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 a b s t r a c t

This study presents a novel approach for enhancing Reynolds-averaged Navier-Stokes (RANS) turbulence mod-
eling through the application of a Relative Importance Term Analysis (RITA) methodology to develop a new 
zonally-augmented 𝑘 − 𝜔 SST model. Traditional Linear Eddy Viscosity Models often struggle with separated 
flows. Our approach introduces a physics-based binary classifier that systematically identifies separated shear 
layers requiring correction by analyzing the relative magnitudes of terms in the turbulent kinetic energy equation. 
Using symbolic regression, we develop compact correction terms for Reynolds stress anisotropy and turbulent 
kinetic energy production. Trained on 2D configurations, our model demonstrates significant improvements in 
predicting separation dynamics while maintaining baseline performance in fully attached flows. Generalization 
tests on Ahmed body and Faith hill 3D configurations confirm robust transferability, establishing an effective 
methodology for targeted enhancement of RANS predictions in separated flows.

1.  Introduction

Turbulence modeling stands at a crossroads in Computational Fluid 
Dynamics (CFD). Industry-standard Reynolds-averaged Navier-Stokes 
(RANS) simulations are widely adopted for their computational effi-
ciency but often lack accuracy in predicting complex flow phenomena. 
Conversely, high-fidelity methods such as Large Eddy Simulation (LES) 
and Direct Numerical Simulation (DNS) offer superior accuracy in re-
solving turbulent scales but remain computationally prohibitive for rou-
tine engineering applications. This dichotomy between computational 
efficiency and predictive accuracy motivates the development of innova-
tive turbulence modeling techniques that bridge the gap between RANS 
simulations and high-fidelity methods.

Despite growing computational power, RANS is expected to remain 
the workhorse of engineering CFD for decades [1], primarily due to 
its ability to cheaply perform design optimization workflows. In con-
trast, LES remains computationally prohibitive for such iterative design 
processes. However, RANS approaches face critical limitations when 
predicting fundamental flow phenomena such as separation and reat-
tachment, particularly in the presence of strong adverse pressure gradi-
ents. These limitations also extend to favorable pressure gradient sce-
narios, where traditional RANS models exhibit systematic deficiencies 
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(R.P. Dwight).

in predicting boundary layer development, heat transfer rates, and skin 
friction under strong acceleration conditions [2,3]. Linear Eddy Viscos-
ity Models (LEVMs), which assume a linear relationship between the 
Reynolds stress tensor and mean strain rate tensor, do not account for 
turbulence anisotropy [4,5], resulting in insufficient turbulent mixing 
in shear layers [6,7].

These limitations have spurred the development of data-driven tur-
bulence modeling approaches in recent years. Early data-driven RANS 
investigations focused primarily on addressing model coefficient op-
timization and uncertainty quantification [8–11]. Subsequently, re-
searchers tackled more fundamental structural uncertainties by devel-
oping corrective terms or new model structures from high-fidelity data 
[12–15].

While these data-driven methods improved accuracy, they of-
ten lacked physical interpretability. Weatheritt and Sandberg[16] ad-
dressed this limitation by developing a sparse symbolic regression 
framework using Gene Expression Programming (GEP). Their approach 
leveraged Pope’s tensor basis theory to derive interpretable algebraic 
equations for Reynolds stress suitable for direct implementation in RANS 
solvers. Schmelzer et al. [17] further improved this approach by de-
veloping SpaRTA (Sparse Regression of Turbulence Anisotropy), which 
introduced the 𝑘-corrective-frozen RANS approach that maintained
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\begin {align}{\phi _{k} = \frac {k}{k + 0.5|U|^2}, \quad Re_{\Omega } = \frac {d_{w}^{2}|\Omega |}{\nu },} \label {Xeqn10-10}\end {align}
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\begin {align*}\sigma _{SL} = \begin {cases} 1, \quad \phi _{D_k/P_k} \;\le \; 0.55 \;\land \; \phi _k \;\ge \; 0.12 \;\land \; \phi _{Re_\Omega } \;\ge \; 0.02 \\[6pt] 0, \quad \text {otherwise.} \end {cases}\end {align*}
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interpretability while enabling efficient derivation of correction terms. 
Recent developments include Symbolic Bayesian Learning for SpaRTA 
(SBL-SpaRTA), which combines symbolic regression with Bayesian in-
ference for comprehensive uncertainty quantification [18].

Despite these methodological advances, which improve upon gener-
alizability, interoperability, and compute time, recent studies [19–22] 
have highlighted the critical importance of selectively applying correc-
tions in separated flows, particularly in shear layers. Rumsey[6] and Li 
et al. [7] demonstrated that errors in RANS models for separated flows 
predominantly occur outside the boundary layer, especially in shear 
layers where turbulent flow behavior exhibits strong anisotropy, non-
equilibrium conditions, and coherent structure dynamics. Specifically, 
Rumsey’s investigation of an ad hoc modification of the 𝑘 − 𝜔 model 
utilized a multiplier that adjusted the 𝜔-destruction term based on the 
ratio of turbulence production to destruction, to help correct underesti-
mated turbulent shear stress in separation bubbles. While this approach 
showed promising improvements in specific cases, it lacked universal 
effectiveness across different separated flow scenarios.

Building on these insights, Srivastava et al. [19] developed refined 
FIML-based augmentation strategies for separated flows, while Wu 
et al. [20] introduced the Conditioned Field Inversion (FI-CND) method 
to maintain boundary layer accuracy while enhancing separated flow 
predictions. Nishi et al. [21] proposed a closed-form model correc-
tion using Gaussian radial basis functions for incorporating local flow 
features into RANS models. The implementation of such corrections 
presents inherent challenges, particularly with the 𝑘 − 𝜔 SST model. 
As emphasized by Wu et al. [20] and Nishi et al. [21], boundary and 
shear layer corrections must be implemented cautiously to preserve the 
model’s accuracy in the log-law region, while still improving predictions 
in separated flow regions.

These implementation challenges highlight a broader issue in the 
field: the significant difficulty in developing corrections using full-
field data that generalize effectively across different flow configurations 
[22,23]. While various methods have demonstrated success in specific 
classes of flows, achieving broader applicability remains elusive due to 
the complexity of training with diverse flow conditions and the chal-
lenge of identifying consistent error patterns across different geometries.

With the aim of addressing these fundamental limitations, the 
present study introduces the Relative Importance Term Analysis (RITA) 
methodology inspired by Callaham et al. [24]. Rather than attempting 
to develop a universally generalizable correction model, we provide a 
systematic method for identifying and classifying the shear layer regions 
where RANS models require improvement in separated flows. RITA fo-
cuses on quantitatively analyzing the ratios of terms in the 𝑘-equation 
of the 𝑘 − 𝜔 SST model, enabling the development of a physics-based 
binary classifier that isolates the shear layer using three criteria: (1) the 
RITA ratio of turbulence destruction to production, (2) the turbulent-to-
total kinetic energy ratio, and (3) a vorticity-based Reynolds number.

Building on this classification, correction terms are derived using the 
SpaRTA framework introduced by Schmelzer et al. [17] and applied se-
lectively within the identified shear layer regions, resulting in a zonally-
augmented 𝑘 − 𝜔 SST model. This approach preserves baseline RANS 
accuracy in regions where the 𝑘 − 𝜔 SST model already performs well, 
such as attached boundary layers and the free-stream, while targeting 
improvements in shear layers where deficiencies arise. We validated the 
resulting approach on 2D separated flows-periodic hill, periodic hills of 
parametrized geometries, NASA wall-mounted hump (henceforth NASA-
Hump), backward-facing step (henceforth BFS) and a curved backward-
facing step (henceforth CBFS)-before extending to more complex 3D ge-
ometries such as the Faith hill and Ahmed body, where it also demon-
strated good performance.

The remainder of this manuscript is organized as follows: Section 2 
presents the formulation of the RITA methodology and its theoretical 
development, along with the construction of the zonally-augmented 𝑘 −
𝜔 SST model using SpaRTA-derived corrections. Section 3 provides a 
comprehensive evaluation of the resulting model through training and 

generalization tests in 2D benchmark cases, along with an extension 
to 3D geometries. Finally, Section 4 summarizes the key findings and 
identifies promising directions for future investigation.

2.  Methodology

This section presents our framework for enhancing RANS turbu-
lence modeling via a new zonally-augmented 𝑘 − 𝜔 SST model. We be-
gin by quantifying model-form errors between baseline RANS solutions 
and high-fidelity data using the 𝑘-corrective-frozen RANS method (Sec-
tion 2.1). Observing that the largest corrections predominantly local-
ize in shear layers and wake regions, we develop the Relative Impor-
tance Term Analysis (RITA) methodology (Section 2.2) to systemati-
cally identify these regions through physics-based classification criteria. 
Following classifier validation, we employ symbolic regression through 
SpaRTA (Section 2.3) to derive compact correction terms applied ex-
clusively in classified regions. Finally, we outline our comprehensive 
dataset selection and numerical setup (Section 2.4 and 2.5), featuring 
both 2D training cases and 3D generalization test cases to evaluate the 
robustness of our approach. Throughout this section, we emphasize on 
how each component contributes to our goal of improving predictions in 
separated flows while preserving baseline model performance in well-
predicted regions.

2.1.  Extracting model-form errors of RANS

This study starts from the SpaRTA framework developed by 
Schmelzer et al. [17]. The SpaRTA framework operates by (𝑖) inject-
ing high-fidelity data into RANS closure equations to obtain residual 
correction fields using the 𝑘-corrective-frozen RANS method and (𝑖𝑖)
approximating these fields as a function of local flow quantities. The
high-fidelity data used for this study consists of DNS and LES results, pro-
viding accurate representations of turbulent flows and capturing com-
plex phenomena that RANS models often struggle with, particularly in 
separated flow regions.

Following Schmelzer et al. [17], we apply SpaRTA to our base-
line 𝑘 − 𝜔 SST model. This enables the identification and correction of 
model-form errors in both the Reynolds stress tensor and the RANS clo-
sure equations. Within the RANS closure equations, the Reynolds stress 
tensor 𝜏𝐵𝑖𝑗  based on Boussinesq approximation is approximated as: 

𝜏𝑖𝑗 ≃ 𝜏𝐵𝑖𝑗 ∶= 2𝑘
( 1
3
𝛿𝑖𝑗 + 𝑏𝐵𝑖𝑗

)

, (1)

where 𝑘 is the turbulent kinetic energy (TKE), 𝛿𝑖𝑗 is the Kronecker delta, 
and 𝑏𝐵𝑖𝑗 denotes the anisotropy tensor in the baseline 𝑘 − 𝜔 SST model. 
This formulation thus divides the Reynolds stress tensor into an isotropic 
part, 23𝑘𝛿𝑖𝑗 , and an anisotropic part, 𝑎𝑖𝑗 = 2𝑘𝑏𝐵𝑖𝑗 . The anisotropic com-
ponent 𝑎𝑖𝑗 captures momentum transport in different flow directions. 
In contrast, the isotropic component is absorbed into a modified mean 
pressure, contributing to the pressure-like behavior of turbulence. The 
Boussinesq hypothesis approximates this anisotropy tensor in LEVMs as 
a linear function of the mean velocity gradient: 

𝑏𝐵𝑖𝑗 = −
𝜈𝑡
𝑘
𝑆𝑖𝑗 , (2)

where 𝜈𝑡 is the eddy viscosity, and 𝑆𝑖𝑗 ∶=
1
2 (𝜕𝑗𝑈𝑖 + 𝜕𝑖𝑈𝑗 ) is the mean-

strain tensor. To capture the model-form error between the high-fidelity 
data’s Reynolds stress tensor 𝜏∗𝑖𝑗 and the baseline 𝑘 − 𝜔 SST model, a 
residual term 𝑏Δ𝑖𝑗 is introduced into (1) as 

𝜏∗𝑖𝑗 = 2𝑘
( 1
3
𝛿𝑖𝑗 + 𝑏𝐵𝑖𝑗 + 𝑏Δ𝑖𝑗

)

, (3)

where 𝑏Δ𝑖𝑗 represents the additional anisotropy correction needed to ac-
count for the nonlinear viscosity relationship [25]. This correction re-
quires specification of both 𝜈𝑡 and 𝜔.

We employ the 𝑘-corrective-frozen RANS method [17] to extract 
model-form errors from high-fidelity DNS or LES data. In this approach, 
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Fig. 1. Correction fields obtained using the 𝑘-corrective-frozen RANS approach on the NASA-Hump training case. The 𝑏Δ𝑖𝑗 field (top) shows the Frobenius norm of 
anisotropic stress correction, while the 𝑅 field (bottom) indicates additional turbulence defect in the k-budget.

the high-fidelity variables 𝑈∗, 𝑘∗, and 𝑏∗𝑖𝑗 are prescribed as inputs to the 
governing equations while the 𝜔-equation is solved iteratively to deter-
mine the eddy viscosity 𝜈𝑡. The eddy viscosity 𝜈𝑡 is computed using the 
frozen 𝑘∗ and evolved specific dissipation rate 𝜔, while the strain rate 
tensor is derived from the frozen velocity field 𝑈∗. This approach en-
ables the systematic extraction of the correction field 𝑏Δ𝑖𝑗 that quantifies 
anisotropy-related model-form errors in the baseline 𝑘 − 𝜔 SST model. 
The mathematical formulation of this approach involves augmented 𝑘
and 𝜔 transport equations:

𝜕𝑘∗

𝜕𝑡
+ 𝑈∗

𝑖
𝜕𝑘∗

𝜕𝑥𝑖
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐶𝑘−Convection

= 𝑃𝑘
⏟⏟⏟

𝑃𝑘−Production

+𝑅 − 𝛽∗𝜔𝑘∗
⏟⏟⏟

𝐷𝑘−Destruction

+ 𝜕
𝜕𝑥𝑖

[

(𝜈 + 𝜎∗𝑘𝜈𝑡)
𝜕𝑘∗

𝜕𝑥𝑖

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑑𝑘−Diffusion

,

(4)

𝜕𝜔
𝜕𝑡

+ 𝑈∗
𝑖
𝜕𝜔
𝜕𝑥𝑖

=
𝛾
𝜈𝑡
(𝑃𝑘 + 𝑅) − 𝛽𝜔2 + 𝜕

𝜕𝑥𝑖

[

(𝜈 + 𝜎𝜔𝜈𝑡)
𝜕𝜔
𝜕𝑥𝑖

]

+ 𝐶𝐷𝑘𝑤, (5)

where 𝛽 is a model coefficient, and 𝜎𝑘 and 𝜎𝜔 are turbulent Prandtl 
numbers controlling the diffusive transport of 𝑘 and 𝜔 respectively. The 
production term 𝑃𝑘 incorporates the anisotropy correction 𝑏Δ𝑖𝑗 and is de-
fined as: 

𝑃𝑘 = min
(

−2𝑘
(

𝑏𝐵𝑖𝑗 + 𝑏Δ𝑖𝑗
) 𝜕𝑈∗

𝑖
𝜕𝑥𝑗

, 10𝛽∗𝜔𝑘∗
)

. (6)

However, modifying the baseline model’s production term with 𝑏Δ𝑖𝑗 alone 
cannot fully address the model-form error in the 𝑘-equation, as this mod-
ification does not ensure that solving the 𝑘-equation will reproduce the 
same 𝑘 values present in the high-fidelity data [17]. Therefore, a resid-
ual correction term 𝑅 is introduced in Eqs. (4) and (5) to address errors 
in both the production and dissipation terms of the 𝑘 and 𝜔 equations. 
This correction can be represented either as a field 𝑅(𝐱) or as a function 
of local flow variables 𝑅(∇𝑈, 𝑘, 𝜔,…).

This methodology is validated using the 2D NASA-Hump case [26], 
a benchmark configuration for evaluating turbulence models under flow 
separation and reattachment conditions with adverse pressure gradi-
ents. Fig. 1 presents the correction fields 𝑏Δ𝑖𝑗 and 𝑅 generated by the 
𝑘-corrective-frozen-RANS method, highlighting regions where the base-
line 𝑘 − 𝜔 SST model deviates from high-fidelity DNS/LES data.

The magnitude and spatial distribution of the 𝑏Δ𝑖𝑗 correction field 
(Fig. 1(a)) reveals two critical regions requiring significant adjustment 
to the baseline 𝑘 − 𝜔 SST model’s linear eddy-viscosity assumption: the 

shear layer emanating from the hump’s apex and the near-wall recov-
ery region downstream. The most substantial corrections occur in the 
separated shear layer, indicating significant anisotropy that the base-
line model fails to capture. This observation is reinforced by the cor-
responding 𝑅 correction field (Fig. 1(b)), which shows strong positive 
corrections concentrated in similar regions. The spatial correlation be-
tween these two correction fields suggests that the baseline model mis-
predicts the Reynolds stress anisotropy and, even taking that into ac-
count, still significantly underestimates TKE production in the separated 
region. Most notably, the corrections persist well into the recovery re-
gion downstream of the hump, highlighting the baseline model’s lim-
itations in predicting both the immediate separation and subsequent 
flow reattachment physics. These results demonstrate the necessity for 
non-linear turbulence modeling approaches that can better capture both 
the turbulent anisotropy and corrections to the k-budget in separated
flows.

Despite requiring corrections in separated flows, the 𝑘 − 𝜔 SST model 
has robust performance in predicting wall-bounded turbulence. How-
ever, implementing corrections within the boundary layer requires cau-
tion to maintain the model’s accuracy in predicting the log-law of the 
wall [27]. Wu et al. [20] emphasize in their work on FI-CND that cor-
rections, within the boundary layer should be minimized or avoided to 
maintain the log-law’s accuracy. These recent studies, including the 𝑘-
corrective-frozen RANS method, collectively highlight the importance of 
selectively applying corrections in separated flows, particularly in shear 
layers. However, accurately identifying these critical regions while pre-
serving the model’s performance in well-predicted areas remains chal-
lenging. To address this, we introduce RITA, aligning with the strategies 
proposed by Srivastava et al. [19] and Wu et al. [20], as highlighted next.

2.2.  Relative importance term analysis (RITA)

RITA is a physics-based classification framework that isolates specific 
flow features-in this case, shear layers-by analyzing the relative impor-
tance of terms in the 𝑘-equation of the 𝑘 − 𝜔 SST turbulence model.1

The method builds on the approach of Callaham et al. [28], who iden-
tified dominant flow physics by examining the balance of terms in the 

1 The underlying idea of RITA is not limited to this model. It can be extended 
naturally to other turbulence models such as 𝑘 − 𝜖, 𝑘 − 𝜔, or Spalart-Allmaras.
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RANS momentum equations across different regimes, such as the transi-
tion of a laminar boundary layer to turbulence. RITA instead targets the 
𝑘-equation, which governs the evolution of TKE. Focusing on this equa-
tion makes it possible to directly assess how turbulence is generated, 
transported, and dissipated. Since these processes vary systematically 
across flow regions, the analysis provides a natural way to distinguish 
between them.

Concretely, RITA evaluates the relative ratio of the terms in the 𝑘-
equation: convection (𝐶𝑘), production (𝑃𝑘), destruction (𝐷𝑘), and dif-
fusion (𝑑𝑘). The central idea is that while the absolute magnitudes of 
these terms vary strongly with flow conditions, the ratios between them 
remain characteristic of particular flow regions. By exploiting this prop-
erty, RITA systematically uncovers coherent flow structures across dif-
ferent flow configurations. The ratios we found most effective for char-
acterizing different flow regions are:

𝜙𝐷𝑘∕𝑃𝑘 =
|𝐷𝑘|

|𝑃𝑘| + |𝐷𝑘|
, (7)

𝜙𝐷𝑘∕𝐶𝑘
=

|𝐷𝑘|

|𝐶𝑘| + |𝐷𝑘|
, (8)

𝜙𝐷𝑘∕𝑑𝑘 =
|𝐷𝑘|

|𝑑𝑘| + |𝐷𝑘|
. (9)

Among these, the destruction-to-production ratio 𝜙𝐷𝑘∕𝑃𝑘 , proved 
especially effective. In shear layers, 𝜙𝐷𝑘∕𝑃𝑘  consistently falls below 
0.55, reflecting the dominance of turbulence production driven by 
the large velocity gradients and Reynolds shear stress characteristic of 
these regions. In attached boundary layers, on the other hand, destruc-
tion dominates, driving 𝜙𝐷𝑘∕𝑃𝑘  above 0.55. Finally, in free-stream re-
gions, where turbulence production is negligible, the ratio approaches
unity.

As detailed in Lăcătuş [29], the 𝜙𝐷𝑘∕𝑃𝑘  ratio alone is insufficient for 
robust shear layer identification. In our analysis of 2D separated flows 
(the periodic hill, NASA-Hump, and CBFS), we found that additional cri-
teria related to the content of TKE and rotational effects were needed 
to reliably distinguish shear layers from the outer regions of attached 
boundary layers. This motivated the introduction of two additional ra-
tios: 𝜙𝑘, the turbulent-to-total kinetic energy ratio (TTKER), and 𝑅𝑒Ω, 
the vorticity Reynolds number. They are defined as: 

𝜙𝑘 = 𝑘
𝑘 + 0.5|𝑈 |

2
, 𝑅𝑒Ω =

𝑑2𝑤|Ω|
𝜈

, (10)

where 𝑑𝑤 is the wall distance, |𝑈 | is the mean velocity magnitude, and 
|Ω| is the vorticity magnitude.

TTKER measures the relative contribution of turbulence fluctuations 
to the overall kinetic energy. This provides a clear way to distinguish 
the shear layer from the outer portion of an attached boundary layer, 
since both regions can exhibit production rates exceeding destruction. 
In the boundary layer, the mean kinetic energy remains much larger 
than the TKE, so 𝜙𝑘 stays relatively small even if 𝜙𝐷𝑘∕𝑃𝑘 ≤ 0.55. In con-
trast, in the shear layer, strong turbulence fluctuations develop while 
the mean velocity is reduced, so the turbulent fraction of the total en-
ergy becomes large. This leads to higher values of 𝜙𝑘 in shear layers, 
allowing them to be clearly separated from the outer boundary layer in 
a way that the 𝜙𝐷𝑘∕𝑃𝑘  ratio alone cannot. We note here that since 𝜙𝑘 is 
computed from the mean velocity magnitude, it is not Galilean invariant 
and may change in simulations performed in different reference frames. 
However, this does not limit its usefulness for distinguishing between 
flow regions, provided that all comparisons are made within the same 
reference frame.

The vorticity Reynolds number identifies regions of strong rotational 
flow and was introduced primarily to improve the stability of the cor-
rective model in 3D flows by preventing corrections from being applied 
too close to the wall. Its formulation includes the wall distance 𝑑𝑤, 
which shifts the shear layer classification away from the wall by a few
computational cells.

These three ratios, 𝜙𝐷𝑘∕𝑃𝑘  , 𝜙𝑘 and 𝑅𝑒Ω define a binary classifier: 

𝜎𝑆𝐿 =

⎧

⎪

⎨

⎪

⎩

1, 𝜙𝐷𝑘∕𝑃𝑘 ≤ 0.55 ∧ 𝜙𝑘 ≥ 0.12 ∧ 𝜙𝑅𝑒Ω ≥ 0.02

0, otherwise.

where 𝜙𝑅𝑒Ω  is the min-max normalization of 𝑅𝑒Ω, 

𝜙𝑅𝑒Ω =
𝑅𝑒Ω − 𝑅𝑒Ω,min

𝑅𝑒Ω,max − 𝑅𝑒Ω,min
. (11)

Because this normalization is performed using the case-wide extrema 
of 𝑅𝑒Ω, 𝜙𝑅𝑒Ω  is a global quantity within each case. The advantage of this 
scaling is that it consistently maps 𝜙𝑅𝑒Ω  to the interval [0, 1], enabling a 
single threshold to be applied for the classifier across different cases.

The classifier thresholds were first determined through physical rea-
soning and then adjusted empirically. Each threshold was motivated by 
the expected balance of terms in different flow regions: for instance, 
the cutoff 𝜙𝐷𝑘∕𝑃𝑘 ≤ 0.55 reflects the dominance of production in shear 
layers, higher 𝜙𝑘 values indicate the buildup of turbulence intensity 
compared to attached boundary layers, and higher 𝜙𝑅𝑒Ω  values mark 
regions of strong rotational flow. Starting from these physics-based ex-
pectations, the precise values were tuned across our three 2D separated 
flows (periodic hill, NASA-Hump, and CBFS). The tuning was performed 
iteratively to ensure that only shear layer regions were identified, while 
attached boundary layers and free-stream regions were excluded.

Together, these criteria form a physics-based classifier that iden-
tifies shear layers across cases with varying geometries and Reynolds 
numbers. Cells meeting these criteria are classified as part of the shear 
layer (𝜎𝑆𝐿 = 1), receiving full 𝑏Δ𝑖𝑗 and 𝑅 corrections, while cells outside 
the shear layer (𝜎𝑆𝐿 = 0) receive no corrections. Notably, this classi-
fication approach ensures that corrections are not applied to funda-
mental flow cases such as flat plate boundary layer and channel flows, 
where the baseline 𝑘 − 𝜔 SST model already provides accurate predic-
tions (see Appendix F). This selective correction strategy maintains the 
established performance of the baseline model in these canonical cases. 
Fig. 2 demonstrates the accuracy of this classification approach across 
our training cases, clearly identifying the shear layer regions in the pe-
riodic hill (Fig. 2(a)), NASA-Hump (Fig. 2(b)), and CBFS (Fig. 2(c)) con-
figurations.

To evaluate the effect of the classifier in practice, we compare two 
approaches. In the full-field Propagation approach, the correction terms 
from the 𝑘-corrective-frozen RANS method are applied throughout the 
entire domain. In contrast, the shear layer Propagation (SL-Propagation) 
approach restricts the corrections to cells classified as shear layer regions 
(𝜎𝑆𝐿 = 1). Cells outside the shear layer (𝜎𝑆𝐿 = 0) remain governed by 
the baseline 𝑘 − 𝜔 SST model. The resulting modified model equations 
are shown below, with 𝜎𝑆𝐿 applied to the 𝑅 and 𝑏Δ𝑖𝑗 terms: 

𝜕𝑘
𝜕𝑡

+ 𝑈𝑗
𝜕𝑘
𝜕𝑥𝑗

= 𝑃𝑘 + 𝜎𝑆𝐿𝑅 − 𝛽∗𝑤𝑘 + 𝜕
𝜕𝑥𝑗

[

(𝜈 + 𝜎𝑘𝜈𝑡)
𝜕𝑘
𝜕𝑥𝑗

]

, (12)

𝜕𝜔
𝜕𝑡

+ 𝑈𝑗
𝜕𝜔
𝜕𝑥𝑖

=
𝛾
𝜈𝑡
(𝑃𝑘 + 𝜎𝑆𝐿𝑅) − 𝛽𝜔2 + 𝜕

𝜕𝑥𝑖

[

(𝜈 + 𝜎𝜔𝜈𝑡)
𝜕𝜔
𝜕𝑥𝑖

]

+ 𝐶𝐷𝑘𝜔,

(13)

𝑃𝑘 = min
(

−2𝑘(𝑏𝐵𝑖𝑗 + 𝜎𝑆𝐿𝑏
Δ
𝑖𝑗 )

𝜕𝑈𝑖
𝜕𝑥𝑗

, 10𝑃𝜔𝑘
)

. (14)

An important implementation detail is that the 𝜎𝑆𝐿 classifier is 
updated dynamically during SL-Propagation simulations. At every 
timestep, the classifier is recomputed to account for changes in turbu-
lence production and intensity caused by the corrective terms 𝑅 and 
𝑏Δ𝑖𝑗 . The 𝑅 term can locally increase or decrease the production of TKE: 
when 𝑅 > 0, its contribution is added to the 𝑃𝑘 term in the 𝜙𝐷𝑘∕𝑃𝑘  ratio, 
and when 𝑅 < 0, it is added to the 𝐷𝑘 term.

As a note, the binary classifier 𝜎𝑆𝐿 is never differentiated in our 
formulation, neither in the transport equations nor in the momentum 
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Fig. 2. Classification outcome of the 𝜎𝑆𝐿 classifier on the 2D separated flow cases (red region: 𝜎𝑆𝐿 = 1, gray region: 𝜎𝑆𝐿 = 0).

Fig. 3. Performance comparison between full-field Propagation and SL-Propagation on the NASA-hump case.

equation. Consequently, its discrete nature (0 or 1) does not introduce 
immediate numerical instabilities at the interfaces between corrected 
and uncorrected regions. We compared SL-Propagation with full-field 
Propagation for the NASA-Hump case, where the former applies correc-
tions exclusively to regions identified by 𝜎𝑆𝐿 = 1. Fig. 3 presents axial 
velocity, TKE, and Reynolds shear stress profiles at multiple streamwise 
locations. While SL-Propagation shows reduced accuracy compared to 
full-field Propagation, primarily due to the absence of corrections in 
the region above the hill, it still substantially improves upon the base-
line model in capturing the shear layer development and reattachment 
characteristics.

Further validation of the method’s performance is provided by the 
skin friction coefficient comparison shown in Fig. 4. Although SL-
Propagation shows some deviation in the recovery region (0.7 ≤ 𝑥∕𝑐 ≤
1.0), it captures the key separation and reattachment features well, and 
notably improves prediction in the wake region (𝑥∕𝑐 > 1.0) compared to 
the baseline model. This trade-off in accuracy is offset by RITA’s ability 

to preserve the baseline model’s behavior in well-predicted regions, such 
as the upstream boundary layer and freestream. The targeted strategy 
improves computational efficiency while maintaining the model’s estab-
lished capabilities where corrections are unnecessary.

Having established a zonal classifier for identifying regions requir-
ing correction, the next challenge is developing generalizable models 
for these corrections. This motivates our application of symbolic regres-
sion to discover compact, physics-based expressions for the 𝑏Δ𝑖𝑗 and 𝑅
correction terms within 𝜎𝑆𝐿 = 1 identified regions.

2.3.  Model discovery

The symbolic regression method SpaRTA [17] is employed to formu-
late algebraic models for the 𝑏Δ𝑖𝑗 and 𝑅 correction fields within the iden-
tified 𝜎𝑆𝐿 = 1 regions. Following Pope[30], the anisotropic Reynolds 
stress correction adopts a nonlinear generalization of the eddy viscos-
ity concept, where 𝑏𝑖𝑗 depends only on the strain rate tensor 𝑆𝑖𝑗 =
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Fig. 4. Skin friction comparison plot between full-field Propagation and SL-Propagation on the NASA-hump case.

Table 1 
Additional scalar features (𝑞𝑚) and RITA terms added to 𝑏Δ𝑖𝑗 and 
𝑅 feature libraries.
 Description  Symbol  Equation
 Time Scale Ratio 𝜙𝑇𝑆

𝑘‖𝑆‖
𝜖+𝑘‖𝑆‖

 Q-criterion 𝑄criterion
‖Ω‖2−‖𝑆‖2

‖Ω‖2+‖𝑆‖2

 Ratio of Total to Normal Reynolds Stresses 𝜏𝑖𝑗,𝑟𝑎𝑡𝑖𝑜
‖𝜏𝑖𝑗‖

10𝑘+‖𝜏𝑖𝑗‖ Shear Parameter 𝑆𝑘
𝑘‖∇𝑈‖

𝜖 RITA: 𝐷𝑘∕𝑃𝑘 Ratio 𝜙𝐷𝑘∕𝑃𝑘

|𝐷𝑘 |

(|𝐷𝑘 |+|𝑃𝑘 |) RITA: 𝐷𝑘∕𝐶𝑘 Ratio 𝜙𝐷𝑘∕𝐶𝑘

|𝐷𝑘 |

(|𝐷𝑘 |+|𝐶𝑘 |) RITA: 𝐷𝑘∕𝑑𝑘 Ratio 𝜙𝐷𝑘∕𝑑𝑘
|𝐷𝑘 |

(|𝐷𝑘 |+|𝑑𝑘 |) RITA: 𝐶𝑘∕𝑑𝑘 Ratio 𝜙𝐶𝑘∕𝑑𝑘
|𝐶𝑘 |

(|𝐶𝑘 |+|𝑑𝑘 |) RITA: 𝑃𝑘∕𝑑𝑘 Ratio 𝜙𝑃𝑘∕𝑑𝑘
|𝑃𝑘 |

(|𝑃𝑘 |+|𝑑𝑘 |) RITA: 𝑃𝑘∕𝐶𝑘 Ratio 𝜙𝑃𝑘∕𝐶𝑘

|𝑃𝑘 |

(|𝑃𝑘 |+|𝐶𝑘 |)

𝜏 1
2 (𝜕𝑗𝑈𝑖 + 𝜕𝑖𝑈𝑗 ) and rotational rate tensor Ω𝑖𝑗 = 𝜏 1

2 (𝜕𝑗𝑈𝑖 − 𝜕𝑖𝑈𝑗 ) with 
timescale 𝜏 = 1∕𝜔. Using the Cayley-Hamilton theorem, the anisotropic 
part of the Reynolds stress takes the general form: 

𝑏𝑖𝑗 (𝑆𝑖𝑗 ,Ω𝑖𝑗 ) =
10
∑

𝑛=1
𝛼𝑛(𝐼1, 𝐼2,… , 𝐼𝑚)𝑇

(𝑛)
𝑖𝑗 , (15)

where 𝛼𝑛 is a set of coefficients for a given value of 𝑛 invariants. The 
terms 𝑇 (𝑛)

𝑖𝑗  and 𝐼𝑚 correspond to the ten non-linear basis tensors and five 
invariants, as defined in detail in Appendix A. This formulation, with its 
basis tensors (A.10) and invariants (A.11), provides the foundation for 
expressing the correction terms 𝑏Δ𝑖𝑗 and 𝑅. The library extends beyond 
Pope’s original basis tensors and invariants by incorporating additional 
scalar invariants (𝑞𝑚) introduced by Wang et al. [31] and RITA terms as 
defined in Table 1.

For the scalar correction 𝑅, the tensor basis functions are converted 
to scalar features through double dot products with the mean velocity 
gradient tensor. In addition, the turbulence dissipation rate (𝜖) is added 
as a basis function in the 𝑅 correction. The dissipation rate 𝜖 is computed 
differently depending on the methodology stage: during k-corrective-
frozen-RANS, 𝜖 = 𝛽∗𝜔𝑘∗ where 𝑘∗ is frozen high-fidelity data; during 
SpaRTA regression, 𝜖 = 𝜔𝑘 from the propagated solutions without the 
𝛽∗ factor to allow SpaRTA to learn the optimal coefficient; and in final 
implementation, 𝜖 = 𝛽∗𝜔𝑘 using evolved transport variables. The final 
form for 𝑏Δ𝑖𝑗 and 𝑅 is expressed

𝑏Δ𝑖𝑗 (𝑆𝑖𝑗 ,Ω𝑖𝑗 , 𝑞𝑚) =
10
∑

𝑛=1
𝛽𝑛(𝐼1,… , 𝐼5, 𝑞𝑚)𝑇

(𝑛)
𝑖𝑗 , (16)

𝑅(𝑆𝑖𝑗 ,Ω𝑖𝑗 , 𝑞𝑚) = 2𝑘
10
∑

𝑛=1
𝛼𝑛(𝐼1,… , 𝐼5, 𝑞𝑚)𝑇

(𝑛)
𝑖𝑗 𝜕𝑗𝑈𝑖 + 𝑎𝑛(𝐼𝑛, 𝑞𝑚)𝜖, (17)

where 𝛽𝑛 and 𝛼𝑛 are the coefficient functions for the respective correc-
tions, 𝛽𝑛 ∶ ℝ5 → ℝ and 𝛼𝑛 ∶ ℝ5 → ℝ. Given the distinct nature of our 
two correction terms, separate candidate libraries are constructed. Fol-
lowing Schmelzer et al. [17], the libraries forming the columns of 𝐶𝑏Δ𝑖𝑗
and 𝐶𝑅 are generated using the FFX algorithm [32]. In this approach, 
the invariants and basis functions are combined using unary functions 
to generate the candidate functions that are regressed to the target data. 
The library degree for both corrections is set to 1, resulting in monovari-
ate candidate functions (single invariant transformed by a unary func-
tion and multiplied by a basis function). This design choice achieves 
an effective balance for robust generalization, prioritizing numerical
stability and model transferability over maximum functional expressive-
ness. While bivariate and trivariate functions offer greater expressive-
ness during training, our preliminary investigations revealed that such 
complex functional forms tend to exhibit numerical instabilities when 
applied to flow configurations significantly more complex than the train-
ing cases, particularly when generalizing from 2D training geometries to 
complex 3D test cases. The monovariate approach maintains sufficient 
functional diversity while ensuring the numerical robustness necessary 
for practical RANS applications across varied flow conditions. The re-
sulting libraries contain 2510 candidate functions for 𝑏Δ𝑖𝑗 and 399 candi-
date functions for 𝑅, utilizing the unary functions (𝑓𝑖) detailed in  B. All 
features are normalized by their standard-deviations to ensure numeri-
cal stability during regression. The regression problem is subsequently 
formulated in matrix form: 

𝑏Δ𝑖𝑗 = 𝐶𝑏Δ𝑖𝑗
Θ𝑏Δ𝑖𝑗

=
[

𝑓1(𝐼1)𝑇
(1)
𝑖𝑗 , 𝑓2(𝐼1)𝑇

(1)
𝑖𝑗 ,… , 𝑓6(𝑞𝑚)𝑇

(10)
𝑖𝑗

]

⎡

⎢

⎢

⎢

⎢

⎣

𝜃1
𝜃2
⋮

𝜃2510

⎤

⎥

⎥

⎥

⎥

⎦

, (18)

𝑅 = 𝐶𝑅Θ𝑅 =
[

𝑓1(𝐼1)𝑇
(1)
𝑖𝑗 𝜕𝑗𝑈𝑖,… , 𝑓6(𝑞𝑚)𝑇

(10)
𝑖𝑗 𝜕𝑗𝑈𝑖,… , 𝑓6(𝑞𝑚)𝜖

]
⎡

⎢

⎢

⎣

𝜃1
⋮

𝜃399

⎤

⎥

⎥

⎦

,

(19)

where 𝐶𝑏Δ𝑖𝑗
 or 𝐶𝑅 are the feature matrices containing the candidate func-

tions from each library and Θ𝑏Δ𝑖𝑗
 and Θ𝑅 are the coefficient matrices for 

each correction term. These coefficients are determined through elastic 
net optimization: 

ΘΔ = 𝑎𝑟𝑔𝑚𝑖𝑛
Θ̂Δ

|

|

|

|

|

|

𝐶ΔΘ̂Δ − Δ∗|
|

|

|

|

|

2

2
+ 𝜆𝜌||

|

|

|

|

Θ̂Δ
|

|

|

|

|

|1
+ 0.5𝜆(1 − 𝜌)||

|

|

|

|

Θ̂Δ
|

|

|

|

|

|

2

2
(20)
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Table 2 
Training and test cases with their numerical configurations: dimensionality 𝐷𝑖𝑚, 
Reynolds number Re𝐻 , hill width-scaling factor 𝛼, cell count 𝑁 , and source of 
the reference data.
 Case 𝐷𝑖𝑚  Re𝐻 𝛼 𝑁  Reference data
 Training Cases
 NASA-Hump  2D 9.3 × 105  – 5.1 × 104  Uzun and Malik [39]
 Periodic hill  2D 1.0 × 104  1.0 1.5 × 104  Breuer et al. [40]
 CBFS  2D 1.3 × 104  – 2.1 × 104  Bentaleb et al. [41]
 Test Cases
 BFS  2D 3.6 × 104  – 1.10 × 105  Driver and Seegmiller [42]
 Periodic hill  2D 5.6 × 103  0.5 1.5 × 104  Xiao et al. [43]
 Periodic hill  2D 5.6 × 103  0.8 1.5 × 104  Xiao et al. [43]
 Periodic hill  2D 5.6 × 103  1.0 1.5 × 104  Xiao et al. [43]
 Periodic hill  2D 5.6 × 103  1.2 1.5 × 104  Xiao et al. [43]
 Periodic hill  2D 5.6 × 103  1.5 1.5 × 104  Xiao et al. [43]
 Faith hill  3D 5.0 × 105  – 1.5 × 106  Bell et al. [44]
 Ahmed body  3D 7.6 × 105  – 1.1 × 107  Lienhart et al. [45]

where the subscript Δ = 𝑏Δ𝑖𝑗 or 𝑅 specifies the corrective field, and the 
regression target is denoted as Δ∗ = 𝑏Δ𝑖𝑗 or 𝑅, depending on which opti-
mization is being performed. The parameter 𝜆 > 0 controls the regular-
ization weight, and 0 < 𝜌 < 1 sets the balance between Lasso and Ridge 
penalties. This formulation promotes sparsity while ensuring numerical 
stability [33].

To ensure physical interpretability and numerical stability, the re-
gression process employs the two-step approach of Schmelzer et al. [17]. 
First, candidates undergo standardization before elastic-net regression 
to assess their relative significance independent of magnitude. Second, 
Ridge regression is applied using the original, unstandardized candidate 
functions to maintain appropriate units and small refit coefficients in the 
OpenFOAM solver [17]. Through systematic evaluation of various basis 
function and feature combinations, we identified optimal formulations 
for both R and 𝑏Δ𝑖𝑗 corrections.

While a priori regression metrics (𝑅2 values) are commonly used for 
initial model validation, they often fail to capture critical aspects of 
model performance in practice. This limitation stems from fundamental 
challenges mentioned in Mandler and Weigand[22]: the disconnect be-
tween model development and application environments [34–36], and 
the compounding effects of numerical uncertainties during simulations 
[25,37,38]. Therefore, we focus our analysis on comprehensive a posteri-
ori testing, beginning with the 2D training cases themselves to establish 
baseline performance before examining generalization capabilities.

2.4.  Dataset selection and description

The development and validation of our correction terms requires 
careful selection of training cases that span diverse separation mech-
anisms. As summarized in Table 2, the model is trained using the same 
three 2D separated flow configurations (the periodic hill, NASA-Hump, 
and CBFS) previously employed to validate the 𝜎𝑆𝐿 classifier. Each case 
presents distinct flow physics - the periodic hill (𝑅𝑒𝐻 = 1.0 × 104) fea-
tures sustained separation and reattachment cycles, the NASA-Hump 
(𝑅𝑒𝑐 = 9.3 × 105) introduces high Reynolds number effects such as thin 
turbulent boundary layers and smooth-surface separation under adverse 
pressure gradients, while the CBFS (𝑅𝑒𝐻 = 1.3 × 104) combines geomet-
ric and curvature-induced separation mechanisms.

To assess model generalization, we constructed a test suite that sys-
tematically increases complexity beyond the training cases. The BFS case 
provides a particularly challenging test of the model’s ability to pre-
dict flow separation over sharp geometric discontinuities, representing 
a fundamentally different separation mechanism from the smooth and 
curved geometries used in training. The parametric periodic hill series 
varies the hill width-scaling factor (𝛼 = 0.5 − 1.5), testing robustness to 
geometric modifications while maintaining similar flow physics. This 

generalization capability of SpaRTA models has already been demon-
strated in a non-zonal model framework by [46].

We include two 3D flow cases: the Faith hill (Fig. 5(a)) and the 
Ahmed body (Fig. 5(b)). These configurations significantly differ from 
the 2D training cases in both geometric complexity and flow physics, 
providing a rigorous evaluation of the model’s ability to extend learned 
corrections beyond 2D.

The Faith hill case (𝑅𝑒𝐻 = 5.0 × 105) presents a 3D separation sce-
nario driven by an adverse pressure gradient over a smooth surface, 
similar in principle to the NASA-Hump training case but with the added 
complexity of a necklace vortex system, spiral nodes in the wake region, 
and significant spanwise flow variations. The higher Reynolds number 
produces stronger shear layers with varying skin friction intensities, 
complex saddle points, and 3D breakdown of coherent structures at reat-
tachment.

The Ahmed body (𝑅𝑒𝐻 = 7.6 × 105) represents a bluff-body wake 
flow, characterized by strong counter-rotating C-pillar vortices from the 
slant edges, large-scale recirculation regions behind the vertical base, 
and unsteady shear layer development. Unlike the training cases, which 
predominantly feature wall-bounded separation, the Ahmed body in-
troduces a distinct 3D wake structure where the interaction between 
longitudinal vortices and separated flow creates asymmetric pressure 
distributions and a complex dynamic wake topology.

2.5.  Numerical setup

All simulations were performed using OpenFOAM with second-
order accurate discretization schemes. Grid independence was ensured 
through systematic refinement studies, with final mesh resolutions de-
tailed in Table 2. Detailed numerical setup parameters, grid descriptions 
and boundary conditions for each configuration are provided in C.

3.  Results and discussion

3.1.  SpaRTA-identified resulting model

The application of SpaRTA within the shear-layer regions identified 
by the 𝜎𝑆𝐿 classifier, for the training cases listed in Table 2, yielded 
compact, physics-based correction models for both 𝑏Δ𝑖𝑗 and 𝑅. The model 
for 𝑅 takes the following form: 

𝑅 = 0.426

(

𝜙𝐷𝑘∕𝐶𝑘
∕0.1248

1 + (𝜙𝐷𝑘∕𝐶𝑘
∕0.1248)2

)

𝜖. (21)

The structure of this scalar correction directly addresses the imbalance 
between TKE production and dissipation in separated shear flows. The 
correction scales with the turbulence dissipation rate 𝜖 and effectively 
reduces dissipation in the 𝑘-equation, similar to how Rumsey[6] ad-
justs the 𝜔-destruction term in separation regions. It is modulated by 
the RITA ratio of destruction-to-convection 𝜙𝐷𝑘∕𝐶𝑘

, capturing the local 
balance between turbulent transport and dissipation. The nonlinear lim-
iting term prevents excessive corrections in regions of extreme destruc-
tion to convection imbalance.

The anisotropic Reynolds stress correction is expressed as: 

𝑏Δ𝑖𝑗 = 3.69𝜙𝐷𝑘∕𝑃𝑘𝑇
(2)
𝑖𝑗 − 5.092

(

𝐼2∕0.01247
1 + (𝐼2∕0.01247)2

)

𝑇 (2)
𝑖𝑗 . (22)

This formulation combines two physically distinct mechanisms: the 
first term captures shear layer anisotropy through the RITA ratio of 
destruction-to-production 𝜙𝐷𝑘∕𝑃𝑘 , while the second term, scaled by the 
rotation invariant 𝐼2, accounts for the effects of strong rotation on tur-
bulent stress alignment. Both terms utilize Pope’s second basis tensor 
𝑇 (2)
𝑖𝑗 , which represents the interaction between mean strain and rotation 
rate.

The complete proposed, zonally-augmented 𝑘 − 𝜔 SST model (hence-
forth SL-Model), incorporating these corrections through the shear layer 
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Fig. 5. Geometries of 3D test cases.

classifier 𝜎𝑆𝐿, is presented in Box 1. This framework shows how the cor-
rection terms are integrated with the baseline model equations while 
maintaining the original model structure through appropriate limiters 
and blending functions. The standard 𝑘 − 𝜔 SST model coefficients, 
blending functions and auxiliary functions are provided in D. 

Having developed these physically-motivated corrections that lever-
age RITA ratios for local flow characterization, we now turn to their val-
idation through comprehensive a posteriori testing. Our analysis focuses 
particularly on the model’s ability to predict separation and reattach-
ment dynamics in complex geometries, first examining performance on 
training configurations before assessing generalization capabilities on 
independent test cases.

3.2.  Performance on training cases

The performance of the SL-Model was evaluated through systematic 
a posteriori testing on the three training cases: periodic hill, NASA-Hump 
and CBFS. Results were compared against two references: the baseline 
𝑘 − 𝜔 SST model, and the SL-Propagation model. The latter applies the 
𝑅 and 𝑏Δ𝑖𝑗 fields obtained from the 𝑘-corrective-frozen RANS approach 
with dynamic 𝜎𝑆𝐿 classification, and represents the upper limit of per-
formance achievable with zonal corrections. In contrast, the SL-Model 
uses the SpaRTA discovered 𝑅 and 𝑏Δ𝑖𝑗 corrections together with dynamic 
𝜎𝑆𝐿 classification. Predictions from all models were validated against 
high-fidelity DNS/LES data to assess the accuracy of the proposed SL-
Model.

Fig. 6 presents the performance of the SL-Model for the NASA-Hump 
training case. The axial velocity profiles (Fig. 6(a)) demonstrate that the 
SL-Model reduces the separation bubble length overprediction, charac-
teristic of the baseline 𝑘 − 𝜔 SST model, showing improved agreement 
with LES data particularly in the recovery region (𝑥∕𝑐 ≥ 1.2), where 
the baseline model typically overpredicts the separation bubble extent. 
The consistency between SL-Model and SL-Propagation results indicates 
that the correction terms effectively capture the key separation flow
physics.

The TKE profiles (Fig. 6(b)) reveal an overprediction compared to 
both the baseline model and LES data, particularly in the wake region 
(𝑥∕𝑐 ≥ 1.0). While the SL-Model achieves improved mean flow predic-
tions, this suggests that the correction mechanisms may compensate 
for other model deficiencies through enhanced turbulent mixing. The 
Reynolds shear stress distributions (Fig. 6(c)) show better alignment 
with LES data in terms of peak locations, though their magnitudes are in-
fluenced by these elevated turbulence levels. The SL-Model reproduces 
much of the performance of the SL-Propagation model, while also re-
vealing a limitation in the current approach, where improved mean flow 
predictions come at the cost of TKE accuracy.

The skin friction distribution (Fig. 7) quantitatively validates sep-
aration and reattachment prediction. The SL-Model shows improved 
prediction of skin friction at the point of separation (𝑥∕𝑐 ≈ 0.65) and 
in the far wake region (𝑥∕𝑐 ≥ 1.0), reducing the reattachment length 

Box 1. Zonally-Augmented 𝑘 − 𝜔 SST Model (SL-Model)
𝜎𝑆𝐿 Classifier Criteria:

𝜎𝑆𝐿 =

⎧

⎪

⎨

⎪

⎩

1, if 𝜙𝐷𝑘∕𝑃𝑘 ≤ 0.55 ∧ 𝜙𝑘 ≥ 0.12 ∧ 𝜙𝑅𝑒Ω ≥ 0.02,

0, otherwise.
(23)

where 𝜙𝑅𝑒Ω  is the min-max normalization of 𝑅𝑒Ω,

𝜙𝑅𝑒Ω =
𝑅𝑒Ω − 𝑅𝑒Ω,min

𝑅𝑒Ω,max − 𝑅𝑒Ω,min
(24)

such that 𝜙𝑅𝑒Ω ∈ [0, 1] across all cases.
Correction Term Equations:

𝑅 = 0.426

(

𝜙𝐷𝑘∕𝐶𝑘
∕0.1248

1 + (𝜙𝐷𝑘∕𝐶𝑘
∕0.1248)2

)

𝜖. (25)

𝑏Δ𝑖𝑗 = 3.69𝜙𝐷𝑘∕𝑃𝑘𝑇
(2)
𝑖𝑗 − 5.092

(

𝐼2∕0.01247
1 + (𝐼2∕0.01247)2

)

𝑇 (2)
𝑖𝑗 . (26)

Continuity and Momentum Equation:
𝜕𝑈𝑖
𝜕𝑥𝑖

= 0 (27)

𝜕𝑈𝑖
𝜕𝑡

+ 𝑈𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= −1
𝜌
𝜕𝑃
𝜕𝑥𝑖

+ 𝜕
𝜕𝑥𝑗

[

𝜈
( 𝜕𝑈𝑖
𝜕𝑥𝑗

+
𝜕𝑈𝑗

𝜕𝑥𝑖

)

− 2𝑘(𝑏𝐵𝑖𝑗 )
]

+𝜎𝑆𝐿
𝜕
𝜕𝑥𝑗

(2𝑘𝑏Δ𝑖𝑗 )
(28)

Turbulent Kinetic Energy Equation:

𝜕𝑘
𝜕𝑡

+ 𝑈𝑗
𝜕𝑘
𝜕𝑥𝑗

= 𝑃𝑘 + 𝜎𝑆𝐿𝑅 − 𝛽∗𝑤𝑘 + 𝜕
𝜕𝑥𝑗

[

(𝜈 + 𝜎𝑘𝜈𝑡)
𝜕𝑘
𝜕𝑥𝑗

]

(29)

Specific Dissipation Rate Equation:

𝜕𝜔
𝜕𝑡

+ 𝑈𝑗
𝜕𝜔
𝜕𝑥𝑖

=
𝛾
𝜈𝑡
(𝑃𝑘 + 𝜎𝑆𝐿𝑅) − 𝛽𝜔2 + 𝜕

𝜕𝑥𝑖

[

(𝜈 + 𝜎𝜔𝜈𝑡)
𝜕𝜔
𝜕𝑥𝑖

]

+ 𝐶𝐷𝑘𝜔

(30)

Eddy Viscosity Definition:

𝜈𝑡 =
𝑎1𝑘

max (𝑎1𝜔,𝑆𝐹2)
(31)

Turbulent Production Term: 

𝑃𝑘 = min
(

−2𝑘(𝑏𝐵𝑖𝑗 + 𝜎𝑆𝐿𝑏
Δ
𝑖𝑗 )

𝜕𝑈𝑖
𝜕𝑥𝑗

, 10𝑃𝜔𝑘
)

(32)
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Fig. 6. Performance of the SL-Model on the NASA-hump training case.

overprediction characteristic of the baseline model. A slight degrada-
tion in prediction is observed in the immediate post-separation region 
(0.7 ≤ 𝑥∕𝑐 ≤ 0.9), which can be attributed to the vorticity Reynolds num-
ber criterion used in the 𝜎𝑆𝐿 classifier limiting corrections near the 
wall. Despite this local trade-off, the SL-Model successfully preserves 
the baseline model’s accurate prediction of the attached boundary layer 
upstream of separation (𝑥∕𝑐 ≤ 0.5) while achieving better overall wake 
recovery predictions.

Similar validation was performed for the periodic hill and CBFS 
cases, with detailed results presented in E. Across all three train-
ing cases-NASA-Hump (smooth-surface separation), periodic hill (pe-
riodic separation-reattachment), and CBFS (combined geometric and 
curvature effects)-the SL-Model demonstrates consistent performance in 
capturing separation locations and recovery characteristics. While im-
proved mean flow predictions come at the cost of systematically ele-
vated TKE levels (due to enhanced turbulent mixing from the 𝑅 correc-
tion), this trade-off indicates that the discovered corrections effectively 
capture essential shear layer physics through a simplified algebraic for-
mulation.

3.3.  Generalization to 2D and 3D test cases

To test the generalization performance of the SL-Model, we evalu-
ated it on several 2D and 3D test cases: BFS, parametric periodic hills, 
the Ahmed body, and Faith hill. We first of all examine the classification 
of the 𝜎𝑆𝐿 classifier to determine whether it can generalize beyond the 
training cases on which it was tuned. We then compare the SL-Model 

predictions with those of the baseline 𝑘 − 𝜔 SST model and with high-
fidelity DNS/LES or experimental data, in order to evaluate the overall 
generalization accuracy of the SL-Model.

3.3.1.  Parametric periodic hills (2D generalization test)
The classification results of the 𝜎𝑆𝐿 classifier on the parametric pe-

riodic hill cases is shown in Fig. 8. The classifier effectively identifies 
shear layer regions requiring corrections, as indicated by the red re-
gions corresponding to 𝜎𝑆𝐿 = 1. The spatial extent of these regions sys-
tematically evolves with 𝛼: for larger hill spacing (𝛼 = 1.5), the shear 
layer region extends further downstream due to delayed reattachment, 
while for smaller spacing (𝛼 = 0.5), the classifier captures the more 
compact separation region and stronger interaction between successive 
hills. This systematic adaptation demonstrates the classifier’s ability to 
identify physically relevant correction regions across weakly varying
geometries.

The performance of the SL-Model on the parametric periodic hills 
test cases is summarized in Fig. 9, comparing axial velocity and TKE 
profiles for various 𝛼 values. The SL-Model improves mean flow ve-
locity predictions compared to the baseline 𝑘 − 𝜔 SST model for most 
geometric configurations, with the magnitude of improvement varying
systematically with geometry. However, this improvement typically 
comes at the cost of elevated TKE levels, and at the smallest spacing 
(𝛼 = 0.5), the model struggles with both velocity and TKE predictions 
due to complex hill-to-hill interactions.

For larger hill spacing (𝛼 = 1.5), where the flow has more room to 
develop, the velocity profiles show significant improvement in the ex-
tended separation region (4 ≤ 𝑥∕𝐻 ≤ 6). The SL-Model reduces the base-
line’s underprediction of velocity within the recirculation zone, bet-
ter capturing the delayed reattachment characteristic of widely-spaced 
hills. The TKE overprediction is most pronounced in the extended shear 
layer region, where the correction term 𝑅 enhances mixing to achieve 
improved mean flow prediction.

For intermediate cases (𝛼 = 1.2 and 𝛼 = 1.0), where the separation 
bubble size gradually decreases, the SL-Model shows particular improve-
ment in capturing the separation point and initial shear layer develop-
ment. At 𝑥∕𝐻 ≈ 2.5, the model better captures the velocity inflection 
point, reducing the overestimation of recirculation intensity observed 
in the baseline model. The TKE predictions show better spatial distribu-
tion compared to larger 𝛼 cases, though still elevated compared to the 
DNS data.

For the smallest hill spacings (𝛼 = 0.8 and 𝛼 = 0.5), where hill-to-
hill interaction becomes stronger, the SL-Model shows more variation 
in performance. While it improves the prediction of the compact sepa-
ration region, there is a tendency to overpredict velocity (𝑥∕𝐻 > 3) due 
to enhanced mixing. The TKE profiles reflect the intensified interaction 
between successive separations, with elevated levels particularly evi-
dent in the regions between hills. Despite these challenges, the model 
maintains better prediction of shear layer development compared to the 
baseline.

The particularly poor performance at 𝛼 = 0.5 can be attributed to 
the formation of secondary recirculation bubbles that are fundamen-
tally different from the single, well-defined separation events used in 
model training. At the smallest spacing, the flow does not have suffi-
cient distance to fully reattach between hills, leading to complex dual-
bubble dynamics where a secondary recirculation zone forms at the 
foot of the second hill. The SL-Model’s correction mechanism applies 
enhanced mixing uniformly across the identified shear layer region, but 
this uniform enhancement disrupts the delicate balance required to cap-
ture these multi-bubble interactions. The enhanced turbulent transport 
effectively suppresses the secondary bubble structure by over-energizing 
the flow field, preventing the formation of the weak recirculation zone 
at the second hill’s base that is present in the DNS data. This limitation 
demonstrates that the current correction approach is most effective for 
single, well-defined separation events rather than complex multi-bubble 
configurations.
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Fig. 7. Skin friction comparison plot for the SL-Model on the NASA-hump training case.

Fig. 8. Classification outcome of the 𝜎𝑆𝐿 classifier on the parametric periodic hill cases (red region: 𝜎𝑆𝐿 = 1, gray region: 𝜎𝑆𝐿 = 0).

Having examined the detailed flow features across individual cases, 
we now assess whether these local observations translate to systematic 
trends in global prediction accuracy. Figs. 10(a) and (b) provide this ag-
gregate perspective for the spacing parametrization studied here, where 
𝛼 varies hill separation and slope.

The root mean square error (RMSE) trend in Fig. 10(a) quantitatively 
confirms the geometry-dependence observed in the profiles. Across this 
spacing variation, the SL-Model exhibits minimum error at 𝛼 = 1.2, with 
elevated RMSE at both extremes: 𝛼 = 0.5 where complex multi-bubble 
interactions challenge the correction mechanism, and a slight increase 
at 𝛼 = 1.5. This contrasts sharply with the baseline’s monotonic degra-
dation, indicating that the correction mechanism responds differently to 
changes in hill spacing and slope than the underlying SST model.

Fig. 10(b) reveals the underlying mechanism: as hills become more 
widely spaced in this constant-height sequence, the gap between SL-
Model TKE predictions and DNS data systematically narrows. This con-
vergence suggests that for these geometries, the enhanced mixing strat-
egy becomes increasingly compatible with the flow physics as separation 
regions extend and hill slopes become gentler. At tight spacings, the per-
sistently elevated TKE levels quantify the overmixing that manifests as 
velocity overprediction in the profiles.

These complementary metrics reveal an important trade-off in the 
SL-Model’s behavior: improved mean flow prediction comes through 
enhanced turbulent mixing that sometimes overestimates TKE magni-
tude, particularly at smaller 𝛼 values where complex hill-to-hill inter-
actions present greater modeling challenges. The model achieves mini-

mum velocity error at intermediate spacings (𝛼 ≈ 1.0–1.2) while show-
ing degraded performance at very tight spacings where multi-bubble 
dynamics dominate.

3.3.2.  Backwards facing step (2D generalization test)
The parametric periodic hills demonstrated that model performance 

degrades as separation becomes steeper and hill-to-hill interactions in-
tensify (particularly at 𝛼 = 0.5). The BFS represents the limiting case 
of this progression, with instantaneous separation at a sharp geometric 
discontinuity. This provides a critical test of whether corrections trained 
on smooth and curved separations can transfer to abrupt, edge-induced 
separation.

The BFS geometry provides a critical assessment of the SL-Model’s 
ability to generalize from smooth and curved separation mechanisms to 
sharp-edge induced separation. Unlike the training cases, which feature 
either smooth surface separations (NASA-Hump) or curved geometries 
(periodic hill, CBFS), the sharp BFS presents an instantaneous separation 
at a well-defined geometric discontinuity. This fundamental difference 
in separation physics tests whether correction terms learned from pres-
sure gradient and curvature-driven separations can successfully transfer 
to geometrically triggered separation.

Fig. 11 presents the classification results of the 𝜎𝑆𝐿 classifier on the 
sharp BFS case. The classifier successfully identifies the shear layer re-
gion extending from the step edge (𝑥∕𝐻 = 0) downstream to the reat-
tachment point, as indicated by the red region corresponding to 𝜎𝑆𝐿 = 1. 
Notably, the classifier captures the characteristic thin shear layer ema-
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Fig. 9. Performance of the SL-Model across parametric periodic hills cases with varying width-scaling factors (𝛼 = 0.5 − 1.5). DNS data (black dots), baseline 𝑘 − 𝜔
SST (dashed), SL-Propagation (solid red), and SL-Model (solid green).

Fig. 10. Comparison of RANS model performance metrics across parametric periodic hills cases.
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Fig. 11. Classification outcome of the 𝜎𝑆𝐿 classifier on the BFS case (red region: 𝜎𝑆𝐿 = 1, gray region: 𝜎𝑆𝐿 = 0).

Fig. 12. Performance of the SL-Model on the BFS case. Experimental data (black dots), baseline 𝑘 − 𝜔 SST (dashed), and SL-Model (solid).

Fig. 13. Classification outcome of the 𝜎𝑆𝐿 classifier on the Faith hill case (red region: 𝜎𝑆𝐿 = 1, gray region: 𝜎𝑆𝐿 = 0).

Fig. 14. Performance of the SL-Model on the Faith hill case at the symmetry plane: experimental data (black dots), baseline 𝑘 − 𝜔 SST (dashed), and SL-Model 
(solid).

nating from the sharp edge, demonstrating that the classification cri-
teria remain physically meaningful despite the geometric differences 
from the training configurations. The spatial extent of the correction 
region aligns well with the expected separated flow domain, providing
confidence in the model’s ability to identify relevant correction zones 
even for untrained separation mechanisms.

The performance comparison between the baseline 𝑘 − 𝜔 SST model 
and the SL-Model on the sharp BFS case is presented in Fig. 12. The 
SL-Model demonstrates more modest improvements compared to the 
smooth geometry cases, with mixed performance in velocity predic-
tion within the separation region. Notably, the baseline model actu-
ally performs better in the near-wall region at certain downstream 
locations (𝑥∕𝐻 = 1 and 𝑥∕𝐻 = 4), while the SL-Model shows im-
provements primarily in the outer shear layer regions. This perfor-

mance pattern suggests that the correction methodology is most effec-
tive for smooth geometry separations rather than sharp-edge induced
separations.

Consistent with observations from other cases, the SL-Model ex-
hibits overproduction of TKE, particularly in the shear layer develop-
ment region. The results indicate that while the SpaRTA framework can 
generalize across different separation mechanisms, the magnitude of 
improvement is geometry-dependent. The correction terms trained on 
smooth and curved separations provide significant benefits for similar 
flow physics but show diminished effectiveness for sharp geometric dis-
continuities. This suggests that the underlying separation mechanisms-
whether driven by pressure gradients and curvature or by abrupt geo-
metric changes influence the transferability of learned correction strate-
gies within the SpaRTA framework.
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Fig. 15. Classification outcome of the 𝜎𝑆𝐿 classifier on the Ahmed body: visualization of shear layer regions (𝜎𝑆𝐿 = 1, red) at (a) symmetry plane showing separation 
from slant angle, (b,c) streamwise planes (𝑥∕𝐻 = 0.27, 0.69) showing how the classifier remains inactive in regions where 3D vortical structures develop.

3.3.3.  Faith hill (3D generalization test)
Having examined 2D generalization across both smooth paramet-

ric geometries and sharp-edge separation, we now assess the model’s 
performance on the Faith hill configuration-a fully 3D separated flow. 
This case presents a more challenging test of generalization, combining 
smooth-surface separation with specific 3D effects such as horseshoe 
vortex formation and spanwise flow variation that were not present in 
the training cases.

Fig. 13 shows the classification outcome of the 𝜎𝑆𝐿 classifier at 
the symmetry plane. The classifier successfully identifies the separated 
shear layer region downstream of the hill’s crest where the baseline 
𝑘 − 𝜔 SST model requires enhancement. The spatial extent of the iden-
tified region (shown in red) aligns with the expected separation zone, 
indicating that the classifier criteria remain physically relevant in 3D
configurations.

The performance of the SL-Model at the symmetry plane is presented 
in Fig. 14. The axial velocity profiles show significant improvement over 
the baseline 𝑘 − 𝜔 SST predictions, particularly in the separated region 
(1.5 < 𝑥∕𝐻 < 2.5). The SL-Model better captures both the extent of the 
separation bubble and the recovery of the velocity profiles downstream. 
This improvement demonstrates that the tensor-based corrections, for-
mulated using Pope’s invariant basis, maintain their effectiveness when 
applied to 3D flows.

The TKE profiles in Fig. 14(b) exhibit behavior consistent with pre-
vious test cases. While the SL-Model shows improved prediction of TKE 
distribution compared to the baseline, particularly in capturing peak lo-
cations, it maintains the characteristic overprediction in the shear layer 
region. This consistency between 2D and 3D predictions suggests the 
correction mechanisms remain physically relevant while trained on 2D 
data due to their invariant formulation.

The SL-Model’s ability to improve predictions for this 3D configura-
tion stems from two key aspects: the use of frame-invariant quantities in 
both the classifier and correction terms, ensuring their physical mean-

ing translates across dimensionality; and the robust formulation of the 
correction terms using Pope’s tensor basis, which maintains consistent 
physical behavior in both 2D and 3D flows. This successful application 
to the Faith hill case demonstrates the model’s capability to enhance 
predictions beyond its training scope.

3.3.4.  Ahmed body (3D generalization test)
We examine the Ahmed body at slant angle of 25 ◦ [45], which fea-

tures complex separation patterns including streamwise vortices shed 
from the sharp upper corners of the rear slant. At a 25 ◦ rear slant an-
gle, these corner vortices have sufficient strength to reattach the flow 
half way down the slant. The Ahmed body, with its distinct slant angle 
and sharp edges, represents a significant departure from the training 
configurations, testing the model’s ability to handle fully 3D separation 
mechanisms.

Fig. 15 presents the 𝜎𝑆𝐿 classifier results across multiple planes. 
At the symmetry plane (Fig. 15(a)), it captures the separation from 
the slant angle and subsequent shear layer development. The stream-
wise planes (Figs. 15(b) and (c)) reveal how the classifier appropri-
ately remains inactive in regions where streamwise vortices develop 
from the slant edges. This selective activation demonstrates the classi-
fier’s ability to distinguish between shear layer separation and vortical
regions.

Fig. 16 illustrates the wake structure development at three stream-
wise locations behind the Ahmed body. At 𝑥∕𝐻 = 0 (immediately be-
hind the body), all three cases show the initial formation of the wake, 
with the baseline 𝑘 − 𝜔 SST model predicting a larger recirculation re-
gion (blue contour enclosed by the black zero-velocity line) that is not 
present in the experimental data. The SL-Model shows improved predic-
tion of the initial wake formation by correctly capturing the absence of 
this immediate recirculation.

At 𝑥∕𝐻 = 0.27, a pronounced recirculation zone is visible in all three 
cases, clearly defined by the black zero-velocity contour line. The exper-
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Fig. 16. Comparison of wake structure predictions at streamwise planes (𝑥∕𝐻 = 0, 0.27, 0.69). Columns show experimental data (left), baseline 𝑘 − 𝜔 SST model 
(middle), and SL-Model (right). Contours show streamwise velocity normalized by freestream velocity. Black contour lines indicate where streamwise velocity is 
zero, delineating the separation region.

imental data reveals an asymmetric recirculation bubble with varying 
depths across the span. The baseline model overpredicts both the size 
and intensity of this recirculation region, showing a more symmetric, 
deeper, and more concentrated negative velocity region. In contrast, 
the SL-Model produces a shallower recirculation zone with dimensions 
and intensity that more closely match the experimental measurements, 
particularly in capturing the characteristic flattened shape of the upper 
boundary of the recirculation region.

Further downstream at 𝑥∕𝐻 = 0.69, where wake recovery begins, 
significant differences persist. The baseline model continues to predict 
an overly strong and concentrated recirculation region, as indicated 
by the extent of its zero-velocity contour, while the experimental data 
shows a weakening and more diffuse negative velocity region. The SL-
Model maintains better agreement with experimental data by correctly 
predicting a more moderate recirculation intensity and better capturing 
the spatial extent of the wake. This demonstrates the SL-Model’s superior 
ability to predict both the initial formation and subsequent evolution of 
the wake structure, while appropriately preserving baseline model be-

havior in areas dominated by vortical structures outside the primary 
recirculation region.

Quantitative validation through symmetry plane profiles in Fig. 17 
demonstrates these improvements. The velocity profiles along the slant 
angle (-0.7 < 𝑥∕𝐻 < 0) show better prediction of shear layer develop-
ment, particularly evident near 𝑥∕𝐻 = −0.65 where the baseline model 
underpredicts the velocity gradient. In the wake region (𝑥∕𝐻 > 0), the 
SL-Model achieves closer agreement with experimental data for both 
velocity deficit magnitude and recovery rate.

The TKE profiles at the symmetry plane maintain trends observed in 
previous cases. While showing characteristic elevated levels compared 
to experimental data, the SL-Model better captures the spatial distribu-
tion of turbulence in the shear layer region. This indicates the correction 
mechanisms appropriately enhance mixing where intended, though with 
some overprediction of TKE.

The model’s successful prediction of separated shear layer features, 
combined with its appropriate preservation of baseline behavior in vor-
tical regions, demonstrates the effectiveness of the zonal correction ap-
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Fig. 17. Performance of the SL-Model on the ahmed body case at the symmetry plane: experimental data (black dots), baseline 𝑘 − 𝜔 SST (dashed), and SL-Model 
(solid).

proach. This selective enhancement suggests potential for developing 
targeted corrections for specific flow features, such as streamwise vor-
tices, in future work.

4.  Conclusion

This study introduced the RITA framework, a physics-based method-
ology for selectively improving RANS predictions in separated flows. 
By coupling a frame-invariant classifier with compact SpaRTA-derived 
correction models, we developed a systematic and interpretable ap-
proach of applying data-driven augmentation specifically within shear 
layer regions where the baseline model demonstrably fails. The resulting 
zonally-augmented 𝑘 − 𝜔 SST model formulation preserved the model’s 
accuracy in canonical flows while enhancing prediction of separation 
and reattachment dynamics across both 2D and 3D configurations.

The methodology integrates physically interpretable classification 
with targeted corrections: the 𝜎𝑆𝐿 classifier isolates shear layer re-
gions based on the balance of terms in the 𝑘-equation, and the derived 
anisotropic and scalar correction models for 𝑏Δ𝑖𝑗 and 𝑅, address deficien-
cies in Reynolds stress anisotropy and turbulent production. Together, 
these mechanisms improved mean-flow prediction across geometries 
ranging from simple 2D cases such as the NASA-Hump and periodic 
hills to complex 3D configurations like the Ahmed body, confirming the 
robustness and transferability of the approach.

Nonetheless, some limitations remain. The tendency toward TKE 
overprediction highlights the need for refined balancing between en-
hanced mixing and production scaling. Moreover, the classifier’s re-
liance on the turbulent-to-total kinetic energy ratio, which is not 
Galilean invariant, and the normalization of the vorticity Reynolds num-
ber as a global quantity may limit strict case-to-case consistency. Ad-
dressing these aspects through locally normalized and fully invariant 

criteria could further strengthen the generality and physical rigor of the 
𝜎𝑆𝐿 classifier.

For future work, several promising directions emerge. First, extend-
ing the training to include 3D cases could improve the model’s per-
formance in predicting complex 3D features. Second, development of 
specialized classifiers for vortical structures could complement the cur-
rent shear layer focus, allowing comprehensive treatment of both sep-
aration and vortical regions. Third, further refinement of the correc-
tion terms might address the TKE overprediction while maintaining the 
improved mean flow predictions. Fourth, implementation of a smooth 
blending function to replace the binary classifier would eliminate po-
tential discontinuities at region interfaces, improving robustness for im-
plicit solver implementations.

In conclusion, the RITA methodology and resulting zonally-
augmented 𝑘 − 𝜔 SST model provide a viable approach for enhancing 
predictions of separated flows. The framework’s success in handling var-
ious separation mechanisms while appropriately distinguishing between 
shear layers and vortical regions demonstrates that selective application 
of physically-motivated corrections offers an effective pathway toward 
improved RANS modeling for complex aerodynamic configurations.
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Appendix A.  Non-Linear Basis Tensors and Invariants

The ten non-linear basis tensors 𝑇 (𝑛)
𝑖𝑗  and five invariants 𝐼𝑚 are de-

fined following the work of Pope[30]:
𝑇 (1)
𝑖𝑗 = 𝑆 (A.1)

𝑇 (2)
𝑖𝑗 = 𝑆Ω − Ω𝑆 (A.2)

𝑇 (3)
𝑖𝑗 = 𝑆2 − 1

3
𝐼{𝑆2} (A.3)

𝑇 (4)
𝑖𝑗 = Ω2 − 1

3
𝐼{Ω2} (A.4)

𝑇 (5)
𝑖𝑗 = Ω𝑆2 − 𝑆2Ω (A.5)

𝑇 (6)
𝑖𝑗 = Ω2𝑆 + 𝑆Ω2 − 2

3
𝐼{𝑆Ω2} (A.6)

𝑇 (7)
𝑖𝑗 = Ω𝑆Ω2 − Ω2𝑆Ω (A.7)

𝑇 (8)
𝑖𝑗 = 𝑆Ω𝑆2 − 𝑆2Ω𝑆 (A.8)

𝑇 (9)
𝑖𝑗 = Ω2𝑆2 + 𝑆2Ω2 − 2

3
𝐼{𝑆2Ω2} (A.9)

𝑇 (10)
𝑖𝑗 = Ω𝑆2Ω2 − Ω2𝑆2Ω (A.10)

where the corresponding five invariants are: 
𝐼1 = {𝑆2}, 𝐼2 = {Ω2}, 𝐼3 = {𝑆3}, 𝐼4 = {Ω2𝑆}, 𝐼5 = {Ω2𝑆2}.

(A.11)

Note: 𝑆 represents the symmetric part of the velocity gradient tensor, 
Ω represents the antisymmetric part, and 𝐼{⋅} denotes the isotropic part 
of the tensor.

Appendix B.  Unary Functions for Feature Library

The following unary transformations were applied to the invariants 
in constructing the feature libraries for 𝑏Δ𝑖𝑗 and 𝑅:

𝑓1(𝑥) = 𝑥 (Identity) (B.1)

𝑓2(𝑥) = 𝑥2 (Square) (B.2)

𝑓3(𝑥) = |𝑥| (Absolute value) (B.3)

𝑓4(𝑥) =
√

|𝑥| (Square root of absolute value) (B.4)

𝑓5(𝑥) = tanh(𝑥) (Hyperbolic tangent) (B.5)

𝑓6(𝑥) =
𝑥

1 + 𝑥2
(Regularized division) (B.6)

𝑓7(𝑥) = log(|𝑥| + 1) (Regularized logarithm) (B.7)

The regularized functions provide numerical stability by avoiding 
singularities. An example of a candidate function in the library would 
be √|𝑞𝑘|𝑇 1

𝑖𝑗 , where 𝑞𝑘 is an invariant and 𝑇 1
𝑖𝑗 is a basis tensor.

Appendix C.  Simulation Setup of Flow Cases

This section provides an overview of the OpenFOAM simulation se-
tups used for the different cases in this study. Unless stated otherwise, 

Table C.1 
Overview of the flow parameters specified for the NASA-Hump case.
 Transport Property  Parameter  Value
 Reynolds number based on chord length 𝑅𝑒𝑐  936,000
 Kinetic viscosity 𝜈  1.55 x 10−5 m2 s−1
 Free-stream reference velocity 𝑈𝑟𝑒𝑓  34.6m s−1
 Reference kinetic energy 𝑘𝑟𝑒𝑓  0.00107m2 s−2
 Reference specific dissipation rate 𝜔𝑟𝑒𝑓  0.118 s−1
 Reference pressure 𝑝𝑟𝑒𝑓  0m2 s−2

Table C.2 
Boundary and initial conditions for the NASA-Hump case. Wall Function is 
abbreviated to W.F.
 Boundary Conditions
 Location 𝑈 [m/s] 𝑝 [m2/s2] 𝑘 [m2/s2] 𝜔 [s−1] 𝜈𝑡 [m2/s]

 Inlet  fixed  zero  fixed  fixed  calcu-
 Value  Gradient  Value  Value  lated

 Outlet  zero  fixed  zero  zero  calcu-
 Gradient  Value  Gradient  Gradient  lated

 Top  symmetry
 Bottom  no  zero  kqR  omega  nutUSpalding

 Slip  Gradient  W.F.  W.F.  W.F.
 Initial Conditions
 Standard  [𝑈𝑟𝑒𝑓  0 0]  0 𝑘𝑟𝑒𝑓 𝜔𝑟𝑒𝑓  0.009

the boundary conditions described here apply to all simulation types: 
baseline 𝑘-𝜔 SST, 𝑘-corrective-frozen RANS, SL-Propagation, and SL-
Model simulations. The initial conditions depend on the simulation type. 
For the baseline 𝑘-𝜔 SST simulations, the standard initial conditions are 
applied. In the 𝑘-corrective-frozen RANS simulations, the high-fidelity 
fields 𝑘∗ and 𝑈∗ are used to initialize the solution, while 𝜈𝑡 and 𝜔 are ini-
tialized in the same way as in the baseline case. For the SL-Propagation 
and SL-Model simulations, the initial conditions are taken from the con-
verged baseline 𝑘-𝜔 SST solution.

C.1.  NASA-Hump

The NASA-Hump case is part of NASA’s 2D-separated flow validation 
cases [47]. Based on the Glauert-Goldschmied type body, it follows the 
experimental setup in Greenblatt et al. [48], with the OpenFOAM con-
figuration from Hoefnagel [49]. At a reference Mach number of 0.1, the 
flow is treated as incompressible. The case features a turbulent boundary 
layer that accelerates over the hump under a favorable pressure gradi-
ent, separates at the hump’s crest due to an adverse pressure gradient, 
then reattaches downstream.

C.1.1.  Flow parameters
An overview of the main flow parameters specified for the NASA-

Hump case is given in Table C.1. This case has the highest Reynolds 
number equal to 936,000, computed based on the chord length of the 
hump 𝑐 and the free-stream reference velocity 𝑈𝑟𝑒𝑓 . 

C.1.2.  Initial and boundary conditions
The boundary conditions and initial conditions for the NASA-Hump 

case in OpenFOAM are outlined in Table C.2. The 𝑘-corrective-frozen 
RANS simulation uses high-fidelity LES data fields from Uzun and Ma-
lik[39].

C.2.  Periodic hill

The periodic hill case setup and the high-fidelity LES data have been 
obtained from the study of Breuer et al. [40], who extensively studied 
this geometry across various Reynolds numbers. This configuration con-
sists of a series of repeating hills separated by a flat surface region. The 
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Table C.3 
Overview of the flow parameters specified for the periodic hill case.
 Transport Property  Parameter  Value
 Reynolds number based on hill height 𝑅𝑒𝐻  10,595
 Kinetic viscosity 𝜈  9.44 x 10−5 m2 s−1
 Free-stream reference velocity 𝑈𝑟𝑒𝑓  1m s−1
 Reference kinetic energy 𝑘𝑟𝑒𝑓  0.00375 m2 s−2
 Reference specific dissipation rate 𝜔𝑟𝑒𝑓  0.110 s−1
 Reference pressure 𝑝𝑟𝑒𝑓  0m2 s−2

Table C.4 
Boundary and initial conditions for the periodic hill case. Wall Function is 
abbreviated to W.F.
 Boundary Conditions
 Location 𝑈 [m/s] 𝑝 [m2/s2] 𝑘 [m2/s2] 𝜔 [s−1] 𝜈𝑡 [m2/s]

 Inlet/Outlet  cyclic  cyclic  cyclic  cyclic  cyclic
 Top/Bottom  no  zero  kqR  omega  nutUSpalding

 Slip  Gradient  W.F.  W.F.  W.F.
 Initial Conditions
 Standard  [𝑈𝑟𝑒𝑓  0 0]  0 1 × 10−15 𝜔𝑟𝑒𝑓  0

Table C.5 
Overview of the flow parameters specified for the CBFS case.
 Transport Property  Parameter  Value
 Reynolds number based on step height 𝑅𝑒𝐻  13,700
 Kinetic viscosity 𝜈  7.23 x 10−5 m2 s−1
 Free-stream reference velocity 𝑈𝑟𝑒𝑓  1m s−1
 Reference kinetic energy 𝑘𝑟𝑒𝑓  0.00668m2 s−2
 Reference specific dissipation rate 𝜔𝑟𝑒𝑓  0.110 s−1
 Reference pressure 𝑝𝑟𝑒𝑓  0m2 s−2

spacing between the hills is calculated to enable the flow to reattach to 
the flat surface post-separation before encountering the next hill.

C.2.1.  Flow parameters
An overview of the main flow parameters specified for the periodic 

hill case is given in Table C.3. This case has a Reynolds number equal to 
10,595, computed based on the hill height 𝐻 and reference bulk velocity 
𝑈𝑟𝑒𝑓 .

C.2.2.  Initial and boundary conditions
The OpenFOAM boundary and initial conditions for this case are 

outlined in Table C.4. To simulate the series of hills, periodic bound-
ary conditions are applied at the inflow and outflow of the domain. 
The boundary conditions for 𝑘 and 𝜈𝑡 differ from those specified for 
the NASA-Hump case. Here, 𝑘 is specified to be zero at the walls. The
nutLowReWallFunction also sets 𝜈𝑡 to zero.

C.3.  CBFS

The CBFS closely resembles the NASA-Hump and periodic hill cases. 
It involves a turbulent boundary layer separating from a curved step un-
der an adverse pressure gradient. The key distinction lies in the contour 
of the step, which has a much gentler curvature compared to the other 
two cases, thereby promoting the flow to remain attached for longer. 
The case setup, the high-fidelity LES data and computational grid have 
been obtained from the study of Bentaleb et al. [41].

C.3.1.  Flow parameters
An overview of the main flow parameters specified for the CBFS case 

is given in Table C.5. This case has a Reynolds number equal to 13,700, 
computed based on the step height 𝐻 and the free-stream inlet reference 
velocity 𝑈𝑟𝑒𝑓 .

Table C.6 
Boundary and initial conditions for the CBFS case. Wall Function is abbrevi-
ated to W.F.
 Boundary conditions
 Location 𝑈 [m/s] 𝑝 [m2/s2] 𝑘 [m2/s2] 𝜔 [s−1] 𝜈𝑡 [m2/s]

 Inlet  fixed  zero  fixed  fixed  calcu-
 Value  Gradient  Value  Value  lated

 Outlet  zero  fixed  zero  zero  calcu-
 Gradient  Value  Gradient  Gradient  lated

 Top Wall  no  zero  1 x 10−15  omega  nutLowRe
 Slip  Gradient  W.F.  W.F.

 Bottom Wall  no  zero  1 x 10−15  omega  nutLowRe
 Slip  Gradient  W.F.  W.F.

 Initial Conditions
 Standard  [𝑈𝑟𝑒𝑓  0 0]  0 𝑘𝑟𝑒𝑓 𝜔𝑟𝑒𝑓  0

Table C.7 
Overview of the flow parameters specified for the BFS case.
 Transport Property  Parameter  Value
 Reynolds number based on step height 𝑅𝑒𝐻  3.6 × 104
 Step height 𝐻  1.27 cm
 Kinetic viscosity 𝜈  1.56 × 10−5 m2 s−1
 Free-stream reference velocity 𝑈𝑟𝑒𝑓  44.2m s−1
 Reference kinetic energy 𝑘𝑟𝑒𝑓  0.00109m2 s−2
 Reference specific dissipation rate 𝜔𝑟𝑒𝑓  181,728 s−1
 Reference pressure 𝑝𝑟𝑒𝑓  0m2 s−2

C.3.2.  Initial and boundary conditions
The OpenFOAM boundary and initial conditions for this case are 

detailed in Table C.6. These are similar to the ones prescribed for the 
other 2D-separated flow cases.

C.4.  Parametric periodic hills

The setups of the parametric periodic hill cases and the high-fidelity 
DNS data have been obtained from the study of Xiao et al. [43], who 
systematically varied the geometry using a hill width-scaling factor 
(𝛼 = 0.5 − 1.5). Detail on the case flow parameters and OpenFOAM 
boundary and initial conditions can be found in database from https:
//github.com/xiaoh/para-database-for-PIML.git.

C.5.  BFS

The BFS case represents a fundamentally different separation mecha-
nism from the smooth and curved geometries used in the training cases. 
It involves a turbulent boundary layer that undergoes instantaneous sep-
aration at a well-defined geometric discontinuity - the sharp step edge. 
This sharp-edge induced separation provides a critical assessment of the 
SL-Model’s ability to generalize from smooth surface separations (NASA-
Hump) and curved geometries (periodic hill, CBFS) to geometrically-
triggered separation mechanisms. The case follows the NASA Langley 
Research Center validation case based on the experimental study of 
Driver and Seegmiller[42] , and represents a widely-tested benchmark 
configuration in the turbulence modeling community.

C.5.1.  Flow parameters
An overview of the main flow parameters specified for the BFS case 

is given in Table C.7. This case has a Reynolds number equal to 3.6 ×
104 based on step height 𝐻 and reference velocity 𝑈𝑟𝑒𝑓 , corresponding 
to a Reynolds number of 5000 based on boundary layer momentum 
thickness prior to the step. The boundary layer thickness upstream of 
the step is approximately 1.5𝐻 .
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Fig. C.18. Surface and volume mesh of Faith hill case.
Table C.8 
Boundary and initial conditions for the BFS case. wall function is abbreviated 
to W.F.
 Boundary Conditions
 Location 𝑈 [m/s] 𝑝 [m2/s2] 𝑘 [m2/s2] 𝜔 [s−1] 𝜈𝑡 [m2/s]

 Inlet  fixed  zero  fixed  fixed  calcu-
 Value  Gradient  Value  Value  lated

 Outlet  zero  fixed  zero  zero  calcu-
 Gradient  Value  Gradient  Gradient  lated

 Startup  symmetry  symmetry  symmetry  symmetry  symmetry
 Walls  Plane  Plane  Plane  Plane  Plane
 Upper/Lower  no  zero  kqR  omega  nutUSpal-
 Walls  Slip  Gradient  W.F.  W.F.  ding W.F.
 Front/Back  empty  empty  empty  empty  empty
 Initial Conditions
 Standard  [𝑈𝑟𝑒𝑓  0 0]  0 𝑘𝑟𝑒𝑓 𝜔𝑟𝑒𝑓  0

C.5.2.  Initial and boundary conditions
The OpenFOAM boundary and initial conditions for this case are de-

tailed in Table C.8 . The configuration follows the NASA validation case 
setup, with both bottom and top walls treated as viscous walls except 
for a short symmetry region near the inlet to avoid incompatibilities 
between freestream inflow and wall boundary conditions.

C.6.  Faith hill

The Fundamental Aero Investigates The Hill experiment conducted at 
NASA Ames [44] is a complex 3D smooth-body separated aerodynamic 
flow. The hill has an axisymmetric cosine cross-section, and the oncom-
ing boundary layer thickness was 1/3 the hill height 𝐻 . The compu-
tational domain extents were the same as the wind tunnel test section, 
specifically 𝐿𝑥∕𝐻 = 20, 𝐿𝑦∕𝐻 = 5.22, 𝐿𝑧∕𝐻 = 8 where the hill is placed 
at the center of the section [50]. The velocity at the inlet was prescribed 
as uniform and the boundary layer develops naturally. This matches well 
with the experimental measurements of [44]. The turbulence intensity 
matched the experiment at 𝑇 𝐼 = 0.13% and the turbulent length scale 
used was that of the hill height. A mesh was used with 1.56 × 106 cells 
which was sufficient to obtain grid independence. The surface mesh res-
olution and volume mesh resolution at the symmetry plane can be seen 
in Fig. C.18.

C.6.1.  Flow parameters
An overview of the main flow parameters specified for the Faith hill 

case is given in Table C.9. This case has a Reynolds number equal to 
500,000, computed based on the hill height 𝐻 and the free-stream inlet 
reference velocity 𝑈𝑟𝑒𝑓 .

Table C.9 
Overview of the flow parameters specified for the Faith hill case.
 Transport Property  Parameter  Value
 Reynolds number based on hill height 𝑅𝑒𝐻  500,000
 Kinetic viscosity 𝜈  2.0 x 10−6 m2 s−1
 Free-stream reference velocity 𝑈𝑟𝑒𝑓  1m s−1
 Reference kinetic energy 𝑘𝑟𝑒𝑓 2.535 × 10−5 m2 s−2
 Reference specific dissipation rate 𝜔𝑟𝑒𝑓  0.029 s−1
 Reference pressure 𝑝𝑟𝑒𝑓  0m2 s−2

Table C.10 
Boundary and initial conditions for the Faith hill case. Wall Function is abbre-
viated to W.F.
 Boundary Conditions
 Location 𝑈 [m/s] 𝑝 [m2/s2] 𝑘 [m2/s2] 𝜔 [s−1] 𝜈𝑡 [m2/s]

 Inlet  fixed  zero  fixed  fixed  calcu-
 Value  Gradient  Value  Value  lated

 Outlet  zero  fixed  zero  zero  calcu-
 Gradient  Value  Gradient  Gradient  lated

 Hill/Walls  no  zero  kqR  omega  nutUSpalding
 Slip  Gradient  W.F.  W.F.  W.F.

 Symmetry  symmetry  symmetry  symmetry  symmetry  symmetry
 Plane  Plane  Plane  Plane  Plane

 Initial Conditions
 Standard  [𝑈𝑟𝑒𝑓  0 0]  0 𝑘𝑟𝑒𝑓 𝜔𝑟𝑒𝑓  0

C.6.2.  Initial and boundary conditions
The OpenFOAM boundary and initial conditions for this case are 

detailed in Table C.10.

C.7.  Ahmed body

The Ahmed body (Lienhart et al. [45]) comprises a flat front with 
rounded corners and a sharp slanted rear upper surface. The 25 ◦ rear 
slant angle was simulated including the stilts on which the model was 
mounted. An inlet condition is imposed 3m upstream of the body and 
an outlet condition is imposed 6m downstream. A no-slip wall condition 
is imposed on the ground plane and car body, with slip walls applied to 
the wind tunnel walls. An unstructured mesh of 11M cells was generated 
using snappyHexMesh (Fig. C.19). A high-y+ approach was taken with 
3 prism layers, resulting in a 𝑦+ range of approximately 50–100 over 
the top surface of the body.

C.7.1.  Flow parameters
An overview of the main flow parameters specified for the Ahmed 

body case is given in Table C.11. This case has a Reynolds number equal 
to 760,000 based on the body height 𝐻 = 0.288m or 278,000 based on 
body length 𝐿 = 1.044m with the free-stream inlet reference velocity 
𝑈𝑟𝑒𝑓 .
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Fig. C.19. Surface and volume mesh of Ahmed body case.
Table C.11 
Overview of the flow parameters specified for the Ahmed body case.
 Transport Property  Parameter  Value
 Reynolds number based on body height 𝑅𝑒𝐻  760,000
 Reynolds number based on body length 𝑅𝑒𝐿  278,000
 Kinetic viscosity 𝜈  15 x 10−6 m2 s−1
 Free-stream reference velocity 𝑈𝑟𝑒𝑓  40m s−1
 Reference kinetic energy 𝑘𝑟𝑒𝑓  0.00108m2 s−2
 Reference specific dissipation rate 𝜔𝑟𝑒𝑓  0.110 s−1
 Reference pressure 𝑝𝑟𝑒𝑓  0m2 s−2

Table C.12 
Boundary and initial conditions for the ahmed body case. Wall function is ab-
breviated to W.F.
 Boundary Conditions
 Location 𝑈 [m/s] 𝑝 [m2/s2] 𝑘 [m2/s2] 𝜔 [s−1] 𝜈𝑡 [m2/s]

 Inlet  fixed  zero  fixed  fixed  calcu-
 Value  Gradient  Value  Value  lated

 Outlet  zero  fixed  zero  zero  calcu-
 Gradient  Value  Gradient  Gradient  lated

 Body/Ground  no  zero  kqR  omega  nutUSpalding
 Plane  Slip  Gradient  W.F.  W.F.  W.F.
 External  Slip  zero  zero  omega  zero
 Walls  Gradient  Gradient  W.F.  Gradient
 Initial Conditions
 Standard  [𝑈𝑟𝑒𝑓  0 0]  0 𝑘𝑟𝑒𝑓 𝜔𝑟𝑒𝑓  0

C.7.2.  Initial and boundary conditions
The OpenFOAM boundary and initial conditions for this case are 

detailed in Table C.12.

Appendix D.  Model Coefficients and Auxiliary Equations

Appendix E.  Training Case Performance for Periodic Hill and 
CBFS

E.1.  Periodic hill

In this section, we examine the SL-Model’s performance on the peri-
odic hill configuration where the flow undergoes sustained cycles of sep-
aration and reattachment. Figs. E.20 and E.21 compare the performance 
of the full-field Propagation and SL-Propagation for this configuration.

Box 2. Zonally-Augmented 𝑘 − 𝜔 SST Model Coefficients.
Model Coefficients: Let Φ1 represent the coefficients in the 𝑘 − 𝜔
model and Φ2 those in the transformed 𝑘 − 𝜖 model. The coeffi-
cients Φ in the 𝑘 − 𝜔 SST model are found from : Φ = 𝐹1Φ1 + (1 −
𝐹1)Φ2. The Φ1 set of coefficients: 
𝜎𝑘1 = 0.85, 𝜎𝜔1 = 0.5, 𝛽1 = 0.0750, 𝛽∗ = 0.09, 𝛾1 = 5∕9

(D.1)

The Φ2 set of coefficients: 
𝜎𝑘2 = 1.0, 𝜎𝜔2 = 0.856, 𝛽2 = 0.0828, 𝛽∗ = 0.09, 𝛾2 = 0.44

(D.2)

Auxiliary Equations: 

𝐹1 = tanh (𝑎𝑟𝑔41 ) where 𝑎𝑟𝑔1 = min

[

max

(
√

𝑘
𝛽∗𝜔𝑦

, 500𝜈
𝑦2𝜔

)

,
4𝜌𝜎𝜔2

𝑘

𝐶𝐷𝑘𝜔𝑦2

]

(D.3)

𝐶𝐷𝑘𝜔 = max
(

2𝜌𝜎𝜔2
1
𝜔

𝜕𝑘
𝜕𝑥𝑖

𝜕𝜔
𝜕𝑥𝑖

, 10−20
)

(D.4)

𝐹2 = tanh (𝑎𝑟𝑔22 ) where 𝑎𝑟𝑔2 = max

(

2
√

𝑘
𝛽∗𝜔𝑦

, 500𝜈
𝑦2𝜔

)

(D.5)

The SL-Propagation case demonstrates comparable performance to 
full-field Propagation, with both approaches improving upon baseline 
predictions. The velocity profiles show better agreement with LES data 
throughout the periodic domain, particularly in capturing the recircula-
tion zone extent between hills (1 < 𝑥∕𝐻 < 3). The skin friction evolution 
confirms that the zonal framework maintains accuracy in predicting sep-
aration and reattachment behavior. Building on these results, Fig. E.22 
presents the performance of the complete SL-Model implementation.

The SL-Model maintains the improved prediction of separation and 
reattachment behavior seen in the SL-Propagation case. Analysis of the 
turbulence quantities reveals characteristics similar to those observed 
in the NASA-Hump case. The TKE profiles (Fig. E.22(b)) show elevated
levels compared to LES data, especially in the shear layer region above 
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Fig. E.20. Performance comparison between full-field Propagation and SL-
Propagation on the periodic hill training case.

the hills, while the Reynolds shear stress distributions (Fig. E.22(c)) cap-
ture peak stress locations but with magnitudes influenced by the en-
hanced TKE prediction. This consistent behavior across both geometries 
points to an underlying mechanism in the correction approach where 
mean flow improvements are achieved through intensified turbulent 
transport.

Examination of the skin friction distribution (Fig. E.23) further vali-
dates the model’s effectiveness across multiple separation-reattachment 
cycles. The SL-Model accurately reproduces peak skin friction at the hill 
crest (𝑥∕𝐻 ≈ 8.5) while improving predictions in the recovery region 
between hills. It successfully captures both negative skin friction values 
in the separation zone and the gradual recovery trend upon reattach-
ment. These results demonstrate that the zonal framework effectively 
handles the complex physics of periodic separation while maintaining 
appropriate behavior in attached flow regions.

E.2.  CBFS

Following validation on smooth and periodic separation, we ex-
amine the model’s performance on the CBFS, where the combina-
tion of geometric expansion and surface curvature creates a more 
complex separation mechanism. Figs. E.24 and E.25 compare the 
performance of full-field Propagation and SL-Propagation for this
configuration.

The velocity profiles in Fig. E.24(a) demonstrate that SL-Propagation 
achieves comparable flow prediction to full-field Propagation, with no-
table improvements over the baseline model in the post-separation re-
gion (𝑥∕𝐻 > 2.5). The TKE profiles in Fig. E.24(b) show enhanced pre-
diction of mixing layer development downstream of separation, while 
the Reynolds stress distributions in Fig. E.24(c) better capture the spatial 
evolution of turbulent transport through the curved section and subse-
quent expansion. This indicates that the zonal application of corrections 
effectively maintains the key physical mechanisms captured by full-field 
Propagation.

The skin friction distribution in Fig. E.25 validates these improve-
ments quantitatively. Both correction approaches improve the predic-
tion of separation onset and show significantly better agreement with 
LES data in the recovery region compared to the baseline model. 
While both correction approaches show similar performance, some dif-
ferences emerge: SL-Propagation follows LES data more closely near 
𝑥∕𝐻 = 5, while full-field Propagation shows marginally better agree-
ment in the early wake region (7.5 ≤ 𝑥∕𝐻 ≤ 10). The 𝜎𝑆𝐿 classifier 
demonstrates effective performance through two key behaviors: main-
taining the baseline model’s accurate prediction upstream of sepa-
ration (𝑥∕𝐻 < 0) where corrections are not needed, and allowing a 
natural transition back to baseline behavior in the far wake region 
(𝑥∕𝐻 > 10). The close agreement between SL-Propagation and full-
field Propagation confirms the 𝜎𝑆𝐿 classifier’s effectiveness in identi-
fying regions requiring correction, particularly through the geometric
transition.

Building on these results, the velocity profiles in Fig. E.26(a) show 
that the SL-Model successfully maintains the improved prediction of 
separation bubble size and recovery region. Analysis of the turbulence 
quantities reveals behavior consistent with previous test cases, but with 
important differences due to the geometric complexity. The TKE profiles 
in Fig. E.26(b) exhibit elevated levels in the shear layer region, particu-
larly pronounced where the flow navigates the curved surface transition. 
The Reynolds shear stress distributions in Fig. E.26(c) better capture 
the mixing layer development and its spatial evolution, though their 
magnitudes reflect the enhanced TKE predictions seen in all training
cases.

Analysis of the skin friction evolution in Fig. E.27 confirms the 
model’s robust performance through the geometrically-induced separa-
tion. While the baseline model better captures the double-peak struc-
ture near 𝑥∕𝐻 = 2.5, the SL-Model achieves similar improvements to 
SL-Propagation in overall separation prediction, particularly in captur-
ing the minimum skin friction value (𝑥∕𝐻 ≈ 3.5) and recovery rate 
(5 < 𝑥∕𝐻 < 7.5). The model effectively preserves upstream prediction 
(𝑥∕𝐻 < 0) where the baseline 𝑘 − 𝜔 SST performs well, and shows 
marginally better agreement with LES data than SL-Propagation in 
the far wake region (𝑥∕𝐻 > 10). This demonstrates that the discov-
ered correction terms successfully reproduce the benefits of propagated 
corrections while maintaining appropriate baseline behavior through
geometric transitions.
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Fig. E.21. Skin friction comparison plot between full-field Propagation and SL-Propagation on the periodic hill training case.

Fig. E.22. Performance of the SL-Model on the periodic hill training case.
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Fig. E.23. Skin friction comparison plot for the SL-Model on the periodic hill training case.

Fig. E.24. Performance comparison between full-field Propagation and SL-Propagation on the CBFS training case.
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Fig. E.25. Skin friction comparison plot between full-field Propagation and SL-Propagation on the CBFS training case.

Fig. E.26. Performance of the SL-Model on the CBFS training case.
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Fig. E.27. Skin friction comparison plot for the SL-Model on the CBFS training case.

Appendix F. 𝝈𝑺𝑳 Classifier Applied to Flat Plate and Channel Flow 
Cases

To verify that the 𝜎𝑆𝐿 classifier does not activate in flow re-
gions such as boundary layers and frees-stream, and thus preserves 
the accuracy of the baseline 𝑘-𝜔 SST model in these regions, we 
tested the classification on a 2D zero-pressure-gradient flat plate and 
a fully-developed 2D channel flow. Both cases were run until statisti-
cal convergence was reached, and grid independence of the results was
confirmed.

The flat plate simulation, with a length of 𝐿 = 2 m, was run at a ref-
erence velocity of 𝑈𝑟𝑒𝑓 = 69.4 m/s, corresponding to a Reynolds number 

of 𝑅𝑒𝐿 = 8.80 × 106 based on the plate length. The initial turbulence in-
tensity was set to 0.039%. A no-slip boundary condition was applied 
along the bottom plate.

The channel flow simulation used a reference bulk velocity of 𝑈𝑟𝑒𝑓 =
65.8 m/s. The Reynolds number in this case is 𝑅𝑒𝐻 = 7.54 × 107, based 
on the channel height of 𝐻 = 17.3 m. No-slip boundary conditions were 
applied at the top and bottom channel walls, while periodic boundary 
conditions were imposed at the inlet and outlet.

As shown in Fig. F.28, the 𝜎𝑆𝐿 classifier does not activate in either 
case. This means that the SL-Model corrections remain fully inactive 
throughout the flow domain, ensuring that the baseline 𝑘-𝜔 SST model 
is applied consistently across the entire computational domain.

Fig. F.28. Classification outcome of the 𝜎𝑆𝐿 classifier on the flat plate and channel flow cases: gray region: 𝜎𝑆𝐿 = 0.
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