = Ŷ
(n)

for n ∈ {1, . . . , N},
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and form the augmented Lagrangian using the Lagrangian parameters (n) for
n ∈ {1, . . . , N} and the Lagrangian penalty parameter ρ as

min
Ŷ,Ŷ

(1)
,...,Ŷ

(N)

�

1

2





Ŷ− Y






2
F
+

N
∑

n=1

�

γ







Ŷ
(n)
(n)










∗
+
D

(n), Ŷ
(n) −Ŷ

E

+
ρ

2








Ŷ
(n) −Ŷ










�

�

.

(2.42)
In this dissertation, we solve an ADMM problem in the augmented Lagrangian
problem (2.42) as proposed in [27]. An alternative approach using Douglas-
Rachford splitting [28] is proposed in [26]. Each subproblem related to nuclear
norm in (2.42) takes the same form as the proximity operator in (2.38), applied

to the mode-n unfolding. If we consider Ŷ
(1)

, the optimization problem for this
subproblem is

min
Ŷ
(1)

(1)

�

γ







Ŷ
(1)
(1)










∗
+
ρ

2








Ŷ
(1)
(1) − Ŷ(1)










2

F
+
D


(1)
(1), Ŷ

(1)
(1) − Ŷ(1)

E

�

, (2.43)

as the Frobenius norm and the inner product with the terms Ŷ
(1)

can be written

exactly using the first mode unfolding Ŷ
(1)
(1). We can write (2.43) as

min
Ŷ
(1)

(1)

�

1

2













Ŷ
(1)
(1) −

�

Ŷ(1) −
1

ρ

(1)
(1)

�











2

F
+
γ

ρ








Ŷ
(1)
(1)










∗

�

. (2.44)

The expression in (2.44) has the same structure as (2.37). Hence, the solution
can be found using the proximity operator given in (2.39) as

Ŷ
(1)
= foldn

�

prox||·||∗γ
ρ

�

Ŷ(1) −
(1)
(1)

�

�

. (2.45)

The other unfoldings n ∈ {1, . . . , N} can be defined similarly. This is only the opti-
mization part related to the nuclear norm. We need the primal updates related to
Ŷ and the dual updates related to the augmented Lagrangian parameters (n) for
n ∈ {1, . . . , N}. This form of alternating updates is called the alternating direction
method of multipliers (ADMM) [29]. The optimization problem given in (2.42) can
be solved using ADMM as proposed in [27]. We solve such a problem in Chapter
4.

2.3.5. CONVEX RELAXATION OF LOW TUBAL RANK
Similar to the low multilinear rank, we can obtain a convex relaxation for low
tubal rankness using the t-SVD decomposition. For an Nth-order tensor Y ∈
R1×···×N and its t-SVD decomposition

Y = Ŭ ⋆ S̆ ⋆ V̆
⊤
, (2.46)

with orthogonal tensors Ŭ ∈ R1×1×3 ···×N , V̆ ∈ R2×2×3×···×N , and the singular
value tensor S̆ ∈ R1×2×3×···×N , we have

∥Y ∥TNN =
1

3 . . . N

3
∑

3=1

· · ·
N
∑

N=1

Tr
��

S̆×3 F(3) · · · ×N F(N)
�

(:, :, 3, . . . , N)
�

. (2.47)
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The tubal nuclear norm (TNN) is the average sum of the singular values lying
on the frontal slices of the one-dimensional Fourier transform of the core tensor
S̆ along the modes n ∈ {3, . . . , N} [30][31]. Similar to (2.42), we can form a low
tubal rank approximation function in the general form of a proximity operator as

min
Ŷ

1

2

�

�

�

�Ŷ − Y
�

�

�

�

2
F
+ γ

�

�

�

�Ŷ
�

�

�

�

TNN . (2.48)

We can solve (2.48) by assigning Ŷ as

Prox∥·∥TNN
γ

(Y) = Ŭ ⋆
�

mx
�

S̆×3 F(3) · · · ×N F(N) −γ1, 0
�

×3 F(3)
−1
· · · ×N F(N)

−1�
⋆V̆
⊤
,

(2.49)
where γ1 ∈ R1×···×N is a tensor with all entries equal to γ, mx(·) is the elemen-
twise maximum operator, and 0 is a tensor whose elements are 0.

It is important to note that the core tensor in (2.49) is soft-thresholded after
applying the one-dimensional Fourier transforms to the modes n ∈ {3, . . . , N},
as described in Algorithm 2. The singular values of a complex matrix are non-
negative real numbers, so the soft-thresholding with zero as the smallest value
is valid.

2.4. COMPARISON OF MLSVD AND T-SVD FRAMEWORKS
We summarize the key properties comparing MLSVD and t-SVD [10]:

• The core tensor S̆ in t-SVD is unique, while the core tensor S in MLSVD
is generally not unique. It is unique up to sign ambiguity if the mode-n
singular values are distinct for n ∈ {1, . . . , N}.

• The core tensor S̆ of t-SVD decomposition after the 1D Fourier transform in
modes n = {3, . . . , N}, has non-negative entries, while the core tensor S of
MLSVD can contain negative entries.

• The truncated MLSVD does not yield the optimal low multilinear rank ap-
proximation, whereas the truncated t-SVD provides the optimal low tubal
rank approximation for 3rd-order tensors, as described in Theorem 2.3.1.

• Permuting Y along the first two modes results in the same core tensor S̆ for
t-SVD but with permuted factor tensors Ŭ and V̆. However, permuting the
first or second mode with any other mode greater than or equal to 3 results
in a different t-SVD decomposition.

• The tubal rank R satisfies R ≤ min(R1, R2). This implies that any tensor
with low multilinear rank in the first two modes will also have low tubal
rank. Extending this further, a tensor that has low multilinear rank in all
modes will also exhibit low tubal rank under all possible permutations.
For instance, consider the permuted tensors Yperm3 ∈ R3×1×2×4 ···N and
Yperm2 ∈ R2×3×1×4 ···×N . The corresponding tubal ranks satisfy

Rperm3 ≤min(R3, R1), Rperm2 ≤min(R2, R3),

where Rperm2 and Rperm3 are the tubal ranks of the respective permuted
tensors. Therefore, any low multilinear rank tensor will also have a low
tubal rank decomposition.
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The intuitive reasoning for low tubal rank approximation is that DFT sparsifies
the core tensor of the t-SVD decomposition. Most of the real data often has a
limited bandwidth. Therefore, some frequency bands are expected to have less
information, which can be truncated. We will introduce the application domain
in the next chapter and motivate the usage of low multilinear rank and low tubal
rank tensor approximations for DCEUS denoising.





3
ULTRASOUND FOR PROSTATE

CANCER

3.1. ULTRASOUND IMAGING
Ultrasound imaging is a medical imaging technique that uses sound waves to
unravel structures within the body. Since its initial development in the mid-20th
century, ultrasound technology has revolutionized diagnostic medicine by pro-
viding a non-invasive, relatively affordable, and widely accessible means of vi-
sualizing soft tissues and organs. This section traces the historical evolution of
ultrasound imaging, covering key technical advancements, including the devel-
opment of B-mode imaging, Doppler imaging, and dynamic contrast-enhanced
ultrasound imaging (DCEUS), which is the modality that is used in this disserta-
tion. The DCEUS acquisitions are collected from patients enrolled in an ethically
approved clinical trial for prostate cancer diagnosis and treatment monitoring.
All imaging procedures and patient participation follow the protocols approved
by the Institutional Review Board (IRB) under the International Recognition Pro-
cedure (IRP). Informed consent is obtained from each participant prior to data
collection. We introduce the ultrasound machines and the settings that are used
in such clinical trials. We analyze the DCEUS sequences for the diagnosis of
prostate cancer by modeling the perfusion and the dispersion dynamics of the
bubble movement. The Section 3.2 introduces this model and describes the
cancer markers. We compare the extracted features with the ground truth ob-
tained after the biopsy-proven client’s prostate is annotated. Furthermore, we
explain the procedures, such as the delineation, registration, and annotation of
the prostate. In Sections 3.3 and 3.4 we bridge the gap between tensor denoising
and DCEUS acquisitions.

3.1.1. EARLY DEVELOPMENTS IN ULTRASOUND TECHNOLOGY
The origins of ultrasound can be traced back to the late 19th and early 20th
centuries, when scientists such as Pierre Curie and Jacques Curie discovered
the piezoelectric effect in 1880 [32]. This discovery laid the groundwork for ul-
trasound transducers, as the piezoelectric effect converts electrical signals into
sound waves, a principle essential for ultrasound technology. Later, in 1877, John

27
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William Strutt (also known as Lord Rayleigh) published "The Theory of Sound,"
which showed that the waves generated via the piezoelectric crystals could be
recorded such that the once invisible structures to the human eye could become
visible [33]. During World War I and II, technology advancements were driven by
the military need for submarine detection, further refining ultrasound’s capabili-
ties in detecting and interpreting sound waves [34].

In the 1940s, doctors and physicists began to apply ultrasound in the med-
ical field. Dr. Karl Dussik, an Austrian neurologist, and his brother Friederich
are credited as one of the first to use ultrasound for medical diagnosis, attempt-
ing to detect brain tumors using ultrasound transmission. However, the skull
significantly attenuates ultrasound signals. The brothers’ attempts were later re-
alized in 1952 as reflections regarding bone thickness rather than brain tumors.
This undermined confidence in the use of ultrasound for medical diagnosis [34].
The 1950s saw further advancements, particularly with Dr. John Wild, who pi-
oneered the use of ultrasound for detecting tissue abnormalities in the human
body. Wild’s work demonstrated that ultrasound could effectively differentiate
between healthy and cancerous tissues [35].

One of the most significant advancements in ultrasound technology was the
development of B-mode, or brightness-mode, imaging in the 1950s. Early ultra-
sound systems, such as A-mode (amplitude mode), only displayed a 1st-order
graph of amplitude versus time, which was useful for identifying the location
of structures but not their spatial relationships. B-mode imaging, developed by
Dr. Ian Donald and colleagues, introduced a 2nd-order grayscale display, where
variations in the amplitude of reflected sound waves translated into different
brightness levels on the screen.

B-mode imaging quickly became the cornerstone of diagnostic ultrasound, pro-
viding real-time, cross-sectional images of anatomical structures. It allowed for
greater precision in detecting abnormalities within soft tissues. B-mode’s vi-
sual capabilities allowed clinicians to observe fetal development, identify organ
pathologies, and perform other diagnostic assessments with unprecedented clar-
ity.

In the 1970s, Doppler imaging expanded the applications of ultrasound further.
By using the Doppler effect, which is the change in frequency of sound waves as
they reflect off moving objects, clinicians could measure and visualize blood flow
within the body. Doppler ultrasound, particularly color Doppler, is now widely
used for assessing vascular health, detecting blood clots, and monitoring cardiac
function.

The advancements of 3rd-order and 4th-order ultrasound in the late 1990s and
early 2000s marked a new era in ultrasound imaging. Unlike traditional 2nd-order
ultrasound, which provides a single cross-sectional image, 3rd-order ultrasound
compiles multiple 2nd-order images to create a volumetric representation of the
anatomy.
3rd-order ultrasound found value in detailed imaging of the fetus, as well as

in breast and cardiac imaging, providing enhanced visualization. With the addi-
tion of time, real-time 3rd-order imaging became possible, allowing practitioners
to observe dynamic processes, such as fetal movements and cardiac cycles by
analyzing a 4th-order tensor.

In 1988, the first contrast agents were introduced that were used in magnetic
resonance imaging [36]. Subsequently, medical ultrasound research picked up
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on the value of using ultrasound contrast agents (UCAs) and improved the vis-
ibility of tissue vascularity. UCAs are small bubble-encapsulated shells that are
several micrometers in size. However, the stability of the contrast agents was a
problem. The UCAs could not pass through the right atrium, the right ventricle,
and the transpulmonary circulation. In the decade between 1990-2000, the so-
called second generation of contrast agents was introduced, including the one
used in this dissertation, SonoVue®. The phospholipid shell that encapsulates
sulfur fluoride prevents the SonoVue bubbles from bursting in the commonly res-
onant frequencies around 3 MHz. We focus on dynamic contrast-enhanced ul-
trasound, which uses SonoVue UCAs to image the tumor vasculature due to its
promising results in the diagnosis of prostate cancer.

3.1.2. DYNAMIC CONTRAST-ENHANCED ULTRASOUND
4th-order dynamic contrast-enhanced ultrasound is a non-linear imaging tech-
nique that enhances the non-linear echoes from the bubbles while suppressing
the echoes from the tissue. Such a non-linear oscillation is achieved by the ad-
ministration of UCAs. When the ultrasound wave resonates with the UCAs, the
unequal extension and the retraction of the shell result in a non-linear echo.
On the other hand, the surrounding areas, such as the tissue, respond linearly
to the ultrasound wave. This is especially true at the low ultrasound pressures
employed in DCEUS to minimize bubble destruction. Several techniques can en-
hance these non-linear echoes while suppressing the linear ones.

When a low-pressure sound wave is transmitted, the echoes from tissue do
not generate any harmonics [37]. Therefore, we can utilize the harmonics of
the fundamental frequency of the ultrasound wave to capture bubble-related
information. The fundamental frequency is used in the receiver interfaces in
the B-mode imaging. This frequency is denoted with ƒ0. In harmonic imaging,
we still transmit the ultrasound waves with the fundamental frequency at ƒ0 but
use frequencies such as 2ƒ0 or 3ƒ0 in the receiver end. Such filters are used in
harmonic imaging [38]. An analogous extension is the subharmonic imaging [39]
and ultraharmonic imaging [40]. In the former, half of the fundamental frequency
is used, while in the latter, the frequency between the fundamental and the first
harmonic is used at the receiver end. Another interesting approach to non-linear
imaging is based on the transmission of coded pulses.

In coded pulse imaging, several ultrasound pulses (short waves) are transmit-
ted consecutively. During beamforming, the received echoes are summed and
scaled in such a way that the linear echoes are suppressed while the non-linear
echoes are enhanced [41]. In pulse inversion (PI) [42], the second ultrasound
pulse is the negative of the first one. Consider the first ultrasound wave as p1.
The second pulse that is transmitted is p2 = −p1. In amplitude modulation (AM)
[43], the second pulse is half of the first pulse, that is, p2 = 1/2p1. By com-
bining both techniques, the authors in [44] suggested the second pulse to be
p2 = −1/2p1. This is called the pulse inversion amplitude modulation (PIAM)
imaging. In the receiver end, we can merge the two pulses by

pP = 1/2p1 + 1/2p2 ,
pAM = 1/3p1 − 2/3p2 ,

pPAM = 1/3p1 + 2/3p2 .
(3.1)
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Assuming that the scatterer responds linearly to the ultrasound wave, a change
in the phase or the amplitude of the transmitted wave will result in a linear
change in the received wave. If the scatterer responds non-linearly, such as
in the case of UCAs, the received signal will have non-linear responses to the
phase or amplitude changes. Therefore, the equations in (3.1) can be used to
suppress the linear echoes while keeping the non-linear responses.

3.1.3. COMMERCIAL SCANNERS
There are other operations that the signal goes through before being recorded
as DICOM data [45]. This is shown in Fig. 3.1. The TX-RX controller is responsible

TX analog

interface
TX-RX

controller

Probe
RX analog

interface
ADCs Beamformer Envelope

detector

Post-processing

display

Figure 3.1: The operations the data goes through in a conventional scan-
ner.

for generating the signal that will propagate inside the medium and which arrays
in the transducer will be used for receiving the propagated signal. In the RX
analog interface, one can use the PI, AM, or PIAM filters that enhance the non-
linear echoes. The ADC is an analog-to-digital converter. The beamformer is
responsible for delaying and summing the received echoes accordingly so that a
signal in the focused direction is enhanced. The envelope detector returns the
absolute value of the Hilbert transform of the RF signal. In the post-processing
display, the log transform is taken using a predefined dynamic range.

Different companies use different hardware components, which causes a prob-
lem in the reproducibility of experiments [46]. In this dissertation, we use two
versions of an ultrasound scanner from GE Healthcare. In both cases, the probe
is the same. In Section 5, the recordings are captured on a LOGIQ E9 device,
whereas in Section 6 the recordings are captured on a LOGIQ E10 device. The
settings that were used by the machine are given in Table 3.1.

We fixed the dynamic range to 42 dB, the volume scan to the highest possible
area to cover all the possible prostate sizes, and the image quality is ’low’ for the
E9 and ’Mid1’ for the E10. The low image quality results in a 0.25-Hz frame rate
for the E9 machine and a 1-Hz frame rate for the E10 machine. The mechanical
index is a unitless metric representing the mechanical interaction between the
ultrasonic waves and the bubbles. It is defined as the peak negative pressure
in MPa divided by the square root of the central frequency given in MHz. The
mechanical index (MI), also related to the power level, is set to 0.1 to minimize
the bubble destruction. The endocavity transducer is driven at 4 MHz for the
E9, whereas it is driven at 3.5 MHz for the E10 machine. The gain represents
the DC component that is added to each voxel during the post-processing dis-
play. The gain is set to 55 dB for LOGIQ E10, while it is set to 30 dB for LOGIQ
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Table 3.1: The settings that were used during the recordings.
LOGIQ E10 LOGIQ E9

field of view: 120 deg 120 deg
depth: 50 mm 60-80 mm

image quality
Mid1

1 frame/s
Low

0.25 frame/s
sound wave
frequency 3.6 MHz 4 MHz

gain ((2)) 55 dB 30 dB
dynamic range ((3)) 42 dB 42 dB

mechanical index 0.1 0.1
power level 10% 10%

E9. These settings were set by a common consensus among the urologists and
Angiogenesis Analytics, who are the data providers.

A 2.4-mL bolus of SonoVue contrast agent is intravenously administered into
the patient’s arm, and a two-minute DCEUS sequence is recorded using a GE
RIC5-9-D 3D/4D endocavitary probe. Within this time window, the UCAs are as-
sumed to reach the prostate at least once. This contrast-enhanced acquisition
provides insight into the vasculature of the prostate, which is of particular rele-
vance in the context of prostate cancer.

3.2. PROSTATE CANCER
Prostate cancer is the most prevalent cancer among men after skin cancer. In
2024, approximately 300 000 new diagnoses are anticipated among American
men, of which 35 000 are expected to be lethal [47]. A key indicator of cancer
is angiogenesis [48–51]. Angiogenesis is the formation of new capillaries from
pre-existing ones due to several pathological and physiological reasons [52]. It
is not only related to prostate cancer, but it is a common process associated
with wound healing, chronic inflammation, and maturation of the corpus luteum
(a temporary endocrine gland related to ovulation). In physiological situations
such as the maturation of the corpus luteum, angiogenesis is required for the
formation of the capillaries that provide the nutrients and hormones to maintain
the uterine environment. It is self-limited, i.e., after the pregnancy is finished,
angiogenesis subsides or ends. In certain pathologic states that are not malig-
nant, angiogenesis is prolonged but, again, self-limited. Examples are pyogenic
granuloma, keloid formation, or retrolental fibroplasia [52]. On the other hand,
in malignant cases such as cancer, the formation of angiogenesis continues until
the host dies or the tumor is eradicated. The stages of angiogenesis until the
metastasis are shown in Fig. 3.2.
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Figure 3.2: The stages of angiogenesis. 1

Once a mutation occurs, like other angiogenetic stimuli such as wounds, the
vessels around the tumor thicken, and the resting endolithic cells start containing
an increased amount of ribosomes, endoplasmic reticulum, and Golgi apparatus.
In fact, only the side of the vessel that faces the tumor thickens, while the other
side remains thin. The nutrients start diffusing to the tumor. The membrane frag-
ments and the neo-vessels start developing. Once they are elongated enough,
microvascularization starts to feed the tumor further. The more aggressive tumor
spreads through metastasis to find a new spot in the vascular system to restart
the process.

The newly formed vessels have different characteristics from the healthy ones.
For example, they are more tortuous and highly irregular [53][54]. Therefore, by
imaging the UCAs trickling through the microvasculature, it is possible to differ-
entiate the angiogenic and healthy vessels. It is possible to model the movement
of UCAs using fluid dynamics. Once inserted into the system, the UCAs disperse
and perfuse in the microvasculature. We can plot the time evolution of the UCAs
through a voxel (a 3rd-order micro region) and create the time-intensity curves
(TICs). We can consider the relation of the voxel with its surroundings through
time and analyze the dispersion and perfusion. These features that describe the
malignancy are the biomarkers of prostate cancer.

The biomarkers of prostate cancer used in this dissertation are extracted us-
ing the contrast-ultrasound dispersion imaging (CUDI) model. CUDI enables the
extraction of several quantitative imaging features that facilitate the diagnosis
of prostate cancer [55–69]. In essence, all the models approach the bubble dy-
namics as an anisotropically dispersive, multi-trajectory fluid flow in a porous
medium [70] [71]. The system behavior is governed by both fluid dynamics and
the Brownian motion of gas-filled microbubbles. Blood serves as the convective
medium transporting the UCAs, a phenomenon modeled under the framework of
convective-dispersion theory.

1Credit: Adobe Stock | #589239991



3.2. Prostate Cancer

3

33

3.2.1. CONVECTIVE-DISPERSION MODELING
Consider a 4th-order tensor L̃(1, 2, 3, 4) that represents the intensity data over
time from which the perfusion and dispersion characteristics of UCAs can be
deduced. The first three modes represent the canonical 3rd-order Cartesian
axes, and the last mode represents the time. There is a linear relation between
the UCA concentration and the intensity L̃(1, 2, 3, 4) [55]. Hence, we can use
L̃(1, 2, 3, 4) to capture the UCA concentration at a specific time and space. The
UCA bubbles flow according to a convective-dispersion model [67][69]

∂L̃

∂4
= ∇ · (D∇L̃) − v∇L̃ , (3.2)

where D ∈ R33 is the 2nd-order convective dispersion parameter and v ∈ R31
is the velocity vector, ∇ is the differential in Cartesian domain, and ∇ · is the di-
vergence. The continuous partial differential equation is provided in (3.2), which
is commonly discretized using the frame-rate and the voxel size of the DCEUS
acquisitions and solved for L̃(1, 2, 3, 4).

In 3rd-order space, the convective-dispersion spreading can occur at different
rates along each mode, for example, faster along the 1 direction than 2, and can
have cross-coupling effects, for example, the spreading along 1 might depend
on the gradients along 2. For this reason, we use a matrix to represent D. On the
other hand, v is the bulk movement of the UCA, for example, due to the velocity
of the blood, and can be represented with a vector. We can write the anisotropic
locally constant convective dispersion parameter as

D =





d1 1 d1 2 d1 3
d2 1 d2 2 d2 3
d3 1 d3 2 d3 3



 . (3.3)

On the other hand, the locally constant velocity vector can be written as

v = [1 2 3 ]
T . (3.4)

The dispersion parameter D is symmetric since d1 2 = d2 1 , d1 3 = d3 1 , and
d2 3 = d3 2 . The local constancy of the v and D allows the estimation of these pa-
rameters through the analysis of L̃(1, 2, 3, 4) in a region, for example, a spheri-
cal shell with a radius of 3 mm, covering the early stages of an angiogenic tumor.
Instead of tracking individual UCAs, the macroscopic movement of UCA concen-
tration through time is analyzed using the model given in (3.2). For example, a
spherical region around a voxel can be selected, and D and v can be estimated
by analyzing the time-evolution of the UCA concentrations locally in that region.
A spherical region is needed to cover any direction in which the UCAs can move
in the Cartesian domain.

Several methods have been proposed that aim directly at solving (3.2). These
are the 3D convective dispersion paper [69] and the system-identification pa-
per [72]. The former assumes locally constant dispersion and velocity inside a
spherical shell and solves (3.2) by approaching it as a least squares problem
with L2-regularization. The latter approaches the problem by modeling the TICs
L̃(1, 2, 3, :) in a spherical shell as a linear dynamic system and finding the causal
relation between the center voxel and the voxels in the spherical shell surround-
ing it. The dispersion and velocity are extracted from this relation. We use the
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convective dispersion (CD) prefix to describe the features D and v as shown in
Table 3.3.

The model fitting-based approaches solve the convective dispersion model de-
scribed in (3.2) in 1D, assuming an infinitely long tube. The physiological param-
eters, such as the mean transit time and the skewness [73], are extracted from
the fitted models. The solution to the 1D convective dispersion equation is the
local density random walk (LDRW) model [74]. There are other models, such as
the log-normal model [75] and the gamma-variate model [76], that model the
perfusion characteristic of the bubble dynamics. These models are not based
on a solution of the convective dispersion model [77], which is the focus of this
dissertation.

The similarity-based metrics [63][57] compare the TICs from voxels that are
neighbors in a spherical shell. The underlying hypothesis is that there is a pos-
itive correlation between the degree of similarity and the dispersion [61]. In
cancerous regions, a high locally constant D and a high similarity of TICs are
observed.

We will describe the time-intensity curve fitting in detail since it is used inten-
sively as an assessment of how well the denoising algorithms perform.

3.2.2. LOCAL DENSITY RANDOM WALK MODEL
The modeling of the bubble dynamics is examined in [74], where the authors
propose a spatially 1st-order characterization of the convective-dispersion pro-
cess. Consider an infinitely long tube with a constant cross-section that imitates
the circulatory system as described in Fig. 3.3.

Figure 3.3: Modelling of the bubble dynamics in an infinitely long tube.

The UCAs are assumed to be introduced to the system fast and are modeled by
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a Dirac function. The carrier in this tube is assumed to have a constant velocity
.

From 3rd-order space, we can have L̃(, 4), a spatially 1st-order characteriza-
tion of (3.2). We use  as an arbitrary variable that represents any of the canon-
ical Cartesian axes  ∈ (1, 2, 3). The concentration function L̃(, 4) is a normal
distribution that moves along the tube with the same velocity as the carrier 
and spreads with a variance that is a linear function of time. This linear increase
in the variance can be seen in Fig. 3.3. This is due to the Brownian motion of the
UCAs (comparable to molecular diffusion) and the velocity gradients across the
tube (flow profile). When imaging UCAs passing through a (micro)vascular net-
work, like in the prostate, the UCA spatial spread is mostly due to the multi-path
trajectories through the microvasculature. This process is typically referred to as
apparent diffusion or dispersion [78], and it is denoted by D. If we assume that
there is no dispersion and the bubbles move with constant velocity, we would
see the same time evolution in all the detection sites as the one given just after
the injection point 0. Although denoted by L̃, this function represents a scalar-
valued concentration field evaluated over space and time, and is discretized into
a matrix for computational purposes.

The spatially 1st-order convective dispersion is given by

∂L̃(, 4)

∂4
= D

∂2L̃(, 4)

∂2
− 

∂L̃(, 4)

∂
. (3.5)

The solution of the differential equation (3.5) gives a Gaussian distribution profile
of UCAs at a location  that is sufficiently far away from the injection site [78].
However, the TIC L̃(, :) is a skewed distribution resulting from the temporal
sampling of UCAs with a Gaussian concentration profile at the site .

The authors in [55] solved (3.5) locally using the relation of the UCA concen-
tration between d − Δ and the detection site d. The result is independent of
the distance; it only depends on time. The dispersion and velocity are assumed
to be constant for the distance Δ. The model is named the local density random
walk (LDRW) model, and can be expressed for any voxel  ∈ (1, 2, 3) as

l̃(4) = α

√

√

√

κ

2π4
e−(κ/24)(4−μ)

2
, (3.6)

with the skewness related parameter κ = 2

D , μ as the mean transit time, α as the
area under the TIC. Note that l̃(4) is a scalar-valued function that represents the
time evolution of each voxel in L̃. It is shown with the lowercase of L̃ as described
in Section 2.1. Commonly, in ultrasound scanners, logarithmic compression is
applied for visualization purposes. The logarithmic compression is expressed
with

L = (1) ln
�

L̃
�

+ (2) , (3.7)

with a DC off-set (2), log-compression related (1) = 255 log10(e)10/(3), the
dynamic range (3) in dB as described in Table 3.1, element-wise natural loga-
rithm operator ln(·) and the Euler’s number e. The general tensor form of the
log-compression is given in (3.7). Since all the operations are element-wise, it
can be readily applied to the spatially 1st-order characterization L̃.
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The resulting model is called the modified local density random walk model
(mLDRW). We can use mLDRW to fit the time evolution and have

l(4) = (1) ln
�

α

√

√

√

κ

2π4

�

exp−(
κ(4 − μ)2

24
)
�

�

+ (2) . (3.8)

The TICs of the logarithmically compressed DCEUS acquisitions can be fitted with
(3.8) to each voxel  ∈ (1, 2, 3), and the parameters related to the UCA kinetics
can be extracted.

We have plotted a malignant and benign TIC in Fig. 3.4. The benign TICs have a
low κ, high μ, and low α. This can be observed in the subplot (a). The UCAs reach
and leave a malignant tumor with a high angiogenic structure faster than benign
regions. Due to the increased number of vessels, a higher concentration of UCAs
reaches the malignant region as well. This property is reflected in subplot (b)
with a high κ, low μ, and high α. We summarized the terminology used to define
the TICs and the convective dispersion equations in Table 3.2.

a
(2)

l l

x x

Figure 3.4: An example of a malignant and benign TIC plotted using (3.8).
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Table 3.2: Abbreviations related to the time-intensity curves and the con-
vective dispersion equation.

D convective-dispersion
v velocity
μ mean transit time
κ skewness

(1)
scaling related to the

dynamic range
(2) gain of the system
α area under the TIC

Commonly, the first pass of the UCAs is fitted with (3.8). In addition to κ, μ, and
α, several other features can be extracted from the TICs. Peak time (PT) is the
time until a TIC reaches its peak, peak intensity (PI) is the maximum intensity of
a TIC, appearance time (AT) is the time when TIC first reaches to 5% of its peak
intensity, wash-in-time (WIT) is the difference between peak time and and the
appearance time, wash-in-rate (WIR) is the ratio of peak intensity and the wash-
in-time, root mean squared error (RMSE) is the square root of the norm of the TIC
fitting error averaged over the total time. In this dissertation, we use the root
mean squared error of such a fitting to assess how well the denoising algorithms
perform. The model fitting is abbreviated from the other features with the prefix
model-fitter (MFR) and incorporated into the summary of the CUDI features Table
3.3.

3.2.3. SPATIOTEMPORAL SIMILARITY ANALYSIS
The spatiotemporal similarity features are another cancer marker that is used
in this dissertation. The similarity metrics are shown to correlate with the dis-
persion of the UCAs through the multipath trajectories of the vasculature. The
time-evolution of a voxel l̃1 2 3 (4) is selected, and temporal correlation and spec-
tral coherence are calculated with the neighboring voxels in a spherical shell in
[61][56][57]. This is shown in Fig. 3.5. The inner diameter is selected as 1 mm,
and the outer diameter is defined as 2.5 mm. The spherical shell kernel is chosen
such that an omnidirectional convective-dispersion quantity is investigated. The
inner radius is selected as a value greater than the system’s resolution 0.8 mm.
The clinically significant tumors are at least 0.5 cm3. These radii are selected
to cover the early stages of clinically significant prostate cancer and avoid the
correlated signals within the system’s resolution.

The average temporal correlation of the middle TIC to the neighboring TICs is
calculated using the Pearson correlation coefficient [56]. Similarly, the average
correlation in the Fourier Domain is calculated in spectral coherence, discarding
the phase information. Finally, the mutual information is calculated in [65]. The
temporal correlation encapsulates the whole time information, including the time
shifts. The spectral coherence discards phase information; hence, it is invariant
to time shifts. Mutual information extends the scope to non-linear relations. All
three similarity metrics are used to distinguish malignant and benign voxels. The
prefix similarity analysis (SA) is used to distinguish the metrics related to this
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Figure 3.5: The spherical shell. The similarity analysis compares the TIC
in the center with the TICs that reside between 1 mm and 2.5
mm radii.

section, and we incorporate it into the CUDI features Table 3.3.

3.2.4. PROSTATE ANNOTATIONS
The prostate cancer diagnosis is made using an annotated ground truth obtained
through several steps: prostatectomy, delineation, and registration, as shown in
Fig. 1.1. The prostate cancer patients sign an IRP. The patients with prostate
cancer undergo radical prostatectomy, where the prostate is removed from the
body. The pathologist fixes the prostate in formalin, cuts it into 4 mm slices, and
delineates the cancerous regions. An image representing the slices can be seen
in Fig. 3.6.

There is a mismatch between the digital reconstruction and the shape of the
prostate inside the DCEUS acquisitions due to the shrinking of the prostate af-
ter its removal and fixation in formalin. For this reason, a registration process
stretches and deforms the digital reconstruction given in Fig. 3.7 to the shape
of the prostate inside the DCEUS acquisition. The digital reconstruction from
Fig. 3.6 to Fig. 3.7 is done using radial basis functions [83] [84]. After this
registration, the locations close to the prostate’s voxels have been given a high
probability of belonging to the annotations made by the pathologist. We define
the ground truth by using the voxels with a high probability (>0.95) of belonging
to a cancerous region.

We used two datasets from two clinical trials. The first trial was run in the
Second Affiliated Hospital of Zhejiang University, located in Hangzhou, Zhejiang,
China 2. After obtaining the written consent, six patients underwent prostatec-
tomy. The resulting delineation by the urologists resulted in 18·103 benign voxels
and 25 · 103 malignant voxels. A LOGIQ E9 machine, with the settings provided
in Table 3.1 was used. The second trial was done in two hospitals, the Ams-
terdam University Medical Center and the Netherlands Cancer Institute. After
the International Recognition Procedure (IRP) approval, 94 patients underwent
prostatectomy. The corresponding clinical trial is conducted by Auke Jager and

2Pintong Huang, Department of Ultrasound, Second Affiliated Hospital of Zhejiang Univer-
sity School of Medicine, Hangzhou, China
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Table 3.3: The abbreviations of the CUDI features, the chapters in which
they are used, and the corresponding references in the litera-
ture.

Abbreviation References Chapters

MFR-κ
Model-fitter,

κ
[55]
[74]
[79]
[54]
[80]

5,6

MFR-μ
Model-fitter,

μ 5,6

MFR-α
Model-fitter,

α 5,6

MFR-WIT
Model-fitter,
wash-in-time 5

MFR-WIR
Model-fitter,
wash-in-rate 5

MFR-PI
Model-fitter,

peak intensity 5

MFR-PT
Model-fitter,
peak time 5

MFR-AT
Model-fitter,

appearance time 5

CD-D
Convective dispersion,

dispersion [69]
[72]
[81]

6

CD-v
Convective dispersion,

velocity 6

VE-Ev
Velocity entropy,

entropy [81] 6

VE-CEv
Velocity entropy,

conditional entropy 6

SA-ρ
Similarity analysis -
spectral coherence [61]

[56]
[56]

6

SA-r
Similarity analysis -

pearson correlation coefficent 6

SA-MI
Similarity analysis,
mutual information [65] 6

presented in [85]. The urologists delineated the locations of the malignant and
benign voxels. There were 70 · 107 benign voxels and 20 · 104 malignant voxels.
The same LOGIQ E10 machine was used in this trial with the settings provided in
Table 3.1. The summary is given in Table 3.4.
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Figure 3.6: Slicing made by the pathologist [82] and the overlayed anno-
tations. The slice numbers 1 to 7 represent each cut made
to the prostate from the apex to the base. The first slice is
commonly discarded.

i
2 [mm]

i
3 [mm]

i
1 [mm]

Figure 3.7: The surface mesh with the annotation of clinically significant
prostate cancer is shown in bold red [83].
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Table 3.4: The summary of the clinical trials.

Hospital
Number of

Patients
Number of

Malignant Voxels
Number of

Benign Voxels
US

Scanner
Second Affiliated Hospital

of Zheijang University 6 25 · 103 18 · 103 LOGIQ E9

Amsterdam University
Medical Center and

Netherlands Cancer Institute
94 20 · 104 70 · 107 LOGIQ E10

3.3. SPECKLE IN DYNAMIC CONTRAST-ENHANCED
ULTRASOUND

The dynamic contrast-enhanced ultrasound data is a 4th-order tensor, where the
first three modes are the spatial domain, and the last mode is the time domain.
After the operations described in the commercial scanners section in Section
3.1.3 and the corresponding Fig. 3.1, the Digital Imaging and Communications in
Medicine (DICOM) data is received. This data is the log-compressed intensities
(3.7) that are linearly correlated with the UCA concentration [55]. Hence, all
the prostate cancer biomarkers described in Section 3.2 are extracted using the
intensities from the DICOM data as a linearly correlated measure of the UCA
concentration.

The DCEUS data pipeline, starting from the DICOM extract, is depicted in Fig.
1.1. The spatial information of DICOM data has a spherical format, which in-
cludes azimuth, elevation, and axial information. We transform the spherical
domain to a Cartesian domain using 0.25× 0.25× 0.25 mm voxel sizes following
the procedures defined in [64], where a linear interpolation is applied to reach
the given resolution. We downsampled by three voxels such that 0.75 mm voxel
size is obtained. The spatial resolution of the DCEUS acquisitions is fixed when
the axial distance from the probe is considered. However, with an increased ele-
vation and azimuth, the spatial resolution decreases. The procedure to estimate
the resolution for 3rd-order and 4th-order DCEUS is explained in [61] and [64],
respectively. The resolution is equalized through space using a varying Wiener
deconvolution filter, such that a resolution of approximately 1.6 mm is obtained
[62]. The selected voxel size is approximately half of the equalized resolution. Af-
ter the aforementioned steps, the speckle noise still persists due to the coherent
imaging of UCA in one resolution cell.

The speckle noise in DCEUS sequences can be recognized with a granular ap-
pearance, such as the example given in Fig. 3.8. We have plotted the 13 slices
of a DCEUS acquisition at three separate UCA states. The early appearance time
is defined as the average time when the microbubbles reach 5% of their peak
intensity. The peak intensity is the average time that the microbubbles reach
their highest intensity. Finally, the wash-out time is the time when the average
intensity drops to 50% of the peak intensity. The speckle noise is additive in
the log-compressed DCEUS acquisitions plotted in Fig. 3.8. The speckle noise is
best seen in the early appearance time, on the edge of the slices. The observed
intensities are speckles added on top of the gain (2).

A comprehensive review of the statistics of speckle noise under various sce-
narios, such as speckle noise with strong reflectors and uniformly distributed
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Figure 3.8: The 13 slices at 2 = 20 mm of a DCEUS acquisition of a can-
cerous prostate. The early appearance time, the peak time,
and the wash-out time of UCAs are shown from left to right.

reflectors, is presented in Chapter 7 of the PhD dissertation [86]. There are
several probability distributions, such as the K-distribution [87], Nakagami dis-
tribution [88], Generalized Gamma distribution [89], or Rician distribution [90].
In this dissertation, we assume the fully-developed speckle noise scenario and
model the speckle noise as Rayleigh distributed with a scaling parameter of 1
that is multiplied before the log transform by the true intensity. Let Ỹ be the
noisy DCEUS tensor and M̃ be the speckle noise tensor, where each element
m̃1,2,3,4 ∼ Rayleigh(1) is Rayleigh distributed with a scaling parameter 1. We
can express the noisy DCEUS tensor as

Ỹ = L̃⊙ M̃ , (3.9)

where each TIC L̃ follows the LDRW model given in (3.6). The signal model (3.9)
where each element of L̃ is multiplied with a Rayleigh distributed speckle noise
with a scaling parameter 1 comes from the relation between the mean-scattering
amplitude of the particles in the resolution cell and the scaling parameter of the
Rayleigh function [91]. The greater the number of scatterers, the greater the
scaling parameter of the Rayleigh distribution. We estimate UCA concentrations
related to the scaling parameter. Hence, we fix the scaling parameter to 1, and
estimate the parameter that is multiplied by the random variable.

The log-compression is applied in commercial scanners before visualization, as
shown in Fig. 3.1. After the log-compression (3.7) the noisy DCEUS tensor Y can
be expressed as

Y =(1) ln(L̃) + (1) ln(M̃) + (2)

=L+M+(2) .
(3.10)

The log compression m1,2,3,4 = (1) ln(m̃1,2,3,4 ) + 
(2) changes the probability

density function of the noise [11]. The summation with the constant (2) only
shifts the probability distribution without changing its shape. So we ignore (2),
and focus on the transformation m1,2,3,4 = 

(1) ln(m̃1,2,3,4 )
The Rayleigh probability distribution with a scaling parameter 1 is denoted by
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p(m̃1,2,3,4 ; 1) and can be expressed as

p(m̃1,2,3,4 ; 1) = m̃1,2,3,4 exp(−m̃
2
1,2,3,4

) , m̃1,2,3,4 > 0 , (3.11)

where exp is the element-wise exponentiation operator. Let the Nth-order tensor
M̃ represent the noise tensor, where each element follows a Rayleigh distribution
with a scaling parameter of 1. The probability distribution p(M̃; 1) becomes

p(M̃; 1) =
1
∏

1=1

· · ·
4
∏

4=1

m̃1 ,... ,4 exp(
−m̃2

1 ,... ,4

2
) , (3.12)

due to the statistical independence between voxels. For each element of the
tensor M, we have

p(m1,2,3,4 ; 1) = p(m̃1 ,... ,4 ; 1)(
∂m̃1 ,... ,4

∂m1,2,3,4

) . (3.13)

The derivative of m̃1,2,3,4 with respect to m1,2,3,4 is

∂m̃1,2,3,4

∂m1,2,3,4

=
m̃1,2,3,4

(1)
. (3.14)

We can plug (3.14) into (3.13), resulting in

p(m1,2,3,4 ; 1) =
m̃1,2,3,4

(1)
m̃1,2,3,4 exp(

−m̃2
1,2,3,4

2
) ,

=
m̃2
1,2,3,4

(1)
exp(

−m̃2
1,2,3,4

2
) .

(3.15)

If we plug the relation m̃1,2,3,4 = exp(m1,2,3,4 /
(1)) to (3.15), we will have the

Fisher-Tippett distribution with the scaling parameter (1)

p(m1,2,3,4 ; 1) =
exp

�

2m1,2,3,4 /
(1) − exp(2m1 ,2 ,3 ,4 /

(1))
2

�

(1)
. (3.16)

For a 4th-order tensor M we have

p(M; 1) =
1
∏

1=1

· · ·
4
∏

4=1

exp
�

2m1,2,3,4 /
(1) − exp(2m1 ,2 ,3 ,4 /

(1))
2

�

(1)
, (3.17)

due to the statistical independence between the voxels. A histogram that illus-
trates the probability distribution of Fisher-Tippet is given in Fig. 3.9. The Fisher-
Tippett distribution has an asymmetrical left tail and a symmetric Gaussian-like
shape around 0. Commonly, the speckle noise is modeled as WGN with sparse
outliers [92]. The sparse outliers here would be the left tail, which has a low
probability of occurring and has values greater than 3 standard deviations of the
distribution. Out of 105 realizations shown in Fig. 3.9, approximately 5 percent
of realizations are found to be 3 standard deviations beyond the mean.
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Figure 3.9: The histogram of the Fisher-Tippet (Log Rayleigh) distribution
p(m; 1) given in (3.16) with m on the x-axis and the probabil-
ity density on the y-axis. The experimental probability distri-
bution is the histogram of 105 realizations of the logarithm of
the Rayleigh distribution with scaling parameter 1. The theo-
retical probability distribution is plotted using (3.16) and 105

m values equally spaced between −7 and 7. Here (1) is se-
lected as 1.

Up until now, we have explained tensor algebra, tensor decompositions, prostate
cancer, and the DCEUS processing pipeline. We aim to despeckle the spatially
equalized DCEUS acquisitions in the Cartesian format using orthogonal tensor de-
composition methods based on t-SVD and MLSVD framework while incorporating
the noise statistics. In the next section, we will motivate the usage of low tubal
rank and multilinear rank tensor decomposition methods for modeling DCEUS.

3.4. LOW TUBAL RANK AND MULTILINEAR RANK
MODELING OF DCEUS

This dissertation is motivated by the application of SVD to the Casorati matrix
of DCEUS, which is in fact the fourth mode unfolding of the tensor. Define the
4th-order tensor Y as the DCEUS sequences. The authors in [93] applied SVD to
Y(4) and kept the highest few singular values corresponding to the UCA kinetics.
The flattening of Y into Y(4) removes the spatial structure provided in the first
three modes, the spatial domain. We postulated that the spatial domain has a
correlation that can be incorporated into the low-rank approximation. We will
investigate the MLSVD and the t-SVD framework to achieve this.

The insight behind the structured spatial domain comes from several features
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that are used as markers of prostate cancer. The similarity analysis described in
Section 3.2.3 shows that the clinically significant prostate cancer tumors that are
grown at least 0.5 cm3 in diameter show high levels of similarity in a spherical
shell. The angiogenesis creates a chaotic network of microvasculature around
the tumor, wherein UCAs perfuse and disperse similarly. Instead of imaging indi-
vidual bubbles, which is called super resolution imaging in the ultrasound com-
munity [94], in this dissertation, we focus on a macro scale. We aim at diagnos-
ing clinically significant prostate cancer, which has grown in size and malignancy.
These regions create structured regions that can be modeled as low-rank.

In MLSVD, we look at four flattenings of Y and recover a spatially and tempo-
rally low multilinear rank tensor. The spatial flattenings are related to the views
with respect to the canonical basis in the Cartesian system. The first mode 1 rep-
resents the -axis, the second mode 2 represents the y-axis, the third mode 3
represents the z-axis, and the fourth mode 4 represents the time. The flattening
with respect to 1 stacks the information in the -axis and flattens the informa-
tion in the 2, 3, and 4 modes. The other mode-n unfoldings for n ∈ {1, . . . ,4}
can be defined similarly. The following SVD operation approaches to capture the
structures in the  axis. We can either iteratively approach this low multilinear
rank approximation through SNN as described in Section 2.3.4, or estimate the
ranks and apply tr-MLSVD, which is described in Section 2.3.1. We are going to
investigate such approaches in Chapters 4 and 5. The authors in [13] show that
the MLSVD investigates the highest contributions in each mode-n unfolding and
is a good approach to the multilinear rank modeling. However, we can see a
similar problem in terms of flattening and the accompanying loss of structure.
The mode-1 unfolding looks at an -axis view but flattens the y-axis, z-axis, and
time modes. The mode-2 unfolding looks at a y-axis view, while simultaneously
flattening the other modes. The question regarding keeping the tensor structure
intact and applying tensor operations results in the t-SVD framework.

In low tubal rank modeling of the DCEUS, we use the Fourier Transform as a
building block. The motivation is to capture the low-frequency contents that al-
low us to look at major scale structures. In [74], the TICs are shown to have
the majority of the information below 0.5 Hz. This motivates us to model tem-
porally the DCEUS sequences as band-limited information with the majority of
the information in the low-frequency regime. Spatially, we can propose a similar
motivation where the clinically significant prostate cancer tumors tend to grow
in space and show similar characteristics. We can model this as a low spatial
frequency. The t-SVD framework explained in Section 2.3.2 can be applied to
the natural tensor ordering of the 4th-order DCEUS acquisitions. We can apply
a 1D Fourier transform to the 3rd and the 4th modes. Then we are limited to
the investigation of the frequency contents only in two modes. Since the t-SVD
framework is orientation-dependent, in the sense that different permutations of
the Y result in different t-SVD decompositions, we can investigate the different
permutations of Y and apply the low tubal rank approximation. We investigate
such an approach in Chapter 6.





4
COMPARISONS OF CONVEX

OPTIMIZATION ALGORITHMS
FOR SPECKLE DENOISING: A

SIMULATION STUDY
In this chapter, we run simulations of denoising a 3rd-order low multilinear rank

tensor with speckle noise expressed in (3.13) by modeling it as WGN with sparse
outliers, using the MLSVD and t-SVD framework explained in Section 2.3. This
chapter answers the first research question.

4.1. INTRODUCTION

S peckle noise is an inherent characteristic of coherent imaging modalities oc-
curring in various systems, including synthetic aperture radar [95], sonar

[96], and ultrasound imaging [92]. This phenomenon arises due to the super-
position of waves reflected from a resolution cell, which is defined by the band-
width of the transmitted signal. When enough scatterers have sizes comparable
to the transmitted signal’s wavelength and the system’s point spread function
is broader, the received signal exhibits a granular appearance. Speckle noise is
commonly reduced to enhance the visibility of structures and improve the quan-
tification of the underlying system’s dynamics.

In many applications, speckle noise is assumed to be multiplicative [95][96][92].
Several techniques were proposed in the literature to remove multiplicative noise.
State-of-the-art methods can be categorized as the total variation (TV) regulariza-
tion [97] [98], and nonlocal low-rank-based methods [96] [99]. Total regulariza-
tion methods optimize a loss function that includes a data fidelity term and a total
variational term. The data fidelity term provides a least squares approximation,

This chapter is based on the article published as “Denoising of the Speckle Noise by
Robust Low-rank Tensor Decomposition” by M. Calis, B. Hunyadi, European Signal Pro-
cessing Conference (EUSIPCO), 2024, 32
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while the total variation regularization term smoothes the data while preserving
the edges. The nonlocal low-rank-based methods first cluster the data into sim-
ilar patches and apply denoising by returning a low-rank approximation of each
patch. This low-rank approximation is made through low multilinear rank-based
algorithms such as higher-order orthogonal iteration (HOOI) [96] or a convex re-
laxation of the low multilinear rankness [100]. However, these algorithms are
better suited for white Gaussian noise (WGN). The aforementioned techniques
can be improved by changing the WGN assumption about the speckle noise.

In [92], the log-transformed Rayleigh distribution is approximated as WGN with
sparse outliers. The sparse outliers have a detrimental effect on the low multilin-
ear rank approximation of the data [26]. The robust tensor decomposition meth-
ods recover the low multilinear rank tensor while capturing noise as a sparse and
additive term. In most algorithms, the sparsity constraint is relaxed using the
L1 norm. The convex relaxation of the tensor low multilinear and tubal rankness
differs and can be categorized into the sum of the nuclear norm-based (SNN) and
the sum of tubal nuclear norm-based (TNN) methods as defined in Chapter 2. In
[101], an SNN method is used as a robust tensor decomposition method. Assum-
ing that the tensor is not simultaneously low multilinear rank in all modes, the
authors in [102] introduced a new low multilinear rank relaxation that is better
suited.

The authors in [103] introduced TNN as a tighter convex surrogate for tubal
rank. Using TNN, the authors in [104] solved the robust tensor decomposition
problem. In [30], the authors extended the TNN to consider low tubal rankness
in all modes simultaneously and introduced an orientation invariant tubal nu-
clear norm (OITNN-O) method. If the tensor is not low tubal rank in all modes,
a method named OITNN-L is introduced. TNN-based algorithms are shown to
perform better than their SNN counterparts. This chapter reviews SNN and TNN-
based robust tensor decomposition methods and applies them in the context of
speckle denoising. In addition, we propose a weighting scheme for SNN when the
underlying ranks are known. In parallel with the truncated multilinear singular
value decomposition (tr-MLSVD), the proposed algorithm preserves the predom-
inant singular values while subjecting the remaining ones to soft thresholding.
By incorporating a sparsity constraint, our objective is to examine the effect of
sparsity in denoising speckle noise.

In Section 4.2, we explain the notation. In Section 4.3, we formulate the prob-
lem. In Section 4.5, we introduce the proposed algorithm. In Section 4.7 and
Section 4.8, we compare the performance of the proposed algorithm to other
methods in the literature and report the results. Finally, in Section 4.9, we dis-
cuss the results and propose possible future work.

4.2. NOTATION AND TENSOR PRELIMINARIES
Tensors are represented by underlined boldface letters such as Y. Matrices are
represented by boldface letters such as . The numbers given as superscripts in
parentheses refer to the different matrices or tensors that share a similar prop-
erty. An example could be the relation K =

∑N
n=1K

(n), where K is written as sum
of N tensors. Vectors are represented with boldface lowercase letters such as tj
that represent the (, j)th vector of T ∈ R×J×K . Scalars are represented by lower-
case letters such as j that represent the element at the th row and jth column
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of A ∈ R×J. The mode-n unfolding of Y ∈ R1×2×···×N is Y(n) ∈ Rn×1 2...n−1 n+1...N .
Mode-(n, n+1) unfolding of a tensor is described further in the chapter and shown
with Y[n] ∈ R

n×D/(n n+1)×n+1 , where D =
∏

n n. The Hadamard product is shown
with ⊙. The Frobenius norm is the square root of the sum of each element and
is shown by || · ||F. The cardinality, defined as the number of non-zero elements,
is shown with || · ||0. The nuclear norm is shown with || · ||∗. The penalty param-
eter of the augmented Lagrangian is defined as ρ. The superscript t without the
parentheses is used to define the state of a tensor in an iterative optimization al-
gorithm. For example, Kt is the state of K at tth iteration in a maximum number
of T iterations. More information regarding tensor algebra is provided in Chapter
2.

4.3. PROBLEM FORMULATION
Let Ỹ ∈ R1×2×···×N denote the Nth-order tensor to be denoised. We model the
tensor Ỹ as the element-wise multiplication of the low tubal rank or low multilin-
ear rank tensor L̃ and the noise tensor M̃, that is,

Ỹ = L̃ ⊙ M̃ , (4.1)

where each element of M̃ is modeled by the Rayleigh noise with a scaling pa-
rameter of 1. Taking the element-wise logarithm of (4.1) transforms the multi-
plicative noise into additive noise. Let the natural logarithms ln Ỹ, ln L̃ and ln M̃
be denoted with Y, L and M, respectively. Each element of M follows the Fisher-
Tippett distribution.

In [92], using Taylor expansion, the Fisher-Tippett distribution is approximated
as WGN with sparse outliers. With these assumptions, we can model the received
tensor Y as the sum of a low multilinear rank tensor L, sparse outlier O and WGN
W, that is,

ln(Ỹ) = ln(L̃) + ln(M̃) ,
Y =L+M ,

Y ≈L+O+W .

(4.2)

This chapter uses tensor approaches to compare convex methods to recover L
from the speckled Y. For N > 2, and ranks Rn < n for n ∈ {1, . . . , N}, this problem
can be formulated as

min
L,O

�

1

2
∥L+O− Y ∥2

F
+ λ∥O ∥0

�

s.t. rank
�

L(n)
�

= Rn, for n ∈ {1, . . . , N} .
(4.3)

The objective function given in (4.3) is not convex. A common convex relax-
ation of the cardinality is the L1 norm. For the convex relaxation of the tensor
ranks as defined in Chapter 2, we investigate two approaches, namely SNN and
TNN. In the following section, we will introduce SNN and TNN. In addition, we will
introduce a weighted SNN proximity operator, which can be used if the multilin-
ear ranks of the tensor are known. We aim to apply various convex relaxations
to solve (4.3) and compare the results in the context of speckle denoising for
various SNRs, which has not been done before. Since the convex optimization



4

50 4. Comparisons of Convex Optimization Algorithms for Speckle
Denoising: a Simulation Study

problems for low multilinear rankness and low tubal rankness are compared to
tr-MLSVD and HOOI, we will start with their optimization problems. More infor-
mation regarding the tensor algebra and the tensor decompositions is provided
in Chapter 2.

4.4. OPTIMIZATION PROBLEMS OF HOOI AND TR-MLSVD
Assuming that the Nth-order low multilinear rank tensor L has the structure L =
S×1U(1) · · ·×NU(N) as defined in Chapter 2 with ranks Rn for n ∈ {1, . . . , N}, both
HOOI and tr-MLSVD solve the following optimization function

min
(U(n))T U(n)=

||Y− S×1U(1) · · · ×N U(N) ||2 , (4.4)

where S = Y×1U(1)
T · · · ×N U(N)

T
. The sparse noise tensor O as defined in (4.3)

is not incorporated into the optimization problem (4.4). Since a least squares
function is incorporated, the errors due to the outliers are expected to disrupt
the estimation. We can incorporate a new variable into the optimization problem
and mitigate the error due to the presence of outliers. Additionally, we can apply
a convex relaxation to the low multilinear rankness and define the sum of nuclear
norms.

4.5. SUM OF NUCLEAR NORM
The sum of the nuclear norm is a direct extension of the matrix rank to the
tensor rank using the multilinear rank, i.e., the rank of the different unfoldings
of the tensor. In [101], the optimization problem given in (4.3) is solved through
the relaxation of the low multilinear rankness using the sum of the nuclear norm.
We have the following optimization problem defined as

min
L,O

(

1

2
∥L+O− Y ∥2

F
+ γL

N
∑

n=1
∥L(n) ∥∗ + γO∥O ∥1

)

. (4.5)

This can be solved by following [101], where N auxiliary variables are defined
to separate L(n) for n ∈ {1, . . . , N} and a proximity operator is employed alter-
nately. Add auxiliary variables regarding L = K and O = R. We have

min
L,O,K,R

�

1

2
∥L+O− Y ∥2

F
+ γL

N
∑

n=1
∥K(n) ∥∗ + γO∥R ∥1

�

�

�

�

�

K = L, R = O
�

. (4.6)

We add N auxiliary variables K(1), . . . ,K(N) in an attempt to separate the mode-
n unfoldings as done in [26].

min
L,O,K(1),...,K(N),R

�

1

2
∥L+O− Y ∥2

F
+ γL

N
∑

n=1
∥K(n)(n) ∥∗ + γO∥R ∥1

�

�

�

�

�

K(n) = L for n ∈ {1, . . . , N}, R = O
�

.

(4.7)
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Then we have the following augmented Lagrangian Lρ of the optimization
problem (4.7),

Lρ
�

L,O,K(1), . . . ,K(N),R,(1), . . . ,(N),Λ
�

=

1

2
∥L+O− Y ∥2

F
+ γL

N
∑

n=1
∥K(n)(n) ∥∗ + γO∥R ∥1 +

N
∑

n=1

�

〈(n),K(n) − L〉 +
ρ

2
∥K(n) − L ∥2

F

�

+ 〈Λ,R−O〉+
ρ

2
∥R−O ∥2

F
.

(4.8)
The augmented Lagrangian (4.8) can be solved using ADMM [105]. We in-

troduce the iteration parameter t and update the primal and dual augmented
Lagrangian variables given in (4.8). Define the tth iteration of augmented La-
grangian variables with (n)

t
,K(n)

t
for n ∈ {1 , . . . , N} and Rt ,Λt ,Lt ,Ot with

0 < t < T. The initializations of the augmented Lagrangian variables are shown
with t = 0. The ADMM iterations stop when the differences between the t+ 1 and
tth iteration of all augmented Lagrangian parameters are less than ε = 0.1 or
when the maximum number of iterations T is reached.

We will calculate the derivatives of Lρ with respect to the augmented La-
grangian variables in Gauss-Seidel nature [105] and assign

Lt+1 =
∂Lρ

�

Lt ,Ot ,K(1)
t
, . . . ,K(N)

t
,Rt ,(1)

t
, . . . ,(N)

t
,Λt

�

∂Lt
,

Ot+1 =
∂Lρ

�

Lt+1,Ot ,K(1)
t
, . . . ,K(N)

t
,Rt ,(1)

t
, . . . ,(N)

t
,Λt

�

∂Ot
,

K(n)
t+1
=
∂Lρ

�

Lt+1,Ot+1,K(1)
t
, . . . ,K(N)

t
,Rt ,(1)

t
, . . . ,(N)

t
,Λt

�

∂K(n)
t

,

Rt+1 =
∂Lρ

�

Lt+1,Ot+1,K(1)
t+1

, . . . ,K(N)
t+1

,Rt ,(1)
t
, . . . ,(N)

t
,Λt

�

∂Rt
,

(n)
t+1
=
∂Lρ

�

Lt+1,Ot+1,K(1)
t+1

, . . . ,K(N)
t+1

,Rt+1,(1)
t
, . . . ,(N)

t
,Λt

�

∂(n)
t

,

Λt+1 =
∂Lρ

�

Lt+1,Ot+1,K(1)
t+1

, . . . ,K(N)
t+1

,Rt+1,(1)
t+1

, . . . ,(N)
t+1

,Λt
�

∂Λt
,

(4.9)
where K(n)

t+1
and (n)

t+1
are updated for n ∈ {1, . . . , N}.

We first calculate Lt+1 and Ot+1. We solve jointly

min
Lt ,Ot

�

1

2
∥Lt +Ot − Y ∥2

F
+

N
∑

n=1

�

〈(n)
t
,K(n)

t
− Lt〉+

ρ

2
∥K(n)

t
− Lt ∥2

F

�

+〈Λt ,Rt −Ot〉 +
ρ

2
∥Rt −Ot ∥2

F

�

.

(4.10)
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Setting the derivatives with respect to Lt and Ot to zero leads to

Lt +Ot − Y−
N
∑

n=1

�

(n)
t
+ρ

�

K(n)
t
− Lt

��

= 0 ,

Lt +Ot − Y−Λt −ρ
�

Rt −Ot
�

= 0 .

(4.11)

We can solve the above equations to obtain

Lt+1 =
ρ(Y−Rt)

C
+
1 + ρ

C

N
∑

n=1
(n)

t
+
ρ(1 + ρ)

C

N
∑

n=1
K(n)

t
−
1

C
Λt ,

Ot+1 = Y+
N
∑

n=1
(n)

t
+ρ

N
∑

n=1
K(n)

t
−(1 + ρN)Lt+1 ,

(4.12)

where C is ρ(N + 1 + ρN). Then we calculate K(1)
t+1

, . . . ,K(N)
t+1

and Rt+1. For

K(1)
t+1

, . . . ,K(N)
t+1

we have

min
K(1)

t
,...,K(N)

t

�

γL

N
∑

n=1
∥K(n)(n)

t
∥∗ +

N
∑

n=1

�

〈(n)
t
,K(n)

t
− Lt+1〉+

ρ

2
∥K(n)

t
− Lt+1 ∥2

F

�

�

.

(4.13)
If we write the augmented Lagrangian for K(n)

t+1
, we have

min
K(n)

t

�

γL∥K
(n)
(n)

t
∥∗ + 〈(n)

t
,K(n)

t
− Lt+1〉 +

ρ

2
∥K(n)

t
− Lt+1 ∥2

F

�

. (4.14)

We can complete the right-hand side to a complete square,

min
K(n)

t

�

γL

ρ
∥K(n)(n)

t
∥∗ +

1

2













K(n)
t
−
�

Lt+1 −
1

ρ
(n)

t

�











2

F

�

. (4.15)

This can be solved using the proximity operator [104] for each n ∈ {1, . . . , N} as

K(n)
t+1
= foldn

�

prox∥·∥∗γL
ρ

�

�

Lt+1 −
1

ρ
(n)

t

�

(n)

��

, (4.16)

where foldn is the operator given in (2.3) that reverses the mode-n unfolding
back to the tensor, and the proximity operator of the nuclear norm is defined in
Section 2.3.4.

For Rt+1 we have

min
Rt

�

γO∥Rt ∥1 + 〈Λt ,Rt −Ot+1〉+
ρ

2
∥Rt −Ot+1 ∥2

F

�

. (4.17)

This can be solved using the proximity operator [104]

Rt+1 = prox∥·∥1γO
ρ

�

Ot+1 −
1

ρ
Λt
�

. (4.18)
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where the L1 norm proximity operator is

prox∥·∥1γO
ρ

�

Ot+1 −
1

ρ
Λt
�

= sign
�

Ot+1 −
1

ρ
Λt
�

⊙mx
��

�

�

�

Ot+1 −
1

ρ
Λt
�

�

�

�

−
γO

ρ
, 0

�

.

(4.19)

where γO/ρ is subtracted element-wise, and the absolute value | · | is applied
element-wise. We can update the Lagrangian multipliers with the following equa-
tions

(n)
t+1
= (n)

t
+ρ

�

K(n)
t+1
− Lt+1

�

,

Λt+1 = Λt +ρ
�

Rt+1 −Ot+1� .
(4.20)

The algorithm starts with initializations {(n)
0
,K(n)

0
} = 0 ∈ R1,...,N for n ∈ {1 , . . . , N},

{R0 ,Λ0 ,L0 ,O0} = 0 ∈ R1,...,N and runs until the maximum iteration T is reached
or until the difference between t + 1st and tth version of each initialized variable
is less than or equal to ε. The tensor Lt is the low multilinear rank estimate of
TSPCP. The algorithmic steps are provided in Algorithm 3.

Algorithm 3 Tensor Stable Principal Component Pursuit

Given Y ∈ R1,...,N , γL, γO, ρ, ε initialize {(n)
0
,K(n)

0
} = 0 ∈ R1,...,N for

n ∈ {1 , . . . , N}, {R0 ,Λ0 ,L0 ,O0} = 0 ∈ R1,...,N , t = 0,

while t < T or
�

�

�

�

�Lt+1− Lt
�

�

�

�

F > ε and
�

�

�

�Ot+1−Ot
�

�

�

�

F > ε and
�

�

�

�

�

�K(n)
t+1 − K(n)t

�

�

�

�

�

�

F
> ε for n ∈ {1, . . . , N} and

�

�

�

�

�

�(n)
t+1 − (n)t

�

�

�

�

�

�

F
> ε

for n ∈ {1, . . . , N} and
�

�

�

�Rt+1−Rt
�

�

�

�

F > ε and
�

�

�

�Λt+1−Λt
�

�

�

�

F > ε

�

do

Lt+1,Ot+1 ← see (4.12)
for n = {1,2,3,4} do

K(n)
t+1
← see (4.16)

end for
Rt+1 ← see (4.18)
for n = {1,2,3,4} do

(n)
t+1
← see (4.20)

end for
Λt+1 ← see (4.20)
t← t + 1

end while
Return: Lt

It is suggested in [106] that the proximity operator given in (4.16), which is
part of Algorithm 3, is problematic for denoising. This is due to the global soft
thresholding operator applied to all the singular values. A better algorithm for
denoising tasks can be achieved by the weighted sum of the singular values.
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4.5.1. WEIGHTED SUM OF NUCLEAR NORM
We propose a weighting scheme for SNN methods that utilizes the known mul-
tilinear ranks of the true tensor. The problem is still convex with this additional
update. The largest singular values corresponding to the signal subspace would
be kept the same at each optimization iteration, while the lowest singular val-
ues corresponding to the noise subspace would be reduced by γL/ρ. For the
nth mode unfolding with the corresponding rank Rn, the weighted thresholding
matrix ̃γL/ρ becomes

̃
(n)
γL
ρ

=mx
�

(n) − C(n)
γL

ρ
, 0

�

, (4.21)

where

C(n) =

�

0 ∈ RRn×Rn 0 ∈ RRn×(n−Rn)

0 ∈ R(n−Rn)×Rn  ∈ R(n−Rn)×(n−Rn)

�

, (4.22)

for n ∈ {1, . . . , N}. Hence, the proximity operator defined in (4.16) becomes

prox∥·∥∗γL
ρ

�

�

Lt+1 −
1

ρ
(n)

t

�

(n)

�

= U(n) ̃(n)γL
ρ

�

V(n)
�⊤

, (4.23)

for n ∈ {1, . . . , N}. The problem in (4.5) can be solved in the same way as [101],
only by changing the proximity operator from (4.16) to (4.23). We name this
method weighted SNN (wSNN). This step only changes the updates of K(n) in
n ∈ {1, . . . , N} given in (4.16), while the rest of Algorithm 3 is the same.

4.6. TUBAL NUCLEAR NORM
The tubal nuclear norm is introduced using the framework of t-SVD [8]. Detailed
information is provided in Chapter 2. We will add the definition of orientation
invariant tubal nuclear norm (OITNN) as described in [30].

Definition 4.6.1. Mode-(n, n + 1) unfolding: The mode-(n, n + 1) unfolding of
L ∈ R1×···×N creates a 3D tensor L(n,n+1) ∈ R

n×D/(n n+1)×n+1 by permuting the
nth mode of L to the first dimension, the (n + 1)th mode to the last dimension,
and grouping the remaining modes. Here, D is defined as

∏N
n=1 n. This unfold-

ing is also denoted as L[n] . For a 3rd-order tensor, this operation gives three
permutations of the tensor, where the orders are permuted circularly.

Given the t-SVD of L as L = Ŭ ⋆ S̆ ⋆ V̆
⊤

, the tubal nuclear norm is given by the
average of the sum of the frontal slices of the 1D Fourier Transform of the core
tensor, that is,

∥L ∥TNN =
1

3

3
∑

3=1

Tr
��

S̆×3 F(3)
�

(:, :, 3)
�

. (4.24)

The OITNN is defined as

∥L ∥OITNN =
1

N

N
∑

n=1
∥L[n] ∥TNN . (4.25)
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In [104], the optimization problem given in (4.3) is solved similarly to SNN
while only changing the rank relaxation into the tubal nuclear norm. This can be
formulated as

min
L,O

�

1

2
∥L+O− Y ∥2

F
+ γL∥L ∥TNN + γO∥O ∥1

�

. (4.26)

Under the tensor incoherence condition (see [104]), the exact recovery of the
true tensor L is guaranteed for the noiseless case. This algorithm is named the
tensor stable principal component pursuit (TSPCP). In [31], an additional con-
straint regarding the infinity norm of the tensor L is added to the objective func-
tion such that the absolute values of L are below a certain threshold, and the
outliers are captured at O instead. This optimization problem can be shown as

min
L,O

�

1

2
∥L+O− Y ∥2

F
+ γL∥L ∥TNN + γO∥O ∥1

�

s.t. ∥L ∥∞ ≤ α .
(4.27)

The constraint regarding the infinity norm is handled by clipping the maximum
value of the absolute value of L to α at each iteration of the optimization. Similar
algorithmic steps described in Algorithm 3 can be followed with a change of
updates of K(n) in n ∈ {1, . . . , N} given in (4.16). Instead of the convex relaxation
of SNN defined in Section 2.3.4, the convex relaxation of TNN defined in Section
2.3.5 can be used.

Only the low-rankness in the third mode is incorporated in (4.27) and (4.26).
The authors in [30] extended the analysis to all the modes for general Nth-order
tensors L ∈ R1×···×N , O ∈ R1×···×N , and W ∈ R1×···×N using the mode-(n, n + 1)
unfolding. According to Lemma 1 in [30], any tensor that has a low Tucker rank
has a low orientation invariant average rank. This enables the direct applica-
tion of two convex proxy methods, OITNN-O and OITNN-L, onto low Tucker rank
applications using the orientation invariant tubal nuclear norm (OITNN).

The OITNN-O considers the low tubal rankness in all orientations and solves
the optimization problem that is defined as

min
L,O

�

1

2
∥L+O− Y ∥2

F
+ γL∥L ∥OITNN + γO∥O ∥1

�

s.t. ∥L ∥∞ ≤ α .
(4.28)

The OITNN-L considers L as the sum of N auxiliary tensors, which can have a
low tubal rank in their respective mode. Such modeling is claimed to be better
if the tensor might have significantly different tubal ranks in different mode-
(n, n + 1) unfoldings [30]. Assuming that an incoherence condition holds, this
optimization problem is defined as

min
L(1),...,L(N),O

�
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2
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L(n)
















∞

≤ α .

(4.29)

The exact recovery of true L is not guaranteed for the noiseless case when the
infinity norm constraint is incorporated.
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Table 4.1: Summary of the methods that are used in this chapter.

Constraints Noise
Optimization

problem
HOOI [19] Ranks WGN (4.4)

tr-MLSVD [13] Ranks WGN (4.4)
wSNN Ranks WGN + Sparse (4.5) and (4.23)

SNN [101] - WGN + Sparse (4.5)
TNN [107] ||L ||∞ WGN + Sparse (4.27)

OITNN-O [30] ||L ||∞ WGN + Sparse (4.28)
OITNN-L [30] ||L ||∞ WGN + Sparse (4.29)
TSPCP [104] - WGN + Sparse (4.26)

4.7. SIMULATION
This section compares the denoising performance of the methods given in Table
1 through a Monte Carlo simulation. Here, we have generated two 3D tensors of
size L ∈ R20×20×20 with unequal ranks and equal ranks. This is done by generat-
ing a core tensor of size (10,10,10) and (5,10,15) from a normal distribution,
multiplying it in each mode with unitary factor matrices, rescaling the resulting
tensor between 1 and 2, and finally taking the logarithm. The noise tensor is
generated by taking the logarithm of tensor M ∈ R20×20×20 where each entry
m1 2 3 follows the Rayleigh distribution with a scaling parameter of 1. The SNR
of the problem is defined by

10 log10





E
�

�

L−E[L]
�2�

E
�

�

M−E[M]
�2�



 . (4.30)

We have scaled the variance of L while fixing the scaling parameter of the
noise such that SNRs of {−5,0,5,10,15,20,25,30} are obtained. The noisy
tensor Y is obtained by the summation of L and M. The normalized error is used
as a performance metric, which is defined as

20 log10

�

∥L̂ − L ∥F
∥L ∥F

�

. (4.31)

Ten numbers in the range (1,100) are traversed for optimization of the param-
eters γO and γL for OITNN-L, while the range (1,30) is traversed for the rest of
the robust tensor decomposition methods. We fixed the value of ρ to 1 and set
the maximum iteration number to 500. The true ranks are used for tr-MLSVD and
HOOI, and the true ||L ||∞ is assigned to α for TNN, OITNN-O, and OITNN-L.

4.8. RESULTS
The simulation defined in Section 4.7 is repeated for 20 random initialization of
the noise tensor and true tensor. The normalized error is calculated for various
SNRs and plotted in Fig. 4.1. For each run of the algorithm, the best-performing
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tuning parameters γO and γL are selected to calculate the normalized error. For
all SNRs, the wSNN performs better than the truncated multilinear singular value
decomposition and HOOI. More improvement is found for low SNR scenarios. The
best-performing method is OTINN_L for both ranks when the SNR is less than
20 dB. For SNRs greater than 20 dB, the wSNN performs better with a small
improvement compared to HOOI.

We ran pairwise t-tests to assess the statistical significance. For the scenario
with multilinear ranks (5,10,15), all the algorithms had a statistically significant
difference with p < 0.05, except between TNN and tr-MLSVD at 20 SNR, and
between OITNN-O and OITNN-O at 30 dB. For the scenario with ranks (10,10,10),
all the algorithms had a statistically significant difference with p < 0.05, except
between TNN and SNN at 0 dB, and between OITNN-O and OITNN-O at 25 dB.
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Figure 4.1: The plot of the normalized error versus SNR for low multilinear
rank L denoised with the aforementioned methods over 20
Monte Carlo simulations. The plots with subscripts (a) and (b)
represent the ranks (10,10,10) and (5,10,15), respectively.
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4.9. DISCUSSION AND CONCLUSION
This chapter compares low multilinear or tubal rank tensor decomposition meth-
ods for despeckling applications. We have proposed a weighting scheme for
SNN-based algorithms when the ranks are known and compared the results to
robust tensor decomposition methods. All robust tensor decomposition algo-
rithms outperform HOOI and tr-MLSVD for low SNRs because of the better noise
model. We have observed that wSNN performs better than HOOI and tr-MLSVD
for high SNR scenarios. The weights of wSNN are arranged such that the highest
singular values that correspond with the true rank are not updated during the
proximity operator update. This resembles the tr-MLSVD, where the singular val-
ues with an index greater than the rank are truncated for denoising. Alongside
this property, the sparsity constraint that is added to the formulation of wSNN
results in a better recovery. For low SNR scenarios, wSNN performed worse than
SNN. This is due to the corruption of the singular values with the noise subspace.
The utilization of the proximity operator shown in (4.23) restricts the updating of
singular values associated with the rank. Consequently, the denoising capabili-
ties of wSNN are constrained by a diminished search space, thus contributing to
its reduced performance under low SNR conditions.

The selection of the weight C(n) (4.22) is specifically designed to keep the high-
est mode-n singular values associated with the rank in each mode. This can be
thought of as a regularization parameter that is incorporated into the tr-MLSVD.
In tr-MLSVD, the highest Rn for n ∈ {1, . . . , N} section of the core tensor is kept
along with the corresponding factor matrices as explained in Chapter 2. The con-
vex relaxation using SNN explained in Section 2.3.4 applies a soft-thresholding to
the mode-n singular values iteratively. The application of the weight proposed in
(4.23) allows for the iterative soft-thresholding of the weights regularized with a
sparsity-related parameter. We investigated this approach to model the speckle
noise, which is approximated as WGN with sparse outliers. The highest Rn mode-
n singular values for n ∈ {1, . . . , N} are kept at each iteration like tr-MLSVD, the
noise subspace is soft-thresholded. This operation is regularized with a sparsity-
related parameter that affects the calculation of SVD in each step, hence indi-
rectly also affects all the mode-n singular values for n ∈ {1, . . . , N}.

Among the convex relaxations, TNN performs better than SNN for low SNRs.
The algorithm proposed in [107] considers the low tubal rankness in only one
of the modes using the t-SVD framework. In our simulations, we generated a
tensor with a low multilinear rank in all modes. Using the relation between the
multilinear rank and the tubal rank given in Section 2.4, the resulting tensor is
also of low tubal rank. Algorithms such as OITNN-L and OITNN-O that incorporate
the low tubal rankness in all modes have performed better. Although OITNN-O is
expected to perform worse when the tensor has a low tubal rank in some modes
than others, we have not observed this in our simulation. OITNN-L is found to
be the algorithm that performed the best for low SNR scenarios, regardless of
the ranks. The sparse outliers have minimal effect on the low multilinear and
tubal rank approximation for SNRs greater than 20 dB. This might be because,
as the noise intensity decreases, the noise after the logarithmic transformation
becomes closer to a Gaussian distribution, diminishing the impact of sparsity.

One of the limitations of this chapter is the grid search on the low tubal rank
and sparsity-related tuning parameters γL and γO. We have defined the range
such that a convex range of normalized mean squared error has been observed.
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By extending the grid search, a better comparison can be made among the con-
vex low tubal rank approximation methods. This chapter aims to understand
the importance of sparsity constraint in denoising speckle noise. The HOOI and
tr-MLSVD are better suited for denoising WGN. The fact that the robust low mul-
tilinear rank approximation methods perform better than HOOI and tr-MLSVD
proves the added benefit of the sparsity constraint. We compare the results of
the SNN and TNN-based methods in a heuristic manner. A better approach for
this comparison would be optimizing the tuning parameters using methods such
as [108].

Another limitation of the study is the need for a quantization analysis for the
tensor L. During the simulation, we scaled the variance of L to reach the prede-
fined SNRs. In many despeckling applications, such as ultrasound, the input is
8-bit unsigned integers. An analysis that covers the effect of the quantization on
the despeckling applications is left for future work, along with real-world applica-
tions. In addition, we have assumed that the rank of the true tensor L is known
and defined the weighting parameter given in (4.22) according to this rank. The
ranks of the system can be estimated using the outlier-resistant rank estimation
methods such as the one given in [109]. The algorithm could be modified such
that the ranks are not known. In such a case, the higher singular values can be
thresholded less using techniques such as [100]. Finally, non-linear transforma-
tions such as the log transformation might increase the rank of the tensor. In
real-world applications with limited quantization, further analysis is required.

TNN and TSPCP are defined for 3D tensors that can be applied to speckle de-
noising applications where 2D nonlocal correlated patches are stacked to create
the tensor. For applications like 4D ultrasound or MRI, orientation-insensitive TNN
methods such as OITNN-O and OITNN-L could be used. SNN methods are directly
applicable to any order tensor. Hence, they can be immediately applied to a 4D
speckle denoising application. In conclusion, we have reviewed various low tubal
rank and low multilinear rank approximation methods for denoising speckle noise
and found that incorporating the sparsity constraint is useful, especially for low
SNR scenarios.

4.10. CHAPTER SUMMARY
In this chapter, we introduced the optimization problems that tackle the low mul-
tilinear rankness and low tubal rankness introduced in Section 2.3 with the signal
model introduced in Section 3.3. We investigated the convex relaxation of the
Fisher-Tippett distribution, that is, WGN with sparse outliers. We summarized the
optimization problems in Table 4.1.

We only conducted simulations in this chapter and compared the denoising
performances of the tensor decomposition techniques in various SNRs. In low
SNR scenarios, the incorporation of sparsity had a significant effect, and OITNN-L
gave the best denoising performance. In high SNR scenarios, the wSNN per-
formed the best. Although statistically significant, the normalized error differ-
ence between wSNN and the tr-MLSVD was relatively close. Since the tr-MLSVD
can be calculated faster due to its closed-form solution, we further investigate
its denoising performance through subsequent prostate cancer classification ac-
curacy using in-vivo data in Chapter 5. The computation time of OITNN-L was
significantly higher than OITNN-O. Therefore, we investigate the prostate cancer
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classification performance of OITNN-O in Chapter 6.



5
DENOISING OF DYNAMIC

CONTRAST-ENHANCED
ULTRASOUND USING

MULTILINEAR SINGULAR VALUE
DECOMPOSITION

In this chapter, we evaluate the prostate cancer classification performance af-
ter tr-MLSVD-based denoising using six in-vivo recordings obtained in Zhejiang
University, provided to us by Prof. Pintong Huang. The tr-MLSVD works by trun-
cating MLSVD to pre-defined ranks, prompting an investigation into suitable rank
estimation methods. In addition to the noise model provided in Section 3.3, in
this chapter we examine the effect of various other noise types such as the mo-
tion artifacts, breathing, and additive WGN. The motion artifacts and breathing
types of noise are added before the log-compression. The additive WGN is in-
corporated after the log-compression. This chapter partially answers the second
research question.

5.1. INTRODUCTION

P rostate cancer (PCa) is found to be the most common malignancy among
American men, except for skin cancer, and according to the estimates for

2021, 248 530 new cases are expected, of which 34 130 people will die from the
disease [110]. The recommended guidelines for detection and grading of PCa are
≥ 10-core systematic biopsy [111], which consists of an invasive procedure that
can still miss significant PCa lesions [112]. In addition, infectious complications

This chapter is based on the article published as “Denoising of Dynamic Contrast-
enhanced Ultrasound Sequences: A Multilinear Approach.” by M. Calis, M. Mischi, A. van
der Veen, B. Hunyadi, International Joint Conference on Biomedical Engineering Systems
and Technologies (BIOSIGNALS), 2022, 15

61



5

62 5. Denoising of Dynamic Contrast-Enhanced Ultrasound using
Multilinear Singular Value Decomposition

might arise due to the insertion of needles through the rectal wall [113]. Also,
because of the poor patient selection by prostate-specific antigen blood testing,
about 3 of 4 biopsies are, in retrospect, unnecessary, as no cancer is found.
Recent advances in imaging techniques can potentially reduce the needle cores
in systematic biopsies and overcome unnecessary biopsies [114].

One of the featured techniques to classify PCa is the detection of angiogenesis,
which is the rapid growth of new blood vessels around the tumourous region. The
newly formed capillaries create a tortuous and highly irregular network that can
be analyzed by modeling the flow dynamics of the ultrasound contrast agents
(UCAs) [115] [116]. Although several modalities have been proposed that can
monitor the UCAs, we focus on dynamic contrast-enhanced ultrasound (DCEUS)
because of the promising results for PCa localization [117] [67]. In DCEUS, con-
trast agents that are smaller than 10 μm are imaged using a low-energy ultra-
sound pulse. The frequency of the pulse is around the resonance frequency of the
UCAs, which enhances the contrast between the microbubbles and the surround-
ing tissue. The time-intensity curves (TICs) of these contrast agents correlate
with the underlying vasculature [118], which can be exploited to classify PCa.

There has been a substantial amount of work in the analysis of the perfusion
characteristics of TICs [53] [54]. Although increased perfusion is expected due
to the increased microvascular density, contradictory effects of angiogenesis and
perfusion have been observed [119]. The flow resistance might be reduced due
to the introduction of arteriovenous shunts and lack of vasomotor control. This
effect might not be observed due to the small diameter of the newly formed mi-
crovessels and the increased interstitial pressure because of the extravascular
leakage [120]. A different path has been taken by [121] [74] where the au-
thors have modeled the multi-trajectory bubble transport inside the prostate as
a convective-dispersion process and introduced a new model based on dispersion
characteristics, namely the local density random walk model (LDRW) [55]. The
authors have reported a good correlation between dispersion and angiogenesis,
even though the TICs suffer from a low signal-to-noise (SNR) ratio.

Several techniques were proposed to remove the noise of various origins from
the DCEUS acquisitions. Spatial filters were used to denoise the speckle noise
[87] [122], and temporal filters were proposed to denoise the clutter [123]. These
methods assumed that the temporal and spatial frequencies of the desired signal
and the noise were different. Using a different approach, the authors in [93] pro-
posed the blind source separation (BSS) of the DCEUS acquisition into sources,
where the desired signal was recovered by discarding the noise sources. The
best-performing BSS was found to be singular value decomposition (SVD) for
modeling the time-intensity curves. The dynamics of the UCAs have been cap-
tured in the first few singular values of the decomposition. Although several can-
cer markers, such as the similarity between TICs [63] and solutions to convective
dispersion models [69] [68] have been extended to 3rd-order, the denoising al-
gorithms do not take the tensor structure of the recording into consideration.

The SVD denoising analyzed by [93] creates the Casorati matrix, which vec-
torizes the spatial modes into rows and the temporal mode into columns. The
vectorization of the spatial modes into rows results in a loss of spatial informa-
tion regarding the location of the voxels. The multilinear singular value decom-
position (MLSVD) proposed by [13] keeps the tensor format of the data and gen-
eralizes the concept of SVD to higher orders. The information that is retained
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by keeping the tensor format of the data is hypothesized to enable a better rep-
resentation of the bubble dynamics and, hence, a better denoising capability.
We introduced truncated multilinear singular value decomposition (tr-MLSVD) in
Chapter 2. In the literature, the tr-MLSVD has been applied for clutter filter de-
noising in power Doppler images [124] [125]. Improved sensitivity and specificity
have been observed. As far as the authors know, no work has been done to ana-
lyze the performance of tr-MLSVD in TIC dispersion modeling. This chapter aims
to answer the following research question: Can the retained 3rd-order structural
information provided by tr-MLSVD improve the classification performance of TIC
dispersion modeling compared to SVD?

5.2. SIGNAL MODEL
In nearly all commercial scanners, the recordings are logarithmically compressed
to deal with the large dynamic ranges. Here, we model the logarithmically com-
pressed DCEUS acquisitions as the addition of the original signal and the noise,

Y = L+ E , (5.1)

where L ∈ R1×2×3×4 stands for the original signal, Y ∈ R1×2×3×4 stands for the
received signal and E ∈ R1×2×3×4 stands for the noise. When only multiplicative
noise is considered, and the logarithmic compression is applied, E stands for the
speckle noise [126]. After the logarithmic compression, speckle noise is shown
to obey the Fisher-Tippet distribution, which can be approximated as white Gaus-
sian noise with outliers that have a fixed variance [92]. There can be several
other noise sources in practical scenarios, such as motion artifacts due to the
urologist’s probe handling and the patient’s breathing.

In (5.1), the signal model after log-compression is given. Before log-compression,
we have the L̃ as explained in Section 3.2.2. The time-intensity curves L̃ are as-
sumed to follow the LDRW model [55] described in Section 3.2.2, which is given
as

l̃1 2 3 (4) = α1 2 3

√

√

√

κ1 2 3

2π(4 − t0)
e
−

κ1 2 3
(4−t0−μ1 2 3 )

2

2(4−t0 ) , (5.2)

where l̃1 2 3 (4) represents the 4th time sample of (1, 2, 3) voxel before the log-
compression operation of the DCEUS data.

Here, κ1 2 3 is the local dispersion-related parameter independent of the injec-
tion site’s distance. For low values of dispersion, a symmetric curve and a high
κ1 2 3 value are observed. This is expected to represent malignant regions [121]
[55]. On the other hand, a low κ1 2 3 is expected to represent the benign regions.

5.3. PROPOSED ALGORITHM
The data tensor Y is a 4th-order DCEUS acquisition where the first three are
the spatial mode in the Cartesian domain, and the fourth is the temporal mode.
We recover L by truncating Y with ranks (R1, R2, R3, R4). This assumption is ex-
pected to hold since the movement of the microbubbles is bounded by the spa-
tial locations of the vascular architecture inside the prostate, and their temporal
characteristics are a latent variable of indicator dilution models. In addition, we
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assume that the noise E is independent of the signal itself. With these assump-
tions, the problem at hand transforms into a tensor rank estimation problem,
where the rank that defines the signal subspace will be estimated, and the origi-
nal signal will be recovered.

The multilinear truncation is done on each mode-n unfolding separately. This
can be described as

Y(1) = U(1)(1)V(1)
T

= (1) ×1 U(1) ×2 V(1)

Y(2) = U(2)(2)V(2)
T

= (2) ×1 U(2) ×2 V(2)

Y(3) = U(3)(3)V(3)
T

= (3) ×1 U(3) ×2 V(3)

Y(4) = U(4)(4)V(4)
T

= (4) ×1 U(4) ×2 V(4)

Truncate each singular vector by taking first Rn elements for n ∈ {1, . . . ,4}, in
their respective modes. This can be described by the operation

Y(n) =
�

Ū(n) Ũ(n)
�






(n)
Rn

0

0 
(n)
n−Rn





�

V̄(n)
T

Ṽ(n)
T

�

(5.3)

where Ū(n) is the column-wise stacking of first Rn vectors representing the singu-
lar vectors of the highest singular values, Ũ(n) is the column-wise stacking of the
n − Rn columns for n ∈ {1, . . . , N} that represent the singular vectors of the rest
of the singular values, V̄(n)

T
and Ṽ(n)

T
are defined in a similar way but represent

the right singular vectors of the nth unfolding of Y.
The multilinear ranks of L are estimated using the SCORE algorithm proposed

by [109]. Let ϕ(n) be the squared sum of the columns of the mode-n unfolding of
S, that is,

ϕ(n) =
1

(D/n)
diag(ST(n) S(n)) , (5.4)

where D/n represents the multiplication of the sizes of all orders except the
nth order. Note that ϕ(n) is not the singular values, which is expressed as
diag(S(n) S(n))T . It is rather the normalized powers of the columns of S(n). The
most contributing columns are selected for the minimum description length es-
timation [127]. The intuition behind this is the following. There are n rows and
D/n columns in S(n). The columns of S(n) represent the interaction of the combi-
nations of the columns of the factor matrices from the other modes than n with
the structure defined by the mode-n factor matrices. If a column has a high norm,
that suggests the interaction of the mode-n factor matrix with the combination
of the columns of the factor matrices other than mode-n is strong. If the coupling
is not strong, we can say that the combination of the factor matrices does not
contribute much to describing the original tensor. For example, the factor matri-
ces that explain a region with outliers are not expected to be coupled with the
other factor matrices of the low multilinear rank tensor. Hence, they will have
a low column norm in ϕ(n). We can select and remove such columns to have a
rank estimation technique that is robust to outliers.

In each mode, the removal of columns is executed by the parameter ρ, which
is suggested to be between 0.0001 and 0.01. Let B(n) ∈ RD/n×D/n denote the
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matrix that selects the ρD/n columns of S(n) with the highest norm, while dis-
carding the rest. We have the robust singular values s(n) at the diagonal of

S(n)B(n)B(n)
T
ST(n), that is,

s(n) =
1

(ρD/n)
dg(S(n)B(n)B(n)

T
ST(n)) .

The rank R̂n for each mode n ∈ {1, ...,4} are estimated using the MDL criterion
and s(n),

R̂n = rgmin
r

− 2 log
�

∏n
=r+1(s

(n)
 )

1/(n−r)

1
n−r

∑n
=r+1 s

(n)


�ρ(D/n)(n−r)

+ r(2n − r) log(ρ(D/n)) .

(5.5)
The truncation is done by projecting each mode to the column subspace rep-

resented by the estimated rank

L̂ = Y×1Ū(1)Ū(1)⊤ ×2 Ū(2)Ū(2)⊤×3Ū(3)Ū(3)⊤ ×4 Ū(4)Ū(4)⊤ ,

where L̂ represent the estimate of the TICs. We are going to compare SVD and
tr-MLSVD through simulation and in-vivo analysis by analyzing the model fitting
performance.

5.4. SIMULATION RESULTS
In this section, a theoretical analysis is done to compare the performances of
SVD and tr-MLSVD for two noise scenarios. The TICs are generated according
to the model described in (5.2). The speckle noise is added for the best-case
scenario. Additionally, motion artifacts and white Gaussian noise are added for
the worst-case scenario. The resulting signals are logarithmically compressed
and then truncated using SVD and MLSVD. The ranks are estimated using two
methods that are abbreviated as msd_mn and msd_score. In the former,
the rank that gives the least MSE is chosen, and in the latter, the SCORE algo-
rithm proposed in [109] is used. The estimated signals are fit using the LDRW
model given in (5.2) using the algorithm described in [55] after reverting the log-
arithmic compression. For each algorithm, the mean squared error is calculated
by

MSE =
1

1234

1
∑

1=1

2
∑

2=1

3
∑

3=1

4
∑

4=1

�

̂1 2 3 4 − 1 2 3 4
�2

. (5.6)

We consider a signal L̃ ∈ R10×10×10×30 which holds TICs that obey the LDRW
model as described in (5.2). The voxel size is 0.75 mm, and the time step is
4 seconds. The simulated region holds three different TICs, which have the
parameters that are commonly observed in the literature [93]. Let the first
malignant region be defined as a block located at the indices 1 ∈ {2,3,4,5},
2 ∈ {2,3,4,5}, and 3 ∈ {2,3,4,5}. For this region defined by the aforemen-
tioned indices κ1 2 3 = 0.5 ± 0.1, μ1 2 3 = 30 ± 1 and α1 2 3 = 1000 ± 10. The sec-
ond malignant region is located at the indices 1 ∈ {2,3,4,5}, 2 ∈ {6,7,8,9},
and 3 ∈ {6,7,8,9}. For this region defined by the aforementioned indices
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Figure 5.1: The simulation setup of a 3rd-order rectangular region with
three different TICs. The slice at 1 = 2 is shown. Three dif-
ferent simulation areas where the dark blue (majority of the
slice) represents the first region, the light blue (left top) rect-
angle represents the second region, and the yellow part (bot-
tom right) represents the third region.

κ1 2 3 = 1 ± 0.1, μ1 2 3 = 25 ± 1 and α1 2 3 = 1600 ± 10. The benign region is the
area that is not covered by the first two blocks. This region has κ1 2 3 = 2 ± 0.1,
μ1 2 3 = 20 ± 1, and α1 2 3 = 1200 ± 10. A slice at 1 = 2 that represents these
three different regions is provided in Fig. 5.1. An example of TICS denoted in re-
gions TC1, TC2, and TC3 is plotted in Fig. 5.2. The y-axis is the TICs before log
compression, denoted with l̃1 2 3 (4). The x-axis is the time stamps 4 in seconds.
The mean values of the TIC parameters κ1 2 3 , μ1 2 3 , and α1 2 3 described in Ta-
ble 5.1 are used to generate TC1, TC2, and TC3. During the simulation, the
κ1 2 3 is varied with ±0.1, μ1 2 3 is varied with ±1, and α1 2 3 with ±10 to intro-
duce heterogeneity inside the regions. The benign region (majority of the block)
shown as dark blue is assigned as region 1, the light blue (left top) rectangle rep-
resents region 2, and the yellow part (bottom right) represents region 3. These
numbers are used to refer to the malignant and benign regions. For example,
TC1 will refer to the κ1 2 3 , μ1 2 3 , α1 2 3 values inside the region 1, TC2 for re-
gion 2 and TC3 for region 3. The other parameters are represented in the same
fashion. The true rank of the original signal L (log-compressed L̃) in this setup
is (2,3,3,3). There are three different TIC regions that create three distinctive
components in the 2nd, 3rd, and the 4th modes. In the first mode, the rank is 2.
This is because TC1 and TC2 share the same locations in the 1st mode, that is,
the region defined by 1 ∈ {2,3,4,5}. Therefore, the information in mode-1 can
be defined by two components, the TC3 and the region 1 ∈ {2,3,4,5}. In the
2nd and the 3rd modes, TC1 exists in the region {2,3,4,5} and TC2 exists in
the region {6,7,8,9}. Therefore, an extra component is required for differenti-
ating the locations of three TICs, resulting in a rank of 3. A plot of the multilinear
singular values of Y is shown in Fig. 5.3. We plotted the modal singular values
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Figure 5.2: The three TICs generated in Section 5.4 with the LDRW model
given in (5.2).

of L with additive Fisher-Tippett noise. The singular values are shown on a loga-
rithmic scale. We can see a linear decrease of modal singular values after 1 = 2,
2 = 3, 3 = 3, and 4 = 3, confirming the multilinear ranks.

Two noise scenarios are simulated. For Scenario 1, the TICs are noised with
Rayleigh-shaped multiplicative noise. After the log-compression, the multiplica-
tive noise is Fisher-Tippett distributed and becomes additive as described in Sec-
tion 3.3. For Scenario 2, a variety of noise sources have been added. In addition
to the multiplicative noise, we have added a sinusoidal breathing artifact with an
amplitude of 0.5 mm and a frequency of 0.2 Hz, a random-walk displacement
that has the maximum translation of 0.0125 mm at each step to simulate the
probe-handling of the urologist before the log-compression. Additionally, a WGN
with 4 dB SNR, where the SNR is calculated with respect to the averaged TICs
is added after the log-compression. The error measures given in (5.6) are cal-
culated and averaged across 100 Monte Carlo simulations for each case. A plot
of MSE can be observed in Fig. 5.4 and Fig. 5.6 for Scenario 1 and Scenario 2,
respectively. Subplots (a) show the MSE over 100 Monte Carlo simulations when
the highest 1 to 7 principal components are used for truncation. Since tr-MLSVD
does not share the same 1 axis, the MSE is drawn as a straight line on the same
plot. The line with the circle markers is the average MSE over 100 Monte Carlo
simulations when the best-performing truncation is applied, and the line with
cross markers is the MSE when the ranks are estimated using the SCORE algo-
rithm. Subplots (b) and (c) represent the histogram of the ranks that give the
least MSE and the rank estimated by the SCORE algorithm, respectively. In 87
percent of the cases, the correct rank is estimated by the SCORE algorithm, which
can be seen in plot (c) of Fig. 5.4. For this case, the performance of msd_mn
and msd_score overlap, suggesting that the SCORE algorithm gives the least
MSE over 100 Monte Carlo simulations. Although a performance improvement



5

68 5. Denoising of Dynamic Contrast-Enhanced Ultrasound using
Multilinear Singular Value Decomposition

0 5 10

i
1

10
3

10
4

(i
1
,i

1
)

0 5 10

i
2

10
3

10
4

(i
2
,i

2
)

0 5 10

i
3

10
3

10
4

(i
3
,i

3
)

0 10 20 30

i
4

10
3

10
4

(i
4
,i

4
)

X 2

Y 1112.38
X 3

Y 920.813

X 3

Y 922.135

X 3

Y 635.881

Figure 5.3: The singular values of Y in each mode-n unfolding for n ∈
{1, . . . , N} defined in Section 5.4 Scenario 1. There is only
additive Fisher-Tippett noise.

over SVD is observed in Fig. 5.6, the ranks are not estimated correctly when a
variety of noise sources are added. The reasons are discussed in Section 5.5.

The estimated κ̂1 2 3 μ̂1 2 3 , and α̂1 2 3 parameters are shown in Fig. 5.5 and Fig.
5.7, respectively. On the x-axis, the true values are shown in parentheses. On the
y-axis, the mean and the standard deviations of the estimated TIC parameters
are shown. A lower standard deviation is observed in the estimates in Scenario
1 compared to Scenario 2. The κ̂1 2 3 and μ̂1 2 3 are more accurate compared to
estimates of α̂1 2 3 . In both scenarios, we can observe that the tr-MLSVD and SVD
are able to capture the three distinctive malignant and benign TIC features.

Table 5.1: Summary of simulation scenarios
TC1(κ1 2 3 , μ1 2 3 , α1 2 3) TC2(κ1 2 3 , μ1 2 3 , α1 2 3) TC3(κ1 2 3 , μ1 2 3 , α1 2 3)

Number of
Voxels TC1

Number of
Voxels TC2

Number of
Voxels TC3

Noise Types
Number of
Simulations

Scenario 1 (0.5 ± 0.1,30 ± 1,1000 ± 10) (1 ± 0.1,25 ± 1,1600 ± 10) (2 ± 0.1,20 ± 1,1200 ± 10) 872 64 64 Multiplicative 100

Scenario 2 (0.5 ± 0.1,30 ± 1,1000 ± 10) (1 ± 0.1,25 ± 1,1600 ± 10) (2 ± 0.1,20 ± 1,1200 ± 10) 872 64 64
Multiplicative,

Breathing, Motion,
WGN

100

5.4.1. EXPERIMENTAL RESULTS
A recording of 6 patients was acquired from the Second Affiliated Hospital of Zhei-
jang University (Hangzhou, Zheijang, China). Written consent was obtained. A
2.4-mL bolus of SonoVue® was intravenously injected, and a 4th-order recording
in contrast mode was obtained with a LOGIQ E9 scanner equipped with a RIC5-9-
D endocavitary transducer driven at 4 MHz. The volume rate was fixed to 0.25
Hz by setting the image quality to low, and the disruption of microbubbles was
avoided by fixing the mechanical index to 0.1. The patients underwent prosta-
tectomy after the recording. The prostate was sliced with 4-mm thickness, and
for each slice, an annotation was made by the pathologist. The annotations were
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Figure 5.4: The performance comparison for Scenario 1. In (a), the
MSE of SVD when several principal components are used to
truncate is shown along with two lines that show the best-
performing tr-MLSVD error over 100 Monte Carlo simulations
and the performance of tr-MLSVD after the ranks are esti-
mated with the SCORE algorithm. In (b), the histogram of
the multilinear ranks that give the least MSE after tr-MLSVD
at each simulation is shown. In (c), the histogram of the ranks
that are estimated with the SCORE algorithm is shown.

registered back to the domain of the recording, and the ground truth was ob-
tained. Only two out of the six patients had significant lesions with Grade Group
> 3. A region of interest is selected in the benign and malignant regions that
are reasonably close to the true annotations. There are around 25 000 voxels, of
which 18 000 are malignant.
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Figure 5.5: Plot that shows the mean and the standard deviation of the
κ̂1 2 3 , μ̂1 2 3 , and α̂1 2 3 for three different TICs in Scenario 1.
The circles represent the mean values, whereas the error bars
represent the standard deviation. The mean and the standard
deviation are calculated over 100 Monte Carlo simulations.

Table 5.2: The estimated model fit parameters across all patients. The
mean and the standard deviations are shown.

SVD
MLSVD-SCORE

ρ = 10−4

Benign Malignant Benign Malignant
MFR-κ 0.51(σ = 0.35) 0.56(σ = 0.33) 0.39(σ = 0.18) 0.48(σ = 0.22)

MFR-PV 94.73(σ = 29.57) 104.05(σ = 27.53) 87.87(σ = 26.33) 98.49(σ = 24.03)
MFR-PT 33.76(σ = 9.57) 30.00(σ = 8.09) 32.56(σ = 6.95) 29.24(σ = 5.62)
MFR-AT 15.12(σ = 4.96) 13.72(σ = 4.23) 14.32(σ = 3.44) 13.41(σ = 3.11)

MFR-WIT 18.64(σ = 9.41) 16.28(σ = 7.44) 18.24(σ = 5.91) 15.84(σ = 4.08)
MFR-μ 35.28(σ = 11.48) 31.31(σ = 9.57) 34.29(σ = 8.31) 30.58(σ = 6.24)
MFR-α 172.99(σ = 126.38) 184.39(σ = 123.05) 143.78, (σ = 77.96) 154.09, (σ = 68.92)

The spatial resolution of the recording is regularized in space, and the data is
downsampled by a factor of 3 as described by [64]. The MLSVD is applied, and
the signal is truncated using the ranks estimated by the SCORE [109] algorithm,
where ρ = 10−4 is selected. The LDRW model is fit as described in [55], and
the perfusion and dispersion parameters are extracted. The results can be seen
in Table 5.2 and Table 5.3. In the former, the mean and the standard deviation
of the features are shown. In the latter, the sensitivity, specificity, and area
under the receiver operating characteristic curves are shown. The classification
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Figure 5.6: The performance comparison for Scenario 2. In (a), the
MSE of SVD when several principal components are used to
truncate is shown along with two lines that show the best-
performing tr-MLSVD error over 100 Monte Carlo simulations
and the performance of tr-MLSVD after the ranks are esti-
mated with the SCORE algorithm. In (b), the histogram of the
ranks that give the least MSE at each simulation is shown. In
(c), the histogram of the ranks estimated with the SCORE al-
gorithm is shown.

is done by determining the point in the receiver operating characteristic curve
that is the closest to the upper left corner (sensitivity and specificity equal to 1)
in Euclidean distance. In Table 5.2, we can observe that the difference between
the means of the malignant and benign voxels increased after denoising with tr-
MLSVD. Furthermore, the standard deviation of the features is less for tr-MLSVD,
suggesting a more precise estimation of benign and malignant features. In Table
5.3, six out of seven model fit features have a higher ROC-AUC metric when tr-
MLSVD is used. The model fit features that have a high ROC-AUC metric are
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Figure 5.7: Plot that shows the mean and the standard deviation of the
μ̂1 2 3 , κ̂1 2 3 , and α̂1 2 3 for three different TICs at Scenario 2.
The circles represent the mean values, whereas the error bars
represent the standard deviation. The mean and the standard
deviation are calculated over 100 Monte Carlo simulations.

Table 5.3: The classification performance across all the patients.
SVD

MLSVD-SCORE
(ρ = 10−4)

[MFR-κsens,MFR-κspec,MFR-κAUC, threshod] [0.54,0.53,0.57,0.51] [0.48,0.65,0.63,0.45]
[MFR-Psens,MFR-Pspec,MFR-PAUC, threshod] [0.60,0.54,0.61,99] [0.63,0.57,0.64,93]
[MFR-PTsens,MFR-PTspec,MFR-PTAUC, threshod] [0.57,0.62,0.61,31] [0.59,0.65,0.63,30]
[MFR-αsens,MFR-αspec,MFR-αAUC, threshod] [0.54,0.51,0.55,150] [0.46,0.64,0.58,160]

[MFR-WRsens,MFR-WRspec,MFR-WRAUC, threshod] [0.58,0.59,0.63,6.6] [0.62,0.59,0.66,5.7]
[MFR-ATsens,MFR-ATspec,MFR-ATAUC, threshod] [0.65,0.58,0.59,15] [0.72,0.59,0.58,13.8]

[MFR-WTsens,MFR-WTspec,MFR-WTAUC, threshod] [0.58,0.57,0.56,16] [0.59,0.58,0.62,16.5]

shown in bold.

5.5. DISCUSSION
In this chapter, the DCEUS acquisitions are denoised using SVD and tr-MLSVD,
and their performances are evaluated based on the quality of the TIC model-
ing. In Section 5.4, two simulations are reported that employ the commonly
observed noises in DCEUS acquisitions. The first simulation represents the best-
case scenario where only speckle noise exists. The second simulation represents
the worst-case scenario where additive WGN and motion exist apart from the
speckle noise. The tr-MLSVD mostly performs better at capturing the signal char-
acteristics in both cases, providing a better estimate of dispersion and perfusion
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parameters. Both methods perform worse in the worst-case scenario and fail
to estimate high κ values precisely. The low SNR might explain the decrease in
performance. Another reason is the sampling frequency. We use 0.25 Hz, which
is the same frequency that is in a LOGIQ E9 device. High values of κ result in
sudden changes around the peak value, which causes an error in LDRW fitting.
On the other hand, the estimates α̂1 2 3 are observed to be less accurate and
precise. The reason is the windowing of the TICs that is proposed in [55]. A win-
dow is applied to estimate the TICS between the appearance time and the time
that the TICs reach 5% of the peak intensity. This is done to prevent the effect
of the recirculation of UCAs in the circulatory system. The fitting of the first-pass
is shown to improve the diagnosis. However, in our case, this increases the error
in the estimates of α1 2 3 , which is related to the area under the TICs.

The speckle noise can be modeled as a WGN with outliers [92], which results
in the correct estimation of the rank for Scenario 1. The actual rank of the signal
is (2,3,3,3), which is the same as the rank that is estimated the majority of the
time. For this case, we can see in Fig. 5.4 that the MSE of the best-performing
rank and the estimated rank overlap. In the cases where the rank was incorrectly
estimated, the error is found to be within 15% of the MSE represented with the
line msd_score. The estimation of the correct rank fails for Scenario 2. Adding
the other noise sources violates the WGN assumption and causes the rank es-
timator to perform poorly. This suggests that in a practical scenario where the
recording suffers from various noise sources apart from the speckle noise, the
proposed algorithm might not be suitable. In the figures Fig. 5.4 and Fig. 5.6, it
can be observed that the best-performing rank is not necessarily the true rank
of the data. The subfigures labeled with (b) in both Plots suggest that the noise,
in some cases, might occupy the highest ranks. For this reason, a higher rank
might have provided a lower MSE.

Better classification performance of tr-MLSVD over SVD is observed in Table
5.3. The improvement is more significant when a subset of the patients is consid-
ered. This might be due to the insignificant malignant voxels of the four patients
that are investigated. The significant malignant lesions are expected to have a
more distinct characteristic than benign tissue. This behavior is observed in two
of the patients who have significant lesions. The AUC is found to be greater than
0.8 for these two patients, whereas a similar performance has not been observed
for the others.

5.6. CONCLUSION
In this chapter, we proposed a denoising algorithm for detecting prostate cancer
from 4th-order DCEUS acquisitions. Previously, SVD was proposed to denoise
TICs by forming a spatiotemporal matrix. Here, we retained the volumetric in-
formation by considering the tensor format of the recording and introduced an
algorithm based on tr-MLSVD and SCORE. The proposed algorithm outperformed
SVD in simulation and in in-vivo experiments. In general, the classification perfor-
mance of the in-vivo data was poor, which can be due to the insignificant lesions
found in four of the six patients who underwent prostatectomy. In Chapter 6,
we plan to use a larger dataset, compare the tr-MLSVD with other despeckling
methods, and include other features to detect angiogenesis.
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5.7. CHAPTER SUMMARY
In this chapter, we investigated the rank estimation methods for DCEUS acquisi-
tions and compared tr-MLSVD with the SVD-based denoising using the ROC-AUC
metric. Only the model-fitting, as explained in Section 3.2.2, was used. For the
rank estimation, the approximation of speckle as WGN resulted in high ranks.
Therefore, we investigated the SCORE algorithm [109] that is better suited for
WGN with sparse outliers. Using the estimated ranks, we used tr-MLSVD to re-
cover the denoised DCEUS acquisitions.

The prostate classification performance improved when compared to SVD. The
patient sample size was small. We apply the tr-MLSVD algorithm on a bigger
patient cohort in Chapter 6. Furthermore, we compare its performance with
OITNN-O and a gradient-based algorithm incorporating the Fisher-Tippet distri-
bution into the low multilinear rank approximation. This chapter and Chapter 6
aim to answer the second research question.
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SPECKLE DENOISING OF

DYNAMIC
CONTRAST-ENHANCED

ULTRASOUND: A COMPARISON
OF NOISE MODELS AND

ALGORITHMS

In the previous chapter, we investigated the tr-MLSVD for denoising DCEUS.
We incorporated a rank estimator that was suitable for WGN with outliers. The
tr-MLSVD did not consider the sparse outliers. In this chapter, we investigate the
OITNN-O that is suitable for WGN with sparse outliers. The DCEUS acquisitions
are 4th-order tensors. The OITNN-O is an orientation invariant convex optimiza-
tion method that assumes low-tubal rankness in each mode-(n, n + 1) unfolding
introduced in Chapter 4. The 1D Fourier transform is always applied to the last
mode of the mode-(n, n + 1) unfoldings, exploiting the spatial and temporal low
tubal rankness of the tensor.

In addition to OITNN-O, we apply a non-convex method that incorporates the
log-likelihood of the Fisher-Tippet distribution. The prostate cancer classification
performance is compared to other state-of-the-art approaches in the literature
using the ROC-AUC metric on annotated data from 94 prostate cancer patients.
This chapter partially answers the second research question.

This chapter is based on the article published as “Speckle Denoising of Dynamic Contrast-
enhanced Ultrasound using Low- rank Tensor Decomposition.” by M. Calis, M. Mischi, A.-J.
van der Veen, and B. Hunyadi, In: IEEE Transactions on Medical Imaging (TMI), 2025
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6.1. INTRODUCTION

D ynamic contrast-enhanced ultrasound (DCEUS) is an imaging modality that
enables the characterization of the blood perfusion patterns through the

microvasculature [77]. DCEUS is investigated for many applications, such as
the localization of prostate cancer. With the help of intravenously injected mi-
crobubbles, 4th-order DCEUS enables the visualization and analysis of the entire
prostate gland. The newly formed angiogenic vessels associated with the tumor
growth create a distinctive and irregular microvascular architecture that is used
as an indicator of prostate cancer [128]. Through analysis of the DCEUS acqui-
sitions by convective dispersion modeling, a number of quantitative dispersion
parameters that reflect angiogenic changes in the underlying microvascular ar-
chitecture have been proposed. The time evolution of the microbubbles inside
the vasculature, also called the time-intensity curves (TICs), are fit with the local
density random walk model, and distinctive perfusion and dispersion dynamics
have been observed in malignant and benign regions [61]. Indeed, a significant
amount of work has been published that proves the benefit of using contrast-
ultrasound dispersion techniques to identify angiogenesis [55, 65, 69, 72].

The general framework for the classification of angiogenesis consists of several
steps. Firstly, the microbubbles are administrated intravenously, and the Digital
Imaging and Communications in Medicine (DICOM) data is recorded. Commercial
ultrasound scanners utilize various algorithms such as harmonic imaging, phase
inversion, or amplitude modulation to enhance the non-linear echoes from the
microbubbles while suppressing the approximately linear echoes from the tissue,
especially at the employed low ultrasound pressure [129]. The log-compressed
envelope of the resulting radio-frequency data is exported for further prepro-
cessing, feature extraction, and classification. Even after the aforementioned
contrast enhancement techniques, DCEUS acquisitions suffer from speckle noise.
This noise results from the coherent imaging of microbubbles in a resolution cell.
Assuming that a large number of randomly distributed scatterers exist in this cell
and there are no strong reflectors, the real and the imaginary parts of the com-
plex echo can be modeled by a zero-mean Gaussian density [87, 92, 126]. The
magnitude of this echo is Rayleigh distributed, where the mean is proportional
to the standard deviation of the complex echo. This creates multiplicative noise,
which becomes additive in the log domain after the log compression performed
by the scanner. At lower bubble concentrations, noise is more dominated by
the pharmacokinetic statistics of the bubbles, i.e., their probability of being in or
outside the cell [58].

Many existing features are initially developed and tested in 2D data [130]
[57]. Although most of the features are extended for the 3rd-order space [65]
[69] [67], the denoising algorithms do not take the higher-order structure of the
recording into consideration. The two most widely used denoising techniques
for DCEUS acquisitions include a wavelet [87], and an SVD-based [93] algorithm.
The authors in [87] model the log-transformed noise as WGN with outliers. They
apply the robust smoother-cleaner [131] to the finest level of decomposition us-
ing a median filter with a window of five and biorthogonal wavelets with three
and nine vanishing moments. The resulting signal is denoised using a regular
wavelet shrinkage algorithm with soft thresholding. In [74], a low-pass filter is
applied to TICs where the cut-off frequency is set to be 0.5 Hz. In [93], the
authors investigated various matrix decomposition techniques and found that
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the truncated singular value decomposition (SVD) gives the best results for the
localization of prostate cancer. The assumption is that distinct columns of the
resulting factor matrices will capture the signal and noise subspace. Denoising
is achieved by reconstructing the data after setting the singular values of the
noise subspace to zero. The DCEUS acquisition is flattened into a spatiotemporal
matrix where the columns correspond to time, and the rows correspond to space
to apply SVD. However, this flattening removes spatial information and destroys
the 3D structure. Therefore, previously in Chapter 5, we applied the multilinear
singular value decomposition to the DCEUS acquisition and truncated the factor
matrices at each unfolding by ranks estimated by a robust information-theoretic
method [109]. When the dispersion and perfusion features were used, a slightly
better separation between the malignant and benign regions was observed com-
pared to [93]. We further showed in [2] an improved classification performance
in a multi-parametric setting. The multilinear singular value decomposition aims
to decompose the tensor into its orthonormal basis through least squares. This
type of decomposition is suitable for WGN [13].

We implement and compare various low-rank tensor-based denoising tech-
niques that incorporate the Fisher-Tippett assumption on the speckle noise. First,
we propose a tensor-based denoising algorithm that uses the prior noise distri-
bution to estimate a low-rank tensor via gradient descent by utilizing the gen-
eral estimation framework (GTE) [132]. The difference between the proposed
algorithm and [132] is twofold. The derivatives are calculated more efficiently,
enabling their application for large recordings, and the noise is distributed by
Fisher-Tippett. In Chapter 4, we investigated several low-rank tensor denoising
techniques for denoising Fisher-Tippett noise through simulation and found out
that orientation invariant tensor nuclear norm [30] performs well, especially for
low SNR scenarios. Hence, we apply the orientation invariant tensor nuclear
norm (OITNN) algorithm to model the log-transformed DCEUS acquisitions as a
low-rank tensor with sparse and WGN, which has not been done before. The
performance of the aforementioned tensor techniques will be compared with the
denoising techniques proposed in the literature, and the performance of prostate
cancer localization will be reported. We incorporate a linear classifier for each
feature and report the area under the ROC curve.

In the literature, low-rank despeckling techniques are commonly applied to the
nonlocal patches extracted from the ultrasound recording [100, 133, 134]. The
DCEUS acquisitions are different than the fundamental mode ultrasound images.
Rather than imaging a static morphology, in DCEUS, moving bubbles inside the
vasculature are imaged. Therefore, we take a different approach motivated by
[93] where SVD is applied to the spatiotemporal matrix generated by flatten-
ing the whole DCEUS acquisition. We are motivated to model low-rankness in
spatial modes separately for several reasons. The voxels around a cancerous
region show similar dispersion and perfusion characteristics [56][65]. Signifi-
cantly grown cancerous tumors will create spatial regions that can be captured
by the low-rank approximation. In addition, we postulate that the orthogonality
assumption in the factor matrices will aid the separation between the tissue and
the microvasculature, as well as the cancerous TICs and the benign TICs.

The chapter is organized as follows. Section 6.2 formulates the problem and
describes the tensor-based denoising algorithms. Section 6.3 introduces the sim-
ulation, in-vitro, and in-vivo setups. Section 6.4 reports the simulation and in-vitro
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results and the discriminative power of the features extracted from the DCEUS
acquisitions of the prostate. We elaborate on the results in Section 6.5 and con-
clude with possible future work in Section 6.6.

6.2. LOW-RANK APPROXIMATION OF DCEUS
ACQUISITIONS

6.2.1. SIGNAL MODEL
The DCEUS acquisitions are 4th-order recordings where the first three modes
represent the spatial domain, and the last mode represents the time domain. Due
to the difference between the resolution cell and the size of the microbubbles, the
recordings suffer from speckle noise. Let M̃ ∈ R1×2×3×4 represent the speckle
noise where each entry is Rayleigh distributed with a scaling parameter of 1.
The DCEUS acquisition, represented by Ỹ ∈ R1×2×3×4 , is the multiplication of
the parameter of interest L̃ ∈ R1×2×3×4 with M̃. This can be shown as

Ỹ = L̃ ⊙ M̃ . (6.1)

It has been shown in [55] [87] that there is a linear relation between the mi-
crobubble concentration and L̃. Hence, the magnitude of each entry at L̃ can be
used as an indirect measure of the bubble concentration.

Commonly, in ultrasound devices, logarithmic compression is applied for visu-
alization purposes. This operation is given by

(1) ln Ỹ , (6.2)

where
(1) = 255 log10(e)10/

(3) (6.3)
is a function of the dynamic range (3). We ignored the gain-related transfor-
mation (2) since it does not affect the probability density function apart from a
shift. The logarithmic compression and the signal model are explained in Section
3.3. This operation affects the probability density function of the noise. We have

(1) ln Ỹ = (1) ln L̃+(1) ln M̃ . (6.4)

Let (1) ln M̃ =M, (1) ln L̃ = L and (1) ln Ỹ = Y. With this notation, we will have

Y = L+M . (6.5)

The log-transformed Rayleigh noise follows the Fisher-Tippett distribution [92].
The goal of this chapter is to recover the DCEUS acquisition L from the signal
model given in (6.5), assuming that the recording shows a low-rank structure.
We introduce two algorithms and compare them with the literature on DCEUS
denoising. These algorithms differ in the assumption of the noise and the low-
rank structure. These algorithms are

• general tensor estimation framework (GTE) [132] that assumes M follows
Fisher-tippet distribution and L is low-rank in mode-n unfoldings,

• orientation invariant tubal nuclear norm (OITNN) [30] that assumes L is low
tubal rank in mode-(n, n + 1) unfoldings and models the noise M as the
summation of a WGN and sparse outliers.

The truncated multilinear singular value decomposition described in Chapter 5 is
used as a warm initialization for the GTE algorithm.
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6.2.2. GENERAL TENSOR ESTIMATION FRAMEWORK
The authors in [132] proposed a low-rank tensor estimation framework that in-
corporates the prior distribution of the noise. They solve

L̂ = rgmin
L s o rnk

− ln(p(Y;L)) , (6.6)

where p(Y;L) is the probability distribution function of the tensor Y parameter-
ized by the low multilinear rank tensor L. This algorithm is named the general
tensor estimation framework (GTE). In our case, the Y is the 4th-order DCEUS
acquisition. The authors in [132] solve the problem for Poisson, Gaussian, and
Binomial noise. The authors initialize the algorithm with the tr-MLSVD estimate
using ranks Rn for n ∈ {1, . . . , N}, where tr-MLSVD is explained in Section 2.3.1.

The initial factor matrices and the core tensor are denoted with U(1)
0
, U(2)

0
,

U(3)
0
, U(4)

0
and S0. In addition to the maximum likelihood, the authors in [132]

proposed to add the term



2

4
∑

n=1













�

U(n)
�⊤
U(n) −b2 













2

F
, (6.7)

to prevent the factor matrices from being singular throughout the gradient de-
scent and enforce the low multilinear rankness with ranks Rn for n ∈ {1, . . . , N}.
Let the loss function be denoted by F and the iteration number by k. With the
addition of these terms, the loss function F becomes

F(Y,Lk) = − ln p
�

Y ; Lk
�

+


2

4
∑

n=1













�

U(n)
⊤�k

U(n)
k
− b2 













2

F
, (6.8)

where Lk+1 = Sk ×1U(1)
k ×2 U(2)

k ×3 U(3)
k ×4 U(4)

k
.

The two regularization weights  and b given in (6.8) are selected using the
spectral norm of the initial estimate L0. Four spectral norms can be defined using
the four unfoldings of L0, which is the tensor formed from the initialized factor
matrices and the core tensor. Let q denote the maximum spectral norm, that is,

q =mx
�

∥L0(1) ∥, ∥L
0
(2) ∥, ∥L

0
(3) ∥, ∥L

0
(4) ∥

�

. (6.9)

Two regularization weights are assigned as b = q1/4 and  = q. The initial factor

matrices {U(1)
0
. . .U(4)

0
} are multiplied by q1/4, whereas the core tensor S0

is divided by q. This is done to guarantee the local convergence with a high
probability [132]. The authors update the factor matrices and the core tensor
through gradient descent with a step size η. Define the element-wise derivative
operator as ∂F

∂ J : R
1×2×3×4 → R1×2×3×4 for the derivative of the scalar valued
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function F with respect to J ∈ R1×2×3×4 . We have the gradient steps of GTE as

U(1)
k+1

= U(1)
k
− η

∂F

∂U(1)
k
,

U(2)
k+1

= U(2)
k
− η

∂F

∂U(2)
k
,

U(3)
k+1

= U(3)
k
− η

∂F

∂U(3)
k
,

U(4)
k+1

= U(4)
k
− η

∂F

∂U(4)
k
,

Sk+1 = Sk − η
∂F

∂Sk
.

(6.10)

The derivatives in (6.10) can be expressed with

∂F

∂U(1)
k
=

�

∂F

∂Lk

�

(1)

�

U(4)
k
⊗ U(3)

k
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k
�
�

S(1)
k
�⊤
+ U(1)

k
�

�

U(1)
k
�⊤
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k
− b2 
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(6.11)
An additional projection step after each iteration (6.10) is proposed in [132].

However, the authors claim that for a small enough step size η, the projection
step can be avoided. The difference between [132] and the proposed method
is the characteristics of the noise and the calculation of derivatives. We extend
the analysis to the Fisher-Tippet noise and calculate the derivatives of the loss
function without Kronecker products, which are shown in Appendix 6.8.2.

PROBABILITY DISTRIBUTION OF THE FISHER-TIPPET NOISE
The Fisher-Tippett distribution is explained in Section 3.3. Let the probability
density function of M be the Rayleigh distribution with a scaling parameter of 1,
that is,

p(M; 1) =
1
∏

1=1

2
∏

2=1

3
∏

3=1

4
∏

4=1

m1 2 3 4 exp
−m2

1 2 3 4

2
, (6.12)

assuming that the noise is independent between voxels. The log compression,
as described in (6.4), changes the probability density function of the noise. The
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Fisher-Tippett distribution [92] with the log compression is

p(Y;L) =
1
∏

1=1

2
∏

2=1

3
∏

3=1

4
∏

4=1

exp(2(y1 2 3 4 − 1 2 3 4 )/(1) −
exp2(y1 2 3 4−1 2 3 4 )/

(1)

2 )

(1)
.

(6.13)

The argument that minimizes the negative log-likelihood of (6.13) is the maxi-
mum likelihood estimate of L with Fisher-tippet noise.

GRADIENT DESCENT

If we incorporate the Fisher-Tippett probability distribution into (6.8), we have

F(Y,L) = − ln p
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(6.14)

The derivative of F with respect to U(1) follows the chain rule

∂F

∂U(1)
=
∂F

∂L

∂L

∂U(1)
. (6.15)

We can write

∂F

∂L
=
2 − exp

�

2(Y− L)
(1)

�

(1)
, (6.16)

where exp(·) is the element-wise exponentiation operator.

We modified the derivatives ∂L

∂U(1)
given in (6.11) as described in Appendix

6.8.2. Similar to (6.11), we can define the iteration parameter k and calculate



6

82 6. Speckle Denoising of Dynamic Contrast-Enhanced Ultrasound: a
Comparison of Noise Models and Algorithms

the derivative of F with respect to the factor matrices as
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(6.17)

Finally, the derivative with respect to Sk has the same form given in (6.11), that
is,

∂F

∂Sk
=
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∂Lk
×1
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k
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. (6.18)

In our proposed method, we start with a debiasing step. Fisher-Tippett noise
has a non-zero mean. We subtract the theoretical mean E[M] from the tensor
Y. Additionally, we subtract the gain of the system (2), which is estimated as
the median of the first twelve seconds. Note that the subtraction of the gain

is not applied in the simulation. We initialize U(1)
0
, U(2)

0
, U(3)

0
, U(4)

0
and S0

with the tr-MLSVD estimate components given in Chapter 5. The spectral norm
q is calculated as described in (6.9). Consequently, the core tensor and the
factor matrices are scaled by q1/4 and q, respectively. The derivative of the loss
function F with respect to the tensor Lk given in (6.16) is plugged into (6.17) and
(6.18). The gradient descent is calculated using the steps defined in (6.10) until
a maximum iteration number K or an early stopping criterion is reached. In this
dissertation, we refer to this algorithm as GTE.

An early stopping condition is defined as the relative change of the Lk at each
iteration to the change of the first iteration, that is,

ΔLk+1 < ε =
∥Lk+1 − Lk ∥F
∥L1 − L0 ∥F

. (6.19)

The iterations stop when ΔLk is smaller than ε or the maximum number of iter-
ations K is reached. We modify the step size η to η/10 whenever the algorithm
diverges and start the algorithm again with k = 0. The divergence is captured
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in an increasing relative loss (6.19). The GTE estimate is denoted with L̂. The
pseudo-code for the algorithm is shown in Algorithm 4.

Algorithm 4 The GTE framework for estimating a low-rank tensor with
Fisher-Tippett distribution
npt :Y, E{M}, η, K, ε, (R1, . . . , RN)
Debis :Y← Y−E{M}
nitiliztion :L← S×1U(1)×2U(2)×3U(3)×4U(4) ▷ Using tr-MLSVD
estimate in Chapter 5
U(n)

0 ← q1/4U(n) for n ∈ {1 . . .4}
S0 ← S /q see (6.9)
k← 0
while k < K or ΔLk > ε do

U(n)
k+1 ← U(n)k − η ∂F

∂U(n)
k for n ∈ {1 . . .4} see (6.17).

Sk+1 ← Sk −η ∂F

∂Sk
see (6.18)

Lk+1 ← Sk ×1U(1)
k ×2 U(2)

k ×3 U(3)
k ×4 U(4)

k

if k > 1 then

ΔLk+1 ← ||Lk+1 − Lk ||F
||L1 − L0 ||F

see (6.19)

end if
if ΔLk+1 > ΔLk and k > 1 then

η← η/10
k← 0

end if
k← k + 1

end while
Retrn :L̂ = Lk

6.2.3. ORIENTATION INVARIANT TENSOR NUCLEAR NORM
As an alternative to GTE, we next describe the OITNN algorithm for denoising
DCEUS acquisitions. OITNN considers low-rankness in mode-(n, n+1) unfoldings,
and it is based on a framework called t-SVD [8] that is described in Chapter 2.
We define an additional unfolding operation such that the TNN explained in (2.47)
can be applied to the 4th-order DCEUS sequences, similar to Chapter 4.

Definition 6.2.1. Mode-(n, n + 1) unfolding: The mode-(n, n + 1) unfolding of
L ∈ R1×2×3×4 creates a 3D tensor L(n,n+1) ∈ R

n×D/(n n+1)×n+1 by permuting the
nth mode of L to the first dimension, the (n + 1)st mode to the last dimension,
and grouping the remaining modes. Here, D is defined as

∏4
n=1 n. This unfolding

is also denoted as L[n] .

Definition 6.2.2. The OITNN is defined using the mode-(n, n + 1) operation as

∥L ∥OITNN =
1

4

4
∑

n=1
∥L[n] ∥TNN . (6.20)
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We refer back to the original problem formulation given in (6.5). The authors
in [92] approximate the Fisher-tippet noise M as the summation of WGN W ∈
R1×···×4 and sparse outliers O ∈ R1×···×4 , that is,

Y = L+W+O . (6.21)

The OITNN considers the low-rankness in all orientations mode-(n, n + 1) for n ∈
{1,2,3,4} and solves the optimization problem that is defined as

min
L,O

�

1

2
∥L+O− Y ∥2

F
+ γL∥L ∥OITNN + γO∥O ∥1

�

,

s.t. ∥L ∥∞ ≤ α .
(6.22)

Similar to GTE, the DCEUS acquisition is first preprocessed by subtracting the
median of the first twelve seconds from the signal. The infinity norm α in (6.22)
is assigned by median filtering the preprocessed Y with a window of 5 seconds
and taking the maximum. This algorithm is solved by using the algorithm in [30]
until the stopping convergence given in (6.19) or the maximum iteration number
K is reached. An overview of the methods is shown in Fig. 6.1.

Figure 6.1: Overview of the tensor-based DCEUS denoising methods.

6.3. VALIDATION METHODOLOGY
In this section, we introduce the setup for simulation, in-vitro, and in-vivo studies,
and report the results in Section 6.4. We first compare the denoising performance
of tr-MLSVD, GTE, and OITNN using synthetic data. Previously, in Chapter 5, we
compared the performance of SVD and tr-MLSVD methods through simulation,
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where tr-MLSVD was found to perform better. For that reason, the SVD method
is omitted from the simulation. Additionally, wavelet-based denoising [126] is
omitted from the simulation because the assumption that the time evolutions
are smooth does not hold for the general case. For this reason, we only com-
pare the tensor-based denoising techniques. Following the simulations, we will
conduct an in-vitro study, report the model-fitting performance, and visualize the
phantom recordings after denoising. Finally, we will compare the single-feature
classification performance of the tensor-based methods with the state-of-the-art
DCEUS denoising techniques.

6.3.1. SIMULATION
We generated three 4th-order tensors L ∈ R20×20×20×20 with three different
ranks. First the core tensor was generated S ∈ RR1×R2×R3×R4 from the nor-
mal distribution with sizes [6,6,6,6], [4,8,12,16] and [12,12,12,12]. The
core matrix was multiplied in each mode with the orthonormal matrices to get
L̃ = S×1U(1) ×2U(2) ×3U(3) ×4U(4). The orthonormal matrices U(1) ∈ R20×R1 ,
U(2) ∈ R20×R2 , U(3) ∈ R20×R3 and U(4) ∈ R20×R4 were generated according to
the Haar measure as described in [135]. We selected such ranks to cover three
cases that might occur in actual DCEUS acquisitions. An actual DCEUS acquisi-
tion might have low or high multilinear ranks in all modes, or it can have a lower
rank in some of the modes than others. Since we expect the recording to be
low-rank, we selected a value close to half of the tensor size for high-rank cases.

The L̃ values were scaled to the range [10,255]. The noisy tensor Ỹ was
obtained by multiplying L̃ with Rayleigh-shaped M̃ with scaling parameter 1 as
shown in (6.12). The logarithmically transformed tensor L was obtained using
(6.4) with a dynamic range of 42. The denoising algorithm given in Algorithm
4 was applied to L. The theoretical noise statistics were taken from [136] and
assigned as E[M] = 0.0579(1) , where (1) was given in (6.3). The preprocessing
step was skipped. The ranks were assumed to be known. The step size was
η = 10−7. The total number of iterations was defined as K = 105. The iterations
stopped with the condition ΔLk < ε = 0.1. The true ranks were used for tr-MLSVD
and GTE. For OITNN, four values for γL and γO in the range (1000,4000) and
(10,40), respectively, have been traversed. Furthermore, the true infinity norm
of the original tensor is used. The minimum normalized mean error is reported.

6.3.2. IN-VITRO
We conducted a phantom study using the LOGIQ E10 scanner equipped with
a RIC5-9-D endocavity transducer driven at 3.5 MHz, a porous medium, and
a sponge to prevent reverberations. The setup can be seen in Fig. 6.2. The
porous media phantom was built by packing alginate beads of size 2.5 mm in a
polyurethane tube with a diameter of 20 mm. The obtained alginate beads of
the same size were packed into a polyurethane tube, and the cylinder shape was
fixed with two circular nets on two sides of the phantoms. After that, we gen-
tly squeezed and shook the phantom to ensure a more homogeneous packing
structure. The length of the phantoms was about 43 mm. The water pump is set
to a flow rate of 0.22 mL/s. We mixed 1 mL of SonoVue with 100 mL of water
and injected it into the tube before imaging. The model is fitted to each voxel
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using (6.24). The MFR-RMSE is calculated by taking the root mean square of the
difference between the fitted and filtered TICs and multiplying it with a sigmoid-
shaped weighting function that exponentially penalizes the error starting from
20 seconds after the peak time.

Figure 6.2: Phantom setup.

6.3.3. IN-VIVO
Recordings of 32 patients from the Amsterdam University Medical Center and 62
patients from the Netherlands Cancer Institute were obtained by Auke Jager [85].
This study obtained IRB approval, and the patients provided written consent to be
enrolled in the study. A 4th-order recording in contrast mode was obtained with
the LOGIQ E10 scanner equipped with an RIC5-9-D endocavity transducer driven
at 3.5 MHz. The volume rate was fixed to 0.9 Hz by setting the image quality to
BQMid1, and a low mechanical index of 0.1 was employed to minimize the bubble
destruction. The patients went through radical prostatectomy after the recording
because of biopsy-proven prostate cancer. The prostate was sliced with 4 mm
thickness, and for each slice, an annotation was made by the pathologist. The
annotations were registered back to the domain of the recording, and the ground
truth was obtained. Significant malignant voxels, at least with a grade of 3 + 4
are selected [137]. There were approximately seven million benign voxels and
two hundred thousand malignant voxels.

The DCEUS acquisition was transformed from spherical to Cartesian domain
with a voxel size of 0.25 mm × 0.25 mm × 0.25 mm. The spatial resolution
was regularized across space through a dedicated Wiener filter [57], and the
data was downsampled by 3 such that a voxel size of 0.75 mm was obtained.
The warm initialization is obtained using tr-MLSVD. The gain is estimated as the
median of the first 12 seconds, which is subsequently subtracted from the TICs
of both the tr-MLSVD and the noisy tensor. A step size of η = 10−7 was used. The
maximum number of iterations was set to K = 105. The stopping condition was
set at ΔLk < ε = 0.1.
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Figure 6.3: The normalized amplitudes of noisy and denoised phantom
recordings during the early appearance, peak, and wash-out
times. The (1, 3) slice at the middle of the phantom is plot-
ted.

The features given in Chapter 3 were extracted from each voxel after denoising
with either of the five denoising methods, i.e., OITNN, GTE, tr-MLSVD, SVD, and
wavelet-based denoising and without denoising. The extracted features were
provided in Table 3.3. Among all the features, computing the model fitting took
the most time. Therefore, the model fitting was approximated using the Ex-
ponential Linear Unit (ELU) function, which resulted in faster processing. The
approximation is shown in Appendix 6.8.1. Similarly to the process proposed in
the literature [55], a windowing was applied where a higher weight was given to
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the first pass of the microbubbles. Adam optimizer [138] was used for fitting the
model.

6.4. RESULTS
6.4.1. SIMULATION
The performance metric was the normalized mean error (NME) given by

NME =
∥L̂ − L ∥F
∥L ∥F

, (6.23)

where L̂ was the estimate of L. For both GTE and OITNN, the convergence is
achieved with ΔLk < ε = 0.1 defined in (6.19). We compared the performance
of tr-MLSVD, GTE, and OITNN and reported the results in Fig. 6.4. We ran pair-
wise t-tests to compare the denoising performances. Only tr-MLSVD and OITNN
for the rank (6,6,6,6) showed insignificant differences with p < 0.0001. For rank
(6,6,6,6), the GTE gave the best NME. For ranks (4,8,12,16) and (12,12,12,12),
OITNN performed better.

Figure 6.4: The normalized mean error for random tensors of size
[20,20,20,20] and multilinear rank [6,6,6,6], [4,8,12,16]
and [12,12,12,12]. The median NME over 105 Monte Carlo
simulations are shown with a flat line, the box ranges repre-
sent the 25th and 75th quantiles, and the whiskers represent
the inter-quartile ranges.
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6.4.2. IN-VITRO
We applied the tensor-based speckle denoising algorithms to the phantom record-
ings. The rank estimation parameter for tr-MLSVD is selected to be ρ = 10−5. The
sparsity and low-rankness related parameters γL and γO are selected after a 100
values between (1,20000) and (1,100), respectively, are swept. The value that
gave the least MFR-RMSE is found to be 10000 and 30 for γL and γO, respec-
tively. The GTE algorithm is run with η = 10−7. In Fig. 6.3, the early appearance,
peak, and wash-out times of the phantom recordings are shown on an (1, 3) slice
at the middle of the phantom, and the averaged MFR-RMSE values are reported.
Only the voxels inside the phantom are fitted with the model. The OITNN method
resulted in the best fit of the model described in Appendix 6.8.1. The tr-MLSVD
and GTE performed similarly, while a better suppression of the speckle artifacts
in the background surrounding the phantom was observed for GTE and OITNN.
Finally, SVD, Wavelet methods showed worse model-fitting performance than the
tensor-based counterparts. We ran pairwise t-tests, and only tr-MLSVD and GTE
gave statistically insignificant MFR-RMSE distributions inside the phantom with
p < 0.0001.

6.4.3. IN-VIVO
We used the same parameters as the in-vitro for the tensor-based denoising
methods (MLSVD, GTE, OITNN), i.e. the rank selection parameter ρ = 10−5 for
tr-MLSVD, and the γO = 30, γL = 104 for the OITNN. The features extracted after
tensor-based denoising methods were compared against features extracted after
matrix-based (SVD) denoising and a state-of-the-art wavelet-based denoising, as
well as no denoising. The denoising results are illustrated for an arbitrarily se-
lected malignant and benign voxel in Fig. 6.6 (a) and (c). In the same figure, the
results of the modified linear random walk model fitting described in Appendix
6.8.1 are shown in the subplots (b) and (d). Furthermore, in Fig. 6.7, we illustrate
the model fit parameter MFR-κ on a slice with the highest number of malignant
voxels of an arbitrarily selected patient.

The mean and the standard deviation of all features are given in Table 6.2. The
mean and the standard deviation of the model fit-related features did not change
after the various denoising algorithms. To investigate further, we also compared
the goodness of the model fit in terms of the weighted root mean square error of
the fit (MFR-RMSE), which is explained in Section 6.3.2. The mean and standard
deviation of MFR-RMSE are shown in the third column of Table 6.2. MFR-RMSE is
found to be the lowest for the OITNN method, with an average of 3.84 over all
the malignant and benign voxels. The OITNN method is followed by GTE, SVD,
MLSVD, and Wavelet methods with average RMSE of 4.11, 4.14, 4.80, and 5.12,
respectively. The noisy RMSE fit has an average RMSE of 7.81. Although the
RMSE changed, the model fit parameters stayed fairly close to each other, only
with an increase in the variance of the benign features in GTE and OITNN. The
similarity metrics SA-MI, SA-ρ, and SA-r increased significantly when a low-rank
decomposition is applied. We ran pairwise t-tests to analyze the statistics of the
features before and after filtering. The t-test is a hypothesis testing method that
determines whether there is a significant difference between the means of two
groups. The t-test assumes that the data are approximately normally distributed
and that the samples are independent. The result of a t-test is reported along
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with a p-value. A low p-value indicates that the observed difference is unlikely
to have occurred by chance. A high p-value does not necessarily indicate that
the group means are similar or different. In this chapter, statistical significance
was determined at a threshold of p < 0.0001, indicating strong evidence that
the means of the groups are different. We call t-tests with p < 0.0001 statisti-
cally significant results. This means that the features have different means after
filtering that cannot occur by chance.

We ran t-tests to assess the two categories: the effect of filtering methods on
the distribution of the features, and the difference between malignant and benign
features. For the first one, we stacked the benign and malignant features and ran
a pair-wise t-test to compare the filtering methods. All the filtering methods had
statistically significant differences with p < 0.0001 except for two cases: CD-V
and SA-MI features for GTE and SVD and MFR-κ feature for GTE and OITNN. This
is shown in Table 6.1. Important to note that the features that lack statistical
significance are shown in Table 6.1. For the second assessment, we ran Welch’s t-
test between the malignant and benign features generated through each filtering
method, including the noisy one. Welch’s t-test was chosen due to the difference
in the number of malignant and benign voxels. In all cases, we can differentiate
the benign and malignant voxels with statistical significance (p < 0.0001).

Table 6.1: The statistical significance test results with (p<0.0001) be-
tween the features extracted from the noisy and filtered
DCEUS acquisitions. Only the ones that lack statistical sig-
nificance are shown.

Noisy tr-MLSVD GTE OITNN SVD Wavelet
Noisy - - - - -

tr-MLSVD - - - - -
GTE - - - CD-V, SA-MI -

OITNN - - MFR-κ - -
SVD - - - - -

Wavelet - - - - -

To quantify the discriminative power of the features, the malignant and benign
features from all the patients were stacked, and simple single-feature classifica-
tion was done by varying a threshold over the entire range of each feature. The
values that were greater or lower than the threshold were labeled as malignant
or benign, and the receiver operating characteristic (ROC) curve was generated.
The area under the ROC curve (AUC) for the various methods and features is
shown in Table 6.3. Five out of nine features (MFR-μ, CD-v, SA-MI, VE-CEv, VE-EV)
showed better separation between malignant and benign voxels for tr-MLSVD.
Three out of the nine features (MFR-κ, CD-D, SA-ρ) had a better classification
result for OITNN. Only one feature (SA-r) showed improved performance for SVD.

6.4.4. MEMORY AND COMPUTATIONAL REQUIREMENTS
Low-rank decomposition methods enable the representation of any data with
fewer parameters. For tr-MLSVD and GTE, compression is achieved by saving the
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Figure 6.5: The median, 25th and 75th percentiles of loss ΔLk that is de-
fined in (6.19) calculated for all the patients when the GTE
and OITNN algorithm given at Algorithm 4 is run. Subplot (a)
represents the GTE, and subplot (b) represents the OITNN.
The red line represents the median, and the blue shade rep-
resents the percentiles, and the y-axis is shown in dB.

factor matrices Û
(n)

for n ∈ {1,2,3,4} and the core tensor Ŝ; for SVD, the left
and right singular vectors, and the singular values; for OITNN t-compress algo-
rithm from [8]. The t-compress algorithm is applied to mode-(1,2) unfolding. The
other possible mode-(n, n+ 1) unfoldings resulted in similar results. Significantly
small singular values and their corresponding factors are discarded, where the
tolerance is set to 1/100th of the highest singular value. The highest compres-
sion is achieved for the tr-MLSVD and GTE algorithms. This is followed by SVD
and OITNN. Calculation of the features and the denoising is done on a server with
an Intel 2 x 10 Xeon CPU and 256 GB RAM. SVD was the fastest algorithm, with
7 hours of computation time. The tr-MLSVD, Wavelet, GTE, and OITNN followed
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Figure 6.6: The denoised TICs l1 2 3(4) for a malignant and benign voxel
and the corresponding fitted models. The noisy data y1 2 3(4)
follows the signal model in (6.5). The upper row, defined with
labels (a) and (b), represents the malignant voxels. The bot-
tom row, defined with the labels (c) and (d), represents the
benign voxels. Only the wash-in period is shown.

it with computation times of 8.3, 9.5, 17, and 42 hours, respectively. The full
recordings of 94 patients were 68 GB. After the compression, the reduction is
shown in Table 6.4.

In addition, the computational complexities of the algorithms are presented in
Table 6.4. All algorithms except wavelet include SVD as their foundation. Here,
we assume the Golub-Reinsch algorithm is used to calculate the SVD [139]. We
point out that with known ranks, iterative algorithms such as [140] will have a
reduced complexity. We consider the worst-case scenario, where the ranks are
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Figure 6.7: The κ values for a 3 slice that has the most malignant voxels
for various denoising schemes of a random patient.

as high as the sizes of the corresponding mode. In [139], the complexity of
SVD for an  × J matrix is described as O(2J) given  < J. Therefore, the SVD of
the spatiotemporal matrix with size 4 × 123 has the complexity O(12324 ) =
O(D4). For tr-MLSVD, the SVD of the tensor Y in the unfoldings dominates the
complexity and results in a complexity of O(D(

∑4
n=1 n)). For GTE, the algorithm

is initialized by the tr-MLSVD output. The complexity per iteration is due to the
tensor-matrix products that generate the low-rank tensor Lk given in Algorithm
4. Each mode-n tensor-matrix multiplication is a matrix multiplication of sizes
D/n × n, and n × n, which results in a complexity of Dmax{1, . . . , 4}. For
OITNN, the Fourier transform, inverse Fourier transform, and the SVDs of four
unfoldings Y[n] dominate the complexity of each iteration. The Fourier transform
of unfoldings Y[n] for n ∈ {1, . . . ,4} results in the complexity of O(Dlog(D)),

and their SVD results in the complexity of O(D(
∑4
n=1 n)). Finally, the wavelet

decomposition has a complexity of O(Dlog(4)) due to the 1D Fourier transform

Table 6.2: The mean and the standard deviation of the DCEUS features
after the signal is denoised by Wavelet, SVD, MLSVD, GTE al-
gorithms.

MFR-κ MFR-μ MFR-RMSE CD-D CD-v SA-MI SA-r SA-ρ VE-CEv VE-Ev
Noisy Malignant 0.15, σ = 0.06 25.99, σ = 15.51 9.11, σ = 2.58 0.05, σ = 0.05 0.28, σ = 0.20 1.19, σ = 0.18 0.45, σ = 0.13 0.76, σ = 0.14 2.00, σ = 0.57 2.92, σ = 0.92

Benign 0.13, σ = 0.09 42.13, σ = 18.83 7.78, σ = 2.87 0.01, σ = 0.02 0.09, σ = 0.11 0.83, σ = 0.48 0.31, σ = 0.19 0.51, σ = 0.30 1.32, σ = 0.39 1.85, σ = 0.60
tr-MLSVD Malignant 0.15, σ = 0.06 28.66, σ = 15.42 5.17, σ = 2.88 0.07, σ = 0.08 0.34, σ = 0.26 1.56, σ = 0.38 0.80, σ = 0.19 0.96, σ = 0.06 2.24, σ = 0.67 3.27, σ = 1.06

Benign 0.13, σ = 0.09 44.83, σ = 18.77 4.79, σ = 2.88 0.02, σ = 0.03 0.10, σ = 0.13 0.92, σ = 0.56 0.58, σ = 0.28 0.85, σ = 0.18 1.37, σ = 0.51 1.93, σ = 0.75
GTE Malignant 0.15, σ = 0.07 29.08, σ = 15.94 5.00, σ = 4.77 0.08, σ = 0.10 0.33, σ = 0.26 1.69, σ = 0.40 0.87, σ = 0.14 0.98, σ = 0.06 2.22, σ = 0.68 3.23, σ = 1.07

Benign 0.13, σ = 0.32 45.65, σ = 19.93 4.09, σ = 2.91 0.02, σ = 0.04 0.10, σ = 0.14 0.99, σ = 0.67 0.62, σ = 0.35 0.75, σ = 0.37 1.38, σ = 0.56 1.96, σ = 0.83
OITNN Malignant 0.15, σ = 0.07 33.83, σ = 16.02 4.33, σ = 2.69 0.08, σ = 0.09 0.35, σ = 0.29 1.92, σ = 0.40 0.91, σ = 0.07 0.99, σ = 0.02 2.07, σ = 0.76 3.08, σ = 1.18

Benign 0.13, σ = 0.35 48.78, σ = 18.86 3.83, σ = 2.67 0.02, σ = 0.04 0.10, σ = 0.14 1.21, σ = 0.72 0.73, σ = 0.30 0.84, σ = 0.27 1.25, σ = 0.54 1.80, σ = 0.82
SVD Malignant 0.16, σ = 0.07 30.05, σ = 16.03 4.55, σ = 2.99 0.07, σ = 0.08 0.33, σ = 0.25 1.65, σ = 0.35 0.86, σ = 0.14 0.98, σ = 0.03 2.25, σ = 0.65 3.26, σ = 1.04

Benign 0.13, σ = 0.09 45.69, σ = 18.67 4.13, σ = 3.00 0.02, σ = 0.03 0.10, σ = 0.14 0.99, σ = 0.62 0.62, σ = 0.32 0.88, σ = 0.20 1.40, σ = 0.53 1.96, σ = 0.77
Wavelet Malignant 0.15, σ = 0.07 31.32, σ = 16.45 5.77, σ = 2.71 0.05, σ = 0.06 0.28, σ = 0.21 1.33, σ = 0.25 0.64, σ = 0.18 0.93, σ = 0.06 2.04, σ = 0.61 2.96, σ = 0.97

Benign 0.13, σ = 0.09 46.83, σ = 18.63 5.10, σ = 2.77 0.02, σ = 0.03 0.09, σ = 0.11 0.89, σ = 0.55 0.50, σ = 0.29 0.77, σ = 0.24 1.32, σ = 0.43 1.84, σ = 0.65
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Table 6.3: The voxel-based ROC-AUC metric is calculated for each denois-
ing method when a single feature classifier is used across 94
patients. The threshold is selected such that the highest AUC
is achieved.

Noisy tr-MLSVD GTE OITNN SVD Wavelet
MFR-κ 0.587 0.638 0.628 0.649 0.628 0.617
MFR-μ 0.761 0.767 0.765 0.749 0.761 0.752
CD-D 0.771 0.788 0.781 0.793 0.780 0.777
CD-v 0.832 0.837 0.819 0.826 0.828 0.829
SA-MI 0.728 0.827 0.803 0.798 0.824 0.744
SA-r 0.717 0.756 0.765 0.721 0.779 0.626
SA-ρ 0.774 0.801 0.783 0.805 0.782 0.752
VE-CEv 0.828 0.840 0.822 0.797 0.834 0.825
VE-Ev 0.831 0.842 0.822 0.803 0.836 0.827

of D/4 voxels with 4 samples.
Avoiding the Kronecker products, which are described in Section 6.2.2, made it

possible for the GTE method to be run with less random access memory (RAM).
Assume the calculation of the derivative with respect to the first-factor matrix
∂F

∂U(1)
. Calculation of the Kronecker product given in (6.28) creates (U(4) ⊗U(3)

⊗ U(2)) ∈ R2 3 4×R2R3R4 . For DCEUS acquisitions of size 100 × 80 × 100 × 120,
and ranks of 30 × 20 × 30 × 8, the resulting matrix is of size 960000 × 4800,
creating 34.3 GB of data. On the other hand, consecutive mode-n multiplication
in each mode, that is, ∂F

∂L ×2 (U
(2))T×3 (U(3))T×4 (U(4))T reduces the size to 100×

20 × 30 × 8. The mode-1 unfolding of the resulting tensor is of size 100 × 4800,
creating 0.00384 GB of data.

Table 6.4: The computational time of running the denoising methods and
the memory required to save 94 patient recordings, along with
theoretical computational complexities. The total total itera-
tions of GTE and OITNN are set to K.

Computation
Time Memory Computational Complexity

tr-MLSVD 8.3 h 840 MB O
�

D(
∑4
n=1 n)

�

GTE 17 h 840 MB O
�

KDmax{1, . . . , 4}
�

OITNN 42 h 24.94 GB
O
�

K(Dlog(D)+

D(
∑4
n=1 n))

�

SVD 7 h 2.87 GB O
�

D4
�

Wavelet 9.5 h 68 GB O
�

Dlog(4)
�
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6.5. DISCUSSION
We introduced two tensor-based algorithms for denoising DCEUS data that incor-
porate two approaches to model the Fisher-tippet speckle noise. The GTE algo-
rithm models low-rankness in the mode-n unfoldings and uses the log-likelihood
to reduce noise. On the other hand, the OITNN algorithm considers low-rankness
in the mode-(n, n + 1) unfoldings and models the speckle noise as WGN and
sparse outliers. In this section, we discuss the results and propose research di-
rections for the future.

Inspired by the success of the application of SVD [93] for denoising DCEUS
data, we extended the idea of low-rank approximation for denoising DCEUS data
to high orders. Previously, we introduced the tr-MLSVD algorithm in [1] [2] and
showed an improved performance of prostate cancer classification. The tr-MLSVD
algorithm is more suitable for denoising WGN but not for speckle noise. This in-
troduces artifacts that can be seen in the phantom slice depicted at the early
appearance time of tr-MLSVD in Fig. 6.3. The speckles around the phantom at
tr-MLSVD and the noisy recording do not exist in GTE and OITNN. We believe this
can aid the visualization of bubble movement. Furthermore, in the simulation
given in Fig. 6.4, we observed that OITNN and GTE perform better than tr-MLSVD
for denoising speckle noise in nearly all cases. This justifies the benefit of incor-
porating the prior distribution and the assumption regarding the orthogonality of
the factor matrices.

On the other hand, improved performance was not observed for the in-vivo
classification. We made several assumptions that might affect the performance.
Noise is assumed to be independent between voxels. We deconvolved the record-
ing with a Wiener filter such that a resolution of 0.8 mm is obtained as proposed
in [65]. We sampled the recording with a voxel size of 0.75 mm. Since each voxel
is comparable to the resolution of the system, we assumed that the assumption
of independence holds. There can be other factors, such as the movement of
the probe, that can violate the independence. Without independence, the proba-
bility density function of Fisher-Tippett noise given in (6.12) cannot be multiplied
across different elements of M. This implies that the statistical model becomes
invalid, potentially detecting spurious structures and increasing the estimation
error.

A reason for the inferior performance of the GTE algorithm could be the mis-
match of the assumed noise characteristics. The DCEUS acquisitions suffer from
various noise types such as clutter, shadowing, ring-comet, reflection, refrac-
tion, and reverberation artifacts [141]. The GTE algorithm aimed to remove the
speckle noise with the assumption of the Fisher-Tippett noise. At lower bub-
ble concentrations, this assumption is known to be invalid, as reported in [58].
Furthermore, distributions such as Gamma [126] or Nakagami [142] have been
reported to be a better choice for describing the speckle statistics. Incorporat-
ing such a model could improve the results. On the other hand, OITNN assumes
that the Fisher-Tippett noise can be modeled as WGN with sparse outliers. The
aforementioned artifacts might violate this assumption. However, the two reg-
ularization parameters γL and γO allow a direction of future work where each
parameter can be tweaked for the removal of different artifacts. The reduced
performance of the wavelet-based denoising could be due to the reduced tem-
poral frequency. The results in the literature have been reported for 25 frames/s,
whereas the 4D DCEUS acquisitions provide 1 frame/s. The assumption that the



6

96 6. Speckle Denoising of Dynamic Contrast-Enhanced Ultrasound: a
Comparison of Noise Models and Algorithms

noise and the signal have separate subspaces in the wavelet domain might fail
for such temporal frequencies.

The new model fitting algorithm described in Appendix 6.8.1 is found to be
fairly robust to noise. As supported by Fig. 6.6 and Table 6.2, the model fitting
algorithm gave similar features for all the denoised signals. This is further sup-
ported by the close performance of the model fit features in Table 6.3. When
the noisy data is used to extract the model fit features, the performance of the
voxel-based classifier is found to be similar to the features extracted from the
denoised signals. In the literature, various fitting algorithms were compared for
model fitting, such as the maximum likelihood and non-linear least squares [58].
In this chapter, we used an ADAM optimizer for faster processing with the re-
laxation proposed in Appendix 6.8.1. This could explain the closeness between
the noisy and the denoised model fitting features. A significant increase in the
similarity metrics (SA-ρ, SA-r, SA-MI) can be observed in Table 6.2 after the low-
rank decompositions. This is expected since the low-rank decompositions explain
the data using the components that describe the majority of the variance. Us-
ing a few components results in mostly similar TICs. This is especially observed
in malignant regions. Finally, only temporal correlation SA-r gave better classi-
fication performance compared to tensor approaches. In SVD, low-rankness is
considered only in the fourth unfolding. In such a spatiotemporal matrix, tempo-
ral information gets smoothened out, resulting in similar TIC appearance times
across the whole DCEUS acquisition. Hence, the temporal correlation SA-ρ is per-
forming worse for SVD, and the spectral correlation SA-r, which only considers
the frequency content, performs better.

In our study, we have used the same LOGIQ E10 and the probe in both Ams-
terdam University Medical Center and the Netherlands Cancer Institute. All the
machine settings were fixed, and the outcome of the single feature classification
was consistent across both datasets. We have not included a study regarding
the generalizability of the proposed algorithms in diverse clinical settings. The
generalizability of the proposed tensor-based techniques is dependent on several
parameters, such as the variability in equipment settings, patient demographics,
and disease presentations. We selected the low-rank-related γL and the sparsity-
related γO hyperparameters defined in Section 6.2.3, as well as the rank-related
parameter ρ defined in Section 5 using phantom studies. We recommend a study
that explores variability between different machines, which can shed light on
good parameter settings for all future users. An analysis of model-fitting perfor-
mance, such as the one given in Fig. 6.3, can be conducted. If a phantom study
is not available, we recommend an analysis of model fitting or the classification
performance on a subset of the patient data. Equipment settings can be incor-
porated into the classifier so that the classifier can utilize the variability between
different devices and settings.

The preprocessing steps, such as subtracting the median of the first few sec-
onds and the varying step size in optimization algorithms, are still applicable to
all DCEUS equipment. This is due to the similarity of protocols regarding DCEUS
imaging [143]. The gain is increased such that the background noise is observed
without microbubbles, and the intravenous injection is done after starting the
imaging sequence. Therefore, the first few frames are expected to represent the
gain of the system, which can be subsequently subtracted from the TICs. The
subtraction of the gain helps the algorithm focus on learning relative changes
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related to microbubbles rather than an arbitrary baseline. The algorithm be-
comes more stable, and faster convergence is achieved. Similarly, the varying
step size η given in Algorithm 4 increases the convergence speed and improves
the robustness. If the tensor unfoldings are well-conditioned, the algorithms will
converge faster with a high step size. On the contrary, if the tensor unfoldings
are ill-conditioned, a smaller step size is required to aid the convergence. In this
chapter, convergence is achieved for all the patient recordings. However, GTE is
a non-convex algorithm, and the convergence is dependent on several factors,
such as the amplitude of the noise, the condition number of the tensor unfold-
ings, and the regularity condition [132]. The OITNN is a convex algorithm with
theoretical convergence guarantees [30]. We selected the stopping condition of
the iterative algorithms as ε = 0.1 given in (6.19). A lower stopping condition
will improve the denoising performance while increasing the convergence time.

The patient demographics can affect the performance of the classification.
Commonly, the maximum imaging depth is selected on the ultrasound device
to cover all possible sizes of prostates. The patient age in our study ranged from
60 to 87. An interesting research direction can be to investigate the effect of age
on the extracted DCEUS features. Additionally, the disease presentation might
affect the low-rank assumption. Several factors signify prostate cancer’s signif-
icance: the tumor size, Gleason score (or grade), and extracapsular extension
[144]. Tumors require an increased supply of oxygen and nutrients beyond 1− 2
mm in diameter [116]. Clinically significant prostate cancer are tumors with at
least size 0.5 cm3 [144] and a grade of 3+4 or higher. Subsequently, we selected
tumor samples with at least a grade of 3 + 4 Gleason score. We considered re-
gions that are 2 mm in diameter, accounting for the system’s spatial resolution
as described in Section 6.3.3, since the main focus of this chapter was voxel-
based classification. We propose a future study to analyze the effect of different
Gleason scores and tumor sizes on the classification results. We expect the large
regions to be identified more easily using low-rank tensor decomposition meth-
ods compared to early-stage tumors. This is due to their relative contribution
to explaining the full DCEUS tensor. Regions that are small and have different
TICs compared to the majority of the regions are expected to be captured in the
smaller singular values. The signal subspace is assumed to be in the highest
singular values in all the tensor-based denoising algorithms. Therefore, regions
with low spatial structure and low temporal power will be ignored. Experimental
validation of this hypothesis was not conducted, and we leave the comparison
between the early-stage and significant prostate cancer classification as future
work. Such a research direction requires annotations of malignant regions with
different Gleason scores, the consideration of tumors with sizes varying between
2 − 25 mm in diameter, and the inclusion of cases with extracapsular extension
of the tumor. A possible research direction is to apply the aforementioned de-
noising techniques to subsets of the data rather than the full tensor so that the
lower-grade or smaller tumor can be identified. Spatially, the input tensor can
be divided into blocks, and the denoising can be applied to their time evolution.
An analysis of the low-rank and sparsity-related hyperparameters, the selection
of the ranks, and the effect of the block size on the classification results are
recommended.

We calculated the DCEUS features by transforming the low-rank tensor back to
the original size. Instead, the low-rank format could be kept for calculating the
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features without forming the tensor. This will further relax the RAM requirements
and speed up the feature calculation time. In addition, low-rank decomposition
allows the estimation of possibly missing or corrupted temporal frames [145].

6.6. CONCLUSION
In this chapter, we investigate low-rank tensor decomposition-based denoising
of dynamic contrast-enhanced ultrasound data. Besides the use of MLSVD, we
introduced a low-rank denoising algorithm suitable for Rayleigh-shaped multi-
plicative noise based on a gradient descent algorithm and a low-rank denoising
algorithm based on the OITNN framework. The proposed algorithms perform
better than the truncated MLSVD in the simulation. In the in-vivo recordings, the
same improvement was not observed for distinguishing benign and malignant
voxels. However, low-rank tensor-based denoising using MLSVD outperformed
other state-of-the-art approaches. In addition, the tr-MLSVD resulted in the best
compression of the DCEUS acquisitions with a factor of 80. Although the addi-
tion of the noise distribution aids the visualization of DCEUS acquisitions, we did
not find any improvement in the classification of prostate cancer. Considering
these aspects and the added processing time of the GTE and OITNN methods,
we believe approximating the noise as WGN, i.e., the use of tr-MLSVD is the best
approach for denoising and compressing DCEUS acquisitions.
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6.7. CHAPTER SUMMARY
In this chapter, we investigated the convex optimization OITNN-O, which was
found to be suitable for low SNR scenarios in Chapter 4. Furthermore, a non-
convex tensor-based denoising algorithm that used the log-likelihood of the Fisher-
Tippett distribution in the low multilinear rank approximation was introduced.
Five out of nine prostate cancer markers introduced in Chapter 3 gave the best
ROC-AUC metric when tr-MLSVD introduced in Chapter 5 was used. Incorporating
the added processing times, we found out that tr-MLSVD was the best option for
denoising DCEUS acquisitions.

The tr-MLSVD is more suitable for WGN. The lower bounds of estimating tr-
MLSVD are not known. In Chapter 7, we investigate such a theoretical bound by
calculating the constrained Cramér-Rao bound using the components that make
up an MLSVD with additive WGN. We aim to examine if such cases naturally
occur in DCEUS sequences and the bound can be used to compare various tensor
decomposition algorithms.
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6.8. APPENDIX
6.8.1. RELAXATION OF THE MODEL FITTING WITH EXPONENTIAL

LINEAR UNIT (ELU) FUNCTION
The model-fitting is the most time-consuming DCEUS feature, as described in
Section 6.3.3. Here, we describe the relaxation of the model fitting through the
ELU function, which resulted in faster convergence. The modified local density
random walk [55] was described as

l1 2 3 (4) = 
(1) ln

�

α

√

√

√

κ

2π(4 − t0)
exp

�

−
κ(4 − t0 − μ)2

2(4 − t0)

�

+ 1
�

. (6.24)

where (1) is the dynamic range-related scaling parameter given in (6.4), κ is the
local dispersion-related parameter independent of the injection site’s distance, μ
is the convective time, and the t0 is the injection time, α is the area under the
time intensity curve. Using the ELU function, we can approximate the modified
local density walk model as

l1 2 3 (4) ≈ ELU
�

θ1 −
1

2
(1) ln(4 − t0) −

θ2(4 − θ3)

2(4 − t0)

�

, (6.25)

with

ELU() =

(

 , if  > 0 ,

e − 1 , if  ≤ 0 ,
(6.26)

and

θ1 = (1) lnα +
(1)

2
ln
� κ

2π

�

,

θ2 = (1)κ ,
θ3 = μ + t0 .

(6.27)

The model is fitted starting from the appearance time, which is estimated sepa-
rately.

6.8.2. MODIfiCATION OF THE DERIVATIVES OF GTE
The derivative of the loss function in (6.8) with respect to the first factor matrix
∂F

∂U(1)
is described in [132] as

∂F

∂U(1)
=
�

∂F

∂L

�

(1)

�

U(4) ⊗U(3) ⊗U(2)
�

S⊤(1)

+  U(1)
�

�

U(1)
�⊤
U(1) −b2 

�

.

(6.28)

We describe the modification of the derivatives on the first-factor matrix, which
can be applied to the other factor matrices by changing the unfoldings.
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Proposition 6.8.1. The Kronecker products given in (6.28) can be avoided by
rewriting it as

∂F

∂U(1)
=
� ∂F

∂L
×2

�

U(2)
�⊤
×3

�

U(3)
�⊤
×4

�

U(4)
�⊤ �

(1)

�

S(1)
�⊤

+  U(1)
�

�

U(1)
�⊤
U(1) −b2 

�

.

(6.29)

Proof. Using the relation [14] between
�

S×1U(1) ×2U(2) ×3U(3) ×4U(4)
�

(n)
, (6.30)

and
U(n) S(n)

�

U(4) ⊗ · · · ⊗ U(n+1) ⊗U(n−1) ⊗ · · · ⊗ U(1)
�⊤

, (6.31)

the equality between the equations (6.28) and (6.29) can be proven. This can be
shown by

� ∂F

∂L
×2

�

U(2)
�⊤
×3

�

U(3)
�⊤
×4

�

U(4)
�⊤ �

(1)

=
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×1  ×2

�

U(2)
�⊤
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�

U(3)
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×4

�

U(4)
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(1)

=
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∂L

�

(1)

�

U(4) ⊗U(3) ⊗U(2)
�

.

(6.32)

In a similar fashion, the derivative of the loss function with respect to the other
factor matrices can be shown.
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CONSTRAINED CRAMÉR-RAO

BOUND OF MULTILINEAR
SINGULAR VALUE
DECOMPOSITION

We investigated the MLSVD framework and t-SVD framework for denoising
DCEUS acquisitions. For high SNR simulation scenarios, we found that tr-MLSVD
gave the best performance in Chapter 4. In Chapters 5 and 6, we investigated
the performance of tr-MLSVD for denoising DCEUS acquisitions. In this chapter,
we continue with a theoretical analysis of estimating the components that make
up an MLSVD. We calculate the constrained Cramér-Rao bound to further ana-
lyze the limitations of denoising. This chapter aims to answer the third research
question.

7.1. INTRODUCTION

T he analysis of tensors has been an active area of research, ranging from
machine learning [146], biomedical signal processing [147] to large-scale op-

timization and data compression [7]. In many applications, the data tensor ex-
hibits low-rank characteristics and is frequently contaminated by noise [15]. In
this chapter, we consider the problem of estimating the components that make
up a low multilinear rank tensor from noisy measurements.

There is not one single generalization of matrix rank to tensors. Many def-
initions of rank that coincide for matrices lead to different notions of rank for
tensors. For example, the rank related to the canonical polyadic decomposition
(CPD) is the smallest number of rank-one tensors that sum up to tensor T, similar
to the smallest number of rank-one matrices that sum up to a matrix. Border rank

This chapter is based on the article “Constrained Cramér-Rao Bound of Higher-order Sin-
gular Value Decomposition” by M. Calis, R.T.Rajan, M.Mischi, A. van der Veen, B. Hunyadi,
IEEE Open Journal of Signal Processing (IEEE-OJSP), 2025
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generalizes the description of the set of ranks less than or equal to R matrices as
an algebraic variety [148]. Different matricizations of a tensor T will lower bound
the tensor rank, such as grouping the first and the last two modes of a 4th-order
tensor or the Koszul-Young flattenings [149]. The N different matricizations for an
Nth-order tensor, commonly known as the mode-n unfoldings, can be considered
as a generalization of modal ranks, i.e., the column and row rank of a matrix. The
multilinear rank of a tensor is then an N-tuple with elements defined by the rank
of each mode-n unfolding [13]. We focus on such low multilinear rank tensors,
the root of which can be traced back to the Tucker decomposition [150].

Any tensor can be expressed as the product of a core tensor and a set of factor
matrices, which together constitute the Tucker decomposition [150]. This de-
composition is not unique in its unconstrained form: the factor matrices can be
right-multiplied by any invertible matrix, provided the core tensor is adjusted ac-
cordingly, i.e., multiplied by their inverse, to yield the same reconstructed tensor.
To resolve this ambiguity, the authors in [13] proposed the multilinear singular
value decomposition (MLSVD) by introducing structural constraints, specifically,
the all-orthogonality of the core tensor and the orthonormality of the factor ma-
trices. The factor matrices are obtained by applying the singular value decom-
position (SVD) to each mode-n unfolding of the tensor, taking the left singular
vectors as the factor matrices. The all-orthogonal core tensor is then computed
by multiplying the tensor with the transposes of the factor matrices along the
corresponding modes. When the singular values in each mode-n unfolding are
distinct and ordered, the MLSVD of a real-valued tensor is unique up to a sign
ambiguity [13].

According to the Eckart-Young theorem [21], the best low-rank approximation
of a matrix can be obtained through the truncated SVD if we consider the Frobe-
nius norm on the residual error. An analogous extension to the higher-order case
is not possible for MLSVD. The truncated multilinear singular value decompo-
sition (tr-MLSVD) does not guarantee the best (R1, R2, . . . , RN) multilinear rank
approximation of a tensor for both noisy and noiseless cases [19]. Higher-order
orthogonal iteration (HOOI) improves the estimation by alternating updates of
the factor matrices. Note that in both the matrix and the tensor case, noise can
perturb the singular values, singular vectors, and the MLSVD factors, respec-
tively [151][152]. An important question remains: How well can any unbiased
estimator recover the components of the true MLSVD components?

The Cramér-Rao bound (CRB) [153] is a statistical tool to study the perfor-
mance of an unbiased estimator. Under certain regularity conditions, the CRB
provides a lower bound on the asymptotic performance of locally unbiased esti-
mators. In the presence of additional constraints, the authors in [154] introduced
the constrained Cramér-Rao bound (CCRB) that lower bounds the error covari-
ance for constrained, unbiased estimators when the unconstrained model has a
nonsingular Fisher information matrix (FIM). This is further generalized in [155],
where the authors introduced the CCRB without assuming a full rank FIM [156].
By incorporating the constraints and assumptions that create a unique MLSVD,
we aim to calculate a lower bound for estimating the noiseless factor matrices
and the all-orthogonal core tensor.

The CRB is calculated for a CPD in [157] and further explored in [146]. In [158],
the CCRB of a coupled CPD is calculated. In [159], the CCRB of the delayed
exponential fitting problem using MLSVD is explored. In this chapter, we present



7.2. Tensor Notation and Preliminaries

7

103

the CCRB for the MLSVD of a real tensor under additive white Gaussian noise
(WGN). We assume the multilinear ranks are known and there is a unique MLSVD
decomposition. We compare our proposed bound with HOOI and tr-MLSVD, which
are well-suited for signals in the presence of WGN.

The layout of the chapter is as follows. In Section 7.2, tensor notation and ten-
sor preliminaries are introduced. In Section 7.3, the signal model is introduced,
and the problem is formulated. In Section 7.4 and Section 7.5, the CRB and the
CCRB are introduced. The supplementary material for calculating the bounds
can be found in the Appendix. In Section 7.6, we compare the CRB and CCRB
with HOOI and tr-MLSVD through simulation. Finally, we conclude the chapter in
Section 7.8.

7.2. TENSOR NOTATION AND PRELIMINARIES
The tensor preliminaries are explained in Chapter 2. We briefly introduce some
extra notations used in this chapter. The Kronecker delta δ1 2 is 1 when 1 = 2
and zero otherwise. We use selection matrices, permutation matrices, and matri-
ces that define indexing relations. E(n) ∈ RRn(Rn+1)/2×R

2
n and K(n) ∈ RRn(Rn−1)/2×R

2
n

for n ∈ {1, . . . , N} are binary-valued matrices. For n ∈ {1, . . . , N}, the products
E(n) vec(C(n)) and K(n) vec(C(n)) extract the lower triangle and the strict lower
triangle (excluding the diagonal) of C(n) ∈ RRn×Rn , respectively. Permutation ma-
trices P(n) ∈ RD×D for n ∈ {1, . . . , N} define a row-wise permutation between the
vectorizations of mode-n unfoldings and the vectorization of mode-1 unfolding,
where D =

∏N
n=1 n. An example is the permutation matrix P(2) that permutes the

vectorization of the mode-2 unfolding of Y, such that vectorization of the mode-
1 unfolding of Y is obtained, i.e. vec(Y(1)) = P(2) vec(Y(2)). The matrix P(2) can
be generated by first creating a square matrix of 0s of size D × D and assigning
p
(2)
1 2...N,2 1...N

= 1. As an example, we illustrate the structure of the permutation

matrix P(2) in Fig. 2.1 for a tensor M ∈ R2×2×2.
An entry in the tensor Y is placed in different rows or columns according to

the indexing rules of the mode-n unfolding and vectorization. We use the matrix
G(n;n,k;k) ∈ RD/n×D/k to define an indexing relation between the nth row of Y(n)
and kth row of Y(k) for n ∈ {1, . . . , N} and k ∈ {1, . . . , N}. Additionally, we use
G(n;n) ∈ RD/n×D to define the indexing relation between the elements of the nth
row of Y(n) and vec(Y). To achieve this, we introduce a new notation to describe a
grouping with stride, which is formulated as j1 . . . j−1j+1 . . . N = j+ 1+(2−1)1+
· · ·+ (j−1− 1)1 . . . j−2+ (j+1− 1)1 . . . j−1+ · · ·+ (N− 1)1 . . . j−1j+1 . . . N−1 for j ∈
{1, . . . , N}. For illustration, consider the matrix G(1;1,2;2) ∈ R2 3×1 3 that defines
an indexing correspondence between the 1th row of Y(1), and the 2th row of
Y(2). The element g1 2 3,2 1 3 is 1, if 123 = 213 for 1, 2 and 3 ∈ {1, . . . , 3}
and zero otherwise. This is generated by creating matrix of 0s of size G ∈ R2 3×1 3
and assigning g1 2 3,2 1 3 = 1. An example is G(1;2,2;3) which has 1 at indices that
are the same between the 2nd row of the mode-1 unfolding of a 3rd-order tensor
of size (3,3,3) and the 3rd row of the mode-2 unfolding of the same tensor and 0s
elsewhere. Note that 1 and 2 are fixed and 3 belongs to the set {1, . . . , 3}. The
matrix structure is illustrated in Fig. 7.1. Finally, G(n;n) ∈ RD/n×D can be created
by initializing a matrix of 0s and assigning gn 1...n−1 n+1...N,1...N = 1.
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Figure 7.1: The structure of the G(1;2,2;3) matrix for a tensor M ∈ R3×3×3.
G has 1 at indices that are the same between the 2nd row
of the mode-1 unfolding of M and the 3rd row of the mode-2
unfolding of the same tensor and 0s elsewhere.

7.3. PROBLEM FORMULATION
In this chapter, we aim to find the CCRB of the core tensor and the factor matrices
of a low multilinear rank tensor from a measurement model with additive noise,
which can be formulated by

Y = L +M , (7.1)

where L ∈ R1×···×N is a deterministic low multilinear rank tensor, andM ∈ R1×···×N
is assumed to be a zero-mean white Gaussian noise tensor where each entry is
independent and identically distributed with variance N (0, σ2). We introduced
the speckle noise in Chapter 3 as WGN with sparse outliers. For high SNR, the
benefit obtained from the addition of the sparsity constraint was minimal, as de-
scribed in Chapter 4. For tractability, we assume the noise is WGN and introduce
the bounds accordingly.

The low multilinear rank tensor can be written as

L = S×1U(1) · · · ×N U(N) , (7.2)

with orthonormal factor matrices U(n) ∈ Rn×Rn for n ∈ {1, . . . , N} and an all-
orthogonal core tensor S ∈ RR1×···×RN , where we assume that the ranks Rn are
known for n ∈ {1, . . . , N}.

We can now write the deterministic parameters of interest as θ ∈ RNθ

θ = [(vec(U(1)))T , . . . , (vec(U(N)))T , (vec(S))T ]T , (7.3)

where Nθ =
∑N
n=1 nRn +

∏N
n=1 Rn is the total size of the factor matrices and the

core tensor.
In the following sections, we introduce the CRB and calculate the CCRB of θ

(7.3) from the signal model (7.1), given the tensor structure (7.2).
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7.4. CRAMÉR-RAO BOUND
Let ƒ (Y;θ) be the likelihood of the observed data Y, given the model parameters
θ. The log-likelihood ln ƒ (Y;θ) can be written in N different ways. For each mode
n ∈ {1, . . . , N}, we have

ln ƒ (Y;θ) = −

 

N
∏

n=1
n

!

ln(σ
p

2π) −
1

2σ2




Y(n) − L(n)






2
F
, (7.4)

which is the logarithm of the multiplication of zero-mean Gaussian probability
distribution functions. We take the partial derivative of the log-likelihood with
respect to each element of (7.3) and create the FIM that is defined as

Ω(θ) = E
�

�∂ ln ƒ (Y;θ)

∂θ

��∂ ln ƒ (Y;θ)

∂θ

�T
�

, (7.5)

with size RNθ×Nθ .
The FIM is a matrix consisting of submatrices in the following form

Ω(θ) =













ΩU(1)U(1) . . . ΩU(1)U(N) ΩU(1) S
...

. . .
...

...
ΩT
U(1)U(N)

. . . ΩU(N)U(N) ΩU(N) S
ΩT
U(1) S

. . . ΩT
U(N) S

ΩSS













, (7.6)

where the submatrices divide the FIM according to the parts of θ. The FIM is
a symmetric matrix. Therefore, only the upper or lower triangle needs to be
calculated. The partial derivatives and the elements of the FIM are given in the
Appendix from (7.20)-(7.23).

The CRB is the trace of the inverse of the Fisher information matrix. Asymptot-
ically, the mean squared error (MSE) of any locally unbiased estimator is greater
than or equal to the CRB, i.e.,

E

�







θ̂ − θ









2

F

�

≥ Tr
�

Ω(θ)−1
�

, (7.7)

where θ̂ is an estimate of the true parameter vector θ. The FIM (7.6) is observed
to be typically singular, and hence the inverse does not exist. The trace of the
pseudo-inverse of the FIM is called the oracle bound (OB) [160], which can be
shown as

E

�







θ̂ − θ









2

F

�

≥ Tr
�

Ω(θ)†
�

, (7.8)

where θ̂ is an estimate of the true parameter vector θ. The OB cannot be
achieved without additional constraints [161]. Given additional constraints, e.g.,
the orthonormality of the factor matrices and the all-orthogonality of the core
tensor, respectively, a modified CRB can be obtained, i.e., the constrained Cramér-
Rao bound.
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7.5. CONSTRAINED CRAMÉR-RAO BOUND
We have two constraints on the unknown parameters θ. First, the factor matrices
are orthonormal, which can be expressed for n ∈ {1, . . . , N} as

E(n)vec(U(n)
T
U(n) − ) = 0 , (7.9)

which has Rn(Rn + 1)/2 independent equations. Second, the core tensor is all-
orthogonal. This condition implies that all off-diagonal elements of S(n) ST(n) for
n ∈ {1, . . . , N} are zero, that is,

K(n)vec(S(n) ST(n)) = 0 , (7.10)

which has Rn(Rn−1)/2 independent equations. Since both S(n) ST(n) and U(n)
T
U(n)

are symmetric matrices, we extract the strictly triangular and the triangular
parts, respectively, using the selection matrices. The selection matrices E(n)

and K(n) are introduced in Section 7.2. In total, there are Nc =
∑N
n=1(Rn(Rn +

1))/2 +
∑N
n=1(Rn(Rn − 1))/2 =

∑N
n=1 R

2
n

number of constraints. The constraints in
(7.9) and (7.10) can be stacked into a column vector c(θ) = 0 ∈ RNc .

The partial derivative of c(θ) with respect to the unknown θ yields

C(θ) =
∂c(θ)

∂θT
, (7.11)

where C(θ) ∈ RNc×Nθ . The matrix C(θ) consists of several submatrices in the
following form

C(θ) =

























CU(1) 0 0 0

0
. . . 0

...
0 0 CU(N) 0
0 0 0 CS(1)
0 0 0 CS(2) P

(2)

...
...

...
...

0 0 0 CS(N) P
(N)

























. (7.12)

The elements of the submatrices in (7.12) are described in (7.25) in the Ap-
pendix. The submatrix CU(n) ∈ R

Rn(Rn+1)/2×nRn is the partial derivative of (7.9)
with respect to (vec(U(n)))T for n ∈ {1, . . . , N}. Additionally, the submatrix CS(n) ∈

RRn(Rn−1)/2×
∏N

n=1 Rn is the partial derivative of (7.10) with respect to (vec(S(n)))T

for n ∈ {1, . . . , N}. The partial derivatives CS(n) are calculated in (7.26), however
the vec(S(n)) for n ∈ {2, . . . , N} are not consistent with the vec(S(1)) = vec(S).
Due to the indexing difference between the vectorization of the different unfold-
ings of S, we use the permutation matrices P(·).

Define V as an orthonormal basis for the null space of C(θ), which can be found
through SVD [14]. The CCRB [155] can then be calculated by

E

�







θ̂ − θ









2

F

�

≥ Tr
�

V
�

V⊤Ω(θ)V
�−1

V⊤
�

, (7.13)

where Ω(θ) is the Fisher information matrix defined in (7.5). The CCRB only exists
if Nc ≥ Nθ − rank(Ω(θ)) and the constraints are linearly independent, which are
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sufficient conditions for the inverse of VT Ω(θ)V to exist as the constrained FIM
then becomes full-rank. The matrix on the right-hand side in (7.13) becomes the
OB if V is a basis for the null space of the FIM in (7.8). With unknown parameters,
we do not know constraints that give such a V. Since OB has a larger parameter
space, including those provided in (7.9) and (7.10), the OB is less than or equal
to the CCRB [161], that is,

Tr
�

Ω(θ)†
�

≤ Tr
�

V
�

V⊤Ω(θ)V
�−1

V⊤
�

. (7.14)

7.6. SIMULATION
In this section, we analyze the performance of existing low multilinear rank tensor
estimation methods, tr-MLSVD [13] and HOOI [19], against the computed lower
bounds. We make sure that the simulated tensors have unique mode-n singular
values by following [162], where a tensor that satisfies the prescribed mode-
n singular values is generated. Let (n) represent the mode-n singular values
of L. Specifically, we select mode-n singular values that are separated by a
d ∈ {2,1,0.5,0.25} in each mode, that is,

(n)(n − 1, n − 1) − (n)(n, n) = d , (7.15)

for n ∈ {1, . . . , N} and n ∈ {2, . . . , n}. We investigate two scenarios. For both
scenarios, we fix the squared sum of the mode-n singular values to 200, that is,

Tr((n)(n)
T
) = Tr(S(n) S(n)T ) = 200 , (7.16)

for n ∈ {1, . . . , N} and generate equally spaced singular values according to the
desired multilinear ranks defined therein.

In the first scenario, the effect of the order on CCRB, OB, and MSE is observed.
We increase the order of the tensor from 4 to 7, without changing the rank or the
singular value distribution in each mode. The setup of Scenario 1 is summarized
in Table 7.1, and the mode-n singular values are plotted in Fig. 7.2. In the
second scenario, the effect of the distribution of the mode-n singular values on
CCRB, OB, and MSE is analyzed. Therefore, we fixed the multilinear ranks and
the order of the tensor, and changed the distance between each consecutive
mode-n singular values using d ∈ {2,1,0.5,0.25}.
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Figure 7.2: Mode-n singular values of the 4th-order tensors with multi-
linear rank (5,5,5,5) generated in Scenario 2 as described in
Section 7.6.

The CCRB and OB are calculated using (7.13) and (7.8) for an SNR range of
{0,5,10,15,20,25,30} dB. The following steps are taken to achieve a given
SNR. Each element of the noise tensor M is sampled from a normal distribution.
The scaling factor is then obtained by the ratio of the standard deviation of L to
the standard deviation M scaled by an SNR-related parameter, that is,

σ =
1

p

10SNR/10
·





L−L̄






F




M−M̄






F

, (7.17)

which is consecutively multiplied with each entry of M.
The CCRB and OB are compared with the estimates from HOOI [19] and tr-

MLSVD [13], which are averaged over 104 Monte Carlo simulations. The toler-
ance of HOOI is set to 10−6, the maximum iteration is set to 2000, and it is
initialized with the tr-MLSVD. The true ranks are used to truncate in tr-MLSVD.
Define the estimate of the true vector at the tth Monte Carlo iteration as θ̂

(t)
.

The mean squared error is calculated by

1

10000

10000
∑

t=1








θ̂
(t) − θ










2

F
(7.18)

for both estimators after fixing the sign ambiguity. We fix the sign ambiguity and
permutation ambiguity by using the Hungarian algorithm. The sign of the esti-
mated singular vector and the corresponding slice of the estimated core tensor
are flipped accordingly. We enforce all-orthogonality of the estimated core tensor
by applying an additional MLSVD decomposition and absorbing the rotation into
the estimated factor matrices.
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7.7. RESULTS
The results are plotted for the two scenarios in Fig. 7.3 and Fig. 7.4, respectively.
In Fig. 7.3, we investigated the effect of order on the MSE between the true pa-
rameter θ and θ̂ on four subplots. In addition, the OB and CCRB are shown in
each subplot. Starting from the left subplot, multilinear ranks (3,3,3,3,3,3,3),
(3,3,3,3,3,3), (3,3,3,3,3), and (3,3,3,3) are investigated, consecutively. In
each case, we fixed the gap between the modal singular values to d = 2. We
can observe that as the orders increase, the distance between the OB and the
CCRB decreases, and a tight connection between the estimates and the CCRB
is observed for all SNRs. As the order decreases, a deviation from the CCRB is
observed for both estimators, which can be seen in the right-most subplot of Fig.
7.3. The effect of the gap between the consecutive mode-n singular values on
the CCRB is shown using gaps from the set d ∈ {2,1,0.5,0.25} in Fig. 7.4. Start-
ing from the left, the gaps d ∈ {2,1,0.5,0.25} are represented, consecutively.
We fixed the multilinear ranks to (5,5,5,5) in all subplots. Similarly, the MSE
between the true parameter θ and θ̂ is plotted along with OB and CCRB. We see
that as the gaps decrease, a deviation of the MSE of estimates from the CCRB is
observed, and the distance between OB and the CCRB increases. Additionally,
when the gap between the modal singular values decreases, the estimators per-
form significantly better than CCRB for low SNRs. In high SNRs, the estimators
converge to CCRB.

We observed the rank of the constrained FIM to be equal to the dimension of
the manifold of Tucker tensors as provided in Theorem 3.6 in [163]. The rank of
the constrained FIM was always

Nθ − Nc =
N
∑

n=1
nRn +

N
∏

n=1
Rn −

N
∑

n=1
R2
n
, (7.19)

which confirms that (VT Ω(θ)V) is of full rank and the inverse exists.
We tabularized the summary of the two scenarios in Table 7.1 along with the

condition number of the constrained FIM (7.13) for the tensors that are gener-
ated. Increasing the tensor order leads to a reduction in the condition number,
indicating that the estimation problem becomes better conditioned. Similarly,
greater separation between consecutive mode-n singular values also results in a
lower condition number. In well-conditioned cases, such as those shown in the
leftmost subplots of Fig. 7.3 and Fig. 7.4, the CCRB approaches the oracle bound
(OB) closely.

7.8. DISCUSSION AND CONCLUSION
In this chapter, we introduced a lower bound on the mean-squared error of
the unbiased estimates of the components of MLSVD under additive WGN us-
ing CCRB. Asymptotically, for high SNRs and high Monte Carlo simulations, we
showed through simulation that the HOOI and tr-MLSVD converge fairly close to
the CCRB. In the non-asymptotic case, a deviation is observed from the CCRB.
The SNR in which the convergence occurs is dependent on the condition number
of (VT Ω(θ)V), which is shown in Table 7.1. If the condition number is high, both
estimators get close to the CCRB in higher SNRs. Such a case occurs when the
singular values of the true tensor are close to each other, and the order of the
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Table 7.1: Summary of the scenarios and the condition number of con-
strained FIM introduced in Section 7.6.

Multilinear
Ranks

Mode-n Singular
Value Separation

Condition Number
of (VT Ω(θ)V)

Scenario 1

(3,3,3,3,3,3,3) d = 2 2 · 103
(3,3,3,3,3,3) d = 2 3 · 103
(3,3,3,3,3) d = 2 4 · 103
(3,3,3,3) d = 2 6 · 103

Scenario 2

(5,5,5,5) d = 2 2 · 103
(5,5,5,5) d = 1 8 · 103
(5,5,5,5) d = 0.5 20 · 103
(5,5,5,5) d = 0.25 72 · 103

Figure 7.3: The CCRB, OB, and the MSE between the true parameters of
interest θ and θ̂ obtained by HOOI and tr-MLSVD for tensors
in Scenario 1, where the distribution between the mode-n sin-
gular values is fixed and the order is changed. The CCRB, OB,
and MSE are defined in (7.13), (7.7), and (7.18), respectively.
The setup of Scenario 1 is described in Table 7.1.

true tensor is low. For well-conditioned scenarios, the OB and CCRB get close to
each other, which suggests that the theoretical gain provided by any constraints
beyond those presented in (7.9) and (7.10) will be marginal.

We have observed that the MSE of the estimates can lie between CCRB and
OB in low SNRs if the condition number is high. This can be seen in Fig. 7.4.
Both tr-MLSVD and HOOI fail to hold the constraint (7.10) in the non-asymptotic
region. In the noisy setting, the off-diagonals of the truncated core tensor are not
zero. The lack of this restriction can explain their better performance compared
to CCRB in Fig. 7.4. The authors in [164] introduce the CCRB using Lehman-
unbiasedness, which is a weaker restriction than the unbiasedness definition in
[155], which might further improve the bound in the non-asymptotic region.
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Figure 7.4: The CCRB, OB, and the MSE between the true parameters of
interest θ and θ̂ obtained by HOOI and tr-MLSVD for tensors in
Scenario 2, where the order is fixed but the gap d between the
consecutive mode-n singular values is changed. The CCRB,
OB, and MSE are defined in (7.13), (7.7), and (7.18), respec-
tively. The setup of Scenario 2 is described in Table 7.1.

The two estimators that are used in this chapter do not enforce all-orthogonality
into the low-rank approximation. Note that although the MLSVD core is all-
orthogonal, the truncation step, which removes columns, rows, and fibers of
the core, may render the new tr-MLSVD core not all-orthogonal. Although we ap-
ply an additional MLSVD operation such that the tr-MLSVD core is all-orthogonal,
inherently, the estimators do not incorporate such a constraint. The HOOI esti-
mates L by minimizing ||Y− L ||2, with the constraint that L has a low multilinear
rank, which is the mean squared estimate of a low-rank approximation. Similar
to the tr-MLSVD, the all-orthogonality of the core tensor is not enforced during
estimation.

Additionally, the unbiasedness assumption of the CCRB is violated for both
HOOI and tr-MLSVD. When a matrix is perturbed, its eigenvectors and eigenval-
ues change, and the magnitude of this change depends on the noise power and
the spectral gap between the eigenvalues [165]. While classical perturbation
theory, such as in [166] and references therein, shows that subspace estimates
(e.g., eigenvectors) may be asymptotically unbiased under high SNR and well-
separated eigenvalues, this assumption does not always hold in finite-sample
scenarios. In particular, when eigenvalues are closely spaced or repeated, the
SVD becomes non-unique due to rotational ambiguity among the corresponding
eigenvectors.

In the multilinear case, although the mode-n unfoldings are processed inde-
pendently, the resulting components (factor matrices and the core tensor) are
assembled jointly. Therefore, noise-induced perturbations in each unfolding can
influence the overall decomposition and estimation accuracy. This effect is more
difficult to characterize analytically than in the matrix case and has been noted
in multilinear perturbation studies [152]. The right-most subplots of Fig. 7.3 and
Fig. 7.4 confirm this, showing that the MSE of the estimates can fall below the
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CCRB, which is indicative of estimator bias. For well-separated mode-n singular
values and high SNR scenarios, the estimates from tr-MLSVD and HOOI lie fairly
close to the CCRB, indicating an unbiased estimation regime. Thus, while asymp-
totic unbiasedness is theoretically valid under ideal conditions, in general, tensor
decomposition can often deviate from this assumption.

We propose additional directions for future work. The constrained and the un-
constrained FIM given in (7.13) and (7.6) can get fairly large with increasing ranks
and orders. We have not conducted a study to invert the matrices efficiently. Ma-
trix inversion lemma such as the one used in [146] can be used to invert the FIM
in a less expensive way. The CCRB is calculated assuming that the noise is WGN.
Only the log-likelihood in (7.20) depends on the noise type. Given that the unbi-
asedness and the regularity conditions hold, the constrained Cramér-Rao bound
can be calculated for other additive noise types. The subspace spanned by the
factor matrices is commonly used in signal processing applications [167][168].
If the subspaces are of interest, the intrinsic Cramér-Rao bound [169] can be
readily extended to a higher-order case.

Many low-rank tensor decomposition methods, such as HOOI [19] tr-MLSVD
[13], or algorithms based on optimization on manifolds [18] [163], provide the-
oretical upper bounds to the low-rank approximation problem. We introduced
the CCRB as an information-theoretic lower bound for the low multilinear rank
approximation problem. More significantly, we identify the condition number of
VT Ω(θ)V as a metric that explains how the locally unbiased estimators closely
approach the CCRB, particularly in non-asymptotic and high condition number
regimes. In such regions, the OB and CCRB are separated, suggesting that there
are constraints other than (7.9) and (7.10), which could yield a lower MSE. We
leave the investigation of more efficient or optimal estimation techniques as fu-
ture work.

7.9. CHAPTER SUMMARY
In high SNR scenarios, adding sparsity constraints did not significantly improve
the results of despeckling performance. Therefore, in this chapter, we introduced
a lower bound on the mean squared error of the unbiased estimates of the com-
ponents of MLSVD under additive WGN using CCRB. We found out that for well-
conditioned scenarios defined by the condition number of the constrained FIM
(7.13), the mean squared errors of tr-MLSVD and HOOI were explained by the
proposed lower bound. The problem became well conditioned if the mode-n sin-
gular values of the original tensor were significantly different from each other.

In the next chapter, we collect all the results from the previous chapters and
conclude the dissertation by answering the research questions. Finally, we pro-
vide future research directions.

7.10. APPENDIX
Let en ∈ Rn , ern ∈ RRn , and er1...rN ∈ R

∏N
n=1 Rn be the basis vectors that have 1

located at n, rn and r1 + · · ·+ (rN − 1)R1 . . . RN−1, respectively, and 0s elsewhere.
We can then write the partial derivative of ln ƒ (Y;θ) with respect to the elements
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of θ as

∂ ln ƒ (Y;θ)

∂U(n) (n, rn)
=
1

σ2
eT
n
(Y(n) − L(n))(U(N) ⊗ · · · ⊗ U(n+1) ⊗U(n−1) ⊗ · · · ⊗ U(1))ST(n) ern ,

∂ ln ƒ (Y;θ)

∂S (r1, . . . , rN)
=
1

σ2
eT
r1...rN

(U(N) ⊗ · · · ⊗ U(1))T (vec(Y) − vec(L)) .

(7.20)
The submatrices of the FIM in (7.6) are defined for n ∈ {1, . . . , N} as

ΩU(n)U(n)
�

nrn , nrn
�

=E
� ∂ ln ƒ (Y;θ)

∂U(n) (n, rn)

∂ ln ƒ (Y;θ)

∂U(n) (n, rn)

�

,

ΩU(n) S
�

nrn , r1 . . . rN
�

=E
� ∂ ln ƒ (Y;θ)

∂U(n) (n, rn)

∂ ln ƒ (Y;θ)

∂S (r1, . . . , rN)

�

,

ΩSS
�

r1 . . . rN , r1 . . . rN
�

=E
� ∂ ln ƒ (Y;θ)

∂S (r1, . . . , rN)

∂ ln ƒ (Y;θ)

∂S (r1, . . . , rN)

�

.

(7.21)

For the submatrices in the diagonal of the FIM in (7.6), we have the following
expressions after simplifications for n ∈ {1, . . . , N},

ΩU(n)U(n)
�

nrn , nrn
�

=
1

σ2
eT
rn
S(n) S

T
(n) ernδn n ,

ΩSS
�

r1 . . . rN , r1 . . . rN
�

=
1

σ2
δr1r1 . . . δrnrn .

(7.22)

For n ∈ {1, . . . , N}, k ∈ {1, . . . , N}, and k > n, we have the cross partial deriva-
tives of the factor matrices in the sub-diagonals of the FIM in (7.6) with the ele-
ments

ΩU(n)U(k)
�

nrn, krk
�

=
1

σ2
e⊤
rn
S(n)

�

U(N) ⊗ · · · ⊗ U(n+1) ⊗U(n−1) ⊗ · · · ⊗ U(1)
�⊤

G(n;n,k:k)
�

U(N) ⊗ · · · ⊗ U(k+1) ⊗U(k−1) ⊗ · · · ⊗ U(1)
�

S⊤(k) erk .

(7.23)
Additionally, we have the cross partial derivatives of factor matrices and the

core tensor of the FIM in (7.6) for n ∈ {1, . . . , N} as

ΩU(n) S
�

nrn, r1 . . . rN
�

=
1

σ2
e⊤
rn
S(n)

�

U(N) ⊗ · · · ⊗ U(n+1) ⊗U(n−1) ⊗ · · · ⊗ U(1)
�⊤

G(n;n)
�

U(N) ⊗ · · · ⊗ U(1)
�

er1...rN .
(7.24)

Finally, the partial derivatives of the constraints given in (7.12) with respect to
the factor matrices have the columns described with

CU(n)
�

:, nrn
�

= E(n)vec(U(n)
T
ene

T
rn
+ erne

T
n
U(n)) , (7.25)
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and the partial derivatives of the constraints given in (7.12) with respect to the
mode-n unfoldings of the core tensor have the columns described with

CS(n)
�

:, r1 . . . rn−1rn+1 . . . rN
�

=K(n)vec(S(n) er1...rn−1rn+1...rNe
T
rn

+ erne
T
r1...rn−1rn+1...rN

ST(n)) ,
(7.26)

for n ∈ {1, . . . , N}. The matrices E(n), K(n), P(·), and G(·,·) are described in Section
7.2.



8
CONCLUSION AND FUTURE

WORK
8.1. CONCLUSION

I n this dissertation, we investigated denoising contrast-enhanced ultrasound
sequences using low-rank tensor decomposition approaches, specifically those

that incorporate the orthonormality of the factor matrices. We modeled the 4th-
order DCEUS acquisitions as a low multilinear rank tensor or a low tubal rank
tensor and we denoised speckles. We investigated two frameworks, namely
the multilinear singular value decomposition and the t-SVD framework. Both
of these low-rank definitions, along with the tensor-related mathematical rela-
tions, are described in Chapter 2. We continued the background information in
Chapter 3, in which we gave a brief introduction to the formation of the dynamic
contrast-enhanced ultrasound acquisitions and explained the markers of prostate
cancer estimated by quantitative analysis of the acquisitions. These markers are
used further in the chapter as a way to assess the performance of the denois-
ing algorithms, with a special focus on the model fitting error before and after
denoising. Furthermore, we used a simple linear classifier per feature (prostate
cancer marker) to assess prostate cancer classification performance. The use of
a simple classifier was intentionally chosen to obtain a better assessment of the
denoising effects, which was independent of the classifier’s behavior. To this end,
we also kept the extraction of the features and preprocessing of DCEUS acqui-
sitions the same as the previous contrast ultrasound dispersion imaging studies
[55, 61, 69, 72, 84], and used a simple classifier to assess the distinguishability
of the malignant and benign voxels.

This work was motivated by the SVD-based decomposition of the DCEUS ac-
quisitions [93], where the data was flattened into a spatio-temporal matrix called
the Casorati matrix. This is, in fact, a mode-4 unfolding of DCEUS data, assum-
ing that the first three are the Cartesian domain and the last is the time axis. In
previous work for the extraction of DCEUS features, the authors employed a stan-
dard SVD filter, where they kept the highest few singular values and the singular
vectors and formed the denoised tensor. This was used as a filtering method that
led to improved TIC fitting. We postulated that spatiotemporal low-rankness is a
problem that must be tackled by considering all mode-n unfoldings of the tensor.
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Therefore, we modeled the DCEUS as a low multilinear rank tensor. Additionally,
DCEUS signals exhibit low-frequency content in space and time. We used the
t-SVD framework to utilize this information and modeled DCEUS signals as a low
tubal rank tensor. The success of the tensor despeckling algorithms lies in the
match between how well the modeled problem fits the reality. For that reason,
we started our research with a simulation-based chapter that investigated the
speckle noise characteristics, along with the low-rank definitions that we speci-
fied.

The log-transformed Rayleigh distribution becomes a Fisher-Tippett distribu-
tion. In [92], the authors approximated this distribution by modeling it as WGN
and sparse outliers. In Chapter 4, we investigated several optimization algo-
rithms that incorporate tensor multilinear rankness and tubal rankness for de-
noising additive WGN with sparse outliers. We relaxed the constraint regarding
the sparse outliers with the L1 norm, which is minimized through a proximity op-
erator. The tensor’s low multilinear rank and low tubal rank can be relaxed in sev-
eral different ways. We explained these convex relaxation methods and the prox-
imity operators in Chapter 2. In essence, it can be summarized into two different
methods. The first one is the sum of the nuclear norm (SNN), and the other is the
tensor nuclear norm (TNN). The former considers the low-rankness in the mode-n
unfoldings. Iteratively, we can apply soft thresholding to the singular values of
the SVD of the mode-n unfoldings. This proximity operator can be used to mini-
mize the objective function related to the SNN. The second is the tensor nuclear
norm, TNN, which is related to the t-SVD framework. Similarly, we can apply the
t-SVD operation and apply soft-thresholding to the singular values tensor. Such a
proximity operator can be used to minimize the objective function related to the
TNN. In this framework, low tubal rankness can be described through the tensor’s
low-rank frontal slices. This results in an orientation-dependent low-rankness.
We can permute the modes and reach a different tensor decomposition. In this
fashion, we can consider various permutations and apply the proximity operator
related to the TNN. We have investigated these optimization functions in Chapter
4 and found out that the orientation invariant nuclear norm method performs the
best in low SNR scenarios. This method considers four different permutations of
the modes of the original 4th-order DCEUS acquisitions. As the SNR increased,
methods that were suitable for WGN performed well. Although a statistically sig-
nificant improvement was observed by adding the sparsity constraint, the mean
squared error difference was found to be minimal, especially with the added time
cost. We only investigated these techniques through simulations. In the following
Chapters 5 and 6, we continued with an in-vivo study.

We started with multilinear singular value decomposition that flattens the DCEUS
acquisition in each mode and tackles each unfolding in Chapter 5. We explored
an information-theoretic rank estimation method and found that the robust rank
estimation techniques work better at estimating the ranks in a simulation study.
According to the estimated ranks, we truncated the MLSVD of DCEUS acquisi-
tions and recovered the denoised low multilinear rank signal that explains the
TICs. The tr-MLSVD is unsuitable for sparse signal denoising, i.e., when the noise
is additive and corrupted by outliers. MLSVD has a least squares cost function
and is better suited for denoising WGN. Although we have incorporated a robust
rank estimator, we have not incorporated such a technique into the optimization
problem. In the following chapters, we investigated this.
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There are a few ways to model the speckle noise. The most common model
is a Rayleigh-distributed random variable that is multiplicative. This assumption
holds well when there is a significant number of scatterers in one resolution cell.
In cases where there is not a significant number of scatterers, different distri-
butions, such as the Rician or Nakagami distribution, have been proposed for a
better description of the speckle noise. In this dissertation, we assumed that
there are enough scatterers, and the Rayleigh assumption of the speckle noise
holds. We introduced two algorithms that incorporate the prior distribution into
the tensor decomposition. This question initiated several research directions.
The first one was to incorporate the negative log-likelihood into the optimiza-
tion problem. If we add constraints regarding the estimated tensor being of low
multilinear rank, we reach the general tensor estimation framework, which is ex-
plained in Chapter 6. Such an approach incorporates the prior distribution of the
noise type into the low multilinear rank description. The problem is non-convex,
and we found several ways to reach a converging result. One technique was
to subtract the gain of the DCEUS acquisition, and the other was to use a vary-
ing step size, which was reduced whenever the optimization problem diverged.
Here, we use the step size to describe the step that we take toward the negative
of the gradient of the loss function in GTE introduced in Section 6.2.2. The other
research direction was relaxing the optimization problem into a convex problem.

In Chapter 6, we compared two approaches of incorporating the prior distri-
bution of the speckle noise into the low multilinear rank and low tubal rank ten-
sor decompositions and extended the analysis to a large patient cohort. These
approaches were GTE and OITNN, introduced in Section 6.2.2 and 6.2.3, respec-
tively. We first ran a simulation in a tensor recovery problem with varying mul-
tilinear ranks that imitate the situations that can occur in DCEUS acquisitions.
Namely, all modes were of low rank, modes had varying ranks, and all modes
had a slightly higher rank. In the simulation, we found out that most of the time,
OITNN resulted in the best denoising performance, followed by GTE and, lastly,
tr-MLSVD. Adding a prior distribution or its convex relaxation to the tensor re-
covery problem had a statistically significant benefit. We followed this analysis
with a phantom study and reported the model fitting root mean squared error
after denoising by various algorithms in the literature and the algorithms that we
introduced. We found out that both GTE and OITNN caused a better suppression
of speckle noise around the background of the phantom. This was visualized
through a figure that included the early appearance time, the peak time, and
the wash-out time of a phantom recording. In all the cases, only GTE and OITNN
were able to suppress the speckle artifacts around the phantom. Furthermore,
the one that gave the best model-fitting performance was OITNN. No statistically
significant result was observed between tr-MLSVD and GTE. Finally, we used an
in-vivo study introduced in Chapter 3. Dynamic contrast-enhanced ultrasound
recordings with varying degrees of prostate cancer were included. Most of the
features benefited from using a tensor-based denoising method. Three out of
nine features performed the best for OITNN, five out of nine performed the best
for tr-MLSVD, and one performed the best for a non-tensor-based technique. In
conclusion, tr-MLSVD with the highest ROC-AUC metric among 94 patients is the
algorithm that improved the prostate cancer diagnosis in the most efficient way
in terms of fastest calculation time and maximum compression power. This is
shown in Table 8.1. In this table, we summarize the results with regard to three
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algorithms that we proposed, namely tr-MLSVD, GTE, and OITNN. We include the
NME from the simulation section, MFR-RMSE from the in-vitro section, the calcu-
lation time, memory after compression, computational complexity of the algo-
rithms, and the average ROC-AUC metric from the in-vivo section of Chapter 6.
The average ROC-AUC metric is calculated by taking the mean of the ROC-AUC
of nine CUDI features from Section 6.4.3 for each method. Average NME from the
simulation section 6.4.1 is calculated similarly, where the mean over three ten-
sors is calculated. Tr-MLSVD compressed the approximately 80 GB patient data
into 840 MB, while increasing the average ROC-AUC compared to the methods
proposed in the literature, and GTE and OITNN. Furthermore, tr-MLSVD required
the least amount of computational time and complexity compared to GTE and
OITNN. On the other hand, we observed that OITNN had the least NME in the
simulation with a mean value of 0.0287, compared to 0.0376 of GTE and 0.0414
of tr-MLSVD. In addition, a small improvement in model fitting performance is
observed for OITNN with an MFR-RMSE value of 4.5 compared to 4.8 of tr-MLSVD
and GTE.

In Chapter 7, we examined the denoising performance of low multilinear rank
tensor decomposition methods for DCEUS data through the lens of statistical ef-
ficiency. By deriving the constrained Cramér-Rao bound (CCRB) under additive
white Gaussian noise, we established an asymptotic lower bound on the mean
squared error (MSE) of unbiased estimates of the MLSVD components. The ob-
tained theoretical insights are applicable to despeckling, although we did not
incorporate the Fisher-Tippett distribution explained in Chapter 3. Simulations
demonstrated that in high-SNR regimes and well-conditioned scenarios, charac-
terized by distinct mode-n singular values, high multilinear ranks and orders, the
MSE of practical algorithms such as HOOI and tr-MLSVD approached the CCRB,
confirming their asymptotic efficiency. However, in low-SNR or ill-conditioned
cases, these estimators deviated from the CCRB due to violations of unbiased-
ness and all-orthogonality constraints, as well as the non-uniqueness of the
modal singular vectors. The tr-MLSVD and HOOI performed better than CCRB
in these cases. Our findings indicate that the asymptotic lower bound on the
variance of the components that make up a multilinear rank tensor can only be
used in ideal conditions. In such cases, the potential improvement in MSE that
an unbiased estimator can offer for estimating the low multilinear rank tensor
components is minimal.

Table 8.1: Summary of quantitative and computational results.
Simulation In-Vitro In-Vivo

Method NME (avg ± std) MFR-RMSE Time Memory Computational Complexity ROC-AUC

tr-MLSVD 0.0414 ± 0.0008 4.8 ± 2.7 8.3 h 840 MB O
�

D
∑4
n=1 n

�

0.8117

GTE 0.0376 ± 0.0008 4.8 ± 2.8 17 h 840 MB O
�

KDmx{1, . . . , 4}
�

0.7911

OITNN 0.0287 ± 0.0032 4.5 ± 2.8 42 h 24.94 GB O
�

K(D logD + D
∑4
n=1 n)

�

0.7946

8.2. ANSWERS TO THE RESEARCH QUESTIONS
Let us revisit and answer the research questions that we posed in Chapter 1.

Q1: Under which signal-to-noise ratios can the speckle noise be modeled as
white Gaussian noise with sparse outliers?
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The speckle noise is modeled as Rayleigh distributed only when there are a
high number of scatterers in one resolution cell. This statement in itself requires
a fair amount of research, i.e., for example, what does high mean? Is it the
same when there are strong reflectors in one resolution cell and a high number
of scatterers? What happens in such a case? There is, in fact, a vast amount
of research that answers these questions. In [170], the conditions in which the
speckle noise is multiplicative are investigated. The authors apply a fundamen-
tal mode imaging scenario and claim that the multiplicative model fails when
the object contains fine details that cannot be resolved by the imaging system.
Chapter 7 of the PhD dissertation [86] describes various cases regarding speckle
noise. The authors analyze probability distributions in various cases: sums of
speckle patterns, speckle patterns plus a non-random phasor, and non-uniform
phase distributions. In all three cases, we have different probability distributions.
In this dissertation, we assumed a fully developed speckle pattern and assumed
that the speckle noise follows a Rayleigh distribution. We aim to answer this
research question by further constraining the domain of interest. Since this dis-
sertation aimed to apply tensor decomposition-based denoising techniques, we
answer the research question within this scope.

We simulated speckle denoising scenarios in Chapter 4 for varying SNRs and
applied multiple optimization algorithms that incorporate the tubal low-rankness
and the multilinear low-rankness. A range of values was swept for both regular-
ization parameters that control the low-rankness and the sparsity. We found out
that the addition of a sparsity constraint is significantly more critical for low SNR
scenarios, namely for SNRs less than 20 dB. OITNN, which utilizes various per-
mutations of the noisy tensor for denoising, gave the best-performing results in
simulations for low SNRs. In addition, in the phantom study, OITNN gave the best
model-fitting performance. In-vivo results show similarity when it comes to model
fitting results. OITNN performed the best for fitting the LDRW model as shown in
Chapter 6. Furthermore, three cancer markers out of nine showed an improved
performance for OITNN, while five out of nine cancer markers showed a better
performance for tr-MLSVD. This suggests that the addition of sparsity into the
optimization problem helped some of the cancer markers, while it degraded the
performance of others. Given that tr-MLSVD gave the best performance for the
majority of the cancer markers and that OITNN converges in 42 hours compared
to 8 hours for calculating the tr-MLSVD, we can conclude that using tr-MLSVD is
a better approach for denoising DCEUS acquisitions.

Another important aspect is the rank estimation. In Chapter 5, we estimated
the ranks using the SCORE [109] algorithm, which is tailored towards WGN with
sparse outliers. Although the tr-MLSVD does not incorporate a sparsity-related
element during optimization, the estimation of the ranks does. Once Akaike’s
information criteria or minimum description length were used instead of SCORE,
higher ranks were estimated, which caused degraded denoising performance.
Therefore, the addition of sparsity is important for the rank estimation of DCEUS
acquisitions.

Q2: Can we improve the prostate cancer classification performance using
tensor-based denoising techniques applied to DCEUS?

The t-SVD framework has an Eckhart-Young-like result using the new t-product
definition that we explained in Chapter 2. The truncation of the t-SVD decom-
position yields the best low-rank 3rd-order tensor on the Frobenius norm of the
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residual error. This is proven in [8]. However, the DCEUS acquisitions are 4th-
order. The extension of the t-SVD framework to 4th-order, as proposed in [9],
does not have the same proof. Therefore, to denoise DCEUS acquisitions, we
came up with several questions. What are the ranks that will be used for trunca-
tion? Which orientation yields the best performance? We defined an optimization
problem that included all the possible permutations that gave different t-SVD de-
compositions and soft thresholded the tubal singular values. In this fashion, we
created a result that was independent of the orientation of the modes. Addi-
tionally, we did not estimate the ranks. We created a regularization parameter
that soft-thresholded the singular values until the convergence was reached ac-
cording to the stopping criteria. With these techniques, we found in simulations
and in-vitro that the best performance with respect to a mean squared error was
t-SVD-related low-rankness, i.e., low tubal rankness. For the simulation, we had
a ground truth. Therefore, we used normalized error criteria for comparison. For
the in-vitro experiments, we did not have a ground truth. For that reason, we
used the model fitting performance as a criterion.

OITNN, which is based on the t-SVD framework, gave the best model fitting per-
formance in terms of root mean squared error. For prostate cancer classification,
the improved performance of OITNN was not seen for six out of the nine prostate
markers. Mostly, the tr-MLSVD gave the best-performing result. In such a setting,
we can claim that the low multilinear rank methods give the best classification
performance.

We want to discuss a few limitations of the study. Firstly, we used LOGIQ de-
vices in all our experiments. Due to the proprietary restrictions, we do not have
full control and knowledge over what happens before the image formation chain.
There are several preprocessing techniques, such as pulse inversion and coded
imaging, that are explained in Chapter 3. All the in-vivo results are tailored to-
wards this specific equipment and the firmware that is being used. We did not
conduct a study that compared different equipment. In such a case, the results
might change. Additionally, the rank estimation that we have analyzed is sen-
sitive to the number of data points. This can be seen in the difference between
the rank estimation-related hyperparameter difference between Chapter 5 and
6. In Chapter 5, the temporal frequency is 0.25 Hz, whereas in Chapter 6, the
temporal frequency is 1 Hz. The data size is increased by a factor of 4, and the
rank estimation-related hyperparameter is changed by a factor of 10. Such a tun-
ing needs to be done on a subset of data, which causes a problem in answering
this question. Within the scope of this dissertation, we claim that low multilinear
rankness is better suited for denoising DCEUS acquisitions for a better prostate
cancer classification.

Q3: Can a lower bound on the variance of locally unbiased estimators be
derived in the context of low multilinear rank tensor estimation?

In Chapter 7, we calculated a lower bound for estimating the components of
the MLSVD using a constrained Cramér-Rao bound for denoising WGN. We incor-
porated the constraints regarding the all-orthogonality of the core tensor and the
orthonormality of the factor matrices. We assumed the mode-n singular values
were distinct to achieve a unique MLSVD decomposition. As the mode-n singu-
lar values get close to each other, the constrained Cramér-Rao bound becomes
degenerate. This property was observed through the condition number of the
constrained FIM given in (7.13). The estimators, such as tr-MLSVD, did not suf-
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fer when the modal singular values were not unique. The MSE of the estimates
was found to be lower than the CCRB, suggesting a bias in the estimation. For
high multilinear ranks, high orders, and well-separated mode-n singular values,
the CCRB is a tight bound for common low multilinear rank approximation tech-
niques such as tr-MLSVD and HOOI. The performance of tr-MLSVD is satisfactory,
and the additional benefit of methods such as [18] is expected to be minimal.
In DCEUS acquisitions, the mode-n singular values can be arbitrarily close. The
CCRB is limited to cases where the mode-n singular values are well separated,
which is often not guaranteed in real data. We concluded that the CCRB should
only be used to compare the low multilinear rank approximation of DCEUS when
the mode-n singular values were distinct. On the contrary, the performance of
low multilinear rank tensor approximation algorithms did not degrade when the
mode-n singular values were close. For close modal singular values, the singular
vectors were not unique, although the corresponding subspaces were still well
defined (the factor matrix U(n) contains an arbitrary basis for the subspace in
mode-n). The FIM was based on a unique parametrization hence CCRB became
problematic even if the algorithms were fine. Therefore, the proposed low multi-
linear rank and low tubal rank tensor decompositions could be used for denoising
DCEUS independent of how the mode-n singular values of the DCEUS tensor were
distributed.

The answer to the third research question is that an asymptotic lower bound on
the variance of the estimates that make up a low multilinear rank tensor can be
calculated through CCRB only if the modal singular values are well-separated and
the tensor has high multilinear ranks and orders. Since we do not have control
over the modal singular values of a DCEUS acquisition, CCRB can not be used in
general to model its denoising performance.

8.3. FUTURE WORK
To conclude the dissertation, we propose several directions for future work.

8.3.1. LOW-RANKNESS FOR 4TH-ORDER TENSORS
In an informal way, the 3rd-order t-SVD framework considers low-rankness in the
frequency content of the signals in the 3rd mode, while incorporating correlations
in frontal slices. In such a fashion, the t-product that is defined in Chapter 2 is
the matrix multiplication between the respective frontal slices of two 3rd-order
tensors, where a 1D Fourier transform is applied to the 3rd mode of the tensors.
The reasoning behind choosing the Fourier transform is explained in [8]. In [10],
it is shown that any invertible transform can be applied to the 3rd mode. For
example, if the invertible transform is an identity matrix, we will have the matrix
multiplication of frontal slices. However, the selection of such a matrix does not
produce a sparse core tensor, which, in the end, does not produce a low-rank
description. Therefore, the authors in [8] select the Fourier transform matrix,
whereas the authors in [10] select a data-dependent unitary matrix as F(3) that
is obtained by the application of SVD to the mode-3 unfolding of the tensor and
selecting the left singular vectors. The selection of this matrix, again, results in
a sparse core tensor that can be further processed for a low-rank description.
The benefit of selecting such a matrix as the transform that is applied to the
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3rd mode is the data dependency. Once the Fourier transform is selected, we
assume that a sparse core tensor will be generated. In images and videos, this
is a valid assumption. Many real datasets are band-limited, i.e., they will have
more power in a range of frequencies, which can explain the majority of the data.
On the other hand, the selection of the unitary matrix forces the sparsity of the
core tensor due to the property of the SVD. The application of this approach to
DCEUS acquisitions is left for future work.

The t-SVD framework has optimal low-tubal rank approximation guarantees for
a 3rd-order tensor. This works well in applications such as video, where the first
two modes represent the 2nd-order images, and the 3rd mode is time. However,
a question remains regarding the DCEUS case. What happens if the first three
modes are the Cartesian domain, and the fourth mode is time? This is an open
question that has not been answered yet. It is an interesting research direction
and would be the proper way to approach the low-rank approximation of DCEUS
acquisitions. The strong suit of the tensor decompositions is that they are able to
keep the original format of the data intact. However, this statement is not true in
most cases. In multilinear singular value decomposition, the tensor is unfolded
into matrices, and SVD is applied. The variance in each mode is considered
through flattening the tensor. For this reason, the t-SVD framework provides an
interesting direction that aims to create multilinear algebraic descriptions that
define operations on tensors. The definition of an algebraic group for 4th-order
tensors is an interesting future work. We believe such an approach would im-
prove the denoising of DCEUS acquisitions.

8.3.2. TRUNCATION BASED ON TUBAL LOW-RANK
In this dissertation, we have observed that the truncated multilinear singular
value decomposition performs the best in denoising the DCEUS acquisitions.
Since tr-MLSVD has a closed-form solution, denoising can be performed quickly.
Four SVD operations of a 4th-order tensor are required. In this dissertation, we
have not considered the low tubal rank approximation based on truncated t-
SVD defined in Chapter 2 because in Chapter 4, we have found out that OITNN
performed better. However, OITNN is an iterative algorithm and requires more
computation time compared to calculating the closed-form truncated t-SVD. We
believe this is an interesting research direction for denoising DCEUS acquisitions.
Two questions need to be answered. The first one is which ranks should be used.
Similar to the tr-MLSVD case, where the ranks are estimated by the SCORE al-
gorithm, we can extend the analysis to t-SVD. We can order the singular values
and define the ranks by rank estimation algorithms such as information-theoretic
methods like Akaike’s information criteria [171] or Minimum description length
[127], or heuristic methods such as the Elbow method [172]. It might be the
case that, similar to tr-MLSVD, the estimated ranks might be high, or the data is
not suitable for such methods. Then, a rank estimation method that extends the
aforementioned methods to t-SVD can be considered. An example might be the
extension of the SCORE algorithm to t-SVD singular values.

To achieve the low tubal rank approximation, an orientation needs to be fixed.
Since t-SVD results in different decompositions for different orientations, we need
to consider which permutation of the modes works the best. The distribution of
the singular values, along with the denoising capabilities, should be tested. The
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resulting denoised signals can be transformed back to the original domain by
reversing the permutation.

In preparing Chapter 6, we investigated different tensorizations of the 4th-
order DCEUS acquisitions. Given that the t-SVD is always applied to the 3rd-
order, we can define a spatially invariant t-SVD framework. A nuclear norm
with the tensorizations, {1, 23, 4}, {2, 13, 4}, {3, 12, 4} can be used. Here,
{1, 23, 4} is used to denote the grouping of the 2nd-order and the 3rd-order of
the DCEUS acquisitions, and keeping the 1st-order and the 4th-order. Similarly,
the other groupings, {2, 13, 4} and {3, 12, 4}, can be described. The orien-
tation invariant tensor nuclear norm algorithm given in Chapter 4 can be applied
to the aforementioned tensorizations. This motivates the separation of time and
space, and consistently applies a 1D Fourier transform to the time mode. We
expect the frequency content of the UCA movement to be present in low fre-
quencies [74]. Therefore, the 1D Fourier transform applied in the time mode is
expected to sparsify the core tensor, and possibly provide a good low tubal rank
approximation. In our analysis, we observed smoother time evolutions. How-
ever, the prostate cancer classification performance did not improve. The reason
might be due to the limited grid search that we applied with the sparsity and low
tubal rankness parameter γL and γS, and the limited number of patients. We
leave the low tubal rank approximation that applies the Fourier transform to only
time, and the investigation of various tensorizations of the Cartesian domain, as
future work.

8.3.3. MODELLING THE RECIRCULATION
In DCEUS applications, commonly, the first pass is fitted [74][58][55] with a phar-
macokinetic model, such as the LDRW model. The rest of the information regard-
ing the TICs that correspond to the recirculation is then discarded. This is done
because the first pass of the bubbles gives a better representation of perfusion
dynamics. The recirculation information is problematic due to the different pas-
sages the bubbles might take before reaching the prostate and because of the
lower SNR. We propose that the recirculation of the bubbles can be formulated in
a harmonic retrieval problem.

The local density random walk model assumes an infinitely long tube where
the bubbles pass the detection site only once. One direction to model the task
would be to model the circulatory system as a straight tube that is extended
from a circular tube. Consider a scenario where we intend to model from the first
pass until the fourth pass of a detection site. We can model this by imagining a
tube with the detection sites layered at three different distances that represent
the first, second, and third passes. We can model each of these with three local
density random walks, with different times and distances, but the same initial
bubble concentration. The summation of these three models might result in a
grouping of expressions that involve a harmonic. This can be decomposed by
the multilinear extension of the ESPRIT method [173] that is proposed in [174].

In another direction, the circular Brownian motion models [175] can be in-
corporated into the model-fitting of TICs. Previously, only the first pass of the
microbubbles was modeled. If the intention is to use harmonic retrieval model-
ing, the circulation should be incorporated to obtain a periodic description. In
another direction, a Kronecker structure such as the one proposed in [176] could
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be used, where the UCA evolution is modeled as a multiple-input multiple-output
system. Instead of modeling the path UCAs take as an infinitely long tube, we
can model it as the summation of multiple systems that can possibly interact
with each other.

There has been some previous research [177][178][179] that investigated the
idea of multiple passes of TICs. The second wave is not necessarily correlated
with the recirculation of the UCAs; it is also correlated with bubbles that arrive
from another feeding artery or a different loop through the systemic circulation.
In addition, UCAs tend to disappear after multiple passes because of the cardiac
pressure and the transpulmonary circulation. It is shown in [174] [180] that
separating different sources in low SNR scenarios is possible. The added benefit
is the separation of the sources and the extraction of meaningful information
regarding malignant and benign TICs.



ACRONYMS
CCRB Constrained Cramer-Rao Bound

CD Convective dispersion

CEv Conditional entropy

CRB Cramer-Rao Bound

CUDI Contrast ultrasound dispersion imaging

DCEUS Dynamic Contrast-Enhanced Ultrasound

GTE General tensor estimation

HOOI Higher order orthogonal iterations

LDRW local density random walk

MFR Model fitter

mLDRW Modified local density random walk

MLSVD Multilinear singular value decomposition

OITNN Orientation invariant tubal nuclear norm

PCa Prostate cancer

SA Similarity analysis

SNN Sum of nuclear norm

SNR Signal to noise ratio

sPCa Significant prostate cancer

SVD Singular value decomposition

t-SVD Tensor singular value decomposition

TIC Time intensity curve

TNN Tubal nuclear norm

tr-MLSVD Truncated multilinear singular value decomposition

UCA Ultrasound contrast agent

VE Velocity entropy
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