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Abstract

Mirages are a visual phenomenon consisting of the appearance of a mirrored im-
age of an object, without the presence of an actual mirror surface, due to light rays
that are curved because of continuous refraction in the air, which relates to differences
between the surface and ambient temperature. As temperature is defined in space,
while a typical standard rasterization pipeline only processes surfaces, these phenom-
ena are difficult to reproduce. Approximating the nonlinear ray path with ray marching
becomes taxing due to the long light paths. Current approaches use acceleration struc-
tures and have not been implemented in a rasterizer.

We present two methods that make dynamic real-time rendering of mirages possi-
ble, which fit well in the rasterization pipeline. The first solution uses a second camera
to capture surface temperature and normal information below the view ray, and approx-
imates the nonlinear path of the ray in as few steps as possible. The second method
obtains the surface information in screen space instead, making it faster, but potentially
less accurate in heterogeneous scenes.

Results show that both methods are capable of rendering mirages dynamically and
in real-time when the surface is relatively flat. Therefore, both methods, especially
the second, faster method, could be used for the rendering of mirages on relatively flat
faces, enabling real-time dynamic rendering of mirages in video games on those types
of surfaces.
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Chapter 1

Introduction

A mirage is a visual phenomenon consisting of the appearance of a mirrored image of an
object without the presence of an actual mirror surface, due to temperature differences in the
air. These deceiving images are commonly spotted on the road in the summer, in the desert,
and above the sea. They are an intriguing subject to capture, and Figure 1.1 shows examples.
However, they have been mostly absent from real-time video games and applications, with
the exception of road mirages being added before to a racing video game (Nelva, 2015).

Heat shimmering (or heat haze) is a closely related phenomenon where light rays and,
therefore, images are slightly distorted due to refraction caused by air temperature differ-
ences. The effect is noticeable without the presence of a mirage and vice versa, as mirages
simply require sufficient refraction in the same direction so that the light ray would become
parallel to the surface under or above the light ray. Heat shimmering is often approximated
in real-time applications by capturing the scene in a texture and then sampling that tex-
ture with varying texture coordinates, which are altered with some noise function or texture

(a) A superior mirage (reflection above object). (b) An inferior mirage (reflection below object).

Figure 1.1: (a) A superior mirage of a ship above Finnish waters. Source: (Mirages in
Finland). (b) An inferior mirage on the road of a car’s front and vegetation. The snow
shows that high ambient temperatures are not required to have mirages. A part of a frame
from the film Wind River (2017) (Sheridan, 2017).
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Introduction

Figure 1.2: Heat shimmering in a video game. Obtained from Fire and Haze: Wind Waker
Graphics Analysis Series.

(a) Belgian Grand Prix in F1 2021 video game. (b) F1 2022 Belgian Grand Prix.

Figure 1.3: (a) A zoomed-in frame from the F1 2021 video game that does not contain
mirages. (b) Footage from the actual race with plenty of mirages. Both images capture the
same corner and are taken from roughly the same position.

to mimic random temperature fluctuations (Fire and Haze: Wind Waker Graphics Analy-
sis Series). This approximation allowed popular twenty-three-year-old video games Super
Mario Sunshine (Nintendo GameCube, 2002) and The Legend of Zelda: The Wind Waker
(Nintendo GameCube, 2002) to contain many applications of heat shimmering already, as
displayed in Figure 1.2. Meanwhile, rendered mirages have been mostly absent. Figure 1.3
shows how a lack of simulated mirages can reduce the realism of video games.

Mirages do not form because of temperature fluctuations, but due to air refraction caused
by a stable air temperature gradient instead, as total internal reflection is required to obtain
the reflection. Therefore, adding randomness to the texture coordinates will not work well
for simulating mirages. Even if that was the case, it is still a crude approximation that
forgoes the physics that causes a mirage.

What complicates the simulation of mirages is the ray’s nonlinear path, which depends
on local atmospheric information. Linear paths are easier to compute since they only change
direction when they intersect with an object. Another issue is that some methods do not
work for dynamic scenes because geometric structures must be built to approximate the
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scene (Cao et al., 2010; Mo et al., 2015). An additional problem is that the current ap-
proaches do not achieve interactive framerates (Stam and Languénou, 1996; Seron et al.,
2005; Gutierrez et al., 2006; Zhao et al., 2006; Cao et al., 2010; Mo et al., 2015). Finally,
there is an issue with the accuracy of the functions that have been used to calculate the index
of refraction of air in currently existing mirage rendering approaches, which has major con-
sequences in regards to accuracy (Cao et al., 2010; Mo et al., 2015; Stam and Languénou,
1996; Khular et al., 1977; Zhao et al., 2006).

In this project, we present two closely related methods to enable mirage rendering for
dynamic scenes in real-time, which require little pre-processing. In our methods, generally
slower approaches such as ray tracing and ray marching are circumvented by capturing ge-
ometric data in an image buffer using rasterization and approximating the ray’s curved path
using ray equations, followed by techniques borrowed from screen-space reflection render-
ing. Ray equations have been used before to render mirages (Cao et al., 2010; Mo et al.,
2015), but these solutions did not rely on scene data captured via a rasterizer. Access to this
data has been made possible using temperature textures to store surface temperature infor-
mation (Zhao et al., 2006), which has not been done for mirage rendering in the rasterization
pipeline before. Our first method obtains the scene data with a second camera so that even
some of the invisible geometry from the main camera is accounted for, and uses the mean
averages of select parts of the surface to approximate the required surface attributes. Our
second method works fully in screen-space and is, therefore, faster at the cost of accuracy.

The only preparation required for these methods to work is designing temperature tex-
tures for objects that must be able to have mirages above them to allow for access to nec-
essary temperature information; all the other required data is already available through de-
ferred rendering, except for the normal information that the first method obtains with the
second camera.

A limitation of the presented approach is the inability to render mirages that require
refraction outside the view ray’s epipolar slice. The presented methods also seem not to
perform as well for surfaces with much height deviation, compared to (relatively) flat sur-
faces.

This work also includes a thorough comparison of the different functions used before in
mirage rendering to calculate the air’s refractive index. This comparison is used to improve
realism while keeping the run time in check.
In summary, our contributions are:

1. A comparison of functions for computing the air’s index of refraction on accuracy
and speed;

2. A comparison of different air temperature models on accuracy and speed;

3. A correction of a function for the refractive index of air in an earlier mirage-rendering
method.

4. One method to render mirages with scene information captured from a second cam-
era;

5. Another approximating method to render mirages completely in screen-space.
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Chapter 2

Background

Rendering mirages accurately requires an understanding of how mirages are formed in real
life. This chapter discusses how natural processes such as heat transfer and atmospheric
refraction can cause a mirage to appear under the right circumstances.

2.1 Rasterization pipeline

Rasterization is a rendering technique where primitives in a 3D space, often triangles, are
transformed to a 2D raster image consisting of pixels. Although the exact steps in this
transformation process may differ, Figure 2.1 shows what the different stages typically look
like based on graphics APIs such as DirectX and OpenGL. Here, we solely focus on the
stages that are most relevant for our work, which are the vertex and fragment shader stages.
First a shader, which is a small program that runs on the graphics processing unit (GPU),
operates on the primitives’ vertices and typically transform their local coordinates to world
space coordinates by matrix multiplication. The fragment shader is where operations are
performed per fragment, i.e., per part of a primitive that fills a pixel, and where usually the
shading of objects is done and where textures are applied to models. Finally, some per-
fragment operations, such as a depth test (only parts of faces closest to the camera should
be visible) are performed before the output is written to a framebuffer. The framebuffer
has 1 frame’s worth of pixel data that can be rendered directly to the screen or be used in a
different rendering pass.

Deferred rendering The framebuffer can have more than 1 attachment that can be written
to simultaneously, enabling fragment shaders to have multiple outputs, e.g., 1 depth buffer
and 4 color buffers. This is particularly useful for deferred rendering, a rendering technique
where objects’ geometry and texture data are first rendered to different color attachments,
and the actual shading is only performed in a separate rendering pass that uses those color
attachments and one or two screen-filling faces. The color buffers are called a G-buffer
(‘geometry buffer’) and the G-buffer typically consists of depth, position, albedo, normal,
and material (e.g., roughness) information. Figure 2.2 shows how the G-buffer may look
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2.2 Mirages Background

Figure 2.1: A typical rasterization pipeline. Green stages are programmable, yellow stages
are configurable, red stages are fixed function stages, and the framebuffer is the output. The
stages surrounded by a dashed line are optional, although the fragment shader is still often
defined. The arrows indicate the data flow, which starts with the vertex puller stage.

Figure 2.2: A G-buffer consisting of 4 color buffers. Obtained from de Vries (2015).

like. Deferred rendering can have multiple advantages, but the biggest one is that it prevents
the waste of shading computations on fragments that end up being obstructed.

2.2 Mirages

A mirage is an optical phenomenon where an inverted reflection appears without the use of a
mirror or reflecting object due to the presence of a temperature gradient. Although mirages
are a common sight, and research has been conducted on mirages since the 1800s (Young,
2015), there is no definitive answer to the question of what causes them. The consensus is
that mirages appear due to refraction: a temperature gradient above objects causes enough
atmospheric refraction to allow for total internal reflection to take place and thus not only
refract but also reflect light. The reflection that then appears is the mirage. The temperature
gradient causes the air temperature above a surface to change in a monotonic fashion until
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the air temperature has become equal to the ambient temperature; the ambient temperature is
the local air temperature, comparable to the temperature mentioned on the weather forecast.
The temperature gradient can be negative (i.e., the air temperature decreases with distance
from the object) or positive. The former causes an inferior mirage, which is a mirage with
the inverted image below the reflected object; the latter causes a superior mirage, where the
inverted reflection is above the original object. Figure 1.1 presents examples of superior and
inferior mirages.

2.2.1 Cause of temperature gradient

The temperature gradient is often caused by the sun warming up surface materials. For
example, asphalt has a high absorptivity for solar radiation, which means that it absorbs
most of the energy from the solar light and, therefore, quickly warms up (Çengel, 2002,
p. 589), causing the common road mirages. Oceans have a very low albedo, meaning they
absorb most solar radiation as well (Thermodynamic: Albedo). However, both inferior and
super mirages can appear above sea as the sea temperature changes slower than the ambient
temperature due to the thermal capacity of the large, deep pools of water.

Figure 2.3: Overview of the different boundary layers and their properties above a hot
surface in the case of an inferior mirage. The temperature gradient is noticeable up to ap-
proximately 90 cm, meaning that the air temperature can be considered equal to the ambient
temperature above that.

Now that it has become clear why the surface temperature reaches an adequate level to
cause the formation of mirages, we examine the causes of temperature gradients with the
use of Figure 2.3. For inferior mirages, the air temperature close to the ground is higher
than the ambient temperature due to convection from the surface. The layer of air closest
to the surface, which is the laminar layer, is influenced by conduction instead of convection
and its height is approximately a few millimeters (Wakid, 2019; Young, 2015). It is pre-
sumed that there is no pressure difference between the bottom and top of the laminar layer
(Wakid, 2019). The temperature, and therefore the index of refraction, changes linearly in
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2.2 Mirages Background

the laminar layer, as the laminar layer can be compared to a solid dielectric slab heated by
convection (Wakid, 2019), and the temperature gradient is linear in such a slab (Çengel,
2002, p. 87). The vanishing line, which is the line where the original image and reflection
image intersect as shown in Figure 2.4, is slightly higher at around 1 cm above the surface
(Wakid, 2019).

Above the laminar layer lies the turbulent layer, named after the buoyancy and turbu-
lence present there. Buoyancy in the turbulent layer is caused by gravity (Wakid, 2019),
while turbulence is the result of the differences in air pressure. The air pressure within the
layer differs partially due to heat transfer (conduction and convection) (Zhao et al., 2006).
The heat transfer is responsible for the temperature gradient near the surface, where the
air temperature is different from the ambient temperature. The length of the temperature
gradient is not clearly defined, with claims that the inferior mirage is formed “in the lowest
few meters of the atmosphere” (Young, 2015, p. 172) and experiments that show that the
temperature gradient stops at around 90 cm from the surface (Wakid, 2019). At this height,
the air temperature has become equal to the ambient temperature in the area.

No consensus exists on whether mirage formation takes place in the laminar layer or
the turbulent layer: one hypothesis is that the mirage formation depends on the temperature
gradient below the vanishing line (Wakid, 2019), while another is that the layer above it with
its turbulence, pressure differences and logarithmic refraction index profile causes mirages
(Young, 2015). The second hypothesis seems more plausible: a linear profile for the index
of refraction cannot produce inverted images (Biot, 1810), and the temperature gradient and,
therefore, the refractivity profile in the laminar layer is presumed to be linear as Figure 2.3
indicates. In this view, the vanishing line does not mark the lower boundary of the turbulent
layer, like Wakid (2019) claims, but lies within it as depicted in Figure 2.3.

Figure 2.4: Indication of the vanishing line for an inferior mirage. Image originally from
Wakid (2019), adapted by ourselves.

2.2.2 Refraction

Although it is clear how temperature gradients are formed, it remains unsettled why mirages
take the form of inverted reflections. Therefore, we must examine the relation between
refraction and (air) temperature.

The refractive index of air depends on multiple factors: temperature, pressure, vacuum
wavelength, humidity and CO2-content (Edlén, 1966; Ciddor, 1996). The vacuum wave-
length of light is constant, and the air humidity and the partition of CO2 in the air mixture
usually do not vary much. The air pressure does differ and generally lowers slowly with
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an increase in altitude, as less air above weighs down on the air below. However, the dif-
ference in air pressure close to the surface can be neglected when mirages are caused by
local hot spots, such as the road mirage (Khular et al., 1977; Seron et al., 2005). The only
remaining factor that could impact the refractive index of air is temperature, and the tem-
perature gradient caused by such hot spots changes the air temperature above the surface
significantly (Wakid, 2019). Therefore, it is probable that mirages are caused by refraction,
and the reflection-like results could then be explained by total internal reflection, an effect
that shows up with refraction when the angle between the normal and the incoming ray of
light (the angle of incidence, θi) is larger than the critical angle θc.

The critical angle is only defined when the ray goes from a medium of lower propaga-
tion speed to one of a higher propagation speed and depends on the ratio of the indices of
refraction of the two media. There is always already some partial reflection with every re-
fraction when the angle of incidence is smaller than the critical angle. As Figure 2.5 shows,
the angle of refraction θr becomes larger when the angle of incidence becomes larger itself,
if light travels slower through the first medium than the second medium. This behavior leads
to a situation where the angle of refraction becomes 90° with a smaller angle of incidence,
which is then equal to the critical angle. When the angle between the incidental ray and the
normal then becomes even larger, the ray no longer refracts along the side of the medium.
Instead, it only reflects within the first medium: total internal reflection.

Figure 2.5: Three light rays go from a medium of a lower propagation speed to a medium of
a higher propagation speed. The left ray mostly refracts, but there is always at least partial
reflection too in this situation. The angle of incidence of the middle ray is equal to the
critical angle, resulting in an angle of refraction of 90° and partial reflection. The right ray’s
angle of incidence is larger than the critical angle, meaning there is no refraction anymore
and only total internal reflection.

The refractive index of air is only slightly affected by a significant change in temper-
ature. This, combined with the fact that the temperature gradient is only noticeable close
to the surface (in the case of inferior mirages), means that light rays need to be affected
by temperature differences for a more extended period to refract enough to achieve total
internal reflection, making it generally required for the ray to be close to parallel with the
surface. It is also necessary for total internal reflection to occur that the light ray traverses
air layers with increasing phase velocities so that the ray refracts away from the surface.
The monotonic temperature gradient ensures these increasing phase velocities, since hotter
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air has a lower refraction index and, consequently, a higher phase velocity, as can be de-
duced from Equation (3.10). All in all, refraction due to a temperature gradient seems to be
the most logical explanation of mirage formation.

A theory exists that not a temperature gradient but the roughness of the surface, com-
bined with a small viewing angle between the surface and the camera, causes mirages to
form. Appendix A explains why the mirages produced by continuous refraction in the air
are different from the reflections caused by a rough plane and small viewing angle. There-
fore, this work does not consider them further.

In summary, a temperature gradient forms above surfaces due to solar irradiation, causing
light rays to refract and even reflect with sufficient refraction. The necessary amount of
refraction to achieve total internal reflection is obtained if the angle between the ray and
surface is small since the most refraction happens near the surface: the air temperature
decays quickly farther from the surface, and a significant difference in air temperature is
required to change the index of refraction of air slightly.

Based on this background information, we will not only devise our own methods but
also evaluate the physical bases of previous methods. For the latter, we will consider differ-
ent functions to calculate the index of refraction of air.

10



Chapter 3

Related Work

This chapter discusses previous methods for the rendering of mirages. However, we also pay
attention to different methods to compute the index of refraction of air, as approximations
use different parameters and equations. Less accurate values for the air’s index of refraction
lead to less realistic mirages.

3.1 Refraction index calculation

While there is only one actual index of refraction for air in a given situation, multiple ap-
proaches exist to calculate the index: calculating the density of air and, therefore, its refrac-
tive index normally involves multiple parameters and can become complex and computa-
tionally expensive (Edlén, 1966; Ciddor, 1996), warranting methods that approximate the
air’s index of refraction.

Height-based function The method created by Khular, Thygarajan & Ghatak generates
index values for both inferior and superior mirages using height as the only input parameter
(Khular et al., 1977). In their method, other parameters that influence the index of refrac-
tion of air, such as those affecting the density and air humidity, are disregarded because the
variation of pressure is in the case of mirage formation “negligible” and moisture “can be
ignored”, making the density and, therefore, the refractive index depend only on the tem-
perature (Khular et al., 1977, p. 90). Based on earlier findings that the temperature profile
above hot land was found to be roughly exponential and that the temperature gradient could
be regarded as considerable only up to approximately 1 meter above the ground (Fleagle,
1956), the authors came up with two functions where height is the input and the refractive
index changes exponentially to a maximum height of 1 meter.

The consequence of making the function based on height is that the method gives the
same index of refraction for the air that is a certain height above a surface, regardless of
the surface and ambient temperature. Therefore, mirages that should look different due to
bigger differences between surface and ambient temperature will look the same with this
method.

11
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Figure 3.1: A render of an inferior mirage obtained using the function from Khular, Thy-
garajan & Ghatak. The camera is positioned 1 meter above the surface.

Another problem is that it is not entirely based on empirical data, but partly on the
authors’ assumption of a 10%-variation in the air’s index of refraction between the surface
and the end of the temperature gradient. The authors already suggest that the function might
allow for too much, unrealistic variation of the refractive index (Khular et al., 1977), and
Figure 3.1 shows how mirages will incorrectly appear only a few meters away from the
observer if the function is used.

Zhao’s and Edlén’s functions In a method created by Edlén and later corrected by Birch
& Downs, the index of refraction is calculated in two steps (Edlén, 1966; Birch and Downs,
1994). They first calculate the dispersion influence on the index ns (Equation (3.1)), and
then multiply the outcome by the density influence on the refractive index (Equation (3.2))
to get the refractive index of air n. The method accepts air pressure P and the air tempera-
ture in degrees Celsius t as input, as well as inputs that (CO2-concentration, humidity, and
wavelength λ). However, these extra inputs can be considered constants in our situation, as
we explained in the previous chapter that temperature is presumed to be the most important
factor in the formation of mirages. The standard atmospheric pressure (the average atmo-
spheric pressure on Earth at sea level) can be used for the pressure, as the air pressure barely
changes within the volume affected by the temperature gradient: P = 101,325 Pa (Khular
et al., 1977; Seron et al., 2005). σ in Equation (3.1) is the reciprocal of the wavelength in
micrometers.

(n−1)s(σ) = 10−8(8342.54+2406147[130−σ
2]−1 +15998[38.9−σ

2]−1) (3.1)

n(t,P) = 1+
P(n−1)s

96095.43
· 1+10−8(0.601−0.00972t)P

1+0.0036610t
(3.2)

Edlén’s updated method has an empirical basis, as the values in Equations (3.1) and
(3.2) were chosen to minimize the differences between the calculated densities and refrac-
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(a) Render using Zhao et al.’s function. (b) Render using the function by Edlén & Birch.

Figure 3.2: Road mirages rendered from the same position with the refractive index function
used by Zhao et al. and the Edlén-Birch function Zhao et al. intended to use. The road
mirage appears too close to the observer when Zhao et al.’s function is used.

tive indices outcomes and those found in laboratory experiments (Edlén, 1966) – a clear
improvement over the assumed ‘10%-variation’ of the height-based function.

n(t,P) =
P

96095.43
· 1+10−8(0.601−0.00972t)P

1+0.0036610t
(3.3)

Zhao et al. tried to use Edlén’s method based on the source they refer to (Zhao et al.,
2006), but their implementation (Equation (3.3)) differs from Edlén’s; it fails to include
ns and the addition of 1 at the end results in inaccurate outputs for n that are still fairly
close to ‘1’, which likely obfuscated the errors. As Figure 3.2 shows, the mistake results in
wildly different mirages. Appendix B offers a more comprehensive analysis of Zhao et al.’s
derivation and its inaccuracies.

Functions with built-in temperature model A simple method that only requires temper-
ature as input was proposed by Minnaert et al. (Minnaert, 1993):

n(T ) = 1+
T0(n0−1)

T
, (3.4)

where T is the input temperature in Kelvin, T0 is a temperature of 273 K, and n0 is the
refraction index of air with temperature T0 (∼1.00023). This function is based on the fact
that “the amount by which the refractive index of air exceeds that of a vacuum is directly
proportional to the air density, that is, inversely proportional to the absolute temperature”
(Minnaert, 1993, p. 68).

Stam & Languénou use ‘distance from the temperature source’ together with the am-
bient and surface temperature to incorporate a temperature model in Minnaert’s function
(Stam and Languénou, 1996). The authors note that the temperature above planar objects
usually has an exponential drop-off based on the surface temperature and a drop-off dis-
tance d0. The air temperature at a distance h from the surface with a surface temperature
Ts could then be calculated as shown in Equation (3.5), where Ta is the ambient tempera-
ture. A proper value for d0 is unclear, although it is mentioned that a hot asphalt road has
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been found to have a drop-off length of approximately 1 cm (Stam and Languénou, 1996;
Minnaert, 1993) or 2 cm (van der Werf, 2011).

T (Ts,h) = Ta +(Ts−Ta)exp(−h/d0) (3.5)

Several other functions have incorporated the temperature model created with Equation
(3.5)), but are not based on Equation (3.4) to obtain a value for refractive index n. Gutierrez
et al. calculate the air density ρ with the ideal gas law (Equation (3.6)), the influence of
the wavelength on the refractive index with Cauchy’s dispersion formula (Equation (3.7)),
and finally the index of refraction with Gladstone-Dale’s law (Equation (3.8)) (Gutierrez
et al., 2006). In these equations, the pressure P can be considered constant again, as well
as the wavelength λ and M (the mean mass of the molecules of a mixed atmosphere in
kg/mol−1) under the assumption of monochromatic light and of there being no local changes
in atmosphere composition.

ρ(h) =
PM

8.314510T (h)
(3.6)

nd(λ) = 28.79E−5 · (1+ 5.67E−5
λ2 )+1 (3.7)

n(h,λ) = ρ(h) · (nd(λ)−1)+1 (3.8)

The ideal gas law can also be derived to a different function for the air’s refractive index,
and this function by Van der Werf is shown in Equation (3.9) (van der Werf, 2011). This
function has the disadvantage over the one used by Gutierrez et al. that fewer parameters
are accepted, which becomes an issue when the wavelength of the light needs to be altered.
Another disadvantage is that Van der Werf has not provided an error bound nor mentioned
having compared the function outcomes with actual data. Nonetheless, Van der Werf’s
function does have a physical basis, and when parameters other than the temperature are
considered constant, the two approaches are as computationally intensive as each other.

n = 1+
7.872E−7P

T
(3.9)

Boundary-layer-theory-based temperature model Next to using exponential decay to
model the relation between air temperature and height, it is possible to use a function based
on a heat transfer model: Section 2.2.1 already mentioned that boundary layer theory could
be applied to mirages (Young, 2015). Such a model exists, and it is not too computationally
intensive to obtain air temperatures (Young, 2015). The user needs to provide values for
the height of the laminar layer yt , the strength of the convection, and the strength of the
temperature decay Θ.

An interesting difference between the two different temperature models is that one uses
exponential decay (Equation (3.5)) to obtain air temperatures, while the other uses a log-
arithmic profile (Young, 2015). The temperature in Equation (3.5) is divided by e every
drop-off length d0 farther from the surface with the former, while Young’s approach makes
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Figure 3.3: An example that shows the difference in the temperature decay that comes with
an increase in height for the two different temperature models. The surface temperature
was set to 321.5 K and the temperature model parameters were set so that the temperature
models resulted in temperatures close to those found in an earlier experiment by Wakid
(2019).

the temperature drop Θ degrees Celsius every e farther from the surface, which seems simi-
lar but is quite different as Figure 3.3 shows: the logarithmic model decays relatively much
slower than the exponential model.

A disadvantage that comes with at least the theoretical model is that it is specifically
designed for inferior mirages, while we want to support both inferior and superior mirages.
We presume that the logarithmic model can be adapted to deal with the positive temperature
gradient that comes with superior mirages, as flipping the temperature gradient direction
180° will result in a superior mirage if the temperature gradient resulted in a inferior mi-
rage before. However, air temperature measurements are required to see if such a flipped
temperature gradient can indeed be a good approximation of reality.

Ciddor’s function Ciddor’s approach to obtaining index values is quite similar to that of
Edlén, and accepts the same five input variables (the wavelength of the light, temperature,
humidity, CO2-level, and pressure) (Ciddor, 1996). Ciddor’s method even yields the same
results as the updated Edlén method for the range in which Edlén’s method gives valid val-
ues (Ciddor, 1996). The main advantage of this method is that it gives valid results for a
wider domain of atmospheric conditions: it works for temperatures between -40 °C and
+100 °C, much more than Edlén’s +15 °C and +30 °C (Ciddor, 1996; Edlén, 1966). Air
temperature values can easily be outside the second domain, as the surface temperatures
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Figure 3.4: The rendering of an inferior mirage with a layer-based approach. A view ray V
is refracted at points P, Q, R, S as layers have different indices of refraction. Total internal
reflection takes place at R. Image obtained from Berger et al. (1990).

of materials above which inferior mirages sometimes are observable (e.g., desert sand and
asphalt) have been measured outside this range (Buxton, 1924; Kallas, 1966). Ciddor’s
method also has a smaller error bound than Gutierrez et al.’s method (2-5E-10 vs. 1E-3)
(Ciddor, 1996; Gutierrez et al., 2006), giving it the smallest error bound from all methods
discussed in this work of which the error bound is known. The disadvantage of Ciddor’s
method is the computational complexity: even when all parameters except for temperature
are considered constant, it still takes eight sequential steps to calculate the index of refrac-
tion; for reference, Edlén’s method takes 1 step under the same conditions.

Ciddor’s function, like Edlén’s function, depends on an external temperature model to
turn distance from the surface and surface temperature into an air temperature. The first
option would be to use Equation (3.5) and exponential decay to model the relation between
temperature and height. A second option would be to use a function based on a heat transfer
model as described in Section 3.1.

To compare the methods for refractive index calculation more effectively based on ac-
curacy and run time, an explicit analysis is performed in Section 4.1.2 to find the function
that best fits the goal of our method: the real-time dynamic rendering of mirages.

3.2 Rendering mirages

With a realistic temperature gradient and profile for the index of refraction of air, it is pos-
sible to render mirages via a ray marching process, which is a process where the ray path
is computed one step at the time at position Pi and where the next position Pi+1 = Pi + t · R̂i

with R̂i being the refraction vector at position Pi and t the length of the step. Here, we will
investigate previous work.

Layered mesh Berger, Trout & Levit were the first to implement atmospheric effects
such as inferior and superior mirages in a ray tracer (Berger et al., 1990). They represented
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layers as invisible geometry, where changes in the refractive index occur. The layers are
horizontal as they should correspond to air layers with different temperatures. Visualizing
the mirage is then achieved by calculating the ray intersections with these different layers
while changing the view ray’s direction at each layer intersection according to Snell’s law
(Equation (3.10)), as depicted in Figure 3.4. However, the authors deemed the mirages too
clean-looking, which moved them to add noise to the direction of the ray leaving the virtual
object and white noise to the final image (Berger et al., 1990).

sin(θ2)

sin(θ1)
=

v2

v1
=

n1

n2
(3.10)

While this is a good starting point, several problems need to be resolved. First, the
method does not work well with surfaces that are not perfectly horizontal due to the hori-
zontal layers and the layer’s normals being parallel to the vertical world axis (Berger et al.,
1990). This constraint is a disadvantage, but not one unique to this approach, as multiple
methods assume a constant, vertical temperature gradient when rendering mirages (Seron
et al., 2005; Mo et al., 2015). It is a problem nonetheless, as mirages above slanted surfaces
can be more precise if a slanted gradient, which has the direction of the surface normal, is
used instead.

A second problem is the placement of the layered boxes in the scene. Mirages often
appear in larger scenes since they are only visible under a minimal angle between the view
ray and the surface. Consequently, a high number of boxes may need to be placed, which in-
creases with more obstacles and more variation in surface height in the scene. Furthermore,
updating the boxes automatically due to changes in the scene in real-time seems impos-
sible, considering that a similar mesh consisting of tetrahedra instead of boxes needed to
be precomputed (Mo et al., 2015). Consequently, this approach is only suitable for static
scenes.

The largest issue is, however, that the method is not compatible with the standard ras-
terization pipeline, as typically no information is available about geometry after the first
intersection, making successfully intersecting a view ray from the camera with multiple
layers difficult, if not impossible.

Adaptive mesh The idea of storing heterogeneous media within a mesh has evolved be-
yond the use of layered boxes. Using a tetrahedral mesh instead of horizontal boxes makes
it easier to work with non-flat surfaces (Cao et al., 2010; Mo et al., 2015). Mirages could
then again be visualized with a ray tracer, where the rays now intersect tetrahedra instead
of boxes. The tetrahedron’s vertices can be assigned different refractive indices, leading to
a gradient within every tetrahedron along which the index values change (Mo et al., 2015).
The ray path within a tetrahedron with such a constant index-gradient has a closed-form
solution (Cao et al., 2010), meaning that an analytic ray equation exists to compute the ray
path per tetrahedron. Calculating the full ray path would then entail computing the ray path
per tetrahedron until it exits the mesh. Unfortunately, the transcendental function in the ray
formulation prevents an analytic calculation of the intersection point between the ray and a
side of the tetrahedron (Cao et al., 2010). The bisection method can be used for intersection
computation, which is slower than an analytic solution and might even require building an
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Figure 3.5: Analytic ray curves in n- and n2linear media profiles. The pink and blue curves
have a launch angle of 60° and 45°, respectively. The dashed curves are obtained by mirror-
ing the launch angle of the same-colored curve in the r-axis, which is parallel to the surface
in the case of mirage formation. The dashed curves lead to inferior mirages, as z in this
image is the direction of the index gradient. Notice how the ray curves differ significantly
between both images while the angle between the gradient and the original ray direction are
the same. Image obtained by adapting an image from Mo et al. (2015).

acceleration structure to speed it up (Cao et al., 2010). Later, a different ray formulation has
been used in the context of mirage rendering, which does have a closed-form solution for
the intersection with planar elements when the gradient is constant in the squared refractive
index instead of in the refractive index (Mo et al., 2015). The subsequent advantage of faster
testing for intersection comes with the disadvantage that the ray curve is going to be wildly
different because of this different gradient (Mo et al., 2015), as shown in Figure 3.5.

Another problem, one that prevents real-time dynamic mirage rendering, is that the
tetrahedral mesh needs to be precomputed (Cao et al., 2010; Mo et al., 2015). For this and
aforementioned reasons, meshes do not seem ideal for the real-time dynamic rendering of
mirages. However, Cao et al.’s work also listed that mirages could be considered a particular
case of gradient-index optics (Cao et al., 2010). They represented the earth surface with
connected quads, and each quad would result in a different frustum as shown in Figure 3.6.
The normal of the quad would be used as the gradient direction within the frustum. The ray
path can then be calculated by applying the ray equations at every frustum, of which there
typically would be fewer than ten (Cao et al., 2010).

Subdividing the view frustum into so few frustums will not be enough to render mirages
above surfaces with much local relief, but this approach allows for non-vertical and differing
temperature and index-gradients and, therefore, we build upon this method.

Improvements to ray marching The previously discussed mesh-based approaches ef-
fectively use ray marching to render mirages or atmospheric refraction in general while
utilizing the mesh to limit the number of ray-marching steps and store refractive index data.
Alternative approaches reduce the total ray-marching steps without using a mesh by reduc-
ing and increasing the step size if there is more and less atmospheric refraction, respectively
(Seron et al., 2005; Gutierrez et al., 2006). These approaches require less memory since no
mesh no geometric data needs to be loaded and work in dynamic scenes, as no precon-
structed mesh is required. The air’s refractive index is often obtained with a function that
transforms distance from the surface into an index.

The methods work with an estimated error that is calculated every step and a user-set

18



Related Work 3.2 Rendering mirages

Figure 3.6: A 2D view of how a ray’s direction changes once per frustum, as the analytic
ray equations are used once every frustum to compute the next part of the ray path. The ray
is seemingly not affected by refraction in the first two frustums, as the ray is too far from
the surface.

tolerance; if the error is too high compared to the tolerance, more, smaller steps are taken
to better approximate the ray path. Generally, the error is estimated by comparing the com-
puted coordinates of the next point on the path and the coordinates of an approximating
point. For instance, Seron et al. estimate the error by computing point Pi twice, with step
size t and step size t

2 , and Pi,t/2 becomes the next position if the estimated error is smaller
than a set tolerance (Seron et al., 2005). Accuracy and efficiency can be further improved
by switching from ray marching to a more efficient form of numerical integration to solve
the ray path equation. Ray marching is essentially an application of the first-order Euler
method to the ray path equation (Seron et al., 2005). The Dormand-Prince method is a
4th/5th-order member of the family of Runge-Kutta methods that converges much faster
than other methods: “In terms of convergence, the chosen Dormand–Prince method is or-
ders of magnitude faster than simpler numerical resolution methods like Euler” (Gutierrez
et al., 2006, p. 1005). Using numeric integration methods over analytic solutions as dis-
cussed in Section 3.2 has the advantage that they are general and can be applied across
arbitrary atmospheric conditions. In contrast, analytic solutions depend on the chosen index
of refraction function and may not even be an option if the refractive index function is too
complex to obtain an analytic solution for the ray path.

However, the generality can also be a drawback, as it prevents taking advantage of hav-
ing more information about a temperature or refractive index model. For instance, Seron
et al. use exponential decay (Equation (3.5)) to model air temperatures near the surface,
but their general method does not use this information to perform smaller steps closer to
the surface. Consequently, the aforementioned layer-based approach, a method designed
solely for rendering mirages, proved to be faster and more accurate than the Euler method,
which reported run times in the order of minutes (Seron et al., 2005). The Dormand-Prince
method did not report real-time run times either: rendering a 400×800 frame containing
a mirage took 4 to 5 minutes on the CPU (Gutierrez et al., 2006). Although these times
are undoubtedly shorter now due to hardware improvements and may be reduced further
by increasing the tolerance, real-time performance remains uncertain. Therefore, analytic
approaches seem the better solution for mirage rendering, or at least in the case of (rela-
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tively) flat surfaces and under the condition that analytic solutions are indeed available. If
there is relatively much height deviation in the scene, calculating the ray path with the ana-
lytic function is more difficult without well-defined temperature gradients. In that situation,
numerical integration of the ray path equation may give more accurate results at the cost
of a potentially higher run time, which could possibly be lowered by using temperature or
refractive index model information to alter the step size more efficiently.

Heat visualization Simulating the heat flow in the scene is another means to visualize
not only mirages but heat shimmering too (Zhao et al., 2006). Temperature textures can
be used to (indirectly) measure the temperature on object surfaces, and a large 3D grid is
used to simulate the heat flow in the air due to conduction and convection by updating the
air temperature at the grid points. The advantage of actual simulation of thermodynamics
is that realistic, dynamic heat shimmering is obtainable, while mesh-based methods have to
rely on approximations such as adding random noise to the light ray (Berger et al., 1990).
These alternative approaches do not respond dynamically to scene changes and may lack
accuracy even in static scenes if noise textures are created without heat flow simulation.

The downside of heat visualization through simulation is the high run time. A grid
needs to be updated every timestep, and the grid needs to be large since mirages can appear
anywhere in the view frustum. As a result, the simulation alone can prevent interactive
framerates, and the rendering (using ray marching) increases the run time even further (Zhao
et al., 2006). A voxelization of the scene objects is required (Zhao et al., 2006), which can
be obtained relatively fast dynamically (Crassin et al., 2011), but which increases the run
time further. As a result, achieving real-time dynamic mirages with heat simulation seems
unlikely, prompting us not to build upon this method of mirage rendering in our work.

Nonetheless, the concept of temperature textures introduced together with this method
can be used to solve one big problem with mirage rendering in the rasterization pipeline:
storing and reading the surface temperature efficiently. Zhao et al. describe two different
methods for obtaining surface temperature information: either the temperature is directly
stored in a new texture, or the temperature is indirectly obtainable by storing multiple pa-
rameters for the sun and object materials; calculating the solar energy on an approximation
mesh; and projecting the radiation on the actual object surface to be able to calculate the
heat and equilibrium temperature (Zhao et al., 2006). The second approach is depicted in
Figure 3.7. The authors prefer the former for objects that radiate heat themselves (e.g., a
radiator or oven) and the latter for the remaining objects. The first method seems a better
fit for a real-time method that needs to work in a standard rasterization pipeline, as storing
and reading the surface temperature of an object becomes as easy as rendering models with
temperature textures to an image for use in a later rendering pass. This process is similar
to deferred rendering, which involves writing geometry information to textures first, so that
they can be accessed in a later rendering pass to apply shading to the scene.

The second approach with object materials has the advantages that object data does not
have to be altered to change the temperature in the scene and that using material proper-
ties may be more intuitive than choosing realistic temperature values directly. While the
approximating mesh should be possible to create in real-time with a dynamically created
height map, there seems to be no simple way to measure the projection area later in the ras-
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Figure 3.7: The equilibrium surface temperature on the object surface is computed in mul-
tiple steps. First, the energy of the solar irradiation IC on an approximation mesh consisting
of stitched planes is computed (here, this mesh consists of only one plane which approxi-
mates the actual green object surface). The heat on the surface is subsequently calculated
by projection IC on the surface, giving IX . Finally, the surface temperature is computed with
IC, the size of the projection of IX , and surface material attributes. Original figure by Zhao
et al. (2006).

terization pipeline. Storing the temperature directly in textures bypasses this issue and also
means that one or two rendering passes can be saved since no approximation mesh needs
to be constructed. Furthermore, these temperature textures can still be made in an offline
environment beforehand, so no artist has to make up temperatures and can instead rely on
physical simulation. Therefore, the first approach of storing temperature data directly in the
texture seems the better choice in our situation.

Blobs A distinct approach to mirage rendering involves the use of blobs, which are spheres
defined by a position, radius, and temperature, to indicate volumes of air with a varying
refractive index (Stam and Languénou, 1996). The ray path through these blobs is not
computed using ray marching, but with an approximation: all the blobs are assigned a
weight based on their respective temperature and distance to the ray origin, after which
the ray’s end point is approximated using the first two terms of a series that represents the
perturbation as shown in Figure 3.8. The first term of this series is the unperturbed ray
itself. Blobs change over time by advecting the centers through a wind field and decreasing
the temperature over time, and thus the method combines ideas from the mesh-based and
physics-based methods. The physical simulation can, of course, be left out to save resources,
but that means no turbulence simulation and heat shimmering.
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Figure 3.8: The refraction image is, in spite of the presence of many blobs, computed in
one step with a linear perturbation. x1(u) is the first perturbation that partially transforms
the original ray into the new, refracted ray. Original figure by Stam and Languénou (1996).

The spheres-based approach could be integrated in the standard rasterization pipeline
should be possible without any changes to the method by passing the blob attributes to
the GPU as array uniforms, avoiding the need to render them explicitly. The alternative,
capturing blob data by rendering blobs to an image, is inadequate, as data of all blobs is
required to compute the approximation ray, and blobs could then be occluded or culled. If
the method can be adapted so quickly to work with a rasterizer, then it seems strange that no
real-time applications have used it to render mirages. One explanation may be that it is more
challenging to work with blobs than with, for instance, temperature textures: it seems more
natural and less labor-intensive to assign a temperature to a road surface than to place many
blobs above the road. Blobs seem better for dealing with objects with no clear boundaries
and which are confined to a small area, such as flames or gases. Another reason for the
blob’s absence, closely related to the previous one, is that blobs are more difficult to place
in the scene since they have an index-gradient that starts at the blob center, while mirages
are caused by temperature gradients starting at the surface. Finally, the method might be
too taxing to include in real-time applications, as the original authors mention that the scene
took twice as long to render with refraction compared to the scene without refraction with a
run time that does not allow an interactive framerate (Stam and Languénou, 1996). For all
these reasons, the blobs-based approach does not meet our requirements.

DriveClub One known example of mirages being rendered in video games is in the video
game DriveClub (PS4, 2014). The video game’s developers never published how they man-
aged to render mirages in real-time, making it impossible to know the mirages’ physical
accuracy and how they were obtained. However, based on a private conversation with one
of the graphics developers, we can make certain assumptions on how the mirages were
achieved; the actual implementation remains unknown due to non-disclosure agreements.

According to the developer, rendering the reflection of mirages can be similar to render-
ing screen-space reflections caused by specular surfaces, which is why they advised to use
this technique to render mirages if they need to be rendered in real-time and dynamically.
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While using a screen-space reflections method, the difficulty of rendering mirages lies in
knowing where mirages should appear in the scene and what the direction of the ‘reflection
ray’ should be, which is the ray direction vector after reflecting. Since mirages are caused by
refraction and total internal reflection, obtaining the reflection ray by reflecting the view ray
at the point of intersection between the view ray and the surface leads to an incorrect value
for the reflection ray. However, DriveClub likely still ignored refraction under the assump-
tion that the difference is unnoticeable at the large angles that come to play with mirages.
This approach avoids a possibly costly computation of the nonlinear ray path, resulting in
a faster approximation that also simplifies intersection testing. The developers likely used
heuristics such as surface type, surface albedo, surface normal, view direction, and distance
from the camera instead of using the aforementioned temperature textures to deduce the
existence of a strong enough temperature gradient that can result in mirages. For instance,
mirages could be made to appear on roads but not on grass, or only on darker surfaces,
based on the notion that darker objects get hotter. General information about the scene state
such as the time of day, ambient temperature, and the amount of overcast caused by clouds,
are then to be combined with the previously mentioned object heuristics to modulate the
amount of mirage formation in the scene. When a mirage is ought to spawn according to
all this data, the G-buffer material values can be changed to those of a specular material,
so that a reflection will appear that resembles a mirage. The developer recommended for a
new implementation to start simple (“Maybe just enable it for dark surfaces [..] with near
vertical normals, in a good distance window from the camera, at very shallow view angles
[..]”) and to iterate further from there to improve the look and make it robust.

The implementation of mirages as just has been described may lead to inaccuracies: the
approach of changing several parameters until the mirages seem plausible can easily result
in inaccurate mirage formations, based on the (likely limited) knowledge of the graphics
programmer on the subject. Figure 3.9 shows one frame of the video game containing an
inaccurate mirage already, as the mirage appears to be slightly transparent. Mirages are
never transparent, as a light ray reaches the eye through total internal reflection or it does
not. There are two different explanations for this inaccuracy. First, the difference in color
between the object and the mirage could be caused by the changing of the G-buffer values
to make the road material reflective to show mirages. A reflective surface directly impacts
the reflection (e.g., the reflection on a metal surface has a different color than the reflection
of the same object on a mirror), but this should not happen with mirages as total internal
reflection causes the reflection and not the surface. The consequence is that the color of
the road may here falsely change the color of the mirage in DriveClub. Another possible
explanation for the transparent mirages could be linear interpolation to smooth the borders
between the mirage and surface. Surface reflections are not as binary as mirages (which
fully appear or not at all), as the reflection’s sharpness depends on the fraction of light rays
that reflect towards the camera. Therefore, linearly interpolating between the surface and
reflection can make sense when the reflection is caused by the surface, but not when it is
caused by total internal reflection. The DriveClub developer’s advice to avoid harsh edges
by “lerping modified G-buffer values between original and desired values with relation to
various parameters” may be exactly what causes the issue here.

In short, it is hard to judge whether the mirages obtained with the DriveClub’s approach
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are accurate, since we only have in-game footage to go by. However, some issues already
seem to be caused by treating total internal reflection as a more usual specular or diffuse
reflection. Nonetheless, using a screen-space reflection method to render the image of the
mirages is an idea that can be incorporated in our methods. However, to prevent the afore-
mentioned issues that may have come with ignoring refraction, we require some changes to
the standard approach to screen-space reflections in order to make them fit for total internal
reflections.

Figure 3.9: A frame from the video game DriveClub displaying a mirage. Source: (Nelva,
2015).

To the best of our knowledge, the methods discussed in this chapter constitute the most
important research to date in the field of mirage rendering and are most relevant to the
methods presented in this work.
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Chapter 4

Index of refraction computation

In this chapter, we evaluate the different temperature models and functions for the refractive
index of air, so that we choose the function that gives the best trade-off in accuracy and speed
for our method.

4.1 Index of refraction computation

Section 3.1 evaluated different refractive index functions based on their scientific basis,
meaning this section focuses on the accuracy and run time of the different refractive in-
dex functions. Since air temperature is the most important parameter in these equations to
determine mirage formation, we begin with a numeric evaluation of the two different air
temperature models discussed in Section 3.1.

4.1.1 Air temperature models

The first temperature model uses distance from the surface h, surface temperature Ts and
drop-off length d0 to have the air temperature decay exponentially, as depicted in Equation
(3.5). The second temperature model is based on boundary-layer theory and introduces
a logarithmic temperature decay. The specific model Young utilizes to apply boundary-
layer theory has as input parameters the thickness of the laminar layer yt ; the change in
temperature per increase of e in height above the laminar layer Θ; and the Obukhov length
L, which is proportional to the thickness of the surface layer.

The quality of the two models can be assessed by comparing the air temperature at
different distances from the surface with empirical data (Wakid, 2019). Since both functions
model a nonlinear relation between height and air temperature, we used nonlinear least
squares to fit both models to the data. We fit both unconstrained and constrained, as the
former produced questionable values, such as near zero values for L that ought to be be
between -10 and -100 instead (Young, 2015). Finally, we also compared the models’ mean
squared errors (MSEs) using parameter values provided by different authors (Stam and
Languénou, 1996; van der Werf, 2011; Young, 2015). The results are presented in Tables
4.1 and 4.2.
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T (0.00) T (0.01) T (0.03) T (0.13) T (0.55) T (0.89) MSE MSE (to 0.13 m) Parameters

Ts = 63 °C 33.5 31.31 30.45 29.15 29.5 29.5 .28802 1.932 d0 = 0.02
33.5 30.69 29.91 29.5 29.5 29.5 2.9477 3.4216 d0 = 0.01
33.5 31.28 30.13 29.71 29.5 29.5 .45182 .17774 d0 = 0.017 (fitted)
33.5 31.43 30.03 29.76 29.5 29.5 .07922 .61883 d0 = 0.030, a = 5.546 (fitted)
33.5 31.66 29.44 29.63 29.5 29.5 .1721 .75815 d0 = 0.016 (Ts = 48 °C fitted)
33.5 31.38 29.8 29.51 29.5 29.5 1.3671 1.5506 d0 = 0.012 (Ts = 32 °C fitted)

Ts = 48 °C 32.5 31.33 29.98 29.92 29.5 29.5 .38259 .94889 d0 = 0.02
32.5 30.51 29.44 29.5 29.5 29.5 .93639 1.2796 d0 = 0.01
32.5 30.37 29.44 29.58 29.5 29.5 .12111 .55667 d0 = 0.016 (fitted)
32.5 30.78 29.54 29.6 29.5 29.5 .9735 .33525 d0 = 0.037, a = 9.522 (fitted)
32.5 30.99 29.45 29.63 29.5 29.5 .21932 .70399 d0 = 0.017 (Ts = 63 °C fitted)
32.5 30.19 29.48 29.51 29.5 29.5 .40561 .48341 d0 = 0.012 (Ts = 32 °C fitted)

Ts = 32 °C 30.5 30.28 29.28 29.68 29.5 29.5 .72882 .59323 d0 = 0.02
30.5 29.65 29.47 29.5 29.5 29.5 .25772 .88658 d0 = 0.01
30.5 29.7 29.77 29.5 29.5 29.5 .47721 .71582 d0 = 0.014, a = 3.484
30.5 29.65 29.35 29.5 29.5 29.5 .49408 .74113 d0 = 0.012 (fitted)
30.5 29.14 29.05 29.56 29.5 29.5 .8766 .31489 d0 = 0.017 (Ts = 63 °C fitted)
30.5 29.73 29.9 29.54 29.5 29.5 .96091 .44136 d0 = 0.016 (Ts = 48 °C fitted)

Table 4.1: The mean squared errors obtained by comparing the temperatures observed
by Wakid (2019) with the temperatures produced with the exponential decay temperature
model, which is defined by Equation (3.5). a potentially replaces e as base in Equation
(3.5). The computed air temperatures T (h) are in degrees Celsius with h being the distance
from the surface in meters.

Exponential decay model Table 4.1 shows that the drop-off lengths that give lower MSEs
increase nonlinearly with Ts−Ta, with d0 here being 0.012 m (Ts = 32 °C), 0.016 m (Ts =
48 °C) , and 0.017 m (Ts = 63 °C). These values align with the estimates found in literature
(0.01 m and 0.02 m) (Stam and Languénou, 1996; van der Werf, 2011), validating those as
reasonable estimates. Fitting the exponential base in Equation (3.5) led to fairly different
bases, increased ranges of drop-off length, and barely any reduction of the MSE, justifying
choosing for a constant base e to limit the number of variables.

boundary-layer-theory model Table 4.2 shows lower MSEs from the the boundary-
layer-theory model than the exponential decay model for the 63 °and 48 °C data sets if
L is unconstrained. Constraining L to the predefined range (-100 ¡ L ¡ -10) (Young, 2015),
the MSEs yielded are higher than those found with the exponential decay model with opti-
mal configurations. The unusual small |L|, which indicates very strong convection (Young,
2015), might be caused by the laboratory setting of the experiment and the different atmo-
spheric conditions experienced there and not outside. We also expected L to be constant,
since L is proportional to the thickness of the surface layer, which is essentially the same
for varying temperatures (Wakid, 2019). Attempts to find a constant L that resulted in low
MSEs for all three surface temperatures failed, though swapping the fitted L values for the
48 °C and 63 °C sets still resulted in lower MSEs than those found with the first method for
the same surface temperatures.

We did not expect Θ to be constant and to change with varying temperature differences,
as we stated before that “Θ is the change in potential temperature for each factor of e change
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T (0.00) T (0.01) T (0.03) T (0.13) T (0.55) T (0.89) Parameters MSE MSE (to 0.13 m)
Ts = 63 °C 63.0 40.374 32.049 24.671 20.768 19.954 L = -0.185, Θ = 10.875 (fitted) 1.167743 1.73763

63.0 45.952 37.883 27.396 18.073 15.401 L = -10.0, Θ = 7.420 (fitted. L ¡= -10.0) 18.86982 20.8752

63.0 47.735 42.405 37.857 35.505 35.018
L = -0.136. Θ = 7.562
(Ts = 48 °C fitted parameters)

131.3353 88.01917

63.0 55.196 53.111 51.532 50.76 50.603
L = -0.032. Θ = 4.973
(Ts = 32 °C fitted parameters)

539.0668 353.0499

63.0 47.267 41.478 36.347 33.633 33.068 L = -0.185, Θ = 7.562 103.1009 72.06005
63.0 52.654 48.846 45.472 43.688 43.316 L = -0.185, Θ = 4.973 324.3606 221.9456
63.0 41.047 33.382 26.842 23.459 22.758 L = -0.136, Θ = 10.875 4.898724 3.934774
63.0 45.935 41.374 37.921 36.235 35.891 L = -0.032, Θ = 10.875 132.7389 77.95109
63.0 41.409 34.064 27.9 24.739 24.086 L = -0.118, Θ = 10.875 (mean L) 9.325149 6.318844

Ts = 48 °C 48.0 32.735 27.405 22.857 20.505 20.018 L = -0.136, Θ = 7.562 (fitted) 0.042508 0.063675
48.0 36.829 31.542 24.67 18.561 16.811 L = -10, Θ = 4.862 (fitted. L ¡= -10.0) 8.668225 9.519976

48.0 40.196 38.111 36.532 35.76 35.603
L = -0.032, Θ = 4.973
(Ts = 32 °C fitted parameters)

139.1122 89.58794

48.0 25.374 17.049 9.671 5.768 4.954
L = -0.185, Θ = 10.875
(Ts = 63 °C fitted parameters)

129.7091 83.71013

48.0 36.134 32.962 30.561 29.388 29.149 L = -0.032, Θ = 7.562 44.20614 25.63403
48.0 32.267 26.478 21.347 18.633 18.068 L = -0.185, Θ = 7.562 1.793416 0.885545
48.0 32.987 27.879 23.593 21.395 20.941 L = -0.118, Θ = 7.562 (mean L) 0.468494 0.281115

Ts = 32 °C 32.0 24.196 22.111 20.532 19.76 19.603 L = -0.032, Θ = 4.973 (fitted) 0.349495 0.47044
32.0 26.955 24.566 21.463 18.704 17.913 L = -10.0, Θ = 2.196 (fitted. L ¡= -10.0) 3.916823 4.366438

32.0 16.735 11.405 6.857 4.505 4.018
L = -0.136, Θ = 7.562
(Ts = 48 °C fitted parameters)

140.3375 86.62642

32.0 9.374 1.049 -6.329 -10.232 -11.046
L = -0.185, Θ = 10.875
(Ts = 63 °C fitted parameters)

539.9729 340.5024

32.0 21.961 18.456 15.465 13.918 13.598 L = -0.136, Θ = 4.973 19.83917 10.26467
32.0 21.654 17.846 14.472 12.688 12.316 L = -0.185, Θ = 4.973 28.33157 14.37005
32.0 22.127 18.768 15.949 14.504 14.205 L = -0.118, Θ = 4.973 (mean L) 16.28927 8.486888

Table 4.2: The mean squared errors obtained by comparing the temperatures observed by
Wakid (2019) with the temperatures produced with the boundary-layer-theory model, as
implemented by Young (2015). The parameters are obtained by adjusting the L and Θ

parameters to minimize the mean squared error per data set. These ideal parameters are
used for different data sets as well to see if the error remains within an acceptable range.
The computed air temperatures T (h) are in degrees Celsius with h being the distance from
the surface in meters.

in height above yt” (Young, 2015, p. 172). Finding the optimal Θ seems complicated due
to the wide range it can seemingly span (2.916 to 10.875 for the surface temperatures used
in Table 4.2). Determining optimal values for Θ and L requires access to temperature data
that is often not available to achieve the lowest MSEs. Therefore, we expect the simpler
exponential decay model, which only has 1 parameter with a seemingly more limited range,
to outperform the complex boundary-layer-theory model in practice, making it our choice
for the temperature model.

4.1.2 Numeric evaluation of refractive index functions

Speed We measured the speed of the different refractive index functions by computing
the mean run time of 1,000,000 function calls. The computations were performed on the
CPU in a custom C++ application with compiler optimizations disabled; the function would
in the end be called on the GPU instead, but timing just the function is more difficult on
the GPU, and we expect all tested functions to react similarly to the change in environment.
The results are visible in Table 4.3.
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Refraction index function Equation(s) Temperature model Total run time (s)
Height-based function
(Khular et al. (1977))

Khular et al. (1977) - 0.193975

Zhao et al. (2006) (3.3) Exponential decay 0.202452
Zhao et al. (2006) (3.3) boundary-layer theory 0.281047
Minnaert (1993) (3.4) Exponential decay 0.192596
van der Werf (2011) (3.9) Exponential decay 0.202554
Edlén (1966), Birch and Downs (1994) (3.1), (3.2) Exponential decay 0.203804
Edlén (1966), Birch and Downs (1994) (3.1), (3.2) boundary-layer theory 0.271231
Gutierrez et al. (2006) (3.6), (3.7), (3.8) Exponential decay 0.255265
Ciddor (1996) Ciddor (1996) Exponential decay 0.435236
Ciddor (1996) Ciddor (1996) boundary-layer theory 0.526027

Table 4.3: The total time it takes to run 1 million iterations of various combinations of
refraction index functions and temperature model functions.

Table 4.3 shows that all configurations can easily be run in real-time on the CPU, as the
mean run time of each tested configuration is below a millionth of a second. Nonetheless,
some configurations seem much faster than others. For instance, the two functions that are
tested with both temperature models are, on average, 35.9% faster when using the exponen-
tial decay temperature model. Furthermore, Ciddor’s function takes approximately twice
as long to run as Edlén’s function, and Gutierrez’s function has a longer run time of 0.255
s per million iterations compared to the other functions using the same temperature model
(0̃.20 s/million calls).

Accuracy The metrics we use to measure the accuracy of the different refraction index
methods are the smallest angle between the surface normal and viewer at which mirages
appear, and the mean squared error when compared to a baseline function.

Real-life experiments show an average critical angle of 89.5° (Wakid, 2019), so refrac-
tive index functions should lead to similar angles at which mirages first appear. We used
the bisection method to find the smallest angles at which mirages were visible for different
combinations of refraction index functions and temperature models. Since all functions to-
gether have ten different parameters, we kept parameters with supposedly little influence on
the mirage formation constant (e.g., air pressure, light wavelength), as well as those which
authors considered constant (e.g., thermal roughness for the boundary-layer theory-based
temperature model). The only parameters that we changed are the surface temperature Ts,
the ambient temperature Ta, the angle θ, and the temperature parameters L, Θ, and d0. With
the results from Section 4.1.1, choosing realistic parameters for the temperature models is
straightforward. The results are in Table 4.4.
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4.1 Index of refraction computation Index of refraction computation

From Table 4.4 it becomes clear that all functions except those by Khular et al. and Zhao
et al. lead to mirages at angles close to or bigger than the aforementioned critical angle of
89.5°and to indices approximately equal to 1.0002 or 1.0003. Khular et al.’s functions, with
a critical angle of 66.5°, would even lead to mirages visible 2.3 meters away when observed
at a height of 1 meters. The refractive index function of Zhao et al. (Equation (3.3)) results
in false positives as well, likely due to known errors, as discussed in Appendix B.

A difference caused by the different temperature models is the folding point height y f

possibly being much lower with the exponential decay temperature model than with the
boundary-layer theory-based model. This difference is by design: the logarithmic temper-
ature decay should only happen above the thermal roughness yt (here equal to 0.001 m),
which is not used in Equation (3.5), making it possible for yF to be smaller than yt .

We compared the results with those of a baseline function to further judge the accuracy
of the different methods. Ciddor’s method is supposed to be the most accurate method due to
using the most parameters and giving accurate index values for a larger range of parameters
than the method of Edlén and Birch & Downs (Ciddor, 1996), making it our choice for the
baseline function, given that Ciddor’s method also is slower and less functional because of
the many more computation steps it has (7 steps more than Edlén’s method if temperature
is the only variable). We measured the mean squared error for all functions in Table 4.4
except for the height-based function, as that function does not have temperature as input.
From the results in Table 4.4, Edlén’s function (Equations (3.1) and (3.2)) seems to work
particularly well (MSE = 8.207 with the boundary-layer-theory model, MSE = 25.507 with
the exponential decay model). The same holds for Van der Werf’s function (Equation (3.9))
(MSE = 25.987, exponential decal model). Since the baseline function used the boundary-
layer-theory temperature model, the bigger error is partially explained by having used a
different model. Gutierrez’s function (Equations (3.6), (3.7) and (3.8)) with the exponential
decay temperature model resulted in a high MSE of 236.727, which is unexpected as the
function is quite similar to that of Van der Werf, and both are based on the gas law.

Unexpectedly, Ciddor’s function for the refractive index combined with the exponential
decay model does not produces mirages, which is peculiar as both Ciddor’s function and
the exponential decay temperature model lead to mirages in different configurations.

Overall, Edlén’s function (Equations (3.1) and (3.2)) and Van der Werf’s function (Equa-
tion (3.9)) (both with with exponential decay model) seem to be the best functions to obtain
the refractive index of air within a mirage rendering context, as they have similar run times
and accuracy, meaning that there is no favorite between the two. Opting for a faster func-
tion (the height-based function or Stam’s function) comes with a significant drop in accu-
racy, while choosing a more accurate function (Edlén’s function with boundary-layer-theory
model) comes with a significant increase in run time and a difficult-to-configure tempera-
ture model. We chose to use Van der Werf’s function due to its simplicity, which made
computing yF also easier.
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Chapter 5

Method

In this chapter, we explain our method and how it can render mirages in real-time dynami-
cally.

5.1 Overview

So far, we have identified three major hurdles for real-time mirage rendering:

1. The rasterization pipeline does not offer general scene access without a performance
hit;

2. nonlinear ray traversal;

3. Incorrect index of refraction calculation.

Our main observation is that these hurdles can be overcome by combining ideas from
different offline mirage rendering methods: temperature textures make access to tempera-
ture data in the rasterization pipeline more feasible, nonlinear ray traversal can be sped up
by using analytic ray equations, and functions for the air’s index of refraction are avail-
able that are more accurate. The main idea is then to use the ray equations with the index
of refraction function as input to compute the ray path above a surface in as few steps as
possible. The temperature textures are used to obtain surface temperature information, and
after an ambient temperature is provided, air temperatures and indices of refraction can be
determined using the temperature model and refractive index function. If enough refraction
takes place for a mirage to form, then the mirage can be rendered similarly to how specular
reflections are rendered in the rasterization pipeline.

While using analytic ray equations over ray marching can lead to big performance gains
(Cao et al., 2010), these equations assume media with a constant refractive index-gradient,
i.e., planar surfaces with a constant temperature. We take inspiration from Cao et al., who
statically created a small number of frustums by extending vertices from the ground up (Cao
et al., 2010), subdividing the surface into smaller planes, but instead we require an approach
for dynamic scenes that can also dynamically vary the number of planes.
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5.2 Algorithmic details Method

Figure 5.1: A general overview of the different steps in the main method.

If we limit refraction to the plane that holds the view ray and the world up-vector, the
ray will stay in the same plane while refracting, and all rays that go over the same part of the
surface will remain in the same plane, enabling us to parallelize the processing of surface
data and to only compute surface data per plane as opposed to per ray. The surface data that
needs to be processed to know the surface’s impact on the view ray in that plane would be
the surface temperature and the surface normal; the surface’s position can be obtained later
in the fragment shader through the G-buffer. The mean averages of these two attributes are
sufficient to compute plane surfaces below the view ray that approximate the actual surface.
The performance advantage lies in that these averages can be obtained for any part of the
surface below the view ray efficiently in the fragment shader by computing the parallel
prefix sum before on the surface data that has been rectified to have the surface data per
view ray in separate rows of an image. After, when we try to find mirages per pixel, we
first can estimate the area where the ray may refract due to the temperature gradient, and
subdivide that area into exponentially smaller areas until we have found a mirage or given
up. As shown in Figure 5.1, this leads to an algorithm with the following steps: computing
rectified images with surface data (Section 5.2.1), parallel prefix sum computation (Section
5.2.2), and per-pixel mirage calculation (Section 5.2.3).

In the following section, we explain the core of our method in more detail.

5.2 Algorithmic details

5.2.1 Obtain surface information

Mirages can appear hundreds of meters away from the viewer, meaning that surface tem-
perature information of a very large area and possibly many objects needs to be readily
available. Capturing the surface temperatures in a texture means that a camera angle, posi-
tion and perspective need to be decided upon that can capture all the relevant surfaces (some
could obscure others) with enough precision. For our main method we decided to capture
surface information in a texture rendered from aerial viewpoint L (Figure 5.2) with a cam-
era view vector perpendicular to the world plane and an orthographic perspective to ensure
enough precision for surface information far from the user camera C and since mirages most
often are visible on surfaces parallel to the earth surface.

If no mirage is found at layer i, our main method will attempt to find a mirage at layer
i+1 that has twice as many partitions. Each partition on layer i is divided into two partitions
of equal length on layer i+1, and the average of the surface data of the two new partitions
equals the surface data of the non-divided partition on the previous layer. Computing the
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Method 5.2 Algorithmic details

Figure 5.2: A side view of surface information being captured in a texture rendered from
aerial viewpoint L with our main method. All objects that are within the box defined by the
user camera C’s frustum will be captured, other objects (here in red) are not visible by the
user and will not be considered.

surface data of all partitions at layer i+ 1 would then be inefficient, as the surface data of
one of the ‘child’ partitions can then be computed with the surface data of the other child
and the father partition, as displayed in Figure 5.6.

Normal projection The ray equations used by Cao et al. are restricted to computing ray
paths within a plane, which is a problem since the view ray and (mean) normal, which
is used for the temperature gradient direction, do not have to lie in the same plane. This
issue can be circumvented by projecting the normal onto the plane that holds both the view
ray and world-up vector, and using the normalized version of this projection, which we
call N′. This decision changes the ray path, but since mirages often appear on relatively
horizontal surfaces (Young, 2015), we do not expect large differences for mirages in most
cases between those rendered with the original normal versus N′. The potential speedup
compared to the alternative for using the ray equations, ray marching, makes this choice
worthwhile, based on earlier results (Cao et al., 2010).

Epipolar rectification As the mean temperature and normal of surface attributes below
the view ray needs to be computed multiple times, and as we let view rays only refract in
one plane, epipolar rectification can be applied to the temperature and normal textures to
allow for optimizations such as the computation of the parallel prefix sum. With epipolar
rectification, an epipolar slice projects to a row of the rectified texture; thus, the surface data
that needs to be accumulated is stored in order and in a cache-friendly manner. Figure 5.3
shows the rectification process in more detail.
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5.2 Algorithmic details Method

Figure 5.3: The camera frustum before and after rectification. View rays in the same epipo-
lar slice are projected to the same epipolar line. The epipolar lines are parallel after rectifi-
cation and go in the x-direction. Image originally from Klehm et al. (2014).

5.2.2 Prefix sum calculation

The inclusive prefix sum of a sequence of numbers xi is a second sequence of numbers yi

where

yi =
i

∑
j=0

x j (5.1)

The arithmetic mean of xa,b of any sequence starting at element a and ending at element
b can be obtained with Equation (5.2), where yi is the earlier defined inclusive prefix sum
up to element i.

xa,b =
b

∑
j=a

x j/(b−a) = (yb− ya)/(b−a) (5.2)

As Equation (5.2) shows, the mean surface values of any part of the surface can be
computed with two texture accesses if the parallel prefix sums have been constructed. We,
therefore, compute the parallel prefix sums of the surface data stored in the rectified images
to speed up the computation of the different means of the surface data below part of the view
ray. Since many view rays go over the same part of the surface, computing the parallel prefix
sums could be worthwhile to accelerate the calculation of the surface means. Constructing
the parallel prefix sums requires reading all values at least once, making it only worthwhile
if computing the mean on the spot for all view rays, the simplest solution, would require
more texture accesses. The results in Table 5.1 show that the number of texture accesses
dropped significantly in scenes with both relatively little and much mirage formation after
using the prefix sum to compute averages. The results also show that the number of texture
accesses varies much less when using the prefix sum, which may contribute to a more
consistent run time of the method.

5.2.3 Nonlinear path calculation

To be able to find a mirage, we first need to determine the existence of a folding point in the
ray path, i.e., the point on the ray where total internal reflection takes place. The path itself
also needs to be determined to see where the ray intersects with the scene, in order to find
the image of the mirage.
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Method 5.2 Algorithmic details

Model FOV
Total texture accesses
(without prefix sum)

Texture accesses to
compute prefix sum

Prefix sum
texture accesses

Total texture accesses
(with prefix sum)

Reduction in total texture
accesses with prefix sum

Plane 12 105473856 8388608 3512320 11900928 -88.7%
Plane 90 22820658 8388608 3665920 12054528 -47.1%

Table 5.1: The number of texture accesses with and without using the parallel prefix sum
to compute arithmetic means for a scene with relatively few mirages (Plane, FOV 90) and
many mirages (Plane, FOV 12) at a resolution of 1280×720. The number of texture accesses
necessary to compute the prefix sum is based on the intuitive, serial approach.

Figure 5.4: A general overview of the different steps necessary to compute a possible mirage
per pixel.

Before the nonlinear path of the ray can be computed, the ray’s starting position and
the surface area which we presume to affect the ray due to a temperature gradient must
be determined; otherwise, it is unknown what values to consider for the average surface
normal(s) and temperature(s). As the overview of the mirage-computation process in Figure
5.4 shows, a first estimate of the surface normal is used to determine how long the ray can
travel towards the surface without being affected by refraction. Because the aforementioned
ray equations do not require the ray to be refracting immediately, this estimate can be very
safe and just be used to determine a shorter, more precise surface area. Once the ray has
been moved closer to the surface (position A in Figure 5.5), then the surface attributes of
the surface area that we estimate to affect the ray (the surface below AB in Figure 5.5)
can be used to compute the non-linear ray path in one or multiple steps, until a mirage is
found or a limit is reached: a process that favors finding mirages. A difficulty with finding
the surface values that need to be considered is that B, the position in which the ray is no
longer affected by refraction, is only possible to know when the folding point F’s position
is known, after which the temperature model can be used to determine the distance from
the surface where the nonlinear path stops. Therefore, an estimate needs to be made of the
distance AB; we empirically found 1.3 · the horizontal distance from A to the intersection
point of the unperturbed ray with the surface to be a reasonable estimate.

Now we moved the ray position from C to closer to the surface, We assume here that
the ray starts at the A in Figure 5.5. Cao et al. (2010) arguably give the easiest approach to
determine the existence of a folding point with Equation (5.3):

n(yF) = n(y0)cosφ0 (5.3)
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5.2 Algorithmic details Method

Figure 5.5: An example of inferior mirage formation.

x = |n(0)cosφ0

∫ y

y0

1√
n(y0)2− (n(0)cosφ0)2

dy| (5.4)

This Equation gives a positive folding point height yF if a folding point exists, and
only requires the refractive index function n (and corresponding parameters such as surface
normal N and ambient and surface temperatures Ta and TS), starting height y0 and angle
between the surface and view ray φ0. Alternatively, refracting through ray marching can
result in total internal reflection and, therefore, a folding point at some point, but that is
not as fast as the constant solution Equation (5.3) offers. The nonlinear ray path could then
be computed indirectly using Equation (5.4) given by Cao et al., where x is the horizontal
distance between the points on the ray with heights y0 and y. A caveat is that the Equation
needs to be applied twice if the points are on the opposite sides of a folding point; in the
situation depicted in Figure 5.5, yE = yP and Equation (5.4) gives x = 0. The simplest alter-
native for finding the ray path would again be ray marching, which is definitely faster per
step if the integral in Equation (5.4) cannot be computed analytically, as is the case here for
the refractive index function we used (Van der Werf’s function using the exponential decay
temperature model). We expect the function to outperform ray marching based on previ-
ous results (Cao et al., 2010). Any local space position on the ray obtained with Equation
(5.4) can be transformed into world space by applying the translation rotated into the world
surface direction to the starting point in world space.

Intersection computation If from Equation (5.3) can be derived that there is no folding
point (i.e., a negative or undefined value for yF ), then no mirage will appear based on the
input and the ray will instead intersect with the surface. Equation (5.3) cannot be used to
determine the intersection point, as n is undefined for negative height inputs. The intersec-
tion point with the surface plane (which has y = 0) can be calculated with Equation (5.4)
if no mirage appears, though, making it a viable approach to still include the impact of
refraction on the view ray in the final result. The point of intersection between the non-
linear ray and a plane perpendicular to the surface at a horizontal distance from the ray
starting point, which we use to divide the ray path into steps, can be computed indirectly
with the bisection method since no analytic solution for this intersection computation exists
(Cao et al., 2010). An alternative is to use another root-finding method such as the one by
Ridders, which converges quicker than the linearly-converging bisection method but still
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Method 5.2 Algorithmic details

guarantees to converge, unlike the faster-converging root-finding method by Newton and
Raphson Press (2007). We opt for the slower-converging bisection method, because Rid-
ders’ method would require three calls to compute x with Equation (5.4) per step instead
of one, and computing x is expensive as it requires numeric integration. Similar to Cao et
al., we do use the bisection method to find the intersection point between a refracted ray
and other scene objects that are not part of the surface, and we do this before and after the
end of the nonlinear ray path. Once the ray is straight again after refracting, finding the
ray-scene intersection point can be done more efficiently by looking for any intersection
when the ray intersects with centerlines in screen space to avoid sampling the same pixel
from the G-buffer’s depth texture. A cheaper alternative that may work well if there are not
too many scene objects is to not look for intersections after refraction and use the ray vector
to sample the cubemap: mirages often appear far away and only fill a small section of the
screen, making less accurate reflections less obvious.

Adapting the step count The number of steps in which the nonlinear ray path is com-
puted can be varied to trade off speed for a possible increase in accuracy. We can choose
to approximate the surface over which the nonlinear path of the ray goes as if it were one
planar, homogeneous surface, or subdivide this surface area as if consisted of multiple con-
nected planes and consequently use each plane’s normal and surface temperature to compute
part of the nonlinear path. Reducing the step count as long as the negative effect on the ac-
curacy of the mirage is less than the increase in framerate is arguably a fair trade-off. Our
approach following this paradigm is to use the minimum number of steps that result in a
mirage. If no mirage has been found, the area(s) can be split into two and twice as many
steps with half the step size can be run to try to find a mirage, until a maximum step count
has been reached or a mirage has been found. Stopping once a mirage is visible assumes
that the presence of the reflection is more important than the quality of the reflection. This
assumption has been commonly made before in many real-time applications such as video
games that use cheaper, less accurate reflection techniques such as cubemap reflections to
still include a reflection in the scene. The alternative could be to keep on increasing the
step count as long as the difference between the obtained mirage and the mirage obtained
by doubling the step count by halving the step size is larger than a set tolerance, something
that has been done before to dynamically change the ray marching step size (Seron et al.,
2005). We opt against this alternative approach as it can lead to calculating thrice the num-
ber of steps, while calculating the step is, in our case, already expensive due to the texture
accesses, numeric integration and intersection tests.

Since obtaining the surface data involves multiple expensive texture reading operations,
avoiding this unnecessary computation can have a significant positive impact on the run
time, especially if the maximum number of layers at which a mirage may be found grows.
To be precise, the fraction of the times the surface data needs to be computed with this opti-
mization compared to the maximum number of surface data computations can be computed
as follows:

f =
2m

2m+1−2s (5.5)
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Figure 5.6: The average temperature over an area if computed in 1, 2, 4, .., 2m steps, where
m is the index of the layer. The surface data value of the parent partition PAB is the average
of its children PA and PB: PAB = PA+PB

2 . Therefore, PB = 2PAB−PA.

In Equation (5.5), f is the aforementioned fraction, m is the maximum layer index
(assuming the first possible layer has index 0) and s is the index of the starting layer (s = 0 if
no layers are skipped). This equation can be understood if one remembers that the number
of computations is always equal to the number of partitions in the last layer (= 2m) as
this approach only computes texture data when no data is available. Implementing the
optimization entails storing all the surface data (the normal and surface temperature) in
the format of a binary tree, which may be done in an array. When the second child node,
i.e., the second subpartition, needs to be computed, the data of the first child node and the
parent node is used to quickly compute the normal and surface temperature for the second
subpartition as done in Figure 5.6. The main disadvantage is having to store all computed
surface data in memory, but this increase is negligible compared to the memory to store all
the different loaded textures.

5.3 Extensions

The method described in Sections 5.1 and 5.2 enables the rendering of mirages, but effects
that accompany mirages such as heat haze and jitter are neglected. We show how these
effects can be incorporated in the mirage rendering. Further, we present a second method
that is similar to the one just described, but uses approximations to render mirages at a lower
run-time.

5.3.1 Approximation method

We can approximate the presented method with fewer steps by only using surface infor-
mation obtained while rendering the G-buffer. To be precise, we remove the steps where
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Method 5.3 Extensions

the scene is rendered from a top view and the epipolar rectification takes place, as well as
the parallel prefix sums computation steps. The surface normals and surface temperatures
are captured with the generation of the G-buffer instead, requiring the rendering of an im-
age with temperature information next to the usual images of which the G-buffer consists.
Drawing this extra image is only a small cost in terms of memory and run time, especially
compared to rendering steps only present in the main method, making the second method
faster and less memory-consuming.

The main disadvantage of the second method is that it is based on the assumption that
the surface values at the point of intersection between the non-refracted view ray and the
surface are a good representation of the surface values close to the view ray. The fact
that mirages appear mostly on flat surfaces makes the potential negative impact of this
assumption smaller. Also, in scenes with more height variation where mirages appear, the
main method that can take more steps can be used instead.

5.3.2 Precomputing integrals

The function that computes the horizontal distance to any point on the nonlinear ray (Equa-
tion (5.4)) is computationally intensive, as there is no analytical solution for the integral for
our choice of refractive index function and temperature model. Equations (5.4) and (3.5)
shows that the integral only requires three input values (angle φ, temperature difference Ts -
Ta, and distance from the surface y) to be computed, and all three parameters have a limited
range in practice (0.5–0.0 degrees, 30.0 °C–0.0 °C, 20–0 cm), allowing us to precompute the
integral’s values beforehand. Later, the values can be read from a 3D-texture in the fragment
shader, and missing values can consequently be obtained with trilinear interpolation.

Table 5.2 lists the average difference between the trilinearly interpolated values and
those computed on the spot. The results show that the error grows rapidly the smaller φ gets,
and that even the biggest values for φ result in a cos(φ) that is very close to 1. We used φ

instead of its cosine to index the table with precomputed values to avoid larger angles having
higher precision than smaller ones. The negative error can be attributed to underestimating
the integral at the smallest angles: the more small angles were encountered, the larger the
average error became. The underestimation is likely caused by too few precomputed values
for the smallest angles, and might be increased by single-precision floating point’s only 7̃
decimals of precision.

Table 5.3 lists the mean run time when the integral is computed, compared to when
all integral values are calculated in the fragment shader. Precomputing seems to become
effective when the method uses more layers, as that increases the total of calls to compute
the integral. How many mirages there are on the screen does not appear to have a big impact
on the run time difference with precomputation. Overall, precomputing is an extension that,
at a small cost in terms of accuracy, significantly lowers the run time of the main method
when a high number of steps are taken to compute the mirages.
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5.3 Extensions Method

Lowest cos(φ) Average absolute error (m)

0.99995 -0.034
0.99999 -0.099
0.999999 -0.945
0.9999995 -2.691
0.9999996 -3.820
0.9999997 -8.139
0.9999998 -12.736
0.9999999 -14.474

Table 5.2: The average absolute error measured between trilinearly interpolated precom-
puted values for the integral and the actual value. For each row, the left column indicates
the cosine of the biggest angle included in the random distribution, with the smallest angle
φ being 0°. The table of precomputed values has the dimensions 400×800×50 (y0, φ, Ts,
respectively). Each average error was obtained after comparing 100,000 interpolated and
actual values.

Model FOV Layers
Run time
(without precomputation)

Run time
(with precomputation)

Change in run time
with precomputation

Road 2 1 5.123 5.324 3.9%
Road 2 2 5.362 5.439 1.4%
Road 2 3 6.355 6.255 -1.6%
Road 2 4 8.175 7.626 -6.7%
Road 2 5 16.299 12.255 -24.8%
Road 2 6 38.721 25.189 -34.9%
Road 90 1 4.792 4.881 1.9%
Road 90 2 4.801 4.999 4.1%
Road 90 3 5.540 5.581 0.7%
Road 90 4 6.966 6.798 -2.4%
Road 90 5 13.014 9.420 -27.6%
Road 90 6 23.611 14.778 -37.4%

Table 5.3: The run times for the road scene when relatively little (FOV 90) and much mirage
formation (FOV 2) is visible and when the maximum number of steps to compute mirages
is increased.
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Method 5.3 Extensions

5.3.3 Jitter and heat shimmering

Mirage formation and heat shimmering are both caused by a temperature gradient, but the
latter is mainly caused by temperature fluctuations over the ray path. Extending the pre-
sented methods to include these fluctuations is nontrivial, as the advantages of our approach
rely on the assumption that the ray only refracts in one plane (limiting the refraction caused
by the fluctuations to one direction) and on the idea that we compute the mirage in as few
steps as possible (making it difficult to add some random offset to the ray direction with
each step). This addition of small random offsets to mimic the small, natural variations in
the air density that cause rays of light to travel a slightly different path, has been used in the
past in mirage rendering at the last moment to make image looking less ’clean’ and more
realistic (Berger et al., 1990), but doing this introduces more of a ’jitter’ effect than heat
shimmering: the heat haze effect is a result of turbulence, and unlike jitter, turbulence is
not completely random. Zhao et al. (2006) apply heat flow simulation and ray marching
to render both mirages and heat shimmering, which is not an option in our situation (see
Section 3.1).

The way we would extend our methods is with a screen-space approach that either
uses distortion textures that are either precomputed or dynamically generated, and takes
available range and temperature information into account. Repasi and Weiss (2011) use
range information, an image without turbulence, and real-time turbulence simulation based
on empirical data to generate an image sequence with turbulence. In our situation, the G-
buffer can be used for the range and image without turbulence, but temperature information
is not accounted for in their model, which could cause unrealistic or even unwanted heat
shimmering in scenes. Another problem is that applying the heat shimmering as a post-
processing effect is that the refraction causing mirages can be different from the refraction
causing the heat shimmering, leading to incorrect situations where a ray could both cause a
mirage and refract due to turbulence in a way that should never allow a mirage. Therefore,
the method by Repasi & Weiss seems a good base approach that must be adapted first to
make use of all the information our method has available. Due to time constraints, we only
implemented jitter in a similar way to Berger et al. (1990) and left the addition of heat
shimmering as future work.
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Chapter 6

Implementation

In this chapter, we provide all the information necessary for a successful implementation of
the methods.

6.1 Anisotropic filtering

For the second, approximating method, we recommend using anisotropic filtering for the
temperature textures if mipmaps are used. As Figure 6.1 shows, using mipmaps for the
temperature textures can cause the temperature values for surfaces farther away in the scene
to change and average out over the surface, falsely shrinking the mirage. This issue can
become prevalent with mirages as they are more prevalent at small angles between the view
ray and surface, similar to the artifacts visible with trilinear filtering without anisotropic
filtering. Anisotropic filtering increases the quality of the filtered texture value by using
texels that approximate the shape of the filter box, while isotropic filtering assumes a square
filter box. The effective filter box and the area from which texture samples need to be
used can differ significantly if the filter box is oblong-shaped, which happens at these small
viewing angles. An alternative to enabling anisotropic filtering is to avoid mipmaps and opt
for nearest-neighbor or bilinear filtering.

(a) Mirage rendered with
anisotropic filtering enabled.

(b) Mirage rendered with
anisotropic filtering disabled.

Figure 6.1: The road mirage rendered with and without anisotropic filtering enabled.
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6.2 Epipolar rectification Implementation

6.2 Epipolar rectification

Both linear and nonlinear transformation methods can be used for epipolar rectification. The
linear rectification method is faster as it does not require a second rendering pass to resample
the image, but the linear approach produces an image where distances are not preserved,
unlike the non-linear rectification method (Baran et al., 2010; Klehm et al., 2014). The
non-linear rectification method seems easier to employ here, as the preservation of world
space distances along the x-axis means that after rectification, the prefix sum and arithmetic
mean can be calculated straightforwardly. This preservation of distances does not hold for
linear rectification, as calculating the prefix sum and arithmetic mean in the same manner
thereafter would result in a weighted average with higher weights for geometry closer to the
camera’s near plane. Even if different texture coordinates are used during the prefix sum
computation to get an unweighted average, there is still the problem that the perspective
projection of the linear rectification results in a large part of the texture being reserved for
surfaces closer to the camera. Consequently, values obtained from the rectified texture are
likely not as precise as when they are obtained with a non-linear rectification, which involves
an orthographic projection. For this reason, we used nonlinear epipolar rectification.

6.3 Parallel prefix sum

Our method for computing the parallel prefix sum was implemented with synchronization
between steps and shared memory to store data between steps is based on an earlier imple-
mentation (Sellers et al., 2015). With this implementation, additions are performed partly
in parallel. For instance, the prefix sum y0..3 of the numbers x0..3 would be calculated in two
steps as follows:

y0 = x0

y0..1 = x0 + x1

y2 = x2

y3 = x2 + x3

(6.1)

And for the second step:
y0..2 = y2 + y0..1

y0..3 = y3 + y0..1
(6.2)

Any prefix sum y0..n with n being in the order of 2 can be calculated in log2(n) steps this
way. This reduction in step count should result in a faster solution than a fully sequential
solution (Sellers et al., 2015), which is depicted in Equation (6.3), in spite of the higher
number of expensive texture read-operations that comes with the implementation we use;
from Equation (6.1) it becomes clear that 50% more texture reads are performed. It is for
that reason that Klehm et al. argue that it might be faster to calculate the prefix-sum with
”the simplest implementation”, referring to an approach that follows Equation (6.3) (Klehm
et al., 2014, p. 75).

yi = yi−1 + xi

y0 = x0
(6.3)
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Implementation 6.3 Parallel prefix sum

Resolution
322 642 1282 2562 5122 10242 20482

Simple method 1.152 1.165 1.189 1.389 1.623 2.743 7.176
Parallel method 1.142 1.155 1.166 1.197 1.319 1.822 3.840

Table 6.1: The run time (in ms) of the first mirage rendering method for the non-rotated
plane model while employing the simple method and parallel method to compute the paral-
lel prefix sum for textures of different resolutions.

We compared the run time of the main method for the homogeneous non-rotated plane
model with an alternative version that uses the sequential approach to computing the prefix
sum, and we did this comparison for different texture sizes. Since the prefix sum needs to
be calculated for different textures, ’the simplest version’ could in our case either mean a
version where the different prefix sums are calculated in parallel (fewer updates to texture
coordinates) or one after the other (might improve cache coherency). We found no differ-
ence in run time between these two simplest versions and opted to use the latter for the
comparison. The results are available in Table 6.1.

The results show that the parallel implementation leads to lower run times. The com-
putation of the prefix-sum does not depend on the used model or the content of the input
textures. Therefore, a similar absolute difference in run time could be expected with dif-
ferent scenes. Interestingly, this approach, which uses synchronization and shared memory,
is faster than the intuitive approach, while similar approaches were found to be slower
previously (Klehm et al., 2014). A possible explanation could be slight differences in im-
plementation and technology over the years.

Our current implementation comes with the one notable disadvantage that the local
thread count could be a bottleneck: the minimum value of gl MaxComputeWorkGroupSize
for OpenGL 4.3 and later versions is 1024 (Kessenich et al., 2019), meaning that the current
implementation is not able to deal with textures with a resolution higher than 2048×2048.
This issue can be circumvented by using multiple work groups, but this could potentially
negatively impact the run time, making it necessary to compare the adapted implementation
against the simple implementation again.
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Chapter 7

Results

We tested the presented methods against other approaches for the visualization of mirages
to verify whether the presented methods meet the requirements we have set. The different
methods compete on both accuracy and run time; therefore methods are compared against
each other on these attributes.

7.1 Experiment setup

All methods have been tested in a custom OpenGL application on a laptop running an Intel
i7-9750H CPU and an NVIDIA RTX 2060 GPU. The results were computed at various
often-used screen resolutions (1920×1080, 2560×1440, 3840×2160).

No method seems to exist against which we can fairly compare the two presented meth-
ods in terms of performance. While real-time mirage rendering has been achieved before
in the video game DriveClub, it likely did not use refraction to obtain the mirages, and the
exact method and parameters are unknown (Section 3.2). Other previous approaches to mi-
rage rendering used offline rendering methods and did not achieve interactive framerates.
Furthermore, sometimes acceleration structures were used, which makes dynamic scenes
very challenging.

Nonetheless, we have chosen to create a ray-marching shader to still have a framework
against which we can compare our methods. To improve the run time and accuracy of the
ray-marching shader, we have implemented enhancements that the typical ray-marching
approach does not have (e.g., ray marching the nonlinear path only when the ray is close
to a surface). Similar enhancements are incorporated in the two methods. The step size of
the ray-marching method is adapted to match either the quality or speed of the first, main
method. It is important to note that none of the tested approaches is the ground truth, as
the presented methods limit refraction to the epipolar slice and none of the tested methods
have access to the distance to the closest surface in all the scenes. Nonetheless, all three
approaches should lead to correct results for the homogeneous plane model without slope
due to its geometric simplicity and uniform temperature.

Different models of varying complexity are used to test the different methods. Table 7.1
lists the models, the number of triangles they consist of, and the surface temperatures used.
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7.2 Main experimental findings Results

Model Triangle count Surface temperature (°C)

Plane 2 48
Rotated plane 2 48
Desert road (flat) 200,800 48
Desert road (bumpy) 650,250 48
Desert 838,860 48
Ocean 2,928,200 32

Table 7.1: The different models used to demonstrate the presented methods.

The surface temperatures are selected from the three different temperature data sets that we
used before.

7.2 Main experimental findings

Table 7.2 shows the average rendering times for the different models for both methods and
the ray-marching approach, as well as the rendering time for the scene without mirages. The
field of view (FOV) used for each configuration is given too, as lowering the FOV results in
a ’zoom in’-effect on the mirage and potentially higher rendering times. Figure 7.1 shows a
comparison between the mirages’ visuals for the different approaches.

Based on both the results shown in Figure 7.1 and Table 7.2, our main method generally
performed better in terms of quality and speed than ray marching for the simplest scenes
(plane, rotated plane), and similar in quality but better in speed for the desert road models,
when the resolution was the highest or the FOV the lowest, the situations which contained
the most pixels with mirages. In the plane scenes, the surface is flat and homogeneous,
which are situations that benefit a method that tries to compute the nonlinear path in as few
steps as possible and uses mean surface data below the view ray to compute the path. The
reason ray marching does achieve equal results with lower run times for the 1920×1080
(with high FOV) and 2560×1440 resolutions for these models may likely be the cost of
the epipolar rectification and prefix sum calculation, which does pay off when mirages fill a
larger part of the screen. In the case of the both desert road models, the main method renders
more mirages than the second method and the ray-marching method likely indicating false
positives caused by using average surface values. For the desert model, the main method
performed considerably worse, missing most (parts of) mirages that are visible with ray
marching with a similar speed, although the method does render some mirages along the
slopes of the small hills, which is the specific scenario where we thought the averaging of
the surface could help and beat the second method. However, in the case of the ocean scene,
the main method gives a mirage effect that seems more realistic than the one provided by
the ray marching, especially when the results in Figure 7.1 are compared to the real-life
mirage in Figure 7.2; the ray-marching method shows more pixels with mirages, especially
around the top of the waves, but no ’omega sun’ can be spotted.
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Run time

Model Resolution
FOV
(degree)

No mirages Method 1 Method 2
Ray marching
(similar quality)

Ray marching
(similar speed)

Notes

Plane 1920×1080 12 0.922 3.593 1.353 4.238 3.535 tq = 1.0, ts = 1.8
1920×1080 90 0.923 3.420 1.224 2.664 3.479 tq = 1.0, ts = 0.7
2560×1440 90 1.599 4.245 2.050 3.992 4.466 tq = 1.0, ts = 0.9
3840×2160 90 3.668 6.946 4.808 8.112 6.863 tq = 1.6, ts = 2.5

Rotated plane 1920×1080 8 0.906 3.751 1.440 3.111 3.828 tq = 1.0, ts = 0.7
1920×1080 90 0.922 3.553 1.233 2.579 3.461 tq = 1.0, ts = 0.5
2560×1440 90 1.563 4.350 2.051 3.746 4.285 tq = 1.0, ts = 0.7
3840×2160 90 3.591 7.072 4.765 8.202 7.034 tq = 1.0, ts = 2.0

Desert road
(flat)

1920×1080 2 1.571 7.954 4.411 12.021 7.911 tq = 1.0, ts = 2.5

1920×1080 90 1.306 5.444 1.793 4.221 5.465 tq = 1.0, ts = 0.4
2560×1440 90 1.978 6.378 2.745 5.361 6.227 tq = 1.0, ts = 0.6
3840×2160 90 4.061 9.766 5.580 8.886 10.144 tq = 1.0, ts = 0.9

Desert road
(bumpy)

1920×1080 4 2.011 7.578 3.328 9.444 7.539 tq = 1.0, ts = 1.7

1920×1080 90 1.820 5.334 2.415 3.798 5.354 tq = 1.0, ts = 0.73
2560×1440 90 2.428 7.959 3.517 5.107 7.880 tq = 1.0, ts = 0.4
3840×2160 90 4.302 9.676 6.696 8.486 9.716 tq = 1.0, ts = 0.72

Desert 1920×1080 20 2.020 5.734 2.414 17.151 5.897 tq = 0.1, ts = 0.8
1920×1080 90 2.031 5.701 2.380 12.501 5.683 tq = 0.1, ts = 0.7
2560×1440 90 2.596 6.618 3.129 16.712 6.519 tq = 0.1, ts = 1.0
3840×2160 90 4.401 10.328 5.666 33.252 10.257 tq = 0.1, ts = 2.2

Ocean 1920×1080 18 5.264 10.733 5.721 29.274 10.807 tq = 0.1, ts = 5.2
1920×1080 90 5.098 10.527 5.449 19.720 10.564 tq = 0.1, ts = 1.2
2560×1440 90 5.908 11.546 6.467 26.803 11.555 tq = 0.1, ts = 2.0
3840×2160 90 8.433 15.047 9.772 44.358 15.033 tq = 0.1, ts = 20.0

Table 7.2: The run time (in ms) of our methods for different scenes, resolutions and FOVs.
The run time of each scene while rendering no mirages and rendering mirages with a ray
marching approach are included as well to allow for a comparison. The step size of the
ray marching method is adapted to aim for either similar results as the first (and second)
method or similar run times as the first method. These step sizes are included as tq and ts,
respectively. The layer count for the main method is also adapted to give the best results for
lowest run time and is, therefore, included as well.

Overall, fewer mirages appeared in the complex scenes with the main method compared
to ray marching.

The second, approximating method outperforms the main method significantly in terms
of run time, and the visual results between the two methods are practically identical for the
aforementioned simpler scenes (plane, rotated plane, flat desert road) except for the bumpy
desert road scene, where the main method had quite different visual output. The second
method has also been shown to be faster than the ray-marching approach in all scenarios,
with the caveat that the method misses (parts of) mirages similarly to the main method
in the more complex scenes. The approximating method also misses more mirages than
the main method in the desert and ocean scenes, even if the main method uses only one
step to compute the mirages in those scenes, another indication that the averaging of the
surface data below the ray can increase the chance of (false) mirages appearing. Increasing
the maximum step count even further shows even bigger differences in the desert scene
between the two methods, with more mirages appearing, especially along short slopes.

Increasing the layer count, allowing for a few extra steps, was necessary for the main
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7.2 Main experimental findings Results

Figure 7.1: Mirages rendered in the various test scenes with the main method, the approxi-
mation method, and ray marching method aiming for similar quality and for similar speed
as our methods. All mirages are rendered at a resolution of 1920×1080 with a low FOV to
increase the size of the mirages.

Figure 7.2: An inferior mirage appearing above the ocean. The sun and mirage intersect,
an image that is referred to as an ’omega sun’ based to the image resemblance to the Greek
character. A frame from the film The Blue Lagoon (1980) Kleiser (1980).
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Results 7.3 Averaging surface data per epipolar slice

Scene FOV Layers
Run time without trick to
reduce texture accesses (ms)

Run time with trick to
reduce texture accesses (ms)

Change in run time with trick

Plane 12 1 2.782 2.782 0%
Plane 12 2 3.029 3.019 -0.3%
Plane 12 3 3.306 3.328 0.7%
Plane 12 4 4.280 4.275 -0.1%
Plane 12 5 8.127 8.086 -0.5%
Plane 12 6 23.490 22.988 -2.1%
Plane 12 7 79.835 77.141 -3.4%

Table 7.3: The change in run time after using the trick to reduce texture accesses in our
main method by computing the average surface attributes of a child node with the data of
its parent node and the other child node.

method for the desert road scenes and the desert scene, but even in those situations, increas-
ing the value above 2 would result in barely more mirages. For this reason, we ran the tests
without precomputing integral values, as the results in Table 5.3 indicated that precomput-
ing would only have a positive impact on run time with a layer count above 3. If the layer
count is 1, the trick to reduce texture accesses by using information from previous layers
obviously does not work, and with higher layer counts there seems to be barely any reduc-
tion in run time as Table 7.3 shows. The impact of texture accesses on the run time seems
to be low and only become an issue when too many steps are taken.

7.3 Averaging surface data per epipolar slice

Figure 7.3 shows incorrect behavior that comes with our choice to average the surface tem-
perature and normal per epipolar slice: when the epipolar slice is perfectly aligned with
the hotter side of the road (Figure 7.3c), no mirages appear on the sand and no mirages are
missing on the road. However, when the camera is either in the middle of the road or next
to the road, then parts of the sides of the road do not have a mirage while they should have
one, because for those pixels, the epipolar slice goes over the sand, which drops the average
surface temperature enough to not be able to render mirages.

Another interesting result is that doubling the number of steps resulted in more mirages
being drawn on the sand, as we see when comparing the results for the desert road model
in Figures 7.3 and 7.1. A possible explanation is that the the epipolar slices and the surface
area division fall just ‘right’ so that the average temperature of some of the pixels which
first had sand in Figure 7.3 is raised by relatively more road surface.

51



7.3 Averaging surface data per epipolar slice Results

(a) Camera in the middle of the road. (b) Camera on the edge of the road.

(c) Camera on the left of the road.

Figure 7.3: Parts of the road mirage are falsely not being rendered with the first method in
images (a) and (c), because the surface area used for is not aligned with the road in those
situations. The problem is exacerbated in these images by doing the ray path computation
in 1 step.
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Chapter 8

Discussion

Based on the results, it has become clear that both presented methods are able to render
mirages in various realistic situations. The first method renders more mirages than the
second method, but also takes much longer to complete.

This is in line with our initial expectations: the main method uses scene information
obtained by rendering from a separate view orthogonal to the surface, and by computing the
average surface normal over a part of the surface that includes the backside of bumps, the
angle between the observer and the average surface normal may become bigger, big enough
to cause a mirage. Moreover, increasing the number of steps exponentially until a mirage
is found or a limit is reached may result in additional mirages, as using the average surface
values of a larger area can lead to false positives that would not appear when smaller steps
are taken; a deliberate design choice that favors speed over accuracy.

The result is that more mirages were visible in scenes with smaller bumps (bumpy desert
road, ocean) using the first method than when rendered with the second method or ray
marching. However, as ray marching should be more accurate in these situations, given its
small steps and the height deviation in the scene, we can only conclude that the first method
indeed rendered false positives in certain situations.

The lower accuracy indicated by these false positives, which were not as noticeable with
the other approximating method, was not always obtained at run times lower than the run
times of the second and ray-marching methods.

The results also show that the second method was much faster than both ray marching
and the main method in every situation, while it only missed many mirages in the desert and
ocean scenes. We expect that in these scenes with a lot of height deviation in all directions,
the sampled surface normal is performing worse as an indicator for mirages, and more
expensive methods, such as the first method or ray marching, could be used instead.

When enough mirages appear on the screen or when a small step size is required to
render many mirages, the main method is shown to be faster than ray marching, making it
the preferred choice in those situations.

If neither of the presented methods is a viable solution, ray marching is also shown to
perform in real time while delivering similar results in most situations, which was unex-
pected based on earlier work. Using temperature textures and only ray marching close to
the surface has helped to decrease the run time.
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8.1 Limitations

The presented methods show several limitations. The restriction that refraction can only
be applied in one plane means that mirages may look slightly different from their real-life
counterpart and other approaches. Other, more minor limitations of the methods are not
accounting for the earth’s curvature while calculating the surface height and not using dif-
ferent indices of refraction for different wavelengths of light, which becomes an issue when
mirages of objects very far away or other forms of atmospheric refraction need to be ren-
dered, respectively. The biggest limitation that comes with both presented methods is that
they are pure approximations, and they have then also shown to possibly render completely
different results than a method such as ray marching when the scenes look differently from
what we assumed a mirage-causing scene to look like (relatively flat, fairly homogeneous).

Finally, the rendering of heat shimmering is not supported by the presented methods in
their current form, which may seem strange as both effects are caused by the same temper-
ature gradient.
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Chapter 9

Conclusion

In this work, we presented two methods to enable real-time rendering of mirages in dynamic
scenes. To achieve more realistic-looking mirages, we evaluated the accuracy and speed of
different air temperature models and functions for the air’s refractive index. During this
investigation, we also identified an error in the refractive-index function used in an earlier
mirage-rendering method.

Both methods successfully use analytic ray equations to accelerate the nonlinear ray
path computation. The use of temperature textures enables the approximation of the tem-
perature gradient above the surface.

The main method’s choice to use epipolar rectification to process surface temperature
and normal values from an image to obtain the average surface values under the ray for the
temperature gradient is expensive. Nevertheless, it is worthwhile if the mirages occupy a
large enough portion of the screen and there are small bumps or slopes that would cause
mirage formation, which a cheaper solution would miss.

The second method, which uses the surface temperature and normal values from the
G-buffer for the temperature gradient, is much faster than the main method and ray march-
ing in all situations. The quality of the mirages for both methods is better than that of ray
marching for plane surfaces and relatively flat surfaces. In other situations with surfaces
with significant height deviation, ray marching, combined with optimizations that we used
to reduce the step count, can be used to compute the nonlinear path for higher-quality mi-
rages.

Utilizing the advised temperature models and refractive index functions also contributes
to higher accuracy, lower run times and easier use when rendering real-time mirages. There-
fore, this work leads to a large jump in the field of real-time mirage rendering in dynamic
scenes.

9.1 Future work

The methods’ limitations and ideas left unexplored due to scope- or time constraints may
inspire future work. For instance, the derivation of ray equations for rays where the index
gradient and initial ray direction do not lie in the same plane makes the projection of the

55



9.1 Future work Conclusion

surface normal to the epipolar slice unnecessary and should therefore result in more accurate
ray paths.

A second suggestion for future research is using 1D height fields for the rectified view
rays to divide the ray in steps more effectively and potentially prevent the false positives we
experienced. All steps being equal size, as done in our first method, requires many steps
when a mirage is caused by one small part of the surface (e.g., a small bump) or might
be missed, while the height field can be used to find adequate step sizes of varying lengths.
Previous work already shows that such height fields can be computed efficiently (Chen et al.,
2011).

Lastly, if the presented methods are extended so that they can render both mirages and
heat shimmering based on the temperature data, then both effects are finally rendered si-
multaneously and based on the same temperature information, instead of heat shimmering
being simulated in real-time applications by sampling a texture with varying texture coor-
dinates. We already explained how such an extension could look like in Section 5.3.3, but
that potential approach still has issues that need to be resolved first.
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Appendix A

Image coherency

Despite thermodynamics supporting the idea that a difference in temperature causes the
formation of mirages and a large amount of research endorsing this theory, there is still
research that opposes this idea (Zhou et al., 2011; Tavassoly et al., 2015). One hypothesis
is that mirages are not caused by a temperature gradient but instead by increase in image-
forming light rays at higher incident angles (Tavassoly et al., 2015); when an observer looks
at a rough plane at such an angle, then no reflections are visible due to the rough plane im-
posing random phases on the rays’ wavefronts which destroys constructive and destructive
interference, while both are necessary for image formation (Tavassoly et al., 2015). An
increase in the incident angle leads to more constructive interference in the specular direc-
tion for the diffracted rays and, consequently, a clearer image. This improvement in image
quality is also due to rough objects reflecting more light at higher angles of incidence, as
described by the Fresnel equations (Jenkins and White, 2001, p. 524). The result is that
specular reflections such as the one depicted in Figure A.1 appear at grazing angles of inci-
dence on large rough surfaces such as desert planes, even if there is no temperature gradient.

While these particular reflections share similarities with the mirages presented in this
work, that does not mean that these reflections should be called mirages too, or that an in-
crease in image coherency is the true cause of mirage formation. Not only is there proof
that a temperature gradient can cause mirages (see Section 2.2), there are also clear dif-
ferences between mirages and these specular reflections (Wakid, 2019). For example, the
angle between the observer and the surface normal required to have mirages is significantly
bigger than the smallest reported angle of the aforementioned reflections, 89.5° vs. 75°
(Wakid, 2019; Tavassoly et al., 2015). Another critical difference is that mirages, caused by
total internal reflection, cannot be directly affected by the roughness of the surface as the
light ray does not reflect of the surface, unlike this other type of reflections. In short, both
refraction and improved image coherency can create unexpected reflections at vast angles,
but they are different types of reflections and should, therefore, be treated differently. We
defined the ones caused by a temperature gradient as mirages because the consensus is that
mirages are caused by a temperature gradient (Young, 2015). The reflections caused by an
improved image coherency are, therefore, not further discussed in this work.
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Image coherency

Figure A.1: An object (right side of each photograph) and its reflections (left side) captured
at increasingly larger angles between the camera and and the rough plane (4, 9, and 15°).
The smaller the angle, the better the image quality of the reflection due to the increase in
image coherency. Images originally from Tavassoly et al. (2015), adapted by ourselves.
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Appendix B

Correction in refractive index
function of Zhao et al.

Zhao et al. attempted to use the method created and updated by Edlén and Birch & Downs,
respectively, in their mirage-rendering method (Zhao et al., 2006). We believe it is likely
that two mistakes have been made in their implementation, resulting in very different results
that may seem plausible at first glance.

n(T,P) =
P

96095.43
· 1+10−8(0.601−0.00972T )P

1+0.0036610T
(B.1)

(n−1)s(σ) = 10−8(8342.54+2406147[130−σ
2]−1 +15998[38.9−σ

2]−1) (B.2)

n(T,P) = 1+
P(n−1)s

96095.43
· 1+10−8(0.601−0.00972T )P

1+0.0036610T
(B.3)

When Edlén’s method (Equations (B.2) and (B.3)) and Zhao et al.’s method (Equation
(B.1)) are compared to each other, two differences are noticeable. The first mistake is that
Zhao’s version misses the addition of ’1’ at the end, which would result in any produced
refractive index having a value of only slightly more than zero if it had been the only mis-
take. Since it is common knowledge that the index of refraction of air is approximately 1, it
would have been hard to believe that this mistake has found its way back in the actual im-
plementation of Zhao et al.: it would then be more likely that Zhao et al. forgot to write the
additional term, especially when the handbook they used to obtain the Edlén equations from
provide equations for (n−1) instead of n (Lide, 2003)[p. 10-224]. However, we think this
addition is most likely absent from Zhao et al.’s implementation too since the dispersion
term (n− 1)s in Equation (B.1) is not shown either, which would be the second mistake.
The handbook might be the cause of the issue here again, as it only mentions in text that the
dispersion term must be multiplied with the multiplier in Equation (B.3) to obtain (n− 1)
(Lide, 2003)[p. 10-224]. Unfortunately, one mistake partially nullifies the other, which
may very well have been the reason why they have gone unnoticed. For example, with a
wavelength of 500 nm, standard atmospheric pressure and a temperature of 30 °C, Zhao
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Correction in refractive index function of Zhao et al.

et al.’s version (Equation (3.3)) gives n = 0.95037181407, while Edlén’s version gives n =
1.00026512846. If Zhao et al. only forgot to add 1 at the end (mistake 1), then they would
get n = 0.00026512846; if they only forgot to multiply with the dispersion term (mistake
2), then n = 1.95037181407. Both errors together ensure that Equation (B.1) gives values
close to 1 by accident, making them less noticeable. Therefore, we presume that both errors
have slipped in the implementation of the index of refraction function in the work of Zhao
et al., making Equation (3.3) an inferior function to obtain the air’s refractive index with
that should not be used.
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