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 A B S T R A C T

Infrastructures are facing growing challenges due to their aging process while climate change and evolution 
of traffic and shipping fleets are increasing the uncertainty of loadings in the future. This study proposes a 
method to assess the survivability of structures with gradual deterioration under changing loading scenarios 
based on field data. The methodology is applied to the armor deterioration of a rock-armored groyne under 
ship-wave attack. First, we generate synthetic timeseries of damage by coupling a Poisson distribution to 
determine the number of passing ships per day, a vine-copula to quantify the multivariate joint distribution 
of the loading variables that define the primary wave height and a Bernoulli process and a bivariate copula to 
translate the primary wave height into the increment of damage. Afterwards, these damage curves are used to 
quantify a Gamma process. Thus, it is possible to conditionalize the joint distribution of the loading variables 
to generate the damage curves under different loading scenarios and evaluate the effects of these scenarios 
on the structure’s survivability. We exemplify the use of the methodology to assess the armor deterioration 
of a rock-armored groyne under ship-wave attack with and without a limitation in the speed velocity in the 
waterway.

1. Introduction

Aging infrastructures face growing challenges as they deteriorate 
over time (ASCE, 2021). In sectors such as waterborne transportation 
and coastal engineering, rising sea levels and stronger wave storms 
caused by climate change (Camus et al., 2019) and the continuous 
evolution of shipping fleets and traffic patterns (Haralambides, 2017) 
introduce heightened uncertainty about the future loads these struc-
tures will encounter. In response to these challenges, methodologies to 
assess the survivability of structures under different loading scenarios 
are necessary to better plan maintenance, repair, or upgrade of existing 
structures.

To define a methodology to assess the survivability of infrastruc-
tures under different loading scenarios, two aspects need to be ad-
dressed: (1) generation of synthetic timeseries of deterioration under 
different loading scenarios, and (2) modeling the deterioration of the 
structure over time. The generation of the aforementioned synthetic 
timeseries requires both the loadings and the response of the structure 
to be modeled. To model the loading, typically the joint distribution 
of several random variables is quantified. Some approaches assume 
the independence between the different variables used to  characterize 
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the loading (e.g. Pugh and Vassie, 1978), although they are generally 
generated by the same drivers and, thus, they are dependent (e.g. 
Mares-Nasarre et al., 2023; Noh and Sun, 2025). Consequently, au-
thors in literature have proposed different probabilistic models to 
quantify the joint multivariate distribution of the loading variables. 
Bivariate copulas have been widely applied when the loading can 
be modeled using only two random variables (e.g. wind speed and 
significant wave height in Noh and Sun, 2025). However, more than 
two variables are often required to accurately describe the loading. 
In those cases, copula-based methods such as Gaussian copula-based 
Bayesian Networks (GCBN) or vine-copulas are gaining popularity (e.g. 
Mares-Nasarre et al., 2024b; Zhao and Dong, 2025). One of the main 
differences between GCBN and vine-copulas is that GCBNs model the 
dependence of the variables using Gaussian copulas and, thus, they 
do not account for asymmetries in the dependence structure. On the 
contrary, vine-copulas are highly flexible models that allow to build 
the joint distribution in bivariate pieces using different copulas. For this 
reason, the use of vine-copulas is rapidly increasing in literature (e.g. 
Mares-Nasarre et al., 2024b; Zhao and Dong, 2025; Heredia-Zavoni and 
Montes-Iturrizaga, 2019).
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The interaction between the loading and the structure can be mod-
eled using either deterministic or probabilistic methods. Tradition-
ally in engineering, deterministic methods, from empirical equations 
to numerical models, are dominant in literature. Empirical equations 
are widely used to assess damage on rubble mound breakwaters and 
groynes (e.g. Mares-Nasarre et al., 2022; Vidal et al., 2006; Seemann 
et al., 2023) which are derived from scale laboratory experiments 
or field campaigns, being thus limited to the ranges of the variables 
analyzed by the authors. Numerical methods provide reasonable results 
for specific cases of study but at a high computational cost (e.g. 
Molines et al., 2020; Valela et al., 2021). Since these models are 
highly non-linear, high resolution on both the numerical mesh and the 
input data is required, hindering the use of these numerical models 
in practical design applications. In recent years, some authors have 
pointed out that the interaction between loading and structure might 
present uncertainties and, thus, be of a stochastic nature (Romano et al., 
2015). This has led to the proposal of new methods with probabilistic 
structure responses (Mares-Nasarre et al., 2024c) to incorporate these 
uncertainties in their design and assessment.

Regarding the modeling of deterioration, it is common practice to 
assume that it is a Markov process, according to Barlow and Proschan 
(1965). This is, it is assumed that given 𝑋(𝑡), the values of 𝑋(𝜏) where 
𝜏 > 𝑡 are independent from the values of 𝑋(𝜐) where 𝜐 < 𝑡. The 
most popular Markov processes to model stochastic deterioration are 
continuous-time Markov processes with independent increments such 
as the compound Poisson process (e.g. Zhang et al., 2017, 2016), the 
Gamma process (e.g. Van Noortwijk and Frangopol, 2004; Mercier 
et al., 2012) and the Gaussian process, also called Brownian motion 
with drift or Wiener process (e.g. Zhang et al., 2016; Luo et al., 2024). If 
the damage on a structure is modeled using a Gaussian process, it might 
get reduced in time, which is an unrealistic assumption most of the 
times. For instance, a dike whose height is modeled using a Gaussian 
process could increase, which is not realistic (van Noortwijk, 2009). 
Differently, Gamma and compound Poisson processes are jump pro-
cesses, i.e. the increments are independent and non-negative. According 
to Singpurwalla and Wilson (1998), the main difference between them 
is that Compound Poisson processes have a finite number of jumps in 
finite time intervals, while Gamma processes have an infinite number 
of jumps in finite time intervals. Gamma processes are then suitable 
to model monotonic damage that accumulates gradually over time in 
small increments (van Noortwijk, 2009) such as erosive processes or fa-
tigue. Riverine and coastal structures are usually constructed from loose 
material such as rocks or concrete armor units, so their deterioration is 
gradual. Consequently, Gamma processes seem a reasonable option to 
model their deterioration.

Gamma processes are usually quantified from observations, i.e. us-
ing several time series of the deterioration of the studied element 
retrieved in the same conditions (e.g. Okafor et al., 2023; Pan and 
Balakrishnan, 2011). Therefore, if those loading conditions change, it 
might be needed to quantify again the Gamma process performing a 
new measurement campaign or elicitation if quantified using expert 
opinions (Nicolai et al., 2007). This hinders the application of Gamma 
processes to assess the impact of changes in the loading conditions 
(e.g.: climate change or changes in ship traffic) in the survivability 
of the structure and, thus, adapt accordingly the maintenance strategy 
depending on the loading scenario.

In this study, a methodology to assess the survivability of structures 
under different loading scenarios is proposed. A procedure to generate 
synthetic timeseries of deterioration is defined using a combination 
of a Poisson distribution, a Bernoulli process and multivariate joint 
distributions. These synthetic time series of deterioration can be gener-
ated for different loading scenarios to explore the survivability of the 
structure in changing conditions without the need of new measurement 
campaigns. They are generated by conditionalizing the multivariate dis-
tribution of the loadings which is given by the vine-copula. A Gamma 
process is later quantified using the generated synthetic timeseries. The 

use of the proposed methodology is illustrated using the example of 
the deterioration of a groyne under the ship-wave attack. The paper is 
presented in six main sections. In Section 2, the case study of a groyne 
under ship-wave attack is presented. In Section 3, the modeling outline 
is defined and the required methods are described, namely bivariate 
copulas, vine-copulas and Gamma process. In Section 4, the modeling 
outline is applied to the case study, showing an example of the condi-
tional survivability of the structure. In Section 5, the limitations and 
assumptions of the proposed model are discussed. Finally, in Section 6, 
the main conclusions are summarized.

2. Case study

In this section, the case study is presented: a rock-armored groyne 
under ship-wave attach. Ship-wave refers to the wave pattern that is 
generated by a ship as it passes through water. These waves are a result 
of the displacement of water caused by the hull of the vessel. Vessels 
generate a short-period V-shaped wave system (Kelvin wake) which is 
readily observed; additionally, displacement vessels can generate long-
period waves which can carry considerable amounts of energy causing 
erosion to embankments and damage to hydraulic structures, amongst 
others. Groynes are hydraulic structures built perpendicular or oblique 
to the riverbank into the channel to control embankment erosion, 
trap sediment, and improve flow conditions in the main channel. As 
prominent hydraulic structures in estuarine waterways, groynes are 
prone to damaged by long-period ship waves. Fig.  1 shows a picture 
of the studied groyne, as well as its cross section.

First, an overview of the field campaign performed by Melling et al. 
(2021) is given with the focus on the data used in this research. After 
that, the processing of the armor scans following Mares-Nasarre et al. 
(2024a) to obtain the damage quantification is explained.

2.1. Field data

Melling et al. (2021) document in detail a monitored pilot study 
of innovative groyne designs in Juelssand, on the northern bank of 
the Lower Elbe Estuary along the main access channel to the Port 
of Hamburg. The groynes here are subject to high ship-wave loads 
which can manifest as damaging high-velocity turbulent overflows in 
the root and trunk area. Two previously damaged groynes were rebuilt 
using innovative designs aiming to improve the structure stability. 
Here, data from groyne G1, which was rebuilt with a recessed root, is 
further analyzed. The armor layer of G1 consisted of a rock grading 
CP90/250 with median particle size 𝐷50 = 15 cm, which according 
to CIRIA/CUR/CETMEF (2007) corresponds to the nominal diameter 
or equivalent cube size 𝐷𝑛50 ≈ 12.6 cm, where 𝐷𝑛50 = 𝑀∕𝜌, being 𝑀
the mass of the rock, and 𝜌 the mass density of the rock; high-density 
iron-silicate rocks (𝜌 = 3.7 tonnes∕m3) were used. G1 presented a gentle 
lateral slope (V/H = 1/4 at the trunk, and 1/5 at the head) and a slight 
longitudinal inclination (1/77). The groyne crest was rounded and the 
recessed root area was constructed with a width of 25 m to allow the 
wave energy to bypass the structure and, thus, minimize the damage to 
the groyne. The recessed area was protected against scour using rocks 
and gabions.

After a trial phase, the official monitoring started in July 2015 and 
G1 was tracked until July 2016, when damage was too severe and the 
groyne was again rebuilt in the same recessed design but with a larger 
rock grading. This year of data used here includes laser scans of the 
groyne topography recorded at low tides and recordings of the ship 
generated waves. For the former, a stationary land-based 3D geodetic 
monitoring system was deployed to record the evolution of the erosion 
of the armor layer of the groyne. After the post-processing (see Melling 
et al., 2021, for more information), scans covering the whole length 
of the groyne were obtained with a resolution of 25  cm. However, it 
should be noted that the further the survey area from the laser location 
(i.e. towards the groyne tip), the higher the uncertainty of the scans. 
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Fig. 1. Rock-armored groyne: (a) transverse trunk cross section, and (b) photo of the prototype. Photo provided by Federal Waterways Engineering and Research 
Institute, Germany.

Also, some laser scans needed to be disregarded due to insufficient data 
quality or obstructions such as seagulls sitting on the structure.

To measure ship wave heights, the water surface was measured at a 
frequency of 1  Hz at different locations around the structure. The raw 
signals of the sensors were processed to convert the pressure to water 
depth, filter the tidal contributions, filter the ship-induced components 
to obtain a clean signal of the long-period ship waves, and extract 
the wave events and determine the main variables to describe them. 
Example of such variables are the primary wave height, defined as 
the vertical distance between the minimum and maximum point of the 
primary wave, or the stern wave period, defined as the time between 
the drawdown and the stern wave.

Finally the identified ship-wave events were correlated to the data 
on vessel traffic from the Automatic Identification System (AIS) data. 
Thus, a final dataset relating the generated ship-induced waves and the 
ship variables of the generating vessel (e.g.: ship dimensions, draught, 
passing distance) was obtained. For further information about the 
uncertainties and treatment of AIS data, the reader is referred to Meyers 
et al. (2022) and Chen et al. (2025).

2.2. Damage analysis

The characterization of damage to the rock armor layer is per-
formed using both quantitative and qualitative analysis. Here, the 
quantification of damage is performed using the dimensionless damage 
parameter, 𝑆𝑒, as defined by Broderick (1983). 

𝑆𝑒 =
𝐴𝑒

𝐷2
𝑛50

(1)

where 𝐴𝑒 is the eroded area in a cross-section. To determine this area, a 
reference scan after the reconstruction of the groyne (here the one from 
10th July) is compared to the subsequent scans and the eroded area 
between them is integrated. The following operations were conducted 
to improve the quantification of damage through that procedure: (1) 
linear interpolation between the observations to obtain the same grid 
in all the scans, (2) alignment of the cross-sections using as a reference 
point the highest point of the reference scan (no erosion), and (3) 
accounting only for the points where the difference with the reference 
scan was higher than 5 cm (see Fig.  2(b)).

This procedure was repeated with three cross-sections to charac-
terize the biggest defect, which was located close to the recess, in 

alignment with reports in Melling et al. (2021). Once 𝐴𝑒 was calcu-
lated for all the cross-sections, 𝑆𝑒 was calculated using Eq. (1) and 
cumulative curves were obtained. In the case where 𝑆𝑒,𝑖 > 𝑆𝑒,𝑖+1 for 
𝑖 = 1,… , 𝑁 , where 𝑁 is the number of laser scans, 𝑆𝑒,𝑖 = 𝑆𝑒,𝑖+1. Fig. 
2(c) presents the obtained cumulative damage curves, while Fig.  2(a) 
shows the reference scan together with the location of the analyzed 
cross-sections.

Once the damage is quantified, the magnitude of the damage is 
translated into severity, as it relates to structure integrity, using qualita-
tive damage levels. Losada et al. (1986) and Vidal et al. (1991) defined 
four qualitative levels of damage:

1. Initiation of Damage (IDa): the upper armor has lost some ele-
ments causing holes whose size is close to the armor unit;

2. Initiation of Iribarren’s Damage (IIDa): a large area of the upper 
armor is eroded so the units from the bottom armor layer may 
be extracted.

3. Initiation of Destruction (IDe): the filter is exposed since at least 
one element from the bottom armor layer is extracted;

4. Destruction (De): elements from the filter layer are washed 
away.

Those qualitative levels are related to quantitative values of dam-
age. Based on the recommendations for rubble mound breakwaters 
in shallow waters (Mares-Nasarre et al., 2021; Herrera et al., 2017), 
the following qualitative damage levels will be used: 𝑆𝑒(𝐼𝐷𝑎) = 0.5, 
𝑆𝑒(𝐼𝐼𝐷𝑎) = 2, 𝑆𝑒(𝐼𝐷𝑒) = 6 and an additional extreme damage threshold 
case 𝑆𝑒(−) = 10.

2.3. Analysis of individual damage events

Each increase in the cumulative damage curves derived in Sec-
tion 2.2 was correlated to one ship-wave event. Thus, the damage 
increment (𝛥𝑆𝑒) was associated with a concomitant ship passage and 
ship-induced wave as the largest event which happened between that 
scan and the previous one.

The curves obtained from the field are in terms of cumulative 
damage. It has been argued in the literature that for some typologies 
of hydraulic structures higher levels of pre-existing damage may lead 
to a larger increment of damage in the subsequent loading cycle, as the 
cross section might have lost part of its protection (Lira-Loarca et al., 
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Fig. 2. Damage computation based on the field laser scans: (a) reference scan and location of the analyzed cross-sections with colors representing z-coordinate 
in meters, (b) example of eroded area computation, and (c) computed cumulative damage curves over time.

Table 1
Correlation analysis of the time series of damage.
 Cross section 𝑅(𝑆𝑒,𝑡 , 𝛥𝑆𝑒,𝑡+1) 𝑝 − 𝑣𝑎𝑙𝑢𝑒 𝑅(𝑆𝑒,𝑡 , 𝛥𝑆𝑒,𝑡+2) 𝑝 − 𝑣𝑎𝑙𝑢𝑒  
 (𝑆𝑒,𝑡 , 𝛥𝑆𝑒,𝑡+1) (𝑆𝑒,𝑡 , 𝛥𝑆𝑒,𝑡+2) 
 x = 2064 m −0.29 <0.01 −0.29 <0.01  
 x = 2065 m −0.06 0.33 −0.05 0.39  
 x = 2066 m −0.07 0.28 −0.07 0.30  

2020) and/or the defects might lead to more turbulent flow around 
it (Hoffmans, 2012). Thus, a key step to model them is to know if the 
pre-existing damage conditionalizes the increment of damage due to a 
next wave event (memory of the process). In order to determine that, 
the Spearman’s correlation coefficient (Spearman, 1904; Glasser and 
Winter, 1961) was calculated between the damage at time step 𝑡 and 
the increment of damage in the time step 𝑡+ 1. Spearman’s correlation 
coefficient is defined as 
𝑅 =

𝐶𝑜𝑣[𝑅𝑎𝑛𝑘(𝑋), 𝑅𝑎𝑛𝑘(𝑌 )]
𝜎𝑅𝑎𝑛𝑘(𝑋)𝜎𝑅𝑎𝑛𝑘(𝑌 )

(2)

where 𝐶𝑜𝑣[𝑅𝑎𝑛𝑘(𝑋), 𝑅𝑎𝑛𝑘(𝑌 )] is the covariance of the ranked random 
variables, and 𝜎𝑅𝑎𝑛𝑘(𝑋) and 𝜎𝑅𝑎𝑛𝑘(𝑌 ) are the standard deviations of the 
ranked random variables. Thus, 𝑅 assesses the direction and strength 
of the association between two ranked random variables. 𝑅 ∈ [−1, 1], 
where 𝑅 = 1 and −1 correspond to a perfect positive and negative 
monotonic dependence, respectively. Table  1 presents the results for 
the correlation analysis between 𝑆𝑒,𝑡 and 𝛥𝑆𝑒,𝑡+1, and 𝑆𝑒,𝑡 and 𝛥𝑆𝑒,𝑡+2.

As shown in Table  1, rank correlations in the range in −0.29 ≤ 𝑅 ≤
−0.05 were obtained with most of 𝑝−𝑣𝑎𝑙𝑢𝑒𝑠 > 0.05, meaning that the ob-
served correlations were mainly found not to be significant. Therefore, 
the increments of 𝑆𝑒, denoted as 𝛥𝑆𝑒, were modeled independently in 
this study.

3. Modeling outline

The goal of this study is to propose a model capable of assessing the 
survivability of a structure accounting for possible changes in loading 
boundary conditions. The following methodology is proposed:

1. A Poisson distribution is used to model the number of loading 
events in the study location, here the number of passing ships.

2. A vine-copula (Czado, 2019) is used to model the joint distribu-
tion of the loading variables, here the primary wave height (𝐻𝑝) 
and a set of explanatory variables. This model is used to gener-
ate the number of daily random samples given by the Poisson 
distribution to generate life cycles of 𝐻𝑝 attacking the structure. 
Here, life cycles of 1 year are simulated, as this represents the 
timeframe from reconstruction to severe damage of the studied 
structure (see Section 2). Note that this model can be used to 
obtain the conditional distribution of a loading variable given 
that one of the other variables in the vine-copula are modified.

3. A bivariate copula together with a Bernoulli process is used to 
model the relationship between the main loading variable, 𝐻𝑝, 
and the increment of damage. The Bernoulli process is used to 
determine whether the passing ship generates damage and if 
so, a bivariate copula is used to model the joint distribution 
of the loading variable and the increment of damage. This step 
allows to translate the generated time series of loading events 
into cumulative damage curves along the life cycles.

4. A Gamma process is used to model the survivability of the struc-
ture, which is quantified using the randomly-generated damage 
curves.

The methodology is illustrated in Fig.  3. The following sections 
describe the different steps in further detail.
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Fig. 3. Proposed methodology to assess the survivability of a infrastructure under conditional scenarios.

3.1. Poisson distribution

Poisson distribution is a discrete probability distribution with a 
constant intensity, 𝜆, used to model the number of occurrences of an 
event in a time block (e.g. Tajiani et al., 2024; Amaya-Gómez et al., 
2024). Here, the number of ship passages per day are modeled using a 
Poisson distribution, which is assumed equal regardless the day of the 
week. This assumption is validated using a Chi-square test comparing 
the distribution function of the number of ship passages between days. 
The null hypothesis of the Chi-square test is that the two samples come 
from the same distribution. Thus, 𝑝−𝑣𝑎𝑙𝑢𝑒𝑠 below the significance level 
(here, 0.05) indicate a statistically significant difference. No significant 
differences were observed between any pair of days of the week.

3.2. Bivariate copulas

Bivariate copulas, or just copulas, are bivariate joint distributions 
with uniform marginal distributions in [0, 1]. According to Sklar 
(1959)’s theorem, any multivariate joint distribution of continuous 
variables can be described as a set of univariate marginal distributions 
and a copula that models the dependence between these variables. The 
definition of bivariate copula for the case is given by 
𝐻𝑋,𝑌 (𝑥, 𝑦) = 𝐶{𝐹𝑋 (𝑥), 𝐺𝑌 (𝑦)} (3)

where 𝐻𝑋,𝑌 (𝑥, 𝑦) for (𝑥, 𝑦) ∈ R2 is a joint distribution with marginals 
𝐹𝑋 (𝑥) and 𝐺𝑌 (𝑦) in [0, 1] and a copula in the unit square 𝐼2 = ([0, 1] ×
[0, 1]), being Eq. (3) satisfied for all (𝑥, 𝑦) ∈ R2.

Different families of copulas can be found in the literature (Czado, 
2019). All the copula families implemented in the Python package 
Pyvinecopulib (Vatter and Nagler, 2022) are assessed here; the best 
fitting family in terms of Akaike Information Criterion, 𝐴𝐼𝐶, Akaike 
(1973) was chosen. 𝐴𝐼𝐶 is given by 
𝐴𝐼𝐶 = 2𝑘 − 2𝐿̂ (4)

where 𝑘 is the number of parameters in the model and 𝐿̂ is the 
log-likelihood. Thus, 𝐴𝐼𝐶 penalizes a higher number of parameters.

The selected copula family is further validated using the Cramer-
von-Mises statistic, 𝑆𝐶𝑣𝑀  (Genest et al., 2009). 𝑆𝐶𝑣𝑀  evaluates the 
distance between the fitted parametric copula and the empirical copula. 

Thus, the better the fit, the lower the 𝑆𝐶𝑣𝑀 , being the perfect fit given 
by 𝑆𝐶𝑣𝑀 → 0. 𝑆𝐶𝑣𝑀  is defined as 
𝑆𝐶𝑣𝑀 (𝐮) = 𝑛

∑

|𝑛|
{𝐶𝑛(𝐮) − 𝐶𝜃̂𝑛

(𝐮)},𝐮 ∈ [0, 1]2 (5)

where 𝐶𝑛(𝐮) =
1
𝑛
∑𝑛

𝑖=1 𝟏(𝑈𝑖 ≤ 𝐮) is the empirical copula and 𝐶𝜃̂𝑛
(𝐮) is the 

fitted parametric copula with parameter 𝜃̂𝑛 estimated from the sample.
One distinctive feature between copula families is tail dependence 

which characterizes the correlations in the tails of the distributions of 
random variables. The upper tail dependence coefficient is defined as 
𝜆𝑢 = lim𝑡→1− 𝑃 (𝑋2 > 𝐹−1

2 (𝑡)|𝑋1 > 𝐹−1
1 (𝑡)) (Sibuya et al., 1960; Joe, 

1997). The reader is referred to Nelsen (2006) for further information 
about copulas.

3.3. Vine-copulas

A vine-copula is composed of a series of nested trees which model 
the dependence in bivariate pieces via conditionalizing. Joe (1996) 
gave the first pair copula construction for a multivariate copula in terms 
of distribution functions, while Bedford and Cooke (2001) indepen-
dently proposed constructions in terms of densities. Here, some basic 
definitions are provided. For further treatment, the reader is referred 
to Czado (2019).

A tree is a undirected acyclic graph 𝑇 = {𝑁,𝐸} labeled with nodes 
𝑁 = {1, 2,… , 𝑑} and edges 𝐸, being 𝐸 a subset of pairs of 𝑁 with no 
cycle.

A regular vine, 𝑉 , on 𝑑 elements is a sequence of trees 𝑇1,… , 𝑇𝑑−1
which fulfills the following conditions: (1) 𝑇1 is a tree with node set 
𝑁1 = {1,… , 𝑑} and edge set 𝐸1, (2) 𝑇𝑗 is a tree with node set 𝑁𝑗 = 𝐸𝑗−1
and edge set 𝐸𝑗 for 𝑗 ≥ 2, and (3) for 𝑗 = 2,… , 𝑑 − 1 and (𝑎, 𝑐) ∈ 𝐸𝑗 , 
it must hold that |𝑎 ∩ 𝑐| = 1. Condition (3), also called the proximity 
condition, ensures that if there is an edge 𝑒 connecting 𝑎 and 𝑐 in tree 
𝑇𝑗 , 𝑗 ≥ 2, then 𝑎 and 𝑐 (being edges in 𝑇𝑗−1) must share a common 
node in 𝑇𝑗−1. Therefore, a regular vine on 𝑑 elements is that in which 
two edges in tree 𝑗 are joined by an edge in tree 𝑗+1 if these edges are 
sharing a common node in tree 𝑗.

For 𝑒 ∈ 𝐸𝑗 , 𝑗 ≤ 𝑑 − 1, the constraint set associated with 𝑒 is the 
complete union 𝑈∗

𝑒  of 𝑒. This is, the subset of 𝑁1 = {1,… , 𝑑} reachable 
from 𝑒 by the membership relation. For 𝑗 = 1,… , 𝑑−1, 𝑒 ∈ 𝐸 if 𝑒 = {𝑖, 𝑘}
then the conditioning set associated with 𝑒 is 𝐷𝑒 = {𝑈∗

𝑖 ∩ 𝑈∗
𝑘 } and the 
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conditioned set associated with 𝑒 is {𝐶𝑒,𝑖, 𝐶𝑒,𝑘} = {𝑈∗
𝑖 ⧵ 𝐷𝑒, 𝑈∗

𝑘 ⧵ 𝐷𝑒}. 
Note that the conditioning set is empty for 𝑒 ∈ 𝐸1 and that the order of 
an edge is the cardinality of its conditioning set. For 𝑒 ∈ 𝐸𝑗 , 𝑗 ≤ 𝑑 − 1, 
𝑒 = {𝑖, 𝑘}, 𝑈∗

𝑒 = 𝑈𝑖 ∪𝑈∗
𝑘 . Therefore, nodes in 𝑇1 reachable from a given 

edge via the membership relation are elements of the constraint set of 
that edge. When two edges in 𝑇𝑗 are joined by an edge in 𝑇𝑗+1, the 
intersection of the respective constraint sets forms the conditioning set. 
The symmetric difference of the constraint sets is the conditioned set of 
this edge.

Bedford and Cooke (2001) show that a vine-copula can be uniquely 
connected to a 𝑑-dimensional distribution 𝐹 , given as

𝐹𝐶𝑒,𝑖𝐶𝑒,𝑘|𝐷𝑒

(

𝑥𝐶𝑒,𝑖
, 𝑥𝐶𝑒,𝑘

|𝑥𝐷𝑒

)

=

𝐶𝑒

(

𝐹𝐶𝑒,𝑖|𝐷𝑒

(

𝑥𝐶𝑒,𝑖
|𝑥𝐷𝑒

)

, 𝐹𝐶𝑒,𝑘|𝐷𝑒

(

𝑥𝐶𝑒,𝑘
|𝑥𝐷𝑒

))

(6)

where the one dimensional distributions of 𝐹  are given by 𝐹𝑚(𝑥𝑚), 
𝑚 = 1,… , 𝑑.

In short, in the first tree of a vine copula, each node represents 
one variable, and each arc represents the dependence between the two 
variables and is quantified using a bivariate copula. In the subsequent 
trees, the nodes are the bivariate copulas in the previous tree, and 
the arcs are quantified with conditional bivariate copulas that connect 
nodes with a common variable. Thus, the definition of a vine-copula 
involves defining both the regular vine (graph), and the fitted copulas 
that model the dependence between each (un)conditional pair.

3.4. Univariate marginal distributions

Each random variable is modeled here using a parametric distribu-
tion function in order to be able to infer values whose probabilities have 
not been observed in the dataset. A list of 13 parametric distribution 
functions is considered: (1) lognormal, (2) normal, (3) exponential, 
(4) Generalized Extreme Value, (5) Gumbel, (6) left-tailed Gumbel, (7) 
beta, (8) Rayleigh, (9) uniform, (10) gamma, (11) Generalized Pareto, 
(12) truncated normal, and (13) student t. 𝐴𝐼𝐶 and visual inspection 
are used to select the parametric distribution functions to model each 
random variable. Results can be found in Appendix  A.

3.5. Gamma process

A gamma process is a stochastic process with independent, non-
negative increments which have a gamma distribution with an identical 
scale parameter. According to van Noortwijk (2009) and Abdel-Hameed 
(1975) was the first to propose the gamma process as a proper model 
for deterioration occurring random in time. The gamma process is 
suitable to model gradual damage monotonically accumulating over 
time in a sequence of tiny increments. van Noortwijk (2009) provides 
as an example of a gamma deterioration the settlement of the dike crest; 
dikes can only decrease in height due to crest-level decline.

The gamma process is mathematically defined as follows. 𝑋 has a 
gamma distribution with shape parameter 𝑣 > 0 and scale parameter 
𝑢 > 0 if its probability density function is given by 

𝐺𝑎(𝑥|𝑣, 𝑢) = 𝑢𝑣

𝛤 (𝑣)
𝑥𝑣−1𝑒𝑥𝑝(−𝑢𝑥)𝐼(0,∞)(𝑥) (7)

where 𝐼𝐴(𝑥) = 1 for 𝑥 ∈ 𝐴 and 𝐼𝐴(𝑥) = 0 for 𝑥 ∉ 𝐴 and 𝛤 (𝑎) =
∫ ∞
𝑧=0 𝑧

𝑎−1𝑒−𝑧𝑑𝑧 is the gamma function for 𝑎 > 0. Furthermore, let 𝑣(𝑡)
be a non-decreasing, right-continuous, real-valued function for 𝑡 ≥ 0, 
with 𝑣(0) ≡ 0. The gamma process with shape function 𝑣(𝑡) > 0 and 
scale parameter 𝑢 > 0 is a continuous-time stochastic process 𝑋(𝑡), 𝑡 ≥ 0
with the following properties:

1. 𝑋(0) = 0 with probability one;
2. 𝑋(𝜏) −𝑋(𝑡) ∼ 𝐺𝑎(𝑣(𝜏) − 𝑣(𝑡), 𝑢) for all 𝜏 > 𝑡 ≥ 0;
3. 𝑋(𝑡) has independent increments

In our case, failure of a component is defined as the moment when 
the resistance, 𝑅(𝑡) = 𝑟0−𝑠, drops below the stress 𝑠, being 𝑟0 the initial 
resistance. Assuming that 𝑟0 and 𝑠 are known, it is possible to define 
𝑦 = 𝑟0 − 𝑠 and denote the time at which the failure occurs as 𝑇𝑦. The 
lifetime distribution is given by 

𝑃 [𝑇𝑦 ≤ 𝑡] = 𝑃 [𝑋(𝑡) ≥ 𝑦] = ∫

∞

𝑥=𝑦
𝑓𝑋(𝑡)(𝑥)𝑑𝑡 =

𝛤 (𝑣(𝑡), 𝑦𝑢)
𝛤𝑣(𝑡)

(8)

where 𝛤 (𝑎, 𝑥) = ∫ ∞
𝑧=𝑥 𝑧

𝑎−1𝑒−𝑧𝑑𝑧 is the incomplete gamma function for 
𝑥 ≥ 0 and 𝑎 > 0.

In order to quantify the Gamma process, here the Methods of Mo-
ments is applied. The expected value and variance of the accumulated 
deterioration at time 𝑡 assuming that it is proportional to a power law 
are given by 

𝐸(𝑋(𝑡)) = 𝑐𝑡𝑏

𝑢
, 𝑉 𝑎𝑟(𝑋(𝑡)) = 𝑐𝑡𝑏

𝑢2
(9)

where 𝑣(𝑡) = 𝑐𝑡𝑏 for 𝑐 > 0 and 𝑏 > 0. Ellingwood and Mori (1993) 
provides examples of expected deterioration according to a power law 
for concrete degradation due to corrosion (𝑏 = 1), sulphate attack (𝑏 =
2) or diffusion-controlled aging (𝑏 = 0.5). If the expected deterioration 
is linear in time, i.e., 𝑏 = 1, the Gamma process is called stationary.

4. Building the model

Here, the results of the different modeling phases in the method-
ology in Section 3 are presented. First, a Poisson distribution is used 
to model the number of ship passages each day (see Section 3.1). The 
Poisson distribution is fitted using the property of the Poisson distribu-
tion where 𝐸(𝑋) = 𝜆 = 15.55. A vine-copula (Czado, 2019) is used to 
model the joint distribution of ship passages and the generated primary 
wave heights, similar to Mares-Nasarre et al. (2024b). Afterwards, the 
relationship between the primary wave height and 𝛥𝑆𝑒 is modeled with 
a Bernoulli process together with a bivariate copula. This step allows to 
translate the generated primary wave heights into cumulative damage 
curves along the life cycles. Finally, a Gamma process is quantified 
using the generated curves.

In the following sections, the results related to the vine-copula used 
to model the dependence of ship-induced waves, the random damage 
curves and the Gamma process are presented.

4.1. Dependence model for ship-induced waves

In this section, first, the variables to include in the model are 
discussed based on the existing literature. These variables are depicted 
in Fig.  4. Afterwards, the quantification of the model is discussed and 
the proposed vine-copula is presented.

The first variable to include in the dependence model is the target 
variable directly related to the armor erosion of the structure: the pri-
mary wave height, 𝐻𝑝 (m). Afterwards, the Spearman’s rank correlation 
coefficient (Spearman, 1904) is calculated in pairs between 𝐻𝑝 and 
each available variable in the field dataset. Rank correlation coefficient 
assesses the strength of monotonic dependence between two random 
variables and is used here to identify the best explanatory variables for 
𝐻𝑝. P-values associated with those rank correlations are also computed 
to identify whether the computed correlations are significant. Based on 
the aforementioned analysis, five explanatory variables are identified 
and included in the model together with 𝐻𝑝. The six total variables 
included in the model are:

1. Primary wave height (𝐻𝑝, m), defined as the vertical distance 
between the minimum and maximum point of the primary wave. 
𝐻𝑝 is a good proxy for the energy of the event (Muscalus et al., 
2024) and is the most relevant variable for assessing the damage 
on groynes due to overflow (Melling et al., 2021; Memar et al., 
2025).
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Fig. 4. Definition of the ship-wave variables discussed in this study.

2. Relative speed of the ship (𝑉 , m/s), defined as the velocity 
through water from AIS data calculated accounting for the flow 
velocity from a hydrodynamic model. 𝑉  is widely accepted as 
a variable that governs the ship-induced loads (Schijf, 1949; 
Gelencser, 1977; Dand and White, 1978; Bhowmik et al., 1981; 
Hochstein, 1967; Maynord, 1996; Kriebel et al., 1996; CIRIA and 
CUR, 2007; Almstrom and Larsön, 2020; Memar et al., 2025). 
Moreover, not only the larger but also the faster ships have 
been found to produce larger primary waves (Bain et al., 2022; 
Muscalus et al., 2024). As a consequence, ship speed restric-
tions are common practice in waterways to limit the impact of 
ship-induced loads (Melling et al., 2019).

3. Ship length (𝐿𝑠, m). 𝐿𝑠 is included in most empirical equations 
for assessing the ship-induced waves (Gelencser, 1977; Bhowmik 
et al., 1981; Kriebel et al., 1996). Typically, larger ships are as-
sociated with larger primary ship waves (Almstrom and Larsön, 
2020; Bain et al., 2022; Muscalus et al., 2024).

4. Ship width (𝑊𝑠, m). Several studies discuss the influence of 
ship dimensions on the generated ship-induced waves, includ-
ing variables related to the ship width such as the ship cross-
section (Schijf, 1949; Gelencser, 1977; Dand and White, 1978; 
Bhowmik et al., 1981; Hochstein, 1967; Maynord, 1996; CIRIA 
and CUR, 2007). It should be also noted that ship length and 
ship width are more accessible and reliably accurate in AIS data 
than ship cross-section.

5. Partial blockage factor (𝑛𝑇 = 𝐴𝑠𝑝∕𝐴𝑐𝑝 (-), where 𝐴𝑠𝑝 is the 
ship’s immersed cross-section from the ship centerline and 𝐴𝑐𝑝 is 
the waterway’s cross-section from the ship centerline). Melling 
et al. (2021) introduced this variable to account for the passing 
distance from the ship centerline to the point of interest, being 
later used in Memar et al. (2025). This variable accounts for 
the portion of water volume that is displaced by the passing 
ship. Therefore, it includes other variables such as the waterway 
water level or the ship draught. The commonly used block-
age factor (𝐶𝐻 = 𝐷𝑠 ⋅ 𝑊𝑠∕𝐴𝑐ℎ𝑎𝑛𝑛𝑒𝑙 (-), where 𝐷𝑠 is the ship 
draught and 𝐴𝑐ℎ𝑎𝑛𝑛𝑒𝑙 is the cross-sectional area of the waterway) 
is commonly considered in primary wave observational and 
experimental studies (Kriebel et al., 1996).

As described in Section 3.3, the definition of a vine-copula implies 
the definition of a regular vine (graph) and the bivariate copulas which 
quantify its edges. As shown in Morales-Nápoles (2010), the number of 
regular vines grows extremely quickly with the number of nodes. For 
five variables, 480 regular vines (graphs) are possible. Here, all possible 
regular vines are fitted using the atlas Chimera (Morales-Nápoles et al., 

Fig. 5. Multivariate dependence model: regular vine. 

2023), and the best model in terms of 𝐴𝐼𝐶 is selected, similar to 
previous studies (Mares-Nasarre et al., 2024b; ’t Hart et al., 2024). 
Further information about the robustness of the selected vine-copula 
model is presented in Appendix  C. All the bivariate copula families 
included in Vatter and Nagler (2022) are considered. The obtained 
dependence model to describe the joint probability of the selected 
variables is depicted in Fig.  5.

Fig.  6 presents the scatter matrix with 10,000 samples and proba-
bility densities obtained using the aforementioned model.

4.2. From loading to cumulative damage curves

As exposed in Section 3, for each day, the number of ship-induced 
events is modeled using a Poisson distribution. For each event, a 
conditional or unconditional sample of 𝐻𝑝 can be obtained from the 
dependence model in Section 4.1. Afterwards, the relationship between 
the environmental variables and the damage is modeled through a 
bivariate copula between 𝐻𝑝 and 𝛥𝑆𝑒 and a Bernoulli process. The 
Bernoulli process determines whether the event generates damage, with 
probability of success 𝑝 = 0.003. For those events which generate 
damage, a conditional sample of 𝛥𝑆𝑒 is obtained with the copula 
between 𝐻𝑝 and 𝛥𝑆𝑒. The best fitting copula for that pair of variables in 
terms of 𝐴𝐼𝐶 is a Clayton copula rotated 180◦ with 𝛿 = 0.766 (Kendall 
rank correlation coefficient, Kendall, 1938, 𝜏 = 0.28). Clayton copula 
is part of the Archimedean family and is parameterized by 𝛿 > 0 and 
given by 

𝐶𝛿(𝑢, 𝑣) = (𝑢−𝛿 + 𝑢−𝛿 − 1)−1∕𝛿 (10)
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Fig. 6. Scatter matrix with 10,000 samples and probability densities. 

where 𝑢 and 𝑣 are the random variables in (0, 1). Clayton copula 
presents lower tail dependence. This is, the low observations are more 
correlated to each other than the bigger ones. However, in this case, 
the Clayton copula is rotated 180◦, which makes the tail dependence 
switch: the high values of 𝐻𝑝 and 𝛥𝑆𝑒 are more correlated to each other 
than the low ones. As explained in Section 3.2, 𝑆𝐶𝑣𝑀  is applied to better 
assess the goodness of fit of the selected model; 𝑆𝐶𝑣𝑀 = 0.56 indicating 
a satisfactory performance of the rotated Clayton copula.

The sampled values of 𝛥𝑆𝑒 are transformed from copula to variable 
space through the inverse of its marginal distribution and accumulated 
in time, generating random damage curves along the life of the struc-
ture. Here, a life of 1 year is simulated 500 times, obtaining 500 random 
damage curves, as shown in Fig.  7(a).

4.3. Gamma process for survivability of groyne

In this study, a stationary Gamma process is assumed (𝑏 = 1 in 
Eq. (9)). Thus, 𝑐 and 𝑢 are computed using Eq. (9) together with the 
generated random damage curves in Fig.  7(a). For each time 𝑡, the mean 
and variance of 𝑆𝑒 for the generated curves is computed and 𝑐 = 0.024
and 𝑢 = 0.22 are obtained. Further information about the fit is provided 
in Appendix  D. Fig.  7(b) presents the results of the fitted gamma process 
for different damage levels. This gamma process can be used as input 
for maintenance scheduling and its optimization. For instance, if the 
maximum tolerable damage is 𝑆𝑒(𝐼𝐷𝑎) = 10, after 200 days, there is a 
probability of 0.71 that damage level would have been reached.

4.4. Conditionalizing structure’s survivability

Gamma process is a useful tool for modeling the survivability of 
the structure but it cannot be directly used to analyze the survivability 
of the structure under unseen loading scenarios. This is, if measures 
are taken to change the environmental conditions and, thus, limit 
the loading, the gamma process would need to be again quantified 
with new observations. Here, it is proposed to use the previously 
described methodology to simulate (conditional) cumulative damage 
curves under the desired scenario and quantify the survivability of the 
structure. Here, the example of a limitation of the relative velocity of 
the ship 𝑉 < 12 𝑘𝑛 is used. The outline of the methodology described in 
Section 3 is followed with one change: the random samples drawn from 
the vine-copula are now conditional samples on 𝑉 < 12 𝑘𝑛. Here, the 

conditionalization of the vine-copula is done through simulation. The 
subject of conditionalizing vine copulas is far from closed and an active 
research subject. For further information about conditional sampling of 
vine-copulas, the reader is referred to Czado (2019) and Hanebeck et al. 
(2025). Using the generated conditional damage curves, the Gamma 
process is quantified obtaining 𝑐 = 0.027 and 𝑢 = 0.41. Fig.  8(a) presents 
a comparison of the generated unconditional damage curves (same as 
Fig.  7(a)) and the generated damage curves when limiting the ship 
velocity. It can be observed how the conditional curves reach lower 
levels of damage.

Fig.  8(b) compares the unconditional (same as Fig.  7(b)) and con-
ditional Gamma processes for different damage levels. The higher the 
assessed damage level, the largest difference between the probabilities 
along the design life of the structure. For instance, for a maximum 
tolerable damage of 𝑆𝑒(𝐼𝐷𝑎) = 2, the probabilities of exceeding that 
damage level after 100 days are 0.966 and 0.922 for the unconditional 
and conditional process, respectively, while for a maximum tolerable 
damage of 𝑆𝑒(𝐼𝐷𝑎) = 10, they are 0.466 and 0.175.

5. Discussion

In this research, a methodology to assess the survivability of riverine 
and coastal structures under different loading scenarios is defined. This 
methodology generates synthetic timeseries of deterioration using a 
combination of stochastic processes and multivariate joint distributions 
that are later used to quantify a Gamma process. In this process, incre-
ments of damage are generated and accumulated over time, leading to 
the synthetic timeseries of deterioration. These increments of damage 
at time 𝑡 are assumed independent of the damage of the structure 
at time 𝑡 − 1. This assumption was validated in the case study using 
the available observations through hypothesis testing (see Section 2.3). 
We hypothesize that the lack of observed dependence between the 
increment of damage at time 𝑡 and the damage of the structure at time 
𝑡 − 1 might be caused by 𝑀𝑢∕𝑀𝑎, where 𝑀𝑢 is 𝑀 for the underlayer, 
and 𝑀𝑎 is 𝑀 for the armor. In conventional rubble mound breakwaters, 
𝑀𝑢∕𝑀𝑎 = 1∕15 to 1∕10 (USACE, 1984) or 𝐷𝑛50,𝑢∕𝐷𝑛50,𝑎 = 0.4 to 
0.45 (CIRIA/CUR/CETMEF, 2007). Therefore, after the armor layer is 
eroded, loading starts attacking lighter rocks with a significantly lower 
resistance, accelerating the deterioration and making damage evolution 
dependent of the existing damage. According to Melling et al. (2021), 
for the groynes investigated, 𝑀𝑢 is governed by the remnants of earlier 
groyne structures underlying the present construction; consequently, 
𝑀𝑢 may exceed the recommended range of 𝑀𝑎∕10 to 𝑀𝑎∕15. Conse-
quently, after the armor layer is eroded, the underlayer elements might 
present a higher resistance than the one that would be provided by an 
underlayer with weights in the range 𝑀𝑎∕10 to 𝑀𝑎∕15, leading to a 
more linear damage evolution.

However, when comparing the observed and simulated damage 
curves for the case study, the simulated ones were more linear than 
the observed ones. A possible reason for that might be that there is 
some degree of dependence between the increment of damage at time 
𝑡 and the damage of the structure at time 𝑡 − 1 that the hypothesis test 
was not able to detect.

In this case, the generated curves were on the conservative side: 
the 50th percentile of the predicted damage levels were approximately 
the same as those observed in the beginning and ending of the design 
life, while were superior around the middle of the design life. In case 
of facing a situation where the increment of damage at time 𝑡 and the 
damage of the structure at time 𝑡 − 1 are identified as not indepen-
dent, the present methodology could be extended by accounting for 
the dependence between the existing damage at time 𝑡 − 1 and the 
increment of damage at time 𝑡 by means of dependence models such 
as bivariate copulas. Also, since the generated damage curves were 
approximately linear, here a stationary Gamma process was assumed 
(𝑏 = 1). However, if in a different application the shape of the damage 
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Fig. 7. Armor damage deterioration along the life of the structure: (a) observed and generated random damage curves, and (b) gamma process to describe the 
survivability of the structure.

Fig. 8. Comparison of the armor damage deterioration along the life of the structure with (conditional) and without (unconditional) speed limitation: (a) generated 
random damage curves with 5%, 50% and 95% percentiles, and (b) gamma process to describe the survivability of the structure.

curves is not approximately linear, the parameter 𝑏 could also be fitted 
to accommodate for different shapes of the damage curves.

The Gamma process used to assess the survivability of the structure 
is quantified first using unconditional damage curves and later using 
conditional curves under the scenario of a limitation of the relative 
velocity of the ship 𝑉 < 12 𝑘𝑛 (see Section 4.4). When comparing 
the quantification of both Gamma processes, the parameter 𝑐 does 
not change significantly (unconditional 𝑐 = 0.024, and conditional 
𝑐 = 0.027), while the parameter 𝑢 doubles when conditionalizing 
(unconditional 𝑢 = 0.22, and conditional 𝑢 = 0.41). The parameter 𝑐 is 
related to the frequency or rate at which the increments of deterioration 
occur, while 𝑢 is related to the size of such increments. Therefore, it is 
expected that if the frequency of the loading changes, here modeled by 
a Poisson distribution (see Section 3.1), larger variations will occur in 
the parameter 𝑐. If the magnitude of the loading conditions (here 𝐻𝑝) 
or the resistance of the structure (here 𝐷𝑛) change, larger variations 
are expected to be observed in the parameter 𝑢, as seen in Section 4.4. 
However, the parameter 𝑐 might also suffer variations under these 
conditions if the changes in the loading or resistance are such that 
the frequency of jumps in the deterioration significantly changes. For 

instance, if the structure is reinforced (e.g.: a relevant increase of 
the 𝐷𝑛) such that a much higher loading is required to make the 
deterioration grow, the frequency of increments in the deterioration 
will be reduced, and thus the parameter 𝑐.

Literature on long-term damage evolution of river groynes or rock-
armored structures such as breakwaters is scarce. Methods in the 
literature (e.g. Lira-Loarca et al., 2020; Lucio et al., 2024) usually focus 
on the simulation of the hydraulic loadings, i.e. storm events, using 
statistical techniques to later quantify the damage evolution using em-
pirical relationships. For instance, Lira-Loarca et al. (2020) and Lucio 
et al. (2024) used Gaussian copulas to model the multivariate distribu-
tion of the loadings. The assumption of Gaussian copulas, i.e. no tail 
dependence, is common practice in the Coastal Engineering field (e.g. 
Camus et al., 2019; Lucio et al., 2020) although tail dependence might 
be present and have a significant impact in design (Zhang et al., 2018; 
Kindermann et al., 2026). In this study, significant tail dependence 
is observed between the loading variables (see Fig.  6). Therefore, a 
vine-copula has been adopted to account for the asymmetries in the 
dependence structure as recommended in Mares-Nasarre et al. (2024b). 
To estimate the cumulative damage generated by the loadings, empir-
ical equations such as those defined by Melby and Kobayashi (1999) 
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or Van der Meer (1988) are usually applied (Lira-Loarca et al., 2020; 
Lucio et al., 2024). Here, the translation of the loading into increments 
of damage is not done through a deterministic equation but using a 
bivariate copula. This is, the increments of damage directly depend on 
a single loading variable, 𝐻𝑝, whose relationship is modeled through a 
probabilistic model. This approach aims to account for the uncertainties 
in the ship-wave and structure interaction which in rubble mound struc-
tures may be derived from variations in the porosity, placement of the 
elements, geometry, and rock grading, between others (Mares-Nasarre, 
2025).

The distribution of 𝐻𝑝 is conditionalized given the observations 
of other random variables related to the generation of the ship-wave 
event through the vine-copula. Therefore, the synthetic timeseries can 
be generated under different loading scenarios by conditionalizing the 
multivariate joint distribution that describes the uncertainty of the 
loading variables. In the case study used here, the deterioration of a 
riverine groyne, 𝐻𝑝 is considered the main loading variable according 
to the literature (Melling et al., 2021; Memar et al., 2025) and no 
other random variables are deemed relevant to directly model the 
increments of damage. However, if needed, the proposed framework 
could be extended to connect more than one loading variable with the 
increments of damage by means of a GCBN or another vine-copula. 
Moreover, this framework assumes that the response of the structure to 
the loading is always modeled by the same bivariate copula regardless 
of the changes in the loadings. This is, the proposed framework cannot 
take into account the influence of changes in the structure geometry 
(e.g.: slope or crest width), the properties of the elements that compose 
the armor layer (e.g.: 𝐷𝑛50 or 𝜌) or unseen hydrodynamic behaviors 
of the armor layer. This limitation could be tackled if further data is 
available or through expert elicitation (Rongen et al., 2024; Ramousse 
et al., 2024).

Moreover, the present methodology considers the deterioration of 
the structure as the deterioration of a single defect driving a single 
failure mode. Therefore, it could be extended by considering the evolu-
tion of several defects, independent or dependent on each other (Barui 
et al., 2024; Dai et al., 2022), and competing failure modes (Ha-
laduick and Dann, 2017; Zhang et al., 2016). For instance, a non-
homogeneous Poisson process could be employed to model the gener-
ation of new defects (Zhang and Zhou, 2014; Yazdi et al., 2022), each 
of them growing independently following a Gamma process. Should it 
be desired to incorporate dependence among the growth of defects, a 
shared frailty term following a generalized gamma distribution may be 
employed (Barui et al., 2024).

The proposed methodology can be applied to other types of struc-
tures with a gradual deterioration. For instance, a direct extension of 
this study would be the deterioration of a mound breakwater under 
sea wave attack (Mares-Nasarre et al., 2022) or the erosion of river 
banks under ship-wave attack (Muscalus and Haas, 2022). Further ap-
plications within the Civil Engineering field could be the deterioration 
of pavement under traffic loading (Adegbola and Yuan, 2019) or the 
corrosion of steel due to environmental conditions such as moisture, 
temperature or Chloride concentration (Cai et al., 2020). In order 
to apply the proposed framework to other cases of study, it would 
be necessary to requantify both the multivariate distribution (both 
vine-copula and marginal distributions) and the Gamma process. To 
obtain data about loadings, existing datasets can be used if available 
(e.g. wave or water level historical records), or specific field campaigns 
can be performed. Data on the relationship between loading and de-
gree of deterioration can be also gathered through field campaigns 
or physical model tests. Another option when quantify those models 
is elicitation using expert opinions applied to either the multivariate 
distributions (e.g. Rongen et al., 2024; Ramousse et al., 2024) or 
directly to the Gamma process (Nicolai et al., 2007).

6. Conclusions

In this paper, a methodology to assess the survivability of riverine 
and coastal structures under different loading scenarios is proposed. 
The methodology includes the coupling of multivariate joint distri-
butions and stochastic processes to generate synthetic timeseries of 
deterioration used to quantify a Gamma process. A vine-copula is 
developed to model the joint distribution of the loadings in order to 
account for their asymmetries in the dependence structure. A bivariate 
copula is applied to transform the loadings into increments of damage, 
accounting for the uncertainties in ship-wave and structure interaction. 
By conditionalizing the joint distribution of the loading variables, it 
is possible to generate conditional synthetic damage curves and, thus, 
quantify a Gamma process conditional on the given loading condi-
tions. This framework allows investigating what-if scenarios including 
changes in the loadings such as climate change, evolution of traffic or 
changes in the shipping fleet to better plan maintenance strategies for 
structures with gradual deterioration.
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Appendix A. Summary of univariate distribution functions

Here, a summary of the univariate distribution functions fitted to 
each studied random variable is presented in Table  A.2.

Fig.  A.9 shows the fit of the Generalized Pareto distribution (GPD) 
(cumulative distribution function in Eq. (A.1)) with parameters given 
in Table  A.2 to the observations of 𝐻𝑝. 

𝐹𝑋 (𝑥) =

⎧

⎪

⎨

⎪

⎩

1 −
(

1 + 𝜉𝐺𝑃𝐷(𝑥−𝜇𝐺𝑃𝐷)
𝜎𝐺𝑃𝐷

)−1∕𝜉𝐺𝑃𝐷
for 𝜉𝐺𝑃𝐷 ≠ 0

1 − 𝑒𝑥𝑝
(

− 𝑥−𝜇𝐺𝑃𝐷
𝜎𝐺𝑃𝐷

)

for 𝜉𝐺𝑃𝐷 = 0

(A.1)

where 𝑥 ≥ 𝜇𝐺𝑃𝐷 if 𝜉𝐺𝑃𝐷 ≥ 0, and 𝜇𝐺𝑃𝐷 ≤ 𝑥 ≤ − 𝜎𝐺𝑃𝐷
𝜉𝐺𝑃𝐷

 if 𝜉𝐺𝑃𝐷 < 0.

Fig.  A.10 shows the fit of the Normal distribution (cumulative 
distribution function in Eq. (A.2)) with parameters given in Table  A.2 
to the observations of 𝑉 . 

𝐹𝑋 (𝑥) =
1
2

(

1 + erf
(

𝑥 − 𝜇

𝜎
√

2

))

(A.2)

where erf denotes the error function given by erf(𝑥) = 2
√

𝜋
∫ 𝑥
0 𝑒−𝑡2𝑑𝑡, and 

𝜇 and 𝜎 are the mean and standard deviation of the random variable 
𝑋.
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Table A.2
Summary of univariate marginal distribution functions.
 Variable Parametric distribution Parameters  
 Primary wave height, 𝐻𝑝 (m) Generalized Pareto 𝜇𝐺𝑃𝐷 = 0, 𝜎𝐺𝑃𝐷 = 0.39 and 𝜉𝐺𝑃𝐷 = −0.15 
 Relative velocity of the ship, 𝑉  (kn) Normal 𝜇 = 13.77 and 𝜎 = 2.03  
 Ship length, 𝐿𝑠 (m) Uniform 𝑎 = 101 and 𝑏 = 299  
 Ship width, 𝑊𝑠 (m) Rayleigh 𝜇𝑅 = 13.77 and 𝜎𝑅 = 15.27  
 Partial blockage factor, 𝑛𝑇  (–) Gamma 𝛼 = 4.24 and 𝛽 = 0.15  
 Increment of damage, 𝛥𝑆𝑒 (–) Exponential 𝜆 = 2.20  

Fig. A.9. Empirical and fitted distribution function of 𝐻𝑝: (a) probability density function, and (b) cumulative distribution function.

Fig. A.10. Empirical and fitted distribution function of 𝑉 : (a) probability density function, and (b) cumulative distribution function.
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Fig. A.11. Empirical and fitted distribution function of 𝐿𝑠: (a) probability density function, and (b) cumulative distribution function.

Fig. A.12. Empirical and fitted distribution function of 𝑊𝑠: (a) probability density function, and (b) cumulative distribution function.

Fig.  A.11 shows the fit of the Uniform distribution (cumulative 
distribution function in Eq. (A.3)) with parameters given in Table  A.2 
to the observations of 𝐿𝑠. 

𝐹𝑋 (𝑥) =

⎧

⎪

⎨

⎪

⎩

0 for 𝑥 < 𝑎
𝑥−𝑎
𝑏−𝑎 for 𝑎 ≤ 𝑥 ≤ 𝑏
1 for 𝑥 > 𝑏

(A.3)

where 𝑎 and 𝑏 are the parameters of the distribution.
Fig.  A.12 shows the fit of the Rayleigh distribution (cumulative 

distribution function in Eq. (A.4)) with parameters given in Table  A.2 
to the observations of 𝑊𝑠. 

𝐹𝑋 (𝑥) = 1 − 𝑒−(𝑥−𝜇𝑅)
2∕2𝜎2𝑅 (A.4)

where 𝜇𝑅 and 𝜎𝑅 are the parameters of the distribution.

Fig.  A.13 shows the fit of the Gamma distribution (cumulative 
distribution function in Eq. (A.5)) with parameters given in Table  A.2 
to the observations of 𝑛𝑇 . 
𝐹𝑋 (𝑥) =

1
𝛤 (𝛼)

𝛾(𝛼𝛽𝑥) (A.5)

where 𝛼 and 𝛽 are the shape and rate parameters of the distribution, 
𝛤 (𝛼) is the gamma function, and 𝛾(𝛼𝛽𝑥) is the incomplete gamma 
function.

Fig.  A.14 shows the fit of the Exponential distribution (cumulative 
distribution function in Eq. (A.6)) with parameters given in Table  A.2 
to the observations of 𝛥𝑆𝑒. 

𝐹𝑋 (𝑥) =
{

0 for 𝑥 < 0
1 − 𝑒−𝜆𝑥 for 𝑥 ≥ 0

(A.6)

where 𝜆 is the parameter of the distribution.
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Fig. A.13. Empirical and fitted distribution function of 𝑛𝑇 : (a) probability density function, and (b) cumulative distribution function.

Fig. A.14. Empirical and fitted distribution function of 𝑆𝑒: (a) probability density function, and (b) cumulative distribution function.

Appendix B. Decomposition of the vine-copula model

The bivariate copulas used to quantify the arcs in the regular vine 
are the following.

Tree 1
2,5 - BB8, parameters = [3.38758, 0.717766]
4,5 - BB8 270◦, parameters = [8, 0.646257]
1,5 - Gumbel 270◦, parameters = 1.62136
5,3 - BB8 90◦, parameters = [6.86583, 0.692365]
Tree 2
2,4 | 5 - BB8 270◦, parameters = [1.4743, 0.735557]
4,1 | 5 - Frank, parameters = −1.15236
1,3 | 5 - Frank, parameters = −1.01969
Tree 3
2,1 | 4,5 - BB8, parameters = [4.58099, 0.720276]
4,3 | 1,5 - Student, parameters = [0.857886, 5.77237]
Tree 4
2,3 | 1,4,5 - BB8 180◦, parameters = [1.12374, 0.975673]
Fig.  B.15 shows the decomposition of the proposed regular vine-

copula in dependence trees.

Appendix C. Vine-copula model fitting

In this section, further information about the fitting and selection 
of the vine-copula model is presented.

Fig.  C.16 displays the distribution of 𝐴𝐼𝐶 of the 480 possible regular 
vines. The model with the lowest 𝐴𝐼𝐶 was chosen with 𝐴𝐼𝐶𝑚𝑜𝑑𝑒𝑙 =
−26064. In Fig.  C.16, it can be seen that approximately 20% of the 
possible regular vines presented a value of 𝐴𝐼𝐶 that differed from 
𝐴𝐼𝐶𝑚𝑜𝑑𝑒𝑙 less than a 4%.

An additional analysis is also performed to assess the robustness of 
the fit. 500 samples of length equal to the length of the observations, 
5862 observations, are randomly generated from the selected model in 
Fig.  5. For each random sample, all possible regular vines are fitted 
using the atlas Chimera (Morales-Nápoles et al., 2023), and the best 
model in terms of 𝐴𝐼𝐶 is selected. In 99.6% of the simulations, the 
same regular vine is selected as the best regular vine.

In addition, for each random sample, the minimum 𝐴𝐼𝐶 is recorded 
and the obtained 𝐴𝐼𝐶 from the Brute Force fitting, 𝐴𝐼𝐶𝑚𝑜𝑑𝑒𝑙 = −26064, 
is put into the context of their distribution, as shown in Fig.  C.17.
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Fig. B.15. Vine-copula fitted using Brute Force.

Fig. C.16. Distribution of 𝐴𝐼𝐶 of the 480 fitted vine-copulas.

Appendix D. Gamma process fitting

Here, the fitting by moments of the Gamma process is assessed. 
Fig.  D.18 presents the expectation and variance computed from the 
generated unconditional damage curves, and those fitted with 𝑐 = 0.024

Fig. C.17. Distribution of the minimum 𝐴𝐼𝐶 of the 500 simulations and 𝐴𝐼𝐶
of the selected Brute Force model.

and 𝑢 = 0.22. As it can be observed in Fig.  D.18, the fit is almost perfect 
with coefficients of determination 𝑅2 > 0.99.
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Fig. D.18. Comparison between (left) the expectation, and (right) variance, for each time 𝑡 computed from the generated unconditional damage curves and those 
obtained with the fitting of the Gamma process.
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