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Summary

We have recently seen a surge of research focusing on the processing of graph data.
The emerging field of signal processing on graphs focuses on the extension of classical
discrete signal processing techniques to the graph setting. Arguably, the greatest
breakthrough of the field has been the extension of the Fourier transform from time
signals and images to graph signals, i.e., signals defined on the nodes of irregular
graphs. Analogously to how the Fourier transform allows us to decompose complex
signals in terms of their fundamental frequencies, the spectral transform describes

signals in terms of their relation to the underlying graph.

The rigorous examination of the relation between signal and graph has lead to
the design of distributed graph filters, graph analogues of classical filters. Graph
filters enable us to observe graph data at different scales, effectively separating fine
details from inherent signal trends. For instance, a low-pass graph filter controls
the size of observable signal structures, attenuating structures of small size, such as
those attributed to noise. Beyond noise removal, graph filters are useful for reveal-
ing communities (low-pass), identifying event-regions (band-pass), and detecting

anomalies (high-pass).

Yet, despite their interesting properties, current distributed graph filters have so
far been limited. To begin with, it is currently assumed that all data remain static
for the duration of computation. When the signal is time-varying and the graph
topology dynamic, the computation becomes challenging. Even further, filtering
efficiency depends on the correct choice of scale—roughly the number of hops a
filter takes into account. To choose the scale correctly however, one must have a-
priori information about the observed phenomenon, as well as of the instrument of
observation—in our case, the graph topology; information which is rarely available

and often changes over time.

The main contribution of this thesis is tackling the above limitations. First, we
relax the computational assumptions posed by current graph filters. We propose
distributed graph filters that converge fast, even in the presence of dynamics. Our
filters are shown robust to message loss, and able to track time-varying signals and

graphs. Second, we set the foundations of distributed scale-invariant analysis of



2 SUMMARY

graph signals. According to classical scale-space theory, if no a-priori information
about a signal is known, one must observe it at all possible scales. In an analogous
way, we show that the scale-invariant observation of a graph signal entails filtering
it with a small family of graph filters. Scale-space analysis is therefore possible on

graphs, and incurs an overhead equivalent to that of a distributed graph filter.

We demonstrate the usefulness of our algorithms by applying them to a num-
ber of important information processing problems in sensor networks. Among oth-
ers, our filters are shown to expand the scope of potential-field search methods,
to enhance the detection accuracy of spatial event regions and boundaries, and to
improve the identification of signal peaks and pits. Simulations and experiments,
demonstrate that our algorithms are robust to the difficult conditions posed by wire-
less communications (such as asymmetric links, phantom effects, message loss, and

asynchrony), and that they scale to very large networks.



Samenvatting

Het verwerken van graaf-gebaseerde data heeft recentelijk een grote vlucht geno-
men. Het opkomende vakgebied van signaalbewerking op grafen richt zich op het
toepasbaar maken van klassieke discrete signaalbewerkingen voor graafstructuren.
Recentelijk is een grote doorbraak bereikt met de uitbreiding op de Fouriertrans-
formatie van het tijds- en beeld-domein naar grafen, dwz. signalen aanwezig op
de knooppunten van irreguliere grafen. Analoog aan hoe de Fouriertransformatie
complexe signalen opdeelt in hun fundamentele frequenties, beschrijft de spectraal
transformatie de relatie tussen signaal en de eigenschappen van de onderliggende
graaf.

De uitvoerige bestudering van de relatie tussen signaal en graaf heeft geleid
tot de notie van gedistribueerde graaffilters, analoog aan klassieke signaalfilters.
Deze graaffilters maken het mogelijk om graafdata te beschouwen op diverse schaal-
groottes, waarbij de fijne details van de hoofdlijnen gescheiden kunnen worden. Zo
zal een laagdoorlaatfilter voor grafen, bijvoorbeeld, de fijne structuren (hoogfre-
quente ruis) onderdrukken om een goed beeld te geven van de hoofd trend in de
graafdata. Naast deze ruisonderdrukking kunnen graaffilters ook gebruikt worden
om clusters (laagdoorlaatfilter), event-regions (banddoorlaatfilter) en afwijkingen

(hoogdoorlaatfilter) zichtbaar te maken.

Ondanks de geschetste mogelijkheden zijn de huidige gedistribueerde graaffilters
nog erg beperkt in hun toepassingen. Ten eerste gaat men ervan uit dat de data
constant is gedurende de berekening van het graaffilter. Echter als de data varieert
met de tijd, en ook de topologie verandert, dan wordt er (te) veel gevraagd van de
berekenmethodes. Ten tweede is de effectiviteit van een filter athankelijk van de
correcte instelling van de schaalgrootte, grofweg de reikwijdte (het aantal stappen)
in de graaf dat het filter in ogenschouw neemt. De optimale schaalgrootte hangt af
van de data en de topologie, en is dus onmogelijk a priori vast te stellen als er van

enige dynamiek sprake is.

Dit proefschrift draagt in belangrijke mate bij aan het verminderen, dan wel op-
heffen, van bovengenoemde beperkingen. Allereerst introduceren we gedistribueerde

graaffilters die snel convergeren, zelfs als de data en/of topologie aan verandering

3
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onderhevig zijn, en tolerant zijn ten opzichte van het verlies van boodschappen in
het communicatienetwerk (message loss). Ten tweede leggen we het fundament on-
der de gedistribueerde, schaalonafhankelijke analyse van signalen op (dynamische)
grafen. Vanuit de klassieke scale-space theorie is bekend dat men alle mogelijke
schalen in ogenschouw dient te nemen als er geen a priori informatie over de data is.
Met behulp van dit inzicht tonen we aan dat men voor het uitvoeren van analyses
op grafen kan volstaan met een kleine verzameling van schaalonafhankelijke graaffil-
ters, die bovendien slechts dezelfde rekenkracht vergen als bestaande gedistribueerde
filters.

De toepasbaarheid van gedistribueerde graaffilters, en ihb. die van schaalon-
afhankelijke filters wordt aangetoond middels een reeks van voorbeelden uit het
domein van de draadloze sensornetwerken. We laten zien dat onze filters gebruikt
kunnen worden om zoekalgoritmen op basis van potentialen te implementeren, om
events(grenzen) nauwkeuriger te lokaliseren, en om pieken en dalen (maxima en mi-
nima) in de graafdata te identificeren. Middels simulaties en experimenten tonen we
aan dat gedistribueerde graaffilters bestand zijn tegen de weerbarstige praktijk van
draadloze netwerken waar boodschappen vaak verloren gaan, knopen onderling niet
gesynchroniseerd zijn, en ruis in de waargenomen data makkelijk voor fantomen kan
zorgen. De efficiéntie van onze algoritmen staat bovendien toe dat de graaffilters

ook toegepast kunnen worden op grootschalige netwerken.
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Nomenclature

a graph

node set of G

edge set of G

nodes

u and v are adjacent

number of nodes

number of edges

degree of node u

minimum degree

maximum degree

shortest path distance between u and v
graph diameter

graph adjacency matrix

diagonal degree matrix

discrete graph Laplacian matrix
normalized graph Laplacian matrix
generalized graph Laplacian matrix
random-walk matrix

random-walk normalized Laplacian or averaging matrix
identity matrix

n X 1 vector, node-defined signal

n X 1 vector, output of a filter

all ones vector

inner product of vectors z and y

{5 norm of z

k-th eigenvalue of matrix M
largest eigenvalue of matrix M
smallest eigenvalue of matrix M
k-th eigenvalue of matrix £

k-th eigenvalue of matrix P



NOMENCLATURE

LoG
DoG
LoP
LoG

k-th right eigenvector of matrix M
k-th left eigenvector of matrix M
k-th right eigenvector of matrix £
k-th left eigenvector of matrix £
k-th right eigenvector of matrix P
k-th left eigenvector of matrix P
largest singular value of matrix M
smallest singular value of matrix M
set containing the weak nodal domains of x
number of strong nodal domains of x
number of weak nodal domains of x
Rayleigh quotient of matrix M evaluated at x
Heat kernel

Page-rank heat kernel

Random-walk kernel

Potential kernel

Laplacian of Gaussian

Difference of Gaussians

Laplacian of Potential

Difference of Potentials

scale-space matrix

scale-space kernel



Introduction

The story so far: In the beginning the Universe was created.

This has made a lot of people very angry and been widely regarded as a bad mowve.

—Douglas Adams,
The Restaurant at the End of the Universe

URING the last decades we have seen an unprecedented trend in the history of
D computing: scientists are gradually shifting their analysis from the study of
the individual to that of the collective. We can witness the shift on multiple fronts.
By combining data from multiple sources, researchers have began to observe and
analyze the collective behavior of crowds, the physical changes of our environment,
the social and monetary interactions of populations, the spread of disease, and the

consumption of energy in cities—among others.

Undoubtedly, each of these domains exhibits unique assumptions and objectives.
Yet in numerous applications, including sensing [9, 91, 92], socioeconomics [36, 56],
energy distribution [40], epidemiology [90], and biology [54], one finds a common un-
derlying approach: modeling the dependencies of interconnected entities as graphs.

This ubiquity of graphs has lead to a surge of research on graph/network analy-

7



8 1. INTRODUCTION

sis'. To date, researchers have produced a vast body of work addressing classical

problems, such as graph coloring [46], clustering [116], and centrality computa-
tion [97]. They have also examined the structural properties of many graph types,
such as random-geometric graphs and planar graphs modeling wireless and proxim-
ity networks [29], small-world and scale-free graphs modeling social and economical

networks [2], as well as trees, regular, and random graphs [37].

The study of graph connectivity is of paramount importance. But it is also of
equal importance to analyze the information imbued in them. In social networks,
it is not only the interconnection of individuals that is important, but also their
preferences, actions and statuses. Analyzing the propagation of rumors for instance
is crucial for identifying false claims and their sources [105]. Similarly, in wireless
networks the local state and sensor data of each device are crucial for inferring and
controlling the global behavior—whether said behavior concerns the network itself
(e.g., harvested energy [115], traffic load [61]) or the process the network monitors
(e.g., environmental conditions in a greenhouse). We refer to the information held
by the nodes of a network as a graph signal. Analogous to time or spatial signals, a
graph signal is a collection of scalars —one for each node— describing how a process

varies across the graph.

Over the last few years, the emerging field of signal processing on graphs has
made significant advances on the analysis and processing of graph signals [100, 109].
Arguably, the most significant advance has been the derivation of a spectral frame-
work for analyzing information. Analogous to how the Fourier transform allows us
to decompose complex signals in terms of their fundamental frequencies, the spectral
transform describes graph signals in terms of their relation to the spectral properties
of the underlying graph. This insight has lead to novel algorithms for the filtering
and denoising [110, 129], regularization [113], and compression [132] of graph data.

Still, there are many challenges the field has yet to face. A fundamental challenge
entails understanding the relation between the graph topology and information. That
is, what is an intuitive way to quantify the size of signal structures? Furthermore,
how can we devise filters that attenuate structures according to their size? A second
challenge relates to computation. It is convenient to assume that the processing takes
place in a single computer and that all data remain static. However, the sheer size of
many graphs available today, such as social networks or the Internet, necessitates a

distributed approach, in which the computational load is split among many shared-

1The term ‘graph’ refers to a combinatorial structure, whereas ‘network’ implies a specific applica-
tion, such as a sensor or social network. In this thesis, the two terms are often used interchange-
ably.



nothing clusters or clouds, forming themselves a network. Even further, data that
change over time render static approaches impractical [110, 129]. The topology and
data for example of Twitter are not only massive —many millions of users— but also
highly dynamic [68]. To make computation practical, we need distributed algorithms

that track changes of the graph signal and topology.

The fundamental and computational challenges of graph signal processing are
particularly prominent in the field of sensor networks, where a large number of small,
cheap, portable, wirelessly-interconnected devices perform large-scale sensing [1].
Because of their ability to produce continuous streams of data with very high spatial
and temporal resolution, sensor networks can be extremely useful. For instance,
large networks of battery-powered sensors can monitor physical phenomena spanning
over large areas —such as oil spills, chemical spills, and pollution clouds— over long
periods of time [9, 91, 92]. Sensor networks are also very useful in monitoring social
phenomena. By organizing personal wearable devices into networks, one obtains a
large-scale view of the social activities of humans [85, 86, 87]. The data can be used
for example to mine the interactions of inhabitants of a city [18, 55], to understand

their mobility patterns [35], and to infer emergent crowd behaviors [99].

So far, research in information (and signal) processing for sensor networks has
yielded many notable results, such as distributed algorithms for sensor aggrega-
tion [31, 111] and estimation [27, 95], as well as a plethora of geometry-based al-
gorithms [44, 101, 103]. Nevertheless, the timely and accurate detection of global
phenomena and their properties from a large distributed sensor network remains a
great challenge. Collecting data centrally faces problems, such as bandwidth con-
straints, high delay, and single points of failure. Performing high-level inference
within the network hinges on distributedly solving low-level signal processing prob-
lems in a manner both accurate but also robust to the uncertainties and dynamics

of wireless networks.

By developing efficient distributed algorithms for the processing of graph signals,
this thesis advances the state-of-the-art on two fronts. First, it contributes to the
field of signal processing on graphs. Our contribution is threefold: (i) we propose
asynchronous graph filters that converge fast, even in dynamic graphs and time-
varying signals, (#) we provide insights on how graph filters affect the shape of a
signal and () we set the foundations of scale-invariant signal analysis. Second,
the thesis addresses a number of important problems in sensor networks. Our filters
form basic processing primitives: they are useful for localized aggregation, expand
the scope of greedy search methods, enhance the detection accuracy of spatial event

regions and boundaries, and improve the identification of signal structures.
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Figure 1.1: The sensor information of a network often exhibits interesting spatial structure. We
can think of it as an information landscape with complex features such as pits, peaks, ridges, and
passes. The challenge is to infer the spatial structure when the location of nodes is unknown.

1.1. Problem Statement

Signal processing in graphs, and sensor networks in particular, comes with its unique
challenges. In the following, we review some fundamental and computational chal-
lenges of the field. The discussion paves the way for the central contribution of
this thesis—the design of efficient distributed graph filters and their usage in sensor

networks.

1.1.1. How Connectivity Affects Information

The first challenge is a fundamental one. We begin with a simple, yet crucial
observation: In networks, the nature of information is connected to and —to a large
extent— determined by the network topology. Basically, it is not only the data that
nodes produce that matters, but also how these data are interconnected. Let us

clarify this with two examples:

First, we will consider a sensor network that is monitoring a physical phe-
nomenon, e.g., a network of floating drifters monitoring the concentration of pol-
lutants in a lake [50]. Figure 1.1 illustrates —in a simplified way— the network and
the information it measures. In the figure, sensor nodes are printed as black dots—
their x and y coordinates are determined by their physical location, whereas their
z coordinate, as well as the color of the overlaid surface, denotes the value a node

senses, e.g., the concentration of the pollutant. Every two nodes in communica-



1.1. PROBLEM STATEMENT 11

tion vicinity are joined with a black line. By looking at the figure, one interprets
information based on spatial constraints: the surface exhibits two main peaks, a
valley in between and one pit. In reality however, neither the nodes themselves,
nor the network engineer necessarily possess spatial information. The localization
of nodes is feasible algorithmically, but —especially in indoor settings— the process
is notoriously imprecise and generally resource hungry. When the location of nodes
in space is unknown, one may use the network topology to infer spatial correlation.
Though affected by a multitude of factors, the wireless propagation is generally a
decreasing function of distance [52, 89]. As such, any two nodes that are in wireless
proximity (wireless links are denoted in the figure with black lines) are more likely
to observe the same phenomenon. By exploiting this relation, one can infer the

spatial properties of information based on the network topology.

The second example concerns the internal operation of a communication network.
Large-scale wireless networks are notoriously unreliable—especially in the presence
of dynamics. Wireless devices are inherently limited by their resources. Because
they typically operate on cheap batteries, nodes have a small energy budget and
limited computation capabilities. Furthermore, as the network density increases,
the per-node available bandwidth diminishes significantly. These challenges have
spawned a significant research effort: researchers seek to optimize network operation
by adapting to resource availability information [61, 115, 127]. It is crucial to observe
that, even though each node in a communication network is independent, its state
is directly affected by its communication with the rest of the network. Nodes for
example that lay on the path connecting two otherwise isolated parts of the network
are far more likely to use up their energy fast by constantly forwarding packets. As
such, to understand and optimize network operation, we need to consider and exploit
how resource availability varies throughout the network. The paths chosen by a
resource-aware routing protocol, for instance, should be affected by how bandwidth

and energy availability varies across bottlenecks.

From the above examples we can see that, to understand and control networks,
we must analyze and process their information in a manner that is inherently tied
to their topology. Though this statement appears intuitive, it is also vague. What
is the relation between network topology and information exactly? For example,
how is information affected by connectivity? That is, how is its nature affected
or determined by the topological properties of a network? Furthermore, what is an
appropriate way to quantify the properties of information in terms of scale, i. e., what
notion of size is suitable for graphs? In summary, what is a concrete way of thinking
about information in networks?
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1.1.2. Computational Challenges

It is not sufficient to process network information accurately, one also has to do so
efficiently. In the following, we identify three computational challenges pertaining to
wireless networks: scalability, dynamics, and the unpredictability of wireless links.

Addressing all three is integral to using large-scale sensor networks effectively.

The first computational challenge is designing algorithms that process informa-
tion in a scalable manner. The classical approach to information processing is
centralized. By gathering all available data on a single computer, one obtains a
global view, greatly facilitating analysis. However, a centralized approach? is not
always feasible. The main reason is that collection algorithms cannot scale—see
Figure 1.2(a). Though a plethora of algorithms and protocols exist that address
the data collection problem [49, 69, 88], these are mostly targeted towards small-
to medium-sized networks (at the order of hundreds of nodes), with relatively low
update-rates (a few readings every minute). As the size of networks increases, the
energy, communication overhead, and delivery delay of collection grows significantly.
When the network must respond to its environment in real-time, nodes cannot af-
ford to wait for the directions of a central entity. In summary, the sheer amount of

data generated by thousands of devices renders centralized approaches impractical.

The prevalent solution in attaining scalability is distributing the computational
load. In a distributed approach, each node acts individually, based on its own per-
ception of the world. But even then, not all distributed approaches scale equally
well. In an analogous fashion to how one judges the efficiency of a centralized
algorithm based on its computational complexity, the scalability of a distributed
algorithm is captured by its time complexity. Roughly defined, the time complex-
ity of a distributed algorithm is the amount of time required until the algorithm
terminates—for a concrete definition see Chapter 2. In this thesis, we will con-
sider the most efficient and scalable type of distributed algorithms (in terms of time
complexity): local algorithms [66]. As shown in Figure 1.2(b), local algorithms are
distributed algorithms that base their decisions only on partial network information
(though the data might pertain multiple hops)—see Section 2.1 for examples. In the
figure, the shaded areas depict the information that the node in the center bases its
decisions on if it uses a local algorithm (dark gray) and otherwise (light gray). For
this reason, local algorithms exhibit constant time complexity and are independent

of any measure of network scale, e. g., the number of nodes or the network diameter.

2A note on terminology. Strictly speaking, data collection is achieved by a distributed algorithm.
Nevertheless, because all data is gathered in a single location, the processing is centralized.
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(a) centralized processing (b) distributed processing

Figure 1.2: (a) Though very efficient in small networks, collecting and processing information
centrally (the sink is annotated with a ring) is impractical. (b) In large networks, it is generally
more efficient to distribute the processing load among many nodes. Still, only algorithms that use
partial information (dark shaded area) are truly scalable.

The second computational challenge is designing algorithms that can handle dy-
namics. We use the term “dynamics” to refer to two distinct phenomena. The first is
node mobility. Mobility greatly facilitates sensing: it increases sensing coverage [76]
and expedites information diffusion [104]. Nevertheless, mobility also makes compu-
tation challenging. Nodes in a mobile network have limited time at their disposal to
gather information and act, before the situation changes and their decisions become
stale. Algorithms therefore must be able to converge fast using partial knowledge.
The second type of dynamics is time-varying information. It seems straightforward
that any algorithm running on a sensor network should be able to track the changes
of information. Yet it is often hard to do so in practice. In fact, many competitive
algorithms operate under the assumption that the information (and the network)
stays invariant for the duration of computation [33, 60]. This renders them difficult
to work with in many dynamic scenarios. On the contrary, this thesis centers largely
on distributed algorithms that converge to the solution even when the information

and the topology constantly change.

Last, in sensor networks, algorithms have to be able to cope with the unpre-
dictability of wireless links. In practice, wireless links are intermittent [126]. Further-
more, they are often poorly correlated with the underlying physical space. Especially

in indoor networks, one frequently observes that distant devices can communicate,
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were adjacent ones can not. Dealing with such networks is not straightforward. As
we will show in Chapter 5, a possible mismatch between the network topology and
the physical space can severely hamper processing.

1.2. Thesis Contributions and Outline

This thesis focuses on the design and analysis of distributed algorithms for networks
(or more generally graphs) that converge fast with limited information. These algo-
rithms are founded on a simple yet powerful observation: the graph spectrum is an
ideal tool for understanding the properties of graph signals. This insight forms the

basis of a spectral framework for studying and processing information in networks.

The spectral theory of graph filters—Chapter 2. We rely on classical results
from spectral graph-theory [14, 26], signal processing [109], and machine learn-
ing [65], to demonstrate that the eigenvectors of the graph Laplacian form a natural
decomposition basis for network information. This means that the spatial proper-
ties of information are fundamentally connected to the topological properties of the
underlying graph. In an analogous way to how, in classical signal processing, one
studies a signal in the frequency domain, the spectral domain allows us to decompose
complex network information according to the size (or variation) of its structures.
Based on their spectral order, we can distinguish large phenomena, denoting inher-
ent signal trends, from small variations, such as noise. Furthermore, the definition

of size is directly determined by how a graph is connected.

The above insight gives rise to graph filters—a spectral approach for information
processing on networks. Analogous to classical filters, graph filters attenuate signal
structures according to their spectral order. Though standard graph filters exist, we
find that they are not appropriate for wireless networks: they hinge on synchronous
execution and cannot tolerate dynamics. To this end, this thesis focuses on the
design of asynchronous graph filters that converge even when the network topology

and the information change over time.

Distributed low-pass graph filters—Chapter 3. The most common filter is
a low-pass filter. Low-pass graph filters are very useful in attenuating small signal
variations, such as noise and artifacts of irregular wireless propagation. Further-
more, due to their ability to eliminate local signal extrema, low-pass filters facilitate
greedy search methods, such as greedy routing and gradient navigation, in which a
mobile entity (packet, human or robot) ascends by following the local gradient [119].
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We present a novel asynchronous low-pass graph filter, called the potential kernel,
which, contrary to the well-known heat kernel, is suitable for wireless networks.
First, we perform spectral analysis. We show that, similar to the heat kernel, the
potential kernel is low-pass (low-pass graph filters attenuate signal structures of
high graph frequency) and analyze its ability to eliminate local extrema. We then
focus on computation. We characterize convergence of the distributed algorithm in
both static and dynamic networks. Our analysis shows that the potential kernel is a
local algorithm and that it can handle both network and information dynamics. To
demonstrate the feasibility of our approach in real wireless networks, we evaluate

the potential kernel with simulations and experiments on a 1004 node testbed.

Distributed band-pass graph filters—Chapter 4. A classical problem of sen-
sor networks is the identification of spatial events and their boundaries—the problem
is illustrated graphically by Figure 4.1. Event detection breaks down to two filter-
ing objectives: the computation of signal curvature (low spectral order) and the
elimination of noise (high spectral order). The problem can therefore be tackled by
designing distributed graph filters that only retain the signal structures of medium
spectral order, i.e., band-pass graph filters.

Based on this insight, we propose two families of band-pass filters. The first,
which is derived from image processing techniques, exhibits very good resilience to
noise but is synchronous and suffers from low detection resolution. By building on
the potential kernel, the second family of filters addresses these shortcomings: they
are asynchronous and clearly identify event boundaries. We compare and evaluate
our findings based on analysis, simulations, and experiments. Our algorithms can
track complex time-varying events with high accuracy, even when the nodes are
mobile.

Distributed scale-space theory on graphs—Chapter 5. In sensor networks,
the high-level inference of global properties often necessitates efficient and accurate
solutions to low-level signal processing problems. The identification of the peaks
and pits of a sensed signal for example appears recurrently in various problems,
including target tracking, mapping, compression, and navigation. Peak and pit
identification is a filtering problem. Fualse peaks, caused by noise, low sampling
resolution, and sparse topologies, are generally eliminated by low-pass graph filters.
Yet, simply filtering is not enough. Whereas most signals contain useful information
over many scales of observation, graph filters only focus on one scale—potentially
missing valuable information. What is more, when the topology of the graph and

the signal do not match, filtering causes the creation of phantom effects, i. e., effects
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not present in the monitored signal, but brought about by the topology. Phantom
and false peaks significantly deteriorate identification accuracy.

Inspired by the scale-space approach used in image processing and pattern recog-
nition [75], we tackle the limitations of graph filters by examining signals at multiple
scales of observation. Our contributions are twofold: First, we set forth the founda-
tions of distributed scale-space theory on graphs. We identify the scale-space kernels
appropriate for graphs and analyze how efficiently they can be computed distribut-
edly. Second, we examine the behavior of peaks and pits across scale. Based on our
analysis, we derive distributed algorithms for the identification of false and phan-
tom peaks. As confirmed by simulations and experiments, our approach exhibits
superior accuracy to the state-of-the-art.

Chapters 2, 3, 4, and 5 are based on the following publications:

e A. Loukas, M. Woehrle, P. Glatz, and K. G. Langendoen. On Distributed
Computation of Information Potentials. In International Workshop on Foun-
dations of Mobile Computing, FOMC. ACM, 2012.

e A. Loukas, M. Zuniga, M. Woehrle, M. Cattani, and K. G. Langendoen. Act
Localy, Think Globaly: On the Reshaping of Information Landscapes. In In-

ternational Conference on Information Processing in Sensor Networks, IPSN.
ACM/IEEE, 2013.

o A. Loukas, M. Zuniga, I. Protonotarios, and J. Gao. How to identify global
trends from local decisions? Event Region Detection on Mobile Networks. In
International Conference on Computer Communications, INFOCOM. IEEE,
2014.

¢ A. Loukas, M. Cattani, M. Zuiiga, and J. Gao. Graph Scale-Space Theory
for Distributed Peak and Pit Identification. In International Conference on
Information Processing in Sensor Networks, IPSN. ACM/IEEE, 2015.



The Spectral Theory of
Graph Filters

“We demand rigidly defined areas of doubt and uncertainty.”

—Douglas Adams,
The Hitchhiker’s Guide to the Galaxy

HE information carried by a network is undoubtedly connected to its topology.
Though this statement seems intuitively clear, it is also very vague—what is the
relation between the network topology and information, exactly? This chapter gives
a rigorous treatment to this fundamental relation by drawing upon and combining
recent work on the fields of spectral graph theory [14, 26], machine learning [65,
113, 131], image [129] and signal processing [100, 109]. The use of spectral graph

theory presents a recent, exciting way of thinking about information in networks.

After defining the network and computational models, we will delve into the
spectral theory of graphs. The discussion gives rise to the main research question
addressed in this thesis: what is a graph filter and how can it be computed efficiently
in a sensor network?

17
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2.1. Models

Though the theory and methods developed in the field of signal processing on graphs
pertain networks of many types, such as sensor networks, socioeconomic networks,
and biological networks, this thesis focuses on one type in particular: semsor net-
works. Besides carrying a wealth of information which we can exploit, sensor net-
works present many algorithmic challenges: they are inherently decentralized, asyn-
chronous, and severely resource constrained!. To make these challenges explicit,
this chapter begins by defining the network and computational models. The first
details our assumption about how the network communicates, whereas the second

formalizes issues of computation and complexity.

2.1.1. Network Model

As customary, we model a sensor network as an undirected? graph G = (V, £), where
V is the node set of cardinality n and £ is the edge set. Nodes u;,u; € V represent
simple devices, minimally imbued with processing capabilities, memory, sensors, and
a wireless radio. By transmitting information wirelessly, each node u; communicates
locally with nearby devices u;, termed the neighbors of u;. To indicate that two
nodes u;,u; are in communication vicinity we use the shorthand notation u; ~ u;.
The neighborhood of a node u; is captured by the neighbor set V,,, = {u; : u; ~ u;}
and the adjacent edge set &,, = {(u;,u;) : u; ~ u;}, both having cardinality equal
to u;’s degree, deg(u;). Symbols 6 and A refer to the minimum and maximum

degrees, respectively.

A network however also holds information. Though information might pertain
either to nodes (sensor data) or edges (e.g., link quality), this thesis focuses on
the former. We model node information as a, possibly time-varying, node-defined
function = : ¥V — R, assuming a real value z(u;) on each node u;. To emphasize
the analogy of our approach to classical signal processing, we refer to function x
as a graph signal. Nevertheless, x goes by many names. To give two prominent
examples, sensor network literature customarily calls it a scalar-field, whereas in

graph theory it is usually treated as a node weight.

Despite its simplicity, this network model is general enough to capture a wide
range of applications, such as the measurements of a sensor network (e.g., tem-

perature, humidity), the statistics of the internal operation of the communication

1Indeed, these are the challenges which make the algorithmicist’s job stimulating!
2Though we limit our presentation to undirected graphs, this is not a fundamental limitation, but

a matter of convenience.
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stack (e.g., routing load) or of the device itself (e.g., energy) in a communication
network, as well as purely graph-theoretic properties (e. g., node degree) and infor-

mation (e.g., user status and preferences) in an ad-hoc network.

2.1.2. Computational Model

A distributed algorithm running on a wireless node u; performs two operations in
arbitrary order: it exchanges data and computes locally. It is however convenient

to impose some additional structure:

Assumption 2.1. The computation proceeds in discrete rounds (or iterations) t.

Based on whether or not rounds of neighboring nodes overlap, we distinguish two
versions of the model: the synchronous and the asynchronous version. In practice,
wireless networks are asynhronous. Executing a synchronous algorithm is possible,

but incurs a recurrent synchronization overhead [4].

Assumption 2.2. During each round t, u; sends a message to each u; ~ u;.

This assumption implies a reliable local broadcast and can be implemented in
either of two ways: deterministically by using a local schedule and probabilistically

by repeated beaconing.

Assumption 2.3. Fach node knows a number that uniquely identifies it.

We quantify the computational efficiency of a distributed algorithm in terms of its

time complexity.

Definition 2.1 (Time complexity). The time complexity of a distributed algorithm
is the number of rounds until every node in the network terminates in the syn-
chronous model with concurrent initialization.

Based on their time complexity, we distinguish two types of distributed algo-
rithms: local and global. The characteristic property of local algorithms —that dis-
tinguishes them from global algorithms— is that they terminate in O(1) rounds. As
such, local algorithms are extremely scalable; they are independent of any measure
of network size, such as the number of nodes n, the number of edges m, or the graph

diameter d.
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To illustrate the difference consider the following thought experiment. Each
node attempts to find out whether its value x(u;) is the largest by executing the

following simple algorithm:

Require: Unique identifier u;.

ot 0, y(u;) < x(uy), isMazx <+ 1 > Node assumes it is a maximum.
2: while true do

3: t—t+1 > Next round.
4: if nax y(u;) > z(u;) then

5: ;(u;) ¢ max y(uj), isMazx < 0 1> Node finds out it isn’t a maximum.
6: end if T

7: end while

Though node u; only communicates locally with its neighbors, in the worst case,
u; realizes that its value is not the largest after d (diameter) rounds. The algorithm

is therefore global. On the contrary, if one changes the while condition as follows:
2: while t <t,,,, do

then each node limits its search in its t,,,, vicinity, and —because it terminates in
O(tmaz) = O(1) rounds— the algorithm is local.

2.2. Spectral Transforms

One of the most powerful ideas in modern physics and engineering is contributed to
Joseph Fourier [42]. Fourier showed that we can easily transform any signal between

the time (or spatial) and frequency domains.

Let t represent time and £ frequency. The Fourier transform f of an integrable

time-varying signal f: R — C is
fo2 [ e (21)
Furthermore, given f , one reconstructs f using the following inverse transform
0 A .
0= [ feera (22)

By studying signals in the frequency domain one extracts information about the

frequency and size of inherent signal structures.
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2.2.1. Fourier for Graphs

It is very natural to ask: can we use the Fourier transform on graphs? Even though
we cannot apply the Fourier transform directly, we can define an equivalent transfor-
mation that is suitable. To do so, we have to first define the space where the graph
and the signal live. In the most general case, this is a Hilbert space H equipped with
an inner product (, ). However, it is also sufficient to consider the n-dimensional

Euclidean space R™ equipped with the usual inner product

(>

> w(ur)y(ur)- (2.3)

k=1

(z,y)

From Bessel’s inequality, we know that projecting any signal = € H onto an or-
thonormal system {ey} is inexact:

n 2

Z(:&e@ek

k=1

< ||lz||*, where {e;} is an orthonormal system (2.4)

However, according to Parseval’s identity, if {e;} is an orthonormal basis of the

Hilbert space, the projection becomes exact:

n
Z<x7 ek>ek
k=1

A direct consequence is that, as long as we can find an orthonormal basis, i.e., a set

2

= ||lz||*, where {e;} is an orthonormal basis (2.5)

of vectors with a dense linear span in H for which

0 ifk#£l
- 2.6
{exs ex) { 1 ifk=1, 26)

any x € H adheres to the following transformation:

Definition 2.2 (Spectral Transform). The forward and inverse spectral transforms

of a signal x € H afforded by orthonormal basis {ey} are

&, = (z,e) and x= Zaﬁ“kek. (2.7)
k=1

Let us review what we have achieved. The spectral transform transforms a signal
from its natural domain V, to the domain of the basis {e;}. Similar to the Fourier
coefficients f (£), the spectral coefficients %y, capture the similarity between z and
each of e;. Last, we can retrieve x exactly by summing all signal components Zyey,.
The spectral transform is therefore a generalization of the Fourier transform, which

is suitable for graphs.
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2.2.2. The Generalized Laplacian and its Spectrum

Our work however is not yet done. What remains is to choose an suitable orthonor-
mal basis. Similarly to the basis used by Fourier, i.e., the complex exponential
functions, our basis should capture in an intuitive way how fast the signal varies
across the graph. We can construct one such basis based on the spectrum of the dis-

crete Schrodinger operator, commonly referred to as the generalized Laplacian [14].

A symmetric matrix £(G) is called the generalized Laplacian of graph G if it
has non-positive off-diagonal elements and £;;(G) # 0 only when u; = u; or u; ~
uj3. It is easy to see that the spectrum of £ adheres to the requirements of the
spectral transform: from the spectral theorem, the eigenvectors ¢ (£) of £ form an

orthonormal basis of H.

But what does this basis capture? When computed at a node u;, the generalized

Laplacian takes the general form

(Lx)(ui) = Y (—Ly) (z(us) — () + | Lu+ > Ly | x(uw)

= > (=8 (a(wy) — x(w)) + plug)a(u). (2.8)

The first term is an elliptic operator and captures the variation of z, i.e., to what
extent a signal changes at each neighborhood. Matrix element £;; therefore cor-
responds to an edge weight between neighbors u; and u;. In a similar fashion,
the potential function p : V — R corresponds to a node weight which gives extra

significance to each node’s value.

The following corollary explains how the notion of variation (inherited by matrix
£) relates to each eigenvector ¢(£).

Corollary 2.1 (Corollary 2.5 [14], Theorem 4.2.2 [53]). Let ¢1, ..., d, the eigen-
vectors corresponding to the eigenvalues \; < Ay < ... < A\, of £. Let &) =
{¢1,...,¢x} be the subspace spanned by the first k eigenvectors and ®;- its orthog-
onal complement. Then

Ar = min Rg(x) = min

. 2.9
zedi redi (z, ) (2.9)

Moreover, Re(z) = Ay, for some x € ®i iff z is an eigenvector corresponding to .

3For convenience of notation, we omit G when it is clear from the context.
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As we previously mentioned, an appropriate basis should capture how fast the
signal varies across the graph, i.e., the signal variation. Corollary 2.1 introduces
a normalized measure of signal variation, called the Rayleigh quotient Re(z). In-
tuitively, the smaller R¢(z) is the smoother z is and vice versa. According to the

corollary:

o The variation of basis {¢x} is an increasing function of k.

e The eigenvectors are the signals with minimal variation in each subspace <I>,Jc-.
That is because, amongst all  which belong in some subspace @é— of R", the

signal with minimal variation is x = ¢y.

We can further characterize the variation of eigenvectors, using the concept of
discrete nodal domains. As Biyikoglu et al. [14] point out, discrete nodal domains
are the analogues of the well known nodal domains appearing in PDE* literature.
In that context, the nodal sets {x : f(z) = 0} are the points x € R™ where the
eigenfunction f vanishes. Furthermore, the nodal domains of an eigenfunction are

the connected components z : f(z) # 0 bounded by the nodal sets.

To understand the concept of discrete nodal domains, i.e., the nodal domains
of graphs, recall that each eigenvector assigns a positive or negative value to each
node in a graph. The second eigenvector of the path graph for example, seen in
Figure 2.1, assigns a negative value to the two leftmost nodes, a positive value to

the two rightmost nodes, and a zero to the node in the middle.

Figure 2.1: The second eigenvector of a path graph has two nodal domains, corresponding to the
induced subgraphs with negative (left) and positive (right) values.

Discrete nodal domains —also called sign graphs— induce a partition of the graph
into maximal induced subgraphs on which a function does not change its sign.
In other words, consider a graph where the real values of nodes are mapped to
their positive or negative signs, then group connected nodes with the same sign
into subgraphs. The number of subgraphs represent the number of nodal domains.
Intuitively, the larger the number of nodal domains, the higher the variance of a
function. Based on whether the subgraph also includes nodes with zero value, nodal

domains are further characterized as weak or strong. The discrete nodal domain

4(P)arallel (D)ifferential (E)quations.
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theorem establishes an upper bound of the number of weak nodal domains 25(¢)
and strong nodal domains &(¢) of an eigenvector ¢ of a generalized Laplacian.

Theorem 2.1 (Discrete Nodal Domain Theorem, Davies et al. [30, 48, 14]). Let £
be a generalized Laplacian of a connected graph with n nodes. Then any eigenvector
¢ corresponding to the k-th eigenvalue A\, with multiplicity r has at most k weak
nodal domains and k 4+ r — 1 strong nodal domains:

W(pp) <k and S(¢p) <k+r—1. (2.10)

Based on the work Berkolaiko [13], Xu and Yau recently derived a matching
lower bound:

Theorem 2.2 (Theorem 1.3 [124]). Let £ be a generalized Laplacian of a connected
graph with n nodes. Let A\ be the k-th eigenvalue with multiplicity r and ¢ the

eigenvector corresponsing to A\, which is zero on exactly z nodes. Then
S(ox) >k+r—1—-1—2, (2.11)

where | = m —n + 1 is the minimal number of edges that need to be removed from

G to turn it into a tree.

By bounding the number of nodal domains of an eigenvector, the above theorems
provide an intuitive characterization of the eigenvector’s variation. An important
consequence is that the bound is strictly monotonic on k. This matches our intuition
that eigenvectors of higher order exhibit higher variation.

2.2.3. Common Graph Laplacians

Though in practice one may use the spectrum of any generalized Laplacian to study
a signal, in most cases the analysis focuses on a small set of Laplacians, namely the

discrete and normalized Laplacians, as well as the random walk matrices.

The discrete graph Laplacian (L). The simplest is the discrete Laplacian L =
D — A, where D is the diagonal degree matrix with D;; = deg(u;) and A is the

graph adjacency matrix. As seen by its expanded form,

(La)(ui) = Y (w(us) = w(uy)) (2.12)

Uj UG
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the Laplacian computes the variation of z in a uniform manner. All edges are
considered equally important, £;; = —1, and no extra significance is given to node
values, p(u;) = 0. Because of its deep connections to PDE®, the discrete Laplacian
is very popular for many important network types, such as complex networks [114]
and Riemannian manifolds [25]. Nevertheless, with the exception of Chapter 4, we

will not use it in this thesis.

The normalized graph Laplacian (£). A second, very important Laplacian is
Chung’s [26] normalized graph Laplacian £ £ D~Y2LD~1/2. As the name suggests,
the expanded form of £ is normalized by the node degree

1 z(ui) z(uy)
Lx)(u;) = _
(o) iz, V/deg(u;) (\/deg(uz‘) \/deg(uj)>

_ Z x(u;) — x(uy) )+ 1 Z

wj~ug deg<ul) deg(uj UjU;

deg(u;) deg(u;)
(2.13)
Matrix £ therefore weighs each edge according to the reciprocal of the square-roots
of the adjacent node degrees,
1

v deg(u;) deg(u;)

and gives an extra significance of p(u;) =1+ ) £, to each node.

UG~ UG

L= — (2.14)

Though an extensive review is beyond the scope of this thesis, as £ appears
recurrently throughout this thesis, it is useful to establish some properties of its
spectrum. For a more in-depth treatment, the reader should refer to the excellent
books by Fan Chung [26] and Biyikoglu et al. [14].

Because it is a symmetric matrix, matrix £ has -at most- n distinct eigenvalues,

all of which are real. It is common to sort the eigenvalues in ascending order:

As we can see, the eigenvalues are contained in [0,2), with the smallest eigenvalue
—commonly referred to as the harmonic or trivial eigenvalue— always equal to zero.
The corresponding harmonic eigenvector ¢; is a vector equal to D'/21, where 1 is
the all-ones vector. The fact that the slowest varying eigenvector is not a constant,

but a graph dependent function, is the main criticism towards using £. Nevertheless,

5_L is the finite difference approximation to the Laplacian operator.
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similar to the first term of the Fourier transform, removing the 1-st signal component
—or DC-offset— from the inverse spectral transform results in a signal centered around

zZero.

Unless mentioned otherwise, in the following we use symbols A and ¢ to refer to

the eigenvalues A\(£) and the eigenvectors ¢ (L), respectively.

Random-walk matrices (T and P). The random walk matriv T = AD™!
is the transition matrix of a unbiased random walk on the graph. Let x be the
current probability distribution of a particle moving randomly. At the next step,
the distribution is

(Ta)(u) = Y £§i§> (2.16)

Uj UG

Since T is not Hermitian, it is not strictly a generalized Laplacian. Nevertheless, T is
similar to a scalar perturbation of the normalized Laplacian, T = D'/2(I—L£)D~'/2.
It therefore has real eigenvalues contained in (—1,1] and Ag(T) = 1 — A\x(£). We

denote T’s left and right eigenvectors as ¢~!(T') and ¢(T), respectively.

Last, we often use the random walk normalized Laplacian P = D~'A = T7T.
Because it computes the average at each node,

(Pr)(u)= Y dz&;)i), (2.17)

Ui~ UG

P is also referred to as the consensus matriz. It is easy to see that P = D~Y/2(I —
L)D2. As such, P also has real eigenvalues pp = \p(P) = 1 — \x(L£). We denote
P’s left and right eigenvectors as ¥~' and 1, respectively.

To avoid confusion, we have to note that the use of T and P does not match the

wikipedia convention [121].

2.3. Linear Graph Filters

Having established that the spectral transform describes graph signals in terms of
their variation, a second question arises: can we devise algorithms that filter a signal
by attenuating its signal components according to their variation? Well, yes! In the
following, we establish the theoretical properties of graph filters and examine how

they can be computed distributedly in a network.
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2.3.1. The Graph Filter
We start with the definition of a graph filter.

Definition 2.3 (Graph Filter). Let A\ and ¢ the eigenvalues and eigenvectors of
a generalized graph Laplacian matrix £. A graph filter F is a linear operator that
acts upon a signal x by amplifying or attenuating its spectral coefficients Ty,

= Z )\k xk¢k (2.18)
k=1

We say that F is afforded by (the spectrum of) £ because the two matrices share
the same basis.

Let us examine this definition to provide an initial intuition on how a graph
filter operates, from a spectral viewpoint Analogously to the frequency response of
a classical filter, the spectral responseS r : [0,2) — R expresses how much the filter
attenuates or amplifies the signal in each direction ¢ of the decomposition basis:

(Fz,dp) _ r(Ap)@k

o = A =), (2.19)

The spectral response therefore acts as a weight that multiplies the spectral coef-

ficients Z;. The amplification of the k-th signal component is determined by the

spectral response of the filter and the corresponding eigenvalue Ag.

A natural question is to ask, can we construct a filter with arbitrary response r?

The answer is yes, but at high cost. A filter constructed as

F = r(\)ouoy - (2-20)
k=1

has a spectral response of precisely r. Nevertheless, such a construction necessitates
the knowledge of the complete graph spectrum and is impractical for large graphs—
the complexity is cubic to the number of nodes. A large portion of this thesis

discusses (distributed) methods to approximate graph filters with specific response

types.

The heat kernel. The most prominent example of a graph filter is the heat ker-
nel [65, 129], i.e., the solution of the heat equation, paused after ¢ steps. Since in
our model the computation proceeds in discrete steps (or rounds), the heat kernel

6In general, the domain of the spectral response is the smallest interval that contains the eigenvalues

of the generalized Laplacian in use. Here we use the normalized Laplacian L.
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of a signal z is

Htl‘ = (I — ,C)ta:

=> (1= ) Exon, (2.21)
k=1
which is the discrete version of the usual definition H; = et£.
The spectral response of Hy,
r(\t) = (1 -\, (2.22)

is a strictly decreasing function. The heat kernel therefore belongs to the class
of low-pass graph filters. Low-pass filters attenuate high-order signal components,
i.e., the faster varying components of a signal”. They therefore simplify (or smooth)
the signal they filter. In particular, by controlling its parameters one tunes a low-
pass filter to smooth a signal at different degrees. The heat kernel for example, is

an all pass filter for ¢t = 0 and becomes progressively more aggressive as ¢ increases.

A note on terminology. To emphasize the parallelism with classical signal pro-
cessing and the distributed nature of the algorithms, in this thesis we opt for the
term “graph filter”. However, in the machine learning literature, graph filters are
often referred to as “graph kernels” [65]. Still, not all kernels are filters. Whereas
kernels can generally have an arbitrary response, the spectral responses of graph
filters follow the guidelines of classical filter design, e.g., they are low-pass, band-
pass, and so on. To conform with literature conventions, the two terms are often

used interchangeably—we say for example the “heat kernel”, not the heat filter.

2.3.2. How a Graph Matters

There is one key differentiating factor between classical filters and graph filters:
the graph topology. We split the study of the relation between the graph topology
and the filtering algorithm into two research challenges. The first challenge entails
understanding how the graph matters. That is, how do the topological properties of
a graph affect filter behavior? To gain insight, we examine how the eigenvalues and
eigenvectors of the Laplacian determine the behavior of a graph filter. The problem
thus reduces to characterizing graph spectra. We review relevant results from the

spectral graph theory literature and identify open issues. The second entails finding

"In classical filter design, pass-band filters are designed to follow strict specifications, such as cutoff
and sampling frequency, pass-band ripple, and stop-band attenuation. Because of the complexity
of filter design in graphs, this thesis adopts a more relaxed definition.
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Figure 2.2: Signal components (vertical bars) of two random geometric graphs, with nq = 100 and
ng = 200. The topology affects the decomposition of the signal (height of bars) and the point of
the algorithm’s response (dashed lines) each component corresponds to (horizontal position).

a graph-independent description of a filter. Either analytically or using simulation,
it is practically impossible to evaluate the behavior of a filter across all possible
topologies. In the following, we identify an analytical tool that allows us to analyze

and compare filters in a graph-independent fashion.

How a graph matters. We proceed by example. Figure 2.2 illustrates the re-
lation between graph and filter on two example random geometric graphs: graph
Gy consisting of 100 nodes (shown in black) and graph G, consisting of 200 nodes
(shown in green). The figure entails two types of information. (7) The black and
green vertical lines show the amplitude of the spectral coefficients Z; of a sample

signal. (i) The dashed curves represent two example spectral responses.

As seen in the figure, the graph influences filtering in two ways:

1. The basis functions ¢, onto which a signal is decomposed are characteristic
of the graph topology. Simply put, different graphs decompose a signal in
different ways. In Figure 2.2 this decomposition is captured (7) by the position
of the vertical bars in the horizontal axis, which depend on their corresponding
eigenvalues, and (i7) by their height, which depend on the projection & of =
onto the k-th eigenvector.
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2. How much each signal component &}, is affected depends on the corresponding
eigenvalue \;. The spectral response filters signal components by multiplying
each vertical bar with the value of the response function that lies on top of
(i.e., that has the same eigenvalue). In Figure 2.2, r()) favors the signal
components that correspond to eigenvalues close to 0.08 and 0.1, respectively.

All other signal components are attenuated.

Understanding how a graph matters therefore reduces to studying its eigenvalues
and eigenvectors. By studying eigenvalues, we can understand how much a fil-
ter favors each signal component. Consider for example the effect of the second
smallest eigenvalue (or Fiedler value) on a low-pass filter. It is well known that Ay
measures how easily a graph is cut in two [21]: graphs with clear community struc-
ture (e. g., scale-free graphs [2]) have a small Ay, where uniformly connected graphs
(e.g., random graphs [37]) have large A. This means that a signal resembling the
Fiedler vector, i.e., having little mass adjacent to the cut edges, will be attenuated
more when the graph is uniformly connected. Significant progress has also been
made in bounding higher order eigenvalues of random graphs. Two results are of

particular interest:

1. The eigenvalues A\; (L) of random power-law graphs follow the Wigner semi-
circle law [43, 120] when the minimum expected degree is relatively large [24,
23].

2. For constant-degree graphs either with a constant genus (e. g., planar graphs),
or with a constant-sized forbidden minor, A, (L) = O(k/n) [62].

A direct consequence is that, in a random power-law graph, fast changing signals
are decomposed with high probability into signal components with corresponding
eigenvalues close to one. To remove noise, it is therefore prudent to use filters with

a response that is zero close to one, and one otherwise.

The analysis of filters however also hinges on eigenvectors. Unfortunately, very
little is known about them [7, 14, 30]. A case is point is the Courant-Herrmann
Conjecture (CHC), which attempts to bound the number of nodal domains of linear
combinations of the first b Dirichlet eigenfunctions fj of elliptic PDEs [28]. The
conjecture asserts that the number of nodal domains of 2221 ¢k fr is smaller or
equal to b. Consider the significance of this assertion. If CHC is true then one may
design filters that bound the variation of a signal—the filter allows any signal to
change sign at most b times. Unfortunately, the conjecture was recently proven false

in the general case [47, 48]. Providing an alternative to CHC is an open question.
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Algorithm 1 Computing H,z in the synchronous model (running on each node

Require: Unique identifier u;.

1t 0, y(u;) < x(u;) > Initialization.

2: while t < 7 do

3: t—t+1 "

4: y(u;) < y(ui) — Y Lijy(uy) > Compute matrix power locally.
j=1

5. end while

How a graph does not matter. Observe that both spectral responses (dashed
curves) are independent of the graph. As such, the spectral response provides a very
convenient way of studying and comparing the properties of filters, without having
to consider all possible topologies. Indeed, in Chapter 4 we will use the spectral
response to compare the efficiency of filters in terms of their resilience to noise and

their detection resolution.

2.3.3. Distributed Graph Filters

The research community has so far focused on designing graph filters for various
settings [110]. This thesis takes a different perspective: We examine how efficiently
can a wireless network distributedly filter a signal.

To illustrate the challenge, let us consider the most famous low-pass filter—the
heat kernel. As shown previously, H; is just the normalized Laplacian raised to
some power. This suggests that a very simple distributed algorithm can be used—
see Algorithm 1. It is obvious that the algorithm is local. It terminates after exactly
7 = O(1) rounds and exchanges 2rm = O(m) messages in total. Nevertheless, it

has a number of important drawbacks.

The algorithm terminates correctly if:

o all nodes initiate computation simultaneously,
o all nodes iterate synchronously,
e the network stays invariant throughout the computation, and

o the signal stays invariant throughout the computation.
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—&—1m/s —¢—5m/s —a—10m/s

response error

Figure 2.3: The figure illustrates the devastating effect of mobility on the heat kernel Hy (¢ is the
smoothing parameter) for three different mobility speeds. Each errorbar depicts the 15th, 50th,
and 84th percentiles of the normalized difference between H:’s response computed distributedly

and centrally. To improve visibility, we introduced a small horizontal offset.

Even ignoring the overhead that has to be payed to ensure that the network stays
synchronized (see Section 2.1.2), Algorithm 1 is very inefficient in the presence of
dynamics: when the signal and/or the topology change over time, the computation
becomes invalid. To illustrate the impact of mobility on the computation accuracy,
we conducted an experiment in which the algorithm was run distributedly by a
mobile network. In our experiment, the nodes moved according to the random
waypoint model in a confined area of 230 meters, with a speed that varied between
1 and 10 m/s. Figure 2.3 shows the error ||r(\,t) — r*(\ &)/ [|r* (A ¢)|| in Hy'’s
response when run distributedly (r(A,t)) and centrally (r*(A,t)). Especially for
large t, the error grows significantly. This motivates us to search for alternative
(asynchronous) algorithms which are not only local, but can also track dynamics.
Finding such filters forms one of the central contributions of this thesis.



Low-Pass Graph Filters

Distributed Aggregation and Search

“Don’t Panic!”

—Douglas Adams,
The Hitchhiker’s Guide to the Galaxy

HIS chapter proposes a novel distributed low-pass graph filter, called the po-
T tential kernel. Contrary to the heat kernel, the proposed filter is asynchronous
and can track dynamics, such as time-varying signals and mobility. Our study pro-
vides two additional contributions: First, we characterize convergence in static and
dynamic networks. We show that the potential kernel converges linearly and, as
such, that it reaches e-close to the steady state in O(1) time. Our analysis captures
the impact of key aspects of sensor networks, such as the degree distribution, the
addition and deletion of links and nodes (churn), as well as the change of informa-
tion over time. Second, we study how low-pass graph filters simplify the structure

of a signal. The simplification has important implications, for example it increases

Parts of this chapter have been published in IPSN’13, April 2013, Philadelphia, Pennsylvania, USA
[82] and in FOMC’12, July 2012, Madeira, Portugal [80].
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the search scope of greedy search methods by eliminating local extrema. Simula-
tions and experimental evaluation show that our main findings hold under realistic

conditions, with unstable links and message loss.

3.1. Introduction

Wireless networks are often used to monitor network signals and to extract infor-
mation from them. Such signals may pertain to the physical world, e. g., measuring
climate conditions and sensing human activities, or to the internal operation of the
network, e.g., measuring traffic congestion. While a network signal provides us
with an accurate description of the information in close proximity of each individual
node, we are often interested in its value over a larger area. Based on the scope
used one obtains a whole spectrum of aggregates. The extremes of this spectrum
can be characterized as on the one end only considering the local information and

on the other end as averaging all information in the network.

Hitherto, two types of filters have been used for aggregating information in
the vicinity of nodes. The first type exploits the (possible) spatial correlation of
signals, and requires nodes to aggregate information at a decaying function of dis-
tance [45, 63, 101]. Spatial filters require location information —information which is
not always available in practice— and are mainly aimed at physical signals with strong
spatial correlations, such as temperature. For this reason, spatial filters do not per-
form well when the monitored signal depends more on the network topology than on
the inter-node distances, such as for example the traffic-load in load-balanced rout-
ing. The second type of filter overcomes the limitations of the first by performing
some form of constrained averaging; nodes for example aggregate all values within
their k-hop vicinity or iteratively average neighbor values (heat kernel [65, 129]).
Even though graph filters are indeed location-independent, state-of-the-art graph
filters also suffer from drawbacks: constrained averaging algorithms either do not
take into account the relative significance of information (k-hop average) or require

synchronous computation and cannot tolerate dynamics (heat kernel).
3.1.1. Contributions
Within the context of graph filters, this chapter provides three main contributions.

Contribution 1. We propose an asynchronous distributed low-pass graph filter,

called the potential kernel—Section 3.2. We introduce a subtle yet important change
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to traditional constrained averaging algorithms. Similar to the heat kernel, the po-
tential kernel requires no location information, it is simple, decentralized, and sen-
sitive to the relative significance of information, as well as to the network topology.

Yet, it is also asynchronous and can track dynamics.

Contribution 2. We perform convergence analysis for both static and dynamic
signals and networks—=Sections 3.4 and 3.5. Our study provides the following find-

ings:

o The potential kernel reaches e-close to the steady state in O(1) rounds in the

synchronous model (linear convergence). It is therefore approximately local.

e The convergence is faster in dense networks, especially when the degree dis-
tribution exhibits small variance.

o A critical aggregation scope (parameterization) exists under which network

and signal dynamics hardly matter.

In practice, these findings provide some dos and don’ts for practical deployments.
Avoid concave shapes (dents), void regions and radio transceivers with high sensi-
tivity variance because they increase degree heterogeneity (irregularity). Adding
nodes to a deployment helps more if they are uniformly distributed. Prior to a
deployment, analyze the dynamics of the network, which might be caused by the
movement of people, the failure/addition of nodes, etc.; if the dynamics are high, it
is better to avoid using very wide aggregation scopes. If the dynamics are low, the
extent of the aggregation scope does not play a major role, i.e., feel free to explore

the trade-off between amount-of-information and message complexity.

Contribution 3. We study how a low-pass graph filter simpifies the structures of a
signal—>Section 3.3. To understand the practical importance of this result, consider
a noisy signal with frequent peaks formed by nodes with abnormally high (or low)
values with respect to their neighbors. In effect, this means that a signal can be
smoothened to any desired level: the more aggressive the filter, the smoother the
landscape. In previous work it was observed experimentally that, beyond a point,
the continuous elimination of high-order eigenvectors leads to the elimination of local
extrema, until only a single maxima is present (unimodality) [80]. Nevertheless, we
show analytically that, in the general case, no graph filter exists that renders any

signal unimodal.
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Figure 3.1: An information potential field which considers node degree. Nodes within green cells
have the maximum value — highest relative degree — amongst their neighbors. The arrows reveal
the potential gradient.

Section 3.6 validates some of our analysis by simulations and experiments on a
100+ node testbed.

3.1.2. Applications

The quint-essential application of low-pass graph filters is the removal of small signal
perturbations, such as noise. Nevertheless, due to their ability to eliminate local
extrema, low-pass filters have found a second use: the facilitation of greedy search
methods [103].

Greedy routing. In greedy routing, nodes forward information greedily on the gra-
dient of potential fields—see Figure 3.1. Potential fields that are not virtually con-
structed [119], but pertain to a monitored phenomenon, are called information po-
tentials. In these scenarios, the presence of local maxima is undesirable as it prevents
packets from arriving at the intended destination. A low-pass filter deteriorates this
issue by eliminating local maxima (Contribution 3). It is important to remark that
the work of Lin et al. [71] is also not affected by local extrema. However, their

approach, which is based on harmonic fields, relies on a larger set of assumptions.
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A detailed discussion of the similarities and differences of our approach with this
and other studies is presented in Section 3.7.

In a more general context, information potentials () facilitate the discovery of
areas of high (low) level of information, and () provide mobile entities an efficient
way of navigating towards these areas. The mobile entities can be packets, people,
robots, cars, etc. In our previous work, we showed through simulations how our
algorithm can be used for rendezvous coordination, where a swarm of mobile entities
identify the nodes with the largest potential, and the swarm moves towards their
closest high-potential node in real time [80]. Below, we describe two applications
that can benefit from our work.

Crowd management. Our interest in information potential fields was sparked by
their ability to support the management of large crowds in open air festivals. In
these type of festivals, crowds of hundreds of thousands gather in city centers
within confined spaces. For safety reasons, the crowds should not exceed densities
above a given margin'. As part of two larger projects involving several institutions
(D2S? and EWiDS), we focus on the facilitation of crowd management through self-
monitoring. We aim at providing attendees with coin-size wearable devices, each
equipped with sensors, actuators (light), and a wireless transceiver. In this way,
information potentials will be able to monitor the density of people in real time and
warn attendees if their surrounding density exceeds safe levels. The attendees will
also have access to the gradients formed by the potentials to move to areas with

lower densities.

Traffic management. Parking management is a highly important topic in public
policy. As reported by Shou [108], on average 30% of traffic in downtown areas is
due to vehicles looking for parking. Cities such as San Francisco and London are
installing wireless sensors on individual parking spots that report information to a
central server to help drivers in finding available parking®. Information potentials
are a low-cost efficient distributed alternative for the current centralized methods.
Neighbouring meters could exchange their occupancy information and guide cars
towards free parking areas by communicating with the drivers’ smartphones via

bluetooth. Information potentials have the added advantage of aggregating the in-

n 2010, a crowd rush in a popular electronic dance festival in Germany ended up with 21 deaths
and more than 500 injured people.

2The system for San Francisco is SFpark (spark.org) and for London is the Bay Sensor Technology
(www.westminster.gov.uk/services/transportandstreets/parking/bay-sensor-technology)



spark.org
www.westminster.gov.uk/services/transportandstreets/parking/bay-sensor-technology
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formation of nearby free parking spots into “more/less crowded” regions, as opposed

to tracking individual spaces.

Overall, we believe that distributed graph filters have an important role to play
in the future of Smart Cities. As more and more wireless devices are embedded in
our daily surroundings and more data is harvested from them, a central problem will
be how to guide the various mobile entities towards the areas that they are mostly
interested in. This work describes an alternative that is simple, decentralized, and
generic enough such that it can be shaped to suit the needs of the application at
hand.

3.2. The Potential Kernel

This section focuses on the algorithmic aspects of the potential kernel. It describes
the distributed algorithm and explains how the kernel captures information with

respect to the topology of the network.

3.2.1. Algorithm

In a nutshell, the potential kernel is an algorithm that maps local information to
values more meaningful within the global network context. For instance, the local
information may be the traffic load of the node, and the potential could be a relative
value that states how high (or low) this traffic is with respect to other areas in the

network—to facilitate, for instance, load balanced routing.

The computation of the potential kernel —given by Algorithm 2- is iterative.
For the duration of each round, nodes u; € V exchange their value y(u;) with their
neighbors (lines 3 and 6). Since nodes do not exchange z(u;), they affect their neigh-
bors indirectly by changing the neighborhood average. At the end of a round, nodes
update their value to the weighted sum of their signal value x(u;) and of the average
over the most recent neighbor values, including their own (line 9). Intuitively, nodes
behave like anchors, each pulling the neighborhood average towards its own x(u;)
with a force that is proportional to the difference between z(u;) and the average.
The force also depends on a parameter which we call inhibiting factor, and lies in
0 < ¢ < 1. In the final step (line 10), all received values are discarded and the round
ends. The algorithm converges when all forces are balanced. Furthermore, as we
show in Section 3.2.2, the steady state (the value y(u;) that u; converges to) is inde-
pendent of initialization (the value y(u;) that u; uses at the first round). Note that

the algorithm includes no termination condition; it runs indefinitely, continuously
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Algorithm 2 Potential kernel running on node u;.

Require: Parameter ¢ € (0, 1] and unique identifier w;.
Loy(wi) < o(ug) 5 S(ug) < {y(ui)} > Initialization.

2: event ONTRANSMIT
3: broadcast {u;,y(u;)} to all neighbors > Transmit to all neighbors.

4: end event

5. event ONRECEIVE(u;, y(u;))
6: S(u;) = S(ui) U{y(uy)} > Keep latest neighbor value.

7: end event

8: event ONROUNDEND

9: y(ui) < (1 — ) ZS( : é((l:j)” + o x(u;) > Update value.
uj; €S(1 ?
10: S(ui) + {y(u)} > Clear state.

11: end event

adapting to any network or information dynamics. If no dynamics are expected,
termination is decided locally by comparing the difference of y(u;) at consecutive

rounds against some error threshold.

The reuse of the information z(u;) throughout the computation (line 9) differen-
tiates our work from: (7) the average consensus, in which y is initialized to x and, at
each round ¢, nodes simply average their values, y*t1) = Py® (see Section 2.3.3),
as well as from () broadcast consensus [5], in which each node w; computes a
weighted average after every received broadcast from u; ~ u;, ¥ (u;) = z(u;) and
Yy () = yy® (u;) + (1 — 7)y® (uj). As we show in the following, this simple
alteration of average consensus gives rise to very interesting properties which relate
to affinity spaces (Section 3.2.2) and the spectrum of the graph Laplacian (Sec-
tion 3.3), and increases the algorithm’s resilience to message loss and asynchrony
(Section 3.6).

3.2.2. Algorithmic Analysis

We will now describe how this simple distributed algorithm captures the topology of
the network. For the sake of clarity and conciseness, our analysis assumes that ()
nodes operate in synchronous rounds, () at the end of which nodes have received
at least one message from each of their neighbors. In Section 3.6 we show that,

in practice, neither assumption is necessary for the correct and timely operation of
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the algorithm. We will also assume, for now, that the signal is time-invariant. This
assumption will be lifted in Section 3.4.2, which studies convergence for time-varying
signals. Formula (3.1) rewrites Algorithm 2 in an iterative matrix form, where y®

is the y vector after ¢ rounds using the averaging matrix P.
Yy = (1 - )Py + ou (3.1)

At round t, the potential y® is given by

t—1
y" = @P)'y O + o> (YP)Fu, (3:2)
k=0
where, for brevity, we set ©» = 1 — ¢. When ¢ grows to infinity, the potential kernel
P takes the following closed-form expression:

o0

y=Pyr=limy" =y} (VP (3.3)
k=0

Note that the dynamical system described in (3.2) is stable. As t grows larger,

(1 P)t approaches asymptotically zero because ¢ < 1 and P! is a row-stochastic

matrix. The decay of ()P)! removes any influence of the initial state y(© on the

potential y. In Sections 3.4 and 3.5 we analyze the convergence rate in detail; the

rest of this section provides more insights on the kernel itself.

Affinity spaces. In contrast to definitions of affinity that result from other metrics
of distance, such as euclidean distance [63], the potential kernel aggregates informa-
tion based on a type of affinity that is very sensitive to the topology of a network.
As we will observe, this topological sensitivity is achieved because nodes diffuse

information in a sort of “random-walk” manner.

Formula (3.3) expresses the kernel as an infinite sum that, at each round &,
changes information z with a weighting factor of (1/P)*. Element P;} expresses the
probability of a randomly moving particle starting from node u; and reaching node
u; in k steps. The better the connectivity between u; and u; and the shorter the
path, the higher the probability. In other words, instead of averaging the information
within the k-th range of a node, our method assigns higher significance to the
information residing in nearby nodes (close connectivity) and in nodes with higher
centrality (better connectivity). In most graphs, centrality is an important metric

that captures the importance of the information.

The inhibiting factor ¢ determines the aggregation scope. Let us consider the

two extremes of the aggregation spectrum:
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1. When ¢ = 1, there is no exchange of information and hence the network

topology plays no role. The potential kernel is the identity matrix and y = =x.

2. When ¢ — 07T, the aggregation scope is global. The potential kernel reduces
to average consensus®. Ast — 0o, y gets closer to 17"z, where 1 is the n x 1
vector with all elements equal to one and = is the stationary distribution of

the random walk.

Within these extremes, the network has ample flexibility to shape information
potentials according to the requirements of the application. In Section 3.3, we will
analyze this characteristic in more detail and its impact on greedy search techniques.
Note that, since the geometric series ¢* converges to 1/¢, the multiplication with

( serves as a normalization.

It is important to highlight that while the analysis considers the global connec-
tivity matrix P, the algorithm only requires communication with 1-hop neighbors.
The advantage of our simple and distributed algorithm is that it entails such global

behavior inherently.

3.3. Spectral Analysis

Thus far we have analyzed the impact of the topology through the use of affinity
spaces. In this section we approach the algorithmic analysis from a spectral perspec-
tive. We show that the proposed algorithm belongs to the class of low-pass graph
filters, as specified in Section 2.3. We derive the filter’s spectral response and we
explain how, using the inhibiting factor ¢, one reshapes a signal and eliminates its

extrema.

3.3.1. Spectral Transform

Our main result ties the potential kernel to the spectrum of the normalized Lapla-

cian.

Theorem 3.1. Let (A, ¢x) be the k-th eigenpairs of the normalized Laplacian L
of a graph G. For any signal x,

n _1

1_

y:PLp-T:D_lmg ( (p@)\k‘f'l) 2k b, (3.4)
k=1

3 Also referred to as a normalized Laplacian random walk.
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where 2, = (D'/? -, ¢},) are the spectral coefficients of the degree-normalized signal.

Proof. We exploit the spectral relations between the transition matrix P and the
Laplacian £. The reader can refer to the text by Biyikoglu et al. [14] for more
details on the topic. Let p and 9 be an eigenvalue and eigenvector of matrix P,
respectively. In connected graphs, P has a unique largest eigenvalue p; = 1 and
all other eigenvalues |ui| < 1, with £ = 2,...,n. Since 9 < 1, matrix P has

eigenvalues that are strictly smaller than one and we re-write (3.3) as

y=o(I—yP) s (3.5)

As shown next, matrix I — ¥ P has the same eigenvectors as P and its eigenvalues
are equal to 1 — Yy,

P9y, = pp 9
(I =yP) Iy = (1 — Ppg) Iy (3.6)

It is well known that invertible matrices have the same eigenvectors as their inverse
and eigenvalues that are the reciprocal of the eigenvalues of their inverse. For-
mula (3.5) can therefore be re-written through the spectral expansion of the inverse
of I — P as

n

¥ —1
y = ——— 0, 3.7
— 1 —uy Mk (37)

where 9, ! is the k-th left eigenvector of P. From [14], we know that o), = D~/2¢y,
¥,' = ¢f DV/? and 1 — A\ = . Substituting these equalities into (3.7) concludes
our proof. |

Theorem 3.1 asserts that the proposed algorithm is a graph-filter connected to

the normalized graph Laplacian. Because the filter’s spectral response

() = <1 ;“”Ak + 1)_1, (3.8)

is a decreasing function with 0 < r(\;¢) < 1, the filter is low-pass. Small values of
o reduce the influence of high-order signal components, i.e., the components of x
with higher variation. By fine-tuning ¢, we can thus smoothen a signal and, as a

consequence, reduce the number of its local extrema.
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3.3.2. The Elimination of Local Extrema

By attenuating high-order signal components, a low-pass graph filter eliminates the
local extrema of a signal. This is the reason why such filters are ideal for increasing

the search scope of greedy search methods.

Unfortunately, an exact characterization of the number of extrema of a filtered
signal is, to this point, intractable. We can however provide an upper bound on the
number of extrema of each signal component Z;¢,. The lemma interprets positive
and negative nodal domains as the peaks and pits of eigenvectors. It then bounds
the number of extrema by showing that a positive (negative) nodal domain has at

most one maximum (minimum).

Lemma 3.1. Let ¢ (£) the k-th eigenvector of a generalized graph Laplacian matrix
£ corresponding to eigenvalue A\, with multiplicity r, and which is zero at exactly
z nodes. The k-th signal component Z¢r(£) of a connected graph has at least
k+r—1—(m-—n+z+1)and at most k +r — 1 extrema.

Proof. The proof proceeds by method of contradiction. An eigenvector of a gener-
alized graph Laplacian cannot have a nonnegative local minimum or a non-positive
local maximum [48, 51]. Without loss of generality, assume a negative strong nodal
domain and suppose there are two local minima residing in the domain. This neces-
sitates the existence of a negative local maximum between the two minima, which
contradicts the first observation. Therefore, a single minimum (maximum) must
exist at every negative (positive) nodal domain. Since the number of strong nodal
domains of ¢ (£) is bounded by Theorems 2.1 and 2.2, so are the number of extrema

of ¢ (£) multiplied by any real scalar. |

Lemma 3.1 provides the first step towards bounding the number of extrema of
a filtered signal. We now know that each signal component has at most k +r — 1
extrema. By attenuating the k-th signal component, a low-pass filter is therefore
expected to eliminate at most (k + r — 1)-signal extrema. Nevertheless, it is yet
unclear how to proceed. Most signals are linear combinations of many signal com-
ponents. Bounding the number of extrema of such linear combinations is an open

problem, strongly connected to the Courant-Hermann Conjecture [28, 47, 48].

We have to note that a filter changes a signal in more subtle ways than simply
eliminating its extrema. As shown in 3.2.2, the value of a node depends on the
values of all the nodes in the node’s affinity space, as well as on the underlying

connectivity. Therefore, it is possible that a node that is an extremum of y, but
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not of z. For example, a unimodal signal (i.e., possessing a single extremum) will
remain unimodal when filtered. The position of the extremum however will not
necessarily be the same. The extremum of z is the node with the maximum value,
which is not always equivalent to the node with the largest value in its surroundings.

This phenomenon is captured in our evaluation.

3.3.3. The Unimodality Property

A logical implication of Lemma 3.1 is that, for any graph and signal, a critical value
o exists for which the potential becomes unimodal. The phenomenon is depicted
graphically in Figure 3.4—for interpretation, see Section 3.6.2. Formally, a signal
defined on a graph is unimodal if it has a single extremum and, for each node,
at least one path to the extremum exists on which the values of the signal are
monotonic. Obviously, the unimodality property is extremely useful for gradient
search—in unimodal search spaces, greedy search cannot get stuck in local optima®.

But does the unimodality property -always- hold? In the continuous setting, it
has been shown that it does not [78]. By adapting their proof method, it is easy to
provide an equivalent impossibility result for graph filters.

Corollary 3.1. No graph filter exists which renders any signal unimodal.

Proof. Lets denote by F the graph filter in consideration and ¢y (F') its k-th eigen-
vector. A simple signal exists that breaks F’s unimodality. Choose x = ¢, (F).
Under some sufficient conditions on G, this is a signal with at least 2n —m — 1 nodal
domains [13]. Clearly, when n > 1+ m/2, z is not unimodal. Nevertheless, being
an eigenvector of F', the filter only changes the signal’s amplitude, not its nodal

domains:

Since the above holds independently of the filter in consideration, we conclude that

the unimodalily property does not hold in the general case. |

Though the above result is unfortunate, it has been observed experimentally
that the unimodality property does hold when considering typical signals. Indeed,
in Section 3.6 we find that signal z(u;) = deg(u;) becomes unimodal when filtered
appropriately. In the continuous setting it has been shown that any non-negative

functions with compact support eventually become unimodal when smoothed with

4The space of unimodal functions includes convex/concave functions.
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the gaussian kernel [78]. We suspect that this is a property that also holds for
low-pass graph filters.

We would like to conclude this section with some criticism. Though unimodality
appears vital for greedy search, in practice it is not always desirable: To begin with,
one has to pay in terms of convergence time for the increased search scope. In very
large networks, the critical parameter that turns a signal unimodal often renders
computation impractical. Moreover, despite its sub-optimality, greedy search in
multimodal potentials yields more spatially relevant results—found extrema exhibit

a higher spatial correlation to node location.

3.4. Convergence in Static Graphs

In this section we bound the rate of convergence in static graphs for invariant and
time-varying signals. We limit our analysis to ¢ € (0,1) as for ¢ = 1 the algorithm
converges instantaneously. We will first present our theoretical analysis, and then,
discuss its implications. In our study, we define the ¢>-distance of an information
potential y®) as ¢®) = lly — y® ||, that is, its distance to the steady state.

3.4.1. Time-invariant Signals

We first consider the case that the signal stays constant over time and the graph is

static. In the next sections, we will remove these constraints.

Theorem 3.2. After ¢t rounds, the ls-distance of dynamical system (3.1) to its
steady state on a static graph G and signal = is bounded by e®) < e=%*(c? 4 ¢) ||z||,

where ¢ = 5=A + (1 — )\2)\/§.

Proof. The /5-distance at the t-th round is

e® — |y — y® H
[e’s} t—1
=D WPz —o> (¥P)fx — (P)'y©
k=0 k=0

= Py (¢ S @P)a - )

k=0

‘ . (3.9)
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Using a known bound on P!z [26], we get that for ¢ > 0 and an arbitrary vector z,

lwP)a]| < (wt;jnM (1 = 22))' \/§> ]

<d'e . (3.10)

Above, (1 — Ag) is the second eigenvalue of the transition matrix P and /A/§
measures the degree irregularity of G. In the last step, ((1 — X2)) < 8(1 — Xp)
because 0 < Ay < 2 and 0 < < 1. This loosens the error bound when A\s < 1, but
allows to estimate the necessary number of rounds ¢ until the algorithm converges
e-close to the steady state. One can achieve a tighter bound if an estimate of ¢ is
not required. Substituting Inequality (3.10) into Formula (3.9) we have that

0> Pz —y® (3.11)
k=0

From Formula (3.2), we observe that the choice of the initial state y(©) is irrel-
evant to the steady state y. Nevertheless, a reasonable step is to set y(©) = z. The

normed difference in Inequality (3.11) then is simplified to

<o |WP)z|| + |l

k=0

<(pY_vre+1)z|

=(c+1) |- (3.12)

0> WPz

k=0

The substitution of (3.12) into (3.11)

ly =y
[l

concludes our proof. |

<yle(c+1) < e ?(c? +e),

Since the ratio ®) /E(t_l) is constant, this type of convergence is commonly
referred to as linear convergence. A direct consequence is that the necessary number
of rounds until the algorithm converges e-close to y (for convenience, ||z| = 1) is
given by

t > tlog <62:C> =0(1). (3.13)

The algorithm therefore reaches e-close to the steady state in constant time.
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3.4.2. Time-varying Signals

In many practical applications, the signal changes over time. For example, a sensor
network monitoring the presence of animals will change its measurements when the

animal moves. We proceed to examine the behavior of such time-varying signals.

Lemma 3.2. Let dynamical system (3.1) be at steady state y, when x changes to
&, with ||# — z|| < 0,. After 7 > 0 steps, the {y-distance to the new steady state §
is bounded by £(7) < e=¥7¢§,.

Proof. Without loss of generality, assuming that the change from x to & occurs at

time ¢, the ¢>-distance to g after 7 rounds is bounded by

)

Z Y P) x—soZ P)*E — (YP)Ty

> (wP)ti
k=1

< gpz ||(1Z)P)k(i — :Z:)H < e ¥ch,.

(YP)Fx

Mg

k=1

From Lemma 3.2, we have that the minimum 7 for which the algorithm manages

to converge e-close to the new steady state ¢ is

7> ¢ tlog <C§x> . (3.14)

3.4.3. Analysis Insights

Theorem 3.2 and Lemma 3.2 provide us with four important insights:

1. The convergence error decreases exponentially. The inhibiting factor deter-
mines the rate of convergence. Smaller values of ¢ aggregate the values over
an exponentially larger subgraphs and as a consequence exhibit slower conver-

gence.

2. For ¢ > 0, the algorithm converges faster than average consensus. The com-

mon ratio of the geometric series which upper bounds the convergence error
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decreases from 1 — Ay (average consensus) to (1 —¢)(1—A2) (potential kernel).
For ¢ = 0, the two algorithms are exactly the same.

3. Signal dynamics proportionally increase the €o-error. This effect should be
taken into account when choosing the value of the inhibiting factor.

4. Convergence is faster in dense graphs with degree distribution having small
variance. Constant ¢ captures the influence of the network topology to the
convergence. Through ¢ we derive that convergence is faster for dense graphs,
as well as for graphs with small node degree variations (quantified by A/J,

i.e., the ratio of the largest and the smallest node degrees).

3.5. Convergence in Dynamic Graphs

In this section, we study the algorithmic behavior in the context of graphs that
change over time. We model graph dynamics as a sequence of edge and node op-
erations: Fdge operations describe the addition or deletion of edges between pairs
of nodes. Node operations model nodes joining or leaving the graph. Through edge
and node operations we capture a wide range of network dynamics, such as node
and link failures, as well as the dynamics of open networks where the network is
subject to mobility and churn. To ensure that the problem remains tractable, we

assume time-invariant information.

We will first derive a bound on the convergence error given any change in the
graph. The bound, which is stated in Theorem 3.3, is general enough to hold for
any possible graph dynamics. On the down side, the bound depends on the specifics
of the graph dynamics x in question. We gain further insight by characterizing x
for edge and node operations in Lemmas 3.3 and 3.4, respectively.

Theorem 3.3. Let dynamical system (3.1) be at steady state y on graph G, when
an adversary changes the graph to Q, with HP - P” < x. After T > 0 steps, the
£y-distance to the steady state is bounded by

1—
e < eme(rHe (X Poct+ —2 > 2|, (3.15)
@ I—¢

where ¢ (respectively ¢) quantifies the connectivity properties of G (respectively G)

Proof. Consider that, at time ¢, the algorithm has converged to a steady state y on

a graph G. An adversary then changes the graph to G. In the following we annotate
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symbols that relate to the new graph G with a hat; as such P is the new transition
matrix, 7 is the number of nodes in )A), and so on. As in previous proofs, we capture
convergence error through the ¢5-distance between the state after 7 rounds and the
new steady state §. By substituting the analytic expression of y into Formula (3.9),
we get

~ (t+71)

e =lg—vy

(Z PF(PF — PRy 2 — a:) H (3.16)

Using Inequality (3.10) and after some algebraic manipulation we have that

o0 o0
e <yTpe ( > WP)r =Y (P x| + ||w||>
k=1 k=1
(3.17)
= ¢y (H P —yP) Y (P)FY ($P) T | + ||x|>
k=1 l=k+1
<y Hpe <x > @t ) |
k=1 l=0
1—
< e ¢t (X Pect —2 ) 2|, (3.18)
® I—y
which concludes our proof. |

Solving for 7 we find that the least number of rounds until e(™ < ¢ is at most

(e o) lal
7> ¢ " log 6 -1 (3.19)

Theorem 3.3 draws a relation between the influence of graph dynamics in con-
vergence time and the value of ¢. Depending on whether (1 — ¢)/p < /(1 — ¢)

and thus ¢ > 1/2, the theorem distinguishes two regions of convergence:

1. For ¢ > 1/2 and as ¢ grows larger, the graph dynamics x become irrele-
vant. The convergence becomes independent of the relation between G and

G; convergence depends solely on the new graph G.

2. For ¢ < 1/2 and as ¢ gets closer to 0, the rate of convergence becomes slow
enough such that the graph dynamics do matter. In this region, convergence

depends heavily on the nature of edge operations performed.
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We proceed to examine how edge and node operations influence convergence by

computing y for each case.

3.5.1. Edge Operations

An adversary adds or deletes edges £, and £_, respectively to the graph, such that
either £ = EUE, (edge addition), or £ = £\ £_ (edge deletion). We also place the
constraint that the symmetric edge set difference, €& = £, UE_, contains at most
one edge (u;, u;) for each node w; in V. The constraint demands that the adversary
performs at most one edge operation in the vicinity of each node. Multiple edge
alterations on the same node are modeled as consecutive operations. As expected,
self-loops cannot be deleted, that is deg(u;) > 1 for all uw; in V. We prove the

following bound.

Lemma 3.3. For any graphs Q, G, with identical node sets, V = f/, and edge
sets &€ # & that have at most one edge difference in the vicinity of each node,
(i, uj) € ESE| <1 forall u; €V,

maxr A 1
X = g + g E ) * )
min {deg(ui) deg(ui)}

u; €EV4+

(3.20)

with Vy = {ul eV :|(ui,u;) € ESEl=1 for some uj € V} the set of nodes that
have different neighbors in G and G, degA(ui) and deg(u;) their respective densities

in each graph, and o p,q.(A) the largest singular value of matrix A.

Proof. The adjacency matrix of G can be written as

A=A + Z (Ey+ Ej) — Z (Eij+ Ej), (3.21)

(uisuj)EEL (uiyuz)€€—

where matrix E;; has only element (i, j) equal to one and the rest zero. The inverse

degree matrix of G can in turn be written as

f)il = Di1 + Z (lhEu + ajEjj) - Z (bZE“ + bjEjj); (322)
(u,i,uj)e&r (uq;ﬂLj)Ef,
where
a; ! and b; 1

7 deg(u;) (deg(u;) + 1) ~ deg(u;) (deg(u;) — 1)
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Matrix Ej; has the useful property of ||Ey|| = 1 for all u;,u; € V. Due to £ © €
containing at most one edge (u;,u;) for each node u; in V and because A—Aisa

symmetric projection matrix,

HA—AH ~1. (3.23)

As in Lemma 3.3, V1 = {ui eV :|(ui,uj) € ESEl =1 for some j € V} is the
set of nodes that were affected by an edge operation. Matrix Dt—D1is diagonal

and its norm is the maximum diagonal element in absolute value.

D7t — D_1’ = min {degA(ui) deg(ui)}i1 (3.24)

i€V

Observe that deg(u;) deg(u;) > 6(6 — 1) > 2, for all u; € V4. The first equality
is satisfied when one of the endpoints of a deleted edge was connected to the node
with the minimum degree, while the second equality iff 6 = 2. We re-write the

f5-distance between the two random walk matrices as
|p-r]=[o-4- D74
< (o~ + H[)—l - D—1H) HA - AH + HD-l - D-1H 1Al (3.25)

The required bound is derived if we substitute (3.23) and (3.24) into Hp - PH

- A + 1 1 Omaz A + 1
x =D+ — Cl' Jl . =5+ — . ( )d . (3.26)
alg, {deslus) deg(u)} min {deg(u;) deg(u,)}
where in the last step we exploited that ||A|| = omax(A). -

Let us reflect on the influence of edge operations on the convergence:

1. Edge operations affect dense graphs to a greater extent. That is due to 0,,4,(A) <
n, with the equality satisfied for fully connected networks. While in sparse
networks the effects of dynamics tend to be isolated, in dense networks there

is a higher likelihood that any single change affects more nodes.

2. Newvertheless, networks with few links mitigate the effects of network dynamics
slower. Our method compensates for edges added or deleted in well connected
areas of the network (i.e., deg(u;) >> ¢ for u; € Vi) faster than in areas
where the network is sparsely connected. The effect is understood by the

property of information to diffuse faster in dense than in sparse areas.
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3. Convergence also depends on the degree irregularity. The algorithm exhibits

the fastest convergence when running on regular networks.

4. Last, even though edge operations affect multiple edges, the error bound is
independent of the exact number of affected edges. The error depends instead

solely on the edge that connects to the least connected node.

3.5.2. Node Operations

Node operations are operations on the set V of graph nodes. In node additions
(deletions), an adversary adds (deletes) nodes V. (V_), such that ¥V = VUV,
(]A/ =V \ V_). We provide an upper bound of x for the simultaneous addition and

deletion of nodes.

Lemma 3.4. Let G be the graph that results from the addition and deletion of sets
Vi and V_ from G, respectively. Given that (i) at most one edge joins each node in
the graph intersection to the symmetric graph difference, |(u;,u;) € o€ | <1 for
all u; € VNV, and (ii) that no two added nodes are adjacent, (u;,u;) ¢ G for all
Uiy Uj € V., then

X:Z@+ max {deg(ui)—l} OmaslA) + 3 V/deg(ur) |

- ,EVOV deg(u; .
u; VOV wieve () u; €EVOV

(3.27)

where 0 q.(A) is the largest singular value of A.

Proof. In the derivation of y, we cannot reuse our previous results. Deleting a
node is equivalent to deleting all edges between the deleted node and its neighbors.
The number of deleted edges can therefore be larger than one, which violates our
constraint that at most one edge is deleted from each node. To avoid a loose bound,
we do not model node deletion as a sequence of edge deletions. Instead, we redefine
the constraint for node operations to allow multiple edge deletions if the edges are
adjacent to a deleted node. More formally, at most one edge should join any node in
the graph intersection to the symmetric graph difference. This constraint definition
applies to both additions and deletions. An added node can simultaneously connect
to multiple nodes, given that the nodes it connects to are not affected by other
operations. For simplicity, we also assume that added nodes cannot be adjacent to

each other.
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We now express A and D! as a function of A and D1, respectively:
A=A+ > > (By+Ep) - >, > (Ey+Ej) (3.28)
u;EV4 uj~ U, u;€EV_ U;~u;
and

Dl=Dp"+ Y defegl B+ Y. > a;E;+..

u;€EV4 u; EV4 uj~u,

d
+ Z degeg uj Z Z b Ej.

u; EV_ EV_ uj~u;

(3.29)

Naturally, a deleted node can not be simultaneously added or vice versa. Also,
added nodes cannot be adjacent to deleted nodes. Last, the constraint guarantees
that at most one edge changes for any of the nodes that are not added or deleted.

Therefore, at most one term is added or subtracted to each diagonal element. Given

A 1. . deg(u;)—1| _ |1—deg(u;
that D i — D! is diagonal and because de0)) ‘ = ‘ Jog 1) i, b} for
all u; € VOV and uj ~ ug,
A d i) —1
Do D*l‘ = max {eg(“)} (3.30)
iEVOV deg(u;)

For similar reasons, matrix A — A is symmetric with non-zero elements equal to

one.

HA—AH <3 Vdeg(u) (3.31)

w VOV

Substituting Inequalities (3.30) and (3.31) into the definition of x and factoring
the result we get the desired bound. |

The above bound provides three insights:

1. Added and deleted nodes i € V ©V introduce a convergence error that is
proportional to the square Toot of the number of nodes they connect to. On the
left, 1/deg(u;) is normalized to the minimum network degree. On the right,
V/deg(u;) is weighted by the maximum value of (deg(u;) — 1)/deg(u;) which
tends to one as deg(u;) — oo.

2. It is the most connected node involved in a mode operation which effects con-
vergence the most. Since the right term incurs the most significant error, we
deduce that the convergence error after a node operation depends to a large
extent on the degree of the most connected node of the operation; whether the

node was deleted or added is of no significance.
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Figure 3.2: Number of rounds until the convergence error becomes smaller than 0.05 versus network
diameter. Simulation results are depicted with markers connected by dotted lines and analytical
results with dashed lines.

3. It is degree irregularity that affects convergence the most, not the value it-
self. This seems to be an inherent property of dynamical system (3.1) as it
consistently arises in all the convergence bounds we have derived so far (see
Sections 3.4 and 3.5). In contrast to regular spaces such as continuous domains

and regular graphs, diffusing information in irregular spaces incurs a price.

3.6. Evaluation

Our analysis provides several insights. Here, we focus on the five which we consider
most important. We perform a controlled simulation-based evaluation to: (i) eval-
uate the convergence of our algorithm under different settings and to validate the
analytical results of 3.4.1, and (i¢) challenge the assumptions on synchronous exe-
cution and no data losses posed in Section 3.2.2. Furthermore, we perform a short
testbed evaluation to: (ii¢) show that the potential kernel can be implemented in
resource-constrained devices, (iv) exemplify that it is resilient to normal operating
conditions such as link variability and node failures, and (v) showcase its capability
to make signals unimodal (Section 3.3.3). Note that our evaluation serves only as
a demonstration of feasibility. A robust protocol implementation would need to

consider the specific requirements of the application at hand.
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3.6.1. Simulation Results

We used the COOJA simulator, a widespread tool for wireless network simula-
tion [96]. We chose the information values arbitrarily, by setting x(u;) = 0 for some
random u; € V and z(V \ u;) = 1, otherwise. The nodes were deployed uniformly at
random and the unit-disk model was used to establish connectivity. To capture a
wide range of connectivity properties, we tested four network sizes: 10, 50, 100 and
150 nodes, with four different transmission ranges. We evaluated 14 instances for
each (size, range) tuple, resulting in 224 different networks. Overall, the networks
had average degrees between 3.4 and 17.24, diameters between 1 and 20, and clus-
tering coefficients between 0.27 and 1. We evaluated three representative values of

the inhibiting factor, i.e., ¢ = 0.01, 0.1, and 0.5, respectively.

Asynchrony. Our first set of experiments show that synchrony is not a critical
assumption; the provided convergence bounds still hold for in the asynchronous
model. Figure 3.2 summarizes our experiments. The markers represent simulation
results and the dashed lines represent the convergence bounds from Section 3.4.1.
Each marker represents a (topology, ) tuple, and for each tuple, we record the
round when Hy — y(t)H < 0.05, i.e., when it converges. The iterative calculation
of y used our distributed algorithm, while the ground-truth y was calculated
assuming an oracle’s view of the network. To test our method under the worst
possible circumstances, we intentionally bootstrap nodes to a value that is far from
the steady state, y(®©) = 0 < x,y. It is important to highlight the trade-offs of
the inhibiting factor . Our method is better suited for large-scale networks. The
number of rounds to reach convergence does not increase significantly with the
network’s diameter (for any value of ). On the other hand, small values of ¢ are
not suitable for small networks. Observe that, even in fully connected networks
(1-hop diameter), our method incurs an overhead that is on the order of 1/, which
translates to more than 250 rounds for ¢ = 0.01. Setting the inhibiting factor to
very small values only makes sense for large networks or in cases of high information
variation. For small networks, high values of ¢ or simpler aggregation schemes may
be preferable.

Robustness to data loss. Observe that some markers in Figure 3.2 are over the
bounds. The observed difference suggests that message loss, i.e., our second as-
sumption, has an effect on the algorithmic operation. Message losses require more
rounds than expected to reach convergence. Figure 3.3 distills the results of a set

of experiments which characterize the effect of imperfect knowledge. In the experi-
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Figure 3.3: Error after convergence versus percentage of unknown neighboring values to the total

neighbors at the end of each round. The algorithmic robustness increases for small .

ment, nodes disregarded a specific, randomly selected, percentage of their received
values S; just before recomputing their value (line 9 of Algorithm 2). Before mea-
suring the normalized potential error of a given topology, we waited for a sufficient
number of rounds until the algorithm had converged. For each (i, data loss) tuple,
we summarize the errors across time from all 224 topologies, by the correspond-
ing median and 68.2% confidence interval. Even under severe loss, the algorithm
exhibits an error that is smaller than 0.04. The algorithm is robust because it is
not based on algorithmic primitives that are sensitive to message loss, e.g., mass
conservation, or to partial knowledge, e. g., counting. Instead, it employs averaging
as a statistical measure that, in non-skewed distributions, approximates well the
central tendency, even with small sample sizes. Comparing the three subfigures we
also notice that, for large percentages of data loss (¢ = 0.01), the topmost subfigure
reports a median error that is approximately two times smaller that the one in the
bottommost subfigure (¢ = 0.5). This phenomenon stems from the tendency of
small ¢ to limit the magnitude of change between consecutive computation rounds.
As such, the sensitivity of the algorithm to the high variation effects that accompany

data loss decreases with .
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(c) ¢ = 0.50, 3 maxima (d) ¢ =0.01, 1 maximum

Figure 3.4: Information potentials (c—d) and signal (b) on a testbed of 105 nodes (a). Local
maxima reside in green Voronoi cells. The orange node is an artificially injected maximum. As

the aggregation scope widens, our method progressively eliminates local extrema.

3.6.2. Empirical Results

This section evaluates our method in a wireless testbed of 105 nodes. The testbed
is deployed in the ceiling of our floor in TU Delft. The devices are equipped with a
MSP430 micro-controller and a CC1101 radio chip, with the transmission power set

to —30dBm. The algorithm was implemented on Contiki OS. For medium access
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control, we used NullMAC, a simple random-access MAC protocol with carrier-
sense capabilities that is part of the standard Contiki OS. Each computation round
lasted for 0.5 seconds, over which each node exchanged an average of 3.5 messages.
An instance of the connectivity graph is shown in Figure 3.4a. As also revealed
by previous investigations [123], the connectivity was highly variable over time due
to the well-known volatility of low-power wireless links. Figure 3.4b depicts the
nodes’ degree. The darker the Voronoi cell color (the larger the disc), the higher the
degree. The maxima are shown in green cells and the yellow arrows represent greedy
searches that reach their respective local maxima. Due to the non-uniform coverage
of radio transceivers, nearby nodes may not have a link, while far away nodes may
— this is typical in testbeds and real-world deployments. This implies that nodes in
adjacent Voronoi cells are not necessarily neighbors (in terms of distance) and the

reader should refrain from interpreting Voronoi diagrams as continuous fields.

To demonstrate that the potential kernel eliminates phenomena of high varia-
tion, such as noise and false extrema, (i) we corrupted the information process by
adding noise to each node’s degree. The noise was uniformly distributed between [0,
d]. Also, (ii) we introduced a false maximum at a randomly chosen “faulty” node
— colored orange. Figures 3.4(c—d) show the computed information potentials for
¢ = 0.50 and 0.01, respectively. Each experiment was run for ten minutes, during
which we experienced a high variability of links and some (normal) node failures
between the evaluations of ¢ = 0.50 and 0.01. This test highlights the resilience
of our method to real network phenomena. Observe how our method progressively
eliminates local maxima, thus making the potential unimodal. Figure 3.4(c) elim-
inates one of the four local maxima and Figure 3.4(d) has a single extrema. Two
of the three search queries get stuck in local maxima in Figures 3.4(b—c), while in
Figure 3.4(d) all queries reach the global maximum. Observe also that the position
of the global maximum is not the same across all figures, which confirms our anal-
ysis in Section 3.3. Our method uncovers the node with the largest information in
its vicinity, which is not necessarily the one with the largest information (discov-
ering paths towards a maximum value can be easily solved using a max-consensus

algorithm and a distance gradient).

3.7. Related Work

The computation of potential fields is inspired by the natural process of chemotazis,
in which cells respond to the concentrations of chemicals in their environment [6],

and has been exploited to achieve the coordination of swarms [94]. In the following,
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we group related work into three subcategories. First, we discuss the connections
to spatial filters. Second, we focus on unimodality and thus on information discov-
ery. Last, we classify and relate our work with respect to the family of consensus

algorithms.

Spatial filters. In sensor networks, potential fields are information specific and
vicinity based; nodes consider surrounding information with a significance that de-
cays with distance [45, 63, 101]. Gao et al. [45], use quad-trees to store data, such
that each node is aware of the data in its vicinity. In their seminal paper [63],
Kempe et al. propose spatial gossiping algorithms, in which any two nodes gossip
with probabilities that decrease polynomially to their distance. Sarkar et al. [101]
extend spatial gossiping to compute multi-resolution representations of information.
Their algorithm computes information aggregates over exponentially enlarging ar-
eas centered at each node. All of these approaches however use physical distance to
define information affinity. Our method defines affinity using the random movement
of particles on the network. As a result, it is sensitive to the network topology and

independent of any knowledge of physical location or distance.

Information discovery and potential fields. A number of recent works have also
employed information potentials as mediums of discovery [45, 71, 103, 112]. The
closest to our approach is the work by Lin et al. [71]. In their paper, the authors
construct smooth harmonic gradients towards node subsets (sources) such that local
forwarding guarantees their discovery. Their method achieves the absence of local
extrema by keeping the information of sources constant, fixing the values of bound-
ary nodes to zero, and averaging in between. The number of extrema however is
equal to the number of sources. In comparison, our method guarantees unimodal-
ity irrespectively of the number of sources. It does not require knowledge of the
network boundary. It is also more flexible as it aggregates values that stem from
a real-valued monitored process, as compared to the boolean distinction between
sources and non-sources. Sarkar et al. [103] design query mechanisms for general
information fields, which support the use of more advanced operations, such as
iso-contour queries and value restricted routing. Their approach is complementary
to ours, as it does not concern the landscape formation but advanced methods of

information discovery.

Consensus algorithms and graph filters. From an algorithmic point of view,
this chapter proposes a variant of the well known consensus algorithms [5, 38]. In
a strict sense however, our algorithm does not solve the consensus problem; the
steady state of a consensus algorithm is a1, where a € R is usually the average or

the maximum of the information. In our case, each node converges to a distinct
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value; the collection of values form landscapes that support information discovery.
However, Khan et al. recently proposed a wider family of consensus algorithms,
referred to as higher dimensional consensus algorithms, under which our method
can be classified [64]. We also have to note that, unlike most consensus and gossip
algorithms that are used in sensor networks [5, 15], our method is not randomized
and does not sacrifice accuracy in the presence of communication loss. Throughout
the computation, information works as an anchor that steers the network towards the
correct steady state. As witnessed by our evaluation, message loss mainly increases

the variance of the steady state and has little effect on the mean error.

Due to its connection to the graph Laplacian, our method is also related to data
clustering algorithms, such as mean shift clustering [19] and spectral clustering [116].
Choa et al. [20] independently proposed a similar approach to compute the modes of
a graph. Even though their paper concerns the processing of images, it is a special

case of our method as they consider only the case of z(u;) = deg(u;).

3.8. Conclusions

Hitherto, distributed low-pass graph filters have relied on synchronous initializa-
tion, computation, and termination. In this chapter, we introduced a novel filter
that overcomes these limitations. By anchoring the value of each node to their origi-
nal value — as opposed to letting it evolve “freely” at each round, the potential kernel
becomes robust to computation inaccuracies such as those resulting from dynamics,
asynchronous execution, and communication loss. It is also simple, decentralized,
and converges e-close to the steady state in constant time (linear convergence). We
analyze the potential kernel and provide valuable guidelines for practical deploy-
ments: (¢) dense regular networks provide faster convergence rates; (i) expected
information and network dynamics can be used to derive appropriate aggregation

scopes.

Motivated by the use of low-pass graph filters for the computation of information
potential fields, i.e., network signals used for greedy search, we use spectral graph
theory to gain insights into how low-pass graph filters affect the extrema of a signal.
We provide two main results. First, we bound the number of extrema of each
signal component of the spectral transform. The bound is the first step towards
characterizing the number of extrema of an information potential. We then study
the limiting behavior of extrema and the unimodality property. We show that even
though no linear graph filters exists which renders every signal unimodal, in practice
unimodality often occurs.



Band-Pass Graph Filters

FEvent Region and Boundary Detection

“I've always had this strange unaccountable feeling that something was going on in

the world, something big, even sinister, and no one would tell me what it was."

“No," said the old man,

“that’s just perfectly normal paranoia. FEveryone in the Universe has it."

—Douglas Adams,
The Hitchhiker’s Guide to the Galaxy

HE decentralized detection of event regions and their boundaries is a funda-
mental building block for monitoring and reasoning about spatial phenomena.
However, so far the problem has been studied almost exclusively for static networks.
This chapter proposes a theoretical framework with which we can analyze event de-
tection algorithms suitable for large-scale mobile networks. Our analysis builds on
the following insight: the inherent trends of spatial events are well captured by the

spectral domain of the network graph. Using this framework, we propose novel graph

Parts of this chapter have been published in INFOCOM’14, April 2014, Toronto, Canada [81].
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filters that are location-free; that work with mobile nodes and dynamic events; that
operate on 3D topologies; and that are simple to implement. We are not aware of
event detection algorithms (or filters) possessing all these traits. Simulations based
on complex oil spill traces showcase the resilience and robustness of our filters. Ad-
ditionally, we demonstrate their validity for practical scenarios by evaluating them
on a 100+ node testbed.

4.1. Introduction

The real-time monitoring of spatial phenomena, like oil spills, pollution clouds, or
chemical spills, is one of the key applications fostering the development of sen-
sor and robotic networks [8]. Recent studies have demonstrated that sensor net-
works can distributedly perform high-level inference tasks, such as identifying “how
many distinct events are currently occurring" or recognizing if “two regions are adja-
cent" [34, 59]. To reason about spatial events however, a network must first identify
and track the events of interest — see Figure 4.1. Indeed, the event detection problem
has attracted significant interest [32, 33, 60, 70, 84, 93, 107, 117]. Nevertheless, the
overwhelming majority of these works focus on the static case. When the network
is mobile and the events dynamic, event detection becomes an even more challeng-
ing problem. Each node needs to distinguish the underlying signal trends (spatial
events) from noise by using only local information and, preferably, without knowing
its location.

This chapter focuses on the design and evaluation of local event detectors for
mobile networks. Our basic insight is that, the decomposition of event signals in the
spectral domain —the domain spanned by the eigenvectors of the graph Laplacian—
captures fundamental signal trends. In fact, the identification of spatial regions
can be achieved by filtering the event’s signal in the spectral domain. Based on
this observation, we propose a spectral framework for event detection. This is a
generic framework that can be used to model a number of algorithms for event re-
gion and boundary detection, such as those using basic differentials and differentials
of diffusions (e.g., LoG and DoG filters [11]). By decoupling the operation of the
algorithm from the underlying topology, our framework allows a systematic compar-
ison of event detectors (e.g., with respect to their resilience and resolution), while
also providing a deep insight into the effect of fundamental topological properties

(e. g., spectral gap).

Our analysis has important consequences on the design of algorithms for event

detection. We propose decentralized and asynchronous band-pass graph filters that
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Figure 4.1: The objective of an event detector is to locally distinguish between spatial events

and noise. Above, green nodes have identified the presence of an oil spill — shown in dark gray.
Green nodes with non-green neighbors are boundaries. The datasets are forecasts of the Deepwater
Horizon oil spill [77]. A video showcasing the robustness of our filters to node mobility and event
dynamics is posted at http://youtu.be/oDyg4g07F1lo.

do not require location coordinates, can track fast changing signals, are little affected
by mobility, can handle 3D topologies, and are simple to implement. To the best of
our knowledge these are the first algorithms for event detection that have all these

characteristics.



http://youtu.be/oDyg4gO7Flo

64 4. BAND-PASS GRAPH FILTERS

4.1.1. Related Work

Given the rich literature in the area of event detection, we focus our discussion
on the most relevant and recent results in the field. Distributed event region and
boundary detection has two main research thrusts: the identification of network
boundaries [118, 130] and of events and their boundaries [32, 33, 60, 70, 84, 93, 107,
117]. While in the first case the aim is to solely identify the nodes at the edge of
the network, in the case of events, an algorithm must first detect the event’s region
within the network. The two approaches can be seen as complementary. Once
event regions are detected, network boundary algorithms can be used to enhance

the identification of boundaries. The focus of this work is on event detection.

Even though the event detection problem has been studied comprehensively
on static networks, previous approaches are incompatible with mobility. This is

attributed to three main assumptions:

Computation. Some studies assume that the network has a hierarchical struc-
ture [93] or that it can offload its data to a central server, where the event detection
is performed [84]. Hierarchical approaches suffer from scalability problems and are
not amenable to frequent changes in the network topology. Clearly, a local model

of computation is preferable.

Location. The majority of previous algorithms require the geographical coordi-
nates of nodes [32, 70, 107, 125]. Obtaining/maintaining location information is pos-
sible but incurs a high and recurring overhead, and introduces imprecision. Hence,
we advocate a location-free approach, where algorithms exploit network connectivity
to infer spatial correlation, such as [33, 60, 84, 117] (these location-free algorithms
however suffer from either the computation or the stationarity constraint). If local-

ization services are available, our algorithms additionally localize events.

Stationarity. We have found only a handful of location-free approaches that are
local [33, 60, 117]. Nevertheless, they assume that the events are either station-
ary [33, 60] or change slowly [117]. The stationarity assumption is a problem not
only because real events are time varying, but also because, when the position of
nodes change over time, nodes observe different events at different times and need to
adapt promptly. Our analysis and simulations show that our algorithms can track
fast changing signals and that they degrade gracefully with mobility.
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4.1.2. Contributions

Our work advances the area of event region detection by providing a novel perspec-
tive — the use of spectral graph theory to analyze and develop simple distributed

algorithms. Our main research contributions are:

Contribution 1. We propose a spectral framework to reason about event region
detection—Section 4.3. Our framework captures the fundamental properties of de-

tectors, as well as the influence of the network topology.

Contribution 2. 7To benchmark our algorithms with respect to state-of-the-art
Lapla-cian-based detectors, we modify two established band-pass filters used in image
processing to work in wireless networks: the Laplacian of a Gaussian (LoG) and
Difference of Gaussians (DoG) [11]—Section 4.4.1. The resulting detectors are
location-free, scalable, suitable for 3D topologies, and simple to implement; but
they have low resolution and can not operate in mobile networks with dynamic

events (see Figure 2.3).

Contribution 3. To overcome the limitations of LoG and DoG, we introduce two
novel band-pass graph filters based on the potential kernel Chapter 3, the Laplacian
of a Potential (LoP) and the Difference of Potentials (DoP)—Section 4.4.2. Our
analysis and simulations, based on complex oil spill traces, validate the superior
resolution of DoP, as well as its robustness to network and event dynamics (Sec-

tion 4.5).

Contribution 4. We implement DoP on the Contiki OS and evaluate it on a
testbed with 105 nodes—Section 4.5. The experiments validate the simplicity and

accuracy of our algorithms in real-world conditions.

4.2. The Filtering Problem

The detection of event regions and their boundaries breaks down to two objectives:
the computation of signal curvature and the elimination of small and flat regions.
This section explains how both objectives can be tackled using distributed graph
filters.
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4.2.1. Signal Curvature

As exemplified in Figure 4.1, the primary objective of an event detector is to anno-
tate each node as being part of a spatial event region or not. The problem input is
a real-valued signal = defined on the nodes of a graph G. Sharp signal transitions
in z are used to identify region boundaries. These sharp signal transitions occur
on nodes over which the first derivative of x is maximized (or minimized) with re-
spect to their neighborhood. This process is equivalent to finding “inflection point
nodes" where the second derivative of x is zero. Inflection points can be computed
locally using the discrete graph Laplacian!, given in (2.12). Vector L is therefore a
measure of curvature, which is always positive in concave regions, negative in con-
vex regions, and zero in inflection points. After the Laplacian is computed, nodes
can locally decide whether they belong to an event region or not using the decision

process given in Algorithm 3.

Algorithm 3 Detecting event regions with the Laplacian.

1. if (Lz)(u) > 0 then > The signal is concave.

2 if Jv~wu: (Lz)(v) <0 then

3 u is on the interior of the boundary.

4: else

5 w s within an event region.

6 end if

7. else if (Lz)(u) < 0 then > The signal is convex.
if Jv~w: (Lz)(v) >0 then

9: w is on the exterior of the boundary.

10: else

11: u is outside an event region.

12: end if

13: else if Vv ~wu: (Lz)(u) = (Lz)(v) then > Flat region.

14: inconclusive.

15: else > Inflection point.

16: u is on the boundary.

17: end if

1Formally, the Laplacian is the discrete and negative version of the Laplace-Beltrami operator and
it equals the negative trace of the Hessian matrix, which contains the partial second derivatives
of .
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Due to convention, we refer to regions with positive (negative) Laplacian values
as events (non-events). The region’s boundaries are inflection points that separate
a region from its environment. Notice that, due to the discretization of the under-
lying space, a Laplacian signal might go from positive to negative values without
crossing zero. The above algorithm thus also accounts as boundaries the nodes with-
in/outside each event region with at least one neighbor outside/within the region.
Summarizing, events can be seen as the maximal induced subgraphs over which Lz

does not change sign.

It is important to remark that L is a local operator that is robust to incomplete
information. Even though the computation of (Lz)(u) assumes the values of all
neighbors, if — e. g., due to message loss — some values are missing, the (incomplete)
computed quantity is still a good estimator of (Lz)(u). What’s more, in contrast to
threshold-based approaches [60], the Laplacian requires no preconceived knowledge

of the signal range.

4.2.2. Small and Flat Regions

The Laplacian has two main pitfalls. First, it is very sensitive to noise as it cannot
differentiate between sharp signal transitions and those attributed to noise. Second,
it suffers from a “flat-region ambiguity problem". If the signal stays constant over
some region, it is impossible to decide locally whether the region is part of an event

or not.

The prevalent approach to overcoming these problems is the use of a low-pass
filter. Before the computation of curvature and the identification of events, the
signal is diffused with a low-pass filter K,, parametrized on o. Low-pass graph filters
disseminate the information in the signal x over multiple hops to reveal underlying
curvature trends. They smooth out sudden signal transitions and make flat regions

curved.

Most filter-based detectors can detect event regions over a range of scales. The
choice of parameter o controls the size of detectable regions. In general, the more a
signal is diffused, the larger the size of regions that can be detected. If an event is
larger than the largest detectable region, multiple events are detected. Conversely,
events smaller than the smallest detectable region are not recognized.

Figure 4.2 depicts the size of detectable events for a sample LoG filter (described
in Section 4.4) when presented with an impulse signal 6,(v) = 1 if u = v and

0,(v) = 0 otherwise. The smallest region is the induced subgraph that has as
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Figure 4.2: The impulse response of a LoG1y filter for a grid topology (bottom) versus a randomly
distributed topology (top). The boundaries of the smallest and largest detectable regions (shown
with white and orange markers, respectively) are complex and depend on the topology.

boundary the inflection points of the impulse response (white inner nodes). The
largest region is the induced subgraph that has as boundary the out-most nodes
with non-zero response (orange outer nodes). The exact influence of the network
topology on the event signal x and the filter K is encoded in the spectrum of the
graph Laplacian and is non-trivial. The analysis of these relations is one of the main

contributions of our work and is described next.

4.3. The Spectral Anatomy of an Event Detector

Studying event region detection algorithms based on their impulse response —see
Figure 4.2— only provides insight on how an algorithm operates in a specific topol-
ogy. This section generalizes the approach by proposing a spectral framework that
decouples event detectors from the topology. Based on the results provided here,
in Section 4.4 we will quantify basic detection properties, such as resilience to noise
and detection resolution?.

2A high resolution facilitates the detection of fine-grained details at the event’s boundary.
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4.3.1. The Regions of Eigenvectors

A complex event region can be described by the union of simpler regions of different
sizes. Large regions compose the event’s main body and small regions the details of
its shape (or perhaps noise). From this point of view, an event region detector is a
graph filter that distinguishes the simple regions of a complex event and filters them
according to their size: the detector favors large over small regions, such as noise,
and eliminates the influence of very large regions, such as the signal’s DC-offset. An

event region detector is therefore a band-pass graph filter.

In the following, we show that the spectral transform inherently captures such a
decomposition. We explain that each eigenvector partitions a graph into a different
number of subgraphs (nodal domains). This partitioning induces scale: the higher
the order of the eigenvector, the smaller the size of the regions. The magnitude of
the k-th signal component then quantifies the overlap between the signal and the

subgraphs partitioned by the k-th eigenvector.

As we saw in Chapter 2, a strong nodal domain is —roughly defined— the max-
imally induced subgraph over which a signal does not change sign. Let random
variable Dy, (¢) describe the number of nodes in a nodal domain of the k-th eigen-
vector of a generalized graph Laplacian matrix £. These nodal domains can be
interpreted as “the regions of eigenvectors”. We exploit this property to associate a

minimum region size to each signal component.

Proposition 4.1 (Region Size). Let ¢i(£) be the k-th eigenvector of a generalized
graph Laplacian £, which is zero at z nodes and has multiplicity r. Moreover,
denote by Dg, (¢) the random variable which describes the number of nodes in a
nodal domain of ¢ (£). Since,

n n
—— <E[D < .
k+r—17 | ¢’“(£)]_k+r—1—(m—n+z+1)

(4.1)

the size of the regions of the k-th signal component is (in expectation) bounded and

decreases with k.

Proof. The proof directly follows from Theorem 2.1 and Theorem 2.2, by exploiting
the fact that the sum of nodes for all strong nodal domains of an eigenvector (the

summation of all realizations of the random variable) is always equal to n. |

It is also important to show that all the nodal domains of each eigenvector have
similar sizes, otherwise they would not capture scale. We next show that this is

indeed true for the eigenvectors of the normalized graph Laplacian.
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Proposition 4.2 (Region Size Variance). Let ¢ be the k-th eigenvector of the
normalized graph Laplacian and Dy, a random variable which describes the number

of nodes in a nodal domain of ¢;,. The variance of Dy, is small.

Proof. The evidence that Var(D,, ) is small is a consequence of graph partition-
ing [116]. Recall that, according to the Ncut problem, partitioning a graph into k
subgraphs is equivalent to finding the subgraphs Gy, ..., Gy that minimize

K _
w €€ :ueV;,andv e
Neut(Gy,...,Gr) = E 1 Vi }l,
=1 v

with V; being the complement of V;. Since each cut is normalized by the size of the

partition, the objective function penalizes uneven partitions and Var();) is small.

In their seminal work, Shi and Malik [106] showed that, for the relaxed Ncut
problem, the graph partitions are exactly the nodal domains of the eigenvectors
of the random-walk normalized laplacian matrix P. It is therefore obvious that
Var(Dy, ) is small. We can also extend this result to the eigenvectors ¢y of the
normalized Laplacian. Since ¢, = D'/29;,, the nodal domains of vectors ¢, and Uy,
are identical and Var(Dy, ) = Var(Dy, ). |

Though we lack a formal proof, we suspect that the same holds for any general-

ized Laplacian.

4.3.2. Parametrization

Parametrizing a graph filter analytically is a difficult task. The operation of a filter
depends on a number of factors, such as the shape of its spectral response and the
spectrum of the graph it operates on. Nevertheless, when the graph spectrum is
known, it is possible to obtain parametrization guidelines in the form of bounds: we

can tune a filter to only favor regions larger or smaller than some value o.
For simplicity, we will consider an ideal band-pass filter By, 3}, which only allows

signal components with Ay € [a, 8] to pass.

Proposition 4.3. Let By, 3, be an ideal band-pass filter operating on the spectrum
of some generalized graph Laplacian matrix £.

1. If « is equal to the (g +1+1+ zmaz)—th smallest eigenvalue £, the filter will,

in expectation, tend to ignore event regions larger than o.
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2. If B is equal to the (% +1- rmw)—th smallest eigenvalue of £, the filter will,

in expectation, tend to ignore event regions smaller than o.

Above, 145 Is the maximum multiplicity of any eigenvalue and 2,4, iS the maximum

number of times any eigenvector crosses zero.

Proof. Suppose o is the expected size of some nodal domain of an eigenvector and
k = g(o) is the eigenvector’s order. That is, g is a function that maps expected size
of nodal domains to eigenvector order. Inverting inequality (4.1), we have that

e <411 <o) Sl —r4l42< ot 1+ 1+ Zppae (42)
ag (2 g ag

where 7,4, is the maximum multiplicity of any eigenvalue and 2,4, is the maximum
number of times any eigenvector crosses zero. What is left is to map the order to
the response’s domain. From definition, f : k — A\ is a strictly increasing function.
It follows that

F(E 41 rma) £ (Fog)o) < f (2 4141+ 2mas) (4.3)

As such, if 3 is set equal to the lower bound of (fog)(c), By, will tend to ignore
events with size smaller than o. Conversely, if « is set equal to the upper bound,

Byq,5) will tend to ignore events with size larger than o. |

4.4. Band-Pass Filters for Event Detection

As previously discussed, the Laplacian needs to be preceded by a low-pass filter to
overcome its sensitivity to noise and its ambiguity of flat regions. In this section,
we present two types of filters. The first, which we call heat-based, are derived
from image processing techniques and are used as benchmarks. These filters ex-
hibit very good resilience to noise, but suffer from two significant drawbacks: they
require node synchronization, which limits their use in dynamic settings, and have
low detection resolution. The second type use the potential kernel as a diffusion
primitive [82]. Potential-based filters are asynchronous, have high resolution and

are not significantly affected by noise.

4.4.1. Heat-based Filters

Heat-based filters use heat diffusion to eliminate sharp signal transitions, such as

noise. We start by discussing the fundamentals of heat diffusion and then present
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two heat-based band-pass filters for event region detection, the Laplacian of a Gaus-
sian (LoG) and the Difference of Gaussians (DoG). Since both filters are graph-
counterparts of well-known algorithms for image processing [11], our presentation
focuses mainly on the effect of the topology and on their decentralized implementa-

tion.

Heat kernel. As discussed in Section 2.3, the heat diffusion of a signal x after ¢

rounds is given by the discrete heat kernel

n

Hyw = (1= M) (x, ¢r)bx (4.4)
k=1

where ¢ is a user defined parameter and, A and ¢ are the eigenvalues and eigen-
vectors of L, respectively. The number of rounds t is a parameter with which one
controls how much a signal is diffused. Heat diffusion eliminates the high-order sig-
nal components and imposes a restriction on the minimum size of detectable event
regions. In short, as ¢t grows, “small regions" caused by the event itself or by noise
are filtered out.

Contrary to image processing applications, which are usually solved in a single
computer, we need an efficient and distributed computation of Hyx for large-scale
wireless networks. One possibility is to use Algorithm 1, which is both simple and
decentralized. Still, a node using Algorithm 1 requires at each step not only the
values of its neighbors, but also their degrees®. A simpler alternative is to substitute
line 4 of Algorithm 1, with

Ui~ U;

resulting to the modified kernel:

n

Hyz = (1= Xz, 0, "), (4.5)
k=1
where ¥}, is the k-th eigenvector of the well-known matrix P = D=1 A. The difference
with Formula 4.4 matters little because ¥, = D~'/2¢y,. For the rest of this chapter,
when we refer to H; we mean fIt.

3Since in our model each node requires one round to count its neighbors, the use of node degree
proves problematic in case of dynamics. To illustrate this, suppose that during round ¢ node u
receives the degree of its neighbor v and updates its value y(u). If the degree of v at rounds ¢t — 1
and t is not the same, u divides y(v) with the wrong value.
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Figure 4.3: LoG and LoP impulse responses on a 100 node path-graph. The ¢ and ¢ parameters
determine the smallest (dotted lines) and largest (dashed lines) event regions the two filters detect.

Laplacian of a Gaussian. We now present LoG, our first band-pass filter. LoG
entails computing the Laplacian of a signal that has been filtered using the heat
kernel:

LoG;r = LH;x. (4.6)

LoG is very robust to noise. By first smoothing a signal appropriately, only tran-

sitions that correspond to significant trends are identified. Furthermore, flat re-
gions become either convex or concave, which eliminates the flat-region ambiguity
problem. It is also obvious that LoG can be computed locally. The computation
terminates in ¢t + 1 rounds and after the network exchanges 2m(¢ + 1) messages,
each containing two numerical fields, the node id and the current average, that is
msgi(u) = [, (Hly) ().

Figure 4.2 shows LoG’s impulse response for two sample topologies. In a regular
grid (which is the case for images), LoG approximates a Mexican hat. The small-
est and largest event regions LoG detects are discs with radius close to /¢ and ¢,
respectively. The effect of ¢ on the size of detectable regions is more clearly seen

in a path graph, such as the one depicted in Figure 4.3a. In non-regular topologies,
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the kernel exhibits more complex geometry. We can have a better understanding of
how LoG works in different graphs through its spectral response. But to do that,
we have to first express LoG in a spectral form. From definition,

Lok = Aedr
DY2LD™ 2y, = Mg

LD*I/Z(DI/Qﬂk) _ )\le/Z(Dl/Z’&k)
LYy, = A DYy

Substituting this in (4.6), we get LoG’s spectral response:
rLoc (A ) = A(1 = A)Y, (4.7)

where the eigenvectors are normalized by the degree matrix D. The spectral re-
sponse is shown in Figure 4.4a for representative values. Observe that, irrespec-
tively of parametrization, LoG removes the signal’s DC-offset, i.e., the first signal
component. This is a common characteristic of all detectors and is essential for
the identification of curvature. Furthermore, as ¢ increases, signal components with
large eigenvalues —and therefore small event regions— are progressively attenuated.
The sudden increase after A = 1 is insignificant as rarely A > 1.2 and only occurs
for small ¢. In Section 4.4.3 we study LoG’s spectral response further and compare
it with the other algorithms presented in this chapter.

Difference of Gaussians. In LoG, the sizes of detectable events is controlled by ¢,
which is a single parameter. We now examine a filter where the size of the smallest
and largest events are determined independently.

Instead of using the Laplacian directly, we estimate it by subtracting two heat
kernels of different widths

DoG, 1,)7 = Hyz — Hy,z, (4.8)

with parameters 0 < t; < tp. Intuitively, parameter ¢; controls how much noise is
removed from the signal, while ¢, eliminates very slow changing signal components.
The information that lies in between the two diffused signals is preserved. When
the difference between ¢; and t;, becomes small, DoG approximates LoG. Moreover,
DoG has similar message complexity to LoG. Since the heat kernels can be com-
puted jointly, the algorithm terminates in ¢;, rounds and after the exchange of 2mity,

messages, with messages of type msg;(u) = [u, (Hy, z)(u)].
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Figure 4.4: Spectral responses for representative parameters. Since heat-based filters can become
negative for A > 1, e.g., LoG1 and DoGy3 g}, we facilitate presentation by showing their absolute

spectral response.

The spectral response of DoG
TDog(A;tl,th) = (1 - )\)tl - (1 - )\)th (49)

is shown in Figure 4.4c for representative parameter values.

The main benefits of DoG are its flexibility and high resilience to noise. As we
discern from its spectral response, DoG not only controls the smaller and larger
sizes of detectable events independently (flexibility), but is also more aggressive in
attenuating signal components (resilience). For this reason DoG generally outper-
forms LoG. On the flip side, choosing two parameters is more challenging than one.

If the parameters are incorrectly chosen, DoG may perform worse than LoG.
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4.4.2. Potential-based Filters

LoG and DoG are efficient algorithms but they depend on synchronous rounds and
do not tolerate dynamics (they assume stationarity). This is because the heat
kernel is not an attractor (i.e., not a steady state) of difference equation (4.5), but
a transient state. Asynchrony and dynamics introduce disturbances that alter the
system’s trajectory through the state space. The disturbed and original trajectories
are not guaranteed to share transient states. The synchronous constraint is not
unique to LoG and DoG, but it is shared by all heat-based filters, which renders
them of little use in most dynamic wireless networks. To overcome this major
drawback, we propose a novel set of asynchronous bandpass filters based on the
potential kernel [82]. Since the potential kernel is an attractor and not a transient
state, potential-based filters are not significantly affected by dynamics (e. g., due to

mobility or due to the change of the monitored signal) and are asynchronous.

Potential kernel. The potential of a signal x expressed in terms of the eigenvec-
tors 9y, of P is

-1

Poo=Y (1 ;@Ak + 1> (2, 9305, (4.10)

k=1

where ¢ € (0,1]. Contrary to the heat kernel, the potential kernel converges under
very challenging conditions, such as (%) asynchronous operation, (4) partial informa-
tion (only using 25% of neighborhood information at each computation round), and
(éi7) node mobility. These characteristics make potential-based filters well suited for

event detection in mobile large scale networks.

Laplacian of Potential. The LoP filter computes the Laplacian after the signal
has been smoothed by a potential kernel

LoP,x £ LP,x.

As shown in Figure 4.4b, LoP has a spectral response

A

AT 411
1*7“")\+1 (4.11)

TLoP (A ) =

We can gain an initial intuition on how potential-based filters compare to heat-
based filters by comparing the impulse response of LoP and LoG. Figure 4.3b depicts
the responses for a simple path graph of 100 nodes. Unlike LoG, in Figure 4.3a,

the central lobe (convex region close to u) of LoP’s impulse response is narrow
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Figure 4.5: Impulse response of the DoP (g 06,0.1} kernel for a grid topology (bottom) versus a
random geometric graph (top). The boundaries of the smallest and largest detectable event regions

are shown with white and orange markers, respectively.

and always consists of v and it’s neighbors. As a consequence, LoP tends to favor
abrupt signal transitions and is more sensitive to noise. Beyond the central lobe, the
response fades outward with a rate that depends on . As ¢ decreases, the rate also
decreases and the response widens. Though we lack an exact characterization of
LoP’s impulse response, we have numerically found that in the continuous domain
the radius of the largest disc LoP can detect (depicted in dashed lines) is close to
14/ = 9)/e.

As seen by its spectral response in Figure 4.4b, LoP is susceptible to the presence
of small regions, which occur around A = 1. This helps in capturing fine-grained
boundaries (resolution) but renders the filter less resilient to noise. In signals with
little noise, LoP outperforms LoG and exhibits a similar performance to DoG and

DoP (explained next).

Difference of Potentials. Our last filter subtracts two potential kernels of
different width

DOP{SPl#Ph}x é P@hx - Péﬂzxa (412)

where 0 < ¢; < ¢, < 1 are user defined parameters. A network gets e-close
to the steady state after the exchange of 2p~1log((c/€)) |€| messages of format

msgi(u) = [u, (Py,x)(u), (Py, x)(uw)].
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We inspect the geometry of the DoP kernel using its impulse response in Fig-
ure 4.5. Unlike LoP, DoP is more resilient to noise. Decreasing ¢; widens its central

lobe and, as a consequence, the smallest event region that it can detect.

DoP’s spectral response is

A(pn — 1)
er(1 =) +1) (pn(1 =N + 1)

DoP (A; @1, on) = 0 (4.13)

Similar to DoG, DoP provides flexibility for parametrization as well as resilience
to noise. However unlike the first, DoP also has good resolution. That is because
its spectral response does not completely eliminate small events, but only decreases
their importance. In Section 4.5 we will see that, in most scenarios, DoP outperforms

all other algorithms.

4.4.3. Comparison

First, it is important to mention that all four filters eliminate the flat-region am-
biguity problem. By removing the signal component that corresponds to Ay, filters
eliminate a signal’s DC-offset. The sign of the resulting signal reveals whether a
region is convex or concave. It is also important to note that, our filters work in 3D
as well as in 2D topologies. As reported by Chung et al. [25], graph filters can be

used for graphs embedded in any dimension.

We next compare the four proposed filters in terms of their resilience to noise
and resolution. To have a better understanding of this comparison it is important
to recall that: (¢) eigenvalues are rarely higher than 1.2, and (%) eigenvalues around

1.0 capture high-order events (small regions).

Resilience. This is the ability of a detector to attenuate small events, which
can be caused by noise. As we saw in Section 4.3, the expected size of event re-
gions described by the k-th signal component is larger than n/k. Therefore, noise
will be mainly decomposed into high order components. A filter is thus resilient
to noise if its spectral response decreases sufficiently fast after its peak response
(Apeak = argmaxy r(A)). In fact, we can order detectors with respect to their re-

silience by looking at the magnitude of 9r/0\x for A\g > Apeak-
DoG > DoP > LoG > LoP. (resilience)

The derivation easily follows from Formulas (4.7), (4.9), (4.11), and (4.13). Sum-

marizing, due to their sharp responses, DoG and DoP are better at removing noise.
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Resolution. The resolution of a filter depends on its ability to capture details,
which are encoded in high order signal components—but usually not as high as
noise. Since in most graphs high order signal components are concentrated around
A = 1, we quantify the resolution of a detector through the ratio of its response
at A = 1, normalized to its peak response, limy_,; 7(\)/7(Apear). The resulting

ordering is

LoP > DoP > DoG =~ LoG. (resolution)

Notice that a filter with high resilience is not necessarily characterized by low
resolution. DoP attains both by having a sharp response near Apeqr that flattens out
for higher X\, but still decreasing monotonically. Heat-based filters on the other hand
suffer from low resolution; their response is always zero at A = 1. When no noise
exists, LoP consistently outperforms the three other algorithms.

4.5. Evaluation

Our evaluation consists of three parts. First, we compare the performance of the
proposed algorithms with respect to their resilience, resolution, and sensitivity to
parametrization. To achieve a systematic comparison, this part ignores the effect of
irregular topologies. We then focus on signal and network dynamics and evaluate
their effect on detection. Last, we perform a testbed experiment which demonstrates

the feasibility and simplicity of our approach.

Metrics. We quantify detection accuracy in terms of the true positive and false pos-
itive scores (tp, fp). The true positive score —also called the detection probability—
measures the proportion of event points (nodes) which are correctly identified. The
false positive score —also called the false alarm probability— expresses the propor-
tion of non-event points which are incorrectly identified as part of an event region.
Ideally, tp = 1 and fp = 0.

4.5.1. Simulation Results

Before we go on to illustrate the ability of potential-based filters to track dynamics,
let us focus on the detection performance of the filters themselves.

Detection performance. Our first experiment considers a grid topology of 400
nodes and a star-shaped event region corrupted with additive Gaussian noise. The

star event occupied approximately 25% of the area of the network and it was po-
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Figure 4.6: Exhaustive comparison of event detectors for a simple grid topology and a star-shaped

event region. Each graph depicts the true positive rate (top curve/surface) versus the false pos-

itive rate (bottom curve/surface). The white line in the bottom two figures annotates the best

performing parameter combinations.

sitioned at its center. Notice that the choice of shape influences the comparison.

While filters with high resilience perform better with simple events (such as circles),

filters with high resolution favor events with complex boundaries. The star is a good

benchmark because it sits in the middle of these extremes. The simulations were
performed in MATLAB.
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The results —see Figure 4.6— confirm the higher resilience but lower resolution of
heat-based filters (as per our analysis). This is particularly noticeable in subfigures
4.6 (a-b). While for low SNR LoG outperforms LoP, the accuracy of the second is
higher when SNR=10dB. For DoG and DoP the trend is slightly different. Sub-
figures 4.6 (c-d), which have an SNR=1dB, show that DoP is better than DoG.
This is because a noisy star event favors DoP slightly. For coarser-shaped events
(not shown due to lack of space), DoG performs better than DoP. Also observe that
potential-based filters are less sensitive to parametrization. As seen in subfigure (b),
LoP’s accuracy consistently improves as ¢ decreases. This is because the size of
the smallest regions it detects is independent of . DoP’s performance on the other
hand degrades when the parametrization is suboptimal, but —unlike DoG— it does
so gracefully. As long as the size of the largest identifiable region stays larger than
the size of the star (p; < 0.1) all of the event points are recognized. False positives
occur when the size of the smallest identifiable event region becomes smaller than

the size of noise regions (pp > 0.1).

Dynamics. We next examine how our best detector (DoP) performs in more chal-
lenging scenarios. We pose two main challenges: node mobility and signal dynamics.
In addition, we use complex events. The test events are digitized versions of the
Deepwater Horizon oil spill forecast obtained from ten numerical models [77] and
contain regions of various sizes and detail. Figure 4.1 shows a snapshot of a sim-
ulation run. Due to their variability, the accurate detection of oil spills demands
both resolution and resilience over a large range of scales. As is the case in most
real-world scenarios, we selected values according to the guidelines of Figure 4.6 and
not using exhaustive search. In our simulations, n = 1000, the node degree varied
between 1 and 78, the network diameter was between 14 and 16, and the SNR =
5dB*. To support mobility, simulations were performed in Lapsang®, an agent-based
discrete-time simulator for mobile wireless networks developed by Neils Browers. All
mobility traces were generated using the BonnMotion Mobility Scenario Generation

and Analysis Tool [3].

Mobility. To study how the performance degrades when nodes are moving, we
simulated node mobility using the random waypoint model and varied node speed
between 0 and 20m/s. Figure 4.7 compares the online performance of DoP to that

obtained when solving the problem offline for each network snapshot (offline DoP

4A visual illustration of the topology and of the dynamics in question can be found in the video
mentioned in the caption of Figure 4.1.
Shttps://code.google.com/p/lapsang/
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Figure 4.7: Detector accuracy versus node speed in the random waypoint mobility model. Despite
the mobility, DoP’s online performance is similar to the offline solution. Both are significantly
better than DoG. Test signals were generated from the Deepwater Horizon oil spill dataset [77].

and DoG). For each algorithm, we plot the quartiles of ¢p and fp scores over 10 runs.
Overall, DoP outperformed DoG. While DoG exhibited low performance due to its
low resolution, DoP detected the oil spills accurately, even for high speeds. Mobility
undoubtedly introduces a transient error that depends on speed. The phenomenon
occurs because nodes do not realize that they enter or exit an event region until
they re-converge e-close to the new steady state. Nevertheless, DoP’s accuracy
deteriorates slowly as the speed increases. This is attributed to two main reasons.
First, while convergence requires 1/¢; log (¢/€) rounds, e should not necessarily be
small. It is sufficient that the sign of (DoP,)(u) changes. Second, mobility acts as
a spatial low-pass filter that reduces noise. For nodes that remain within the same
region (event or non-event), the likelihood that a node is affected by noise is smaller

when the node is moving.

Signal dynamics. To evaluate how potential-based filters cope with signal dy-
namics, we inverted the event and non-event regions (z = —z) twice, once at t = 10
and once more at ¢ = 20 seconds. The inversion stresses the ability of a detector
to adapt as it instantaneously cancels the validity of any previous detection. Fig-
ure 4.8, shows the min, median, and max scores across time. We can see that DoP

quickly overcomes any dynamics induced by the signal. Even in the worst case, the
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Figure 4.8: Potential-based filters are very robust to signal dynamics. To demonstrate, we invert
the signal at ¢t = 10 and ¢ = 20 seconds. The median (line) as well as the min and max scores

(dashed lines) show how DoP quickly overcomes the event region inversion.

.0......‘“"5—

event region

Figure 4.9: Graphical depiction of the testbed’s topology, annotated with the results of
DoPg.1,0.2}- Black/white nodes are the nodes that correctly identified the event/non-event (dark
gray area in the middle). Orange nodes are false positives. In this instance, SNR=5dB and the
score is (1, 0.059).

steady state is reached after about 10 seconds. Similar performance was achieved
by LoP.

4.5.2. Empirical Results

We evaluated DoP in a testbed of 105 resource constrained devices (MSP430 micro-
controller, CC1101 radio), deployed on the ceiling of our building at TU Delft.
DoP was implemented in Contiki OS, over a simple asynchronous MAC protocol
(NullMAC). For the duration of each computation round (0.5 second), each device
transmitted an average of 3.5 packets. We simulated the sampling process, by
constructing a virtual signal and then assigning to each node the value underneath

it—see Figure 4.9. We repeated the experiment for three parametrizations, two
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DoPyoo5,0157 DoPygi02y DoPygis50.2)

tp Ir tp fr tp fr
SNR=1dB 1 0.14 0.95 0.15 092 0.18
SNR=5dB 1 0.08 1 0.08 1 0.09

Table 4.1: The (tp, fp) scores achieved by DoP in our testbed. Each score is the median over five

experiments, each with a different signal.

noise levels, and five different signals. DoP’s median (¢p, fp) scores are summarized
in Table 4.1.

Observe that the empirical scores are similar to those achieved in simulations.
Our empirical evaluation not only showcases the ease of implementation of potential-
based filters (= 25 lines of code), but also their robustness to the vagaries of wireless
communication. Low-power wireless links are known to have high temporal and
spatial variability, to be asymmetric and to have clustering effects. These combined
effects lead to complex and continuously changing topologies. Furthermore, packet
losses are commonplace and affect the performance of any protocol requiring one-
hop information. We would like to note that most false positives occurred in the
ambiguous zone near the boundary. Figure 4.9 depicts such an example. In the
figure, both false positives were exterior boundaries with strong links toward the
event region. As such, they were “pulled” to higher values by their neighbors within

the event region.

4.6. Conclusions

This chapter proposed decentralized filters for detecting event regions and their
boundaries on mobile networks. These are the first local, location-free detectors
that do not assume signal stationarity. In addition, we provided novel insight on
the problem of event detection. We showed that, by examining how an event de-
tector affects the signal decomposition in the spectral domain (i.e., its spectral
response), we decouple its effect from the network topology. Using this idea, we
characterized the performance of our novel filters (LoP and DoP) and compared
them to established image processing filters (LoG and DoG). Our algorithms ex-
hibit good resolution and resilience. They are also efficient, simple, and tolerant to

mobility and signal dynamics.
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The fact that our filters are parametric, poses an important question: “ What are
the most suitable parameters for a given deployment?". This chapter provided gen-
eral guidelines, but not an exact methodology for choosing parameters; the question

needs to be investigated further.







Scale-Space Theory on
Graphs

Identification of Peaks and Pits

“You live and learn. At any rate, you live.”

—Douglas Adams,
Mostly Harmless

RAPH filters are a recent and powerful tool to process information in graphs.

Yet despite their advantages, graph filters are limited. The limitation is ex-
posed in a filtering task that is common but not fully solved in sensor networks: the
identification of a signal’s peaks and pits. Choosing the correct filter necessitates
a-priort information about the signal and the network topology. Furthermore, in
sparse and irregular networks graph filters introduce distortion, effectively rendering
identification inaccurate even when signal-specific information is available. Inspired

by research in computer vision, we derive a family of scale-space kernels for graphs

Parts of this chapter have been published in IPSN’15, April 2015, Seattle, US [79].
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that gather information across all possible scales of observation: from fine to coarse.
The gathered information is then used to distributedly identify the signal’s peaks
and pits. Our scale-space approach diminishes the need for a-priori knowledge, and
reduces the effects caused by sparse and irregular topologies exhibiting: () superior
accuracy to the state-of-the-art in the presence of noise, and (4) at least 20% higher

precision than the best graph filter, when evaluated on our testbed.

5.1. Introduction

Recently, there has been a surge of research focusing on the processing of graph
data. One of the breakthroughs of the community has been the design of graph
filters, distributed algorithms with applications to sensor, transportation, social
and biological networks [100, 109]. Similar to how classical filters operate on time
signals and images, graph filters operate on graph signals, i. e., signals defined on the
nodes of irregular graphs [110]. One of the benefits of graph filters is that they allow
one to observe graph data at different scales. For example, Figure 5.1 shows that a
signal filtered with a low scale parameter (s = 0), exposes fine details, while coarse
signal trends are observed at higher scales (s = 14). Based on the scale parameter,
a low-pass graph filter controls the size of observable signal structures, attenuating
structures of small size, such as noise. Beyond noise removal (cf. Chapter 3), graph
filters are useful for revealing communities (low-pass) [113], identifying event-regions
(band-pass) (Chapter 4), and detecting anomalies (high-pass) [100].

Yet, despite their theoretical guarantees and distributed computational effi-
ciency, graph filters are also limited. A common task that exposes their short-
comings is the identification of the peaks and pits of a graph signal. Beyond giving
us insights about the signal itself, the peaks and pits of a signal appear recurrently
in a wide range of applications in sensor networks. Peaks and pits are implicitly
used by event and target tracking algorithms [10, 12, 39, 57] and form the basis
of topological methods for signal mapping and compression, such as surface net-
works [58], iso-contour maps [102], and Morse-Smale complexes [133]. Furthermore,
peaks play a central role in gradient-based routing and navigation [41, 82], where a

discovered path is only useful if it leads to a true peak.

On the surface, identifying the peaks and pits of a signal appears deceptively
simple: a node is at the summit of a peak if its value is the largest amongst its
neighbors (local maximum). Equivalently, a node is at the bottom of a pit if its
value is the smallest amongst its neighbors (local minimum). In practice however,

the accurate identification of peaks and pits is challenging [57, 58]. The challenge
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arises due to two key problems. First, extrema are inherently tied to the local signal
derivative and thus notoriously sensitive to noise. Second, extrema are affected
by how the network is connected, and they occur more often in sparse irregular
networks. For these two reasons, graph signals often contain false extrema—maxima

and minima that do not correspond to the real peaks and pits of the physical signal.

Though eliminating false extrema is a filtering problem, graph filters exhibit

several drawbacks:

The correct scale. First, the filtering efficiency depends on the correct choice
of scale. For Figure 5.1, this drawback maps to the following question: what scale
gives the most truthful representation of the underlying signal? To choose the scale
of observation correctly, one must have a-priori information about the observed
phenomenon, as well as of the instrument of observation—in our case, the network

topology; information which is rarely available and often changes over time.

Loss of information. Second, even the correct choice of scale results in loss of
information. Every scale conveys useful information about a signal: coarse scales
describe large structures, whereas fine scales reveal details. Enforcing a single scale

of observation can lead us to ignore valuable information.

Phantom effects. Third, this chapter shows that filtering over irreqular graphs,
such as those found in real wireless networks, can cause phantom extrema, i.e., ex-
trema that are not present on the signal, but are an artifact of the filtering process.
These phantom extrema severely hamper identification in practice, even when the

scale is chosen correctly.

5.1.1. Related Work

In classical signal processing, one of the standard approaches to overcoming the
limitations of filtering is the scale-space approach [122]. According to scale-space
theory, we can only capture the full set of features present in a signal if we examine
it across all possible scales of observation. Scale-space approaches have been proven
invaluable in image processing. They are widely used for extracting image features,
such as extrema, saddles, and corner pixels, as well as for image smoothing and
edge detection [74, 128]. The central question of scale-space theory is identifying the
scale-space kernel (or filter) that abides to a set of conditions, commonly referred
to as scale-space axioms [75]. We currently know that, in both continuous and

discrete settings, the only kernel that abides to the scale-space axioms is the heat
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kernel. And even though there are indications that the same kernel also applies to
graphs [65, 128], a rigorous examination of scale-space theory on graphs is -to this
point- missing. We prove that contrary to classical scale-space theory, in graphs the
heat kernel is not the only kernel that abides to the scale-space axioms; others do
too. We also propose an efficient way to compute them in a distributed network,
which is especially relevant in wireless sensor networks, due to the limited time and

resources available to communicate and process sensor data.

We have to note that, though prevalent in image processing, scale-space is not the
only approach to identify peaks and pits in sensor networks. The first to recognize
that false extrema exist (also referred to as weak peaks/pits) were Jeong et al. [57,
58]. The authors showed that inferring the properties of a physical signal from
its discretization is hard, regardless of the discretization density. Moreover, they
proposed a method for identifying signal peaks and pits. Our evaluation shows that
their algorithm does improve identification accuracy, but only to a limited extent.
When the network is not well-connected (small average degree, irregular links) or

the signal is noisy, the identification is inaccurate.

5.1.2. Contributions

We provide three main contributions:

Contribution 1. Extending scale-space theory to graphs—Section 5.3. We address
two fundamental questions: What are the scale-space kernels that are appropriate
for graphs and how efficiently can we compute them distributedly? To answer this
question, we first identify the properties that graph scale-space kernels must have,
and then, evaluate the pros and cons of three candidate kernels. We also show that
in practice, synchronous implementations of graph scale-space kernels seem to be
the only viable option in terms of time and message-size complexity. Our analysis
suggests that synchrony is a fundamental requirement of scale-space kernels for
graphs—in the sense that currently known asynchronous algorithms exhibit higher
complexity. Last, we show that scale-space kernels are essentially graph filters. Our
insight allows us to draw interesting connections between scale-space theory and

signal processing on graphs.

Contribution 2. Using the scale-space approach to identify signals’ peaks and
pits—Sections 5./-5.5. Similar to images, instead of selecting a single scale, we
observe a signal at every possible scale and use the combined information to identify
the peaks and pits [75]. Intuitively, this method follows a survival of the fittest
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approach, where the longer a peak (or pit) survives across scale, the higher the
likelihood of being identified as a ‘true’ feature. Overall, the scale-space approach
entails three steps: (7) Using a scale-space kernel, we progressively simplify the
sensed signal (see Figure 5.1). The sequence of scaled signals, each simpler than
the previous, gives rise to the signal’s scale-space. (ii) All the while, we track how
the simplification changes the signal extrema. The captured information, that is
referred to as the signal’s deep structure [67], contains the location and lifetime of
each extremum across scale. (#¢) We use the deep structure to discern whether an
extremum is true, false or phantom, essentially identifying the peaks and pits of the
underlying signal. All three steps are computed locally within the network, require
no location information, and incur a computational overhead similar to that of a
graph filter.

Contribution 3. Defining the challenges of peak identification in real-world sen-
sor networks—Section 5.6. We implemented both state-of-the-art and scale-space
algorithms in a testbed consisting of 100 wireless sensor nodes, and used the gath-
ered information to benchmark the accuracy of each method. To the best of our
knowledge, we are the first to evaluate such mechanisms in real-word scenarios, thus
including radio-specific effects like irregular coverage, asymmetric links, packet loss
and temporal link variability. We discovered that these phenomena have a drastic
impact on the accuracy of peak/pit identification and should be considered in the
evaluation of future mechanisms. Moreover, we show that the superior resilience of
scale-space methods to radio effects makes our approach far more precise than the

state-of-the-art and at least 20% as accurate as the most accurate graph filter.

5.2. Preliminaries

Before delving into scale-space theory, we start by describing the problem of peak
and pit identification in sensor networks and discussing its main challenges. Sec-

tion 5.2.2 then presents an overview of our approach.

5.2.1. Peak and Pit Identification

Consider a sensor network G = (V,€) of n nodes and m links which is monitoring
its environment. Each node u € V is situated in some (possibly unknown) physical
location, and samples a physical signal present in a Euclidean space and imbued

with noise of unknown characteristics, such as mean, variance, and type. The sensed
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(€)s=7 () s =14

Figure 5.1: The maxima of a graph signal across four different scales s. A number indicates the id
of each maximum. The three peaks are indicated with letters A-C. F and P indicate a false and a
phantom extremum, respectively. The sequence of signals across all scales gives rise to the signal’s

scale-space.

information is captured by a time-invariant! graph signal z : V — R, which assumes
a real value z(u) on each node u. Our objective is to identify the peaks and the pits

of the underlying physical signal.

1The time-invariance assumption is made for ease of presentation; as long as the signal changes
slow enough with respect to the sampling rate and communication bandwidth, our results also

apply.
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Figure 5.2: Even slight changes to the connectivity of a path graph (back solid lines) and to the
values of the physical signal (black dotted line) can cause false and phantom extrema to appear. On
the top, the noisy sensed signal (green dotted line) contains two false maxima, caused by noise and
irregular connectivity. On the bottom, the filtered signal (green dotted line) contains a phantom

maximum.

Challenges. Identifying the extrema of the sensed graph signal x is easy: a node
w is a mazimum if x(u) > x(v) for all nodes v ~ wu in its communication vicinity.
Correspondingly, u is a minimum if x(u) < z(v) for all v ~ u. Nevertheless, the
maxima and minima of x do not necessarily correspond to the peaks and the pits of
the underlying physical signal. In Figure 5.1(a) for example, there are four extrema
but only three peaks (A,B,C). These mismatches occur for three main reasons, the
first two reasons are well known in the community, while the last is an insight

obtained through our work:

Noise. Whether because of spatio-temporal perturbations or sensor impreci-
sion, signals can fluctuate significantly around their original value, leading to false

positives and false negatives (cf. Figure 5.2(a)).
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Graph irreqularities. 1t is commonly assumed that whenever two nodes are placed
within a given radius, the nodes are joined by a valid link. In practice, links exhibit
high spatial and temporal variability, leading to false positive extrema: a low-valued
node connected to a high-valued node would not select itself as an extremum, but
if the link disappears, it will (cf. Figure 5.2(a)). This phenomena is pervasive in
real networks and it is particularly acute in sparse graphs. Proposition 5.1 below
shows that the expected number of extrema arising from volatile links grows with
an exponential trend as the graph becomes sparser?. This trend is later observed in

our evaluation.

Proposition 5.1. The expected number of maxima (minima) X appearing if k
out of m edges of a random geometric graph are deleted at random is E[X] >

n (ek/™ —e=™/™ _¢), where € becomes negligibly small when k > m/n.

Proof. The event that a node u becomes an extremum after deleting k edges is
described by an indicator random variable X,, = {0,1}. X, depends on the number
Y., of neighbors v ~ u with z(v) > z(u) (correspondingly z(v) < z(u)). Because
u becomes a maximum (minimum) if all edges to neighbors with larger (smaller)

values are deleted, we have that

BlX,=1|Y, =y = P(X, = 1|Y, = y) = (’;) (?)1

Moreover, from independence, the expected number of appearing maxima (minima)
X is
k
E[X] =Y E[X,]=n) P(X,=1Y, =y)P(Y, =y).

uey y=1

Since Y, is always smaller than the node degree, we obtain a lower bound by substi-
tuting Y, with the degree random variable D. In particular, for a random geometric

graph with average degree m/n,

E[X] > nzk; <’:) <T>1W

=n (ek/m _ e—m/n _ 6),

where € = 1 — I'(k,m/n)/T'(k,0) is negligibly small for k& > m/n and T is the

incomplete gamma function. |

2Note that the number of maxima (minima) cannot grow infinitely large: it is at most equal to

the size of the graph’s maximal independent set.
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Phantom effects. Broadly speaking, graph filters alter a signal by diffusing it
locally. The filtering process is thus determined by the underlying connectivity.
If a regular lattice is used —as is common in classical signal processing— no bias is
introduced by the topology in the filtering process. In real deployments however, the
node density varies across the network and highly dense areas tend to ‘accumulate’
a higher share of the diffused mass. This effect creates phantom extrema: extrema
that are neither present on the underlying physical signal nor in the sensed signal,
but they are an artifact of filtering over an irregular topology (cf. Figure 5.2(b)).

5.2.2. The Scale-Space Approach

In this chapter, we use scale-space theory to identify the peaks and pits of a sensed
signal. Our approach boils down to three steps, each computed distributedly within
the network:

Step 1. Computing a signal’s scale-space. The central idea of scale-space is that
we can learn more about a signal by systematically examining it across different
scales of observation: coarse scales give us the big picture (Figure 5.1(d)), whereas
in fine scales details prevail (Figure 5.1(a)). More concretely, the scale-space of a
graph signal = consists of a sequence {ys} of scaled signals, each simpler than the
previous. The scale-space is constructed by filtering x with a family of n x n kernels
K, as

ys = Ky, (51)

where the scale parameter s denotes (roughly) that information is diffused within
the s-hop neighborhood. Scale determines the maximum size of structures that can
be observed. In Section 5.3, we identify appropriate scale-space kernels K and give

local algorithms for their computation.

Step 2. Tracking extrema across scale. As a signal is progressively simplified, its
extrema evolve. Peak B for instance, is born on node 350 in Figure 5.1(a), moves
to node 283 in Figure 5.1(b), and dies in Figure 5.1(d). This process is compactly
captured by the signal’s deep structure, which visualizes the scale-trajectory of each
extremum e (see Figure 5.3). The distributed computation and analysis of the deep

structure is given in Section 5.4.

Step 3. Extremum selection. In the last step, we use the trajectory of each max-

imum (minimum) to infer the nature and importance of the corresponding peak
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(pit). We focus on two aspects: First, the extremum’s lifetime, which is defined as
the length of the scale-period over which e exists. Second, we focus on birth events.
As explained before, in contrast to images, graph filters distort signals in a way that
is unique to the graph topology, leading to phantom extrema. In Section 5.5.2 we
will see that phantom extrema are easy to spot from the deep structure because

they are always born in large scales.

5.3. Scale-Space Theory on Graphs

This section sets the necessary theoretical basis of scale-space analysis in graphs.
Though the ideas are rooted upon the scale-space theory for continuous signals and
images [72, 75], our analysis deviates from the original. In contrast to the classic
setting, graphs have irregular connectivity. Additionally, in networks each node can
only directly exchange information with its neighbors. This motivates us to ask:
What type of scale-space kernels are appropriate for graphs and how efficiently can
we compute them distributedly?

We address this question in three steps: In Section 5.5.1, we focus on the ex-
istence of graph scale-space kernels. We derive necessary and sufficient conditions
for a matrix to be a scale-space kernel and we present three candidates kernels.
In Section 5.3.2, we focus on computation. We show that scale-space kernels are
locally computable if synchrony is assumed, but that currently known practical asyn-
chronous algorithms are not local. Last, in Section 5.3.3 we expose the connection
between graph scale-space kernels and graph filters. We show that each of the candi-
date graph scale-space kernels forms in fact a one-parameter family of graph filters.
The observation gives insight into the operation of kernels and to their relation to

the graph spectrum.

5.3.1. Axiomatic Scale-Space Theory

The objective of scale-space theory is to provide a scale-invariant observation of a
signal x. This is achieved by diffusing the signal with a family of kernels K, where
the scale parameter s determines the size of structures observed. But which kernel
should one use? One of the breakthroughs of the scale-space community has been
the axiomatization of the theory [75]. A scale-space kernel is then the one that

satisfies the three main scale-space axioms?:

3Though different combinations of axioms have been used in the literature [75], the three mentioned

here suffice for the characterization of graph scale-space kernels.
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Axiom 5.1 (Linearity). Kernels K, are linear operators.

Axiom 5.2 (Semi-group property). The family of scale-space kernels forms a semi-
group: K K, = K, 1s,.

Axiom 5.3 (Non-enhancement). The absolute value of any extremum in Kz must

always decrease in Ks 2.

The first axiom basically asserts that a scale-space kernel is not signal specific,
in the sense that it abides to the superposition principle: for any two signals z; and
x9, Ks(z1 + 22) = K1 + Kszo. Additionally, a scale-space kernel should act in
the same way at all scales. If the semi-group property is not met, diffusion deforms
the signal in a scale-specific way, which is undesirable. Last, according to the non-
enhancement axiom, a kernel must always simplify existing signal extrema. Note
that guaranteeing the simplification of ezisting extrema at higher scales (Axiom 5.3)
is not the same as guaranteeing that no new extrema appear. Signals often contain
hidden structures, which diffusion reveals. For example, consider two peaks joined
by a thin bridge. If the lowest point of the bridge is slightly taller than the lowest
peak, then the signal has only one maximum. The second maximum is however
revealed when, due to diffusion, the bridge collapses. Thus, non-enhancement rep-
resents the weaker alternative of guaranteeing that existing extrema must be always

simplified.

Even though the fundamental question of scale-space theory —which scale-space
kernel satisfies the scale-space axioms?— has been answered for the continuous and
discrete settings [72, 75], the answer does not directly apply to graphs. Graphs
exhibit irregular connectivity and are not, in general, a metric space. This poses an
analytical challenge as, unlike images, differentiation is impossible. These differences
motivate us to address scale-space theory from a graph-theoretic perspective. In the
following, we show that a graph scale-space kernel K, that satisfies the scale-space

axioms exists and that it is connected to the graph spectrum.

Central to our discussion is the notion of an h-local matrix. Intuitively, an h-
local matrix is an operation that uses signal information at most h hops away from

each node.

Definition 5.1 (h-local matrix). An arbitrary matrix M is h-local if, for all u; and
u; in V with shortest-path distance d(u;,u;) > h, M;; = 0.

We follow with our main result.
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Theorem 5.1. A kernel K satisfies the scale-space axioms if and only if K; = S°,
where the scale-space matrix S is 1-local and non-negative.

Proof. We start by noticing that, for any kernel satisfying Axioms 5.1 and 5.2,
it must be that Ky = SK_1, where S = Kj. Applying this recursively, we ob-
tain K; = S°. The conditions that S is 1-local and non-negative are imposed by

Axiom 5.3 and are given in Lemmas 5.1 and 5.2, respectively. ]

Lemma 5.1. Kernel K, = S° satisfies the non-enhancement axiom only if S is a
1-local matrix.

Proof. We show by method of contradiction that, kernel K, = S* satisfies Ax-
iom 5.3 only if S is 1-local. Any matrix S is always h-local for h equal to the
network diameter; the question is whether h = 1. For sake of contradiction assume
that h > 1. We show that, if this is true, a signal = always exists (independently
of G) that violates the non-enhancement axiom. Therefore the assumption is in-
correct and h = 1. The construction is as follows: Choose two nodes u;, u; with
d(u;,u;) = h > 1 such that S;; # 0. Assign values z(u;) = 1 and z(v) = 0
otherwise. Clearly, u; is a maximum and its value should decrease in in the next
iteration (Sz)(u;). Nevertheless, a real number 8 > 1 always exists for which, if
x(u;) = Bsign(S;;), then (Sx)(u;) > 1, which is a contradiction. [ |

Lemma 5.2. Kernel K, = S* satisfies the scale-space axioms if and only if S is a

1-local and non-negative matrix.

Proof. We begin by establishing that, if the two conditions hold, the scale-space
axioms are satisfied. Let u; be a maximum of 2. By definition, its neighbors u; have
strictly smaller values. It is easy to see that, if the non-negative condition S;; > 0
holds, then (Sz)(u;) < z(u;), which is exactly the non-enhancement axiom. As we
can see, when S is 1-local and non-negative it always satisfies the three axioms.
The two proposed conditions are therefore sufficient. As we show next, since the
opposite is not always true, the two conditions are also necessary. The proof is done
by contradiction: if we assume that S;; < 0, we can always construct a signal that
breaks the non-enhancement axiom. That is simply by assigning z(u;) = 1, and for
each neighbor u; with S;; < 0, z(u;) = —f3, where § > 1. The non-negativity of
S’s diagonal guarantees that extrema do not oscillate between being maxima and

minima as scale increases. |
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kernel name S symmetric column-st. row-st.
H; heat I—L yes no no

T, random-walk 7T no yes no

P, consensus P no no yes

Table 5.1: Candidate graph scale-space kernels, along with the properties of their scale-space

matrices S. Row/column-st refers to row- and column-stochasticity, respectively.

Remark. Though it is not requested by the scale-space axioms, it also useful to
impose that || K,z| never grows infinitely large. For this reason, in the following we

only consider scale-space matrices S with spectral radius smaller or equal to one.

Candidate kernels. Though Theorem 5.1 establishes the properties of graph scale-
space kernels, it does not provide an explicit form. In other words, many possible
kernels may exist that satisfy the scale-space axioms. We have identified three
such candidate kernels (cf. Table 5.1): The first is the heat kernel Hy = (I — L),
where £ is Chung’s normalized Laplacian matrix [26]. Additionally to satisfying the
conditions of Theorem 5.1, the heat kernel is symmetric, which suits applications
working over undirected graphs. In wireless networks however this property is not
satisfied.

The next two kernels under consideration are asymmetric. But to validate their
suitability for peak identification, we need to evaluate two important properties:
column- and row-stochasticity: (i) Column-stochasticity warrants that the mass of
x remains constant as it is being diffused, i.e., 1" K,z = 1T« for all s, where 1
is the all ones vector. The random walk kernel T, = T = (AD~1)*, where D is
the diagonal degree matrix and A the adjacency matrix, is column stochastic. For
our purposes however column-stochasticity is not a desirable property, because the
distribution of mass is strongly biased towards well connected nodes. Considering
the high irregularity of wireless networks, column-stochasticity would exacerbate
the phantom extrema effect. On the other hand, this kernel is suitable for purely
graph-based signals, such as web page centrality, and it has also been used for graph
partitioning by Chung [22]. (i¢) Row-stochasticity governs the behavior of a signal
at very large scales. Consider the consensus kernel Py = P* = (D7'A)*, our
third scale-space kernel. Being row-stochastic, the consensus kernel flattens signals
completely as s — oo. This property is particularly useful for filtering physical
signals, such as the measurements of a sensor network, because it progressively

eliminates (smooths) structures based on their size. Given that the consensus kernel
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P, has the required properties for peak and pit identification, we used it as the
default kernel for the rest of this chapter.

5.3.2. Distributed Computation

Having established that a graph scale-space kernel exists, we proceed to examine
how it can be computed efficiently in a distributed network. We show that the
kernel is computed in constant time and message size if all nodes are synchronized.

In the asynchronous case, currently known practical algorithms are non-local.

Computational models. For convenience, we will assume that the computational
proceeds in rounds ¢, during which nodes exchange at least one message with each of
their neighbors. Based on whether rounds of neighboring nodes overlap or not, we
distinguish two versions: the asynchronous and the synchronous model. The main
assumption posed, i.e., that at least one message is exchanged with each neighbor,
can be implemented in either of two ways: deterministically by using a local schedule
and probabilistically by random beaconing. We quantify the computation cost in
terms of the algorithm’s time complexity (total number of rounds) and message-size

complexity (number of bits transmitted per message).

Synchronous algorithms. From Theorem 5.1, we can immediately see that, in
the synchronous model, K is computable in constant time and message size by the

well known recursion:

(t+1) ) Z uvy and y(o)(u) — z(u) (5.2)
[

v~u initialization

repeat every round

The output 3 (u) of node u after s rounds is exactly (K.z)(u). Furthermore, each
exchanged message contains exactly one scalar (y*)(v)). Since the computation
does not depend on any measure of network size, we conclude that K is locally

computable in the synchronous model.

Asynchronous algorithms. How efficiently can scale-space kernels K, be com-
puted by a network without round-level synchronization? To answer this question,
we examine the (only) three algorithms known to compute graph kernels asyn-
chronously. We then show that these known algorithms cannot compute scale-space
kernels with simultaneous O(s) time complexity and O(1) message-size (as in the

synchronous model).
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The first algorithm is straightforward: one can ‘simulate’ the synchronous re-
cursion (5.2) in an asynchronous network by algorithmically enforcing synchronous
initialization, execution, and termination. Synchronization however incurs a recur-
ring overhead of Q(diameter) rounds [17]. The first algorithm therefore exhibits
increased time-complexity and is not local. The second algorithm trade’s off time
for message-size complexity: according to Theorem 5.1, K, is s-local. This means
that each node u needs only the values and connectivity of all of its neighbors in
its s-hop vicinity to compute (Ksz)(u). Communicating once with each neighbor
in the s-hop vicinity is possible in s rounds. However, the message size can grow
exponentially with the number of hops, i.e., Q(6%), where ¢ is the minimum node
degree. Its increased message-size complexity renders the second algorithm imprac-
tical. The third known algorithm takes a different approach: instead of computing a
graph kernel using power iteration (as in (5.2)), this type of algorithms uses an al-
ternative recursion that -converges- to the output in O(s) without being affected by
asynchrony-induced perturbations. Though, as is shown in Chapter 3, this method
holds great promise for graph kernels in general, Theorem 5.2 shows that it cannot

be applied in our case.

Theorem 5.2. No 1-st order recursion converges to K in the asynchronous model.

Proof. In the most general sense, 1-st order recursions are given by
YD) = A 4 BOFD g and 4O =g, (5.3)

where, because {A®)} and {B®"} are sequences of 1-local matrices, at each round ¢
nodes only directly communicate with their neighbors.

Though inherently synchronous, under sufficient stability conditions such recur-
sions also converge in the asynchronous model. By standard arguments, (5.3) is
stable if, for all A(®)| the largest absolute eigenvalue |Amayx(A®)| < 1. In the special
case that B(") = 0,,,, stability is also obtained as long as [Amax(A®)| < 1. To
ensure feasibility in the asynchronous model we have to additionally impose that no
7 exists for which A® = 0,,,,, for all t > 7. Indeed, if such 7 exists system (5.3)

degenerates to recursion 5.2, which is synchronous.

The steady state is of the system is

Jim ®(1,¢+ 1)z if BY = 0,5n,
Kz={ "1 (5.4)
lim > ®(k+1,t+1)B®z  otherwise,

t—o0 k=1
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where ®(ty,ty) = A2) Atz=1) A1),

To deduce that K’ # K, we will consider the amount of signal information each
kernel depends on. We will show that, whereas Ky only considers the signal in an
s-hop vicinity around each node, K’ depends on the entire signal. The two matrices

therefore cannot be equal.

From Theorem 5.1, we know that K is exactly s-local. But do matrix sequences
{A®} and {B®} exist such that K’ is s-local? Being a product of (ty —t; + 1) 1-
local matrices, ®(t1,t2) is (to —t; 4+ 1)-local. Furthermore, it is non-zero: if A £
for every 7 € [k+1,t + 1],

t+1
@k +Lt+ 1) > ] omn(A™) >0,
T=k+1

where i, is the minimum singular value [83]. Terms ®(k + 1,¢ + 1)B®™z thus
violate the locality requirement whenever ¢ > s + k — 2. We conclude that K’ can
only be s-local if B® # 0,4, and the coefficients of successive terms cancel out.

This is however impossible as, from Theorem 5.1, all coefficients are positive. ]

The intuition of the proof is that, whereas (K x)(u) is truncated, i. e., it depends
on -at most- the values in an s-hop neighborhood of u, any kernel computed by the
third algorithm decays asymptotically with the number of hops. Though more
tedious, the same argument applies for showing that no recursion of any order
converges to K; in the asynchronous model. Notice that, our results do not suffice to
prove that K are not locally computable in the asynchronous model with bounded
message size, but rather that no currently known such algorithm exists.

5.3.3. Connection to Graph Filters

We give an alternative interpretation to graph scale-space theory by noticing that
each of the three candidate kernels forms a family of low-pass graph filters [110].
This brings forth two main insights: First, scale acts as the parameter of a low-
pass graph filter. Therefore, the way that a scale-space kernel attenuates peaks and
pits is affected by the spectral graph properties. Second, scale-space theory reveals
the design characteristics of a -signal-agnostic- low-pass graph filter, i.e., the only

appropriate filter when no information about the signal and graph is known.

Showing that H; is a graph filter is straightforward—any power series of a gen-

eralized Laplacian matrix is a valid graph filter. The same also holds for kernels T
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and P, (up to a normalization factor). To see this notice that,
P,=P* = (D21 £)D'?)
=D VY2(I - £)*DY/? (5.5)
and equivalently,
T, =T°=DY*(I - £)*D~ /2 (5.6)

Both T, and Py are therefore power series of the normalized Laplacian £, normal-
ized by (diagonal) matrices D*Y/2_ Furthermore, the spectral response of all three
candidate kernels is given by r(Ag;s) = (1 — A\g)®, where \i is the k-th eigenvalue
of L.

Insights. Our first insight concerns the interpretation of scale s. Because all three
filters attenuate phenomena of high variation (their spectral response is a monoton-
ically decreasing function in terms of \j) they are low-pass. From this perspective,
the scale of observation is a parameter that determines the extent to which phenom-
ena of high variation (corresponding to high A;) are filtered. The larger the scale
is, the simpler the graph signal becomes. Therefore, the way that a kernel alters
a signal is inherently tied to the spectral graph properties. Roughly, peaks lying
on sparse subgraphs, and containing many bottleneck links, are attenuated first. A
more exact characterization of the influence of the graph spectrum can be found in

the analysis of graph filters—see Chapters 2-to-4.

Our analysis also has a second consequence. It answers an open question on sig-
nal processing on graphs: what is the spectral response of a signal-agnostic low-pass
graph filter? Since scale-space matrices S form a superset of generalized Laplacians,
any filter which abides to the scale-space axioms (i.e., it does not make any as-
sumptions about the signal) must have a spectral response of r(Ag;s) = (1 — Ag)®,
for A\ the eigenvalue of some generalized Laplacian. It is therefore possible to de-
sign signal-agnostic filters using any arbitrary Laplacian (i.e., any notion of graph

variation).

5.4. Tracking Extrema Across Scale

In this section we identify and track the extrema of graph signals across scale. The
computed trajectory —called the signal’s deep structure— is a tree-like abstraction
that reveals information about the relation and relative importance of peaks and

pits.
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Figure 5.3: The deep structure (of Figure 5.1) describes the trajectory of extremal points (horizontal
black lines) across scale. Dotted lines correspond to collapses. For each extremum we give the ids

of the nodes in its trajectory.

5.4.1. Deep Structure

As a signal is diffused, its extrema evolve. But what does this reveal about the

signal’s peaks and pits? We distinguish two cases:

Drift. When a peak/pit changes shape, the corresponding extremum drifts. In
Figures 5.1(a) and 5.1(b) for example, as peak B is flattened, the maximum drifts
from node 350 to 283. In this case, we say that extremum 350 is unstable. The
movement of an unstable extremum e is captured in its trajectory (up,. .., Us, . .. uq),
where u, is the node e resides on at scale s, b is the scale over which e is born and
d over which it dies. Notice that, even though it is possible that us # usy1, both

correspond to a single signal structure (i. e., peak or pit).

Collapse. When a peak/pit collapses, the corresponding extremum dies. A
collapse thus entails the destruction of a signal structure. Consider for example
peak C in Figure 5.1(b). By s = 7, the peak has collapsed and extremum 14 dies.
It is also easy to see that, after peak C collapses, it is drawn into peak B: a gradient

ascent on y; starting on node 14 ends up on node 283.

Diffusion results in a tree-hierarchy of collapses, each corresponding to a struc-
ture merging with a larger nearby structure. This process is compactly captured by
the signal’s deep structure. As shown in Figure 5.3, the deep structure visualizes

the trajectory (up,...,uq) of each extremum e using a black horizontal line. The
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trajectory spans the scales over which e lives: it starts at scale b and ends at d. Col-
lapses on the other hand are depicted using dotted lines. A collapse line connects

the rightmost endpoint of e’s trajectory with the extremum it merges into.

5.4.2. Tracking Algorithm

We next present an algorithm for the computation of the signal’s deep structure. In
our approach, the knowledge of the deep structure is distributed amongst the signal
extrema. For this reason, our algorithm’s time complexity O(d,) does not depend
on the network diameter d (no node knows the complete deep structure), but on
the diameter d, of the largest peak/pit in the signal’s scale-space?. If a global view

is necessary, the data can be disseminated using traditional techniques [49].

Due to drift or collapse, the extrema of a signal evolve. We track their trajec-
tory by forwarding information greedily along the diffused signal’s gradient. The
algorithms are better understood from an extremum’s perspective: Consider an ex-
tremum e which at scale s resides on node u,. W.l.0.g., assume that e is a maximum®.
If us is also a maximum at scale s + 1, then no change occurred and ugs41 = us. On
the other hand, if drift or collapse occurs, a neighbor v will have a larger value than
us. While v may not be necessary a maximum, the maximum wu,y; is easily found by
following the gradient ascent path, i.e., by iteratively forwarding a tracking query

to the neighbor with the largest value.

Corollary 5.1. If a node ug has a locally maximal value at scale s, but not at scale
s+ 1, the gradient ascent path from us to the new local maximum usy; can have

arbitrary length.

Proof. We construct an example in which us and usy; are k hops away. Because
of the semi-group axiom, it is sufficient to give an example for s = 0, ys = = and
Ys+1 = y1. Let G be aline graph and z a signal with strictly monotonically increasing
values ys(ui+1) = ys(u;) + B for all u; € V. Create a maximum at wu; by setting
Ys(u;) = ys(uit1) + B for some small positive S. We will show that for any scale
space kernel, y1 (u;—1) < y1(u;) < y1(uiyq1) if B > /3. The maximum will therefore
move until it reaches node w,, (kK = n — 4 hops) at the end of the line graph. The
value of a node u; at scale 1 is oy (u;—1) + ez (u;) + @z (ui41), where a are kernel

dependent positive coefficients for the left (o), center (o), and right («,.) neighbors.

4Though usually d, < d, it is possible to construct an example in which d, = d.
5For ease of presentation, we focus our discussion on maxima. Our results however also hold for

minima. Tracking minima is equivalent to tracking the maxima of —zx.
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Furthermore, a; = «, as the nodes in a line-graph have no way of distinguishing
between their left and right neighbors. Inequality y1(u;—1) < y1(u;) holds if: (1)
aqr(ui—2) < apx(uiyr) and (i) (e — ap)x(ui—1) < (oe — ap)z(ui—2). Due to
our construction, both inequalities are satisfied. Following the same reasoning,
inequality y1(ui) < y1(uiy1) holds if 3B = w(uit2) — w(ui-1) > @(u;) — x(uiy1) =
B. |

Even though the tracking algorithm is the same whether the extremum drifts or
collapses, it is easy to distinguish the two cases locally: in a collapse, two distinct
extrema merge into one. Thus whenever a maximum receives more than one gradient

ascent (tracking) query, a collapse has occurred.

But if two extrema merge, which of the two collapsed? Suppose that
ey = (v, Us, Wsi1y...,wq) and €, = (..., Vg, Wep1,-..,Wq)

are the trajectories of two maxima, which at scale s+1 merge at node ws 1. To figure
out which maximum collapsed we use the following procedure: From Corollary 5.2,
we know that the absolute value of an unstable extremum always decreases. Thus,
if the value of maximum e,, increased between scales s and s + 1, and the value of

e, decreased i.e., if

yS(US> 2 ys+1(ws+1) > ys(u8)7 (57)

then e, collapsed and e, was unstable. But what if the value of both e, and e,

decreased from scale s to s+ 1, i.e.,

yS(“S) > ys+1(ws+1) and yS(US) > ys+1(w8+1)? (5.8)

This phenomenon can occur in noisy signals, when a peak is ‘hidden’ under nearby
extrema (caused by noise): as the signal is diffused and the extrema merge, their
values jointly decrease. In this case, there is no reliable way to distinguish which
extremum collapsed®. Thus the scale-space method can discern that the merged
extrema jointly form a peak, but can not trace back the extremum to the most
relevant node at scale zero. In Figure 5.3, this case would be depicted as two dotted

lines merging into a new extremum.

Corollary 5.2. The absolute value of an extremum always decreases, 1. e., |ys(us)| >

|ys+1(ust1)|, where us is the node the extremum resides on at scale s.

6In fact, one could argue that all extrema collapsed.
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Proof. Let us # usy1 the nodes over which an unstable extremum e resides on
at scales s and s + 1, respectively. W.l.o.g., the extremum is a maximum and the
claim is that ys(us) > yst+1(ust1). By Theorem 5.1, the value of a node in scale
s+ 1 is bounded by the maximum value at most 1-hop away from it in scale s (this
includes the node itself). Thus, the only way that the inequality does not hold is
that there exists node v at most 1-hop away from ugiq with ys(v) > ys(us). This
implies that a second extremum e’ exists near usy1 which is reachable by gradient

ascent. Moreover, e collapses to e’ at s + 1, which is a contradiction. |

5.5. Extremum Selection

We now describe how we use the signal’s deep structure to identify peaks and pits.
We consider two criteria for extremum selection: The lifetime criterion aims at
filtering out false extrema, while the birth criterion aims at discarding phantom

extrema.

5.5.1. The Lifetime Criterion

One of the fundamental results of scale-space theory is that the lifetime of extrema
is a measure of the importance of the corresponding peaks and pits [73]. Though a
number of definitions exist, the most natural defines the lifetime [, of an extremum e
as the length of scale-period over which e exists: [ = d. —b.. Here, b, and d, denote
the scale over which e is born and dies, respectively. The lifetime criterion is useful
in separating small structures (false extrema) —caused by small signal perturbations—
from inherent signal trends (true extrema): an extremum is true if I, > [, where [ is
a user-defined lifetime threshold, and false otherwise. As we will see in the following,
by setting ! we can (roughly) retain peaks/pits that are bigger than [ hops.

According to classic scale-space theory, the lifetime criterion is successful because
it captures two key properties of the signal’s peaks and pits: volume and span.
Volume is a property that mainly depends on the signal, while span is also affected
by the graph topology. Important structures in a signal have large volume. In
Figure 5.1(a) for example, peak A is the largest because it is tall and decreases slowly
at each direction. The volume in an s-hop neighborhood around e is captured by
ys(e) = (Ksz)(e) and is a weighted average of all the information residing at most
s hops away from e. Additionally, a peak is important if it spans multiple hops.

In Figure 5.1(a), peak A is more significant than B because A’s width covers more
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Figure 5.4: The larger a peak (pit) is, the more its curvature distribution is concentrated around
small-order projections. Here, we show the distribution of each of the three peaks illustrated in
Figure 5.1(a). The horizontal bar spans the top three curvatures of each peak.

hops. Intuitively, lifetime gives the size of the largest s-hop neighborhood centered

around e.

The influence of network topology. We next investigate the relation of ex-
tremum lifetime to the graph spectrum. Our results suggest that lifetime assigns

higher importance to structures residing on dense subgraphs.

As we saw in Section 2.2, any signal z can be written as = Y, _; ¢ (S),
where & = (z,¢r(S)) is the k-th spectral coefficient of . The major benefit of
the spectral decomposition is that it induces a notion of size. In a nutshell, slow
changing signals —intuitively signals containing large structures— decompose into
small order terms and their spectral coefficients are biased towards smaller k.

We use the same method to examine structures individually. To clarify this
consider the example shown in Figure 5.1(b). If we split « to sub-signals z =
T54 + Tog3 + T14, corresponding to the peaks around extrema 54, 283, and 14,
respectively, we have that

n

T = Z<x54, or(S )+ Z (was3, 01(S)) 1 (S) + Z<$147¢k(s)>¢k(5)- (5.9)
k=1 k=1

k=1
The size of structure i is therefore captured by the distribution of spectral coefficients
{{zi, #1(S))?, for k € [1,n]}. Figure 5.4 summarizes all three distributions by
plotting a bar for each (z;,9;)? at us, i. e., for the consensus scale-space kernel. The

horizontal line spans the top three coefficients of each structure. As shown in the
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figure, the distribution of larger structures (top) is concentrated around projections
to eigenvectors with lower order k£ and vice versa. Comparing to the signal’s deep
structure (shown in Figure 5.3), we also observe that longer a structure lives, the

larger its coefficients are.

But how does lifetime relate to spectral decomposition? Even though the exact
relation remains elusive, we conjecture that lifetime is inversely proportional to the
eigenvalue gap between the distributions of different structures. This suggests that
lifetime is a relative measure; it captures the importance of a structure relative to
nearby structures. Furthermore, it suggests that lifetime assigns higher importance
to structures over dense subgraphs (such structures tend to be decomposed into
lower order eigenvectors). In the following we give evidence that the conjecture
holds by deriving a closed-form expression for the simpler case in which the signal
contains two structures with singleton distributions (each structure decomposes into

exactly one eigenvector).

Proposition 5.2. Let A\, ¢ be the eigenvalues and eigenvectors of a scale-space
matrix S. Consider a signal x = a;¢; + a;¢;, with i < j and constants o;; > o; > 0
chosen such that at least one maximum of each eigenvector exists in x and w.l.o.g.,
let u;, u; denote two non-degenerate maxima of ¢;, ¢;. Their lifetime —respectively

l; and l;— when filtered with a scale-space kernel K = % is

log (220204
lij=00 and I; = ;—l(ﬁ;\(b) (5.10)
Jj

This proposition essentially computes the lifetime of the signal’s structures,
i.e., the peaks and pits of the two eigenvectors. Notice that, while eigenvectors
have multiple extrema, from a spectral point-of-view, all extrema are equivalent.
Maxima u; and u; are thus good representatives of the signal structures. Upon
closer inspection we also see that the proposition uses kernel K¥ instead of K, = S°
(see Section 5.3). K* is simply the continuous counterpart of K, and allows us to

identify lifetime with higher precision.

Proof. Since maxima u; and u; both exist in x, to compute their lifetime /; and [;
it is sufficient to find the scales d; and d; over which the maxima die. For this we
will use the non-enhancement axiom. Note that, since the axiom gives sufficient but

not necessary conditions, this result only holds for non-degenerate extrema (their
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value increases after dying and no drift occurs). The scale derivative of y; is

Oys _ OK{(ai¢i + aj¢;)
0s Js
L L

= (aigi + o, dr) b

S
k=1 0

—Ais —A;s
= 7012')\2'6 (,Zsz — ozj/\je 7 ¢j7

where in the last step we exploited that eigenvectors are bi-orthonormal. Function
ys(u) has an inflection point at
aj\j¢;(u)
dys(u) 0o log (ajw\itbf(U)) + 2Im(1)7wk
Os )‘j — /\z

Here, Im(1) is an imaginary number of unit length and k£ € Z. For k = 0, s* is
a positive real number, as a; > a5, A; > A;, and ¢;(u;) > ¢i(u;). Since yq-(u) is
convex, s* is a minimum and corresponds to the collapse of u;, i.e., [; = s*. Because

no other minimum exists for s € R*, l; = d; = oo. [ ]

Proposition 5.2 is the first step towards understanding the relationship between
the extremum lifetime and the graph spectrum. Our main insight is that, the
eigenvalue gap A; — A; is the decisive factor in determining lifetime. From spectral
graph theory we know that eigenvalue \; quantifies how easy is it to partition a
graph in (at most) ¢ sub-graphs. For instance, the smaller s is, the harder it is
to partition the graph in two. As such, structures with large lifetime are cohesive,
well connected, do not contain bottleneck links, and span a significant portion of
the network. The height of peaks on the other hand —given by amplitude ratio

a;¢i(u;)/oipi(u;)— is of secondary importance.

5.5.2. The Birth Criterion

As depicted in Figure 5.2(b), a scale-space kernel introduces distortion when the
underlying graph is unevenly connected. We call any effects that are present on
the filtered signal, but not on the underlying physical and sensed signal, phantom.
Phantom effects are particularly harmful as they obscure real data (cf. Section 5.6).
Nevertheless, in the particular case of phantom extrema, there is an easy way to
recognize them from the signal’s deep structure. As we show in the following,
phantom effects occur only in large scales. As a consequence, a phantom extremum

e is always born at large scales and b, > 0. This is the birth criterion.
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We examine phantom effects analytically by comparing filtering of the same
signal in two different topological spaces: G models the network topology (e.g., an
irregular and sparse graph), whereas G models the space over which the signal is
defined (e.g., an ideal unbiased lattice). To demonstrate the dependency between

phantom effects, topology and scale, we examine how the absolute quadratic error

T (K, — K,z

es =
Tz

(5.11)

of the corresponding scale-space kernels K, = 5% and K, = S° changes as the signal
is filtered. We are interested in how the error behaves when scale s increases. Using
simple operations we can see that 0 = ey < ey, which indicates that the error has
an increasing trend. The following result bounds the error between the extremes of
s =0and s — oo, when S is symmetric (all candidate kernels have symmetric scale
matrices).

Proposition 5.3. For any two graphs G = (V,€) and G = (V,€), signal x € R",
and scale s € N,

HlaX(O, € — 2/\5) S €s S 1- fnin + €s

where €5 = (25°) /(s + 1)*T! when s is odd and zero otherwise, —1 < Ay, < 0 is the
smallest amongst the eigenvalues of S and S, and 0 < Ay < 1 is the smallest of the
second eigenvalues of S and S.

Proof. We split the proof in two parts: the upper bound is given in Lemma 5.3
and the lower in Lemma 5.4. |

Obviously, both the lower and upper bounds increase with s. Moreover, for all
s <logy, (1 —ex), €s < ex . This suggests that phantom effects become more
likely as scale increases. We have to note that, it is possible, though unlikely, that
an extremum e born at a scale larger than zero is not phantom. As discussed in
Section 5.3, we can construct a signal that contains hidden peaks; i. e., peaks revealed

by filtering. In that sense, the birth criterion is necessary but not sufficient.

Lemma 5.3. For any two graphs G = (V,€) and G = (V, &), signal + € R", and
scale s €N, e, <1— 5. + e, where e, = (25°) /(s + 1)**! when s is odd and zero

otherwise. Furthermore, —1 < Ay, < 1 is the smallest amongst the eigenvalues of

S and S.
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Proof. Denote by Apmax(S) and Apmin(S) the largest and smallest eigenvalue of a
matrix S. It is well known that for any symmetric matrix S, Apin(S)z T2 < 27 Sz <
Amax(S)z "2 [16]. Furthermore, as a consequence of Theorem 5.1, Ayax(S) = 1 and
—1 < Amin(S) < 1. Combining the inequalities for matrices S° and S* we have that

- 2T (58" — %)

)‘Isnm(s)_lg S]'_>‘min(S)'

xTx
Setting A\pmin = Min(Amin(S), Amin(S)), we get a first upper bound e, < 1 — S, .
When s is odd, 1 — A\?

min

> 1, which is loose. To improve upon this, we will use the

triangle inequality:

xT(ssﬂ— (SR S < S ?s) e

€s+1 =
.TT

T

xT(FS—Hf S

T Ss+1* S8
x ( )z n

— + e (5.12)

T

r T Tr X

Term z ' (S5+! — S%)2 captures the distance traveled in one step by each of the two

dynamical systems and is

T (S5+ — 8%z
T

S O ) e

xTx

) i ()™ (1)) oy

'

Tr X

SS
= 5.13
(s+ 1)+t (5.13)
Above, vy is the k-th eigenvector of S and, in the second step, we bounded the
convex function A\{T' — A7 using its minimum value. Substituting (5.13) into (5.12),
we obtain the desired bound. |

Lemma 5.4. For any two graphs G and G, signal x € R", and scale s € N, e, 1 >
max(0, eso — 2A3) where 0 < Ay = min(|A\2(S)], [X2(S)|) < 1 is the smallest of the
second eigenvalues of matrices S and S.

Proof. We will express S® — S” in terms of the e. Because scale-space kernels

are marginally stable, e, is bounded. Furthermore, it is easily computable when
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scale-space matrices S and S are known.

x’ (Soo—goo—i—goo—gs—soo—&-ss)x
T

s =

Tr T

2T (ST =Sz 3
Tz

xT (8% — S%)x
xTx

Note that above we abuse notation and refer to lims_, . S° as S°°. For both the

second and third terms in (5.14) the following simple upper bound holds:

G ‘zz_g X ()] )

Tz

(
Tz

< A3(9)] (5.15)
Substituting (5.15) into (5.14), we obtain the lower bound
es > oo — A2(S)° — Aa(S)® > €0 — 2A3 (5.16)

which holds as long as s > log,,(€x). Otherwise, we use the trivial lower bound
es > 0. [ |

5.6. Evaluation

We split our evaluation in two parts. Section 5.6.1 quantifies the identification
accuracy of our method and compares it with the state-of-the-art via simulations.
Section 5.6.2 evaluates a proof-of-concept implementation in a large-scale wireless
testbed.

5.6.1. Simulations Results

We conducted Matlab simulations using a test set consisting of ten synthetic physical
signals. Each signal was a mixture of seven multi-variate Gaussian distributions with
random mean and covariance. The signal was sampled by 1024 nodes deployed at
random. The objective of the simulations was to quantify the efficiency of identifying
the seven Gaussian peaks. We measured identification accuracy using the standard
metrics of precision and recall. Precision measures the fraction of true peaks present
among all retrieved peaks, and recall the fraction of true peaks with respect to the
ground truth. The ideal method therefore retrieves all true peaks (recall = 1) and

discards peaks caused by false/phantom extrema (precision = 1).




114 5. SCALE-SPACE THEORY ON GRAPHS

—e—unfiltered —#&— scale-space oracle —H—Jeong
gl Q'; t t ©
0.75 T’

0.5

recall

0.25

0 L
0.75 }(

0 L L L L L L
-5 0 5 10 15 20

SNR (dB)

-

et

precision
o
ot

Figure 5.5: Precision/recall median and standard deviation for different methods and SNRs. Both
oracle and scale-space filters achieved significantly better recall than state-of-the-art. Scale-space
did so with a fixed lifetime thresholds (I = 7). To diminish overlap, we perturbed the horizontal
positioning of data points.

To evaluate our algorithms, we compared the scale-space approach (scale-space)
to the state-of-art method for identifying peaks and pits (Jeong) [58]. Additionally,
we compared our method to the ‘raw’ unfiltered signal (unfiltered) and to the single-
scale graph filter with the best possible performance (oracle). The latter was com-
puted offline by exhaustively searching, for each experiment, the scaled signal y, that
maximized the minimum value of the metrics: maxming{precision(ys), recall(ys)}.
While it is infeasible to compute the oracle filter online, it serves as a benchmark for
judging the benefit of the scale-space approach (multi-scale) over the best possible
graph filter (vs. best single scale).

Because graph filters (and the scale-space approach) identify the peaks and pits
of a signal by varying the scale of observation, an extremum of a scaled signal is
not necessarily located at the same node as in the physical signal. To verify that
an extremum in a large scale corresponded to a peak, we checked whether the node
that the extremum resided on at the sensed signal was close to a true extremum.
When extrema merged without collapsing, we checked whether one of them was
close to a true extremum. Otherwise, the identification was deemed a false positive.
Analogously, peaks/pits missed were deemed false negatives.

The effect of noise. To evaluate the influence of noise, we perturbed the sensed

signal with random Gaussian noise of zero mean and progressively larger variance.
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Figure 5.6: Precision/recall trade-off of scale-space for different lifetime thresholds ! and SNRs.

The points annotated in red correspond to the lifetime threshold used in our evaluation (I = 7).

This experiment focused on well-connected topologies (average degree between 13.7
and 14.3) and was devoid of sparsity effects. The average diameter of the graph was
25.4. Figure 5.5 summarizes our results over ten different random topologies, ten

signals, and six signal-to-noise ratios (SNR).

We have two main observations: First, the method by Jeong et al. can be very
inaccurate for small SNR. Even though the method improved over the unfiltered
signal, it exhibited a median precision of only 0.12 for SNR = —5dB. Second, the ac-
curacy of the scale-space approach, in both precision and recall, is on par with the or-
acle filter. It should not be a surprise that a hand-tuned graph filter is exceptionally
efficient in removing noise. It is however noteworthy that the scale-space approach
could achieve low error over so diverse noise-levels with a single parametrization,
a lifetime threshold of [ = 7. Extremum lifetime is little affected by small signal
perturbations. In fact, to demonstrate the robustness of our approach to incor-
rect parametrization, we used the same threshold (I = 7) in all simulations and

experiments.

But how does the lifetime threshold [ affect the identification accuracy in noisy
signals? In Figure 5.6 we depict five precision-recall (PR) curves of the same
experiment—each curve corresponding to one SNR. The value of [ ranges from
2 to 20. The maximum value of 20 is way larger than required to identify any of the
seven peaks, but it was used to be exhaustive in our exploration. As usual, a trade-
off exists between being too selective (high ) and not selective enough (small {): a
threshold that achieves high precision suffers in recall, and vice versa. Nevertheless,

we found that our method improved upon state-of-the-art over all reasonable param-
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Figure 5.7: Precision/recall median and standard deviation for different methods and average node
degrees. To diminish overlap, we perturbed the horizontal positioning of data-points.

eterizations. The scale-space approach outperformed the method by Jeong et al. in
precision for all tested [, and in recall for 2 < [ < 10. Note that, setting { > 10
would imply a peak diameter close to 20, which is significantly larger than in our

experiments.

The effect of sparsity. As shown by Proposition 5.1, sparsity presents a major
challenge by introducing false extrema, i.e., extrema not present in the physical
signal. We evaluated the impact of sparsity by progressively decreasing the trans-
mission radius of nodes (no noise was introduced). This resulted in increasingly
sparser networks with average degree varying from 5.61 to 14.3. Figure 5.7 summa-
rizes our results over 700 runs (7 radii x 10 physical signals x 10 runs).

To begin with, the results confirm that sparsity severely affects precision. We
found that the number of false extrema increases exponentially as the average node
degree decreases. The exponential trend has a devastating effect on identification
accuracy. A case in point is that, for the smallest transmission radius (leftmost
errorbars in the figure) the unfiltered signal contained ~ 50 maxima (average) com-
pared to the seven peaks of the physical signal. Hence, even in the absence of noise,
some filtering is necessary. We can also see that the scale-space approach achieves a
slightly higher precision than the state-of-the-art, while not sacrificing recall. Given
the overwhelming number of false extrema (false positives) present in sparse graphs,

optimizing for precision is very desirable. To give a sense of perspective, when the
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Figure 5.8: Average precision/recall for each noise level in our testbed. The precision of the oracle
filter is significantly hampered by the poor correlation of wireless links with the underlying physical
space.

average degree was 8.25 the scale-space approach had zero false negatives and four
false positives, whereas the method by Jeong et al. had no false negatives but eight
false positives (in median).

It is important to remark the lack of accuracy of the oracle filter. If the scale of
the oracle filter is hand-picked to maximize its precision/recall, why does it behave
so poorly? Furthermore, how does the scale-space approach improve upon it (even
slightly)? Sparsity affects a graph filter in two distinct ways. Whereas in small scales
a signal is overwhelmed by false extrema, in larger scales filtering causes phantom
extrema. This is a challenge that a simple filter cannot overcome: no single scale
depicts the extrema of the physical signal clearly. On the contrary, the scale-space
approach filters out false extrema at low scales while discarding phantom extrema
at higher scales.

5.6.2. Empirical Results

Contrary to common assumption, the connectivity of wireless networks is highly
irregular. Especially indoors, wireless links exhibit high spatial and temporal vari-
ability, phenomena which significantly affect peak and pit identification. To evaluate
the accuracy of identification methods in real-world wireless networks, we imple-
mented scale-space kernels in Contiki and ran an extensive set of experiments in

a 100-node wireless testbed deployed above the ceiling tiles of our office building.
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The scale-space computation was built on top of a simple CSMA MAC protocol
with round-level synchronization (as discussed in Section 5.3.2, synchrony is a fun-
damental requirement of scale-space analysis). Experiments were conducted using
10 synthetic signals over 7 noise levels (from -5dB to 25dB), resulting in 70 dis-
tinct runs. Due to the limited size of our testbed, we inserted in each synthetic
signal three well-separated Gaussian distributions with random mean and variance
(as compared to seven in our simulations). We used the extracted data (the signals’
scale-space {ys} and per-round connectivity) to evaluate and compare the afore-
mentioned methods offline. The number of nodes varied from 73 to 99, resulting
in a network diameter between 9 and 10 hops, and an average degree between 7.17

and 9.5 neighbors. Figure 5.8 summarizes our results.

We provide three main observations: First, the identification precision does not
significantly increase when the SNR increases. For the unfiltered signal, at 25 dB the
average precision was only 0.1 higher than at -5 dB. The fact that the precision was
low even at high SNR is due to the testbed being not only (relatively) sparse, but also
differently connected from the random geometric graphs used in our simulations. We
found that a significant number of false extrema were caused by graph irregularities,
as depicted in Figure 5.2(a). Nodes spatially adjacent to a true extremum were not
always in wireless proximity, thus wrongly identifying themselves as extrema. At
low SNR, the number of false positives remained bounded (up to 15), which is not
surprising because the number of false extrema (either maxima or minima) is at most
equal to the size of the graph’s maximal independent set. Second, the identification
recall of Jeong’s method was much smaller than in simulations. We found that the
close proximity between peaks, as well as link asymmetry, caused false negatives.
We argue that, by testing existing methods in a real-world scenario, we were able
to observe behaviors (problems) never observed before. We therefore suggest that
future mechanisms should include testbed experiments in order to be evaluated in
conditions as diverse as possible. Third, the scale-space approach was significantly
more precise than the oracle filter. Different from our simulation, the irregular
patterns of real wireless links can cause lots of phantom extrema (cf. Section 5.5.2).
In fact, phantom extrema can be so severe, that noise effects pale in comparison.
In our experiments, phantom extrema were abundant at almost all scales, severely
hampering the precision of any (single-scale) graph filter, and thus of the oracle
filter. In contrast, the scale-space approach was able to distinguish and discard
phantom extrema using the birth criterion. In summary, our testbed experiments
demonstrated that, in real-word conditions, it is essential for a method to be resilient

to phantom and false extrema.
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5.7. Conclusions

According to scale-space theory, to understand the structures of a signal with un-
known characteristics, one must observe it at all possible scales—no single filter is
sufficient. But can we do so when the signal is defined on an irregular graph? By
identifying the properties of scale-space kernels appropriate for graphs (cf. Theo-
rem 5.1)) and studying their computation (cf. Theorem 5.2), this chapter in effect
extended scale-space theory to graphs. We demonstrated the usefulness of the scale-
space approach by applying it to the problem of peak and pit identification in sensor
networks. Beyond peak identification, we believe that principles of scale-space anal-
ysis can be beneficial for other problems in sensor networks. For instance, the deep
structure could be used to extend current topological methods for signal mapping
and compression to multiple scales [102, 133], thus making distributed pattern recog-
nition possible. A second potential application is event-region detection. Tracking
event-boundaries across scale has the potential to improve the resilience of current

algorithms to phantom effects.

This chapter takes a step towards the distributed scale-invariant analysis of graph
signals. However, it also opens up new challenges. The first challenge concerns the
asynchronous computation of scale-space kernels. We showed that currently known
(practical) asynchronous algorithms cannot compute scale-space kernels in O(s).
Thou-gh it seems that synchrony is a fundamental requirement of scale-space kernels
for graphs, we lack a formal proof. The second challenge entails characterizing the
relation between extremum lifetime and the graph spectrum. We conjectured that
lifetime is inversely proportional to the eigenvalue gap of the structures’ spectral
coefficients. An exact characterization remains elusive. We also found that filtering
in graphs can cause phantom effects and we gave bounds on the induced error.
Yet the process is little understood. For instance how does this error relate to the

properties of the underlying graph?







Conclusions

“So long, and thanks for all the fish.”

—Douglas Adams,
The Hitchhiker’s Guide to the Galaxy

6.1. Summary of Contributions

The ideas, algorithms, and experiments presented in this thesis are inspired by a
simple, yet powerful observation: the graph spectrum is an ideal tool for under-
standing the properties of graph signals. In an analogous way to using the Fourier
transform for studying time and spatial signals in the frequency domain, the spec-
tral transform enables us to reason about the information on a graph based on the
eigenvalues and eigenvectors of the graph’s Laplacian. The major benefit of this
decomposition is that it induces a notion of size inherently connected to the topo-
logical properties of the underlying graph. By projecting a signal onto eigenvectors,
we distinguish the size of signal structures on a graph-specific fashion—the larger,
more coherent and better connected a structure is, the lower the spectral order of

the eigenvectors it decomposes into.

Within this context, this thesis provided the following three main contributions:

121
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Contribution 1. The design of efficient distributed graph filters, suitable for dy-
namic wireless networks. Graph filters are the graph analogues of classical filters—
that is, they attenuate signal structures according to their (spectral) size. When
one possesses global knowledge, filtering a graph signal is straightforward—though
expensive. By directly computing the eigendecomposition of the Laplacian and us-
ing Definition 2.3, we can filter a signal in O(n?) arithmetic operations [98]. In
distributed wireless networks however, filtering becomes non trivial. Existing dis-
tributed graph filters rely on strong assumptions that render them inefficient. They
assume that all nodes are synchronized and that the signal and network remain

unchanged for the duration of the computation.

Our first contribution is the removal of these assumptions. In Chapters 3 and 4
we introduced the potential kernel and its variants, a novel family of distributed
graph filters suitable for wireless networks. All linear graph filters are dynamical
systems; what makes our approach unique is the way the proposed dynamical sys-
tems are designed. While existing filters output a transient —and unstable— state
of the dynamical system, potential-based filters always converge to the steady —and
stable— state. This renders them robust to any disturbances, such as those intro-
duced by asynchrony, packet loss, and computation errors. Moreover, because their
steady state is determined in a unique way by the input state, our filters track
changes in the signal and graph. They are therefore able to cope with dynamics.

We showcased the efficiency of potential-based graph filters using analysis, simu-
lations and experiments. The filters were shown to converge linearly —~O(1) rounds—
and to track various types of dynamics, including the addition and deletion of links
and nodes (churn), and the change of information over time. Simulations and ex-
periments validated our analysis and demonstrated that our filters can cope with

message loss and the unpredictability of wireless links.

Contribution 2. A large portion of this thesis concerned the spectral analysis of

graph filters. Our most important results were:

1. We examined how low-pass filters eliminate the extrema of a graph signal. Our
contribution was two-fold: (7) In Lemma 3.1, we showed that the number of
extrema of each eigenvector is equal to the number of its weak nodal domains.
As such, the k-th signal component can have at most k extrema. (ii) We
provided an impossibility result on the limiting behavior of low-pass filters.
Even though unimodality often occurs experimentally, Corollary 3.1 asserts

that no low-pass filter exists that guarantees unimodality under all possible
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inputs. Our results have important implications for the search scope of greedy
search methods. While low-pass filters tend to increase the search scope by
eliminating local extrema, rather sadly, no filter can guarantee a global search

scope.

2. We gave guidelines for filter parametrization. The efficiency of graph filters
directly depends on the correct choice of filtering parameters. By control-
ling the spectral response, parameters essentially determine the size of signal
structures in a filtered signal. The exact relation between spectral response
and region size is beyond our current understanding. We can however give
guidelines for parametrization when the distribution of eigenvalues is known
a-priori. By deriving bounds on the spectral response of an ideal band-pass fil-
ter, Proposition 4.3 allows us to tune an ideal filter to favor regions of bounded

size.

3. We showed how to analyze the behavior of graph filters in a graph-independent
manner. Due to the exponential size of the search space, it is practically
impossible to evaluate filters by testing them on all possible topologies. In
Chapter 4, we proposed instead that their properties are quantified and com-
pared based on their spectral response. Our method entails mapping filter-
ing objectives, e.g., resilience to noise and detection resolution, to response
properties. Using this methodology, we compared analytically the detection
properties of various event region detection filters in Section 4.4. Simulation

result confirmed the predictions of our analysis.

Contribution 3. Setting the foundations of distributed scale-space theory on graphs.
Graph filters are/will be invaluable for network analysis and computation. Never-
theless, they are also inherently limited. More often than not, signals contain in-
formation over multiple scales: while coarse scales give the big picture, fine scales
describe the details (and noise). By enforcing a single scale of observation, filtering
inevitable results in loss of information. In the classical setting, these limitations
have lead to the development of scale-space theory. According to this theory, to
understand a signal we must examine it across all possible scales. Indeed, the scale-

space approach is considered a standard in image analysis [75].

In Chapter 5, we set forward the foundations of graph scale-space theory. We
addressed two fundamental research challenges: First, what are the properties of
graph scale-space kernels? Based on analogues of the well known scale-space axioms,

Theorem 5.1 establishes existence. Furthermore, the theorem shows that graph
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scale-space kernels form a subset of low-pass graph filters. Therefore, they are
inherently tied to the spectral properties of the graph. Second, how efficiently can we
compute them in a network? Even though scale-space kernels are locally computable
is a synchronous model of computation, currently known practical asynchronous

algorithms are not local.

6.2. Discussion

Undoubtedly significant progress has been made. We have attained a good under-
standing of how graph filters process information and, moreover, we have in our
arsenal a small family of filters that can be computed very efficiently in dynamic
wireless networks. Yet to possess a concrete and rigorous theory of graph filters,
we still have many challenges to face. To this end, the following text discusses
some of the main open problems of the field. We split the discussion in two parts:
the first concerns fundamental, theoretical problems, whereas the latter focuses on

computation.

6.2.1. Fundamental Challenges

The central challenge we face is quantifying —in an intuitive way— the spectral prop-
erties of graph signals and filters. It must be obvious at this point that, most anal-
ysis approaches hinge on the understanding of the graph spectrum. The spectra of
graphs have been at the center of researchers’ attention for many years [14, 26, 114].
Many important questions however remain unanswered, especially relating to the
eigenvectors of graphs. Because of the field’s fascination with eigenvalues, the study
of eigenvectors has been, to a large extent, neglected. Nonetheless, eigenvectors are
very important for graph filters: they form the decomposition basis of the spectral
transform, and thus bestow their structural properties (e. g., their variation) to the
decomposition. Unfortunately, with the exception of few trivial graphs (e. g., path,
ring, and lattice graphs), eigenvectors cannot be understood directly. An intuitive
interpretation of the transform usually entails studying how the structural properties

of eigenvectors vary.

Discrete nodal domains provide a good example. We know that the number of
maximal induced subgraphs with a given sign is bounded with the order of the eigen-
vector (Theorem 2.1), and so are the eigenvector extrema (Lemma 3.1). Though
current results ensue a basic understanding of signal components —in terms of their

variation, they are insufficient for a more rigorous examination. Most signals are
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composed of linear combinations of many signal components. Characterizing their
nodal domains therefore entails reasoning about combinations of eigenvectors. The
only available result to date that attempts to bound the nodal domains of a linear
combination of eigenvectors is the Courant-Herrmann conjecture [28] described in
Section 2.3.2. It is a testament to the complexity of the problem that the conjecture
was widely thought to be true for almost forty years, before proven wrong [48] and

that no alternative formulation for the general case has been proven since.

A second problem is finding ways to identify and overcome distortion. One of
the contributions of Chapter 5 was showing that, when the network topology and
the signal do not match, diffusion creates phantom effects at large scales of observa-
tion. Phantom effects often cause severe degradation in the accuracy of information
processing algorithms. Phantom effects, for example, were the prime reason why
simply smoothing a signal is not sufficient for identifying its extrema. Experiments
confirmed that topology irregularities of our indoor testbed —long links were abun-
dant, whereas short links were often obstructed by walls— caused the appearance
of phantom extrema, i.e., extrema not corresponding to inherent structures of the
underlying physical signal, and rendered graph filters inefficient. Unfortunately,
the consequences of phantom effects extend beyond monitoring physical phenomena
and sensor networks. One of the biggest challenges in graph analysis is finding un-
biased and complete data-sets. In most cases, researchers are contend to construct
their data by sampling real phenomena, or by inferring properties from experimen-
tal observations. Because graph filters exploit the graph topology to infer signal

properties, using them on biased and incomplete graphs is likely to cause problems.

But what can we do about it? The first step is identifying whether a phantom
effect has indeed occurred. According to Section 5.5.2, a simple way of telling
phantom and real extrema apart is by looking at their deep structure: extrema
born in large scales are good indications of distortion. Sadly the birth criterion
provides necessary but not sufficient conditions. Complex signals often contain
hidden structures revealed at large scales of observation®. Hidden structures can be
wrongly identified as phantom if one solely considers the birth criterion. Increasing
accuracy in detection and discovering more ways to repair distortion, both remain

open issues.

LAn example of a hidden structure revealed by diffusion is given in Section 5.3.1.
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6.2.2. Computational challenges

Let us focus on computation. Within the context of distributed graph filters, we

have identified two open challenges:

The first is systematically designing efficient algorithms for distributed filters
based on how much they attenuate each signal component, i.e., their spectral re-
sponse. The major advantage of the spectral response is that it allows us to study
filters independently of the graph in consideration (Section 2.3.2). A case in point
is Section 4.4.3, where we showed that, by mapping filtering objectives to the shape
of filter response, we can compare existing graph filters systematically in terms of
their resilience to noise and boundary detection resolution. Still, one may ask: what
is the optimal distributed graph filter that satisfies a number of filtering objectives?

One approach to distributed graph filter design is to construct new filters based
on existing ones. By combining linearly known distributed graph filters, one can
build a set of computable responses. This is analogous to how, in classical filter
design, one designs a high-order filter by combining simpler filters of lower order.
Yet, the expressiveness of a constructive approach is unknown—especially if we limit
our search to specific models of computation. What is more, even if we are able to

construct filters with arbitrary spectral responses, it is unclear which one to choose.

The last challenge entails approximating synchronous graph kernels in the asyn-
chronous model. The challenge is especially relevant for graph scale-space theory.
As was shown in Chapter 5, graph scale-space kernels exist. However, even though
such kernels are locally computable in the synchronous model, no local recursion
exists that computes them exactly (Theorem 5.2). This raises a natural question:
how well can we approximate them in an asynchronous model? Even further, can
we find algorithms that converge to an approximate solution? The existence of
such algorithms would enable us to lift the requirement of synchronization from
the network engineer and to perform scale-space analysis on dynamic networks and

signals.
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