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Chapter 1 

INTRODUCTION 

A combined experimental and computational study of the flow field along an axi-symmetric 
body with a single operating exhaust nozzle has been made for the FESTlP Aerothermodynam­
ics [4] investigation. This study was carried out in the scope of the Future European Space 
Transportation Investigations Program (FESTlP) in the Delft University of Technology tran­
sonic/supersonic wind tunnel and was part of a joint computational/experimental research pro­
gram on base flow-jet plume interactions. The model was mounted in supersonic free streams 
of Mach 1.96 and 2.98, the jet exhausting from the nozzle had an exit Mach number of 4 and 
operated at various jet stagnation pressures. The Reynolds numbers based on the length of the 
model were greater than 5.106 . In addition, to ascertain a turbulent boundary layer, the bound­
ary layer on the model was tripped for accurate comparison with numerical simulations. The 
present investigation embroiders on this theme. 

The supersonic jet emanating from the centrally protruding exhaust nozzle in the base interacts 
with the extemal main flow around the body. In the interaction zone a turbulent mixing làyer, 
a re-circulation region and a shock system, consisting of a plume shock and a barrel shock, are 
formed. Flow reattachment at the base, important with respect to heat-transfer, is likely. The 
present report aims to investigate these different flow phenomena. 

Various numeri cal simulations will be considered, in order to obtain an accurate physical rep­
resentation of the interaction zone. Euler and Navier-Stokes numerical simulations will be put 
to use in combination with regular meshes. It is questioned whether or not specific simulation 
techniques might provide a better physical representation of the flow field. In this respect, spe­
cial attention has to be paid to mesh generation. Mesh generation has to provide an adequate 
resolution of the geometry of the flow domain and has to capture the flow features. In order 
to satisfy the latter requirement it is necessary to couple the mesh generating process with the 
flow algorithm. In the current investigation adaptation of the mesh to capture the flow features 
has been composed and used in combination with Navier-Stokes simulation techniques. 





Chapter 2 

DESCRIPTION OF UNDER-EXPANDED JETS 

The structure of under-expanded jets has, among others, been investigated in detail by Adamson 
& Nicholls [I], Moran [9], and Peters & Phares [12]. These three studies are restricted to plumes 
exhausting into quiescent media. In the present (two-dimensional) description the results of 
these studies are extrapolated to under-expanded jets in a co-flowing supersonic free stream. 
A more detailed description of the structure of under-expanded jets in a co-flowing supersonic 
flow can be found in [14]. 

The pressure at the exit of an isentropic supersonic nozzle is a function of the upstream stagna­
tion pressure and the nozzle to throat area ratio. The ambient pressure and the static pressure at 
the nozzle exit will generally show a difference in magnitude. The jet is called under-expanded 
when the exit pressure of the exhaust gas, p., is higher than the ambient pressure. The following 
description is based on the under-expanded jet. 

When the nozzle operates at design conditions, i.e., the Mach number Me at the nozzle exit has 
reached its design value, the exhaust air expands in a fan centred at the nozzle lip ( Fig. 2.1). 
Streamlines close to the nozzle wall are deflected through an angle C\', sufficient to expand the 
gas to the ambient pressure. More inside the jet the flow is expanded more and causes the gas 
to fall to pressures below the ambient pressure. Recompression to the ambient pressure partly 
takes place through compression waves, formed at the intersection of expansion waves with the 
jet boundary, coalescing into the barrel shock. The barrel shock is a line of demarcation between 
the interior region, which is independent of the ambient pressure, and the outer region, which 
is influenced by the ambient pressure. 

The jet flow upstream of the barrel shock assumes a source-like nature, and can be described by 
the source-flow-model. The barrel shock is an oblique axi-symmetric shock·that is being driven 
towards the nozzle axis by the extemal pressure further downstream. Through the expansion at 
the nozzle lip the exhaust gas acquires a velocity of which the radial component initially sweeps 
the barrel shock away from the nozzle axis. The flow downstream of the barrel shock is rota­
tional as the barrel shock strengthens with distance from the nozzle exit (compression waves co­
alesce into the barrel shock) producing an entropy gradient across the shock layer. The 'inner 
shock layer' covers the region between the jet boundary and the barrel shock and contains the 
jet boundary and the shear layer growing along the jet boundary. To allow the gas to follow the 
curvature of the barrel shock a significant static pressure gradient across the shock layer due to 
the centrifugal acceleration is also required. The under-expanded jet in a co-flowing supersonic 
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Figure 2.1 : Schematic Geometry of an Vnder-expanded Jet 

stream has got, in contrary to an under-expanded jet issuing into a quiescent gas, a boundary of 
inconstant pressure. 

The extern al flow, which has been deflected by the centered expansion at the end of the model , 
again changes direction because of the expanding jet and an oblique shock, called the plume 
shock, develops in the supersonic extern al stream. Consequently the pressure at the jet boundary 
is increased. Compared to its quiescent counterpart the expansion of the plume is significantly 
reduced this way. When the plume jet boundary turns back towards the nozzle axis, the free 
stream expands and as a resultthe ambient pressure drops. This in turn tends to reduce the 
contraction of the jet. Both processes help to adjust the jet pressure to the ambient pressure and 
tend to dampen the formatIon of downstream shock cells, which are evidently present in the 
flow field of under-expanded jets issuing into quiescent media. The mechanism of adjusting 
the jet pressure to the ambient pressure is called the 'supersonic pressure relief effect'. 

In the case of moderately and highly under-expanded jets the barrel shock is too strong to re­
flect in a regular manner from the axis of symmetry. A Mach stem is formed which in the axi­
symmetric case is known as a Mach disco Cain [5] clearly describes this phenomenon. Peters 
& Phares [12] showed that in the case of slightly under-expanded jets, like in the cases stud­
ied in the present investigation, the barrel shock reflects in a regular manner from the axis of 
symmetry. 



Chapter 3 

NUMERICAL METHOD 

3.1 Governing Equations 

In a Cartesian co-ordinate system the Navier-Stokes equations, expressing conservation of mass, 
momentum and energy for a compressible perfect gas, formulated in conservative form are 

oq + of(q) + og(q) + oh(q) _ ofV(q) _ ogV(q) _ ohV(q) = 0 (3.1) 
ot ox oy oz ox oy oz 

where q is the vector of the conserved variables 

q = (p, pu, pv, pw , pet) T, 

f( q), g( q) and h( q) are the convective flux vectors 

f( q) = (pu , pu 2 + P , puv , puw , puht ) T 

g(q) = (pv , puv , pv 2 + p , pvw , pvht ) T 

h(q) = (pw,puw,pvw,pw 2 +p,pwhtf 

(3.2) 

(3.3) 

and fV (q) , gV (q) and h v (q) are the diffusive flux vectors, which are for a Newtonian fluid with 
the Stokes relation for the viscosity coefficients given by 

( 8T)T 
f V( q) = 0, p,Txx , p,Txy , p,Txz , Up,Txx + Vp,Txy + Wp,Txz + k ox 

( 8T)T 
gV(q) = 0, p,Tyx , p,Tyy , p,Ty z , Up,Tyx + VP,Tyy + Wp,Tyz + k !ly 

u (3.4) 

Here p is the density; u, v, ware the Cartesian velocity components in the x, y, Z directions 
respectively ; p is the statie pressure; T is the statie temperature; p, is the viscosity coefficient; 
k the thermal conductivity coefficient; et is the tota! energy per unit of mass given by et 
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6 NUMERICAL METHOD 

e + Hu 2 + V 2 + W 2) , in which e is the intemal energy per unit of mass; ht is the totalenthalpy 
given by ht = et + pip. For a calorically perfect gas the equation of state may be expressed 
as: 

p = Cr - l )pe = Cr - l)p ( et - ~ (u2 + v2 + w 2
)) 

in which the ratio of specific heats 'Y = cplcv may be considered as constant Cr = 1.4). The 
shear stresses in the diffusive flux vectors are given by: 

40u 20v 2 0w 
Txx = +-- - -- - --

3 0x 30Y 30z 
2 0u 40v 2 0w 

T =-- - +-----
yy 3 0x 30Y 3 OZ 

2 0u 2 0v 40w 
T zz = --- - -- +--

30x 30Y 30z 
OV ou 

Txy = Tyx = - + -. . ox oy 
au ow 

Txz = Tzx = - + -
OZ ox 
ow OV 

T yz = T zy = - + -oy OZ 

(3 .5) 

In order to obtain a convenient non-dimensional form of the Navier-Stokes equations, the co­
ordinates are scaled with a characteristic length L ref , the velocity components by a character­
istic speed Uref , the density by some characteristic density Pref, and consequently, the time by 
LreflUref, the pressure by Pref U;ef and the temperature by U; et/cv. If we maintain the same 
notation for the non-dimensional variables, the convective flux vectors Eq. (3.3) do not change, 
while the diffusive flux vectors Eq. (3.4) become: 

v 1( 'Y OT) T 
f (q) = Re 0, Txx , Tx y , Txz , UTxx + VTxy + W Txz + P r OX 

gV(q) = ~e (0, Tyx , Tyy , Tyz , UTyx + VTy y + W Tyz + ;r 0;:;) T 
(3 .6) 

v 1( 'YOT) T 
h (q) = Re 0, T zx , T zy , Tzz , UT zx + V T zy + W Tzz + Pr OZ 

in which Re = PrefUref L ref I /k is a Reynolds number, Pr = /kcpik the Prandtl number which 
may be considered constant (Pr = 0.72). The viscosity coefficient /k is calculated according to 
Sutherland's law: 

/k (T) 3/2 Tref + Ssuth 

/kref = Tref T + S suth 
(3 .7) 

in which S suth = llO.4K is taken constant, Tref = 288.15K and /kre f = 1.7894 X 1Q- 5kg/m s. 
The Reynolds numper measures the ratio between convection and diffusion. Most flow which 
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are of aerodynamic interest have R e » 1, and hence are convection dominated. In the diffusive 
operator, the Prandtl number is the ratio of viscous and heat conduction terms. For air Pr = 
0(1), which has the consequence that the diffusion ofkinetic and thermal energy is ofthe same 
order of magnitude. This imp lies approximately equally thick kinetic and thermal boundary 
layers. 

3.2 Finite Volume Discretization 

The discretization method for the Navier-Stokes equations Eq. (3.1) uses the integral form of 
the equations in order to allow Euler solutions with discontinuities for I / R e -+ O. A straight­
forward and simple discretization of the Navier-Stokes equations in integral form is obtained 
by subdividing the computational domain V into disjunct hexahedral finite volumes Vijk (i = 
1, 2, .. . , Ni , j = 1, 2, ... ,Nj and k = 1, 2, ... ,Nd and by requiring the conservation laws 
for each finite volume separately: 

-11 ~e W(q)nx + gV(q)ny + hV(q)n z ) dS = 0 (3.8) 

S i j k 

where n = (nx , ny , nz ) T is the outward unit normal vector on the boundary Sijk ofthe volumes 
6 Vi jk> the convective fluxes f , g and hare given by Eq. (3.3) and the diffusive CV, gV and hV 

are given by Eq. (3 .6) . The finite volume discretization requires an evaluation of the convective 
and diffusive fluxes at each cell face . The evaluation ofthe convective fluxes is done according 
to the Godunov principle. For this purpose upwind schemes based on approximate Riemann 
solutions are used. The diffusive fluxes will be evaluated with a so-called "sub-block" method. 

3.3 Evaluation of the Convective Fluxes 

The discretization of the convective part uses the invariance property of the Euler equations 
under rotation of the co-ordinate system. Thus we can write: 

f (q) · nx + g(q). ny + h(q) · n z = T-1 f (Tq) (3 .9) 

where T is the rotation matrix, which transforms the momentum components of the state vector 
q to a new Cartesian X, ij, i co-ordinate system in which the x-axis is aligned with the unit 
normal on the control volume boundary. This new Cartesian co-ordinate system has the base 
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z 

t 

Figure 3.1: Definition of Rotated Co-ordinate Axes 

vectors n, s and t in X, fJ and z -direction respectively (Fig. 3.1), which are: 

n (nx , ny,nz)T ( cos e, sin e cos <iJ, sin e sin <iJ) T 

S (sx ,Sy,sz)T (- sin e, cos e cos <IJ, cos e sin <iJ) T (3.10) 

t (tx , ty ,tz) T ( . T 0, - sin <IJ, cos <iJ) 

The rotation matrix T is defined as: 

(l 
0 0 0 

~ J (l 
0 0 0 

~ J 

nx ny nz eose sin e cos <IJ sin e sin <IJ 

T= SX Sy Sz -sine cos e cos <IJ cos e sin <IJ (3.11) 

tx ty tz 0 - sin <IJ cos cP 

0 0 0 0 0 0 

With reference to Fig. 3.2 and with eaeh unit normal in positive i, j or k direction, the discretiza­
ti on of the convective part of Eq. (3.8) may be written as: 

:Fijk = T::~ jk f (TH tik qi+~ jk ) ~SHtik - T~~ jk f (Ti_~ jk qi-~ jk) ~Si_~ jk 

+ T;j~~ J (Tij+ ~ k qij+~ k) ~Sij+! k - T;j~! k f (Tij_! k qij-! k) ~Sij_! k (3.12) 

+ T;j~+! f (Tijk+! qijk+!) ~Sijk+! - T;j~_! f (Tijk-! qijk- ! ) ~Sijk_! 

in which f (TH! jk qH! jk) is a mean flux at the cel! face Si+! jk etc. The flux vectors at the 

different cel! faces have to be calculated by some numerical flux function. For the calculation of 
the numerical flux some functions belonging to the family of upwind schemes are used. Three 
different types of schemes have been implemented in the code: the flux-vector-splitting scheme 
of van Leer [8] and flux-difference-splitting schemes of Osher [11] and Roe [13]. The compu­
tations presented in this report have been obtained with the van Leer scheme. In this scheme 
the numerical flux function for the interface Si+! jk may be written in the form: 

(3.13) 
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Figure 3.2: Dèfinition of Finite Volume 

where <If+! jk and <I;~! jk are the states at either side of the cell interface, obtained from an 

interpolation between some states qijk in the centres of the finite volumes. For example, in a 
spatiaIly first order accurate system, the states are assumed to be constant within each volume, 
so we get q;+! jk = qijk and <I;~! jk = qi+1jk· 

First order accuracy, however, is too low for practical applications and discontinuities not 
aligned with the grid are smeared out disastrously. As has been noted by van Leer [7] the order .. -
of accuracy can be improved by using a more accurate interpolation to caIculate the different 
components q of the state vectors q at both sides of a cell face, which can be written in a general 
form as: 

L 
qi+! jk 

R 
qi-! jk 

%k + ~ {(1 + K)~i + (1 - K)Vi } 

%k - ~ {(1 - K)~i + (1 + K)V;} 
(3.14) 

where ~i = qi+ljk - %k and Vi = %k - qi-ljk and K E (-1,1). Similar formulae yield 
in the other co-ordinate directions. In order to avoid spurious non-monotonicity (wiggles or 
over- and undershoots), the interpolation has to be limited, which has the properties of second 
order accuracy in the smooth part of the flow field and steepening of discontinuities without 
introducing non-monotonicity. For the present caIculations the van Albada limiter [2] is used. 
The van Albada limiter interpolation functions are: 

(3.15) 

in which K is a constant and the limiter function r/Jk in i-direction is defined as: 

i 

rijk = ~i2 + V
i

2 + 2E2 
(3.16) 
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The constant é is a small number (é ~ 10- 7), which is made proportional to the grid size (é rv 

(Constant6. x) 3/2) , where 6.x is a characteristic mesh width [18]. This constant has a twofold 
objective: first to avoid dividing by zero, and second to switch off the limiting in near-constant 
regions of the flow. In regions of near-constant flow where é 2 is dominant over (6.i) 2 and (\7 i) 2 

the unlimited K = 0 scheme is recovered. The computations in this report with the van Albada 
limiter are performed with K == 0, which corresponds to the Fromm scheme. 

3.4 Evaluation of the Diffusive Fluxes 

With reference to Fig. 3.2 and with each unit normal in positive i , j or k direction, the discretiza­
tion of the diffusive part of Eq. (3 .8) may be written as: 

F;jk = ~e {(fi~~jknXi+~ik +g~+~jknYi+~i k +h~+~jknZi+~ ik ) 6.Si+~jk 
- (rv_1 'knX I, + gV_ 1 'kny , I, + hV

_ 1 'knz I , ) 6.Si_1J'k 
'l 2J t-"1 J k 'l 2J t - 1Jk 'l 2J l-'2" )k 2 

+ (fij+~ knXii+~ k + g~j+~ knYii+~ k + h~j+~ knZii+~.) 6.Sij+~ k 

- (fij-~knXii_~k + g~j- ~knYii_ !k + h~j_~knZii_~ .) 6.Sij_~k 
+ (ek 1 nx 1 + gV 'k 1 ny 1 + hV

k 1 n z I) 6.S , 'k+1 
'lJ +'2 ijk+l] t J +'2 ijk+'1 ZJ +'2 ijk+"1 ZJ '2 

- (f\_lnX 1 +gV'k_1ny" 1 +hv
k_1n z, I) 6.SiJ'k_ 1 } 

tJ 2 lJk - "1 tJ 2 lJk-"1 tJ 2 t)k -"1 2 

(3.17) 

in which rv 1 'k is the mean value of tv at the cell face Si+1 Jk etc. In order to caIculate the mean 
'+'2 J 2 

diffusive flux vectors, approximations ofthe gradients \7u, \7v, \7w and \7T at each side ofthe 
hexahedron are required. These gradient vee tors can be caIculated with finite differences. A 
more robust approach is given by the replacement of the gradient operator by a surface integral 
expres sion following the Gauss theorem, the so-called "sub-block" method. According to the 
Gauss theorem we can write: 

J J J \7u dV = J J un dS (3.18) 

v s 

Consider for example the gradient \7Ui+~jk at the cell face Si+1 jk separating Vijk and Vi+1jk> 
this gradient is approximated as a mean value over the intermediate "sub-block" or shifted cell 
V;+~ jk (see Fig. 3.3) as: 

(3 .19) 

with Si+~ jk the boundary of the shifted cell V;+~ jk and n the outward unit normal. The surface 
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--- ----- origina! cel! 

--shifted cel! V;~iJ-':--- > 
~ ~ ~ : 

-S;+ljkJl 
2 , 2 

Figure 3.3: Shifted Finite Volume for Diffusive Flux Evaluation at Si+~jk 

integral for the shifted cell (Fig. 3.3) is approximated by: 

(3 .20) 

in which the normal vectors and surfaces of the shifted cell faces are determined from the av­
erages: 

! ( ni+~jk + ni+~jk) 

! (ni+hk + ni-~jk) 

~ ( nij±~k + ni+lj±~k) 
! (nijk± ~ + ni+ljk± ~) 

(3 .21) 

and similar formulae are applied to the surfaces Si+ljb Sijk etc. The variables Uijb Ui+ljk etc. 
are mean values of u at the corresponding shifted cell faces . The variables Uijk and Ui+ljk at 
the cell faces Sijk and Si+ljk are the variables at the cell centers. The variables Ui+1j±lk and 
Ui+1J'k±1 are the average of the quantities in surrounding cell centers: 2 2 

2 2 

~ (Uij±lk + Ui+lj±lk + Uijk + Ui+ljk) 

~ (Uijk±l + Ui+ljk±l + Uijk + Ui+ljk) 

(3 .22) 

Similar expressions are used for the gradients at the other cell faces . This diffusive flux com­
putation is second order accurate for sufficiently smooth grids. 
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3..5 Boundary Treatment 

The treatment of the boundary con di ti ons is very consistent to the numerical flux calculations 
at the intemal cell walls following the Osher scheme [15, 10] . This is a consequence of the 
fact that the Os her scheme is based on the Riemann invariants, which is also the case with a 
proper treatment of boundary conditions. The complete procedure is as follows. The flux at 

(x> 0) 

Figure 3.4: Boundary Treatment 

the boundary of the domain will be determined partially by the state vector (qa or ql) near the 
boundary and partially by the boundary conditions. Let us consider the case where the state ql 
is the state at the boundary in a rotated Cartesian frame with the x-axis in a direction normal to 
the boundary surface (Fig. 3.4). 

The first step is to determine the state vector q s at the boundary, depending on qa and the pre­
scribed boundary conditions. Then the numerical flux function fN F( qa , qs ) gives the boundary 
flux vector. The following types of boundary conditions are used for the present computations: 

Supersonic inflow: The state vector qs is completely prescribed by the appropriate flow con­
ditions. 

Supersonic outflow: No boundary conditions have to be prescribed, thus qs = qa. 

Solid wall: The solid wall is treated as a symmetry plane. In the case of an Euler flow simulà­
tion, only the velocity component normal to the wall is mirrored, the remaining quantities are 
copied: 

Us = -Ua ; Vs = Va ; Ws = Wo ; Cs = Co ; Zs = Zo 

in which C and Z are the speed of sound and a scaled entropy (z = lnpp- -r ) respectively. Using 
this boundary treatment, it is guaranteed that for all numerical flux functions the boundary flux 
vector contains only a pressure term, f NF (qa , qs ) = (0, Pw , 0 ,0,0) T. 

In the case of a Navier-Stokes flow simulation, all velocity components are mirrored: 

Us = -Ua ; Vs = -Va ; Ws = -Wo 

The determination of the speed of sound Cs depends on the type of boundary condition pre­
scribed for the temperature. For an adiabatic wall (oT/on = 0) we use: Cs = Co. When the 
temperature at the wall is prescribed, we use: CB = Cwall = V 'Y(r - l)Twall> using the non­
dimensionalization as described in sec ti on 3.1. The entropy Zs is obtained from the pressure 
Ps, which is equal to the pressure in the flow field Po assuming a zero pressure-gradient. This 
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procedure has no consequences for the convective flux evaluation using the Osher or the Roe 
scheme. For the flux-splitting van Leer scheme, however, additional numerical dissipation is 
introduced. This additional dissipation is also apparent in the flow field, and is connected to 
the numerical scheme. Thus the boundary condition technique is consistent with the intemal 
convective flux evaluation. 

3.6 Multi-block Implementation 

3.7 Solution Procedure 

The system of nonlinear discretized equations is solved by means of a multigrid technique. AI­
though not well-established for hyperbolic differential equations the multigrid technique has 
been applied successfully to the Euler equations [3, 15, 6] . The advantage of multigrid is that 
a convergence rate which is independent of the mesh size is achieved at quite general circum­
stances. 

Consider the first- or second order accurate discretization of the Navier-Stokes equations given 
by equation Eq. (3.8) to be written as: 

(3.23) 

where :Fm is the spatial discretization operator at grid level m. A nested sequence of finite 
volume grids Vm (m = 1, ... , n) is developed, with corresponding mesh sizes hl > h2 > ... > 
hno Hence VI is the coarsest grid and Vn is the finest grid. The grids have a regular structure 
for reasons of simple implementation. Each finite volume on a given grid is the union of eight 
volumes on the next finer grid by skipping every other point in each direction on the finer grid. 

The solution of the discretized equations is achieved by a nonlinear multigrid method (NMG), 
also known as full approximation scheme (FAS). In order to start with a good initialization, the 
NMG is preceded by a nested iteration. The nested iteration starts at the coarsest grid with an 
initial qm; m = 1. The approximate solution qm is improved by a single NMG-cyc1e. The ap­
proximate solution q m+ I on the next finer grid is obtained by a prolongation of the approximate 
solution q m; this is achieved by a trilinear interpolation. 

Within the multigrid, the solution at the different grid levels is smoothed by an implicit relax­
ation method. Implicit relaxation methods are unconditionally stabie, and although the com­
putational costs per iteration are higher, the overall performance may defeat an explicit time­
integration method. 

The smoothing procedure used here is based on an implicit time integration method. For the 
system of equations Eq. (3.23) a backward time-integration method can be written as: 

.0. n+ l 

.0.V~ = _:F(qn+1) 
J .0.t J 

(3.24) 
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where F( q;+l ) denotes the spatial discretization evaluated at time level n + 1 , and ~qrl = 

qjn+l_qp. Because Eq. (3.24) is a system of non-linear equations, this cannot be solved directly. 
Therefore a Newton linearization is used, which can be written as: 

F( q jn+l ) = F( q; ) + [~:] ~ ~qjn+l 

Substitution of Eq. (3.25) into Eq. (3 .24) with H = [~:] gives: 

[~ I -H[~qrl = -F(qn 

(3.25) 

(3 .26) 

For the limit ~t ---.. 00 Newton's root finding method is obtained, which should theoretical!y 
lead to quadratic convergence if the Jacobian matrix H is evaluated correctly. The system 
Eq. (3.26) represents a large banded block matrix, whose bandwidth is dependent on the order of 
accuracy of the spatial discretization and on the dimensions of the grid. Especially for the three­
dimensional second-order discretized equations the bandwidth is very large. The construction 
of this matrix and solving the system requires an enormous amount of memory and CPU-time, 
which goes far beyond the capacities of most computers. Rather than sol ving Eq. (3.26) di­
rectly, a number of strategies have been developed in order to reduce the computational work, 
but maintaining a high convergence rate as far as possible. When second order accurate steady 
solutions are required, it is common practice to replace the true Jacobian matrix H in the left 
hand side of Eq. (3.26) by a much simpIer matrix Hl based on the first-order accurate equa­
tions. For steady flows this has no effect on the accuracy of the right hand side discretization. 
The matrix for a three-dimensional first-order system is a septadiagonal block matrix, where the 
blocks itself are 5 x 5-matrices. However, certainly for three-dimensional problems this sys­
tem is stil! too large to solve directly, so most implicit methods use iterative methods. In this 
report a Col!ective point Gauss-Seidel relaxation method has been used, with an ordering of the 
relaxation sweeps along diagonal planes in order to achieve some level of vectorization. 

3.8 Numerical Simulation in tbe Current Investigation 

The solution procedure described above has been applied in three different manners to calcu­
late the flow field surrounding the FESTlP rocket model under investigation. The first type of 
numerical simulation used was based on the Euler equations and a structured mesh was applied. 
Thus the flow field was assumed to be non-viscous and non-heatconducting. Flow separation 
and the associated generation of vorticity is not model!ed by the Euler equations. This might 
produce inaccuracies in the base region. The second type of numerical simulation used was 
based on the Navier-Stokes equations and a structured mesh was applied. In the base region 
and the jet region a stretching function has been used. Turbulence has not been taken into con­
sideration, due to lack of a suitable turbulence model that wil! be able to simulate base flows . 
The mesh was not concentrated enough in the (laminar) boundary layers, however, since this 
type of simulation was mainly intended to provide a reference for the numerical Navier-Stokes 
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simulation with mesh adaptation, this deficiency was not corrected. The third type of numerical 
simulation used was based on the Navier-Stokes equations and a mesh, adapted to the solution 
obtained through numerical Navier-Stokes simulation, was applied. Again turbulence has not 
been taken under consideration. Axi-symmetric simulation has been applied. 





Chapter 4 

MESH ADAPTATION 

4.1 Introduction 

Mesh generation has to provide an adequate resolution of the geometry of the flow domain and 
has to capture the flow features. In order to satisfy the latter requirement it is necessary to cou­
ple the mesh generation process with the flow algorithm. In mesh adaptation, the physics of the 
problem at hand must ultimately direct the mesh points to distribute themselves so that a func­
tional relationship on these points can represent the physical solution with sufficient accuracy. 
The idea is to have the mesh points concentrating in regions of large variation in the physical 
solution. The mathematics controls the points by sensing the gradients in the physical solution. 
The points must concentrate, and yet no region can be allowed to become devoid of points . The 
distribution also must retain a sufficient degree of smoothness, and the mesh must not become 
too skewed, el se the truncation error will be increased. It should be noted that the use of mesh 
adaptation might not necessarily increase computer time, even though more computations are 
necessary, since convergence properties of the solution may be improved, and certainly fewer 
points will be required. Interpolation must be used to transfer the values from the old mesh to 
the new mesh. In the following discussion, the problem of mesh adaptation will be formulated 
as a variational problem, the ideas being developed first in one dimension and then extended to 
multiple dimensions. 

4.2 One-Dimensional Adaptation 

4.2.1 Equidistribution 

A number of studies of numerical solutions of boundary-value problems in ordinary differential 
equations have shown that the error can be reduced by distributing the mesh points so that some 
positive weight function, w( x) , is equally distributed over the field, i.e., in discrete form, 

b.XiWi = constant (4.1) 

where b.X i is the mesh interval, i.e. Xi+! - Xi. With this condition the mesh interval will be 
small where the weight function is large, and vice versa. Thus if the weight function is some 

17 
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measure of the error, or the solution variation, the mesh points will be c10sely spaced in regions 
of large error, or solution variation, and widely spaced where the solution is smooth. 

4.2.2 Equidistribution by Transformation 

The non-uniform point distribution can be considered to be a transformation, x (Ç) , from a uni­
form mesh in ç-space, with the co-ordinate ç serving to identify the mesh points. The mesh 
points are conveniently defined by successive integer values of ç, making llç = I by construc­
tion and the maximum value of ç, i.e., N, equal to the total number of points on the line. Then 
llx = x~llç = x~, so that x~ represents the variation in x between mesh points. Hence the 
equidistribution statement can be represented as 

x(w(x ) = constant (4.2) 

With the weight function w taken as a function of ç this is the Euler equation for the minimiza­
ti on of the integral 

1 

h = J w(ç)x~dç (4.3) 

o 

This follows from the calculus of variations, where the function x~ for which the integral 
J F(x, xç)dç is an extremum is given by the solution of the differential equation ~ g~ - ~~ = o. 
The latter equation is Eu1er's variational equation. 

Since x~ represents the distance between mesh points, this variational problem can be interpreted 
as the minimization of the cumulative spacing between the mesh points in the least-squares 
sense, subject to the weight function w(Ç). Implementation ofthis variational problem supplies 
the following differential equation for the mesh: 

L 
x~w = IN ~ 

1 w 

(4.4) 

where L is the length of the mesh, which is a line in this case. This equation supplies an addi­
tional differential equation to be solved simultaneously with the differential equation system of 
the physical problem at hand, with the mesh point location x as an additional dependent vari­
able, and ç being taken as the independent variabIe. 

An altemative viewpoint results from integrating over x , instead of over ç, i.e., summing over 
the mesh intervals rather than over the mesh points . Since ç identifies the mesh points,çx rep­
resents the change in ç, i.e., the number of mesh points per unit distance, and hen ce is the mesh 
point density. The equidistribution function is now the Euler equation for minimization of the 
integral 

(4.5) 
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Since Çx can be considered to represent the point density, this variational problem represents a 
minimization over the field of the density of mesh points in the least -squares sen se, subject to the 
weight function, and thus produces the smoothest point distribution attainable. Implementation 
of this variational problem supplies the following differential equation for the mesh: 

L 

xÇw = N ~ 1 J wdx 
o 

(4.6) 

which supplies an additional differential equation to be solved simultaneously with the differ­
ential equation system of the physical problem at hand 

4.2.3 Weight Functions 

The effect of the weight function w is ta reduce the point spacing xç where w is large, and 
therefore the weight function should be set as some measure of the sol ut ion error, or as some 
measure of the solution variation. The simplest choice is just the solution gradient, i.e., 

w = U x (4.7) 

In this case the equidistribution statement becomes 

XçU x = constant (4.8) 

which then reduces ta 

Uç = constant (4.9) 

With the solution gradient as the weight functian the point distribution adjusts so that the same 
change in the solution occurs over each mesh interval. This choice for the weight functian has 
the disadvantage of making the spacing infinitely large where the salutian is flat, ho wever. A 
closely related choice, also based an the salution gradient, is the form 

w = VI +u~ (4.10) 

This results in an equidistributian statement as 

x~ + u~ = constant (4.11) 

An increment of arc length, ds, on the solution curve u(x) is given by 

(4.12) 

sa that this farm af the weight function may be written as 

w = Sx (4.13) 

In this case the equidistribution statement becomes 

XÇs x = constant (4.14) 
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which then reduces to 

Sç = constant (4.15) 

The mesh point distribution is such that the same increment in arc length on the solution curve 
occurs over each mesh interval. Unlike the previous choice, this weight function gives uni­
form spacing when the solution is flat. The concentration of points in the high-gradient region, 
however, is not as great. This concentration can be increased, while still maintaining uniform 
spacing where the solution is flat, by altering the weight function to 

(4.16) 

This weight function involves a weighted average between the tendency toward equal spacing 
and that toward concentration entirely in the high-gradient regions. The larger the value of Q , 

the stronger will be the concentration in the high-gradient regions and the wider the spacing in 
the flat regions. 

A disadvantage of the above forms of the weight function is that regions near solution extrema, 
i.e. , where U x = 0 locally, are treated similar to flat regions. The distributions produced by 
the solution arc length forms would have closer spacings near the extrema, the effect is still 
the same, i.e., to concentrate points only near gradients, not extrema. Concentration near so­
lution extrema can be achieved by incorporating some effect of the second derivative U xx into 
the weight function . A logical approach is to include this effect through consideration of the 
curvature of the solution curve: 

(4.17) 

If the weight function is taken as 

(4.18) 

then points will be concentrated in regions of high curvature of the solution curve, e.g., near 
extrema, with a tendency toward equal spacing in regions of zero curvature, i.e., where the so­
lution curve is straight. This weight function , however, has the serious disadvantage of treating 
high-gradient regions with Iittle curvature essentially the same as regions where the curve is 
flat. A combination of the last two weight functions mentioned pro vides the desired tendency 
toward concentration both in regions of high-gradient and near extrema: 

w = (1 + ,B2 IKlh/1 + Q2U~ 

where Q and (3 are parameters to be specified. 

(4.19) 

Since the numerical evaluation of higher derivatives can be subject to considerable computa­
tional noise, the use of formal truncation error expressions as the weight function is usually not 
practical, hence the emphasis above on solution gradients and curvature. 

For systems of equations involving more than one physical variabie, one approach is to use 
the most rapidly varying or dominant physical variabie in the definition of the weight function . 
Another is to use some average of the variations of the several variables. It is also possible to 
use entirely different meshes for different physical variables, with values transferred among the 
mes hes by interpolation. 

Of course, the proper choice of weight function depends on the goal that one wants to reach . A 
whole variety of weight functions is practicabie. 
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4.3 Multi-Dimensional Adaptation 

4.3.1 Adaptation Along Fixed Lines 

In multiple dimensions, adaptation should in general occur in all directions in a mutually de­
pendent manner. However, when the solution varies predominately in a single direction, one­
dimensional adaptation of the forms discussed above can be applied with the mesh points con­
strained along one family of fixed curvilinear co-ordinate lines. The fixed family of lines is 
established by first generating a full multi-dimensional mesh by, for instance, elliptic or hyper­
bolie mesh generation systems, with the curvilinear co-ordinate lines of one family therein then 
being taken as the fixed hnes. The points generated for this initial mesh, together with some 
interpolation procedure, serve to define the fixed hnes along which the mesh points are con­
strained. The one-dimensional adaptation discussed above is then applied with x replaced by 
arc length along these lines. 

4.3.2 Uncoupled Adaptation 

One step beyond this one-dimensional adaptation along fixed lines is the application of succes­
sive one-dimensional adaptations separately in each of the curvilinear co-ordinate directions. 
This proceeds in the same manner as for the adaptation on the fixed lines, simply using the lat­
est mesh to re-define the co-ordinate lines to serve as the 'fixed' lines in the next direction of 
adaptation. 

4.3.3 Coupled Adaptation 

The final mesh in the one-dimensional adaptation discussed above will, of course, be the result 
of the mesh point movement along the one family of fixed lines, and therefore the smoothness 
of the original mesh may not be preserved. Some restrictions on the point movement have gen­
erally been necessary in order to prevent excessive mesh distortion . In multiple dimensions it is 
generally desirabIe to couple the adaptation in the different directions in order to maintain suf­
ficient smoothness in the mesh. One approach to such coupling is to generate the entire mesh 
anew at each stage of the adaptation from some basic mesh generation system, be it algebraic 
or based on partial differential equations. The structure of the mesh generation system serves 
to maintain smoothness in the mesh as the adaptation proceeds. This approach is analogous to 
the one-dimensional equidistribution discussed above. 

4.3.4 Weight Functions 

The one-dimensional weight function based on arc length on the solution curve can be general­
ized to higher dimensions as follows: Consider a hyperspace of dimensionality one greater than 
that of the physical space, with the solution, u, being the extra co-ordinate. Let the unit vector 
in the solution direction be e, this being orthogonal to the physical space. Then the position 
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vector in this hyperspace is given by 

R = ix + jy + kz + eu = r + eu (4.20) 

where r is the position vector in physical space. Differential increments of arc length, surface, 
and volume, can be generated directly from the so-called covariant base vectors . Now the co­
variant metric element, denoted G i j, in the hyperspace will be 

(4.21) 

where g i j is the metric element in physical space. With 

(4.22) 

it can be shown that 

(4.23) 

In one dimension this reduces to the expression for arc length on the solution curve, in two 
dimensions it gives an expression for area on the solution surface. Thus the extension of the 
one-dimensional weight function base on arc length on the solution curve to two dimensions is 
that based on area on the solution surface: 

(4.24) 

4.4 Variational Approach 

Considering the mesh from a continuous viewpoint, it occurs that something should be mini­
mized by the mesh rearrangement, and thus a variational approach is logical. This is the natural 
extension of the equidistribution concept discussed above to multiple dimensions. Thus in gen­
eral a weighted integral measure of the accumulation of some mesh property Q, either over the 
mesh points, i.e ., 

1= J wQdç (4.25) 

or over the physical field, i.e. , 

1= J wQdx (4.26) 

where w is the weight function , wilJ be minimized. The resulting Euler equations then will con­
stitute the mesh generation system. There is no unique construction of the variational forrnu­
lation for adaptive meshes, and this is an area that is not yet fully developed. Thompson [17] 
gives some constructions of the variational forrnulation that are logical and ilJustrative. 



4.5 Distribulion Functions 23 

4.5 Distribution Functions 

4.5.1 Introduction 

Mesh generation for computational codes requires functions, which distribute points between 
given boundaries. In general, interpolation between rj at s = ° and r2 at s = 1 can be written 
as 

(4.27) 

where f (s) can be any function such th at f (0) = ° and f (1) = 1. A linear interpolation is 
obtained for f(s) = s. Another interpolation function often used ('stretching function') is the 
exponential function 

8(3 1 
f(s)=~ 

e(3 - 1 
(4.28) 

where (3 is a parameter that can be adjusted to con trol the slope df(s = O)jds. According to 
Thompson [17] this function is not the best choice with regard to the truncation error affected by 
the point distribution. Therefore he recommends the use of functions based on the hyperbolic 
sine and tangent. 

4.5.2 Hyperbolic Sine and Tangent Functions 

Consider the function f (s), where the arc length s varies from ° to 1 as rJ varies from ° to N, 
thus s = rJ j N. The spacing is specified at both ends by 

f::,.h = f (TJ = 1) - f (TJ = 0) ~ --=-df....:....(s_=_O....:..) 1 
ds N 

df(s = 1) 1 
f::,.h=f(TJ=N)-f (rJ=N-1)~ ds N 

(4.29) 

(4.30) 

According to Thompson [17] the hyperbolic distribution function is constructed as follows. First 
we define 

(4.31 ) 

(4.32) 

Then the following non-linear function is solved for 6, using a Newton linearization, 

sinh 6 1 
{j B (4.33) 

The distribution function is then given by 

u(s) 
f(s) = A + (1 - A)u(s) (4.34) 
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where the function u( 8) is given by 

( ) 
_ 1 { tanh[b(s - !)]} 

us-- 1+ ó 
2 tanh '2 

(4.35) 

This function can be applied to a straight line between rl and r 2. The point locations r1) are 
given by 

rJ = 0, 1, 2, ... ,N (4.36) 

The parameter Bis the ratio of the specified spacing to the linear spacing, 6.feq = l/N. If B 
is greater than 1, the hyperbolic functions all revert to circular functions . 

The same procedure can also be used for a specified spacing at s = 0 or s = 1 only. For a given 
6.h at 8 = 0, B is calculated from 

(4.37) 

and Eq. (4.33) is solved for b. The distribution function is then given by 

( ) 
tanh[~b(8 - 1)] 

f8=1+ ó 
tanh'2 

(4.38) 

This distribution function is shown in Fig. 4.1 for several values of B. With the spacing only 
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Figure 4.1: Distribution Function 
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specified at s = 1 ('T/ = N) the procedure is the same, ex cept that 

B = Ntlh = tlh 
tlfeq 

and Eq. (4.33) is solved for 6. The distribution function is then given by 

() 
tanh[!6s] f s =_--.:..!:...,......:. 

tanh ~ 

4.6 Utilization of Mesh Adaptation in the Current Investigation 

4.6.1 Applied Method 

25 

(4.39) 

(4.40) 

The solution of the numerical simulation of the flow field sUITounding the FESTlP rocket model 
varies predominately in a single direction, the radial direction. Therefore one-dimensional adap­
tation of the forms discussed above can be applied with the mesh points constrained along one 
family of fixed curvilinear co-ordinate lines, the so-called adaptation along fixed lines. The 
fixed family of lines is established by first generating a full mesh with the curvilinear co-ordinate 
lines of one family therein then being taken as the fixed lines. The points generated for this 
initial mesh, together with some interpolation procedure, serve to define the fixed lines along 
which the mesh points are constrained. The one-dimensional adaptation discussed above is then 
applied with x replaced by arc length along these lines. 

4.6.2 Initial Mesh 

The initial mesh is generated with the use of the hyperbolic sine and tangent distribution func­
tions, as described above, in both the axial and the radial direction. A linear spacing, spacings at 
both ends, a spacing at s = 0, a spacing at s = 1, or a spacing at an interior point can be applied. 
The user can enter the value of the spacing and application method of spacing (linear spacing, 
spacings at both ends, et cetera). This option has been added to prevent possible deficiencies 
in the mesh. The grid spacing has to be defined for all four of the block boundaries. The initial 
mesh is then constructed using a transfinite interpolation. An example of an initial mesh con­
structed this way can be found in Fig. 4.2. The axial co-ordinate, i.e., x, has been transformed 
into the new co-ordinate X and the radial co-ordinate, i.e., r, has been transformed into the new 
co-ordinate (. This can be seen in Fig. 4.3. 

4.6.3 Adapted Mesh 

The initial mesh serves to define the fixed lines along which the mesh points are constrained. 
Since the numerical solution varies predominately in the radial direction the lines along which 
the co-ordinate X is constant define the fixed lines. The one-dimensional adaptation discussed 
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Figure 4.2: Example of the Initial Mesh 

above is then applied with x replaced by arc length, which is defined by the co-ordinate (, along 
these lines. 

The weight function to be used is some measure of the solution variation and the mesh points 
will be c10sely spaced in regions of large solution variation and widely spaced where the solution 
is smooth. Since the numerical evaluation of higher derivatives can be subject to considerable 
computational noise, the use of formal truncation error expressions as the weight function is 
usually not practical, hence the emphasis has been put on solution gradients. 

For systems of equations involving more than one physical variabie, one approach is to use the 
most rapidly varying or dominant physical variabie in the definition of the weight function . In 
this case it has been made possible to use eight different physical variables to base the adaptation 
on: 1) the Mach number, 2) the dimension-less pressure, 3) the dimension-less Pitot-pressure, 
4) the dimension-less temperature, 5) the dimension-less gas density, 6) the dimension-less total 
enthalpy, 7) the dimension-less total intemal energy, and 8) the unscaled entropy. A numerical 
Navier-Stokes simulation has obtained these physical variables. The dominant physical variabie 
in the present investigation is the Mach number. Therefore the Mach number has been used as 
variabie in the definition of the weight function . 

The weight function has been based upon solution gradients, taking into account the problems, 
which can occur where the solution is flat. The disadvantage is that the concentration of points 
in the high-gradient region is not tremendous. 

Firstly a distribution function on the boundaries of the block is calculated. Then a distribution 
function in the inside of the block is calculated. The distribution functions are obtained by cal­
culation of the weight function with the use of the physical variabie obtained through numeri­
cal Navier-Stokes simulation. Finally these functions are used to generate the complete adapted 
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mesh. An example of a Mach-adapted mesh constructed this way can be found in Fig. 4.4. 

Applying all this to the mesh generating program itself, a procedure, as suggested by Starostin 
[16], is followed in which interpolation between rl at s = ° and r2 at s = 1 is be written as 

(4.41 ) 

where tp (s) can be any function such that tp(s) E [0,1] . The derivative of the function tp(s) is 
proportional to the derivative of the physical variabIe distribution. To obtain such a relationship 
a new function is introduced 

i = 0, 1,2, ... , N (4.42) 

where var( s) represents the physical variabIe at point s. The effect of this function can be seen 
in Fig. 4.5. This function is then normalized such that P (s) E [0, 1] applies for s E [0, 1] . In 
this way a normalized increasing physical variabIe distribution has been created. 

To obtain the proportionality of the function tp( s) to the derivative of the physical variabIe dis­
tribution the latter distribution is used in the equation 

Q(s) = P(s) + Wç(s) 
I+W 

Q(s ) E [0 , 1] (4.43) 

where ç(s) is a smooth, continuously increasing mathematical function such that ç(s) infO, 1]. 
An example of this function can be seen in Fig. 4.6. In the procedure used a distribution function 
as described in previous sections is utilized for ç (s). 
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Figure 4.4: Example of the Adapted Mesh 

W is a weight factor such that WE [0 , 00 >. The function Q(s) provides arelation to the so­
lution gradient and a distribution function. If W = 0 then the function Q( s) equals the normal­
ized physical variabIe distribution, whereas if Wis infinitely large Q( s) equals the (distribution) 
function ç(s). 

The function Q(s) can now be used as the function <p(s) in Eq. (4.41) and an interpolation be­
tween rl at s = 0 and r2 at s = 1 can be applied where the solution gradient and the distribution 
function determine the distribution of the mesh points. 
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Chapter 5 

RESULTS OF THE NUMERI CAL SIMULATION 

5.1 Introduction 

Both Euler and laminar Navier-Stokes computations have been performed, because it was ques­
tioned whether or not specific governing equations and specific mesh generating techniques pro­
vided a better physical representation of the flow field. The object was to obtain an accurate 
physical representation of the flow field in order to be able to compare numerical results with 
experimental results [4, 14]. A three- dimensional view of the numerical model can be seen 
in Fig. 5.1. 

The first type of numerical simulation used was based on the Euler equations and a non-adapted 
structured mesh was used. Thus the flow field was assumed to be non-viscous and non- heat­
conducting. The second type of numerical simulation used was based on the Navier- Stokes 
equations and a structured mesh , stretched in the base and jet region, was applied. Turbulence 
has not been taken into consideration. The mesh was not concentrated enough in the boundary 
layers , which was not corrected because this type of simulation was mainly intended to provide 
a reference for the numerical Navier-Stokes simulation with mesh adaptation. The third type 
of numerical simulation used was based on the Navier-Stokes equations and a mesh, adapted to 
the solution obtained by a numerical Navier-Stokes simulation, was applied. Again turbulence 
has not been taken into account. 

For the numeri cal simulation the emphasis was put on the Mach number distribution. The free 
stream Mach number was kept at Moe = 2.98 and the ratio of jet stagnation pressure to free 
stream static pressure N = Ptj / Poe ranged from Ptj / Poe = 600 to no-jet flow. Subsequently, a 
comparison can be made between the results of the numerical simulations and the experimental 
results. 

For each series of simulations a comparison will be made between the meshes used. The con ver­
gen ce of the different types of simulation will be looked at as weil. Through means of flooded 
Mach-number contour plots the results of the numerical simulations will be compared. A good 
description of the streamline patterns in the base flow is important, because heat- conduction 
results as a consequence of reattachment of the flow to the base of the model. This is mainly of 
importance in the case of hot jets. In the present investigation a cold jet is considered, however, 
streamlines in the base region will be examined in order to study possible reattachment. Because 
of lack of experimental data concerning the circulation, the accuracy of the streamline patterns 
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Figure 5.1: 3-D View ofthe Numerical Model 

can not be validated. Finally the base pressure distribution will be considered for comparison 
with experimental data. 

5.2 Numerical Method 

Only axi-symmetric simulations have been applied. The mesh consisted of eight blocks, in­
c1uding a block in the interior of the nozzle of the model; in this way, parallel computing was 
possible. The tunnel wall has also been simulated using solid wall boundary conditions for the 
Euler equations. 

A second order accurate spatial discretization was used in combination with the Van Leer 
scheme. Computations were carried out until a convergence of at least three orders of mag­
nitude was reached. 

5.3 Flow Quantities 

At the free stream Mach number of Moo = 2.98, the free stream static pressure was predeter­
minedatpoo = 0.1618 bar and thefree stream temperature at Toa = 165.58 K, for all the numer­
ical simulations. The free stream static pressure and temperature were obtained from previous 
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experiments at Moo = 2.98. With the specific gas constant for air of R = 287.05 and a ratio of 
specific heats I = cp/cv = 1.4, using the perfect gas relationship, the free stream density and 
speed of sound become p = 0.3405kg/m3 and a = ,hRT = 257.96m/ s, respectively. For the 
Euler simulations the Reynolds number was set at infinity. For the Navier-Stokes simulations 
the Reynolds number based on the modellength was in the order of 5 . 106 . 

5.4 Boundary Conditions 

The boundary conditions for the numerical Euler simulations consisted of prescribing a super­
sonic inflow with the free stream flow quantities and an angle of attack of zero degrees, and 
prescribing a supersonic outflow. The conditions in the nozzle were such that an exit Mach 
number of M = 4 could be reached. Con di ti ons in the settling chamber of the nozzle were 
subsonic; at the inflow the total pressure, total temperature and flow direction were prescribed. 
The Mach number, static pressure and static temperature are determined by the solution proce­
dure and the area ratio of the inflow and the throat of the jet. The model itself and the tunnel 
wall were assumed to be solid walls. Furthermore, an axis of symmetry was defined. 

The boundary conditions for the numerical Navier-Stokes simulations were the same as for the 
Euler simulations, except for the model itself, which was assumed to be an adiabatic wall, with 
a no-slip condition prescribed. 

5.5 No Jet-Flow 

5.5.1 Mesh 

The meshes used for the different types of numerical simulation are shown in Fig. 5.2. In all 
cases a concentration of mesh points behind the model has been applied in order to capture the 
shear layer as good as possible. For the Navier-Stokes simulation a concentration of mesh 
points at the walls of the base has been applied. At the boundary layers along the model the 
mesh is similar to the mesh used for the Euler simulation, which is not suitable for boundary 
layer calculation. A concentration of mesh points in this area is needed for the Navier-Stokes 
simulation to capture the boundary layers . This concentration is absent and the boundary layers 
are not captured accurately. 

The mesh adapted to the Mach number distribution generated by the Navier-Stokes simulation 
shows a clear contraction of mesh points in the shear layer. The boundary layer along the model 
is also accurately captured. The mesh points at the base of the model are distributed to capture 
the circulation as good as possible. The shock wave system, generated by the model itself, is 
also captured. Note the capture of the reflecting shock wave at the tunnel wal!. 
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(b) Navier-Stokes Simulation 
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. (c) Navier-Stokes, Mach-adajJted Mesh . 
FIgure 5.2: Mesh, Moo = :L.98, NO-Jet 

The convergence plots of the different types of numeri cal simulation are shown in Fig. 5.3. Al! 
three of the simulations converge weIl. However, the Navier-Stokes simulation needs roughly 
twice as much iterations as the Euler simulation to converge properly. The Mach-adapted mesh 
is responsible for increasing the number of iterations by approximately a factor two. 

5.5.3 Mach Number Contour Plots 

The Mach number plots of the different types of numerical simulation are shown in Fig. 5.4. 
Clearly visible are the compression waves coming from the conical forebody of the model and 
reflecting on the tunnel walls, the expansion fans emanating from the end of afterbody, the shear 
layers and the circulation region behind the model. 

In case of the Euler simulation, which should be inviscid, the circulation region downstream of 
the base is confined to a relatively smal! area in comparison with the Navier-Stokes simulations. 
The maximum Mach number is about 5% higher than for the Navier-Stokes simulations. The 
maximum Mach number does not exceed the free stream Mach number overwhelmingly. The 
simulation is not trustworthy in the base region, because flow separation and the associated 
generation of vorticity is not modelled correctly by the Euler equations. The attachment of the 
shear layer to the model is not in conformity with reality. The circulation area is not captured 
as weil by the numerical Euler simulation as it is by the numerical Navier-Stokes simulations, 
as may be evident by comparison with experimental results. 

The initial Navier-Stokes simulation does not capture the boundary layers very weIl. Further­
more, the shear layers are larger than for the simulation using the Mach-adapted mesh. The 
latter c1early pro vides better results in these areas, because the mesh points are more concen­
trated in these areas than for the initial Navier-Stokes simulation. However, special attention 
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has to be given to possible introduction of unwanted pseudo-physical effects. Constructing the 
adapted mesh with care can prevent this introduction. In the current investigation the adapted 
mesh was constructed such that at the axis of symmetry sufficient smoothness had been ac­
quired. However, the transition of the base region to the region behind the nozzle should have 
been smoother; at this point the non-adapted mesh may provide better results. The simulation 
using the Mach-adapted mesh provides a good conformity with reality. The circulation region 
provides physically interesting results (see section 5.5.4). The solution obtained by the Navier­
Stokes simulation using a Mach-adapted mesh has been used for comparison with experimental 
results. 

5.5.4 Streamlines 

The streamline plots obtained through the numerical Navier-Stokes simulation using a Mach­
adapted mesh are shown in Fig. 5.5. Fig. 5.5a gives a general overview of the complete flow 
field, whereas Fig. 5.5b shows the region of circulation. In the case of no-jet there are three dif­
ferent circulation areas within the complete circulation region. Two relatively small circulation 
areas occur at the base of the model. The outer one, and the smal!est, is rotating in the clock­
wise direction. The inner one, and the larger, is rotating counter-clockwise. Reattachment of the 
flow to the base of the model is possible at the transition at the base from one circulation area to 
the other and seems to occur at approximately z = 11mm, at 44% of the base radius, measured 
from the centerline. The third circulation area, and by far the largest, is located downstream of 
the nozzle of the model and is rotating in a clockwise direction. At the nozzle, reattachment 
of the flow seems to occur at the transition from the second mentioned to the third mentioned 
circulation area, at approximately x = 193mm. However, in both cases reattachment can not 
be accurately visualized. The co-flowing supersonic stream feeds the third mentioned circu­
lation area. In turn, this large circulation area feeds the counter-clockwise rotating circulation 
area. Vltimately, the latter feeds the smal!, clockwise rotating circulation area, which feeds the 
co-flowing supersonic stream in return . The total mass flow to the cavity must be zero. 

5.5.5 Base Pressure 

The base pressure plots of the different types of numerical simulation are shown in Fig. 5.6 
together with the experimental data of FESTlP Aerothermodynamics [4] investigation. The 
boundary of the model base is located at z = 25mm. Both for the Euler simulation and Navier­
Stokes simulation with regular mesh the influence of the relatively high pressure in the expan­
sion fan reaches beyond this boundary. For the Navier-Stokes simulation with Mach-adapted 
mesh this transition is more in agreement with reality. For the FESTlP Aerothermodynamics 
[4] investigation steady base pressure measurements were conducted. Vnder conditions simi­
lar to the present investigation an average dimension-less base pressure of Pb/Poo = 0.32 was 
measured. Furthermore the base pressure seemed to be nearly constant along radial lines. 

Keeping the above-mentioned facts in mind it can be deducted that the base pressure plot gener­
ated by the numerical Euler simulation is not in correspondence with reality. The base pressure 
is not constant and the average value of approximately Pb / POO = 0.41 is too high. The Navier­
Stokes simulation with regular mesh is even worse in agreement with reality. The Navier-Stokes 
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simulation with Mach-adapted mesh does not have the flaws mentioned before. The base pres­
sure is nearly constant, but the average value of upwards of Pb / Poo = 0.62 is in very bad agree­
ment with reality. lt seems th at the Euler simulation provides the most accurate value of base 
pressure, but that the physical behaviour is best captured by the Navier-Stokes simulation with 
Mach-adapted mesh. Nevertheless, no accurate prediction has been made. 

5.6 Jet-Flow, N = Ptj/Poo = 115 

5.6.1 Mesh 

The meshes used for the different types of numerical simulation are shown in Fig. 5.7. Con­
centration of mesh points behind the model has been applied for all three types of simulation in 
order to capture the jet region as good as possible. For the Navier-Stokes simulation a concen­
tration of mesh points at the walls of the base has been applied. At the boundary layers along the 
model the mesh is similar to the mesh used for the Euler simulation, which is not equipped for 
the computation of boundary layers. However, to capture the boundary layers, a concentration 
of mesh points in this area is needed for the Navier-Stokes simulation. The boundary layers are 
not captured accurately, because this concentration is absent. 

The mesh adapted to the Mach number distribution generated by Navier-Stokes simulation, 
shows a clear contraction of mesh points at the shear layer, jet boundary, and barrel shock. The 
boundary layer along the model is also accurately captured. The mesh points at the base of the 
model are distributed to capture the circulation as good as possible. The shock wave system 
(note the capture of the reflecting shock wave at the tunnel wall), generated by the model itself, 
is also captured. 

5.6.2 Convergence 

The convergence plots of the different types of numerical simulation are shown in Fig. 5.8. All 
three simulations converge weil and considerably faster than in the case of no-jet. The Navier­
Stokes simulation needs roughly two times as much iterations as the Euler simulation to con­
verge properly. The Mach-adapted mesh is responsible for increasing the number of iterations 
by approximately a factor two. 

5.6.3 Mach Number Contour Plots 

The Mach number plots of the different types of numerical simulation are shown in Fig. 5.9. 
Visible are the compression waves coming from the conical forebody of the model and reflecting 
on the tunnel walls, the expansion fans emanating from the end of afterbody, the shear layers, the 
jet boundary, the barrel shock and the circulation region at the base of the model. The jet causes 
a substantial rise in maximum Mach number in the base region . The core flow accelerates to a 
high Mach number. 
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. (c) ~avier-Stokes , M~ch-adapted Mesh _ 
Flgure 5.7. Mesh, Moo - 2.98, Ptj/Poo - 115 

In case of the Euler simulation the circulation region again is confined to a relatively small area 
at the base in comparison with the Navier-Stokes simulations. Also, as in the case of no-jet, the 
attachment of the shear layer to the base of the model is not in accordance with reality. Exper­
imental results indicate that the circulation area is not captured as weil by the Euler simulation 
as by the Navier-Stokes simulations. 

The Navier-Stokes simulations show a better conformity with reality, although the initial Navier­
Stokes simulation doesn't capture the boundary layers very weIl. The simulation using the 
Mach-adapted mesh clearly provides better results. The plume core is also more accurately por­
trayed, which can be seen from the barrel shock and the reflection of the barrel shock. Moreover, 
the tendency to dampen the formation of downstream shock cells is not clearly portrayed by the 
Euler simulation and the Navier-Stokes simulation with regular mesh. The simulation using the 
Mach-adapted mesh provides an accurate reproduction of the physical flow field brought forth 
by the interaction of the jet and the co-flowing stream. However, as mentioned before, possi­
bie introduction of pseudo- physical effects has to be taken care of. This introduction can be 
prevented by careful construction of the adapted mesh. In the current investigation the adapted 
mesh was constructed so that at the axis of symmetry sufficient smoothness had been acquired. 
Nevertheless, the gain in accuracy in the circulation region and the jet region is extensive. The 
simulation using the Mach-adapted mesh provides a good conformity with reality. The solu­
tion obtained by the Navier-Stokes simulation using a Mach-adapted mesh has been used for 
comparison with experimental results. 

5.6.4 Streamlines 

The streamline plots of the numeri cal N avier-Stokes simulation using a Mach-adapted mesh are 
shown in Fig. 5.6.4. Fig. 5.6.4a gives a general overview ofthe entire flow field, and Fig. 5.6.4b 
shows the base and jet region. The jet boundary is characterized by a concentration of stream-
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Figure 5.11: Base Pressure, Moe = 2.98, Ptj/Poe = 115 

lines. Contrary to the no-jet case, there are only two different circulation areas within the com­
plete circulation region at the base, which are both subdivided into two regions with centred 
vortices. At the outer part of the base region a relatively large circulation area occurs, where 
two vortices are rotating in clockwise direction. The area is dominated by the big vortex near­
est to the base. At the inner part of the base region the second circulation area is located. Here, 
two vortices are rotating in counter-clockwise. Reattachment of the flow to the base seems to 
occur at approximately z = 12mm, at 48% of the base radius (measured from the centerline), 
but can not be visualized properly. The circulation area at the outer part of the base region feeds 
the shear layer and the counter-clockwise rotating circulation area. The latter then feeds the jet 
boundary. As a result of this complicated flow a net mass flow from the jet is 'filling' the cavity. 
Subsequently, the same mass flow is taken away from the cavity by the extemal flow, because 
the total mass flow to the cavity must be zero. 

5.6.5 Base Pressure 

The base pressure distributions of this jet-pressure case are shown in Fig. 5.11 . The influence 
of the relatively high pressure in the expansion fan reaches beyond the model base boundary 
both for the Euler simulation and Navier-Stokes simulation with regular mesh. The attachment 
of the shear layer to the model, in case of the Euler simulation, is located below the edge of the 
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model base, causing the transition to the 'base pressures' to occur at a radial distance, which is 
too low. For the Navier-Stokes simulation with Mach-adapted mesh the transition to the 'base 
pressures' is more conform reality. Vnder conditions similar to the present investigation, in [4] 
an average dimension-Iess base pressure of Pb / Poo = 0.21 was measured, nearly constant along 
radiallines. 

The base pressure obtained with the Euler simulation has an average value of approximately 
Pb/Poo = 0.08, which is too low as compared to experimental results . The Navier-Stokes sim­
ulation with regular mesh gives an average value of approximately Pb/Poo = 0.57, which is 
too high. Besides, the transition to the 'base pressures' stil! occurs at a radial di stance that is 
too low. The Navier-Stokes simulation with Mach-adapted mesh yields a base pressure that is 
nearly constant, but the average value of almost Pb / Poo = 0.28 is still not in agreement with 
experiments. Although the pressures are off by some 30%, the Navier- Stokes simulation with 
Mach-adapted mesh still captures the physical behaviour the best. Nevertheless, as in the case 
of no-jet, no accurate prediction could be made. However, in this case the base pressure calcu­
Iation is better. 

5.7 Jet-Flow, N = Ptj/Poo = 200 

5.7.1 Mesh and Convergence 

The meshes for the different types of numerical simulation in this case are shown in Fig. 5.12; 
they are similar, with regard to their construction, to those used in the case of N = Ptj/Poo = 
115. However, the mesh adapted to the Mach number shows a clearer contraction of mesh points 
at the shear layer, jet boundary, and barrel shock. In addition the concentration of mesh points 
at the compression waves, resulting from the interaction of the reflected barrel shock and the 
shear layer, is visible. 

As may be seen from Fig. 5.13 all simulations converge wel!, similar to the case of N = 
Ptj/Poo = 115. Again, the Navier-Stokes simulation needs roughly twice as much iterations 
as the Euler simulation to converge properly. The Mach-adapted mesh is responsible for in­
creasing the number of iterations by approximately a factor three. 

5.7.2 Mach Number Contour Plots 

In the Mach number plots, shown in Fig. 5.14, again the compression and expansion waves are 
wel! visualized. The Mach number distribution shows a further increase in magnitude because 
of the tremendous acceleration of the core flow. 

Also for N = Ptj /Poo = 200 the circulation region is, in case of the Euler simulation, confined 
to a relatively smal! area at the base compared to the Navier-Stokes simulations. The simula­
tion using the Mach-adapted mesh portrays the plume core accurately, which may be observed 
in Fig. 5.14c from the barrel shock and the reflection of the barrel shock. This simulation pro­
vides an accurate reproduction of the interacting flow fields. The compression waves, resulting 
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. (c) N~vier-Stokes , M~h-ada.pted Mesh _ 
Flgure 5.12. Mesh, Moo - 2.9~, Ptj/Poo - 200 

from the interaction of the reflected barrel shock and the shear layer, are reproduced weil with 
similar interesting physics. As in the previous cases, possible introduction of pseudo-physical 
effects has been prevented by careful construction of the adapted mesh. 

5.7.3 Streamlines and Base Pressure 

The strearnlines for the Mach-adapted mesh are given in Fig. 5.15. Fig. 5.15a gives a general 
overview, the base andjet region is shown in Fig. 5.15b. The two different circulation areas, 
as shown in the case of N = Ptj/Poo = 115, within the complete circulation region at the base 
have not been altered substantially. In contrary to the case of N = Ptj/Poo = 115 the latter 
circulation area seems to have three centres of vorticity. 

The base pressure plots of this case are shown in Fig. 5.16. The boundary of the base is located 
at z = 25mm. The FESTlP experiments [4] for this case gave an average dimension-less base 
pressure of pb/poo = 0.23. 

The average base pressure, for the Euler computations, of approximately Pb/Poo = 0.08 is too 
low. The Navier-Stokes simulation with regular mesh gives too high an average value of ap­
proximately Pb/Poo = 0.36. The Navier-Stokes Mach-adapted mesh simulation shows a nearly 
constant base pressure with an average value slightly above Pb/Poo = 0.31, still not in agreement 
with the experiments. 
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Flgure 5.15. Streamlmes, Moe - 2.98, Ptj/Poe - 200 
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(b) Navier-Stokes Simulation 

5.8 Jet-Flow, N = Ptj/Poo = 400 

5.8.1 Mesh and Convergence 

The meshes, which are similar in construction to the two previous jet-pressure cases, are shown 
in Fig. 5.17. The phenomena depicted are the same as for the case of N = Ptj / Poo = 200. 

In the convergence plots of Fig. 5.18 it may be observed that, in contradiction to the two previous 
jet-pressure cases, the Navier-Stokes simulation with regular mesh converges roughly as fast 
as the Eu1er simulation. AIso, the convergence of the Navier- Stokes simulation with Mach­
adapted mesh needs slightly more iterations than in the two previous cases and the solution 
converges with a bit more difficulty. 
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5.8.2 Mach Number Contour Plots 
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Fig. 5.19 shows the Mach number plots at these conditions. The occurring phenomena are quan­
titatively the same as in the foregoing cases with jet, except that the plume cells are even more 
elongated. The comments made previously may be repeated here. 

5.8.3 Streamlines and Base Pressure 

Fig. 5.20 shows streamline plots of the Navier-Stokes simulation using a Mach-adapted mesh. 
No basic difference in the streamline pattern occurs when comparing to the cases of N = 
Ptj/Poe = 115 and N = Ptj/Poe = 200. In this case, reattachment of the flow to the base 
seems to occur at approximately 49% of the base radius. 

The base pressure plots of the different types of numerical simulation are displayed in Fig. 5.21. 
For this case in the FESTlP Aerotherrnodynamics [4] investigation an average base pressure 
of Pb/Poe = 0.29 was measured, nearly constant along radial lines. For the numerical Euler 
simulation, the base pressure at an average value of approximately Pb/ Poe ~ 0.07 is too low. The 
average value of roughly Pb / Poe = 0.36 generated by the Navier-Stokes simulation with regular 
mesh is too high. Moreover, it has the same value as for the N = Ptj/Poe = 200 case. Also for 
the Navier-Stokes simulation with Mach- adapted mesh a base pressure of Pb / Poe = 0.34 is not 
much different from the previous N = Ptj/Poe = 200 case. Compared to the measured data 
the base pressures produced with the Mach-adapted mesh are still off by some 20%. Although 
this numeri cal simulation represents the physics of the flow the best, no accurate quantitative 
predictions are possible. 
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Figure 5,18: Convergence Plot, Moe = 2,98, Ptj/Poe = 400 
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5.9 Jet-Flow, N = Ptj/Poo = 600 

5.9.1 Mesh and Convergence 
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The meshes for this case are given in Fig. 5.22; no basic differences are apparent when com­
paring to the previous cases with jet. 

As the convergence plots in Fig. 5.23, the Navier-Stokes simulation with regular mesh converges 
slightly faster than the Euler simulation. This can not be observed in the previous cases. 
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. (c) N~vier-Stokes , M~h-ad"Pted Mesh _ 
Flgure 5.22. Mesh, Moe - 2 . 9~, Ptj/Poe - 600 

5.9.2 Mach Number Contour Plots 

The Mach number plots of Fig. 5.24 show all previously mentioned features in the same quanti­
tative way, nothing could be added in this discussion . However, aremark could be made about 
the area just upstream of the reflection point of the barrel shock. Because of the adaptation of 
the mesh the mesh points in this region can become scarce and this could cause errors in the 
solution. 

5.9.3 Streamlines and Base Pressure 

Streamline plots obtained through the numerical Navier-Stokes simulation using a Mach­
adapted mesh are shown in Fig. 5.25. Again, there are two different circulation areas within 
the complete circulation region at the base. A relatively large circulation area, with vortices, 
centred in two separate areas rotating in the c10ckwise direction, occurs at the outer part of 
the base region. The second circulation area, with a vortex rotating in the counter-c1ockwise 
direction, is located at the inner part of the base region. In contrary to the previous cases, there 
is only one centre of vorticity in this second area. At approximate1y 51 % of the base radius 
reattachment of the flow to the base seems to occur. 

Base pressure distribution for this case may be found in Fig. 5.26. In the FESTlP experiments 
of [4] an average dimension-less base pressure of Pb /Poe = 0.33 was measured. The average 
value of approximate1y Pb / Poe = 0.07, given by the Euler computations, is too low and the 
base pressure is not constant. An average value of approximately Pb/Poe = 0.36 is generated by 
the Navier-Stokes simulation with regular mesh. For he Navier-Stokes simulation with Mach­
adapted mesh the base pressure is nearly constant, but the average value of about Pb/Poe = 0.36 
is again not completely in agreement with experiments, i.e., the pressures are off by some 10%. 
It seems that the base pressures as computed by the various techniques do not change anymore 
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Ptj/Poo Pb/Poo, Euler Pb/Poo, NS Pb/Poo, NS adapted Pb/Poo, FESTIP96 expo 
no-jet 0.41 0.64 0.62 0.32 

115 0.08 0.57 0.28 0.21 
200 0.08 0.36 0.31 0.23 
400 0.07 0.36 0.34 0.29 
600 0.07 0.36 0.36 0.33 

Table 5.1: Average Base Pressure, Comparison of Different Methods 

with the higher values ofthe parameter N = Ptj/Poo (compare the cases of N = Ptj/Poo = 115, 
N = 200, N = 400 and N = 600). 

In the next section the accuracy of the calculated base pressure values will be discussed for 
increasing jet pressure ratio. 

5.10 Comparison of Base Pressure Values 

Table 5.1 shows the approximate average base pressure values of the three types of numerical 
simulation and the experimental data from the FES TIP investigation of [4]. Fig. 5.27 shows 
the graphical representation of these values. The numerical Navier-Stokes simulation with 
Mach-adapted mesh makes the best physical representation of the experimental base pressure 
distribution. Although, compared to the experimental data, the actual values are some 30% off 
in the cases of N = Ptj/Poo = 115 and N = 200, some 20% for N = 400 and some 10% for 
N = 600; the trend of the experimentally acquired statie base pressure curves is followed. For 
higher jet pressures the base pressure prediction becomes more accurate. 

The Euler simulation and the Navier-Stokes simulation with regular mesh do not give a base 
pressure distribution which follows the before mentioned trend. At high jet pressures the base 
pressure seems to be constant and independent of the parameter N. This might be caused by 
convergence problems in the base region, which do not occur in this manner for the simulation 
with Mach-adapted mesh, because it is better suited for computation of the base flow. However, 
no specific cause is apparent. 

In all three types of simulation the case of no-jet is different from the experimental data. This 
might be explained by the fact that for low values of jet pressure a small difference in jet pressure 
causes a large difference in base pressure. An insignificant jet pressure might have occurred 
for the experiments because of possible leakage of the extemal high- pressure supply. Again, 
possible convergence problems might cause the discrepancy, but no particular reason is evident. 
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Figure 5.26: Base Pressure, M= = 2.98, Ptj/P= = 600 
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5.11 Outpluming 

At first sight it looks, especially for large ratios of jet stagnation pressure to free stream pressure, 
as if the barrel shock and the plume shock start at a relatively small angle, conceming the amount 
of under-expansion. The sight of exhaust plurnes at rocket launches inspires this impression. In 
order to be able to comment on this phenomenon, the initial expansion angle at the nozzle lip 
has to be known. 

This expansion angle can be found by considering the flow at the lip of a nozzle with half an­
gle ON, see Fig. 5.28. In the direct vicinity of the nozzle lip, a two-dimensional Prandtl-Meyer 
expansion is assumed. Thus, the flow at the nozzle lip tums through an angle of b,.// relative to 
the nozzle wall , depending on the ratio of the pressure before and after expansion. The overall 
flow expansion angle with respect to the flow axis is a, where 

Figure 5.28: Barrel Shock and Plume Boundary 

(5.1) 

The pressure at the nozzle exit, i.e., Pe, can be derived from the total jet pressure and the nozzle 
exit Mach number, by means of the relationship 

J!... = (1 + 'Y - 1 M 2)"0 (5 .2) 
Pt 2 

With a ratio of specific heats 'Y = cp/cv = 1.4 and a nozzle exit Mach number of M=4, the 
values of nozzle exit pressure are found as given in Table 5.2. 

Assuming that the pressure af ter expansion is equal to the base pressure, the angle b,.// can 
be found by using the ratio of nozzle exit pressure and base pressure in combination with the 
equations for the Prandtl-Meyer angle. The FESTlP investigation [4] gives the experimentally 
obtained base pressures. The experimental data is used because of the accuracy in base pres­
sure (see section 'Comparison of Base Pressure Values'). The base pressures and the before­
mentioned ratio of pressures are shown in Table 5.2. 

The initial expansion angle is found by adding the nozzle half angle of 7.50 to the calculated 
Prandtl-Meyer angle. The theoretical value together with the value, measured from the nu mer­
ical results using a Mach-adapted mesh, of the angle a is shown in Table 5.2. 

Although the measured values are not accurate and assumptions are made in calculating the the­
oretical values, it is clear from comparison of both these values that the observed phenomenon 
is normal. 
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Ptj /Poe Pe/Poe Pb / Poe (exp.) Pe/Pb Cl! (theory) Cl! (measured) 
115 0.76 0.21 3.61 28.2° ~ 27° 
200 1.32 0.23 5.73 40.5° ~ 37° 
400 2.63 0.29 9.08 53.6° ~ 49° 
600 3.95 0.33 11.97 61.5° ~ 58° 

Table 5.2: Initial Expansion Angle 





Chapter 6 

CONCLUSIONS AND RECOMMENDATIONS 

Results of a single nozzle plume with a high supersonic exit Mach number of 4 exhausting in a 
co-flowing supersonic free stream of Mach 2.98 have been presented for a number of conditions, 
ranging from Ptj/Poe = 600 to no-jet-flow flow at Mach 2.98. Euler and Navier-Stokes simu­
lations, for which the Reynolds numbers based on the modellength were greater than 5· 106 , át 
Mach 2.98 were used to compare with experimentally obtained data [4,14]. As may be expected 
Euler simulation does not provide an accurate representation of the flow field in the base region 
of the FES TIP-model. In order to obtain an accurate physical representation of the interaction 
zone mesh adaptation has been applied for a Navier-Stokes simulation. 

In the present investigation the mesh adaptation seems to be responsible for increasing the num­
ber of iterations tremendously compared to the simulations with regular meshes. However, this 
is not comparable because both the regular meshes and the Mach-adapted meshes contained an 
equal amount of points. In such a case the adapted mesh provides a more accurate solution, but 
takes more iterations to converge because of the diminished smoothness of the mesh. Never­
theless, the Mach-adapted mesh provides a gain in accuracy, which convincingly overshadows 
the deterioration of the convergence. 

Navier-Stokes simulations for laminar flow were made with the objective to compare various 
adaptations. For the numerical Navier-Stokes simulation with regular mesh the boundary layers 
were not accurately captured because of the fact that not enough mesh points were present in 
the boundary layers. The Mach-adapted mesh captures the flow features very weil. However, 
pseudo-physical effects could be introduced when the mesh is changed in such a way that re­
gions become devoid of mesh points or when the mesh becomes too skewed. The utilization of 
mesh adaptation makes it more difficult to retam sufficient smoothness, which is a disadvantage 
of this technique. 

The simulation using the Mach-adapted mesh provides an accurate reproduction of the physical 
flow field, especially in the region of the interaction of the jet and the co-flowing stream. 

The streamline plots obtained through the Navier-Stokes simulation with Mach-adapted mesh 
give some insight in the physics of the circulation region. For the case of no-jet-flow three sep­
arate regions of vorticity were found and reattachment of the flow to the model is possible. For 
the cases with jet-flow two separate regions of vorticity were found which were both subdi­
vided in two and sometimes three areas of vorticity concentration. Reattachment of the flow to 
the base of the model could be possible at the transition from one circulation area to the other. 
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However, for all cases, reattachment was not accurately visualized and no sound conc1usions 
about resulting heat-conduction can be drawn. 

The Navier-Stokes simulation with Mach-adapted mesh makes the best physical representation 
of the base pressure distribution and the trend of the experimentally acquired statie base pres­
sure curves is followed. The Navier- Stokes simulation with regular mesh does not give a base 
pressure distribution which follows the before mentioned trend. The case of no-jet-flow is dif­
ferent from the experimental data. The no-jet-flow case is characterized by a large subsonic 
region, which causes convergence problems for the numeri cal simulations. 

Finally it may be recommended to use coupled, or at least uncoupled, multi-dimensional mesh 
adaptation for better physical representation of the flow field. Introduction of pseudo-physical 
effects is a result of lack of smoothness of the mesh. Enhancement of the mesh smoothness is 
recommended. 
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A computational study of the flow field along an axi-symmetric body 
with a single operating exhaust nozzle has been performed in the 
scope of an investigation on base flow-jet plume interactions. 
Results of a single nozzle plume with a high supersonic exit Mach 
number of 4 exhausting in co-flowing supersonic free stream of 
Mach 2.98 are presented for a nurhber of jet stagnation pressure to 
freestream static pressure ratios, ranging from Pt/P"" = 600 to no­
jet flow at Mach 2.98. These conditions were used to validate the 
numerical Euler and Navier-Stokes Simulations with experimentally 
obtained data [4, 14]. 

Euler and Navier-Stokes simulations have been made in combina­
tion with regular meshes. In order to obtain a better physical repre­
sentation of the interaction zone mesh adaptation has been applied 
for a Navier-Stokes simulation. One-dimensional adaptation to the 
Mach number distribution has been applied along fixed lines in 
the radial direction. In this way the flow field could be accurately 
portrayed. 

The three numerical simulatiön techniques are compared using 
flooded Mach-number contour plots. The Navier-Stokes simulation 
with Mach-adapted mesh provided the basis tor comparison with 
experimental results. A physical description of the flow field in the 
base region, or cavity, is presented using streamlines. Reattachment 
of the flow to the base of the model, which results in heat-transfer 
to the surface, has been found to be possible at approximately 45% 
to 50% of the base radius, measured from the centerline. However, 
reattachment has not been accurately visualized. Base pressure 
distributions obtained through all three different types of numerical 
simulation are presented in order to compare to the experimental 
data. No proper reproduction of the experimental Pb lP "" -
Pt/P ""curve (see [4, 14] could be attained. 
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