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Abstract Interior-point methods for semidefinite optimization have been stud-
ied intensively, due to their polynomial complexity and practical efficiency.
Recently, the second author designed a primal-dual infeasible interior-point
algorithm with the currently best iteration bound for linear optimization
problems. Since the algorithm uses only full Newton steps, it has the advantage
that no line-searches are needed. In this paper we extend the algorithm to
semidefinite optimization. The algorithm constructs strictly feasible iterates for
a sequence of perturbations of the given problem and its dual problem, close
to their central paths. Two types of full-Newton steps are used, feasibility steps
and (ordinary) centering steps, respectively. The algorithm starts from strictly
feasible iterates of a perturbed pair, on its central path, and feasibility steps find
strictly feasible iterates for the next perturbed pair. By using centering steps
for the new perturbed pair, we obtain strictly feasible iterates close enough to
the central path of the new perturbed pair. The starting point depends on a
positive number ¢. The algorithm terminates either by finding an e-solution
or by detecting that the primal-dual problem pair has no optimal solution
(X*, y*, §*) with vanishing duality gap such that the eigenvalues of X* and $*
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do not exceed ¢. The iteration bound coincides with the currently best iteration
bound for semidefinite optimization problems.

Keywords Semidefinite optimization - Infeasible interior-point method -
Primal-dual method - Polynomial complexity
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1 Introduction

Semidefinite optimization (SDO) problems are convex optimization problems
over the intersection of an affine set and the cone of positive semidefinite
matrices. SDO arises in many scientific and engineering fields. For applications
in system and control theory we refer to [6, 7] and for applications in combi-
natorial optimization to [1, 2, 13, 19, 26, 39, 48]. SDO also has been utilized in
solving polynomial optimization problems [11, 25, 38]. For recent applications
in engineering problems see, e.g., [5, 24, 59].

Semidefinite optimization has recently attracted active research from the
interior-point methods (IPMs) community. A rather comprehensive list of
references for theory and applications in this field can be found in [1, 2, 8,
12,15, 18,37, 51].

Primal-dual IPMs have proven to belong to the most efficient methods
in linear optimization (LO), and many polynomiality results exist for these
methods. The first primal-dual interior-point methods for LO were constructed
by Megiddo [32], Monteiro and Adler [35], Tanabe [49] and Kojima et al. [21].

Extending methods for LO to SDO has been successful in many cases. See,
e.g., [23, 36, 53, 55]. For example Nesterov and Todd [36] showed that the
primal-dual algorithm for LO maintains its theoretical efficiency when the
nonnegativity constraints in LO are replaced by a convex cone, as long as
the cone is homogeneous and self-dual, or in the terminology of Nesterov
and Todd, as long as the cone is self-scaled. Self-scaled cones are cones that
have a self-scaled barrier; the non-negative orthant and the cone of positive
semidefinite matrices are special cases.

Recently, Peng et al. [40, 41] designed primal-dual feasible IPMs for LO
by using self-regular functions and also extended the approach to SDO.
The complexity bounds obtained by these authors are O(ﬁ) log % and
0] (ﬁlog n) log %, for small-update methods and large-update methods, re-
spectively, which are currently the best known bounds. Bai et al. [3] and Bai
and Roos [4] introduced some new kernel functions and designed primal-
dual feasible IPMs for LO and they also extended their algorithms to SDO
successfully [54].

The methods mentioned in the preceding two paragraphs are so-called
feasible IPMs. Feasible IPMs start with a strictly feasible interior point and
maintain feasibility during the solution process. It is not at all trivial how to
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find an initial feasible interior point, however. One method to overcome this
problem is to use the homogeneous embedding model as presented first for
LO by Ye et al. [56] and extended to SDO by De Klerk et al. [10] and
independently also by Luo et al. [27]. The homogeneous embedding method
has been implemented in the well known solver SeDuMi.! It combines the
primal and dual problem in an intelligent way in one (much) larger self-dual
model, whose solution can be obtained by any feasible IPM, leaving much
freedom to the user in the choice of the initial iterates. Other SDO solvers
use a different approach, they use a socalled infeasible IPM.

Infeasible IPMs (IIPMs) start with an arbitrary positive point and feasibility
is reached as optimality is approached. The choice of the starting point in
IIPMs is crucial for the performance. Lustig [28] and Tanabe [50] were the
first to present IIPMs for LO. Kojima et al. [20] were the first who proved
the global convergence of a primal-dual IIPM for LO. Zhang [57] was the
first who presented a primal-dual IITPM with polynomial iteration complexity
O (n’log 1) for LO and he extended it to SDO [58]. Mizuno [33] and Potra
[42, 43] also introduced a primal-dual ITPM for LO with polynomial iteration
complexity O (nlog1).

Kojima et al. [22] and Potra and Sheng [44] independently analyzed a
generalization to SDO of the Mizuno-Todd-Ye predictor corrector method
[34] for infeasible starting points and they proved that the complexity of their

algorithm is
dli) "

Here R? and r) denote the initial values of the primal and dual residuals as
defined in Section 4.3. It is assumed in this result that there exist optimal
solutions X* and (y*, $*) for the primal and dual problems (P) and (D) as
defined in Section 3.1 such that || X*|| < ¢ and ||.S*|| < ¢ and the starting point
is (X°, y°, 8°) = ¢ (I, 0, I), where I denotes the identity matrix.

The second author, in [45], designed a new IIPM algorithm for LO. This
algorithm uses intermediate problems. These problems are suitable perturba-
tions of the given problems (P) and (D) so that at any stage the iterates are
strictly feasible for the current perturbed problem pair. In each iteration the
size of the perturbation decreases at the same speed as the barrier parameter u.
When u changes to a smaller value, the perturbed problem pair corresponding
to u changes, and hence also the current central path. The iterates are kept
feasible for the new perturbed problem pair and close to its central path. To
achieve this the algorithm uses a so-called feasibility step. This step serves to
get iterates that are strictly feasible for the new perturbed problem pair and
belong to the region of quadratic convergence of its ut-centers, where u* is

R?

)

( max {Tr (XOSO) ,
O | nlog -

IThe name of this solver reveals this feature: Self-Dual Minimization.
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the barrier parameter after updating. Now the algorithm can start from the
point obtained in the feasibility step and perform a few centering steps to
obtain iterates that are close enough to the ut-center of the new perturbed
problem pair. This process continues until the algorithm finds an e-solution or
detects that the primal-dual problem pair has no optimal solutions with zero
duality gap.

In this paper, we discuss an extension to SDO of the just described algo-
rithm. We show that the techniques that have been developed in the field of
feasible full-Newton step IPMs for SDO are sufficient to get a full-Newton step
ITPM whose complexity is given by (1), which is currently still the best known
complexity of IIPMs. Compared with other IIPMs the ideas underlying our
algorithm are quite simple and its analysis is elegant. Moreover, since it does
not use line searches, it can be easily implemented.

The paper is organized as follows: in Section 3 we first recall some tools for
the analysis of a feasible IPM for SDO that we use also in the analysis of IIPMs
proposed in this paper. In Section 4 we describe a primal-dual ITPM method
for SDO. The analysis of the feasibility step of our method, the most tedious
part of the analysis, is carried out in Section 5. In Section 5.5 we will derive the
complexity bound for our algorithm. Finally, some concluding remarks follow
in Section 6.

2 Notations

Some notations used throughout the paper are as follows. The superscript
T denotes transpose. R”, R’} and R’ denote the set of vectors with n
components, the set of nonnegative vectors and the set of positive vectors,
respectively. For any x = (x1; x2; ...; X,) € R", Xpin = min (X1 X2 ... Xp)
and Xpax = max (X5 X2; ...; X,). R is the space of all m x n matrices.
S", 8% and 8’} | denote the cone of symmetric, symmetric positive semidefinite
and symmetric positive definite n x n matrices, respectively. P and D denote
the feasible sets of the primal and dual problem respectively. The relative
interior of a convex set C is denoted as ri (C). I denotes n x n identity matrix.
We use the classical Lowner partial order > for symmetric matrices. So
A > B(A > B) means that A — B is positive semidefinite (positive definite).
The sign ~ denotes similarity of two matrices. The matrix inner product is
defined by Ae B =Tr (ATB). For any symmetric positive definite matrix

0 €87, the expression Q: denotes the symmetric square root of Q. For
any symmetric matrix G, Apin (G) (Amax (G)) denotes the minimal (maximal)
eigenvalue of G. When A is vector we denote the diagonal matrix diag (A)
with entries A; by A. For any V €8, we denote by A (V) the vector of
eigenvalues of V arranged in non-increasing order, that is, A (V) = 4 (V) >
M (V)=...>x, (V) = Anin (V). The Frobenius matrix norm is given by
U1 =30, P Uizl. =Tr(U"U). For any p x ¢ matrix A, vec (A) denotes
the pg-vector obtained by stacking the columns of A. The Kronecker product
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of two matrices A and B is denoted by A ® B (we refer to [16] for a
comprehensive treatment on Kronecker products and related topics).

3 Preliminaries
3.1 The SDO problem

In this section we first introduce the SDO problem and the assumptions that
will be used in the paper. We consider the standard form of the SDO problem:

(P) min Ce X
st A;e X =b;, i=12,...,m, X >0,
and its dual:

(D) max b'y
s.tZy,- Ai+S=C, S>0,
i1

where each A; € §",b € R, and C € §". Without loss of generality we assume
that the matrices A; are linearly independent.

It is worth noting that the duality theory of SDO is weaker than that of
LO. Like in LO we have the weak duality property: for any (X, y, S) € P x D
we have

Ce X — bTy =Tr <<S+ Zy,A,) X) — ZyiTr (A X)=Tr(SX) >0,

i=1 i=1
where the inequality follows from X > 0 and S > 0 (see Lemma 5.3). In other
words, the duality gap is nonnegative for any feasible primal-dual pair. As a
consequence, feasible solutions (X, y, S) with zero duality gap are optimal. If
(P) and/or (D) have optimal solutions, then their optimal values are denotes
as p* and d*, respectively. The optimal sets for (P) and (D) are then denoted
as follows:

P :={X eP|Ce X =p*} and D*:={(y, $) e D|b"y = d*}.

A problem (P) (resp. (D)) is called solvable if P* (resp. D*) is nonempty.

The duality properties in SDO are less simple than LO. Recall that an
LO problem may be feasible or infeasible. If it is feasible then it is either
unbounded or bounded. In case it is bounded it is solvable and the dual
problem is solvable as well, with zero duality gap. If it is infeasible then its
dual is either unbounded or infeasible. So, for a single problem there are 3
possibilities: a problem is either solvable, unbounded or infeasible.

For an SDO problem, however, the situation is less simple, since a problem
that is feasible and bounded is not necessarily solvable. So for a single problem
there are now four cases: a problem is solvable, feasible and not solvable,
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unbounded or infeasible. As a consequence, for a primal-dual pair of SDO
problems there are much more possible situations than in the LO case. For
example, a problem may be solvable, whereas its dual is unsolvable. Also both
problems can be solvable but with positive duality gap. We assume that there
exists optimal solutions with zero duality gap, i.e., we assume that the set

F ={(X,y,ePxD: XeS=0}

is nonempty.

3.2 The central path for SDO

We assume that (P) and (D) are strictly feasible, i.e., there exist X € P, S € D
with X > 0, S > 0. It is well known that under this assumption both problems
are solvable and the optimality conditions for (P) and (D) can be written as
follows.

A;je X =b;, i=1,2,...,m X >0,

ZyiAi+S=C, S >0,

i=1

XS =0. (2)

The basic idea of primal-dual IPMs is to replace the above complementarity
condition XS = 0 by the parameterized equation XS = /. Then we get the
following system:

Aje X =b;, i=12,...,m X >0,

i}’iAi-i'S:C, S>0,

i=1

XS = ul, 3)

where I denotes the n x n identity matrix and p > 0. It is well known that the
system (3) has a unique solution, denoted (X (1), y (u), S(w)), and that the
limit lim, o (X (1), y (u), S(w)) exists and is a solution of system (2) (e.g.,
see [23]). The set of all solutions (X (1), y (u), S(u)) with u > 0is known as
the central path.

To obtain a search direction for IPMs the usual approach is to use Newton’s
method and to linearize (3). However, the resulting system may yield as a
solution a search direction A X which is not symmetric (AS is automatically
symmetric). Since we want AX to be a symmetric matrix, one must “sym-
metrize” the linearization of the complementary equation. Based on different
symmetrization schemes, several search directions have been proposed, as
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presented in [15, 23, 36, 47, 52, 58]. In this paper, we use the direction
determined by the following system:

Aie AX =0, i=1,2,...,m,

m
Y AyiAi+AS =0,

i=1
AX + PASPT = us™' — X, 4)

where
P x! {x%sx%}%‘ X!— s [S%XS%]% = 5)

This direction was introduced by Nesterov and Todd [36] and is called the
NT-direction, or simply the Newton-direction, see [52]. The system (4) has a
unique solution [55] and, obviously, A X and AS are symmetric. We will refer
to the assignment

(X, y*, §T) = (X +AX, y+ Ay, S+ AS)

as a full NT step.
The first two equations in the system (4) imply that AX and AS are
orthogonal, i.e.,

Tr(AXAS) =0.
A consequence is the following result which makes clear that after a full
NT-step the duality gap attains its target value.
Lemma 3.1 (Cf. Corollary 7.1 in [9]) Let (X, S) € 1i (P x D) and n > 0. Then
Tr (X*S%) = nu.

Let D = Pz, where Pz denotes the positive semidefinite square root of P.
Then D can be used to scale X and S to the same matrix V, namely [9, 47, 54]:

1 1
Vi=—D'XD'= —DSD. 6
N N ©
It follows that
1
V?=—-D'XSD. (7)
"

Note that the matrices D and V are symmetric and positive definite. let us
further define

- 1 .
A,’I:ﬁDAiD, l=1,2,...,m,

and

1 1
Dy:=—D'AXD""; Dg:= —DASD.
JI N/
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Then (4) can be written as follows

AijeDxy =0, i=1,2,...,m,

m -
Y Ayidi+ Ds =0,

i=1
Dx+Ds=V"'-V. (8)
The first two equations in this system imply that D y and Dy are orthogonal:
Tr (DxDs) = 0.
Hence, using the third equation in (8) we obtain
I Dx 12+ I1DsI? = [V = V. )

This implies that Dy, Dg are both zero if and only if V—! — V = 0. In this case,
X and Ssatisfy XS = u/, which indicates that X and § are the p-centers. Thus,

we can use ||V~! — V| as the quantity to measure closeness to u-centers. We
define

1
S(X, S, w):=8(V):= 3 |[v='-v]. (10)

Note that for the special case of LO, V is a diagonal matrix and this proximity
measure becomes the same as used in [17].

A pair (X, S) € P x D, is called an e-solution of (P) and (D) if Tr (X S) < €.
Assume that a pair (X, S) € ri (P x D) is given thatis ‘close to’ (X (u), S(w)),
for some 1o = p°. Then one finds an e-solution after O(y/n log ”‘6—‘0
of the algorithm in Fig. 1.

The following lemmas are crucial in the analysis of the algorithm. We recall
them without proof. They describe the effect of a u-update and of a full NT
stepon § (X, S, w).

) iterations

Lemma 3.2 (Lemma 7.5 in [9]) Let (X, S) €ri (P x D), nu = Tr(XS) and
§:=8(X, S, w.If um =1 =0)ufor0 <0 < 1, then one has

2

n
S(X, S, w=—"—
( ) 4(1_9)+

(1—0)8%.

Lemma 3.3 (Lemma 7.41in [9]) If § := 6 (X, S, ) < 1, then the full NT step is
feasible, i.e., Xt and S are feasible. Moreover, if § < 1, then

32

J2(-8)

Corollary 3.4 (Corollary 7.21in [9]) If§ (X, S, n) < \/%, then § (X, S*, n) <
(X, S, W

5(X*+, §*. ) <
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Primal-Dual Feasible IPM

Input:

Accuracy parameter ¢ > 0;

barrier update parameter 6,0 < 6 < 1;

feasible pair (X, $°) and . > 0 such that § (X°, %, u°) <
begin

X=X §:=5% pu:=u"

while Tr (XS) > ¢ do

begin

l—

update of u:
nei={—=0)u;
centering step:
(X, 8 =X, 9+ ((AX, AS);
end
end

Fig. 1 Feasible full-Newton-step algorithm

This corollary implies that the Newton-process is quadratically convergent
when started close to the u-center.

The following result establishes a polynomial iteration bound of the above
described algorithm; it easily follows from the above lemmas.

Theorem 3.5 (Theorem 7.1 in [9]) If 6 = 2\1/2, then the algorithm requires
at most

0
Zﬁlogn—'u
€

iterations. The output is a primal-dual pair (X, S) such that Tr (X S) < e.

4 Infeasible full-Newton step IPM

In this section we present an infeasible-start interior-point algorithm that
generates an g-solution (X™, y*, $*) of (P) and (D), or establishes that no such
solution exists with vanishing duality gap and such that the eigenvalues of X*
and §* do not exceed a prescribed number ¢.
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4.1 The perturbed problems

We start with choosing arbitrarily X° > 0 and y°, §° > 0 such that X°S° =
w1 for some (positive) number u°. For any v with 0 < v < 1 we consider the
perturbed problem (P,), defined by

(P,) min{( —v(C ZyOA—SO))oX:AioX

=bi—v(bi—Aie X, Xzo},
and its dual problem (D, ), which is given by

(Dv)max{z (bi—v(bi— oXO))y,-:ZyiA,-—i—S
i=1 j

—C—u(C ZyOA —S(’),Szo}.

Note thatif v = 1 then X = X yields a strictly feasible solution of (P,), and
(v, 8) = (y°, 8%) a strictly feasible solution of (D,). We conclude that if v = 1
then (P,) and (D,) are strictly feasible.

Lemma 4.1 Let the original problems, (P) and (D), be feasible. Then for each v
satisfying 0 < v < 1 the perturbed problems (P,) and (D,) are strictly feasible.

Proof Suppose that (P) and (D) are feasible. Let X be feasible solution of
(P) and (y, S) a feasible solution of (D). Then A; e X=b;i=1,...,mand
lel ViA; + S= C, with X > 0 and S>0.Nowlet0 < v < 1, and consider

X=(0-»)X+vX’ y=U-v)y+vy° S=10—-v)S+vS°
One hasforalli =1, ..., m that,
Aje X =A;e((1—v) X+vX°
=(1-v)AeX+vA e X°
=b;—v(bi— AjeX"),
showing that X is feasible for (P,). Similarly,

> vidi+S=(1-v) (Z}_’iAi+S> +v (Zy?A,»+SO)

i=1 i=1 i=1

=(1—u)c+v<zy?A,~+SO>=C—v<C—Zy§?A,»—S°>,
i=1

i=1
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showing that (y, S) is feasible for (D,). Since v > 0, X and S are positive
definite, thus this proves that (P,) and (D,) are strictly feasible. O

4.2 Central path of the perturbed problems

We assume that (P) and (D) are feasible. Letting 0 < v < 1, Lemma 4.1 implies
that the problems (P,) and (D,) are strictly feasible, and hence their central
paths exist. This means that the system

bi—AjeX=v(b;—A;eX"), i=12..m X>0 (11

C—ZyiAi—S=v<C—Zy?Ai—SO), $>0
i=1 i=1
XS =ul (12)

has a unique solution, for every u > 0. In the sequel this unique solution
is denoted as (X (u, v), y(u, v), S(u, v)). These are the u-centers of the
perturbed problems (P,) and (D,).

Note that since X°S° = %I, X© is the u’-center of the perturbed prob-
lem (P;) and ()°, S°) the u’-center of (D). In other words, (X (u’ 1),
y(u®, 1), S(u°, 1) = (X°,)°, 5%. In the sequel we will always have u =
v u®, and we will accordingly denote (X (i, v), y(u, v), S(, v)) simply as
(X (), y(v), S)).

4.3 An iteration of our algorithm

We just established that if v =1 and u = u° then X = X° and (y, S) =
(»°, 8°) are the p-center of (P,) and (D,) respectively. These are our initial
iterates.

We measure proximity to the p-center of the perturbed problems by the
quantity § (X, S, n) as defined in (9). So, initially we have § (X, S, u) =0.
In the sequel we assume that at the start of each iteration, just before the
wu-update, § (X, S, n) is smaller than or equal to a (small) threshold value
7 > 0. So this is certainly true at the start of the first iteration.

Now we describe one iteration of our algorithm. Suppose that for some u €
(0, n°] we have X, y and S satisfying the feasibility conditions (11) and (12) for
V= ;%’ and such that Tr (X S) = npand § (X, S, u) < 7. Wereduce putou™ =
(1 —0) u, with @ € (0, 1), and find new iterates X, y*™ and S* that satisfy (11)
and (12), with u replaced by u* and v by vt = ‘;—z, and such that Tr (X S) =
nptand § (X, ST, u™) < 7. Note that v = (1 — 6) v.

To be more precise, this is achieved as follows. Each main iteration consists
of a feasibility step and a few centering steps. The feasibility step serves to
get iterates (X7, y/, /) that are strictly feasible for (P,+) and (D,+), and
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moreover belong to the region of quadratic convergence of their u*-centers
(X (v*). y(vT), S(v")),inother words 8 (X/, S/, u*) < % Since the triple
(X7, y/, §7) is strictly feasible for (P,+) and (D,+), we can perform a few
centering steps starting at (X7, y/, §') targeting at the u*-centers of (P,+)
and (D,+) and obtain iterates (XT, y, $*) that are feasible for (P,+) and
(D,+) and such that § (X, S*, u*) <.

Before describing the feasibility step it will be convenient to introduce some
new notations. We denote the initial values of the primal and dual residuals as
r) and R?, respectively:

(r)),=bi—Aie X’ i=1....,m, (13)

m
RI=C-) A, -5 (14)

i=1
Using these notations the feasibility conditions for (P,) and (D,) are

Aje X =b;—v(r)),. i=1....m Xx>0,

> yiAi+S=C-vR), S§>0
i=1

and for (P,+) and (D,+) the feasibility conditions are

Aje X =b;i—v'(r)),, i=1,....m X=0,

> ViAi+S=C—v*R), Sx>0.

Now suppose that (X, y, S) is feasible for (P,) and (D,). For finding iterates
that are feasible for (P,) and (D,) we need search directions A/ X, Afy and
A7 S such that

Ao (X+AX)=b;—v"(r}),, i=1 ....m,

m
S i+ ATy) A+ (S+ATS) = C— v R
i=1

Since X and (y, S) are feasible for (P,) and (D,) respectively, it follows that
AT X, ATy and A'S should satisfy

Aje A'X =, — Aje X) — v (rg)i =v (rg)l. —vt (rg)i =0y (rg)l.,

m m
D ATy A+ ATS = (c Y yidi— s) —vTRY=vRY —vTRY = v RO

i=1
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Therefore, the following system is used to define A X, A’y and A7S:

Ao ATX =0v(r}),. i=1 ...m, (15)
> ATyiA+ ATS=0vR., (16)
i=1

A'X 4+ PATSPT = us7! — X, (17)

where we used the NT-‘trick’ to symmetrize A/ X with P as defined in (5).
After the feasibility step the iterates are given by

X' =X+ATX, (18)
yh=y+aly,
S/ =S+ ATS. (19)

By definition, after the feasibility step the iterates satisfy the affine equations
in (11) and (12), with v = v*. The hard part in the analysis will be to guarantee
that X/ and S/ are positive definite and satisfy § (X/, S/, u*) < %

After the feasibility step we perform centering steps in order to get iterates
(X*, y*, ST) that satisfy Tr (X *S") = nuand§ (X, ST, u) < . By using
Corollary 3.4, the required number of centering steps can easily be obtained.
Indeed, assuming § =8 (X/, S/, u™) < %, after k centering steps we will

have iterates (XT, y*, $*) that are still feasible for (P,+) and (D,+) that
satisfy

1\
8 X+9 S+’ /"L+ S <_> .
( )=(5
Just as in the linear case [45] this implies that after at most
1
log, | log, = (20)
centering steps we have § (X, §*, u*) <.

4.4 The algorithm

A formal description of the algorithm is given in Fig. 2, where r, and R, denote
the primal and dual residuals, respectively. One may easily verify after each
iteration the residuals and the duality gap are reduced by a factor 1 — 6. The
algorithm stops if the norms of residual vectors and the duality gap are less
than the accuracy parameter €.
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Primal-Dual Infeasible IPM

Input:
Accuracy parameter ¢ > 0;
barrier update parameter 6, 0 < 6 < 1;
threshold parameter 7, 0 < 7 < %;

X0, 8 >0, yY=0and 1 > 0such that X°S° = "I
begin

X=X 8:=5 y:=y" u:=pu

while max (Tr (XS), |y, | R:) = ¢ do

begin
feasibility step:
(X, 9,8 :=(X,y, )+ (ATX, ATy, ATS);
w-update:
wo= (1 —0)u;

centering steps:
while § (X, S, u) > v do
begin
(X, 5,9 =X, 5y, 9+ (AX, Ay, AS);
end
end
end

Fig. 2 Infeasible full-Newton-step algorithm

5 An analysis of the algorithm

Let X, y and S denote the iterates at the start of an iteration with Tr (X S) =
npand § (X, S, u) < t. Recall that at the start of first iteration this is certainly
true, because Tr (X°S°) = nu and § (X, $°, %) =o0.

Before dealing with the analysis of the algorithm we recall some lemmas
that will be needed.

Lemma 5.1 (Lemma A.l in [9]) Let Q € §",, and let M € R be skew-

4
symmetric (i.e., M = —MT). Then det (Q + M) > 0. Moreover, if the eigenval-
ues of Q + M are real then

0< Amin (Q) = )\min (Q + M) =< )\max (Q + M) = )\max (Q)
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Lemma 5.2 (Lemma 1.2.4in [14]) Let A, B € S,. Then we have the following
inequalities:

Amin (A) )Lmax (B) = )\min (A) Tr (B) =< Tr (AB)
< Amax (A) Tr (B) < nkpax (A) Amax (B) .

Lemma 5.3 (Theorem A4 in [9]) Let A€ S, and B e S . Then all the
eigenvalues of A B are real and positive.

5.1 The effect of the feasibility step and the choice of 6

As we established in Section 4.3, the feasibility step generates new iterates
X7, y/ and S’ that satisfy the feasibility equations for (P,+) and (D,+).
A crucial element in the analysis is to show that after the feasibility step
8 (X', ST, uT) < 4=, ie., that the new iterates are within the region where the

ﬁ k]
Newton process targeting at the u*-centers of (P,+) and (D,+) is quadratically
convergent.
We define

- 1
D} = TD—IAJ‘XD—‘, D} = 7DAfSD,
[z [

(VI = %D*‘XfoD, (21)

with D as defined in Section 3.2. We can now rewrite (15), (16) and (17) as
follows.

1
DADeDy=—6v ()., i=1,....m,
m

N
= Ay; 1
SN 22 pAD+ Df = —6vDR'D,
o VH z

plL+Dl—v'_v. 2
X

From the third equation in (22) we obtain, by multiplying both side from the
left with V,

VDY + VD=1~V (23)
Using (6), (18), (19) and (21), we obtain
X=X +ATX =D (V+ D)) D,
' =S+als=yEp~ (v+Df) D"
Therefore

x!s/=up(v+D0%)(v+D{) D"
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The last matrix is similar to u(V + D fy) (V+ D§) Thus we have
XIs"~ (v +D}) (v + D).
To simplify the notation in the sequel we introduce
1
Digi=3 (p%Di+DiDL). (24)
and
1
M:= (Dkv - vD{) + - (DiDf - D[DL). (25)
2
Note that Df(s is symmetric and M is skew-symmetric.
Now we may write, using (23),
(v+ %) (v+pl)=v2+vD{+ DLV +D}D]
— - VD4 + D4V + D} DL
By subtracting and adding %D f; Df to the last expression we get
(v+Dh)(v+pf)=1+; 5 (DfD§+ p{p})+(p%v -vD})
1
+5 (DiD§ - D{D}).
=1+ DL+ M.
Using (24) and (25) we obtain
Xfo~,u<I+D S+M) (26)
Lemma 5.4 Let X = 0 and S > 0. Then the iterates (X', y/, ST) are strictly

feasible if
I+ Dg(s > 0.

Proof For the proof we introduce a step length « € [0, 1], and we define
X=X+aA'X, y=y+arly, S*=S+aA’s.

We then have X° = X, X! = X/ and similar relations for y and S. Obviously
det (X°8%) = det (1) = (1°)" > 0. Our aim is to show that the determinant
of X*§% remains positive for all « < 1. We may write

Xo5¢
I

~ (V+aD}) (v +aD)

= (v*+ o (Dhv+VvD{)+o* D D])
)

= (V*+a (VDL +VD{)+a(DLv-VvD})+*D}D]).

@ Springer



Numer Algor (2009) 52:225-255 241

Using (23) we get
X85

= (V*+a(1-V?) +a(DLv-VvD})+e*D}D]).

By subtracting and adding ’1, az(D§V — VDfY) and %(Df(Dg + Dng() to
the right hand side of the above equality we obtain

X*85¢

- ((1—a)V2+oe(1 —a)l+a’ (Dbf(stI))
e <(1 _ ) (Dg;v_ VDQ) +aM).

The matrix (1 — «) (Df(V - VDQ) +aM is skew-symmetric for a € [0, 1].
Lemma 5.1 therefore implies that the determinant of X“S* will be positive
if the symmetric matrix

A=) V2+a(l—a)l+a? (D§S+1)

is positive definite. The latter is true for 0 <o < 1. So X*S* has positive
determinant for « € [0, 1]. This implies that X“ and S* are nonsingular for
a € [0, 1]. Since X° and S° are positive definite and since X and $* depend
continuously on «, it follows that X! and S! are positive definite as well. This
completes the proof. O

Corollary 5.5 The iterates (X7, y/, S) are certainly strictly feasible if

Ai(Df(S)‘ <1, for i=1,...,n.

Proof By Lemma 5.4, X/ and S/ are strictly feasible if I+ D¢ > 0. Since

the last inequality certainly holds if |1;(D XS)| <1, for i=1,...,n, the
corollary follows. O

In the sequel we denote

o= 3| oef +

which implies ”Dﬁ;” <20 (V) and | Dg” < 2w (V). Here we recall from [29]
two properties of the Frobenius matrix norm. One has for any symmetricn x n
matrix A:

27)

IA|* = Tr (A% = Zx )= ni(A)?.
i=1

This norm is also sub-multiplicative, i.e., for any two square matrices A and B,

IAB| < Al B
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By using these properties and (27) we have

[pis] = [k [od] = 5 (|oi] + [pi]) =202, 9

u(Dks)| = |[Phs| s200v2 im0 (29)
Lemma 5.6 Ifw (V) < \/% then the iterates (X7, y!, ST) are strictly feasible.

Proof Letw (V) < . Then (29) implies that L(Dhg)| <1, for i=1, ...,
By Corollary 5.5 thlS implies the statement in the lemma.

S

Assuming o (V) < %2, which guarantees strict feasibility of the iterates

(X7, y7, 87), we proceed by deriving an upper bound for § (X7, S, u*).
Recall from definition (10) that

5(x7, s/ ut) = % v =vr|, (30)

with (Vf)2 as defined in (21). In the sequel we denote § (X7, S/, u*) also by
shortly by 8 (V7). We proceed to find an upper bound for § (V) in terms of
(V). To this end we need some technical results which give information on
the eigenvalues and the norm of V/.

Lemma 5.7 One has
1
2 o 2
Proof Using (26), after division of both sides by u* = (1 — 6) u we get

M(I+D§5+M) I+ Dlg+M

2
Vi~ 31
) — oS G
It follows that
(v =
)‘-mm((V))—l_e mm<I+D S+M>
Since M is skew-symmetric, Lemma 5.1 implies

1

m1n((Vf) ) = m min (1+D )
= 725 (1 (P4).

Substitution of the bound for |kmin(DfY s)| in (28) yields

hin (VYY) 2 725 (1= 20 (1)?),
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which completes the proof. O

Lemma 5.8 One has

20 (V)2 +6/n

7= ===

Proof Using (31) and properties of the Frobenius norm we have

s A (M(I+ D+ M
w5

i=

2

ol _19)2;”]:()\,-(1+ D§S+M)—1+0)2
= D (P )+

-4 _19)2 <n02+2n: (A,- (DQS + M>)2+2g Xn:/\i (Df(s + M))

i=1 i=1

Since ()\i(Df(S + M))2 = Ai((Df(S + M)2), for each i, we obtain

R e (e (G D G
(32)

Using the skew-symmetry of M we obtain Tr (D f(s + M) =Tr (Df;(s) and
2 2
Tr ((Dg}s + M) ) = Tr <(D§(S> + MDYg+ DygM — MMT) .
Since M Df(s + D QSM is skew-symmetric we obtain

we((hs ) = (0 o) =e((04)) = ks

where the inequality follows since the matrix MM is positive semidefinite.
Substitution in (32) gives

‘2

s

-0y = (1—6)

2
2 f !
<n9 + | Dhs| "+ 20 (DXS)> .

@ Springer



244 Numer Algor (2009) 52:225-255

Now let A (D 5( s) be the vector consisting of the eigenvalues of Df(s. Using the
Cauchy-Schwartz inequality and (28) we get

(D) = Lo (k) = (k) = et [+ (04|

= llell | Ds| = 2vR0 (2.

Substitution gives, also using (28),

HI_(Vf)2H2<;2(”92+4w(V)4+49ﬁw(V)2)

(-6 '

1-6
which implies the lemma. O

Lemma 5.9 Letw (V) < \/% Then one has

25 (V1) < 20 (V)2 +60.n .

N \/(1 —0) (1 - 20 (V)?)

Proof We may write, using (30),

2 (v = [y = )| = Joy ™ (- )

o () =07 = sy - 0]

Using the bounds in Lemma 5.7 and Lemma 5.8 the lemma follows. O
Recall from Section 4.3 that we need to have § (V/) < %2 By Lemma 5.9 it
suffices for this that
20 (V) +6
o (V) +6yn < V2. (33)
\/(1 —0) (1 - 20 (V)?)
Lemma 5.10 Letw (V) < %and
0 al O<a<l1 (34)
=— <a<l.
2(yn+1)

Then the iterates (X', y’, S') are strictly feasible and § (V') < \%

Proof Due to Lemma 5.6 and o (V) < 3, the iterates (X/, y/, S/) are

strictly feasible. We just established that if inequality (33) is satisfied then
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8 (V) < 1/4/2. The left hand side in (33) is monotonically increasing in » (V).
By substituting w (V) = %, the inequality (33) reduces to

1
20

NEICRO)

4n6* +4 (Vn+1)6 -3 <0.

which is equivalent to

The largest possible value of 6 satisfying this inequality is given by
3
0 =
2<ﬁ+1+ (ﬁ+1)2+3n)
3 1

- 2<ﬁ+1+\/(ﬁ+1)2+3(ﬁ+1)2> EINZED)

which is in agreement with (34). Thus the lemma has been proved. O

5.2 An upper bound for w (V)

As became clear in (22), the system (15)-(17), which defines the search
directions A/ X, Afy and A’/S, can be expressed in terms of scaled search

directions Df( and Dg . We define the linear space L as follows:
L:={6€S" : DADes=0, i=1,...,m}.

Using the linear space £, it is clear from the first equation in (22) that the affine
space

1
€S": DA, De& = —0v ro.,i=1,...,m}
fe o= o ()

equals Dﬁ; + L. By the second equation in system (22), we have Dg €
ﬁ@vDRSD + £+ Since £ N L+ = {0}, the spaces Df( + £ and Dg + £1 meet
in a unique matrix. This matrix is denoted below by Q.

Lemma 5.11 Let Q be the (unique) matrix in the intersection of the affine spaces
Dx + L and Dg + L*. Then

20 (V) < IO + (101° +25 (V).

Proof The proof is similar to the proof of Lemma 5.6 in [45], and is therefore
omitted. O
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From Lemma 5.10 we know that we want to have w (V) < % because then
s(Vh) < \/Lj Due to Lemma 5.11 this will hold if || Q|| satisfies

1OIl+ (Il +258 (V))* < 1. (35)
5.3 An upper bound for || Q|
Recall from Lemma 5.11 that Q is the unique solution of the system

1
DA,-Donﬁev(rg)i, i=1,...,m,

g 1 0
Y 2LDAD+ Q= —6vDR'D. 36
i=1 \/ﬁ \/ﬁ ( )

We proceed to finding an upper bound for || Q|. As will become clear below,
especially in the proofs of Lemma 5.12 and Lemma 5.15, it will be convenient
to choose the initial iterates (X°, y°, %) as follows:

XOZSOZCIa )’0:0, /"LO:CZ’ (37)
where ¢ > 0 is such that
X +8=<¢1 (38)

for some (X*, y*, §*) € F*. It may be noted that this choice of the initial
iterates has become usual for infeasible IPMs for SDO. See, e.g., [22, 42, 44].
For the moment, let us write

rp);=0v(ry),, i=1,2,....m R.=6vR,

and let r, be the vector ((rp);; (rp)a; -..; (rp),,). For any two matrices E (of
size m x n) and F (of size p x q) the Kronecker product E ® F is the mp x nq
block matrix

ELF - EyF
E®@F=| : -
EnF - EpnF

We recall from [29] some properties of Kronecker product and the operator
vec (-) that are useful for our purpose. These properties are

(@) (EQ ) =ET®FT.
(b) If E and F are square and nonsingular, then

(EQ F) '=E '@ F.
(c) Forany E(m xn), F(nxr)and H (r x s), we have

vec(EHF) = (F' ® E)vec(H).
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By using these properties and the definition of the inner product of two
matrices the system (36) can be rewritten as follows:

vec (AN (D ® D)vec(Q) = L (ry);, i=1,...,m,

Ji
m 3 1
— (D® D)vec(A;) +vec(Q) = — (D ® D)vec(R,). 39
2 i i <
Let A" =[vec(A)) vec(A,) ... vec(A,)] and & = (&5 &; ...; &u). One

may easily verify that we can rewrite the system (39) as follows:

A(D ® D)vec(Q) = Lrb,

Vi

& 1
(DR D) AT == +vec(Q) = — (D ® D) vec(R,), 40
Nz Nz o

Lemma 5.12 With (X°, y°, 8°) as defined in (37) and (38), we have

101l < 6,/vTr (P + P2), (41)

Proof Replacing A, D ® D and vec (Q) in system (40) by A, D and g, respec-
tively, yields exactly the same system as in the proof of Lemma 5.7 in [45]. By
using similar arguments as there, we obtain the following result:

2

’

Vit lvee (Q)|| < Gv\/Hvec (D (S° - S) D) ||2 + |vee (D1 (X° — X) D)
where X, y and S satisfy

Avec (X) = b,
A"y + vec (S) = vec (C). (42)
Using ||vec (U)|| = ||U]|| for any matrix U, we obtain
VEIQI =ow/|(D (= 5) D)+ [ Dt (x0 = X) DL 43)

We are still free to choose X and S, such that (42) is satisfied. We use X = X*
and § = §*, with X* and S* as in (38). Then we have

0=X' - X=X'-X"<¢l, 0<8°-8=8"-8§=¢L
It follows that
[D (8= 3) DI = & D" = ¢ 1P = £ (P2),
where we used Lemma 5.2 and D = P:. In the same way it follows that

[D7(X° = X) D7'|" < 2T (P7Y).
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Substituting the last inequalities and u = v’ = v¢? into (43) gives

IOl <6,/vTr (P2 + P?),

proving the lemma.

O
Lemma 5.13 With (X°, y°, 8°) as defined in (37) and (38), we have
0
<——Tr(X+9). 44
10l e (V) ( ) (44)

Proof Using (5) and Lemma 5.2 we have

Tr(P?) = Tr <X5 (X%SX%>% X(X%SX%>TI Xé)

1 2 (whavl)?
Aumin <<X%SX%)§)TI <X (X X ) )
Tr (X?) T (X?)

1 1
where for the last equality we used V2 ~ XZ5X2

~ XS Tn the same way we get
w ”w

5 Tr (5?)
Tr (P°) < ) )

1 |Tr (X2 + $?)
/Tr (P24 P2 . 45
r( * ) = )\min (V) 28 ( )

Moreover, by the positive definiteness of X and S and Lemma 5.3 it follows
that

Thus we obtain

Tr(X*+ 8%) < Tr (X + 8 + XS+ 8X) = Tr (X + 8)%) < Tr (X + ).

(46)
Substituting (45) and (46) in (41) gives

0 v N
101 < — ) /;Tr(X—f— S)*.

Since u = vu® = v¢?, the lemma follows.
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5.4 Some bounds for Tr (X + S) and A, (V). The choice of T and o

Let X be feasible for (P,) and (y, S) for (D,). We need to find an upper bound
for Tr (X + §) and lower bound on the eigenvalues of V as defined in (6). We
can rewrite 8 (V) in (10) as follows:

Wy =|v-v)
=Te((v-v) (v-v)
=Tr(V?-21+V7?)

n 5 1 )
= i — 2
Z (A %) + VR

i=1

n 1 2
= ; (Ai (V) — m) ) (47)

Using this one easily derives the following result, which we state without
further proof.

Lemma 5.14 (Cf. Lemma I1.60 in [46]) Let § = § (V) be given by (47). Then

1
m <A(V)=p(©), (48)
where
p(8):=8++1+8% (49)

Lemma 5.15 Let X and (y, S) be feasible for the perturbed problems (P,) and
(D,) respectively and let (X°, y°, S°) and (X*, y*, §*) € F* be as defined in
(37) and (38). Then we have

veTr(X +8) < Se X +vnct

Proof Let
X =X—-—vX"—1-v) X",
y=y—v’—1-v)y,
S =85—vS"—(1-v)S".

From (13), (14) and definition of perturbed problems (P,) and (D,), it is easily
seen that (X, y', §') satisfies

Aje X' =0, i=1,...,m,

m
Zy:Al + 5 =0.

i=1
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This implies X' o S =0, i.e.,
(X=X~ (1 =) X*)e(S—vS"—(1—-v)S) =0.
By expanding the last equality and using the fact that X* e $* = 0 we obtain
V(SfeX+ X eS)=SeX+1°S e X0+ v (1-v) (S0 X*+X%e5¥)
—(1-v)(Se X*+5" ¢ X).
Since (X, y°, 8°) are as in (37) we have
e X+XeS=(Tr(X+S5), S%eX°=nc?
S X* + X0 8 = (Tr(X*+5).
Due to (38) we have Tr (X* + S*) < n¢. Substitution gives
VCTr (X +8) = Se X+v°ng>+v (1—v) ¢ Tr (X*+5*) —(1—-v) (Se X*+ 5 0 X)
< SoX+v2n§2+v(1—v)n§2—(1—v)(SoX*+S*oX)
=SeX+vn®—(1—-v)(Se X"+ S eX)
< Se X+ vn;z,

where the last inequality is due to the fact Se X* + S* ¢ X > 0. Hence the
proof is complete. o

Lemma 5.16 Using the same notations as in Lemma 5.15, one has
Tr (X +8) < (p (8 + 1) ne, (50)
where p (8) as defined in (49).

Proof Dividing both sides of the inequality in Lemma 5.15 by v¢, while using
that u = v¢?, we get

SX
Tr(X+9) < Tr(—) ¢ +ng.
"
Hence it suffices for the proof if we show that
SX
Tr (—) < np(8)>.
w

Since SX ~ uV?, which is immediately clear from (7), the left-hand side equals
Tr(V?). So we can rewrite the last inequality as

D m(V) < np(8).

i=1

But this inequality is an immediate consequence of Lemma 5.14. Hence the
proof is complete. O
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By substituting (48) and (50) into (44) we get
101l < n6p () (1 +p (8)°) -

At this stage we choose

Since § <1 = é and p (8) is monotonically increasing in §, we have

2
101 < n6p ®) (1 + 0 3)?) < np (%) (1 +p (%) ) — 258616,

By using 6 = m (see Lemma 5.10) we obtain the following upper bound

for the norm of Q:

2.586n«a
< . 52
||Q”‘2(ﬁ+1) (52)
In (35) we found that in order to have § (V/) < %, we should have || Q> +

(10|l + 28 (V))? < 1. Therefore, since § (V) <t = é, it suffices if Q satisfies
| OlI* + (II ol + %)z < 1. The latter holds if | Q|| < 0.57097. Hence, using (52)
we obtain that § (V/) < \/LE certainly holds if

2.586na
2(Vn+1)

From this we deduce that by taking

g 2t (53)
5n

< 0.57097.

it is guaranteed that § (V/) < %

5.5 Complexity

In the previous sections we have found that if at the start of an iteration
the iterates satisfy §(X, S; u) < 7, with 7 as defined in (51), and 6 as in (34),
and with taking « as in (53), then after the feasibility step the iterates satisfy

8(X. S put) <1/2.
According to (20), at most

1
log, <log2 ;) = log, (log2 64) <3

centering steps suffice to get iterates that satisfy §(X, S; u™) < . So each
iteration consists of one feasibility step and at most 3 centering steps. In each
iteration both the duality gap and the norms of the residual vectors are reduced
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by the factor 1 — #. Hence, using X° e S° = n¢?, the total number of iterations
is bounded above by
1 max {ne?,
—lo {n{
0 €
Due to (34) and (53) we have

0
Tp

R}

k]

o 1

2(Ja+1)  sn
Hence the total number of inner iterations is bounded above by
max {nz?, |0, |R®
20n log { é‘ b i c ” } .
€

Note that the order of this bound is the same as the bound in [30, 45] for LO.
We may state without further proof our main result.

Theorem 5.17 If (P) and (D) have optimal solutions (X*, y*, S*) € F* such
that X* + §* < ¢ I, then after at most
max {n¢?, |r}]. [R[}

20n log .
€

iterations the algorithm finds an e-solution of (P) and (D).

The above theorem gives a convergence result under the assumption that
(P) and (D) have optimal solutions (X*, y*, $*) with zero duality gap and
such that the eigenvalues of X* and $* do not exceed ¢. One might ask what
happens if this condition is not satisfied.

Our analysis of the algorithm has made clear that as long as we have
8(X, S; ut) < 1/4/2 after each feasibility step then the algorithm will generate
an g-solution of (P) and (D), and the number of iterations will be as given
in Theorem 5.17. So, if during the execution of the algorithm it happens that
after the feasibility step §(X, S; ut) > 1/ V2, then we must conclude that there
exists no optimal solutions (X*, y*, $*) with zero duality gap such that the
eigenvalues of X* and $* do not exceed ¢. In that case one might rerun the
algorithm with larger values of ¢. If this does not help, then eventually one
should realize that (P) and/or (D) do not have optimal solutions at all, or they
have optimal solutions with positive duality gap.

6 Concluding remarks

We extended the full-Newton infeasible interior-point algorithm for LO as
developed in [45], to SDO. We obtained an iteration bound of the same order
as in the LO case [30, 45]. See also [31].

Concerning the practical performance of our algorithm, one should realize
that it is a common feature of IPMs for LO and SDO with the best known
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iteration bounds that their practical performance is close to their theoretical
performance. In practice this means that the practical performance must be
increased to become competitive with existing solvers. For this several options
are available. One option is the use of large-update schemes for the barrier
parameter, i.e., the use of larger values of 6. This can be achieved by noting that
the value of 6 used in this paper guarantees that after the feasibility step one
has§(X, S, u™) < %fz’ but this value is a rather pessimistic estimate that indeed
will work in all cases. In most iterations, however, much larger values are
possible, while still keeping §(X, S, ut) < \/% Numerical experiments show

that when maximizing 6 with respect to this property, the number of iterations
reduces drastically and the algorithm becomes really competitive. This goes
without worsening the theoretical iteration bound.

Some other interesting topics remain for further research. First, the search
direction used in this paper is based on the NT-symmetrization scheme and it is
natural to ask if other symmetrization schemes can be used. Second, similar as
we discussed for the linear case in [30] we might replace the equation A/ X +
PATSP = ;I — XS in the system of the feasibility step by either

ATX + PATSPT =0 (54)
or
ATX + PATSPT =1 -0)uS™' - X.

In [30] we used (54) which made the analysis of the feasibility step for LO
easier than in [45]. For the SDO case we leave it to the future to analyze a full-
Newton step method based on these search directions, but it seems unlikely
that this will lead to a better iteration bound.
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