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Cooperative output regulation of heterogeneous
unknown systems via passification-based adaptatic

Simone Baldi

Abstract—While several robust cooperative output regulation line of research on heterogeneous systems stemmed, aiming
approaches for heterogeneous systems have been proposed (witho solve the cooperative output regulation problem when the
fixed-gain distributed controllers), the design of adaptive-gain 4qents differ from each other: [9] addresses cooperative control
distributed controllers becomes relevant in dealing with larger . . .
uncertainty than robust approaches. This work addresses the p.robI(.ams.m hetgrogeneous harmomc oscillators coupled by
adaptive cooperative output regulation problem for heteroge- diffusive links. It is shown that, in the presence of parameter
neous systems with unknown linear dynamics, where possibly uncertainties arising from heterogeneity, structural require-
large system uncertainty would make fixed-gain robust ap- ments are needed for robust output synchronization.
proaches not applicable. A passification method is adopted 10 rrently, the cooperative output regulation problem for het-
design adaptive-gain distributed controllers solving the problem. ' . . -

The proposed method includes two steps: in the first step, a Er09ENEOUS uncertain systems is addressed by _comb|n|ng the
distributed observer of the exogenous signal is designed for those distributed observer and the feedforward method in such a way
systems that cannot access the exosystem, and a reference modéb solve a robust cooperative output regulation problem with
is designed whose output can converge to the exogenous signalfixed-gain control [10], [11]. However, with some exceptions

in the second step, command generator tracking is achieved via like a class of minimum phase systems in [12], the regulator

adaptive laws that make the output of each system converge to the fi derlving th fi bl iaht h
output of the reference model, and thus to the exogenous signal.equa lons underlying the cooperative probiem mig L

Stabmty ana|ysis is provided via a Lyapunov approach’ and a ﬁxed'gain Solution |f uncertainty iS too |arge [13] To addl’eSS
numerical example illustrates the effectiveness of the approach. large uncertainty, adaptive-gain distributed control becomes
Index Terms—Cooperative output regulation, distributed adap- of utmost importance._ The passificatior! technique has _been
tive control, passification method. shown to be an effective tool to deal with large uncertainty,
which has been applied to single agents with input/output

communication delays [14] and adaptive synchronization [15].

|. INTRODUCTION However, in synchronization approaches via passification,

A wide range of multi-agent coordination missions such 48ere is no distinction between the group of systems that can
output synchronization, leader-following, formation keepinicC€ss the exogenous signals, and those that cannot: therefore,
and many more tasks, can be formulated as a distributed ou\tﬁlﬂ distributed observer design is not addressed [16], [17]. In
regulation problem [1]. The main idea behind cooperatiud8]: @ sliding-mode design is used in place of the distributed
output regulation is that the systems can be divided into t@9server to address cooperative regulation.
groups: the first group of systems can access the signalé\S & result, we can summarize this overview of the state
generated by the exosystem, while the second cannot. ¥sthe art by saying that there are mature robust cooperative
a result, the regulation problem cannot be solved by tR&ltput regulation approaches for heterogeneous systems in
decentralized approach: typically, some distributed obserd8f Presence of small uncertainty, but the study of adaptive
of the exogenous reference signal must be devised. M&8Pperative output regulation approaches for heterogeneous
approaches to cooperative output regulation problem can $tems in the presence of large uncertainty is not equally
divided into two families: the internal model approach [2]nature: to be more specific, only limited classes of uncertainty
and the feedforward approach [3]. Recent advances in {pave been addressed via adaptive cooperative control, namely
field include: removing the assumption that all systems know&known (but identical) control directions [19], unknown
the matrix of the exosystem [4]; reducing the communicatidgader parameters [20], nonlinear systems in output feedback
burden by exchanging partial state information [5]; addressif@fMm With unknown (but identical) parameters [21], and non-
switching communication topologies [6], [7]. Despite thes#near systems in the parametric strict-feedback form [22].
advances in cooperative output regulation, only few works In this work we address the cooperative output regulation
have been focusing on the problem of cooperative Outﬂgﬁoblem for heterogeneous unknown linear systems: we use
regulation when the systems might present large uncertairifj)¢ term ‘unknown’ in place of ‘uncertain’ to stress that the
Since the very beginning, researchers in cooperative outgytem matrices are not known a priori and thus possibly sub-
regulation have recognized the need for addressing paramé&6k to large uncertainty, so that fixed-gain distributed control
uncertainties in system matrices [8], from which a fruitfuyould not be applicable. We use the passification method to

solve this problem. The proposed method involves two steps:

The research leading to these results has been partially funded by ihethe first step, we design a distributed observer of the exoge-
European Commission FP7-ICT-2013.3.4, Advanced computing, embedgdggys signal for those agents that cannot access the exosystem,

and control systems, under contract #611538 (LOCAL4GLOBAL). d defi f del wh tout t
S. Baldi is with Delft Center for Systems and Control, Delft University o0 WE define a reierence model Wnose output can converge to

Technology (TU Delft), The NetherlandS. Bal di @ udel ft. nl the exogenous signal; in the second step, command generator
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tracking is achieved via adaptive laws that make the outputAs common in (cooperative) output regulation literatures w
each system converge to the output of the reference modkl, assume the reference to be generated by the exogenous system
thus to the exogenous signal. As a result, the adaptive gains
can handle large heterogeneity. Stability analysis is ipem

via a Lyapunov approach, and a numerical example illusgtrate r = Rv )
the effectiveness of the approach. It is worth mentionin\%ith v € R™. andS. R also known matrices. In order to have
that, differently from distributed adaptive approachesdoha awell—posea probl,em the following assurﬁptions classica
on model reference adaptive control (MRAC) [23], Whid&ooperative output reéulation literature, are madé

require restrictive system matching conditions based ate st Assumption 15 has no eigenvalues v;/ith negativé real part
feedback which may limit their applications [24, Chap. 4& w Assumption 2The pairs(4, B) and (A,,, B,,) are stabi- '
provide less restrictive matching conditions based onlatgu lizable. and the bair$C A) ar;d(C A )mérerraetectable
equations for tracking a given class of exogenous signals. The,control objectivé i to find a";]’ adrgptive control Iaw.)

The rest of the paper is organized as follows: in Section %at without using the knowledge of the matricés B, and
we give the preliminaries for the adaptive command generaE? c'an guaranteg — r — 0 ’

tracking (ACGT) approach for a single system; in Section Il ; . : :
we formulate the problem and design the distributed observe To this purpose, define the ideal input
and distributed controller; a numerical example is progide u = K*py + L'r + F*(y" — ym) (4)
Section IV, while Section V concludes the work.
Notation: The notation in this paper is standard. The tran
pose of a matrix or of a vector is indicated wiftY and z’
respectively. The trace of a square matkixs ¢r[X]. A vector
signal x € R™ is said to belong tol, class ¢ € L5), if
fg |z(7)||> dr < oo, V£ > 0. A vector signalz € R™ is said
to belong tol ., class ¢ € L), If max lz(t)]| < oo, ¥t > 0.

A directed graph is indicated with the pair= (V, £), where
N is a finite nonempty set of nodes, afidC V x Vis a 1) Reference model conditionsn order to solve the first
set of ordered pair of nodes, called edges. Agtdenote the stage (,,, — r), a well-posedness assumption is made.
subset of) which consists of all the neighbors of nofleThe Assumption 3:The reference model (2) is such that the
adjacency matrixA = [a;;] of a weighted graph is defined asfollowing regulator equations have solution for a mafix
a; =0 anda;; > 0if (j,7) € €, wherei # j.

s = A, 11+ B,,R

0 = CpII - R. (5)

v = Sv

eing y* the output of the ideal closed-loop system formed
by systems (1) and (2) with ideal input (4). Let us split
the tracking in three stages: the first stage is deriving the
reference model guaranteeing, — r; the second stage are
the matching conditions achieving® — r, and the third
stage is convergence of the closed-loop dynamies v, .

%_/hereK*, L*, F* are ideal unknown gains such thgt — r,

Il. ADAPTIVE COMMAND GENERATOR TRACKING WITH
EXOSYSTEM It is well known that the regulator equations are necessary
and sufficient for tracking [29]: Assumptions 1 and 2 imply
The task of adaptive command generator tracking (ACGTjat the solution to (5) is well posed, in the sense that after
is to make the output of a high-order linear system fOllO\Hefiningjm = 2,, — Iy, (5) lead to the dynamics
the output of a low-order reference model [25, Chap. 9]. The
approach has been proposed as a way to achieve robustness Tm = ApTm
in adaptive control in the presence of unmodelled dynamics Ym — 1 = Cn@m (6)
[26], [27], [28]. Historically, ACGT has been formulatedrfo o . ) )
constant reference signals [28]. In this section we extéed t€SuUlting iny,,, — r, provided thatA,, is Hurwitz.
approach to deal with more general classes of exosystems:

such an architecture will be defined as ACGT with exosystem.2) Matching conditions:We first show that in general it is
Consider the high-order system impossible to attain* — v, (and thusy* — r) for arbitrary
r: let us definez = [2* x,,], beingz* the state of the ideal

i = Ax + Bu closed-loop system. The dynamics®fcan be written as
y = Cx (1) . [ A+ BF*C BK*—BF*C,, |_ BL*
r= T+ r
_ O Am Bm
with z € R", v € R?, y € RP, and the matricesi, B, C ~ ~
are unknown matrices of appropriate dimensions. In additio . A:t Bl
consider the low-order reference model Y —ym =[C —CnlZ (7)
—
Ccl

Loy = AT + Bor

—_ I t —
with z,, € R", r € R?, y,, € R?, and the matrices ¥ (1) —¥m(t) = Cae'T(0) + Ca A et By (r)dr.
A, B, Cp, are known matrices of appropriate dimensions. (8)

whose explicit solution is



While the first term in (8) goes to zero if the matrik; is be adopted to obtain a suitable reference model (2) satigfyi

Hurwitz, the second term cannot go to zero for arbitrary  Assumption 3. Select the structure of the reference modlel (2
If tracking of y,,, is not possible for arbitrary, it becomes in the observable canonical form

possible for some classes of reference signals: theretioee,

exogenous system (3) is used to characterize the class of ) 0 —dn ftn
reference signals for which the objectig¢ — r can be Tm = 1 : Tm+ | |7
attained. This leads us to a second set of regulator eqgation —dq ny
g _ | ATBFC BK*—BF*Cm]H_F[BL*R} Ym = [0 -+ 0 1z (13)
E Am BnR wheredy, ---, d, are selected by the designer in order to
0=I[C 0II-R (9) obtain a Hurwitz matrix. Then, (5) will depend linearly on

whereTT can be partitioned aB — [IT, IT]’, with TT being the matricesll gnd_Bm. For example, for the bidimensional
xogenous oscillating system

the same as in (5), because the solution to the Sylves?er

equation in (5) is unique when the spectra4f, and S are o 0o 1]
disjoint [29]. We will refer to (9) as ‘matching conditions’ T —w? 0] v
because they give the conditions for which the ideal output r=0 1o (14)

y* of the system to be controlled matches the reference signal _
r (and thus the output of the reference moggl)). Note that and the matrix ;
(9) are based on feedback from the outputnd the auxiliary = { b1 P2 (15)
variable z,,, according to the controller (4): however, being Ps Pa ]

tailored to the exogenous system defined (8yR), (9) are we obtain the solution

different than matching conditions in MRAC, which can

2 _ _ _
guarantee; — ,,, but noty — r [24, Chaps. 4 and 5]. pr=-w pp=0 ps=0ps=1
—d2 + Nng = —UJ2
3) Closed-loop dynamicsNow that we have all the condi- —di+n; =0 (16)

tions guaranteeing* — r (for the ideal closed-loop system), _ -
we need to study the actual closed-loop dynamics and sh¥fieredi > 0 andd, > 0 for Hurwitz conditions, and,, 1,
Y — ym — 7. To this purpose, let us define= z — 2*, and C€an be solved from (16).

the actual input Remar_k 2: _The following consideration sho_uld be made
on the dimension of the reference model (2): in MRAC the
U= Kz, + Lr+ F(y — ym) (10) reference model has the same dimension of the system to

where K, L, and F are the estimates ok*, L*, and F*. bfa con.trolled, while ACGT literature suggests to tgke the
ension of the reference model smaller than the dimension
of the system, without indicating the exact dimension [30].
With the proposed approach, the dimension of (2) is deséghat
{ A+ BF*C 0 } { I ] to be the same as the dimension of the exogenous system (3).
0 A, Tm Remark 3: The decomposition of the tracking problem

We are now ready to write the actual closed-loop dynami
formed by systems (1) and (2) with the actual input (10)

5

e rintoy — y,, — r) arises from the architecture of the ACGT,
B } } 3 in which the output of the system to be controlled is asked to
+ [ 0 } (Kzp + Lr+ F(y —ym))  follow the output of a reference model: as a consequence, the
closed-loop dynamics which have been derived involve not

Y—Ym = [C —Chl [ ifn } +¢ (11) only the dynamics of (or =*), but also the dynamics af,,,.

whereK = K — K*, L =L—L* F = F — F* and( is 1. ADAPTIVE COOPERATIVEOUTPUT REGULATION
a term decaying exponentially to zero singe- y,, = y — The ACGT with exosystem can be extended to a cooperative
y* +r—ym + ¢, and under Assumption §* converges to"  output regulation framework. Let us consider a family of
exponentlally. The resultlng adaptlve laws are unknown heterogeneo[jg systems in the form

I..( - 77(y - ym)z;n, T; = Az + Biug

L= =y —ym)r’ v = Ciny, ie{l,...,N} (17)

F = _'7(3/ - ym)(y - ym)/ (12)

with z; € R™, u; € R?, y; € RP, and the matricesi;, B;, C;
where~ > 0 is an adaptive gain. The derivation of (12), agre unknown matrices of appropriate dimensions. The state
well as stability and convergence analysis of the closeg-loof the systems in (17) might be of different dimensians
dynamics (11), will be provided in Sect. Ill. Before condlugl i.e. the state dimension can be heterogeneous as well. &et th
this section, some remarks follow. systems in (17) be connected according to an adjacencyxmatri
Remark 1: The equations in (5) depend bilinearly on thd = [a;;], 7,5 € {0,..., N}. The index 0 is associated to the
matrices A,,,, B,., C,, and II: the following procedure can exosystem (3), therefore;, > 0 if and only if systemi can



access the reference signahnd the exogenous state The for a matrix P partitioned as follows
following connectivity assumption is made:

/
Assumption 4:Let G = (V,&) be the directed graph P = { 1];1 ];}2 } (21)
associated tod: then, there exists a directed path from node 12 2
0 to every system € {1,..., N} in the network. The stability analysis starts from the Lyapunov function

We can now provide the problem formulation and its solution. o p
Problem 1 Adaptive Cooperative Output Regulation):  V(Z,%m,K,L,F) = [’ f;n]P[ -

} i (Ry ')
Given the unknown heterogeneous systems (17), the exoge- "

nous system (3), and the directed graphfind an adaptive +tr (ETID) +tr (Fflﬁl) (22)
distributed control strategy; (-), 7 € {1,..., N} that, without o L . .
using the knowledge ofl;, B;, Ci, i € {1 N}, guarantees with time derivative (time index is omitted for compactness)
bounded closed-loop signals and : o — = z
V=[x xm}(PAJrAP) 5 +
Jim y;(t) —r(t) =0, ie{l,...,N} (18) B "
Theorem 1:Under Assumptions 1-4, the adaptive cooper- 0
ative output regulation problem is solved by the following o (g/flf() T (i’flfi) 12 (p/fu%)
distributed control /
B T A ~
Ui = Kl‘rmz +Liri+Fi(yi_ymi) < 2<|: 0 :l P|: ‘%m :|'rlm+ry 1K,>K+
. 4 =~ .
= Smik | Y aig(ng —m) + aio(v — ;) 2| B P T gy ) Pt
JEN: 0 T
i’mi = Amxmi + BmT'Z‘ B / p .
/ 177\ 7
yvfb,-,:CmImi ri = R 2([0]P[£m}r + 7 L>L<O (23)

Ki = =v(Yi — Ym, )Ty, .

i . , where we have used the Kalman-Yakubovich Lemma (20),
i = =i = Yl / and the property:’b = tr(b'a). Using standard Lyapunov ar-

Fi = =i — Ym:) Wi — Ym,) (19) guments we can prove boundedness of all closed-loop signals

wheren: € R and u is a desian positive number and convergence of, 7,, to 0. In fact, since\’ > 0 and
i H gn p ' V' <0, it follows thatV'(¢) has a limit, i.e.,

Proof: In [3] it is shown that under Assumptions 1 and 4
the distributed observer guarantees that> v, i = 1,..., N lim V(Z(t), B (t), K(t), L(t), F(t)) = Voo < 00 (24)
exponentially. In addition convergence rate can be inec:ay freo
increasingy:.. This implies, with reference to the closed-loomnd V', &, #,,, K, L, F € L. In addition, by integrating’
system (11), that the error betweerandr; = Rn; has the it follows that for someQ > 0
same effect of the exponentially decaying te¢fmTherefore,

stability and convergence analysis of the multi-agentesyst / [Z'(r) 2,(7)] Q { fi(T)) ] dr <
can be carried out via stability and convergence analysis of 0 ) ) 1 Lm ~T .
the closed-loop dynamics (11). In line with the passifiaatio V(2(0), 2,,(0), K(0), L(0), F(0)) — Vo (25)

method [15], we assume the system (11) to be strictly pesitiyrom which we establish that. 7

. ; . ] € L,. Finally, sinceV’
r_eal (SPR): assuming (1.1? to_ be SPR s no_t_more reSt_r'iE'uniformly continuous in time (this is satisfied because
tive than the basic passification-based condition of havn?g finite), the Barbalat's lemma implieE — 0 ast — oo

(;4 +t BF*?%B’C)HSER I[15].thmt ffi thgﬁlgcl;dggqnal and hencet, &, — 0, from which we derivey — v,,, — 7.
structure otA in ( ). Implies hat 1 (A + , B,C) S" The proof is completed by repeating the analysis above to all
SPR andA4,, is Hurwitz, then (11) is SPR. Note that,, is ¢ in (17
Hurwitz by design. The SPR condition can be relaxed to tﬁgs ems in (17).

' Some remarks follow.

hyper minimum—ph_a_seHMP) condition [15], [31.]’ whic.r-]-is Remark 4: The proposed distributed controller (19) exgloit
necessary and sufficient for output feedback strict paasidic feedback from the output and auxiliary variables that are

[32]: such relaxation is not shown here for compactness, but ) S
. . . . . alculated locally §,,,. andy,,.) or in a distributed way «;
the simulations in Section IV are also carried out for HMIS Y &m, Ym.) Y i

" .and r;): no state feedback is used. In fact, (19) contains: a
systems. The SPR condition leads to the Kalman-YakubowaI tribl)Jted observer, for v; a copy of the res‘ergnce model

Lemma [15] driven byn;; adaptive laws for the control gains.
P (A+ BF*C)+ (A+ BF*C)P, < 0 Rem_ark 5. While _in most works on cooper_ative output
PB = C' regulation for uncertain systems the control gains are fixed
) = and designed through robust control considerations, thst la
Pyl + A, Py <0 three equations of (19) reveal that in the proposed approach

P,B = —C/,  (20) the control gains can vary in order to adapt to the uncertgint



of systemi. As a result, one can deal with larger uncertaintiesvith w = 0.7. Therefore, the reference model (2) is selected as
than robust approaches. a second-order linear system in the observable canonigal fo
Remark 6: In practice, noises in the feedback loop migkit3), withd; = 1, d, = 0.5, andn; = dy, ny = do — w>.
drastically change the performance of the proposed adaptiv The adaptive gain is taken as= 10, and the distributed
controller: this case is not been addressed due to lack afespaobserver gain is taken as = 1: all estimated control gains
Nevertheless, in view of the decentralized reasoning lhi@ K, L and F' are initialized to 0.
proof of Theorem 1, the proposed approach inherits all the The resulting adaptive cooperative output regulation is
robustness properties of the passification method as studshown in Fig. 2. In particular, it can be seen that all outputs
in literature [32]. In addition, tools like leakage, deadize y; converge to the corresponding,,: at the same time all
and projection, widely known in adaptive literature [33Jart  r; are converging to. Also, note also that all outputs of the
be added to the adaptive law so as to prevent an undesirabéference model,,,, converge to the reference signalas

system performance under noisy conditions. predicted by the regulator equation of Assumption 3. Fjnall
Fig. 3 shows the adaptive control gains for all systems: lisea
IV. NUMERICAL EXAMPLE of the heterogeneity, each system has different contraisgai
o To show that the SPR condition can be relaxed to HMP,

| dy [ da | ds | m | mo | s | we change the sign to afl, in Table 1: this leads to having

O) #1) 1 21 15) 1 | 1515 two unstable poles and thus non-SPR systems: however, the

@‘/ \\@ zg 2:;? 22'5 1'225 1().255 1 (1):2 systems are hyper minimum-phase as defined in [15], and thus
\ /@ [ #4| 05| 1 (025 075075 1 the passification approach holds true: in fact, convergerice

@ @ #5075 1 | 05| 15| 2 | 1 the outputs is shown in Fig. 4 (adaptive gains are not shown

#6| 15 | 25| 3 1 10515 for lack of space).

Fig. 1: The leader-follower directed communication graph
V. CONCLUSIONS

Simulations are carried out on the directed graph shown inThis work has addressed the cooperative output regula-
Fig. 1, where node 0O acts as the exosystem and node 1 istiba problem for heterogeneous unknown linear systems. In
only node that can access the exogenous signals. The unknaentrast with state-of-the-art approaches for heteragene
systems (17) are taken as third-order linear systems in thacertain’ linear systems based on robust control, heee th
observable canonical form, in such a way that the transfierm ‘unknown’ was used to stress that the agents are pgssibl
function has numeraton;s? + nys + n3 and denominator subject to larger uncertainty than fixed-gain robust apgea
s3 + dys® + das + ds. The coefficients for each system are&an typically handle. A passification method was used to
reported in Table 1: the systems are heterogeneous and hdesign a distributed adaptive controller and solve thelprob
been selected in such a way that the SPR condition is verifigkde main feature of the proposed adaptive controller isttieat
In addition, the systems are unknown to the designer, iee. ttontroller gains are not fixed, but can vary in order to adapt
value of their coefficients in Table 1 is not used for contrdb the system uncertainty. Stability analysis has beenigeov
design. The exosystem (3) is taken as a harmonic oscillatoria a Lyapunov approach, and a numerical example illustrate

the effectiveness of the approach. Future work could irelud

U1 = v2 ) handling switching topologies by using adaptive switching

Uy = —w vy strategies similarly to [34], [35]; removing the assumptio

T = Vg that each follower knows the matrix of the exosystem, as in
2 2
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Fig. 2: Outputs, references and inputs for all SPR systems. Fig. 3: Adaptive gains for all SPR systems.



Fig. 4: Outputs, references and inputs for all non-SPR syste

[4];

V.Y,
o

0 5 10 15 20 25
2 . . . .
8
[}
Y , , , ,
0 5 10 15 20 25
5 . . . :
> 0@@‘ WM%
|
5 . , ‘ , A
0 5 10 15 20 25

time [s]

extension to nonlinear systems via nonlinear passifina

methods, similar to [15].
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