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financial inaccessibility [1, 2]. Social Robots (SRs), i.e., 
robots designed to interact with humans in social contexts, 
offer a promising solution by providing complementary, 
personalized, and cost-effective assistance to vulnerable 
users, thereby alleviating the burden on caregivers [1–3].

Over the past decades, SRs have been deployed in health-
care, for example, in post-stroke and gait rehabilitation 
[4–6], and to assist individuals with cognitive impairment 
[7, 8]. They have also been deployed in education, both for 
tutoring and guiding educational games [9–12], and for pro-
moting skill development in children with autism spectrum 
disorder [13–15]. Furthermore, SRs serve as companions 
and assistive tools for older adults [16–18].

In assistive contexts, in order to be effective and ben-
eficial, SRs must interact with their users for a prolonged 
period of time [3, 4, 16, 17, 19, 20]. However, most SRs 
struggle to keep their users engaged in the long term. This 

1  Introduction

With the growth and aging of the world population, an 
increasing number of individuals require targeted assis-
tance. However, health and social care systems often 
struggle to meet this demand, due to limited resources and 

	
 Maria L. Morão Patrício
m.l.moraopatricio@tudelft.nl

Anahita Jamshidnejad
a.jamshidnejad@tudelft.nl

1	 Control and Operations Department, Delft University of 
Technology, Kluyverweg 1, Delft 2629 HS, The Netherlands

2	 Intelligent Systems Department, Delft University of 
Technology, Van Mourik Broekmanweg 5, Delft  
2628 XE, The Netherlands

Abstract
Social robots (SRs) are increasingly expected to assist in healthcare, education, and companionship, thereby addressing 
the growing need for personalized and affordable health and social care. However, sustaining long-term user engagement 
remains a major challenge for SRs, largely due to their limited understanding of human mental states. Accordingly, we 
leverage a recently introduced mathematical dynamic model of human perception, cognition, and decision-making for 
behavioral control of SRs. By identifying the parameters of this model and deploying it within a model-based behavioral 
steering system, SRs can autonomously adapt their actions to evolving user mental states, enhancing long-term engage-
ment and personalization. To achieve this, we introduce the first integration of a systems-theoretic cognitive model into 
a closed-loop predictive behavioral control framework for SRs, formulated as a constrained multi-objective optimiza-
tion problem that enables transparent, cognition-aware adaptation. In experiments with 10 participants interacting with 
a Nao robot across three chess puzzle sessions (45 to 90 minutes each), the identified model achieved a mean squared 
error (MSE) of 0.067 (i.e., 1.675% of the maximum possible MSE) in tracking beliefs, goals, and emotions of partici-
pants, and increased engagement by 16% (p = 0.009) compared to a model-free baseline. Post-interaction participant 
questionnaires further confirmed the perceived engagement and awareness of the model-based controller. Overall, the 
framework provides a practical pathway toward SRs that autonomously adapt to users in real time, sustain long-term 
engagement, and ultimately deliver more effective and personalized assistance in domains such as healthcare, education, 
and companionship.
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prompts users to abandon using the robots over time [14, 
17, 20].

A major challenge in sustaining long-term user engage-
ment lies in the limited social and natural interaction capa-
bilities of current SRs [20, 21].

To address this issue, state-of-the-art SRs typically dis-
play human-like behaviors, such as empathy [22], eye con-
tact [13], and creativity [23], with the goal of maintaining 
user interest over time. While these behaviors can success-
fully engage users initially, they are often undermined by 
the novelty effect, i.e., users are temporarily entertained by 
unfamiliar behaviors but gradually lose interest as these 
behaviors become familiar through repetition [17, 19].

Consequently, existing approaches fail to sustain long-
term engagement. This persistent challenge, recognized for 
decades yet remaining unresolved, is closely linked to the 
behavior of SRs, since user engagement over time depends 
on how varied, responsive, and adaptable those behaviors 
are [19–21]. This emphasizes the necessity for developing 
behavioral control approaches for SRs that overcome cur-
rent limitations in sustaining long-term user engagement.

State-of-the-art controllers of SRs are typically designed 
for specific applications or tasks. This task-specific design, 
which stems from underlying behavioral control approaches 
of SRs, limits their generalizability across contexts [21]. 
Current methods predominantly rely on rule-based sys-
tems, which struggle to handle unforeseen situations, or 
on machine learning approaches, which, in the SR domain, 
face data scarcity that forces simplified interactions and 
constrained behavioral repertoires [4, 14, 24]. As a result, 
robot behavior often becomes repetitive, predictable, and 
insufficiently responsive to user input, which can reduce the 
perceived social presence of the robot and ultimately hinder 
long-term user engagement [3, 25].

Consequently, this leads to the fundamental question of 
which aspects of human social interaction SRs fail to rep-
licate. During social interactions, humans naturally model 
each other’s mental states, such as beliefs, desires, and emo-
tions [8]. Furthermore, they dynamically leverage this abil-
ity to predict one another’s actions and to adjust their own 
behavior accordingly, a manifestation of Theory of Mind 

(ToM) [26]. Nevertheless, despite prior work recognizing 
the potential benefits of such capabilities for SRs, few exist-
ing systems comprehensively implement these capabilities 
[3, 8, 27].

Accordingly, we propose a behavioral control framework 
for SRs grounded in explicit mathematical modeling of user 
mental states and their dynamic evolution over time. These 
models are used to adapt the robot’s behavior in real time 
to optimize interaction-related objectives (e.g., maximize 
engagement) while respecting constraints (e.g., ensuring a 
positive emotional state). This approach aims to enable SRs 
to behave in a more human-like, engaging, and personalized 
manner, thereby promoting sustainable long-term interac-
tions in Human-Social-Robot Interactions (HSRIs).

The remainder of this paper is organized as follows: Sec-
tion 1.1 describes the main contributions of this paper, and 
Section 1.2 reviews relevant work. Section 2 of this article 
describes the approaches and mathematical changes applied 
to Mathematical Model of Mind proposed in [28] to make 
it suitable for HSRIs. A case-study where the framework is 
applied is given in Section 3, and the results in Section 4. 
Finally, Section 5 summarizes the conclusions taken in this 
study and the recommendations for the future.

For convenience, Table 1 lists the abbreviations fre-
quently used throughout this paper.

1.1  Main contributions

In order to advance social robotics and improve the interac-
tions between Social Robots (SRs) and humans, this paper 
offers the following contributions:

	● First deployment of systems-and-control-theoretic 
methods for cognitive Human-Social-Robot Interac-
tions (HSRIs) We leverage, for the first time, a dynamic, 
control-theoretic model of Theory of Mind (ToM) — the 
Mathematical Model of Mind (MMM) introduced in a 
recent work [28] — and integrate it into the behavior-
al control system of SRs. This enables personalization 
and real-time adaptation of SR behaviors to the evolv-
ing mental states of humans, such as beliefs, goals, and 
emotions. Leveraging MMM for SRs required adapting 
systems-and-control-theoretic methods to a controlled 
process that is inherently non-physical and unconven-
tional: human cognition. Unlike physical systems and 
engineered processes, mental states are not directly mea-
surable, evolve on multiple timescales, and are not gov-
erned by deterministic physical laws. Addressing these 
intrinsic characteristics makes the integration and adap-
tation of control principles non-trivial and establishes a 
bridge between traditional systems and control theory 
and human-centered domains, including social robotics.

Table 1  List of abbreviations frequently used in the paper
Abbreviation Full term
SR Social Robot
HSRI Human-Social-Robot Interaction
ToM Theory of Mind
MMM Mathematical Model of Mind
MBC Model-Based Controller
RBC Rule-Based Controller
RL Reinforcement Learning
NN Neural Network
MSE Mean Squared Error
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	● Development of a model-based behavioral steering 
system for SRs We introduce a model-based predic-
tive control framework that optimizes robot actions over 
anticipated trajectories of user mental states, while re-
specting constraints that impact the HSRI, such as safety 
and social norms. The control objective is to maximize 
key criteria of effective HSRIs, including the engage-
ment and emotional well-being of users, as well as the 
sustainability of HSRIs. To achieve this, we introduced 
several technical adaptations bridging classical control 
theory and social robotics, including: (i) specifying and 
parameterizing the mathematical formulations of per-
ception, cognition, and decision-making processes of 
MMM to enable practical deployment; (ii) developing 
procedures to identify user-specific parameters under 
limited data; and (iii) embedding the identified model in 
a model-based behavioral controller. Collectively, these 
developments address central limitations of rule-based 
and model-free controllers by enabling more transpar-
ent, adaptive, and socially sustainable robot behaviors 
in real-world HSRIs.

	● Empirical validation through real-life long-term 
HSRIs We conducted experiments with 10 participants 
in extended chess puzzle sessions with a Nao robot. The 
results demonstrated a 16% increase in the engagement 
level of users (based on self-reported boredom reduc-
tion, p = 0.009), as well as reduced intent to quit (i.e., 
−7.7%, p = 0.032) and skip puzzles (i.e., −8.9%, 
p = 0.029). The model also achieved a high estimation 
accuracy (i.e., mean squared error of 0.067). Post-in-
teraction questionnaires completed by the participants 
confirmed that perceived personalization and awareness 
have increased with the robot that leveraged MMM. 
These results validate the feasibility and effectiveness 
of cognition-aware closed-loop control for improving 
the social awareness and responsiveness of SRs in real-
world settings.

1.2  Related work

Most state-of-the-art research on steering the behavior of 
SRs relies on model-free approaches, including learning-
based and rule-based systems. Among learning-based 
methods, Reinforcement Learning (RL) [14, 24, 27, 29, 
30] Neural Network (NN) [4, 8, 31, 32], and data-driven 
approaches [5] have been applied to steer the behavior of 
SRs.

In social robotics, RL is typically used to learn high-
level interaction policies from experience. However, most 
applications rely on simple algorithms that operate in low-
dimensional, discrete state/action spaces and that often pro-
duce static or minimally adaptive policies. For example, 

[29] used RL to personalize the supportive behaviors of a 
tutor SR, but since the RL policy converged to a single fixed 
behavior per user, the adaptability of the SR remained very 
limited. Similarly, [14] applied RL to adjust the difficulty 
of educational math games and the feedback that was pro-
vided by the robot during HSRIs using performance-based 
rewards. The state space, however, was restricted to the ten 
predefined games, which in practice led the RL agent to 
learn one optimal action per game, again limiting its adapt-
ability. Bagheri et al. [24] used RL to select among four 
empathetic utterance categories based on the user’s emo-
tion and personality. However, the state space was limited 
to four discrete emotion labels combined with a fixed per-
sonality type per participant, resulting in limited adaptation 
during interaction. More recently, more sophisticated RL 
frameworks were introduced into social robotics. Patac-
chiola and Cangelosi [27] proposed an actor-critic RL algo-
rithm for trust-based learning, where the inputs consisted 
of audio and visual features. Meanwhile, [30] developed a 
batch deep RL algorithm that optimized user engagement 
by controlling smiling and nodding behaviors of a SR, with 
the state space consisting of speech features (such as pitch 
and intensity) extracted from the user’s audio. Despite using 
more advanced RL methods, both approaches relied on 
measurable cues for state representation and reward design, 
rather than on explicit models of users’ mental states.

The application of NNs in social robotics has been 
largely restricted to perception tasks rather than behavior 
control [4, 8, 31, 32]. Filippini et al. [31] used a multilayer 
perceptron to estimate affective states of users in real time 
from visible and thermal images, with the NN output feed-
ing into a simple rule set for behavioral control. Similarly, 
[24] applied an NN-based emotion detection system to 
generate the state input to the low-dimensional RL agent 
described in the previous paragraph. Lee et al. [4] combined 
a feedforward NN with a rule-based module to assess the 
movement quality of patients. The output of these modules 
was used by a SR acting as a rehabilitation coach to provide 
corrective feedback. Finally, [8] relied on off-the-shelf NNs 
modules for speech-to-text processing and sentiment and 
intention recognition. Overall, these studies show that NN 
are primarily used to infer task performance and affective 
states of users. Nonetheless, the adaptation of SR behavior 
to these states is typically handled by simple rule-based sys-
tems or by machine learning agents, and is rarely grounded 
in multi-dimensional, dynamic models of user mental state.

More recently, researchers have applied NNs to the gen-
eration of robot behavior itself. For example, [33] proposed 
a natural language interface for home assistance SRs, where 
a large language model translates user commands into 
behavior trees that control robot actions. While the system 
adapts the behavior trees in response to execution failures 
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behavior through models or architectures inspired by cog-
nitive processes. Within these approaches, one line of 
research develops biological models of the brain [27, 37], 
where the SR behavior is generated through a brain-inspired 
architecture. This line of work has primarily been proposed 
for enabling SRs to learn trust [27] or to distinguish false 
beliefs [37].

Similarly, cognitive architectures have been used to 
structure the behavior of SRs, typically through hierarchical 
or modular systems that integrate perception, internal states, 
and task or context knowledge to generate coherent and 
context-aware actions [8, 11, 38–40]. Nevertheless, these 
architectures model the internal processes and generate the 
behavior of the SR, not that of the user.

Some cognitive architectures, such as [8, 11], and [40], 
have recently incorporated behavioral adaptation to user 
states, including mental states. For example, [8] proposed 
a cognitive architecture, intended for SRs assisting older 
adults, that primarily models robot cognition but includes 
a reactive component that adjusts robot behavior accord-
ing to user sentiment, intent, and extraversion. However, 
these user variables are treated as inputs to the architecture, 
rather than being explicitly modeled. Similarly, [11] pro-
posed a cognitive architecture for SRs that supported chil-
dren’s learning in problem-solving tasks. The architecture 
modeled the beliefs, desires, and intentions of the SR while 
adapting its behavior according to indicators such as the 
learner’s performance and emotions. These indicators were 
inferred from inputs (e.g., speech, gestures, facial expres-
sions) and incorporated into the robot’s beliefs through rule-
based processing, rather than by representing the learner as 
an autonomous agent within the architecture. Cao et al. [40] 
presented a general-purpose therapeutic architecture that 
models the robot’s affect and behavior, adapting them to the 
personality, preferences, and mood of users — which were 
predefined, detected via sensors, or set by a therapist, rather 
than explicitly modeled within the architecture. Overall, 
these architectures extensively model the internal cogni-
tive processes of the robot, but treat user-related variables 
as static inputs. As a result, behavioral adaptation remains 
reactive to the observed user states, whereas modeling the 
dynamics of the internal processes and mental states of 
users enables predictive, context-aware adaptation.

To address this limitation, some researchers have pro-
posed that SRs should implement Theory of Mind (ToM), 
the capability of rational agents to be aware of and to reason 
about the perception, beliefs, desires, and decision-making 
of other rational agents [26, 41]. Scassellati [41] poses that 
humanoid robots should exhibit ToM, and since then, some 
studies have applied the concept of ToM for SRs [27, 37, 
42–44]. For example, [43] enabled SRs to represent that 
different individuals may hold distinct and even conflicting 

and environment constraints, it does not consider or adapt to 
user mental states. Similarly, [34] developed a transformer-
based system that learns social interaction behaviors, such 
as handshakes, from human-human motion data. In par-
ticular, the system generates SR movements by refining its 
future motions based on the predicted motions of the human 
partner, enabling natural and coordinated physical interac-
tions. While this system demonstrates the importance of 
adapting to the physical behavior of users, it does not adapt 
to their mental states, which is essential in HSRIs.

Additionally, [5] proposed a non-neural data-driven 
approach that clusters behaviors of human caregivers to 
generate SR interaction strategies for coaching and thera-
peutic contexts. In general, most machine learning control-
lers of SRs neither model the (dynamics of) user mental 
states nor act in accordance with their evolution over time.

Rule-based approaches are another widely applied con-
trol strategy in social robotics [4, 8, 13, 31, 35, 36]. These 
approaches typically adapt SR behavior based on rules 
depending on interaction-specific metrics (e.g., task perfor-
mance [4, 8, 13], user physical state [8, 35], and directly 
observable user affective states [31, 36]), rather than model-
ing the mental states of the users or their dynamics. Sev-
eral studies implemented highly constrained rule sets that 
specify only a few discrete conditions and corresponding 
robot behaviors. For example, [13] adjusted game diffi-
culty for children with autism based on fixed performance 
thresholds, increasing the level when accuracy exceeded 
75% and decreasing it when below 25%; [35] regulated the 
intensity of dance movements proposed to the user accord-
ing to whether the user’s heart rate was above or below a 
target range; [36] activated one of the four pre-programmed 
behaviors for a SR based on the age and anxiety level of the 
user; [31] selected between two actions (i.e., telling a story 
or singing a song) for a SR depending on the user’s engage-
ment. More structured designs include combining a finite 
state machine with parameterized if-then rules for rehabili-
tation exercises [4], and adapting the communication style 
of the SR using a rule-based system informed by variables 
such as user sentiment, intent, and extraversion [8]. Essen-
tially, rule-based systems remain dominant in practice, but 
their reliance on fixed or context-specific variables hinders 
adaptability and provides limited modeling of user mental 
states.

Several of these studies, including [8, 24, 31], and [36], 
employ affective computing methods, as they rely on emo-
tion or sentiment recognition to guide robot behavior. How-
ever, these affective cues are typically used reactively and 
fail to capture the temporal evolution or inter-dynamics of 
affective and cognitive states of users.

Beyond affective computing, cognitive modeling 
approaches are typically used to generate the robot’s 
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Model of Mind (MMM),, is leveraged to be used in a model-
based control framework for SRs.

In [28], a path diagram, which illustrates variables that 
are connected via processes and weighted linkages, has 
been proposed to provide a white-box representation for 
the inter-dynamics of the (invisible) mental states and their 
contribution to the (visible) actions of humans, based on the 
Theory of Mind (ToM). The variables represented in the 
path diagram can be either static variables (i.e., variables 
without a memory or impact from their previous realiza-
tions) and dynamic variables (i.e., variables with a memory 
that are impacted by the past realizations). The static vari-
ables of the path diagram are real-life data, perceived data, 
rationally perceived knowledge, intention, and action, and 
the dynamic variables include beliefs, goals, emotions, per-
ceived knowledge, and biases.

The path diagram is then formulated in [28] as a math-
ematical model, which we refer to as MMM, using systems 
theory. MMM includes three modules: perception, which 
models how real-life data is perceived by humans to impact 
their mental states; cognition, which represents the dynamic 
evolution of the mental states of humans; and decision-mak-
ing, which determines the actions of the humans based on 
their mental states.

The dynamic processes of MMM have been developed 
in the state space framework. Thus, they are represented 
in terms of a set of inputs, outputs, state variables (i.e., 
dynamic variables that represent the internal mental states 
at any given time and that evolve according to a differen-
tial or difference equation), and dynamic auxiliary variables 
(i.e., dynamic variables that are additionally included in 
the model to allow for a realistic and precise bridging of 
the different modules and state variables). All the dynamic 
variables (i.e., beliefs, goals, and emotions, which are the 
state variables, as well as the biases and the perceived 
knowledge, which are the dynamic auxiliary variables) are 
updated within the cognition module.

The three modules of perception, cognition, and decision-
making are sequentially integrated, i.e., the output variable 
of the perception module is injected as input into the cogni-
tion module, which updates all the dynamic variables of the 
model. Then, the updated state variables beliefs and goals 
are injected into the decision-making module, which out-
puts the action. Note that although the state variable emo-
tion does not directly impact the decision-making processes, 
it does impact the updated state variables beliefs and goals 
via their inter-dynamics.

The state space representation of MMM allows the 
model to be embedded within control-theoretic approaches, 
which in turn enables steering SRs transparently with guar-
antees on performance and constraint satisfaction. Next, we 
describe how the MMM is leveraged for incorporation into 

perspectives and beliefs. Additionally, [44] developed two 
computational frameworks for storytelling interactions, in 
which the storyteller and listener agents each model and 
respond to the other’s mental states: the storyteller infers 
and seeks to sustain the listener’s engagement, while the 
listener estimates and influences the storyteller’s belief 
about its engagement. More recently, [37] and [42] explored 
approaches for equipping SRs with the ability to model and 
respond to others’ false beliefs.

However, these works focus mainly on one particular 
aspect of ToM, such as belief or engagement, rather than 
providing a comprehensive model of user cognition or deci-
sion-making, leaving a gap in fully understanding and pre-
dicting user behavior.

To overcome these limitations, in our earlier work [28], 
we have proposed a mathematical framework that models 
the perception, cognition, and decision-making of humans, 
following the core ToM principles. In this paper, we refer to 
this model as MMM. In particular, we leverage the MMM 
to be used by SRs to track and act on the mental states of 
their human users, by integrating the model within a control 
system that is suitable for the purposes of HSRIs.

In contrast to existing behavior control methods for SRs, 
our framework directly addresses the main limitations of 
these methods and introduces key advantages: It ensures 
adaptability and personalization by explicitly modeling the 
user’s mental states, including their evolution and inter-
dynamics, and by continuously adjusting the behavior of the 
SR based on this model. It achieves predictivity by optimiz-
ing robot actions over anticipated trajectories of user cog-
nition, moving beyond the short-term reactivity typical of 
affective computing approaches. The generalizability of the 
framework stems from the domain-independent design of 
MMM, whereas rule-based and learning-based methods are 
often tailored to specific setups and are trained on limited 
datasets. Grounding MMM in psychology and cognitive 
science enhances data efficiency by embedding prior knowl-
edge about human cognition, which is typically missing in 
learning-based approaches. Moreover, explicitly modeling 
user mental states provides transparency and explainabil-
ity that are often lacking in machine learning approaches, 
while the control-theoretic foundation ensures robustness 
by incorporating dynamic constraints, such as safety and 
social considerations.

2  Methodology

In this section, we describe our proposed model-based con-
trol framework for SRs. In particular, we explain how the 
dynamic mathematical model of perception, cognition, and 
decision-making introduced in [28], i.e., the Mathematical 
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a control-theoretic method for steering the behavior of SRs. 
The model is represented in a discrete time framework.

2.1  Leveraging MMM for model-based control of 
SRs

We introduce improvements to the formulation of MMM 
[28] that make the resulting model suitable for adoption by 
control-theoretic methods in real-life implementations of 
Human-Social-Robot Interaction (HSRI).

Note that, according to the neuroscience findings, 
although perception, cognition, and decision-making are 
interconnected, their processes occur with different speeds 
[45]. More specifically, the perception processes (i.e., the 
transition of the external stimuli into perceived information) 
occur almost three times faster than the cognition and motor 
processes (i.e., the evolution of mental states and their tran-
sition into actions) [46]. Moreover, the perception depends 
on the external stimuli and should be updated every time a 
new external stimulus is received. However, the cognition 
evolves not only due to the perception but also under the 
impact of the inter-dynamics of the mental states. There-
fore, the cognition may be updated with a frequency dif-
ferent from the frequency of capturing the external stimuli. 
Consequently, in the following discussions, we have used 
different discrete time steps for the perception (where the 
discrete time steps are indicated by kp) and for the cogni-
tion and decision-making (where k denotes the correspond-
ing discrete time steps).

The improvements made in different modules of MMM 
and the motivation for introducing them are explained next.

For clarity, the main symbols and notation employed in 
the subsequent discussion are summarized in Table 2.

Perception module  Perception is the process of translat-
ing real-life data into an internal representation of cap-
tured information. Perception in MMM is mathematically 
modeled with three variables, i.e., real-life data, perceived 
data, and rationally perceived knowledge, and through two 
linked sub-processes, perceptual access and rational reason-
ing. The perceptual access is the transformation of the real-
life data into perceived data, which is the data captured by 
the human. The rational reasoning is the transition of the 
perceived data into rationally perceived knowledge, which 
is knowledge that would ideally be reasoned by that indi-
vidual when not biased by current mental states. Figure 1 
illustrates these sub-processes and their input-output pairs.

In order to leverage MMM for model-based control of 
SRs when used in the context of HSRI, we propose the 

Table 2  List of nomenclature associated with MMM. For readability, 
the list is divided in four groups: time steps, variables, functions, and 
parameters and sets
Symbol Definition
Time steps
kp Discrete time step of perception module
k Discrete time step of cognition and decision-making 

modules
Variables
ui(kp) The ith element of real-life data at perception time 

step kp

yPA
i (kp) The ith element of perceived data at perception time 

step kp

yRR
i (kp) The ith element of rationally perceived knowledge at 

perception time step kp

xi(k) State or dynamic auxiliary variable i at cognition time 
step k

yRIS
i (k) The ith element of the intentions at decision-making 

(or cognition) time step k
yRAS

i (k) The ith element of the actions at decision-making (or 
cognition) time step k

Functions
fRR

ij (·) Function modeling the impact of yPA
i (kp) on 

yRR
j (kp) for every perception time step kp

fi(·) Function modeling the impact of xi(k) on xi(k + 1) 
for every cognition time step k

fW
ji (·) Function modeling the impact of xj(k) on xi(k + 1) 

for every cognition time step k
fZ

ℓi(·) Function modeling the impact of yRR
ℓ (k) on 

xi(k + 1) for every cognition time step k
Parameters and sets
θRR

ij
Parameter vector parameterizing sub-process function 
fRR

ij (·)
wii Parameter weighing the self-impact of xi(k) on its 

evolved value xi(k + 1)
wji(k) Weight representing the impact of xj(k) on xi(k + 1)
Xi Admissible set of all potential realizations of variable 

xi(k)
X i and X i

Subsets of Xi representing distinct ranges of the 
influenced variable xi(k)

Xj,m Subsets of Xj  representing distinct ranges of the 
influencing variable xj(k); for each subset Xj,m and 
each subset of the influenced variable (X i or X i), the 
influence weight wji(k) is constant

ζj,m Parameter defining wji(k) for xj(k) ∈ Xj,m and 
xi(k) ∈ X

ξj,m Parameter defining wji(k) for xj(k) ∈ Xj,m and 
xi(k) ∈ X

θRIS
i Neutral realization of intention yRIS

i (k) (i.e., inten-
tion realized when beliefs and goals are zero)

θRIS
ij Parameter weighing the influence of the jth element 

of the beliefs on intention yRIS
i (k) at cognition/

decision-making time step k
θRIS

iℓ Parameter weighing the influence of the ℓth ele-
ment of the goals on intention yRIS

i (k) at cognition/
decision-making time step k
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perceived knowledge (see Fig. 1). Thus, the outputs yPA
i (kp) 

of the perceptual access are the inputs to the rational rea-
soning. The output of the rational reasoning, i.e., rationally 
perceived knowledge, is composed of elements yRR

j (kp), 
where j = 1, . . . , |K| and K is the ordered set that embeds 
all potential realizations of the rationally perceived knowl-
edge in the given HSRI context.

We consider HSRIs that require selective attention from 
humans (e.g., a particular educational or entertaining joint 
task by the SR and the human). Since the human focuses 
on a specific stimulus or input at a time while suppressing 
the others, each piece of perceived data affects rationally 
perceived knowledge independently. This allows us to 
decouple the input-output mapping (i.e., the mapping that 
shows the impact of input yPA

i (kp) on output yRR
j (kp)) in 

the mathematical modeling of the rational reasoning. Con-
sidering the additivity condition (which allows for simplic-
ity and efficiency of the computations) on this input-output 
mapping, we have:

yRR
j (kp) =

|P|∑
i=1

fRR
ij (yPA

i (kp); θRR
ij ), ∀j ∈ K � (2)

In (2), the sub-process is modeled as the summation of 
various parameterized functions, each mapping one input 
of the sub-process to its corresponding output. More spe-
cifically, the contribution of the ith element yPA

i (kp) of P  
through the rational reasoning process into the jth element 
yRR

j (kp) of K (i.e., the jth element of the rationally per-
ceived knowledge at time step kp) is modeled by the func-
tion fRR

ij : P → K. Note that the function fRR
ij (·) is defined 

as parameterized, i.e., θRR
ij  is a parameter vector that should 

be identified per user for all indices i and j. This allows for 
more flexibility in the mathematical model and for the ease 
of personalization per user.

Remark 3  Sets P , and K are defined as ordered sets, because 
the inputs and outputs in (1) and (2) need to be distinguish-
able to be associated to the corresponding parameterized 
function of the model.

Cognition module  Cognition refers to the processes that 
use the output of the perception process, i.e., the rationally 
perceived knowledge, to update the mental states that will 
determine the decision-making of the human. In [28], using a 
state space framework, the state and dynamic auxiliary vari-
ables (shown by x(k) and distinguished by subscript indices) 
of the cognitive module are updated at each discrete time 
step k + 1, based on their values at the previous discrete time 
step k. Note that different indices do not only refer to differ-
ent dynamic variables (e.g., belief versus emotion) but also 

following improvements (highlighted in remarks 1 and 2, 
and elaborated in the text) for the perception module of 
MMM.

Remark 1  Specifying the perceptual access mathemati-
cally In [28], the perceptual access sub-process is repre-
sented via a generic function fPA(·) without specification 
regarding its class or characterization. We fill this gap to 
enable deployment on SRs by representing the perceptual 
access as a filter where the output (i.e., perceived data) 
equals the input (i.e., real-life data) when the input is cap-
tured, and, otherwise, equals the last captured value. Our 
solution presents a transparent way to mathematically repre-
sent the perceptual access, enhancing the white-box nature 
of MMM, and facilitating its usage by SRs.

Suppose that R is an ordered set which includes all the real-
life data in a given HSRI context. At the discrete time step 
kp, the value of the elements of R are denoted by ui(kp) with 
i = 1, . . . , |R|. Moreover, yPA

i (kp), with i = 1, . . . , |R|, is 
the ith element of the output of the perceptual access (i.e., 
ith element of the perceived data) at time step kp, which is 
determined based on ui(kp). Whenever the human captures 
the ith element of real-life data, then yPA

i (kp) is replaced 
by the value of this element, ui(kp). Otherwise, the value 
of yPA

i (kp) keeps its most recent value. The mathematical 
representation of the perceptual access is:

yPA
i (kp) =

{
ui(kp), if ui(kp) was captured
yPA

i (kp − 1), otherwise � (1)

Remark 2  Decoupling & parameterizing the function 
that models the rational reasoning In [28], the rational 
reasoning sub-process is represented via a generic func-
tion fRR(·), which remains abstract, without specifying its 
class or characterization. We address this gap for deploy-
ment on SRs, which should understand how humans reason 
about perceived data, by decoupling and parameterizing 
the function that maps the input of the sub-process (i.e., 
the perceived data) to its output (i.e., rationally perceived 
knowledge). Our solution further enhances the white-box 
nature of MMM, thus its transparency and traceability, and 
yields a practical and computationally efficient way for per-
sonalizing the perception process to users.

The perceived data is injected as input into the rational 
reasoning sub-process to generate as output the rationally 

Fig. 1  Perception module
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We propose the following improvements (highlighted 
in remarks 5 and 6, and elaborated in the text) to leverage 
the cognition module of MMM for real-life applications in 
HSRI.

Remark 5  Incorporating the different update frequencies 
of state or dynamic auxiliary variables Not all dynamic 
variables in MMM are, in general, updated with the same 
frequency. This difference should thus be incorporated in 
the update equation (3). Accordingly, we propose to repre-
sent the first term, i.e., fi (xi(k)), as a weight wii multiplied 
by the most recent realization of the variable, xi(k). While 
each weight wii models how fast a variable responds to its 
last realization, the relative values of all the weights in (3) 
incorporate the difference of the update frequencies for dif-
ferent variables.

In MMM [28], the representation of function fi(·), as 
well as the relative update frequencies of the dynamic vari-
ables were not discussed. As the processes that result in the 
formation of beliefs2 are included in the perception mod-
ule, and the perception processes are faster than the cogni-
tion processes [46], the beliefs are in general updated more 
frequently than the emotions and goals. Accordingly, we 
propose:

fi(xi(k)) = wiixi(k)� (5)

By adjusting the value of wii, one models how intensely 
the variable xi(k) changes per discrete time step (i.e., how 
quickly the variable responds to its previous realization). 
Moreover, the relative value of wii and wji(k) in (3) incor-
porates the difference in the frequency of the self-impact 
and the impact by other variables.

For the beliefs, in particular, we use wii = 0 since the 
beliefs per time step depend on the current stimuli, and are 
generated by the perceived knowledge (see Fig. 2). Any 
internal impacts that may affect the beliefs (e.g., the impact 
of the most recent goals and emotions) are incorporated 

2  Beliefs correspond to the internal representations of stimuli, arising 
from the perception of a rational agent, and thus vary in time as the 
perception does. Knowledge (e.g., moral values, political beliefs, etc.) 
that is fixed or that varies very slowly is deemed pieces of general 
world knowledge of the agent.

to different elements for one variable (e.g., different beliefs 
that play a role in the given HSRI context). We have:1

xi(k + 1) = fi (xi(k)) +
∑
i̸=j

wji(k)xj(k)

+
∑
ℓ∈K

zℓi(k)yRR
ℓ (k)

� (3)

where the first term on the right-hand side of (3) models 
the impact of the previous realization of the variable, i.e., 
of xi(k), on its updated realization, i.e., on xi(k + 1). The 
second term on the right-hand side of (3) represents the inter-
dynamics of the state and dynamic auxiliary variables, with 
wji(k) the relative weight showing the impact of variable 
xj(k) (called the influencing variable) on updated variable 
xi(k + 1) (called the influenced variable) at discrete time 
step k. The third term on the right-hand side of (3) represents 
the influence of those inputs that are external to the cognitive 
module, with zℓi the influence of the output of the perception 
module, the rationally perceived knowledge, on the dynamic 
variable perceived knowledge (see Figs. 1 and 2).

Remark 4  Note that (2) estimates yRR
ℓ (kp) more frequently 

than the update frequency of the cognition module. Thus, 
in (3) yRR

ℓ (k) is the most recent value of yRR
ℓ (kp) that has 

been estimated prior to time step k.

The weights wji(k) in (3) are, in general, functions of both 
the influencing and influenced variables at the current time 
step k, as these interactions occur within the cognition mod-
ule and are state-dependent. In contrast, the weight zℓi(k) 
only depends on the influencing variable, since the ratio-
nally perceived knowledge acts as an external input to the 
cognition module, without a closed-loop feedback from the 
cognitive variables. Accordingly: 

wji(k) = fW
ji (xi(k), xj(k)) � (4a)

zℓi(k) ={
fZ

ℓi

(
yRR

ℓ (k)
)

, xi(k) is perceived knowledge
0, otherwise

� (4b)

 with fW
ji (·) denoting the function that estimates the weights 

wji(k) based on the values of the influencing and influenced 
variables at each time step, and fZ

ℓi(·) denoting the function 
that estimates zℓi(k) based solely on the influencing vari-
able, i.e., the rationally perceived knowledge yRR

ℓ (k).

1  Note that indices used in different sections of the paper (e.g., i and j) 
should be treated as local variables, i.e., there is no relevance between 
these indices used, for instance, in the mathematical discussions for 
the cognition module and the same indices used elsewhere in the math-
ematical discussions for the perception or decision-making modules.

Fig. 2  Cognition module
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real-life applications on the model for SRs, while any poten-
tial nonlinearity in the inter-dynamics of the influencing and 
influenced variables will properly be represented by proper 
tuning of the number n of subsets Xj,m.

In practical implementations, the subsets Xj,m may be 
defined either based on theoretical thresholds or derived 
empirically from data. For example, the subsets may cor-
respond to conceptually meaningful ranges, such as low, 
medium, and high levels of an emotion or belief, or they 
can be obtained through data-driven partitioning methods, 
such as quantile-based segmentation or clustering, during 
model identification. The choice of the relevant approach 
depends on the availability of domain knowledge and data, 
as theory-based partitioning offers greater interpretability 
but requires more design effort.

Decision-making module  Decision-making is the process 
of deciding about actions, depending on the mental states, 
namely beliefs and goals. The decision-making process in 
MMM has been modeled via two sub-processes that are 
linked through a static auxiliary variable, called the inten-
tion. These two sub-processes are the rational intention 
selection (i.e., the conversion of the beliefs and goals into 
intentions) and the rational action selection (i.e., the conver-
sion of the intentions into actions). Figure 3 shows a simpli-
fied illustration of the decision-making module in MMM.

In order to be able to model the decision-making of 
humans in real-life HSRIs using MMM, we propose the fol-
lowing improvements (highlighted in remark 7 and elabo-
rated in the text).

Remark 7  Parameterized formulation of rational inten-
tion selection based explicitly on beliefs and goals In 
MMM [28], an explicit formulation based on the beliefs and 
goals for the rational intention selection sub-process has not 
been provided. We address this gap by proposing an affine 
parameterized formulation that outputs the values for the 
intensity of intentions, based on the values realized for the 
beliefs and goals. This formulation provides a functional 
way to individually identify the impact of the state variables 
on the intention, and to estimate their weighted summation 
to obtain the intentions. This yields an explainable, straight-
forward, and easily personalizable model for representing 
the rational intention selection of humans for SRs.

Suppose that yRIS
i (k) is used to show the ith element of the 

intention at time step k, with i ∈ I and I a set including all 
integer indices for the intention elements. In fact, per time 
step k, the rational intention selection sub-process outputs 
vector yRIS(k) that includes yRIS

i (k) for all i ∈ I. Element 
yRIS

i (k) quantifies the strength of intention i that depends on 

through the impact of the auxiliary variable bias on the per-
ceived knowledge (see Fig. 2)

If the weight wii tends to 1, it leads to instability of (3) 
[47]. To ensure the stability of the model, all weights wii and 
wji should be chosen as to assure that all the eigenvalues of 
the corresponding matrix W (i.e., a matrix with weights wii 
in its diagonal element positions (i, i) and weights wij  with 
i ̸= j in positions (i, j)) are within the unit circle [47].

Remark 6  Modeling the inter-dynamics of mental vari-
ables via piecewise-constant functions In (4a), as is given 
in [28], fW

ji (·) is presented as generic and abstract, while 
specific characteristics in formulating fW

ji (·) for meeting 
desired criteria by MMM remain vague. We address this 
gap by proposing a mathematical representation for fW

ji (·) 
that provides a balanced trade-off between computational 
efficiency and adequate flexibility for illustrating the inter-
personal differences of humans, that is always striven for in 
HSRIs. Accordingly, we propose to define fW

ji (·) as a piece-
wise function with respect to the influenced variable xi(k) 
and influencing variable xj(k), where these constant values 
should be identified per human.

Suppose that Xi and Xj  are the admissible sets of all 
the potential realizations of the state/auxiliary variables 
xi and xj , respectively. Moreover, X i ⊆ Xi and X i ⊆ Xi, 
with X i ∪ X i = Xi and X i ∩ X i = ∅, include two distinct 
ranges for the influenced variable. For instance, they may 
be interpreted as ranges of undesirable and desirable status 
for the variable (e.g., spectrum of feeling bored and spec-
trum of feeling interested for the emotion state variable 
“boredom”). We also consider Xj,1, . . . , Xj,n ⊆ Xj  with 
∪n

m=1Xj,m = Xj  and Xj,m ∩ Xj,o = ∅ for m, o = 1, . . . , n 
and m ̸= o as distinct ranges of the influencing variable, 
where in each of these sub-sets the impact of the influenc-
ing variable on the influenced variable may be considered 
as constant. Then for xj(k) ∈ Xj,m with m = 1, . . . , n, we 
propose the following representation for the function fW

ji (·):

wji(k) =
{

ζj,m, xi(k) ∈ X i

ξj,m, xi(k) ∈ X i
� (6)

where ζj,m and ξj,m are fixed parameters that should be 
identified per user of the SR for all values of the indices 
j and m. Note that (6) provides a simple, easily imple-
mentable, and computationally efficient formulation for 

Fig. 3  Decision-making module
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in the identification of MMM for a particular context is to 
avoid redundancy of the parameters, particularly because 
these parameters mostly correspond to real-life concepts 
related to the mental processes.

This redundancy particularly occurs when the structure 
of the model is too complex for the size of the dataset that 
is available and relevant in a particular context to train the 
parameters. While performing longer and wider ranges of 
interactions may allow the collection of more data, this is 
often not desirable/possible in HSRIs. Moreover, larger 
datasets do not necessarily guarantee to circumvent the 
issue, especially when the collected data is not diverse 
enough for the complexity level of the model.

Hence, based on the context and the concepts that define 
the realizations of the variables, linkages, and parameters 
of MMM, one may need to gradually, and systematically, 
simplify the model structure. While this is context-depen-
dent, we propose two main steps that together allow eval-
uating and reducing the redundancies in the model every 
time it is simplified for a given context. This simplification, 
which includes removing some linkages, variables, and 
parameters, alongside these two steps can ensure proper 
identification of the MMM. These steps include parameter 
redundancy evaluation, given in Algorithm 1, and a multi-
stage identification procedure with warm-start, explained 
via Algorithms 2–4.

Evaluating the presence of redundant parameters in 
MMM  In order to evaluate whether the model needs to be 
further simplified, the parameters that are unequivocally 
identifiable in the current structure of MMM are established 
using Algorithm 1. The MMM will be simplified by gradual, 
systematic removal of variables and linkages whose corre-
sponding parameters have not been identified unequivo-
cally. This continues until all remaining parameters are 
unequivocally identifiable.

Note that the identification procedure involves solving 
generally non-convex optimization problems (i.e., minimiz-
ing the error of the values that are generated by the model 
with regard to the corresponding values collected from 
real-life HSRIs). Therefore, the values that are returned by 
the optimizer may correspond to local, rather than global, 
optima. To circumvent the issue properly, the identification 
optimization is performed nrun independent times, each 
time with different starting values for the parameters. Then, 
the nopt (where nopt ≤ nrun) sets of parameters that yielded 
the least realized value for the error function in the valida-
tion stage are chosen. In case the standard deviation of the 

the realized values of the beliefs and goals at time step k that 
influence that intention. For each i ∈ I we have:

yRIS
i (k) =

∑
j∈B

θRIS
ij xj(k) +

∑
ℓ∈G

θRIS
iℓ xℓ(k) + θRIS

i � (7)

where B and G are the sets of all integer indices for the 
beliefs and goals, respectively. Moreover, θRIS

ij  and θRIS
iℓ  are 

parameters that relatively weigh the influence of, respec-
tively, one’s beliefs and goals. The parameter θRIS

i  quan-
tifies the (fixed) neutral intention (i.e., the intention that 
would be realized when beliefs and goals are zero) on the 
ith intention.

Finally, the rational action selection sub-process receives 
yRIS(k) as input, and outputs vector yRAS(k), which 
includes all elements of the action taken by the human at 
time step k. Each element of the action vector is simply a 
binary variable, with 1 implying that the action is selected, 
and 0 implying that the action is excluded. The process of 
transitioning the quantified strength of the intentions into 
binary actions via rational action selection depends on vari-
ous practical aspects of the HSRI setup, such as the level of 
abstraction of the actions (e.g., whether only one or mul-
tiple actions are required to fulfill an intention) and any con-
straints that restrict the actions. In general, this process is 
defined depending on the HSRI setup.

2.2  Identification of the model

The formulations given in Section 2.1 for MMM show that 
the model includes parameters that need to be identified 
(preferably personalized for each user) using approaches 
based on, e.g., gradient descent [48] or genetic algorithms 
[49]. These parameters of MMM arise from the theoretical 
formalization of the model, which is grounded in cognitive 
and psychological theories, such as ToM [28]. In particu-
lar, these theories describe how mental states interact with 
each other, how they are formed through perception, and 
how they lead to actions via decision-making processes. 
The mathematical formulation of MMM expresses these 
mechanisms through parameterized functions, where the 
parameters determine how strongly variables influence 
one another and, in the case of the cognition module, how 
quickly the affected states respond to those influences. 
MMM has been presented comprehensively so that it can be 
adopted in different contexts involving HSRIs. To achieve 
this, it includes multiple parameters. For a particular con-
text, however, not all the modeled inter-dynamics, and thus 
parameters, are relevant. Therefore, a crucial consideration 
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perceived knowledge. Since the values of the rationally per-
ceived knowledge are not measurable, the pre-identification for 
the decoupled configuration is performed under the assump-
tion that each element of the rationally perceived knowledge 
for time step k is the same as the corresponding element of the 
belief for the same time step k (i.e., assuming the bias is null).

Algorithm 2  Generating the warm-start for the parameters of the per-
ception module.

After obtaining a warm-start for the parameters of the 
perception module, one of the following two approaches is 
adopted to identify the entire model.

Approach A  The perception and cognition modules are 
simultaneously identified, considering the coupled configu-
ration shown in Fig. 4. The starting values in the identi-
fication optimization for the parameters of the perception 
module are those obtained in the pre-identification stage 
explained above. The starting values for the parameters of 
the cognition module are randomly selected. Approach A is 
described in detail in Algorithm 3.

Algorithm 3  Model identification with warm-start - Approach A.

nopt chosen values per parameter is small enough (i.e., less 
than a small threshold), the parameter is deemed identified.

Algorithm 1  Procedure to determine the parameters of MMM that are 
unequivocally identified.

Multi-stage optimization with warm-start  After collect-
ing measurements for the beliefs, goals, emotions, and 
actions of a person, for the sake of simplicity, the identi-
fication optimization may be decoupled for the perception, 
cognition, and decision-making modules. By knowing the 
beliefs, goals, and actions (i.e., the inputs and outputs of the 
decision-making module, as it is illustrated in Fig. 3), it is 
straightforward to decouple this module from the other two 
modules. Contrarily, the perception and cognition modules 
are less trivial to decouple since the output of the perception 
module that is then injected into the cognition module is 
an auxiliary variable, and thus cannot be measured, e.g., by 
asking people about it in the course of HSRIs.

Therefore, we propose dividing the identification procedure 
into multiple optimization stages. To achieve this, we intro-
duce two approaches, A and B, to perform the identification 
optimization. These approaches are given in Algorithms 3 and 
4. Both approaches start with a preliminary identification of the 
parameters of the perception module, given by Algorithm 2, 
whose outcome is then used as a warm-start. In this case, the 
perception module of the model is decoupled from the cog-
nition module and is solely considered (called the decoupled 
configuration in Fig. 4). In the decoupled configuration, the 
inputs and outputs are, respectively, real-life data and rationally 

Fig. 4  The two configurations used in the two-stage identification of 
the ToM model (RLD stands for real-life data and RPK for rationally 
perceived knowledge). The coupled configuration includes both the 
perception and cognition modules, while the decoupled configuration 
includes only the perception module

 

1 3

Page 11 of 34    141 



M. L. Morão Patrício, A. Jamshidnejad

On the one hand, approach A has the advantage of being 
comprised of less steps, which entails less computational 
load. Moreover, this approach allows for a more flexible 
search through the parameter spaces, since all parameters 
are optimized together, without imposing any constraints.

On the other hand, approach B is first constrained with 
fixed parameters considered for the cognition module. This 
systematic way of exploration for the optimizer can lead to 
more parameters being uniquely identified, at the expense 
of diminishing the flexibility of the search by the optimizer.

2.3  Implementation of MMM

To facilitate the use of MMM, this section summarizes how 
the model is configured and executed for real-world appli-
cations. The implementation involves two complementary 
procedures: (1) an offline setup, which outlines the proce-
dural steps to prepare and initialize MMM for a specific 
context, and (2) an online execution, which demonstrates 
how MMM computes perception, cognition, and decision-
making variables per discrete time step during its real-time 
execution. Together, these two procedures illustrate how 
the mathematical formulation of MMM presented in Sec-
tion 2.1 is used in practice, relying on the parameter identi-
fication process described in Section 2.2.

The offline setup, presented in Algorithm 5, outlines the 
procedural steps to configure and instantiate the MMM for a 
specific context. It begins with defining the variables relevant 
to the intended application. Then, the mathematical expres-
sions that describe the rational reasoning process (see (2)), 
the equation describing the rational action selection, and the 
ranges Xj,m in (6) are specified. Although most components 
of MMM are already provided in a general parameterized 
formulation that can be directly applied in practice, as intro-
duced in Section 2.1, the three components mentioned above 
depend strongly on the context and are therefore tailored at 
this stage. Finally, the offline setup also includes the iden-
tification of the model parameters (detailed in Section 2.2).

Algorithm 5  Offline setup of MMM.

The online execution demonstrates how MMM processes 
one discrete time step during real-time interactions, explic-
itly linking the sequence of equations across perception (via 

Approach B  Before identifying all parameters of the percep-
tion and cognition modules together, a pre-identification for 
the parameters of the cognition module is performed con-
sidering the coupled configuration in Fig. 4. At this stage, 
the parameters of the perception module are fixed to the val-
ues obtained in the warm-start, and only the parameters of 
the cognition module are identified (see steps 1–5 of Algo-
rithm 4). Afterward, both perception and cognition modules 
are warm-started by the values of their pre-identified param-
eters and a final identification optimization is performed on 
both modules (see steps 7–12 of Algorithm 4).

Algorithm 4  Model identification with warm-start - Approach B.
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the model is embedded within a closed-loop control system 
for SRs to be used in interactions with the human. Figure 6 
shows the architecture of the Model-Based Controller (MBC) 
system and illustrates how the dynamic ToM model, MMM, 
is integrated within the control loop.

The MBC system generates a control input uk, which 
includes all the controlled interactive actions of the robot, 
such that given criteria for the HSRI are met. In general, 
satisfying such criteria is associated with optimizing given 
objectives (e.g., maximizing the interaction time, the user 
engagement, or satisfaction). To do so, an optimizer may 
be used in the control loop (see Fig. 6) to suggest candi-
date control inputs. Note that such a controller, in general, 
works upon a prediction window, across which candidate 
control inputs are generated (for the current and all future 
time steps within the prediction window). In case the size of 
the prediction window is unity, the MBC system looks only 
one step ahead (i.e., considers only the impact of the current 
control input on the HSRI).

In general, every HSRI is subject to various constraints 
that impact the actions of the SR. For instance, if the SR 
should offer any joint activities to a person, it should consider 
the physical and cognitive limitations of the person in mak-
ing the suggestion. Therefore, the optimization problem of 
the MBC system is in general a constrained one (see Fig. 6).

(1)—(2)), cognition (via (3)—(6)), and decision-making (via 
(7). MMM follows a discrete-time state space representa-
tion, in which beliefs, goals, emotions, and auxiliary variables 
evolve as state variables through difference equations. At each 
step, real-life data is measured, the perception module produces 
rationally perceived knowledge, the cognition module updates 
the mental states, and the decision-making module produces 
the actions of the human, based on those mental states. The 
procedure is summarized in Algorithm 6 and in Fig. 5.

Algorithm 6  Online execution of MMM.

In accordance with Remark 4, perception is considered 
instantaneous with respect to cognition and decision-mak-
ing. Thus, per update of MMM, perception is executed once 
(i.e., (1)-(2) are computed), and its output is fed into the 
cognitive module. Subsequently, the cognitive and decision-
making modules are executed. The frequency of this loop 
corresponds to the internal update rate of MMM, which 
governs the evolution of the state variables. This internal 
update rate may differ from the interaction or control fre-
quencies, as these external processes may run at slower rates 
and therefore sample the output of MMM less frequently 
than its internal update rate.

2.4  Closed-loop model-based control of SRs

Once the model is mathematically and dynamically formu-
lated, after identifying its parameters for a particular human, 

Fig. 6  Block diagram of the model-based controller of the SR using 
the ToM model

 

Fig. 5  Overview of the online execution of the MMM. At each discrete 
time step k, real-life data is measured, the perception module produces 
rationally perceived knowledge (via (1)—(2)), the cognition module 

updates the mental states (via (3)—(6)), and the decision-making mod-
ule generates human actions (via (7))
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If atypical or extreme responses do occur and play a cen-
tral role in an application, the model can be re-identified to 
include such dynamics.

Assumption  2: Simplified update rules for state evolu-
tion  The dynamics of the state variables are represented 
mathematically using piecewise-linear approximations, 
rather than fully non-linear formulations (see (6)). This 
design choice keeps the model computationally tractable 
and suitable for real-time execution and control. However, it 
may limit the capacity of MMM to capture highly complex 
or abrupt cognitive shifts. The impact of this assumption 
may be mitigated by increasing the number of piecewise 
regions — supported by the proposed mathematical frame-
work — to better capture the nonlinearity of the dynamics 
of the state variables. Such refinement, however, entails a 
trade-off between improved accuracy and higher computa-
tional demand of the model.

Assumption 3: Modular structure and decoupling for identi-
fication  MMM is structured based on distinct modules for 
perception, cognition, and decision-making processes, as is 
common in cognitive architectures. To address data scar-
city in typical HSRI scenarios, the proposed identification 
algorithms (explained in Section 2.2) temporarily decouple 
perception and cognition modules in the first step of the 
multi-staged identification process (see Algorithm 2). Some 
parameters of the perception module are pre-identified under 
a zero-bias assumption (i.e., rationally perceived knowledge 
and beliefs are considered the same) to provide warm-start 
values for the subsequent identification process. A final 
joint optimization stage refines all parameters in the fully 
coupled configuration, effectively restoring perception-cog-
nition dependencies and improving accuracy. However, in 
extreme cases – particularly for users with strong emotional 
biases — the initial warm-start may skew the search space 
towards local optima. Nevertheless, the identification pro-
cess inherently mitigates this effect by performing multiple 
independent gradient-descent runs from different initializa-
tion points and by bounding parameter ranges.

Assumption  4: Neurotypical user modeling  MMM is 
grounded in cognitive theories that reflect neurotypical 
users. When applied to users with different cognitive pro-
files (e.g., neurodivergent or cognitively impaired individu-
als), adjustments to some components of the model (such 
as parameter tuning or minor structural refinements) may 
be required to better reflect individual cognitive dynamics. 
Thus, future studies involving neurodivergent or cognitively 

Subsequently, the candidate control inputs are fed into 
the dynamic ToM model, which predicts the mental states 
(shown by x in the figure) of the human as a result of these 
stimuli (i.e., suggested interactive actions of the SR), as well 
as the corresponding actions by the human (shown by y in 
the figure). In case these fulfill the desired objectives and 
satisfy the imposed constraints, the candidate control inputs 
are selected for the SR. Otherwise, the optimizer should 
adjust and propose new candidate control inputs, and the 
process is repeated.

By following such an approach, it is possible to ensure 
that the HSRIs comply with pre-defined constraints (e.g., 
keeping the user engagement above a certain level) and that 
the interactive actions of the SR result in maximizing the 
given criteria (e.g., sustaining the HSRIs as long as possi-
ble), by systematically incorporating the current (and future) 
mental states and actions of the user within the control loop.

2.5  Assumptions underlying MMM and the 
proposed framework

MMM and its integration within an MBC rely on a set of 
underlying assumptions that delineate the current scope 
of applicability of the framework and define operational 
boundaries. Therefore, clarifying these assumptions is 
essential for setting realistic expectations regarding the per-
formance of MMM and the framework, understanding the 
trade-offs involved in practical deployment, and identify-
ing adjustments required for broader applicability across 
diverse users and contexts.

Assumption 1: Boundedness of cognitive variables  All cog-
nitive variables of MMM are bounded to the interval [−1, 1] 
to ensure stability and to provide a shared numerical scale 
across users. Nevertheless, personalization is preserved 
because the mapping between the intensity of a mental state 
and its numerical realization is user-specific. For example, 
a moderate level of engagement may be represented as 0.4 
for one user and 0.6 for another. Similarly, the value 0.4 may 
not convey the same level of engagement across users, as 
it reflects their individually identified cognitive dynamics. 
However, this boundedness may limit the ability of MMM 
to capture atypical or extreme behaviors. For example, if 
users exhibit extreme emotional responses that deviate sub-
stantially from those observed in the interactions used for 
model identification, this may lead to realizations of the 
mental states that fall outside the interval [−1, 1]. This limi-
tation reflects the fact that MMM is designed to capture rep-
resentative cognitive patterns rather than unlikely outliers. 
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3.1  Experimental setup

Setup  The experimental setup included a Nao robot (a pro-
grammable humanoid robot), a display, a microphone, and a 
mouse, as shown in Fig. 7. In each experiment session, the 
participant was seated at a table, with the Nao robot placed 
in front, facing them. A display, which was placed between 
the user and the robot, showed the chess puzzles, instruc-
tions, and questions to the participant during the session. A 
desktop microphone was placed on the side of the screen to 
facilitate the verbal communication of the participants with 
Nao, allowing more robust communication than when the 
microphones of the robot were used. Finally, a mouse was 
placed on the other side of the display to enable the partici-
pants to play the puzzles. A laptop was connected to both the 
Nao robot (via WiFi), the display, and the microphone (via a 
wired connection). This setup enabled the autonomous con-
trol of Nao through Python and facilitated data exchange 
during the sessions. On the third session with each partici-
pant, a camera was placed on top of the display pointing to 
the participant to record their facial expressions and status 
during the session. This data was used afterward to analyze 
the engagement of the participants. Finally, the chess puz-
zles were taken from the lichess.org database [50].

Design of interaction sessions  The experiment with each 
participant consisted of 3 sessions, where the details are 
given in Fig. 8. The first two sessions were designed to col-
lect data about the changes in the relevant mental states of 
the participant in order to identify the MMM for that par-
ticipant (personalization). In the third session, the identi-
fied model was embedded in the controller of the robot, so 
that the robot interacted with the participant following the 
method described in Section 2.4 and based on the personal-
ized MMM (see Fig. 8a).

In the first two sessions, the participants were asked to 
solve at least 18 chess puzzles or to continue solving puzzles 
for at least 45 minutes. After playing 30 puzzles or solving 
puzzles for 60 minutes, the session was ended nonetheless. 
The participants were in all cases allowed to terminate or 
quit the session any time earlier, if they wished to. The last 
session consisted of 2 interactions of 35 minutes each. After 
each interaction, the participant was given a questionnaire to 
complete. Moreover, a ten-minute break was given between 
the two interactions (see Fig. 8b). In one of the two interac-
tions in this session, the participant interacted with a version 
of Nao that was steered via the MBC embedding the MMM 
identified for that participant. In the other interaction, Nao 
was controlled by a model-free, rule-based controller that 
resembled the current simplified steering systems used for 
SRs. This controller (specified as the standard controller in 

impaired users may be needed to refine the model’s applica-
bility to these user groups.

Overall, the four assumptions outlined above define the 
boundaries of MMM in its current representation, while 
providing a foundation for future refinements and for poten-
tial extensions of the framework.

3  Case study

To assess our framework, we carried out an experiment 
involving HSRIs with 10 volunteer human participants. In 
these HSRIs, each participant solved multiple chess puzzles 
while interacting with a Nao robot. Each participant inter-
acted with Nao in 3 sessions of 45 to 90 minutes.

Fig. 7  Experimental setup: The participant sat at a table in the room. 
The Nao robot was placed on top of that table, facing the participant. 
A display was placed on the table between Nao and the participant. 
The display showed the chess puzzles and the questions asked to the 
participant during the session. A mouse and a microphone were placed 
on the sides of the display. The microphone and the display were both 
connected to a laptop that managed the HSRIs and that was connected 
via Wi-Fi to Nao to steer its behavior via Python
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On the right-hand side of the screen, the color that the par-
ticipant had to play with and the number of puzzles that the 
participant had completed so far were displayed while the 
participant was solving a puzzle.

In the first and second sessions, twice per puzzle, the 
participant was asked to answer questions about their men-
tal states. More specifically, the participant was asked to 
quantify their beliefs, goals, and emotions relevant for the 
situation, in a discrete range from 0 to 10, additionally cat-
egorized by qualitative terms from “completely disagree” to 
“completely agree”. The questions showed up on the screen, 
and the participant had to reply by choosing a number using 
the mouse. These questions are presented in Appendix A.

While playing, participants could verbally ask Nao for a 
hint, to skip the current puzzle, or to quit the session. Nao 
would then confirm the request verbally with the partici-
pant. When participants asked Nao for the first hint about 
a puzzle, it provided a general tip about the objective of the 
puzzle (e.g., the objective was to check-mate the opponent). 
If the participant asked Nao for a second hint about the same 
puzzle, it would reveal which piece had to be moved. In 
response to requesting a third hint, if it concerned the same 
move, Nao would reveal the optimal move of the piece. If 
the hint concerned a new move, Nao would again reveal 
the piece to be moved. When a participant asked to skip the 
current puzzle, that puzzle disappeared and the next puzzle 
showed up on the screen. At the end of each puzzle, the par-
ticipant could request more difficult or easier puzzles, by 
replying to a question about this that appeared on the screen. 
All this information was included in the briefing document 
that was given to the participants at the beginning of the ses-
sions. This document can be found in [51].

Participants of the experiments  Ten volunteers aged 
between 25 and 35 years old participated in the experiment. 
The participant pool consisted of 30% women and 70% 
men.

The sample size was determined by the practical con-
straints of the experimental protocol and the objectives of 
the study. To obtain multiple and representative measure-
ments for identification and validation of the model under 
realistic HSRI conditions, each participant completed three 
sessions of 45 to 90 minutes, spaced at least one week apart. 
Given the duration and intensity of this multi-session design, 
recruiting a larger participant pool was not feasible within 
the scope of this study. Comparable sample sizes are com-
mon in early-stage HSRI research, where experiments are 
time-intensive and primarily aimed at demonstrating fea-
sibility and validating the methodological approach, rather 
than achieving broad statistical generalization.

Fig. 8) was also used to steer the behavior of Nao in the first 
two sessions designed for data collection. Half of the par-
ticipants interacted with the standard controller in the first 
interaction of the third session, while the other half inter-
acted with it in the second interaction of the third session. 
For each participant, the sessions were at least one week 
apart from each other, and the entirety of the three sessions 
was conducted within one month.

Execution of sessions  Before the start of the experiment 
with each participant, the participant was informed about 
how to interact with Nao and how to play the puzzles via 
a briefing document. Those participants who had little or 
no experience with chess could request an extra document 
that described the basic moves and rules of chess. Then, the 
experiment started with a brief introduction given by Nao 
which summarized the most essential points described in the 
briefing document. Subsequently, the first puzzle showed up 
on the screen. The debriefing documents can be found in 
[51].

Each puzzle consisted of a sequence of 2 to 6 most 
advantageous moves that the participant had to perform cor-
rectly. To perform a move, the participant had to click on 
the desired piece first, and then on the square that the piece 
was supposed to move to. If the move was correct, the piece 
was placed in the new square and the next move was made 
by the program. Otherwise, the move was refused and the 
participant had to try again until the right move was done. 

Fig. 8  Experiment layout including three separate sessions

 

1 3

  141   Page 16 of 34



Leveraging systems and control theory for social robotics: a model-based behavioral control approach to…

difficulty level. Note that the main objective of this design 
choice was to capture the dynamic effects of giving a gener-
ally encouraging/entertaining reward on the mental states 
of the participants, rather than the specific design of such 
rewards.

Measurement methods  Three complementary measure-
ment methods were used in this case study: (1) self-reported 
feedback during interactions, (2) post-interaction question-
naires, and (3) automated video analysis. Self-reports were 
used to obtain the ground truth of user mental states, whereas 
all three methods contributed to assessing user engagement 
and overall interaction quality.

The first method — self-reported feedback during inter-
actions — consisted of participants providing self-reported 
ratings of their mental states (i.e., beliefs, goals, emotions, 
and intentions) at regular intervals upon request during the 
interaction sessions. Responses were recorded on a discrete 
0 − 10 scale with qualitative anchors ranging from com-
pletely disagree to completely agree (see Appendix A for 
the complete list of questions).

In the first two sessions, self-reports were collected 
twice per puzzle and after hint requests, providing the data 
required for identifying and validating the MMM param-
eters. In the third session, feedback was requested if more 
than 150s had passed since the last feedback request or every 
three puzzles. In this session, the responses were used both 
to reinitialize the user’s mental states estimated by MMM, 
which are required by the controller, and to assess the qual-
ity of the ongoing interaction between the participant and 
Nao. To minimize unreliability and inconsistency, partici-
pants were briefed on the importance of honest responses, 
and the questionnaire combined numerical scales with qual-
itative anchors. The frequency of the feedback requested 
from participants was carefully selected to balance the need 
for sufficient data for model identification against the risk 
of distracting participants or causing fatigue, which could 
otherwise compromise response quality.

The second method consisted of post-interaction ques-
tionnaires. In the final session, after each of the two inter-
actions, participants completed a standardized 7-point 
Likert-scale questionnaire assessing their engagement level 
and their perceived robot awareness, adaptability, and per-
sonalization (available in the experimental dataset [51]).

These questionnaires provided a complementary subjec-
tive evaluation of engagement and interaction quality.

During preliminary testing, a scale drift was observed 
between the two questionnaires, which were administered 
approximately 45 minutes apart, suggesting that the time 
gap between administrations may have affected the consis-
tency of responses. Therefore, a comparative questionnaire 

Role of Nao  Besides giving general indications about the 
chess puzzles to the participants and socially interacting 
with the participants, Nao also decided the difficulty level of 
the puzzles and whether to give rewards to the participants, 
in order to keep them engaged.

Regarding the difficulty level of the puzzles, six levels of 
difficulty were defined based on the ratings of the puzzles 
given in the lichess.org database [50] (where the rating of 
a puzzle is a measure of its difficulty). For each difficulty 
level, a range of the rating was considered and the puzzles 
with a rating in that range were included. The ratings that 
corresponded to each difficulty level considered in this case 
study can be found in [51].

To give rewards to the participants, Nao performed one 
of the following entertaining movements or gestures lasting 
around 10 to 30s: pretending to play a guitar (posing as if 
the robot was holding a guitar, but there was no real guitar in 
the room), dancing, performing tai-chi, pretending to be an 
elephant, pretending to take a photo of the participant (with 
an imaginary camera). These movements are presented in 
Appendix B.

During the first two sessions, the actions of Nao were 
carefully scheduled as to instigate different beliefs, goals, 
and emotions for the participants, and to provide a diverse 
dataset to be subsequently used to identify the MMM per 
participant. Thus, to stimulate the mental states as widely 
as possible, and to capture the dynamic effects of increas-
ing or decreasing the difficulty level of the puzzles when 
the participant was in different mental states, we distributed 
the difficulty levels of the puzzles to include both increas-
ing and decreasing sequences. The difficulty level was kept 
identical for three puzzles in a row to ensure that the data 
gathered truly captured the effects of solving puzzles of that 
difficulty for the participant. Then this difficulty level would 
increase or decrease with a step size of 2. More specifically, 
in the first session, the sequence of the levels of difficulties 
was {0, 2, 4, 4, 2, 0}, meaning that the difficulty level started 
at 0 (for three consecutive puzzles), increased to 2 (also for 
three consecutive puzzles), and then to 4. After playing two 
groups of three puzzles of difficulty 4, the difficulty level 
decreased to 2, and then to 0. In the second session, the 
sequence of the levels of difficulties was {5, 3, 1, 1, 3, 5}. 
In these sessions, if the number of puzzles that the partici-
pants solved surpassed 18 puzzles, then the difficulty level 
of puzzle number 18 + npuzzle, with npuzzle an integer, was 
the same as the difficulty level of puzzle npuzzle (taking into 
account that the maximum number of puzzles offered per 
session was 30).

As for giving rewards to the participants, in the first two 
sessions, Nao randomly performed one celebratory move-
ment or gesture for each set of three puzzles with the same 
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3.2.1  MMM for participants

One of the crucial elements of an MBC steering system 
is a model of the process (i.e., the perception, cognition, 
and decision-making of the participants) that should be 
impacted in desired ways by the designed steering system. 
This section describes the mathematical modeling of the 
perception, cognition, and decision-making modules for the 
participants of this case-study, based on the MMM detailed 
in Section 2.1. A graphical representation of each module is 
given in Appendix C.

Perception module  The perception module, as explained 
before (see Fig. 1), is in general composed of perceptual 
access and rational reasoning sub-processes. Table 3 shows 
the pieces of real-life data and perceived data that are rel-
evant for and used in the case study. The list of the pieces of 
rationally perceived knowledge is given in Table 4. In this 
case study, due to the nature and setup of the experiments, it 
is sensible to assume that the participants perfectly observe 
all relevant pieces of real-life data. Thus, based on (1), for 
all perception time steps kp, for the perceptual access we 
have yPA

i (kp) = ui(kp), where yPA
i  is a piece of perceived 

data (i.e., an output from the perceptual access sub-pro-
cess) and ui(kp) is its corresponding input real-life data. 
As given in Table 3, for this case study, i = 1, . . . , 6. To 
model the rational reasoning sub-process, which is formu-
lated via (2) in MMM, the relationships between all pieces 
of the perceived data yPA

i (kp) for i = 1, . . . , 6 (i.e., the 
inputs to the sub-process) and the corresponding piece of 
rationally perceived knowledge yRR

j (kp) (i.e., the outputs 
of the sub-process) should be defined by providing relevant 
expressions for function fRR

ij (·) in (2). Fig. 14 illustrates the 
pieces of perceived data that influence each rationally per-
ceived knowledge, where yRR

1 (kp) in Table 4 is influenced 
by yPA

1 (kp), . . . , yPA
5 (kp) given in Table 3, and yRR

1 (kp) is 
influenced by yPA

6 (kp). In order to model function fRR
ij (·) 

to mathematically represent the processes that are illustrated 
in Fig. 14, three types of mathematical expressions were 
considered, i.e., affine (8a), exponential (8b), and boolean 
(8c). The choice of each expression depended on the nature 
of the input variable yPA

i (kp) as is explained further when 
the particular use cases of these functions are discussed. The 
expressions for these functions are: 

fRR,F
ij

(
yPA

i (kp) ; θij,0, θij,1
)

=
= θij,0yPA

i (kp) + θij,1
� (8a)

fRR,E
ij

(
yPA

i (kp) ; θij,0, θij,1
)

=
= θij,1 exp

(
θij,0yPA

i (kp)
)

+ 1� (8b)

was added at the end of the third session to allow the par-
ticipants to directly compare the two interaction conditions, 
after first completing the independent absolute question-
naires for each condition. This approach enhanced the reli-
ability and interpretability of the questionnaire results.

Finally, the third method — an automated, computer-
vision-based engagement detection tool, presented in [52] 
— was additionally used in the final session as a comple-
mentary, non-intrusive measurement of engagement that 
did not rely on user self-reports. This tool estimated engage-
ment levels of participants on a continuous scale from 0 (no 
engagement) to 1 (full engagement). However, since the 
engagement detection tool had been trained on robot-centric 
interactions with a single focus point, whereas participants 
in our setting alternated attention between the robot and the 
puzzle screen, its application involved a multi-focus interac-
tion context differing from the original training conditions. 
Accordingly, the results obtained from this method are 
reported together with their statistical significance and are 
interpreted with caution in Section 4.

The integration of multiple complementary measurement 
methods in our experiments enabled cross-validation of the 
model and controller, ensuring a reliable evaluation of the 
proposed framework.

3.2  Model-based controller for Nao

The MBC steering system of Nao used in the third session 
of this case study had to decide, at the end of each puzzle, 
about the level of difficulty of the next puzzle and about 
whether to give a reward to the participant. This decision 
had to optimize the mental states of the participant accord-
ing to a cost function that depended on the model identified 
for each participant. Next we describe the details for design-
ing the MBC steering system of Nao.

Table 3  Concepts that represent the real-life data and perceived data of 
the perception module for the case study
Real life 
data

Perceived data (corre-
sponding to the real-life 
data in the same row of 
this table)

Concept Type

u1(kp) yPA
1 (kp) Puzzle difficulty 

level
Integer

u2(kp) yPA
2 (kp) Number of hints Integer

u3(kp) yPA
3 (kp) Number of wrong 

attempts
Integer

u4(kp) yPA
4 (kp) Time to solve a 

puzzle
Contin-
uous

u5(kp) yPA
5 (kp) Skipped puzzle? Boolean

u6(kp) yPA
6 (k) Reward given? Boolean
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yRR
2 (kp) = fRR,B

61
(
yPA

6 (kp) ; θ61,0, θ61,1
)
� (9b)

Remark 8  Note that in (9a) the term 
θ11,1 + θ21,1 + fRR,B

51
(
yPA

5 (kp) ; θ51,0, θ51,1
)
 may be 

identified as one single parameter.

Cognition module  The cognition module (see Fig. 2) is 
composed of three main state variables, i.e., beliefs, goals, 
and emotions. In the setup of this case study, the number of 
beliefs, goals, and emotions involved is, respectively, 2, 4, 
and 2, where the corresponding concepts have been given 
in Table 4. The realization of these variables are real values 
which can vary between −1 and 1. Figures 15 and 16 show 
the structure of the cognitive module, including variables 
and linkages. Figure 15 corresponds to the complete model 
used in the first and second sessions. Following the strategy 
described in Section 2.2, a simplified version of the previous 
model was used to integrate the model-based control session. 
Figure 16 represents this simplified model.

To generate the perceived knowledge, (3) is used. The 
first term of this equation is null (i.e., fi(xi(k)) = 0), and 
zℓi(l) = 1. As shown in Fig. 2, the second term of this equa-
tion reflects the influence of the biases.

In order to update the beliefs, goals, and emotions, (3)–(6) 
are used, with weight wii set to 0 for beliefs and to 0.9 for 
both goals and emotions. The weights wji(k) are given by:

wji(k) =

{
w

−

ji, xj(k) ≤ 0
w

+

ji, xj(k) > 0 � (10)

fRR,B
ij

(
yPA

i (kp) ; θij,0, θij,1
)

=

=
{

θij,0, yPA
i (kp) = 0

θij,1, yPA
i (kp) = 1

� (8c)

 We have selected the affine relationship (8a) to estimate the 
impact of the inputs that are integer, with an upper bound. 
These inputs include puzzle difficulty level, yPA

1 (kp), and 
number of hints, yPA

2 (kp), both being integers with an upper 
bound of, respectively, 5 and 1 + 2nmoves where nmoves is 
an integer that represents the number of moves in the puzzle. 
For the inputs of the rational reasoning sub-process that are 
integers but have no upper bound, i.e., for number of wrong 
attempts, yPA

3 (kp), and time to solve a puzzle, yPA
4 (kp), the 

impact on the output of the sub-process was modeled using 
an exponential function, as given in (8b). Finally, for those 
inputs to the sub-process that are of a Boolean nature, i.e., for 
skipped puzzle?, yPA

4 (kp), and reward given?, yPA
5 (kp), the 

impact was modeled using (8c). The first output yRR
1 (kp) of 

the rational reasoning sub-process, i.e., the puzzle is difficult, 
is generated by all first 5 pieces of inputs from the perceived 
data indicated in Table 3, i.e., by yPA

1 (kp), . . . , yPA
5 (kp), as 

is shown in Fig. 14. The second output yRR
2 (kp), i.e., Nao 

offered a reward, is generated solely by yPA
6 (kp), i.e., by 

the perceive data reward given? (see Table 3). Using (2) and 
(8a) we have: 

yRR
1 (kp) = θ11,0yPA

1 (kp) + θ11,1+
θ21,0yPA

2 (kp) + θ21,1+
θ31,1 exp

(
θ31,0yPA

3 (kp)
)

+ 1)+
θ41,0 exp

(
θ41,1yPA

4 (kp)
)

+ 1)+
fRR,B

51
(
yPA

5 (kp) ; θ51,0, θ51,1
)

� (9a)

Rationally perceived 
knowledge

Perceived knowledge (corresponding 
to the rationally perceived knowledge 
in the same row of this table)

Beliefs (corresponding to the 
perceived knowledge in the same 
row of this table)

Concept

yRR
1 (k) xPK

1 (k) xb
1(k) The puzzle is difficult

yRR
2 (k) xPK

2 (k) xb
2(k) Nao offered a reward

Goals Concept

xg
1(k) Quit the session

xg
2(k) Skip the puzzle

xg
3(k) Get help

xg
4(k) Change difficulty

Emotions Concept

xe
1(k) Boredom

xe
2(k) Frustration

Bias Concept

xbias(k) The puzzle is difficult

Table 4  Concepts that represent 
the rationally perceived knowl-
edge, perceived knowledge, 
beliefs, goals, emotions, and 
biases related to the cognitive 
module for the case study. Note 
that the number of the relevant 
beliefs, goals, emotions, and 
biases involved in the experiment 
are, respectively, 2, 4, 2, and 1
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Measurement frequency  The MBC should determine 
whether or not the participant receives a reward from Nao, 
as well as the difficulty level of the next puzzle, every time a 
puzzle is finished. Since the measurements of the cognitive 
variables are gathered by asking the participants about their 
mental states (see Appendix A), there needs to be a trade-
off between collecting a sufficient number of measurements 
and not disturbing or distracting the participants, as it may 
affect the reliability of the measurements. Therefore, to bal-
ance the number of questions asked, they were posed twice 
per puzzle and after the participant requested a hint.

Every time a measurement of the mental states was 
received through the feedback of the participant, the inputs 
given in Table 3 were also collected. These inputs were 
directly accessible in the code. Then, the estimates for the 
variables of the MMM were updated to incorporate the 
new measurements. However, the MMM, as explained in 
Section  2.3, may be updated at a higher frequency than 
the frequency of sampling the measurements. In this case 
study, the variables of the MMM were updated two times in 
between every two consecutive measurements.

3.2.2  Model identification

Preliminary HSRI were carried out with two volunteer par-
ticipants, where in addition to the concepts presented in 
Section 3.2.1 (see Table 4), the preliminary model included 
two extra concepts for the belief, i.e., Nao hinders solving 
the puzzle and participant made progress, one for the goal, 
i.e., get a reward, and one for the emotion, i.e., happiness. 
Moreover, in addition to determining the difficulty level of 
the next puzzle and whether or not to offer a reward to the 
participant, Nao had a choice to hinder the participant by 
purposely giving incorrect clues or to help the participant. 
Hindering was hypothesized to induce frustration in the par-
ticipants, generating more diverse data and improving the 
identification process. Note that these two volunteer partici-
pants differed from the 10 participants of the experiments, 
and their data has not been included in the results. Their par-
ticipation aimed to assess the designed sessions by repeat-
ing the experiments multiple times, collecting feedback, and 
assessing the estimations. By doing so, the design of the 
sessions was enhanced as much as possible before involving 
the participants.

It was found out that, with the data collected in two ses-
sions lasting 45 to 60 minutes per participant, it was not 
possible to identify all parameters unequivocally, deploying 
the identification and assessment methods presented in Sec-
tion 2.2. Performing a third session with each participant (i.e., 
extending the training dataset) slightly improved the number 
of parameters that were unequivocally identifiable, but did 

where the parameter values w
+

ji and w
−

ji should be identified 
for each participant.

Remark 9  To assess the validity of the hypothesis that the 
goals and emotions are updated with a lower frequency 
than the beliefs, as stated in Section 2.1, in addition to con-
sidering the values indicated above for wii, an additional 
identification procedure for the MMM has been conducted 
for all participants of the case study using wii = 0 for both 
the beliefs and the goals. The estimation errors have been 
shown and compared in Section 4, and the validity of the 
hypothesis has been discussed there.

Remark 10  Since the biases are auxiliary variables used to 
describe the effect of emotions on new beliefs, we represent 
them without dynamics.

Decision-making module  The decision-making module 
(see Fig. 16) is composed of two main sub-processes, ratio-
nal intention selection and rational action selection. Table 5 
includes the concepts that define the intentions and actions 
relevant for the decision-making module in this case study.

Regarding the rational intention selection, the intensity 
of each intention yRIS

i  is given by (7). In the context of the 
case study, each intention is only influenced by one goal and 
is not influenced by any belief, yielding a particular case 
of (7). Table 5 lists the goal that influences each intention, 
where the 4 goals, described earlier in this section, result in 
5 possible intentions. This information is also graphically 
presented in Fig. 17.

As for the action selection, we assume that each action is 
performed if the intention corresponding to the same con-
cept is positive (and not performed otherwise). Hence, the 
rational action selection is mathematically represented as:

yRAS
i (k) =

{
0, yRIS

i (k) ≤ 0
1, yRIS

i (k) > 0 � (11)

Table 5  Concepts that represent the intentions and actions of the deci-
sion-making for the case study.
Intention Action Concept Cognitive variable that 

influences the intention

yRIS
1 yRAS

1
Quit the game xg

1(k): Quit the game

yRIS
2 yRAS

2
Skip the puzzle xg

2(k): Skip the puzzle

yRIS
3 yRAS

3
Ask for help xg

3(k): Get help;

yRIS
4 yRAS

4
Ask for an easier 
puzzle

xg
4(k): Change difficulty

yRIS
5 yRAS

5
Ask for a more 
difficult puzzle

xg
4(k): Change difficulty
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A cost function was formulated based on the belief, goals, 
and emotions that are predicted at time step k for the upcom-
ing time step k + 1 by the MMM, when the current state 
vector x(k) =[xb

1(k), xb
2(k),xg

1(k), xg
2(k),xg

3(k), xg
4(k),

xe
1(k), xe

2(k)]⊤ is measured:

J(x(k)) = |xb
1(k + 1)| + wg

2∑
i=1

xg
i (k + 1) + we

2∑
i=1

xe
i (k + 1)� (12)

The estimation of the upcoming state variables based on the 
current measured states has been detailed in Section 3.2.1.

The formulation of (12) balances a trade-off in mini-
mizing the cognitive variables whose rise will negatively 
impact the participants, including the absolute value of the 
first element of the belief, i.e., the puzzle is difficult (see 
Table 4), the first two elements of the goal (i.e., quit the ses-
sion and skip the puzzle), and both elements of the emotion 
(i.e., boredom and frustration). The lower the value of the 
mentioned goals and emotions is, the better for the HSRI. 
As for the belief, since the minimum and maximum values 
of this variable correspond to the belief that the puzzle is 
too easy or too difficult, respectively, it is ideal to keep this 
belief as neutral as possible (i.e., as close to 0 as possible). 
The parameters wg and we weigh these concepts relatively. 
In this case study, we gave an equal level of importance to 
all these concepts and tuned them as wg = we = 1. The 
control input that yields in the lowest value of the cost func-
tion given by (12) is selected by the MBC for time step k.

4  Results and discussions

Next, we present the results and discussion on identifying 
the MMM for the participants and using the identified mod-
els in MBCs to steer behavior of Nao in the final interaction 
session.

4.1  Results for model identification

In order to assess the accuracy of the model in estimating 
the mental states, we divided the data points of the first two 
sessions into training data (67%) and test data (33%). Thus, 
the training data was used to identify the model and the test 
data to assess it. For this purpose, we used the complete 
model composed of the variables shown in Tables 3, 4, and 
5, and displayed in Fig. 15. Note that in general, the prefer-
ences and personality traits, which remain constant in the 
short term (e.g., during the three interaction sessions), regu-
late the variations in the mental states (see [28] for more 
details). In this paper, due to the nature of the HSRIs, the 
overall interest of the participant in playing chess (which is 
a general preference) may regulate the speed for reaching 

not completely address the issue. It was concluded that the 
control input concerning Nao yielding false hints and its cor-
responding belief could create confusion, especially for par-
ticipants with no or limited experience with chess playing. 
This introduces undesirable noise into the data, hindering the 
identification process. By analyzing the data collected in the 
preliminary sessions, the belief participant made progress, 
the goal get a reward, and the emotion happiness were found 
to be redundant. Furthermore, the other concepts for these 
variables were more relevant to be tracked and optimized by 
Nao. Consequently, the model was simplified according to 
the approach that has been presented in Section 2.2.

After the preliminary phase, the model described in 
Section 3.2.1, which we refer to as complete model and is 
shown in Fig. 15, was obtained. This complete model was 
identified for both preliminary participants in order to assess 
its accuracy in tracking their mental states. Then, two extra 
simplifications were designed to reduce the model that was 
embedded in the MBC used in the last session. The first sim-
plification was the removal of the goals get help and change 
difficulty (see Fig. 16 for a representation of the simplified 
model), as these goals did not directly reflect the quality of 
the interactions (and, consequently, did not need to be opti-
mized), nor did they influence the other mental states. For 
the ten volunteer users, the choice to embed the complete 
or the simplified model in the MBC was done per user, by 
selecting the model that achieved a smaller validation error 
and that corresponded to a larger number of unequivocally 
identifiable parameters. The second simplification was the 
replacement of the scheduled weights in (10) by just one 

scalar parameter (i.e., wji(k) = w
−

ji = w
+

ji). This second 
simplification was considered only for participants whose 
simplified model could not be fully unequivocally identified.

Note that the weight parameters wii in (10) were set to 
0.9 whenever xi(k) represented a goal or an emotion. For 
the participants for whom setting wii = 0.9 did not result in 
a satisfactory optimization cost, wii was gradually reduced 
with a step of 0.1 until the optimization cost was acceptable. 
Finally, to facilitate and improve the model identification, 
the inputs of the real-life data were normalized per partici-
pant between 0 and 1.

3.2.3  Optimizer

The integration of the MMM into an MBC is based on Fig. 
6. The control input is composed of two variables, where the 
first one, i.e., the difficulty level of the next puzzle, is an inte-
ger variable with 6 possible realizations and the second one, 
i.e., reward given?, is a Boolean with 2 possible realizations 
(1 when reward is given, and 0 otherwise). Therefore, 12 
possible combinations and 12 possible control inputs exist.
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of parameters that are unequivocally identified when com-
pared with the conventional approach, as shown in Table 7. 
Therefore, these two approaches contribute to making the 
model more interpretable, while not impacting the accuracy 
of the estimations made by the identified models, as shown 
in Table 6.

Next, we present the results obtained when using the 
MBC for behavioral control of Nao.

4.2  Results for model-based controller

To showcase the performance of the proposed controller, 
which embeds MMM for one-step predictive decision-mak-
ing (see Section 3.2 for details), we display in Figs. 9 and 
10 the evolution of the belief, goals, and emotions of two 
participants over time, as well as the corresponding deci-
sions (inputs) made by the controller. For this purpose, we 
used the simplified model (see Fig. 16), since this model 
provided better results for each participant, as described in 
Section 3.2.2.

To evaluate the HSRIs when our control framework is 
used, both objective and subjective metrics were deployed. 
As explained in Section 3.1, in the third session, the partici-
pants interacted with two versions of Nao — once steered 
by a controller based on our proposed framework and once 
steered by a rule-based controller that selected the inputs 
based on a uniform distribution. During each interaction in 
this session, we tracked the following metrics: the values for 
the self-reported goals and emotions of the participants, the 
results from self-reported questionnaires completed after 
the interaction (available in the experimental dataset [51]), 
and the engagement level of participants estimated from a 
recording of the interaction.

The answers given by the participants regarding their 
emotions of “boredom” and “frustration”, as well as their 
goals to “quit the game” and “skip the puzzle”, were col-
lected with the following frequency: After the first move by 
the participant in the first puzzle, the questions appeared on 
the display and the participants were asked to provide their 
response. In the subsequent puzzles, after the first move of 
the participant in the puzzle, if more than 150s passed or if 
the participant played 3 puzzles since the last set of ques-
tions, then the questions were posed again. The values pro-
vided by the participants were used both to reset the values 

the goal “quit the game”. Moreover, how focused and con-
fident a participant is in general (as a trait), as illustrated in 
Fig. 15, impacts the evolution of the emotions “boredom” 
and “frustration”, respectively. Thus, these fixed param-
eters have been included in MMM and are identified for the 
participants.

The average Mean Squared Error (MSE) in the estima-
tion of the mental states is presented in Table 6 for when the 
goals and emotions are updated with a frequency lower than 
the frequency of updating the beliefs, and when the goals 
and emotions are updated with the same frequency as the 
beliefs (see Remark 9, Section 3.2.1). These average MSE 
values are presented for three cases concerning the identi-
fication procedure: (1) Conventional: When the coupled 
configuration (see Fig. 4) is used to identify the perception 
and cognition modules simultaneously, using a multi-start 
optimization but no warm-start. (2) Approach A: When the 
perception and cognition modules are identified following 
Algorithms 2 and 3 of Section 2.2. (3) Approach B: When 
the perception and cognition modules are identified follow-
ing Algorithms 2 and 4 of Section 2.2.

The average MSE values achieved for both the training 
and test data sets are very satisfactory, all presenting a value 
under 0.1, where the maximum possible value for the MSE 
is 4. These values indicate the excellent capacity of MMM 
to estimate the invisible cognitive procedures of various 
participants in a personalized way for the given HSRIs. 
Furthermore, they demonstrate that the identification was 
carried out successfully. Furthermore, the hypothesis that 
the goals and emotions should be updated with a lower fre-
quency than the beliefs is supported by the results, where 
applying this hypothesis results in a decrease in the average 
MSE of around 16% and 11% for the training and test data 
sets, respectively.

Finally, the identification of the perception and cogni-
tion following approaches A and B improves the percentage 

Table 6  Average MSE obtained when estimating the mental states 
(emotions, goals, beliefs) using the training and the test data sets in 
the model identification procedure. The error is normalized over all the 
mental states (beliefs, goals, and emotions) and time steps. Given that 
the mental states are bounded in [−1, 1], the maximum MSE is 4. The 
values presented are an average over all the participants
Data set Different 

frequenciesa
Identification of perception and cognition
Conventional Approachb 

A
Approachb 
B

Training No 0.063 0.064 0.065
Yes 0.053 0.053 0.053

Test No 0.075 0.075 0.082
Yes 0.067 0.067 0.067

a Goals and emotions are once updated with a lower frequency than 
beliefs and once with the same frequency, as explained in Remark 9, 
Section 3.2.1
  b Approaches A and B are explained in Section 2.2

Table 7  Percentage of parameters unequivocally identified during the 
optimization process with the different identification approaches. The 
values presented are an average over all the participants
Different frequencies Identification of perception and cognition

Conventional Approach A Approach B
No 59.44% 76.94% 80.56%
Yes 73.61% 96.39% 97.78%
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not seem to be a clear tendency when interacting with the 
MBC. Some participants showed higher frustration levels, 
but less boredom with the MBC approach (see participants 
P3 and P8 in Fig. 11). This suggests that, for some par-
ticipants, a trade-off between frustration and engagement 
should be considered. An appropriate increase in the frus-
tration level may be necessary to sustain engagement (e.g., 
for highly competitive people) and, thus, a longer-term 
interaction.

Additionally, Table 8 compares the average values 
of the goals and emotions obtained with each control-
ler. On average, when interacting with the Nao controlled 

of the mental states used by MMM within the MBC and to 
assess the quality of the interactions. The average emotions 
and goals reported by each participant over the interactions 
with the MBC and with the rule-based controller are shown 
in Fig. 11.

For the majority of the participants, interacting with our 
MBC resulted in lower boredom (thus higher engagement) 
and a lower desire to quit the game or skip the puzzle. In 
fact, 8 out of 10 participants reported lower levels of bore-
dom throughout the interaction with the MBC, and only 1 
participant reported higher levels of boredom throughout 
this interaction. Regarding the frustration level, there does 

Fig. 9  Values corresponding to the mental states and inputs (i.e., deci-
sion variables of the controller) for one participant over time. The ver-
tical lines correspond to the start of a new puzzle. After the introduc-
tion of a puzzle, two time steps were considered, such that the first time 
step was in the middle of playing the puzzle and the second time step 
coincided with the start of the next puzzle. Around time step k = 16, 
the participant suddenly became frustrated, as is deduced from the plot 
for emotions. Thus, in the next time step, the controller lowered the 
puzzle difficulty level, which, over time (i.e., by reaching time step 

k = 30), led to a decrease in the frustration. The same happens again 
at time step k = 38. Moreover, when the participant presented the 
same level of frustration with a higher level of boredom (see time 
steps k = 44 and k = 40), the difficulty level of the puzzle for the 
next time step was chosen to be higher by the controller. The controller 
effectively prevents the engagement of the participant from increasing 
excessively during interactions by appropriately responding to their 
mental states. As for the reward, the controller has inferred that the 
participant preferred not to receive rewarding movements from Nao
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no indications that using the MBC approach was able to 
reduce the frustration of the participants (p = 0.827).

After interacting with Nao using each controller, the 
participant was given a questionnaire to assess the HSRI 
(see Fig. 8b for the structure of the session). The question-
naire, which is included in [51], consisted of five questions 

by the MBC approach, the desire of the participants to 
quit the game and to skip the puzzles were, respectively, 
7.70% (p = 0.032) and 8.86% (p = 0.029) less than when 
the rule-based controller was deployed. Furthermore, par-
ticipants felt 15.98% (p = 0.009) more engaged when inter-
acting with Nao steered by the MBC. There were in general 

Fig. 11  Average self-reported values of the emotions and goals of each 
participant over the interactions with the MBC and the rule-based con-
troller. Each graph corresponds to one variable. For a participant, the 
average value of that variable over the interaction with each controller 

is represented by a marker, whereas the dotted line represents the aver-
age value over all participants for that variable and controller (RBC 
stands for rule-based controller)

 

Fig. 10  Values corresponding to the mental states and inputs (i.e., 
decision variables of the controller) for one participant over time. The 
vertical lines correspond to the start of a new puzzle. Right after the 
start of the interaction, the participant felt frustrated, as illustrated in 
the plot for emotions. Hence, the controller immediately decreased the 
difficulty level of the next puzzle, which resulted in a decrease in the 
frustration of the participant. At time step k = 7, the participant started 
becoming bored. Thus, for the next time step k = 9, the controller has 

increased the level of difficulty of the puzzle. Again, the participant 
became frustrated, and the controller decreased the difficulty level of 
the puzzle accordingly. The controller shows to be able to sustain the 
engagement of the participant stably throughout the interactions by 
properly reacting to their mental states. As for the reward, the control-
ler has inferred that the participant prefers to always receive rewarding 
movements from Nao
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in a relative sense, comparing their experiences about the 
two sessions. This comparative questionnaire is available 
in the experimental dataset [51]. Table 9 shows the results 
from the questionnaires.

Although the average answers regarding the mental 
states favored the proposed MBC, the answers given by 
the participants in the absolute questionnaires regarding the 
engagement, awareness shown by the robot about their men-
tal states, personalization, and boredom are not conclusive 
(p > 0.05). Only the answers regarding the personalization 
of the robot demonstrate that participants experienced our 
proposed approach as tailored to themselves (p = 0.04). 
Regarding the other four aspects, the comparative answers 
must be analyzed: The results indicate that 7 participants 
reported feeling more engaged and less bored when inter-
acting with the MBC, while 3 participants reported the 
opposite. Furthermore, 8 participants perceived that the 
robot controlled by the MBC approach was more aware of 
their mental states, 1 participant had no opinion, and the 
other participant perceived the rule-based controller to dis-
play more awareness. Finally, 6 participants perceived our 
MBC approach to be more adapted to them, whereas 3 par-
ticipants stated having no opinion.

Finally, a video stream was used to capture the engage-
ment of the users, using the tool presented in [52]. This tool 
quantified the level of engagement between 0 and 1, where 
a value close to 1 indicates that the participant is engaged. 
Although this tool correctly measured the engagement from 
the perspective of the robot in [52], the dataset where it was 
trained included only robot-centric interactions, i.e., the 
robot was the focus point. In our case, the main objective 
was for the robot to keep the participants engaged in solv-
ing the puzzles. Thus, we placed the camera right above the 
screen where the puzzles were displayed to record the par-
ticipants, rather than on the robot. Hence, the tool indicated 
a high level of engagement when the participant gazed at 
the screen. Nevertheless, it indicated a low score regardless 
of whether the participant looked away from the interaction 

regarding the engagement, adaptability, personalization, 
and awareness of the robot regarding the mental states of 
the participant. Two questions concerned the engagement, 
asking participants how bored and how engaged they felt 
in the course of the interactions. The participants answered 
these questions using a 7-point Likert scale. During the 
debrief, preliminary participants (2 participants whose 
input was used to improve the setup of the experiments, 
but whose data was not included in the results) reported 
perceiving a (significant) difference in some of these cat-
egories between the two interactions deploying the MBC 
and the rule-based controller. However, their absolute 
answers to the questionnaires did not reflect this differ-
ence. When questioned about this, the preliminary par-
ticipants reported that they were unsure whether they 
considered the same scale to answer both questionnaires 
due to the time gap between the sessions. They reported 
that, when answering the second questionnaire, they did 
not remember in detail the answers given in the first inter-
action, and that, during the second interaction, they expe-
rienced a change of perception of the assessed aspects (i.e., 
engagement, adaptability, etc.), which could have led them 
to use a different scale. To prevent this undesirable effect, 
after answering the questionnaire per session (once after 
each interaction), the participants were given an additional 
questionnaire where they could provide their responses 

Table 8  Comparison between the average values of the goals and emo-
tions for all participants when interacting with our MBC and with the 
rule-based controller. The improvement of the average values per vari-
able when the participants interacted with the MBC, as well as the 
p-values, are also specified
Variable Average Diff.

MBC RBC (%) p-value
xg

1(k): Quit the game -0.645 -0.491 7.70 0.032

xg
2(k): Skip the puzzle -0.619 -0.441 8.86 0.029

xe
2(k): Frustration -0.472 -0.448 1.17 0.827

xe
1(k): Boredom -0.460 -0.140 15.98 0.009

Table 9  Results obtained from the two questionnaires given to participants in the third session. The absolute answers refer to the two question-
naires posed at the end of each interaction of the third session, while the relative answers correspond to the final questionnaire given at the end of 
the third session (see Fig. 8b). Note that the absolute answers were given in the range [1, 7]. Thus, the closer the value of the positive indicators 
(i.e., engagement, awareness, adaptability, and personalization) are to 7, the better. The value of the boredom should be as low as possible. In 
the comparative questionnaire, participants could choose between one of the two controllers or neither for each question. For each criteria, the 
number of participants who have voted for each of controller (or neither) is counted. Therefore, the numbers per row add up to the total number 
of participants, i.e., 10
Question Absolute answers Comparative answers

MBC RBC p-value MBC RBC No opinion
Q1: Engagement 4.7 4.4 0.496 7 3 0
Q2: Awareness 4.0 2.9 0.057 8 1 1
Q3: Adaptability 3.6 2.5 0.040 5 1 4
Q4: Personalization 3.4 3.0 0.479 6 1 3
Q5: Boredom 3.5 4.9 0.158 2 7 1
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Empirical measurements were consistent with this linear 
relationship across multiple runs, participants, and model 
configurations. The number of iterations per run, however, 
varies across runs because a pruning strategy has been 
implemented to terminate runs with poor or stagnated per-
formance after a predefined number of iterations, improv-
ing overall efficiency.

Finally, the identification time also scales approximately 
linearly with the problem complexity, which is determined 
by the number of model parameters and the number of data 
points, as both factors proportionally affect the duration of 
each iteration. Empirical measurements across participants 
and model configurations confirmed this relationship, with 
a normalized run time per iteration of 0.204 ms on average 
and 0.250 ms at maximum, using an Intel Xeon Gold 6448Y 
(2.1 GHz) CPU.

As a reference, the maximum observed identification 
time corresponded to the participant with the largest train-
ing dataset (including 87 data points) and the most complex 
model (including 36 parameters). On a machine equipped 
with two Intel Xeon Gold 6448Y (2.1 GHz) processors, 
using 48 parallel workers, this configuration required 964s 
for 250 independent runs with up to 120 iterations per run. 
The multi-stage identification procedures described in Sec-
tion 2.2 showed comparable run times: 983 s for Approach 
A (i.e., pre-identification of the perception module, followed 
by a joint optimization), and 921 s for Approach B (i.e., pre-
identification of the perception and cognition modules, fol-
lowed by a joint optimization).

Since the model identification is intended for long-term 
HSRIs and can be performed offline between sessions, these 
run times remain well within practical limits.

In terms of memory requirements, the baseline mem-
ory consumption per parallel process, after environment 
initialization, was at most 65.10 MB. This was measured 
with the most complex model (including 36 parameters) 
and the largest dataset (including 87 data points). Although 
memory usage increases slightly with the number of model 
parameters and the size of the training dataset, the varia-
tion is insignificant in practice. For example, reducing 
the number of parameters from 36 to 24 or the number 
of data points from 87 to 35 yielded marginal decreases 
to 65.06 MB and 64.87 MB, respectively. During active 
identification, each gradient-descent process required an 
additional 1.04 MB at peak usage, for the largest model 
and training dataset. Consequently, when multiple work-
ers are executed in parallel, the total memory overhead 

or at the robot. The average engagement of each participant, 
according to this tool, is presented in Table 10. The results 
show non-significant differences between the two interac-
tions of each participant (p = 0.106) and are not coherent 
with the self-reported answers to the questions asked dur-
ing the interactions or the questionnaire. This discrepancy 
is likely due to the engagement measurement tool not being 
suitable for our application since it did not account for a sec-
ond focus point. As a result, this metric was not representa-
tive of the real engagement of the user in the current HSRI.

Overall, these results demonstrate the effectiveness of 
the proposed model-based control framework in adapting 
robot behavior to the mental states of users. However, the 
number of participants in this case study was limited, which 
constrains the generalizability of the findings. As explained 
in Section 3, this is a common characteristic of early-stage 
HSRI experiments that involve multi-session protocols and 
personalized modeling. In such cases, the primary goal 
is to establish feasibility and to validate the underlying 
approach rather than to achieve broad statistical generaliza-
tion. Broader validation of the proposed framework requires 
future studies with larger participant pools and more diverse 
scenarios, as discussed in Section 5.

4.3  Computational efficiency

To assess the computational feasibility of the proposed 
framework, we analyzed the run times and memory require-
ments associated with the parameter identification and the 
real-time deployment of the MBC.

4.3.1  Computational efficiency of model identification

The run time of model identification is determined mainly 
by three factors: the number of gradient descent runs, the 
number of iterations per run, and the dimensionality of the 
identification problem (i.e., the number of model parameters 
and data points used for their identification).

Each gradient descent run corresponds to an independent 
process with different initialization values. Consequently, 
the runs can be executed in parallel across available proces-
sor cores. Thus, the total identification time increases lin-
early with the number of runs and decreases inversely with 
the number of parallel workers.

The number of iterations per run also contributes lin-
early to the total run time, as each iteration involves recom-
puting the gradients and updating the model parameters. 

Table 10  Results obtained for the participants using the engagement measurement tool provided in [52]
Controller P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 Average
MBC 0.948 0.962 0.903 0.859 0.945 0.841 0.968 0.884 0.931 0.923 0.916
RBC 0.948 0.942 0.930 0.880 0.951 0.864 0.970 0.919 0.924 0.932 0.926
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estimates may be imprecise, thereby reducing the accuracy 
of the identified model. These conditions reduce the accu-
racy of the estimations made by the model and may con-
sequently lead to sub-optimal behavioral adaptation by the 
robot during deployment. Nevertheless, model mismatch is 
a challenge inherent to all model-based approaches and is 
not unique to MMM.

In addition to model mismatch, underperformance may 
also occur due to state estimation drift. Since mental states 
are not directly visible or measurable, the controller relies 
on MMM to propagate state estimates between intermittent 
self-reports. Such self-reports should not be requested too 
frequently to avoid disruption in natural HSRIs. Therefore, 
the estimates may gradually drift from the actual mental 
states of the user over time, and potentially degrade the 
performance and effectiveness of the control system, which 
relies on estimates provided by MMM.

While the challenges discussed in this section are inher-
ent to any model-based approach, they can be effectively 
mitigated through several complementary strategies. First, 
regular re-identification of model parameters over time 
helps maintain alignment between MMM and the cognitive 
dynamics of the user. Second, if necessary, the structure of 
the model may be extended to capture user-specific or pre-
viously unmodeled behavioral patterns, which enhances its 
representational accuracy. Third, integrating a state estima-
tor within the control loop is expected to improve the accu-
racy of mental state estimates between self-report updates.

These mitigation strategies are particularly feasible in 
long-term HSRIs, where extended interaction times pro-
vide sufficient data for iterative refinement and progressive 
improvement of the model.

5  Conclusions and topics for future research

This paper introduces a novel systems-and-control theoretic 
framework for designing and sustaining Human-Social-
Robot Interactions (HSRIs), ensuring desired subjective 
outcomes (e.g., long-term human engagement) and enriched 
human experiences (e.g., feeling understood by the robot), 
while enabling systematic adaptability driven by the robot 
in the interactions.

Leveraging the recently introduced mathematical model 
of human perception, cognition, and decision-making, 
Mathematical Model of Mind (MMM) [28], grounded in 
the principles of Theory of Mind (ToM), we have adapted 
MMM for Social Robots (SRs) to exhibit ToM-like behav-
ior. This model has been embedded into a controller, 
enabling SRs to track and adapt their interactive behavior 

scales approximately linearly with the number of active 
processors.

Overall, these requirements are negligible relative to 
modern computational capacities, confirming that mem-
ory is not a limiting factor for the proposed identification 
procedure.

4.3.2  Computational efficiency of real-time deployment

For real-time deployment, we evaluated the run time and 
memory requirements of the MBC for different model 
configurations, corresponding to varying numbers of 
parameters. Across all tested configurations, the controller 
computed a new action within 5.4 ms on a laptop equipped 
with an Intel i7-1185G7 (3.0 GHz) CPU. Additionally, the 
controller required less than 8.14 MB of RAM across all 
configurations, with only negligible variations due to model 
complexity. The runtime environment, including the Python 
3 interpreter and supporting libraries, occupied 66.53 MB.

Because the control loop operates in discrete time steps 
of a few seconds, consistent with the natural timescale of 
HSRIs, these run times are negligible in practice. Hence, 
the controller runs reliably in real time, without introducing 
perceptible delays. Combined with the low memory foot-
print, these results confirm the computational efficiency and 
suitability of the proposed framework for real-time interac-
tive social robotic applications.

4.4  Limitations and mitigation strategies

While MMM and its integration within an MBC offer a 
mathematically grounded, transparent, and adaptive frame-
work for controlling SRs based on the mental states of their 
users, certain limitations must be discussed, along with cor-
responding mitigation strategies. This section clarifies the 
main factors that may affect the effectiveness of the model 
and highlights the mechanisms through which their impact 
can be mitigated within the proposed design.

A primary source of potential underperformance of the 
presented framework arises from model mismatch between 
MMM and the actual cognitive dynamics of the user. Such a 
mismatch may occur when the data available for parameter 
identification is scarce or lacks sufficient diversity, limiting 
the ability to achieve accurate model identification and per-
sonalization. It may also occur when users display highly 
unpredictable or atypical behaviors, for which MMM may 
fail to capture the corresponding cognitive dynamics accu-
rately. Additionally, if users fail to provide accurate and 
reliable self-reports during the initial sessions when data 
is collected for identifying MMM, the resulting parameter 
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will enable the development of identification strategies less 
affected by novelty effects in the training data, such as re-
identifying the model once the novelty effect has subsided.

Moreover, the present case study involved a relatively 
small and homogeneous group of participants, as it was 
designed mainly to demonstrate the feasibility and effec-
tiveness of the proposed framework under controlled con-
ditions. Future studies should expand the participant pool 
through larger-scale, multi-phase, and longer-duration 
experiments to strengthen the statistical validity and gener-
alizability of the findings. Additionally, the current design of 
MMM and the experiments focused on neurotypical users. 
Future work should include neurodivergent or cognitively 
impaired participants to examine whether the formulation of 
MMM generalizes across different cognitive profiles, and, if 
needed, to refine the model for those user groups.

Given the central role of engagement in HSRIs, future 
developments should also improve the objective engage-
ment measurement method used in this study. In the present 
case study, this measurement method relied on a single cam-
era view and thus lacked precision in multi-focus settings. 
Future implementations should include one camera per 
focus point and merge the results from all cameras to gather 
an accurate estimate of the engagement of the user. Addi-
tionally, a personality test could be administered to the par-
ticipants prior to the interaction to establish which mental 
states are relevant to optimize (e.g., whether the frustration 
might boost or hinder the engagement of that participant).

Finally, while MMM demonstrated excellent perfor-
mance in short-term predictions of mental states, its long-
term estimations declined for some participants. Future 
work will focus on integrating dedicated state estimators 
into the closed-loop control system to mitigate this estima-
tion drift. This will reduce reliance on direct self-reports 
from users and enable greater robustness and improved real-
time adaptation during extended HSRIs.

Overall, this paper is the first to explore systems-and-
control-theoretic methods for HSRIs, providing guarantees 
on performance and safety. Our findings demonstrate how 
cognitively grounded, model-based control and control-
theoretic principles can enable SRs to exhibit adaptive, cog-
nition-aware, and personalized behavior, leading to more 
meaningful HSRIs and sustaining long-term engagement. 
In doing so, our work charts a new trajectory toward fun-
damentally new forms of SRs control that could enable sus-
tained and personalized long-term support across fields such 
as healthcare, education, and assisted living, all of which 
face pressing challenges related to increasing demand for 
long-term, individualized support.

based on the evolving mental states of their human coun-
terpart. This critical capability addresses a key limitation in 
current SRs, empowering them to sustain meaningful social 
interactions with humans [3, 19] and to engage them for 
extended periods. This is expected to result in significant 
societal impacts, particularly for vulnerable populations [4, 
13, 14, 16, 17, 22].

We carried out a case study with 10 volunteer participants 
who solved chess puzzles on a screen while interacting and 
being guided by a Nao robot. The case-study consisted of 3 
sessions lasting 45 to 90 minutes. During these sessions, the 
robot dynamically adjusted the difficulty level of the puzzles 
and rewarded participants with entertaining movements. In 
the first two sessions, data on mental states of the partici-
pants was collected while they played the chess puzzles and 
interacted with Nao. This data was then used to personalize 
the parameters of MMM for each participant. In the final 
session, participants interacted with Nao under two condi-
tions: once, when the robot was steered by a model-based 
controller embedding their personalized MMM, and once 
when Nao was guided by a conventional rule-based control-
ler that did not systematically consider their mental states.

MMM achieved an average mean squared error of 0.067 
in tracking the beliefs, goals, and emotions of the partici-
pants within a normalized range of [−1, 1]. Compared to 
the rule-based controller, the MMM-based controller 
increased participant engagement by 16% (p = 0.009) and 
decreased the goal of quitting the game by 8% (p = 0.032), 
as measured objectively in the final sessions. Responses to 
a post-interaction questionnaire further confirmed that most 
participants perceived Nao, when controlled by the MMM-
based controller, to be more engaging, more aware of and 
adaptive to their mental states, and more personalized to 
their needs.

Although the MMM-based controller successfully 
adjusted the difficulty level of the puzzles based on the 
mental states of the participants in the final session, it did 
not do the same for rewarding them. One possible reason 
is that during the first two sessions, while the novelty effect 
(i.e., a temporary increase in the engagement and interest of 
individuals when exposed to new experiences, e.g., inter-
acting with a Nao robot) was still present, participants con-
sistently reacted positively or negatively to the entertaining 
movements of Nao. This may have led MMM to infer that 
these movements always had either a positive or a nega-
tive influence on the participants, regardless of their actual 
mental states. Future work should explore the impact of the 
novelty effect on collected data, quantifying its duration and 
magnitude to determine when user responses stabilize. This 
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about their beliefs (Fig. 12a), goals (Fig. 12b), and emotions 
(Fig. 12c). Furthermore, at the end of each puzzle, partici-
pants were presented with the questions shown in Fig. 12d, 
allowing them to request an easier or more difficult puzzle. 
However, while participants could make this request, Nao 
did not fulfill it. Instead, the request was used to gather 
information about the participant’s actions.

Appendix A: Questions posed to the 
participants during the interactions with 
Nao

This appendix includes the questions asked to the partici-
pants during their interactions with the Nao robot. The ques-
tions were posed to the participants to gather information 

Fig. 12  Periodic questions asked to the participants during the interac-
tion with the Nao robot. In the first and second sessions, they enabled 
the collection of the data used to identify the MMM per participant. In 

the last session, they were used to assess the interaction and to update 
the state variables of the MMM that was integrated in the controller 
of Nao

 

1 3

Page 29 of 34    141 



M. L. Morão Patrício, A. Jamshidnejad

were performed by the Nao robot to reward the participants 
and keep them engagement in the interaction. These five 
movements included performing tai chi (Fig. 13a), playing 
the guitar (Fig. 13b), pretending to take a photo (Fig. 13c), 
dancing (Fig. 13d), and pretending to be an elephant (Fig. 
13e).

Appendix B: Reward movements performed 
by Nao in the case study

This appendix contains a visual representation of the five 
entertaining movements performed by the Nao during 
experimental sessions of the case study. These movements 

Fig. 13  The five reward movements performed by the Nao robot in the experimental sessions with the participants
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part of each module, as well as which variables influence 
each other (these influences are represented by arrows).

Furthermore, two structures are displayed for the cognitive 
module, Figs. 15 and 16. While Fig. 15 represents the model 
used in the first two sessions with the participants, Fig. 16 shows 
the model used in the last session for the integration within the 
model-based controller. For clarity, the influencers of the vari-
ables in the cognition module are also given in Table 11.

Appendix C: Structure of the modules of the 
MMM used in the case study

This appendix includes graphical representations of part 
of the perception module (Fig. 14), the cognition module 
(Figs. 15 and 16), and part of the decision-making module 
(see Fig. 16). These figures showcase the variables that are 

Fig. 14  Rational reasoning sub-process of the perception module of the ToM model (MMM) used in the case study

 

Fig. 15  Variables and linkages of 
the cognitive module of the ToM 
model (MMM) used in the case 
study

 

Fig. 16  Variables and linkages of 
the simplified cognitive module of 
the ToM model (MMM) used in 
the case study

 

Fig. 17  Variables and linkages of the rational intention selection of the decision-making module of the ToM model (MMM) used in the case study
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Table 11  The influencer variables of each one of the variables of the cognition 
module
Variable and concept Influencers (and concepts)

xb
1(k) (The puzzle is difficult) xPK

1 (k) (The puzzle is difficult)

xb
2(k) (Nao offered a reward) xPK

2 (k) (Nao offered a reward)

xg
1(k) (Quit the session) xb

1(k) (The puzzle is dif-
ficult), xe

1(k) (Boredom), and 
xe

2(k) (Frustration)

xg
2(k) (Skip the puzzle) xb

1(k) (The puzzle is difficult) and 
xe

2(k) (Frustration)

xg
3(k) (Get help) xb

1(k) (The puzzle is dif-
ficult), xe

1(k) (Boredom), and 
xe

2(k) (Frustration)

xg
4(k) (Change difficulty) xb

1(k) (The puzzle is difficult) and 
xe

2(k) (Frustration)
xe

1(k) (Boredom) xb
1(k) (The puzzle is difficult) and 

xb
2(k) (Nao offered a reward)

xe
2(k) (Frustration) xb

1(k) (The puzzle is difficult) and 
xb

2(k) (Nao offered a reward)

xbias(k) (The puzzle is difficult) xe
1(k) (Boredom) and 

xe
2(k) (Frustration)

xPK
1 (k) (The puzzle is difficult) yRR

1 (k) (The puzzle is difficult) and 
xbias(k) (The puzzle is difficult)

xPK
2 (k) (Nao offered a reward) yRR

2 (k) (Nao offered a reward)
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