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ARTICLE INFO ABSTRACT

Keywords: This paper introduces a novel hierarchical model predictive control (MPC) framework, called
Model predictive control the Parent-Child MPC architecture, designed to ensure recursive feasibility without relying
Hierarchical control on terminal constraints. The proposed architecture targets nonlinear constrained systems with

Robust tube-based model predictive control

- - Lipschitz continuous dynamics, such as quadrotors, helicopters and autonomous bicycles. For
Computational efficiency

such systems, traditional MPC approaches may suffer from computational intractability or
conservativeness due to needing terminal constraints. The proposed framework couples a small-
horizon, high-fidelity Child MPC with one or more large-horizon, simplified Parent MPC layers.
The Parent layers provide robust invariant tubes that replace terminal constraints, enabling
scalable planning and stability guarantees. Two case studies, including a linear double integrator
system and a nonlinear system, demonstrate the effectiveness of the architecture. Compared to
standard robust tube-based MPC, the Parent—-Child MPC achieves up to an eight-fold reduction
in solver time and a three-fold increase in controllable prediction horizon. It also maintains
performance within 3% of robust tube-based MPC. These results highlight the potential of this
architecture for real-time control of complex, nonlinear systems under uncertainty.

1. Introduction

Model predictive control (MPC) employs a model of the system to predict its future behavior over a finite time horizon and to
accordingly optimize the control input trajectory. A key strength of MPC is its ability to explicitly incorporate constraints during
the optimization procedure [1].

As infinite constrained optimization is usually computationally intractable, MPC operates over a finite prediction horizon. Due
to this, ensuring stability for MPC is generally challenging, and is commonly achieved via, e.g., enforcing passivity conditions [2],
using the augmented stage cost function corresponding to a single time step as a control Lyapunov function [3], or treating the
optimal cost of the MPC optimization problem as a control Lyapunov function and demonstrating its decline [1].

These methods for MPC often involve supplementary, terminal constraints. Applied exclusively to the final predicted state,
terminal constraints guide the system towards a terminal state region Xf C X near its destination (with X the admissible state
set). The N-step controllable set X set is a set including all states that are steerable by an admissible control input sequence of
length N — the number of time steps across the prediction horizon — into set Xf [4]. For larger prediction horizons, this controllable
set is usually expanded. In other words, some states, although safely steerable into Xf with large prediction horizons, lie outside
the reach of short-horizon MPC.

Large-horizon MPC is typically computationally prohibitive [5]. It is thus common to simplify (e.g., linearize) the prediction
model [6]. This, however, potentially leads to constraint violations, due to model inaccuracies. Alternatively, as explained in [7],
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the sampling time is manipulated to enlarge the controllable state set without increasing the prediction horizon. The main objective
of this paper is to propose an architecture that extends single-level MPC to multi-level MPC, in order to reduce the required
computations while maintaining robustness and performance.

Beyond MPC, recent advances in alternative control paradigms have been reported, including deterministic artificial intelligence
approaches [8], robotics-oriented methods for center-of-mass estimation and trajectory shaping [9], and bio-inspired or adaptive
controllers [10]. These contributions illustrate the diversity of modern control research. Nevertheless, MPC remains unique in
systematically handling multi-objective optimization with hard state and input constraints. This motivates the present focus on
advancing MPC methodologies. The proposed Parent—Child MPC architecture should be viewed as complementary to these recent
advances.

Combined approaches integrate MPC with other controllers. An example involves dividing the prediction horizon into a control
horizon governed by MPC and a segment where the last MPC input is simply repeated [11]. This approach usually enhances
computational efficiency by reducing the number of decision variables. Alternatively, after executing the MPC trajectory for given
time steps, a terminal control law (e.g., a linear quadratic regulator for linear systems) is activated [12]. This method is based on
invariance of the terminal set.

These strategies all rely on reaching a given terminal set via MPC, without inherently enlarging the N-step controllable state set.
Hierarchical MPC offers promising alternatives. Numerous hierarchical MPC schemes have been proposed in the literature, though
not all of them focus on reducing the optimization time. For example, [13] employs a hierarchical approach to decompose the control
problem into path planning and path following. In [14], MPC performs high-level planning to generate optimal reference trajectories,
while a lower-level controller executes the plan. However, this methodology does not employ MPC (or another optimal controller)
at the lowest layer, which may result in suboptimal performance. Similarly, in [15] a hierarchical MPC architecture is proposed
for complex building energy systems, but without demonstrating stability guarantees. In [16], a stable and robust hierarchical MPC
was proposed. Nevertheless, in all these approaches, the higher-level controller attempts to identify an optimal trajectory, while
the lower-level controller is limited to tracking it. In contrast, our approach assigns full optimal decision-making authority to the
lower-level controller, granting it full knowledge of the objective and freedom in achieving it, while the higher-level controller
ensures safety and stabilizes the system by imposing additional constraints.

A recent bi-level MPC architecture in [17] synergizes two MPC formulations: “Rough long-vision” MPC with a coarse prediction
model and large sampling time, and “detailed short-vision” MPC for enhancing and executing the plan across a smaller prediction
horizon with smaller sampling times. Long-term MPC provides a trajectory that guides the constraints of short-term MPC. This
architecture has been extended to long-term exploration planning for multi-robot systems in [18], with highly promising results,
but no formal stability guarantees.

Inspired by this, the challenge of reaching a designated terminal set through online decision-making is addressed by proposing
a multi-level architecture composed of interconnected MPC systems, leveraging robust Tube-based MPC (TMPC). TMPC ensures
constraint satisfaction under bounded uncertainties without significantly increasing online computational complexity [1]. It uses
a fixed-shape tube (e.g., a polyhedron or ellipsoid [19]) around the nominal trajectory to guarantee safety [20]. The nominal
component of TMPC governs the center of the tube, while an ancillary controller maintains the actual state within the tube. The fixed
tube structure, however, may lead to conservative behavior and reduced performance. For instance, applied to a wheeled E-puck
robot [21], TMPC caused a substantial unnecessary reduction in the robot velocity, up to 30% [22]. This performance degradation
stems from the dual role of the ancillary control law, as it should both ensure stability and compensate for disturbances and model
discrepancies. These dual objectives restrict the flexibility of nominal MPC in selecting optimal control inputs.

Key contributions of the paper are:

« A novel hierarchical control framework, called the Parent—Child MPC architecture, is introduced. The framework effectively
replaces the nominal component in TMPC for certain nonlinear systems. It guarantees convergence to a designated terminal
set without imposing a terminal constraint, thereby avoiding conservativeness and risk of infeasibility typically associated
with such constraints.

« A small-horizon Child MPC (C-MPC) controller directly steers the system, emphasizing local optimality. One or more large-

horizon Parent MPC (P-MPC) layers address stability and long-term feasibility. Strategic interactions of these layers allow to

replace terminal constraints with adjustable stage-wise state constraints, including robust positive invariant tubes derived by

Parent layers. This significantly enlarges the feasible exploration space of C-MPC, leading to improved performance.

The cross section of these tubes is composed of a fixed subset £P of the state space. It is proven that £? is also a robust

positive invariant set for the C-MPC nominal trajectory. Once this nominal trajectory enters £F, the goal of Parent—Child

MPC architecture is met, allowing a secondary low-complexity controller (e.g., small-horizon conventional TMPC) to steer

the actual state towards a neighborhood of the origin.

Similarly to [17], the trajectories of P-MPC layers — based on linear TMPC [20] — are used to formulate constraints for C-MPC that
ensure long-term feasibility and stability. C-MPC, similarly to an ancillary controller, directly steers the system, which is initialized
far from its desired state, with no reference trajectory. Unlike the approach in [23], where MPC serves as an ancillary controller
within a nonlinear TMPC framework, C-MPC does not track the nominal trajectories of P-MPC. Instead, it shares the same cost
function as P-MPC, while employing a more accurate prediction model and finer sampling times. The results presented in this paper
are primarily intended for practitioners seeking to implement MPC in scenarios where, despite strong theoretical justification (e.g. the
presence of hard constraints or highly accurate models), the computational burden hinders or prevents practical deployment. In such
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cases, the proposed architecture offers a viable solution by significantly reducing computational effort, while preserving stability
and robustness, with only a minor loss in optimality.

Section 2 formulates the problem. Section 3 details the Parent-Child MPC architecture. Section 4 presents and discusses the
results of a case study, and Section 5 concludes the paper and proposes directions for future research. Moreover, abbreviations and
mathematical notations used frequently in the paper have been included together with their explanations and definitions in two
tables in Appendix A and Appendix B, respectively.

2. Problem formulation

This section describes the problem of controlling a nonlinear system subject to additive disturbances, with the goal of steering
the system from an arbitrary initial state to a desired target state. The system model follows the formulation in [24].

2.1. System modeling

The system dynamics is described in discrete time by the following nonlinear model subject to additive disturbances:
X = Axy + g(x;) + Buy + wy, @

where x;, € R” C X is the state vector, u, € R™ C U is the control input vector, w;, € R” C W is an unknown bounded disturbance
vector. The states, control inputs, and disturbances are constrained to convex, compact sets X, U°, and W, respectively. Function g(-)
is nonlinear Lipschitz with Lipschitz constant L > 0, satisfying g(0) = 0. The matrix pair (4, B) is stabilizable. Lipschitz continuity
of g(-) implies that:

e — g S Llx; —xof|  Vxp.x, €X 2

Note that the assumptions considered on function g(-) are standard in the relevant literature. More specifically, g(0) = 0 ensures that
the system admits an equilibrium. Systems without an equilibrium cannot be directly controlled by MPC-based methods, including
TMPC. Moreover, Lipschitz continuity is a standard assumption in various works on systematic control of nonlinear systems via
MPC; while a large Lipschitz constant enlarges the tube, unlike conventional TMPC, our framework does not require minimizing
this tube size - as is detailed later in Section 3.1.2 — making the approach less conservative.

2.2. Control problem

The control objective is to regulate the state towards a suitable robust positive invariant set including the origin, as defined
in [20]. Until this goal is reached, a stage cost I(-, ), given below, is accumulated, with Q and R positive definite matrices:

1(xy,up) = x] Ox; +u] Ruy, 3
As shown in [25], systems given by (1) under the stated conditions, can robustly be controlled using TMPC. The nominal optimization
problem of nonlinear TMPC at time step k, with prediction horizon N, for system (1) is given by:
k+N-1
Vo=, min Z: (kaQ zy + 0], R v”k) + 2] N PN (4a)

such that fori=k,... . k+ N —1:

x, €{z;}DE (4b)
Zipip = Az + 8 (Zi4) + Boy, (40)
2k EXOE (4d)
v €V (4e)
ZrsNik € zf (4f)

which, rather than directly steering the system state x,, determines nominal control input v, to steer the nominal state z,. The
nominal prediction model is given via (4c), which eliminates the disturbance term w, from (1). The nominal state trajectory
represents the center of a rigid tube with cross section &, i.e., the set of possible errors between nominal and actual states. The
state admissibility constraint (4d) has been tightened to ensure the actual state, impacted by uncertainties, remains within the
admissible state set X. The notation a,,,, with k, > k;, shows the value of variable a at time step k, predicted at time step &,
with a , 1= a,. Tilde for decision variables shows a sequence, where 4., with ky > k; represents [a, ..., ak4]T. Constraint (4b)
adjusts the nominal state z, at time step k to locate the cross section {z,} @ & of the tube within set X, so that the measured state x,
lies within the tube. For all time steps i = , ..., k+ N — 1, the actual control input u;, should satisfy u;, € U". This requires defining
tightened constraints on nominal control inputs, as is done in (4e). The terminal constraint (4f), where Zf is a control invariant set,
designed as a tightened version of the actual terminal state set X*, together with the terminal cost z ., P z, Nk in (4a), ensures

k+N |k
recursive feasibility — i.e., if a solution initially exists, a solution exists for all future time steps. However, as explained earlier,
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imposing such a terminal constraint may restrict the set of initial states from which the system is steerable to the origin. Note that
@ and © show the Minkowski set summation and subtraction, respectively.
The actual system, which is prone to disturbances and model discrepancies, is controlled via an ancillary control law:

u, = n(xkazkvvk)a 5)

designed to ensure, through the tightened constraint (4d), that the evolved actual state x,,; remains within the tube, provided that
the current state x;, satisfies (4b). The tube cross section {z;, } ®&, for all time steps i = k, ..., k+N —1, is a robust positive invariant
set when the system follows control input « (x;, zy, vy ).

The goal is to design an MPC-based control architecture that can steer the system to the origin from any admissible initial state —
assuming a feasible control problem — while guaranteeing stability and recursive feasibility. Although solving (4) with a sufficiently
large prediction horizon theoretically achieves this goal, the computational burden may be prohibitive [22]. The control architecture
proposed in this paper addresses this issue by alternately solving an additional quadratic program alongside the nonlinear program,
reducing the computational complexity while maintaining the desired properties.

3. Proposed architecture: Parent-child MPC

This section discusses the proposed Parent—Child MPC architecture, which replaces the nominal problem in conventional TMPC
given by (4) to offer a computationally efficient alternative with stability guarantees. The Parent MPC (P-MPC) extends standard
linear TMPC, incorporating both a nominal MPC problem and a feedback ancillary control law. In contrast, the Child MPC (C-MPC)
leverages the nominal problem from the nonlinear TMPC formulation in (4) to more flexibly steer the system. Unlike traditional
TMPC, C-MPC omits terminal constraints, thereby eliminating the restrictive influence of these sets, as discussed in Section 1. Instead,
C-MPC operates under additional stage-wise constraints derived by P-MPC, in the form of translated tubes — robust positive invariant
sets — composed of a fixed subset £P of the state space centered along the Parent nominal state trajectory.

Remark 1. While the proposed architecture eliminates the need for terminal constraints in the C-MPC layer, P-MPC still employs a
terminal constraint during long-term planning to ensure feasibility and stability. This distinction highlights that terminal constraints
are not universally unnecessary, but are shifted to the higher-level controller in our framework, where their estimation is significantly
easier and computationally more tractable.

Set £P is designed to lie within the controllable state set, from which the nominal Child trajectory is steerable into a desired
terminal set. It is proven that, under the Parent-Child MPC strategy, the untranslated set £F itself is a robust positive invariant
set for the nominal C-MPC trajectory. Therefore, once the nominal C-MPC trajectory enters this set, the primary objective of the
Parent—Child MPC architecture is fulfilled. From this point onward, a secondary control phase — such as a conventional TMPC scheme
with a small horizon (and thus affordable online computations), or another control-invariant strategy — may be employed to steer
the actual state trajectory towards a desired neighborhood of the origin.

P-MPC employs a simplified nominal version of the system model in (1) that eliminates both the Lipschitz nonlinearity and the
additive disturbances. The underlying linear TMPC formulation of P-MPC is designed to mitigate the uncertainties introduced by
the model discrepancy that stems from omitting the Lipschitz nonlinearities of the original system. By adopting a coarser sampling
time for prediction and optimization, P-MPC reduces computational complexity and supports larger prediction horizons. While this
long-term planning facilitates stability, directly following the trajectories generated by P-MPC may lead to suboptimal performance
due to model inaccuracies.

C-MPC operates at a finer resolution, using a nominal, yet nonlinear, version of the model in (1) that solely eliminates the additive
disturbances. Exploiting its more accurate model, C-MPC focuses on short-term optimality within a disturbance-driven tube, while
inheriting stability and feasibility guarantees from P-MPC. An ancillary control strategy (such as the one in [23]) is ultimately
employed to reject these disturbances.

The Parent—Child MPC architecture integrates long-term planning capabilities of P-MPC with responsiveness and short-term
optimality of C-MPC, while preserving stability and recursive feasibility. The primary distinction between conventional nonlinear
TMPC and the Parent—Child MPC architecture lies in the role of the nominal components: In standard TMPC an ancillary controller
ensures stability by keeping the state within a tube located in the state space through the nominal controller. Thus, reducing the
tube size is essential to enhancing flexibility in the nominal trajectory, thereby improving the performance (see tightened state
admissibility constraint (4d)). In contrast, within the Parent—Child MPC architecture, C-MPC enhances the optimality, whereas P-
MPC ensures stability and recursive feasibility by generating a suitable modeling error tube. Consequently, enhancing the flexibility
of C-MPC and, thus, the system performance, requires an enlarged modeling error tube.

Next, the formulations of P-MPC and C-MPC are presented. The actual state at time step k is denoted by x,, which is guided
by the actual control input u,. The nominal state and control input of P-MPC and C-MPC are represented by z}z,vl,: E,
respectively. The prediction horizon and cross section of the tube — a robust positive invariant set for rejecting uncertainties — for
P-MPC and C-MPC are N?, € and N€, &€, respectively. The actual state and input of P-MPC are given by x¥ and uf.

and zf, 1%
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3.1. Parent MPC

The formulation of P-MPC is based on standard linear TMPC [20]. Rejecting the additive disturbances w, affecting the original
system modeled by (1) is delegated to C-MPC. Consequently, external disturbances do not appear in the formulation of P-MPC,
which is designed for the following dynamic model:

P _ 4P P P
X, = Ax + Bu +w, 6)

with w? = g (xP), i.e., both the additive disturbance w; and the nonlinear term g (x¥) as a controllable part of the dynamics

are eliminated. Instead, the nonlinear term is treated as a bounded additive disturbance w‘;. Since g(-) is Lipschitz continuous and
£(0) = 0, the following holds: ||g (xz) ” < Lxl,:. Given the boundedness of the state space X, this ensures that g (xll:) is also bounded.

The model in (6), therefore, structurally resembles a linear system subject to bounded additive disturbances, consistent with the
framework in [20]. The nominal component of P-MPC then follows a disturbance-free version of (6), given by:

P _ 4. P P
Zpg = Az, + By, ()

In this context, the error ei between the actual model (6) and the nominal model (7) of P-MPC is defined as:

P

ek = XE—ZII: (8)

The simplified design of P-MPC enables its nominal optimization problem to be cast as a convex or quadratic program,
significantly reducing computational complexity.

In linear TMPC, the nominal control input is augmented with an ancillary control law in the form of linear state error feedback
for regulating the modeling error e}:. Accordingly, the control input in P-MPC is defined as:

P o uf 4+ KT ©

Uy

where KP? is a feedback gain matrix selected such that A + BK? is stable (i.e., all eigenvalues lie strictly within the unit circle). In
general, matrix K? is not unique.

The control law in (9) is not directly applied to the actual system. Instead, as is detailed in Section 3.2, it serves as a baseline
input around which the nominal C-MPC policy is constructed, and warm-starts the C-MPC nominal optimization. Moreover, at the
P-MPC level, the choice of the feedback gain matrix K? is primarily important for the construction of the modeling error tube
with cross section £P. This tube is subsequently injected into C-MPC as a sequence of stage-wise constraints on its nominal state,
omitting the need for explicit terminal sets. This tube additionally plays a central role in establishing the recursive feasibility for
the Parent-Child MPC architecture.

3.1.1. Nominal problem of P-MPC

The nominal optimization problem of P-MPC spans the Parent prediction horizon NP, and incorporates both the Parent tube
with cross section £ and the Child tube with cross section £C.

This optimization problem at time step k is given by:

P(.,C
v (Zk|k—l)
k+NP—1 T .
_ . P P P P
=, mi Z (Zi\k Oz, +vy, Rvi|k) (10a)
z U j—
kik+NP™ kik+ NP1 i=k
P Tp. P
+z Pz
k+NP|k k+NP|k

such that fori=k,...,k+ NP = 1:

zflk—l € {ZE} ®Er (10b)
P _ P P

Zi = Az + By, (10c)

z, E(Xeef)ee? (10d)
v}’lk e V¢ o KPEP (10e)

zl/:+1v1’\k ezt (100

This problem formulation enhances flexibility by encoding the initial Parent nominal state z}: as a decision variable. As enforced by

constraint (10b), this state should be determined such that the most recent estimate zfl el of the Child nominal state for time step k
lies within the current Parent tube. Since the Parent tube is by design a robust positive invariant set, all future Parent nominal states
are then guaranteed to remain within this tube. Note that the nominal Child state zf is a decision variable in C-MPC (see Section 3.2),
which is solved only after the P-MPC optimization problem. This explains deploying the most recent available estimation z as
a proxy for the Child nominal state at time step k in constraint (10).

The evolution of the nominal state in P-MPC is governed by the simplified dynamics (7), restated in constraint (10c).

C
klk—1
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To ensure constraint satisfaction despite model simplifications, constraints (10d) and (10e) impose tightened bounds on state
and control input trajectories, respectively. While the trajectories generated by P-MPC do not directly steer the actual system, they
indirectly influence the actual trajectories by steering the nominal state trajectory of C-MPC (i.e., the center of the Child tube) to
ensure it remains stage-wise within the Parent tube. This condition, as detailed in Section 3.2, is essential to eliminating terminal
constraints from the C-MPC formulation. Moreover, C-MPC relies on a simplified model of the system that excludes the additive
disturbances. This implies that constraint tightening is necessary to always guarantee state admissibility. Accordingly, as encoded
in constraint (10d), the admissible state set X is first shrunk by the shape of set £ — cross section of the disturbance-driven tube
of C-MPC — and is further eroded by set £¥ — cross section of the modeling error tube. This ensures that the set {zﬂ k } oEP @ EC,
which contains the actual state trajectory for all i = k, ...,k + N¥ — 1, remains a subset of admissible set X. A similar tightening is
applied to the nominal control inputs of P-MPC. In constraint (10e), the admissible control input set V" is replaced by a tightened set
VC, designed based on the actual control input policy of C-MPC for admissibility of its nominal control inputs (see [23] for details),
and is further eroded by the set KP£P, thereby reserving room for augmenting the Parent ancillary control law later.

To ensure stability, the terminal state zP in P-MPC must lie within a terminal set Zf’P, enforced via constraint (10f). The

k+NP|k
associated terminal cost ZE+NP|/¢ le:+NP|k is defined in quadratic form, with matrix P a constant, positive definite matrix obtained

by solving the following discrete-time Lyapunov equation:
(A+BK™) P (A+BK™)+0+K® RK™ = p a1

Matrices A, B, K*P define the closed-loop dynamics under a terminal control law that follows a state feedback policy with gain K%P,
while Q and R are the stage cost matrices. Note that the feedback gains K, used in (9) for the ancillary control law of P-MPC, and
KPP used to determine the terminal cost, both need to stabilize the simplified nominal model (7). However, they do not necessarily
need to be identical. Their independent design can introduce flexibility, as gain K® influences the shape and size of £?, i.e., the
modeling error set, which constrains the nominal trajectory of C-MPC, while gain KP affects the size of the terminal set Z5P for
P-MPC, which determines the admissible endpoint of the nominal trajectory of P-MPC. This terminal set may be defined as a level
set of the terminal cost, often taking the form of a polyhedron or an ellipsoid, and obtained by imposing zll:+Np|kTP Zl]:+Np|k <,
where ¢ > 0 is a scalar that determines the size of the terminal set.

3.1.2. Designing the modeling error tube cross section £¥

The modeling error tube in P-MPC should be a robust positive invariant set with cross section £P, such that e‘; € £P implies
e}’ € &P, for i > k. Various state-of-the-art algorithms, e.g., in [19,26], are available for designing cross section of such sets, taking
into account that this set is not necessarily unique for a given system subject to given disturbance bounds.

In conventional TMPC, determining optimal shape and size for the tube entails a fundamental trade-off. Smaller tubes, on the
one hand, increase flexibility in designing the nominal trajectory by enlarging the tightened state admissible set (see constraints
(4d) and (10d)). On the other hand, a smaller tube often necessitates a larger feedback gain matrix K® to ensure robust stability.
This, in turn, tightens the admissible control input space (see (10e)). Thus, either design choice may lead to an overall degradation
of closed-loop performance.

Since the tube of P-MPC encapsulates the nominal state trajectory of C-MPC, shrinking this tube — while expanding the admissible
state space for the nominal state trajectory of P-MPC — has the opposite effect on the nominal state trajectory of C-MPC. The
trajectory of C-MPC, however, should enhance optimality. Hence, increased flexibility in state space exploration is highly desirable.
Accordingly, the Parent—Child MPC architecture pursues a fundamentally different design objective than that of conventional TMPC:
It enlarges the cross section £ of the modeling error tube, provided that the computational demand remains tractable for solving
the online optimization of C-MPC. Since, by the end of the primary control phase, the nominal C-MPC trajectory lies within set £F,
this set becomes the feasible exploration region for the conventional TMPC in the secondary phase of control. Therefore, the design
trade-offs for set £P should also account for the computational demands of the conventional TMPC. In practice, for many systems
described by (1), with reasonably simple terminal sets, if C-MPC (which operates under stricter constraints) is computationally
affordable over horizon NC, then so is the conventional TMPC.

The enlarged tube of P-MPC serves as a stage-wise constraint for C-MPC, thereby expanding its feasible region and enabling
it to pursue performance-enhancing control strategies. To preserve the stability and recursive feasibility guarantees of the overall
framework, the set £P should satisfy:

ez (12)

where Z?VC is the NC-step controllable set for the nominal component of C-MPG that steers its nominal state — within N time steps
— into a terminal region Z%C, which is designed offline by tightening the actual terminal state set Xf to account for the impact of
the additive disturbances on the actual system.

This approach draws inspiration from applications of TMPC in passenger car systems [24] and planar quadrotor drones [27].

Remark 2. Whenever computing the maximal set vac is computationally intractable (e.g., due to complex nonlinear dynamics),
a control-invariant subset, e.g., Z5C, may be used instead. Larger sets yield a larger Parent tube, where this increases the flexibility
of C-MPC in exploring its search space.
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As discussed in [27], designing tubes based solely on the Lipschitz constant (which in P-MPC determines the bound of the
uncertainties) often leads to very large tubes and excessive conservativeness, resulting in overly tightened state constraints. While
this limits the appeal of conventional TMPC schemes, as is demonstrated in Section 3, the Parent-Child MPC architecture inverts
this shortcoming into an advantage, where a deliberately larger tube relaxes the constraints on C-MPC, allowing it to explore more
dynamic and adaptive control strategies, ultimately resulting in improved system performance.

3.1.3. Balancing the computational overhead of P-MPC

Since the model of P-MPC is linear and its nominal optimization problem is convex (not necessarily quadratic due to the terminal
constraint), P-MPC can, in view of computational costs, accommodate a larger prediction horizon than C-MPC. Larger controllable
sets can be reached by sufficiently increasing the prediction horizon [4]. To reduce the computational burden of P-MPC while still
enabling a large Parent prediction horizon N?, two complementary strategies are proposed as outlined next.

Reduced update rate. P-MPC does not control the system, so it may be solved less frequently than C-MPC to reduce computational
overhead. This requires that the updated Parent tube always covers the entire Child prediction horizon, i.e., the number of time
steps between two consecutive control updates by P-MPC be strictly smaller than N? — NC + 2, assuming identical sampling times
for both P-MPC and C-MPC.

Coarser planning sampling. Using larger sampling times, P-MPC can extend its horizon without adding more optimization variables.
For stability analysis, the underlying dynamics should use the base sampling time. This can be enforced by holding control inputs
constant over fixed intervals, with the associated variables and constraints removed at implementation. Prior work, e.g., [28],
demonstrates how varying sampling times may significantly influence the resulting trajectories and as such the performance. This
highlights the importance of careful selection of hyper-parameters, e.g., the sampling time, in hierarchical MPC design.

3.2. Child MPC

C-MPC solves a nonlinear TMPC problem to directly steer the system, optimizing the same cost function structure as P-MPC,
instead of tracking its state trajectory. P-MPC shares its nominal control input trajectory and tube with C-MPC, which must ensure
that its nominal state trajectory remains within the tube defined by P-MPC. By exploiting its flexibility, C-MPC discovers trajectories
that enhance optimality beyond the conservative solution provided by P-MPC. The nominal optimization problem solved by C-MPC
is formulated by:

ye (x PP ):
k2 kN Vi ke NP
k+NC-1 T T
. C C C C
min ) ; ~ Ruv;
oo mn Y (= oz o)+ (13a)
k:k+NC 7 k:k+NC—1 i=k
T
ZC C

Pz
k+NC|k k+NC|k

such that for i = k, ..., k+ N¢ —1:

x, € {zl} @ &€ (13b)
C  _ 4.,C C C

zl.+1|k—Azi|k+g(z’.|k>+Bvi|k (13c)
C P p _ C

e {Z o forj=k .. .k+N (13d)
C _ P p (P p C

Vil = Vi + K (xilk — zilk) + Avl_lk (13e)
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This optimization is warm-started by the (virtual) solution of P-MPC, i.e., by z© ¢ = xP ¢ and ADC e, =1I0,.. ,0]7, both
k:k+N k:k+N' k:k+NC—1

spanning the first NC time steps. The process of generating the warm start is visualized in Fig. 1.

Constraint (13b) ensures that current nominal state zf{: of C-MPC, included as a decision variable, is determined such that current
measured state x; of the system is inside the tube {zg} @ £C of C-MPC. Constraint (13c) implies that the nominal component of
C-MPC operates based on the original nonlinear dynamic model (1), omitting the external disturbance w,. Thus, the tube £ of
C-MPC is designed to account for rejecting these disturbances for the actual system. In essence, the Parent-Child MPC architecture
allows C-MPC to avoid designing and deploying explicit terminal sets, a typically challenging task for nonlinear MPC frameworks.
Instead, a sequence of tightened stage-wise state constraints, as given in (13d), which ensures that nominal state trajectory of
C-MPC remains within the tube of P-MPC. These constraints, when satisfied alongside constraint (10d) within the P-MPC nominal
optimization loop, ensure safe tightening of the C-MPC nominal state set, such that the actual states remain within the original
admissible set X. Constraint (13e) defines the nominal C-MPC law, where the P-MPC input (9) acts as a baseline, and C-MPC input
increment Avﬁk is treated as a decision variable. Constraint (13f) ensures that the resulting C-MPC nominal inputs remain within the
tightened admissible input set VC. The sequence of operations performed within the Parent-Child MPC architecture is illustrated
via a flowchart in Fig. 2.

In the event that x; ¢ Z,Cvc ® £€) holds, C-MPC invokes P-MPC to re-solve its optimization problem, initialized at the most
recent admissible state, to re-define the Parent tube.
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|
|
o N ° , I° Q
|
8 A J
First N¢ steps Last N - N¢ steps

[ cwmpc ]

Fig. 1. The process of generating a warm start for C-MPC: The first N° states and control inputs predicted by P-MPC are provided as the initial
guess for C-MPC. Note that if N© = NP, the entire sequence generated by P-MPC is used, leaving no unused predictions.

( 7
1. Measure the current state x;,

1

( 7

2. Estimate the nominal state of C-MPC given Zl(:]kf .

= J
1

e M)

3. Solve the optimization problem of P-MPC given by (10)

= J

1
{4. Tighten constraints of C-MPC given EF and solution of the optimization problem of P—MPC}
1
{5 . Use solution found by P-MPC as warm start of the optimization problem of C-MPC given by (13)}

1

[ 6. Solve the optimization problem of C-MPC }
1

[ 7. Apply input computed with ancillary control law (9) }

Fig. 2. Flowchart of the proposed Parent-Child MPC procedure. If P-MPC is not updated every iteration, steps 2 and 3 may be skipped.

3.3. Stability and recursive feasibility

An MPC optimization problem is recursively feasible if, whenever a solution exists for an initial state, a feasible solution also
exists for all subsequent states along the resulting closed-loop trajectory [1]. A given robust positive invariant set © containing
the origin is robustly exponentially stable for system (1), if, for all admissible disturbances w, € W, state trajectories starting
within a certain bounded region converge exponentially towards set (@ [20]. The tube of P-MPC &P serves as such a robust positive
invariant © within the architecture for the nominal trajectory of C-MPC. Thus, once the C-MPC nominal trajectory enters set Z¢ o
a dual control strategy — such as the original TMPC formulation in (4)) — may be deployed. Accordingly, the Parent-Child MPC
architecture is established, governed by(10)-(13), to be guaranteed to exponentially steer the nominal state trajectory towards set
Zﬁ,c' This, in turn, guarantees that the actual state trajectory reaches the actual terminal set Xf. To do so, it is shown that the Parent
tube, which is by design a robust positive invariant set for P-MPC, also remains robustly invariant under the full Parent-Child MPC
architecture. The following two theorems are proven.
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Theorem 1. Robust invariance of the modeling error set £¥ for C-MPC nominal state trajectory: Under the Parent-Child MPC
architecture, the modeling error set £ — defining the cross section of the Parent tube — constitutes a robust positive invariant set for the
nominal state trajectory of C-MPC.

Proof. The stage-wise state constraint (13d) ensures that the nominal state trajectory of C-MPC remains entirely within the Parent
tube, making this tube a robust positive invariant set for this trajectory. Designing the modeling error set according to (12),
guarantees that the nominal P-MPC trajectory is steerable to the origin. Once this occurs, the Parent tube effectively becomes the
untranslated modeling error set £P. Consequently, £ itself serves as a robust positive invariant set for the nominal C-MPC trajectory,
completing the proof. []

For Theorem 1 to be applicable, the nominal C-MPC problem should admit at least one feasible trajectory. The following theorem
establishes the guaranteed existence of such a trajectory.

Theorem 2. Feasibility of the P-MPC-based warm start for nominal C-MPC: The solution provided as a warm start for the C-MPC
nominal problem (13) by the P-MPC layer, under the ancillary control law (9), always yields a feasible solution for nominal C-MPC—
ensuring feasibility for the nominal C-MPC problem, whenever the P-MPC problem is itself feasible.

Proof. To prove feasibility, one should show that the warm-started trajectories zC = xP ¢ and ¥

U

k:k+N -1
satisfy all constraints of the C-MPC problem, i.e., (13b)-(13d) and (13f), assuming feasﬁblhty of the+P MPC problzrn and the control
law given by (13e).

C _—g

« Constraint (13b): Tube inclusion of current state

- From the previous time step k — 1, feasibility implies x,_; € {z{ | } @ £C.
- Since the tube £C of the C-MPC problem is robust positive invariant for the actual state trajectory, it follows that

klk—l} ®&C

x, € {zc
+ Constraint (13c): Nominal dynamics

- The warm-started trajectory z© follows the same dynamics as P-MPC.

=xP
k:k+NC k:k+NC
— Since P-MPC uses the same system model (excluding disturbances), this satisfies the nominal dynamics constraint.

+ Constraint (13d): Stage-wise inclusion in Parent tube

- By construction, the tube { z i k} @ EP of P-MPC is robust positive invariant and contains all actual P-MPC states, which
in other words means the tube includes the warm-started Child trajectory.

+ Constraint (13f): Control input admissibility

- Based on (10), for the P-MPC problem z& = x holds, implying x, € {x?} & £°.

klk—1
— With the warm-started input sequence vi o ”P c_.» constraint (13f) boils down to the P-MPC input constraint
(10e), which is satisfied by assumption of fea51b1hty of the P-MPC problem.
O

Theorems 1 and 2 jointly establish that the Parent-Child MPC architecture guarantees the existence of at least one feasible
solution that steers system (1) into a designated terminal set, thereby ensuring stabilizability.

3.4. Generalization to multi-level parent—child architecture

While a single P-MPC layer can extend the planning horizon and enhance feasibility, it may still fall short in steering the system
to the terminal set — particularly in scenarios that demand large horizons and many decision variables due to complex dynamics
or tight constraints. To address this, a multi-level Parent-Child MPC architecture can be adopted, where multiple P-MPC systems
are stacked in a hierarchical structure. In such a recursive structure, each P-MPC serves as the Child to a higher-level Parent and
itself operates as a TMPC augmented with an ancillary control law, as described in Section 3.5.2. Since each level adheres to the
original design assumptions, this architecture remains theoretically valid at all depths.

As with the bi-level scheme, once the nominal state trajectory of a lower-level P-MPC enters the untranslated tube of its Parent,
the top-most Parent layer is discarded, and control is delegated to the next layer. For intermediate layers, the required tube is
generally larger than that used for the original C-MPC.

However, adding P-MPC layers introduces a critical trade-off: While larger Parent tubes facilitate feasibility and robustness,
adding more layers increases the number of tubes where their Minkowski sum must remain within the state admissible set X.
Therefore, the design must balance warm-start feasibility, computation, and constraint satisfaction across all levels.
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3.5. Special cases

Thus far, the focus has been on general implementation of the Parent-Child MPC architecture under the assumption that the
original system can be stabilized via conventional tube MPC using a linear model with bounded modeling error. This section
considers simpler, yet common, special cases.

3.5.1. Deterministic MPC
A widely studied variant is the deterministic MPC problem, where the disturbance in (1) is assumed to be zero. In this case,
C-MPC becomes a standard deterministic MPC and solves the following deterministic optimization problem:

k+NC-1
Ve(x)=_ mir} Z (x;er[ + u;.rRui) +
Xt 1kt NCAL  NC =k (14a)

T
xT PxT
k+NC|k k+NC|k

such that fori=k,...,k+ N¢ - 1:

Xip1)k = AX; + 8(x) + Buyy (14b)
Xtk € {zf+1|k} ®er (140)
Wiy = up, + Auyy (14d)
u €V (14e)

The formulation of P-MPC remains unchanged, except for constraints (10d) and (10e), which will not involve any disturbance-driven
error set (i.e., zf’H e X0 &P and vf €U BOKEP fori=k,...,k+ NP —1). Finally, in the second phase, when the actual state enters
Zlcvc, a deterministic MPC controller replaces the Parent—Child MPC architecture.

3.5.2. Linear TMPC

Even without disturbances and modeling errors, the MPC problem can become computationally challenging when the number of
decision variables or constraints is large, causing solvers to fails within limited time budgets. In such cases, the Parent—Child MPC
architecture offers value. Since both Parent and Child components share the same system model, P-MPC can operate with a larger
horizon and/or smaller sampling time, effectively planning further ahead, especially when the P-MPC optimization does not need
to be solved every iteration. Despite the absence of modeling error, a Parent tube with cross section £F is designed as a positive
invariant set (rather than a robust one), as well as an ancillary control law that establishes the positive invariance of . Using
solvers for convex or quadratic programs ensures computational tractability of C-MPC.

4. Case studies

This section presents two numerical case studies designed to demonstrate the performance of the Parent-Child MPC architecture.
The first case study highlights its advantage over standard TMPC in linear systems, particularly in terms of feasibility and robustness.
The second case study shows how this architecture can restore feasibility in a nonlinear control scenario, where standard TMPC
fails due to reachability limitations.

+ Case study 1: A Parent-Child MPC architecture is implemented for a linear system showcasing its ability to maintain robustness
against disturbances while improving feasibility and reducing conservativeness compared to standard TMPC (The code is
published in [29]).

+ Case study 2: Based on the nonlinear TMPC formulation in [23], this case modifies the problem such that the original TMPC
becomes infeasible due to a restrictive terminal constraint. The Parent-Child MPC architecture is then introduced to extend
the reachability set and to recover feasibility (The code is provided in [30]).

All simulations were conducted on a single computer equipped with an Intel Core i9-13900HX CPU, 16 GB of RAM and an NVIDIA
GeForce RTX 4070 GPU.

Case study 1: Linear system. A discrete-time double integrator system is considered with an additive disturbance, given by:

1 1 0
Xpy1 = [0 1] X + [1] U +wy (15)

This system models a simple kinematic scenario, with the state vector including position and velocity, and the control input
corresponding to acceleration. The control objective is to steer the system from the initial state x, = [2700,0]" towards the origin,
minimizing cost function:

TS

IRg.rs, o 7s) = Z (x]x; +u?) (16
=0

10
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Fig. 3. Cross section of the disturbance-aware tube used by C-MPC (the same as TMPC) and P-MPC.

where 79 is the simulation time. The system is subject to constraints —50 < x[1] < 10000, |x[2]| < 10000, |u| < 5, where [i] is used to
show element i of a vector. The disturbance vector w), is unknown and bounded |w,| < 1 for all integer values of k.

The following controllers are implemented for comparison:

TMPC: The simplest controller satisfying the design requirements is a standard linear TMPC, as described in [20], which outlines
conditions for the existence of both the terminal set and the tube. The tube is computed via the method in [26] with the ancillary
control law (9), using the gain K” = [0.2054,0.7835], obtained by minimizing the following cost function:

TS
IZo:7s, To:7s) = Y (2] 2, + 1007) a7)

i=0
This cost function penalizes the input more heavily (i.e., by factor 10) than the original cost in (16). This prevents overly aggressive
control that will potentially violate input constraints due to excessive demand from the ancillary controller. The corresponding tube
cross section is shown in Fig. 3. After constraint tightening, the admissible bounds become —40.77 < z,[1] < 99990.77, |z, | < 9996.41,
and |v,| < 2.86 for all non-negative integer values k. The MPT3 toolbox [31] is used to compute the terminal set, which should
be symmetric about the origin. Since the tightened constraint on z,[1] is asymmetric, it is limited further to its smaller bound,

2.94 2'36]. TMPC uses a

ie., |zk[1]| < 40.77, when designing the terminal set. The terminal cost matrix in (4a) is set to P = [2 36 436

horizon of 60.
Bi-level Parent-Child MPC: Prior to reaching £F, nominal C-MPC uses stage-wise constraints derived by P-MPC. P-MPC is
designed to guide the system towards the target state [40,0]", using the following cost function:
TS
N g Ohp0) = X ((2F = 140,0D(2F — 140, 0T) + ()2 ) as)
i=0
Targeting [40,0]7 instead of the origin allows for a larger terminal set Z5P and tube cross section £P, delegating the goal of reaching
the origin to C-MPC (or conventional TMPC in the second control phase). Upon entering £F, conventional TMPC is applied with a
reduced prediction horizon 10. Since the system is linear and disturbance-free at the Parent level, the MPT3 toolbox may be used to
compute both the tube cross section and the terminal set. To create the terminal set, the Parent ancillary control law is used with
gain matrix K% = [0.0057,0.11], obtained by solving a feedback design problem with a significantly larger input penalty (x10000)
— allowing to increase the tube size (see Fig. 3).
After tightening, the bounds become 36 < z}j[l] <99914, |z£[2]| <9984.86, and |vllz| < 2 for all non-negative integers k. To reduce
the number of decision variables, the same input is repeated every 4 time steps. The Parent prediction horizon NP is set to 120,
which results in 30 decision variables. To further reduce computation, P-MPC is re-solved every 6 time steps.

Results for case study 1. Two 60-step trajectories are simulated, one per controller. The Parent—Child MPC architecture requires 41
time steps before P-MPC became inactive. All optimization problems are solved using MATLAB’s quadprog function [32] with the
active set algorithm, which consistently results in largest solution speed.

Fig. 4 compares three controllable sets, showing that the Parent—Child MPC architecture offers the largest set. With zero initial
velocity, this architecture successfully solves problems considering more than three times the initial distance from the origin that
conventional TMPC can handle. The figure shows that £F remains within the NC-controllable set of C-MPC, ensuring stability
and recursive feasibility. Conventional TMPC allows enhanced velocity freedom, while the tighter acceleration constraints of the
Parent-Child MPC architecture result in earlier deceleration.

Fig. 5 shows the trajectories of states, control inputs, and cumulative costs: TMPC achieves a lower cost, with a maximum
advantage of 117.43 and a final cost 3% lower than the Parent-Child MPC architecture, which, however, is significantly faster.
TMPC takes an average of 8.21 ms per iteration, compared to 1.10 ms per iteration for the Parent—Child MPC architecture (or 2.73 ms
during P-MPC updates). The time results remain consistent across the entire simulation, because a quadratic programming solver is
used.

11



F. Surma and A. Jamshidnejad Results in Control and Optimization 22 (2026) 100653

L[Vl step controllable set of P-MPC
100" BENC step controllable set of TMPC
LIV step controllable set of C-MPC
~ 0r l:'SP
3
-100
-200 | | | | | | | | |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
X[1]
Fig. 4. Controllable sets and tube cross section for P-MPC.
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Fig. 5. Cost, state (including the position and velocity), and control input (i.e., acceleration) over time for TMPC and the Parent-Child MPC
architecture.

Case study 2: Nonlinear system. In [23], a nonlinear TMPC has been proposed, employing a nonlinear ancillary control law. It has
been applied to the following system:

[xk+l[1]] _ [ x,[2]
xp41[21] 7 [sin (%, [17) +uy
The state x, is unconstrained, while the input is limited to |u,| < 0.5, and the disturbance satisfies |w,| < 0.1. The goal is to steer
the system from x;, = [1,1]7 towards the origin, with a terminal constraint enforcing convergence to zero.

The same system is considered, but with the input constraint tighten to |4;| < 0.3. Under this constraint, no MPC controller
can satisfy the terminal constraints within the specified horizon, resulting in infeasibility. The nominal input constraint is set to be
|vg] <0.25 for TMPC. While extending the horizon potentially resolves this, it significantly increases computational effort and, due
to non-convexity, can degrade solver performance.

A bi-level Parent-Child MPC architecture is constructed using the original TMPC as C-MPC and the following linearized model
for P-MPC:

0 1 0
c _ C

B = [0.46 0] Bt [1
where g (x;) = sin (x,[1]) — 0.46x,[1]. To ensure validity, the state is restricted to zf < 4z /3. These constraints do not reduce
the feasibility compared to the original TMPC, which was already infeasible outside this domain. The function g(-) is Lipschitz and
bounded, allowing us to treat it as a bounded modeling error for P-MPC, i.e., w}:[l] =0 and |wlz [2]) <0.4.

A linear ancillary control law is designed using (9) with K? = [0.051, 0], optimized for Q = I,,, and R = 20. This yields a tube &,
such that |e£| < 0.68. Consequently, the nominal input must satisfy ‘”E‘ < 0.22. The terminal set is defined as ‘ZII:+NP| < 0.68, with

wy (19)

C

Uk

+

0
o) e

a horizon of N? = 10, and a terminal cost given by z1;+NpTdiag(l.15,2.15)z1;+NP. For C-MPC, the controller from [23] is re-used,

12
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Fig. 8. Cumulative cost of the Parent—child MPC architecture and original TMPC with a larger horizon.

replacing the terminal constraint with time-varying constraints from P-MPC, as described in (13). Optimization problems are solved
using quadprog or fmincon [33] with the SQP algorithm for nonlinear problems.

Results for case study 2. Both the Parent—Child MPC architecture and conventional TMPC with an extended horizon were

implemented to steer the system from x

[z4/3,74/3]T towards the origin. Fig. 6 shows the tubes generated by P-MPC and

the nominal trajectory determined by C-MPC, demonstrated that C-MPC successfully finds a feasible trajectory. Simulation results
for the Parent—Child MPC architecture are presented in Fig. 7. Most notably, Fig. 8 compares the cumulative costs of both controllers,

13
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Table A.1
Frequently used mathematical notations.
Abbreviation Explanation
MPC Model Predictive Control
TMPC Robust tube-based Model Predictive Control
P-MPC Parent Model Predictive Control
C-MPC Chile Model Predictive Control

showing that they achieve comparable performance under the same cost function. Although both controllers yield similar optimal
performance, their computational costs differ significantly. TMPC with an extended horizon requires an average of 7.2 ms per solve,
while C-MPC takes 3.8 ms and P-MPC just 0.5 ms on average. Even though the optimization problem of C-MPC is nonlinear, the
time needed to solve the problem remains consistent thanks to the warm start.

5. Conclusions and future work

This paper introduced a novel architecture, called the Parent—Child Model Predictive Control (MPC). The Parent MPC (P-MPC)
layer generates long-term plans using a simplified model and/or smaller sampling times for computational efficiency and to ensure
stability, while the Child MPC (C-MPC) layer refines the plan in real time to enhance performance. Formal guarantees for stability
and recursive feasibility of the Parent—Child MPC architecture are provided.

The primary advantage of this architecture lies in its ability to reduce computational cost, while planning further ahead. Although
C-MPC solves nonlinear, non-convex problems, the warm start from P-MPC improves the solver efficiency.

The benefits of the Parent-Child MPC architecture are demonstrated through two case studies. The first showed that this
architecture reduces the computation time and expands the controllable set in linear systems. The second illustrates that — thanks
to short-term corrections of C-MPC - the architecture remains effective for systems with Lipschitz nonlinearity, even though P-MPC
uses an inaccurate model.

Future research should focus on applying this architecture to more complex controllers, such as state-dependent dynamic tube-
based MPC [22], and to real-world systems, e.g., quadrotors [6]. Evaluating and comparing tube-generation algorithms to enhance
feasibility and performance in more demanding applications are further topics for future research.

The P-MPC design assumes a low Lipschitz constant in (2). This raises the question of how small the Lipschitz constant should
be. Although the literature provides examples of TMPC controllers applied under this assumption, unlike our approach, these works
attempt to minimize the tube size rather than to maximize it. Consequently, they do not offer a definitive answer to the question.
Future implementations should investigate the influence of larger Lipschitz constants on the P-MPC performance.
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Appendix A. Table of abbreviations

Abbreviations used in this paper and their corresponding explanations are given in Table A.1.

Appendix B. Table of mathematical notations

Mathematical notations frequently used in this paper and their definitions are given in Table B.2.
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The code/data has been published in 2 separate Gitlab repositories.
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Table B.2
Frequently used mathematical notations.
Notation Definition
A, B State and input matrices in system’s dynamic model
A Error between nominal and actual states of P-MPC at time step k
£, EP, £C Tube cross section for, respectively, TMPC, P-MPC, and C-MPC
g(), L Function describing Lipschitz nonlinearity of the system and the Lipschitz constant, respectively
K* Feedback gain matrix for ancillary control law of P-MPC
K&P Feedback gain matrix for terminal control law of P-MPC
N Prediction horizon
NP, NC Prediction horizon of C-MPC and P-MPC, respectively
() Stage cost function
P, O, R Terminal state, stage state, and stage input cost matrices, respectively
T Simulation time
u; Control input at time step k
uf, ul Control input of, respectively, P-MPC and C-MPC, at time step k
v Admissible input set
VPO, VE() Cost function of P-MPC and C-MPC, respectively
v, Nominal control input at time step k
v}: s vf Nominal control input of, respectively, P-MPC and C-MPC at time step k
2% Admissible nominal input set
ve Admissible nominal input set of C-MPC
w Disturbance vector at time step k
wh Disturbance vector of P-MPC at time step k
w Admissible disturbance set
X State vector at time step k
X Admissible state set
Xf Terminal set
Xy N-step controllable set
Z; Nominal state at time step k
zF, zf Nominal state of, respectively, P-MPC and C-MPC at time step k
Z()E;c NC-step controllable set for the nominal component of C-MPC
zf Nominal terminal set
zt Nominal terminal set of P-MPC
() Ancillary control law
D, © Minkowski set summation and subtraction, respectively
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