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Abstract. Otto Fischer was during the late 19th and early 20th cen-
tury the founder of 3-D human gait analysis. From motion recordings
he calculated by hand the inverse dynamics of humans in motion, for
which he discovered and used the principal vectors of a system of mov-
ing bodies. With the principal vectors the equations of motion and the
kinetic energy can be written in a specific simple form with full geometric
meaning and with reduced mass models with which system dynamics can
be investigated in a simple way at link level. Fischer applied his theory
mainly in its planar form. He also presented the theory of the spatial
form by example of a serial two-link chain, however the explanations in
the original texts in German are challenging to understand. This paper
presents Fischer’s spatial form in a modern and understandable way.

Keywords: Principal vectors - kinetic energy - equations of motion

1 Introduction

Otto Fischer is the inventor of 3-D human gait analysis, for which he developed
theory in the late 19th century [2,4]. His method of principal vectors allows
to analyze the dynamics of a system of rigid bodies in an insightful way and,
especially important at that time, by hand calculations as computers were yet to
be invented [1]. After recording the movements of (parts of) a person in motion,
e.g. by photographs at multiple time steps, with the principal vectors he could
graphically derive the motion of the common center of mass (CoM) and the
motions of body segments relative to the common CoM. Subsequently from the
kinetic energy and the equations of motion, both written in a special insightful
form due to the principal vectors, he could calculate the acting forces onto and
within the system separately. With this inverse dynamical analysis he was able
to ultimately derive the individual muscle forces responsible for the motions.

His theory has not found much application in gait analysis by others, perhaps
since it is still cumbersome to apply and computers took over or since it is written
in a challenging way in older German. However for machine design the method of
principal vectors has turned out especially interesting for shaking force balancing
as a clear graphical tool for both analysis and synthesis [5]. The principal vectors
are at the basis of the synthesis method of inherent balancing [7].
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Fischer applied his theory mainly in its planar form for which the approach to
project 3-D gait motions onto the three orthogonal planes for individual analysis
turned out an accurate approximation for 3-D gait analysis, keeping the calcu-
lations relatively simple. However to study general human motions apart from
gait analysis such as motions of the arms about the shoulders, he considered the
spatial theory to be necessary, which he presented for a serial two-link chain in
[3,4] but unfortunately never applied.

This paper presents Fischer’s spatial theory of principal vectors for dynamical
analysis in a modern and understandable way. Fischer’s challenging original texts
and explanations in older German in [3] have been transformed into a modern
presentation that can be readily used for application. This can be of significant
interest for general system dynamics [6] and in specific for spatial balancing. First
the kinematics of a serial chain of two links are presented, followed by the kinetic
energy equations, the reduced mass models, and the equations of motion at the
end for both an unconstrained motion and motion about a fixed base joint.

2 The Kinematics

¢, P

a) % Z,

Fig. 1. (a) Spatially moving chain of two links connected with a spherical joint in A;
and its geometry of principal vectors describing the location of the common CoM in S;
(b) Spatial pantograph geometry with the principal points P; and P> and the principal
dimensions a1 and as.

Fischer explained his spatial theory by use of a serial chain of two links [3] (pg.
305) as shown in a new way in Fig.la with two rectangular bars connected
with a spherical joint in A;. The origin of the fixed reference frame xgygzg is
located in the extremity of link 1 Ay and each link 4 has a center of mass (CoM)
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in point S;, which is on the longitudinal axis of each link. The common CoM
of the two links is located in S and is geometrically found by a parallelogram
based on the principal vectors. Figure 1b shows this geometry which is a spatially
moving pantograph of which P; and P, are the principal points which define a
parallelogram in the plane through S, Py, A;, and P» with principal dimensions
a1 and as. The conditions for which the common CoM of S; and S5 is in S for
all motions can be found as mip; = moa; and maops = mias.

The spatial orientations of each link in Fig.la, each having a body fixed
reference frame x;y;z; with origin in P;, are defined with angles 6;, ¢;, and 1; as
illustrated, which are all defined positively in the negative rotational direction.
Angles 0; and ¢; define the orientation of the longitudinal axis of each link
relative to the zg-axis and the yp-axis, respectively, where ¢; defines the rotation
of the vertical planes Q) and @) and 6; defines the orientation of the links within
each of the two planes. The line of intersection of these two planes intersects with
the joint in A; and plane Q) also intersects with the zg-axis. Angle 1; defines
the rotation of each link about its longitudinal axis relative to the illustrated
line that is normal to the longitudinal link axis and lays within the respective
plane D or . The spatial orientation of the plane of parallelogram SP;A;1Ps
depends on all the six angles.

This spatial two-link chain with a ball joint connection can be considered the
most general two-link model with maximal mobility, which might be reduced for
applications that require lower mobility. For the kinetic energy equations and
the equations of motion Fischer considered two cases of this model: (1) the case
that the two-link chain is moving freely in space and (2) the case that point Ag
is a spherical base joint and the motion of the two-link chain is constrained. The
second case would represent for instance the motion of the upper and lower arm
with the shoulder joint in a fixed point.

The positions of the link CoMs can be written in a special way relative to
the common CoM in S as the sum of the principal vectors from the common
CoM to each link CoM as

sin @5 sin o sin 61 sin
71 = SP, + P, S| = —ay | sinfycospy | — pp | sinf; cos oy (1)
cos 0o cos 01
sin 0 sin sin @5 sin o
To = SPy + P3Sy = ap |sinfcospp | 4 pg | sinfs cos gy (2)
cos 01 cos 05

from which the velocities of S; and S relative to the common CoM in S can be
derived as

. 6929:28902 + s02cp22 6919:1 51 4 sb1cp191
V] =T1 = —as 092026()02 — S.GQS(,OQSbQ — D1 00191cgp1 — 5.915()01@1 (3)
—89292 —89191
. 0919:1&01 + s0ico11 6929:23902 + s02cp22
Vg =T = ay | cO101cp1 — sbisp1fr | + P2 | cO202002 — sO2502¢02 (4)

—89191 —89292
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with s and ¢ representing the sin and cos, respectively.

Fig. 2. Angular velocities of each link, all defined positively in the negative directions.

Figure 2 shows the angular velocities wis, wiy, and w;, of each link about the
principal inertial axes z}, y;, and z}, which are equal to the link rotations about
the body fixed reference frame z;y;z; located in the principal point P; since both
reference frames are parallel. The angular velocities can be obtained as

Wi cosy; sinvy; 0 1 0 0 91
Wiy | = sin wz — COS 1/)1' 0 0 sin 91' 0 ‘Pz (5)
Wi~ 0 0 1 0cosf; 1 1/11

This is a mapping of the absolute link rotations to the relative rotations of
the links which can be rewritten for each link as

Wiz = 61 cos Y1 + P1sinfysinyy  wo, = 0 cos o + Po sin Oy sin ¥y
Wiy = 0 sin Y1 — Prsinbycosyn  woy = 0, sin Yo — Pasinbs cosya  (6)

w1z = ¢1costy + ¢1 way, = g cos by + z/}Q

3 The Kinetic Energy

The kinetic energy T' of the two-link chain can be written as
T = TS + Trel + Trot (7)

where T is the kinetic energy of the two-link chain translating as a single rigid
body in space, T} is the kinetic energy of the link masses in S; and Se moving
relative to the common CoM in S, and T;.,; is the kinetic energy of the rotations
of the two links. As compared to Tyor, T + Tre; = Tirans can be regarded the
translational kinetic energy with the absolute and the relative kinetic energy
separately calculated as, respectively,

Miot o my ma o

TS = 2 Us, Trel = 71}% + 7112 (8)
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with the total mass my,; = mi + mo. The rotational kinetic energy can be
obtained as

1 1
Trot = 5(‘[1517"‘)%9: + Ilyw%y + Ilzw%z) + 5(12$w§:1: + IQngy + ‘[22“‘)%,2) (9)

with the inertia tensor I; = [I;z, I;y, I;.] of each link about its CoM in S,.

For T,.; the squared velocities of the link masses are calculated as U% =

v7, + vf, + vy, which from (3) and (4) can be derived as

v? = p20% + p? sin? 0, 9% + a202 + a2 sin® 6,93 + (10)
2a9p1 (sin By sin By + cos By cos By cos(pa — wl))élég —
2ap1 cos 01 sin B, sin(py — p1)601 P2 +
2ap1 sin 0y cos By sin(y — 1 )02p1 +
2a9p1 sin 61 sin O3 cos(pa — ©1)P1H2

v = p202 + p2sin? 002 + a102 + a2 sin® 0,2 + (11)
2a1p2(sin 01 sin Oy + cos 01 cos O3 cos(ps — @1))9192 —
2a1p cos 01 sin B sin(py — 1)601 P2 +
2a1ps sin 0 cos B sin(py — o1 )02p1 +
2a1p2 sin 01 sin O cos(p2 — ¢1)P162
These terms are very similar with only all the indices 1 and 2 reversed.

Combining both terms and substituting also the balance conditions mip; =
moa; and maps = myas for myp; and meops, Tre; can be rewritten as

mi o M2 a2)62 + mi a2 m2 o 2 4
Trel = —ay)0] — 9 12
1= (5 5 P+ 5 DO+ (— 5 az + 5 P D3) (12)
(P} + Srad) sin? 0193 + (a3 + 2p3) sin® 0,3 +

Mota1a2(sin 61 sin s + cos 61 cos O3 cos(pa — @1))9192 —
Myot@1asz cos B1 sin s sin(pg — cpl)élgbg +
Miorar @z sin 0y cos By sin(@s — o1 )02p1 +

Mior@1 a2 sin 0y sin b cos(pa — v1)P192

For the rotational kinetic energy the squared rotational velocities of each link
i are obtained from (6) as
w2 = cos? 1/)1922 + sin? 0; sin? ¥;? + 2 cos 1 sin @; sin 1/Ji9igbi
w?y = sin? 77[17012 + sin? 0; cos® 1/)1'%2 — 2sin; sin ; cos @/}iéigbi
w2, = cos? 0,97 + b? + 2 cos 0; Pt
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with which the rotational kinetic energy can be derived and written as
1 . 1 .
Trot = i(hm cos® Yy + Iy, sin® 1)07 + 5([21, cos® g + Iy, sin? 19)03 + (13)
1
i(lm sin? 0y sin? ¥ + Ly sin? 61 cos® ¢y + I, cos® 91)<,b% +

1

3 (I sin? By sin® ¢y + I, sin? 0, cos? ¥y + I, cos? 92)<,b§ +
1 . 1 .
5112'(/}% + §I2zw§ +

(le — Ily) Sin 91 SiIl 1,[}1 COSs ’(/)19.1@1 +
(121. — Igy) sin 05 sin 15 cos ¢29.2(,b2 +
L1 cos 019191 + Iz, cos fapatfn

When summed together, the complete kinetic energy of the two-link chain
(7) can now be written as

m 1 i R
T = SOt v+ 5([11 cos? 41 4 Iy sin 1 + m1p? + maa?)6? + (14)

1 .

5(121 cos? g + Iy sin? Yo + mia? + map3)03 +

1

5(111 sin? 07 sin? Y1 + Iy sin? 61 cos? 1+ I, cos? 01 + (mlpf + mza%) sin? 91)927% +

1

5(121 sin? 0 sin? 1y + Ioy sin? O cos? P2 + Iz, cos? O + (m1a3 + map3) sin® 02)@2 +

1 o 1 P2

§Ilz¢1 + 512z¢2 +

(It — I1y) sin 07 sin 4y coswlélgbl +

(I2¢ — I2y) sin 02 sin )3 cos wgéggbg +

I1 cos 1p1901 + Iz, cos Bapaths +

Miotaiaz(sin O sin Oz + cos 01 cos O3 cos(p2 — @1))9192 -

Miotaiaz cos B sin O sin(pg — gol)élgbg +

Mtotaiaz sin @1 cos Oz sin(pa — @1)92¢1 +

Mtotaiaz sin 61 sin 02 cos(pa — ©1)P1p2

This formulation can be significantly simplified in a particular way when the

expressions before 93 are rewritten as

Lz cos® ¢y + Ty sin® 1 + mup? + maai = meor(x3, cos® 1 + x3, sin ¢1)
I, cos? g + Ioy, sin® 1o + mya3 + maps = Mt (X3, cos® s + ng sin? )
with the reduced inertias Ir; formulated as
MiotXTe = T1z +mapT +m2al = Igie  MiotX3, = l2o +mia3 +map3 = Iro,
mtotX%y = Iy + mip} + maai = Ip1y mtothy = oy +mia3 + maops = Ipay
MiotXT. = 1z = IR1: MioiX3, = T2 = Ira: (15)

These reduced inertias can be explained geometrically as the inertias of the
reduced mass models shown in Fig. 3. In the model of link 1 the principal point P,
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is the common CoM of mass m; in S7 and mass ms projected in joint Ay, while in
the model of link 2 the principal point P; is the common CoM of mass ms in S5 and
mass m, projected in joint A;. The inertias of these models about P;, consisting of
the inertia of the two masses m; and mo at their distance from P; and the inertia
tensors of the links, then result in the reduced inertia terms. The coefficients x;
can be regarded as the radii of gyration of these reduced mass models.

Fig. 3. Reduced mass model of (a) link 2 and (b) link 1 of which the common CoM is
in the principal point P;. The inertias of these models about the principal point result
in the reduced inertias terms.

Also the expressions before ¢? can be simplified and rewritten as

le Sin2 91 sin2 d)l + Ily Sin2 91 COS2 1,[}1 + Ilz COS2 91 + (mlp% + mgaf) Sin2 91 =
Mot (X3, sin? 1y + X%y cos? 11 ) sin? 01 + x2_ cos? 0;)
Igm Sin2 92 sin2 d)Q + Igy Sin2 92 COS2 1,[}2 + IQZ COS2 92 + (mlag + mgpg) Sin2 92 =

Mot (X3, sin? 1o + ng cos? 1hy) sin? By 4 x32, cos? f)
and

IlT - Ily = mtOt(X?m - X%y) I2E - IZy = mtOt(X%m - X%y) (16)

With the reduced inertias substituted, the kinetic energy of the two-link chain
moving freely in space can be written in its final form as

Mtot o Mtot
VS +
2 9T 9

Mto . ;
198 (33, cos i+ 3, sin )03 +

Mtot

2
Mto . . .
; “ (X3, sin ¥z + X3, cos® 1h2) sin® Oy + X3, cos® 02) 3 +

Mtot ; Mot ;
20 X%zw% + ?Oxgzw% +

Mot Xy — Xfy) sin 0y sin )y cos 1611 +

T= (xTy cos?y1 + X, sin’ 91)67 + (17)

((x sin® ¥1 + X7, cos® 1) sin® 01 + X7, cos” 61) ] +
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Mot (Xap — ng) $in 05 sin 1y cos Pabape +

Miot X7, €OS b1 Prin + Mot X3, COS O2patha +
Myoraraz(sin 0y sin Os + cos 0 cos O3 cos(pa — ¢1))0102 —
Myorarag cos 01 sin O sin(py — gal)élgbg +

Miora1 @z sin 01 cos By sin(y — o1 )02p1 +

Mot a2 Sin O sin Oz cos(pa — p1)P1¢H2

It is remarkable that this formulation is solely based on the total mass, the
two principal dimensions, and the reduced inertias, in an elegant and compact
form.

The kinetic energy of the two-link chain for the second case when it would
have a spherical base joint in Ag, for which Ay has no translational motions, can
be easily derived from the kinetic energy of the free moving system. The only
differences are a modification of the reduced inertias according

2 2 2 2 2 2

Xlz,o = Xiz + ap XQI,O = X2z + as
2 2 2 2 N2 2

le,o - le + a; X2y,o - X2y + az (18)
2 _ N2 2 _ A2

Xlz,o = X1z X2z,o = X2z

with @} the distance between P; and Ag as illustrated in Fig. 1b and with a;
substituted with [; = a; 4+ @} which is the length of link 1. This means that the
reduced inertia of the reduced mass model of the first link in Fig. 3b is calculated
about joint Ay and that the reduced inertia of the reduced mass model of the
second link is calculated about joint A;. With these changes the kinetic energy
of the two links rotating about Ag is written as

Tay = T2 (0, o 0087 1 + 33, sin” )67 + (19)
m;‘)t (X300 €O8” P2 + X3, , 5in% 2)05 +
T (O o 80 1 + 33,  c08” ) sin® 01 + 7.  cos” 0) 7 +
m;t (3.0 80 2 + X3, , cO8” ¥2) sin® Oy + X3, , cos” 02) 55 +
oty 2, b+ S, 3

Mot (X3a.0 = Xiy,0) Sin 61 sin ¢y cos Y1611 +

Mot (X300 = X3y.0) SiD 02 5in 1 cOS a2 +

Mot X3, €08 019101 + MiotX3, o €OS O2pathn +
Miotl1az(sin O sin fa + cos O cos Oz cos(pa — @1))9192 —
Moty az cos 0y sin Oy sin(ps — ©1)01¢ +

Myotl1ag sin O cos Oy sin(pa — ¢1)02¢1 +

Miotl1a2 sin By sin b cos(p2 — ©1)P192
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From this equation the kinetic energy of a planar two-link chain or double
pendulum rotating about a revolute base joint in Ag can be derived too by
substituting p; = ¢; = 0 and ¢; = 1; = 0 for planar 2-DoF motion with 6; and
05 as

Mtot

TH" = > (30,007 + X34,003) + muotliaz cos(61 — 63)616,  (20)

4 Equations of Motion

The Euler-Lagrange equations of motion can be derived from the kinetic energy.
For the two-link chain moving in free space this leads to 9 differential equations,
for which this paper leaves no space unfortunately to show the derivations. The
first three equations of motion are related to the absolute translational motions
of the complete linkage in space as if it is a single rigid body and write

mtotjis = EX mtotgs = ZY mtotﬁz’s = EZ (21)

in which XX, Y'Y, and X' Z represent the sums of all externally applied forces
anywhere to the two-link chain. The other six equations of motion are related
to the relative motions of the links with respect to the common CoM in S. Here
Fischer made the assumption that the links are symmetric about their longitu-
dinal axes for which x1, = X1, and X2, = X24, Which he considered realistic for
biomechanics where the links represent arms or legs. With this assumption the
three equations of motion for link 1 result in

mtotX%xél — Mtot (X%x - X%z) sin 01 COS 91@% + mtotX%z sin 91§b11j}1 = D91
mtot(X%x sin? 6, + X%z cos? 01)p1 + mtotxfz cos By +
2mtot(X%x — X%z) sin 61 cos 01011 — mtotxfz sin 010191 = D, (22)

Mot X1 P1 + MiorX 7, €08 0151 — MyorX 7, sin 016191 = Dy,

Remarkable here is that these equations are elegantly and compactly written
solely in terms of the total mass and the reduced inertias. Also particular are
the terms Dy, , D, , and Dy, which are the principal moments, i.e. the resultant
moments in the reduced model of the link about the principal point due to all the
applied internal and external forces and moments. From these principal moments
Fischer could derive the individual muscle forces causing these moments and
responsible for the recorded motions. Since with the reduced mass models each
link can be investigated individually with the dynamics of a single rigid body, it
allows a simple investigation of different situations, e.g. different combinations
of internally and externally applied forces and moments, for which the equations
remain the same and do not need to be derived again. The three equations of
motion for link 2 are identical with index 1 changed into 2.

For the constrained two-link chain with spherical base joint in Ay there are
just 6 equations of motion, 3 for each link which are equal to (22) but with the
reduced inertias of (18) replacing the reduced inertias of the free moving system.
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By rewriting (22), the principal moments of each link 7 can also be expressed
in terms of the reduced inertias as

Dy, = Inip(0; — sin 0; cos 0;97) + Iri=(sin 0; cos 0357 + sin 0;p41);)
Dy, = IRix(sin® 0;; + 2sin 6; cos 0:0;0:) +

Ii-(cos® 0;¢; + cos 0;0; — 2sin 6; cos Giéigbi — sin 91921#1) (23)
Dy, = IRiz(zl;i + cos 0;p; — sin 0291%)

5 Conclusion

This paper presented in a modern and understandable way the kinetic energy,
the reduced mass models, the equations of motion, and the principal moments
of an unconstrained spatial two-link chain with spherical joint by means of prin-
cipal vectors as originally published by Fischer in 1905. The formulations have a
specific simple form with full geometric meaning and depend solely only the total
mass, the reduced inertias and the principal dimensions. The characteristics of
the spatial form therefore are equal to the planar form.

From the unconstrained case the equations for a variety of constrained spatial
two-link chains with lower mobility can be derived easily, as was shown for a
spatial two-link chain with a spherical base joint. Although presented for a two-
link chain, extending the spatial theory to serial chains with more than two
links will be, as the planar theory already showed, straightforward with similar
results. The theory is expected to be especially useful as a simpler and insightful
way to analyze the dynamics of a system of rigid bodies since with the reduced
mass models system dynamics can be investigated at a single body level. This
is to be investigated further.
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