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a b s t r a c t

Elastic neutral stability in compliant mechanisms is a remarkable appearance since it requires the
energetic state of the structure to remain unchanged during a deformation mode. Several examples
in literature require either plastic deformation or external constraints to be enforced to obtain a state
of pre-stress and often require the use of anisotropic materials. This paper presents a new type of
compliant shell structure featuring a neutrally stable deformation mode without requiring one of the
aforementioned conditions. The shell structure is composed of two initially flat compliant facets that
are connected via a curved crease. The structure can be reconfigured into a second zero-energy state
via propagation of a transition region, without any apparent effort. Both the structure’s local width
and local crease curvature can be tuned to reach neutral stability during transition. The modelled
results are verified by several prototypes that match the modelled predictions qualitatively, as well
as by measurement results that show quantitative agreement. The new type of structure introduced
here features neutral stability without relying on the application of pre-stress during manufacturing
or externally applied boundary conditions. Moreover, it shows potential for combining geometric
simplicity with complex and highly tune-able behaviour.

© 2021 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

A surprisingly simple yet intriguing structure arises when two
lat arched-shaped compliant sheets are stacked and connected in
hinged fashion along their shortest curved edges. The resulting
echanism features two obvious stable zero-energy equilibrium
onfigurations: as-fabricated and inverted, with either the top
ides or the bottom sides of the arches facing each other. How-
ver, transition between the stable states is not straightforward
ince the curved nature of the hinge does not allow energy-
ree operation. This type of hinge can be considered a curved
rease and, therefore, the structure can be classified as curved-
rease origami. In this type of structure, actuation of the curved
rease is inherently coupled to deformation of the facets [1]. The
tructure can then arguably be classified as a compliant facet
rigami mechanism (COFOM), an origami mechanism wherein
ompliance of the facets is used to incorporate energy storage [2].
The transition is initiated when the edges at an arbitrary end

re flipped with respect to each other (Fig. 1). As the transi-
ion region is propagated through, it progressively inverts the
tructure until it has been completely flipped over. A significant
art in middle stage of this transition appears to be an energy-
ree process since the transition region merely shifts through the

∗ Corresponding author.
E-mail address: g.radaelli@tudelft.nl (G. Radaelli).
ttps://doi.org/10.1016/j.eml.2021.101469
352-4316/© 2021 The Authors. Published by Elsevier Ltd. This is an open access art
structure. The mechanism then features a continuous equilib-
rium as its behaviour resembles the fascinating class of statically
balanced structures. In that particular situation, it is said to be
‘neutrally stable’.

Elastic neutral stability is a remarkable appearance since, nor-
mally, the deformation of materials is associated with increas-
ing potential energy and a resulting opposing force or moment.
An elastic mechanism in neutral equilibrium can only deform
without load if the necessary energy for deformation is already
stored in the system and redistributed upon reconfiguration [3].
This unique property is investigated by Guest et al. [4], who
utilize plastic deformation of an initially flat rectangular plate
as a source for pre-stress and describe the behaviour of the
resulting neutrally stable cylindrically curved shell. Because of
residual stresses, rotation of the axis of curvature does not change
the strain energy, thereby rendering all possible curvature-axes
configurations equally preferable. Schultz et al. [5] describe a
neutrally stable deployable composite boom that is stable in both
the coiled and extended state and every configuration in between.

Elastic neutral stability was probably first mentioned by Thom-
son and Tait [6] in the book ‘Treatise on natural philosophy’
(published in 1867). There, an initially straight rod is described
that exhibits a state of neutral stability when the ends are con-
nected to form a circular, pre-stressed, geometry. Rotation around
its centroidal axis can occur without the need to introduce a load
or to add extra energy to the system. The tape loop, first thor-

oughly investigated by Vehar et al. [7], is a more recent example

icle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. The transition between the two stable zero-energy states is depicted
both schematic (left) and using a physical prototype (right). After the transition
is initiated (top), the transition region propagates through the structure (middle)
until it reaches the opposite end (bottom).

where boundary conditions applied to a compliant shell structure
result in a neutrally stable deformation mode. When the two ends
of a tape spring are connected into a loop, the equilibrium config-
uration associated with minimal potential energy consists of two
localized folds and two straight segments in-between. However,
given the invariant cross-sectional geometry, the location of these
folds is arbitrary, enabling these fields of energy to move through
the structure without energetic costs. Given the moving regions
of localized energy storage, the structure presented here closely
resembles the tape loop. However, a notable difference is that no
loop formation is required, resulting in an open-ended structure
with beam-like properties.

Until now, all neutrally stable shell structures described in
iterature require either plastic deformation [4,8–11], the use
f anisotropic materials [5,12–14] or external constraints to be
nforced on the structure (e.g. form a loop) [6,7,15] to create the
esired state of pre-stress. A fourth and unique example is given
y Baumann et al. [16], where a temperature gradient causes
paghetti-shaped structures to obtain and even drive their pre-
tressed neutrally stable configuration. The first two methods,
ight result in a complex and sensitive manufacturing process
nd the latter two would limit design freedom by requiring
nvironmental conditions, thereby narrowing down the potential
pplications.
In this study, we present a structure that requires neither of

he aforementioned conditions. In order to be the first example
o fit this new class of neutrally stable structures, its neutrally
table properties need to be verified. Therefore, this study aims
o characterize the unique energy-free deformation mode of this
2

structure by examining the influence of the design parameters on
its stability.

The method section of this paper addresses the approach taken
to investigate the behaviour during transition, as well as the
influence of two design parameters hereon. The setup of the
numerical model is discussed, together with a unique choice for
controlling the state of transition by manipulating the geometry
of the transition region locally. The results of the numerical
analysis are presented in the results section and illustrated by
physical realization of several variants of the mechanism that
show different behaviour. The results are quantitatively validated
by measurements taken in a dedicated experimental setup. All
findings are further discussed in the subsequent discussion and
conclusion.

2. Mechanics of transition

The stability of the mechanism can be determined by the
potential energy stored in the form of material strain. In other
words, the energetic state during propagation of the transition
region is a measure for the stability and existence of equilibria
throughout the deformation path. The location of the transition
region can be described by the location of the inflection point
along the crease line, where the curvature of the crease line
changes sign. The inflection axis is the material axis perpendicular
to the crease line at the inflection point (Fig. 2). It is the exact
location within the transition region that tends to neither of the
flat equilibrium configurations and material is therefore assumed
to be undeformed.

The structure consists of two identical sandwiched shells
that, when assumed to be inextensible, are only subjected to
bending [17]. Each can be considered a developable ruled surface,
.e., the mid-plane resembles a ruled surface with zero Gaussian
urvature, where the local bending axes form the so-called gen-
erators (Fig. 2). It means that for every allowable deformation,
everywhere on the surface a straight line can be traced that goes
from the inner perimeter to the outer perimeter, i.e. the genera-
tors. As a consequence, everywhere on the surface one of the two
principal curvatures equals zero, thus the local curvature directly
relates to the bending magnitude around the local bending axis.
However, it should be mentioned that the generators’ directions
are not invariant but are determined by the current location of
the transition region. Utilizing the photoelastic effect, it can be
observed that the transition region is consistently subjected to
relatively high strains, suggesting that the total energy is predom-
inantly determined by the energy stored around the inflection
point (Fig. 3(a) and supplementary video 2).

The course of the energy curve during propagation of the
transition region can be manipulated by design parameters of the
undeformed geometry. Energy storage around the inflection point
can locally be influenced by changing the amount of material
(Fig. 3(b)). The local width of the arch-shaped geometry is directly
proportional to the amount of material and will therefore be
used as the first design variable (Fig. 4(a)). The local curvature of
the crease at the location of the inflection point also influences
the required material deformation (Fig. 4(b)). For instance, the
limit case of a crease with zero curvature (i.e. a straight folding
line) would be able to operate without deforming the material.
In this work, the effect of introducing variable arch width and
variable crease curvature on the behaviour of the structure during
transition is further investigated.

3. Method

In order to investigate the complex geometrical configurations
that occur during transition, a numerical approach is substanti-
ated. In this section, expressions for the variable geometry are
defined and modelling details are discussed.
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Fig. 2. The inflection point and associated inflection axis is depicted for two
tates during transition (left). The inflection axis is locally undeformed and
irected perpendicular to the inner perimeter at the inflection point. A schematic
epresentation of the deformation projected on the undeformed geometry is
epicted (right), where the yellow and blue lines represent the generators with
ositive and negative curvature respectively. (For interpretation of the references
o colour in this figure legend, the reader is referred to the web version of this
rticle.)

Fig. 3. (a) The stress distribution within the structure is visualized using the
photoelastic effect, where colour gradients in the material represent stress
gradients. (b) A schematic representation of the energy distribution as a function
of the material coordinate s is also depicted. The two curves each represent a
ossible distribution for certain design parameters where the surface area equals
he total elastic potential energy within the system. (For interpretation of the
eferences to colour in this figure legend, the reader is referred to the web
ersion of this article.)
3

3.1. Numerical model setup

An isogeometric analysis framework (IGA) [18] forms the basis
of the numerical analysis. A shell model based on the Kirchhoff–
Love plate theorem is used and a linear isotropic elastic consti-
tutive law is applied. The geometry is modelled as the mid-plane
surface of a shell of uniform thickness and described by B-splines.
These are defined by a set of control points and make up a planar
grid, with the primary and secondary material directions per-
pendicular to and along with the curved crease line respectively
(denoted with d1 and d2 respectively in Fig. 5). The boundaries
of the surface are given by the inner and outer perimeter, rin
and rout respectively and a subtended angle, θ . The local width
of the structure is defined as the distance between rin and rout
perpendicular to the inner perimeter rin. The control points are
placed along the inner perimeter with equal angular intervals
(n = 60) and spaced linearly along the width (m = 10). A
Newton–Raphson numerical integration scheme is implemented
in MATLAB used to solve for the static equilibrium configura-
tions. Because of symmetry, only a single half of the structure is
modelled. The effect of the interaction between the two halves is
replaced with a geometrical constraint that enforces the control
points that describe the crease line to live on the symmetry plane.

The effects of variations in local width and curvature are
investigated separately. The local width is varied by altering the
geometry of the outer perimeter while maintaining the inner
perimeter constant. The addition of a sine-function of parameter-
ized amplitude p is chosen to perturb the outer perimeter, creat-
ng a smooth transition through the structure. A parameterization
f the investigated curves is given as:

w,in(θ ) = r0 (1)

rw,out(θ ) = (1 + p sin θ ) w0 + r0, (2)

with

0 < θ < π,

where rw,in describes the inner perimeter, or crease line, of con-
stant curvature and rw,out describes the perturbed circular outer
perimeter. r0 is the standard radius of curvature, w0 is the stan-
dard width (Table 1) and θ is the angular coordinate with respect
to the positive x-axis. The period is chosen so that the width at
the boundaries equals w0. The amplitude p is used to produce
geometries of different width profiles with −0.4 < p < 0.4 with
equal intervals of ∆p = 0.1, resulting in geometries with both
narrower and wider middle sections.

An elliptical geometry is used to study the effect of local
curvature. A parameterization of the investigated inner curve is
given as:

rc,in(θ ) =
a1b1√

(b1 cos θ )2 + (a1 sin θ )2
, (3)

with

a1 = r0
b1 = r0 q

and

0 < θ < π.

Variables a1, b1 are the semi-minor and semi-major axis of
the inner and outer part of the perimeter respectively. The ratio
between the semi-minor axis and semi-major axis is represented
by the factor q, with 0.8 < q < 1.2 with equal intervals of
∆q = 0.05. A value of q = 1 results in a circular segment and a
ratio q > 1 results in a geometry with higher curvature towards
the boundaries. The outer perimeter r is traced out by the last
c,out
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Fig. 4. A graphical representation of the design variables used to control the
behaviour of the transition. Either (a) the local width is varied while maintaining
a constant crease curvature or (b) the local curvature is varied while maintaining
a constant width.

Fig. 5. The parameters used to describe the undeformed geometry are depicted
in both the Cartesian and polar coordinate system. The design variables (rin ,
out , θ ), material directions used to define the control points (d1 , d2) and the
urvilinear material coordinate s are denoted.

ontrol points in the d1-direction, defined as the normal to the
nner perimeter rc,in (Fig. 5). The width of the curve, measured in
he direction of d1, is kept constant and equal to w0. Values for
ther design parameters are denoted in Table 1.

.2. A moving constraint

The control points on the inner perimeter rin of the modelled
alf of the shell structure are constrained to live on the symmetry
xy-) plane, i.e. z = 0. One (arbitrary) control point along rin is
ixed in space. The local geometry of the inflection axis can be
onsidered as a straight line and invariant throughout the defor-
ation process. Propagation of the transition region is therefore
odelled by locally aligning the structure perpendicular to the
ymmetry plane (Fig. 6). The direction from control point (1) to
2) is aligned with the x-axis. Control point (3) is constrained to
hare its y-coordinate with point (1), such that control points
1), (2) and (3) span the xz-plane. This condition is consecu-
ively imposed on all control points along the curved crease. The
lastic potential energy during propagation is finally investigated
4

Fig. 6. The constraints used to model the propagation of the transition region.
Only one half of the shell is modelled, whereby the inner perimeter rin lives on
the symmetry plane. Control point 1,2 and 3 are subjected to angular constraints.

Table 1
Design variables.
Parameter Value Unit

r0 0.1 m
w0 0.03 m
θmax π rad
p −0.4 < p < 0.4 –
q 0.8 < q < 1.2 –
t 5e−4 m

E 2.e9
N
m2

ν 0.37 –

as a measure for the stability of all encountered intermediate
configurations.

It should be noted that the resulting moving constraint af-
fects the geometry locally, thereby omitting parasitic deforma-
tions when forces would be applied to the end point in a more
generally encountered ‘clamped base and end effector’ loading
condition.

3.3. Experimental validation

Validation of the modelled results is achieved by reproducing
the constraint conditions in an experimental setup. The setup,
depicted in Fig. 7, is based on a three-point bending framework
that constrains three symmetrically oriented material points to be
aligned over a distance dc at a specific location along the curved
crease. A 9N miniature S-beam load cell (Futek LSB200) is used
together with a signal conditioner (Scaime CPJ2S) and a data ac-
quisition module (NI USB-6008) to measure the reaction force on
the middle contact point. Due to symmetry and static equilibrium
conditions, the remaining two opposing reaction forces can be
derived. The reaction force is a measure for the tendency of the
structure to reconfigure towards an equilibrium configuration.
Measurements are taken at discrete intervals of π

20 rad along the
crease line.

Prototypes are constructed from 0.5 mm polycarbonate (PC)
sheet with a Young’s modulus of 2.5 GPa. Designs are modelled
in CAD-CAM software and a CNC-operated drag knife is used
to accurately reconstruct the modelled geometries. The curved
crease is realized using glass fibre reinforced adhesive tape (3M
8959) on both sides of the PC sheets. Since a fixed distance
dc between the contact points is imposed in this setup, only
geometries featuring a constant width, i.e. elliptical variations, are
used for quantitative analysis. Prototypes with varying width are
used to validate the modelled results qualitatively.
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Fig. 7. The measurement setup based on a three-point bending framework.
Reaction forces are measured by the middle contact point that is connected
to a force transducer (1), while opposing forces are provided by two adjustable
contact points (2) connected to the frame (3). Three material points are aligned
on the structure to be analysed (4), representing the inflection axis (5).

4. Results

4.1. Modelling results

Figs. 8 and 9 show the elastic energy during transition of the
structure with varying local width and varying local curvature
respectively. Every curve represents the behaviour of a unique
geometry, determined by a certain value of the parameters p and
. The dashed curve represents the same, circular, geometry with
onstant width in both figures. In both figures, the deformed con-
igurations obtained from the analyses around certain locations
long this dashed curve are depicted. An animated sequence of
onfigurations during transition for q = 1.05 can be seen in
upplementary video 1, whereby the geometry was determined
y manipulation the control points around the inflection point.
ote that the flat zero-energy states are not depicted here since
hey do not feature an inflection axis and fall therefore outside
he analysis window.

.2. Experimental results

Fig. 10 shows the reaction forces on the static contact points
f four variations to the elliptical geometry. A geometry with a
hird equilibrium (q = 1.2), a constant energy region (q = 1.05),
circular geometry (q = 1) and an unstable geometry (q = 0.9)
re investigated. The dashed lines represent the boundaries of
he discrete measurement results and the markers denote the
iscrete measurement locations. Locations where contact was
5

arely present are denoted with zero. The shaded area illustrates
he variance in the measurement results. A change of sign of
he measurement signal required a physical flip of the analysed
tructure to ensure continuous contact with the contact points.
Prototypes that represent the most extreme variations to the

lliptical and the circular geometries have been constructed.
he two variations with a predicted stable equilibrium halfway
hrough the transition (p = −0.4 and q = 1.2) also show
this behaviour in practice. Structures with a predicted unstable
equilibrium (p = 0.4 and q = 0.9) always showed a tendency
towards their flat configurations. Finally, prototypes with a pre-
dicted region of near-constant energy (p = −0.1 and q = 1.05)
have been constructed and showed no tendency towards any
configuration. Within that region, no external loads were required
in order to maintain static balance. Prototypes of the elliptical
extremes are depicted in Fig. 11.

5. Discussion

5.1. Results of the numerical analysis

A local energy maximum represents an unstable equilibrium,
while a local energy minimum predicts the existence of a stable
equilibrium. It can be seen that both geometric groups feature
stable and unstable equilibria.

A circular geometry of constant width (corresponding to p = 0
and q = 1 and the dashed curves in Figs. 8 and 9 respectively)
does not show stable behaviour. When the structure is symmetric
with respect to the inflection point and both sides are equal in
size, a local maximum exists. This effect is amplified when the
middle of the structure either features higher width or higher
curvature with respect to the ends (corresponding to values of
p > 0 and q < 1). For values of p < −0.05 and q >
1.05, the structure exhibits a third stable, albeit non-zero-energy
equilibrium. The local energy minimum implies a tendency of the
mechanism to maintain this symmetric configuration. For values
of p around p = −0.05 and q = 1.05, the potential elastic energy
curve neither shows local maxima nor local minima around this
symmetric configuration, extending the state of equilibrium over
a significant portion of the investigated range of motion. This
shows that compensation for the edge-effects of the open ended
structure is possible, by geometrical variations to the standard
circular structure of constant width. Note that this unique prop-
erty is not a result of a specific optimization procedure but arises
simply due to the variation of either of two principal design
parameters. This aspect could be generalized by stating that the
behaviour is tune-able to a high extend, creating the potential to
be optimized for customized behaviour.

5.2. Results of the experimental analysis

Measurement results show similar behaviour when compared
to the modelled predictions. However, measured forces are no-
tably lower then predicted, which could be due to several discrep-
ancies between simulations and the physical realization of the
structure. The crease is modelled to have zero stiffness, while this
is evidently not achievable in practice. Crease forces could have
opposed the reaction forces of the shell elements, thereby af-
fecting the measurements. Also, visco-elasticity of the prototype
material was not taken into account in the numerical simulations.
Moreover, the finite width of the crease allowed for some relative
motion between the structure’s connected edges, resulting in an-
other mismatch with the modelled conditions. Finally, the manual
operations allowed for some inconsistency regarding positioning
and propagation velocity and left some room for interpretation
of the measured forces. Qualitative analysis showed stable or
unstable behaviour as predicted and confirmed the existence of a
neutrally stable geometry in between.
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Fig. 8. The energetic paths for different values of the design parameter p, associated with a varying local width are depicted. The curves show the elastic energy
uring transition between the two stable zero-energy states. The dashed curve represents a structure of constant width.
Fig. 9. The energetic paths for different values of the design parameter q, associated with a varying local curvature are depicted. The curves show the elastic energy
uring transition between the two stable zero-energy states. The dashed curve represents a structure of constant curvature.
.3. Future work

The achievement of neutrally stable elastic behaviour from an
tructure that does not require complex pre-stress steps, opens
p new opportunities in terms of embedded actuation. A pas-
ive mechanical substrate that does not absorb any elastic de-
ormation energy, is convenient because it allows for a better
nput–output efficiency of the available actuation power. It is
hus recommendable to explore the possibilities to apply active
aterials, e.g. smart memory alloys, to apply a local deformation

o the structure and as such are able to move the inflection point
o a desired location. The main directly observable result would
e that the structure will then keep its deformed shape even
hen the power supply is stopped.

. Conclusion

In this paper, a new type of neutrally stable compliant shell
tructure featuring a curved crease is presented. Transition be-
ween two stable zero-energy states occurs by propagating a
ransition region through the structure without apparent effort.
6

This unique behaviour is characterized by analysing the influ-
ence of two principal design parameters on the stability of the
encountered configurations.

It has been shown that the energetic path during transition
can be manipulated by both the structure’s local width and local
crease curvature. For a unique set of design parameters, a third
prolonged equilibrium exists within a significant range of motion,
rendering the structure neutrally stable and verifying its poten-
tial to be optimized for specific behaviour. The modelled results
are substantiated qualitatively by constructing several prototypes
that show behaviour in agreement with the modelled predictions.
Moreover, measurement results of pronounced stable and unsta-
ble geometries show quantitative agreement with the modelled
results. This verifies the validity of the modelling approach.

In contrast to existing neutrally stable compliant structures,
operation of the structure presented here neither requires ma-
terial anisotropy, nor taylored plastic deformation nor external
conditions to be enforced. Therefore, we present a new type of
neutrally stable compliant structure that does not rely on the
application of manufactured pre-stress or external constraints,
nor on material anisotropy for operation. This type of structure
allows geometric simplicity to be combined with behaviour that
is generally considered complex.
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geometry for various values of the design parameter q. The solid line represents
he modelled results while the dashed lines correspond to the experimental
esults. The shaded area depicts the spread of measurement results. The variable
on the horizontal axis describes the normalized location of the inflection point
nd because of symmetry. only half the transition is depicted.

Fig. 11. Prototypes are constructed for qualitative comparison to the modelled
results. Here, the two most extreme variations to the elliptical geometries,
corresponding to q = 1.2 (top) and q = 0.9 (bottom) are shown.
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