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Chapter 1

Introduction

This thesis focuses on the development of flexure joints for a delta robot, a pick and place
robot mainly used in the packaging industry. This research is the result of the collaboration of
the Technical University Delft and Codian Robotics. Codian Robotics designs and builds delta
robots, which up to now use ball joints for the connections between the different parts of the
robot. Replacing these ball joints with flexures could result in a lighter, cheaper and faster robot
made from fewer parts. Next to this, flexures can limit the number of creases and pockets that
could accumulate dirt or bacteria. This benefits delta robots, as they are often used in dirty
environments, or environments where hygiene is important such as the food industry. Therefore,
the goal for this thesis is to develop a flexure that can be used in the delta robot to replace the
ball joint, while increasing hygiene and performance.

1.1 Research objectives

Due to the high accelerations on a delta robot, flexures with high support stiffness over a large
range of motion are required to remain precise in their outputs. Due to the small amount of
strain allowed in steel, complex flexure geometries are required to reach high support stiffness.
However, these complex geometries have creases or pockets which are undesired. As polymers
allow large amounts of strain, their use for flexures is investigated to create simple wire flexures
with high support stiffness over large ranges of motion. However, when bending the wire flexure,
it does not rotate around a fixed point such as the ball joint, but has axis drift. As the delta
robot is feed-forward controlled, this limits the accuracy of the system. A new method to model
the axis drift of wires is investigated.

1.2 Thesis outline

Chapter 2 focuses on the literature research on the subject of delta robots and flexure designs.
In chapter 3, the paper that forms the main part of this research is presented on the modelling of
axis drift of wire flexures and increasing support stiffness by using polymers. The project is then
discussed in chapter 4 and concluded in chapter 5. The appendices then expand on the following:
A: improving the accuracy of the pseudo-rigid-body model (PRBM) with characteristic pivot,
B: the design process of the flexure hinges, C: the application of the arc method to the delta
robot, D: a separate design for a compliant rotation arm of the delta robot, and E: the testing
setups used.
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Chapter 2

Literature Study

2.1 Introduction

First, in this introduction the different aspects of the literature research are introduced, and a
research objective is given. In section 2.2, a problem analysis is done on replacing the joints in a
delta robot. Section 2.3 then gives an overview the research that already has been done in this
field. Finally, the literature study is concluded in section 2.4.

2.1.1 Pick and Place Robots

During production and packaging, for instance in the food industry, products need to be picked
up and placed to continue the process. They go from one conveyor belt to the next, or into their
packaging. To do this efficiently, different types of robots have been designed. If the focus is on
a single type of product, maybe a specialised machine just for that product could do the job the
fastest. An example of this can be seen in figure 2.1a. A problem here is limited flexibility in
placement actions or product selection. A more standard robot such as the delta robot could
still do the job effectively, but with a lot more versatility.

(a) Industrial bottle filling and handling ma-
chine [1]

(b) A Delta robot used in the handling of bot-
tles [2]

Figure 2.1: Bottle handling machines
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2.1.2 Parallel and Serial Robots

The most used types of pick and place robots in the industry can be divided into two categories,
parallel and serial robots. Serial mechanisms use multiple links in series to get the wanted
degrees of freedom (DOF), like the robotic arm, Scara, and Cartesian robots. Parallel robots
use multiple links in parallel, together constraining the DOF. Parallel robots pose an advantage
over serial robots in stiffness and precision, as errors are averaged instead of stacked like serial
robots. Because of these characteristics, parallel robots are well suited to work with compliant
joints.

2.1.3 Delta Robots

In the pick and place industry, the most used parallel robot is the Delta robot, initially designed
specifically for this task, namely for putting chocolates into their boxes [3]. In contrast to most
other pick and place robots, the structure of the delta robot allows for statically mounted motors.
All of the input motors and gear housings are connected to the base, resulting in a very low weight
moving mass. This makes the Delta robot suitable for high accelerations during the pick and
place actions.

(a) A D2 Delta robot, with the additional
linkages to form parallelograms

(b) A D4 Delta robot with 4 DOF, a ro-
tation arm added.

Figure 2.2: Different types of Delta robots made by Codian Robotics

Working Principle

Delta robots use a system of parallelograms connected to three input arms to position the end-
effector in 3D space. Because of the parallelograms, the end-effector always stays parallel to the
base, thus only having 3DOF. Each of the joints between the input arms, parallelogram linkages,
and end effector needs to have 2DOF. Because of their stiffness and simplicity, ball joints are
used. The third DOF in these joints is not used for the end effector, but allows rotation of the
links of the parallelogram. Most Delta robots use springs to pretension the ball joints to increase
precision. This spring is placed between the two linkages of the parallelogram and partially
constraints the third DOF.
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Terminology

As explained above, the standard Delta robot has 3DOF. In the original patent, an additional
rotation arm in the middle of the robot was also present [4]. This adds a 4th DOF, allowing the
continuous rotation of the end effector. This type of Delta robot will be referred to as D4. This
robot can be seen in figure 2.2b. The delta robot can also be flattened to work with only 2DOF,
resulting in a D2 robot in figure 2.2a. Here additional linkages are needed to form parallelogram
action that keeps the end effector parallel. An additional rotation arm can also be attached on
a D2 robot.

From now the input arms are referred to as primary arms, and the parallelogram linkages as
secondary arms. The end effector at the bottom of the secondary arms is referred to as the tool
centre point, or TCP.

2.1.4 Compliant mechanisms

Normally, compliance is seen as a bad thing for robots. A reduce in stiffness leads to lower
eigenfrequencies and thus a lower control frequency. However, compliance can also be used to
our advantage. When allowing the material to flex in certain ways to control the DOF of the
robot, the stiffness in other directions can be maintained. In the precision industry, compliant
hinges are mostly used because of their predictable behaviour due to zero backlash. Compliant
hinges have some more advantages still, which are most of the time overlooked in the precision
industry. Things like hygiene due to no creases and pockets, or long lifetime due to the zero
friction, can be very beneficial in the pick and place industry.

2.1.5 Research Objective

The objective of this literature research is to make a comprehensive overview of the available
research in this field. The different fields that are looked at are large range flexures, delta robots,
and delta robots with flexures. Next to this, we will look into material choices for these flexures.
Normally steel is used, but the possibilities of using polymers for flexures is also investigated.
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2.2 Problem Analysis

In this section, an in depth problem analysis of the joints in a delta robot. Starting at what func-
tions the finished product should fulfil, after which the lifetime is looked at. As the environment
of the robot has a big impact on which materials can be used and how the robot is operated,
different use cases are looked into.

2.2.1 Function

Based on the standard use case for the robot according to Codian, the robot must pick up an
item of about 2 kg and move that item over a predefined path. The robot must then move back
to the start position, ready to pick up another item. For a standard pick and place action, this
happens about 120 times per minute, or 2 times per second. The precision with which this action
has to be executed is different for item. 0.1 mm is the standard for the Delta robots from Codian
now, but in most cases a precision of 1 mm to 5 mm suffices. The current D4 robots come in
different sizes, each with their own workspace. The most popular robot has a workspace of a
cylinder with a diameter of about 1 m and a height of about 0.4 m. This will be used as a baseline
for the design. All these fast pick and place actions need to happen for a lifetime of a few years,
with millions of repetitions.

2.2.2 Lifetime

To determine a more exact lifetime, the gearbox is looked at. It is the most expensive part of
the robot, making up about half of the cost of the system. When the gearbox wears out, the
precision decreases due to backlash in the teeth of the gears. When this decreased precision
does not satisfy the customer anymore, usually the whole robot is replaced. The lifetime for the
gearbox does change with each application, as it is dependent on the loads and use of the robot.
On average, the robot has a pick and place frequency of around 2 Hz, and operates 8 hours a day
for 300 days a year. For a lifetime of 5 years this means around 107 of pick and place actions.

2.2.3 Environment

Some of the robots work with continuous water spraying down on them, or in very dirty or
otherwise contamination conditions. In addition to this, if food products are being handled, the
materials used must be FDA approved. There is also a risk of bacteria or other contaminants
getting into creases and or closed off parts of the machine, if they are not sealed off correctly.

Figure 2.3: A waterjet attached to a Delta Robot, cutting out fish fillets
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2.2.4 Joint types

Looking at the different types of delta robots from Codian, see figure 2.2, a few joint types can
be seen. In the D4 Delta robot, a rotation joint is used for the attachment of the primary arm to
the motor, gearbox, and base. During this research, this joint is not looked at. It would require
a complete redesign of the motor and gearbox, which is not in the scope of this project. After
that, only ball joints are used between the primary arm, secondary arm, and TCP. These can be
seen in figure 2.4a. For the rotation arm, a CV or U joint is used at either end, see figure 2.4b.
The linear bearing can also be seen here, which allows the rotation arm to change length while
still transferring the torque to the TCP. In the D2 robot, as everything moves in one plane, the
ball joints can be replaced with revolute joints, these can be seen in figure 2.4c. The rotation
arm still acts in the same way, so the same joints apply here.

(a) The spring loaded ball
joints of the delta robot.

(b) Rotation arm of a D4 robot,
with a CV joint and linear bear-
ing.

(c) The revolute joint used in a
D2 robot.

Figure 2.4: Joint Types Delta Robots

In most cases, a 2D problem is less complex than a 3D problem. At the beginning of the project
this seemed the case for the delta robots, so the plan was to first design flexures for a D2 robot,
and based on the results design a flexible D4 robot. For a D2 robot, each of the joints only
requires 1DOF, the main rotation. All other directions should have sufficient support stiffness,
as the loading of the robot is not in 2D. This complicates the problem, as high support stiffness
in all directions but one is difficult to reach with flexures.

In a D4 robot, the hinge would replace a ball joint, where all of the rotations are allowed and
thus less DOF need to be constraint. This actually simplifies the problem, so this is where the
research for a flexible delta robot starts.

2.2.5 Critical Stiffness Ball Joints

The TCP in a D4 robot is positioned by the rotation of the primary arms, and the length of
the secondary arms. Motions that cause a change in these two values have an effect on the
precision of the robot. As in this research, there is no focus on the primary arms, only the
length of the secondary arms in looked at. In the two ball joints at either end, all rotations
are allowed. Translations in the joint are not allowed, and lower the precision of the system.
However, translations perpendicular to the rod cause only a minimal change in length of the
secondary arms, so the main focus is on the stiffness of the flexures inline with the rods.
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2.2.6 Advantages Compliant Joint

In the case of the robots from Codian, the cup covers only half of the ball, and is force closed.
This reduces play but increases friction and stiction.

Stainless steel is used for the balls, which does not wear much over the lifetime of the machine.
For all machines that are not used in the food industry, Nylatron cups are used, as they offer the
best wear resistance but are not FDA approved [5]. They are inserted into the housing, and can
be replaced if necessary, although they also are very wear-resistant. However, when the machine
is used in the food industry, FDA approved cups have to be used [6]. These cups wear a lot
quicker, and have to be replaced multiple times during the lifespan of the robot. To conclude,
ball-joints have the following disadvantages, stated below:

• Friction - The ball and socket of the joint move over each other, which will always cause
some sort of friction. Choosing proper materials or lubrication will reduce this friction,
but can never completely remove it. Friction increases input forces and creates heat in the
system.

• Stiction - Again, as two parts move over each other, there is also stiction. Stiction reduces
precision and to some amount also the control frequency.

• Wear - As the joints have friction, there is also always some wear. Using easily replaceable
inserts makes the wear serviceable, but limits uptime of the robot. With constant lubri-
cation, this wear can also be counteracted, but in the use case of these Delta robots this
almost never possible.

• Particle generation - The material removed by the wear of the joints has to go somewhere.
Small particles of the material can end up in the product the delta robot is moving.

• Creases - Not only can particles come out of this system, because of the crease between the
two parts foreign material can also get stuck in between the ball and socket. This could
either damage the joint or create a spot where (biological) residue could compromise the
hygiene of the product.

Compliant joints can do better in all of these points, and on top of that reduce part count and
cost and weight. This does come with some other disadvantages, which the ball joint does not
have

• Stiffness - As the compliant joint has to flex in some directions but be stiff in others, a
compromise has to be made. Geometries can be altered to increase this support stiffness,
but it is probable that this support stiffness will decrease with respect to the ball joints.

• Rotation Centre - A ball joint has a very defined rotation centre, which makes the kinematic
model for the robot very well defined. In combination with the high support stiffness, the
Delta robot can be very easily feed-forward controlled. Most compliant links see a shift in
rotation centre over the travel of the joint. Especially for large deflections, this centre can
shift drastically.
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2.2.7 Requirements and Wishes

Requirement type Specification
Size Maximum size 13mm, must fit in tubes, fit on TCP
Working range 1100x400mm
Motion range Minimum motion range of 70° to each side.
Controlling frequency minimum frequency of 120 picks per minute
Payload minimum payload of 2 kg
Accelerations Minimum acceleration/deceleration of 3 g with payload of 2 kg
Strength Must withstand forces of 60 newton in all directions
Stiffness/eigenfrequency Minimum parasitic eigenfrequency for control of Hz
Lifetime Minimum placement amount of 107 cycles
Temperature Working temperaturees between 0 and 50°C
repeatibility / precision Minimum precision of 0,1 mm
shock loads Must handle shocks (bumping into other objects)
Environment Must work in Water/dirt conditions
Hygiene Must be made from food-save materials/no places for dirt to ac-

cumulate/withstand detergents
Crash resistant must be able to fail safely, only small part breaking

Wishes specification
Mass Low
Cost Low
Production time Low
Prototypebility High

2.2.8 Objective

Replacing the ball joints with flexures could improve the delta robot performance, while reducing
complexity and cost.

The goal of this thesis is to find a hinge type that can withstand millions of repetitions without
failure, whilst bending more than 70° to every side. On top of this, the hinge should be easy to
clean and be strong and stiff enough for pick and place actions. When used in a delta robot, this
results in a robot with a workspace of a cylinder with a diameter of about 1 m and a height of
about 0.4 m.
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2.3 State of the art

2.3.1 Delta Robots

So as explained in the introduction, a Delta robot is a type of parallel robot. Parallel robots use
multiple links from base to the end-effector, together constraining the DOF. The structure of
the delta robot allows for statically mounted motors, lowering the moving mass. The first Delta
robot was designed by Raymond Clavel, which was patented in 1989 [4].

(a) The drawing of the Delta structure
from the original patent [4]

(b) How each part of the robot contributes to the
compliance [7]

Figure 2.5

Over the years, multiple studies have focused on the Delta robot. Optimising the kinematic
structure for a given workspace[8], or on how to control a Delta robot at high speed [9]. Both
of these studies might be useful in a later stage of the research, when the Delta robot has to
be altered and controlled for a well-working flexure hinge. A research that is very useful now
is the one of Wahle (2011) [7]. Here the stiffness of the end effector is looked at over the entire
range of the Delta robot. The different links in the system are all looked at, and each of their
contribution to the compliance of the system is listed. This results in the graphs in figure 2.5b.
Here can be seen that the secondary or forearms contribute very little to both the X, Y, and Z
compliance of the robot. This means that a lowered stiffness in the ball joints due to the flexures
has a relatively small effect on the TCP stiffness.

2.3.2 Flexures

One of the most basic flexure hinges is the notch flexure. It already comes in a lot of different
shapes and sizes, of which a selection is made in figure 2.6. Next to the notch flexure, the leaf
flexure is also one of the basic building blocks in flexure design. There is also some overlap
between the two, as a thin stretched out notch bears a lot of resemblance to a leaf flexure.
Normally these flexures are only suited for small rotations, and different geometries have to be
used to get to larger rotations. This is especially true if there is a need for some support stiffness
of the flexure.
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Figure 2.6: Different types of notch flexures [10]

Almost all of these flexures with more complex geometries are revolute joints, as a common
problem is that flexures are used for a revolute joint where the support stiffness is critical, like
in Wiersma (2014) [11]. Here hinges like the one in figure 2.7a are assessed, and their parasitic
eigenfrequency plotted against the rotation angle. A large decline in support stiffness depicted
in figure 2.7b, at only 20° rotation, there is already a 60% decrease in parasitic eigenfrequency.
When the amount of flex necessary goes from 20° to more than 70° for a D2 delta robot, this
problem becomes even more drastic. This 70° is based on a total joint rotation of about 140°
used for the delta robot to move the TCP in its domain. If the TFCH as in figure 2.7a would be
used in a D2 robot, they would be replacing a revolute joint and this critical support stiffness is
a rotation around the x-axis.

(a) Three-Flexure Cross Hinge (TFCH) (b) Parasitic eigenfrequency as a function of the
deflection angle

Figure 2.7: One of the flexures tested and optimised for parasitic eigenfrequency [11]

More complex geometries can be made still, like adding stiffeners on the flexures themselves
giving a torsional reinforced leaf spring or TRLS, see figure 2.8a. Even these can be combined
again to get higher support stiffness still, as depicted in figure 2.8b. Here three TRLS are stacked
in series, and two guiding TFCH are placed on the outside. The problem with all these complex
flexures is that they contain a lot of pockets and small spaces which are difficult to clean. In this
research, cleanability and durability is a hard requirement.
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(a) The infinity flexure or TRLS, that due to
stiffeners has a higher support stiffness at large
deflections [11]

(b) The hinge combination of three TRLS and
two double TFCH [12]

Figure 2.8: Infinity hinge designs

Even for these very complex joints, the rotations needed in the Delta robots have not been
explored much in the field of compliant hinges. The research by Trease (2005) [13] does give
some suitable shapes for joints that could possibly bend that far, but with the material used in
the paper (ABS plastic) the joint only goes up to 27°. In most other papers, due to the precision
requirements, the joints are made out of metal. Using polymers could increase the motion range
drastically for these designs.

Figure 2.9: The CU joint with 2DOF [13]

Next to the stiffness being a problem for flexures at large displacements, there is another property
that needs to be accounted for. The centre of rotation, defined by the intersection of the two
lines coincident to the output linkages of the joint. For a rigid joint, the centre of rotation is
strictly defined by the shape of the parts. For a flexure joint, this centre shifts with respect to its
geometry. When looking again at the cross flexure hinge, this shift can be clearly seen in figure
2.10.

Figure 2.10: The calculated instant centre of rotation of a cross flexure hinge [12]
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2.3.3 Flexible Delta Robots

Some research into Delta or parallel robots with flexible joints has been done. However, all of the
research has been focused on either micro-robots or micro-assembly tasks. The flexible hinges
are used because of their precision, not for the other advantages as stated in section 2.2. On top
of that, most research on flexure joints is focused on revolute joints with high support stiffness.
These joints could be used in a D2 robot, as is shown in figure 2.11, where a structure quite similar
to a D2 delta robot has been build using only flexure joints. Due to the low support stiffness of
the flexures at large deflections, the workspace of the robot is relatively small in comparison to
the size of the robot. Even more so, if it is compared to a D2 robot with conventional joints of
the same size.

Figure 2.11: The large-stroke 2DoF flexure-based positioning stage for vacuum environments [14]

There has also been research into compliant delta robots with 3 DoF. The result of the research
by Raatz (2003) [15] does create a macro delta robot and is the closest to the design goal set in
this research, see figure 2.12b. The workspace of this robot is around 200x200x60 mm3. Not quite
large enough to be used in the pick and place industry, but a lot closer than the few millimetres
that other flexible parallel robots can move. However, the focus of the robot is again micro-tasks.
The hinges are designed to be very precise, but not very suitable for the problem at hand in
the pick and place industry. They are very complex, not hygienic, and the motions of the ball
joint are split up between two sets of hinges. This is something that is common between the
different compliant delta robots. Probably due to the only available precision compliant hinges
being revolute joints. This set of hinges can be clearly seen in figure 2.12b. Also note that in
this robot, three linear actuators are used to actuate the secondary arms.

(a) An overview of the triglide robot. (b) A bottom view of the end effector

Figure 2.12: The compliant Triglide delta robot[15]
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In the paper by Kozuka et al. (2013) bio-inspired joints are used as the building blocks for a
flexible delta robot. With this precision robot, again, the two used DoF are split up over two
revolute joints. This robot has a relatively large workspace for its size, with a workspace of
70x70x25 mm, but still nowhere close to the needed workspace for a pick and place robot. The
hinges are also complex and difficult to clean.

Figure 2.13: A bio inspired flexible delta robot[16]

Other versions of a fully compliant delta robot can be found, but only on a micro-scale. The
milliDelta [17] is one of the latest examples, but some others can be found [18, 19, 20].

2.3.4 Materials

As all the flexures in the system will be used for millions of cycles, the material used has to
be able to flex that many times as well. With steel, under a certain load, the material can be
infinitely loaded, as can be seen in figure 2.14a. For polymers, this is a bit different, as there
seems to be no infinite lifetime loading. This needs to be taken into account when designing the
robot.

(a) A typical S-N diagram for steel [21] (b) Lifetime TPU 95A [22]

Figure 2.14: S-N diagrams for steel and plastic
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For a full selection of available materials, CES Edupak is used. A good material for a compliant
hinge should be able to elastically stretch a lot, to be able to deform to large angles. This means
a high yield strength over a low Young’s modulus. A representation of that can be seen in figure
2.15. From this, it is clearly visible why plastic would be a good material for a flexure hinge, as
it has the highest ratio between yield strength and Young’s modulus.

Figure 2.15: CES Edupak Ratio between Young’s modulus and Yield strength

2.3.5 Overview of state of the art

Table 2.1: Overview

Paper Workspace
[mm3]

Cleanability Precision
[mm]

Eigenfreq
[Hz]

Operating
Freq [Hz]

Payload
[kg]

Lifetime

Triglide 200x200x60 low 1 120 - - -
Bio-Inspired 70x70x25 low 1 - - 0.01 -
Millidelta 2x2x2 Medium 0.1 - 75 0.001 -
Requirements 1000x1000x400 High 1 60 2 2 107

From table 2.1, we can spot a clear gap in the literature so far. No large range delta robots that
are hygienic have been researched yet.

2.4 Conclusion and Relevance

Although the structure and working principle of the Delta robot have been looked into and
optimised, the joints used in the system can still be improved. The ball joints used for each of
the parallelogram linkages have some disadvantages, especially when used in the food industry or
dirty environments. Some research is done on compliant delta robots, but never with the focus
on industrial pick and place actions. For this use case very high numbers of repetitions and a very
large workspace are needed. This requires a completely new type of flexures, which can deflect
to more than twice as much than ’large range flexures’ found in literature while remaining high
support stiffness. New materials and production techniques are looked at, as almost all research
around flexures is based around the precision industry. This is one of the first times research has
been done into using flexible couplings in the large scale production industry.
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ABSTRACT
For steel flexures, complex geometries are required to reach

high support stiffness and limit axis drift over large ranges of
motion. These complex flexures are expensive and difficult to
manufacture. This paper presents a method of designing short,
polymer wire flexures with high support stiffness and modelling
their axis drift using a novel method, the arc method. The arc
method is validated against finite element methods (FEM) and
physical tests, showing at least a factor 10 lower error than ex-
isting pseudo-rigid-body models (PRBM) at 70° deflection, while
maintaining a simple modelling approach. The use of polymers
increases support stiffness of wire flexures by a factor 7800 with
respect steel at 70° deflection, even though the material stiffness
is substantially lower. This is due to the large allowed strain of
polymers increasing the possible diameter by a factor 110.

1 INTRODUCTION
The applications for compliant mechanisms range from the

hinge of a shampoo bottle to the highest precision mechanisms.
Flexures for precision applications are normally made from steel
or other metals because of their predictability [1]. Flexures for
consumer products are mostly made of polymer flexures, due to
their ease of manufacturing. The use of polymer flexures in pre-
cision applications is still a mostly unresearched field, as poly-
mers suffer from low repeatability and high creep. However, they
allow for very large strain compared to steel.

With steel flexures, because of their low allowed strain, com-
plex geometries are required to create high support stiffness over
large ranges of motion [2]. But these complex flexures are ex-
pensive to manufacture and difficult to clean. Contrarily, as poly-
mers allow for larger strain, using them for compliant joints al-
low thicker flexures for the same range of motion. This could
result in high support stiffness over a large range of motion with
simple geometries, such as the short wire flexure used as a two
degree of freedom (2DOF) small-length flexural pivot.

A problem with simple flexures such as the short wire is that
they exhibit axis drift when bending [3]. For rigid body joints,
the rotation point or axis is defined by the shape of the joint and
does not move when rotating. In more complex flexure designs,
axis drift can be mitigated to some extent [4]. However, axis drift
of a flexure has no influence on the repeatability of the flexure,
but can have an effect on the accuracy of the system if the amount
of axis drift is not known. The use of a feedback loop in the
control system can correct for low accuracy to some extent, but a
higher accuracy can then still decrease overshoot or settling time
of the system [5]. To mitigate the accuracy loss due to axis drift,
the feed-forward model of the system has to include this axis drift
of the flexure when calculating the outputs of the system.

To model the axis drift of a compliant joint Pseudo Rigid
Body Modelling (PRBM) or the Finite Element Method (FEM)
is commonly used. In PRBM, flexure joints are replaced by rev-
olute joints coupled with a torsional spring. PRBM does not
model any axis drift and thus introduces an error [6]. As steel
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(a) A TPU Flexure bent to 70°
showing circular deformation

(b) A schematic drawing of arc
method with the calculated end-
point positions

FIGURE 1: A TPU flexure and its arc method equivalent

wire flexures are mostly implemented for small deflection an-
gles, where the effect of axis drift is small, PRBM could still
offer high enough accuracy. However, if polymer flexures such
as researched in this paper allow for a large range of motion,
the error of PRBM increases. Multiple revolute joints per flex-
ure instead of one reduces the error but increases complexity.
Howell proposes a solution for this, an optimised single revo-
lute joint position per loading condition, called the characteristic
pivot [1]. For this method, however, the loading condition needs
to be known, and an angle error is introduced at the endpoint of
the flexure. FEM simulates the deflection of a flexure accurately,
but a separate simulation for each flexure and bend angle would
be required, resulting in large lookup tables, quickly increasing
complexity. A simple analytic model for wire flexures for a large
range of motion is not yet available.

This paper aims to develop a simple analytic model to accu-
rately model the axis drift of wire flexures used as 2DOF small-
length flexural pivots for a large range of motion. To increase
robustness and precision of the flexure, the use of polymers for
the design of wire flexures with high support stiffness for this
large range of motion is investigated.

The structure of this paper is as follows. In section 2, an
analytic model named arc method is developed for the axis drift
of wire flexures. In section 3, the support stiffness and differ-
ences between a steel and polymer wire flexure are investigated.
In section 4, the results for both of these methods are presented,
after which they are discussed in section 5. Finally, conclusions
are presented in section 6.

2 THE ARC METHOD
In section 2.1 a new simple way of modelling wire flexures

is proposed, the arc method, after which a technique for imple-
menting this method into kinematic models is given in section
2.2. Finally, it is compared to existing PRBM in section 2.3.
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FIGURE 2: The endpoint path (red) of a flexure with a fixed arc
length bending to ±360°, with some flexure positions drawn in
blue. The IC path drawn in black, with dotted lines showing IC
the position per flexure position.

2.1 Modelling Axis Drift With The Arc Method
The arc method uses three theories for cantilever beams to

model wire flexures. First, if a cantilever beam is bent by a mo-
ment on its free endpoint, the shape of the flexure follows a circu-
lar arc, as both the moment and area moment of inertia is constant
over the length of the flexure. Second, the neutral axis, which is
the axis that does not see any strain or longitudinal forces dur-
ing bending, does not change length. Third, as the cross-section
of a wire flexure is symmetric, the neutral axis lies in the centre
of the flexure. Thus, a wire flexure of length L bent by a mo-
ment to an angle φ can be modelled by a circular arc at its centre
line with a constant length L and an angle φ . This modelling
approach we call the arc method. Figure 1a shows a bent wire
flexure made from thermoplastic polyurethane (TPU), and its arc
method equivalent in figure 1b. Based on the radius of curvature,
which for an arc of known length is specified by R = L

φ , the posi-
tions of the endpoint of an arc can easily be found, as also shown
in figure 1b.

Any external force deviates the flexure from this arc, as this
introduces compression, shear, and an unequal bending moment
over the length of the flexure. A high support stiffness can de-
crease this effect, as will be investigated in section 3. External
forces will not be taken into account in this section.

Figure 2 shows the path of the endpoint of the flexure for dif-
ferent deformation angles calculated with the arc method. Also
drawn in this figure is the centrode, or path of the instant centre
of rotation (IC) of this flexure. The IC is the point around which
the rigid body connected to the flexure pivots at each instant. The
IC must lie on the line perpendicular to the midpoint of the flex-
ure, as the flexure is symmetrical around this line. The IC can
then be determined by intersecting a line perpendicular to the ve-
locity vector of the endpoint with this middle line. The path of
the endpoint is known, and the velocity vector must always lie
tangent to the path. The migrating IC shows the axis drift of the
flexure.
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FIGURE 3: The definition of the virtual centre (VC) for a bent
flexure. This definition works both in 2D, as depicted here, and
in 3D. The VC always lies along the vector tangent to the base
of the flexure, depicted in this figure by the black arrow pointed
upwards.

2.2 Using The Arc Method For Kinematic Models
With an arc of known length in between each of the rigid

bodies, the kinematic model is fully defined and can thus be
solved. This means the kinematics of a complex, multi-flexure
system can be accurately modelled. To make this method easier
to implement, a virtual centre (VC) can be added to the system.
This centre is an intersection of the two tangent lines to each of
endpoints of the flexures, as can be seen in figure 3. It is im-
portant to note that this is not the same as the IC of the flexure,
which can be seen in figure 2. Using this VC to solve the system
changes the multi flexure model back into a more PRBM like
system, but implementing shifting rotation pivots. Two things
make this VC well suited for solving the system in comparison
to working with the arc method directly or using the IC. First, the
VC shifts along a single vector for every deflection angle, as it
always lies on the tangent at the base of the flexure. Second, the
point is easily calculated based on the deflection angle φ of the
flexure. Looking again at figure 3, the distance between the base
of the flexure and the VC is defined as R · tan φ

2 .
A drawback of using the arc method and VC however, is that

due to the shifting rotation pivots the distance between the pivots
is dependent on the deflection angle. This increased complexity
can result in a necessity for an iterative solver in some systems.

2.3 Comparing The Arc Method To PRBM
For PRBM methods with a single rotation pivot, three meth-

ods are found in literature. One has the pivot at the base of the
flexure, one centred on the flexure, one at a characteristic pivot
location based on the loading condition. Each draws a differ-
ent circle for the endpoint of the flexure, which are all depicted
in figure 4. To find the characteristic pivot, Howell matches the
path of the endpoint per loading condition to a circle to min-
imise the error [1]. For a flexure with an applied moment, a
circle with a radius of 0.7346 matches the path best. To then
match the deflection rate, an angle coefficient is used, in this case
1.5164. This means that for a flexure angle of 1.5164° degrees,
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FIGURE 4: The comparison between the arc method and three
PRBM approximations. One with the pivot at the base of the
flexure, one at the centre of the flexure and one at the character-
istic pivot. Flexure shapes for different deflection angles are also
shown in blue, as well as the characteristic pivot with angle co-
efficient in green. The angles for these are: 5°, 45°, 90°, 124.4°,
and 180°. 124.4° is the maximum angle for which Howell spec-
ifies a position error of less then 0.5% of the tip deflection.

the PRBM linkage has an angle of 1°. Figure 4 shows the green
lines modelled by the characteristic pivot with angle coefficient
almost intersecting the endpoints of the flexure modelled by the
arc method. However, the approximations necessary for the char-
acteristic pivot add complexity compared to the arc method. Next
to this, as the arc method describes the exact way a wire flexure
deforms due to a moment, the characteristic pivot is also less ac-
curate. The drawbacks of the characteristic pivot only increase
when the body connected to the flexure has to be modelled, as
the angle coefficient creates an angle error at the endpoint of the
flexure. This error can also be seen in figure 4, where the actual
flexure attachment in black has a different angle than the charac-
teristic pivot link in green.

3 SUPPORT STIFFNESS
Deflections caused by external forces can cause an error in

the prediction of the arc method. A high support stiffness de-
creases this error, increasing the robustness of the model. In sec-
tion 3.1, the support stiffness for a short wire flexure is defined,
after which the effect of material strain is investigated in section
3.2. The support stiffness is then modelled in section 3.3.

3.1 Defining Support Stiffness For A Wire Flexure
For a short wire flexure used as a 2DOF small-length flexu-

ral pivot, we define the support stiffness to be the following: The
stiffness against loading at the endpoint tangent to the flexure
while constraining its rotation, as is illustrated in figure 5. This
is based on the loading of a ball joint in its most common use, a
truss-like setup where a rod has a ball joint at either end, resulting
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FIGURE 5: Support stiffness F/δ of a bend short wire flexure,
where φ is the deflection angle of the flexure. Moment M1 is the
bending moment necessary for this deflection angle. Moment
M2 consists of the initial bending moment plus the constraining
moment to keep the angle φ when loading.

in a two force member. The rod can only be in pure compression
or tension, but the mechanism does input a certain deflection an-
gle on the ball joints. In such a system, the distance between
the two joints constrains the mechanism, so the deflection in this
direction, in line with the loading force, is investigated.

The loading force introduces three kinds of deformation
types in the flexure: compression, shear, and bending. Due to
these deformations, the deflection angle of the flexure changes.
This is not allowed, as the rotation of the endpoint of the flexure
is constrained by the attached system. This constraint results in
an additional moment at the endpoint of the flexure. For each of
these deformation types, linear beam theory prescribes an equa-
tion for its stiffness. These equations show that the support stiff-
ness is dependent on the diameter, length, material stiffness, and
Poison’s ratio. However, the maximum strain a material allows
also indirectly influences the support stiffness, as it defines the ra-
tio between thickness and length of the flexure for a given range
of motion.

3.2 Influence Of Strain On Flexure Geometry
The amount of strain in a flexure is dependent on the length,

thickness, and deflection angle of a flexure. For a bent flexure
as can be seen in figure 6, the following can be found. A thicker
flexure of the same length increases strain, as both the stress and
strain increases linearly away from the neutral axis of the flexure.
Contrarily, a longer flexure decreases strain, as the bend is spread
out over a longer distance. Therefore the length over radius ratio
of the flexure L/r is investigated, and how the amount of strain
that is allowed in a material limits this ratio.

When bending a flexure, the outer sides have the highest
amount of strain. The neutral axis for the wire flexure, which
is the axis which does not see any strain or longitudinal forces
during bending, lies in the centre of the flexure. This neutral
axis then also does not change in length during bending. From
this, the strain in the material at the outer sides can be found by

FIGURE 6: A bend wire flexure to angle φ . The undeformed
length of the flexure is L, which is still the case at the centre-
line. The elongated outside of the flexure has an length of Lmax,
while the compressed inside has a length of Lmin. The radius of
curvature is R, and the radius of the flexure itself is r.

rewriting the formula for strain:

εmax =
dLmax

L
=

Lmax −L
L

(1)

As the flexure forms a circular arc, the arc length of a flexure is
equal to Larc = Rφ . The Lmax of the flexure can be rewritten as:

Lmax = φ(R+ r) = L+ rφ (2)

Filling this into the equation 1 gives:

εmax =
L+ rφ −L

L
=

rφ
L

(3)

We define the maximum allowed strain as the maximum strain
before yielding. This maximum strain is given by εallowed =
YS/E. In literature, this strain is also called elongation at yield,
or elasticity percentage. Combining this maximum strain with
equation 3 results in equation 4. In this equation, only strain by
bending is taken into account. External forces can cause addi-
tional strain in the flexure, requiring either a thinner or longer
flexure. As this is dependent on the use case of the flexure, it is
not taken into account here.

L
r
=

φmax

εallowed
(4)

From equation 4 it can be seen that for a certain deflection
angle of the flexure, a material with a higher maximum strain
allows a larger diameter for the same length. This means that
materials that allow more strain but have a lower young’s modu-
lus can still result in a higher support stiffness. To test this the-
ory, a material that allows one of the highest amount of strain is
looked at, polyurethane [7]. Polyurethane can stretch up to 100%
without yielding, while for steel this is only about 0.5%. For the
tests in this paper, a 3D printable TPU is used with a maximum
strain of 55% [8], still a factor 110 larger than steel. This results
in a wire flexure with a diameter that is also 110 times larger,
or Dratio = 110. However, the Young’s modulus of TPU is a lot
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TABLE 1: Stiffness ratio of steel over TPU for each deformation
mode based on linear beam theory, showing the stiffer TPU, es-
pecially in bending. Dratio and Eratio are the ratio between two
materials’ diameter and Young’s modulus, respectively

Deformation mode Stiffness ratio equation TPU
Steel

Compression D2
ratio ·Eratio 1.6

Shear D2
ratio ·Eratio · 1+ν1

1+ν2
1.7

Bending D4
ratio ·Eratio 1.9×104

lower than steel, 26 MPa vs 200 GPa, respectively. This differ-
ence is approximately a ratio of Eratio = 1.3×10−4. Finally, the
Poisson’s ratio of steel is 0.28 and for TPU 0.4. The stiffness
differences for each deformation mode can now be calculated
based on the equations from linear beam theory, as is shown in
table 1. TPU is stiffer in each deformation mode, which results in
a higher total support stiffness of the flexure. How much higher
exactly is based on how each deformation mode influences the
total support stiffness of the flexure, as especially bending stiff-
ness is higher for TPU. To find the ratio between each of the
deformation modes, and how they change for different deforma-
tion angles, a model is made for the support stiffness of the wire
flexure.

3.3 Modelling Support Stiffness
A model for the support stiffness could be based on test-

ing in a tensile testing machine or modelling in a FEM program.
However, to create an understanding for how much a certain pa-
rameter influences the support stiffness, many parameter studies
would need to be performed. Instead, a model is created based
on linear beam theory, which can then be checked against FEM
programs. As stated in section 3.1, the force introduces com-
pression, shear and bending on the flexure. The contribution to
the support stiffness of each of the deformation types changes
for different deflection angles of the flexure. For very small de-
flection angles, the force almost solely introduces compression in
the flexure and thus the support stiffness will be dominated by the
compression stiffness, or limited by buckling. For large deflec-
tion angles, compression in the flexure decreases while bending
and shear increase. If the ratio between each of these aspects is
known, also the effect of each design parameter on the support
stiffness can be determined. This can be taken into account to
optimise flexure designs for high support stiffness.

To calculate these ratios, a finite element model is made.
The difference with a simulation in a FEM program is that the
model in this paper is specific to the calculation of support stiff-
ness, giving both more control and showing in more detail the
effect of each parameter on the support stiffness. The wire flex-
ure is split up in small elements along the flexure of size dθ , and

(a) The moment arm R ∗ (1 −
cosθ) and angle θ of the load-
ing force on an element along
the bend flexure.
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FIGURE 7: Support stiffness modelling approach

for each, the deflection from each contribution is calculated. In
this model, each element is approximated as a circular arc, sim-
ilar to Chen [9]. The amount of each deformation type changes
along the flexure. At the tip, the force is in line with the flexure,
resulting in pure compression. From figure 7a it can be seen that
at the base, the force has both an angle φ and a moment arm of
R∗ (1−cosφ), increasing deflection from shear and bending but
decreasing from compression. Any point in between at angle θ
has the force at this angle θ and a moment arm of R∗(1−cosθ).

Each deformation type has a different effect on a small ele-
ment. Compression changes the arc length of the element. Shear
shifts two elements with respect to each other. Shear is mod-
elled by rotating each element by its shear angle γ . The moment
caused by the force is added to the already existent bending mo-
ment in each element, changing the radius of curvature. It is not
taken into account yet, that the deflection angle is constrained
by the attached system. This adds an additional moment on the
flexure as is shown in figure 5. As only bending causes a change
in rotation of the flexure, the bending moment in each element
can be integrated over the length of the flexure, and added to the
endpoint of the flexure. To increase accuracy for large deforma-
tions, the model can be looped to include the effect of deflection
increasing the moment arm in the flexure, which in turn increases
deflection, as shown in figure 7b.

From this model can indeed be seen that the effect of com-
pression decreases while bending and shear increase. This is true
for every flexure, as it is coupled to how the force interacts with
the flexure, not the wire flexure geometry or material. However,
the ratio between compression, shear and bending do change
with different geometry or material constants, and so does the
total support stiffness of the flexure. The results for a TPU and
steel flexure are given in section 4.2
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FIGURE 8: The normalised error of endpoint calculated by the
different PRBM methods against the actual flexure deformation
calculated with the arc method plotted over the deformation an-
gle. The PRBM methods without an angle coefficient all have an
error of 1 at 360°, meaning a full flexure length of error. This is
because the arc method correctly predicts that the flexure shape
creates a loop at 360° deflection, having the endpoint and base
of the flexure touch, while the circle paths of the PRBM methods
rotate back to their starting position. Hence, a flexure length of
error.

4 RESULTS
In section 2 and 3, two models are developed for the short

wire flexure, for which the results are presented in this section.
The first model shows the axis drift and flexure shape of the short
wire flexure, of which the results are given in section 4.1. The
model is compared against PRBM, and checked against a FEM
program. Finally, the method is measured against a physical test
by deflecting a polyurethane wire flexure whilst measuring its
position and rotation. The second model shows the support stiff-
ness and the effects of different flexure parameters on this stiff-
ness. The results of this model are given in section 4.2. The
model is then checked by comparing the total support stiffness to
results from FEM programs.

4.1 Arc Method Results
The results of the arc model are checked against data from

COMSOL Multiphysics®. Both the 2D beam mechanics and the
3D solid mechanics interfaces are used. If a moment is placed on
a beam in the beam mechanics interface, the path of the endpoint
matches within 0.01% with the arc method over a deflection of
360°. The path for the 3D model of the steel flexure matches
within 0.1%. The 3D model of a TPU Flexure matches closely
for small deformations, but the error increases as the deflection
angle increases. For a deformation angle of 50°, the error is
1.9%.

In figure 8, the error of each of the PRBM methods with
respect to the arc method is calculated. Three PRBM methods
are compared, each with a different pivot location. These PRBM
methods can also be seen in figure 4. The error is calculated by
taking the distance between the endpoint of each method for a
given deflection angle. Figure 8 also shows that when the char-
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FIGURE 10: A zoomed in section from the red rectangle from
figure 9. Here the difference between the path of the three PRBM
methods and that of the arc method with respect to the measure-
ment data can be seen.

acteristic pivot PRBM is used with the angle coefficient, high
accuracy for modelling the endpoint is reached for angles up to
124.4°. Do note that this accuracy is for the endpoint of the flex-
ure, as the angle coefficient introduces an error for the attached
system as discussed in section 2.3. If the angle coefficient is not
used, the error is higher than that of the PRBM approximation
with centre pivot.

The arc method is tested against measurements done on a
TPU flexure hinge such as in figure 1a. Here the endpoint posi-
tion of a rod attached to the TPU Flexure is measured over a large
deflection range of ±70° as is shown in figure 9. In this figure,
the test data is shown, as well as the PRBM and arc method. A
zoomed-in view of this data can be found in figure 10, where the
differences between the methods can be seen in more detail.

The error of the measured data with respect to the arc
method is shown in figure 11. The maximum error is found at the
largest deformation angles, ≈ 0.4mm error at ±70°. The trend
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to ±70°.

of the data shows however a drift in this error. While the arc
method matches for small angles, for large angles the measured
data is outside of the arc method prediction. However, to put
this error into perspective, it is compared against the error of the
different PRBM. The results of this comparison can be found in
figure 12. The smallest error of a PRBM method at these ±70° is
≈ 4mm, a factor 10 more. The PRBM method with characteris-
tic pivot shows larger error than the centred PRBM, even though
the path seems to match better as can be seen in figure 10, as the
deflection is also taken into account when calculating the error.

4.2 Support Stiffness Results
The support stiffness model from section 3.3 is used to

model the stiffness of a steel flexure and a TPU flexure over a
range of bend angles, as shown in figure 13.

Figure 13 also shows how at an deflection angle of 0° the
ratio between the support stiffness is 1.6, comparable to the dif-
ference in pure compression stiffness as stated in table 1. At
large deformation angles, this ratio quickly increases, to approx-
imately 7800 at 70°. To see what parameters affect this stiffness,
the contribution of each deformation type to the total compliance
of the flexure is investigated, which can be seen in figure 14.
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FIGURE 13: The support stiffness of a steel and TPU wire flex-
ure for different bend angles. From an angle of 1°, the support
stiffness of the steel flexure drops, until a ratio of 7800 at 70°.
Each has a diameter that corresponds to a length of 30 mm and
a maximum bend angle of 70°. For steel this is a diameter of
0.25 mm, for TPU it is 27 mm
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FIGURE 14: The contribution of compression, shear and bending
to the total compliance for a steel and TPU Flexure, plotted for
different deflection angles. The compliance of the steel flexure
increases due to the low bending stiffness to 10−2 at 70° The
compliance of the TPU flexure stays at 10−6.

Do note that figure 13 and 14 only show the instant sup-
port stiffness calculated by the support stiffness model, not tak-
ing into account the non-linear loading behaviour of the flexure.
Especially with the thin steel flexure, this behaviour causes a de-
crease in stiffness when the flexure is compressed. When the
loading force deforms the flexure, the moment arm of this force
is increased, which then increases deformation again. This be-
haviour is seen in figure 15.

The results of the support stiffness model are checked
against data from COMSOL MultiPhysics®. Both the 2D beam
mechanics and the 3D solid mechanics interfaces are used. The
models match within 0.1% with the data from the beam interface
for both TPU and steel, for a large deflection range as shown
in figure 15. The 3D steel flexure also matches with the sup-
port stiffness model. However, the deflection results from the
TPU flexure in the solid mechanics interface do deviate from the
support stiffness model at large deflections. The instant stiff-
ness does match within 0.1%, but as soon as the flexure starts
deforming, the error increases. This error ranges from 1% at a
compression force of 10 N giving a deflection of 0.1 mm, to 14%
at 100 N giving a deflection of 1.2 mm.
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FIGURE 15: The support stiffness behaviour of a steel wire flex-
ure during loading. On the left, the drop in stiffness for higher
loading forces, caused by the increased moment arm which is
shown the right.

5 DISCUSSION
5.1 The Arc Method

The measurement results show the arc method has higher
accuracy than the existing PRBM methods. However, figure 11
shows a mismatch between the predicted path by the arc method
and that of the flexure. At large deflections especially, the data
lies outside of the predicted curve by the arc method. For this
to happen, the flexure either has to increase in arc length or not
follow a circular arc. It is not likely that the flexure deviates from
the circular arc, as the bending moment, shape, and material are
the same over the length of the flexure. That means that the flex-
ure increases in arc length, thus elongates while deforming. This
could be caused by a difference in compression vs tension be-
haviour in the flexure. If the TPU used for the flexure is stiffer in
compression than it is in tension, a bending moment will cause
the flexure to elongate. A difference in creep or hysteresis be-
tween tension and compression could also be the cause, as this
gives the same effect as the difference in stiffness. The flexure
for the tests was 3D printed, which could also further introduce
non-linear material effects.

The measurement results also show the effect of the endpoint
angle error introduced by the angle coefficient for the character-
istic pivot. This method only works up to the endpoint of the
flexure, not taking into account any systems that attach to it. An
additional bend could be added to the endpoint of the flexure,
bending back to the original angle. However, this increases com-
plexity, as the distance between the PRBM pivots is now not con-
stant anymore, but changes for different deflection angles. Just
as with the arc method and VC, this can result in a necessity
for an iterative solver when solving a system with multiple flex-
ures. Another possible option is to match the angle coefficient
and characteristic pivot not for the flexure itself, but for the flex-
ure and attached rod together. This could work for a single joint,
but in systems with multiple joints this also increases complexity.
Based on this, two options arise for modelling flexure systems.

Of the less complex methods with a fixed single pivot, the PRBM
model with a centre pivot has the lowest error. If high accuracy
is required, the arc method has a tenth of the error of PRBM, but
a higher complexity due to the shifting pivot location.

5.2 Support Stiffness
The support stiffness model shows a large increase in sup-

port stiffness for the TPU flexure with respect to the steel flex-
ure, mainly because of the large increase in bending stiffness for
the TPU flexure. The deformation of the steel flexure is quickly
dominated by deformation due to bending. For the TPU flexure,
due to the larger diameter and thus high area moment of inertia,
the contribution to the deflection of compression and shear are
larger than that of bending.

The support stiffness model overall matches the results from
COMSOL Multiphysics® closely, only for large deflections of
the TPU flexure the error increases. This is likely caused by
the behaviour of the flexure at the attachment points and effects
like anticlastic curvature, which are not taken into account in the
support stiffness model, but are modelled in COMSOL Multi-
physics®.

5.3 Applications Of The Methods
Both the support stiffness model and arc method are now fo-

cused on the short wire flexure, but are not limited to only that
application. Using high strain materials such as polymers to in-
crease support stiffness can be applied to other flexure types, as
each of the deformation types is stiffer for TPU with respect to
that of steel. The exact increase in support stiffness is depen-
dent on the application, as the bending mode shows the largest
stiffness difference.

5.4 Material Assumptions
The TPU used in this paper was assumed to be a homoge-

neous material with linear material behaviour. Polymers also suf-
fer from high creep, which also was not taken into account in
this paper. The test samples used in this paper were 3D printed,
limiting the quality of material possible. Using injection mould-
ing could result in higher yield over Young’s modulus, result-
ing in shorter and thicker flexures, giving even higher stiffness.
Polymers have higher internal friction than steel, which com-
bined with the larger strain could result in heating of the flexures,
changing material constants. This large internal friction can also
act as internal damping, reducing the vibrations in the system.
Next to this, flexures from combinations of different materials
such as a steel core and polymer outside could even further in-
crease precision and accuracy of flexure systems.
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6 CONCLUSION
This paper presents a simple analytic model for the axis drift

of wire flexures for large ranges of motion. This model, named
the arc method, models the flexure as a circular arc, based on the
deformation by a pure moment. A virtual centre is defined to
more efficiently include the arc method in kinematic models, as
it simplifies the system to a single rotation point per deflection
angle of the flexure.

The arc method is validated by comparing it to FEM and a
physical test, both showing good agreement. Different PRBM
methods are also compared against the measurement data, show-
ing a factor 10 larger errors than the arc method at deflections of
70°.

Next to this, this paper shows how the use of polymers can
increase precision and robustness of a short wire flexure. The
diameter of a flexure is defined by the maximum allowed strain
and required deflection angle. Based on this, the large allowed
strain of polymers results in a larger diameter than steel for the
same bend angle.

The support stiffness model from this paper shows how
polymers increases support stiffness even though the material
stiffness is substantially lower than that of steel. This model
also shows the influence of the different deformation types on
the support stiffness of a bent flexure. This gives the possibility
to increase support stiffness by optimising the stiffness of each
deformation type.

The support stiffness model is validated by comparing it to
FEM showing a maximum error of 0.1% to the 2D beam inter-
face, and a matching instant stiffness for the 3D solid mechanics
interface.

To conclude, combining high support stiffness from poly-
mers with the arc method can result in flexures with high preci-
sion and accuracy while having a simple geometry such as a wire
flexure.
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Chapter 4

Discussion

The flexures developed for the delta robot in this thesis are based on the results of the paper
in section 3. In the paper, the advantages of the TPU flexures and arc method have already
been discussed. This discussion is on the implementation of these flexures on the delta robot,
and the other research presented in the appendices. First, a short discussion on each appendix is
presented in section 4.1. Next, the advantages of the developed delta robot with flexure hinges
is discussed in section 4.2. Finally, other research opportunities are given in section 4.3.

4.1 Discussion of Appendices

In appendix A, the PRBM with characteristic pivot and angle coefficient is checked against the
arc method. An additional bend is proposed to increase accuracy when modelling the attached
body. However, even with the additional bend, the accuracy is still lower than that of the arc
method, and the complexity higher.

Appendix B shows the flexure design process, implementation and testing on the delta robot.
The flexures show high performance, with the maximum reached pick and place speeds go from
200 with ball joints to over 400 picks per minute over a path of 600 mm. Next to this, the arc
method has been implemented on the full inverse kinematic model of the delta robot, as is shown
in appendix C. The measurements done with this feed-forward model show a maximum error of
0.01° on the motor input angles, comparable to the precision of motor drivers.

In appendix D, a conceptual design for a compliant rotation shaft for a delta robot is presented.
This concept replaces both the U-joint and linear bearing in the additional centre shaft of a delta
robot, which is used to input a rotation on the end effector. The initial prototypes show how
the new type of flexure joint could be used in a delta robot.

Finally, in appendix E, the test setups are shown that are used for the validation of the models
presented in the paper. A delta robot was used to test the accuracy of the arc method and a
tensile test the support stiffness. However, the tensile test results could not be used in the paper
due to a low accuracy of the machine.
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4.2 Advantages of the Developed System

• Mass - The flexure replaces the ball joint assembly, which consists of a metal ball, nylon
cup, POM rod attachments, and spring assembly. The flexure is only a fraction of the
weight of all these components, only 10 g versus 70 g. Each delta robot comprises of 12
ball and socket joints, so the overall weight savings are significant at 720 g. This directly
influences the speed of the robot, due to the lower inertia of the system.

• Hygiene - Due to the monolithic design of flexure joints, the amount of creases is reduced
in the system, resulting in fewer places for dirt and bacteria to accumulate. It also makes
the robot easier to clean, also increasing hygiene.

• Cost - Due to the simple design of the flexure and fewer parts, the production cost is low.
Not only with respect to other flexure solutions, but especially also with respect to the ball
and socket joint.

• Lifetime - As there are no friction surfaces in a flexure joint, no wear and thus unlimited
lifetime could be possible.

• Maintenance - Flexure joints do not require lubrication or other maintenance, resulting in
less downtime of the system.

4.3 Research Opportunities

• Material Study - The current version 3D printed TPU flexure is tested on the delta robot,
mainly to test their endurance. Some different types of polymers were tested, but an in-
depth material study on the different types of polymers and their advantage could still
improve the performance of the system.

• Effect of material creep and hysteresis on flexure performance - Polymers suffer from large
creep and hysteresis with respect to steel, which can have a negative effect on the perfor-
mance of the flexure. A study on how large this effect is and how it can be reduced would
further improve the accuracy of the system.

• Using internal friction for system damping - As polymers have high internal friction, they
dampen out motions by converting motion energy to heat. Using the TPU flexures on the
delta robot, the flexures warmed up slightly, but quickly reached steady state. This effect
of internal damping could be used to reduce eigenmode excitation in the system.

• Application of methods - Both the support stiffness model and arc method are now focused
on the short wire flexure, but are not limited to only that application. Using high strain
materials such as polymers to increase support stiffness can be applied to other flexure
types, as each of the deformation types is stiffer for TPU with respect to that of steel. The
exact increase in support stiffness is dependent on the application, as the bending mode
shows the largest stiffness difference.

• Compliant rotation Arm - The conceptual design for the compliant rotation arm already
shows potential and could be further explored.
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Chapter 5

Conclusion

The objective for this thesis was to develop a flexure hinge to replace the ball joints of a delta
robot from Codian Robotics. These flexures require high support stiffness over a large range of
motion, have to be feed-forward modelled, and also be hygienic. The literature research shows
how current flexures are not suited for this application. However, using other materials than
steel for flexure hinges such as polymers could result in flexures that meed the requirements.

The paper from chapter 3 develops a new method, the arc method, to feed-forward predict
simple wire flexures, and how the use of polymers increases their support stiffness. Based on a
physical test, the arc method was shown to have at least a factor 10 lower error than the best
PRBM approximation. A model for the support stiffness of wire flexures is developed, where the
difference between a TPU and steel flexure is investigated. This results in a factor 7800 higher
stiffness for the TPU flexure at 70°.

A TPU flexure is designed based on the research from the paper and is implemented in the
delta robot. Initial tests show that the flexure system can already reach twice as high speeds as
the conventional delta robot and has been tested half million pick and place cycles. The delta
robot with flexures is 720 g lighter, has fewer creases and pockets, and has lower production and
assembly costs.
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Appendix A

Increasing Accuracy PRBM with
Characteristic Pivot

The PRBM with the characteristic pivot and angle coefficient model the position of the endpoint
within an error of less than 0.5% for angles up to 124.4°. However, it introduces an angle error
when using it to model more than the endpoint of the flexure.

Figure A.1: The definition of the characteristic pivot for a cantilever beam with a moment at
the free end [1]

To find the characteristic pivot, Howell matches the path of the endpoint per loading condition
to a circle to minimise the error [1]. For a flexure with an applied moment, a circle with a radius
of 0.7346 matches the path best. To then match the deflection rate, an angle coefficient is used.
For this Howell comes to 1.5164, meaning that for a flexure angle of 1.5164° degrees, the PRBM
linkage has an angle of 1°. Figure A.2 shows the green lines almost intersecting the endpoints of
the flexure modelled by the arc method. Figure A.2 also shows the angle error of the PRBM,
where the actual flexure attachment in black has a different angle than the characteristic pivot
link in green.
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Figure A.2: The comparison between the arc method and three PRBM approximations. One with
the pivot at the base of the flexure, one at the centre of the flexure and one at the characteristic
pivot. Flexure shapes for four different output angles are also shown in blue, as well as the
characteristic pivot with angle coefficient in green. The angles for these are: 5, 45, 90, 124.4,
180°. 124.4° is the maximum angle for which Howell specifies a position error of less than 0.5%
of the tip deflection.

The increase in accuracy for the endpoint position can also be seen from figure A.3. For the
first 124.4°, the characteristic pivot with angle coefficient matches the arc method. But again,
when modelling accuracy of the system that attaches to the flexure is important, not only the
endpoint position, but also the endpoint angle is important, for which the method now has an
error.
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Figure A.3: The normalised error of endpoint calculated by the different PRBM methods against
the actual flexure deformation calculated with the arc method plotted over the deformation angle.
The PRBM methods without an angle coefficient all have an error of 1 at 360°, meaning a full
flexure length of error. This is because the arc method correctly predicts that the flexure shape
creates a loop at 360° deflection, having the endpoint and base of the flexure touch, while the
circle paths of the PRBM methods rotate back to their starting position. Hence, a flexure length
of error.
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To correct this angle error, we propose an additional bend which can be added at the end of the
link, bending back to the original output angle as is shown in figure A.4. However, this increases
complexity substantially, as the distance between the PRBM pivots is now not constant anymore,
but changes for different output angles, which can result in a necessity for an iterative solver in
some systems.

Figure A.4: The added bend to the end of the characteristic pivot approximation, bending back
to the original output angle.

This method is also tested against the measurement data done for the TPU Flexure, and it
does increase accuracy, as is shown in figure A.5. The PRBM with characteristic pivot, angle
coefficient, and additional bend performs a lot better than the other PRBM methods, but still
worse than the arc method.
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Figure A.5: The error of each of the PRBM methods. Each of the lines is a fitted average of
data using a smooth spine fit. The lines for the PRBM base Pivot and PRBM Characteristic
pivot with angle conversion continue linearly to ±70°. The same input angle is used for each of
the models when calculating the error.

35



As the PRBM with characteristic pivot and angle coefficient is nothing more than the best fit of
the actual flexure, another option arises. Not fitting only the flexure endpoint to best match, but
both the flexure and attached system. This is also tried for the flexure with an attached rod. This
is of course dependent on the ratio between flexure length and rod length. For a flexure of 30 mm
with a rod attached of 400 mm, a characteristic pivot point at (1−0.658)∗FlexureLength = 10.26
gives the best matching circle to the path of the endpoint. To then match the deflection rate,
an angle coefficient of 1.013 is used. Figure A.6 shows this new optimised characteristic pivot
location and angle coefficient. The results from this optimisation can be seen in figure A.7.
Again, this technique is less accurate and more complex than the arc method.
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Figure A.6: The characteristic pivot of the flexure and attached rod for different deformation
angles. The actual flexure and rod drawn in blue and black, with the PRBM approximations
drawn in green.

-200° -150° -100° -50° 0° 50° 100° 150° 200°

Output angle [deg]

0

0.2

0.4

0.6

0.8

1

1.2

E
n

d
p

o
in

t 
p

o
s
it
io

n
 e

rr
o

r 
/ 

fl
e

x
u

re
 l
e

n
g

th

PRBM base pivot

PRBM centre pivot

PRBM characteristic pivot without angle conversion

PRBM characteristic pivot with angle conversion

Figure A.7: The normalised error of endpoint of the flexure with attached rod calculated by the
different PRBM methods against the actual flexure deformation calculated with the arc method,
plotted over the deformation angle.
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Appendix B

Flexure Design and
Implementation

This appendix documents the design of a polymer short wire flexure joint to replace a balljoint
in a delta robot. The three production methods for the polymer flexures, 3D printing, casting,
and using round stock, are looked into. they are then tested on a delta robot. hi

B.1 3D printing flexures

Next to inquiring literature on the subject, a more hands-on approach can also be very useful.
With the 3D printer at Codian Robotics, a few simple test hinges are printed to check what
sort of baseline we are working with. Using a simple flexure shape and some flexible printable
material that is at hand, some tests are set up. For this first prototype, hinges are designed for a
3DOF Delta robot. The D4-1100 is chosen, as it is already set up in one of the testing machines
at Codian Robotics.

Figure B.1: A initial drawing of a flexure design

For this first test a notch flexure is used, as it is easy to 3D print, and one of the simplest, most
used flexure shapes. The flexible material at hand is Ultimaker’s Thermoplastic Polyurethane
(TPU) 95A[1]. The diameter of the flexure is based on the inside diameter of the carbon fibre
reinforced plastic (CFRP) tubes used in the linkages of the Delta robot, see figure B.1. A few
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different notch geometries are printed, to test how far the joint can bent. One of these first test
joints can be seen in figure B.2.

(a) The flexure and white connection
adaptor, to connect the already existing
screw point on the robot.

(b) The Flexure screwed onto an TCP,
and inserted into a carbon rod.

Figure B.2: The first 3D printed notch flexures, made from TPU.

Based on the first tests, the following observations were made.

• 3D printing - Although for more large scale production injection moulding could be con-
sidered, these first prototypes are made with a 3D printer. The following points are mainly
about the properties that accompany 3D printing. But as the first few iterations will still
be printed, it is still valuable to look into this.

• Printing direction - printed TPU is very flexible, but has a weakness due to the manufac-
turing method. The adhesion between the different layers of the 3D print is a weak spot.
The first models were printed upright, so the layer lines were perpendicular to the flexure.
This was done mostly for printability, as now no support structure is needed. This would
be necessary when the model was printed laying down on its side. Also, this gives equal
properties in both flexible directions, as when on its side there will be a difference between
the two. However, now the highest tensile stresses are perpendicular on the layer lines, and
cause the print to start tearing at too much bending.

• Infill percentage - The first flexure was printed with an infill percentage of 50%. This is
quite standard for 3D prints, but caused some unexpected properties in the hinge. For large
deflections, the walls buckled, as the structure was mostly hollow. This greatly lowered the
stresses in the material and reduced the rotational stiffness. However, this hollow structure
also caused a decrease in translation stiffness.

• Material Selection - The material characteristics, particularly ratio of Young’s modulus vs
yield strength, has a large effect oh the hinge geometry.

• Attachment to TCP - For easy prototyping, the hinges are made so that they can be
screwed onto the existing mounting holes. The white blocks serve this purpose. Because
in the TCP there is just a single tapped hole, the alignment of the blocks is not perfect,
and a different system needs to be implemented.

Based on this, the model is altered, and some more tests are printed. For these test the same
material is used, as this is easily available at Codian. The hinge geometry is altered, to be able to
print the hinges laying down flat on their side. This makes the layer lines in line with the hinge
and gives a stronger product. The first test can be seen in figure B.3a, where a bolt directly

38



fastens the flexure to the TCP. In this design, the bold could not be preloaded enough, due to
the flexibility of the 3D print. A larger hole was printed, where a bushing could be glued in, see
figure B.3c. This bushing can be preloaded on the robot.

(a) The altered design, which
can be printed flat on the table

(b) The print with larger hole
for a bushing

(c) The flexure glued into the
carbon rod with a bushing

Figure B.3: 3D printed joints

The glue layer between the bushing and 3D print also came loose over time, so a different option
was explored, multi-material prints. The places where the flexure has to be screwed to the system
and glued into the rods are made from a stiffer polycarbonate (PC). This material was chosen as
it should match and merge well with the TPU print.[2] PET-G was also used, but this merging
with the TPU was worse than the PC.

(a) A multimaterial 3D print of
the flexures

(b) A print where the TPU Fil-
ament became blocked halfway.
This shows the inside of the
flexure

(c) A single TPU flexure,
printed with white PC instead
of the black PC in the two fig-
ures next to this one

Figure B.4: Multi Material 3D prints

These multi-material flexures held up a lot better over time. One problem that still persisted,
however, was that some batches of flexures tore at the merge line between the two materials, as
can be seen in figure B.5b. 3D printing is a manufacturing method for which it is difficult to
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reproduce the same exact part with multiple prints. Variables like room temperature, moisture
levels etc. can have a large effect on the quality of the print.

(a) The TPU is starting to tear (b) A torn of flexure

Figure B.5: Tearing of TPU and PC multimaterial 3D prints

B.2 Casting flexures

Casting flexures is also investigated. The same core as for the multi-material prints is now printed
separately, which can be put into an also 3D printed mould to cast around. The core wire can
be seen in figure B.6a, the mould in figure B.6b.

(a) The core of the flexure to pour around (b) A 3D printed
mould with cores in-
serted.

(c) Using a sy-
ringe to press the
polyurethane into
the mould.

Figure B.6: Casting flexures

Both silicone and polyurethane are tested for casting. Both of these did not yield any usable
results. The silicon is difficult to merge to other parts, which makes it easy to remove from the
mould, but difficult to attach to the delta robot. The two-part PU used was to brittle, not useful
for this type of application. This could still be further explored, but in this research, as the 3D
printed flexures yielded better results, it is not looked into.
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(a) A silicon cast (b) A broken polyurethane cast

Figure B.7: Casting Results

B.3 Clamping flexures

To ease manufacturing, using solid polyurethane round stock was looked into. This is then
clamped at either end using a bracket, as can be seen in figure B.8a. For this, Eladur was
used.[3] In this setup, TPU 3D printed flexures were also tested, as only the merging to the PC
was the issue for the 3D prints. These worked better than the PU round stock and were tested
on the delta robot as can be seen in figure B.8b. These systems are designed to work with the
already available bolt holes in the arms of the delta robot. If the system is designed for flexure
hinges, the clamping system can be integrated in parts such as in figure B.8c. Here, a new type
of TCP is shown with integrated flexure holders, which replaces the system as shown in figure
B.5.

(a) A clamped PU rod (b) The clamped TPU flexures
on the Delta robot

(c) A new TCP design directly
clamping the flexures.

Figure B.8: Clamping Flexures
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B.4 Full Delta robot

The hinge design from figure B.3c can already be tested on a full-scale delta robot. 6 rods are
made and are bolted on one of the test robots at Codian. When the motors are not locked, just
by moving the TCP by hand, the whole workspace can be tested. There is some stiffness in the
system due to the deflection in the hinges, but no clear problems.

(a) The Delta robot with flexi-
ble couplings

(b) A close up of the couplings
on the primary arms

(c) A close up of the couplings
on the TCP

Figure B.9: Flexible delta robot

At the end of the tests, the flexures were already somewhat warm. The internal friction of the
material slowly heats the flexures as the robot moves. Still, some modelling and testing need to
be done to check what the steady-state temperature is for these flexures. However, the bushings
came loose over time.

The multi-material flexure was also tested on the delta robot. These worked quite well, reaching
pick and place speeds of over 400 picks per minute over a path of 600mm wide and 200mm high.
This is twice the speed of the fastest robot that Codian has made so far.

Finally, the clamped solution was tested. This test is still going on today, reaching a bit slower
pick and place speeds then the multi-material flexures as the mounting is heavier, but with better
durability. As of now, this test has run at 200 picks per minute for 48 hours, resulting in over
half a million of pick and place cycles.

References

[1] Ultimaker TPU 95A material: 3D print durable and flexible parts.
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Appendix C

Feed Forward Model with Arc
Method for Delta Robot

First, the inverse kinematics for a delta robot with rigid joints, like ball joints, is be explained.
This model is then altered to use the arc method to better feed-forward predict a delta robot
with flexures.

C.1 Inverse kinematics for Delta robot with rigid joints

The delta robot can be directly solved, both with forward and inverse kinematics. In real-world
use cases, the inverse kinematics are the most useful. These calculate the position of the three
input arms based on a location of the TCP. This seems like a complex, 3-dimensional problem
where 3 arms need to be solved simultaneously. However, it is not. More specifically, it does not
have to be solved simultaneously, and in essence, it is not a 3D problem. The parallel nature of
the delta robot makes sure that the end effector cannot rotate. This means that each of the three
arms can be solved separately, as it is a fully determined kinematic chain from the attachment
on the end effector to the base. When solving this single arm, a smart choice of coordinate
system can reduce the solving to only a 2D problem. With the Z-axis pointing straight up, and
the X-axis to be in line with a primary arm, such that the primary arm rotates around a line
parallel to the Y-axis. Because the primary arm can only rotate around this axis, the problem
can be flattened to only the XZ-plane. Because of the axis system, the Y coordinate of the TCP
can be set to zero for the desired effect, as can be seen in figure C.1a. From here the cosine rule
is used to find the angle of the upper arm. The cosine rule calculates the angle of one corner of
a triangle when all sides are known. This is the case here, as we know the distance between the
base and TCP, the length of the primary arm and the length of the projected secondary arm.
This projection on the XZ plane is illustrated in figure C.1b. With this model, a single arm can
be solved for any TCP location. Due to the symmetry in the delta robot, only the coordinate
system has to be rotated 120° to solve the other arms.
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(a) The inverse kinematic solver principle (b) The 2D solving method using the cosine
rule

Figure C.1: Inverse kinematic model

To find the joint angles for the ball joints, a simple parabolic path with a distance of 1200 mm
and a height difference of 300 mm is used, see figure C.2.

During this action, the joint angles both inplane, θ1 and the angle out of plane θ2 are measured.
This is done for each of the links.

Figure C.2: A parabolic path of the TCP with the different joint angles and rotation arm lengths.
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C.2 Inverse kinematics with arc method

The modelling done in the previous section revolves around perfect ball joints, that allow only
rotation and no translation. However, if these joints would be replaced by flexures, the rotations
also come with some amount of translation. These translations have to be modelled to accurately
predict the position and motion of the robot. As the Delta robot is feed-forward controlled, the
correct prediction of the position of the robot is necessary. The TCP position of the robot is
controlled by the length of the secondary arms, meaning that the length changes that the flexures
introduce have an effect on the position. For this model, we start with the simple flexures or short
wire flexures used in the prototypes of the flexible Delta robot. As they are the same thickness
over their entire length, a moment on the flexure causes a circular bending radius. External
forces on the flexures cause a deviation from this circular deformation, as for imperfections in
the flexure or accelerations of the robot. For the first model, the hinges are approximated by a
circular arc of a set length. A simple back of the envelope calculation shows that this change
in for a 20mm long flexure, and a 20 degree bend the length of the secondary arm changes
significantly. This is enough to require a different set-point for primary arms higher than the
precision of the motors.

If the robot is used only between two points, these two points can be calibrated and still feed-
forward controlled. However, when the robot needs to move accurately in a 3D space, calibrating
every point is not efficient. Then, using the arc method to predict the hinge deformations and
change the kinematic model is more efficient. To implement the modelling approach, each joint
is replaced by a circular arc, as can be seen in figure C.3a To model the system, the virtual
centres (VC) are determined for all flexures, as can be seen in figure C.3b. For the feed-forward
model, the position of the end effector is known with respect to the base, and the angles of the
primary arms are the output of the inverse kinematic model. Even though the system is build
up from simple elements, a solution as simple as the one for the delta robot without flexures
is not reached. An iterative solver is used to solve the system of equations for the angle of the
primary arm.

C.2.1 Iterative solver

For the delta robot with flexures, the assumption that the end effector of the delta robot, the
TCP, stays parallel to the base is still valid. Of each of the lower arms, the two flexures deform
in the same fashion in every direction, thus make sure that the parallelogram of the lower arm is
still parallel. This means that each arm can still be solved separately, just as for the delta robot
with ball joints. However, as stated before, an iterative solver is used to solve each of the arms
of the delta robot. This solver works as described in the following steps:

1. An arm of the delta is solved as if none of the flexures are deformed, and the VC lies
halfway each flexure. This means that the arm with flexures can be solved just like the
regular robot, but now with ball joints at the VC positions

2. The angles of each of the joints are calculated based on the solve from step 1, and the
positions of each of the VCs are altered. The arm is then solved again based on these new
VC positions.

3. Step 2 is repeated based, each time giving a better prediction of the angle of each of the
flexure joints.

4. The error between each step is calculated as the change in primary arm rotation, as this
is the input of the system. The motor is attached to the primary arm. When this error is
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smaller than the precision of the motor and gearbox, the loop is stopped. This takes 2 or
3 iterations, based on the endpoint position.

5. This is then done for the two other arms in a similar fashion.

(a) Sketch of delta robot (b) Virtual centre for ease of modelling using
arc method

Figure C.3: Sketches of kinematics

The final Matlab model can now quickly feed-forward predict the position of the TCP or end
effector of the delta robot.

(a) An overview of the kinematic model (b) A zoomed in view of the TCP of the robot. The
flexures are shown as red lines, as drawing arcs in
Matlab is not efficient

Figure C.4: Matlab model of Delta robot with flexures based on arc method
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C.3 Testing

This model is measured against a real-world system. This is done by positioning the end effector
of the delta robot with flexures with to a know location in 3D space, and measuring the angles
of each of motor positions. This location is calibrated with the same delta robot, but with rigid
linkages. This way of measuring with the rigid delta robot has an error of maximum 0.1 mm. The
inverse model is then used to also calculate the angles of the motors from this know position of
the end effector. The maximum difference between the calculated and real-world values is 0.01°
at the motors. This error would result in a position difference on the end effector of 0.06 mm,
which is within the measurement accuracy of the test.

Figure C.5: The calibration of a point in 3D space to test the feed forward model of the delta
robot with flexures.
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C.4 Other solving methods

Other methods were tried to directly solve the delta robot with arc methods, but none succeeded.
No direct solution was even found for the 2D problem is sketched in figure C.6. Different iterative
solutions were found, however, but the method using the VCs showed the most potential of
working in 3D. Here a shortlist of other approaches that worked iteratively in 2D

Figure C.6: The 2D problem statement for the inverse kinematic model of a delta robot. Here
the out of plane component of the arm is not yet taken into account
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C.4.1 System of equations

Building a system of equations: an equation for both the X and Y coordinate of the TCP can
be made, based on the angles of both of the flexure joints. These two equations can then both
be iteratively solved by setting them equal to the actual X and Y coordinate of the TCP that is
required. The equations that are reached are then as follows. These equations cannot be directly
solved, thus a numeric solver is used. In these equations, the parameters from figure C.6 are
used, with the following added: l is the length of the flexure, γ Angle between the Sa and DE,
and CFlex is the point under C after the flexure.

C = B − (Pa+ l/(φ− γ − π

2
) ∗ (sinπ + γ − φ− 1)) ∗ [cosφ; sinφ] (C.1)

CFlex = C − (Sa+ l/((φ− γ − π

2
) ∗ tanπ + γ − φ) + l/((

π

2
− γ) ∗ tan γ)) ∗ [cos γ; sin γ] (C.2)

D = CFlex + [l/(
π

2
− γ) ∗ (1/ sin gamma− 1), 0] (C.3)

C.4.2 Other geometric methods

Other ways of solving the delta robot based on the geometry of the arc were tried, such as looking
at the intersection of the different parts of the delta robot arm. This is done by extending the
secondary arm Sa until it intersects with the primary arm for the top flexure, and with the line
through the TCP for the bottom flexure, as can be seen in figure C.7a. The equations for such
an intersection can be seen in figure C.7b. This gives a system that is closer to the rigid delta
robot again, and can thus be solved like one. This solution is then iterated to find the solution.

(a) The intersection of the different arms. (b) An intersection method with the hinge per-
pendicular to the arm.

Figure C.7: Intersection method
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This method can also be extended to work with flexures that are not bolted on perpendicular
to the arms, but at an angle. The equations for this can be seen in figure C.8. This method
also worked in the 2D system. Implementing it in 3D space proved more difficult, as these
intersections now would not lie in the same plane anymore. Overall, the method using VC was
simpler and therefore chosen as the modelling mechanic.

Figure C.8: An intersection method with the hinge perpendicular to the arm.
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Appendix D

Compliant Rotation Shaft for the
Delta Robot

Next to replacing the ball joints with flexures, the rotation shaft is also looked at. The rotation
shaft of a delta robot is used to add a 4th DOF to the end effector. A normal delta robot can
only move the end effector in X, Y and Z, but by adding a rotation shaft, the rotation around Z
can also be changed. The rotation arm is build-up of two U joints and a linear bearing, as can
be seen in figure D.1b.

(a) A D4 Delta robot with 4 DOF, using a rotation arm.

(b) The Rotation arm of a D4
robot, with a U joint and linear
bearing

Figure D.1: Delta robot with rotation arm
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Some initial research is done to replace both the U joints and linear bearing with compliant
mechanisms. Both of these joints suffer from the same problems as the ball joints, difficulty to
clean. A first design is made based on the joints from Trease (2005).[1]

(a) The U joint with 2DOF, to replace the U
joint in the rotation arm

(b) A translational joint, to replace the linear
bearing

Figure D.2: Possible joints to make the rotation arm compliant [1]

However, based on these joints, a new idea was formed. To combine both of these joints into a
single joint. This removes constraints from both of the joints, opening the possibility to different
flexure types. The joint has to only constrain rotation around the Z-axis, while being free in
rotation around X and Y, as well as translation along Z. Translation in X and Y should be
constrained to some amount, as otherwise, the whole rotation arm could move independently
from the robot.

First prototypes of this joint are made from paper, as can be seen in figure D.3 Two of these
joints would be required, one at the bottom and one at the top of the rotation arm, replacing
both the U joint and the linear joint.
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(a) Here the top and bottom of the crossing leaf
flexures would be connected to the the input
and output axles, limiting rotation around Z
and movement in X and Y

(b) Working in the same way as D.3a, but as
the two crosses of leaf flexures are now spaced,
they can bend in either direction, increasing
movement range.

Figure D.3: Paper prototypes of a rotational and translational joint

Prototypes using steel leaf flexures and 3D printed parts were made and tested. The Flexure
cross with spacers has the largest range of motion so that one is studied in more detail.

(a) A flat crossed leaf flexure.
A pen is used to keep the two
sides slightly spaced apart

(b) A bend crossed leaf flexure (c) A spaced crossed leaf flexure

Figure D.4: Flexible delta robot

A problem with the version where the two crosses of leaf flexures are spaced is that the interme-
diate bodies could be rotated when stressed, as can be seen in figure D.5a. Additional flexures
are added between these intermediate bodies to prevent this from happening.
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(a) The rotated intermedi-
ate bodies

(b) Stiffener flexures added (c) Stiffener flexures with a sharp
bend

Figure D.5: Flexible delta robot

This flexure has both a large range of motion in the Z direction and in rotations around X and
Y, but is stiff in the rotation around Z and in the motion in X and Y. This means it could be
applied to a delta robot. The render below shows how this could be implemented, although the
added stiffener flexures are still missing there.

(a) full view (b) bottom view

Figure D.6: A render of the design of a delta robot with compliant rotation arm
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54



Appendix E

Test Setups

E.1 Support stiffness test

An attempt was made to validate the support stiffness model with a tensile test bench, as can
be seen below. The flexure is first bent to a certain deflection angle, after which it is loaded to
determine it’s support stiffness in that direction. This setup with the long rod attached to the
flexure means that the endpoint of the flexure can move in X and Y direction while being loaded
in the Z direction. This is comparable to how flexures are loaded in the delta robot, where only
the angle of the flexure is an input.

(a) The scale used to input an
deflection angle on the flexure

(b) a closeup of the upper
clamp used

(c) The deformed flexure ready
to be tested.

Figure E.1: Test setup to test the support stiffness of the TPU Flexure

However, due to a problem with the sensor of the tensile test machine, the results of this test are
not very accurate. The problem was probably a low stiffness of the sensor of the test machine
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itself, but this still has to be checked. Overall trends can be seen, such as in figure E.2, where
the support stiffness decreases for larger deformation angles.
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Figure E.2: Compression stiffness, the deflection normalised to the length of the flexure (clean
up this graph)

Multiple tests were also done for the steel wires, but here the error of the tensile testing machine
made that these tests were not usable. Another problem with this setup is that the top of the
flexure is clamped in to lock the angle of the flexure, but this is also locking the position of the
top of the flexure. This adds stiffness to the flexure, which is not modelled.

(a) An overview of the setup (b) A bend steel flexure

Figure E.3: Steel wire tests

56



E.2 Arc method test

To test the arc method, the delta robot was used to measure the deflection path of a flexure.
This path could then be compared to the calculated path by the arc method. A flexure was fixed
to a measured location on the bed of the delta robot. The end of the extension rod was then
attached to the rotation arm of the delta robot, so it was free to rotate while moving around.
The flexure was then deflected to either side by moving the TCP of the delta robot by hand.
Both the rotation and position of the endpoint was measured. However, the amount of hysteresis
in the rotation sensor setup was to large to yield any useful results. The position measurements
did give useful results, as can be seen in figure E.5.

(a) An overview of the setup (b) A top view of the setup (c) A close up of the attach-
ment to the delta robot.

Figure E.4: The use of a delta robot to measure the path of a TPU Flexure
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Figure E.5: The measurement results
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