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Abstract

Actuator nonlinearities can significantly affect control systems, leading to performance degradation and even loss of stability.
Physical constraints such as rate and acceleration limits are particularly detrimental in applications where rapid actuation
is required, yet their combined effects remain largely unexplored. This paper investigates the nonlinear dynamic behaviour
induced by rate and acceleration limits in closed-loop systems, focusing on their steady-state response to sinusoidal excita-
tion. The saturation regimes associated with these nonlinearities are fully characterised, and their analytical boundaries are
represented in a two-dimensional parameter space defined by normalised rate and acceleration limits. Sinusoidal describing
functions are derived for each regime, providing a unified frequency-domain representation of the actuator dynamics. These
formulations are employed to analyse the impact of actuator nonlinearities on closed-loop dynamics, including the onset of
nonlinear behaviour, phase lag and gain reduction. Analytical conditions for the occurrence of jump resonance are derived,
along with the lowest frequency where multiple steady-state solutions appear, leading to potential abrupt changes in system
response. The applicability of the proposed framework is demonstrated through both an illustrative first-order system and a
realistic high-order aeroservoelastic model for gust load alleviation, where the interaction between actuator nonlinearities and
closed-loop dynamics is shown to produce multiple jump resonance scenarios and isolated nonlinear response branches. The
results highlight the critical role of actuator rate and acceleration limits in high-bandwidth control applications and provide
practical insights for frequency-domain stability assessment and preliminary feedback control system design.

Keywords Actuator nonlinearities - Aeroservoelastic systems - Feedback control systems - Gust load alleviation - Jump
resonance

1 Introduction

Actuators are critical components in control systems, serv-
ing as the interface between command signals and physical
motion. Modern engineering applications often rely on
high-performance actuators to execute rapid and precise
commands. However, real actuators are constrained by phys-
ical limitations, such as amplitude, rate and acceleration
saturation, as well as by other mechanical nonlinearities,
including backlash, free-play and friction. These nonlinear-
ities are often overlooked in early design phases, but can
significantly impact the performance and stability of control
systems when active.
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Actuator nonlinearities affect applications across several
engineering domains. In civil structures, including buildings
[1,2] and offshore platforms [3], actuator saturation can limit
the performance of vibration control and attenuation systems.
In automotive systems, active suspensions and braking con-
trollers are frequently constrained by actuator dynamics and
delays [4, 5]. In unmanned spacecraft [6] and underwater
vehicles [7], thruster saturation and rate limits can reduce the
effectiveness of fault-tolerant controllers. Actuator saturation
can also lead to poor tracking performance in robotic devices
[8]. In aerospace systems, nonlinear behaviour of flight con-
trol surface actuators is a well-known source of performance
degradation and dynamic instabilities. Actuator rate limita-
tions, due to their impact on the phase lag in closed-loop
systems, can lead to pilot-induced oscillations (PIOs) of type
II [9, 10], which caused the fatal JAS39 Gripen [11, 12] and
YF-22 accidents [13]. In current days, frequency-dependent
actuator nonlinearities, such as rate and acceleration limits,
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are particularly critical for closed-loop flight control func-
tions, including gust load alleviation [14, 15] and active
flutter suppression [16], where high-frequency performance
is required to deal with fast transients and flow variations.
Nonetheless, in state-of-the-art control law design, actuator
nonlinearities are often neglected [15] and linearised models
with sufficiently high robustness margins are instead consid-
ered [17, 18].

This paper focuses on the analysis of the nonlinear effects
caused by actuator rate and acceleration limits in the dynamic
response of closed-loop control systems. Rate saturation can
occur in any actuation system due to its limited rate of travel.
When the demanded velocity exceeds the rate limit, the actual
actuator deflection will have a reduced amplitude and lag
behind the input signal. This can either be caused by the
input amplitude or frequency, rendering rate limit a non-
static nonlinearity [15]. In hydraulic actuators, rate saturation
occurs when the main control valve reaches its maximum
flow capability [19]. Differently, in electro-mechanical actu-
ators, achievable velocity is mostly determined by bearings
and power source limitations [14, 15]. Acceleration limit is
also a common physical limitation in actuators. The max-
imum achievable acceleration is limited by the maximum
force or torque available in the system, which is usually
determined by mechanical and electrical constraints, such
as motor capacity [14, 15] and servo valve limits [19]. In
several applications, rate limit functions are also imposed in
the control laws to limit the commanded actuator rate, aiming
to protect the system from excessive commands and physical
wear, and to avoid unwanted dynamic behaviour [19, 20]. In
their investigation on the nonlinear behaviour of hydraulic
actuation systems, Fielding and Flux [19] underline how
acceleration limits should be accurately modelled to avoid
undesired dynamic behaviour, while Tang et al. [14, 15] con-
cluded that the effect of the acceleration limit is, along with
backlash, more severe than that of other actuator nonlineari-
ties (including deflection and rate limits, and dead time) when
dealing with the closed-loop gust load alleviation aeroservoe-
lastic systems. Nonetheless, in contrast to actuator saturation
and rate limit, the acceleration limit nonlinearity has received
little attention in the literature, and the combined effect of rate
and acceleration limits is mostly unexplored.

The theoretical analysis of rate-limited systems is often
carried out by using sinusoidal describing functions. A
describing function is an approximate frequency response
function, which describes the relationship between the input
and output of a nonlinearity in the frequency domain [21,
22], and can be used to assess the effect of a single dominant
nonlinearity, or a combination of nonlinearities, on the sta-
bility and robustness of a feedback loop [19]. In closed-loop
systems, describing functions are primarily used to deter-
mine the potential onset of limit cycle oscillations (LCOs);
further applications include the prediction of subharmonics,
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jump phenomena, and the response of nonlinear systems to
sinusoidal inputs [23]. The main assumptions required for
the validity of the describing function analysis are the time-
invariance of the nonlinear element, and the presence of a
dominant nonlinearity (or group of nonlinearities) [21]. In
addition, the describing function is most effective when the
underlying linear system does not exhibit high-frequency
resonances, which could otherwise amplify higher-order har-
monic components [19, 21]. Nonlinearities such as rate and
acceleration limits respect these assumptions, and increase
the reliability of the analysis by acting as low-pass filters,
therefore attenuating the high-frequency content of the linear
element of the system. In the literature, describing functions
were often used to investigate the effect of the rate limit.
Hanke [24] developed the describing function of the rate
limit for the analysis of the handling qualities of the open- and
closed-loop systems in frequency domain, and the determina-
tion of the onset frequency of the rate limit nonlinearity from
input amplitude and frequency. Describing function analysis
was also used by Fielding and Flux [19] to investigate the
stability and robustness of a closed-loop systems with a rate
limiting element, with a particular focus on the prediction of
LCOs induced by the nonlinearity in flight control systems.
In the same publication, the effect of an acceleration limiting
element were also addressed, deriving a linear approximation
capable of describing the dynamic behaviour at high frequen-
cies. While previous work only focused on the behaviour
of rate-limited systems in full saturation regimes, i.e., when
the rate limit fully saturates the sinusoidal input producing
a triangle wave output, Roman and Ponce [25] derived a
closed-form analytical formulation also for those cases where
the rate limit only partially saturate the sinusoidal input. The
same authors also addressed the evaluation of the accuracy
of the rate limit describing function compared to numerical
integration [25], and investigated the effect of rate limiters in
feedback loops along with an open-loop unstable linear plant
[26]. In recent years, Tavakkoli et al. [27] performed the sta-
bility analysis of a closed-loop second-order system with
a rate-limited input using an approach based on describing
function method. Approaches based on the describing func-
tion have also been used in many studies aimed to the design
of rate limit compensation methods [20, 28-30]

Several researchers investigated the role of the rate limit
in the onset of PIOs (see, e.g., [10, 31]. In particular,
Gilbreath derived an equivalent describing function able to
describe the frequency response of closed-loop rate-limited
systems, determining the open-loop onset point (OLOP) sta-
bility boundary, according to a procedure first introduced by
Duda [9], and observing the presence of sudden nonlinear
jumps in the system’s response. Jump resonance is a well-
known phenomenon associated with fold bifurcations and the
coexistence of multiple steady-state solutions in nonlinear
feedback systems [32]. While the possibility of investigating
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jump resonances via describing function analysis is well-
documented (see, e.g., [21, 33]), only limited evidence is
available for its presence and effects in rate-limited systems.
Moreover, the describing function of closed-loop systems
with acceleration limits, or combined rate and acceleration
limits, is mostly unexplored.

Despite extensive research on rate-limited systems, com-
paratively little attention has been devoted to acceleration
limits, and the combined effects of rate and acceleration lim-
its on closed-loop dynamics remain not well understood.
This is partly because acceleration constraints are often
implicitly embedded within linear actuator dynamics, such as
finite bandwidth or second-order models, and may therefore
remain concealed unless the actuator operates near its force
or torque limits. However, modern closed-loop flight con-
trol applications, such as gust load alleviation, demand high
bandwidth and fast response, making the explicit considera-
tion of combined rate-acceleration limitations necessary for
an accurate dynamic analysis (see, e.g., [14, 15]).

In this paper, the nonlinear effects induced by actuator
rate and acceleration limits on the dynamic behaviour of
closed-loop systems are investigated by means of a describ-
ing function analysis. The steady-state actuator response to
sinusoidal input is first explored to identify and characterise
the saturation regimes determined by these nonlinearities.
Complete analytical formulations are then derived for the
describing function of combined rate and acceleration lim-
its for each saturation regime. The analysis of closed-loop
systems containing rate and acceleration limit nonlinear
elements is finally conducted using the derived describing
functions, enabling the evaluation of the onset frequency
of nonlinear behaviour and the investigation of the approxi-
mate nonlinear response of the feedback loop, including the
characterisation of nonlinear jump resonances. The proposed
framework is applied to both an illustrative first-order system
and a realistic high-order aeroservoelastic control system for
gust load alleviation, in order to demonstrate its applicability
to practical high-bandwidth control problems.

The paper is organised as follows. The investigation of
the actuator saturation regimes under sinusoidal input is pre-
sented in Sect.2. In Sect.3, analytical describing functions
are derived for rate and acceleration limits, and for combined
rate and acceleration limit nonlinearities. The application of
the describing functions to the analysis of closed-loop sys-
tems is addressed in Sect.4, while their use in the analysis
of a high-order aeroservoelastic gust load alleviation system
is presented in Sect.5. Concluding remarks are provided in
Sect.6.

A preliminary version of this study was presented at
the International Forum on Aeroelasticity and Structural
Dynamics (IFASD 2024) [34]. That work provided an initial
describing function formulation for actuators with combined
rate and acceleration limits. The present paper substantially

extends that preliminary study by: (i) providing a generalised
nonlinear analysis framework for closed-loop systems; (ii)
deriving analytical conditions for the occurrence of jump res-
onance and the corresponding bifurcation frequencies; (iii)
demonstrating the proposed analysis on a realistic high-order
aeroservoelastic model, highlighting the effects of actua-
tor rate and acceleration limits on closed-loop aeroelastic
dynamics.

2 Actuator saturation regimes for sinusoidal
input

The first step towards deriving an analytical formulation for
the describing functions of rate and acceleration limits is
the characterisation of the different saturation regimes intro-
duced by these nonlinearities. Since sinusoidal describing
functions are obtained by considering the fundamental har-
monic of the nonlinear response to sinusoidal input at each
frequency, this section focuses on the steady-state actuator
response to a sinusoidal excitation, first considering the cases
where only one of the rate or acceleration limits is active, and
then the case of combined rate and acceleration limits.

2.1 Rate limit

Let us first denote the actuator input and output signals as
x(t) and y(z), respectively, and assume that the rate limit Ry
is applied by the actuator on the output signal, such that

|y(@)| = Ry. (M
If the signal
x(1) = xg cos(wt) (2)

is given as an input to the actuator, the rate limit will only be
effective if the amplitude of the input rate exceeds Ry, i.e.,
if

Ry < wxop; 3)

otherwise, no saturation will occur and the output signal will
be unaffected by the rate limit. In this context, it is useful
to introduce a non-dimensional parameter called rate limit
ratio to indicate the ratio between the rate limit value and the
maximum input rate

R
ry = —. (4)
wXx(

According to the above definition, the rate limit is only
effective when ry < 1. In this case, three different types
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Fig.1 Steady-state response of a rate-limited actuator to sinusoidal input

of saturation regimes can occur in the steady-state actuator
response, as shown in Fig. 1 partial saturation, without (Fig.
1a) or with amplitude reduction (Fig. 1b), and full saturation
(Fig. Lc).

Partial saturation is the first regime observed as the rate
limit ratio is decreased below unity. When the rate limit is
only slightly larger than the maximum input rate, the time
interval where saturation occurs is entirely included within
the half-period between a maximum and the subsequent min-
imum (and vice versa) of the sinusoidal input; therefore,
the maximum value of the steady-state response remains
unaltered, as visible in Fig. la. To minimise the number
of parameters required for describing the properties of the
steady-state actuator response, it is convenient to refer to the
non-dimensional time T = wt. Input and output signals are
also normalised by the input amplitude. It follows that the
signal rate is normalised by wxg; therefore, based on Eq.(4),
the normalised rate limit coincides with the rate limit ratio.
In general, the notation g is used to refer to a signal g nor-
malised by xo, while the symbol * will be used to indicate
derivatives with respect to the non-dimensional time 7.

Denotingas t € [0, 27 ] the non-dimensional time interval
representing one period of the input signal in steady-state
conditions, let us determine the starting and ending times
of the rate saturation interval, as well as the corresponding
actuator position values. The time 7;° where saturation first
occurs can easily be determined as the time instant where the
amplitude of the normalised input velocity X’ = — sin(7)
equates the normalised rate limit 7y . The condition

¥ (el =rv (&)
yields
tf =sin~!(ry), (6)

@ Springer
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Fig.2 Non-dimensional saturation ending time in partial rate saturation
regime as a function of the rate limit ratio

as the smallest solution in the interval [0, 27r]. Substituting
7{ into the above expression of the input rate, and considering
that X (") = y(z), it is obtained that

1—r2. (7)

As visible in Fig. la, output saturation terminates when
the rate limited output intersects the sinusoidal input, at T =
;. Let us introduce the function ¢ of the rate limit ratio
such that 7} = ¢(ry) and X3 = cos(¢(ry)). Evaluating the
intersection between the linear portion of the actuator output,
whose equation reads as

() =1 =1} —ry(t —1}), ®)
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and the input signal x(7) = cos(1), it is possible to obtain
the following implicit analytical expression for ¢ (ry):

rve(ry) +cos(p(ry)) = rysin™ ' (ry) +,/1=rf. (9

If the saturation ending time is such that Tz* > 7, the
maxima of the sinusoidal input will also be saturated, leading
to an amplitude reduction in the actuator output (Fig. 1b).
The rate limit ratio value r” for which amplitude reduction
first occurs can be determined numerically by solving the
equation ¢(ry) = m, and is equal to 0.7246. In this case, the
reduced amplitude of the actuator steady-state response will
be equal to — cos(¢(ry)).

The transition from partial to full rate saturation occurs
when the ending time 7 of the saturation interval coincides
with the start of the subsequent saturation interval at rl* +m,
i.e., when

p(ry) =m + sinfl(rv). (10)

This leads to rate saturation occurring throughout the entire
steady-state response. By replacing the above value of ¢ (ry)
into Eq.(9), it results that the transition takes place when the
rate limit ratio is equal to

2
rf = —— 20.5370, (1D
V4 + 72

as previously reported by several authors (see, e.g., [9, 10]).
This value will be referred to as critical ratio.

A graphical representation of ¢(ry) is provided in Fig. 2,
where it can be observed that ¢(ry) is a monotonically
decreasing function of ry, attaining its minimum value /2
at ry = 1. Equation (9) has been solved numerically for
ry € [r*, 1] using the MATLAB function £ zero, searching
for roots within the interval ¢(ry) € [7/2, 7 + sin~! ™).
The monotonicity of ¢(ry) over this range guarantees the
uniqueness of the solution.

The actuator output in full rate saturation regime is char-
acterised by a sequence of linear variations of the position
over time (see Fig. 1c¢), with non-dimensional rate remain-
ing constant at +ry; the output signal therefore resembles a
triangle wave. The switching between the positive and neg-
ative saturated rate occurs across the intersection with the
sinusoidal input, at

7 = cos™! (%rv> . (12)

Given the 2 -periodicity of the response and its rate, it fol-
lows that the signal amplitude in this regime is equal to

(/Dry.

2.2 Acceleration limit

Let us now analyse the effect of the acceleration limit R4,
such that

[¥(O] = Ra, (13)

on the actuator output in steady-state conditions, assuming
that no rate limit is applied. Since the maximum input accel-
eration of the sinusoidal signal from Eq.(2) is equal to w?xo,
it is convenient to introduce the acceleration limit ratio as

R4
T wixo

rA (14)

In this notation, the acceleration limit will only affect the
actuator output if r4 < 1. In this case, three saturation
regimes can be observed: partial saturation, without (Fig.
3a) or with velocity reduction (Fig. 3b), and full saturation
(Fig. 3c). It can be observed that the effect of the accelera-
tion limit on the output velocity is the same as that of the rate
limit on the output position. However, this leads to a signifi-
cantly different actuator output from that induced by the rate
limit, as shown in Fig. 4 for the three saturation regimes and
discussed in what follows.

In partial acceleration saturation regime, the actuator
steady-state response presents a parabolic evolution in those
time intervals where the acceleration is saturated. The out-
put position therefore consists of a sequence of sinusoidal
and parabolic traits (see, e.g., Fig. 4a). Since the maximum
acceleration in the sinusoidal input occurs at the maxi-
mum deflection (in absolute value), amplitude reduction is
observed in the actuator output for any acceleration satura-
tion regime. Therefore, unlike the rate limit, the acceleration
limit cannot lead to partial saturation regime without ampli-
tude reduction. By extending the results shown in subsection
2.1 to the acceleration limit case, it can easily be derived that
the starting and ending times of the saturation interval are
= cos~!(—r4) and ) = (ra) +m/2.

In full acceleration saturation regime, achieved when the
acceleration limit ratio falls below the critical ratio r*, the
steady-state actuator response consists of a sequence of
parabolic traits, as shown in Fig. 4c, corresponding to the
acceleration switching between r4 and —r4. Exploiting the
properties of parabolas and the response symmetry, it can
be derived that the response amplitude is equal to (772/8)r 4,
while the switch occurs at

T =7/2 +cos L(ra). (15)

The phase delay introduced by the acceleration limit can here
be evaluated as the lag between the input and output maxima,
which is equal to cos 1 (ra).

@ Springer
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Fig.3 Steady-state output rate of an acceleration-limited actuator under sinusoidal input
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Fig.4 Steady-state output position of an acceleration-limited actuator under sinusoidal input

2.3 Combined rate and acceleration limit

Let us consider the case of an actuator where the rate and
acceleration of the output signal are limited by Ry and Rg4,
respectively. As discussed in Sect. 1, the presence of com-
bined rate and acceleration limits can be the consequence
of physical limitations, including limited power and torque
available, or it can be imposed by ad hoc filters (see, e.g., [35,
36]) to prevent the actuator from excessive commanded out-
put which could lead to physical damage. It is important to
consider that, when rate saturation occurs, the output rate of
the actuator becomes nonsmooth (see Fig. 1), leading to the
presence of infinitely large spikes in the output acceleration
at the transition times 7, 7 and *. As a consequence, any
finite value of the acceleration limit will affect the actuator
output. Conversely, even in the presence of an acceleration
limit, no effects from the rate limit will be seen if ry > 1;
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in this case, the output signal will behave as described in
subsection 2.2. Actuator behaviour for ry < 1 is addressed
in the following discussion, which is organised by consid-
ering three different configurations: (i) full rate saturation
(ry < r*) with any acceleration limit; (ii) partial rate sat-
uration (r* < ry < 1) with acceleration limit r4 > 1;
(iii) partial rate saturation with acceleration limit r4 < 1.
Transitions among the different saturation regimes, response
amplitude and phase delay will be derived and represented
in the two-dimensional parameter space defined by ry and
TA.

2.3.1 Full rate saturation with acceleration limit

In this first case, it is assumed that an acceleration limit
is applied along with a rate limit such that ry < r*. In
this scenario, the rate limit leads to full saturation, inde-
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pendently of the acceleration limit value; therefore, partial
saturation is not possible under any circumstances. However,
the instantaneous switching between positive and negative
rate saturation, represented in Fig. lc, leads to the presence
of discontinuities in the output signal rate, and to infinitely
large acceleration peaks. As a consequence, any finite value
of the acceleration limit will affect the output signal, eliminat-
ing rate discontinuities. Therefore, two different saturation
regimes are possible: full mixed saturation, where an alter-
nation of rate and acceleration saturated intervals occurs (see
Fig. 5a), or full acceleration saturation only, where no rate
saturation is observed, as shown in Fig. 5b.

Full mixed saturation results from the saturation of the
acceleration peaks generated by the rate discontinuities. In
Fig. 5a, it can be observed that the acceleration saturation
interval starts in correspondence of the switch between pos-
itive and negative rate saturation, with time instant z;* given
by Eq.(12). The saturation ending time 75 can be determined
as follows. Since y'(t) = ry and y'(z}) = —ry (see Fig.
Sa), it can be easily deduced that

2
Atqa =1} —1f = FLAV (16)

The produced output velocity consists of a trapezoidal wave,
oscillating between +ry with slope given by =£r4, while
the position presents an alternation of linear and parabolic
traits. The resulting phase delay between the input and output

signals can be obtained from Eqs.(12) and (16) and is given
by

b4 r
At = cos”! (—rv) + —V. (17)
2 rA
The transition to fully saturated acceleration regime takes
place when the value of r4 is such that acceleration is satu-
rated in the whole interval [z}, 7], i.e., for

2
ra = —ry. (18)
b4
In fact, in this case, the acceleration saturation interval
becomes At4 = m, covering half of the signal period. Fur-
ther decreases in r4 will only lead to an amplitude reduction
of the output position and rate amplitude, which will be equal
to (2 /8)r4 and (7w /2)r 4 respectively, as specified in subsec-
tion 2.2. However, the switch between positive and negative
acceleration saturation occurs in correspondence of the rate
saturation switching in the underlying rate limited signal (see
Fig. 5b), i.e., at

7} =cos™! (%rv) , (19)

while the phase delay introduced by rate and acceleration
limits is equal to 7;" 4 /2. These values differ from those
obtained for full acceleration saturation in the absence of rate
limit, reported in Eq.(15). It can be concluded that, while a
strict acceleration limit can conceal the presence of a rate
limit, which does not affect the response amplitude in this sat-
uration regime, the effect from the latter can still be observed
in terms of phase delay in the output signal, which is, in this
specific case, only dependent on the rate limit ratio.

Fig.5 Steady-state response of

|*Linear ---------- Rate limit ——Rate+acc. Iimit|

|7 Linear - Rate limit— Rate+acc. Iimik

a rate and acceleration-limited

actuator to sinusoidal input for !

ry =04
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L S o

Rate, y/x0

Acceleration, y‘/x0
o

Acceleration;;/‘/x0
S

2 0o r* T 7'1*+7r ris
Time, wt

(b) ra =0.2
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Fig. 6 (a) Steady-state output rate of a rate- and acceleration-limited
actuator under sinusoidal input for ry = 0.8 and r4 = 2 and (b) evolu-
tion of the non-dimensional ending time of the acceleration saturation
interval in mixed partial saturation regime

2.3.2 Partial rate saturation with acceleration limitrg > 1

The saturation regime scenario is more complex for those sig-
nals whose rate limit ratio is included in the range between
r* and 1. In this case, the acceleration limit can affect the
actuator output in two different ways: for r4 > 1, its effect
is still limited to the saturation of the acceleration peaks gen-
erated by the discontinuities in the output rate; differently,
for r4 < 1, acceleration saturation also occurs in the sinu-
soidal (unsaturated) traits of the steady-state response. The
first case is dealt with in this subsection, while the second
case will be discussed in subsection 2.3.3.

An example of the effect of the combined rate and accel-
eration limit for r* < ry < 1 and rq > 1 is provided in Fig.
6a, where the actuator output rate is shown for ry = 0.8 and
r4 = 2. It is possible to observe how the acceleration limit

@ Springer

is activated by the discontinuity generated by the rate limit
at ;' = @(ry), leading to an acceleration saturation (shown
by the linear variation of the rate) between this point and
the subsequent intersection with the sinusoidal input. Let us
denote the non-dimensional ending time of the acceleration
saturation as &, which is defined by the implicit equation

ra6 —(ry)) +siné =ry. (20)

Equation (20) has been solved numerically for varying 7y and
r4, within the parameter space region where mixed partial
saturation occurs, as delimited by the boundaries derived in
the remainder of this section. Solutions were computed using
the Matlab function fzero, searching for roots within the
interval £ € [7/2, w + sin~!(+*)]. The resulting evolution
of & with ry and r4 is graphically represented in Fig. 6b.
Limiting the present discussion to the case rq4 > 1, it is
possible to observe the minimum value of § is 7 /2 whenry =
1, i.e., when no rate saturation occurs, while & — @(ry)
when r4 — oo. In general, £ monotonically increases for
decreasing rate limit ratios (due to the increase of ¢ (ry)) and
for decreasing acceleration limit ratios, due to the increased
duration of the acceleration saturation interval.

The saturation regime of the above signal can be referred
to as mixed partial saturation, since it involves both rate and
acceleration saturation while leaving part of the sinusoidal
signal not saturated. The output position, rate and acceler-
ation of the case ry = 0.8 and r4 = 2 are represented in
Fig. 7a. As the rate limit ratio is further decreased, a tran-
sition to full mixed saturation regime (Fig. 7b) is observed
when the acceleration saturation covers the whole interval
between the end of the first rate saturation and the start of the
subsequent rate saturation, i.e., when § = 7 + sin~L(ry). By
substituting this value into Eq.(20), it results that the bound-
ary between full and partial mixed saturation regimes can
written, for r4 > 1, as

2
ra = Ll . 1)
T +sin” (ry) — @(ry)

For r* < ry < 1, the phase delay introduce by rate and
acceleration limits in mixed full saturation regime can be
evaluated as

.
AT = ¢(ry) + — —m, 22)
ra

therefore differing from that provided by Eq.(17) for ry <

r*.

2.3.3 Partial rate saturation with acceleration limitrg < 1

In the region of the parameter space characterised by r* <
ry < 1 and r4 < 1, the acceleration limit can saturate not
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only the spikes generated by discontinuities in the output
rate, but also the sinusoidal traits of the signal, leading to
a complex combination of possible saturation regimes. In
general, it can be stated that:

e saturation of acceleration peaks generated by rate discon-
tinuities occurs between T = ¢(ry) and T = &;

e saturation of the sinusoidal trait (i.e., not rate saturated)
of the output signal occurs between t = cos™ ! (r4) and
T = @(ra) + /2, as shown in subsection 2.2.

In the context of mixed partial saturation, this can lead to two
different actuator responses. From Fig. 6b, it can be observed
that, when r4 < 1, a jump discontinuity occurs across the
line & = . In particular, it is found that, moving across such
a line (in the direction of increasing ry ), the value of £ has a
sharp drop from ¢(r4) + /2 to cos~ ' (r). Therefore, when
& > m, the sine saturation time interval is fully included in
the peak saturation interval, so that only the latter is observed,
as shown in Fig. 8a. Differently, when £ < m, two distinct
acceleration saturation intervals are observed, as indicated in
Fig. 8b.

The regime transition from mixed partial saturation with
& > m to mixed full saturation occurs across the boundary
indicated by Eq.(21), as already discussed for r4 > 1. The
remaining regime transitions are represented in Fig. 9a and
discussed in what follows.

e The transition from mixed partial saturation with § < 7
to full mixed saturation simply occurs across the line £ =
7, after this intersects with the boundary from Eq.(21).

e For rq < r”, mixed partial saturation (§ < ) can also
transition to a partly saturated acceleration regime. This
transition occurs when the rate limit value is no longer
reached in the rate output (see the case ry = 0.99 in Fig.
9b). The boundary can be implicitly formulated as

ra (00a) = 0ry) + 3 ) +cosora)) =rv. (23)
e Also for ry < 1, the final transition from partial to full
acceleration saturation occurs at 4 = r*. However, tran-
sitions can also take place for larger values of r4, as
graphically explained in Fig. 9b. Let us consider the case
ry = 0.97. As ry4 is progressively decreased, the satura-
tion regimes transition first to mixed full saturation across
the boundary & = m, then to full acceleration saturation
across the boundary from Eq.(18). A further transition
to partly saturated acceleration occurs when the linear
trait of the saturated output is such to intersect the sinu-
soidal input. The boundary corresponding to this regime
transition can be implicitly expressed as
ra(@(ra) —e(ry)) + cos(p(ra)) = 0. (24
Due to their implicit nature, the evaluation of the boundaries
in Eqs.(23) and (24) is carried out numerically by assigning
ry as an input parameter and computing the corresponding
boundary value of r4 using the Matlab function fzero.
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Fig. 9 (a) Detail of the saturation regimes in the parameter space ry — r4 and (b) steady-state output rate for varying acceleration limit ratio at

ry =0.97 and ry = 0.99

While the full acceleration saturation regime has already
been characterised in subsection 2.2,
that the phase delay can assume different values depending

it has also been shown
/2.

on the considered region in the parameter space ry — ra.

For r* < ry < 1, two different behaviours are possible, as

shown in Fig. 9b:

e if the switch between the positive and negative saturated

e if the switch occurs at the discontinuity generated by the
rate limit at T = @(ry), the phase delay will be ¢(ry) —

The boundary between these two behaviours, shown in Fig.

9b by means of a dashed black line, can be formulated as

2 .
ra = —sin(p(ry)).
T

traits occurs across the sinusoidal input, the presence of

arate limit is irrelevant and the phase delay will be equal
to cos~1(r4), as in the absence of rate limit;
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2.4 Saturation regimes overview

(25)

In Fig. 10, the boundaries among the saturation regimes,
derived in previous subsections, are graphically represented
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Fig. 10 Overview of the

saturation regimes determined r

by rate and acceleration limits in
the steady-state actuator
response in the parameter space
Ty —TA

in the parameter space defined by ry and r4, dividing it
into five main regions corresponding to no saturation, partly
and fully saturated acceleration, mixed partial and full sat-
uration. Within the assumptions of this analysis, pure rate
saturation is not possible in the presence of an acceleration
limit; the full and partial rate saturation regimes, discussed in
subsection 2.1, are reported for r4 — oo (i.e., when acceler-
ation is not limited). While most properties of this saturation
regimes scenario have been discussed above, it is interesting
to note the presence of an intersection point at ry = 0.985,
ra = 0.627, where a small variation in the parameters ry and
r 4 can lead to the transition to any saturation regimes (except
to no saturation). In general, it can be stated that there exists
aregion, characterised by a rate limit ratio close to unity and
r* < ra < r”, where several saturation regimes can take
place as a result of small variations in ry or r 4.

3 Analytical formulation of describing
functions

In this section, sinusoidal describing functions are analyti-
cally derived for rate- and acceleration-limited systems, for
each of the saturation regimes characterised in the previ-
ous section. Describing functions can be defined as the ratio
between the fundamental harmonic component (first term
of the Fourier series) of output and input signals. These
functions can be used as a nonlinear extension of the lin-
ear concept of transfer function to analyse the behaviour of
nonlinear systems that effectively act as low-pass filters [19],
such as those including rate and/or acceleration limits. In fact,
even when non-sinusoidal inputs are considered, these sys-
tems can effectively suppress higher harmonics, rendering
the approximation introduced with the use of quasi-linear
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describing functions acceptable. The describing function of
the rate limit, already introduced in several publications (see,
e.g., [10, 20, 25]), will be derived in subsection 3.1 to sup-
port the following discussion. The describing functions of
the acceleration limit and of combined rate and acceleration
limits, whose analytical formulations have not been previ-
ously derived to the best of the authors’ knowledge, will be
introduced in subsections 3.2 and 3.3, respectively.

3.1 Rate limit

In order to derive the describing function Ny of the rate
limit, let us first determine in which frequency range this
nonlinearity is active. Based on Eq.(3), it can be deduced that
the actuator’s response will be unaffected by the presence of
the rate limit for angular frequencies smaller than or equal to

Ry
wy = —,
X0

(26)

where wy will be referred to as the rate limit onset frequency,
and represents the value of w such that ry = 1. Similarly,
the transition from partial to full saturation will take place at
higher frequencies when ry = r*, i.e., when
w 1

— = — =1.862,

wy r*

27

as also discussed in [9, 10]. In summary, no saturation occurs
for o < wy, partial rate saturation occurs for oy < w <
wy /r* and full rate saturation occurs for w > wy /r*.

Let us now determine the analytical expression of the rate
limit describing function in these three frequency ranges.
While the describing function is trivially equal to unity for
w < wy, the analytical formulation in full rate saturation
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regime can be determined as the ratio between the main
harmonic components of the triangle wave response intro-
duced in Sect. 2.1 and of the sinusoidal input. Considering
the triangle wave amplitude, equal to (r/2)ry under unitary
sinusoidal input, and the phase delay provided by Eq.(12),
the describing function can be expressed as

4 s (Z
NV(rV)=;rVe Jeos (Z’V). (28)

It is worth noting that the above expression of the describing
function only depends on the rate limit ratio (or on the ratio
w/wy if the equation is expressed in terms of the angular
frequency). An analytical expression can also be similarly
derived in partial saturation regime, although cubic spline
interpolation is often used to reconstruct the function Ny
in the corresponding frequency range (see, e.g., [10, 20]).
The formulation derived by Roman and Ponce in [25] for
partial saturation regime, rewritten according to the notation
proposed in this paper, reads as

1
Re {Ny (ry)} = ;{n +sin”! (ry) — @(ry)
+ry 1 — r‘z, + % sin(e(ry)) — 2ry cos((p(rv))}(29)
1
Im {Ny (ry)} = ;[rv - sin(¢(rv))]2- (30)

The resulting describing function, accounting for full, par-
tial and no saturation regimes, is represented in Fig. 11. Gain
and phase angle of Ny are plotted as functions of the nor-
malised frequency w/wy, therefore holding for any value
of the rate limit Ry and of input amplitude x¢. It can be
observed that, after a gradual decrease occurring in the par-
tial rate saturation frequency range, the gain is reduced at
-20 dB/decade in full rate saturation, thus confirming the
low-pass filter behaviour of the rate limit.

3.2 Acceleration limit

The describing function of the acceleration limit can be deter-
mined with the same procedure described above for the rate
limit. Let us first introduce the onset frequency of the accel-
eration limit as

R

wa= | (31)
X0

so that « = w4 when r4 = 1 and, consequently, r4 =

(wa/w)?. The derivation of the describing function N4 can
be simplified by noting that the effect of the acceleration limit
on the steady-state output rate, shown in Fig. 3, is the same
as the rate limit effect on the actuator output position (Fig.
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Fig. 11 Bode plot of the describing function Ny of the rate limit non-
linearity

1), with the only addition of a phase lead equal to /2. This
implies that

%4
JNa(ra) = e’ 2Ny (ry), (32)
and, therefore,

Na(ra) = Ny(ry). (33)

It can be concluded that N4 has the same analytical expres-
sion as Ny (see Eqs.(28)-(30)) by simply replacing r4 to ry.
As a result, the behaviour of the acceleration limit describ-
ing function, represented in Fig. 12, is very similar to that
described for Ny, with two following main differences. First,
the Bode plot reveals that the gain is reduced at -40 dB/decade
in full acceleration saturation regime, as opposed to the -20
dB/decade slope observed when full rate saturation occurs.
In fact, due to the dependence of r4 on w?, the acceleration
limit has a stronger effect on the actuator output at high fre-
quencies compared to the rate limit. In the same figure, the
phase angle is also decreased with a higher rate by the accel-
eration limit; however, both rate and acceleration limits lead
to a phase angle of —90 degrees for v — oo.

3.3 Combined rate and acceleration limit

In this subsection, analytical formulations for the describing
function Ny of combined rate and acceleration limits are
derived based on the findings presented in Sect.2.3. When
ry > 1, the output signal is not affected by the rate limit,
and therefore the formulations provided in Eqs.(28)-(30) can
be directly used for full and partial acceleration saturation
regimes, after the position in Eq.(33) is applied. For partial
acceleration saturation, the same formulations can also be



Nonlinear effects of actuator rate and acceleration limits on closed-loop systems...

Page 130f29 580

Gain, dB

-30 1 No saturation

Full saturation

o

Phase, deg
A
(&)}

©
o

10° 10 107
Angular frequency, w/w,

-
S

Fig. 12 Bode plot of the describing function N4 of the acceleration
limit nonlinearity

used in the small parameter space region where this regime
takes place for ry < 1, where the steady-state response is
unaffected by the rate limit. For the remaining saturation
regimes, analytical formulations of the describing function
are provided in what follows for ry < 1.

3.3.1 Full acceleration saturation regime

Based on the results discussed in Sect.2.3, it can be stated
that, in full acceleration saturation regime, the steady-state
response is a triangle wave of amplitude (77 /2)r4, regardless
of the rate limit value. The amplitude of the describing func-
tion can therefore be determined by Egs. (28) and (33) as

4
[INval = —ra. (34)
b

The phase angle of the describing function, due to the sym-
metry of the steady-state response in this saturation regime,
coincides with the phase delay between input and output
maxima, for which expressions have been provided through-
out Sect.2, leading to

T . 2
cos (—VA>, if r4 < —sin(e(ry))
27,[ 4
(p(rV) - E’
LNy = 2 (33)
if r* <ry <10 rag> —sin(p(ry))

n—i—cos_l(nr)
3 ) V),

ifry <r*

3.3.2 Mixed full saturation regime

In mixed full saturation regime, the actuator output rate is
a trapezoidal wave of amplitude ry and linear traits with
rate equal to 74, as shown in Fig. 5. The amplitude of the

describing function can therefore be easily derived as

4 . (ry
|NVA| = —rapasSmm{ —|. (36)
T

rA

The symmetry of the steady-state response allows, also in
this case, for the evaluation of describing function phase as
the phase delay provided in Sect.3.1. From Egs. (17) and
(22), it is possible to write

go(rv)—}—r—v—n ifr*<ry <1
rA

r b4
s + cos™! (—rv>
rA 2

LNya = (37)

if ry <r*.

It is worthwhile underlining that the above equations reduce
to Eqs. (34) and (35) for ry/ra = /2, i.e., in correspon-
dence of the boundary expressed by Eq.(18), warranting
continuity between mixed and acceleration-only full satu-
ration regimes.

3.3.3 Mixed partial saturation regime

The procedure for evaluating the describing function Nya
in mixed partial saturation regime cannot be simplified as in
fully saturated regimes, not only due to the complex patterns
of the actuator output, but also due to the absence of any
symmetries in the steady-state response besides antiperiod-
icity. Therefore, the derivation of the describing function can
only be carried out through a full evaluation of the Fourier
coefficients of the first harmonic component of the signal.
However, the calculation can be notably simplified by refer-
ring to the actuator output acceleration (or rate) rather than
the output position, as detailed in the following equation:

2 ritT .
Nys = —/ y(t)e! ' dt
TX0 ,]*

2 i+ )
=-—= / J(t)e! ' dt
TTW=X( ti*

2 T+ )
= —;/ vy (1)’ Tdr. (38)
T

In the above formulation, the integration is carried out over
the half period included between 7 = sin~1(ry) (the start-
ing point of the rate saturation) and 7"+ rather than over the
interval [0, 7] for mathematical convenience. In the param-
eter space regions where, within mixed partial saturation
regime, the acceleration limit only leads to the saturation
of the acceleration peaks generated by rate discontinuities
(i.e., for & > m and for & < 7w withrg > 1), Eq.(38) reduces

@ Springer



580 Page 140f29

L. Marino, J. Sodja

to
2 § . AT .
Nyg = —— / rae’tdt —/ cos(t)e’tdt
T Jetv) 3
(39)
and yields
1 . 1
Re{Nya} = = {n +sin” (ry) — &
I .
+ryy/1 — r% —5 sin(2§)
—2rA[sinE - sin(cp(rv))]} (40)

Im {Nya}

1
= { 2 _sin? & + 2r4[ cosE — COS((p(rv))]} (41)

Differently, when the acceleration limit also leads to the sat-
uration of the sinusoidal signal (i.e., for§ < 7 withrg < 1),
Eq.(38) leads to

2 & .
NVAz—— |:/ rAe’Tdr
T LJoerv)

cos’l(frA) )
—/ cos(t)e’tdt
§

w(m)+% )
JT
rae’tdt
C

os~1(—ry)

T+ )
—/ cos(t)e’%drt |, (42)
ora)+7

from which

+

1 (7w .
Re {Nya} = - {5 +sin” (ry) — @(ra)

+cosHra) — &+ rvﬂ
a1 =%+ [ sinCpra) - sin(26)]

—2r4[ siné — sin(p(ry)) 4 cos(p(ra)) ]} (43)
Im {Nya} = % {r‘z, + ri — sinzfg‘ + sinz(go(rA))
+2ra[ cos& — cos(e(ry)) — sin(p(ra))]} . (44)

3.4 Overview for varying rate and acceleration limit

The analytical formulations derived in this section for the
describing function Ny, enable a full description of the
dynamic behaviour of an actuator with combined rate and
acceleration limits for varying input frequencies. Figure
13a represents the describing function as a function of the
normalised angular frequency w/wy (corresponding to the
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inverse of ry ). To address the dynamic behaviour introduced
by all possible combinations of the rate and acceleration limit
values, the parameter 1y, is introduced through the relation-
ship:

Raxg
22 r‘Z, = nVAr‘Z,. 45)
\4

ra =

The describing function of the rate limit (nys — 00) is
also included as a limit case. The parabolic curves described
by the above equation, characterised by constant values of
nva, are plotted in the parameter space ry — r4 in Fig.
13b, with arrows pointing towards the direction of increas-
ing frequency. Figure 13b enables a better visualisation of
the transitions between different saturation regimes, which
are also indicated by markers in Fig. 13a. It can be observed
that:

e if nys > 1, the onset of nonlinear behaviour is driven by
the rate limit and occurs when ry = 1. For v > wy, the
actuator will go through partial and full mixed saturation,
and will eventually operate in full saturated acceleration
regime as w — 00;

e if 0.646 < nya < 1, the onset of the nonlinearity is
driven by the acceleration limit, occurring at r4 = 1,
while partial acceleration saturation occurs for wy <
w < w4. Starting from w = wy, the actuator behaviour
will be the same as for ny4 > 1;

e if ny4 < 0.646, rate saturation can never occur, inde-
pendently of the input frequency. After the nonlinearity
activation at @ = wjy, a transition from partial to full
acceleration saturation will occur at w = w4 /r*.

The Bode plot of the describing function (Fig. 13a) clearly
shows the low-pass filter behaviour induced by the rate and
acceleration limits. As discussed above, in the presence of a
finite acceleration limit, full acceleration saturation regime
always occurs for @ — o0; therefore, a gain reduction of
40 dB/decade is observed at high frequencies for any nya.
Actuators characterised by small values of ny4 behave very
similarly to systems with acceleration limit only, while full
and partial mixed saturation regimes occur in more and more
extended frequency ranges as nya is increased, until the
behaviour of a rate-limited system is asymptotically recov-
ered.

The phase angle introduced by these combined actuator
nonlinearities tends to —180 degrees for ® — oo, for any
value of nyy, differently from the behaviour observed for
systems with rate or acceleration limit only, where the asymp-
totic values at high frequencies is equal to —90 degrees.
When the rate limit is the dominating nonlinearity (ny4 > 1),
the phase angle gradually decreases for increasing frequency
across the partial and full mixed saturation regimes. However,



Nonlinear effects of actuator rate and acceleration limits on closed-loop systems... Page 150f29 580
T T
|
o Tva | MIXED
'O“ < 0 | PARTIAL
c S —50 } SATUFATION NO SATURATION
(‘B = —25 \ !
= 2710 | \ ]
— ey
S S } 1y
= 2 | VA
c 1 i N
0 S | \
3 o Ll ‘8'2 MIXED FULL \7
° % 0.1 SATURATION \ | PARTLY SATURATED
$ -90 S ™ ' } ACCELERATION |
a & ri==00s ‘ —~
T _——— =7 FULLY SAT
-180 o | z LERATION—<—|
107 10° 10" 102 0 room 1 15
Angular frequency, w/wv Rate limit ratio, r,,
(a) (b)
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a sudden change in behaviour is observed when the transi-
tion from mixed to acceleration only full saturation regimes
occurs; here, an angular point can be observed. In system
dominated by the acceleration limit (ny4 < 1), the phase
angle first gradually decreases towards —90 degrees across
partial saturation regimes and even full acceleration satura-
tion regime as long as ry > r*. However, when ry = r*,
another nonsmooth change can be observed in this pattern.
Following this angular point, all curves follow the same
decreasing pattern towards the asymptotic —180 degrees
value; in fact, as shown in Eq.(19), in this saturation regime
the phase angle only depends on the rate limit ratio (or, equiv-
alently, on the normalised frequency w/wy ). The described
phase angle patterns emphasise that cubic spline interpola-
tion, often considered for addressing the describing function
in partial saturation regime for the rate limit nonlinearity,
would lead to misleading results if used in the presence of
rate and acceleration limits.

4 Analysis of closed-loop systems

One of the main purposes of describing functions is the anal-
ysis of closed-loop systems containing nonlinear elements.
By replacing the nonlinearity with its quasi-linear approxi-
mation expressed by the describing function, it is possible to
determine the presence of nonlinearity-induced limit cycle
oscillations and investigate the effect of the nonlinearity
on the system performance and stability. In this section, a
describing function analysis is performed on a basic case-
study, consisting of the closed-loop system illustrated in Fig.

14, which includes a first-order system governed by the trans-
fer function

Cls) = ——,

46
14+Ts (46)

where K is the system gain, 7 the time constant and s the
Laplace variable, and a nonlinear element denoted by N,
which will feature the describing functions derived for the
rate limit and combined rate and acceleration limits nonlin-
earity. While the above system is only used in this paper
as a case-study, a possible physical interpretation of this
setup is to model separately the linear dynamics of the
actuator, accounting for instance for its cut-off frequency
and bandwidth, and its nonlinear elements; such models are
often encountered in the literature (see, e.g., [10, 19]). Fol-
lowing the approach first introduced by Gilbreath [10] for
rate-limited systems, and later applied by Yuan et al. to
the analysis of first-order systems with time delay [20], a
describing function analysis is here performed to achieve
the identification of the onset frequency of the nonlinear
behaviour, and the derivation of an equivalent describing
function for the closed-loop system. In addition to adapting
the proposed methodology to address both rate and accel-
eration limit nonlinearities, the technique is also extended
to investigate the occurrence of jump resonances, which can
be responsible for multiple stable solutions and unexpected
dynamic behaviour.
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w + U Z

Fig. 14 First-order closed-loop system with a nonlinear element

4.1 Onset point of nonlinearity

In closed-loop systems, the onset point of the rate limit corre-
sponds to the angular frequency wy for which the condition
ry = 1 is verified. Denoting with wg the amplitude of the
input signal of the feedback loop, the closed-loop onset fre-
quency can be evaluated from Eq.(4) as

Ry
wy

wo| = (jav)| = = )
w

where u/w is the transfer function between u and w. The
behaviour of the system at the onset point is still linear (i.e.,
N (jovy, ug) = 1), therefore Eq.(47) can be rewritten for the
given system as

C(joy)
14 C (jav)

~

Ry
oy = —.

= (43)
wo

Similarly, the closed-loop onset frequency of an acceleration-
limited system can be evaluated by imposing the condition
r4 = 1. From Eq.(14),
U .~ R4
wo ‘— (JCUA)‘ ==
w Y

(49)

If actuator rate and acceleration limits are both taken into
account, the closed-loop onset frequency of the actuator
nonlinearity will be the smallest value between @y and
@4, consistently with the findings presented in Sect. 3.4.
It is worth mentioning that, in more complex systems, the
above equations might admit multiple solutions, meaning
that the system undergoes multiple transitions between linear
and nonlinear behaviours. In the specific case of combined
rate and acceleration limits, linear behaviour will only be
observed in those intervals where simultaneously ry > 1
andry > 1.

4.2 Equivalent describing function of the feedback
loop

Deriving an equivalent describing function to approximate
the nonlinear behaviour of the feedback loop offers two
main advantages. Firstly, the closed-loop describing func-
tion provides a quasi-linear relationship between the input
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and output of the feedback loop, which can be used to inves-
tigate the response of the system in the frequency domain,
and even to replace the entire feedback loop in the context
of larger systems, allowing for a quasi-linear investigation
of the overall system. Secondly, the open-loop describing
function provides an useful insight into the dynamic stabil-
ity of the system, enabling the evaluation of the effect of the
nonlinearity on the gain and phase margins.

The describing function of a basic closed-loop system,
as that investigated in this section, is characterised by two
main behaviours: below the closed-loop onset frequency, the
system still behaves linearly; above this frequency, the system
is affected by the rate and acceleration limits and exhibits
a nonlinear behaviour, which will be characterised in the
following discussion.

Let us write system input signal in the complex time
domain as
w (1) = woe’! . (50)
Then, the input signal of the nonlinear element can be
expressed as

C(jow)

u (1) = ugel @+9 — w@), (51
) =t [FCGaN Ganug P O
from which

oo
wo(jo, wo) = Gew) wo. (52)

1+ C(jo)N (jo, uo)

Since the describing function value depends on the ampli-
tude ug, Eq.(52) is an implicit nonlinear equation and, in this
study, is solved numerically using a constrained nonlinear
optimisation approach, implemented by the Matlab function
Sfmincon [37].

Once ug is determined, the rate and acceleration limit
ratios can be evaluated from Eqs.(4) and (14) respectively,
and the describing function of the nonlinear element can be
derived using the formulations proposed in Sect. 3. Finally,
the closed-loop describing function N; of the feedback loop
(i.e., between w and z) can be evaluated by using standard
linear techniques as

C(jo)N (jw, up)
14+C(jo)N (jw, ug)’

Nei (jo, wo) = (53)

while the equivalent open-loop describing function can be
obtained from the above expression as

Noy (oo wo) = N (jo, wo)
o= T TN o wo)

=C(jo) N (jo,up) (54)
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4.3 Application to first-order systems

The proposed procedure for the evaluation of the onset point
of the nonlinearity and the equivalent describing function of
the feedback loop is here applied to two first-order systems
with time constant setto 7 = 0.1 in Eq.(46) and two different
values of the gain K = 1 and K = 10. Both closed-loop
systems are subjected to an input signal of amplitude wg = 1
deg.

4.3.1 Rate limit

Figure 15 illustrates the evolution of the onset frequency of
nonlinear behaviour for varying rate limit between 0.5 and
200 deg/s. For both systems, it is possible to observe that the
onset frequency increases almost linearly with the rate limit
for small values of Ry, while rapidly increasing for larger
rate limits, with a vertical asymptote achieved at 10 deg/s
for K = 1 and 100 deg/s for K = 10. Such a behaviour
can be explained by evaluating Eq.(48) for small and large
rate limits. In fact, for small Ry, and consequently oy < 1,
Eq.(48) yields

1+KR
Gy -T2V (55)
K wy

while for @y — oo it is obtained that

K
Ry — —wo. (56)

Beyond the rate limit value expressed by Eq.(56), Eq.(48)
has no solutions and the rate limit will not affect the response
of the system at any frequency. It is worth mentioning that
the specific patterns discussed above strongly depend on the
order of the system investigated. If, for instance, a second-
order system (or a more complex system behaving as such at
high frequencies) would still have a maximum effective rate
limit, but would not exhibit the vertical asymptotes shown in
Fig. 15.

The solution for the input and output amplitudes of the
nonlinear element and the corresponding open-loop equiva-
lent describing function are reported in Fig. 16 for the two
systems, setting the rate limit to 5 deg/s. In the case K =1,
the nonlinear onset occurs at 1.8461 Hz, while for K = 10
the onset occurs at 0.8809 Hz. In Fig. 16a, it is possible to
observe how the rate limit onset causes an increase in the
amplitude ug compared to the linear case, particularly sig-
nificant in the case K = 10, where u increases by an order
of magnitude. This causes a drop in amplitude and phase in
the equivalent describing function. In Fig. 16b, it can be seen
that after such a drop the open-loop describing functions set-
tle to the same amplitude, characterised by a decaying slope

Onset frequency, Hz

107 10° 10" 102
Rate limit, deg/s

Fig. 15 Onset frequency for a rate-limited closed-loop first-order sys-
tem (wp = 1 deg, T = 0.1 and varying Ry )

of —20 dB/decade. Observing from Fig. 16a that 1o con-
verges to its linear value at high frequencies, which can be
approximated as

~ 20 57
o =~ (57)

then it can be derived that, for w > 1, the gain of the open-
loop describing function decay as

4Ry

TWow

|Not| = (58)

Similarly, it can be calculated that the output of the nonlinear
element, which in this case coincides with the output of the
system, is limited to

__ 4Ry

Tw

20 (59)

when the system operates in full rate saturation regime. It is
worth noting that the quantities evaluated by Egs. (58) and
(59) are completely independent of the system properties,
depending only on the rate limit and input amplitude. How-
ever, the values of K and T affect the describing function
phase, which for @ — oo, tends to

T _ JTTRV
/Ny = — H===). 60
ol 2—i—cos (ZKw()) (60)

A noteworthy phenomenon visible in Fig. 16 is that, in the
case K = 10, the system undergoes a jump resonance, caus-
ing the existence of multiple solutions in a narrow frequency
range closely located to the onset frequency of the rate limit.
This phenomenon is discussed in detail in Sect. 4.4.
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Fig. 16 Input and output of the nonlinearity (a) and open-loop describing function (b) for a rate-limited closed-loop first-order system (Ry = 5
deg/s, wy = 1 deg and varying K). Circle markers: rate limit onset; triangle markers: partial to full saturation

4.3.2 Combined rate and acceleration limits

Let us now focus on the case K = 1, imposing again a
rate limit equal to 5 deg/s, along with a varying acceleration
limit. The onset frequency is evaluated from Eqs.(47)-(49)
and represented in Fig. 17. Bearing in mind that the onset
frequency is the smallest value between @y and @y, it is
possible to see how the acceleration limit drives the onset
for small values of R4, where the onset frequency can be
approximated as

I+ KR
P Y ©61)
K wo

shown by the dashed line in Fig. 17, while the rate limit
prevails when the acceleration limit is larger than Ry =
Ry®y = 53.59 deg/s>.

The input and output amplitudes of the nonlinear element
and the open-loop equivalent describing functions are plotted
in Fig. 18 for five values of the acceleration limit, ranging
from 10 to 200 deg/s?, while the rate limit is kept constant at
5 deg/s. Consistently with the result highlighted in Fig. 17,
the nonlinear onset is only driven by the acceleration limit
in the cases R4 = 10, 20 and 50 deg/sz, while the rate limit
drives the onset in the remaining cases. While the accelera-
tion limit is generally responsible for a further increase in the
nonlinearity input amplitude u, the largest effect is observed
for Ry = 20 deg/s2, with a more moderate increase observed
for Ry = 10 deg/s>.

With respect to the high-frequency behaviour, ug is again
approximated by Eq.(57), and it is therefore independent of
the rate and acceleration limits, while the describing function
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tends to
~ 4Ra
|NDI| = B (62)
TWow
and the system output to
4R
202 04 (63)
Tw

Therefore, at high frequencies, N,; and zp do not depend
on the underlying linear system properties, as already estab-
lished in the rate limit case, but only on the acceleration
limit and input amplitude. Differently from the rate limit, the
acceleration limit imposes a sharp amplitude decay, charac-
terised by a —40 dB/decade slope. All describing function
phase curves converge to the same value

TR
[Ny =7 +cos™! (z__v> .

64
2 K wo (©4)

Therefore, while the presence of rate limits is concealed by
the stronger effect of the acceleration limits on the response
amplitude at high frequencies, it is still possible to identify
the rate limit value (if system properties are known) from the
describing function phase, which is instead independent of
the acceleration limit R4.

It is noteworthy that jump resonance occurs for acceler-
ation limits between 20 and 100 deg/sz, but is not observed
for either the largest or the smallest values investigated.

This behaviour can also be visualised in Fig. 19, where
the input of the nonlinear element is plotted in the parameter
space ry — ry4, along with the boundaries of the saturation
regimes. Jump resonance can be detected in this plot based on
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Fig. 17 Onset frequency for a rate- and acceleration-limited closed-
loop first-order system (wp = 1 deg, Ry = 5 deg/s and varying R4)

the following considerations. From the definitions of rate and
acceleration limit ratios, from Eqs.(4) and (14) respectively,
it can be deduced that

Ra
rpa =

= . 65
varv (65)

If specific values of Ry and R4 are assigned, the above
equation describes a pencil of lines through the origin, each
one defined by a specific angular frequency value w. If one
of such lines intersects the nonlinearity input curve in more
than one point, then multiple solutions are possible at that fre-
quency, suggesting the presence of a jump resonance. In this
case, the line characterised by the largest angular coefficient,
corresponds to the supercritical fold bifurcation and, there-

[0 T
5 0 —Input Rate limit = 5 deg/s?
5 107 F[-Output E
€
©
5
e
3
Lo) P Acc. limit,
% 10 deg/s2
5 —Linear
o —o0
= —200
= —100
s 50
£ 1072 —=20
S —10
2
107 10° 10

Frequency, Hz
(a)

Fig. 18 Input and output of the nonlinearity (a) and open-loop
describing function (b) for a rate- and acceleration-limited closed-loop
first-order system (Ry = 5 deg/s, wo = 1 deg and varying R4). Cross
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Fig. 19 Input curves of the nonlinearity in the parameter space ry —r4
for arate- and acceleration-limited closed-loop first-order system (wo =
1 deg, Ry = 5deg/s and varying R 4). The squared markers indicate the
supercritical fold bifurcations, the dashed-dotted lines the bifurcation
frequency

fore, to the lowest frequency where multiple solutions can
occur. Such lines are plotted in Fig. 19 for the cases where
jump resonance occurs, and the supercritical fold bifurca-
tions are highlighted by square markers. The mathematical
conditions for which jump resonance occurs across different
saturation regimes are addressed in the following subsection.
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markers: nonlinearity onset; triangle markers: partial to full mixed sat-
uration; circle markers: transitions to full acceleration saturation
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4.4 Jump resonance

The findings presented in the previous subsection highlight
the possibility of jump resonance in the dynamic response
of closed-loop systems with rate and/or acceleration lim-
its, leading to the presence of multiple solutions at certain
frequencies and, potentially, to sudden and unexpected varia-
tions in the frequency response (i.e, jumps between different
solution branches), which can undermine the stability and
degrade the performance of the system, as observed by
Gilbreath [10] for rate-limited systems. In this subsection,
the conditions for the occurrence of jump resonance in feed-
back loops with rate or combined rate and acceleration limits
are derived, along with the supercritical fold frequency in
the jump resonance, i.e. the lowest frequency where multiple
solutions appear.

4.4.1 Rate limit
Let us consider the rate-limited system characterised by K =
10, investigated in the previous subsection. By replacing

Eq.(28) into Eq.(52), it is possible to derive the closed-form
solution for u¢ in full rate saturation regime as

2 2
aj al 2 T Ry
Ho = (7‘“2) N ‘4[“” (w) }

(66)

where
8 R
a; = — Im{C} - v
big w

2 (67)
ar =4 <Re{C} + izmz) (ﬁ) — (IClwoy
T w

The positive and negative branches of this solution are shown
in Fig. 20. It is possible to observe that the supercritical
fold of the complete solution to Eq.(52) coincides with the
point where these two real solutions to Eq.(66) originate. The
corresponding bifurcation frequency can therefore be deter-
mined by setting the inner radicand of Eq.(66) to zero. After
the required algebraic steps, this results in

JTRV

Wb = S
2|C(jwp)|wo

L+ RelCljen))|. (68)
If applied to the case K = 10 of the previous subsec-
tion, Eq.(68) yields f, = 1.0051 Hz, in agreement with
the behaviour shown in Fig. 16. However, as observed in
the case K = 1, jump resonance does not always occur in
the frequency response of rate-limited closed-loop systems.
Since the above solution refers to full saturation regime, it
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Fig.20 Nonlinear input amplitude evolution with frequency for a rate-
limited first-order closed-loop system (Ry = 5, K = 10, T = 0.1)

is required for its validity that ry < r* for ® = wp. By
replacing Eqs.(66) and (68) into Eq.(4), it can be derived that
the condition for a rate-limited system to encounter jump
resonance is

Im{C(jwp)} > %. (69)

In the case of the first-order system investigated in this sec-
tion, this condition cannot be satisfied for any rate limit if

k<X (70)
< —
5

explaining the absence of bifurcations in the case K = 1.

Figure 21 shows the variation of the supercritical fold fre-
quency with the rate limit for the case K = 10. The evolution
of wp, obtained from Eq.(68), is quasi-linear for strict rate
limits, where

=~ T (1+ 8Kk r 71)
wp = -5 s
b 2K wo 72 v

and tends to a vertical asymptote for

2 K
Ry —» ——wp. (72)
n T

Despite the domain of validity of this solution being restricted
by Eq.(69) (see continuous line in Fig. 21), jump resonance
occurs for a wide range of rate limits. In particular, starting
from Ry = 9.53 deg/s, multiple solutions will appear in the
dynamic response of the system at a lower frequency than
the rate limit onset point. This implies that transition to latent
nonlinear branches of the solution can occur even when the
system is operating in linear regime.

4.4.2 Combined rate and acceleration limits
Let us now consider the case of a closed-loop system where

rate and acceleration limits are applied, aiming to determine
the conditions for the presence of jump resonance in the
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Fig.21 Bifurcation frequency of a first-order closed-loop system (K =
10, T = 0.1) for varying rate limit

dynamic response and the value of the supercritical fold fre-
quency, starting from which multiple solutions occur. In this
case, the bifurcation analysis is notably complicated by the
presence of several different saturation regimes. In the rate
limit-only case, the supercritical fold of the dynamic response
coincides with the point where two real solutions to Eq.(52)
appear for the full rate saturation regime. From Fig. 19, it is
clear that fold bifurcations in closed-loop systems with rate
and acceleration limits can be associated with the existence of
multiple analytical solutions to Eq.(52) in any full saturation
regime. This includes acceleration and mixed full saturation
regimes, each of them characterised by either ry < r* or
r* < ry < 1. These four cases will be discussed in what
follows.

To determine the bifurcation frequency in full acceleration
saturation when ry < r*, let us substitute the describing
function expressed by Egs.(34) and (35¢) into Eq.(52). A
closed-form solution for the dynamic response can be derived
in the same form as Eq.(66), setting the coefficients a; and
ap to

8 R

aj =~ Re(C}- —5
o i

a =4 (Im{C} Y (73)

w

4 Ry Ry
2
+2lCl F)E

—(IClwp)*.

Also in this case, the bifurcation frequency can be obtained
by setting the radicand in Eq.(66) to zero, which results in

_ 7 Ry
4|C(jwp)lwo

64 R '
. [1 + \/1 + —3—§IC(jwb)|2 Sin(ZC(jwb))woJ . (74)
T RV

wp

The above solution only holds if the corresponding rate and
acceleration limit ratios respect the boundary conditions of

the investigated saturation regime, which are expressed by
ry < r*and ry/rqp > m/2, from Eq.(18). The value of
uo corresponding to the supercritical fold point can easily
be evaluated by Eq.(66), setting once again the radicand to
zero and replacing the result of Eq.(74). Finally, the bifur-
cation frequency and corresponding value of u( can be used
to determine ry and r4 and verify whether the solution lies
within the domain of validity defined by the aforementioned
boundary conditions.

In full mixed saturation regime, if ry < r*, the solution
can be determined by using the same procedure, considering
the describing function defined by Eqgs.(36) and (37b). This
results in the bifurcation frequency

_ JTRV
 4[C(jwp)wo

64 Ry . Ry
.|:1+\/1+;R—%/ SIH<R—Awb>
NP , Ry
|C(jwp)|* cos ZC(Jwb)—R—Awb wo | -

After evaluating wp, it can be verified whether the solution
falls within the domain of validity defined by the boundaries
ry <r*andry/ra < /2, fromEq.(18), following the same
procedure described above for the full acceleration saturation
case.

The determination of the bifurcation frequency for r* <
ry < 1 is notably complicated by the presence of the term
@(ry) in the describing function formulations, which does
not allow for the separation of the variables uo and w in the
equations. Let us first consider the case of full acceleration
saturation. Substituting Eqgs.(34) and (35b), it is possible to
rewrite Eq.(52) as

4R A
uj +2|C| (W)
. [cos(ZC) sin(g(ry)) — sin(£C) cos(tp(rv))] ugy

4RA\?
+CP (—2) = (IClwo)*.
T

Wp

(75)

(76)

An alternative approach to the solution of the above equation
is to consider that, in correspondence of the supercritical fold
point, the derivative of 1 with respect to @ must be

dug

dw

0, (77)

as clearly shown in Fig. 20. To exploit this property, let us
consider the derivative of the left- and right-hand sides of
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Fig.22 Bifurcation frequency of a first-order closed-loop system for wg = 1 deg, Ry = 5 deg/s and varying acceleration limit

Eq.(76) with respect to @ and neglect finite terms, obtaining ~ where

duy 8 Ry 1

d
up— + —|Cl— [COS(ZC)—(MO sin(g(ry))) O(w,ry) = ————— LC(j
do T2 Jo v o) = o [cos(LC(jw))
d . .
— sin(ZC)d—(uo cos((p(rv)))} =0 (78) —cos(LC(jw) + sin~! (ry) — w(rv))] , (84)
w
In order to solve the above equation, the derivative and
d d d
elry) _ dery)dry (79) w? = 4Ry
dow dry do Two
must be evaluated. From the definition of ¢(ry) in Eq.(9), it '\/1 + ©7 — 20 sin (LC(jwp) — ¢(rv p)). (35)

can be obtained that

The bifurcation frequency can be similarly derived in mixed

1
dpCry) _ sin (VY) —¢(rv) 7 (80)  full saturation regime, resulting in
dry ry — sin(e(ry))
while, from the definition of ry in Eq.(4), deriving with of = 4R, in ( Ry wb)
respect to w and cancelling finite terms, it results that TWo Ra
2 / . RV
dﬂ ~ _r_V@ (81) : 1 + ®b - 2®b COS(ZC(]a)b) - R_a)b - <P(”V,b))7
do =~ updo’ A
(86)
Therefore, substituting Eqgs.(80) and (81), Eq.(79) yields
) where
de(ry) _ rysin~'(rv) = @(ry) duo 82)
do ug ry —sin(e(ry)) do 1
O (jo,ry) = —————
. . . . ry — sin(g(ry))
Replacing Eq.(82) into Eq.(76), after some algebraic manip- R
ulations, it is derived that, at the supercritical fold point, . [sin ([C (jow) — R—Va) +sin~(ry) — (p(rv)>
A
4R 4 . . il zcci Ry g7
o = ——1C(jwp)|O(jwp, rv.p). (83) —sin| £C(jw) — B ||, (87)
Tw A
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while the corresponding amplitude ug can be written as
. RV . 1
uop = — sin| ——wp IC(jwp)|Oy. (88)
Tw Ra

In both saturation regimes, the validity of the solution can be
verified by referring to the boundaries derived in Sect.2. It is
worth underlining that the solutions obtained for r* < ry <
1 depend on both frequency and rate limit ratio, with the
latter depending on the frequency itself and amplitude uy.
Therefore, a constrained nonlinear optimisation algorithm,
implemented through the Matlab function fimincon [37], was
used in this paper to solve Eqgs.(85) and (86).

The above formulations have been applied to the case-
studies investigated in this section, setting wy = 1 deg,
Ry = 5 deg/s and varying acceleration limit. In the case
K = 1 (shown in Fig. 22a), for which rate limit cannot lead
to jump resonance in the absence of acceleration limits, solu-
tions have been found in a limited range of the acceleration
limit, included between 11.8 and 198 deg/s2. This result is
consistent with the behaviour shown in Figs.18 and 19, where
jump resonance is not observed for R4 = 10 and 200 deg/s?.
In agreement with these previous results, all supercritical
folds occur for r* < ry < 1, either in full mixed or accel-
eration saturation regimes. For K = 10, as shown in Fig.
22b, jump resonance occurs for any acceleration limit larger
than 0.13 deg/s?, with the bifurcation frequency approach-
ing the value observed in the absence of acceleration limits
when R4 — oo. In this case, supercritical folds take place
at ry < r* for most acceleration limit values. It has been
observed that jump resonances starting at ry < r* are gen-
erally more severe, since they tend to generate larger jumps
between different solution branches and are therefore more
likely to lead to dynamic instability.

5 Application to a high-order
aeroservoelastic model for gust load
alleviation

In this section, the describing function framework developed
in the previous sections is applied to the analysis of actuator
rate and acceleration limit effects in a high-order aeroservoe-
lastic control system. The case study considered corresponds
to a gust load alleviation (GLA) configuration investigated
by the authors’ previous contribution [34], and is used here
to illustrate the applicability and limitations of the proposed
analytical approach.

The purpose of this investigation is not to provide a
comprehensive nonlinear validation of the aeroservoelastic
model, but rather to use it as a representative example to
discuss how actuator rate and acceleration limits modify the
effective closed-loop dynamics and, ultimately, the control

function performance. In particular, two parametric studies
are considered: (i) the effect of varying the actuator rate limit,
and (ii) the effect of varying the acceleration limit for a fixed
rate limit. For each case, the effect of actuator nonlinearities
on closed-loop dynamics is determined by first evaluating
the onset frequency of the nonlinearity and the supercritical
fold frequency of jump resonance, and then the equivalent
describing function of the feedback loop and the frequency
spectrum of the wing structural response, expressed by the
wing-root bending moment (WRBM).

5.1 System definition

The aeroelastic model represents a flexible wing with
unsteady aerodynamics and consists of a linear state-space
realization of 96 states. For control design and analysis pur-
poses, the model has been reduced using balanced truncation,
resulting in a 35-state representation that accurately pre-
serves the low-frequency aeroelastic dynamics relevant to
GLA. The reduced-order model is augmented with a first-
order actuator model governed by the transfer function

C(s) = _Wa

. 89
Iy (89)

with w, = 90 rad/s. A linear quadratic regulator (LQR) is
designed based on the reduced-order linear model and the
additional actuator internal state, with the objective of mit-
igating gust-induced wing root bending moments using an
outboard aileron. Owing to the relatively high frequency of
the first aeroelastic mode (about 19.7 Hz), the closed-loop
system exhibits significant sensitivity to actuator dynamics
and limitations, making it a suitable test case for the investi-
gation of frequency-dependent nonlinear effects.

To enable the application of the proposed describing func-
tion approach, the actuator rate and/or acceleration limits
are replaced with their describing function, derived in Sect.
3, and equivalent single-input single-output (SISO) linear
models are used to represent the remaining elements of the
feedback loop, as schematically represented in Fig. 23. In
particular, the multi-input multi-output aeroelastic plant and
the LQR controller are reduced to the SISO transfer functions
G, and G, respectively mapping the actuator output u y and
the gust perturbation w into the demanded aileron deflection
z. The current analysis is restricted to the case of sinusoidal
gust excitation, with amplitude set to wg = 4.2472 m/s,
corresponding to a gust angle of attack of 0.9682 degrees.
Finally, it is assumed that no further aileron deflection is
commanded externally (» = 0).
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Fig.23 Schematic representation of the gust load alleviation feedback
loop

5.2 Effect of actuator rate limit

The proposed describing function approach is first applied to
the system introduced in the above subsection to evaluate the
effect of varying actuator rate limit, assuming no limitations
for the achievable acceleration (R4 — 00). As a first step,
the closed-loop onset frequency of the rate limit is calculated
from Eq.(47), setting

1( i) = Gw(jw) (90)
0w T 11 Co)Guo)

as the linear transfer function between the gustinput w (¢) and
the rate limit input u(¢). The resulting evolution of the onset
frequency wy for varying rate limit values is represented in
Fig. 24.Itis possible to observe that, for rate limits up to about
400 deg/s, the onset frequency increases almost linearly with
Ry, in a similar fashion to the first-order case presented in
Sect. 4.3. However, for larger values of the rate limit, the
onset of the nonlinearity occurs at frequencies that are in
the range of the plant dynamics. This can result in multiple
transitions between linear to nonlinear behaviour, with the
latter mostly affecting the resonant peaks of the closed-loop
system, activated by larger response amplitudes.

The occurrence of jump resonance induced by the actuator
rate limit can be investigated by adapting the analytical for-
mulations derived in Sect. 4.4.1 for first-order systems to the
present case study. The presence of jump resonance is first
verified from Eq.(69), substituting C(jw)G,(jw) in place
of C(jw). When jump resonance is predicted to occur, the
corresponding supercritical fold frequency can then be eval-
uated from an updated formulation of Eq.(68), which reads
as

JTRV

Wh = S
2|ICGw(jwp)wo

1+ % Re{CG,(jwp)}|. 91)
T

The resulting predictions for jump resonance are reported in
Fig. 24, along with the closed-loop onset frequency. It can
be observed that jump resonance takes place for rate limits
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above 18.6 deg/s. For rate limit values up to about 400 deg/s,
the supercritical fold frequency presents a regular pattern,
increasing almost linearly with the rate limit, and is char-
acterised by slightly larger frequency values than the onset
point, indicating that jump resonance occurs soon after the
rate limit onset. For larger values of the rate limit, where the
interaction with the frequency content of the plant dynam-
ics becomes evident, irregular behaviour and multiple jump
resonances can be observed. It is noteworthy that not only is
the jump resonance predicted to occur at lower frequencies
than the rate limit onset, but also multiple folding frequen-
cies are found below the onset frequency. This behaviour
is explained in the remainder of this subsection. Finally, an
upper bound for the occurrence of jump resonance is found
at Ry = 1.8-10° deg/s. However, for very large rate limits, it
can be reasonably assumed that such effects are minimal and
only affect resonant peaks, with little impact on the overall
dynamics of the system.

The effect of actuator rate limits on the frequency response
of the aeroservoelastic system, studied by considering the
describing function of the rate limit derived in Sect. 3.1 and
the approach described in Sect. 4.2, is illustrated in Fig. 25,
where the input and output signal amplitudes of the rate limit
element, the equivalent open-loop describing function, and
the resulting WRBM are reported for varying sinusoidal gust
excitation frequencies and rate limits equal to 100, 200, 400,
and 800 deg/s. It can be observed that the rate limit strongly
affects the closed-loop dynamics. In particular, rate satura-
tion leads to a reduction in the output actuator deflection
amplitude, which becomes gradually more severe at high
frequencies. As a result, the WRBMs generated by the con-
trol function are no longer sufficient to fully compensate the
gust loads. In this context, the actuator deflection demanded
by the controller increases dramatically, eventually leading
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Fig.25 Inputand output of the nonlinear element, open-loop describing
function and wing-root bending moment for varying sinusoidal excita-
tion frequencies and rate limits

to jump resonance. For rate limit values up to 400 deg/s, in
agreement with the behaviour described in Fig. 24, jump res-
onance occurs soon after the onset of nonlinear behaviour

and is associated with a sudden and significant increase in
the demanded actuator deflection, together with a drastic
decrease in the control functionality, eventually leading to
output WRBMs that may even exceed those of the open-
loop, uncontrolled system. Very distinct dynamic behaviour
is observed for Ry = 800 deg/s. In this case, the less severe
rate limitation leads to a higher onset frequency, larger than
that of the first aeroelastic mode, which is therefore effec-
tively controlled. However, it is observed that jump resonance
produces isolated nonlinear solution branches. This type of
jump resonance has already been reported in the literature
[32], and is consistently predicted by the analytical procedure
proposed in this paper. In fact, three solutions for the bifur-
cation frequency are found for Ry = 800 deg/s, as visible in
Fig. 24; the first two of these solutions are associated with the
lowest and highest frequencies of the isolated branch, while
the third corresponds to the supercritical fold frequency of
the subsequent jump, occurring in proximity to the rate limit
onset on the main solution branch. It can therefore be con-
cluded that, in the presence of actuator rate limits, sudden
jumps to large-amplitude nonlinear solutions may be trig-
gered by external perturbations even when the actuator is
operating in a linear regime.

5.3 Effect of combined actuator rate and
acceleration limits

The combined effect of actuator rate and acceleration lim-
its is investigated with the proposed describing function
approach for Ry = 400 deg/s and varying acceleration
limits. The closed-loop onset frequency is evaluated by
replacing Eq.(90) into Eqs.(47) and (49), and its variation
with R4 is shown in Fig. 26. It is possible to observe that the
onset frequency of the nonlinear behaviour increases with
R4 approximately following a quadratic law in the range
where the onset is governed by the acceleration limit, up to
R = 3.6 deg/s”. For larger values of the acceleration limit,
the onset is instead governed by the rate limit, and assumes
the constant value of 14.65 Hz. Since this frequency is well
below the first resonant frequency of the aeroelastic plant,
the evolution of the closed-loop onset frequencies closely
resembles that observed for the first-order system in Sect. 4.

The occurrence of jump resonance and the correspond-
ing supercritical fold frequencies are evaluated adapting the
analytical formulations derived in Sect. 4.4.2 to the aeroser-
voelastic system under investigation, with results reported in
Fig. 26. It can be observed that jump resonance is predicted
to occur for any acceleration limit larger than 2.80 deg/s.
As for the onset frequency, the evolution of the bifurcation
frequency mimics that observed for first-order systems (see
Fig. 22b), since jump resonance occurs below the first res-
onant frequency of the aeroelastic plant. For smaller values
of the acceleration limit, jump resonance occurs in full satu-
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Fig.26 Onset and bifurcation frequencies of the aeroservoelastic sys-
tem for Ry = 400 deg/s and varying acceleration rate limits

ration regime, and the supercritical fold frequency decreases
with R4 until a minimum of equal to 2.28 Hz is reached at
R = 3620 deg/s. For larger acceleration limits, the bifur-
cation frequency gradually increases, eventually reaching the
value of 16.7 Hz observed in the presence of rate limit only. It
is noteworthy that jump resonance occurs significantly below
the onset point for a wide range of acceleration limits.

The combined effect of actuator rate and acceleration
limits on the frequency response has been explored by substi-
tuting the describing function formulations derived in Sect.
3.3 and following the procedure described in Sect. 4.2. The
input and output signal amplitudes of the nonlinear element,
the open-loop describing function of the feedback loop and
the output WRBM are illustrated in Fig. 27 for Ry = 400
deg/s and acceleration limits equal to 8000, 16000, 32000,
and 64000 deg/s. It can be observed that the introduction of
acceleration limits leads not only to an earlier onset of the
nonlinear behaviour, but also to a strong decrease in the super-
critical fold frequency of jump resonances, consistently with
the pattern anticipated by Fig. 26. Therefore, in the presence
of strict acceleration limits, jumps may occur between linear
and nonlinear solution branches under the action of suffi-
ciently large perturbations, leading to sudden loss of control
functionality and potential dynamic instability.

5.4 Scope and limitations of describing function
framework

The results presented in this section also highlight the scope
and limitations of the describing function approach adopted
in this work. Describing functions provide an approximate
frequency-domain representation of nonlinear elements and
are primarily intended to predict the onset of nonlinear
behaviour, the existence of multiple periodic solutions and
the occurrence of jump resonance through fold bifurcations.
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As such, the analysis relies on an accurate representation of
the closed-loop frequency response in the vicinity of the pre-
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dicted onset and bifurcation frequencies, rather than on a fully
accurate time-domain model of the system. Moderate mod-
elling uncertainties may affect the quantitative prediction of
critical frequencies, but do not alter the qualitative trends
identified by the analysis, such as the presence of solution
multiplicity and abrupt transitions in the system response.
The reliability of the describing function approximation is
highest when nonlinear effects develop at frequencies well
separated from higher-order resonances of the underlying
linear plant. At higher frequencies, where actuator nonlin-
earities generate significant higher-harmonic content and
interact with complex aeroelastic dynamics, the describing
function should be regarded as an indicator of potentially crit-
ical operating regions rather than as a definitive predictor of
stability. A complete assessment of nonlinear stability and
transient behaviour in these regimes requires time-domain
analysis, which is beyond the scope of the present work.

6 Conclusions

In this paper, the nonlinear dynamic effects introduced by
actuator rate and acceleration limits in closed-loop sys-
tems were analysed. A full characterisation of the saturation
regimes determined by these nonlinearities in the steady-state
actuator response to sinusoidal input was presented, along
with the analytical derivation of the conditions for the tran-
sitions between different regimes. The boundaries between
saturation regimes were represented in a two-dimensional
parameter space defined by non-dimensionalised rate and
acceleration limits, enabling the prediction of saturation
regime based on the input amplitude and frequency.

Analytical expressions for the describing functions of rate,
acceleration, and combined rate-acceleration limits were
derived in each regime. These describing functions capture
the input—output relationship of the actuator in the frequency
domain and provide a basis for understanding the dynamics
of closed-loop systems, where they allowed for the evaluation
of the nonlinearity onset and the determination of an equiv-
alent describing function for the feedback loop. Moreover,
these describing functions enabled the analytical derivation
of the conditions for the existence of nonlinear jump reso-
nances and the corresponding supercritical fold frequencies
(the lowest frequencies at which multiple steady-state solu-
tions coexist).

The investigation showed that various types of steady-state
responses may arise under sinusoidal excitation when either
or both rate and acceleration limits are active, including full
or partial saturation of these quantities. When both limits are
applied, strict acceleration limits can conceal the presence of
arate limit, due to their leading effect on the response ampli-
tude. In fact, the describing function analysis demonstrated
that acceleration limits introduce a stronger attenuation, with

a-40 dB/decade gain reduction at high frequencies, indepen-
dently of the presence of rate limits, while rate limits alone
result in a -20 dB/decade slope. In addition, it was observed
that the closed-loop output amplitude at high frequencies
depends only on the actuator input amplitude and the non-
linear limits, while being independent of the linear system
dynamics. This feature could facilitate the identification of
actuator limits via high-frequency experiments, even when
the plant dynamics are uncertain.

Combined rate and acceleration limits also have a pro-
nounced impact on phase behaviour. In particular, the actu-
ator input—output phase lag approaches 180 degrees at high
frequencies, conversely to the 90 degrees lag observed when
only one limit is active. This phase shift also appears in the
closed-loop system, although there it is also affected by the
linear dynamics of the system. Furthermore, describing func-
tion phase curves often exhibit nonsmooth transitions and
angular points near regime transitions, especially in the pres-
ence of acceleration limits. These features underscore the
limitations of adopting interpolation (e.g., cubic splines) to
reconstruct partial saturation dynamics and the value of the
full analytical formulation derived in this work.

In closed-loop systems, nonlinear jump resonances were
shown to arise under either rate or combined rate—accelera-
tion limits, producing multiple steady-state solutions over
specific frequency ranges. These phenomena can cause
abrupt changes in system response and potentially lead to
loss of stability. Moreover, nonlinear solution branches may
extend to frequencies below the onset point, indicating that,
even when the actuator operates predominantly in a lin-
ear regime, the system may exhibit sudden transitions due
to latent nonlinear dynamics. These effects were explicitly
demonstrated through the application of the proposed frame-
work to a high-order aeroservoelastic model for gust load
alleviation, where the interaction between actuator nonlin-
earities and the closed-loop aeroelastic dynamics was shown
to produce multiple jump resonance scenarios and isolated
nonlinear response branches. Acceleration limits were found
to induce similar jump phenomena even when rate limits
alone would not, or to further extend nonlinear branches
already caused by rate saturation. In particular, the analysis
revealed that acceleration constraints can significantly lower
the frequencies at which jump resonances occur and exac-
erbate their impact on control effectiveness, highlighting the
critical role of acceleration limits in high-bandwidth control
applications.

Overall, the results offer a comprehensive framework for
analysing the impact of actuator rate and acceleration limits
on closed-loop system dynamics. The insights into steady-
state regimes, describing function behaviour and jump res-
onance conditions are particularly relevant for preliminary
design and frequency-domain stability assessment of control
systems, with direct applicability to high-bandwidth actua-
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tion problems across a range of engineering domains. While
the present study focuses on steady-state and frequency-
domain characterisation, a rigorous assessment of nonlinear
stability and transient behaviour requires time-domain anal-
ysis, which is beyond the scope of this work and will be
addressed by the authors in a separate publication.
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