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curvilinear conforming structured meshes. The method is an equilibrium method which
satisfies pointwise equilibrium of forces. The domain decomposition is established through
hybridization which first allows for an inter-element normal stress discontinuity and then
enforces the normal stress continuity using a Lagrange multiplier which turns out to be
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1. Introduction

Structure-preserving or mimetic methods are numerical methods that aim to preserve fundamental properties of the con-
tinuous problems, like conservation laws (for example equilibrium of forces in elasticity), at the discrete level. The mimetic
spectral element method (MSEM) [1] is a novel arbitrary order mimetic method that usually uses the mixed formulation.
It has been applied to, for instance, Stokes flow [2], the Poisson equation [3], the Grad-Shafranov equation [4], the shallow
water equations [5], and, recently, linear elasticity [6]. The mixed formulation, together with high order methods, generally
leads to large and dense matrices. This is particularly the case when one considers the three-dimensional mixed elasticity
formulation which solves for three physical quantities, namely displacement, rotation and stress, simultaneously in a global
discrete system. Displacement and rotation fields consist of three components while the stress tensor field has nine compo-
nents. This makes the MSEM an expensive method for three-dimensional linear elasticity. An effective way to overcome this
drawback is to use the hybrid finite element method [7,8], a domain decomposition method which breaks up the problem
into smaller sub-problems.

Within the world of mimetic methods we distinguish between various numerical methods. A particular branch of these
methods is the mimetic finite difference methods, see [9] and its references. The virtual element method [10,11] is another
way in which mimetic ideas are represented. In yet another branch the mathematical language of differential forms and
similarities between differential forms and algebraic topology is exploited, [12,13]. A pioneering work of implementing
these ideas in numerical analysis was first conducted by Bossavit [14] in computational electromagnetism. Later, a common
framework of using differential forms and algebraic topology for mimetic discretizations was developed by Bochev and
Hyman [15]. Some important contributions in the context of finite element discretizations were then made by Arnold, Falk
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and Winther, [16,17]. The extension to spectral element methods is given by the MSEM. Initially, the MSEM was introduced
using the mathematical language of differential forms, which is preferable but less popular than conventional vector/tensor
calculus for the mathematical description of physics [18]. It is possible to translate the mathematical language of differential
forms into vector/tensor calculus to reach a larger audience. The work in, e.g., [4,6] and the present paper are examples.

In solid mechanics, finite element methods are developed based on variational principles. In classic finite element meth-
ods, stiffness matrices representing the variational principle in elements are established and assembled. Elements are then
coupled in the global stiffness matrix through the strong inter-element continuity. Unlike classic finite element methods,
hybrid finite element methods first allow for an inter-element discontinuity and then impose the continuity with the help
of a Lagrange multiplier [7]. This process is usually called hybridization. The first hybrid finite element method, the assumed
stress hybrid method [19], was proposed by Pian in the 1960s. Other hybrid finite element methods in solid mechanics are,
for example, the assumed displacement hybrid method [20] and the assumed stress-displacement hybrid mixed method
[21]. The advantage of the addition of the extra continuity equation with the associated Lagrange multiplier is that it may
be possible to solve for the interface Lagrange multiplier first, after which the global system decouples into independent
problems at element level. This is particularly efficient for spectral element methods where the number of interface un-
knowns is relatively small compared to the global number of unknowns. The mortar element method [22-24], a domain
decomposition method which couples different non-overlapping subdomains uses a similar idea. The idea of hybridization
also plays an important role in the finite element tearing and interconnecting (FETI) method [25,26]. For linear elasticity,
one of the main problems in hybrid finite element methods is the appearance of so-called spurious kinematic modes or zero
energy modes, see, for instance, [27-29]. These spurious modes consist of non-solid body deformations which do not affect
the stress field indicating that such hybrid formulations are non-wellposed. In [30], the well-posedness of problems arising
from the hybrid variational principles and the error behavior of the hybrid method are studied. Hybridizing certain existing
mixed finite element methods is studied in [31].

In this work, we introduce a hybrid mimetic spectral element method (hMSEM) based on a new hybrid variational
principle for three-dimensional linear elasticity problems. The method is an arbitrary order structure-preserving method
which satisfies pointwise equilibrium of forces and, to our knowledge, is the first method that manages to reduce the
computational cost of the MSEM without the introduction of spurious kinematic modes. Besides the computational cost
reduction as a result of the hybridization, additional reduction is obtained through the use of dual basis functions [32-34]
which significantly increases the sparsity of the discrete system. Dual basis functions can also be applied to the original,
non-hybrid, MSEM to improve its efficiency.

The layout of the paper is as follows: In Section 2, a brief introduction to the three-dimensional linear elasticity prob-
lem is given, which is followed by an introduction of a hybrid mixed formulation and its weak formulation in Section 3.
The proposed method is then explained in detail in Section 4. Numerical experiments are presented in Section 5. Finally,
conclusions are drawn in Section 6.

2. Three-dimensional linear elasticity

In R3 with coordinate system {x, y, z}, let u = {ux uy u }T be the displacement vector. The rotation vector w is given
by

Wy 1 0 —d/dz 0d/0y Uy
W= 0y =5 0/0z 0 —9/0x ¢ Uy 7. (1)
W, —d/dy 9/0x 0 u,

We use D to represent the divergence matrix,

3/dx 9/dy 3/z 0O O O O O O
D=y 0 0 0 9/ox d/dy a/oz O 0 O
0 0 0 0 0 0 a/ax ddy 3oz

. . . . T
Its transpose, DT, then is the gradient matrix. The strain vector & = { Exx Eyx Ezx Exy Eyy Ezy Exz Eyz szz} can be
written as € = DTu + RTw, where R is a matrix given by

00 0 O 010 -10
R={40 0 -1 0 0 01 0O O
01 0 -1 000 O O

T . N .
The stress vector 0 = {O'XX Oyx Ozx Oxy Oyy Ozy Oxz Oy crzz} can be computed using the constitutive relation,
o =Cle, where C, given by
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1 0 0 0 —v 0 0 0 —v
0 1+v 0 0 0 0 0 0 0
0 0 14v 0 0 0 0 0 0
o o 0 14v 0 O 0 0 0
c=-1-v o0 0 o 1 0 0 0o —vb,
Efo o 0 0 0 14v 0 0 o
0 o 0 0O 0 0 1+4v 0 0
0 0 0 0 0 0 0 14v 0
v 0 0 0 —v 0 0 0 1

is the compliance tensor. E and v represent Young's modulus and Poisson’s ratio of the material, respectively. Equilibrium
of forces states that Do + f =0, where f = {fx fy [z }T is the body force vector, and equilibrium of moments implies
Ro = 0. If we put the stress components in a 3 by 3 tensor, equilibrium of moments then implies that the stress tensor is
symmetric.

We now consider a bounded, connected domain € with boundary Q2 =Ty, UT¢, where 'y N Ty =@, I'y # . On
Ty, the displacement u is prescribed; u|p, =u = {i, 1y TIZ}T. On T, the surface traction t is prescribed; t|r, =t=

{?x ?y T, }T. The three-dimensional linear elasticity problem then can be formulated as

Co—-D'u—R'w=0 ing, (2a)
Do+ f=0 inQ, (2b)

—Ro =0 ing, (2¢)

u=u only, (2d)

t=No=t onTly, (2e)

where the body force f is known, and N is a matrix given by

ng ny. n, 0 0 0 0 0 O
N=370 0 0 nt, np np 0 0 0.,
0 0 0 0 O O ny ny ng

where ny, ny, n, are components of the unit outward normal vector, n = {nx ny ng }T. It is straightforward to prove that
the solutions u# and w of problem (2) satisfy relation (1).

3. A hybrid mixed formulation
3.1. Notations

Throughout the paper, we restrict ourselves to the Hilbert spaces L2(€2), H' (), H(div; 2), trace spaces H!/2(3$2) and
(Hl/z(aQ))/ [35], and their extensions to [-]*> in R3. The dual spaces are expressed with the notation (-)'. For example,

I
(H”Z(asz)) —H2(30).
The subspace Ho(div; @; I') is defined as
Ho(div; Q; T) :={¢@| ¢ € H(div; Q), tr¢ =N =00nT}.
Without loss of generality, in this section, we will assume the Neumann boundary condition to be ?| N = 0.

3.2. A mixed formulation

Given f ¢ [LZ(SZ)]3 and 1 € [Hl/z(f‘u)]a, for (o, u, ) € [Ho(div; ; To)J? x [LZ(SZ)]3 X [LZ(Q)]3, a variational formula-
tion based on the principle of minimizing the complementary energy, (i), subject to constraints of equilibrium of forces, (ii),
and equilibrium of moments, (iii), is written as, [6],

~ 1 ~
Lo, u,@; f,u)==(0,Co)g— (U, t)r, + M, Do + fo — (@, Ro)q, (3)
2 — e ———
(ii) (iii)

O]
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where (-,-)q denotes the L?-inner product and the duality pairing, (-,-)r,, between € [H”z(r‘,,)]3 and t = tro €
[(Hl/z(l‘u))/]3 stands for a boundary integral. Its stationary points weakly solve the problem (2), and the correspond-
ing mixed weak formulation is: Given f e [LZ(Q)]3 and U € [H1/2(Fu)]3, find (0, u, w) € [Ho(div; 2 TH)]® x [LZ(Q)]3 x
[L2(S2)]3 such that

(0.Co)q+ (1. D7), — (0.RT)o =(W,E). . V& e[Ho(iv; 2 TP, (4a)
3

(@.D0)g =~ (W f),. Vue[*@] (4b)
3

—(@,Ro), =0, Voe [Lz(Q)] . (4c)

3.3. The hybrid formulation

To construct a hybrid mixed formulation, we first let a mesh, denoted by ", partition the domain € into M disjoint
subdomains, Q,, m=1,2,---, M, and use I';; to denote the interface between subdomains €2; and ;.

Given f € [L2(@m)]> and @ € [HY2(3Qm NTw)]’, for (@, 1, ®, 1) € [Ho(div; 2m; 8Qm N TP x [L2Qm)] x [L2(@m)] x
[Hl/z(r‘,-j)]3, a hybrid variational formulation is expressed as

~ 1 ~
Lo uo fi)=Y [5 (0,C0)gq, — (@.t)sq,ar, + @, Do + fg, — (@, Romm} =D Mttt (5)
m ij
where t; and t; are surface tractions of subdomains ; and ; (Qi ﬂﬁj #0), ie, ti=N;o;, tj=Njo;, and, on I';j, N; =
—Nj. Across the interface of subdomains, the surface tractions t; and t; can differ from each other. To enforce the continuity,

we introduce the Lagrange multiplier A € [H 1/2 (Fij)]3 and add the surface integral constraint to the variational formulation.
If we perform variational analysis of (5) with respect to ¢ in a particular subdomain, for example, the subdomain €2, who
is a neighbor of subdomains 2, (I'mp # @), we have

(@ C")Qm —(u, E)agmnru + (u, DE)Qm — (. RE)Qm - Z(l t)rmn =0.

n
If the solution is sufficiently smooth, we can perform integration by parts to the third term,
J— _ T J— —
(u, D")Qm =-(D "7‘7)9,,, +("’t>mm’

and use the fact (o, RF)Qm = (o, RTw)Qm. we would obtain

(@.Co —Du—R'w)g +{u—ut),, . +Y (W—rE. =0, V& e[Ho(div;Qm;dQmN TP
n

This implies
Co—D'u—R'w=0 inQp,
and

u=u onaQuNTy,
u=»X\ onaQy\JIQ.

So the Lagrange multiplier that enforces the continuity across the subdomains has a physical interpretation; it represents
the displacement along the interface. Similar discussions about that the Lagrange multiplier in the trace space of the hybrid
method has a physical meaning can be found in [31]. If we perform variational analysis with respect to ¢, u, and ® in all
subdomains 2, and with respect to A on all interfaces I';;, we will find that the stationary points of (5) weakly solves the
following problem,

Co—-D'u—R'w=0 in S, (6a)
Do+ f=0 inQm, (6b)
—Roe =0 inSm, (6¢c)
A=u onTj, (6d)
j
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u=u only, (6e)
t=t onTy, (6f)
ti+tj=0 onTjy. (6g)

Hybrid problem (6) is equivalent to the linear elasticity problem (2). The weak formulation derived from (5) is written
as: For all subdomains Qp and all interfaces I'jj, given f € [LZ(SZm)]3 and € [H'2(3Qn ﬂFu)]3, find (o,u,®,)) €
[Ho(div; Qm; 8Qm N TP x [12(@m)] x [12@m)]* x [H2(T)] such that

(@.Co)g +(.D8), —(0.RG)q —> (MO =@, . YT e[Ho(div; 2m; 0QuN TP,  (7a)
n
3

(#.D0)g, == (@ f)g, . Vie[l*@m] (7b)
—(@.Ro), =0, Voe [Lz(Qm)T, (7¢)
— (Xt g)y, =0, Vie [Hl/z(r,-,-)T. (7d)
We call (7) the hybrid mixed weak formulation.
4. Numerical method
The exact sequence - the de Rham complex [16,17,34],
R < H(Q) gy H(curl; ) oo H(div; Q) A, L%() — 0, (8)

is of essential importance for structure-preserving methods. For example, we have chosen ¢ € [H(div; Q)]3 and f € [LZ(SZ)]3
such that the equilibrium of forces, Do + f =0, can be exactly satisfied for the weak formulations. However, this does not
guarantee that the equilibrium of forces is satisfied at the discrete level unless the finite dimensional function spaces used
for the discretization also form a de Rham complex.

In this section, we will first introduce the construction of the mimetic polynomial spaces which, as will be seen, are able
to form a discrete de Rham complex in either orthogonal or curvilinear meshes. These spaces have been used in the MSEM
for various problems [2-6]. For the hMSEM, by extending the original mimetic polynomials to trace spaces and introducing
the dual polynomials, a second de Rham complex in terms of particular discrete weak operators will be constructed. The
two discrete de Rham complexes are then applied to the hybrid linear elasticity problem.

4.1. Mimetic polynomial spaces

The finite dimensional function spaces used in this paper are the mimetic polynomial spaces spanned by either the
primal polynomials or their dual representations (dual polynomials). The primal polynomials are constructed using the
Lagrange polynomials and the edge polynomials [36]. The dual polynomials are basically linear combinations of the primal
polynomials.

4.1.1. Primal polynomials in R
For completeness, we start with the well-known Lagrange polynomials. Given (N + 1) nodes, —1 <&y <& <--- <éy <1,
over interval I =[—1, 1], the (N + 1) Lagrange polynomials of degree N are defined as

i
&= [] =2 ief0.1.2,--- N},
j=0,j1 5 8

which satisfy the so-called Kronecker delta property,

1 ifi=j
h (Sj) == {O else ©)
Examples of the Lagrange polynomials are shown in Fig. 1 (Left). Let p"(£) be a polynomial of degree N,
N
p"E) =) pili(®). (10)
i=0

If we take the derivative of p"(£), we get
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1.01
4,
< 0.5 T 2
= <
0
0.0
_9
-1.0 —0.5 0.0 0.5 1.0 -1.0 —0.5 0.0 0.5 1.0
3 3

Fig. 1. Lagrange polynomials (Left) and edge polynomials (Right) derived from a set of 5 nodes, —1=§p < & < --- < & = 1. The vertical gray dashed
lines indicate the internal nodes &1, &, &;. The nodal Kronecker delta property (9) is obvious. The integral Kronecker delta property (12) can be seen, for

example, from the edge polynomial e;(&) (orange solid line). Direct calculations will reveal that fflz ey(¢§)dé =1 and f;] ex(¢)dé =0, je{1,3,4}. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

N

dp" N di; N dly
pdf)=2pi d(f) Z[(pl Pi_ 1)kZ ’@)} Z|:(le p,)lg ’(S)] (11)

i=0 i=1

where the N polynomials of degree (N — 1) are the corresponding edge polynomials [36] denoted by e;(&),

dl dl i
ei(f)—z IS)__Z k(f)’ {1,2,--~,N}.

With Newton-Leibniz integral rule and the nodal Kronecker delta property (9), it is easy to see that the edge polynomials
satisfy the Kronecker delta property in an integral sense, namely,

k=i

E.
i 1 ifi=j
/ eij(§)dé =5 j= . (12)
0 else
Ej1
Examples of edge polynomials are shown in Fig. 1 (Right). Now, we can write (11) as
dp (é‘)
") = Z(pl —pi1)ei (é)—Zqzez(s) (13)

If we collect the expansion coefficients or degrees of freedom of p" and g", we obtain two vectors, p and g,

p={po p1 - pn}. ga={m @ - an}'. (14)

Throughout the paper, underlined quantities will represent the vectors of expansion coefficients. From (13), we have

q=Eap.
where the linear operator Egq,
-1 1 o --- 0 0 O
o -1 1 - 0 0 O
o 0 -1 .- 0 0 O
Ea=1 . . .. . .
o o o0 --- -1 1 O
o o o --- 0 -1 1

is called the incidence matrix which is a discrete counterpart of the derivative operator. The incidence matrix is a sparse
matrix (if N > 1) and becomes sparser when N grows. It is also a topological matrix. For example, assuming N does not
change and the degrees of freedom are labeled in a consistent way (the topology of the nodes does not change), if we
use a different set of nodes or map the domain I into a different domain using a continuous mapping, the basis functions
change, but the incidence matrix remains the same. One point to emphasize is that (13) is exact, which means that the
discretization of the derivative operator with the incidence matrix Eq is exact [37,38].

The Lagrange polynomials and edge polynomials are the primal polynomials in R. Let the finite dimensional polynomial
spaces spanned by the Lagrange polynomials and the edge polynomials be denoted by LN and EN~D respectively. From

6
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(10) and (13), we know that the range of the derivative operator on LN is in EN~D. Therefore, we can conclude that L.V
and EN-D form the following de Rham complex,

LN NS S HI(D

g(N-D EN-1 S . 2]

Here the underlined spaces LN and EN-D denote the spaces of expansion coefficient vectors of the elements in LN and
ENN=D respectively. This convention, in addition to the convention in (14), is also used throughout the paper.

4.1.2. Primal polynomials in R3

The primal polynomials in R3 are constructed with the primal polynomials (the Lagrange polynomials and the edge
polynomials) in R using the tensor product. We consider the reference element (£, 7, ¢) € Qref = [—1, 1]° and three sets of
nodes, —1 <& <& <--- <&y, <1, -1<mo<m <---<nn, <1,and -1 <gp <61 <--- < gn. <1. The tensor product
of the primal polynomials in R gives primal polynomials in R3 that span the following primal polynomial spaces,

P:=1Ne @ LN @ LNs,
E=MDorMmgrNe x tNge®MDgrN x 1N g ge®s—D,
S:=1Ve @ M= D @ gNe=1D  « gMNe-D o 1N g gNs=D g0Ne=D g g(Nn-D g LNg,
174 = E(NEfl) ® E(Nﬂf‘l) ® E(Ng*U,
where the notations of the spaces, P, E, S, and V, stand for points (nodes), edges, surfaces, and volumes. We use this notation

because the degrees of freedom of corresponding elements represent values of the elements evaluated at the points or
integrated over the edges, surfaces, or volumes. An element in S is written as

af (€1, 9) T Y a ] li®ejmex(s)
o )=1aheEn ot =1L T, a/ i @®ljmer(s) 7 »
Oll;.(?,-', n:6) Zi=1 Z Zk 0 , jkEi &)ej(ml(s)

and an element in V is written as
N: Ny N¢

B )= Y > bijkei)ejme(s).

i=1 j=1k=1
If 8" = dive", from Section 4.1.1, we know that their expansion coefficients satisfy

N N 3 a’ S S
bijk=a; ai—],jk+a1]k 8 1k T8 k8 k-1 (15)

which basically implies the Gauss’s theorem, see Remark 1. If we label all expansion coefficients of " and 8" and put them
into vectors & and B, we get

B =Eave, (16)

where Egyy : S — V is the incidence matrix representing the discrete divergence operator. For example, let N = No =1,
N; =2, and we label the coefficients of & and é as shown in Fig. 2. We have

£ _|-1010-110-1010
=190 -101 0 =110 —-101

Similarly, we can obtain Egq : P — E and Ecyn : E — S. The fact that curl - grad(-) = 0 and div - curl(:) = 0 implies
EcurlBgrad = 0 and EgiyEcyr =0.

Remark 1. If o is the discrete £-direction stress ag, and B" is the discrete £-direction body force fgh, the &-direction

equilibrium of forces for the volume [&_1,&] x [j_1, ;] X [Gk—1. Gk] then implies divag + f? =0 or, in matrix format,
Edqivo + ig =0 or, more directly,

13 33 n
tljk t; ljk+t

né 33 sé
ik t]1k+t -t

i,j.k jk1+f

i,j,k — =0,

7
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)
5

(25
o
S Y
kn -
§

Fig. 2. An example of labeling the expansion coefficients of @ and g for N = N¢c =1 and Ny =2.

¢

where t; j r, the expansion coefficients of ag, are the (integrated) surface tractions, f; ik

are the integral values of the body force.

In summary, we have constructed the following de Rham complex,
P<——P < H'(Qf)

Egrad grad grad

E<~——E<S>H(curl; Qpep)

Ecurl curl curl

S<~—— S <S> H(div; Qep)

Ediv div div

Ve V<=5 12(Qep)

the expansion coefficients of fEh,

For a comprehensive introduction to mimetic polynomial spaces, we refer to [2,3]. For spline basis function spaces of similar

structures, we refer to [39,40].

4.1.3. Primal trace polynomials in R3

We consider the discrete vector valued function & in S. The trace of " on the face, for example, (§,1,¢) € [e- =

—-1x[-1,1] x[-1,1] is

af(=1,1,6) 1 Ne Ny Ne Ny No
trg-a = ol (=1.0.6) -1 0 == "% a; h=Dejmen(s) =Y Y& eime(s).
oe’;(—l, 7,¢) 0 i=0 j=1k=1 j=1k=1

The primal trace polynomials e;(n)ex(g) then span a trace space on I'e-. We denote this trace space by 9S-. If we have

locally labeled the coefficients ai, we can collect and put them in a vector, - It is clear that there is a linear operator

Ng- which maps « into Qe-:

%7 = N{:—a.

The matrix Ng-, called the trace matrix [38], like the incidence matrices, is also a topological matrix. For example, for the

configuration in Fig. 2,

N _[-1 0000000000
£~10 -1000000000("

If we apply the above process to all 6 faces, we can obtain trace spaces,
0Sg—, 0Sg+, 0Sy-, 9Sy+, 0S.-, 0Sc+,
and trace matrices,

Ng—, N§+, N,’—, N77+’ Ng—, N§+.

Similarly, the trace spaces of P and E and corresponding trace matrices can be constructed.

8
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4.14. Dual polynomials
We consider the primal polynomial space V, and let ", ¢" € V. The L2-inner product between ¢" and ¢" is

(¢".0"), =gV, (19)

ref

where M is the mass matrix which is symmetric, and, because the primal polynomials are linearly independent, is also
bijective and positive-definite. As a consequence, it is always invertible. The dual polynomials can then be defined as
~ T -1 T
{---.eeeijxE n.¢) -} =M1, ei®ejmer(s), -} .

These dual polynomials form another basis of the space V. See also equation (28) in [41]. From now on, we use the notation
with a tilde to represent an element expanded with dual polynomials. For example, an element, ¢",

Ng Ny Ng

PED =) Y D dijkeiE)ejmer(s),

i=1 j=1k=1

in V has a unique dual representation, denoted by $h,

_ N Ny N¢ _
E =) Y D dijkéeei k& n,S),
i=1 j=1k=1

whose degrees of freedom are

¢ =M¢. (20)

Note that $h is exactly equal to ¢", but only their representations are different. Now, the L2-inner product between gah and
o is

h 7h T

o) =

( Qref -

It looks trivial; if we insert (20) into (21), we immediately retrieve (19), but, in practice, it can significantly simplify the

discretization as the L%-inner product between them is equal to the vector inner product of their expansion coefficient

vectors. More discussions will be given in Section 4.3. We can apply the same approach to other primal polynomials to
construct dual polynomials or dual trace polynomials. For an example of the usage of the dual trace space, we refer to [24].

[

: (21)

Examples.

1. If " = diva" € V is expanded with primal polynomials and 5’1 € V is expanded with dual polynomials, from (16) and
(21), we have

®.#)

2. If @M € S is expanded with primal polynomials and fﬁe aS is expanded with dual trace polynomials, we have

= (#".dive) =3 Eaue. (22)

ref

Qref

(5, trcch> =4'Na, (23)

where the trace space 95 :=09Sg- x 3Sg+ X 35;- x 35;+ x 35~ x 35+, see (17), and N can be obtained by assembling
the trace matrices in (18). O

Remark 2. Given ¢ € L?(Qf), to calculate the gradient of ¢, since its space does not admit a strong gradient operation, we
need to employ integration by parts and do it in a weaker way with respect to the inner product,

/grad¢> - adQ ::/$oc-nd1”—/q>divads2.
Q2 Q

Q

At the discrete level, if we expand ¢ into ah € V with dual polynomials, expand a into ?ﬁh € dS with dual trace polynomials,
and expand « into o € S with primal polynomials, we have

(gradgh, ah) f = (fp\h troch>aQref — (5’1 divah)

rel ref
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We then can define a discrete weak gradient, éga: V x 3S — S. Let 9" ::&E&(&h, q?) € S be expanded with dual polynomi-
als, from (22) and (23), we can find that

T =N"$ - Ef, 9. (24)
This discrete weak gradient essentially is an implementation of integration by parts using the introduced polynomials.
Because the incidence matrix Eg;, and the trace matrix N are both topological, such an implementation leads to a simple

approach for performing the weak gradient at the discrete level. Similarly, one can define curl and div and thus construct a
second discrete de Rham complex [34]:

din curl grad

0Px0M Exor & swaE Py x a5 <R,

In the same way as shown for grad, curl and div also have topological matrix representations consisting of the corresponding
incidence matrix and trace matrix, which is beyond the scope of this paper. See [34] for a comprehensive explanation.

Note that the presented approach of constructing dual polynomials is the most straightforward one. For alternative
approaches, we refer to, e.g., [32,33].

4.2. Coordinate transformation

The primal and dual polynomials introduced so far are just for the reference element Q.. Let Q be an arbitrary
element and ®,, be a C! diffeomorphism, ®m: Qrer — Qm,

[x vy 2z} =®nE 19,

whose Jacobian matrix is denoted by 7. Let Py, Ep, Sm, and V, represent the corresponding mimetic polynomial spaces
in Qp. The primal basis functions in 2, are obtained by transforming the primal polynomials in Q¢ with the following
transformations, [6,37]:

1. The transformation between ¥"(¢, 1, ¢) € P and 1[/,’,11 (x,y,2) € Py, is given by
Imxy. 2= (V"o )y, 2, ¥E )= (¥hoOm) 6.

2. The transformation between (ph(é, n,¢) €E and (p’ﬂn(x, Y, 2) € Ep is given by
ohxy.2=(7") " (oo 0n! )y 2. ¢"En ) =TT (¢lhotn) 1. 5).

3. The transformation between ah(é, n,¢) €S and a%(x, Yy, Z2) € Sy is given by

h _ T (a1 h e h
oy (X,y,2) = dets (a o Py, )(x,y,Z), o'(§,1.6)=7J detg (ocm od>m) ¢.n,9). (25)
4. The transformation between g"(&, 7, ¢) € V and /3,’,’1 (X,y,2) € Vi is given by
1
h _ h -1 h _ h
fhx.y.0= o (o 0n' ) ey 2. B ) =detT (B0 @n) €. ).

For example, let 6" € [S]® be the Cauchy stress tensor, the Piola transformation (25) converts between o and the first
Piola-Kirchhoff stress tensor ‘721 c[Sml?.

Note that, although the mapping changes the primal polynomials and therefore changes the metric-dependent mass
matrices, it does not affect the metric-independent topological incidence matrices. Thus we have the following de Rham
complex for Qp,

P, Pp<—S—=HY(Qp)
Egrad grad grad
E,<~— Em<S—H(curl; Qp)
Ecurl curl curl
Spy<—Sm <" H(div; Q)
Ediv div div

Vi Vi <—S—L2(Qm)

10
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The way of constructing the dual polynomials remains the same, and, for example, the relations (22)-(24) are still valid in
Qm. Therefore, we obtain the second discrete de Rham complex for Q,,
div url d
0« P x 0 Ep x 9Pm €0 S x 9Em £29 Vi x 9Sm <= R.

And, because the trace matrices are also topological, the matrix representations for the grad, curl and div remain unchanged
under the mapping.

4.3. Discretization

We now can present the discretization of the hybrid mixed weak formulation (7) with the mimetic polynomials con-
structed in previous subsection. Suppose Q" is an orthogonal or curvilinear conforming hexahedral mesh in the computa-
tional domain € and, for each element, e.g., Qp,, there exists a C! diffeomorphism &, that maps the reference element
Qer into it. We first use the Gauss-Lobatto-Legendre (GLL) nodes as the basis nodes to construct particular GLL polynomial
spaces, and, from now on, the aforementioned notations, for example S, and Vp,, refer to their transformations in ;. We
also set up the Gauss-Legendre (GL) polynomial spaces which are one degree lower, and we use the notation P, to denote
corresponding nodal space. This particular choice is for the discrete rotation, w" € [f’m]3, which is the Lagrange multiplier
that enforces the symmetry of the stress tensor or equilibrium of moments. For comparison and completeness, we will first
briefly introduce the discretization with the mimetic spectral element method (MSEM) [6].

4.3.1. Mimetic spectral element method

With the MSEM, we discretize the mixed weak formulation (4) in a conventional continuous mesh. In each element
Qm, the space [Sp]° is selected to approximate [H(V-; Qn)]> for the stress o'; the space [V;]® is selected to approximate
[LZ(Qm)]3 for the body force f; the space [f’m]3 is selected to approximate [Lz(Qm)]3 for the displacement u and the
rotation w. All discrete variables are expanded with the primal polynomials. Such a discretization will eventually lead to the
following discrete system,

Mn, WE)' —-R;] (e Bl
WE 0 0 utr=1-Wft. (26)
—Rn 0 0 ® 0

Comparing this discrete system to the mixed weak formulation (4) reveals what each entry represents. Note that E repre-
sents the metric-independent topological incidence matrix, the matrix W is a dense matrix for the inner product between
elements from [f’m]3 and [Vm]3, and the matrix By, is a boundary integral matrix. For more insights of (26), see equations
(20) and (21) in [6]. We denote the left hand side local matrix for element 2, by Fp,. Once the discrete systems for all el-
ements are constructed locally, we can assemble them, which ensures the continuity of the surface traction across elements
and leads to a global system. This leads to a global linear system ready to be solved, and we denote its left hand side global
matrix by F.

4.3.2. Hybrid mimetic spectral element method

With the hybrid mimetic spectral element method (hMSEM), we discretize the hybrid mixed weak formulation (7) in a
discontinuous mesh where we consider each element as a separate subdomain. In element ;;;, the same finite dimensional
spaces as mentioned in Section 4.3.1 are selected to approximate the spaces for o, @, and f. While, for u, the space [V ]?
is selected, and, to obtain a higher sparsity, it is expanded using the dual polynomials. To approximate the spaces [H1/2(~)]3

for the Lagrange multiplier A, the spaces [85(.)]3 with a dual polynomial basis are selected. With these selections, we can
obtain the following discrete hybrid system:

M, E' —-Rl —-NT| (o NLu
R 0 0 o (lef- Fas (27)
—N, O 0 0 A 0
For 0 and w, the expansions are the same for MSEM and hMSEM. We have
(Eh, Coh) = Mo, o, " e[Sml,
and
(6”, Rah) —®@ Rmo, @ ¢ [f’m]B, ol e[SnlP.

m

From (22), we know that

11
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(@".po") =uEo, @ e[Val’, 0" e[Sl

Using the symmetry, the discrete terms with R! and ET can be derived. The trace matrices, N, and Ng, follow from

(ME) o, = ENIL AT elas P e [050)]. (28)

and

DeNa, atefasal. i e[0sa)] (29)

<ﬁ”, "

For example, if 92, Ny = Te-, we have

>8$2mﬂl"u

89S0 =8Sg+ X S~ X 3Sy+ X 8Sc- X IS+, 9Sa=03S;-,

and trace matrices N, and N then can be obtained by assembling the corresponding trace matrices in (18). In particular,
if Qn is an internal element, we have N = 0, and, if the mesh only has one element Q¢ and 'y = 02 = 0, we have
N, =0, and the discrete hybrid system becomes

Mo ET -RJ] (o N'1
E 0 0 ug=1{-f4¢. (30)
—Rp O 0 @ 0

A comparison between this system and (26) clearly reveals that, by using the dual spaces, extra sparsity and simplification
are gained due to the absence of W and the replacement of B, by NT (W is a dense matrix and By, is a dense and
metric-dependent matrix).

Remark 3. To gain the extra sparsity and simplification, we only need to use, in (28) and (29), the fact that the L%-inner
product between an element expanded with primal polynomials and an element expanded with dual polynomials is just
the vector inner product between their expansion coefficient vectors. Therefore, we do not need to explicitly construct the
dual polynomials for the discretization. After solving the system, if we want to reconstruct those solutions expanded with
the dual polynomials, the dual polynomials have to be constructed, which is relatively inexpensive because they can be
constructed locally and, therefore, in parallel. Alternatively, we can convert the dual degrees of freedom to primal ones, see
(20), and reconstruct them with the primal basis polynomials. This can also be done element-by-element.

Following the fact that the mass matrix My, is positive definite, a sufficient condition of the discrete system (27) being
well-posed is that matrices E, Ry and N, are surjective [42]. By construction, matrices E and N, are surjective (see Sec-
tion 4). By approximating the space for the rotation " using nodal spaces based on Gauss nodes, matrix Ry, is surjective.
A detailed analysis about choosing the approximation for the rotation ®" can be found in Section 10 of [6].

As elements are now discontinuous, only the trace variable A needs to be solved in a global sense. For neatness, we now
write the discrete hybrid system (27) as

A BT CcT DT

o a
B o o ol|]Jul|l_ |b
cC 0 0 ofle[")oO
D o o o]]|xr 0

By applying the Schur complement, we can derive a local system for A:

SmA = p, (31)
where

Sm=DA"'DT—DBD" —DC~'DT,

P =Pg+ Pps

po=[(DA™' —DB) —DC~ ' (CA™' - CB)]a,

py=(DAT'BTA™' —DC'CA™'BTA™!)b,

D =DA"'CcT - DBCT,

C=CA 'cT - CBCT,

B=A"1BTA"1BAT,

12
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A=BA"!BT.

The linear operator Sy, is usually called the discrete Steklov-Poincaré operator or the Schur matrix [38,43]. Assembling local
systems (31) for all elements gives a global system for A whose the left hand side matrix is denoted by S. Once this system
is solved, solving remaining local systems for o, u, and @ becomes trivial.

Remark 4. Note that we have considered each element as a discontinuous subdomain. Alternatively, we can place multiple
elements in one subdomain and use the Lagrange multiplier to couple the big subdomains. For example, see [44]. This gives
more freedom for the hybridization.

Remark 5. With the hybridization, the total number of degrees of freedom increases, but the number of the interface degrees
of freedom is relatively small. As a result, S (the global system of hMSEM) is much smaller than FF (the global system of
MSEM). We will use # to represent the size of a square matrix. For example, S is a fig by #ig matrix. If, for example, the
degree of the GLL polynomials is N (Ne¢ = N, = N =N > 1), we will have

fis =3I+ By)N?,

and

tp = 3M [31\12 (N+1) +2N3] —3(I+ By) N2,
where [ is the total number of internal element interfaces, B¢ is the number of element faces on the boundary I'y, and M
is the total number of elements. And we have

6M =21+ B=2I+B¢+ By

if By is the number of element faces on the boundary I'y, and B is the total number of element faces on the boundary. Let
x =1/B €[0,00) and o = B¢/B €0, 1), we can get the following system size ratio,
is 6x +60

fg  10xN —60+5N +3’

which decreases when x or N increases or ¢ decreases. This ratio reveals how efficient the hMSEM is in terms of decreasing
the size of the system to be solved. See (32) and Table 2 for some examples.

The hMSEM, compared to the MSEM, benefits from the extra simplicity during the discretization and leads to linear
systems that are easier to solve. As for the accuracy, although the hMSEM will not improve the accuracy for u" and " in
terms of the L2-error and for o" in terms of the H(div)-error, it improves the accuracy for u” in terms of the H'-error
(with respect to the discrete weak gradient operator Er\aﬁ). When we compute the discrete weak gradient of u”, the solution
of the Lagrange multiplier, A", can serve as the boundary value, see Remark 2. Let g" be the discrete weak gradient of u",

o o= grad (u ).
Then we get

As a result, we can obtain superconvergence: The convergence rate of the H!-error of u' is the same as (instead of one
order lower than) that of the L2-error under h-refinements (for example, see Fig. 7).

5. Numerical results

To demonstrate the proposed method, we apply it to three tests: A patch test, a manufactured solution test and a test
with a singularity. In order not to pollute the results by the linear solver, we use a direct solver for all tests.

5.1. Patch test

We do a patch test in the domain (x, y,z) € 2 =[—1, 1] for polynomial degree Ng = Ny = No = N with the analytical
solution for the displacement field given by

Uy :xzyz2 +3xyzz -2z, uy=x+2y— 2)2, u,=03x— y)2 +xyzz.

Analytical solutions for the rotation, stress, and body force follow. An orthogonal mesh of 2 x 2 x 2 uniformly distributed
elements (unit cubes) is set up, boundaries are set to I', = 92, I'r = ¥, and material properties are set to E =1, v =0.3. We

13
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Table 1
Results of the patch test.
h h h h h h
N ”u] ” H1-error ”w H L2-error HU H H(div)-error ” Ro™ ” L2-error H Do+ f H L% error
1 1.65418E+01 8.39351E+4-00 1.30794E+01 6.73218E4-00 6.21725E—15
2.21819E+400 2.37423E-01 9.64492E—-01 8.77608E—02 2.37286E—13
3 7.20554E—13 7.70876E—13 1.19742E—-12 7.88552E—13 5.67179E—12

solve the linear elasticity problem with the hMSEM and expect that the solutions converge down to the machine precision
when N > 3. Results shown in Table 1 verify our expectation. The constant equilibrium of forces, demonstrated by the

results of the L°-error of (Dah + f h), shows that the discretization of the divergence operator with the incidence matrix

is exact.
5.2. Manufactured solution

In this test, we investigate the performance (both accuracy and efficiency) of the proposed hMSEM and compare it with
that of the MSEM in both orthogonal and curvilinear meshes using a manufactured solution. The manufactured solution is
taken from [11]. Its analytical solution for the displacement field is given as

_ 3Fv F 22 3 2 5 2(1+v)
ux——EXJ/Z, Uy = 3E [31)2( -y )—Z ] Uz = 3E [3372 +V}’<Y —3x )]+7E U, ),
where F is a load coefficient, and
FBy—y3) Fv(3x2-1 3Fv > 1"
Uk, y)= Gy =¥ ( )y Z =1 cos(nx) sinh(n y).

8 8(1+v)  2m2(1+4v) = n37 cosh(nr)

The analytical solutions for the rotation, stress, and body force are

3F 2 3Fy — —1"
Wy = <1+ v — y2+22>— d Z D cos(nmx) cosh(nmwy),

SE 3 2m2E = n2 cosh(nm)
3Fv =n" . 3Fvxz
wy = TS |: Z nZ cosh(n) sin(nm x) smh(nny)i| , Wy= T
3F 3FV (=D inh
Oxx =0yy =0xy =0yx =0, 0z = 7yz, Oxz = Ozy = (1) Z 12 cosh(n7r) sin(nrx) sinh(nwy),
n=1
3F(1—y%) Fv(3x*—1) 3Fv & (=D

= = — cos(nmx) cosh(nwy),
Oyz =0z 8 81+v)  272(1+v) n; nZ cosh(nr) “OSMTX) cosh(nrry)
fx=fy=Ff=

Material properties E, v, and the load coefficient F are set to E =20, v =0.3, and F =10.
The computational domain is selected to be (x,y,z) € 2 =0, 113, and the boundary TI'; is selected to be the face x =1.
To generate the mesh, we first generate an orthogonal mesh of M = K3 uniformly distributed elements, (r,s,t) € SEZ,-, k=

[%, %] X [%, %] X [k s K] @, j,k=1,2,---,K), in the Cartesian domain (r,s,t) € Q= [0, 1]3. The mesh in Q2 is then

obtained using a mapping $: 2 — €,

X dX(r, s, t) r+ csin(mrr) sin(rws) sin(rt)
y i =o@,s,0)=1®V(r,s,t) § =1 s+csin(r)sin(rs) sin(wt) ¢,
z D4(r, s, t) t 4+ csin(zrr) sin(rws) sin(t)

where ¢ is a deformation coefficient. When ¢ = 0, the mesh is orthogonal. When c # 0, the mesh is curvilinear. The trans-
formation mapping, ®; jx : Qref = i j k, then is given by

i jk=PoEjjk

where E; j is the linear transformation that maps Qr into Qi,j,k. Two examples of the mesh are shown in Fig. 3.

With this configuration, the mesh has I = 3K2 (K — 1) internal element interfaces, B = 6K2 element faces on the bound-
ary among which By = K? are on I';. Therefore, we have x =I/B = (K —1) /2, ¢ = B{/B = 1/6. The polynomial degree is
set to be Ng = N, = N. = N. As a result, we can obtain the following system size ratio,

14
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Fig. 3. Meshes of 33 elements for ¢ =0 (Left) and ¢ = 0.25 (Right).

Table 2
Some samples of the system size ratio (32).
N K
2 4 6 8 10 12
1 0.333333 0.454545 0.5 0.523810 0.538462 0.548387
0.125 0.161290 0.173913 0.180328 0.184211 0.186813
5 0.076923 0.098039 0.105263 0.108911 0111111 0.112583
c=0 c=10.25
10() T T T T T T ‘ 1010 T T T T T T ‘
B —— N=1,8 ) —— N=1,8
107 N=1F_| 108 : ) N=1, F_|
- —— N=3,S —— N=3, 'S
e N=3,F (i e~ N=3, F_|
~ ) 10 )
109+ = ) N
2 . i N
. 10— ) o
103+ : =
102 ,\’\;7
10+ =
Il Il Il Il Il Il Il Il 1007\ Il Il Il Il Il Il Il —_
2% 107! 3x10714 x 107! 6x 107! 10° 2% 107! 3x 10714 x 107! 6x 107! 100
1/K 1/K
Fig. 4. Condition number comparison of S and I for N € {1, 3}, K € {1, 2,3,4, 5}, and c € {0, 0.25}.
fis 3K -2
=, (32)
tgp 5KN+2

see Remark 5. It is clear from this ratio that the hybridized method has a increasingly better performance compared to the
non-hybridized method as the polynomial degree N increases. And for a given N, the ratio increases and approaches the

limit =N as K increases. To give readers a more explicit impression, we provide some samples of this ratio in Table 2. In

Fig. 4, we compare the condition numbers of the global systems. It is seen that the condition number of S is much smaller
than that of F for certain N and K, which is not surprising because S is much smaller. A more interesting observation is
that the former increases in a significantly lower speed under refinements. These results imply that the hMSEM, compared
to the MSEM, needs far less computational power in the same mesh. In Fig. 5 where eigenspectra of S are present, we
can see that all eigenvalues are away from zero. This supports the statement that the proposed hMSEM is free of spurious
kinematic modes; S is not singular.

We then compare the accuracy of the hMSEM to that of the MSEM. Results are shown in Table 3. It can be seen that the
hMSEM and the MSEM have the same accuracy with respect to the LZ-error of the solutions u", ®", and ¢ for different
basis function degrees (N =1, 3) and element densities (K = 2, 4, 6) regardless of whether we are considering orthogonal
meshes (c = 0) or heavily distorted meshes (¢ =0.25). Note that, in this case,

|o*

because Do = — f = 0 is exactly satisfied, see Fig, 8.

i ’
L2-error H (div)-error
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c=0.25

]

CRNVA]
-

Fig. 5. Eigenspectra of S for N=1, K =2, and c € {0, 0.25}. The radii of the black circles are the moduli of the eigenvalues of the maximum or minimum

modulus.
Table 3
Results of [|X]|;2_error and fox’ || 2-norm (in brackets), where ¥ and &' are solutions of the hMSEM and MSEM respectively, for N € {1, 3}, K € {2, 4, 6}, and
c €{0,0.25}.
X K N=1 N=3
c=0 c=0.25 c=0 c=0.25
uh 2 6.4029E—2(2.05E—16) 1.9534E—1(2.79E—16) 3.8024E—4(5.57E—16) 2.9940E—2(1.70E—15)
4 3.2265E—2(5.40E—16) 11353E—1(4.61E—16) 4.8312E—5(5.67E—15) 3.6850E—3(1.48E—14)
6 2.1542E—2(7.03E—16) 7.7069E—2(8.71E—16) 1.4377E—5(4.08E—14) 1.1604E—3(1.06E—13)
of 2 4.7436E—2(6.76E—16) 5.1309E—2(9.59E—16) 2.8846E—4(1.22E—14) 1.2456E—2(3.17E—14)
4 2.3986E—2(2.98E—15) 3.8150E—2(3.31E—15) 8.2990E—5(2.63E—13) 1.0417E—3(1.00E—12)
6 1.6008E—2(2.10E—14) 2.2952E—2(2.25E—14) 3.0156E—5(4.08E—12) 2.3494E—4(1.02E—11)
oh 2 9.3659E—1(1.84E—14) 2.6588(3.13E—14) 5.6919E—3(2.21E—13) 4.5920E—1(4.12E—13)
4 4.5869E—1(8.16E—14) 1.6633(6.25E—14) 1.6879E—3(4.03E—12) 6.1945E—2(1.48E—11)
6 3.0391E—1(2.58E—13) 1.1638(2.82E—13) 6.2626E—4(5.39E—11) 1.9624E—2(1.43E—10)
100 T T T N T T T N 101 T T T N T T T [
5 )
: -2 %k‘/‘/‘//‘% g -1 *k‘/‘/‘/‘/‘/‘/‘%
g 10 T = 10 1 R
5 b °
= - ®
= Il e
i 1074+ — § 1031 —— N=1,c=0 |
’ { —— N=3,¢c=0
N=1,c=025 N N=1c=025
, 3 e N=3c=025 L 3 o N=3,c=025
107(’*\ Lo I T 1075 | I T
107 100 1071 100

1/K

1/K

Fig. 6. The L2-error of " (Left) and the H(div)-error of o (Right) for N € {1,3}, K € {1,2,4,6,---, 14}, and c € {0, 0.25}.

In Fig. 6, we present the results of the hMSEM for the L2-error of the solution " and the H(div)-error of the solution
o, and in Fig. 7, we present the L%-error and the H'-error of the solution u”. It is seen that optimal convergence rates
are obtained for solutions @" and u" with respect to the L2-error and for the solution o with respect to the H(div)-error.
These results are consistent with those of the MSEM [G]. As for the H!-error of the solution u", we can see that it converges
at the same rate as the L2-error of the solution u" does, which means it converges at a rate that is one order higher than
the optimal order; superconvergence is obtained for u". This is because, as we have explained in the last paragraph of
Section 4.3.2, when we compute the H!-error of u" the solution of its trace variable A" (as well as the given boundary
condition %) is used. These results show that the solution A" is correct.

The results for equilibrium of forces, Do+ f = 0 (in this case, f = fh =0), and equilibrium of moments, Ro"* = 0, using
the hMSEM are presented in Fig. 8. It is clear that equilibrium of forces is satisfied to the machine precision. The increase

16



Y. Zhang, J. Fisser and M. Gerritsma Journal of Computational Physics 433 (2021) 110179

100 T T T ‘ T T T ‘ 100 T T T ‘ T T T ‘
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5 10 1 ) é 10—2 - 1 _ —
_= — & —
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Fig. 8. The L®-error of (Do" + f) (Left) and the L?-error of R (Right) for N € {1,3}, K €{1,2,4,6,---,14}, and c € {0, 0.25}.

of the L*°-error of (Dah + f) when we refine the mesh is because of the increasing accumulation of the machine error (a
result of the rising of the total number of degrees of freedom and the increase in condition number). As for equilibrium of
moments, it is only satisfied weakly; with the refinement of the mesh, the L2-error of Ra" converges at the optimal rate in
both orthogonal and curvilinear meshes.

5.2.1. Cracked arch bridge

We test the hMSEM using a problem with a singularity. The geometry of the computational domain is shown in Fig. 9.
It simulates an arch bridge which has a crack of depth d = 0.25 developing from the bridge bottom at the middle surface
y =2 where the minimal bridge thickness D = 0.5 is present. The bridge has a uniform body force field f = (1,0,0). The
material properties E and v are set to E =400 and v = 0.3. The two walls y =0 and y =4 are considered as fixed walls. A
load T={Gw Gxy Ox }T ={Gw 0 O}T, where

G = —sin(Lye~ 027,
4

is applied on the bridge floor (x, y,z) € 0 x (0, 2) x (0, 1). All remaining walls are considered as zero-surface-traction walls.
These boundary conditions will tend to open the crack and therefore introduce a singularity in the solution o}’,’y at the crack
root: For x =0.257, aﬂy will increase to extremely large value, but it has to return to the designed value, oﬂy =0, for
x=0.25". This singularity makes this problem a challenging one. However, since the hMSEM (as well as the MSEM) places
no degree of freedom at edges and corners of the elements, it needs no special treatment to handle this singularity. The
polynomial degree is set to N = N;; = N. = N. A mesh of 780 elements is generated using transfinite interpolation [45,46],
and a local refinement is made near the singularity. The solution of O‘}’}y for N =1 in Fig. 11 can reveal the local refinement
along x-axis.

In Fig. 10, representative results of the Von Mises stress for N =4 are shown. It is seen that near the singularity some
unphysical oscillations are present. This is because of the complexity of the singularity and, as we use a direct linear
solver, the mesh used in this work is not extremely refined. More local refinement near the singularity will weaken such
oscillations. In Fig. 11, the results of U},’y along (x,y,z) € (0,0.5) x 2 x 0.5 for N=1,2, 3,4 are presented. It is seen that
a;}y is discontinuous across elements along x-axis, which is consistent with the fact that only the surface tractions across
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Fig. 9. The geometry of the cracked arch bridge. The gray surface indicates the rectangular crack.
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Fig. 10. The deformation plot of the Von Mises stress on surface z=0.5 for N =4.
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Fig. 11. Results of solution a;'y along (x,y,z) €(0,0.25%7) x 2 x 0.5 for N e{1,2,3,4}.

elements along the outward normal direction are enforced to be continuous by the Lagrange multiplier. It is also seen that
the singularity in aj’}y is well captured with this method.
The results of the complementary energy, see (3), and the resultant crack width are shown in Table 4. The crack width

is measured at (x, y,z) = (0.5, 2,0.5).
6. Conclusions

In this paper, we have proposed a hybrid mimetic spectral element method that solves three-dimensional linear elas-
ticity problems. It decomposes the domain into discontinuous elements (subdomains) and has the potential to lower the

computational cost significantly compared to the existing mimetic spectral element method. Optimal convergence rates are
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Table 4
Results of the complementary energy CE and the resultant crack width we.
N=1 N=2 N=3 N=4
CE 6.9592E—02 6.8854E—02 6.8771E—02 6.8747E—02
we 1.1392E-02 1.2987E—-02 1.2968E—-02 1.2968E—-02

observed for the displacement and rotation solutions with respect to their L2-error and for the stress solution with respect
to its H(div)-error, and superconvergence is observed for the displacement solution with respect to its H'-error. The method
is free of spurious kinematic modes and satisfies pointwise equilibrium of forces in all meshes, orthogonal or curvilinear,
coarse or refined.
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