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Chapter 1
Introduction

The operator L = a‘% + 53—44 can be used as a model for the vertical dis-
placement of a two-dimensional grid that consists of two perpendicular sets of
elastic fibers or rods. We are interested in the behaviour of such a grid that is
clamped at the boundary and more specifically near a corner of the domain.
Kondratiev supplied the appropriate setting in the sense of Sobolev type spaces
tailored to find the optimal regularity. Inspired by the Laplacian and the bi-
laplacian models one expects, except maybe for some isolated special angles,
that the optimal regularity improves when angle decreases. For the homoge-
neous Dirichlet problem with this special non-isotropic fourth order operator
L= a‘% + %‘4 such a result does not hold true. We will prove the existence of
at least one interval (37, w,), w,/m &~ 0.528 (in degrees w, ~ 95.1°), in which
the optimal regularity improves with increasing opening angle.

1.1 The model

The Kirchhoff model for small deformations of a thin isotropic elastic plate is
A%y = f (see e.g. the seminal paper [I7]). Here f is a force density, u is the
vertical displacement of a plate and A? = 86—; + 2#;2 + g—; is the Bilaplace
operator; the model neglects the influence of horizontal deviations.
Non-isotropic elastic plates are still modeled by fourth order differential
equations but the coefficients in front of the derivatives of u may vary. The

interesting extreme case is the equation
Ugzzr T Uyyyy = I

1



2 CHAPTER 1. INTRODUCTION

One may think of the above equation as of the model of an elastic medium
consisting of two sets of intertwined (not glued) perpendicular fibers running
in Cartesian directions (Figure [L.1)). We will call such medium a grid and the

4 4 .
operator L = % + g—yél a grid operator.

Figure 1.1: A fragment of an elastic grid.

The main assumption here is that sets of fibers are connected in such a
way that the vertical positions coincide but there is no connection that forces a
torsion in the fibers. Such torsion would occur if the fibers are glued or imbed-
ded in a softer medium. For those models see [27]. The appropriate linearized
model in that last situation would contain mixed fourth order derivatives.

A first place where operator L = g—; + g—; appears is J. II. Bernoulli’s
paper [1]. He assumed that it was the appropriate model for an isotropic
plate. It was soon dismissed as a model for such a plate, since it failed to have
rotational symmetry. Indeed, the rotation of %77 transforms 88—; + g—; into

194 ot 1 9%
29:7 T 3oz T 29,7
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1.2 The setting

We will focus on L = g—; + 8‘9—; supplied with homogeneous Dirichlet boundary
conditions. This problem, which we call ‘a clamped grid’, is as follows:

{ Ugzze + Uyyyy = [ in Q, (1 1)

u = %u =0 on 0.
Here  C R? is open and bounded, and 7 is the unit outward normal vector
on 0f). The boundary conditions in correspond to the clamped situation
meaning that the vertical position and the angle are fixed to be 0 at the
boundary.

One verifies directly that the operator L = 83—;4 + a% is elliptic in Q.
One may also prove, if the normal n is well-defined, that the boundary value
problem is regular elliptic. Indeed, the Dirichlet problem which fixes
the zero and first order derivatives at the boundary, is regular elliptic for any
fourth order uniformly elliptic operator. Hence, under the assumption that €2
is bounded and 02 € C* the full classical regularity result (see e.g. [25]) for
problem can be used to find for £ > 0 and p € (1, 00):

if feWhrP(Q) then wue WhHP(Q). (1.2)

If Qin has a piecewise smooth boundary 0f) with, say, one angular
point, the result in general does not apply. Instead, one may use the
theory developed by Kondratiev [I8]. This theory provides the appropriate
treatment of problem by employing the weighted Sobolev space V; P(Q)
(see Definition , where k > 0 is the differentiability index and # € R
characterizes the powerlike growth of the solution near the angular point of
Q. Within the framework of the Kondratiev spaces Vﬁk P(Q) the regularity
result “analogous” to (|1.2]) will then be as follows. There is a countable set of
functions {u;},cy and constants {c;},y such that for all k € N:

' ko J(k,p,B) _ ftdp
if feVyH(Q) then w=w+ Zl cjuj  with  w e Vg H(Q).
J:
(1.3)
The functions {uj}jeN in (1.3) describe the behaviour of the solution u lo-
cally in the vicinity of an angular point and are called sometimes the singular

solutions to ([1.1). In this thesis, we will restrict our formulations to p = 2.
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Partial differential equations on domains with corners have obtained a lot
of attention both in the mechanical and mathematical literature. For instance,
in 1951 Williams in his paper [30] identified possible power singularities for
a variety of homogeneous boundary conditions on the plate edges for angular
elastic plates in bending treated within classical fourth-order theory. However,
one may assume that the advanced qualitative theory on the subject has been
developed in the seminal paper by Kondatiev [18]. Since that time many
authors of which we would like to mention Kozlov, Maz’ya, Rossmann [19] 20],
Grisvard [14], Dauge [7], Costabel and Dauge [4], Nazarov and Plamenevsky
[26] have contributed. For applications in elasticity theory we refer to Leguillon
and Sanchez-Palencia [23], Blum and Rannacher [3]. A recent paper of Kawohl
and Sweers [21] concerned the positivity question for the operators 5)44 +

and 1 8@_4 +3 8$2 ay2 +3 8;4 in a rectangular domain for hinged boundary
Condltlons

1.2.1 Why grid model? Mathematical motivation

We have already mentioned above that the deformation of a thin non-isotropic
elastic plate is modeled by the equation (see e.g. [24] p. 281]):

Drugzzes + D2u:m:xy + DSUx:ryy + D4uxyyy + D5uyyyy =/,

where Dj, j = 1,...,5 are elastic constants of a material a plate made of. By
the standard rescaling in z and y one may turn the coefficients in front of
Ugzze AN Uyyyy into 1, so that the abstract mathematical model would be

Ugzrr T bluxxxy + bQUJ::L’yy + bBU:L’yyy + Uyyyy = fa

Wlth bj € ]R j =1,2,3. In Appendix @ we show that provided the operator
4 4 4

8:1:4 + by 8x38y + by azgay + bgafayg, + 6y4 is elliptic, there always exists an
appropriate linear coordinate transformation such that in new coordinates the

above equation will read as

Ugzzr T 2auxmyy + Uyyyy = I

with a € [1,400). If we set a = 3 in the above equation and rotate the
coordinate system by %w, we will arrive (by further rescaling) at our grid
model Uzzre + Uyyyy = f-
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1.2.2 Why corner? Mechanical motivation

A thin (non-isotropic) elastic plate is the main constructive element of almost
every thin-walled engineering construction ranging from aircrafts, bridges,
ships and oil rigs to storage vessels, industrial buildings and warehouses. A
conventional geometry for such a plate is a polygon, that is, a planar domain
with corners (both convex and concave, in general). From an engineering
practice, it is well known that the presence of corners, namely, the reentrant
corners in a plate may cause a significant reduction or even the loss of its
load-carrying capacity. This happens due to concentration of stresses which
appear near corner points of a plate and which can be extremely high (stress
singularity).

Examples of such a loss are the crashes of De Havilland 106 aircrafts (see
Figure in the yearly 1950s. Also known as “The Comet” it was the first
commercial airliner with jet engines and pressurized fuselage. The designers
implemented cabin’s pressurization in order to provide the passengers with the
comfortable living conditions during the altitude flight. Within the first two
years after entering service in May 1952, two of the fleet disintegrated while
climbing to cruise altitude.

Figure 1.2: May 2, 1952. 7The Comet” G-ALYP departures from London’s
Heathrow Airport for her first scheduled flight. The picture is taken from [15].

Extensive investigation determined the major constructive weakness of the
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aircraft — square windows. Stresses that appeared in a fuselage skin around
the window corners was found to be much higher than expected. Such the
stress concentration at corners resulted in a fatigue crack, which was grow-
ing rapidly due to repeated cabin’s pressurizations and depressurizations, and
eventually led to a sudden break-up of a fuselage. During a full scale repeated
pressurization test on an aircraft removed from service, the cabin failure had
been observed: a fatigue cracking that began at the lower corner of a window
(see Figure . Also, the fragments collected from the scene of the crash
showed that a crack had developed due to metal fatigue near direction finding
aerial window (a square window situated in the front of the cabin roof).

T

] ull'vl‘

] —

Figure 1.3: "The Comet” fuselage cracked during the tests. The crack started
at a corner of a square window. The picture is taken from [10].

After the conclusive evidence of the reasons of crashes had been revealed,
all the Comets were redesigned to have oval windows.

Remark 1.1 Let us note that “The Comet” example is an illustrative one.
Its purpose is to bring some evidence that even the smooth reentrant corner
may be treated as “a weak point” of an engineering construction (here, of a
fuselage panel) carrying a load, and one could expect even worse situation if
the corner was sharp. The purpose of the thesis, however, is to consider the
mathematical aspects of corners in the non-isotropic planar material.
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1.3 The target

In this thesis, we will focus particularly on the optimal regularity for the
clamped grid problem, which depends on the opening angle of the corner. For
the sake of a simple presentation, we will consider in a domain Q C R?
which has one corner in 0 € 9Q with opening angle w € (0,2x]. Due to the
Kondratiev theory a more appropriate formulation of the problem should read
as:

Ugpzzr T Uyyyy = f in

u=0 on 01, (1.4)
%u =0 on O0OQ\{0},

“with prescribed growth behaviour near 0”.

One notices that depending on the orientation of €2 in a coordinate system
(z,y), our problem will model different situations from the physical point
of view. Of course, this difference seemingly will play a role locally, in the
vicinity of angular point 0. It is illustrated in Figure [I.4 on the left plot a
domain 2 with corner of %7‘(’ is oriented in such a way that the fibers of a grid
turn out to be aligned with respect to the sides of a corner, while on the right
one the fibers of a grid are arranged diagonally with respect to the corner; the
mathematical model , however, remains the same for both situations.

Y ¥
// ‘\ 4 N
Q// \ y4 \ Q
yd N\ r/ )
/ /
| 7 x
X
0
\
\ X \
AN N /

Figure 1.4: The same 2 being oriented differently in (x,y) results in distinct
physical problems.
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Hence, in order to complete the formulation of , we introduce a para-
meter o € [0, %ﬂ'), which defines orientation of €2. Obviously, the cases a =0
and o = %w yield the identical situation.

The precise description of a domain €2 in problem will be then as
follows.

Condition 1.2 The domain 2 has a smooth boundary except at (z,y) = 0,
and is such that in the vicinity of 0 it locally coincides with a cone. In other
words,

1. 90\{0} is O,
2. QN B(0) = Kiaw) N B.(0),

where B:(0) = {(x,y) : |(z,y)| < €} is the open ball of radius e > 0 centered
at (z,y) = 0 and K4 an infinite cone with an opening angle w € (0, 27] and
orientation angle o € [0, 37):

Kawy = {(rcos(8),rsin(f)) : 0 <r <ooanda <l <a+w}. (1.5)

In Figure a domain ) which satisfies the condition above and corre-
sponding cone K, ) are sketched.

Y Y

/4R
f

Figure 1.5: Ezample for Q and the corresponding cone K4 .-
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For the elliptic problem one might roughly distinguish between papers that
focus on the general theory and those papers that explicitly study in detail the
results for one special model. If one chooses a special fourth order model then
one usually has the biharmonic operator in the differential equation. For the
biharmonic problem of the type the optimal regularity due to the corner
of € ‘improves’ when the opening angle w decreases. In fact Kondratiev in his
seminal paper [18] page 210] states that

“.. for the number of concrete equations in § 5, it is derived
that the differential properties of the solution are getting better
when the cone opening decreases.”

One of the peculiar results for the present clamped grid problem which we
first obtained in [12] is that this does not apply for the whole range 0 to 27.
We show that for the case o = 0 in Condition there is interval (%ﬂ',w*),
with w,/m &~ 0.528 (in degrees w, =~ 95.1°), where the optimal regularity of
the solution u to problem increases with increasing w. This does not
happen in the case of the clamped plate problem, i.e. when the operator in
is the bilaplacian A? (the comparison is outlined in Table below).
The actual curve that displays the connection between w and A, a parameter
for the differential properties, is obtained numerically. The discretization is
chosen fine enough such that analytical estimates show that the numerical
errors are so small that they do not destroy the structure.

operator L of the regularity of

opening angle w the solution u to (|1.4)
the problem " in dependence on w

A? (0,27] decreases
5%44 + 5%44 (07 %77] , |ws, 27] decreases
(the case a = 0) (%77700*) increases

Table 1.1: Optimal regularity of the homogeneous Dirichlet problem for A2
4 4
and %+5Lg/1 when o =0

For a graph displaying relation between w and A\ in this case (i.e. when
a = 0) see Figure and in Figure one finds a more detailed view. The
lowest value of the appearing ) is a measure for the regularity. A more general
result (i.e. when o € (0, 3)) is outlined in Figures [3.7] and
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1.4 Content of the thesis

This thesis is divided into six chapters and several appendices.

In Chapter [2| we recall the results for existence and uniqueness of a weak
solution u to problem .

Chapter |3|is one of the key parts of this thesis. It studies the homogeneous
problem in the infinite cone K4 ),

Ugzzr T Uyyyy = 0 in K(a,w)v
u=20 on  IK (4w,
%u =0 on O \{0}-

We derive (almost explicitly) a countable set of functions {u;},  solving this
problem. These functions describe the behaviour of the weak solution u to
problem locally in the vicinity of an angular point 0 of € in terms of the
angle o and the opening angle w. They will contribute in Chapter [5| to the
regularity statement for u of type (|1.3)).

In Chapter 4| the weighted Sobolev spaces Vé’Q(Q) are presented and we

recall the imbedding results for W*2(Q) and Vﬁl’2(Q) based on a Hardy in-
equality.

Next to this, in Chapter [5| we address the Kondratiev theory and give the
regularity statement for the solution u to our clamped grid problem and
its asymptotic representation in terms of {u; }j en- We will also compare the
results obtained with those known for the clamped plate problem.

Finally, in Chapter [6] we develop a system approach to our fourth order
problem . It is favourized for numerical methods since one may use piece-
wise linear C!'-elements, readily available in standard programming packages.
We will show that such a system approach for our clamped grid problem may
fail to produce the correct solution when  has a reentrant (concave) corner.

The appendices contain computational and numerical results. Thus, in
the first appendix we prove that every elliptic fourth order operator (which is
defined by three parameters) is, in fact, equivalent to one parametric operator.
This result is based on the Mobius transformation. The elaborate third appen-
dix confirms that the errors in the numerical computations involved in order to
illustrate our analytical results for Chapter [3|are small enough. This appendix
also contains an explicit version of the Morse Theorem, which is necessary for
an analytical error bound that confirms the numerical results. In the last ap-
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pendix, we use the numerical approach developed in Chapter [6] to compare the
solutions to the clamped plate and clamped grid problems when {2 has some
specific geometry. We also simulate the distribution of stresses which appear
in “The Comet” fuselage panel with a square and a round window under the
uniformly distributed load.






Chapter 2

Existence and uniqueness

For the present so-called clamped boundary conditions existence of an appro-
priate weak solution can be obtained in a standard way even when the corner
is not convex. We will recall the arguments for the existence of a weak solution

to problem ([1.4)).
The function space for these weak solutions is

W22(q) = (@) w2, (2.1)

where C2°(€2) is the space of infinitely smooth functions with compact support
in Q.

Remark 2.1 For Q from Conditz'on one finds that u € W22(Q) implies
u=20 on dQ and Du =0 on ON\{0} in the sense of traces.

Definition 2.2 A function @ € 12/272(9) is a weak solution of the boundary
value problem with f € L?(Q), if

/(ﬂmtpm + Uyypyy — fo)dady =0 for all ¢ € WQ’Q(Q). (2.2)
Q

2.1 Approach outline

We use the direct method in the calculus of variations in order to prove the

existence of a weak solution v € W22(Q) to 1} when f € L%(Q). Let us
outline the method.

13
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We consider the functional which describes the potential energy stored by
the grid after it has been deformed:

Elu] = / (3 (uix + uzy) — fu) dady. (2.3)
Q
Due to the type of boundary conditions (the clamped edge), F is defined over
the space V?/Q’Q(Q).

Suppose that there exists a minimizer @ € W22(Q) of E. Then the real-
valued function 7(¢) := E [0+ e¢| has a minimum at ¢ = 0, meaning that
7/(¢)|._o = 0. Hence, for the minimizer @ it holds that L E[a+ egl| o =

0 for all ¢ € W22(Q) and the expansion of the latter condition results in

(2.2). For f € L?(Q2) and provided @ satisfying (2.2)) is more regular (namely,
W42(Q)), an integration by parts of (2.2)) shows that @ will fulfill the boundary
value problem ((1.4) in L%-sense.

Remark 2.3 If Q in is smooth enough, it is straightforward that for

f € L3(Q2) the minimizer i € W22(Q) of lies in W42(Q).
When Q in 8 as in Condz’tz’on we will see in C’hapter@ Theorem

that for f € L*(Q) the minimizer & € W22(Q) has the following represen-
tation @ = w+S. Here w lies in W*2(Q) and S is such that Szaze + Syyyy = 0

in Q. So, the integration by part in this case also yields that 4 will fulfill the
boundary value problem in L?-sense.

In the next Section we study the properties of the functional E in ([2.3))

[¢]
over the space W22(Q2) in order to prove that the minimizer of this E exists
and is unique.

2.2 Properties of the energy functional

Due to the form of FE it seems to be reasonable (and more appropriate, in fact)

o
to endow the space W22(Q) with the scalar product

((u,v)), = / (UzaVaaz + UyyUyy) dzdy, (2.4)
Q
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rather than with the standard inner product

(u,v) = / (U + Ug Uz + UyVy + Upg Uz + UpyVsy + UyyUyy) drdy.
Q
With 1' the norm on W22(Q2) will be given as
1/2

|lull, == / (u?m + uzy) dxdy , (2.5)
Q

We show the following.
Lemma 2.4 For u € W%2(Q) it holds that

_1
(3d" +d*+3) 2 llull2eiq) < llull, < llully2zq)
where d is a diameter of €.

Proof. The estimate from above for ||u|, is straightforward. Indeed, we have

Jull2 = [ (2, +4,) ddy < ey
Q

The estimate from below is obtained as follows. By the one-dimensional
Poincaré inequality for all g € Ci[a,b] it holds that

b b

/(g(m))Qd:E < (b—a)Q/(g'(az))zd:L‘. (2.6)

a a

Hence we obtain for all u € C2° (£2) the following estimates:

/u2dxdy < d2/u§dxdy, (2.7)
Q Q

alternatively,
/u2dxdy < d2/u§d:):dy, (2.8)

Q Q



16 CHAPTER 2. EXISTENCE AND UNIQUENESS

and
/uidxdy < dQ/UZxd:ndy, (2.9)
Q Q
2 2 2
/uyda:dy <d /uyyd:cdy, (2.10)
Q Q

where d is a diameter of 2. Also, the integration-by-parts formula applied to
Jo uz,dxdy yields for all u € C2° ():

/ugydxdy = /umuyydacdy < ;/ (uix + u?/y) dxdy. (2.11)
Q

& Q
Due to | , results || — ([2.11)) hold for u € W22().

Then, combining estimates (2.7) — (2.11)) we deduce that

fulfyaaey < (bt +8) [ (24 udy) dody = (bt + 2+ ) Jul?.
Q

Remark 2.5 Due to equivalence of the norms ||-[|, and |- y22(q) on W>2(),

1 an inner product.

Now, our purpose is to prove that E' is coercive, weakly lower semicontin-

uous and strictly convex on W22(Q) with |-|, as in 1)
For (X, ||-||) a Banach space and E : X — R we recall.

Definition 2.6 A functional I is called coercive on (X, ||-]|) if for some func-
tion g € C' (RT,R) with tlim g(t) = oo it holds that

Iz] > g(||z]|), =€ X. (2.12)

Definition 2.7 A functional I is called (sequentially) weakly lower semicon-
tinuous (w.l.s-c.) on (X, ||-||) if for every bounded sequence {x,,} C X such
that x,, — x in X (weak convergence), the following holds

liminf I'[x,,] > I[z]. (2.13)

m—00
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Definition 2.8 Let Y C X be a convex set. A functional E is called strictly
convex on Y if for any x,y €Y, x #y and t € (0,1) it holds

Ifte+ (1 —t)y] < tl[z]+ (1 —1t)I[y]. (2.14)

In three lemmas below we check that the functional E given by ({2.3|) sat-
isfies these conditions.

Lemma 2.9 E is coercive on W*2(Q) with ||-||, as in .
Proof. For every u € W22(Q) one straightforwardly shows that

Elu] = % (uix + uzy) dxdy — /fudxdy >
Q Q

> g llully = £l 2y Il g2y =

1
9 1
> 5 llully = (3d" +d* + 3)2 1 £l 2@ llull. . (2.15)
which gives the coercivity result (2.12)). [

Lemma 2.10 E is sequentially weakly lower semicontinuous on W22(Q).

Proof. Let ((u,v)), be the inner product as in (2.4). We take a bounded
sequence {u,, } C W2(Q) such that u,, — u in W22(Q). We have

E[uy,) — Elu] = % / (u?n,m - uix + u?n’yy - uiy —2f (um — u)) dxdy =

2
= 3 llum —ully + ((um —w,u)), = (um —u, f).
The first term is positive; the second goes to zero by the weak convergence and

o
the third goes to zero since u,, — u in W22(Q) implies that also {f,um,) —

<f’u> |

Lemma 2.11 FE is strictly conver on W%2().

Proof. It is well known that a functional with only linear and positive
quadratic terms is convex. Since, the coefficients in front of u2, and uZ, in E
are strictly positive and because of Lemma [2.4] we even find strict convexity
of E. ]
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2.3 Weak solution, existence and uniqueness result

The following statement holds.

Theorem 2.12 Suppose f € L*(Q). Then a weak solution of the boundary
value problem in the sense of Deﬁnition exists. Moreover, this solu-

tion 1S unique.

Proof. The proof basically recalls the variational approach outlined in the
beginning of this Chapter. More precisely, by Lemmas — it follows
that
Elu) = / (3 (ugw + uf/y) — fu)dzdy over W22(Q),
Q
is coercive, weakly lower semicontinuous and strictly convex on the space

[¢]
W22(Q). Due to the coercivity and the weak lower semicontinuity of E, the
direct method in the calculus of variations (see e.g. [6]) shows us that E has

[¢]
a minimizer 4 € W22(Q). Due to strict convexity of E the minimizer @ is

unique. For this @ it holds that £ F [a +egl|._, =0forall p € I/?/Q’Q(Q).
The expansion of the latter condition results in , meaning that o is a
weak solution of . Since a weak solution is a critical point of the given F
and since the critical point is unique, so is the weak solution. [

Remark 2.13 For u € W22(Q) we have just shown that

HUHIZ/W,?(Q) < C/Q (u2, + uZy) dxdy.

Let the grid be hinged, that is u € W2%(Q) N I/%/LQ(Q . For every u € C?() N
Co(Q) a Poincaré inequality still yields and . Indeed, due to u =
0 on 092 one find for every line y = c intersecting ) that there is x. with
(¢, ) € Q such that uy(x.,c) = 0. Starting from this point one proves @

and similarly . Using a density arqgument (see e.g [22, page 171]) results

o
in the estimates above for every u € W22(Q) N WH2(Q). The real problem
18 fuiyd:vdy since estimate (2.11)) does not hold on domains with non-convex
Q

corners.



Chapter 3

Homogeneous problem in an
infinite cone

o
As soon as we have the weak solution u € W22(Q) to the boundary value
problem (1.4)) at hand we may improve its regularity.
This chapter provides all the necessary information on the local behaviour

of u € W22(Q) in the vicinity of angular point 0 of Q. This behaviour is
defined by the solutions of the homogeneous problem

Ugzzr T Uyyyy = 0 in K(a,w)7

u =20 on aK(a’w), (3.1)
a%“ =0 on 8K(a7w)\{0},

where K, is an infinite cone defined in (1.5) and sketched in Figure
We derive almost explicit formulas for power type solutions to (3.1)) and this

o
will enable us to see their contribution to the regularity of u € W22(Q) in
Chapter

3.1 Reduced problem

The reduced problem for (3.1]) is obtained in the following way. By Kondratiev
[18] one should consider the power type solutions of (3.1)):

u =1 "1o(9), (3.2)

19
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Figure 3.1: An infinite cone K4 -

with = rcos(#) and y = rsin(f). Here A € C and @ : [o, o« + w] — R.
We insert u from (3.2)) into problem (3.1]) and find

(7 (2700) =2 0400

with
L0, 5. 0) = 3(1+4cos(40)) L+ (A — 2)sin(46) 2 +
FE(2 =1 (A —4X = D) cos(40)) &,
+ (X3 602 —7A — 2)sin(40) L +
+3 (AT =222 + 1+ 1 (A" = 8X% + 14X 4+ 8\ — 15) cos(49)) .
(3.3)
Then we obtain a A-dependent boundary value problem for ®:
(3.4)

{ﬁ(@,d@,)\)é—O in (a,a+w),
0

d
o=40= on J(a,a+w).

Remark 3.1 The nonlinear eigenvalue problem appears by a Mellin
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transformation:

We call the eigenvalue problem (3.4) a reduced problem for (3.1).
Let fix some basic notions for ((3.4)).

Definition 3.2 Fvery number \g € C, such that there exists a nonzero func-

tion ®q satisfying , 1s said to be an eigenvalue of problem , while
by € C*|a,a +w| is called its eigenfunction. Such pairs (Ao, ®g) are called

solutions to problem .
If (\o, Do) solves and if 1 is a nonzero function that solves

{ L(A0)P1+L(A)Po =0 in (a,a+w), (3.5)

d, = d%(I)l =0 on Ola,a+w),

where L(X) is given by and L'(\) = %,C(/\), then ®1 is a generalized
eigenfunction (of order 1) for with eigenvalue \g.

Remark 3.3 Similarly, one may define generalized eigenfunctions of higher
order.

The following holds for (3.4]).

Lemma 3.4 Let 0 € (o, +w), with a € [0,37) and w € (0,2n]. For every
fized X ¢ {£1,0} in (3.4), let us set

©1(0) = (cos(8) + 71 sin(O) M, ©a(8) = (cos(8) + 2 sin(6))M,

©3(0) = (cos(0) — 1 sin(O)MT, ©4(0) = (cos(8) — 12 sin(6)) M

wherenz@(lj%'), ngg(l—i) and i = /1.
The set Sy := {gom}fn:l s a fundamental system of solutions to the equa-
tion
L (H,d%,)\) ®=0 on (a,a+w).



22 CHAPTER 3. HOMOGENEOUS PROBLEM IN AN INFINITE CONE

Proof. The derivation of ¢,,, m = 1,...,4 in S) is rather technical and we
refer to Appendix [Bl There we also compute the Wronskian:

W (01 (0) ;02 (0) 03 (0) 04 (0)) =

—16(A+1)* A2 (A — 1) (cos*(6) + sin* ()2

It is non-zero on 0 € (o, o + w), with o € [O, %77) and w € (0,27] except for
A € {£1,0}. Hence, for every fixed A ¢ {£1,0} the set {gpm}ilzl consists of
four linear independent functions on (o, @ + w). n

Lemma 3.5 In the particular cases X € {£1,0} in , one finds the fol-
lowing fundamental systems:

S = {1, arctan (cos(26)), arctanh <§ sin(29)> , @4(9)} ,

So = {sin(6), cos(6), w3(6), wa(0)},
S1 = {1, sin(20), cos(20), ¢4(0)},

where the explicit formulas for p4 € S_1, {¢3,pa} € So and p4 € Sy are given
in Appendiz B,

Proof. The fundamental systems S_1,Sp,S; are given in Appendix [B] By

straightforward computations one finds that for every above Sy, A € {£1,0}
the corresponding Wronskian W is proportional to (cos?() + sin? (9))/\72, S
{£1,0} and hence is nonzero on 6 € (a,o + w), with a € [0,47) and w €
(0, 27]. [

In terms of the fundamental systems S we have ® that solves £ (9, %, )\) ¢ =
0 as

4
(I>(9) = Z bm@m(e)a
m=1

where b,, € C. Inserting this expression into the boundary conditions of prob-
lem (3.4), we find a homogeneous system of four equations in the unknowns
{bm},,_, reading as

o1 (@) @2 () w3 () @4 () b1

b ¢ (@) @y (@) @5 (@) @y (@) by | 0
pr{a+w) pa(at+w) pz(atw) @s(atw) b3
Pl latw) vhlat+w) pylatw) ¢)(atw) ba
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where o € [0, 27) and w € (0,27]. It admits non-trivial solutions for {bm}fn:1
if and only if det(A) = 0. Hence, the eigenvalues A of problem (3.4 in sense
of Definition will be completely determined by the characteristic equation

det(A4) = 0.
We deduce the following four cases:
P(a,w,\) when X¢& {+1,0},
P_1(a,w) when — A=-—

det(A) := ’ (3.6)
Po(e,w) when A =0,

Pi(a,w)  when A=1.

The explicit formulas for P_;, Py, P1 are available in Appendix [B] The
formula for P reads as follows:

P(a,w,\) = (1 + @ sin(2a)>>\ (1 - § sin(2a + 2w)>)\ +

A A
+ (1 - @ sin(QOz)) (1 + ? sin(2a + 2w)> +
+2 (1 + 3 cos (204))%/\ (2 + 3 cos 220 + 2w))
- COS {)\ {arctan (ﬁ tan(2a)> + {1 — arctan (ﬁ tan(2a + 2w)> — mr} } -
2 2
—4 (3 + 3 cos (2a))%/\ (2 + 3 cos 220 + 2w))? Ee

-cos { A [arctan (tan®(a)) — arctan (tan®(a + w))] }, (3.7)
where o € [0, %ﬂ), w € (0,27] and

k=0 if a—i—wE(O,iﬂ,

k=1 |if a+w€(iﬂ',%7r],

=0 if 046[07%7@’ k=2 if a+w€(%7r,%7r],
. 1 1 and

(=1 if ae(gm 37), k=3 if a+we (3m I,

k=4 if a+w€(£7r,%7r],

k=25 if a—i—we(%w,%ﬂ)
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Our purpose is to describe the eigenvalues A of problem for every
fixed a € [0, %71’) and fixed w € (0,27]. What is more important, we want to
trace for a fixed o € [0, 37) the behavior of w — A(a,w) on w € (0, 27].

The strategy will be as follows. First, we check for every a € [0, %7[')
whether the equations P_i(a,w) = 0, Po(a,w) = 0 and Pi(a,w) = 0 have
any solutions in w on the interval (0,27]. In this way we will see whether
A € {£1,0} are eigenvalues of or not. Next to this, we will address the
transcendental equation P(a,w, A) = 0. We will start from the basic property
of the solutions A to P(a,w, A) = 0 for fixed o € [0, 37) and fixed w € (0, 2]
and then our detailed study will concern the equation P(a,w,A) = 0 with
a = 0. In Section we will describe the dependence of the eigenvalues A on
the opening angle w, particularly focusing on the eigenvalue with the lowest
positive real part, denoted as A;. For this eigenvalue we prove the existence
of an interval of w on which A; as a function of w increases with increasing w.

3.2 General statements for the eigenvalues A\

Let o € [0, %7‘() and w € (0,27] in problem 1’ It holds that:
Lemma 3.6 For any o and w the value A = 0 is not an eigenvalue of .

Proof. The proof uses the fact that the function Py(c, w) is strictly positive
on (o,w) € [O, %w) x (0,27]. For details see Lemma in Appendix [ |

Lemma 3.7 For all a € [0,47) the values A € {£1} are eigenvalues of
when w € {m,wo, 27}, where wy € (0, 27).

Proof. It is straightforward that for every fixed a € [O, %W) the values w €

{m, 27} are solutions to P_1 (e, w) = 0 and P; (e, w) = 0 (see Appendix[B]). On

the other hand, due to complexity of P_; and P; one is not able to find for

every fixed « the third solution wy € (0,27) of P_1(c,w) = 0 and Py (a,w) =0

analytically. So, we have numerically assisted results. It turns out that both

foregoing equations for every fixed a have identical solutions, that we denote
10

as wp. For instance, fixing a = 577, j = 0,...,8 we find the following
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approximations for wy on (0, 27):

o wo/m | wp in degrees

0 ~ 1.423 ~ 256.25°

%W ~ 1.422 ~ 256.13°

%ﬁ ~ 1.425 ~ 256.61°

ST | ~1.430 |~ 257.54°

%W ~ 1.435 ~ 258.47°

5™ | ~ 1438 |~ 258.89°

Som | ~1.436 | ~ 258.57°

%W ~ 1.432 ~ 257.76°

%ﬂ ~ 1.427 ~ 256.87°

We use the Maple 9.5 package for numerical computations. ]
Our next simple observation for P in is that for every A € C\ {£1,0}
it holds
1
Plo,w, —A) = — T 5 Pla,w, ).
(5 + 5 cos2(2a))” (5 + 3 cos?(2a + 2w))

Hence,

Lemma 3.8 For every fized o € [0, %W) and fized w € (0, 27] the solutions A
of P(a,w,A\) =0 are symmetric with respect to the w-axis. It also holds that
if A is an eigenvalue then so is A.

Hence, combining the results of Lemmas [3.6]—[3.8]it is convenient to intro-
duce the following notation.

Notation 3.9 For every fized o € [0, %77) and fized w € (0,27] we write
{)\j}]o.il for the collection of the eigenvalues of problem (3.4]) in the sense of
Definition which have positive real part Re (X)) > 0 and are ordered by
increasing real part.
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The complete set of eigenvalues to problem (3.4) will then read as {—\;, A, }]Oil
The following lemma describes the set {\; }]Oil

Lemma 3.10 Let L be the operator given by .

e For every fized o € [0,37) and fized w € (0,2n]\ {7, wo, 27} the set
{)\j};il from Notation s given by

{Ni}io, = {AxeC: Re(N) e R"\{1}, P(a,w,\)=0}.
e For every fized o € [(), %7‘(‘) and fized w € {m,wp,27} the set {)‘j}?il
from Notation[3.9 is given by
{)\; }j ,={AeC: Re(\) e R"\{1}, P(a,w,\)=0}U{1}.
[ 1He)re wo is a solution of Pi(a,w) =0 on w € (m,2m) for every fized o €
0,5m).

Remark 3.11 The approzimations wo/m for some fixed v are presented in
the table in the Proof of Lemma[3.7]

The last thing we can mention in this Section is that the values w €
{%7‘(‘,7‘(‘, %71', 271'} being set in yield more simple formulas for P. We find
that: o o

P (o, 3m,A) = (1 - ‘[ 8111(204)) (1 + f sm(2a)) +

+2 (3 + % cos (204)) cos (Am) —
—4(2+ % cos (2a)) cos { A [arctan (tan®(@)) — arctan (cot2(a))] b, (3.8)
P (a,m,A) = —4 (5 + 3 cos (2a)) sin?(7\), (3.9)

P (o, 37, 0) = (1 ‘[ (204))2)\ + (1 42 sm(2a))2)\ +

+2(3+3 COSZ(QOJ)))\ cos (3Am) —

—4(3+13 COS2(204))>\ cos { X [arctan (tan®(a)) — arctan (cot*(a))] }, (3.10)
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P (o, 2m,A) =16 (5 + & cos (2a)) [cos4(Tr)\) - 0082(71')\)] . (3.11)

In the above formulas o € [0, 37) and A ¢ {£1,0}. Equations P (a, 7, A) =0
and P («, 2w, ) = 0 admit the explicit solutions X for every a € [0, %ﬂ), while
the equations P (a, %77, )\) =0 and P (a, %77, )\) = 0 can be solved explicitly
only for @ = 0. For details see Appendix [D}

3.3 Analysis of the eigenvalues A\ when a =0

The set {)\j};il of the eigenvalues to problem for every fixed o € [O, %77)
and fixed w € (0,27] has been described by Lemma In this Section our
particular study will focus on {)‘j};‘il when a = 0. First, we will give the
basic plot of some first values from {)\j};il in dependence on the opening
angle w € (0,2nx]. This result is obtained in a numerically assisted way. Next
to this, a detailed numerically-analytical analysis will be given to A1. We will
prove that as a function of w the first eigenvalue \; = A\j(w) of the boundary
value problem ((3.4]) increases on w € (27T w*) where w, /7 =~ 0.528 (in degrees
wy & 95.1°).
Thus, we fix @ = 0 in (3.7) and denote

P(w, ) :== P(a,w, \)| g -
Explicitly, P reads as follows:

P(w,\) = (1 — Y= 51n(2w)) <1 + @ Sin(2w))/\ N

+2 (% + 2 cos? % - cos {)\ {arctan (@ tan(2w)) + mr} } _
—4 ( 2 cos (2w))% - cos { \arctan (tan?(w)) }, (3.12)
and

k=0 if we(O&w]’

r=1 if we(%ﬂ’%ﬂ—v
k=2 lf we(%ﬂ',%ﬂ']j
k=3 if we (3r Ix],
k=4 if we (£W,2ﬂ.
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Now the particular case of Lemma for the case @ = 0 can be formulated.
Lemma 3.12 Let L be the operator given by and let o = 0.

o For every fized w € (0,27|\ {7, wo,27} the set {)\j};il from Notation

is given by

N2, ={ e C: Re(N) e R"\{1}, P(w,)) =0}.

o For every fired w € {m, wo,27} the set {)\j};il from Notation is

given by

N2, ={reC: Re(N) e RT\{1}, P(w,\)=0}U{1}.
Here wy is a solution of Pi(a,w) =0|,_, on w € (m,2m) with the approz-
imation wo/m &~ 1.424 (in degrees wy ~ 256.25°).
Also, referring to the formula (3.12)), we will find:
P (3m,)A) =2+ 2cos(mA) — 4dcos (57A),

P (m,\) = —4sin?(7)),
P (37, )\) = 8cos®(m\) — 6cos(mA) —4cos (L)) + 2,
2 2

P (27, )\) = 16 cos*(m\) — 16 cos? (7).
In Appendix |D| we solve the above four equations explicitly.

3.3.1 Intermezzo: a comparison with A?

Let the grid-operator 24 i problems (|1.4)), (3.1) be replaced by the
: : 2 o* o 8‘?y4 ot
bilaplacian A* = 27 + 2W + g That is, we have the clamped plate
problem,
A?y=f in Q,
u=0 on 09, (3.13)
a%u =0 on 9Q\{0},

“with prescribed growth behaviour near 07,
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and the homogeneous problem in an infinite cone,

A2u =0 in ,C(a,w)7
u=0 on IKqu), (3.14)
%u =0 on IK(w\{0}.
Here, © and K, are from Condition Due to the invariance of the
operator A? under rotation, the orientation angle « in problems (3.13) and
(3.14) does not play a role, i.e. can be arbitrary. But in order to be consistent
with the particular case a = 0 in the grid problem we consider here, we simply
assume that o = 0 in the above bilaplacian problems too.
Here, we recall some results for the bilaplacian, namely, the eigenvalues
{)\j};’il of the corresponding reduced problem. We will compare them to

those given in Lemma For problem (3.14) the reduced problem of the
type (3.4) has an operator L reading as (see e.g. [14, page 88]):

L6, 2. 0) =2 12002+1) L + (X —2)32+1). (3.15)

The corresponding characteristic determinants are the following (see e.g. [14]
page 89] or [3, page 561]):
sin?(Aw) — A%sin?(w)  when A\ ¢ {£1,0},
det(A) := sin?(w) — w? when A =0, (3.16)
sin(w) (sin(w) — wcos(w)) when X e {+1}.
Note that for every A € C\ {#1,0} the function sin?(Aw) — A2sin?(w) is
even with respect to w and hence the Notation [3.9]is applicable here. Analysis

of det(A) = 0 with det(A) as in (3.16) enables to formulate the analog of
Lemma [3.12] Namely,

Lemma 3.13 Let L be the operator given by .

o For every fivzed w € (0,27|\ {7, wo, 27} the set {)\j}]oil from Notation
is given by

N = {AeC: Re(\) e RM\{1}, sin’(A\w) — A*sin®*(w) =0} .
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o For every fivzed w € {m, wp,21} the set {)‘j}?; from Notation is
given by

A2, ={AeC: Re() e RT\{1}, sin’(Aw) — \sin’(w) = 0}U{1}.

Here wy is a solution of tan(w) = w on w € (m, 2m) with the approzimation
wo/m & 1.430 (in degrees wy =~ 257.45°).

3.4 Analysis of the eigenvalues A when a = 0 (con-
tinued)

Let (w,A) be the pair that solves the equations of Lemmas and
In Figure we plot the pairs (w,Re())) inside the region (w,Re()\)) €
(0;27] x [0, 7.200].

Remark 3.14 The numerical computations are performed with the Maple 9.5
package in the following way: at a first cycle for every wy = l%ﬂ + %ﬂq,
q=0,...,113 we compute the entries of the set {)\j};vzl. Here, N is determined
by the condition: Re (An) < 7.200 and Re (An+1) > 7.200. The points (w, \)
where \; transits from the complex plane to the real one or vice-versa are
solutions to the system P(w,\) =0 and g—f(w, A) = 0 (the justification for the
second condition will be discussed in Lemma .

In Figure one may observe the difference in the behavior of the eigen-
values in the corresponding cases. In particular, in the top plot (the case
L = 59—;1 + g—;) there are the “loops” and the “ellipses” in the vicinities of
w € {%7‘(, %w} (we inclose them in the rectangles). The bottom plot (the case
L = A?) looks much simpler in the same region. We will see from the reg-
ularity statements in Chapter [5] that the contribution of the first eigenvalue
A1 to the regularity of the solution u to problem is the most essential.
So, it is important for us to know the dependence of the eigenvalues A\ on the
opening angle w. In this sense, the region (w,Re(\)) € V (Figure top)
seems to be the most interesting part and the model one. One observes that
inside V' the graph of the implicit function P(w,\) = 0 looks like a deformed
8-shaped curve. So, if one proves that everywhere in V', P(w,\) = 0 allows its
local parametrization in w — A\ = (w) or A — w = ¢(A), then the bottom
part of this graph is A\; and there is a subset of the this bottom part where Ay
as a function of w increases with increasing w.
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Figure 3.2: Some first eigenvalues \j in (w,Re (X)) € (0,27] x [0,7.200] of
problem , where L is related respectively to 36—;1 + g—; (on the top) and

A? (on the bottom). Dashed lines depict the real part of those Aj € C, solid
lines are for purely real A;.
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3.4.1 Behavior of A in V

So let us fix the open rectangular domain
V={(w,\): [{a5m, 7] x [2.900,5.100]} .

The function Pe C*°(V,R) is given by (3.12)) with x = 1:

P(w,\) = (1 _ L2 sm(zw))A + (1 + 2 Sin(2w)>/\ +
+2 (4 + L cos?(2w)) ™ - cos {)\ [arctan (@ tan(2w)> + w} } —
—4 (L + L cos?(2w)) 2 - cos { A arctan (tan?(w))} . (3.17)
We set

I''={(w,\) € V: P(w,\) =0}, (3.18)

as a zero level set of Pin V.

Remark 3.15 In order to plot the set I' we perform the computations to
P(w,\) =0 1in V in the spirit of Remark|3.14).

In particular, for w = %77 being set in 1’ we obtain P (%71',)\) =2+
2 cos(mA) —4 cos (%71’)\). The equation P (%77,)\ = 0 admits exact solutions for

A in the interval (2.900,5.100), namely, A € {3,4,5}. This yields the points
(%77,3) =:cy, (%71’,4) =:a, (%77,5) =: ¢y,

of T'. It also holds straightforwardly that ‘g—f (c1) = g—i (c4) = 0 and hence
one may guess that horizontal tangents to the set I' exist at those points (in
Lemma this situation will be discussed in details for the point ¢1). For a
we find directly that g—f (a) = %—1; (a) = 0 and hence more detailed analysis is
required. Additionally to c¢1, ¢4, we will also specify four other points of the
set I'. Denoted as ¢y, c3, cs5, cg, they are defined by the system P(w,\) = 0
and g—};(w, A) = 0. The latter condition (we will justify it in Lemma for
the point ¢2) gives us a hint that vertical tangents to I' exist at those points.
The approximations for the coordinates of ¢;, i = 1,...,6 are listed in Table
and we plot the level set T' in Figure [3.3
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. . . The property
Point ¢; of I' | Coordinates (w/m, A) | w in degrees of T at ¢
c1 (%, 3) 90° horizontal tangent
2 (0.528..., 3.220...) ~ 95.1° vertical tangent
3 (0.591..., 4.291...) ~ 106.4° vertical tangent
cy4 (%, 5) 90° horizontal tangent
cs (0.477..., 4.746...) ~ 85.96° vertical tangent
6 (0.412..., 3.655...) A 74.2° vertical tangent
Table 3.1: Approximations for the points of the level set T'.
5;
4.5
3
g
a |
3.5—:
3 ™
70 80 90 100 110

omega (in degrees)

Figure 3.3: The level set T (solid line) in V.

As we mention in Remark the set I" as in ([3.18)) was found by means
of numerical computations. In order to show that the plot of I is adequate, we
study the implicit function P(w,\) =0 in V analytically. It is done in several
steps.
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The first lemma studies P(w,\) = 0 in the vicinity of the point
a=(3m,4) €T. (3.19)

Lemma 3.16 LetU = IxJ C V be the closed rectangle with I = [%W, 1%7?] ,
J = [3.940,4.060] and let point a € U be as in . The set I given by
consists of two smooth branches passing through a. Their tangents at a are

)\:4(md)\:f%w+4.

Proof. Let DP stand for the gradient vector and D?P is the Hessian matrix.
For the given a we already know that DP(a) = 0. We also find

ZLa) =0, ZE(a)=-8v2r, LE(a)=—r2.

That is, det D?P(a) = —1287% and by Proposition and remark (Ap-
pendix |C]) it holds that

P(w,\) = —3hy (w, A) (16v2h1 (w, A) + 7ha (w,A)) on U, (3.20)

where hi,hy € C°° (U,R) are given by almost explicit formulas in (C.13]),
(C.14) in the same lemma. We also have that hi(a) = ha(a) = 0 and

Ga(a)=1, G&(a)=0, (3.21)
I2(a) =0, 2(a)=1. (3.22)

Due to (3.20) we deduce that in U:

Pw,\)=0 <=  ha(w,A\)=0 or 16v2h (w,\)+7hy(w,\)=0.
(3.23)
By applying the Implicit Function Theorem to the functions ha (w, A) =0
and 16v/2h1 (w, A) + mha (w, A) = 0 in U one finds a parametrization w — \ =
n(w) for each of these implicit functions. Indeed:
1) For hg (w, A) = 0 it is shown in Lemma (Appendix [C]) that

2 (w,\) >0 on U,
and hence there exists ny : [ — J, 1 € C°°(I) such that

ha(w,m (w)) = 0,
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and

(@) = =92 (w,m @) | B @m @)]
for all w € I. We have that n; (%71) =4 and due to 1) we find
n (37) =0.

Hence, there is a smooth branch of I' in U passing through a, which is
given by A = n; (w) with the tangent A = 4.
2) For 16v/2h1 (w, A) +7ha (w, A) = 0 it is shown in Lemma (Appendix

that

16v290 (w, \) + 722 (w,A) >0 on U,

and hence there exists 1y : I — J, o € C°(I), where I C I, such that
16v2h1 (w, 72 (w)) + mha (w, 72 (W) = 0,

and
16v2901 (w,mp () + 722 (W, 1mn (w))

16V295 (w12 () + 7R (W, 1 ()]
for all w € I. We have that 1y (§7r) = 4 and due to (]3.21[) and (]3.22[) we obtain

1 (W) =

) = —16v2,

m (57 -
Hence, there is another smooth branch of I' in U passing through a and
given by A = 73 (w). The tangent is A\ = —%ﬂw +4. [ ]
The next lemma studies P(w,\) = 0 locally in V' but away from the point
a.

Lemma 3.17 Let

Hy = {(w,\) : [{557, 1g57) x [4.030,4.970]} ,
Hy = {(w,\) : [£57, 8L7] x [4.750,5.100]} ,
Hs = {(w,\): [1%07,1087] x [4.000,4.850]} ,
o= ) [ ] 30,4100,
Hs = {(w,\) : [+, 357] x [3.030,3.970] } ,
Hg = {(w,\) : [3557, 15577 x [2.900,3.230]} ,
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Hy = {(w,\) : [{27, 2%7] x [3.150,4.000]} ,
Hs = {(w,\) : [{&, 327 x [3.900,4.050]} ,

and U be as in Lemma . Then U?ZIH]- covers the set T in 'V (see Figure
and in each Hj the following holds:

Rectangle | Property in H; The set I' in Hj is given by
Hop 1 WA #0 | w=op—1(N) : pop—1 € C(Jap_1)
Hoy, 9L (w,\) #0 A = o (w) @ hor € C°°(I2x)

Here k=1,...,4.

Proof. In Claims - of Appendix [C] we constructed the rectangles
H; C V,j=1,..38 such that the results of the second column in a table

above hold. In Figure we sketched the covering of the set I' in V' with the
rectangles Hj, j =1,...,8.

\\

3 He “\“

70 80 920 100 110
omega (in degrees)
Figure 3.4: For lemma|3.17.

Due to result of the second column we can apply the Implicit Function
Theorem to the function P(w,\) =0 in every H;, j = 1,...,8 in order to
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obtain w = ¢op_1(A) or A= Y9r(w), k =1, ...,4. By assumption Pe C*°(V,R)
and hence ¢, are C'*™° on the corresponding intervals J, I. ]
Basing on the results of the above two lemmas we arrive at the following

Proposition 3.18 The set I' given by 1s an 8-shaped curve. That s,
there exists an open set V O [=1,1]? and a C®-diffeomorphism S : V. — V
such that

S(T') = {(sin(2t),sin(t)), 0 <t < 27}.

Henceforth, we will call the set I" a curve (having one self-intersection
point) which means that every part of the set I' is locally parametrizable in w
or A.

3.4.2 Eigenvalue )\; as the bottom part of I’

The curve I' in a rectangle V' combines the graphs of the first four eigenvalues
A1, ..., Aq of the boundary value problem as functions of w as far as
they are real. Here we focus on the eigenvalue A\; which is a bottom part of
I’ (the segment cgcice C T in Figure . In particular, we prove that as a
function of w the eigenvalue A\; = A\j(w) increases between the points ¢y, ca (the
approximations for their coordinates are given in Table . The situation is
illustrated by Figure |3.5

In order to prove this result, we follow the approach used in Lemmas
and To be more precise, we fix two rectangles {Hy, H,} C V such
that Hy N H, = () and Hy U H, covers the part of I' containing the seg-
ment cicy (see Figure . We parameterize I' in Hy, H, as w — A = ¢(w)
and A — w = ¢(\), respectively, and study the properties of these para-
metrizations (convexity-concavity, extremum points, the intervals of increase-
decrease). This will enable to gain the information about c¢;ca.

Lemma 3.19 Let Hy = Iy x Jy C V be the closed rectangle with Iy =
[&m, 27| and Jo = [2.960,3.060]. It holds that I' in Hy is given by A =
P(w), P € C®(wa,ws), (Wa,wg) C Iy and is such that it attains its minimum
on (wa,wg) at w = wy = 37 and increases monotonically on (wo,ws). Here

Wa,wg are the solutions to the equation P(w,3.060) = 0 on w € (%77, %77)
and on w € (%7’[’, %Tf), respectively, with P given by .

Proof. By Lemma [3.17] we know that
Pw,\)=0 <= P(w,¢(w))=0 1in Hg, (3.24)
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70 80 20 100 110

omega (in degrees)

Figure 3.5: Increase of A1 between c; and co

and if we take the rectangle Hy defined as in lemma above, then due to Hy C
Hg, will also hold in Hy. Moreover, we also set Hy in such a way that its
top boundary intersects I at two points, meaning that we find two solutions
of P(w,3.060) = 0 with P as in . We name these two solutions wq,wg.

Hence, we deduce that I" in Hy is given by A = ¢(w), ¥ € C*°(wq,wp) and
satisfies ¥ (wqa) = ¥(wg) = 3.060. Due to condition

Y(wa) = P(wp),

by Rolle’s theorem there exists wy € (wq,wp) such that 1’'(wp) = 0.
Since P (wg,? (wp)) = 0 and due to

1

V(W)= 50w v ) [Grw,v )],

we solve the system P(w,\) =0 and ‘g—i(w, A) =0 in Hy in order to find wp.
Its solution is a point ¢ = (%77, 3) and hence

wo = %7‘1’.

We deduce that A = ¢(w) attains its local extremum at w = wy.
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%3.3*
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3 17\\\\\
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Figure 3.6: The rectangles Hy, H, from lemmas and [3.20, respectively
(on the left); the enlarged view (on the right).

Next we show that A = ¢(w) has a minimum at w = wp on (wq,ws). For
this purpose we consider a function G € C*° (Hp, R) such that

G (w, P(w)) = ¢"(w). (3.25)
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For an explicit formula for G see Appendix [C] In Claim of this Appendix
we show that
G(w,\) >0 on Hp. (3.26)

Condition (3.26)) together with (3.25)) yields
Gw, () =¢"(w)>0 on (wa,ws),

meaning that A = ¢(w) is convex on (wq,wg).
The result is that A = ¢(w) attains its minimum on (wa,wg) at w = wg =
%77 and increases monotonically on the interval w € (wp,wg). ]
We also have the following

Lemma 3.20 Let H, = I, x J, C V be the closed rectangle with I, =
[%w, %7‘(‘] and J, = [3.030,3.600]. It holds that T' in H, is given by
w = @A), ¢ € C®(\y,N5), (A, As) C Ju and is such that it attains its
mazimum on (Ay, As) at A = A, = 3.220 and increases monotonically on the
interval (Ay, \). Here Xy, \s are the solutions to the equation P (%w, )\) =0
on A € (3.030,3.100) and on A € (3.500,3.600), respectively. Also, A\« is the
solution to the system P(w,\) =0 and g—f(w, A) =0 on X e (N, Ns); P given

b (719,

Proof. By Lemma [3.17] we know that
Pw,A\)=0 <= P(p(N),\)=0 in Hs, (3.27)

and if we take the rectangle H, defined as in lemma above, then due to H, C
Hsj, (3.27) will also hold in H,. Moreover, we also set H, in such a way that
its left boundary intersects I' at two points, meaning we find two solutions of
P (%w, )\) =0 with P as in 1} We name these two solutions A, As.
Hence, we deduce that I" in H, is given by w = ¢(X), ¢ € C®°(\, As) and

satisfies p(Ay) = ©(As) = $27. Due to condition

o(Ay) = p(As),

by Rolle’s theorem there exists A € (A, As) such that ¢’'(\.) = 0.
Since P (¢(Ax), Ax) = 0 and due to

&N = —Z2(o(A),A) [ZE(p(A), N)]
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we solve the system P(w,\) = 0 and g—f(w, A) =0 in H, in order to find \,.

Its solution is a point ¢y = (Cu, 5\>, where @ /7 ~ 0.528and A &~ 3.220. Hence,
A & 3.220.

We deduce that w = () attains its local extremum at A = A,.
Next we show that w = ¢(A) has a maximum at A = A, on (\,, \;). For
this purpose we consider a function F' € C*° (H,,R) such that

F(p(N),A) = ¢"(N). (3.28)

For explicit formula for F' see Appendix [C} In Claim of this Appendix
we show that

F(w,A\) <0 on H,. (3.29)
Condition (3.29) together with (3.28)) yields
F(o(A),A) = ¢"(A) <0 on (Ay, ),

meaning that w = () is concave on (A, As).
The result is that w = ¢(\) attains its maximum on (Ay, As) at A = A, =
3.220 and increases monotonically on the interval A € (A, Ay). [

Theorem 3.21 As a function of w the first eigenvalue A1 = A\i(w) of the
boundary value problem increases on w € (%71‘,&}*). Here w, /7 ~ 0.528
(in degrees wy, ~ 95.1°).

3.5 On the behaviour of w — A\ (w), w € (0,27] when
a € (0, %7‘(’)

The previous section has studied the eigenvalue A; of problem on w €
(0,27], when o = 0 and described w — A;(w). Here we will give an impression
about the behaviour of Ay of on w € (0,27], when « € (0, %71’) In
Figures and which are the same plots viewed from different viewpoints,
we depict the eigenvalue A1 of for a« = %ﬂ'j, j =0,...,8. Note, that
although the case a = %7? is identical to the case a = 0 we, however, plot the
corresponding curve (the one in green) in order to complete the row.
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Re (Lambda)

Figure 3.7: The first eigenvalue A1 of the problem when o = %wj,
j=0,...,9. Dashed lines depict the real part of those A1 € C, solid lines are
for purely real ;.

3.6 Structure of solutions to (3.1 in the cone K, )

Here we proceed with the derivation of an algebraic and geometric multiplicity

of the eigenvalues {\; };.;1 of problem 1’ This will enable us to describe the

precise structure of power type solutions to problem (3.1)) in the cone Kiaw:-
First we recall the following.

Definition 3.22 Let a € [0, %7‘1’) and w € (0,27 be fixed. The eigenvalue \j,
j € NT of problem is said to have an algebraic multiplicity k; > 1, if for
all 0 <k < Kk; — 1 it holds that

k

W,P<aa W, )‘]) = Oa



3.6. STRUCTURE OF SOLUTIONS TO IN THE CONE K.y 43

Re (Lambda)

Figure 3.8: The graph of Figure[3.7 from another viewpoint.

and
dri
d\Fi

P(o,w, A\j) # 0.

Based on the numerical approximations for some first eigenvalues \;, j €
N* depicted in Figure (the top one), Figures and partly by our
derivations (namely, the existence of the solution to the system P(w,\) =
%(w, A) = 0 in Lemma we believe that the maximal algebraic multi-
plicity of a certain \; of problem is at most 2. Indeed, generically 3
curves never intersect at one point, meaning that geometrically the algebraic

multiplicity will always be at most 2.

Definition 3.23 The eigenvalue \j, j € NT of problem s said to have
a geometric multiplicity I; > 1, if the number of the corresponding linearly
independent eigenfunctions ® equals I;.
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For given \;, j € Nt of problem we distinguish the following three
cases:

1. kj = I; = 1 one finds a solution (Aj, ®;0) of and then the power
type solution of problem reads:

Uj,o = r)‘f“@j,o(ﬁ); (3.30)

2. kj =2, I; =1 one finds a solution (\;, ®;() and a generalized solution
(Aj, ®;51) of (3.4). Recall that (X, ®; 1) satisfies the equation ({3.5)),

LO)Pj1+ L (Aj)Pj0 =0,

where £()) is given by (3.3) and £'(\) = £ L(N).
Then we have two solutions of problem (3.1)):

ujo = T’)‘j—H(I)j?o(g) and Uj1 = pritl (‘I’jﬂ(@) + Iog(r)tﬁjp(ﬁ)) ; (331)

3. kj = I; = 2 one finds two solutions (\j, ®;0), (Aj, ®;1) of (3.4), where
®;0 and P, are linearly independent on 6 € (a, @ + w). Then as in previous
case, the two solutions of problem (3.1)) occur:

uj70 = ’I”>\j+1(1)j70(9) and ijl = r’\f+1<1>j,1(«9). (332)

For our grid operator, in some cases of o and w one is able to find the
eigenvalues {\; };O of problem 1) explicitly. This happens when

a=0 w %7‘(‘,

o
Il
o
&
Il
N

Q
m
=)
DO —
3
~—
&
I
N
=]

Moreover,

e when a = 0 and the opening angle w € {%ﬂ',ﬂ'}, for every given \;
one can compute explicitly the corresponding eigenfunctions ®;,, ¢ =
0,...,n; —1. Ifw e {%ﬂ', 27r}, the eigenfunctions ®;, can be computed
explicitly only for some ;. In Appendix E we bring the formulas of some
first solutions u;, to for the corresponding cases (if computable);
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e when o € (0, %ﬂ') and the opening angle w = 7 the first eigenvalues of
problem (3.4) is A; = 1. Then one computes ®1 o(#) = sin?(f — ) which
yields uy,0 = 72 sin?(@ — ). For higher values A;, j > 2 the solutions u; ,

are polynomials.

These functions 7 T1®(6) and r**! log(r)®(6) determine the bands for the
regularity in Kondratiev’s theory. Details are found in Chapter






Chapter 4

Kondratiev’s weighted
Sobolev spaces

Due to Kondratiev [18], one of the appropriate functional spaces for the bound-
ary value problems of the type are the weighted Sobolev spaces Vé’2,
where [ € {0,1,2,...} and § € R. Such spaces can be defined in different
ways: either via the set of the square-integrable weighted weak derivatives in
Q (see [18,[14]), or via the completion of the set of infinitely differentiable on
Q functions with bounded support in €2, with respect to a certain norm (see
19, 28]).

In our case (see Condition the domain ©Q C R? is open, bounded, and
has a corner in 0 € 99Q. It is also assumed that 9Q\{0} is smooth, and that
QN B:(0) = K(a,w) N Be(0), where B:(0) is a ball of radius € > 0 and K,
is an infinite cone with an opening angle w € (0,27) and orientation angle
o € [0, %7[')

These weighted spaces are as follows:

Definition 4.1 Let
C (\{0}) :={ueCx(Q): support(u) C Q\{0}}.
Let 1 € {0,1,2,...} and B € R. Then Vﬂl’Q(Q) is defined as a completion:

vi2@) == @ (o), (4.1)

47
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with
l 2

Jull = HUIIVBz,z(Q): > [ 2O DY dady | (4.2)
Iv=0¢q

1
Herer = (2? + y?)2 and v = (71,72) is a multi-index of order || <, so that
ol
DV = govipym -
The space Vﬁl’z(ﬂ) consists of all functions u : £ — R such that for each

multi-index v = (71, y2) with |y| <1, DYu = 8{3'3{‘9;72 exists in the weak sense

and rP~H0IDYy € L2(Q).
Straightforward from the definition of the norm the following continuous
imbeddings hold (see [19, Section 6.2, lemma 6.2.1]):

VEAHQ) CVRAQ) if lp>h >0 and Ba—Ily < By — b (4.3)

In order to have the appropriate space for zero Dirichlet boundary condi-
tions in problem (1.4) we also define the corresponding space.

Definition 4.2 Forl € {0,1,2,...} and B € R, set
%120 Aol
Vi) =02 (@), (4.4)

with ||| is the norm and C° (Q) := {u € C (Q) : support(u) C Q}.

Remark 4.3 For u € Vg2(Q) one finds that DYu = 0 on OQ\{0} for |y| <
¢ —1, where D"u = 0 in the sense of traces.

4.1 Comparing (weighted) Sobolev spaces: imbed-
dings

As mentioned e.g. in [I8] page 240] or [19, Chapter 7, summary]|, the family

of weighted spaces Vé’Q does not contain the ordinary Sobolev spaces without

weight. More precisely: W2 ¢ {Vﬂm}lﬁ for K > 1. We will prove the

imbedding results for bounded € from Condition
Our first statement is as follows.
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Lemma 4.4 Let € R and 1 € {0,1,2,...}. Then the following holds:
VA cwh(Q) e B<0, (4.5)
Wh(Q) cViRQ) e B>, (4.6)

Proof. Let 2 be as in Condition[1.2]and Q C Bj(0), where By (0) is an open
ball of radius M > 0. The statement in a) goes as follows: for (x,y) € Q one
has 0 < r < M and hence 7231+ > A28+ iff g — [ + |v| < 0. Since
0 <|y| <1, we obtain # < 0. This enables us to have the estimate:

1
1 2
= Z /TQWHM) DYVl dody | >

||u||vé»2(g)
[v[=0q

NI

l
> Z M*B=H0D DY daedy | >
Iv1=0 ¢
1
1 2
> min(1, M) [ Y /]D7u\2dxdy = min(1, M) [|ull 20 »
Iv=0q
which is the result in (4.5]).

To prove (4.6) we notice that 23—+ < pr2B=+0D iff 3 — 1 4 || > 0.
Due to 0 < |y| < I, we obtain 3 > [ and then the estimate holds:

SIS

l
- / P20 | DYl dady | <

Hu”vév?(g)
[v/=0q

l 2
< Z M2B—=i+1) |D7u|2 dedy | <
I71=0q

1 2
< max(1, M7 | > /ymuﬁdxdy = max (1, M) Jull iz g -
Iv=0¢
This is the result in (4.6]). ]
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For the spaces adapted to the zero-trace boundary conditions we may find
the analogous result. In order to do this, let us first recall a higher-order one
dimensional Hardy inequality.

Lemma 4.5 Let w € C§° [x1,x2]. For every k > 1 it holds that

To o
w(x 2 k 2

/((m—(m))k) dz < (%1)2(§k3)23212/(w(k)(x)> dz. (4.7)

1 171

Proof. It holds straightforwardly that
T2 2 1
w(z) ) _ { 2/ 1721{]
/xl ((m—m)’“ do = g5 (@) (@ —a1)

/f@ w(z)w' (@) (z — z1) " dx <

1

< gy ([ ey ) " ([ (e ae)

1 1

1

and the first step in the proof of (4.7)) follows. Repeating the argument for w’
and k — 1 etc. will give the result. ]

Remark 4.6 Since W*2(z1,z9), k > 1 is the closure of C§° [x1, 2] in the

o
Wk2_norm, one can use the results of Lemmafor every w € Wh2(x1, x9),
k>1.

The second statement about ordinary and weighted spaces follows.

Lemma 4.7 Let B € R and 1 € {0,1,2,...}. Then the following holds:

VE(Q) c W(Q) & B<0, (4.8)
W) c VEA(Q) & B0 (4.9)

Corollary 4.8 Forl € {0,1,2,} one has

Wh2(Q) = VE2(0).
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Proof of Lemma Let Q be as in Condition with a € [0, %ﬂ') and
w € (0,2m). Let us set § = o+ w. We also use the fact that for our domain
there exists ¢ > 0 such that

r>cp(z,y)
where p denotes the distance from a point (z,y) on the lines

C:y=tan(0)z + T,

with 7 € R to the point (z1,y1) € 9Q. For details see Figure where for
simplicity we assume a = 0.

Figure 4.1: Domain Q with a concave corner w intersected by €. Here o = 0.
In particular, it holds that
P2 = (z—x)? (1+ tan? (6)) .

We may integrate along the lines £ and use the one-dimensional Hardy-inequality
(4.7) to find that there exist a; € RT with

lullyagy < llullyiag) for all ue C°(Q). (4.10)

On the other hand, using the same argumentation as in proof of (4.5 in
Lemma we find @; € RT such that

at [ullyraay < lullyra g, forall u e C2°(Q). (4.11)
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Inequalities (4.10)), (4.11)) yield
wh(Q) = Vi3 Q).

Due to imbedding VE2(Q) c VE(Q) c VE2(Q) when 61 < 0 < 5 one obtains
B1 0 B2
the result in (4.8) and (4.9). |



Chapter 5

Regularity results

In this Chapter we will give the regularity result to our clamped-grid problem

[):

Ugzazr + Uyyyy = foin Q

u=20 on 0f),
Lu=0 on ON\{0}.

in the domain €2 defined as in Condition (we sketch €2 in Figure below).
In order to do this we refer to the key theorem of the Kondratiev theory

(see e.g. [19, Theorem 6.4.1]). We will also use the information from Chapter

on the power type solutions to the homogeneous problem in the cone

K(aw)-
5.1 General regularity statement

The Kondratiev theorem adapted to our problem (|1.4) reads as:

Theorem 5.1 (Kondratiev) Let u € VéiQ(Q) with i € N, 1 € R be a
solution of the elliptic boundary value problem .
Suppose that f € Véj’Z(Q), where lo € N, B € R and such that

=06 <lpg—PB2+4.
If no eigenvalue \; of problem lies on the lines
Re()\) = ll — 51 — 2, Re()\) = lQ - ﬁQ + 2,

53
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/4R

Figure 5.1: Ezample for  with two governing parameters « € [0, %7[') and
w € (0,27].

while the strip
11—51—2<Re()\) <l2—ﬂ2+2,

contains the eigenvalues Ag, As1+1, AN, then u has the representation

N K,j—l

u=w+ Z Z CjgUjqs (5.1)

Jj=s q=0

where w € Vﬂl§+4’2(9), k; < 2 is the algebraic multiplicity of \j and ujq are

the solutions of the problem in Kaw) given by formulas , ,
535,

Remark 5.2 Sometimes in the literature one may find instead of the
following representation

N Iijfl

u=w+ x(r) Z Z CjqWjgs

Jj=s q=0

where x s a cut-off function such that x = 1 in the neighborhood of the
cornerpoint r = 0 and is supported sufficiently close to it.



5.1. GENERAL REGULARITY STATEMENT 55

The statement above is too general. We specify it in the following way.

Recall that by Theorem [2.12| there exists a unique weak solution u € 12/2’2(9)
of (1.4) with f € L2(Q). Since L2(2) = V*(Q) and by Corollary one
has W22(Q) = Vg’2(Q) C V02’2(Q), we conclude that for f € \/50’2((2) we
have u € V02’2(Q). Then assuming more regularity for f € VOO’Q(Q) we apply
Theorem [5.1] to obtain:

Theorem 5.3 (Weighted space) Let f € L*(Q) and let u € W2%(Q) be a
weak solution to .

Suppose that fe V;’Q(Q), where k > 0, 8 < k, and that no eigenvalue \;
of problem lies on the lines

Re(A\) =0, Re(\) =k—-p(+2,

while the strip
0 <Re(N) <k—p+2,

contains the eigenvalues A1, Ao, A\ny. Then u has the representation

N I{jfl

u=w+ Z Z CjqWj.q» (5.2)

j=1 q=0

where w € V;+4’2(Q), kj < 2 4s the algebraic multiplicity of \; and ;4 are

the solutions of the problem in Kiaw) given by formulas , ,
B3,

The previous theorem gives the optimal regularity in the sense of Kon-
dratiev’s spaces. Due to Lemmas [1.4] and [£.7] we are able to formulate the
regularity statement in terms of commonly used Sobolev spaces, namely, when

Wk2(Q), k> 1
fe ), k=1,
Wk2(Q), k>0.

The result is as follows (for the convenience we arranged it as a table):
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Theorem 5.4 (Sobolev space) Let f € L*(Q)) and let u € W?%(Q) be a
weak solution to .

Suppose also that f € Wh2(Q), k> 1 Wk2(Q), k>0

and that no eigenvalue B -
i of the problem { Re(A) =0, { Re(A) =0,

A
lies on the lines, Re(d) =k +2 Re(A) =2
while the strip 0<Re(N) <k+2 0 <Re(N) <2
contains the eigenvalues A1, A2, oo, AN
Then u has the B N e
representation u=wt Zj:l Zq=0 Cj.ati,a
where w € W) W, d)

kj < 2 is the algebraic multiplicity of \; and u;, are the solutions of the
problem in Kaw) given by formulas (3.30), (3.51)), (3.39).

Remark 5.5 Away from the corner also these results are optimal. Of course
the optimal reqularity near a corner can not be stated using just the standard

Sobolev spaces WH2(1).

Proof. For the first column one uses the imbeddings
Wh2(Q) € VF2(Q) and VEF2(Q) ¢ whH2(),
and for the second
WE2(Q) € VF(Q) and VIT2(Q) € WEH2(Q, |22 dp).

|
In Theorems [(5.3] and (5.4] the function w is sometimes called in the lit-
erature a regular part of the solution u € W?22(Q), as it preserves the full
regularity in a classical sense: f € W*2(Q) = w € WF42(Q). The double
sum Zévzl Zgi_ol Cj.qWjq i the asymptotic representation for u € W2(Q) is
then a so-called singular part. From formulas (3.30), (3.31), (3.32) we know
that the first term of the sum, depending on the algebraic multiplicity of Ay,
reads as

MG 0 (0) or ML (D 1(0) + log(r)®10(0)) - (5.3)
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Here, Ay € C is the first eigenvalue of (3.4) such that Re(A;) > 0 and
D10(0),®11(0) € C®l,a+w], a € [0,37), 0 < w < 27. Hence, in or-
der to complete our regularity analysis we will describe the regularity in €2 of

the power type terms ([5.3)).

5.2 Regularity for the singular part of «

We start from the following lemma

’2
w < 2m. Let also A € C\Z with Re(\) > 0. Suppose that k € {0,1,2,3,...
Then the following are equivalent:

Lemma 5.6 Let ¥(0) € C*®[a,a+ w| be nontrivial and o € [0,17), 0 <

1. P (9) € Wh2(Q),
2. r 1 1og(r)W (0) € WHk2(Q),
3. Re(\)+1>k—1.

Proof. If ) is not an integer, one finds for R > 0 that r**1W () € WH2(Q)

means
R

/ <TRe(’\)+1_k)2 rdr < oo.
0

This holds true when 2(Re(A\)+1—k) + 1 > —1 yielding the third item.
Inclusion of a term with log(r) will not alter the regularity, so the same result
holds. |

Remark 5.7 In order to restrict the already heavy technical aspects we have
not considered (weighted) Sobolev spaces with non-integer coefficients k and
Hélder spaces. A similar result will hold for k is non-integer. Concerning
Holder spaces:

W (9) € CFY(Q) for Re(A) +1>k+~ with k€ N,y €[0,1).
For the second function it holds that

M log(r) W (0) € C*Y(Q) for Re(\) + 1>k +~ withk € N,y €[0,1).
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In order to apply Lemma to the power type solutions (/5.3)),
Mt o (0) or  rMFL (D 1(0) + log(r)®10(0)),

one has to view Re(A;) as a function of the opening angle w, that is, as
(0,27] > w — Re(A\(w)).

In Figure we plot the curves (0,27] 3 w — Re(A(w)) for fixed a =
o = %ﬂ'j, j =0,...,9 (note that the cases « = 0 and a = %7‘(’ are identical).
The horizontal black segments intersecting the corresponding curve Re(\; (w))
depict the levels Re(A\1) = 2 and Re(A;) = 1, so that one is able to trace the
behaviour of Re(A1(w)) on interval w € (0, 27] between these levels (recall from
Appendix@that for every a € [0, 37) one has A;(m) = 1 and A\ (27) = 3).

Re (Lambda)

Figure 5.2: The first eigenvalue \1 of the problem when a = %ﬂ'j,
j = 0,...,9. Dashed lines depict the real part of those A\; € C, solid lines
are for purely real A\1. The horizontal black segments intersecting each curve
depict the levels Re(A1) = 2 and Re(A1) = 1.
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Based on the foregoing numerical approximations to A1, as well as, on the
analytical estimates for A; (obtained in Section for the case a = 0) we
conclude that:

Claim 5.8 For every o € [0, 3m) it holds that (0,27] 3 w — Re(A1(w)) is a
continuous function. Moreover,

for we (0,wy) Re(A1) > 2,
for w€ws,m) : 2>Re(A1) >1,
for wem2n] 1>\ > 1.

Here the w, is the solution to the equation
P(a’w’2+i£) = O}

onw € (%w, %ﬂ') for every o € [O, %ﬂ') with P given by formula and
£EeR.

For the corresponding fixed a = %74, j =0, ...,9 we compute the w, and

180
depict them in Table

o wWi/T | wy in degrees « Wy /T wy In degrees

0 [~0.720 | =~129.6° | 257 | ~0.716 | ~129.0°
T | 2 0.681 | ~122.6° || JFw | ~0.7786 | ~ 140.16°
fom | ~0.640 | ~115.3° | {5b7w | ~0.7784 | &~ 140.11°
T | ~0.605 | ~108.9° || ¥ | ~0.754 | ~135.8°

f“siooﬂ ~ 0.600 ~ 108.1° %71’ the same as for a =0

Table 5.1: Approzimations for the w, from Claim when a = 1%8007rj, Jj =
0,...,9.

For the numerical results from Claim it follows by Lemma [5.6] that:
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Claim 5.9 For everya € [O, %71‘) it holds that power type term in belongs
to

when  w € (0,w,),
when w € [wy, ),
Cc> (ﬁ) when w=m,
W22(Q) when w € (7,27
Remark 5.10 When the opening cmgle w=m e know from Appendiz[D| that

every term u; 4 of the singular part Z] 1 Zq 0 cj qWj,q %5 a polynomial in x,y
of order \j + 1. That is, for every X;, j € N* we have

L (0) = Pya(e,y) € C (Q). (5.4)

For non-polynomials the result in Lemma even holds for A € N.

5.3 Corollary

For the numerical results from Claim it holds by Theorem [5.4] that:
Corollary 5.11 Let u € W22(Q) be a weak solution of problem with
f € L3(). Then
for we (0,w) : ueW(Q),
for we€ (we,m) + ueW3Q
for w=Tm . u e WH(Q
(

for we (m2r] : ueW?2(Q).

Here wy is as in Claim [5.8

Remark 5.12 For opening angle w = w, we have Re (A1) = 2 and hence
Theorem does not apply. Nevertheless, assuming f € L%*(Q) to be more

reqular, e.g. in %1’2(9) or WH2(2), we may show that

for w=w, : uecW3?Q).
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Proof. The proof is straightforward. By Theorem if f € L?(Q), the
solution u € W22(2) of problem || reads as

Kji—1

u=w+ Z Z CjqWijqs (5.5)

0<Re(};)<2 ¢=0

with w € W42(Q).

The summation condition is 0 < Re (A;) < 2 and hence the sum in
has no terms on the interval w € (0,w,). This yields that v € W4%(Q) when
the opening angle w € (0, wy).

For w € (wy,m) U (m,27] we immediately deduce by Claim that u €
W32(Q) for w € (wy, ) and u € W22(Q) for w € (7, 27].

Finally, for w = 7 due to the singular part is of C'*® (ﬁ) and hence
u € W42(Q) in this case. [

5.4 Comparison with the bilaplacian case

Let us recall that in Figure [3.2)in Section [3.3] we compared the eigenvalues \;
of problem for £ induced, respectively, by the operators L = g—; + %
and L = A?. The parameter a € [O, %77) has been chosen to be a = 0. In
Figure below we bring more general picture: for every a = a; = 118—07Tj ,
j = 0,...,9 we plot (0,27r] 3 w — Re(A\(w)) for the cases L = 2 42
and L = A? simultaneously. For convenience, in the caption we denote the
corresponding A1 as A1 grig and A1 Bilaplace- The horizontal black segments
intersecting the curves depict the level Re(A;) = 1, where at w = 7 it holds
that )\I,Grid = )\1,Bilaplace-

The remarkable observation is that for every a € [0, %7‘(’) and the opening
angle w > m, the curves for A\ griq and A1 Biiaplace behave similarly.
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Re (Lambda)

Figure 5.3: The first eigenvalue Ajof the problem when o = llTooﬂj, j=
} ) ) _ ot ot

0,...,9. For L in induced, respectively, by the operators L = 503 T o7 and

L = A2, we have M Grid (colored) and A1 Bilapiace (in blue). The horizontal

black segments depict the level Re(\1) = 1, where at w = 7 it holds that the
values A\ Gria and N1 Bilaplace aTe identical.



Chapter 6

System approach to the
clamped grid problem

A solution of a fourth order elliptic boundary value problem can be obtained
either directly or by considering a system of second order equations. The
system approach is usually favorized for numerical methods since one may
use piecewise linear C%! finite elements, instead of piecewise quadratic C'+!
elements needed for the direct approach. Thus, in [I3] the authors compare
both approaches for the clamped plate problem and proved that for planar
domains with reentrant (i.e. concave) corners the system approach failed to
produce the correct solution. In this chapter we will study the similar question
for our clamped grid problem. The material of Chapter [5| will be of use in this
study.

6.1 Outline and settings

Let © C R? be open and bounded. In Chapter [2| we show that for any f €
L?(2) the clamped grid problem

{ Uggza T Uyyyy = fin Q, (6.1)

u:(%u:O on 0f),

63
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o
has a unique weak solution W?22(£2). This weak solution is a minimizer of the
energy functional

Eu] = / (% (ufm + uzy) — fu) dxdy over V?/ZQ(Q),
Q

and a solution to the weak Euler-Lagrange equation

/(umapm + Uyypyy — fo)dady =0 forall ¢ e WQ’Q(Q). (6.2)
Q

Alternatively one may consider a system of second order equations. Indeed,
due to the factorization

94 ot _
ozt + oyt — <_ faxay) ( A+ faxay)
problem (6.1)) will be split into:
—Av — \/ﬁvmy =f in £,
—Au+2uy; =v in (6.3)

u:%u:() on ON.

A weak solution for the system is a pair (v,u) € WH2(2) x W12(Q) such that

d V29 o) V2 ou\ 9Y
Sl 25) 5+ (5 28) 8
Q

(G- o) G2+ (G — %) 52 - fo - vo] dady =0,
for all  (¢,4) € WH2(Q) x WH2(Q). (6.4)

Remark 6.1 Assuming for a moment (v, u) to be more regular, an integration

by parts in leads to

0= / (—av - V2 2y - 1) vdady + / (~Au+ Va2 —v) gdudy+

Q Q
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+/<n1 (52 +232) +ma (B2 +4232)) was+

o0

(a8 oo (- 22) s
o0

where n = (n1,ng) is the unit outward normal vectm" on 0N2. The ﬁrst two inte-

grals formally results in the equations —Av — 8x8y =f, —Au+ 8x8y =0
in Q. The first boundary integral vanishes due to ¢p = 0 on 9. The lat-
ter boundary integral being equal to zero results in second boundary condition

g—z =0 on 0. Indeed, in terms of the normal and tangential derivatives one

ou ou ou ou __ ou
hasa =nig, —nN23; anda n28n+n187_

hence % =0 on 9. As a result we deduce that

0= [ (m (32 =8 5) +ma (32— ¥252)) 0us -

o0

Moreover, u = 0 on 082 and

_ / (1~ Vamns) guods. (6.5)

o

Since the normal (n1,m2) = (cos(7),sin(y)) one finds that niny = 1 sin(2y) €

[*%,%] and hence that 1 —\/2ning > 1 — @ > 0. The factor in is

positive and hence we obtain g“ =0 on 9N as a second boundary condition.

The reason why we want to use the system approach in order to solve
the original fourth order problem is that such an approach has an advan-
tage from the computational point of view. Indeed, in order to approximate
(v,u) to one may use piecewise linear C%! finite elements, which are im-
plemented in a large number of standard programming libraries. The solution
u to has to be approximated by piecewise quadratic C! elements in or-
der to avoid §-type distributions behavior over the edges of adjacent elements.
C. Davini in [§] follows an alternative approach by introducing a numerical
way of treating distributions over mesh-sides which allowed him to stay with
the piecewise linear C%! elements.

The solutions u of both problems, however, may not coincide and whether
it happens or not depends on the properties of the domain . In particular,
it holds that u of and v in the solution (v, u) of are identical when
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Q is smooth or has a convex corner. For the case when a reentrant (concave)
corner is presented in €, this does not hold true. Below we will give a detailed
explanation and proof to these results.

6.2 System approach

Let us set .
H=Wh2(Q) x WH3(Q).

First we have to find out the existence of a solution (v,u) € H to the in-
tegral equation ([6.4). Unfortunately, one is not able to recover a functional
H(v,u) such that 0H (v, u;¢,1) would equal to the left-hand side of ,
so we can not talk about (v,u) of in terms of a stationary point of a
certain functional. Instead, we will show that if we assume some additional

[¢]
regularity of the corresponding solutions, the solution u € W22%(Q) of 1'
and a solution (v,u) € H of (6.4) will coincide. Then there will be a one to
one correspondence implying that (v,u) exists and is unique.

Proposition 6.2 Let Q C R? be open and bounded and let f € L*(Q).

1. If (v,u) € H is a solution of and u € W2(Q) then u satisfies the

equation .

2. If u € 12/2’2(9) satisfies and —Au + 2u,, € WL2(Q), then
(—Au + \@umy,u) s a solution of .

Proof.

1. Let (v,u) € H be a solution of of (6.4)). Then we have

/[(0”{(%) 2+ (5o +282) 58 - | dady = o,

Q

forall ¢ € W2(Q),  (6.6)
/ 3" \2[8"> + <8u - ‘{g;‘) =2 vgb} drdy = 0,
Q

for all ¢ € WhH2(Q). (6.7)
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If u € W22(Q), the for all $ € W2(Q) we derive from (6.7) that

0= / (~2u+ Ve — o) ddudy+

Q

+/ (m (5 —25) + 72 (85— 978) ) 0as.
o0

which implies —Au + \/ﬁa‘fgy = v in Q and % = 0 on 0f) in a weak

sense (for the latter condition see formula (6.5) in Remark [6.1]). Hence,
u € W22(Q). Moreover, by density,

/ (~Au+ Va3 g —v) gdedy =0, forall ¢ e L(Q).
Q

Taking ¢ € IX/Q’Z(Q) and using ¢ = —Ay — \/iaajgy we find with
that

0= [ (~aus Vagig =) (~aw - Vi) driy -

Q

=/wmmmwwﬁwmw

Q

2. Let us define the left-hand side of equation (6.4]) as A(v,u;®,1). Here

we will prove that if |D holds true and u € W22(Q2), —Au + \@umy €
Wh2(Q) then

A(=Au + V2ugy, u; 6,90) =0, for all (¢,10) € H.

Indeed, for u € W22(Q) and —Au + v2uy, € WH2(Q) it holds that

o:/wmmwm%yﬁwmwz

Q

= / [(a% (—Au + \/§ny> + ?a@y (—Au + \/ﬁuzy)) g—f +

Q
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+ (3% (—Au + \/iuzy> + ?6% (—Au + \/iuxy>) %} - f’(ﬁ} dzdy,

forall ¢ € ﬁ/Q’Q(Q).

Since W%2(Q) is dense in W2(£2) one has for the above equation that

0= / [(8% (—Au—i— \/§u$y> + ga% (—Au+ \@“wy)) g—ﬁ +

+ (& (~dut Vauy) + L2 (~AutVauy)) 52 — fo) dudy,
for all ¥ € W2(Q).

Then it follows that

A(_Au + \/iua:y) u; @, ¢) =

= / [((9% (—Au—i— \/§uxy> + ga% (—Au—i— \@umy)> % +
Q
+ (2 (Bu+v2un) + 2L (—Au+ Vauy, ) ) 3+

4 (0w _v2ou) 0o o (ou _ V2ou) 00
ox 2 0y ) Ox dy 2 Ox

—f — (—Au + \@uzy) ¢] dxdy =

= [l 25 5 (5 F) 8 (o vaum) o] s -
Q

/ (1 — \/inm) 2448 = 0,

o0
holds for all (¢,) € H.
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6.3 Comparing minimizing and system approach

Let us recall that the two different types of weak solution we obtain for problem

(61).

e Minimizer of the energy functional E [u] = [ (3 (u2, + “Zy) — fu) dzdy
Q
over W22(Q) yields a solution u € W22(Q).

e A solution of equation 1} gives a solution u € W12(Q) with —Au +
V2uzy € WH2(Q) and

/ (—Au+ VaZL) ddrdy =
Q

= [ (B 2e) 5 (3 - P) &) aot
Q

The last equation replaces the zero normal derivative of w.

Here we will compare these solutions by specifying the properties of the
domain €2 in which problem is posed. To be more precise, let € be defined
as in Condition (the sketch of € is depicted in Figure below).

We claim the following.

Lemma 6.3 The minimizer u of the clamped grid problem satisfies
—Au+ V2uyy, € WE2(Q) if and only if w < 7.

Proof. The result follows by Corollary from Chapter ]

Corollary 6.4 Assume that the domain Q as in above. Then equation
possesses a solution in H.

Proof. It is enough to apply Lemma [6.3| with Proposition to obtain that

the unique minimizer of E [u] = [ (% (u%w + uzy) — fu) dxdy is a solution of
Q

6. .

Now we proceed with the comparison of the two solutions in the case when
w > m, i.e. when § has a concave (reentrant) corner. We will see that the
system approach will, in general, not agree with the minimization problem.
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e
/A
S

]

Figure 6.1: Ezample for  with two governing parameters « € [0, %7[') and
w € (0,27].

Theorem 6.5 Let 2 be the domain as in Figure with opening angle w >
. Then, there exists a right hand side f such that the unique minimizer of

Elu) = [ (5 (u2, +ul,) — fu) dedy is not a solution of in H.
Q

Proof. Let x € C*|0,¢] be a cut-off function such that xy = 1 in the neigh-
borhood of the cornerpoint r = 0.

Consider the singular solutions v; (r,0) := r*+1®;(6) of problem .
Recall that they solve the homogeneous problem in an infinite cone with
the opening angle w. We know that

1 2
/ (r/\+1_k) rdr<oo&s k< A+ 2
0

and similarly if Inr is included, so one finds that for k € {0,1,2,3, },
Wi (r,0) =N (0) e WR2(Q) & k < A +2.

If for simplicity we assume that @ = 0 in Figure [6.1} then the relation
between w and \; be as in in Figure
Let 91 be the first positive singular eigenfunction. We set

up = x¥1.
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Re (Lambda)

2] ‘ e I :
0 50 100 150 200 250 300 350

omega (in degrees)

Figure 6.2: The relation between opening angle w and the eigenvalues A; in
the singular solution of problem when a = 0.

One finds u; = 0 on 99 and % =0 on 9N\ {0} and since ¥; € W22(Q) and
1 € W32(Q) for w > 7 (see Figure we find

w € W22(Q\WH2(Q).

Since u1 = 11 in the neighborhood of = 0 and 1 is such that (8‘% + 8—4> P =
0 in € it follows that

fi:= <§—; + E%;) up € COO(Q).
Taking f = f1 we have u; as the unique minimizer of the functional F [u] =
s{ (3 (u2, + uzy) — fu) dzdy.

Let us assume that (—Au; + ﬁaax—””gy, u1) is a solution of equation 1'
Then

up € WH(Q) and  — Auy + \/588;31/ c Wh2(Q). (6.8)
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Applying Theorem from Chapter [5| adapted to the space W12(€), one

[}
finds that the solution u; € W2(Q) possesses the asymptotic representation
U] = UL+ C_2W_o 4+ Cc_1Y_1 + 11 + 22 (+ higher order terms) ,

where @1 € W4%(Q) and
Yoz, 1 € WHEHQ\WH(Q)  and 4,4 € W2(Q)\WH2().

The higher order terms lie in W32(Q). Moreover, since the functions 1; are
such that

(-2 +v255;) vi 40,

one obtains
(-2 + V32 ) v, (A4 Vgl v £ 17(Q),

and

(-2 + V255 ) on, (~A+ Va5 ) v € WH2(9),

and that they do not cancel each others singularity near 0. Hence, if —Auy +

\/5(%—%1?/ € W12(Q), then by the second condition in one is forced to set

co=rc_1=c=cy=0. One finds u; € W32(Q) N W?22(), a contradiction.
n

Remark 6.6 The asymptotic analysis of the original fourth order problem and
the system approach produces the same boundary value problems and imposes
naturally the same boundary conditions on the angular eigenfunctions. Thus
produces the exact same singular eigenfunctions ;.

Remark 6.7 Following the argumentation of the previous theorem, one sees
that when w < , the stationary point is indeed in W22(Q). Thus, Proposition
implies that it is unique.
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Algebraic transformation

The main result of this appendix is that for every fourth order elliptic operator
o o o o o4

=—+b b b W
Ozt + L 0x30y + 2 0520y2 + 5 010y * oyt

L (A1)

with b; € R, j = 1,2, 3 there exists precisely one a € [1,+00) such that L is
algebraically equivalent to the operator

o ot ot

Lo=2 42a-9 192
Ox?t + a8$28y2 + oy*

(A.2)

This means that one may always find an appropriate linear coordinate trans-
formation such that due to this transformation L turns into L,.

A.1 Ellipticity of operator L,
Let x € R™. Recall (see e.g. [25, Chapter 2, Definition 1.1]) that
Definition A.1 The differential operator of order 2m,

A (i) = ) b (;ﬁ)v, (A.3)

[v|=2m

where by € R, is said to be elliptic if its symbol satisfies

A(&) #0  for all & e R™\{0}.

73
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From the ellipticity it follows that A(§) > ¢ |2m for all £ € R™, where ¢
is a positive constant independent of . Moreover, by Proposition 1.1 in [25]
Chapter 2, Definition 1.1] it follows that if A is elliptic then the equation

Co7+— A(E+71n) =0,

where £, € R" are linearly independent vectors, does not have any real roots.
Then the following holds.

Lemma A.2 The operator L, = 88—; + 2@#22!2 + % is elliptic iff a > —1.
Proof. For a =0 it holds that
Ggre=1E+8)"+1(E-8)"> 1",
for all £ € R2. Then for a > 0 we it is straightforwardly that
€+ 206765 + & 2 &0+ 6 > 5l

Let a < 0. We set b = —a (that is, b > 0) and by Cauchy’s inequality
obtain

G-EE+& > +6-b(EH+&)=01-b) (E+&)>30-bg"

Hence, 1 — b > 0 and as a result, 0 < b < 1. In terms of a this yields
-1<a<0. ]
Let a € (—1,400) in Ly. The corresponding characteristic equation

™ 4+ 2a7% 41 =0,

has four solutions 71, 79,71, T2, where

n o= Y (VITa-iiTa),
T2 = ?(\/la+i\/1+a), when a € (—1,1],

and

1 = iVa—Va?—1,

7 = i\a+Va®—1, whenaé€[l,+00).
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In Figure we depict the location of 71, 79,77, 72 on the complex plane
in dependence on a. In particular, for a € (—1,1) the roots lie on the unit
circle (in red) and a € (1,400), they lie on the imaginary axis (in blue). The
a = 1 corresponds to the intersection point of the circle and the imaginary

axis.
Im
a=1
a=0 a=0
a=-1 a=-1 Re
a=0 a=0
a=1
— ] <A
— —-]1<a<l

Figure A.1: Diagram showing two possibilities in the location of the roots T € C
of the characteristic equation ™+ 2a7? +1=0, a € (-1, +00).

A.2 Transforming the roots

Let us first prove the simple yet useful lemma.

Lemma A.3 Let b; € R, j = 1,2,3 be such that p(t) := 74 + b173 + ba7? +
b372 4+ 1 has complex roots which come pairwise.
a+ Bz

+ 6z
ad # By, such that p (f(1)) = 0 will have purely imaginary roots. Moreover,
these roots are pairwise symmetric with respect to 0.

There exists a Mobius mapping f(z) = , with real coefficients and
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Proof. Under assumption that the equation p(7) = 0 has four complex roots
coming pairwise, let us denoting them as 71, 72,77, 72 and write down

p(7) = (1 =) (T —72) (1 —=71) (T — T2).

It holds that |7 |* |m|* =

Let f(z) = jigj be the mapping to apply. We obtain
p(f(7) = (f(7) =) (f(7) = 72) (f(7) = 71) (f(7) = T2) =

a+pr a+ fBr a+pr _\(a+pr __
_ — - T _— T =
v+ 0T v+ 0T 2 v+ 0T ! v+ 0T 2
4 T_—a+’yTl T+ T_—a+’y7'T T_—a+77'72 .
- B —on B B —om 6-0m )~
— A( fmv 7_1)) (7_ _ fmv<7_2)) (7_ o fmv(T—l)) (7_ . fmv(T—Q))’
where A = W (B —071) (B —d72) (B — 071) (B — 073) and fi"™ stands for
the mapping inverse to f. This inverse mapping is again a Mdbius mapping;:
indeed, for f(z) = ji?zz m.
In order to see that f"*Y turns the roots 71, 7o, 71, T2 into purely imaginary
values we consider two cases.
Case 1: the roots 71, 72,77, 72 lie one one line (see Figure top), that

is, Re(71) = Re(m2) and we suppose that 0 < Im(71) < Im(72). Then in order
to make 7, 79,77, T2 purely imaginary a shift suffices, that is,

, the inverse reads as f™(w) =

" (w) = w — Re(ry).
The coefficients in f" and f will read as:
a=Re(r), =1, 6§=0, =1 (A4)

One sees that ad = 0 and Gy = 1. Hence ad # (3.

Case 2: the roots 11, 72,71, 72 are not on line, i.e. Re(71) # Re(72) and we
suppose that Im(71) and Im(7e) are positive. Then they lie on one circle C
which is symmetric with respect to the real axis (see Figure bottom).

Let x1 and x» denote the intersection points of this circle C' with the real
axis. Then we take
w— X1
w— X2

£ w) =
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Im
T2
T
Re
0
Ty
T,
Im
C
""""""""""""" ..:Ez
T,
s \
I’ \\

'I’ \‘
v )
X1 | Re

\‘ 0 ‘} Xz

“\ l"

\ /
— J
Ty N

~o - i
--------------- T,

Figure A.2: Diagram showing the location of the roots T € C of the character-
istic equation p(t) = 0.

Mobius transformations map ‘circles and lines’ on ‘circles and lines’ and pre-
serves the angles. That means that the circle C' through 71, 70, 71, 72 and x1, X2
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will be again a circle or line. In fact, due to f(x2) = oo we conclude that
mapped C' is a line (let us denote it as ¢). The real axis is mapped on the
real axis and since the circle C intersects the real axis perpendicularly, the
line ¢ will intersect the real line perpendicularly too. Since f¥(x;) = 0, this
intersection is at 0. In other words, the image ¢ of the circle C' is the imaginary
axis.

The coefficients in ¥ and f in this case are as follows as:

a=x1, fB=-x2, 0=-1, =1 (A.5)

One sees that ad = —x1 and By = —x2. Hence ad # (7.
Let us note that due to the symmetry of 7,77 and 79,7 with respect to
the real axis in both cases the transformation preserves this symmetry (see

Formula (A.7) for details). |

For practical reasons it is useful to have the explicit formulas for f"(w) =
—a +yw

m to be applied to 75, j = 1,2. In particular,
e When Re(71) = Re(m2), one obtains directly that
f(ry) = ilm(ry), j=1,2. (A.6)
Here i = /—1.
e When Re(71) # Re(7), one finds for 75, j = 1,2 that

finU(T‘) _ Ti — X1 _ Re(Tj) + ZIm(TJ) — X1 _
J 7j —x2  Re(r;) +im(1j) — x2

_Xax2 — (x1 + x2) Re(7;) + |Tj|2 +i(x1 — x2) Im(7;)
X3 — 2x2Re(r;) + |75

We know that fi%(7;) is purely complex, meaning that
xi1x2 — (x1 + x2) Re(m) + |7 =0, j=1,2.
That is, as a result

i . — Im(7; )
fznv(Tj) = . (Xl X2) ( J) 5 j= 1’27 (A?)
X3 — 2x2Re(75) + |7
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where x1,x2 read as

X1 = 9 (Re(ﬁ)l_ Rl (|7'1|2 _ |7-2|2 + \/B) , (A.8)

=g (Re(ﬁ)l— Re(72)) (|71‘2 — |l \/5) , (A.9)

and
2
D= (ynﬁ - |72\2) +4 (\71]2Re2(72) + \ny?Re?(n)) +

—4R6(T1)Re(7'2) (‘Tl‘z + ‘7—2‘2) .

Remark A.4 Note that the above D 1is always positive. Indeed, having
Re(7;) = |15] cos(0;), j = 1,2 and that |11| |72| =1 one finds

2
D= (]le2 — ]72|2> + 4 (cos®(61) + cos®(6a)) +
—4cos (6 )cos(62) (]71|2 + |T2\2> >
2 2\ 2 2 2
> (|7-1| — || ) +4 (cos (01) + cos (92)) +

(cos (01) + cos (02)) (|Tl|2 + |7-2|2) =

= (I~ 1n?)” ~ 2 (cos2(61) + cos?(82)) (1| — [7al)? =
= (il = I72l)? [(ma] + [72l)? = 2 (cos?(B1) + cos?(02)) | =
= (i1l = 172 |7 + 72l + 2 = 2 (cos?(61) + cos(62)) | >
> (Ira| = [rl)? (Il + 72l = 2) = (Il = Ir2D)* 2 0.

Now let us address the operator L as in (A.1). Let b; € R, j =1,2,3 be

such that L is elliptic, meaning that characteristic polynom
b bt b3l +1 =0, (A.10)

has only complex solutions 71, 72,77,72. Using Lemma we may pose the
following
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ops ; —o+yw
Proposition A.5 Let f""(w) = I w
— dw

€ R and ad # (7 that makes the roots 11, Te, 71, T2 of purely imaginary.
Then due to the linear transformation of coordinates

<§):<§§><§> (A.11)

the operator L as in turns into the operator which contains only the
terms

be a Mébius mapping with o, 8,7, 0

ot ot ot

ot or20y2’  opt

Proof. Indeed, for a given L the following factorization holds:

(2 __9N(9 __9N(O0 _ _0N\( (9 _0
“\oz oy )\ox oy )\ox Toy)\ox oy

The operator L rewritten in the new coordinates (Z,9) given by (A.11) and
denoted as L will be as follows

Foy(l (et O0N(O0 [(—atim) O
N 0% B—6m ) 0y) \ 0z B—0m ) OF
O _(zetym\ 9\ (9 (zatym) 9
0% 8 —011 ) 0y 0z B—-06m ) Oy)’
where M = (8 — 6m1)(8 — dm2)(B — 671)(8 — d72).
By Lemma it holds that the parameters «, 3,7, are such that

—a + YTy — e
B—om
—o + VT2 —id,
B — 072

where i = v/—1 and ¢,d € R are defined either from (A.6) or (A.7). More

precisely:
When Re(71) = Re(2), by (A.6) one has that

c=1Im(r;) and d=Im(ms).
When Re(r1) # Re(m2), by (A.7)) it follows that

ee O —x2)Im(m) and d— X1 —x2)Im(m)

X3 — 2xaRe(r1) + |71 |° X3 — 2x2Re(r2) + |m|*
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with x1, x2 as in (A.8), (A.9).

Hence the operator L takes the form

~ 0 0 0 0 0 0 0 0
L=M <a ‘ay> (a ‘“iay) <a *ay> (a “dag) =

4 4 4
= <a + (+d%) 0 +c2d28>. (A.12)

it 07202 0

Moreover, by setting & = x and § = (cd)%yin 1) one turns L into
0 (s aN[o . (d\To
L_M<8x_z(d> ay) <8x_<) 8y>
LAY N
() ) (1 () ) -

N Frd 9t o
=M (8}(4 L 0x20y? * 8y4> ' (A.13)

1 1
The roots 44 (5) 2 49 (%) 2 in L lie on the imaginary axis and hence due to

diagram in Figure one concludes that % > 1. ]
Based on Proposition we conclude that

Conclusion A.6 For every fourth order elliptic operator in 2d with constant
coefficients there exists precisely one a € [1,400) such that this operator is
algebraically equivalent to the operator

o o o
La = @ + QGW + 87y4

A.3 Duality

Let us address the main result of this chapter — Conclusion every fourth
order elliptic operator L as in ({A.1)) is algebraically equivalent to the operator
L, given by

ot o4 ot

+20 7 + o, With  a € [1,+00). (A.14)

La:f ~o A~ -
ox4 01205% 0y
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One may observe that the range of a in is [1, +00), whereas by Lemma
we know that the operator L, is elliptic on the more wide range of a,
namely, on (—1,400). The “missing” interval (—1,1) along with Conclusion
gives rise to the following

Proposition A.7 The elliptic operator
ot o4 ot

= o + 2bﬁTagﬂ + oyt

1s dual to the operator L, as in , meaning that, due to the linear trans-

formation of coordinates
-1 -1 T
)-(5 )06 (19

(

the operator Ly turns into L, as in , where explicitly a = i’—jrg.

Ly with b e (—1,1]. (A.15)

S &

Proof. For b € (—1,1] the roots of the characteristic equation to L; are as
follows:

n o= —Z((Vi—b-ivi+b),
n o= Z(VI—b+ivi+h).

Then following the same approach as in the proof of Proposition we first
find by formulas (A.7)) that

V1+0b

o = —i———— =l1C,
=
: V1+b
() = —ii—i_ =:1id.
V2-v1-b
and then using (A.12) we obtain the transformed Lj:
~ o 3—0 ot ot
Ly=M|—+4+2(— | === + — A7
b (&:«4 * (1+b> 072052 + ag4> ’ (A.17)

where M is some non-zero constant. The coefficients in the transformation
are defined by formula , where in this case we set x; = —1 and
x2 = 1. |
This proposition outlines what may be called the duality between the op-
erators L, with the corresponding ranges of a € (—1,1] and a € [1, +00).
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A fundamental system of
solutions

B.1 Derivation of system S

Here we will find the fundamental set of solutions to equation
L£(0,L, X))@ =0,
where £ as in formula (3.3)), namely,
L£(6, %)) = 3(1+Lcos(4)) L; 4 (A —2)sin(460) L5 4
F3 (A =1 (A —4A — D) cos(40)) &,
+ (=A% 4+ 67 — 7TA — 2) sin(46) & +

(B.1)

+3 (N =227 + 1+ 2 (A — 8\ + 14X% + 8) — 15) cos(40)) .
For this £ it seems to be hard to derive a set of functions solving (B.1]

explicitly. The following approach applies in this case.

For L = 8‘9—; + g—; we find that L (r*™1®) = rA=3L (6, d%, A) @ and hence

instead of £ ((9, d%? )\) ® = 0 we may consider the equation

L(re) =o.
Operator L admits the decomposition
2 2
_ ot ot o) 0 0 0
L=gt e =T1 (& ) TL (3 + md)
p=1 p=1

83

(B.2)
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with 7 = @ (14+4), o = @ (1 — ) and hence every function of the form

F(z & 1py) solves (B.2)). Therefore, we have that

2
Lo (9) = Z cpfp(x + Tpy) + cprafpra(® — py),
p=1

and after translation {f), fp+2}§:1 into polar coordinates we set

£y (r cos(6) + 7 sin(0)) == (rcos(8) + mpr sin(6)) !

fora (rcos(B) — Tprsin(8)) == (r cos(d) — mprsin(6)) M
So, the set of functions
©1(0) = (cos(f) + 1 sin(0), ©a(0) = (cos(0) + mosin(0))*,  (B.3)
©3(0) = (cos(0) — 1 sin(0)*,  ©4(0) = (cos() — o sin(@)M,  (B.4)
is a set of solutions to . The Wronskian for {¢m}i1:1 reads as

901(9) @2(9) @3(9) @4(9)
©1(0)  ©h(0)  ©5(0)  ©(0)

W (01(0), 02(0), 03(0), 04 (0)) = det :
(1(0), 2(0), ¢3(0), pa(0)) J0) ) SO )

and by straightforward computations one finds

W =16 (A+1)* X2 (A — 1) (cos*(6) + sin* (0))* 2,

and is non-zero on 0 € (a, o +w), with « € [O, %W) and w € (0, 27] except for

A € {£1,0}. Hence, except for these values {gom}fnzl given in 1) 1 is
a fundamental system of solutions to (B.1J).

B.2 Derivation of systems S 1,5, 51

Here we find the fundamental systems of solutions to equation £ (0, %, )\) =
0 when A € {£1,0}. We will go into details in solving the corresponding
equation for every A € {£1,0}.
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B.2.1 Case A\ = —
For A = —1 the equation (B.1)) reads as:

1 (3 + cos(40)) @"" — 3sin(46)®” + (3 — 11 cos(40)) " + 12sin(40) @' =
(B.6)
First we set ®(0) = [ F(0)df and obtain the equation for F:
1 (34 cos(40)) F"" — 3sin(40)F" + (3 — 11 cos(46)) F' + 12sin(40)F = 0.
The first integral of the above equation reads as
1 (3 +cos(49)) F” — 2sin(40) F + 3(1 — cos(49)) F = co.
We use the change of variables F(#) = (3 + cos(46)) " G(6) and get
G" + 4G = 4cy.
Solution of the last equation reads as
G(0) = c1sin(260) + 2 cos(26) + ¢o.

and then

. sin(20) cos(20)
F(0) = c137costiey T 235 cosany T €3 3+cols(49)'

As a result, ® that solves will read as

®(0) = A1 + Az / 3-?:&629) df + A / 33;50(5( ) gy 0 + Ay / 3+cols(4T)) do,

and then the candidates that may form the fundamental system of solutions

0 will be the following:

v1(0) =1,

wa(0) = —4/ f:ﬁj&)e) df = arctan (cos(26)),

= 4[/ cos( d0 = arctanh (‘2[ s1n(29))

3+cos

9):4\/5/Md9_
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arctan (? tan(29)) +/{m, for 6¢ (2{%17?7 %THW) )

20, for 6= lew,

with £ =0, ..., 5.
The Wronskian W computed for the given ¢1, ..., 4 reads as
W = —16 (cos*(0) + sin’ (9))73 ,

and is non-zero on 0 € (o, + w), with a € [O, %77) and w € (0,27]. Hence,
{gom}fnzl defined as above is a fundamental system of solutions to .

B.2.2 Case A=0
For A = 0 the equation reads as:
1 (3 + cos(40)) @ — 2sin(46)®" + 1 (3 — T cos(46)) ®” — 2sin(40) P+
+3 (1 —5cos(46)) ® =0, (B.7)
and can be split as follows:
(& +1) (3 3+ cos(40) (s +1)) @ =0.

So, ® solves

" _ sin(6) cos(0)
T+ = A3+cos(49) + B3+COS(49)’
and after integrating this equation we obtain

®(0) = A sin(6) + Az cos(6)+

+A3 <; sin(6) arctan (cos(26)) + 4 cos(6) / mdQ) +

+A, (; cos(f) arctan (cos(20)) + 4 sin(6) / 3i()cfs((i)9) d9> :

The candidates that may form the fundamental system of solutions to (|B.7))
will be the following:
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0
@3(0) = 3§ sin(f) arctan (cos(20)) + 4 cos(6) / 3-7—?02((%1)@;) dy,

(e}

0
¢a(0) = 1 cos(0) arctan (cos(26)) + 4 sin(6) / 3?23025((2!) dy.

«

Let us note that one is able to compute the integrals in the above formulas.
However, the integral form is favorized for further computations when we
substitute ®(6) to the corresponding boundary conditions.

The Wronskian W computed for the given ¢, ..., p4 reads as

W =— (cos4(9) + sin? (9))_2 ;

and is non-zero on on € (a, a4+ w), with « € [0, %ﬂ') and w € (0, 27]. Hence,
{gom}i,;l defined as above is a fundamental system of solutions to (B.7)).

B.2.3 Case \=1
For A =1 the equation (B.1]) reads as:

1 (34 cos(40)) " — sin(46)®"” + (3 + cos(46)) ®” — 4sin(46)®" = 0. (B.8)
We set ®(9) = [ F(6)df and obtain the equation for F:
1 (3+cos(40)) F"" — sin(40) F" + (3 + cos(46)) F' — 4sin(40)F = 0.
It holds that
(34 cos(40)) F"" — 4sin(40)F" = —2¢4(6),
(34 cos(46)) F' — 4sin(40)F = 3g(0).
and we obtain, respectively,

F”(@) — _4f9(9)d9+01

- (9)do+C
3+4-cos(46) F(H) - Ly :

3+4-cos(46) -

Comparing the expressions for F”(#) and F(6) we deduce that F solves

€0

F'+4F = ——————.
+ 3 + cos(46)

(B.9)
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Solution of reads as
F(6) = c18in(20) + c2 cos(20)+
+co ( cos(20) arctan (cos(26)) + ‘f sin(26)arctanh (\2[ sm(29)>>

and being integrated yields

®(0) = Ay + Az cos(20) + Assin(20) + A4/ (cos(20) arctan (cos(20)) +

+¥= ‘[ sin(20)arctanh (‘2[ sm(20))) de

The candidates that may form the fundamental system of solutions to (B.8)
will be the following;:

0
w4(0) = / (cos(2y) arctan (cos(2y)) + i sin(2y)arctanh (\f s1n(2y))> dy.

(07

The Wronskian W computed for the given 1, ..., ¢4 reads as
W = —16 (cos(6) + sin* (9))_1 ,
and is non-zero on 0 € (o, + w), with a € [O, %77) and w € (0,27]. Hence,
{cpm}fnzl defined as above is a fundamental system of solutions to 1}
B.3 The explicit formulas for P_{, Py, P;

In this Section, based on the results of Section we will find the character-
istic equations for the eigenvalue problem

{E(G,fe,/\)é—o in  (a,a+w),

for the cases A € {£1,0}.
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B.3.1 Case A= -1

The characteristic determinant in this case reads:

P_i(o,w) =
=2 [arctan (cos(2a + 2w)) — arctan (cos(2a)) } sin(2a 4+ w) sin(w)+
- [arctanh (? sin(2a + Qw)) — arctanh (? sin(204))} cos(2a + w) sin(w)+

+3 [arctan (@ tan(2a + 2w)) + {7 — arctan (? tan(2a)) - 8177] sin(2w),
where

atwe (2524_177, 2224+17r> and ac (2514_177, 2214+17r> 7

with {¢1,42} =0,...,5.

One immediately sees that for every o € [0, %77) the equation P_; (o, w) =
0 has two solutions: w = 7 and w = 27. There also exists a third solution in
w which can be found numerically.

B.3.2 Case A=0

The characteristic determinant in this case reads:

Po (a,w) =
atw a+w
sin? (6 cos2 (0
= 64 / 3+cos((4)6) do / 3+cos((4)9) df—

— {arctan (cos(2a + 2w)) — arctan (cos(2a)) ] ’ .

The following simple result holds.

Lemma B.1 For every o € [0,37) and w € (0,27], Po(a,w) is strictly posi-
tive.
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Proof. Let o € [0, %ﬂ') and w € (0,27]. We will find the estimate for the first
term in Py. It holds that,

a+tw a+tw
sin?(6) cos?(0) o
64 / 3+cos(46) e / 3+4-cos(40) df =
142
o 2 ? by Holder’s
__sin(9) cos(0) do Yy >
v/ 3+cos(46) 34-cos(46) -
atw 2 atw 2
in(20) in(26) _
> 16 / 3<Skcos 40) ‘de > 16 / 3icos(49) df -
= {arctan (cos(2w + 2a)) — arctan (cos(2a))] . (B.10)

Due to we conclude that Po(a,w) > 0 on [0, 37) x (0,27]. Next we
will prove that Py(a,w) > 0. For this purpose let us assume the opposite.
Suppose there exists (o, w,) € [0, 37) x (0,27] such that Py(cw,w,) = 0. In
particular, it follows from this equation that

arctan (cos(2au + 2w, )) — arctan (cos(2a.)) =

Qs +Wiy Qx Wy
. sin?(0) cos?(0)
= +8 / 3+4-cos(40) dg / 3+-cos(40) de. (B'll)

The function Py has to attain its minimum at point (ay,ws), i.e. it holds
that %(a*,w*) =0 and %(a*,w*) = 0. We analyse these two equations
and using obtain tan(o, + wy) = tan(a,). This yields sin(wy) = 0.
We conclude that the point (c,w,) € [0,37) x (0,27] where by assumption
Po(tx, wi) = 0 has the following coordinates: «, is arbitrary and w, € {7, 27}.
But it is straightforward that Po(as,m) > 0 as well as Py(ay,27) > 0, a
contradiction. m
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B.3.3 Case \=1

The characteristic determinant in this case reads:
P1(a,w) =
= [COS(QO( + 2w) arctan(cos(2a 4 2w)) + cos(2«) arctan(cos(Qa))} sin?(w)+
—i—‘g [arctanh (‘2[ sin(2a + 2w)> — arctanh (‘2[ sm(2a))} cos(2a+w) sin(w)+
—% [008(204 + 2w)arctanh (L sin(2a + 2w)) +

— cos(2a)arctanh (‘2[ sm(2a)>] sin(2w)+
a+tw
— / [008(29) arctan(cos(26)) + ‘éﬁ sin(26)arctanh (‘2[ sm(20))] df sin(2w).

One may immediately find that for every o € [0, %7?) the equation P (o, w) =
0 possesses two solutions: w = 7w and w = 2m. There also exists a third solution
in w which can be derived numerically.






Appendix C

Analytical tools for the
numerical computations

C.1 Implicit function and discretization

Consider a rectangle U = [a,b] X [¢,d]. For n,m € Nt and i = 0,...,n,
3 =0,...,m we set

r; =a+i1lAx, y; =c+ jAy,

where
Ax = b_—a, Ay = g—c

m

Let F € C1(U,R) such that F(x;,y;) > 0foralli =0,..,nand j = 0,...,m.
The question to resolve is how fine should we take the discretization of U in
order to be sure that ' > 0 on U.

The following result holds.

Lemma C.1 Suppose min F(x;,y;) > 0. If
(wiy;)€U

min F(x;,vy;
2oy )EU ( Zvy])

(
max {Az, Ay} < V2 sup |DF (z,y)|
U

then F' is strictly positive on U.

93
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Proof. For every (z,y) € U there is (z;,9;) with |z —z;| < Az and
ly — yj| < 3Ay. By the mean value theorem there exists (£1,&2)€[(2,y) , (24, ;)]
such that

F(z,y) = F(l’i,yj) + DF(&1,&2) - (x — @i,y — yj)'

The following chain of estimates then holds

F(z,y) = F(zi,y;) + DF(61,82) - (x — 24,y — y5) =

> min F(z;,y;) —sup |[DF(z,y)| [(z — i,y — y;)| >
(xi,y5)€U U

2
>  min F(xi,yj)—isup|DF(x,y)\max{Aa:,Ay}.
(zi.y;)€U 2 v

This last expression is positive if (C.1]) holds. [ |

C.2 A version of the Morse theorem

Let V C R? be open and bounded, F € C*(V,R).
For the gradient of F' we use DF and D?F is the Hessian matrix.

Definition C.2 A pointa € V is said to be a critical point of F if DF(a) = 0.
Moreover, the critical point a € V is said to be non-degenerate if det D*>F(a) #
0.

In order to study the level set I' defined in subsection [3.4.1| we need the
Morse theorem. The original version of the theorem reads as (see [29]):

Let V be a Banach space, O a convex neighborhood of the
origin in V and f : O — R a C**2 function (k > 1) having the
origin as a non-degenerate critical point, with f(0) = 0. Then
there is a neighborhood U of the origin and a C* diffeomorphism
¢ : U — O with ¢(0) = 0 and D¢(0) = I, the identity map of V,
such that for z € U, f(¢(z)) = § (D?f(0)z, z).

Below we give our formulation of the theorem. This formulation is more
convenient for our purposes. We will give a constructive proof that allows us
to find an explicit neighborhood of a critical point where the diffeomorphism

exists.
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Theorem C.3 Let V C R? be open and bounded, F € C®(V,R). Suppose
a = (a1,a2) € V is a non-degenerate critical point of F. There exists a
neighborhood W, C V' of a and a C*-diffeomorphism h : W, — Uy, where
Uy C R? is a neighborhood of 0, such that F in Wy, is representable as:

F(z) = F(a)+h(z) (%D2F(a)) h(z)T, (C.2)

where T stands for a transposition.
Moreover, the neighborhood W, is fixed by

Wac{xEV: det B(z) >0 and bii(z) + 2v/det B(z) + baa(z }

where

bii(x) bia(x) 1
B(z) = 1@ 12(z D2F -1 sD2F s (2 — o)) dids.
@ <b21($) b22(w)> G 0/0/ (a+ts ) dt

Proof. Let a € V be such that DF(a) = 0 and det D*F(a) # 0.
First, for every x € V' we have

1
Flz) = Fla) = F (a+ s(z — a))|, = /jF (a+ s(z —a)) ds,
0
and due to %F (a+s(x—a))=DF (a+s(x—a))(z—a)” it will follow that
1
F(x) = F(a)+/DF (a+ s(x—a))ds(z —a)T.
0
Analogously, we obtain
1
DF(z) = DF(a +/D2F (a+t(z —a))dt(z — a)T,
0

where by assumption DF(a) = 0.
As a result, for every & € V, F is representable in terms of D?F as:

1
F(z) = +(z—a //3D2 a+ts(x —a))dtds(z — a)7,
0
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or shortly
F(z) = F(a)+(z — a)K(z)(x — a)". (C.3)
Here K(z) = fol fol sD?F (a +ts(x — a)) dtds is a symmetric matrix. With
this definition, K (a) = 1 D?F (a) is symmetric and invertible (det D?F(a) # 0
by assumption).
Let us bring some intermediate results.
1) For every = € V, there exists matrix B such that

K(z) = K(a)B(x). (C.4)
Indeed, since K (a) is invertible, the matrix B(z) = K(a) 'K (z) is well-
defined. We write
bi1(x) bra(x
B(@:( (@ ())7
bzl (:L’) bgg(l’)
Since F' € C*(V,R), so are b;;, i,j = 1,2. Note that B(a) = I.
2) Since = +— B(z) is C* in a neighborhood of a and B(a) = I, B(x) is

positive definite in a neighborhood of a, and hence allows a square root. In
particular, it holds that

C(x) = /B(z) := 2}”.7{\/;(12 — B(z)) ' dz, (C.5)
Y

where 7 is a Jordan curve in C which goes around the eigenvalues A1, Ay € C
of B(x) and does not intersect Re(z) < 0, Im(z) = 0.
One may check that C, defined as follows

b11(x)++/det B(z) bi2(x)
Cla) Vb11(@)+24/det B@)+baa(x)  1/b11(2)+2¢/det B(z)+baa ()
€Tr) =
ba1 () bao(x)++/det B(x)

Vb11(@)+24/det Ba)+baa(x)  1/b11(2)+2¢/det B(x)+baa ()

is indeed such that
C’(ﬂc)2 = B(x). (C.6)

With this definition, C(a) = I and C(a)?> = I = B(a) as required. Also,
matrix C is well defined when

det B(z) >0 and byi(x) + 24/det B(x) + baa(z) > 0. (C.7)
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3) For those z one finds
K(a)B(z) = K(z)=K(@)K(a)'K(a) = K(z)T (K(a)!)" K(a) =
— (K(a)'K(z))" K(a) = BT (z)K(a).
Due to this we deduce the following
(Iz = B(z)) K(a)™' = K(a)™' (Iz = B(x))",
and hence

K(a)(Iz - B(z))™" = (Iz - B(z)) K(a)™) =

—_

= (K(@) (1= = B@)") " = (== B@)") " K(a) =

= (== B@)™) K(a).
Applying the integration to the last identity we find
K(a)C(z) = C(x)T K(a). (C.8)
Combining ((C.4), and we have
K(z) = K(a)B(z) = K(a)C(2)* = C(2)" K (a)C(2),
and therefore for those x results in
F(z) = F(a) + F(a)+h(z)K (a)h(z)T, (C.9)
where K (a) = $D?F(a) and
h(z)T = C(z)(z — a)T.

Note that by (C.7) the representation for F in (C.9)) holds on a set W, C V
which is star-shaped with respect to a and such that

W, C {ac EV: det B(z) >0 and by (z) + 2+/det B(z) + baa(z) > o}
(C.10)
|

Remark C.4 For each pair (F,a) one can obtain an explicit estimate for W,
in . We will do this in the next subsection for the pair we are interested

m.
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C.3 The Morse Theorem applied
Let P be the function given by formula (3.17) and which is defined on
V={(w,\): [{a5m, 7] x [2.900,5.100]} .

Let us recall it here:

P(w,\) = (1 _ V2 sin(2w)>)\ + (1 + g sin(2w))>\ +

2
+2 (5 + %cosz(Qw))%/\ - cos {)\ [arctan (g tan(Qw)) + w} } -
—4(3+3 COSQ(QLU))%A - cos { Aarctan (tan?(w)) } (C.11)
The point a = (3, 4) is such that P(a) = 0 and DP(a) = 0. Theorem

gives us the tool to study P in the vicinity of a. In particular, the following
holds.

Proposition C.5 Let a be as above. There is a closed ball Wr(a) C V of a
radius R centered at a such that on Wg(a) we have:

P(w,A) = —1hy (w, ) (16\@h1 (w, \) + ha (w,)\)> . (C.12)
Here hy, hy € C* (Wg(a),R) are given by:
hi (w,A) = (w = 37) 11 (w, A) + (A —4) e12 (w, A) (C.13)

ho (w, A) = (w— 37) a1 (W, A) + (A — 4) 22 (w, A) (C.14)

with ¢;; € C*° (Wg(a),R), i,j = 1,2 are the entries of matriz C'

C(w,\) = ( e > (0, \) =

C21 (€22
b11+Vdet B bio
Vbi14+2vdet B+bya /b1 +2v/det B+byo (@ \) (C.15)
ba1 boo++vdet B ’ ’ '

\/b11+2\/ det B+bao \/b11+2\/ det B+boo
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while by; € C*(V,R), i,7 = 1,2 are as follows

b b
Bn=[ " " Jwx-=
ba1 b2

11
= (3D?P(a 1//8D2 a+ts((w,\) —a))dtds. (C.16)
00
Note that B(a) = I and C(a) =
The ball Wr(a) is fized by
Wr(a) :={(w,\) €V :|(w—3m, A —4)| <R}, (C.17)
with R = —sm? — ‘{—gﬂ + ﬁloﬁ\/ﬂ + 90V2r + 18~ 0.078 (In the w-

direction we have that R ~ 4.5°).

C.3.1 Computational results I

It is straightforward for a = (%ﬂ', 4) that

PB(a) =0, Sh(a)=—8v2m, %E(a)= - (C.18)

and hence
det D?P(a) = —1287°. (C.19)

To simplify the notations, we use z instead of (w,A\) when (w, \) stands
for a argument.

Now let us bring two alternatives representations for the entries of matrix
B given by , which we will use later on.

Representation I We will need the explicit formula for the coefficients b;;,
i,7 = 1,2. Let us find them in a straightforward way from (C.16|).

11
We write down the integral term [ [sD?P (a + ts (z — a)) dtds in (C.16
00

as follows

1
//3D2 (a+ts(x —a))dtds = ( ri@) (o) ) , (C.20)
0

r2(z) r3()
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where r;, j = 1,2, 3 read as:

11
ri(z) = 3827123((1 +ts(x — a))dtds, (C.21)
[]
11
ro(x) = //saaj(%(a +ts(x — a))dtds, (C.22)
0 0
11
r3(x) = //sailg(a +ts(x — a))dtds. (C.23)
0

0
Then the entries b;;, ¢,j = 1,2 of matrix B in terms of r;, j = 1,2,3 and

due to (C.18]), (C.19) will read:

bu(@) = grrm (S5 (@ @) - @) = dri@) - Er@),

(C.24)
bi2(2) = b (S (@ra(@) — SH(@rs(@)) = dra(@) = Lra(a),

(C.25)

ba1(x) = m (?)27123(@)7’2(36) — %(a)n(x)) = —8—\/37”1(30), (C.26)

bo2(2) = g e (%(a)rg(:n) - gj—g(a)rz(m)) = V(). (C.27)

Representation II On the other hand, let us obtain for r;, j = 1,2, 3 the
following representations:

where

|

w3

11
//t32 <83—P(a +tso(x — a)), %(a +tso(z — a))) (x — a)Tdodtds,
00

(C.28)
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q@2(z) =

111
= ///ts2 w28)\ (a +tso(z —a)), %(a + tso(x — a))) (x—a)Tdodtds,
0 0 O

(C.29)
g3(w) =

111
= ///t32 8221/3\2 (a +tso(z —a)), ?Tg(a + tso(x — a))) (z — a)dodtds.
000

(C.30)
This will yield another representation formulas for b;;, ¢, 7 = 1,2 of matrix
B, namely,

2

bu(@) = 1+ gpbrm (55 (@0 (@) - 25 (@e) = 1+ & @) - La(),

(C.31)
bia(2) = qerrirr (58 (@a () — £H(@)s@)) = o) - La@),
(C.32)

b1 (2) = qrpiri (55 (@a () — 2h@a@) = —La (),  (C33)

baa() = 1+ gorpbp (5% (@as(@) — £ (@ar(@) =1 - Las(x). (C34)

This representation, together with the estimates from above for |¢;|, j =
1,2,3 on V given below, will be useful in the proof of Proposition [C.5

Estimates for |g;|, j =1,2,30on V Let ¢;, j = 1,2,3 by given by (C.28) -
(C.30). We will need the estimates for |g;|, j = 1,2,3 on V. Let us also use
o°p o°p - for the corresponding differentiations in each g;,

A(w,N)™ 7 9(w,\)%i
_ o’p  _ 9%p o3p _ _ o3P
j =1,2,3. For example for ¢; it will be BT — 903 and B~ BN

the notations

etc. For every ¢;, j = 1,2,3 we then in general have:

111
lg;(x ///ts2 (a + tso(x —a)),
000

a(iggﬁj (a +tso(x — a))) (z — a)Tdodtds| <
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1 1 1
< 2 83Pa' 83P ‘ B _
> O/b/b/tS 21615 (B(w,)\) J (-T)v 8(w7>\),@j (37)) dodtds ’aj‘ a’

3 3
= 1sup ‘ (8(35% (x), a(i,gﬁj (m))‘ |z —a| < Mj|z—al. (C.35)

where M; is an upper bound for function } ‘(8(33)5% (), 8(83,5))53' (x)) ‘ onV.
) W,

In particular, one shows by explicit and tedious computations that for
My =180, My =75 Ms3=30,

the estimate ((C.35) for the corresponding |g;|, j = 1,2, 3 holds true. We depict
the results in Table

lg1(x)| < 180 |z — a lg2(x)| < 75|z — al lg3(x)| < 30 |z — al

Table C.1: Estimates from above for |q;|, j =1,2,3 on V
Now we proceed with a proof of Proposition

C.3.2 Checking the range for Morse

Proof of Proposition Representation is a consequence of
Theorem It is straightforward for a = (%w,4) that P(a) = 0. We also
find that DP(a) = 0, meaning a is a critical point of P. Due to we
conclude that a is a non-degenerate critical point of P.

By Theorem in a vicinity W, C V of a which is defined in , we
obtain

P(z) = (ln(z), ha(x)) - 5D*P(a) - (ha(), ha(z))" =
= —1hy(z) (16\/§h1 () + mhs (m)) , (C.36)
where hy, ha € C® (W,,R). Their explicit formulas read as (C.13)), (C.14).

We show that W, in our case can be taken as a closed ball Wg(a) centered
at a of radius R and the numerical approximation for its range is given by

(C.17). We will do this in two steps.
1) Let us solve the inequality det B(z) > 0 on V.

Due to (C.31)) — (C.34)) we will get
det B(ac) = bn(&?)bgz(x) — bu(ﬂ?)bgl(x) =



C.3. THE MORSE THEOREM APPLIED 103

=1 L) + &0 (2) - 55201(2)g3(2) + 5203 (x) >

>1— 2 g2@)| - 1 a1 (@)] = 5552 [ (@) lgs ()] > ..
we use estimates for |g1(z)|, |g2(z)| and |g3(x)| from Table [C.1] to get

“21_754\7rﬁ|$_ | 180‘$_a|_5400

2
52 |z —al”.

The last expression is positive for all x € V' such that
|r —a| < Ry,

with

Ry = —hyn? = Y2+ dgmy/n? + 02 4. 1508,
The numerical approximation is R; ~ 0.078.
Hence, the first estimate for a range of W, is |z —a| < R;y.

2) Let us solve by1(z) + 2+/det B(z) + ba(x) >0 on V.
‘We have

bi1(x) + 2+/det B(z) + boa(x) > bi1(x) + baa(z) =
due to formulas , we obtain
=2 2¢(2) + ggar (@) 22— 2 |a2(w)| — g lar ()] =
we use the estimates for |¢;(z)| and |g2(x)| from Table to get
..Z?—%f\:c—a! Bz —aql.
The last expression is strictly positive for all x € V' such that

: _ 327
|r —a| < Ry with Ry = (300v/2+157)

and this is the second estimate for W,,.
Comparing the approximations to Ry =~ 0.078 and Ry ~ 0.178 we set
R:= Ry and W, := Wgr(a) ={z €V : |z —a|] < R}.

Result (C.17) follows. [

Remark C.6 Let the rectangle U C Wgr(a) containing the point a = (%W,Zl)
be defined as follows:

U:={(w,\): [37 — 1557, 57 + 7557) * [4 —0.060,4 + 0.060]} . ~ (C.37)
Proposition [C.5 holds true for the given U.
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C.4 On the insecting curves from Morse

Here we consider hs (w,\) = 0 and 16v/2hy (w, \) + Tha (w,\) = 0 in U with
hi, i = 1,2 as in Proposition
Consider in U given by ((C.37)) the two implicit functions:

ha (w, ) =0, (C.38)
16v/2h (w, A) + Thy (w, A) = 0. (C.39)
At (w,A) = a it holds that hy (a) = hs (a) = 0, that is,
hs (a) =0,
16v/2hy (a) + mhy (a) = 0.

Below, by means of Lemma [C.I] and some numerical computations, we will
show that the following holds on U:

ahz (w, A) >

16v2%% (w, )+778h2 (w,A) >0

and hence we can apply the Implicit Function Theorem proving that every

function (C.38]) and (C.39) allows its local parametrization w — A(w) in U.
This fact is used in Lemma

Now some preparatory technical steps are required.

C.4.1 Computational results II
Upper bounds for |r;|, j =1,2,3 on U

Let r;, j = 1,2,3 be given by (C.21) — (C.23). We will find the upper bounds
for |rj|,j=1,2,3 0on U.

. . 2

Setting again %

7 =1,2,3, we in general deduce that

11 1
|rj(x // a(w )\) =(a +ts(x — a))dtds /
0 0 0

%Sup a( )\)]( )‘<Q]7

for the corresponding differentiations in each r;,

ssup ) = (z )‘dtds—
zeU

o
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where @, j = 1,2,3 is an upper bound for the function % ‘%(az)‘ on U.
In analogous way we find the upper bounds for % , % d ’ gjg/\ ,

‘%2):"23' ,J=1,2,3 on U, we will need later on. Explicit bounds are given in
Table |C.2l Note that we skip the derivatives %2;5 since there will be no need
for them.
@) <43 | |Pak@)| <175
’Tl ($)| <5 or d?r
a—)}(az)’ <25 Py (2)| < 65
w@|<25 | |Z5@)| <6
|re(x)| < 19 o o2
92(x)| <6 o ()] < 33
W) <6 | |Z5) <33
’7”3(.ZU)| < 6 87‘3 827’3
% (z)| < 4 s (w)| < 16

Table C.2: Estimates from above for the absolute value of r;, j = 1,2,3 and
some higher order derivatives on U

Upper bounds for |¢;|, j =1,2,3 on U

Let g, j = 1,2,3 be given by (C.28) — (C.30).
Earlier we found the estimates for |¢;|, j = 1,2,3 on V of the type |g;| <
Mj|z —a|, j = 1,2,3 (see Table |C.1). Here, we will obtain the constants

which are the upper bounds for |g;|, 7 =1,2,3 on U.
: o3P 2’p
Setting TN Do)

j =1,2,3, analogously to (C.35)), we have that

1 1 1
3
@l =|[ [ [ (55
0 0 0

~(a + tso(x — a))) (z — a)dodtds| <

for the corresponding differentiations in each gj,

(a+tso(x —a)),
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1 o3p o3p
< g sup (a(w’A)aj (x), o) (:c)) ‘ max |z —a| < M; max |z —al, (C.40)

where M; is an upper bound for the function % ’ (6(335% (x), 3(83,56;' (:c)) ‘ on
) w,
U. In particular, it holds that

e |r — af = |2~ ]y o0 =

at (w\)= (%w—%gow—o.o:ao)

= w0+ (-0

=/ (&7 +0.0602, (C.A1)

and
My =44, My =27, M;s=11.

The explicit upper bounds are given in Table [C.3]

lq1(z)] < 3.1 || |g2(x)| < 1.9 || |gz(z)] < 0.8

Table C.3: Estimates from above for |q;|, j =1,2,3 on U

Lower bounds for F(z) = det B(z) and G(z) = b11(z) + 2y/det B(z) +
baa(z) on U

Let us set

{ F(z) = det B(z), (C.42)

G(z) = b11(z) + 2+/det B(z) + boa(x),

bij, i,j = 1,2 are given in — and find the lower bounds for F'
and G on U.

By construction of the ball Wg(a) D U from Proposition we know that
F >0 and G > 0 on Wg(a). More precisely, for every x € Wgr(a) (and hence
for every x € U) it holds that

F(z) > 12 |p@)] - & la(@)] — 5 |01 (2)] |gs(@)]

and
G(z) > 2~ L2|ga(2)] — & ln(x)].
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Due to results of Table we finally obtain that on U

{ F(x) >0.730... > 0.7,
(C.43)

G(z) > 1.738... > 1.7.

Upper bounds for |b;;], i,j =1,2 on U

Let b;j, i,j = 1,2 be given by (C.24) — (C.27)), namely,
bui(z) = gyri(x) — Zra(a),

bia(x) = gyra(e) — \8/7?73( ),
bgl(l‘) = —ng(JU)v

boo(z) = —¥2ra(z),

with rj, 7 =1,2,3 as in (C.21)) — (C.23)).
Using the results of Table [C.2) we will find the following upper bounds for
the absolute values of b;;, 7,7 = 1,2 and some higher order derivatives on U

(see Table |C.4]).

Upper bounds for F(x) = det B(z) and G(z) = bi1(z) + 2y/det B(z) +
baa(z) on U

Recall that F' and G are given by ((C.42). They are positive functions on U
with lower bounds as in ((C.43)). Here we find their upper bounds together
with the upper bounds for some higher order derivatives.

In particular, in order to obtain the estimates for F, and ’ Bod%
ngj on U, we use the results of Table|C.4. The estimates found are presented
in the first row of Table
P 2 2
In order to find the estimates for ‘g—g , “g)—g\; % , ‘Z,TC; we use

- the lower bound for Fon U, namely, F'(x) > 0.7,
- the results of Table [C.4] and

- the results from the first row of Table

E.g. for |Z| we will have that on U

aE

}_ (%11 &u(z) + (%22( )’ <
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%u () < 2.1 Pbis(z)| < 6.4
|b11(:L')| <1.2 ob 5%

P (7)| < 0.8 o (2)| < 2.9

iz ()| < 0.8 Phiz ()| < 2.9
|b12(flf)| < 0.7 b 5%

2 (x)| < 0.4 o (2)| < 1.5

B (1) <25 | |2%i(z)| <9.9
‘b21($)| < 0.3 o 52

b2 ()| < 1.5 b (z)| < 3.7

o2 (1) <15 | [2h2(x)| < 3.7
|b22($)| <1.1

%e2 ()| < 0.4 Phs (z)] < 1.9

Table C.4: Estimates from above for the absolute value of b;;, 1,7 = 1,2 and
some higher order derivatives on U

< sup)‘%11 )‘ + L

<21+F+15N10891<11

The other estimates on U for the derivatives of G listed above are obtained in
an analogous way and presented in Table

L@]<610 | |25 <2352
F(z) < 1.53
o2

BQ—F(Q;)( <10.35

L@l<1 | |Z%@)| <514

nggf‘m\ <227

Table C.5: Estimates from above for F and G on U
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Upper bounds for |c|, i,j =1,2 on U

Let ¢, i,j = 1,2 be given by given by (C.15). It is convenient for further
computations to set

bii(x)+A\/F(z

where F' and G are as in (C.42)) and

oc;j
[32)

¢
Ow

0?2 Cij
d ‘ Qwo

8%¢c;;
) aAQ

?Z7j:

In order to obtain the estimates for ,

1,2 on U we use
- the lower bound for F' and G on U, defined by formula ,
- the results of Table and
- the results of Table

E.g. the estimate for ag;\j ’ on U is found in the following way:

Q
Q

OF () L %
NEONAOIEL e <b”'(x) + AW)

<

Ob;
- (x)

nlljf G(x)

SEP‘%@)‘

irl}f(\ /G(m)\/F(:p)) +

sup
U

+14

Gl

+§m (Sgp i ()| + Asgpv F(x)) :

The other estimates on U for the derivatives of ¢;;, 7, j = 1, 2 listed are obtained
in an analogous way and listed in Table below.

Upper bounds for |h|, i =1,2 on U

Let h;, i = 1,2 be given by formulas (C.13]), (C.14])).

First we compute the following derivatives of h;, i = 1,2 we will need
below:

W (2) = ez (@) + (%4 (2), %82 (@) (@ — )", (C.45)
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‘82011 (x)‘ <99.4

8(:11( )‘ <49 OwOA
FN i .
| et (2)] < 35
fa(n) <24 | |593()| <187
%(m)\ <1 ‘@;;;2 (z)) <81
o 5294 (@) < 201
21

53 (z)| < 1.5

}6;%1 (x)) < 8.4
n(2)| <98 | |5 () <944

9e2 ()] < 3.8 ‘8;3 (m)‘ < 38.7

Table C.6: Estimates from above for the absolute value of some higher order
derivatives of c;j, 1,5 = 1,2 on U

2 2 2
T (@) = %22(2) + % (@) + (Tt (@), 58 (@) (@ —a)", (C46)
2 2 2
2l (v) = 2262 (2) + (58 (2), 58 (2)) (2 — o), (C.47)
and
P2 (2) = 2 (1) + (%3 (), %82 (@) (@ — )", (C.48)
2 2 2
Sk (@) = 52 (@) + 58 (0) + (53 @), 5 @) @—a)f, (C49)
2 2 2
Tt (v) = 2%2 (1) + (5% (). 5% @) (e —a)", (C.50)
where ¢;;, 4,j = 1,2 are as in (C.44) and a = (%71’,4).
Using the results of Table [C.6| we find the estimates for gigi\ , % ,

1=1,2o0n U.

E.g. for ‘gfjgi\ it holds that on U:

9 9 02 0? T
) + ) + (5230 () B () (o = )| <

d%h
0 (5’3)’ =

< sgp %(m)’ + Sgp ‘95}\1 (ac)‘ + Sgp ’ (gi%l/l\ (z), gicali (a:)) ‘ max |z —al < ...



C.4. ON THE INSECTING CURVES FROM MORSE 111

for maxy |x — a| see formula (C.41)) and then

<24+42+\/9942+1872\/ (&) +0.060% ~ 13.621 < 13.7,

Analogously, the other estimates on U are obtained (see Table [C.7)).

8%h
Pha(@)| <18

Pl (w)] < 137

(@) <45 | |P(@)] <104

Table C.7: Estimates from above for the absolute value of some higher order
derivatives of h;, 1 =1,2 on U

C.4.2 Strict positivity of the functions 22 (w, \) and

16v224 (w, \) + 722 (w,\) on U

Let us fix the notations which are common for two lemmas.

Notation C.7 Let U be as in , namely,

U:={(w,\): [$57, Bm] x [3.940,4.060]} .
By {(wi; A\j)}i=0,....n we mean a discretization of U which is defined as
7=0,....m
follows
w; = %ﬂ' +ilw, Aj=3.944 AN,
with A
Aw = LO”} AN = %12

Then we deduce the following two results.
Lemma C.8 [t holds that
ahQ (w, \) > on U. (C.51)

Proof. Fix n = m = 2 and consider the discretization {(w;, A;)}i=0,..,2 of U

7=0,...,2
given by Notation
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By straightforward computations it holds that
2 (wi, Aj) > 0, (C.52)
foralli=0,...,2, j =0,...,2 and, moreover,

(w;rii?eU%%(wi, Aj) = 22 (wp, Ag) = 0.952. (C.53)
i50\j

Next to this, we compute
i71'
a1 = max {Aw, AN} = max{ 1) 0‘12} = 212 = 0.060,

n > m

and, by taking into account the results of Table and (C.53)), we also find

( H)\llgl Ui%}? (w,-, )\j)

Wi, €

ag =2 T ~ 0.065.
SUP DN w )7 B3V (Wa )

Since a1 < ag, by Lemma[C.I] we conclude that the constructed discretiza-
tion {(wi, Aj) }i=o,....2 of U to be appropriate in the sense that condition (C.52
j=0,....2

yields a strict positivity of %% (w,A\) on U. ]

Lemma C.9 Let U be as in . It holds that

16v29 (W, \) + 722 (W, A) >0 on U. (C.54)
Proof. Fix n = 7, m = 12 and consider the discretization {(w;j, A\j)} i=o,...,7
§=0,...,12
of U given by Notation [C.7]
By straightforward computations it holds that
16V298 (wy, Aj) + 792 (w;, A\j) > 0, (C.55)

forallt=0,...,7, 7 =0,...,12 and, moreover,

. Bh Oh
i (V8 )+ 0) -

o 16\[8}11 (w07 )\0) + W%(a@, )\0) ~ 2.936. (056)
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Next to this, we compute

4
by = max {Aw, AN} = max{ 187?7r, 0‘12} = %12 — 0,010,

m

and, by taking into account the results of Table and ((C.56[), we also find
by =

V2, min, (16V25 () + 73 wr )

~
~

 sup | (10VEZH (0. ) + 7 2k 1), 16VE R () + m 5 (0 )
~ 0.011.

Since by < b2, by Lemma we conclude that the constructed discretiza-
tion {(w;, A )} i=0,...,T of U to be appropriate in the sense that condition (C.55
12

yields a strict p051t1V1ty of 16\f8h1 (w, \) + 7T8h2 (w,\) on U. [

C.5 On P(w,\)=0inV away from a = (im,4)

Recall here function P defined on V = {(w, ) : [{akm, Ho7] x [2.900, 5.100] }:

P(w,\) = (1 \f (2w)))\+< ism( w))/\—l-
+2 (1 + 3 cos (Qw))% - COS {)\ [arctan (@ tan(2w)> + 7[‘:| } —

—4 (3 + 3 cos?(2w)) . cos {Xarctan (tan?(w)) }, (C.57)

C.5.1 Set of Claims 1

In a set of claims below we describe some properties of the first derivatives 22
16

and ‘?9/\ on V away from the point a = (27r 4) which are used in Lemma [3.
Claim C.10 Let H; C V be as follows
Hy = {(w,\) : [, 795m] x [4.030,4.970]} .

It holds that g—f (w,A\) <0 on Hj.
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Proof. First we find the following estimates:

g%’;(w,A)‘<162, ‘5’5( )\)‘<45 on Hi. (C.58)

Then we fix n = 14, m = 120 and consider the discretization

{(wi, Aj)} i= 014 of Hy such that
7=0,...,120

w; = Sm+ilw, A =4.030 4 jAN,

with

6
s
NAw=T800" A\ =09

By straightforward computations it holds that

— 9L (wi, \j) > 0, (C.59)

forall t =0,...,14, 5 =0, ..., 120 and, moreover,
i —9P ;7)) = =28 (wg, Ag) ~ 1.022. C.60
(wigljl)réHl ( dw (wl’ ])) Ow (w97 0) ( )

Next to this, we compute

6

c1 = max {Aw, AN} = rnax{ 180" -94} = 994 ~0.00783,

’m

and, by taking into account (C.58)) and (C.60|), we also find

opP
Do \Wis Aj
(wzg\u)réHl ( 9w (w ]))
cr=V2 o o ~ 0.00860.
S};p’(a 7 (W, A); o0 (@ M)‘
1

Since c¢; < ¢, by Lemma we conclude that the constructed discretiza-
tion {(wj, A )} i= 0 14 of H; to be appropriate in the sense that condition
120

yields a Strlct positivity of ——(w,)\) on Hp, or, in other words,
( 7)\)<0011f[1. |

Claim C.11 Let Hy C V be as follows
Hy = {(w,\) : [357,1007] x [4.750,5.100] } .

It holds that ‘g—]; (w,A) >0 on Ha.
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Proof. First we find the following estimates:

‘8355( A)’<48 “ZQT’;(w,A)(<25 on  Hy. (C.61)

Then we fix n = 40, m = 55 and consider the discretization
{(wi, )\j)}izo,on of Hy such that
§=0,...,55
wi = SEm+ilw, Aj=4.T50 4 AN,
with
14
Aw=T80"" Ay = 035
n m
By straightforward computations it holds that
9L (w;, Aj) > 0, (C.62)

for all t =0, ...,40, j = 0, ..., 55 and, moreover,

(w.rilyi)réHng; (wi, Aj) = 2L (wo, Ao) ~ 0.245. (C.63)
©3\]

Next to this, we compute

> m

14
c1 = max {Aw, AN} = max{ 180” 0-35} = 235 ~ 0.00636,

and, by taking into account ((C.61)) and (C.63|), we also find

. 9P
min g (wi, Aj)
i) EH
¢y = V3 nICH — ~ 0.00641.
S[‘{lp <8w8)\(w A); gaz (w )‘)>’

2
Since ¢; < cg, by Lemma we conclude that the constructed discretiza-
tion {(ws, \j)}i=o,...40 of Ha to be appropriate in the sense that condition

1’ yields a strict positivity of %—I;(w, A) on Hj. ]
Claim C.12 Let H3 C V be as follows

Hy = {(,X) [ 1997, 18] x 4000, 4850]}

It holds that g—f (w,A) >0 on Hs.
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Proof. First we find the following estimates:

‘32—5 (w,)\)‘ < 166, ‘%(w,)\)‘ <37 on Hs. (C.64)

W

Then we fix n = 10, m = 60 and consider the discretization

{(ws, )\j)}i‘:O,“,,lo of Hj3 such that
7=0,...,60

w; = %7‘(’ +ilAw, Aj =4.000+ jAN,

with 5

_ 1807 _ 085
Aw == A\= =2,

By straightforward computations it holds that
9 (w;, Aj) > 0, (C.65)
for all ¢ = 0,...,10, 7 = 0, ..., 60 and, moreover,

: oP __ 0P ~
(wi,r)r\ljl)réHgaT‘)(W% )\j) = 87(&)0, )\11) ~ 1.885. (C.66)

Next to this, we compute

n )

iﬂ'
c1 = max {Aw, AN} = max{ L 0'85} = 28 ~ 0.0142,

and, by taking into account ((C.64)) and (C.66)), we also find
. P
D \Wis Aj
o B0 (Wi Ag)
2 =V2 - oy ~ 0.0157.
S;Ilp (ng(w7 )‘)7 m(wa )‘)) ‘
3

Since ¢; < ¢, by Lemma we conclude that the constructed discretiza-
tion {(wj, Aj)}i=o,..,10 of H3z to be appropriate in the sense that condition
j:

1' yields a strict positivity of g—f(w, A) on Hs. |
Claim C.13 Let Hy C V be as follows
Hy={(w,\) : [{557, 19a7] X [3.950,4.100]} .

It holds that ‘g—]; (w,A\) <0 on Hy.
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Proof. First we find the following estimates:

2
|25 @, )] <38,

2P (1 A)(<11 on Hy (C.67)

Then we fix n = 50, m = 36 and consider the discretization
{(wi, Aj) }i=o,....50 of Hy such that
§=0,...,36
w; = 1807T +ilw, Aj =3.950 + jAN,
with
11
Aw= 180T AN =015
n )
By straightforward computations it holds that

— 9 (wi, \j) > 0, (C.68)

for all i =0,...,50, 7 =0, ...,36 and, moreover,
i —98 (i A) = =22 (wo, \o) = 0.118. C.69
(Wi,riljl)IéHzl ( )N (wi, ])) N (wo, Ao) ( )

Next to this, we compute

> om

c1 = max {Aw, AN} = max{ 180" 0'15} = 2 — 0.00416,

and, by taking into account ((C.67)) and (C.69)), we also find

(W.Ti)rém (=% (@i 1))

17\ ~

cy = V2 o o ~ 0.00423.
S}‘qlp <awa>\ (w, A), TAZ (w, )‘)> ’

4
Since ¢; < ¢z, by Lemma we conclude that the constructed dis-
cretization {(wj, A\j)}i=o,...,50 of Hy to be appropriate in the sense that con-

dition 1} yields a strict positivity of —g—f(w, A) on Hy, or, in other words
%}/\D(w A) <0 on Hy. [

Claim C.14 Let H5 C V be as follows
Hs = {(w,\) : [, 7] x [3.030,3.970]} .

It holds that g—f (w,A) >0 on Hs.
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Proof. First we find the following estimates:
‘TP (w, A)‘ < 105, ‘%(M,A)‘ <37 on Hs. (C.70)

Then we fix n = 11, m = 94 and consider the discretization

{(wis A\j)}i=o,...,11 of Hs such that
7=0,...,94

wi = ST +ilw, A =3.030 + AN,
with 6
N

By straightforward computations it holds that

9L (wi, Aj) > 0, (C.71)
forall i =0,...,11, 5 =0, ..., 94 and, moreover,

: oP
(wgljl)ré%a (wi, Aj) = aw 2 (wo, Ag) ~ 0.807. (C.72)

Next to this, we compute

7 m

6
c1 = max {Aw, AN} = max{ 180" 0'94} = 954 ~0.0100,

and, by taking into account ((C.70) and (C.72)), we also find

Al
¢y = V2 ~ 0.0102.

Since ¢; < ¢, by Lemma we conclude that the constructed discretiza-
tion {(wj, \j)}i=o,.,11 of Hs to be appropriate in the sense that condition

1' yields a strict positivity of g—f(w, A) on Hs. |
Claim C.15 Let Hg C V be as follows
He = {(w,\) : [1557, 1557] X [2.900,3.230]} .

It holds that ‘g—]; (w,A\) <0 on Hg.
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Proof. First we find the following estimates:

2
|25 @, 0] <33,

2P (1 A)(<21 on H. (C.73)

Then we fix n = 33, m = 41 and consider the discretization
{(wi, Aj) }i=o,...,33 of Hg such that
§=0,...,41
w; = 1807T +ilw, Aj =2.900+ AN,
with
15
Aw = 180T AN =038
n m
By straightforward computations it holds that

— 9wy, \j) > 0, (C.74)
foralli=0,...,33, 7 =0,...,41 and, moreover,
. oP oP
-5 (wi, Aj)) = —%¢ , A1) &~ 0.227. C.75
(Mgljl)% He (—5x (Wi, Ay)) ox (w33, A1) ( )

Next to this, we compute

> om

15
c1 = max {Aw, AN} = max{ 180" 0-33} = 033 — 0.00805,

and, by taking into account ((C.73]) and (C.75]), we also find

(W.Ti)réHﬁ (=% (@i 1))

17\ ~

cy = V2 o o ~ 0.00820.
S}‘qlp <awa>\ (w, A), TAZ (w, )‘)> ’

6
Since ¢; < ¢z, by Lemma we conclude that the constructed dis-
cretization {(wj, A\j)}i=o,...,33 of Hg to be appropriate in the sense that con-

dition 1} yields a strict positivity of —g—f(w, A) on Hg, or, in other words
%}/\D(w A) < 0 on Hg. [

Claim C.16 Let Hy C V be as follows
Hy = {(w,\) : [, 297] x [3.150,4.000] } .

It holds that g—f (w,A\) <0 on Hy.
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Proof. First we find the following estimates:

f"iP(w,A)‘<115, ‘55( )\)‘<21 on Hy. (C.76)

Ow?

Then we fix n = 5, m = 30 and consider the discretization

{(Wu}\ )} —o,..,5 of H7 such that
=0,. 30

w; = 121 +ilw, Aj = 3.150 + jAN,

with

8
s
NAw=T800" A\ = 08

By straightforward computations it holds that

— Go (Wi, Ag) > 0, (C.77)
forall t =0,...,5, j =0, ...,30 and, moreover,
: aP aP

— 5= (wi, Aj)) = —5-(ws, Aa7) =~ 2.663. C.78

o oin (=55 (@i Ag)) = — 55 (s dor) (C.78)

Next to this, we compute

8
c1 = max {Aw, AN} = max{ 1807 085} = 082 ~0.0283,

' m

and, by taking into account (C.76)) and (C.78]), we also find

(w~r§1'i)réH7 S ACES)
2 =V2——— = ~ 0.0322.
S}qlp ‘ (W(%)\)y m(wa )\))‘
7

Since ¢; < ¢z, by Lemma we conclude that the constructed dis-
cretization {(wi,)\-)} izo .5 of Hy to be appropriate in the sense that con-

dition 7)) yields a strlct positivity of — (w A) on Hz, or, in other words,
g—f(w,)\) < o on Hi. n

Claim C.17 Let Hg C V be as follows
Hs = {(w,\) : [, 7] x [3.900,4.050]} .

It holds that ‘g—]; (w,A) >0 on Hg.
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Proof. First we find the following estimates:

|5 @) <36, |25 wN|<10 on Hs (C.79)

Then we fix n = 40, m = 30 and consider the discretization

{(ws, )\j)};:o,,,,,z;o of Hg such that
§=0,...,30

wi= Wt ilw,  Aj=3.900 + jAN,

with
u
— 180" — 0.15
Aw == AX= =2

By straightforward computations it holds that
9 (w;, Aj) > 0, (C.80)
forall i =0,...,40, 7 =0, ..., 30 and, moreover,

: opr _ 0P ~
(w;)l\ljl)réHsm(wi, )\J) == —)\(w40, )\30) ~ 0.134. (081)

Next to this, we compute

> m

¢ = max {Aw, AN} = max{ 507 o 15} = 015 = 0.00500,

and, by taking into account ((C.79)) and (C.81]), we also find

: oP
min Sy (w;, A\;
(wi,/\j)EHgaA( v J)

— ~ 0.00508.
sup‘( (w,A), gz (w A))’

02:\/5

Since ¢ < ¢2, by Lemma we conclude that the constructed discretiza-
tion {(wi,/\j)}izo,,,,Ag of Hg to be appropriate in the sense that condition

(C.80) yields a strict positivity of 22 (w, \) on Hs. ]
2D}
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C.5.2 Set of Claims II
Let Hy C V be as follows
Hy = {(w,\) : [&7, 247] x [2.960,3.060] } .
Consider a function G : Hy — R given by
Gw,A) = =28 (w, ) [BR(w, )] + 228w, )2 (w,A) [F(w,N)] "+

— 2P (w0, 0) [ (w0, M) [ (w, M)] 7,

where P is as in (C.57).
Claim C.18 [t holds that G(w,\) > 0 on Hy.
Proof. First we find the following estimates:
9E (w, \)| < 25000, |25 (w,A)| < 14000 on H. (C.82)
Then we fix n = 600, m = 300 and consider the discretization
{(ws, )\j)}i‘:o 77777 600 of Hy such that
wi = Sm+ilw, Aj =2.960 4+ jAN,

with
10 o1
_ 180 _ 0.
Aw = 28— AX= =",

By straightforward computations it holds that
G(wi,)\j) > 0, (C.83)
for all ¢ = 0, ...,600, j =0, ...,300 and, moreover,

min G(wi, )\J) = G(u)o, )\0) ~ 8.380. (0.84)
(wisAj)€Ho

Next to this, we compute

10
c1 = max {Aw, AN} = max{ 1807 (an} = 92~ 0.000(3),

n
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and, by taking into account ((C.82)) and (C.84)), we also find

min G(wi, )\j)

(wi,)\j)GHo
co =2 ~ 0.000414.
sup (22 (w, \), 2 (w, N))]
0

Since ¢; < co, by Lemma we conclude that the constructed discretiza-
tion {(w;, Aj)}i=o,..600 of Ho to be appropriate in the sense that condition

§=0,...,300
(C.83) yields a strict positivity of G(w,A) on Hj. |

Let H, C V be as follows

Hy, = {(w,\) : [9327, 227] x [3.030,3.600] } .
Consider a function F': H, — R given by

2 —1 2 -9

F(w,\) = —gTIQD(w,)\) [g—f(w,)\)] + 2&—5\(%/\)3—/\(%)\) [g—f(w,/\)] +
_PP o AN T2 (w222 (w0 72
Ow? (w’ ) [8)\ (w’ )] [&u (w’ )] )

where P is as in (C.57)).

Claim C.19 [t holds that F(w,\) <0 on H,.
Proof. First we find the following estimates:
9L (w,\)| < 180, |%5(w,\)| <80 on H.. (C.85)
Then we fix n = 70, m = 1100 and consider the discretization
{(wi; A\j)} i=o,..,70 of H, such that
§=0,...,1100

wi = PEx+ilw, Aj =3.030+ AN,

with

Aw — 180" A\ — 057
Y m "

By straightforward computations it holds that

— F(wi, /\j) > 0, (C.86)
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for all t =0,...,70, 7 =0, ..., 1100 and, moreover,

i —F(wi,A\j)) =—F ;A ~ 0.0773. C.87
(wigljl)réH*( (wi, A7) (w70, A1100) ( )

Next to this, we compute

> m

2
c1 = max {Aw, AN} = max{ 1807 0. 57} 955 — 0.000518,

and, by taking into account (C.85)) and (C.87)), we also find

min  (—F(wi, Aj))

(W’L:)‘ )GH*
ey = V2 ~ 0.000555.
C T (R N, B )

Since ¢ < ¢z, by Lemma we conclude that the constructed discretiza-

tion {(wi, Aj)} i=o0,..70 of H, to be appropriate in the sense that condi-
j=0,...,1100

tion - C.74) yields a strict positivity of —F(w,A) on H,, or, in other words

F(w,\) <0 on H,. [ |



Appendix D

Explicit eigenvalues and
eigenfunctions

Let us recall the A-dependent boundary value problem ((3.4)):
E(G,d%,/\) ®=0 in (v,a+w),
q):d%q):() on J(a,a+w),

where

L (0, %, A o= 2 (1+ %COS(40)) d% +(A—2) sin(40)% +

3 (A2 =1 (A2 —4x— D) cos(40)) &, +

3

1

(=A% 4+ 6X% — TA — 2) sin(46) & +
S(AT =222+ 1+ 1 (A = 8X% + 140 + 8\ — 15) cos(46)) .

Here, for the cases

a=0 w= 5,

a € [0,%7) w=m,

a=0 w=

a € [0, %77) w = 2m.

we compute the entries of the eigenvalues {\; };.11 of problem above explicitly.
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Moreover, it will be possible to give the explicit formulas for the power-
type solutions u;, = r)‘j+1<I)j7q, q=0,...,k;—1, to homogeneous problem 1}
in the K(, ), namely,

Ugzzr T Uyyyy = 0 in K(a,w)v
u=20 on  IK (4w,
%u =0 on  OK(qw)\{0}-

We will do this in the following cases

a=0 we{%ﬂ',ﬂ'} for all \;,

a=10 wE{%w,Qw} for some ;.

Remark D.1 When o € (O, %71') and w = w one may easily compute the first
solution uy g = 12 sin?(6 — a) to in Kiqw)- The higher order solutions
ujq will require more labor.

D.1 Computations for {);}°

D.1.1 Case a=0,w= %7?

The eigenvalues A\ in more general case, namely, o € [0, %ﬂ') and w = %ﬂ' are

determined by the characteristic equation:
2) 2)
(1 - § sin(2a)) + (1 + g sin(2a)) +2(1+ %(:082(204))A cos (A1) +

—4(3+3 cos2(2a))/\ cos { A [arctan (tan?(@)) — arctan (cotZ(a))} } =0,

where A ¢ {0, £1}. The left-hand side is obtained from formula ({3.8]).
In particular case a = 0, we get

24 2cos(mA) —4cos (37A) =0, A ¢ {0,%£1},

and the set of positive solutions of the above equation reads as:

{N32 =2y Agjons Mgl = {1+ 45, 45, T+ 453572,
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Here every values A3;_2,A3; has algebraic and geometric multiplicity 1,
while A3;_1 has algebraic and geometric multiplicity 2.

In the table below we see that the functions that solve the homogeneous
problem in Ky when o =0 and w = %7‘( are given by polynomials in x
and y, which makes a difference to the case when the operator of the problem
is the bilaplacian AZ.

D.1.2 Case a € [O, %TF), w=Tm

The eigenvalues A in this case are determined by the characteristic equation:
—4 (3 +Lcos?(20)) sin®(rA) = 0, A ¢ {0, %1},

(the left-hand side is yielded by formula (3.9)) plus the values A = £1, which
are determined by the conditions P_j(«, m) = Pi(c, m) = 0. Hence, the set of
positive solutions reads as

Aj=17, j=1,..,00,

where Ay = 1 has algebraic and geometric multiplicity 1, while \; for j > 2
has algebraic and geometric multiplicity 2.

In the table below we observe that in K(,,) with a € [O, %77) and the
opening angle w = 7, the solutions in K44, are given by polynomials in
z and y.

D.1.3 Case a=0,w= %ﬂ'

In more general case, namely, a € [0, %71’) and w = %777 the characteristic
equation is as follows:

2 2
(1= Poimaa))™ + (14 L)) 42 (3 + Jeos?(20)  cos (3r) +

—4(3+3 0082(204)))‘ cos { A [arctan (tan®(a)) — arctan (cot*(a))] } =0,

where A ¢ {0,£1}. The left-hand side follows from formula (3.10). When a =
0 it can be simplified and factorized, so that the eigenvalues A are determined
by the system:

cos (%ﬂ)\) =0, A\#£l,

cos (%TF)\) =1, A#0,
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and
cos* (37A) +cos® (37A) — 3 cos? (37\) — 4 cos (37N) + £=0, X¢{0,+1}.
The solutions with positive real part of the system above read, respectively,
At = {1+ 2mb

{Anatmy—1 = {4}y
and
{Anstmger = {1+ 203+ (=1)" (1 — 1) boi s,
{Aatmr = {1+ 200+ (=)™ (1 — p2) by,
o0
Dsdoor = {1425+ ()" 1 —m) i}
ns=
where 1, o are the first two positive solutions of the equation

st 4 53 25 — 35+ 1 =0, (D.1)

with s = cos (%W,u) while (y1,72) is the first positive solution of with
s = —cos (%7[")/1) cosh ( 7T"}/2) + isin (%7771) sinh ( 7r72) The numerical ap-
proximations (up to three digits) are the following: p; ~ 0.536, uo ~ 0.926and
v1 & 0.345, 9 ~ 0.179.

Note also that every A, = 4ng, na = 1,2.3has algebraic and geomet-
ric multiplicity 2, while every A,,, for each k = 1,3,4,5, has algebraic and
geometric multiplicity 1.

The set {A;}72, is the combination of the found sets above.

D.1.4 Case a € [0, %ﬂ'), w =21

The eigenvalues A in this case are determined by the characteristic equation:

16 (5 + 4 cos (Qa)) [cos4(7r)\) - cos2(7r)\)] =0, A¢{0,£1},

(the left-hand side is a simplified formula (3.11])) plus the values A = +1, which
are determined by the conditions P_;(«,27) = Pi(«,27) = 0. The positive
solutions are given by the set

N2 =94 d=1,.,00

where A\ = 1 has algebraic and geometric multiplicity 1, while \; for j =1
and j > 3 has algebraic and geometric multiplicity 2.
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D.2 The list of tables for u;,

R ujg =11 D;4(0)

1 3 1 x2y?
2=3 |4 2 {ijzj

4 51 1 393

5 7 1 x0y% — 2240
6-7 |8 | 2 { oy = 5o’

22y — %lﬁy
8 9 1 zTyd — a3y’
9 11 1 210y? — 1425y5 4 22410

11,2 7,6 11,.3,.,10
€T — 22z + Sz
100—111]12 2 { Y Yoty

nyll _ 22$6y7 4 %$10y3
12 13 1 x11y3 — %x7y7 + x3y11
etc.

Table D.1: The first three groups of solutions solutions w;, = r’\j+1<I>j7q(9),
q=0,...,5; —1 to in Kaw) when a =0 and w = %71'.
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J Aj|| K| g, = 1(1), (0)

1 1|1 y?
2
x

2—-3| 2 2 { g
Yy

2242

4—-51] 3 2 { g
Yy

ar3y2

etc.

Table D.2: Some first solutions ujq, = r)‘i+1(1>j7q(0), q=0,...,5;—1to
in Kaw) when a =0 and w = .
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j Aj Kj | g =1Y"10,(0)
1 ~ 0.536 1
2 ~ 0.926 1
3 ~ 1.6554+40.179 || 1
4 ~ 2.345 £0.179 || 1
) 3 1 2292
6 ~ 3.074 1
7 ~ 3.464 1 .

89 4 2 { xzyz

Ty
10 ~ 4.536 1
11 ~ 4.926 1
12 5 1 x3y3
13 ~ 5.655 +140.179 || 1
14 ~ 6.345 £0.179 || 1
15 7 1 20y? — 22y8
16 ~ 7.074 1
17 A 7.464 1 .
18 — 19 8 2 { ”572?/27— 57553696
7yt — 32’y
etc.

Table D.3: Some first solutions uj, = rT1®; (0), ¢ =0,....,k; — 1 to

in Kaw)y when a =0 and w = %ﬂ'. The situation without explicit formula s

4

marked by “...7.
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J Aj|| K| g, :7’)\#1@]}61(9)
1
1-2 5 2
3 1|1 y?
3
4—-5 5 2 .
2
T
6-7 | 2| 2 {yij’
5
8—9 3 2
2212
10—11| 3 2 { :g
ry
7
12 —-13 3 2
x3y2
14—-151| 4 2 :r2y3
etc.

Table D.4: Some first solutions w;, = r*T1®; (), ¢ =0,....,5; — 1 to
in Kw) when a =0 and w = 2r. The situation when the explicit formula
unavailable is marked by “...7".



Appendix E

Application of the
FreeFem++4 package

Let domain  C R? be smooth or have convex corners. In this case, as it is
shown in Chapter [0}, one may use the system approach to find an approximate
numerical solution of the clamped grid problem

{ Ugzzr T Uyyyy = f in Q, (E 1)

u:g%u:O on Of.

One of the available numerical tools to implement this approach is the
FreeFem++ package [I1]. In the first section of this appendix we will explain
how to use it properly with respect to the package syntaxis. In the two last
sections we use the package to find the solutions for the problems of our inter-
est. More precisely, in Section [E.2] we compute and compare the displacements
of the clamped isotropic plate and grid under the concentrated load, and in
Section we compute the distribution of stresses that occur in a fuselage
panel of the DH-106 “Comet” with the rectangular and oval windows under
the uniform normal load.

E.1 FreeFem-+|-+ programming

Consider the clamped grid problem (E.I). Recall from Chapter @] that if a
domain ©Q C R? is smooth or has convex corners, the weak solution u €

W22(Q) to (i will coincide with the solution (v,u) € WH2(Q2) x Wh2(Q)
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of the following variational problem

[(B+28) 8+ (+98) 2+
Q

+(Ge o) 92+ (9 — 294 % — fy —vg) dudy = 0,

for all  (¢,4) € WH2(Q) x WH2(Q). (E.2)

In this section we will bring the numerical evidence for this assertion at
hand. In order to do this we will choose such the right-hand side f in prob-
lem for which the explicit solution u is available. Then we will let the
FreeFem++ package solve equation for this given f and compare ob-
tained u with the known original one. In this way one shows the feasibility of
the system approach to problem . Also, some technical details on how to
realize equation in the FreeFem++ package will be discussed.

E.1.1 The test problem
Let us consider the functions ¢; : [0,1] — R, i € N given explicitly as

cosh(v;x) — cos(v;z)  sinh(vx) — sin(v;z)

pi(z) =

cosh(v;) — cos(14) sinh(v;) — sin(v;) (E.3)

th

where v; is the ™" positive solution of the transcendental equation

cos(v) cosh(v) = 1.
Let © := [0, 1]2. One directly shows that the function

solves the problem
(g;; + 38; ) (I)ij = <1/24 + V;l) (I)ij in Q,
q)ij = %‘I}Z] =0 on 89\5,
where S = {(0,0), (0,1), (1,0), (1, 1)}.

Consider the test boundary value problem:
Uggre + Uyyyy = [ = 21/%(1)11 in Q,
u= %u =0 on ON\S,
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where ®17 is defined by , with ¢1 as in for 11 =~ 4.73. From the
above consideration it is clear that &1 is the explicit solution to . Our
purpose is to check whether u of computed from equation with
f= 2yf<I>11 will be identical to ®11.

E.1.2 The code

One is not able to program equation (E.2)) in FreeFem++ directly, that is, in
the form it is. In order to do this let us one introduces two macroses

_ (o V2 9a\ 9b ) V2 da\ 9b
fl(aab)—<£*7£)%+<£*7£)@,

— (9 V29a) ob da | V20a)) 9b
l3(a,b) = (a*i + 73*3) et (a*Z + Ta%) -

The appropriate form of (E.2]) which is now “readable” by the package will be
as follows

/(ﬁl(w,@ — v+ lo(v, 1)) — /fw =0 “with w=0 on 0Q”. (E.6)
Q

Q

Below we bring the FreeFem++ progranﬂ to solve (E.5) through the sys-
tem approach realized by (E.6)):

border G1(t=0,1){x=t; y=0; label=1;};
border G2(t=0,1){x=1; y=t; label=1;};
border G3(t=0,1){x=1-t; y=1; label=1;};
border G4(t=0,1){x=0; y=1-t; label=1;};

mesh Th = buildmesh (G1(100)+G2(100)+G3(100)+G4(100));
plot(Th, cmm="Th", wait=true);

fespace Vh(Th,P1);
Vh w,v, psi,phi;

real k = 0.707106781186550;

macro 11(u,v) ((dx(u)-axdy(u))*dx(v)+(dy(u)-a*xdx(u))*dy(v)) // fin macro
macro 12(u,v) ((dx(u)+a*xdy(u))*dx(v)+(dy(u)+a*dx(u))*dy(v)) // fin macro

real nu = 4.730040745;

'For detailed explanation of the commands in FreeFem-++ see the manual [TT]
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func phil = (cosh(nu*x)-cos(nu*x))/(cosh(nu)-cos(nu))

- (sinh(nu*x)-sin(nu*x))/(sinh(nu)-sin(nu)));

func phi2 = (cosh(nuxy)-cos(nu*y))/(cosh(nu)-cos(nu))

(sinh(nu*y)-sin(nu*y))/(sinh(nu)-sin(au));
func f = 2*nu~4*phil*phi2;

problem P([w,v], [psi,phil, solver=LU, eps=1e-10) =
int2d(Th) ( le-7*w*psi
+11(w,phi) - v*phi + 12(v,psi))
-int2d(Th) (f*psi) + on(1,w=0);

P;

real[int] viso(22);

for (int i=2; i<viso.n; i++)

viso[i] = -0.00004+i%0.00004;
viso[0] = 0;
viso[1] = le-5;

Vh Phill = phil*phi2;

plot(w, cmm="u (Clamped Grid TEST)", viso=viso(0:viso.n-1),
fill=1, value=1, wait=1);

plot(Phill, cmm="Phi_11 (Clamped_Grid_-TEST)", viso=viso(0:viso.n-1),
fill=1, value=1, wait=1);

E.1.3 The results

In Figure we plot the ®1; and the solution u to (E.5) computed from
equation (E.2). They coincide as expected.

E.2 Clamped isotropic plate and grid: comparison

Here, having at hand the FreeFem++ package we will compute and compare
the displacement of a clamped isotropic plate and grid (both, with the aligned
and diagonal fibers) under a concentrated load. The geometry will be a rec-
tangle and pentagon, that is, the domains with concave corners and hence the
system approach to mentioned fourth order problems applies.
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Phi_11 (Clamped_Grid_Test)

L]
M 1e-005

M0.00012
W0.00016
M0.0002
W0.00024
M0.00028
M0.00032
M0.00036
W0.0004
W0.00044
H0.00048
W0.00052
M0.00056
M0.0006
W0.00064
W0.00068
M0.00072
M0.00076
W0.0008

u (Clamped_Grid_Test)
[ [
H1e-005

M0.00012
M0.00016
W0.0002
W0.00024
M0.00028
M0.00032
M0.00036
W0.0004
H0.00044
0.00048
W0.00052
M0.00056
M0.0006
W0.00064
m0.00068
M0.00072
M0.00076
H0.0008

Figure E.1: On the top the ®11; on the bottom the solution u to computed
from equation .

More precisely, let us consider and compute the solutions of the following
three boundary value problems:

A%y =f in
(E.7)
u = {%u =0 on 09,
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Ugzzr + Uyyyy = foin Q, (ES)
U= %u =0 on 01,
and
Ugzre T Uyyyy = fioin Qy, (E 9)
u = %u =0 on 0. .

In problems , the Q is a geometry of a plate and grid with the fibers
aligned in Cartesian directions; f is a source term. In problem the Q4
and f; are defined, respectively, as 2 and f rotated by %7‘(’, so that the last
problem models the clamped grid with the fibers arranged diagonally in £2;.

E.2.1  is a rectangle
Let us fix
Q= {(z,y) e R*: (-1,6) x (—1,1)},

and

f=exp [~100 ((z + 0.75)% + (y — 0.75)2)] ,
in (E.7)), (E.8) with their obvious transformation in (E.9). In Figure we
plot the graph of a source term f and in Figure the solutions to (E.7]) —
E9).

Figure E.2: Graph of a source term (concentrated load).

One may see in Figure that the same force f applied to the clamped
rectangular plate, aligned and diagonal grid induces qualitatively different
displacements. One may observe for instance that the clamped diagonal grid
distributes the applied force “more easily”.
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u (Clamped Plate) =-gg-8gg
_[0)
H0.0001
0.002
0.0023
H0.0026
M0.0029
H0.0032
M0.0035
H0.0038
H0.0041
H0.0044
0.0047
M0.005
H0.0053
M0.0056
M0.0059
0.0062
0.0065
M0.0068

M-0.00015
M-3e-005

u (Clamped Aligned Grid)

A M0.006

u (Clamped Diagonal Grid)

Ho
M0.0001
M0.0005

H-2¢-006
H-3e-007

Figure E.3: Displacement of, respectively, an isotropic rectangular plate, grid
with the aligned fibers and grid with the diagonal fibers, under a concentrated
load depicted in Figure [E 3.
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E.2.2  is a pentagon
Let us set Q5 := {(z,y) € R?: (—1,2) x (=1,1)} and consider a pentagon
given as follows
Q:=Q\ {(z,y) eR* 1y < —z—1}.
Also set
f=exp [-100 ((z 4+ 0.75)% + (y — 0.75)%)] .

We plot in Figures[E.4] and respectively, the graph of a source term f and
the solutions to (E.7) — (E.9).

f

Figure E.4: Graph of a source term (concentrated load).

As in a previous case (rectangular domain), one may observe in Figure
completely different qualitative behavior of the clamped isotropic plate,
aligned and diagonal grid induced by the same force f.
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u (Clamped Plate) H-5e-007
M-3e-007

Ho

M1e-005
H0.0003
0.0007
H0.0011
M0.0015
H0.0019
M0.0023
M0.0027
0.0031
M0.0035
M0.0039
M0.0043
M0.0047
M0.0051
M0.0055
M0.0059
M0.0063
M0.0067

u (Clamped Aligned Grid) H-8.3e-005]
M-4e-005

M0.006
M0.0065
M0.007
M0.0075
M0.008
M0.0085

u (Clamped Diagonal Grid) W-4.2e-005]
H-2e-005

Ho
M1e-005
H0.002

Figure E.5: Displacement of, respectively, an isotropic rectangular plate, grid
with the aligned fibers and grid with the diagonal fibers, under a concentrated
load depicted in Figure [E].
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E.3 Simulations for the DH-106 “Comet”

In this Section we will bring the numerical results on the qualitative stress
distribution in a fuselage panel of “The Comet” aircraft. Here we consider the
rectangular panel with two types of holes in it (which mimic the windows): the
rectangular one with the smoothed corners and the oval one. We assume the
panel to be an isotropic plate which is clamped on the boundary and uniformly
loaded. That is, we solve the boundary value problem in a domain €
depicted in Figure and the source term f = const.

Figure E.6: A fuselage panel with a window; a chair sketched is intended to
outline a “realistic proportion ” between a panel and window scale.

The solution u is the vertical displacement of the panel. Then the bending
stresses 04, 0, and the twisting stress 7., (for details see [24, Chapter 9]),
which play a vital role are proportional to the second order derivatives of u in
the following way:

Og ~ Ugg + Viyy,

Oy ~ Uyy + Vg,

Tay ~ Uzy,

where v is the Poisson ratio. In Figures [E.7] we plot the quantity ug, +
VlUyy with v = 0.3 in domains which mimic a fuselage panel with square and
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oval window. This quantity itself mimics the distribution of stress o, in the
corresponding fuselage panel.

Figure E.7: Distribution of stress in a fuselage panel with a square and oval
windows under uniform load.

The first observation that may follow from Figure (the top) is that
even the smooth reentrant (i.e. concave) corner is a concentrator of stresses.
By turning the “square” windows into oval we reduce the positive maximal
stress occurred in a previous case by approximately 20% and, what is more
important, we get rid of the concentration of stresses. Indeed, in Figure [E7]
(the bottom) the maximal stress is “smashed” over the edge of an oval window.
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We have to mention, that the deformation process of a real fuselage panel
of an airplane has to be described by more complicated model rather than
by model . Indeed, the real model is curved (see , hence it is not
a plate but rather a shell. Apart from normal pressure (in green in Figure
applied to the panel, it also undergoes bending and stretching (in red in
Figure , as well as, the influence of the low and high temperatures.

o
97

S

-

Figure E.8: Sketch of a real fuselage panel and the factors applied to it.

But even the results on the stresses we obtained here by considering a
simplified model approve the fruitfulness of measures that the designers of
“The Comet” implemented in order to remove the initial constructive weakness
of the aircraft — square windows.
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Summary

The main focus of this thesis is the regularity question for the fourth order
elliptic problem

S.1
0 =0 on 01, 5.1

U:%

{ Ugzzo gy = f I O,

in an open and bounded domain  C R? which has one corner in 0 € 9 with
opening angle w € (0,27]. Here n stands for the outward normal on 9.
For the right-hand side f € L?(Q2) problem (S.1)) has a unique weak solu-

o
tion v € W22(Q) (see Chapter . We study the optimal regulam't of this
weak solution and more specifically near a corner of the domain. Within the

framework of the Kondratiev theory developed to treat the problems of type
(S.1) in domains with corner singularities, it holds that for f € L?(f2) the

weak solution u € W22(Q) to 1} possesses the asymptotic representation:

Hj—l

u=w+ Y Y e (log(r) 1P, (A, 6), (S.2)

0<Re();)<2 ¢=0

where w € W42(Q2) and the double sum are, respectively, a regular and a
so-called “singular” parts of u. The singular part written down in the polar
coordinates (7, 0) represents the behavior of the solution u locally in the vicin-
ity of an angular point 0. In formula , cjq are the constants, A; are the
solutions of a certain transcendental equation, s; is the algebraic multiplicity
of each \;, the functions ®; , are infinitely differentiable.

’In a classical sense, that is, under appropriate smoothness assumptions for 02, the
optimal regularity for the solution means: if f € W*P(Q), then u € W*T*P(Q), where k > 0
and p € (1,00). Due to the presence of a corner, this result for problem ([S.1)) in general does
not apply.
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The key parameters in (S.2) are the exponents \;, particularly, the A; as
it defines the differentiability of the whole singular part of u. For the present
4 4
operator L = % + 5974 in 1) it holds that

(0,27] x [0,47) 3 (w, @) — Re(A(w, ),
that is, A1 is a function of the opening angle w and the parameter «. The
latter defines orientation of a domain €2 in a coordinate system (x,y).

A striking consequence of the precise regularity described in this thesis is
the existence of at least one interval (%77, w*), wy/m & 0.528 (in degrees w, =~
95.1°), on which \; is the increasing function of w. In terms of the optimal
regularity this result means that the differential properties of solution u to
improve with increasing opening angle, what makes a drastic difference
to the Laplacian and bilaplacian models. The rigorous proof concerns the case
a = 0 (Chapter |3) and for a € (O, %7‘1’) we only give the numerical results for
the behavior of A; on the interval w € (0,27]. The regularity statement for
the solution u to in terms of the weighted and standard Sobolev spaces
is given in Chapter 5l It implements the embedding results for the spaces in
question which is elaborated in the foregoing Chapter [4]

A secondary result of the research presented addresses the possibility to
solve the fourth order problem (S.1) in a domain 2 with the opening angle
w € (0, 27] through the system approach:

—Av — ﬂvxy =f in

—Au+V2uzy =v in  Q, (S.5)
u = a%u =0 on Of.

Thus, in Chapter |§| we show that for every a € [0, %77) the corresponding weak
solutions u € T/?/Q’Q(Q) to and (v,u) € WH2(Q) x V?/LZ(Q) to problem
will coincide if the opening angle w satisfies w < m. In general, this is
not the case for all w > 7.

Appendix [A] contains a result, which is although not related directly to
problem (S.1) yet may be of interesting in the applications. Here we prove
that for every fourth order elliptic operator

_ ot o* ot o* o*
L= ozt + b1 0x30y +bo 0x20y? + b3 Oz0y3 + oyt (83)
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with b; € R, j = 1,2,3, there exists precisely one a € [1,400) such that L is
algebraically equivalent to the operator

4 4 4
Lo=25+ 2a78x‘298y2 + 3%4 (S.4)

That is, one may always find an appropriate linear coordinate transforma-
tion such that due to this transformation the operator L turns into L, with
a € [1,400). This result is based on the Mébius mapping. In the mechan-
ical context this transformation result for the operator L means that there
always exists a coordinate system such that in this system every anisotropic
2d-medium is viewed as an orthotropic one.

Appendices BHD] contain all supplementary computational and numerical
results, while in Appendix [E] we use the approach developed in the last chapter
of the thesis for the numerical treatment of some applied problems.






Samenvatting

Het ingeklemde elastische rooster,
een vierde orde vergelijking
op een gebied met hoek

van Tymofiy Gerasimov

Het centrale thema van dit proefschrift is de regulariteitsvraag voor het
vierde orde elliptische probleem
{ Yoz + tyyyy = f 09, (S.1)

u:%uzo on 01,

in een open en begrensd gebied Q C R? dat een hoek bevat in 0 € O
met als opening w € (0,27]. De letter n staat voor de naar buiten gerichte
normaalvektor op 0.

Voor de rechterzijde f € L?(€) heeft probleem een eenduidige zwakke

oplossing u € 12/2’2(9) (zie Hoofdstuk . We onderzoeken de optimale regu-
lariteitﬁ van deze zwakke oplossing in het bijzonder bij de hoek van dit gebied.
Volgens de door Kondratiev ontwikkelde theorie voor problemen van het type
(S.1)), heeft de zwakke oplossing voor f € L?(Q) de volgende asymptotische
ontwikkeling:

3In de klassieke zin, onder voldoende gladheid van de rand 99, geldt voor de optimale
regulariteit: als f € W*?(Q), dan geldt « € W*T*?(Q), voor k > 0 en p € (1,00). Door de
aanwezigheid van een hoek, is dit resultaat voor (S.1)) in het algemeen niet van toepassing.
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){j—l

u=w+ Y Y e (log(r) P, (A, 6), (S.2)

0<Re(Aj)<2 ¢=0

waarbij w € W*2(Q) en de dubbele som respectievelijk het reguliere en het
“singular” deel van de oplossing u vormen. Het singuliere deel is in poolco-
ordinaten (r,6) beschreven en vertegenwoordigd het gedrag van de oplossing
u bij het hoekpunt. In formule , zijn c; 4 konstanten, zijn A\; oplossingen
van een bepaalde transcendentale vergelijking, zijn de x; de algebraische mul-
tipliciteiten van A; en vormen de ®; , oplossingen van een bepaalde gewone dif-
ferentiaalvergelijking met bijbehorende randwaarden. Deze ®; , zijn oneindig
vaak differentieerbaar.

De cruciale parameters in (S.2) zijn de Aj, in het bijzonder A\; omdat
deze de differentierbaarheid van het singuliere deel bepaalt. Voor de huidige
4 4
operator L = % + ,%4 in 1) geldt dat

(0,27] x [O, %W) 3 (w, @) — Re(Ai(w, a)),

dat wil zeggen, A; is een functie van de openingshoek w en de parameter
a. De laatste definiert de orientatie van het gebied ) ten opzichte van het
coordinatensysteem (z,y).

Een opvallend gevolg van het regulariteitsresultaat in dit proefschrift is
de existentie van minstens een interval (%TI',LU*), wy/m ~ 0.528 (in graden
wy & 95.1°), waar A\j een stijgende functie van w is. Voor de optimale regular-
iteit betekent dit, dat de differenticerbaarheidseigenschappen van de oploss-
ing u van (S.1)) verbeteren bij toenemende hoek en dit is tegengesteld aan
het gedrag bij randwaardeproblemen met de laplace- en bilaplace-operatoren.
Een rigoreus bewijs betreft het geval a = 0 (Hoofdstuk ; voor a € (O, %7‘(‘)
geven we alleen de numerieke resultaten voor A1 op het interval w € (0, 27].
Het regulariteitsresultaat voor de oplossing u van in de zin van gewogen
en standaard Sobolev-ruimten vindt men in Hoofdstuk Het gebruikt de
imbeddingsresultaten die uitgewerkt zijn in het voorafgaande Hoofdstuk [4]

Een secundair resultaat van het gepresenteerde onderzoek betreft de de
mogelijkheid om het vierde orde probleem (S.1)) in een gebied 2 door middel
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van een systeem op te lossen:

—Av — \/ivxy =f in K,
—Au+V2uy; =v in (S.5)
u = %u =0 on Of).

In Hoofdstuk |§| bewijzen we namelijk dat voor iedere a € [0, 2 m) de bijbe-

horende zwakke oplossing u € W22(£2) van D en (v,u) € Wh2(Q) ><W1’2(Q)
van probleem ([S.5)) overeenkomen wanneer de openingshoek w kleiner als 7 is.
In het algemeen is dit niet het geval voor w > 7.

Appendix [A] bevat een resultaat, dat ofschoon niet direct verwant met
probleem (S.1)) niettemin interessant kan zijn voor de toepassingen. Daar
bewijzen we dat er voor iedere vierde orde elliptische operator

L= C54 + bl 8:v38y + b2 8m28y2 + b3 8m8y3 + 8y4’ (83)

met b; € R, j = 1,2,3, er precies één a € [1,+00) bestaat zodanig, dat L
algebraisch equivalent is met de operator

L(l - 4 + 2 8:8283;2 + ay (84)

In andere woorden, er bestaat een lineaire coordinatentransformatie zodat
L in L, verandert in dit nieuwe stelsel. Dit resultaat is gebaseerd op een
geschikt gekozen Mobius-afbeelding. In de mechanische kontext betekent het,
dat men altijd een coordinatensysteem zodaning kiezen kan dat het anisotrope
2d-medium als een orthotroop medium beschouwd kan worden.

Appendices BHD]bevatten alle supplementaire rekentechnische en numerieke
resultaten, terwijl in Appendix [E] de aanpak van het laatste hoofdstuk ont-
wikkeld wordt voor de numerieke behandeling van enkele toegepaste proble-
men.
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