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SUMMARY

A magnetic field forces electrons to twist as they transport around it, revealing properties
of the medium. This observation—the Aharonov-Bohm effect—applies to any quantum
system where charged particles remain coherent, like an electron in a sufficiently clean
solid state device. This thesis is about using this effect to probe and design topologically
protected electronic phenomena.

The first part of this thesis focuses on crystalline topological insulators, phases pro-
tected by spatial symmetries of a crystal. Chapters 2 and 3 concern the bulk and bound-
ary response of obstructed atomic insulators, phases that lack a bulk-boundary corre-
spondence and that we characterize using a topological defect and momentum-space
invariants respectively. Chapter 4 is about intrinsic higher-order topological insulators,
phases that do have a bulk-boundary correspondence and therefore are detectable in
transport experiments. We develop a theory based on electronic transport and the in-
sertion of fluxes to capture topology, and show that it may be used to understand how
disorder affects these phases. In Chapter 5, we apply this theory to an experimentally-
relevant proposal of topological superconductivity and identify its biases.

Differently from the first part, the rest contains two projects that originated from
numerical adventures. Chapter 6 proposes a superconducting chiral waveguide that re-
lies on magnetic flux to achieve unidirectional transport of electron-hole pairs. The fi-
nal chapter, while unrelated to flux, topology, or transport, introduces an algorithm that
may be used in the study of these phenomena. Chapter 7 is about Pymablock, an open-
source Python package to efficiently perform quasi-degenerate perturbation theory. The
cover highlights the relevance of computational approaches in modern condensed mat-
ter physics, and also in this work.

vii






SAMENVATTING

Een magnetisch veld dwingt elektronen te draaien terwijl ze eromheen bewegen, waar-
door eigenschappen van het medium aan hetlicht komen. Deze waarneming—het Aharo-
nov-Bohm-effect—is van toepassing op elk kwantumsysteem waarin geladen deeltjes
coherent blijven, zoals een elektron in een voldoende zuiver halfgeleiderapparaat. Deze
dissertatie gaat over het gebruik van dit effect om topologisch beschermde elektronische
fenomenen te onderzoeken en te ontwerpen.

Het eerste deel van deze dissertatie richt zich op kristallijne topologische isolatoren,
fasen die beschermd worden door de spatial symmetries van een kristal. De hoofdstukk-
en 2 en 3 behandelen de bulk en boundary van obstructed atomic insulators, fasen die
geen bulk-boundary correspondence hebben en die we karakteriseren met respectievelijk
een topologisch defect en impulsruimte-invarianten. Hoofdstuk 4 gaat over intrinsic
higher-order topological insulators, fasen die wel een bulk-boundary correspondence heb-
ben en daarom detecteerbaar zijn in transportexperimenten. We ontwikkelen een the-
orie gebaseerd op elektronisch transport en de invoeging van fluxen om topologie te
beschrijven, en laten zien dat deze gebruikt kan worden om te begrijpen hoe ruis deze
fasen beinvloedt. In hoofdstuk 5 passen we deze theorie toe op een experimenteel rel-
evant voorstel voor topologische supergeleiding en identificeren we de vertekeningen
ervan.

In tegenstelling tot het eerste deel bevat de rest twee projecten die voortkomen uit
numerieke avonturen. Hoofdstuk 6 beschrijft een supergeleidende chirale golfgeleider
die gebruikmaakt van magnetische flux om unidirectioneel transport van elektron-gat-
paren te realiseren. Het laatste hoofdstuk, hoewel niet gerelateerd aan flux, topologie
of transport, introduceert een algoritme dat gebruikt kan worden bij de studie van deze
fenomenen. Hoofdstuk 7 gaat over Pymablock, een open-source Python code voor het
efficiént uitvoeren van quasi-gedegenereerde perturbatietheorie. De omslag benadrukt
het belang van computationele methodes in de moderne vastestoffysica, en ook in dit
werk.

ix






INTRODUCTION

We shall show that, contrary to the conclusions of classical mechanics, there exist effects
of potentials on charged particles, even in the region where all the fields vanish.

Y. Aharonov and D. Bohm, 1959

1.1. PREFACE

In classical physics, charged particles respond only to electric and magnetic fields that
directly cross their path. Scalar and vector potentials serve as mathematical tools for
calculating the fields; potentials only appear in Maxwell equations through their gradi-
ents. Quantum mechanics works differently: potentials enter Schrédinger’s equation
directly through the Hamiltonian, and therefore they couple to the wavefunctions even
if the fields they generate are zero. While scalar potentials contribute to the energy asso-
ciated with a state, vector potentials couple to the momentum of charged particles and
therefore contribute to the global phase of the wavefunction.

A striking consequence of this difference is the Aharonov-Bohm effect! [1, 2, 3, 4],
where the phase that a charged particle acquires as it travels around a magnetic flux re-
sults in a periodic interference pattern in the recombined wavefunction. Figure 1.1(left)
illustrates it: two electron beams that travel around a solenoid threaded by a magnetic

flux ® acquire opposite phase shifts eih [drA _ eii%. The sign of the phase shift de-
pends on the direction of the path the electron takes around the vector potential A(®) of
the solenoid. The interference pattern is then periodic in ®, even though the electrons
do not directly cross the magnetic field lines, a topological effect that remains robust
to changes in the solenoid geometry or the precise path taken by the electrons. In elec-
tronic transport, the Aharonov-Bohm effect manifests as a periodic modulation of the
conductance across a metallic ring threaded by a flux [5, 6], even though a mesoscopic
ring hosts a finite number of modes instead of a single electron (Fig. 1.1(right)).

IWhile the effect was first discovered by W. Ehrenberg and R. E. Siday around ten years earlier than Y. Aharonov
and D. Bohm, the latter reflected on and brought attention to the role of potentials in quantum mechanics.
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Figure 1.1: (a) Aharonov-Bohm effect thought experiment. An electron beam (purple) splits into two paths that
travel around a solenoid threaded by a magnetic flux ®. The two beams recombine and interfere. (b) Transport
of electrons through metallic ring threaded by a magnetic flux ®.

Identifying topological phenomena in mesoscopic systems is crucial to understand-
ing their universal properties, where individual characteristics of a sample do not affect
macroscopic observables. The quantization of the Hall conductivity oy, = I/Vy as a
function of magnetic field in two-dimensional electron gases (2DEGs) is a prime exam-
ple of such a phenomenon. Figure 1.2(left) shows a minimal Hall bar setup that probes
the quantum Hall effect, which we understand using different approaches. On the one
hand, linear response theory [7] applied to non-interacting electrons predicts that the
Hall conductivity oy = % C, where C is the number of protected modes that propagate
along the sample edges. This result relies on the periodicity of the Bloch wavefunctions
because C—the Chern number—is an integral over the Brillouin zone:

=2 [ aruavxAw ez, (1.1)
21 JBz.
where A, (k) = i {mk]|dy |nk) is the non-Abelian Berry connection of the states below
the Fermi level labeled by m and n. The Hall conductivity is then defined as a bulk prop-
erty, highlighting the bulk-boundary correspondence of the quantum Hall effect. On the
other hand, instead of considering a Hall bar geometry, Laughlin [8] wrapped the two-
dimensional electron gas Hall bar into a Corbino disk and threaded a flux through its
center, as shown in Fig. 1.2(right). Remarkably, adiabatically increasing ®(¢) by a quan-
tum of flux results in a quantized charge eC pumped from the inner edge of the disk to
the outer edge, despite the gapped nature of the sample. This result is agnostic to the
details of the Bloch wavefunctions and it extends beyond single particle systems [9, 10].
Since the discovery of these two effects, a vast number of topological phases have
been proposed, with crystalline symmetries and superconductivity playing a central role.
The effects of flux insertion are, however, not limited to the quantum Hall effect and the
Aharonov-Bohm effect: quantum spin Hall insulators [11], for example, pump spin [12],
while topological superconductors pump fermion parity [13, 14]. Identifying these phe-
nomena has been crucial to the understanding of topological phases and their design in
mesoscopic systems. In this thesis we ask the questions: do crystalline topological phases
also respond to flux insertion? Does flux reveal any other topological phenomena in meso-
scopic systems? We approach these questions by exploiting the interferometric effect of
flux on the wavefunctions, which is captured by electrical quantum transport.
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Figure 1.2: Quantum Hall effect and Laughlin’s adiabatic charge pumping. (a) Hall bar setup of a 2DEG subject
to a magnetic field B. The Hall Voltage Vp is measured across the sample. (b) Corbino disk geometry of the
2DEG with an additional magnetic flux ®(¢) adiabatically increasing over time. The current I(¢) is measured at
the outer edge of the disk.

1.2. THE SCATTERING FORMALISM

Mesoscopic systems are small enough to require a quantum mechanical description,
and yet large enough to accommodate millions of degrees of freedom. Even in clean and
disorder-free samples, electrons behave like waves that scatter as they travel through the
uneven potential landscape defined by the sample geometry and its components. Not
all electrons, however, contribute to the transport properties of the sample: only those
near the Fermi level are relevant. Occupied states far below the Fermi level always come
in pairs of opposite velocities, and therefore do not contribute to the current. Despite
the complex behavior of the wavefunctions, the Aharonov-Bohm effect manifests in a
metallic ring as if it had independent electrons traveling coherently, all acquiring the
same phase shift as they transmit through a same arm of the ring.

The scattering formalism is a powerful approach to describe electronic transport: it
focuses only on the wavefunctions of the electrons at the Fermi level and describes the
phase shifts they acquire as they scatter through the sample. Yet, it provides macroscopic
observables such as current and conductance, which emerge from the interference of the
wavefunctions. Electrons are injected into the sample from metallic contacts, which are
modeled as semi-infinite leads that support a finite number of incoming and outgoing
planar modes. The sample is then the only region where the modes scatter, as shown in
Fig. 1.3(left). The scattering matrix S relates the amplitudes of the incoming and outgo-
ing modes in the leads [15]:

a® = Sa®, 1.2)

where @™ and a®"! are vectors with the modes amplitudes. Because in Hermitian sys-

tems current is conserved, the scattering matrix is unitary, S'S = SS" = 1. In a two-
terminal setup, the scattering matrix is a 2 x 2 block matrix:

S= ( 'L ILR), (1.3)
IR TR

where r; and rg are the matrices with reflection coefficients of the left and right leads,
respectively, and ;g and gy are the matrices with transmission coefficients from the
right lead to the left lead and vice versa.
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Figure 1.3: A scattering region attached to two semi-infinite leads. Each lead supports a finite number of
incoming and outgoing modes that may reflect or transmit. Threading a magnetic flux ® modifies the hopping

i 4
terms across a cut by a phase factor e' 7 ® (right panel).

A common approach to compute the scattering matrix is to numerically solve the
scattering equations at a given energy E:

(H-E) (\Pinain + \POUtS(E) ain + \ylocalizedain) =0, (1.4)

where H is the Hamiltonian of the scattering region and semi-infinite leads, and ¥,
yout gnd plocalized are the wavefunctions of the incoming, outgoing, and localized states,
respectively. The Kwant Python package for numerical quantum transport simulations [16]
takes advantage of the sparsity of tight-binding Hamiltonians to solve Eq. (1.4) efficiently.
Alternatively, the Mahaux-Weidenmdiller formula [17] provides the scattering matrix in
the weak coupling limit:

-1
S(E) = 1—2m‘W(E—H+inW*W) wt, (1.5)

where H is the effective Hamiltonian of the scattering region and W is a rectangular
matrix with the coupling between the lead’s modes and the localized states of H. Both
Eq. (1.4) and Eq. (1.5) are useful to express how the scattering matrix transforms under
symmetries of the Hamiltonian. Additionally, because in the Mahaux-Weidenmiiller for-
mula H and W may only contain degrees of freedom relevant to scattering processes
at the Fermi level E, Eq. (1.5) is especially useful to compute an approximation of the
scattering matrix analytically.

The scattering formalism unifies the Aharonov-Bohm effect and the quantum Hall
effect. On the one hand, the zero-temperature differential conductance is given by the
Landauer-Biittiker formula [18, 19, 20]:

_dl 2e? T

—ﬁ V—»O:Ttrt t, (16)

where the factor of 2 accounts for spin degeneracy, and I and V are DC current and
voltage, respectively. Already in this form, the Landauer-Biittiker formula reveals the
Aharonov-Bohm effect: conductance acquires the same periodicity as the scattering ma-
trix. Because threading a magnetic flux is equivalent to inserting a phase factor eih®
in the hopping terms of the Hamiltonian across a cut, as shown in Fig. 1.3(right), the
Hamiltonian and the scattering matrix become periodic in flux. On the other hand, the
charge pumped over an adiabatic cycle of an AC potential V(1) is given by the Brouwer
formula [21]:

e ar _;
- 1 1.
Q yr drtr(dTr ) (1.7)
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where r(7) is the reflection matrix as a function of the adiabatic parameter 7. In general,
Q is not quantized because modes may transmit through the sample, but it becomes
quantized in the thermodynamiclimit of a gapped system. Applied to Laughlin’s Corbino
disk, Eq. (1.7) recovers the quantized charge eC pumped from the inner edge to the outer
surface. This time, however, the Chern number emerges as a Fermi level property en-
coded in the geometrical properties of the reflection matrix over the adiabatic cycle of 7,
differently from Eq. (1.1).

1.3. FLUX AS AN ANALOGUE OF MOMENTUM
Inserting the phase factor el ® in the hoppings across a single cut is only a gauge choice:
distributing the flux over a set of cuts is allowed by the gauge invariance of Schrédinger’s
equation. The only constraint is that the hoppings around any closed path acquire a

phase factor proportional to the flux through the path:
}{ dar'-A(r') = o, (1.8)

where A(r) is the vector potential. The gauge in which the flux enters the Hamiltonian
through a single cut is, however, equivalent to how momentum enters the Hamiltonian
in translational invariant systems. In the latter, Bloch theorem states that the hoppings
that wrap around a unit cell acquire a phase factor e!*E, where k is the crystal momen-
tum and R is a lattice vector of the crystal. Mesoscopic samples are made of several unit
cells, making flux an analogue to a supercell momentum parameter. In a Hamiltonian,
both quantities transform equivalently under time-reversal symmetry 7:

T 'H(k, )T = H(-k,—¢). (1.9)

Because introducing a flux requires a magnetic field, finite ¢ # 0, 7 breaks time-reversal
symmetry just as finite momentum.

The analogy between flux and momentum is at the core of the generalization of
Laughlin’s argument to all symmetry classes in the Altland-Zirnbauer classification: the
scattering theory of topological insulators and superconductors [22, 23]. The working
principle of this theory is to constrain the scattering matrix S(k, ¢) by the symmetries of
the Hamiltonian using Eq. (1.4), and obtain the topological invariant as a function of the
reflection matrix r(k, ). To achieve this, we require a sample geometry with leads at-
tached to opposite surfaces, a setup analogue to that of adiabatic charge pumping in the
quantum Hall effect. Because attaching leads breaks translational invariance along at
least one direction, the scattering invariant of a d-dimensional Hamiltonian is expressed
in terms of a d — 1-dimensional scattering matrix. For example in class A, computing the
Chern number requires a Corbino disk geometry with leads attached to opposite sur-

faces of the sample:
1 2n d logd
C=— dp— t . 1.10
27i Jo ¢d¢ ogdetr() (1.10)
This is equivalent to Eq. (1.7) considering that the reflection matrix r(¢) = rT((p) is uni-
tary in gapped and sufficiently large systems. In general, because geometric integrals
of the unitary reflection matrix are guaranteed to be integers and r(k, ¢) is smooth in k
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and ¢, changing a scattering invariant requires finite transmission through the sample.
Therefore, scattering invariants may only change when the sample undergoes a delocal-
ization transition, making them a useful tool to study topological phases in the presence
of disorder.

In the last few years, a wide variety of topological phases protected by spatial symme-
tries have been proposed, such as higher-order topological insulators (HOTIs) [24, 25].
These phases are characterized by the existence of protected boundary states of lower di-
mension than standard topological insulators, such as corner states in two-dimensional
HOTIs or hinge states in three-dimensional HOTIs. Topological defects in HOTIs, such
as disclinations and dislocations, have been proposed to host fractionally quantized
charges [26, 27, 28, 29, 30, 31, 32, 33], manifesting their bulk-boundary correspondence.
Because the wavefunctions that surround these defects acquire a phase factor compared
to those that do not, this observation hints at a topological response to flux insertion.
How does the scattering theory of topological invariants generalize to crystalline topologi-
cal phases? is one of the open questions we address in this thesis.

1.4. FLUX IN SUPERCONDUCTING SYSTEMS
Superconductors, unlike metals, are characterized by the collective behavior of pairs of
electrons—Cooper pairs. This provides them with a particle-hole symmetry P that maps
the wavefunctions of electrons to those of holes in addition to complex conjugating the
Hamiltonian. As a consequence, the Hamiltonian transforms differently for momenta
and flux:

P~ H(k, )P = —H(~k, ), (1.11)

breaking the analogy between both quantities. An important consequence of this is that
threading a magnetic flux ® through a superconducting ring can no longer be described
by a phase factor in the hopping terms of the Hamiltonian. Instead, flux enters every-
where in the sample by making the order parameter wind around the ring, introducing a
vortex. Therefore, to ensure the continuity of the order parameter, flux in superconduc-
tors may only be inserted in discrete amounts, see Fig. 1.4(a).

One way to lift this restriction is to introduce a weak link in the superconducting ring,
as shown in Fig. 1.4(b). This allows the phase of the order parameter to change discontin-
uously across the weak link, by an amount ¢ = 2n®/®,, where ®( = h/2e. Such a device
is known as a Josephson junction, and one of its most remarkable properties is that it
supports a DC current flowing between the two superconductors even in the absence
of a voltage bias—the Josephson effect. The current is periodic in the phase difference
¢ across the junction [34] and in a short superconductor-normal metal-superconductor
(SNS) junction it is given by:

N T, sin(¢p)

p=11/1-Tpsin?($/2)

where A is the superconducting gap, and T, are the eigenvalues of t't, with ¢ the trans-
mission matrix of the normal region in the junction. Additionally, in an SNS junction
electrons and holes travel through the junction and Andreev reflect back into each other
at the interface with the superconductor. Because the phase factor acquired by electrons

e\
I(¢) = o (1.12)
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() (b)

Figure 1.4: (a) A superconducting ring with a magnetic flux @. (b) A Josephson junction with phase difference
¢ across the weak link (gray). (c) A superconducting ring that proximitizes a chiral topological insulator with
two chiral Majorana modes (purple). (d) A Josephson junction that proximitizes a topological insulator with
two Majorana zero modes (purple).

and holes is the same, the Andreev reflection process results in a phase shift of 2¢b across
the junction, giving rise to Andreev bound states localized at the junction and with ener-
gies below the superconducting gap A. It is these Andreev bound states that carry most
of the supercurrent I(¢) in Eq. (1.12). While the Josephson current is a 27-periodic func-
tion of the phase difference ¢, it is h/2e-periodic in flux ® and therefore shows twice
the period of the Aharonov-Bohm effect. This is a direct consequence of the pairing of
electrons into Cooper pairs and therefore a hallmark of superconductivity.

A period of the Josephson current larger than &/2e is, on the other hand, a signature
of topological superconductivity and Majorana zero modes [13]. The quest to create a
topological superconductor is a long-term pursuit that relies on carefully proximitizing a
semiconductor with strong spin-orbit coupling and broken time-reversal symmetry [35,
36]. Because the topological excitations in superconductors are charge-less Majorana
zero modes, a direct extension of Laughlin’s charge pumping argument is not successful.
Still, topological superconductors respond to flux insertion: vortices in them host Majo-
rana zero modes [37], and by the same principle Josephson junctions that proximitize
topological insulators host them too [13]. In the last decade, several experimental plat-
forms have been proposed to observe them: proximitized semiconducting nanowires,
planar Josephson junctions, and quantum-dot-based Kitaev chains are the most promi-
nent examples.

Even in the absence of topological superconductivity, planar Josephson junctions ex-
hibit topological phenomena. Reference [38] discovered that Andreev bound states in
ballistic and narrow SNS junctions carry current in the direction parallel to the interface.
The differential conductance is quantized in units of yr, the Euler characteristic of the
Fermi surface of the 2DEG, a consequence of the complete absence of backscattering
of the Andreev states in the junction. To change the conductance value, the chemical
potential of the 2DEG must be tuned so that the Fermi sea topology changes. This is a
ballistic effect that requires highly transparent interfaces, and a minimal number of An-
dreev bound states confined in the junction—a condition satisfied in the short-junction
regime. This work gives rise to several questions: How robust is the absence of backscatter-
ing in non-ideal junctions? Does Fermi surface topology protect multi-terminal Andreev
transport? What role does superconductivity play in the protection of Andreev transport?
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1.5. THIS THESIS
We summarize the content of this thesis?.

CHAPTER 2: TOPOLOGICAL DEFECTS IN OBSTRUCTED ATOMIC INSULATORS

Previous to this thesis, obstructed atomic insulators were identified to host topologi-
cal defects with quantized charges. This idea was based on the exponentially localized
Wannier representation of atomic insulators, which localize in different high symmetry
points of the unit cell. In this chapter, we test the hypothesis that topological defects
in obstructed topological phases trap quantized charges by constructing two topolog-
ical defects in a quadrupole insulator: a disclination and a parametric defect. Since
disclinations necessarily strain the lattice and parametric defects require closed curves
in parameter space, both defects break the four-fold rotation symmetry that protects the
quadrupole insulator, even away from their origin. The Wannier representation of the de-
fects is thus determined by the local reflection symmetries of the lattice. Contrary to the
hypothesis, we find that the local charge density decays as ~ 1/r? with distance, leading
to a diverging defect charge. Because topological defects are incompatible with four-fold
rotation symmetry, we conclude that defect charge quantization is protected by sublat-
tice symmetry, and not higher order topology. Several reported results for the quantized
charge of topological defects in obstructed atomic insulators are therefore incorrect.

CHAPTER 3: PFAFFIAN INVARIANT IDENTIFIES MAGNETIC OBSTRUCTED ATOMIC INSULA-
TORS

Reference [39] conjectured that all obstructed atomic insulators are characterized by a
Berry-phase-like topological invariant. In this chapter, we disprove this conjecture by
deriving a Z, topological invariant for a magnetic obstructed atomic insulator protected
by C,7 symmetry. To formulate this invariant, we apply Stokes’ theorem to the Berry
curvature over the irreducible Brillouin zone, and constrain the spectrum of the open
Wilson lines that compose its boundary. Wilson lines are, however, gauge-dependent,
and therefore we use the Pfaffian of a local symmetry operator to fix their gauge ambigu-
ity. As a result, we distinguish the four C47 -protected atomic insulators, and establish
the correspondence between the invariant and the obstructed phases by constructing a
model that captures all phases.

°This text is based on the chapters and papers that compose this thesis.



1.5. THIS THESIS 9

CHAPTER 4: SCATTERING THEORY OF HIGHER ORDER TOPOLOGICAL PHASES

Do crystalline topological phases respond to flux? To answer this question we generalize
the scattering theory for topological invariants to higher-order topological phases. The
generalization has a key and non-trivial requirement: the sample geometry with leads
attached must respect the crystalline symmetries that protect the topological phase. Be-
cause satisfying this requirement requires attaching leads in an arbitrary number of di-
rections, for example in the presence of rotational symmetries, the sample geometry is
incompatible with translational invariance. To compensate for the missing momentum-
like degrees of freedom, we thread magnetic fluxes through the sample. As a result, we
demonstrate that the intrinsic higher order topology is captured by the flux dependence
of the reflection matrix. A direct experimental signature of the scattering invariant, for
example a pumped observable, remains an open question. Our theory provides an alter-
native approach for proving bulk-edge correspondence in intrinsic higher order topo-
logical phases, especially in the presence of disorder.

Example:

A two-dimensional insulator with two-fold rotational symmetry C, and particle-hole
symmetry P is the simplest example for illustrating the construction of the scattering in-
variants in the presence of crystalline symmetries. This system hosts two Majorana zero
modes per surface in its second-order topological phase. To satisfy the requirements of
the scattering theory, we consider a C, symmetric sample geometry with a hole in the
center, and C, symmetric leads attached to the sample interior and exterior surfaces, as
shown in Fig. 1.5. Inserting a magnetic flux ® through the hole makes the scattering
matrix S(®) periodic and C,(®) = C,(0)e'®’? acquires a phase factor. Finding the scat-
tering invariant requires constraining S(®) using the C, symmetry and the particle-hole
symmetry. Because [S(®), Co(D)] = 0, the scattering matrix may be block-diagonalized
in the C, eigenbasis for any flux value. Additionally, because particle-hole symmetry
leaves @ = 0, invariant, S(0) and S(r) may be made real in the particle-hole basis using
‘P. Moreover, because the C, eigenvalues are only real at either ® = 0 or ® = &, there is
a single flux value ® where both symmetries may be used to simultaneously constrain
S(®).

Figure 1.5: (a) Scattering setup for a two-dimensional higher-order topological insulator with C and P sym-
metries. Each surface of the sample hosts a pair of Majorana zero modes related by the C, symmetry (purple
dots). (b) Spectral flow of a Hamiltonian protected by C and Cy in the topological phase. The transparency of
the eigenvalues is set by the weight of the wavefunction at the inner edge of the sample. In the trivial phase,
an even number of low energy modes cross the Fermi level, while in the topological phase, an odd number
of low-energy modes cross the Fermi level. Note that this spectral flow is only schematic, the example in text
corresponds to a C symmetric system and therefore has only two low-energy modes per surface.
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In the thermodynamic limit, the Majorana zero-modes in the inner edge of the sam-
ple are decoupled from the outer edge. Additionally, because at flux ® the particle-hole
and two-fold rotation symmetries commute, the two Majorana zero modes at a same
surface may be labeled by different C, eigenvalues and thus do not couple. Therefore
low-energy Hamiltonian H(®) and the coupling matrix W are given by:

tr 0

- 0 0 t* 0
H(@)_(O 0), W= 0 & (1.13)

0 t*

where ¢ is the coupling strength between the leads and the Majorana zero modes. Using
H(®) and W in the Weidenmiiller formula in Eq. (1.5), we find the scattering matrix:

S(E=0)=—-0¢Tx (1.14)

in the particle-hole basis, as S is real. Because Cy = 047, and the reflection matrix r = S
at a single normal-superconductor interface, we find that the scattering invariant is:

v=det(r) =det(Ug, ruf, |=-1 (1.15)

where Ug,, - is the unitary operator that diagonalizes C,, taking into account that r is
the particle-hole basis. In the absence of Majorana zero modes S = 1, and therefore the
scattering invariant v = 1 in the trivial phase. The matrix determinant arises because in
class D the reflection matrix is orthogonal at zero energy, and therefore its eigenvalues
are either +1 or —1, giving rise to a Z, invariant.

CHAPTER 5: IDENTIFYING BIASES OF THE MAJORANA SCATTERING INVARIANT

The interfaces between semiconductors and superconductors are nearly impossible to

realize disorder-free, making the experimental signatures of Majorana zero modes am-
biguous. Experiments only probe topology indirectly: for example, quasi-Majorana states
mimic most properties of Majoranas, such as the zero-bias peak in the differential con-
ductance. Establishing a correspondence between an experiment and a theoretical model
known to be topological is an approach that resolves this ambiguity.

In this chapter we demonstrate that already theoretically determining whether a fi-
nite system is topological is by itself ambiguous. In particular, we show that the scatter-
ing topological invariant—a probe of topology most closely related to transport signa-
tures of Majoranas—has multiple biases in finite systems. For example, we identify that
quasi-Majorana states also mimic the scattering invariant of Majorana zero modes in
intermediate-sized systems. We expect that the bias due to finite size effects is universal,
and advocate that the analysis of topology in finite systems should be accompanied by
a comparison with the thermodynamic limit. Our results are directly relevant to the ap-
plications of the topological gap protocol—the state-of-the-art standard for determining
whether a nanowire-based topological superconductor is topological or not.
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CHAPTER 6: CHIRAL ADIABATIC TRANSMISSION PROTECTED BY FERMI SURFACE TOPOLOGY
In this chapter, we consider a discrete vortex in a planar Josephson trijunction, a junc-
tion where three superconductors with different phase meet at a point. Unexpectedly,
we find that the Andreev modes that propagate along each of the junction’s arms trans-
mit without any backscattering into one of the other two arms, as shown in Fig. 1.6. The
chirality and the number of quantized transmission channels is determined by the topol-
ogy of the Fermi surface and the vorticity of the superconducting phase differences at the
trijunction. We explain this chiral adiabatic transmission (CAT) of Andreev modes as a
consequence of the adiabatic evolution of the scattering modes both in momentum and
real space. The dispersion relation of the junction then separates the scattering trajecto-
ries by introducing inaccessible regions of phase space. We expect that CAT is observable
in nonlocal conductance and thermal transport measurements. Furthermore, because
it does not rely on particle-hole symmetry, CAT is also possible to observe in metamate-
rials.

1 A7¢T
"
\ -

A ¢r A, ér

N

3 01 - T T T .

1 ~1/2 0 1/2 1
E/A

Figure 1.6: (left) A narrow and ballistic planar Josephson trijunction with three superconductors with gap A
and phases ¢, ¢p, and ¢. (right) Transmission of the Andreev modes between the three normal metal (N)
arms of the junction.
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CHAPTER 7: PYMABLOCK, AN ALGORITHM AND A PACKAGE FOR QUASI-DEGENERATE PER-
TURBATION THEORY

A common technique in the study of complex quantum-mechanical systems is to reduce
the number of degrees of freedom in the Hamiltonian by describing only a selected part
of the Hilbert space, for example the low-energy states. Quasi-degenerate perturbation
theory allows to do so by finding a unitary transformation that block-diagonalizes the

Hamiltonian: "
H 0
H= ( 0 BB
0 Hy

where Hj'* and HP'® are separated by an energy gap, and H' is the perturbation that
couples the two subspaces A and B. While the Schrieffer-Wolff transformation achieves
this and constructs an effective Hamiltonian, its scaling is suboptimal, it is limited to two
subspaces, and implementing it efficiently is both challenging and error-prone.

We introduce an algorithm for constructing an equivalent effective Hamiltonian as
well as a Python package, Pymablock, that implements it. Our algorithm combines an
optimal asymptotic scaling and the ability to handle any number of subspaces and per-
turbations, with a range of other improvements. The package supports numerical and
analytical calculations of any order and it is designed to be interoperable with any other
packages for specifying the Hamiltonian. We demonstrate how the package handles con-
structing a k.p model, analyses a superconducting qubit, and computes the low-energy
spectrum of a large tight-binding model. We also compare its performance with ref-
erence calculations and demonstrate its efficiency, a summary of which is shown in
Fig. 1.7.

+AH, (1.16)
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Figure 1.7: Performance comparison of Pymablock and Schrieffer—Wolff perturbation theory for a random
Hamiltonian. The goal is to eliminate the white entries of the mask shown in the inset matrix perturbatively.
(Top) Absolute error of the eigenvalues of the Pymablock effective Hamiltonian compared to the exact eigen-
values. The value of A for which curves of the different orders intersect indicates the convergence radius of
the perturbative series. (Bottom) Relative error of the eigenvalues of the Pymablock effective Hamiltonian
compared to Schrieffer—-Wolff perturbation theory. The time spent by Pymablock and Schrieffer-Wolff pertur-
bation theory is shown in text.
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TOPOLOGICAL DEFECTS IN A
DOUBLE-MIRROR QUADRUPOLE
INSULATOR DISPLACE DIVERGING
CHARGE

Isidora Araya Day, Déniel Varjas, and Anton R. Akhmerov

We show that topological defects in quadrupole insulators do not host quantized frac-
tional charges, contrary to what their Wannier representation indicates. In particular, we
test the charge quantization hypothesis based on the Wannier representation of a discli-
nation and a parametric defect. Since disclinations necessarily strain the lattice and para-
metric defects require closed curves in parameter space, both defects break four-fold rota-
tion symmetry, even away from their origin. The Wannier representation of the defects
is thus determined by local reflection symmetries. Contrary to the hypothesis, we find
that the local charge density decays as ~ 1/r? with distance, leading to a diverging defect
charge. Because topological defects are incompatible with four-fold rotation symmetry,
we conclude that defect charge quantization is protected by sublattice symmetry, and not
higher order topology.

Own contribution to work: Implemented the numerical simulations, and contributed
to interpreting the results and writing the manuscript.

Parts of this chapter have been published as Topological defects in a double-mirror quadrupole insulator dis-
place diverging charge, SciPost Phys. Core 5, 053 (2022).
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18 2. TOPOLOGICAL DEFECTS IN A QUADRUPOLE INSULATOR

A topological quadrupole insulator hosts quantized half-integer corner charges [1, 2,
3, 4, 5], with the Benalcazar-Bernevig-Hughes (BBH) model being a canonical example
of this phase (see Fig. 2.1(a)). In the bulk a quantized quadrupole moment serves as a
topological invariant, providing the quadrupole insulator with a bulk-corner correspon-
dence [6, 7]. While the precise definition of the bulk quadrupole moment is a subtle issue
[8, 9], the bulk-corner correspondence is guaranteed by the combination of the four-fold
rotation symmetry and two anti-commuting reflection symmetries.
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Figure 2.1: (a) The BBH model has four orbitals per unit cell, connected via yy,y and Ay, hoppings. The
dashed hopping lines have an extra phase of —1 with respect to the solid lines, threading a 7 flux through
each plaquette. (b) The phase diagram shows that the bulk gap closes at the grey dots, when |yx/Ax| =1 and
lyy/Ayl=1. The orange line indicates the set of parameters that preserve four-fold rotation symmetry and the
dashed purple curve is a circular gapped path centered in (yy,yy) = (1,1) withradius y, = 1. (c) Adisclination is
created by effectively removing one orbital from a unit cell. We expect both defects to host localized fractional
charges. (d) A parametric defect is inserted in the BBH model using a gapped path in the phase diagram. The
parametrization of the hoppings shifts the strongly bounded unit cells around the defect, creating a charge
deficiency at it. The hopping strengths are given by the loop shown in (b).

2.1. INTRODUCTION

Disclinations in quadrupole insulators were proposed to serve as bulk probes of topol-
ogy, emulating the behavior of the corners by trapping quantized fractional charges [10].
Furthermore, Refs. [10, 11] demonstrated that if a band insulator admits a real space
Wannier representation—i. e. has a vanishing Chern number—then the non-uniform dis-
tribution of the Wannier centers establishes the corner and defect charges quantization.
The topology of a quadrupole insulator was recently probed via disclination defects, suc-
cessfully finding defect bound states in microwave metamaterials [12].

An alternative pathway to creating topological defects, so far not explored in the con-
text of quadrupole insulators, is to make the Hamiltonian parameters position-dependent
[13, 14] by making the Hamiltonian H(k, r) gradually vary with position. In conventional
topological phases, as long as H(k, r) remains gapped far away from the defect, the pres-
ence of a defect bound state is protected by the defect invariant. Breaking the four-fold
rotation symmetry while preserving both reflection symmetries allows us to introduce
non-contractible loops in the space of the Hamiltonians of a quadrupole insulator [15],
see Fig. 2.1(b). Therefore, similarly to the quantized disclination charge, one may expect
that the charge of a topological parametric defect is quantized in a quadrupole insulator.

The topological arguments presented in earlier works, as well as the Wannier center
considerations above suggest that the defect charge quantization is a direct consequence
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of topology. There is, however, no rigorous proof that the defect charge quantization is
indeed a consequence of the quantized quadrupole moment. Our goal, therefore, is to
put the charge quantization hypothesis to a test and rigorously identify the conditions
under which the defect charge is quantized.

2.2. TOPOLOGICAL DEFECTS IN THE QUADRUPOLE INSULATOR
To test the hypothesis we use the BBH tight-binding model: a two-dimensional lattice
with four orbitals per unit cell. Figure 2.1(a) shows the model, which corresponds to a
quadrupole insulator that admits a Wannier representation, and whose Bloch Hamilto-
nian is:
Hk) =[yx+ Axcos(k)ITs + Ay sin(ky)s+
[yy + Ay cos(ky)IT2 + Ay sin(ky)Iy,

where yy, and A, account for intra-cell and inter-cell hopping amplitudes, respec-
tively. Here I'y = —02 ® T¢ for k € {1,2,3}, and I'y = 01 ® 79, with 0; and 7; Pauli matrices
acting on the orbital degrees of freedom.

We introduce a disclination by removing the quarter of the lattice that is spanned
by 6 € [37/2,27), changing the positions of the remaining sites according to 8 — 4/36,
while keeping r = |r| constant (see Fig. 2.1(c)). We keep the lattice isotropic by choos-
ing yx =yy =7 and Ay = 1, = A. If the disclination center lies between the strongly
coupled sites, the disclination removes an orbital from one of the strongly coupled clus-
ters. The Wannier centers are located at the center of these clusters, such that the result-
ing strongly bonded triangle has 3/2 electrons at half-filling, and therefore a half-integer
charge. An alternative way to come to the same conclusion is by observing that each of
the three corners must have a charge 1/2 because the quadrupole insulator is in its topo-
logical phase. The remaining half integer charge must then be bound to the disclination
center—the only remaining lattice defect.

Both the argument above and the proof of Ref. [10] ignore the effect of lattice distor-
tion around the defect center. To study the effect of strain on the tight-binding model, we
modulate the hopping amplitudes by changing them proportionally to the bond length:

Y (riura) =yQ+ay(ri—ral-a)

s i @.1)
A@ry,r) =A0+a)(r1—ra2l—a),

where ¥’ and A’ are hopping amplitudes coupling the orbitals that would be connected
by a hopping y or A without a disclination, a = 1/2 is the bond rest length, and ry, r»
are the coordinates of the two orbitals. The factors a, and a, are the electron-lattice
couplings. To keep the system in the topological phase, we require that far away from the
disclination the ratio |y/A| < 1. Because the disclination necessarily introduces strain,
without fine-tuning that ensures ay = a) = 0, the disclination necessarily breaks the
four-fold rotation symmetry even far away from its center.

A parametric defect is an alternative way to create a quantized fractional charge.
We create this defect in the BBH model at an arbitrary lattice coordinate ro. We fix
Ax = Ay =1 and vary the hopping strengths y, and y, with displacement r from the
defect. For simplicity we consider a defect where y and y, only depend on the angle
0 between r and the x-axis. We require that as the angle 6 of r in polar coordinates ad-
vances by 27, the vector (yx,7Yy) encloses a loop around the point (1,1). As an example,
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Fig. 2.1(d) shows the hopping strengths corresponding to the circular loop in the param-
eter space shown in purple in Fig. 2.1(b). The center of the defect has an odd-sized clus-
ter of strongly coupled sites, which contains a half-integer number of electrons at half-
filling, similarly to a disclination. Tracking the positions of the Wannier centers within
the unit cell [15] as a function of r, shown in Fig. 2.2, demonstrates the presence of the
defect charge.

x b3S

Figure 2.2: The parametric defect interpolates between the trivial (top right quadrant) and topological (bottom
left quadrant) phases of the BBH model (grey dots connected by lines) by smoothly modulating the hoppings
and preserving local mirror symmetries. While in the trivial phase the Wannier centers (blue circles) are local-
ized at the center of the unit cell, they are localized at the corners in the topological phase. In all unit cells
the Wannier centers come in pairs invariant under local mirror symmetries. The square cells, each centered
in between pairs of nearest Wannier centers, tile the space away from the defect. The unoccupied quarter unit
cell at r = 0 corresponds to the missing fractional charge e/2.

While the defect charge quantization hypothesis relies only on the spatial symmetry
arguments, the BBH model Eq. (2.1) is minimal and therefore it has additional symme-
tries. In particular, the sublattice symmetry of the BBH model by itself leads to charge
quantization. To see this we consider the local charge density in a unit cell

pij= 3, YVl 2.2)
E;<Ef a
where E; < Er = 0 labels the occupied energies with the Fermi level fixed in the bulk
gap and «a € {1,2,3,4} labels the four orbitals of the unit cell. The indices i, j are the
lattice coordinates of a unit cell, where the defect origin is at i = 0,j = 0, and ¥ ] =
(i, j, a|¥;). We express the total number of states in a unit cell through the contrlbutlons
of eigenstates at different energies:

=Y YW Y ZI‘P e Y ZI‘P

E;<0a=1 E;=0a= E1>0a

=2 ZI‘P Y IR =2p Y ZI‘P i

E;<0a=1 E;=0a=1 E;=0a=

(2.3)
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where we use the sublattice symmetry in the second equality. Finally, the total defect
charge g integrated over a square-shaped area surrounding the defect is the charge
excess with respect to the uniform charge density p;; = 2:

R/2

Got(R) = ) (Pij_z)- (2.4)
i,j=—RI2

Substituting Eq. (2.3) into Eq. (2.4) we obtain

R/2 4

1 ..
Go®)==3 ¥ 3 Yyl 2.5)

i,j=—RI2E;=0a=1

Therefore in presence of the sublattice symmetry, the total defect charge is Ny/2, where
Nj is the number of zero-energy modes localized at the defect. The number of the zero-
energy modes, in turn, is defined by the second winding number of the Hamiltonian
around the defect, and protected already by the sublattice symmetry alone [14]. Further-
more, because of the bulk gap, the zero-modes are exponentially localized.

Sublattice symmetry also guarantees the disclination charge quantization, despite
the center of the disclination locally breaking the sublattice symmetry. To demonstrate
this, we use perturbation theory and consider 3/4™ of the BBH lattice the unperturbed
Hamiltonian. This Hamiltonian inherits sublattice symmetry from the BBH model and
therefore it hosts fractional and exponentially localized charges at its six corners. To ob-
tain a disclination, we add a perturbation that consists on the hopping terms that couple
orbitals from neighboring unit cells on the position-transformed lattice, such that the lat-
tice is glued. Using that the system is gapped, we conclude that the Fermi level Green’s
function, and therefore charge density, changes by an amount that decays exponentially
with distance from the disclination’s origin. Because sublattice symmetry applies near
the sample corners, we conclude there is a 1/2 charge that may only be located near the
disclination.

To distinguish the topological properties of the quadrupole insulator from the effect
of the sublattice symmetry, we add hoppings with magnitude 6 connecting sites from the
same sublattice in the neighboring unit cells. In order to preserve the anti-commuting
reflection and the four-fold rotation symmetries of the original model, we choose the
value of all these hoppings to be the same. We change the sign of the additional hoppings
when gluing the different sides of the wedge at the disclination in order for the cut to be
gauge-compatible with the rest of the lattice.

2.3. DIVERGENCE OF THE DEFECT CHARGE

We numerically study the defect charge inserting the defects at the center of a L2 = 50 x50
square system. We create the parametric defect using a circular path of radius y, = 1 cen-
tered at yx/Ax =vyy/Ay =1 (see Fig. 2.1(b)), and the disclination using y = A/2 = 0.5 and
ay = ay = as = 1. To obtain the defect charges we integrate the charge density distribu-
tions shown in Fig. 2.3(a-d). Our results in Fig. 2.4(a) confirm that the total defect charge
converges to 1/2 in presence of sublattice symmetry, and demonstrate an apparent con-
vergence to a non-quantized value otherwise, unless the electron-lattice coupling is ne-
glected, in agreement with Ref. [10]. This lack of quantization is explained by considering
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(a) Disclination, § = 0 (b) Parametric, 6 = 0 ) Disclination, § = 0.1 ~ (d) Parametric, 6 = 0.1

Sl O

Figure 2.3: Local charge density at half-filling in the defects. A defect displaces both negative (blue) and posi-
tive (red) excess charge in the absence of sublattice symmetry, resulting in a divergent defect charge. (a-b) The
parametric defect and the disclination with sublattice symmetry. (c-d) The parametric defect and the disclina-
tion without sublattice symmetry.

the absolute charge deviation:

R/2

aR= Y |pij-2| 2.6)
i,j=—RI2

While the absolute charge deviation converges to a finite value in presence of sublat-
tice symmetry, it diverges when the sublattice symmetry and the local four-fold rota-
tion symmetry are broken, as shown in Fig. 2.4(b). According to our expectations, the
defect charge convergence is exponential (Fig. 2.4(c)). On the other hand, the diver-
gence matches a ~ 1/r% decay of the local charge density, as confirmed by Aqg(R) =
g(R+1)—q(R) < 1/R in Fig. 2.4(d). The lack of absolute convergence in combination
with conditional convergence means that depending on the summation order, the de-
fect charge may assume an arbitrary value according to the Riemann rearrangement the-
orem. While the absolute convergence of charge deviation is required, it is also a weaker
condition on charge quantization than the vanishing charge variance studied in Ref. [16].

Disclination, 6 =0 —==Parametric, § =0 Disclination, ¢ = 0.1 —— Parametric, 0 = 0.1
0.52 0.6 30 10°
? (a) () () | (d)
e, I
= 4 . 1
- < JRe (T ]
=} B A i e e o o o s s BE() o oo e e . -
£ 0.50 7 = 0.50 B} ,// = I'
) | s /
’ /L————- P
0.48 1 0.4 1 0 1 0 1
0 20 0 20 0 20 0 20
R R R R

Figure 2.4: The defect charge diverges in the absence of sublattice symmetry. (a) The total charge giot inte-
grates to 1/2 only when sublattice symmetry is present (dashed lines), otherwise gtot depends on the integra-
tion area (solid lines), demonstrating the lack of absolute convergence. (b) In the presence of sublattice symme-
try (dashed lines), the charge deviation q is quantized to 1/2, otherwise it diverges (solid lines). The divergence
of the parametric defect’s charge is more pronounced when the paths are asymmetric in parameter space. (c)
The defect charge deviation converges exponentially when § = 0 (dashed lines), as —log|lg(R+1) — g(R)| x R.
(d) For 6 # 0 the local charge density decays as 1/R? as indicated by g(R+1)—q(R) x 1/R.

In order to confirm the total charge divergence we determine the asymptotic behav-
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ior of the local charge density away from the defect. Sufficiently far away from the defect
in a large enough sample, the Hamiltonian’s position dependence becomes small com-
pared to the inverse energy gap while it changes slowly in space. Thus, the local real
space variations of the Hamiltonian determine the charge density and its local response
is captured by perturbation theory that treats the position dependence as a perturba-
tion. To account for p o< 1/r? found via numerical simulations, it is enough to consider a
general position-dependent perturbation expanded to second order around r* far away
from the defect center r,

H'(6r)= H" +6r;H]' +6r; Hj;67 j + h.c., 2.7)

where H®, H'' and H'? are the zeroth, first and second order components of the Hamil-
tonian perturbation, and 6r = r — r*. By construction, H®, H'!, and H" are invariant
under reflection. While H'! is reflection-symmetric, r ,-Hlfl is odd under reflection sym-
metries. The perturbative response of the local charge density is invariant under reflec-
tion and it is a power series of H'! and H'?. As a consequence of being odd under reflec-
tion, the first order contribution of H'! to the charge density vanishes, while the contri-
bution of H'?> and the second order contribution of H'! remain. Because both types of
defects have a finite d H/d® — const with r — oo, H'' ~ 1/r and H”? ~ 1/r2. Therefore,
we confirm that the charge density universally decays as 1/r? unless the Hamiltonian is
fine-tuned or it has additional symmetries.

2.4. CONCLUSION

In summary, we investigated charge quantization of defect bound states in quadrupole
insulators as it was predicted in Refs. [10, 11] and reported in Ref. [12]. Specifically, we
analyzed a disclination and a parametric defect in the BBH model and found that the
previously reported charge quantization is a consequence of the sublattice symmetry, or
of neglecting the effects of lattice strain around the disclination. The importance of sub-
lattice symmetry was appreciated in the early studies of soliton-fermion bound states in
one-dimensional models [17, 18, 19]. This symmetry is not inherent to quadrupole in-
sulators, but without it the defect charge is not quantized, because the absolute charge
deviation diverges. Our findings demonstrate that topological protection of the filled
bands, despite being characterized by a quantized topological invariant, is weaker than
the protection of individual states in topological insulators.
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PFAFFIAN INVARIANT IDENTIFIES
MAGNETIC OBSTRUCTED ATOMIC
INSULATORS

Isidora Araya Day, Anastasiia Varentcova, Daniel Varjas and Anton R. Akhmerov

We derive a Z4 topological invariant that extends beyond symmetry eigenvalues and Wil-
son loops and classifies two-dimensional insulators with a C4T symmetry. To formulate
this invariant, we consider an irreducible Brillouin zone and constrain the spectrum of the
open Wilson lines that compose its boundary. We fix the gauge ambiguity of the Wilson
lines by using the Pfaffian at high symmetry momenta. As a result, we distinguish the four
C4T -protected atomic insulators, each of which is adiabatically connected to a different
atomic limit. We establish the correspondence between the invariant and the obstructed
phases by constructing both the atomic limit Hamiltonians and a C4T -symmetric model
that interpolates between them. The phase diagram shows that C,T insulators allow +1
and 2 changes of the invariant, where the latter is overlooked by symmetry indicators.
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3.1. INTRODUCTION

Topological crystalline insulators are phases of matter where it is impossible to define
exponentially localized Wannier functions that respect the crystalline symmetries [1, 2].
Obstructed atomic insulators, on the contrary, allow symmetric and exponentially lo-
calized Wannier functions whose centers occupy maximal Wyckoff positions, such that
a continuous and symmetric deformation cannot move them [3, 4, 5]. The symmetry
representations of the occupied orbitals at high symmetry momenta—symmetry indica-
tors [6, 7, 8]—distinguish part of the obstructed atomic insulators, but not all [9]. Ref-
erence [9] constructed Berry phase-based topological invariants that distinguish these
phases in specific examples and put forward the conjecture of the universality of this
approach.

Two-dimensional magnetic insulators belonging to the magnetic plane group p4’
that are symmetric under the product of four-fold rotation (C4) and spinful time-reversal
symmetry (7)) support distinct obstructed atomic insulating phases. A general Wyckoff
position has an orbit of size four, hence a crystal with two occupied orbitals must have
the Wannier centers located at maximal Wyckoff positions. This restriction allows the
four distinct phases labeled by v shown in Fig. 3.1: a spin singlet in the center or the
corner of the Wigner-Seitz unit cell, and two phases with z-oriented spins located at the
middle of the unit cell edge. The product § of the eigenvalues of C, = (C,7)? at the C,-
invariant momenta X = (,0) or Y = (0, x) differentiate the singlet phases from the spin-
polarized ones [10]. However, even the full set of symmetry indicators only provides an
incomplete topological classification: phases v = 0 and v = 2 have identical representa-
tion content at every high-symmetry momentum. The crystalline symmetry guarantees
that all the Wilson loops along reciprocal lattice vectors provide the same information as
the symmetry indicators, and therefore distinguishing all four phases requires extending
the approach of Ref. [9] to construct the topological invariant.

Our main result is a topological invariant v that captures all the obstructed phases
in a C4 T -symmetric two-dimensional magnetic insulator. We identify the invariant by
constructing a discrete quantity that utilizes the symmetry constraints on the wave func-
tions, following a reasoning similar to the Z, invariant in topological insulators [11, 12,
6]. Instead of the time-reversal symmetry operator 7, we use the operator

G T - (C)7!

@ ’
V2

(3.1)

that protects the Kramers-like pairs at the high symmetry momenta I' = (0,0) and M =
(7, ) [13, 14]. This definition of @ is different from ® = (C, 7 + C4‘17') /v/2 used in Refs. [13,
14], which relies on using the operators C, and 7 absent within the symmetry group, but
it is equivalent otherwise.

3.2. PFAFFIAN TOPOLOGICAL INVARIANT

To exploit the symmetry, we formulate the invariant by using the occupied states only in
the irreducible Brillouin zone (IBZ). Without loss of generality, we choose the irreducible
Brillouin zone shown in Fig. 3.2, with the boundary pathT' — M — X — M — T. Stokes’
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Figure 3.1: Different atomic limits of the C4 7 -symmetric insulator. The system is made out of atoms (empty
circles) placed in the center of the Wigner-Seitz unit cell (square). The C47 symmetry (grey dashed arrow)
rotates the system by 90° around the atom and flips the spins. The four distinct atomic insulators are: (a)
spin singlet located on the atom, (b) spin singlet at the corner of the unit cell, and (c-d) spins pointing in +z-
direction. The two spins (red/blue) in a unit cell are of different orbital characters in all panels. The phases
shown in panels (b) and (d) are related to the ones in panels (a) and (c) by a fractional lattice translation (grey
solid arrows).

theorem applied to the IBZ equates the Berry flux to the boundary Berry phase:

f tr F dk? —j{ trAdk=0 mod 2, (3.2)
IBZ dIBZ

where A, (k) = i (mk| 0y |nk) is the non-Abelian Berry connection, Fy,; (k) = Vx A, (k)
is the non-Abelian Berry curvature, and |nk) is an orthonormal basis of the occupied
eigenstates of the Bloch Hamiltonian. Since the Berry connection integral may change
by multiples of 27 upon singular gauge transformations, while the Berry flux is fully
gauge-invariant, Eq. (3.2) only holds modulo 2. We rewrite the Stokes’ theorem in terms
of the Wilson line

We =exp (ifC.Adk), (3.3)

where the exponent is path-ordered along C. Under a gauge transformation of the oc-
cupied wavefunctions |nk) — }_,, |mk) Uy, (k), the Wilson line transforms according to
We — Utk )W U (k;), where k; and k; are the initial and final points of C. If the path
C is closed, Eq. (3.3) defines a Wilson loop, whose eigenvalues are gauge invariant, while
the Wilson line spectrum is gauge dependent [15]. Substituting Eq. (3.3) into Eq. (3.2)
yields

f tr F dk® + ilogdetWpsz =0 mod 27. (3.9
IBZ

This identity defines the discrete quantity that we use for the topological invariant. How-
ever, without applying symmetry constraints, Eq. (3.4) carries no information due to the
gauge ambiguity of 27.

To resolve the gauge ambiguity, we split the Wilson loop Wy into three symmetry-
constrained parts. Specifically, we consider the Wilson lines from I' - M, M — X — M,
and M — T'. Because all of these Wilson lines start and end at C47 -invariant momenta,
we constrain their spectrum using the ® operator. We define the dressed Wilson line
determinant as

detW, = pf ' w(kys) det W pfw (k). (3.5)
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7
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Figure 3.2: The irreducible Brillouin zone (yellow) spans the Brillouin zone together with its C4 7 -images. Its
boundary is constrained by C47 -symmetry (grey dashed arrow), so we split the Wilson loop Wygz (black
arrows) at the high symmetry momenta I' and M. Two C47T -equivalent Wilson lines, Wr_ p; and Wy,
(brown arrows), and a Wilson loop, Wh;_, x— ps, (purple arrow), compose the resulting path.

Here k; and ky must be either I or M, the start and end points of the path C, respectively.
The antisymmetric overlap matrix w(k) is the projection of the ® operator on the occu-
pied states wy,, (k) = (nk|®|mk), and pf is the Pfaffian. An alternative approach to de-
fine the dressed Wilson line is to use the generalized Pfaffian [16] of the C47 overlap ma-
trix w},, (k) = (nk|C4T|mky, or the Pfaffian of the antisymmetrized overlap matrix [17],
(w' — w'T)/2. Due to the gauge transformation property w(k) — U+t (k) w(k)U* (k), and
the identity pf(CACT) = det(C) pf(A), the dressed Wilson line determinant is gauge in-
variant. Furthermore, because the three paths combine into the contour of the IBZ,

det Wiipz = A6WVr— by eV x— 1 detWayr = det Wi— s deWi—-x—nt.  (3.6)

Here we used that M — T is the C; 7 -image of ' — M, and therefore detWr_y = detWy—r.
Finally, we recognize that the initial and final momenta of M — X — M are the same, so
that aTe/tWMﬁ x—Mm = detWp—.x— s is the Wilson loop determinant. The C»-invariance
of this path further constrains the Wilson loop determinant

X
detWy—x—m= [] GlX) _ [] ¢nX) =56, (3.7

neocc CH(M) neocc
where (k) = +i is the eigenvalue of the operator C, of the nth occupied band at C,-
invariant momenta [18]. For the second equality, we observe that the product of C,
eigenvalues at the M point is always trivial due to the Kramers-like degeneracy. As a
consequence, the Wilson loop determinant is equal to the C, symmetry indicator § = +1.
To construct the invariant we substitute Eq. (3.6) into Eq. (3.4), subtract the logarithm
of Eq.(3.7), and obtain

v=—
T

f tr F dk® + 2ilogdetWr_ ;| mod 4. (3.8)
1BZ

This is our main result. The invariant is defined modulo 4 because each dressed Wilson
line determinant is well-defined modulo 2. The invariant is also quantized to integer
values and it stays constant as long as the spectrum is gapped. However, at this point,
the relation between the invariant and the different phases is not yet established.
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3.3. MODEL HAMILTONIAN CONSTRUCTION
To show that v distinguishes the four atomic insulators shown in Fig. 3.1, we test it by
applying it to the corresponding phases. We construct the Hamiltonians of each atomic
limit from coupled spinful p-type orbitals. The orbitals are located at the center of the
unit cell and transform into each other under C, rotations. Using the standard represen-
tation of spin 1/2, yields

CiT =1ye 7" g K, (3.9)

where 7; are the Pauli matrices in orbital space in the basis py, py, o; are the Pauli ma-
trices in spin space, and K is complex conjugation. In the trivial limit, we couple op-
posite spins within each orbital in the unit cell to obtain a spin singlet located on each
atom, as shown in Fig. 3.3(a). In the obstructed atomic limits the spins are localized in
between unit cells, hence we couple opposite spins from the same orbital type that be-
long to neighboring unit cells, as shown in Fig. 3.3(b-d). Specifically, to couple opposite
spin-polarized states in all the atomic limits, we use the operator

S(r,or,Q)=|r+6r,Q){r,—-Q|+|r,-Q){r+6r,Q|, (3.10)

where |r) is the state localized at a unit cell with coordinates r, §r is the displacement
between the coupled unit cells, and |€2) is a spin oriented in the xy-plane along the
direction Q. We require |Q) = —iC, |-€). This guarantees that the occupied eigenstate
of Sis a +i eigenstate of a C, rotation around r + §r/2 or, in other words, it is a +z-spin
located at r + 6r/2. Without loss of generality, we choose Q = j. Since the occupied
states in the atomic limits are z-aligned spins of different orbital characters, as shown in
Fig. 3.3, we use the projector on the two orthogonal p-orbitals

1
Tir=5 1+ (t;cos¢p+1sin)|, (3.11)
to couple spins within orthogonal orbitals. Here ¢ is an arbitrary orbital polarization in
xy-plane that we choose as ¢ = 0. The atomic limits shown in Fig. 3.3 are then given by
the Hamiltonians

H(V) — Z

r

T.S(r,0r,,Q)—T_S(r,z2x0r,,2xQ) (3.12)

for v =0,1,2,3, where 6rg =0, 6r; = X, 0r, = X+ y, and r3 = y. We recognize that
H® = —HW in agreement with the atomic limits in Fig. 3.1(c-d) being the time-reversed
images of each other.

3.4. CONFIRMATION OF THE INVARIANT

To confirm that the invariant is quantized and that it only changes under gap closing
transitions, we construct a model of a C47 -invariant planar magnetic insulator with no
other symmetries. Its Hamiltonian interpolates between the four atomic limits and con-
tains additional onsite terms breaking extra symmetries

N=23 .
H=aHY +HY +yH® + Y 1;HD. (3.13)
i=4
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Figure 3.3: Construction of the atomic limits from coupling opposite spins within px and py orbitals (orthog-
onal pairs of arrows) located at the center of the unit cell (square). Positive couplings (red ellipses) result in
+z-oriented spins, while negative ones (blue ellipses) result in —z-oriented spins.

Here «, 8, and y are the weights of the atomic limit Hamiltonians, and A; are the ampli-
tudes of the 19 other C,7 -invariant onsite terms H'”), which we generate using Qsymm
[19]. We choose a € [0,1], Be [-1,1],and y = 1 —a —|B| € [0, 1], such that the v = 3 atomic
limit is included in the negative range of f. We use Adaptive [20] to sample Hamiltoni-
ans whose energy gaps we find via numerical minimization. We numerically compute
the invariant using occupied band projectors to discretize the Wilson lines [15] over a
Brillouin zone grid of 20 x 20 momenta, where we choose the upper right quadrant of
the Brillouin zone as the IBZ for simplicity. Choosing a different IBZ does not change
the invariant because all the possible IBZ are smoothly connected to one another, but
Eq. (3.8) only takes integer values. The phase diagram in Fig. 3.4(a) shows the interpola-
tion between the atomic limits without additional C47 -invariant terms (1; = 0), where
the conservation of the orbital polarization protects the gapless region. To break addi-
tional symmetries we set 1; = 0.08 and obtain the phase diagram in Fig. 3.4(b). Our
results confirm that v is quantized and it labels the four phases, each adiabatically con-
nected to an atomic limit. The phase diagrams show transitions with v changing by +1
or by 2, where the former are accompanied by a gap closing at the X point that changes
the C; indicator of Eq. (3.7). If the gap closes at a different momentum, the transition is
overlooked by the C; indicator, but not by the invariant v, which changes by 2.

The construction of the atomic limits shown in Fig. 3.3, suggests that the bound-
ary charge of each phase depends on the lattice termination. To determine the bulk-
boundary correspondence of the phases, we compute the charge density in square and
rhombus-shaped lattices, such that the termination cuts a different number of bonds
along the boundary. We place the Fermi level inside the gap, Er = 0.15, and compute
the deviation of charge per unit cell from 2e—the charge density at half-filling. We use
Kwant [21] to construct square and rhombus geometries of L2 = 7x 7 and L?> = 9x 9
unit cells, respectively, for each phase. We choose the amplitudes a, 8, and y as 0.6, 0.2,
0.2, where the biggest amplitude determines the phase, and set the symmetry breaking
terms A; = 0.01. While the trivial phase lacks boundary modes in either geometry, the
obstructed phases localize 1/2e per bond cut by the boundary, as shown in Fig. 3.5.
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(a) Phase diagram, \; = 0 (b) Phase diagram, \; = 0.08
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Figure 3.4: Phase diagram of the C47 model without (a) and with (b) additional symmetry breaking terms.
The invariant is quantized and it distinguishes the four atomic limits at the corners of panel (a). Away from
the atomic limits, the invariant stays quantized and the energy gap becomes smaller (increasing transparency).
Across phase transitions the invariant changes by +1 and 2 via energy gap closings (white) at X or a different
momentum, respectively.

3.5. CONCLUSIONS

In summary, we derived an invariant that distinguishes the inequivalent atomic insulat-
ing phases of the p4’ planar magnetic group. We applied Stokes’ theorem to the Berry
connection over the irreducible Brillouin zone and exploited the C47 symmetry to con-
strain the phase contributed by the open Wilson lines and a Wilson loop. While the Wil-
son loop contribution is equal to that of the eigenvalues of C, at the X point, and is
therefore insufficient to distinguish all phases, the Berry flux and the Wilson lines com-
plete the Z, invariant. Alternatively, our invariant is equivalent to the vorticity of the
Pfaffian of the overlap matrix w over half a Brillouin zone modulo 4, similar to the Z;
invariant Refs. [11, 12, 6, 13, 14], although this formulation has the disadvantage of re-
quiring a smooth gauge. We constructed models away from the atomic limits and found
that the obstructed phases may undergo both transitions changing the invariant by +1
or 2, depending on whether the energy gap closes at X or a different momentum.

Our work confirms that the Berry phase alone is insufficient to classify obstructed
atomic insulators protected by magnetic space groups. Applying the approach presented
here to other magnetic groups will allow to complete the construction of topological in-
variants that distinguish all obstructed atomic insulating phases. Different values of the
topological invariant may exist in neighboring domains of altermagnets [22], where the
T symmetry is spontaneously broken. The bulk-boundary correspondence will then
govern the spin and charge properties of the domain walls, and therefore influence their
energetic stability.
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Figure 3.5: The local charge density of the four phases depends on the termination of the lattice, in agreement
with the construction procedure. In the obstructed phase v = 2, 1e per unit cell localizes at the edge, and 1/2e
at the corner in a square lattice (a), and vice versa in a rhombus geometry (b). In the obstructed phases v = 1
and v = 3, 1/2e per unit cell localizes at the edge, and 1e at the corner in a square lattice (c), and vice versain a
rhombus geometry (d).
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SCATTERING THEORY OF HIGHER
ORDER TOPOLOGICAL PHASES

R. Johanna Zijderveld, Isidora Araya Day, and Anton R. Akhmerov

The surface states of intrinsic higher order topological phases are protected by the spa-
tial symmetries of a finite sample. This property makes the existing scattering theory of
topological invariants inapplicable because the scattering geometry is either incompatible
with the symmetry or does not probe the bulk topology. We resolve this obstacle by using a
symmetric scattering geometry that probes transport from the inside to the outside of the
sample. We demonstrate that the intrinsic higher order topology is captured by the flux de-
pendence of the reflection matrix. Our finding follows from identifying the spectral flow of
a flux line as a signature of higher order topology. We show how this scattering approach
applies to several examples of higher order topological insulators and superconductors.
Our theory provides an alternative approach for proving bulk—edge correspondence in in-
trinsic higher order topological phases, especially in presence of disorder.

Own contribution to work: Contributed to the initial idea, the final project scope,
identifying the topological invariants, writing code, and writing the manuscript.

Parts of this chapter have been published as Scattering theory of higher order topological phases, SciPost Phys.
19, 058 (2025).
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4.1. INTRODUCTION

The protection of surface states in higher order topological phases is more subtle than
in topological insulators. Similar to strong topological insulators, higher order topolog-
ical insulators (HOTIs) host surface states protected by local symmetries (time-reversal,
particle-hole, or chiral), but they rely on additional spatial symmetries [1]. While in
strong topological phases the existence of the edge state is guaranteed on the whole sur-
face, in HOTIs any point of the surface may be gapped and the surface state may be
freely moved around. In two dimensions, for example, a second order topological insula-
tor with chiral symmetry hosts zero-dimensional corner states at zero energy [2]. If this
system has reflection symmetries, these states may be removed by modifying the lattice
termination—such phases are called extrinsic HOTIs [3, 4, 5]—shown in Fig. 4.1(a). An
intrinsic HOTI, on the other hand, hosts corner states protected by the bulk-boundary
correspondence. In two dimensions, for example, the combination of chiral and four-
fold rotation guarantees that changing the surface of the sample in a symmetric way
may not remove the corner states, see Fig. 4.1(b).

(b) @

Figure 4.1: Extrinsic and intrinsic higher order phases in the BBH model. The leads (purple) are attached to the
corners of the sample to probe the corner states in the different sublattices (red and orange) via the reflection
matrix r. (a) An extrinsic phase has states that may be removed by changing the lattice termination (vertical
chains) (b) An intrinsic phase has states that are protected by the bulk topology and cannot be removed by
changing the lattice termination.

Despite the different nature of the surface states, important properties of topological
insulators also apply to higher order phases. First, some higher order phases are stable
in the presence of disorder, similar to strong topological phases [6, 7, 8, 9, 10]. This
protection follows from the observation that removing a protected surface state requires
coupling it with its symmetry partner, which, however, is located at the opposite edge
of the sample. Therefore, because disorder acts locally, it does not remove the protected
surface states. Secondly, several works used flux response and dislocation defects as a
signature of higher order topology [11, 12, 13, 14, 15, 16, 17, 18], generalizing the Laughlin
argument. This is reminiscent of the spectral flow in strong topological phases. We thus
identify two open questions:

e Can we characterize the topology of a HOTI in the presence of disorder?

e Is there a correspondence between surface states existing at boundaries of sym-
metric samples and flux response?
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We adopt the scattering perspective to answer both questions. The scattering ap-
proach considers a transport setup and studies the reflection matrix from the surface of
afinite sample. Previous works demonstrated that the reflection matrix at the Fermi level
encodes the topological invariant of strong topological insulators [19, 20]. The topology
of the reflection matrix changes simultaneously with the appearance of perfect transmis-
sion through a finite sample. Therefore, the scattering formalism proves that the changes
of the scattering invariant—the invariant determined using the reflection matrix—are
accompanied by delocalization transitions in disordered samples. Deep within the lo-
calized phase the reflection matrix is unitary and it contains information about the low
energy spectrum of the boundary. In a topological system, this probes the anomalous
Hamiltonian of the protected surface states. Furthermore, because this approach starts
from a real space description of the system, scattering invariants allow to study topolog-
ical phases in amorphous [21] and quasi-crystalline materials. Finally, determining the
reflection matrix is more computationally efficient than obtaining the full spectrum [22],
making this approach competitive.

A direct application of the scattering formalism to higher order topological insula-
tors is to consider a finite sample and to attach leads where the zero modes may be
located [23, 24, 3]. The scattering invariant computed this way may change whenever
transmission between disconnected leads appears, which may happen both when the
bulk gap closes and when the surface gap closes. The sensitivity to the surface gap glos-
ing makes this approach suitable to probe the topology of the extrinsic HOTIs, but makes
its applicability to intrinsic HOTIs unclear. Due to the reliance on the protection by the
surface gap, we call the established approach an extrinsic scattering invariant, and we
demonstrate that it fails when applied to intrinsic HOTIs using the Benalcdzar-Bernevig—
Hughes (BBH) model [25] as an example.

We resolve the limitation of the scattering theory of topological invariants and de-
velop its extension to intrinsic HOTIs by defining the intrinsic scattering invariants. We
demonstrate that our approach correctly classifies the topological phases in a disordered
BBH model. We then extend the approach to other second order HOTIs, and answer pos-
itively to the question of the existence of a relation between higher order topology and
flux response.

4.2, WHY THE EXTRINSIC SCATTERING INVARIANT IS INSUFFICIENT

The most direct approach to applying a scattering invariant to a HOTI is to use the ap-
pearance of the protected zero modes on the edge. This requires probing a reflection
matrix of a finite symmetric sample with leads attached to its edges in a symmetric
way. Symmetry class—dependent functions of the reflection matrix at each lead count
the number of protected zero modes at the edge, and their parity was used as a scatter-
ing probe for HOTIs [3]. This extrinsic scattering invariant, and similar real space HOTI
invariants [26, 27], rely on knowing the position of protected edge states, and therefore
they are limited in usefulness for characterizing an unknown system.

To illustrate the limitations of the extrinsic scattering invariant, we consider an ex-
ample two-dimensional intrinsic HOTI with four-fold rotation anticommuting with sub-
lattice symmetry, known as the BBH model [25]. We construct a circular sample, attach
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Figure 4.2: Scattering geometries that probe the topology of a two-dimensional intrinsic higher order topolog-
ical insulator using an extrinsic scattering invariant. Panels (a) and (d) show the local charge density of the
zero modes in the scattering region with leads (purple) attached in two different configurations. The gap of
the reflection matrix A = |detr| in (b/e) and the signature of r in (c/f)—the invariant O—are sensitive to the
location of the leads.

four leads' to its edges, and compute the reflection matrix r of a single lead as a func-
tion of model parameters. Applying the sublattice symmetry constraint, we transform
r to the basis where r = r. In this basis, the topological invariant Q is the signature of
the reflection matrix [19]—the difference between the number of positive and negative
eigenvalues of r.

We characterize the topological transition by additionally computing the gap of the
reflection matrix: A = |detr|. This gap is a useful probe of scattering topological invari-
ants because it must vanish simultaneously with the topological invariant changing. Fig-
ure 4.2 shows the signature Q and the reflection gap A as a function of 1/y, with A the
intra-cell hopping and y the inter-cell hopping of the BBH model. The value A/y =1
corresponds to the topological phase transition of the BBH model [25], which is shifted
in a finite sample due to finite-size effects. We observe that the topological invariant
strongly depends on the sample geometry. When the leads are attached at the points
where the zero modes are located, the invariant changes at the phase transition as ex-
pected [Fig. 4.2(a-c)]. On the other hand, if the leads are attached exactly between the
zero modes, as shown in Fig. 4.2(e-f), the invariant stays constant across the phase tran-
sition.

This failure of the extrinsic scattering invariant to probe the topology of the intrinsic
HOTTI is a consequence of the invariant being sensitive to the precise location of the zero
modes as well as the possibility for the invariant to change without the bulk gap clos-
ing. The same limitation likely applies to several other real space probes of HOTI phases,
such as localizer invariant [28], multipole winding number [26], mode-shell correspon-
dence [29], and Bott index [30].

IThroughout the manuscript we use ideal leads, as defined in Ref. [20]
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Figure 4.3: Scattering geometries that probe the existence of zero-energy surface states using the bulk sym-
metries. The reflection matrix r encodes the amplitudes of the wavefunctions that are reflected back into the
lead (purple) from the scattering region (turquoise). (a) Scattering setup used to probe topological phases pro-
tected by local symmetries. A two-dimensional bulk Hamiltonian defines a one-dimensional reflection matrix
by attaching leads along one direction and applying twisted boundary conditions in the other. The reflection
matrices r and ' capture the appearance of zero-energy bound states (b). (c) Scattering setup used to probe
topological phases protected by spatial symmetries. A two-dimensional six-fold symmetric bulk Hamiltonian
defines a one-dimensional reflection matrix by attaching symmetric leads and introducing a flux through the
center of the scattering region. The blue area shows the matrix elements of the symmetry operator that gain
a phase factor due to the flux, defining Cg(¢p). The scattering setup probes the reflection from the outer lead,
which is composed of six disjoint parts related to each other by the rotation symmetry.

4.3. INTRINSIC SCATTERING INVARIANT CONSTRUCTION
The scattering matrix S(E) relates the incoming and outgoing wavefunctions between
the leads at an energy E, and its elements are given by the scattering equation:

(H _ E) (\I,maln + \PoutS(E)ain + \Plocalizedain) — 0’ (4‘1)

where H is the Hamiltonian of the scattering region and the leads, and pin out 554
plocalized 56 the wavefunctions of the incoming, outgoing, and localized states, respec-
tively. These wavefunctions are matrices with columns corresponding to different modes,
see App. 4.6 for a detailed description. To treat topology due to antisymmetries that map
E to —E on the same footing, we set the energy E to zero. The incoming and outgoing
wavefunctions occupy the same lead sites and orbitals, while the localized wavefunc-
tions are only defined in the scattering region. The total number of modes is the number
of columns of the wavefunction matrices Nyodes = Nsites X Norbitals, Where Niites is the
number of sites to which the leads are attached, and Nypjta1s is the number of orbitals
per site in the lead. The scattering equations define a valid solution for any combination
of amplitudes a'™™ of the incoming modes. Because the scattering matrix in Eq. (4.1) spec-
ifies a relation between the amplitudes of the incoming and outgoing wavefunctions, the
scattering matrix is a linear map rather than an operator. Separating the leads into two
groups imposes a block structure on the scattering matrix:

S= (r t,), (4.2)

t r

where r, r’ are reflection matrices, and t, ¢’ are the transmission matrices.
The scattering theory of topological invariants [20] relates the topology of a bulk
Hamiltonian Hyy(k4) in a d-dimensional space, with k; the wave vector, to the topol-




42 4. SCATTERING THEORY OF HOTIs

ogy of a d — 1-dimensional effective Hamiltonian Heg(k4-;). The dimensional reduction
procedure to obtain this effective Hamiltonian is as follows:

1. Construct a large finite sample with the Hamiltonian of the scattering region equal
to Hpyik.

2. Attach two leads along one of the dimensions and apply twisted periodic boundary
conditions along all other dimensions, as shown in Fig. 4.3(a). The phases along
each dimension define the new wave vector k;_;.

3. Compute the reflection matrix r(k;_1) of one of these leads.

4. Choose a proper symmetry representation so that the symmetry constraints on
r(k4-1) simplify.

5. Define Heg(ky-1) using:

r=rf if Hpyx has chiral symmetry,
Hegs = ( 0 (4.3)

r
i otherwise.
r' 0

This effective Hamiltonian has zero eigenvalues simultaneously with r(k;-1) and a sym-
metry class different from the symmetry of Hy,x. The zero eigenvalues of r(k;_;) cor-
respond to quantized transmission eigenvalues from one lead to the other, which only
happens if the gap of Hpyk closes. Because of this relation, the topological invariants
of Hegr and Hpyk are equal. An alternative interpretation of the scattering invariant is
to consider a boundary between the topological bulk and a trivial region. In this case,
the boundary Green’s function defines the topology of the bulk [31]. In the scattering
description this boundary corresponds to interrupting the lead with a reflection matrix
r’ of the trivial region, as shown in Fig. 4.3(b). The zero energy modes at an interface of
an infinite system appear whenever rr’ has an eigenvalue equal to 1, and therefore the
protected zero energy solutions at the interface are encoded in r.

While the procedure above may be applied to intrinsic HOTIs, the resulting scatter-
ing geometry either has leads swapped by the symmetry of the HOTI, or is incompatible
with the global spatial symmetry protecting the HOTI phase. This incompatibility makes
the topology of Hcg different from the higher order topology of Hyk. Instead, in order
to apply the scattering approach to an intrinsic HOTI, the scattering geometry must be
compatible with the global spatial symmetry protecting the HOTI phase, and this sym-
metry must map the leads onto themselves. At the same time, the two leads must be
separated by the bulk rather than belonging to the same surface, such that no topologi-
cal boundary modes propagate between them. This is required in order for zeros of the
reflection matrix to correspond to the bulk gap closing and therefore to probe only bulk
topological transitions. Otherwise, zeros of the reflection matrix could appear due to
the closing of the surface gap and therefore not probe the bulk topology, as illustrated in
Sec. 4.2. To satisfy the requirements of the scattering theory we propose to use a finite
geometry with a hole: an annulus in two dimensions or a cylinder in three dimensions,
and attach one lead to the inside and one lead to the outside of the sample. Figure 4.3(c)
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Figure 4.4: Energy spectrum of a topological BBH model in an annulus geometry as a function of the threaded
flux ¢. The transparency of the bands is proportional to the weight of the wavefunctions on the inner ring of
the annulus, such that the four states closest to the Fermi level are localized on the inner ring, while the states
at the outer ring are not shown. Sublattice symmetry makes the positive and negative energies symmetric,
pinning the states crossing to zero energy, but not at any specific value of ¢—the crossing at ¢ = 7 is fine-
tuned. The spectral flow of the zero modes is only present in the topological phase. The annulus used for the
computation has an inner radius ripper = 1 and an outer radius router = 10, A/y = 0.4.

shows such a scattering geometry with both the inner and outer leads consisting of sev-
eral disjoint parts that are related among themselves by the rotating symmetry. Whether
the leads are attached to the entire circumference or only a part of it changes the mag-
nitude of the finite size effects, but keeps the topological properties of the scattering
geometry the same.

Similar to the dimensional reduction procedure, we apply twisted boundary condi-
tions in the direction parallel to the cylinder axis, which introduces a wave vector k;_».
Without introducing additional parameters, this would result in a d — 2-dimensional re-
flection matrix, which loses information about the angular direction along the cylinder
and is unlikely to be sufficient to determine the HOTI topology. To preserve the infor-
mation about the angular direction, we therefore introduce a flux ¢ through the center
of the cylinder, which acts as an additional momentum parameter. The resulting proce-
dure maps a d-dimensional bulk onto a d — 1-dimensional Heg(¢p, k4-2), similar to the
dimensional reduction of the strong topological insulators. Contracting the inner radius
of the cylinder to a point generally gaps out the surface modes due to finite size effects.
Therefore, the flux is also necessary to cancel this splitting, as shown in Fig. 4.4. This can-
cellation of the finite size splitting was reported in Ref. [32], in a specific symmetry class.
By confirming that the scattering invariants work in the annulus geometry, we show that
the flux response is a general feature of the higher order topology.

We derive the constraints on the scattering matrix S by considering all the symme-
tries of the Hamiltonian H and separately applying each of them to the scattering matrix.
Applying an operator O which may be unitary or antiunitary to the scattering equation
gives us the transformed scattering equation:

HRo($, kg_2))(OFPa™ + OWOUS(p, ky_p)a™ + QWlocalizedginy g (4.4)

where H(R@ (¢, kqg-2)) = OH(¢, k,4_,)O7! is the transformed Hamiltonian, and Rp is
the action of the operator in parameter space, which in general depends on flux and
momenta. To obtain the transformed scattering matrix S(Rp (¢, k4_»)), we act with the
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operator on O on the wavefunctions and coefficients of the wavefunctions, and equate
the coefficients of the wavefunctions in Eq. (4.1) and Eq. (4.4) (see App. 4.7 for a detailed
derivation). The action of an operator on the lead wavefunctions depends on whether
this operator is unitary or antiunitary, and whether it is a symmetry or an antisymme-
try of the Hamiltonian. We denote the unitary symmetries I/, unitary antisymmetries C
(chiral symmetry), antiunitary symmetries 7 (time-reversal symmetry), and antiunitary
antisymmetries P (particle-hole symmetry). The action of these 4 types of operators on
the lead modes is [20]2:

U™ ="V (¢, ka-2), UP = WO Qy (¢, kg -2), (4.5a)
PYR = Wi, (¢, kg_s), PP = WO Qpn (¢, kyg_2), (4.5b)
TYn = 9oty (¢, ky_y), TYOuU = Wi Q- (b, ko), (4.5c)
Cpin — pout Ve (o, ka_s), Ccpout — \I’mQC (), kg2), (4.5d)

where Vo (¢, kg-2) and Qo (¢, k) are unitary matrices, which we compute by project-
ing the operator O onto the lead wavefunctions. By combining the transformed scatter-
ing equation Eq. (4.4) with the transformed wavefunctions in Egs. (4.5), we obtain the
transformed reflection matrix 7:

F(Ry (@, ka-2)) = Qu@ ka—2)T (@, ka-2)V,) (¢ ka—2) (4.62)
F(=¢p,~ka-2) = Qp(p, ka_2)r" (¢, kq_») V;) (P, kg_s) (4.6b)
P~ ~ka-2) = VT ka-a)r" (@, a-2) Q- ka-2) (4.60)

P ka2) = Vo, ka2)r" (@ ka2) QL (b, ka ). (4.6d)

If O is a symmetry, then 7 = r and Eqs. (4.6) provide symmetry constraints on r.

Due to r(¢p, kz-2) being a linear map (as a submatrix of S), the symmetry opera-
tions (4.6) apply to r(¢, ky-») differently than to Hpyk. Additionally, due to Eq. (4.3),
whenever Hy,j has chiral symmetry, Heg does not, and vice versa. This results in the
Altland-Zirnbauer symmetry class of Hy,x being related to that of Heg according to the
Bott periodicity [20]. For example, in the symmetry class D (P? = 1), particle-hole sym-
metry constraint is equivalent to Hpyx (k) = —Hp . (-K) up to a basis choice. The reflec-
tion matrix symmetry constraint (4.6b) is then equivalent to r (—¢p, ky_o) = r* (—¢, —k4-2).
After applying (4.3), the effective Hamiltonian belongs to the symmetry class BDI (72 =
PZ=1).

The first step in determining how the spatial unitary symmetries apply to the effec-
tive Hamiltonian is to identify the transformation Ry, (¢, k;—2) under the symmetry op-
erator /. The scattering geometry of Fig. 4.3(c) respects all symmetries that leave the
rotation axis invariant. The momenta k;_, transform as vectors while the flux ¢ trans-
forms as a pseudovector pointing along the rotation axis. Translations and rotations both
keep (¢, k) invariant. Inversion symmetry changes the sign of all vector components,
while keeping pseudovectors the same:

Rz, kg_2) = (P, —k4_2). 4.7

2Note that we choose a different convention for V and Q than in Ref. [20]. Swapping V — VT and Q — QT
would make our convention equivalent to Ref. [20].
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Finally, a reflection symmetry M results in
Ry (¢, keg-2) = (F, kq_2), (4.8a)

with the sign depending on whether M commutes or anticommutes with rotation around
the axis. The next step requires constructing a symmetry operator in presence of flux ¢
inserted at the rotation axis. We choose a gauge where the flux ¢ enters Hyx as a phase
expi¢ for all hoppings across a branch cut, as shown in Fig. 4.3(c). Spatial rotations
rotate this branch cut by 27/ n, with n the number of rotations needed to do one full ro-
tation, and inversion rotates it by 7. Therefore, to keep the Hamiltonian invariant, wave-
functions in the scattering region between the initial and final position of the branch
cut acquire a phase exp i¢, as shown in Fig. 4.3(c). We therefore find that the operator
C,, of the rotation by 27/ n exponeniates to a flux dependent value: C}! (¢) = C}}(0) exp i,
and accordingly the representations of the rotation symmetry V¢, , Qc, then satisfy V” =
C(0)expi¢ and QC = CJ}(0) exp i¢p. Similarly, inversion rotates the branch cut by = and
squares to Z?(¢p) = 72(0) exp i¢h, so that V2 = 7%(0) exp i¢ and Q5 = Z%(0) exp i¢. The pe-
riodic dependence r(¢) = r(¢ + 2m) invites interpreting ¢ as a momentum of Heg with
the Brillouin zone spanned by k;_, and ¢. Within this parallel, a C,, rotation symmetry
of Hpyx which increments the polar angle by 27/ n, results in a translation symmetry by
1/n of a unit cell of Heg. Likewise, inversion symmetry results in a combination of reflec-
tion with respect to the plane perpendicular to the rotation axis and translation by half
a unit cell in Hegr. In other words, inversion of the original scattering geometry acts as a
glide symmetry on Heg.

Rotations, inversions, and reflections are unitary symmetries, and therefore the sym-
metry constraints on the reflection matrix r (¢, k4-,) are given by Eq. (4.6a). More general
spatial symmetries, like the C47 symmetry that protects the HOTI phase in three dimen-
sions [1], are a combination of a unitary operation with an antiunitary transformation
or an antisymmetry. We derive the symmetry constraints on the reflection matrix r by
applying the individual operators in the symmetry sequentially, and then combining the
results. For example, the C,7 symmetry is composed of the four-fold rotation C4 and
time-reversal 7 operators, under which the reflection matrix r transforms according to
Egs. (4.6a) and (4.6¢) respectively. Therefore, the transformation of the reflection matrix
under C47 is given by the product of the transformations under C; and 7

P~ ~ka-2) = Ve, 7 ka-2)1" (@, ka-2)QL 1 ka2), (4.9)

where we define V¢, 7 = Ve, (¢, ka-2) VT (¢, ka—2) and Qc,7 = Q7 ($, ka-2)Qc, (¢, ka-2).
Once again, if C4,7 is a symmetry, then 7 = r and the symmetry constraints on r are
given by the above equation.

In practice, the first step in determining the topological invariant requires finding
a basis for the incoming and outgoing wavefunctions where the symmetry constraints
on the reflection matrix are minimal. Choosing an appropriate basis simplifies the time-
reversal symmetry constraint to either symmetry or antisymmetry of r (¢, k4-»), particle-
hole symmetry becomes a reality constraint, and chiral symmetry becomes a Hermitic-
ity constraint, as shown in App. 4.7. In the presence of multiple symmetries, we choose
the basis where the chiral symmetry gives a Hermiticity constraint if it is present, ac-




46 4. SCATTERING THEORY OF HOTIs

cording to Eq. (4.3), and the other symmetries have a minimal compatible form, follow-
ing Ref. [20]. After performing this transformation, we rely on the established theory of
Hamiltonian topological invariants to determine the topological invariant of Heg.

4.4. APPLICATIONS OF THE INTRINSIC SCATTERING INVARIANT

To confirm the universality of the procedure presented in the previous section, we demon-
strate how it applies to several important examples of HOTIs. These examples illustrate
the ways in which the spatial symmetries of the HOTI phase translate into a symmetry
group of the dimensionally reduced Hamiltonian. While we do not aim to provide a com-
plete catalog of scattering invariants for HOTIs, this section presents a strong argument
in favor of the universality of the procedure.

4.4.1. INTRINSIC SCATTERING INVARIANT OF BBH MODEL
To construct the intrinsic scattering invariant of the BBH model, we first consider the
reflection matrix of an annulus-shaped lattice with a flux ¢ and inner and outer leads,
as shown in Fig. 4.5(a). In the topological phase, both surfaces of the annulus host four
zero-dimensional protected zero modes. Four-fold rotation and sublattice symmetries
given by Egs. (4.6a) and (4.6d) constrain the reflection matrix r(¢) as

r(@) = Qc, () r @V, () = Ve r' @)Q, (4.10)

where Vé; () = Q4C4 (¢p) = —expi¢ acquire a phase factor due to the flux ¢, as explained

in Sec. 4.3. Additionally, from C? = 1 we obtain that Vg = Q¢. Combining the anticom-
mutation C,C = —CC, with Egs. (4.5a,4.5d) additionally yields

VeVe, (@) = =Qc, (P) V. (4.11)

With all the constraints, we are ready to determine the intrinsic scattering invariant of
the BBH model.

As the first step, we simplify the problem by observing that C, = Cf commutes both
with C and C4. Because C% () = —exp(i¢), interpreting ¢ as a momentum parameter of
the effective Hamiltonian means that the problem is invariant under translation by half
a unit cell in the corresponding direction. Therefore, we unfold the Brillouin zone and re-
duce the unit cell to a primitive one to eliminate redundant degrees of freedom. Because
the eigenvalues of C, are +iexp(i¢/2), they are periodic over 47 and the two subspaces
of Co,—and of any operator that commutes with it—swap over a 27 interval. Therefore,
we project r and the remaining symmetries onto the subspace of C, with the eigenvalue
iexpi¢/2, and consider their dependence on ¢ € [0,47). The range of ¢ € [271,47) of the
iexpi¢/2 eigenspace is equivalent to the range ¢ € [0,27) of the —iexp i¢p/2 eigenspace,
so choosing one subspace over twice the interval provides an equivalent representation.
To avoid dealing with 47 periodicity, we redefine ¢ := ¢/2, which yields r(¢) that satis-
fies symmetry constraints equivalent to those in Eq. (4.10), but with Vé = Qé; =iexpi¢
instead. We call this procedure factoring out a symmetry, because r(¢b) is no longer con-
strained by C,. We describe how to factor out a symmetry and transform the remaining
symmetries to the new basis in App. 4.8.
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We proceed simplifying the symmetry constrains by transforming to the eigenbasis
of the remaining symmetry operators. We redefine r (¢) := VCJr r(¢)and Vg, () = —Qc, () :
Ve Ve, (¢), and simplify the symmetry constraints to

r@) = Ve, @r@Ve @) =r'@). (4.12)

The first equality corresponds to an anticommutation relation, which makes r(¢») a block-
offdiagonal matrix in the basis of V¢,. The second equality establishes that r(¢) is also
Hermitian in this basis. We then transform r(¢) to the eigenbasis of V,, and obtain the
effective Hamiltonian

0 h(¢)

ot
@) o ) h(¢p+2m) = h' (), (4.13)

Hon9) =
where the blocks of Hef(¢p) are in the basis of the different eigensubspaces of V,. The
eigensubspaces of V¢, swap under ¢ — ¢ + 27, and therefore the effective Hamiltonian
in Equation (4.13) is 4-periodic in ¢. Contrary to the dimensional reduction procedure
used for strong topological insulators, this Hamiltonian has a sublattice-like symmetry—
more specifically, a glide sublattice symmetry—just like its parent BBH model. The final
step is to apply the topological invariant of Heg(¢p), however, to the best of our knowl-
edge, the topology of one-dimensional systems combining fractional translations and
sublattice symmetries has not been studied before. Therefore, we proceed to construct
the invariant, although in most cases one may apply the already established invariants
to the effective Hamiltonian.

Because Hegr(¢p) is gapped as long as h(¢) has no zero eigenvalues, its topological in-
variant must be a function of det i(¢p). Because det h(¢p+2m) = det h* (¢), det h(¢) crosses
the real axis an odd number of times in the interval ¢ € [0,27). The Z; invariant of this
system is the parity of the number of the crossings by deth(¢) of the positive real axis.
The crossings of the real axis appear and disappear only in pairs, hence the parity of the
number of crossings changes only if det h(¢) = 0 for some ¢. Therefore we identify the
scattering invariant of the BBH model to be:

Q =sign (det h(-m)exp

T
%f dlogdet h(¢) )e Zs. (4.14)

=7
Because to compute h(¢) we project r (¢) onto the subspaces of C; as described in App. 4.8,
we require special care to ensure that Hegr(¢p) depends continuously on ¢. We address
this need by computing an eigenvalue decomposition of Vg, (¢p) and Qc, (¢) that varies
smoothly with ¢, as described in the App. 4.9. At this point, we have constructed a scat-
tering invariant that uses all of the spatial symmetries of the BBH model, an important
difference from extrinsic scattering invariants. Additionally, the invariant requires knowl-
edge of the reflection matrix at all values of ¢ € [0,27), in agreement with the spectral
flow in Fig. 4.4, where the zero-energy crossings of the BBH model are not pinned to any
specific value of ¢.

We construct the model and compute the scattering matrix using Kwant [33]. To
demonstrate that the scattering invariant applies to disordered systems, we add a Cy-
symmetric disorder to the BBH model. Specifically, we choose the intra-cell hopping
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Figure 4.5: Two scattering geometries of the BBH model and their intrinsic invariant in the presence of globally
symmetric disorder. (a/d) Annulus geometry with a flux ¢ threaded through the center and leads (purple)
attached to the inner and outer rings. In (a) the leads are attached where the zero modes are located and in
(d) the leads are in between the zero modes. The gap of the reflection matrix A = min|detr(¢)| in (b/e) closes
simultaneously with the sign change of the invariant Q in (c/f). The results are shown for different outer ring
sizes r = 10, 20,40, and in (c/f) the values of Q are minimally shifted for clarity.

equal to A[1+0(x, y)], where 6 (x, y) = (¥, —x) is symmetric under C, rotations, and each
6(x, y) not related by symmetry is an independent normally distributed random variable
with zero mean and standard deviation 1/2. Enforcing the global symmetry of the disor-
der distribution is necessary to compute the invariant, because we use the subspaces of
the symmetry operator to project the reflection matrix. We present the resulting topolog-
ical invariant for a single disorder realization in Fig. 4.5. The invariant correctly changes
at the phase transition of the BBH model, even when the lead is attached far from the
corner charges. Because scattering invariants rely on the unitarity of the reflection ma-
trix, the phase transition point is sensitive to finite-size effects that may arise from the
overlap of the wavefunctions between the inner and outer radius of the annulus. Figures
4.5(b-f) show the gap of the reflection matrix A = min|detr(¢)| and the invariant Q as
a function of 1/v for different outer radii r of the annulus. In the thermodynamic limit
of r — oo and complete absence of disorder, the invariant changes sign at A =y, as ex-
pected from the bulk topological invariant of the BBH model. Regardless of the presence
of disorder or the size of the annulus, the invariant is always quantized and changes sign
only if the reflection matrix has a zero eigenvalue.

4.,4.2. SYSTEMS WITH MAGNETIC ROTATION SYMMETRY

A natural application of scattering invariants arises in network models, which provide
an efficient way to compute transport properties of large systems. This makes network
models a widely used platform to study localization—delocalization transitions in quan-
tum Hall systems [34, 35] and higher-order topological insulators, as done, for example,
in Refs. [36, 6, 37, 38]. Topological invariants in network models, however, have an am-
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biguous topological classification due to the absence of a bulk Hamiltonian. In this sec-
tion, we demonstrate how the scattering topological invariant resolves the ambiguous
topological classification of HOTI network models by considering a two-dimensional
C4T -symmetric topological superconductor. We use the network model introduced in
Ref. [39], where P? = 1 and (C47)?% = —1, to construct an annulus geometry and, simi-
lar to tight-binding models, attach a lead to both the inside and outside of the disk, as
shown in Fig. 4.6(a). We construct the scattering geometry and compute the reflection
matrix using a network models package [40].

To construct the scattering invariant, we start by factoring out the C, = (C47)? sym-
metry that commutes with the reflection matrix and with all other symmetries. This
consists of projecting the reflection matrix onto one of the two eigensubspaces of C,
and redefining the momentum parameter ¢ := (¢p — 7)/2, as described in Sec. 4.4.1 and
App. 4.8. After simplifying the symmetry representation, the particle-hole symmetry and
the C4,7 symmetry constraints on r become

r(@) =r*(=p), r(p)=—r"(~P)exp(—ip/2), (4.15)

making the reflection matrix 4z-periodic. At ¢ = 0, these constraints define a real anti-
symmetric reflection matrix, and therefore the topological invariant is:

Q = sign Pf Hy;(0) = signPfr(0) € Z». (4.16)

Similar to the BBH model, the spectral flow of the Hamiltonian spectrum of this model
has a pair of zero-modes, which appear at ¢ = 0, and are protected by particle-hole sym-
metry and a Kramers-like degeneracy originating from the C,7 symmetry. Figure 4.6(b)
shows the phase diagram of the network model as a function of the network parameters.
The invariant only changes if the reflection matrix has a zero eigenvalue, and it correctly
identifies the HOTI phase of the network model as found in Ref. [39].

Our theory for scattering invariants relies on constructing a symmetric scattering ge-
ometry and attaching symmetric leads to both the outside and inside surfaces. We fur-
ther demonstrate the universality of this procedure by applying it to a three-dimensional
C4T -symmetric HOTI [41] with protected hinge modes. We consider the model intro-
duced in Ref. [41]:

H(k) =71,00(cosky+cosky+cosk;—3—pu)+q; Z T,0;sink;
i=x,y,2

. . (4.17)
+q> Z Tyojsink;sink; + gsT,00 + p(cosky — cosky) 1,00,

j=xy

where ¢; and 7; are Pauli matrices acting on the spin and orbital degrees of freedom, k;
are the components of the wave vector, g; and p are strengths of the Hamiltonian terms
that break additional symmetries, and p drives the system through the phase transition.
Because the model is three-dimensional, the dimensional reduction procedure results
in a two-dimensional effective Hamiltonian for the scattering invariant. Additionally, be-
cause C,7 symmetry rotates the system around the z-axis, we choose to keep k, and
¢ as the momentum parameters of the effective Hamiltonian, and x and y as the spa-
tial coordinates of the scattering geometry. Therefore, we use a translationally invariant
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Figure 4.6: Two-dimensional C47 + P-symmetric network model and its corresponding phase diagram. (a)
Annulus geometry (blue) with leads (purple) attached to the inside and outside of the disk. The scattering
unit cell has two sites and a flux ¢ is threaded through its center. (b) Phase diagram as a function of network
parameters 3,y for fixed @ = /2 and 6 = 0.

cylindrical geometry with leads attached to the inside and outside of the cylinder, such
that a total of eight hinge modes propagate along the outer and inner surfaces, as shown
in Fig. 4.7(a). We construct the scattering geometry and model using Kwant [33] and
Qsymm [42].

To construct the scattering invariant, once again we start by factoring out the C, =
(C4T)? symmetry that commutes with the reflection matrix and with all other symme-
tries, as described in Sec. 4.4.1. We obtain the reflection matrix constraints as:

r(p, k) = —rT (=, —k,) exp(=ip/2). (4.18)

Differently from the two-dimensional network model example, this model does not have
a particle-hole symmetry, and the reflection matrix is not constrained to be real. How-
ever, at ¢ = 0 and k, = 0,7, the reflection matrix is still real and antisymmetric. The
topological invariant is then the same as that of a two-dimensional class All topological
insulator [20], or if expressed in terms of Heg, it is the invariant of the one-dimensional
class DIII topological superconductor [43]:

_ Pf[Hegr(0,m)]

= ——— €X
P Herr(0,0)] 7

1 T
_Ef dlogdet Heg(0, k) | € Z», (4.19)
0

where Heg(0, k) = r (0, kz). The resulting phase diagram is shown in Fig. 4.7(b-c).

We observe that both in the two-dimensional and three-dimensional cases, the topo-
logical invariant is determined by the reflection matrix at ¢ = 0. This is similar to an ear-
lier work on antiferromagnetic topological insulators [44]. Such behavior occurs when-
ever an antiunitary symmetry is multiplied by a fractional translation, which makes the
square of the symmetry operator change between different high symmetry lines in the



4.4. APPLICATIONS OF THE INTRINSIC SCATTERING INVARIANT 51

r=10 r =20 r =40
(b) 1
RV
()
1_
Q
71_
1) 0 12

1

Figure 4.7: Three-dimensional C4 7 -symmetric HOTI. (a) Infinite cylindrical scattering geometry with a flux ¢
threaded through the center. The leads (purple) are attached to the inside and outside of the cylinder, both are
surfaces with four edge modes (red). (b) Gap of the reflection matrix A = min|detr(¢, kz)| and (c) invariant Q
as a function of the onsite potential p. For this computation we use g1 =1 and g2 = g3 = p=0.1.

Brillouin zone. In our construction, the same principle applies to fractional rotations.
Thanks to this observation, we also conclude that the topological classification of sys-
tems with magnetic rotation exponentiating to +1 is identical, except that the relevant
value of ¢ shifts in the reduced Brillouin zone.

4.4.3. AXION INSULATOR: 3D INVERSION
Finally, in this section, we demonstrate how to apply the scattering invariant to point-
group symmetries, which lack a preferred direction for the leads or boundary modes.
As an example, we consider a three-dimensional axion insulator [45, 46, 47], which is
a second-order HOTI protected by inversion symmetry. A finite axion insulator sample
hosts a chiral mode that encircles the entire sample [48], as shown in Fig. 4.8(a). Inver-
sion symmetry forbids the chiral mode from being contracted to a point, but it does not
constrain its position on the surface.

We construct a minimal model of an axion insulator with the following Hamiltonian:

H=-pt,00+ Y 2(1-cosk)7r.00+a Y sink;o;Tx+B10. (4.20)

i=x,y,z i=x,y,z

Here 0; and 7; are Pauli matrices acting on the spin and orbital degrees of freedom, and
k; are the components of the wave vector. The Hamiltonian parameter « is the spin-orbit
coupling strength, B is a magnetic field, which we use to break time-reversal symmetry,
and p is the chemical potential. This model is trivial for y < 0 and topological for u >
0. Because the HOTI is protected by inversion symmetry, we construct an inversion-
symmetric scattering geometry for applying the scattering invariant. Such a geometry is
a translationally-invariant cylinder where k, and ¢ are the momentum parameters of the
effective Hamiltonian, and x and y are the spatial coordinates of the scattering geometry.
Inversion symmetry maps k; — —k; and ¢ — ¢, and constrains the reflection matrix

r(p, k;) as: _
VI (¢, k) QL) = r(¢,—k2), VE() =QZ(p) =e ™. (4.21)

This follows from Egs. (4.5a) and (4.21), and becomes a commutation relation for k, =
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0,7. The equivalent Hegr (4.3) is two-dimensional, and it has a combination of a glide
symmetry and a sublattice symmetry. This topological phase was analyzed in Ref. [49],
and its topological invariant relies on block-diagonalizing the reflection matrix by pro-
jecting it onto the eigenbasis of V7 (¢p) and Qz(¢p) at k, = 0 and k, = n. The scattering
invariant is:

0 = sign detr, (—m,0) €xp % 7 dplIndetr, (¢,0) exp % fn 4 ndetr(o, kz)] |
detry(-m,7) exp [, dgIndetr. (¢, ) o -

(4.22)
where r4 (¢, k;) is the reflection matrix projected onto the subspace of V7 (¢) and Qz(¢)
with eigenvalue e’?’2. Its graphical representation is shown in Fig. 4.8(b), and we identify
the numerator and denominator of the fraction as the way of defining /det r(—m,0) and
v/ detr(—m, ) without the sign ambiguity. Similar to Sec. 4.4.1, we apply the procedure
of App. 4.9 to ensure that the integrands are smooth functions of ¢. By applying the
invariant to the scattering matrix of our example system, we confirm that the invariant
switches at the phase transition, as shown in Fig. 4.8(c-d). Fig. 4.8(d) shows an extended
range of u where the invariant flips sign due to the Fermi surface that appears for such
values of p.

Scattering invariants are a powerful tool to study localization-delocalization transi-
tions in disordered systems because they establish a direct connection between topology
and transport properties. Reference [6], for example, studied the effect of the bulk delo-
calization transition of disordered axion insulators using a network model, and claimed
that an earlier analysis [50, 51] of topological phases protected by an average symmetry
does not extend to HOTIs. Our scattering invariant, however, allows us to formulate a
proof of the existence of the delocalized phase in a disordered axion insulator along the
lines of Ref. [50]. We do this by considering a finite but large cylindrical sample with
disorder in one half being an inversion image of the disorder in the other half, such that
locally disorder breaks inversion symmetry, but globally the system is inversion symmet-
ric. Because the scattering invariant must change across the phase transition, a mode
must perfectly transmit between the inner and outer radius of the cylinder as a phase
transition is crossed. Additionally, because the system is three-dimensional, this implies
that the perfectly transmitted mode is accompanied by a metallic phase. This argument
establishes that the axion insulator must have a delocalized phase in the presence of
disorder that is symmetric on average.

4.5. CONCLUSION AND DISCUSSION

We presented a general construction of scattering invariants for second order intrinsic
higher order topological insulators and superconductors. To do so, we established a gen-
eral procedure that relies on the compatibility of the spatial symmetries that protect a
HOTI with the geometry of the scattering region. Determining the topological invariant
required us to consider a geometry with separated inside and outside regions, and to
consider the flux dependence of the reflection matrix. Similar to the dimensional reduc-
tion procedure for strong topological insulators [20], from a given model we constructed
a lower-dimensional effective Hamiltonian in a different symmetry class, and used the
topological invariant of this effective Hamiltonian to determine the topological phase
of the original model. Differently from the standard scattering theory of topological in-
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Figure 4.8: A three-dimensional inversion-symmetric second-order HOTI, the axion insulator. (a) Finite geom-
etry in the HOTI phase with a protected edge mode (red) encircling the entire sample. (b) Brillouin zone of the
effective Hamiltonian Heg with the path and windings W of the invariant calculation. (c) Gap of the reflection
matrix A = min|detr (¢, kz)|. (d) Scattering invariant Q as a function of the chemical potential 1. The extended
range of u (gray) for which the sign of the invariant changes is due to the Fermi surface.

sulators, our procedure maps a rotation symmetry on a translation symmetry, and an
inversion symmetry on a glide symmetry.
We have applied the procedure to several prominent examples:

¢ The BBH model, a 2D HOTI protected by anticommuting C4 and C symmetries.

e A 2D HOTI with a C,7 and P symmetry, for which we used a network model
demonstration.

e A3D HOTIwith C4;7 symmetry.
* A 3D axion insulator with inversion symmetry.

In all cases, the scattering invariant correctly identified the topological phase transitions
regardless of the detailed geometry of the scattering region. The topological invariants
that we used employ reasoning previously identified for antiferromagnetic topological
insulators [44] or for topological crystalline insulators [49]. Additionally, our approach
enables us to factor out a pure rotation that commutes with the other symmetries, while
the Hamiltonian approach [41] requires special treatment of such symmetries.

Our examples, together with general arguments, indicate that our approach applies
to all the second order HOTIs. On the other hand, higher order HOTIs, in particular three-
dimensional phases with zero-dimensional protected modes, do not seem to fit into our
framework. This is because one can choose the cylinder geometry so that the corner
modes do not appear on its inner or outer boundary. We expect that the need for holes
with a flux in the scattering geometry extends to higher order HOTIs. More specifically,
we conjecture that third order HOTIs need a scattering geometry with two holes and two
fluxes ¢; threaded through them, in such a way that the dimensional reduction proce-
dure maps to a d — 1-dimensional Heg(¢h1, 2, kz-3). The finite size gap of the surface
states at the boundaries then goes to zero as a function of the fluxes introduced.

Finally, our work reveals a different perspective on higher order topological insula-
tors from those presented in the literature. We have found that a nontrivial reflection ma-
trix always corresponds to the appearance of a zero energy mode in the original model’s
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spectrum, as exemplified in the spectral flow of Fig. 4.4. Because the topology of r may
not change when the geometry is varied smoothly, we may contract the inner radius of
the cylinder into a point and extend the outer radius to infinity. This demonstrates that
all second order HOTIs have protected defect modes appearing at flux lines, which is a
local property that was previously overlooked. It is interesting to explore whether this
property characterizes disordered higher order topological phases, like those studied in
Ref. [8]. It is also interesting to apply our framework to identify quantized transport phe-
nomena in HOTISs, likely related to the interplay between adiabatic pumping [52, 53] and
symmetry eigenvalues.
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4.6. SCATTERING EQUATION

The scattering formalism describes the transport of electrons through a scattering re-
gion connected to leads. The scattering region is a finite system of sites and orbitals that
hosts localized wavefunctions, while the leads are semi-infinite and translational invari-
ant, and thus host plane waves. On the basis of sites and orbitals of the scattering region
and the leads, the Hamiltonian of the system is:

Hy PIvV?
VP ST I_Ilead VT
H= V. Heaa VI (4.23)

V. Hea V'

where Hy; is the (big) Hamiltonian of the scattering region and H)e,gq is the (small) Hamil-
tonian of the lead’s unit cell. Here we grouped all the leads into a single one. The cou-
pling of the lead to the scattering region takes the specific form VP where V is the
hopping matrix between the leads and the scattering region and Pg; is the projector P
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rectangular matrix with ones in the diagonal and zeros everywhere else. Reference [22]
contains a detailed review of the scattering matrix formalism.

The scattering matrix S(E) relates the incoming and outgoing wavefunctions between
the leads at an energy E, and its elements are given by the scattering equations:

(Hap — E8 qp) (Wi ain + 3 WOU S, it 4+ piocalizedginy — g, (4.24)
m

where H,j, is the Hamiltonian, and a and b label the sites and orbital degrees of free-
dom of the scattering region and the leads. The incoming and outgoing wavefunctions
Wit and WOU are finite in the leads and vanish in the scattering region, while the local-
ized wavefunctions W'°¢@ized are defined in the scattering region and may decay expo-
nentially into the leads if evanescent modes are present. The wavefunctions are ma-
trices where each column corresponds to a mode, and the rows label the sites and or-
bitals matching the size of the Hamiltonian. The total number of modes is Nyodes =
Niites X Norbitals for ideal leads, i.e., leads that do not host any evanescence modes, where
Niites is the number of sites from which the leads are attached, and Nyp;tq1s is the num-
ber of orbitals per site in the lead. The scalars a' are the amplitudes of each incoming
mode n. Because the leads are translational-invariant, the leads modes are plane waves
and we solve Eq. (4.24) using a sparse finite system of equations [22].

In the context of scattering topological invariants, we are interested in the topology
of the scattering region. Therefore, Hy; is a HOTI Hamiltonian that preserves the symme-
tries of interest, while Hjeoq only needs to globally preserve the symmetries. In practice,
we create either a tight-binding model of the scattering region or a network model. We
make the tight-binding model of a scattering region using the Kwant package [33] and
test the symmetries of the Hamiltonian using Qsymm [42]. Additionally, we construct
ideal leads using Kwant, see Ref. [54] for the code. A network model, such as we used for
the 2D C,7 + P symmetric system in section 4.4.2 consists of a combination of scatter-
ing matrices, each as a node within the network. The links in between the nodes connect
the different scattering regions and the leads are once again plane waves to the scattering
regions.

4.7. SYMMETRY CONSTRAINTS ON SCATTERING MATRICES

In this section, we derive the constraints on the reflection matrix r imposed by a symme-
try operator O. In general, applying an operator O to the scattering equation in Eq. (4.1)
at E =0 gives:

HR($, kg)) (OPPai™ + OWOUS(¢h, kg.p) ™ + O plocalized giny _ ¢ (4.25)

where H (Ro (¢, kq.2)) = OH (¢, k4.2)O~! is the transformed Hamiltonian, and Ro is the
action of the operator in parameter space. If the operator O is a symmetry of the Hamilto-
nian, Eq. (4.25) constrains the scattering matrix S and the reflection matrix r. To derive
the constraints on r, we equate the coefficients of the wavefunctions in the scattering
equations to the ones in the symmetry-transformed scattering equations. Therefore, we
start by applying O to the incoming and outgoing wavefunctions. Because O may be
a unitary or antiunitary operator, and a symmetry or antisymmetry, we consider four
cases.
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4.7.1. UNITARY SYMMETRY
Unitary symmetries map incoming and outgoing wavefunctions within the same Hilbert
space:

OV =WV (¢, kgp), OWOU = WOUQu (¢, Kg.o), (4.26)

where V» and Q@ are matrices that act on the wavefunctions. Applying O to the wave-
functions twice gives:

O0¥™) = 0" Vp) = ¥ V5 (¢, ka-2)

out out in 2 (4.27)
OO = O(¥*" Qo) = ¥ " Q% (¢, ka.2).
As a consequence, we obtain the following constraint:
(\Pin)foz\{,in — V2 ( ,k ),
04 Koz (4.28)

(\Pout)’rOZ\yout — Q?Q ((P, kd-z)»

if O is a unitary symmetry.
Finally, we combine Egs. (4.26) and (4.25):
H(R(f) ((Pv kd—Z))(\Pin VO ((Pr kd-z)ain + \PothO ((Pv kd—Z)S((Pv kd-z)ain + \Plocalizeda,in) =0,

— I:I(RO((P’ kq.2)) (q,inain’ 4 pout Qo (¢, kg.2)S(, ko) V(TQ @, kd_z)ain’ i \Plocalizedain) —o.
(4.29)
where we identified o™’ = Vo (¢, kg.2)a™. Because O is a symmetry, the solutions of
Eq. (4.29) are those of Eq. (4.1) for S(Rp (¢, kq.2)). Therefore, the scattering matrix S is
constrained by the symmetry operator O as:

Q0 (@, ka-2)S(p, ka-2) V) (¢, kq-2) = S(RO (), ka.2)).- (4.30)

4.7.2. ANTIUNITARY ANTISYMMETRY
Antiunitary antisymmetries map incoming and outgoing wavefunctions within the same
Hilbert space, like unitary symmetries:

OV = WiV (¢, kg.2), OF°U = WOUQo (b, kq.a), (4.31)

where V» and Qp are matrices that act on the wavefunctions. Applying O to the wave-
functions twice gives:

OO¥™) = O(¥™Vp) = ¥ Vo (¢, ka-2) Vi (¢, Ka-2)

. (4.32)
O(O¥°") = 0¥ Qo) = ¥ Qo (¢, kd-2) Q) (P, kd-),

where we applied the conjugate operator X to the matrices Vp and Qp. As a conse-
quence, we obtain the following constraint:

O = Vo (b, ka-2) V5 (), ka-2)

(4.33)
(PO TO2PON = Qo (b, ka-2) Q (¢, ka-2),

if O is an antiunitary antisymmetry.
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Finally, we combine Eqgs. (4.31) and (4.25):

I:I(RO @, kd-z))(‘{"in Vo o, kd_z)ain* 4 pout Qo (@, kd-z)S* @, kd_z)ain* 4 \I,Iocalizeda,in*) =0,

— ﬁ(RO &, kd_z))(\yinain’ : \I,othO &, kd—Z)S* @, kd—Z)V(TQ &, kd_z)ain’ : \Ijlocalizeda,in) —o.
(4.34)
where we identified ai®’ = Vo, kq.2)a™" . Because O is a symmetry, the solutions of
Eq. (4.34) are those of Eq. (4.1) for S(Rp (¢, kq.2)). Therefore, the scattering matrix S is
constrained by the symmetry operator O as:

Q0 (@, ka2)S* (¢, ka.2) V) (¢, ka-2) = SR (¢, ka2)). (4.35)

For example, in the presence of particle-hole symmetry Eq. (4.35) establishes that S
is isomorphic to a real matrix S’ at time-reversal invariant momenta if P2 = 1. To see this,
we use that Vp V5 = QpQp = P? = +1 to manipulate Eq.(4.35) and obtain

* T\* * T
(\/QP((P,kd-z) S, kq2)\/ Vp(d, kq.2) ) =+1/Qp(P, ka-2) S(=¢p,—ka-2)\/Vp(p,ka-2) ,

(4.36)
where \/673 and V'V p denote the square root of the matrix. At time-reversal invariant

momenta we define S’ = \/Qp S,/ Vg and find §' = §* for P? =1, and §' = 0,,S"* 0, for

P? = -1. The o operator is required to satisfy \/Qp+/Qp = vVVpvVp = 1. This con-
straint may be incompatible with other constraints if multiple symmetries are present.

4.7.3. UNITARY ANTISYMMETRY
Unitary antisymmetries map incoming and outgoing wavefunctions to each other:

O\Pin — \IjoutVO ((p, kd-2), O\{,out — \FinQO ((,b; kd-2)’ (4.37)

where V» and Q@ are matrices that act on the wavefunctions. Applying O to the wave-
functions twice gives:
OOW™) = O(¥*"' Vo) = ¥ Qo (¢, ka.2) Vo (¢, ka-2)

. . (4.38)
OOY°") = O(¥™ Qo) = Y™ Vo (¢, kq-2) Qo (¢, ky.2),

where we applied the conjugate operator K to the matrices V» and Qp. As a conse-
quence, we obtain the following constraint:
W' O = Qo (@, ka2) Vo (¢, ka2)

outy T 2 \yout _ (4.39)
WO 'OTY = Vo, ka-2) Qo (¢, kd-2)

if O is a unitary antisymmetry.
Finally, we combine Egs. (4.37) and (4.25):

H(RO (©, kd_z))(\l,out Vo (¢, kd-z)a'in + \IjinQO (@, kq.2)S(¢, kd-z)ain + \Ijlocalizeda,in) =0,

— I:I(Ro 3 kd_z))(\{,ina,in’ 4 pout Vo, kd-z)sT @, kd—Z)QIQ @, kd_z)ain’ + \Plocalizedain) —o.
(4.40)
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where we identified a™' = Qo (¢, kg.2)S(p, kq.o)a™. Because O is a symmetry, the so-
lutions of Eq. (4.40) are those of Eq. (4.1) for S(Rp(¢, kq-2)). Therefore, the scattering
matrix S is constrained by the symmetry operator O as:

Vo (¢, ka2)S" (@, ka.2) QL (@, ka.2) = S(RO (¢, Ka-2)). (4.41)

For example, in the presence of chiral symmetry Eq. (4.41) establishes that S is iso-
morphic to a Hermitian matrix S'. To find the transformation that makes S Hermitian,
we first observe that Q¢ Ve = Ve Qe = C? = 1 from Eq. (4.39). Then, we use Qé =V in

Eq. (4.41) and find §' = S'* for §'(¢h, ka.2) = V] (@, ka.2) S(@, Ka.2).

4.7.4. ANTIUNITARY SYMMETRY
Antiunitary symmetries map incoming and outgoing wavefunctions to each other:

O“Ijin — \Pout VO ((/)’ kd—Z)) O\Ijout — \PinQO ((p’ kd—Z)r (4.42)

where Vp and Qg are matrices that act on the wavefunctions. Applying O to the wave-
functions twice gives:

O(O\Pln) — O(\Pout VO) — \IjinQO ((p' kd—2) Vg) ((,b, kd-z) (4.43)
O(OY™) = O(¥™Qp) = ¥ Vo (¢, ka.2) Q% (b, Kq.2), '

where we applied the conjugate operator K to the matrices Vp» and Qp. As a conse-
quence, we obtain the following constraint:

™M O*P™ = Qo (¢, ka-2) V3y (¢, ka-2),

(\POUI)TOZ\POut =V * (444)
= Vo, ka2)Q (e, Ka2)

if O is an antiunitary symmetry.
Finally, we combine Egs. (4.42) and (4.25):

ﬁ(RO @, kd_z))(\yout Vo (o, kd_z)ain* + \I,in Qo (¢, kd—Z)S* @, kd_z)(lin* + \I,localizedain*) -0,

— H(RO @, kd_z))(\},inain’ 4 pout Vo ¢, kd_z)ST((,b, kd-z)QZQ @, kd_z)a,in’ 4 \Plocalizeda,in) —0.
(4.45)
where we identified ™™ = Qg (), kq.2)S* (¢, kq.2)a™" . Because O is a symmetry, the so-
lutions of Eq. (4.45) are those of Eq. (4.1) for S(Rp(¢, kq.2)). Therefore, the scattering
matrix S is constrained by the symmetry operator O as:

Vo (¢, ka2)S™ (¢, ka2) Q) (¢, ka-2) = S(Ro (b, Ka.2))- (4.46)

For example, in the presence of time-reversal symmetry Eq. (4.46) establishes that S
is isomorphic to an (anti)symmetric matrix S’ at time-reversal invariant momenta. To
see this, we first observe that QTV7*- = VTQ;— =72 = +1 from Eq. (4.44). Then, we use

Q; = V7*- = +1 in Eq. (4.46) and find

(S, ka-2) VI (¢, kq-2)) T 8-, —kg2) V(¢ kq.2).- (4.47)

At time-reversal invariant momenta, we obtain S’ = +8'T for §' = § V7T-.
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4.8. FACTORING OUT COMMUTING SYMMETRIES
Whenever a symmetry group has a unitary symmetry C,, that commutes with all other
elements and satisfies CJ} (¢) = CJ1(0) exp(i¢p), we use the subspaces of C,, to make the
reflection matrix block-diagonal. Because the eigenvalues of C, are proportional to
exp(i(¢p+2mj)/n), for j € [0,n) the index of the eigenvalue, the periodicity of each of
the blocks of the reflection matrix becomes 27 n. A phase change of 27 corresponds to a
map from the jth block to the next—the j + 1th block. Therefore, instead of considering
the entire reflection matrix over the 27 range, we work with only one block over the 27n
range. We call this procedure factoring out the symmetry C,, because Cj, is no longer a
symmetry of a single block.

For example, in Sec. 4.4.1, in addition to the constraints of C4 and C, C, = (C,)? fur-
ther constrains the reflection matrix as:

Ve, () r@)QL, =r(@), (4.48)

where Vg, = (V¢,)? and Qc, = (Qc,)?. We use the commutation relation in Eq. (4.48) to
block-diagonalize r into two blocks associated with the A, (¢) = +iexp(—i¢/2) eigenval-
ues of Cs:

(/1+ () (A+(¢)

t ) =
Uy, (¢) A_( (,b)) UVC2 (@) r(P)Uqq, (P) A_( (!))) Ug e, (P =r(p), (“4.49)
where UVC2 (¢p) and UQC2 (¢) are the eigenvectors of V¢, (¢) and Qc, (¢). Because [Cy, Cy] =
[C»,C] =0, each block remains constrained by C4 and C. Additionally, because the eigen-
values of C, swap when ¢ changes by 27, the blocks of r swap as well. Therefore, each
block contains the full information of the reflection matrix in the 47 range. Without loss

of generality, we redefine 2¢» — ¢ and redefine r(¢) as one of the blocks:
r(g):= U‘T,CZI_((,D)T(QD) Uqc,,- (). (4.50)

The projection in Eq. (4.50) requires applying two different unitaries from the left and
right, because r is a linear map from the space of outgoing wavefunctions to the space
of incoming wavefunctions.

In Sec. 4.4.2 we use the same strategy to block-diagonalize the reflection matrix r into
two blocks associated with the +iexp(—i¢/2) eigenvalues of C,. In Sec. 4.4.3 we block-
diagonalize r into two blocks associated with the +iexp(—i¢/2) eigenvalues of 7 at the
k., =0, 7 lines, which are invariant under inversion.

4.9. IMPLEMENTATION OF A SMOOTH GAUGE CHOICE FOR V AND Q
The expressions for the topological invariants in Eq. (4.14), (4.19), (4.22) involve integrals
of the reflection matrices r(¢) and r(¢h, k4.2) over a line. The reflection matrices are, how-
ever, linear maps and not operators, making their eigenvalues gauge-dependent and, in
general, discontinuous functions of ¢ and kg4.,. To compute the invariants we need to
choose a gauge for the reflection matrices that makes their eigenvalues continuous func-
tions of ¢ and kq.o.

Because the reflection matrices in the invariant expressions are a result of apply-
ing a parameter-dependent basis transformation to the original reflection matrices (see
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Eq. (4.50)), we need to construct a smooth gauge for the eigenvectors of V(¢p) and Q(¢).
To do this, we first compute V (¢) and Q(¢) for a set of N values ¢ € [0,27], such that they
are 2n-periodic. Then, we compute the eigendecomposition of V(¢) and Q(¢) for each
¢ and separate them into two sets:

V(@) = A (@) Uy (DU, (9) +A- (@) Uv,- (@) U], _ (@),

1 ¥ (4.51)
QP) = A+ (P)Uqo+ (PUy, , (@) + A (P)Uq,- () U, _ (),

where 1. (¢) are eigenvalues of V(¢) and Q(¢p) smoothly varying with ¢, and Uy . (¢)
and Ug + (¢) are the corresponding eigenvectors arranged as columns. The latter are not
necessarily smooth functions of ¢, and our goal is to construct a smooth gauge for them.

We construct a smooth gauge for each of the four sets of eigenvectors Uy, (¢) and
Ug,+ (¢) by iterating over ¢ and following the steps below:

1. Compute the overlap matrix O(¢) = U; L@Uy, (P +6¢).

2. Compute the singular value decomposition O(¢) = U (¢p)S(¢) V' ().
3. Compute the gauge transformation matrix G(¢) = U(¢p) V(¢p).

4. Update the eigenvectors Uy + (¢ +5¢p) — Uy, (¢ +8P)G' ().

5. Repeat for the next value of ¢, until ¢ = 27.

6. Compute the overlap matrix O(2r) and spread the gauge transformation uniformly
over all the eigenvectors.

The last step ensures that the gauge is also 27-periodic. Additionally, if a symmetry that
maps ¢ to —¢ is present, e.g. time-reversal, we further constrain the gauge by choosing
symmetric eigenvectors at ¢ = 0, 7. By the end of this procedure, the overlap matrix O(¢)
is the identity matrix in the limit 6¢p — 0, making the eigenvectors smooth functions of
¢. We repeat the same procedure for the eigenvectors Uy, (¢) and Ug 4+ (¢p). The code for
constructing the smooth gauge is available in Ref. [54].
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IDENTIFYING BIASES OF THE
MAJORANA SCATTERING INVARIANT

Isidora Araya Day, Antonio L. M. Manesco, M. Wimmer, and Anton R. Akhmerov

The easily accessible experimental signatures of Majorana modes are ambiguous and only
probe topology indirectly: for example, quasi-Majorana states mimic most properties of
Majoranas. Establishing a correspondence between an experiment and a theoretical model
known to be topological resolves this ambiguity. Here we demonstrate that already theoret-
ically determining whether a finite system is topological is by itself ambiguous. In partic-
ular, we show that the scattering topological invariant—a probe of topology most closely
related to transport signatures of Majoranas—has multiple biases in finite systems. For
example, we identify that quasi-Majorana states also mimic the scattering invariant of
Majorana zero modes in intermediate-sized systems. We expect that the bias due to finite
size effects is universal, and advocate that the analysis of topology in finite systems should
be accompanied by a comparison with the thermodynamic limit. Our results are directly
relevant to the applications of the topological gap protocol.

Own contribution to work: Contributed to defining the project scope, developing
the simulations, producing the figures, and writing the manuscript.
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66 5. MAJORANA SCATTERING INVARIANT

5.1. INTRODUCTION

The quest to create a topological phase inevitably faces an obstacle: how to determine
whether a system is in fact topological? Unlike simulations that reveal all the information
about a system, experimental probes are limited and do not directly measure the signa-
tures of topology [1, 2, 3, 4]. Furthermore, even defining what topological means in a
finite system, rather than in the thermodynamic limit, is inherently ambiguous. The cel-
ebrated Pfaffian invariant sign (Pf[i H(k = 0)] Pf[i H(k = m)]), for example, tells whether
a sufficiently long one-dimensional superconductor hosts Majorana zero modes at its
boundaries [5]. Finite size effects couple the Majorana zero modes and give them an en-
ergy splitting, which is exponentially small in the length of the superconductor. There-
fore, the question of whether a finite sample is topological is as ambiguous as asking
whether an exponentially small energy splitting is zero.

An approach to determine the presence of Majorana zero modes in small systems
is the scattering invariant [3, 6]. To compute it, we attach a metallic lead to both ends
of a Majorana nanowire and obtain the reflection matrix r that relates the incoming
and outgoing wave functions from a lead. In the presence of Majorana zero modes,
signdetr = —1, while in their absence, signdetr =1 [3, 6, 7]. Because the determinant of
the reflection matrix may only change sign upon the appearance of transmitting modes
along the nanowire, phase transitions in the scattering invariant are directly related to
a closure of the transport gap. Away from the phase transition the nontrivial scattering
invariant predicts the appearance of the zero bias local conductance peak—an experi-
mental signature of Majorana zero modes [1]. This approach has been used to compute
the topological invariant in disordered nanowires [8, 9], because it does not require trans-
lational invariance and it is computationally efficient.

It is well known that in a finite superconductor the scattering invariant turns trivial if
the leads are coupled weakly to the Majorana zero modes by tunnel barriers [3]. This ef-
fect vanishes as the length of the nanowire becomes larger, with the scattering invariant
converging to topological in the thermodynamic limit. This bias towards the invariant
being trivial complicates finding parameters that realize a topological phase. A reverse
bias is much more dangerous: identifying a small system as topological while a longer
one would be trivial may lead research in an incorrect direction. To mitigate this risk, we
answer the following question: what are the mechanisms that lead to a biased interpre-
tation of the scattering invariant in Majorana nanowire simulations? In particular, we
investigate biases of the scattering invariant in the presence of quasi-Majorana modes—
zero energy modes that are not topologically protected [10, 11, 12].

5.2. SCATTERING INVARIANT IN THE STRONGLY COUPLED LIMIT

The first step to compute a scattering invariant is to define a quantum transport setup
where metallic leads are attached to a scattering region. The scattering matrix S relates
the amplitudes of the incoming and outgoing modes in the leads:

@out = Sin, (5.1)

where @iy and @,y are vectors with the modes amplitudes. A direct way to compute the
scattering matrix is to use the Hamiltonian of the entire system and the semi-infinite
leads and solve the scattering equations numerically [13], for example using the Kwant
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package [14]. Alternatively, in the weak coupling limit, the Mahaux-Weidenmidiller for-
mula [15] provides an approximation of the scattering matrix:

-1
S(E) =1 —2m‘W(E— H+ inw*w) wh, (5.2)

where H is the low-energy Hamiltonian of the scattering region, E is the energy of the
incoming modes, and W is the coupling between the lead and the low-energy states of
the scattering region. Because H and W only contain low-energy degrees of freedom,
the matrices are small, making the Mahaux-Weidenmiiller formula especially useful to
compute the scattering matrix analytically.

The single metal-superconductor interface shown in Fig. 5.1(a) is sufficient to de-
fine the scattering invariant in the thermodynamic limit. As long as the superconductor
is gapped, all the sub-gap electron and hole modes that approach the superconductor
reflect back into the metallic lead, such that the scattering matrix only consists of a re-
flection matrix, S = r. Because a Hermitian system conserves the total particle number,
S is unitary, making r'r = 1. In the particle-hole basis, the reflection matrix is a 2 x 2
block-matrix that relates the incoming and outgoing electron and hole modes:

r= (r“ reh), (5.3)
The Thh

where particle-hole symmetry constraints ensure that re(E) = rp, (—E) and rep(E) =
r.(—E). The combination of both constraints at E = 0 restricts

Q =detr, (5.4)

to only take values Q = +1. To demonstrate that Q is a topological invariant, we use the
Mahaux-Weidenmdiller formula in Eq. (5.2) to compute the scattering matrix with a min-
imal Hamiltonian in both limits. The trivial limit has no sub-gap modes, therefore S = 1
and Q = 1. The topological limit has a single Majorana zero mode at the interface, so
that H=0and W = (t,£*)” where we choose the coupling to the lead ¢ to be real. This
gives S(E =0) = -0y and Q = —1. Furthermore, the value of Q may only change if the su-
perconducting gap closes and electrons and holes transmit into the superconductor [3,
6], a feature directly related to the appearance of a peak in non-local conductance mea-
surements [3, 4]. The gap closing points separate the trivial regions with Q = 1 from the
topological regions with Q = —1.

Counterintuitively, a simple argument shows that making the superconductor finite
always gives a trivial scattering invariant. Let us consider a metallic lead attached to a fi-
nite trivial region which we gradually tune into a topological phase. For the finite region
to undergo a topological phase transition, det r must continuously change sign and thus
cross zero. This is however impossible if there is only one lead attached to the system,
because for r to have a zero eigenvalue a transmission into another lead must appear.
As a consequence, the invariant cannot change sign and remains O = 1 for all parameter
values. This apparent contradiction appears due to the resonant coupling between the
lead and the Majorana zero mode at the terminated end of the superconductor. There-
fore, to compute the scattering invariant in a finite system, we must attach two leads, as
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Figure 5.1: Quantum transport setup for computing the scattering invariant in a Majorana nanowire. (a) Nor-
mal metallic lead (white) attached to a superconducting nanowire (gray), a one-terminal setup. The incoming
electron (blue) and hole (red) modes reflect back from the gapped superconductor. The reflection matrix r en-
codes the presence of Majorana zero modes (purple). (b) Two-terminal setup with a metallic lead attached to
each end of the nanowire. In the thermodynamic limit, the incoming electron and hole modes from both leads
reflect back from the superconductor. (c) Phase diagram for nanowires of different lengths, with Iso = t/a the
spin-orbit length. The lines show the parameter values where the scattering invariant changes sign. (d) Deter-
minant of the reflection matrix as a function of the Zeeman field across the phase transition for fixed u =0, as
shown by the red dashed line in (c). Details of the simulation are in the appendix.

shown in Fig. 5.1(b). In this case, the scattering matrix is a 2 x 2 block-matrix that relates
the incoming and outgoing modes in the left (L) and right (R) leads:

S= ( 'L tLR), (5.5)
IR TR

where the blocks ry and rg are the reflection matrices for each lead, and t; g and tgy, are
the transmission matrices between the leads. Because S is unitary, r; and rg are sub-
unitary instead, and may have zero eigenvalues, which in turn correspond to the phase
transition in a finite system. In a two-terminal setup we use Q = signdetr; = signdetrg.
Particle conservation and particle-hole symmetry constraints ensure that the scattering
invariant is the same in both leads in a two-terminal setup [3], a result we also confirmed
numerically throughout this work.

To compare the scattering invariant in the thermodynamic limit and finite systems,
we simulate a microscopic one-dimensional nanowire [16, 17] using the Kwant pack-
age [14]. The nanowire has a chemical potential i, Zeeman field Ez, spin-orbit coupling
a, and superconducting pairing A, and the leads are modeled by setting A = 0. Details
of the simulation are in the appendix and the code for this figure and the rest of the pa-
per are available in Ref. [18]. In the thermodynamic limit, the phase transition occurs at
Ez = \/p? + A?. Figure 5.1(c) shows the phase transition of finite nanowires of different
lengths, which we determine by finding the parameters for which the scattering invari-
ant changes sign. This simulation demonstrates the first bias when interpreting the scat-
tering invariant in finite systems: if a nanowire is not sufficiently long, the transition to a
topological phase may appear to be at a smaller critical field than in the thermodynamic
limit. This is a counterintuitive result, because shorter nanowires are expected to have
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a larger energy splitting between the Majorana zero modes, and therefore a larger criti-
cal field. We observe that changing the chemical potential in the leads shifts the phase
transition to larger Zeeman fields, indicating that the scattering invariant is sensitive to
the self-energy of the leads. We thus attribute the bias to the self-energy of the leads: the
finite Zeeman field splits the electron and hole modes in the leads, which has a back-
action in the properties of the reflection matrix close to the phase transition. Despite
the bias, Fig. 5.1(d) shows that for Zeeman fields lower than the true critical value the
transmission between the two leads stays sizeable. The quantity detr is also known in
the literature as the topological visibility [19, 20, 21].

5.3. SCATTERING INVARIANT IN THE TUNNELING LIMIT

The back-action of the lead on the scattering region becomes smaller if the lead is cou-
pled through a tunnel barrier. Tunnel barriers are also useful to identify individual states
through resonant tunneling and they have practical advantages for measuring non-local
conductance. Because we have identified the self-energy of the leads as a source of bias,
it is natural to consider tunnel barriers as a solution to this problem. In this section we
show that tunnel barriers introduce their own biases too.

5.3.1. STRONG MAJORANA OVERLAP
An effective description of the finite nanowire with tunnel barriers is given by the Hamil-
tonian:

tr O

[ O iEy g o
HNW_(—iEM 0 ), W= 0 tr (5.6)

0 15

where Hynw is the Hamiltonian in the Majorana basis and W is the coupling matrix be-
tween the Majorana zero modes and the leads. The columns of W are in the Majorana
basis, while the rows are in the electron and hole mode basis of the right and left leads,
WLe, WL h WRe Wril. The coupling Ejr between the Majorana zero modes is exponen-
tially small in the length of the nanowire, and the tunnel barriers determine the tunnel-
ing amplitudes ¢; and tr between the left and right leads and the Majorana zero modes,
respectively. Here we disregard the coupling between the Majorana zero modes and the
lead at the opposite end of the nanowire for simplicity.

To find an analytical expression for the scattering invariant, we substitute Eq. (5.6)
into the Mahaux-Weidenmiiller formula (5.2):

Eil—FLFR: <0 ifEy<vyTiIg,
E2, +TTg  |>0 ifEy>VIiTg,

where T'; = 27|¢;|°. This result constitutes another bias: the scattering invariant is ag-
nostic to the presence of Majorana zero modes if the coupling to the leads is smaller
than the Majoranas’ energy splitting (3], I'; < E);. We also confirm this bias beyond the
weak coupling limit by solving the scattering equations numerically in a microscopic
nanowire with two Gaussian-shaped tunnel barriers of height V, as shown in Fig. 5.2(a).
Because E); is exponentially small in the length of the nanowire, the scattering invariant
may indicate a trivial phase in a system that is topological in the thermodynamic limit.

detr = (6.7)

2.




70 5. MAJORANA SCATTERING INVARIANT

(a‘) 20

1

- tL Eo tR

~

g 0 _\
101

L/l

EML E)p MR
- 10 2 107!
Vo/A a/lso

Figure 5.2: Scattering invariant of a finite nanowire with symmetric tunnel barriers. (a) Nanowire in the Ma-
jorana regime, % + A2 > E%, with varying tunnel barrier amplitude Vj. (b) Nanowire in the quasi-Majorana
regime (trivial) as a function of the tunnel barrier width o. The insets illustrate the low-energy degrees of free-
dom (purple circles) with their effective couplings (arrows).

5.3.2. QUASI-MAJORANA STRONG OVERLAP

That the scattering invariant is blind to modes that are weakly coupled to the leads is
no surprise: in the limit where a mode is not coupled at all, it cannot be detected. The
mechanism, however, raises an interesting question: are there any regimes where trivial
states may be misinterpreted as topological? Generally, two trivial bound states localized
at the same end of the nanowire couple to each other and gap out. However, the presence
of a smooth position-dependent potential may suppress the hybridization of the bound
states, making them robust to changes in the systems parameters [10, 11, 12]. Due to
their stability and the similarity of their signatures to Majorana zero modes|22, 23], these
states are known as quasi-Majorana modes. Distinguishing them is an open challenge
in the field.

The effective Hamiltonian of a nanowire with quasi-Majorana modes is:

0 iEyvr 0 0 tr 0 0 O
|-iEmz O iE, 0 |t 0 0 o0

Haw=1 —iEp 0 iEmr |’ W=10 0 o |’ 5-8)
0 0 -iEyr O 0 0 0 ¢

where Hyw and the columns of W are in the Majorana basis that label the four quasi-
Majorana modes, while the rows are the same as in the previous case. Ej;; and Epsg cou-
ple quasi-Majorana modes at the same end of the nanowire, while Ey couples the quasi-
Majorana modes at opposite ends. For simplicity, we only consider nearest-neighbor
couplings between the quasi-Majorana modes and the leads, as shown in the inset of
Fig. 5.2(b). Once again we use the Mahaux-Weidenmiiller formula (5.2) to obtain an an-
alytical expression for the scattering invariant:

2 2 2
_EOFLFR + EMLEMR

) (5.9
2 2 2
EOFLFR + EMLEMR

detr =

where I'; = 27|;]*. Remarkably, in the regime where one pair of quasi-Majorana modes
is strongly coupled to the leads while the other is not, |I'z|, [T'rl, Eg > Epm1, EMr, the scat-
tering invariant becomes Q = —1. This is shown in Fig. 5.2(b) for a microscopic one-
dimensional nanowire with Gaussian-shaped tunnel barriers, where the width o of the
tunnel barriers controls Eys, Epg, 'L, and I'g. Without further analysis, one may incor-
rectly interpret the trivial quasi-Majorana modes as Majorana zero modes.
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5.3.3. QUASIPARTICLE SINKS

That the scattering invariant may be computed from the left or right leads in a two-
terminal setup is a general and robust property that holds for any 2 x 2 block-matrix
scattering matrix. We illustrate this using random matrices and computing the deter-
minant of the diagonal blocks. The results are shown in Fig. 5.3(a): both blocks always
share the same determinant, as expected in a two-terminal setup. This property breaks
in the presence of additional quasiparticle sinks or sources in the system, for example an
additional lead attached to the nanowire. Any other mechanism that loses particles into
the environment, like superconducting vortices or non-hermitian effects, has a similar
consequence. We illustrate the breakdown of the equivalence between the scattering in-
variants using random matrices with a 3 x 3 block structure in Fig. 5.3(b), where the third
block represents the quasiparticle sink. The impact of quasiparticle sinks in the scat-
tering invariant is relevant in interpreting the results the topological gap protocol [8, 9]
because the simulation results used to calibrate it [24] show in Fig. 5.3(c) a significant de-
viation from the two-terminal behavior. This deviation likely occurs due to the presence
of a Dynes parameter mentioned in Ref. [8].

(a) Two blocks (b) Three blocks  (c¢) Simulated TGP
1 . T ] 104
rL "L
&
= TR i)
5 07 T T 10° 2
= detrs O
—1°0:°1
-1 . . . i ®100
-1 0 1 -1 0 1 -1 0 1
detry, detry, detry,

Figure 5.3: Distribution of the scattering invariant computed from the left and right leads in correct and incor-
rect setups. (a) Determinant of the diagonal blocks of 2 x 2 special orthogonal matrices sampled randomly. (b)
Determinant of the diagonal blocks of 3 x 3 special orthogonal matrices sampled randomly. (c) Superimposed
data of different experiments from the benchmarks of the topological gap protocol [9, 24]. The inset shows the
data for the simulation with the largest variance of detrp —detry.

We consider the specific case of a superconductor where the quasiparticles have a
finite lifetime and decay into the environment. This is often modeled using an imagi-
nary diagonal term in the superconducting Hamiltonian—the Dynes parameter—which
results in a non-hermitian self-energy [19]. We study the effect of the Dynes parameter
7> 0 on the scattering invariant of a nanowire with quasi-Majorana modes. We focus on
the effective Hamiltonian of one end of the nanowire:

. 0

[ —in iEpmg _ tI:k 0
HNW_(—iEML _in), W= 0 0 s (5.10)

0 0.

where Hyw is the Hamiltonian in the Majorana basis and W is the coupling matrix be-
tween two quasi-Majorana modes at one end of the nanowire and the corresponding
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lead, asin Fig. 5.4(a). For simplicity we disregard the coupling to the other quasi-Majorana
modes. Using the Mahaux-Weidenmiiller formula we find the scattering invariant:

EJZ\/[L + 712 - an

detr = (5.11)

B, +m2 41T ’
where I'; = 27|t |> Equation (5.11) shows that the scattering invariant is topologically
nontrivial in the regime I'y > 1, EIZW/ 7n, even though the quasi-Majorana modes are triv-
ial. We confirm this result numerically in a microscopic one-dimensional nanowire with
symmetric tunnel barriers, as shown in Fig. 5.4(b). Furthermore, in Fig. 5.4(c) we show
that the scattering invariant computed from the left and right leads does not agree in the
presence of the Dynes parameter if the coupling to the leads is also asymmetric. This
is the third bias we identify, and it demonstrates that the level broadening introduced in
Ref. [8, 9] may systematically make the scattering invariant topologically nontrivial in the
quasi-Majorana regime, even while keeping the scattering matrix approximately unitary.
Even worse than the other cases, this bias persists in the thermodynamic limit, when the
two ends of the nanowire are decoupled. It therefore invalidates the topological visibility
as areliable indicator of Majoranas in a system with a single NS interface and dissipative
broadening [19].
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Figure 5.4: Nanowire with quasi-Majorana modes and a Dynes parameter. (a) Illustration of the low-energy
degrees of freedom (purple circles) with their effective couplings (arrows). (b) Scattering invariant as a function
of the Dynes parameter 7 for a nanowire with two symmetric tunnel barriers. (c) Scattering invariant as a
function of the Dynes parameter 7 for a nanowire with two asymmetric tunnel barriers of different heights and
widths.

5.4. DISCUSSION
We demonstrated multiple ways in which a scattering invariant of a finite system is bi-
ased compared to the thermodynamic limit:

 Inthe openregime, the back-action from the leads enhances Zeeman splitting and
pushes the topological transition to smaller fields.

e Weak tunnel couplings to the leads allow Majoranas at the opposite ends of the
system to couple, so that the system appears trivial.

e Similarly, resolving the coupling between the quasi-Majorana modes at different
ends of the system makes a trivial system appear topological.
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These biases diminish as the system size is increased, but they are likely to be relevant
to the ongoing experimental efforts. In addition to these biases, we demonstrated that
quasiparticle sinks may make quasi-Majorana states appear topological also in the ther-
modynamic limit.

Our analysis focused on the scattering invariant because of its relation to the trans-
port properties, however, the finite size effects unavoidably affect other topological in-
variants too. We therefore propose to always combine the analysis of the finite system
with a comparison to the behavior in the thermodynamic limit. In disordered systems
such analysis must also include disorder averaging and confirming that the results are
not influenced by insufficient averaging.
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5.5. DETAILS OF THE TIGHT-BINDING MODEL

Throughout this work, we perform the numerical simulations using a one-dimensional
model of a semiconducting nanowire proximitized by a superconductor [16, 17]. The
tight-binding Hamiltonian is given by:

H=Y YIHY, + ¥ H"PW,,; +hc,
n

(5.12)
H=(2t-p)t,+AT,+Ezo,, H"P=

ia
-+ ?O'y Tz,
where ¥ = (cp,,1,Cp, —c; I cjl T)T is the Nambu spinor of the annihilation operators ¢y, s
of electrons with spin o at site n. The Pauli matrices 7; and o; act on the particle-hole

and spin degrees of freedom, respectively. The hopping amplitude between nearest
neighbors is ¢, which we set to 1, p is the chemical potential, « is the Rashba spin-orbit
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coupling strength, E7 is the Zeeman energy parallel to the wire. The superconducting
pairing potential A is finite in the nanowire, and absent in the normal leads.

Additionally, to demonstrate the biases in Fig. 5.2 and Fig. 5.4 we consider tunnel
barriers at the ends of the nanowire, which modulate the coupling to the leads. We model
the tunnel barriers as a Gaussian potential:

Hparrier = Z Z \I/L { Viexp
I=LLR N

(xn —JC())2
2
g

TZ}\I—’H, (5.13)

where x;-; r are the center positions of the tunnel barriers, V;—; r are their maximal
heights, and 0,-1, p are their standard deviations.

We implement the tight-binding Hamiltonian with the Kwant package [25] and use
it to obtain the scattering matrix at zero energy. To ensure that the scattering matrix is
real, we provide the particle-hole operator P = 0,7, to Kwant, see Ref. [18] for the code.
To produce Fig. 5.1(c-d) in the main text, we set A = 0.01 and a = 0.1 in a nanowire with
L =600 sites. In Fig. 5.2(a) we use u =0.1, A =0.05, « =0.02, B=0.2, 0, =og =10 to
ensure the Majorana regime in a finite nanowire with L = 1000 sites. In Fig. 5.2(b) we use
©t=0.12, A=0.05 ¢ =0.02, Ez = 0.1, and V; = Vg = 0.15 to ensure the quasi-Majorana
regime in a finite nanowire with L = 1000 sites. We define I5, = t/a as the spin-orbit
length.

Finally, to demonstrate the effects of quasiparticle loss, we add a Dynes parameter
to the nanowire Hamiltonian:

Higss = =i Y n¥hW, . (5.14)
n

This is a minimal model for a non-hermitian self-energy term in a superconducting sys-
tem. Figure 5.4 is computed for n € [107'2,10], u = 0.12, A = 0.02, & = 0.2, E; = 0.1,
Vi = Vg =0.1, and L = 1000 sites. In Fig. 5.4(a) we use o = o = 10, and in Fig. 5.4(b) we
use oy =10 and o g = 20.
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CHIRAL ADIABATIC TRANSMISSION
PROTECTED BY FERMI SURFACE
TOPOLOGY

Isidora Araya Day, Kostas Vilkelis, Antonio L. M. Manesco, A. Mert Bozkurt,
Valla Fatemi, and Anton R. Akhmerov

We demonstrate that Andreev modes that propagate along a transparent Josephson junc-
tion have a perfect transmission at the point where three junctions meet. The chirality and
the number of quantized transmission channels is determined by the topology of the Fermi
surface and the vorticity of the superconducting phase differences at the trijunction. We
explain this chiral adiabatic transmission (CAT) as a consequence of the adiabatic evolu-
tion of the scattering modes both in momentum and real space. The dispersion relation of
the junction then separates the scattering trajectories by introducing inaccessible regions
of phase space. We expect that CAT is observable in nonlocal conductance and thermal
transport measurements. Furthermore, because it does not rely on particle-hole symmetry,
CAT is also possible to observe directly in metamaterials.

Own contribution to work: Contributed to defining the project scope, performing
the numerical simulations, preparing the figures, and writing the manuscript.

Parts of this chapter have been published as Chiral adiabatic transmission protected by Fermi surface topology,
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78 6. CHIRAL ADIABATIC TRANSMISSION

6.1. INTRODUCTION

Unlike particles that follow deterministic trajectories, waves, both quantum and classi-
cal, may split and follow multiple paths. Under special conditions, however, waves follow
a deterministic path, transmitting perfectly from source to target. The simplest mecha-
nism that protects such transmission is the adiabaticity of the potential landscape: if the
potential changes slowly enough, the wave functions adjust to the local changes of the
potential without splitting into partial waves. In a quantum point contact [1], for exam-
ple, the adiabaticity of the constriction ensures that an integer number of modes pass
through, while the rest of the modes reflect. Another mechanism that protects quan-
tized transmission is the topology of a gapped Hamiltonian, which prohibits scattering
between channels due to a combination of their symmetry structure and spatial separa-
tion. For example, the chiral edge transport of a quantum Hall insulator [2] is protected
because the channels propagating in opposite directions occupy different edges of the
sample, and are separated by a gapped bulk.

Topological protection, however, extends beyond the bulk properties of an insulator.
Specifically, the number of electron- and hole-like Fermi surfaces give rise to the quan-
tized transmission of Andreev modes propagating in a superconductor — normal metal —
superconductor (SNS) junction at a 7 phase difference [3]. While these modes are dis-
persionless within the Andreev approximation (the linearization of the Hamiltonian at
the Fermi level) they acquire charge and velocity due to the nonlinearity of the normal
dispersion. At positive voltage bias, the nonlocal conductance measures the number of
electron-like critical points: Fermi surface points where the velocity is parallel to the in-
terface between the superconductors. Likewise, negative bias conductance counts the
number of hole-like critical points. The difference between electron and hole-like criti-
cal points is the Euler characteristic of the Fermi surface—a topological invariant [4].

To highlight our main result, we refer the reader to Fig. 6.1: a multiterminal short SNS
junction has quantized chiral transmission of Andreev modes (see App. 6.5 and Ref. [5]
for the details of numerical simulations). In this device, pairs of superconductors form
waveguides for Andreev modes, which occupy an energy range below the superconduct-
ing gap and above a minimal energy determined by the phase difference across the junc-
tion. At the point where multiple junctions meet, the Andreev modes from different
waveguides perfectly transmit clockwise or counterclockwise, depending on the wind-
ing of the superconducting phases.

While protected chiral transport also exists in quantum Hall systems, the modes in
the SNS junction occupy the same spatial region, and therefore the mechanism is dis-
tinct. Furthermore, the different scattering trajectories are not distinguished by any
quantum number, which excludes symmetry-based protection. In the following, we ex-
amine this phenomenon and explain how chiral transmission emerges from the disper-
sion of the Andreev states beyond the Andreev approximation and the topology of the
Fermi surface. Because the scattering is protected by the adiabaticity of the wave func-
tion evolution, we name this phenomenon chiral adiabatic transmission (CAT).

6.2. PERTURBATIVE ANALYSIS IN A JOSEPHSON JUNCTION
To understand the origin of CAT, we consider a Josephson junction: a normal metal be-
tween two superconductors, as shown in Fig. 6.2(a). We generalize the result of Ref. [3] to
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Figure 6.1: A three-terminal Josephson junction has quantized chiral transmission of Andreev modes. Left:
Three superconductors with an infinitesimally narrow ballistic metal in between (N). The superconductors
have the same normal Hamiltonian with chemical potential . The gap A is constant, but the superconducting
phases ¢ 7, ¢1, and ¢p differ, such that all the phase differences are 27/3. Andreev modes propagate along
the junctions as shown by the arrows. Right: Transmission of Andreev modes from lead 1 into itself (771), lead
2 (T21), and lead 3 (731), for a Y-shaped three-fold symmetric junction. Transmissions from leads 2 and 3 are
not shown, but are likewise quantized and chiral. Above the superconducting gap the scattering modes are not
confined to the junctions and all transmission become enabled.

an arbitrary phase difference between the superconductors, as necessary to analyze a tri-
junction. To identify the role of corrections to the Andreev approximation, we consider
a parabolic dispersion in the direction y, perpendicular to the interface between the su-
perconductors. This is a good approximation close to a critical point and still gives a
qualitatively valid description of the dispersion away from the critical point. We consider
two s-wave superconductors with a gap A and a phase difference 6¢, with an infinitesi-
mally narrow metal between them. At a fixed momentum k, parallel to the junction, the
Bogoliubov-de Gennes Hamiltonian reads:

H(y) = [—aai —Exlt,+Acos(6¢p/2)T +sign (y)Asin(6¢p/2)T, (6.1)

where 7, , are Pauli matrices acting on the particle-hole degree of freedom, 2a is the in-
verse effective mass, and E is the position of the band bottom. Considering the disper-
sion near a critical point with k, = k. +06 ky gives E; = —v,6k,, and reproduces the Hamil-
tonian of Ref. [3] when §¢ = . For a parabolic band, on the other hand, Ey = p— ak?,
with p the chemical potential.

The Andreev approximation follows from linearizing the dispersion relation around
the Fermi momentum kyg = +v/E,/|al in the y-direction as well as using the Ansatz
['W(y)) = exp(ikyoy) ly), where |y) is a two-component spinor that only changes slowly
with y. This approximation is valid when A « E. Applying Eq. (6.1) to |¥(y)) and ne-
glecting 0?, ly), we find that |y) is an eigenstate of the linearized Hamiltonian

HO(y) = F2iakyo0,7, + Acos(3¢/2)T , +sign (y)Asin(3¢/2)T,,. (6.2)

This Hamiltonian has one bound state for each sign of +ky0, which we use to construct
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the approximate eigenstates of H(y):

I‘I’(JP) ) = [Asin|6¢p/2] (il) exp
+ vy 1

where vy, = 2ak,y. The corresponding eigenvalues Ef_ro) = +Acos(0¢/2) are the result
of the Andreev approximation. To go beyond the linear approximation, we project the
full Hamiltonian H(y) onto the basis states I\Pf) (), keep only terms up to O(A?), and
obtain the effective Hamiltonian

Asin|6¢/2|

Vy

iikyoy_ |}’|] ’ (63)

A gin2
N i s |
This yields the dispersion of the Andreev modes
E,= iA\/ (A/2E,)2sin* (5¢/2) + cos? (5¢/2), (6.5)
and the corresponding eigenstates
Ni|¥P.(y) = (cos Bp/2) + %) Q) + % sin? (8¢/2) Y9 (y)), (6.6)

where N. is a normalization factor. The relative weights of the momenta +kyo con-

tributed by I\I’E_P) (»)) depend on 8¢ and E, /A, and are only equal at §¢ = n. Away from
6¢ =, the Andreev modes are asymmetric superpositions of the states at £k, and the
average momentum of the Andreev modes is misaligned with the junction. Figure 6.2(b)
shows the orientation 6 = arctan (ky/(k,)) of the average Andreev mode momentum as
a function of ky. At the lowest available energy, the momentum of the Andreev modes is
perpendicular to the interface (6 € {0,7}). Modes with k, close to the critical value have
0 = £7/2, and additionally their energy increases and eventually exceeds the supercon-
ducting gap. There are no modes with momentum parallel to the junction.

In the arms of the trijunction the average momentum of the Andreev modes is slightly
misaligned with the junction’s direction. Near the intersection, the momentum of the
scattering states changes continuously because the superconducting pairing—the only
position-dependent Hamiltonian term—is small. While some scattering processes at
the trijunction may occur without aligning the momentum of the Andreev modes with
the arms of the trijunction (see Fig. 6.3 (left)), others necessarily require the momentum
to be aligned with the arms at some point during the propagation (see Fig. 6.3(right)).
We therefore observe that the dispersion of the arms of the junction forms prohibited
regions in the phase space of the scattering modes. To confirm the phase space sepa-
ration of different scattering trajectories, we perform the Wigner-Weyl transform of the
scattering wave functions in the trijunction:

/ /
o(r,K) :fdr' okt s (r+%)w(r—%), ©.7)
This transform gives the Wigner quasiprobability distribution ®(r,k) of the wave func-
tion ¥ in phase space. We use that the Wigner distribution is peaked near the Fermi sur-
face and further simplify it by only considering k = (kg (E) cos8, kr(E) sinf), with kr(E)
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Figure 6.2: The quadratic dispersion of the Andreev modes hybridize states at opposite momenta, enabling
the propagation of the Andreev modes along the junction. (a) SNS short junction with arbitrary ¢ — ¢ phase
difference. (b) Spectrum of the junction in (a) for a normal dispersion with circular electron Fermi surface, and
¢, — g =2n/3 computed numerically (gray lines). The inset shows the Fermi surface with the critical points
(black dots) of the Fermi surface have ky = +kr, the Fermi wave vector. The perturbative dispersion of the An-
dreev modes (6.5) is colored according to the angle of the momentum expectation value 6 = arctan (kx /<ky>).

the Fermi momentum at the energy of interest. We show in Fig. 6.4(a) the resulting
Wigner distributions ®;(x, y,0) of the scattering wave functions v; injected from lead
i in the Y-shaped junction shown in Fig. 6.1, and confirm that ®; indeed do not overlap.
Because the asymptotic values of § depend on the orientation of the trijunction arms, we
also expect that the semiclassical trajectories overlap if we decrease the relative angle be-
tween any two arms. We confirm this by computing the Wigner distribution of scattering
modes in an arrow-shaped trijunction shown in Fig. 6.4(b), where the angle between two
pairs of arms is acute. In this geometry the separation of the scattering wave functions in
phase space is lost, and therefore the transmission of Andreev quasiparticles is no longer
quantized, as shown in Fig. 6.4(c). The separation of modes in momentum space is rem-
iniscent of the mechanism protecting quasi-Majorana modes: approximate zero modes
appearing in topologically trivial superconductors with broken time-reversal symmetry
in presence of smooth confining potentials [6, 7, 8].

A, o7 / 7 L. A, ¢r
-
7 AN
7 \
7 \
A ¢r 1 Adr NCTRL A, R
1 )
1y y
3 3

Figure 6.3: Allowed (left) and prohibited (right) scattering processes at the trijunction. The energy of a mode in
each of the three metallic arms of the trijunction is as a function of its orientation 6 and the phase difference
d¢. The orientation of the arrows depict the momentum of the modes at each position and at an energy that
lies within the superconducting gap.
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Figure 6.4: Wigner distribution of the scattering wave functions in two trijunctions with all phase differences
equal to 277/3. For clarity, we only show points where the probability density is above 0.2 times the maximum
value. The colors label the leads from which the scattering wave functions are injected. In a Y-shaped junction
the scattering wave functions are separated in phase space (a), and their transmission is protected (shown in
Fig. 6.1). In contrast, in a junction with acute angles between the arms, the Wigner distributions of the scatter-
ing wave functions overlap (b). The overlap in the phase space destroys the quantization of the transmissions
T;1 fromlead 1 (c). Transmissions from leads 2 and 3 are not shown.

6.3. CHIRAL ADIABATIC TRANSMISSION IN A TRIJUNCTION

Our arguments rely exclusively on the phase space separation of the scattering wave
functions and the adiabatic evolution of the momentum. Therefore, it is natural to ex-
pect that CAT does not depend on the details of the junction, the shape of the Fermi
surface, or even the presence of particle-hole symmetry. To confirm this assumption, we
simulate a trijunction with the following modifications:

¢ The phase differences across the three junctions are unequal.
¢ The junction has unequal angles between its arms.

e The Fermi surface is anisotropic.

e Particle-hole symmetry is artificially broken.

The resulting transmissions are shown in Fig. 6.5 (see Appendix 6.5 for the details of
the numerical simulations). Despite the modifications, the only qualitative difference
from the symmetric trijunction is that the different channels are open at different energy
ranges due to the different phase differences. At the energy where modes only exist in
one arm, the only allowed process is a reflection of the Andreev modes. At the energy
when a conduction channel opens in another arm, the Andreev modes perfectly trans-
mit between the two arms. Finally, only when the three arms have open channels, chiral
and quantized transmission is possible and realized.
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Figure 6.5: Dispersion and quantized chiral transmission of Andreev modes in an asymmetric trijunction with
unequal phase differences d¢p1,6¢2,0¢3. Left: Dispersion of each lead along the junction’s direction. The
dispersion of modes confined in the junction is colored according to the lead, and the bulk states’ dispersion is
shown in grey. The leads have the same normal Hamiltonian with an anisotropic Fermi surface (inset), but the
critical points are at different momenta, schematically shown with the dots. Right: Transmission of Andreev
modes from leads 1, 2, and 3, respectively, into the other leads or themselves. The colors label the outgoing
leads.

To prove that CAT is protected by the topology of the Fermi surface, rather than the
number of open channels, we consider a model with a next-nearest neighbor hopping in
the y-direction, such that it has a peanut-shaped Fermi surface. The resulting transport
simulations are shown in Fig. 6.6. The additional critical points of the Fermi surface that
appear in two out of three arms of the trijunction create extra particle-like and hole-like
channels [3]. At the trijunction the additional channels couple in a way that is sensitive to
the junction shape and may either reflect or partially transmit. Despite that, examining
the individual transmission eigenvalues—eigenvalues of 7;; t} ; with z;; the transmission
matrix from lead i to j—reveals that one of the eigenvalues stays quantized and chiral.
This once again follows from the phase space separation of the scattering modes: atleast
one of the chiral scattering channels in each arm is separated from other all other modes.

So far we focused on the transmission of Andreev modes, without considering the
electrical conductance. Our work differs from Ref. [3] in that we consider finite phase
differences, and therefore do not rely on time-reversal symmetry. On the other hand, the
electrical conductance in Ref. [3] is quantized because it is impossible to couple opposite
sides of the Fermi surface in the absence of large momentum scattering. To confirm the
robustness of the electrical conductance quantization at arbitrary phase differences, we
simulate the interface between a Josephson junction and a normal lead, and compute
the transmissions from the Andreev mode to the electron modes T,, and hole modes
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Figure 6.6: CAT in a trijunction with a peanut-shaped Fermi surface, with Euler characteristic yr = 1 equal to
that of a circular Fermi surface. The panels show the transmission eigenvalues of Andreev modes fromlead 1, 2,
and 3, respectively, into the other leads, while reflections are not shown. Only one of the eigenvalues per panel
is quantized and chiral, process shown by the arrows from critical points in the incoming lead (black dots) to
the critical points in the outgoing lead (colored dots). Unprotected transmissions are those not quantized for
A/2<E<A.

Tha, with the result being shown in Fig. 6.7(a). The electrical conductance in a symmet-
ric NSN geometry equals to (€?/ 1) Toq(Toq — Tha). We observe that similarly to Ref. [3],
the Andreev mode perfectly couples to electron modes at positive bias voltage, and hole
modes at negative bias voltage, despite breaking time-reversal symmetry. This general-
ization to arbitrary phase differences can be understood by thinking of the interface as
an SNS junction whose metallic region increases in width until it becomes a normal lead,
so that each Andreev mode adiabatically evolves into an electron or hole mode. The per-
fect injection of electrons into Andreev modes followed by chiral adiabatic transmission
and perfect emission of Andreev modes into electrons, results in a quantized nonlocal
electrical conductance. This enables a purely electric measurement of chiral adiabatic
transmission.

The coupling between the two approximate eigenstates I‘I/(J_P)> is o« A?/Ey, and it is
similar to the energy AZ/ p of a Caroli-de Gennes-Matricon (CAGM) bound state in a
superconducting vortex [9], where u is the distance between the band bottom and the
Fermi level. This similarity is not accidental: like the Andreev modes, the momentum
distribution of the CdGM states is confined to a cross-section of the Fermi surface and
their wave functions possess a similar electron-hole asymmetry. In Fig. 6.7(b), we show
that transmission from a CdAGM mode to electrons and holes has the same quantized
conductance as that of the Andreev modes. We compute the transmissions between two
semi-infinite leads: one a superconductor with a vortex and the other a normal metal.
Differently from Andreev modes, however, higher energy CdGM modes contribute the
same conductance as the lowest energy mode, so that the total number of quantized con-
ductance channels in a vortex is proportional to p/A. The conductance quantization of
CdGM modes, together with the unexplained quantization of the rectified conductance
in a superconducting quantum point contact [4] hints at a more universal description of
the underlying protection.
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Figure 6.7: Quantization of coupling between Andreev modes and electrons and holes at a normal metal —
Josephson junction interface. (a) Transmission of Andreev modes into electron (Te,) and hole (T},,) modes
from an infinitesimally narrow Josephson junction lead into a metallic one. (b) Transmission of Andreev modes
into electron (Teq) and hole (T},,) modes from a superconducting vortex with a finite metallic core into a
metallic lead.

6.4. DISCUSSION AND CONCLUSIONS

An experimental observation of CAT requires a ballistic Josephson junction. While we
considered a position-independent normal Hamiltonian, we expect that a sufficiently
smooth potential landscape will not affect the transmission. Thus, candidate platforms
must have high mobility and smooth normal-superconductor interfaces, potentially re-
alizable in several platforms. Devices with these properties have been fabricated us-
ing two-dimensional electron gases [10, 11, 12] and stackings of graphene with super-
conducting transition metal dicalchogenides [13, 14, 15]. Alternatively, twisted bilayer
graphene and Bernal bilayer graphene offer gate-defined Josephson junctions with in-
trinsic superconductivity tunable by electric fields [16, 17, 18, 19]. The ability to mea-
sure nonlocal electrical conductance while the superconductors are grounded poses an
additional challenge to observe the imprint of the Fermi surface topology on the An-
dreev transport. To suppress the contribution of the supercurrent to nonlocal conduc-
tance, many experiments operate in the tunneling regime [20, 21, 22, 10], which breaks
the quantization of nonlocal conductance. On the other hand, because CAT produces
asymmetry of transmission rather than only quantization, it becomes easier to observe.
For instance, in addition to purely 2D systems, we expect chiral transport to manifest in
high quality films of crystalline superconductors such as aluminum, where the Joseph-
son junctions are formed by narrowing the film thickness. Finally, the chiral nature of
the transport makes it observable in thermal transport measurements, which are less
sensitive to supercurrent.

Metamaterials offer another platform to observe CAT. Because introducing phase dif-
ferences requires breaking time-reversal symmetry, single valley transport in photonic
or acoustic honeycomb crystals [23, 24, 25, 26] is a promising starting point. In such
a system coupling an electron-like and a hole-like band that coexist in a single valley
mimics the effect of the superconducting pairing. A displacement of the valleys in mo-
mentum space then shifts the relative phase difference, implementing an analog of the
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superconducting phase difference. In addition to microscopic control over the effective
Hamiltonian, metamaterials naturally allow local high resolution probes and therefore
make the chiral nature of the scattering modes directly observable.

In summary, we have analyzed the transport of Andreev modes in a three terminal
Josephson junction. We demonstrated that the Fermi surface topology and adiabatic-
ity enable quantized chiral transmission by separating different channels in momentum
space. The chiral nature of the transport makes it observable in thermal, rather than
only electrical, transport measurements. Furthermore, because the transmission only
relies on the adiabaticity, rather than particle-hole symmetry, this phenomenon is also
observable in metamaterials. That the same phenomenology applies to superconduct-
ing vortices suggests a more general underlying description, which we leave for future
work.
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6.5. APPENDIX
The content in the figures of this paper was computed simulating the following tight-
binding Hamiltonian using Kwant [27]:

H= Hsuperconductor + Hnormal (6.8)
Hsuperconductor = Z (Ael('b" CIM C:t,l +Ae™n Cn,| Cn,T) ) (6.9)
n
Hporma = . Y| (2t +2ty —p) ¢} yeno — (fxCIHex,gCn,a + tyc;rﬁey’acn,a + h.c.) ,
o=,l n

(6.10)

where CI,'U (cn,o) creates (annihilates) an electron with spin ¢ at site n = (ny,ny) on a
square lattice. The superconducting phase ¢, is site-dependent, while the supercon-
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ducting gap A, chemical potential p € R, and the hopping amplitudes #y, fy are uniform.

To compute the transmission in the three-fold symmetric trijunction of Fig. 6.1 we
use a square lattice of size L = 100, with parameters u = 0.5, A = 0.1, £y =, = 1, and
phases ¢ = 2m/3, ¢pr = —2n/3, and ¢ = 0 for the left, right, and top regions respec-
tively. The system for the trijunction is shown in Fig. 6.8(a), where = 27/3 for the three-
fold symmetric system. We use the same parameters to compute the band structure in
Fig. 6.2 and the Wigner distribution in Fig. 6.4(a). To compute the Wigner distribution in
Fig. 6.4(b) and the wavefunctions’ transmissions in Fig. 6.4(c) we use the same parame-
ters, but we change decrease the angle between the arms such that 8 = 77/6, as shown in
Fig. 6.8(b). The code used to compute the transmission is available at [5], together with
the code used to generate all the other figures in this paper.

({l) | (1_7) (c)

Figure 6.8: The trijunction geometry. The system is composed of three superconducting regions (left, right,
and top) of superconducting phase ¢y, ¢r, and ¢, respectively. The metallic region between them is not
present, because it is infinitesimally thin. The left and right leads (red) are periodic in the x-direction, and the
bottom lead (red) is periodic in the y-direction. The angle § between the left and right arms of the junction is
2n/31in (a), 77/6 in (b), and 7/2 in (c).

In Fig. 6.5 we make Fermi surface anisotropic by adding the diagonal hoppings to the
Hamiltonian:

. (6.11)

— T
Hanisotropy = Z thyc;r,,gcn,n - (txycn+ex+ey,g Cno t h-C~)
n

o=1l

To compute the spectrum and transmissions in Fig. 6.5, we use a square lattice of size
L = 100, with parameters u = 0.5, A = 0.1, fy = £, = 1, and phases ¢; = 27/3 +1/2,
¢r = —2n/3, and ¢ = 0 for the left, right, and top regions respectively. Moreover, we
double the electron block of the Hamiltonian He, — 2H,, to artificially break particle-
hole symmetry, and we change the angle between the left and right arms of the junction
to f = m/2, as shown in Fig. 6.8(c).

In Fig. 6.6 we introduce the peanut-shaped Fermi surface by adding the next-nearest
neighbor hoppings to the Hamiltonian:

Hpeanut == 3, 3 | tyyChise, oCno +hec|. (6.12)

o=, n

To compute the transmissions in Fig. 6.6, we use a square lattice of size L = 100, with
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parameters u = 0.5, A =0.1, &y = 1.2, t;, = 0.8, tx, = 0, #, = —0.5, and phases ¢ = 27/3,
¢r=-2n/3, and ¢7 = 0 for the left, right, and top regions respectively.

To compute the electrical conductance between a normal region and a Josephson
junction in Fig. 6.7(a) we use a square lattice of size L = 60, and uniform parameters
1 =0.5and ty = t, = 1 for the whole system. In the superconducting regions we use
A = 0.1 and a phase difference ¢; — ¢pr = n/3. To compute the electrical conductance
between a normal region and a superconducting vortex in Fig. 6.7(b) we set up a three-
dimensional system with additional nearest-neighbor ¢, hoppings in the z-direction and
an onsite potential of 2¢,. We use a lattice of size L = 30 and uniform parameters p = 0.9
and fy = f, = ; = 1 for the whole system. In the superconducting region the super-
conducting phase forms a vortex with ¢ = arctan(y/z), and the superconducting gap is
position-dependent, A(y, z) = 0.25 x tanh(y/ y? + z2/5).
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PYMABLOCK: AN ALGORITHM AND A
PACKAGE FOR QUASI-DEGENERATE
PERTURBATION THEORY

Isidora Araya Day, Sebastian Miles, Hugo K. Kerstens, Daniel Varjas,
Anton R. Akhmerov

A common technique in the study of complex quantum-mechanical systems is to reduce
the number of degrees of freedom in the Hamiltonian by using quasi-degenerate pertur-
bation theory. While the Schrieffer-Wolff transformation achieves this and constructs an
effective Hamiltonian, its scaling is suboptimal, it is limited to two subspaces, and imple-
menting it efficiently is both challenging and error-prone. We introduce an algorithm for
constructing an equivalent effective Hamiltonian as well as a Python package, Pymablock,
that implements it. Our algorithm combines an optimal asymptotic scaling and the abil-
ity to handle any number of subspaces with a range of other improvements. The package
supports numerical and analytical calculations of any order and it is designed to be inter-
operable with any other packages for specifying the Hamiltonian. We demonstrate how
the package handles constructing a k.p model, analyses a superconducting qubit, and
computes the low-energy spectrum of a large tight-binding model. We also compare its
performance with reference calculations and demonstrate its efficiency.

Own contribution to work: Developed the algorithm, wrote the package, and wrote
the paper.

Parts of this chapter have been published as Pymablock: An algorithm and a package for quasi-degenerate
perturbation theory, SciPost Phys. Codebases 50 (2025).

91


https://scipost.org/SciPostPhysCodeb.50

92 7. PYMABLOCK

7.1. INTRODUCTION

Effective models enable the study of complex quantum systems by reducing the dimen-
sionality of the Hilbert space. Their construction separates the low and high-energy sub-
spaces by block-diagonalizing a perturbed Hamiltonian

AA
HM 0

Hz( 0o HPP

) +H, (7.1)
where Hj' and HE® are separated by an energy gap, and ' is a series in a perturbative
parameter. This procedure requires finding a series of the basis transformation / that
is unitary and that also cancels the off-diagonal block of the transformed Hamiltonian
order by order, as shown in Fig. 7.1. The low-energy effective Hamiltonian 744 is then
a series in the perturbative parameter, whose eigenvalues and eigenvectors are approx-
imate solutions of the complete Hamiltonian. As a consequence, the effective model is
sufficient to describe the low-energy properties of the original system while also being
simpler and easier to handle.

A common approach to constructing an effective Hamiltonian is the Schrieffer—-Wolff
transformation [1, 2], also known as Léwdin partitioning [3], or quasi-degenerate pertur-
bation theory. This method parameterizes the unitary transformation i/ = ¢S and finds
the series S that decouples the A and B subspaces of 7 = eSHe~S. This idea enabled
advances in multiple fields of quantum physics. As an example, all the k.p models are a
result of treating crystalline momentum as a perturbation that only weakly mixes atomic
orbitals separated in energy [4, 5, 6, 7]. More broadly, this method serves as a go-to tool
in the study of superconducting circuits and quantum dots, where couplings between
circuit elements and drives are treated as perturbations to reproduce the dynamics of
the system [8, 9]. Applied to time-dependent Hamiltonians, the Schrieffer—-Wolff trans-
formation is an essential tool for the design of quantum gates [10, 11].

Hy Hy H0+H1+H2

Figure 7.1: Block-diagonalization of a Hamiltonian with a first order perturbation.

Constructing effective Hamiltonians is, however, both algorithmically complex and
computationally expensive. This is a consequence of the recursive equations that define
the unitary transformation, which require an exponentially growing number of matrix
products in each order. In particular, already a 4-th order perturbative expansion that
is necessary for many applications may require hundreds of terms. While the computa-
tional complexity is only a nuisance when analysing model systems, it becomes a bottle-
neck whenever the Hilbert space is high-dimensional. Several other approaches improve
the performance of the Schrieffer-Wolff algorithm by either using different parametriza-
tions of the unitary transformation [12, 3, 13, 14, 15], adjusting the problem setting to
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density matrix perturbation theory [16, 17], or a finding a similarity transform instead
of a unitary [18]. An alternative formulation of the perturbative diagonalization uses
Wegner'’s flow equation [19, 20] to construct a continuous unitary transformation (CUT)
that depends on a fictitious flow parameter, which at infinity eliminates the undesired
terms from the Hamiltonian [21, 22]. CUT is common in the study of many-body sys-
tems [23], and it relies on solving a set of differential equations to obtain the effective
Hamiltonian. A more recent line of research even applies the ideas of Schrieffer-Wolff
transformation to quantum algorithms for the study of many-body systems [24, 25]. De-
spite these advances, neither of the approaches combines an optimal scaling with the
ability to construct effective Hamiltonians.

Another limitation of the Schrieffer—-Wolff transformation is that it only decouples
two subspaces at a time. While a straightforward generalization of the Schrieffer—-Wolff
transformation to multiple subspaces is to decouple one block at a time, this approach
is suboptimal and depends on the order in which the blocks are decoupled. The liter-
ature on multi-block diagonalization is scarce and considers two approaches: the least
action or the block-diagonality of the generator [26]. The former constructs a unitary
transformation that is as close as possible to the identity, and the latter constructs a
block off-diagonal unitary similar to the Schrieffer-Wolff generator. These approaches
are useful to design gates for superconducting qubits [27] and to characterize nonlocal
interactions in multi-qubit systems [28], both of which require the decoupling of qubit
subspaces from different sets of higher energy states. Reference [26], however, showed
that the two generalizations of the Schrieffer—-Wolff transformation yield different effec-
tive Hamiltonians when applied to more than two subspaces. While the perturbative
CUT method naturally decouples multiple subspaces [29], in general solving the differ-
ential equations inherent to the method may become a computational bottleneck. To
our knowledge, there is no general algorithm that constructs effective Hamiltonians for
multiple subspaces directly from the least action principle, and how to do so is an open
question.

We introduce an algorithm to construct effective models with optimal scaling, thus
making it possible to find high order corrections for systems with millions of degrees of
freedom. This algorithm exploits the efficiency of recursive evaluations of series satisfy-
ing polynomial constraints and obtains the same effective Hamiltonian as the Schrieffer—
Wolff transformation in the case of two subspaces. Our algorithm, however, deals with
any number of subspaces, providing a generalization of the Schrieffer-Wolff transforma-
tion for multi-block diagonalization and selective decoupling between any two states.
We make the algorithm available via the open source package Pymablock ! (PYthon MA-
trix BLOCK-diagonalization), a versatile tool for the study of numerical and symbolic
models.

7.2. CONSTRUCTING AN EFFECTIVE MODEL

We illustrate the construction of effective models by considering several representative
examples. The simplest application of effective models is the reduction of finite symbolic
Hamiltonians, which appear in the derivation of low-energy dispersions of materials.
Starting from a tight-binding model, one performs Taylor expansions of the Hamiltonian

IThe documentation and tutorials are available in https: //pymablock.readthedocs.io/
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near a k-point, and then eliminates several high-energy states [4, 6]. In the study of su-
perconducting qubits, for example, the Hamiltonian contains several bosonic operators,
so its Hilbert space is infinite-dimensional, and the coupling between bosons makes the
Hamiltonian impossible to diagonalize. The effective qubit model describes the analyti-
cal dependence of qubit frequencies and couplings on the circuit parameters [30, 31, 8,
32, 33, 34]. This allows to design circuits that realize a desired qubit Hamiltonian, as well
as ways to understand and predict qubit dynamics, for which computational tools are be-
ing actively developed [35, 36, 37]. Finally, mesoscopic quantum devices are described
by a single particle tight-binding model with short range hoppings. This produces a nu-
merical Hamiltonian that is both big and sparse, which allows to compute a few of its
states but not the full spectrum [38]. Because only the low-energy states contribute to
observable properties, deriving how they couple enables a more efficient simulation of
the system’s behavior.

Pymablock treats all the problems, including the ones above, using a unified ap-
proach that only requires three steps:

* Define a Hamiltonian
e Call pymablock.block_diagonalize
* Request the desired order of the effective Hamiltonian

The following code snippet shows how to use Pymablock to compute the fourth order
correction to an effective Hamiltonian H:

# Define perturbation theory
H_tilde, *_ = block_diagonalize([H_O, H_1],
— subspace_eigenvectors=[vecs_A, vecs_B])

# Request 4th order correction to the effective Hamiltonian
H_AA_4 = H_tilde[0, 0, 4]

The function block_diagonalize interprets the Hamiltonian Hy+ H as a series with
two terms, zeroth and first order and calls the block diagonalization routine. The sub-
spaces to decouple are spanned by the eigenvectors vecs_A and vecs_B of Hy. This
is the main function of Pymablock, and it is the only one that the user ever needs to call.
Its first output is a multivariate series whose terms are different blocks and orders of
the transformed Hamiltonian. Calling block_diagonalize only defines the computa-

tional problem, whereas querying the elements of H_tilde does the actual calculation
of the desired order. This interface treats arbitrary formats of Hamiltonians and system
descriptions on the same footing and supports both numerical and symbolic computa-
tions.

7.2.1. K.P MODEL OF BILAYER GRAPHENE
To illustrate how to use Pymablock with analytic models, we consider two layers of graphene
stacked on top of each other, as shown in Fig. 7.2. Our goal is to find the low-energy
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Figure 7.2: Crystal structure and hoppings of AB-stacked bilayer graphene.

model near the K point [6]. To do this, we first construct the tight-binding model Hamil-
tonian of bilayer graphene. The main features of the model are its 4-atom unit cell
spanned by vectors a; = (1/2, Vv3/2) and a, = (-1/2,v/3/2), and with wave functions
ba1,$B1,$a2,¢p2, where Aand B indices are the two sublattices, and 1, 2 are the layers.
The model has hoppings #; and %, within and between the layers, respectively, as shown
in Fig. 7.2. We also include a layer-dependent onsite potential +m.

We define the Bloch Hamiltonian using the Sympy package for symbolic Python [39].

t_1, t_2, m = sympy.symbols("t_1 t_2 m", real=True)
alpha = sympy.symbols(r'"\alpha")

H = Matrix([
[m, t_1 * alpha, 0, 0],
[t_1 * alpha.conjugate(), m, t_2, 0],
[0, t_2, -m, t_1 * alpha]l,
[0, 0, t_1 * alpha.conjugate(), -m]]

)
m ha 0 0
H= ha m 15 0
0 ) -m ha
0 0 fha* -m

where a(k) = 1 + e® 4 k2 with k the wave vector. We consider K = (471/3,0) the ref-
erence point point in k-space: k = (47/3 + ky, ky) because a(K) = 0, making k. and k,
small perturbations. Additionally, we consider m < t, a perturbative parameter.

To call block_diagonalize , we need to define the subspaces for the block diago-
nalization, so we compute the eigenvectors of the unperturbed Hamiltonian at the K
point, H(a(K) = m = 0). Then, we substitute a(k) into the Hamiltonian, and call the
block diagonalization routine using that ky, k), and m are perturbative parameters via
the symbols argument.




96 7. PYMABLOCK

vecs = H.subs({alpha: O, m: 0}).diagonalize(normalize=True) [0]

H_tilde, U, U_adjoint = block_diagonalize(
H.subs({alpha: alpha_k}),
symbols=(k_x, k_y, m),
subspace_eigenvectors=[vecs[:, :2], vecs[:, 2:]1] # AA, BB

The order of the variables in the perturbative series will be that of symbols . For ex-
ample, requesting the term o kjc k;ml from the effective Hamiltonian is done by calling
H_tilde[0, O, i, j, 1], where the first two indices are the block indices (AA). The
series of the unitary transformation U and U' are also defined, and we may use them to

transform other operators.
We collect corrections up to third order in momentum to compute the standard

quadratic dispersion of bilayer graphene and trigonal warping. We query these terms
from H_tilde and those proportional to mass to obtain the effective Hamiltonian (shown

as produced by the code)?:

312 2 . 2
Fluge = o m 11 (ki —2ikxky + ky) .
4—1( K +2ikyky + k3) -m
2
3;’;2“( K2 - k2) ‘ftz”l (k3 = 5ikZky + 9k k2 +3ik3)
VI (3 + 5ikZhy + 9k k2 — 31k 3"”1 (k2 + k2)

The first term is the standard quadratic dispersion of gapped bilayer graphene. The sec-
ond term contains trigonal warping and the coupling between the gap and momentum.
All the terms take less than two seconds in a personal computer to compute.

7.2.2. DISPERSIVE SHIFT OF A TRANSMON QUBIT COUPLED TO A RESONATOR
The need for analytical effective Hamiltonians often arises in circuit quantum electrody-
namics (cQED) problems, which we illustrate by studying a transmon qubit coupled to
a resonator [8]. Specifically, we choose the standard problem of finding the frequency
shift of the resonator due to its coupling to the qubit, a phenomenon used to measure
the qubit’s state [30]. The Hamiltonian of the system is given by

1
H=-w/ala; - —) +5 Laldlaa + o (ala,+ 3) ~glal -a)al-a), (7.2

where a; and a, are bosonic annihilation operators of the transmon and resonator, re-
spectively, and w; and w, are their frequencies. The transmon has an anharmonicity «,
so that its energy levels are not equally spaced. In presence of both the coupling g be-
tween the transmon and the resonator and the anharmonicity, this Hamiltonian admits
no analytical solution. We therefore treat g as a perturbative parameter.

2The full code is available at https: //pymablock.readthedocs.io/en/latest/tutorial/bilayer_gr
aphene.html.
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To deal with the infinite dimensional Hilbert space, we observe that the perturba-
tion only changes the occupation numbers of the transmon and the resonator by +1.
Therefore computing n-th order corrections to the np-th state allows to disregard states
with any occupation numbers larger than ng + n/2. We want to compute the second
order correction to the levels with occupation numbers of either the transmon or the
resonator being 0 and 1. We accordingly truncate the Hilbert space to the lowest 3 levels
of the transmon and the resonator. The resulting Hamiltonian is a 9 x 9 matrix that we
construct using Sympy [39].

Finally, to compute the energy corrections of the lowest levels, we call the function

block_diagonalize for each state separately, replicating a regular perturbation theory

calculation for single wavefunctions. To do this, we observe that Hy is diagonal, and
use subspace_indices to assign the elements of its eigenbasis to the 4 subspaces of
interest and the rest. This corresponds to a multi-block diagonalization problem with 5
blocks. For example, to find the qubit-dependent frequency shift of the resonator, y, we
start by computing the second order correction to [0,0,):

indices = [0, 1, 2, 3, 4, 4, 4, 4, 4] # 00 is the first state in the
— basis

H_tilde, *_ = block_diagonalize(H, subspace_indices=indices,

— symbols=[g]l)

H_tilde([0, 0, 2][0, O] # 2nd order correction to 00

gZ

—_— (7.3)
—Wrt+wy

) _

Egy =

Repeating this process for the states |1,0,), |0;1,), and |1,1,) requires also requesting
H_tilde[1, 1, 2]1[0, 0], H_tilde[2, 2, 2]1[0, 0] ,and H_tilde[3, 3, 2][0, 0] .
Combining all terms yields the desired resonator frequency shift:

_ (@ (2) (2) (2)

x = (B} — Ejg) — (Egy — Egg)
2g° 2g° 2g . 2g

at+w,—w; —Q+wrtw; Wt OF— W (7.4)

dag’ (aw;—w? - w?)

2 2

(Wr =) (Wr + ;) (—a+w, + ) (@+0r—w;)

In this example, we have not used the rotating wave approximation, including the fre-
quently omitted counter-rotating terms ~ a, a; to illustrate the extensibility of Pymablock.
Computing higher order corrections to the qubit frequency only requires increasing the
size of the truncated Hilbert space and requesting H_tilde[0, O, n] to any order n.

7.2.3. INDUCED GAP IN A DOUBLE QUANTUM DOT

Large systems pose an additional challenge due to the cubic scaling of linear algebra
routines with matrix size. To overcome this, Pymablock is equipped with an implicit
method, which utilizes the sparsity of the input and avoids the construction of the full
transformed Hamiltonian. We illustrate the efficiency of this method by applying it to
a system of two quantum dots coupled to a superconductor between them, shown in
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Fig. 7.3, and described by the Bogoliubov-de Gennes Hamiltonian:

&K?/2m—pge)o,+ Aoy, for L/3<x<2L/3,

) . (7.5)
k/12m—pp)o, otherwise,

Hpag = {

where the Pauli matrices o ; and o actin the electron-hole space, kis the 2D wave vector,
m is the effective mass, and A the superconducting gap.

We use the Kwant package [40] to build the Hamiltonian of the system 3, which we
define over a square lattice of L x W = 200 x 40 sites. On top of this, we consider two
perturbations: the barrier strength between the quantum dots and the superconductor,
tp, and an asymmetry of the dots’ potentials, 6 ui.

The system is large: it is a sparse array of size 63042 x 63042, with 333680 non-zero
elements, so even storing all the eigenvectors would take 60 GB of memory. The pertur-
bations are also sparse, with 632, and 126084 non-zero elements for the barrier strength
and the potential asymmetry, respectively. The sparsity structure of the Hamiltonian
and the perturbations is shown in the left panel of Fig. 7.3, where we use a smaller sys-
tem of L x W = 8 x 2 for visualization. Therefore, we use sparse diagonalization [41] and
compute only four eigenvectors of the unperturbed Hamiltonian closest to zero energy,
which are the Andreev states of the quantum dots.

vals, vecs = scipy.sparse.linalg.eigsh(h_0, k=4, sigma=0)
vecs, _ = scipy.linalg.qr(vecs, mode="economic" # orthogonalize the
— vectors

We now call the block diagonalization routine and provide the computed eigenvectors.

H_tilde, *_ = block_diagonalize([h_O, barrier, dmul,
— subspace_eigenvectors=[vecs])

Because we only provide the low-energy subspace, Pymablock uses the implicit method.
Calling block_diagonalize is now the most time-consuming step because it requires
pre-computing several decompositions of the full Hamiltonian. It is, however, manage-
able and it only produces a constant overhead of less than three seconds.

To compute the spectrum, we collect the lowest three orders in each parameter in an
appropriately sized tensor.

h_tilde = np.array(np.ma.filled(H_tilde[0, O, :3, :3],
— fill_value).tolist())

This takes two more seconds to run, and we can now compute the low-energy spectrum
after rescaling the perturbative corrections by the magnitude of each perturbation.

3The full code is available at https: //pymablock.readthedocs.io/en/latest/tutorial/induced_ga
p.html.
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def effective_energies(h_tilde, barrier, dmu):
barrier_powers = barrier ** np.arange(3).reshape(-1, 1, 1, 1)
dmu_powers = dmu ** np.arange(3).reshape(l, -1, 1, 1)
return scipy.linalg.eigvalsh(
np.sum(h_tilde * barrier_powers * dmu_powers, axis=(0, 1))

)

Finally, we plot the spectrum of the 2 Andreev states in Fig. 7.3. As expected, the crossing

Hoo + Hio + Hoy %103 . — o0
b = .
‘b ty, = 0.5
E‘MNJMTHSC,A KN O — t, =0.75
L
57 .
53 0
. e
T T .
0 6N 10

Figure 7.3: Hamiltonian (left) and Andreev levels (right) of two quantum dots coupled to a superconductor
(inset). The barrier t; between the dots and the superconductor, Hjg, and the asymmetry 6 between the
dots’ potential, Hp1, are perturbations.

at E = 0 due to the dot asymmetry is lifted when the dots are coupled to the supercon-
ductor. In addition, we observe how the proximity gap of the dots increases with the
coupling strength.

Computing the spectrum of the system for 3 points in parameter space would require
the same time as the total runtime of Pymablock in this example. This demonstrates the
speed of the implicit method and the efficiency of Pymablock’s algorithm.

7.2.4. SELECTIVE DIAGONALIZATION

Lastly, we demonstrate the generality of Pymablock’s algorithm by applying it to decou-
ple arbitrary states in a generic Hamiltonian. This is an alternative to separating a Hamil-
tonian into blocks, and it requires that the states to decouple are different in energy. To
illustrate this, we consider a 16 x 16 Hamiltonian H = Hy + H; with Hy a diagonal matrix
and H; a random Hermitian perturbation. Our goal is to construct an effective Hamil-
tonian whose only matrix elements are those in a binary mask, which, without loss of
generality, we choose to be a smiley face.

We apply the mask to the Hamiltonian by providing it as the fully_diagonalize
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argument to block_diagonalize i
H_tilde, *_ = block_diagonalize([H_O, H_1], fully_diagonalize={0:
— mask})

The argument fully_diagonalize is a dictionary where the keys label the blocks of
the Hamiltonian, and the values are the masks that select the terms to keep in that block.
We only used one block in this example: the entire Hamiltonian. Finally, the effective
Hamiltonian only contains the terms in the mask, as shown in Fig. 7.4.

mz

Figure 7.4: Selective diagonalization of a Hamiltonian with a random perturbation.

7.3. PERTURBATIVE BLOCK-DIAGONALIZATION ALGORITHM

7.3.1. PROBLEM STATEMENT
Pymablock finds a series of the unitary transformation ¢/ (we use calligraphic letters to
denote series) that eliminates the off-diagonal components of the Hamiltonian

H=Hy+H, (7.6)

with H' = H + H}, containing an arbitrary number and orders of perturbations with
block-diagonal and block-offdiagonal components, respectively. Here and later we use
the subscript S to denote the selected part and R to denote remaining components of
a series, with the goal of the perturbation theory to obtain a Hamiltonian with only the
selected part. In other words, we aim to find a unitary transformation ¢/ that cancels the
remaining part of the Hamiltonian. In different settings, selected and remaining parts
may mean different things. In quasi-degenerate perturbation theory, the Hilbert space
is subdivided into A and B subspaces, which makes Hy a block-diagonal matrix

(HpM 0
H"‘( 0  HyBB)

and the goal of the perturbation theory is to eliminate the offdiagonal AB and B A blocks
of H. In this case the selected part is the block-diagonal part, and the remaining part
is the block-offdiagonal part. Differently, in the context of Rayleigh-Schrédinger pertur-
bation theory, Hy is a diagonal matrix so that the selected part is the diagonal, and the
remaining part of an operator are all its matrix elements that are not on the diagonal.

(7.7)

“4The full code is available at https: //pymablock.readthedocs.io/en/latest/tutorial/getting_st
arted.html#selective-diagonalization.
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To consider the problem in the most general setting, we only require the selected and
remaining parts of an operator to satisfy the following constraints:

1. The selected and remaining parts of an operator add to identity: A = Ag + Ap.
2. Taking either part of an operator is idempotent: (Ag)s = As.
3. Taking either part commutes with Hermitian conjugation: (As)" = (4")s.

4. Theremaining part of any operator has no matrix elements within eigensubspaces
of Hy. This is required to ensure that the perturbation theory is well-defined.

The separation of an operator into selected and remaining parts is a generalization of
taking block-diagonal and block-offdiagonal parts. In particular, the separation allows
to choose any subset of the offdiagonal matrix elements as remaining, as long as none
of the matrix elements belong to an eigensubspace of Hy. That none of the matrix el-
ements belong to a same eigensubspace of Hy becomes evident in the textbook quasi-
degenerate perturbation theory, where the corrections to energies and wavefunctions
contain differences between energy of the states from different subspaces. The main
difference between our generalization and the standard separation into block-diagonal
and block-offdiagonal is that the product of a selected part and remaining part of two
operators may have a non-zero selected part: (AsBg)s # 0, while (AAABABYAA — . The
generality of the selected and remaining parts allows to consider all perturbation theory
methods with the same algorithm, including multi-block diagonalization, selective diag-
onalization, and the Schrieffer—Wolff transformation. Several expressions simplify if the
selected part corresponds to a block-diagonal operator and simplify further if there are
only two subspaces. We keep track of these simplifications.
All the series we consider may be multivariate, and they represent sums of the form

() [e o) ()
A: Z Z Z /1;11/1;12"'AZkAnl,nz,...,nky (78)

n1=0n2=0 nk:O

where A; are the perturbation parameters and Ay, p,,...n, are linear operators. The prob-
lem statement, therefore, is finding ¢/ and # such that

H=U"HU, Hrp=0 UU=1, (7.9)

which is schematically shown in Fig. 7.1 for the case of two subspaces, where the selected
parts are AA and BB, and the remaining parts are AB and BA. Series multiply according
to the Cauchy product:
C=AB&Cy= ) AmBp.
m+p=n

The Cauchy product is the most expensive operation in perturbation theory, because
it involves a large number of multiplications between potentially large matrices. For
example, evaluating n-th order of C requires ~ []; n; = N multiplications of the series
elements.” A direct computation of all the possible index combinations in a product

51f both A and B are known in advance, fast Fourier transform-based algorithms can reduce this cost to ~
NlogN. In our problem, however, the series are constructed recursively and therefore this optimization is
impossible.
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between three series ABC would have a higher cost ~ N2, however, if we use associativity
of the product and compute this as (AB)C, then the scaling of the cost stays ~ N.

There are many ways to solve the problem (7.9) that give identical expressions for &/
and H. We are searching for a procedure that satisfies two additional constraints:

e It has the same complexity scaling as a Cauchy product, and therefore ~ N multi-
plications per additional order.

e It does not require multiplications by Hj.
e It requires only one Cauchy product by Hs, the selected part of .

The first requirement is that the algorithm scaling is optimal: the desired expression at
least contains a Cauchy product of i/ and ‘H. Therefore the complexity scaling of the com-
plete algorithm may not become lower than the complexity of a Cauchy product and we
aim to reach this lower bound. The second requirement is because in perturbation the-
ory, n-th order corrections to H carry n energy denominators 1/(E; — E;), where E; and
E; are the eigenvalues of Hy belonging to different subspaces. Therefore, any additional
multiplications by Hy must cancel with additional energy denominators. Multiplying
by Hy is therefore unnecessary work, and it gives longer intermediate expressions. The
third requirement we impose by considering a case in which Hg = 0, where Hs must at
least enter 7 as an added term, without any products. Moreover, because 2/ depends on
the entire Hamiltonian, there must be at least one Cauchy product by #§. The goal of
our algorithm is thus to be efficient and to produce compact results that do not require
further simplifications.

7.3.2. EXISTING SOLUTIONS
A common approach to constructing effective Hamiltonians in the 2 x 2 block case is to
use the Schrieffer—Wolff transformation [1]:

H=eSHe S,
1 1 (7.10)
eS = 148+ 2885+ 888+,

where S =Y, S;; is an antihermitian polynomial series in the perturbative parameter,
making e® a unitary transformation. Requiring that #® = 0 gives a recursive equation
for S;, whose terms are nested commutators between the series of S and H. Similarly,
the transformed Hamiltonian is given by a series of nested commutators

~ [0} l (o] i
A=Y =[#) s, v (7.11)
j=0J:* n=0

where the superscript (j) denotes the j-th nested commutator [A, B1Y =14, B]YY, B],
with [A4, B]® = Aand [A4, B]Y) = AB—-BA. Regardless of the specific implementation, this
expression does not meet either of our two requirements:

e The direct computation of the series elements requires ~ exp N multiplications,
and even an optimized one has a ~ N? scaling.
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e Evaluating Eq. (7.11) contains multiplications by Hj.

Additionally, while in the 2 x 2 block case the Schrieffer—-Wolff transformation produces
a minimal unitary transformation, i.e. as close to identity as possible, this is not the case
in the multi-block case [26]. The generalization of this approach to multiple subspaces
is an open question [26].

Alternative parametrizations of the unitary transformation I/ require solving unitar-
ity and block diagonalization conditions too, but give rise to a different recursive proce-
dure for the series elements. For example, using hyperbolic functions

()
U =coshG +sinhG, G=) G (7.12)
i=0
leads to different recursive expressions for G; [13], but does not change the algorithm’s
complexity. On the other hand, using a polynomial series directly

u=Y u, (7.13)
i=0

gives rise to another recursive equation for U; [12, 3, 14, 15]. Still, this choice results in an
expression for H whose terms include products by Hy, and therefore requires additional
simplifications.

Another approach uses Wegner’s flow equation [19, 20] to construct a continuous
unitary transformation (CUT) that depends smoothly on a fictitious parameter [, ¢/ (1).
The goal is to define a generator n(I) such that (1) = U ()YH(0)14(I) flows towards the
desired effective Hamiltonian:

AN
% = (), HD), (7.14)

where U/ (1), H(l), and n(I) are once again series in the perturbative parameters. At [ = oo,
the transformed Hamiltonian does not contain the undesired terms, #(co) = H. Finding
the unitary amounts to solving a set of differential equations

au
dl

Together with the Eq. (7.14) and an appropriate choice of ), this gives a set of coupled
differential equations, that become linear if solved order by order. The convergence and
stability of flow equations depends on the parameterization of the flow generator n, and
multiple strategies for this choice are known [23, 42]. The CUT method is common in
the study of many-body systems, where one needs to either decompose the Hamiltonian
into sets of quasiparticle creation and annihilation operators, or choose a different oper-
ator basis together with a set of commutation rules. Despite the numerical complication
of solving differential equations, CUT extends beyond the perturbative regime [22, 20,
23].

The following three algorithms satisfy both of our requirements while solving a re-
lated problem. First, density matrix perturbation theory [16, 43, 17] constructs the den-
sity matrix p of a perturbed system as a power series with respect to a perturbative pa-
rameter:

=nU(D). (7.15)

18

p=Y pi. (7.16)

0
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The elements of the series are found by solving two recursive conditions, p? = p and
[H, p] = 0, which avoid multiplications by Hy and require a single Cauchy product each.
This approach, however, deals with the entire Hilbert space, rather than the low-energy
subspace, and does not provide an effective Hamiltonian. Second, the perturbative sim-
ilarity transform by C. Bloch [18, 2] constructs the Hamiltonian in a non-orthogonal ba-
sis, which preserves the Hamiltonian spectrum while breaking its hermiticity. Third, the
recursive Schrieffer-Wolff algorithm [37] applies the Schrieffer—-Wolff transformation to
the output of lower-order iterations, and calculates the effective Hamiltonian at a fixed
perturbation strength, rather than as a series. Finally, none of these linear scaling algo-
rithms above handles more than two subspaces. We thus identify the following open
question: can we construct an effective Hamiltonian with a linear scaling algorithm that
produces compact expressions?

7.3.3. PYMABLOCK’S ALGORITHM

The first idea that Pymablock exploits is the recursive evaluation of the operator series,
which we illustrate by considering the unitarity condition. Let us separate the transfor-
mation ! into an identity and U’ = W+ V:

U=1+U'=1+W+V, W=w, VI=-y. (7.17)
We use the unitarity condition /12 = 1 by substituting /' into it:
1=1+UNHa+u)=1+U+U' +U"U. (7.18)

This immediately yields
1 1
W= 5(2/{’* +U) = —Eu’T u'. (7.19)

Because U’ has no 0-th order term, (/') does not depend on the n-th order of I/’
nor W, and therefore Eq. (7.19) allows to compute WV using the already available lower
orders of {'. Alternatively, using Eq. (7.17) we could define W as a Taylor series in V:

W=V1+V2-1=fWV) =) a,V*".
n

A direct computation of all possible products of terms in this expression requires ~ exp N
multiplications. A more efficient approach for evaluating this expression introduces
each term in the sum as a new series A"*! = AA" and reuses the previously computed
results. This optimization brings the exponential cost down to ~ N?. However, we see
that the Taylor expansion approach is both more complicated and more computation-
ally expensive than the recurrent definition in Eq. (7.19). Therefore, we use Eq. (7.19) to
efficiently compute VV. More generally, a Cauchy product A5 where A and B have no
0-th order terms depends on Ayj,..., A,-1 and By,..., ;1. This makes it possible to use
AB in a recurrence relation, a property that we exploit throughout the algorithm.

To compute I/’ we also need to find V, which is defined by the requirement 7 = 0.
Additionally, we constrain V to have no selected part: Vg = 0, a choice we make to min-
imize the norm of /', and satisfy the least action principle [44]. That Vs = 0 minimizes
the norm of U’ follows from the following statements:
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1. The norm of a series is minimal, when each of the subsequent terms is chosen to
be minimal order by order.

2. The Hermitian part of ', Wy, is determined by the unitarity condition (7.19) at
each order from lower orders of U'.

3. The norm of W, + V;, is minimal, when the norm of V4, is minimal because of Her-
miticity properties of YV and V.

4. Finally, because Vg is fixed by the requirement Hr=0,Vs=0 provides the mini-
mal norm of /',

In the 2 x 2 block case, this choice makes VV block-diagonal and ensures that the re-
sulting unitary transformation is equivalent to the Schrieffer-Wolff transformation (see
section 7.3.4). In general, however, Wk # 0.

The remaining condition for finding a recurrent relation for /' is that the transformed
Hamiltonian

H=U"HU=Hs+UTHs + Hsld' +UTHU +UH U, (7.20)

has only the selected part H = 0, a condition that determines V. Here we used / = 1+’
and H = Hs +H}, since Hy is has no remaining part by definition. Because we want to
avoid products by Hs, we need to get rid of the terms that contain it by replacing them
with an alternative expression. Our strategy is to define an auxiliary operator X’ that we
can compute without ever multiplying by Hs. Like i’, X needs to be defined via a recur-
rence relation, which we determine later. Because Eq. (7.20) contains H g multiplied by
U' from the left and from the right, eliminating g requires moving it to the same side.
To achieve this, we choose X =) + Z to be the commutator between U/’ and Hs:

X=U Hs)=YV+2, Y=V Hsl=V!, Z=W, Hsl=-2". (7.21)

If the selected part .Ag corresponds to a block-diagonal operator, ) is block off-diagonal.
Additionally, in the 2 x 2 block case Z is block-diagonal. We use Hsid' =U'Hs— X to
move Hg through to the right and find

H=Hs+UHs+ HsU) +UTHU +UT HU)
=Hs+UTHs +UHs - X +UT U Hs— X)+UTHU
=Hs+ U +U + U UYHs - X -UTX +UTH U
=Hs-X-Ux+UHU,

(7.22)

where the terms multiplied by H s cancel according to Eq. (7.18). The transformed Hamil-
tonian does not contain multiplications by Hs anymore, but it does depend on X, an
auxiliary operator whose recurrent definition we do not know yet. To find it, we first
focus on its anti-Hermitian part, Z. Since recurrence relations are expressions whose
right-hand side contains Cauchy products between series, we need to find a way to make
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a product appear. We do so by using the unitarity condition {'" + 4’ = ~U'114’ to obtain
the recursive definition of Z:

L
Z—Z(X XN

1
=@+ uhHs - Hsw v uh
2 (7.23)
=3 [ U U Hs - HU) + U'Hs - HsU) U
1
= E(—u”X +XTU).
Similar to computing W;,, computing Z, requires lower-orders of X’ and U’. Then, we
compute the Hermitian part of X’ by requiring that 7 = 0 in the Eq. (7.22) and find

Vr=UHRU-UTX - 2)p. (7.24)

Once again, despite X enters the right hand side, because all the terms lack 0™ order,
this defines a recursive relation ). To fix Vs, we use its definition (7.21), which gives

IV, Hol =Y - [V, Hjl, (7.25)

which is a continuous-time Lyapunov equation for V. In order for this equation to be
satisfiable, the selected part of the right hand side must vanish, since the left hand side
has no selected part. Therefore we find:

Vs =V, Hgls, (7.26)

and it vanishes if the selected part corresponds to a block-diagonal matrix.

The final part is straightforward. Finding V from ) amounts to solving a Sylvester’s
equation, Eq. (7.26), which we only need to solve once for every new order. This is the
only step in the algorithm that requires a direct multiplication by #. In the eigenbasis
of Hy, the solution of Sylvester’s equationis Vy ;j = (Vr— [V, Hg]R)n,ij /(E;—Ej), where E;
are the eigenvalues of Hy. However, even if the eigenbasis of Hy is not available, there are
efficient numerical algorithms to solve Sylvester’s equation (see Sec. 7.4.2). An alterna-
tive is to decompose the Hamiltonian into its eigenoperator basis. This approach avoids
specifying the eigenbasis of Hy, and therefore it is better suited for second-quantized
Hamiltonians [45, 46].

We now have the complete algorithm:

1. Define series 4’ and X and make use of their block structure and Hermiticity.
2. To define the hermitian part of I/, use W = —-U'T14' /2.

3. To find the antihermitian part of /', solve Sylvester’s equation
[V, Hol = (¥ = [V, H D). This requires X'.

4. To find the antihermitian part of X, define Z = (-U'TX + XT/") /2.
5. For the Hermitian part of X, use Y = (-U"TX +UTH'U) r + IV, Hls.

6. Compute the effective Hamiltonian as 7 = Hs=Hs—- X U X + UTH%Z/I.
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7.3.4. EQUIVALENCE TO SCHRIEFFER—WOLFF TRANSFORMATION
Pymablock’s algorithm applied to 2 x 2 block-diagonalization and the Schrieffer—-Wolff
transformation both find a unitary transformation ¢/ such that Hy = H48 = 0. They are
therefore equivalent up to a gauge choice in each subspace, A and B. We establish the
equivalence between the two by demonstrating that this gauge choice is the same for
both algorithms. The Schrieffer—Wolff transformation uses I/ = exp S, where S = -S'
and S44 = SBB =, this restriction makes the result unique [2]. On the other hand, our
algorithm produces the unique block-diagonalizing transformation with a block struc-
ture Y44 = UAAT, UBB = L{BBJr and Y4B = —Z/I;A. The uniqueness is a consequence of
the construction of the algorithm, where calculating every order gives a unique solution
satisfying these conditions. To see that the two solutions are identical, we expand exp S
into Taylor series. In the resulting series every term containing a product of an even
number of terms of S is a Hermitian, block-diagonal matrix, while every term contain-
ing a product of an odd number of terms of S is an anti-Hermitian block off-diagonal
matrix. Therefore exp S has the same structure as I/ above. Because both series are fixed
by the hermiticity constraints on their block structure, we conclude that exp S from con-
ventional Schrieffer—-Wolff transformation is identical to ¢/ found by our algorithm.

7.3.5. EXTRA OPTIMIZATION: COMMON SUBEXPRESSION ELIMINATION

While the algorithm of Sec. 7.3.3 satisfies our requirements, we improve it further by
reusing products that are needed in several places, such that the total number of matrix
multiplications is reduced. Firstly, we rewrite the expressions for Z in Eq. (7.23) and H
in Eq. (7.22) by utilizing the Hermitian conjugate of /'t X without recomputing it:

z:% ~U"x)-h.c|,
H=Hs+UHU-UTX +h.c)i2-Vs,

where h.c. is the Hermitian conjugate, and Z drops out from H because it is antihermi-
tian. Additionally, we reuse the repeated .A = H},U{' in

UHU =M+ A+ AT+ UT A (7.27)

Next, we observe that some products from the 2/ "H zi{ term appear both in X in Eq. (7.24)
and in 7 (7.22). To avoid recomputing these products, we introduce B =X — 'H}z - Aand
define the recursive algorithm using B instead of X'. With this definition, we compute
the remaining part of 3 as:

BR = [y+Z—’H;3—.A]R
=[AT+uta-utx]
(7.28)
= [t ruta-utx|

= _(Z/{ITB)Ry
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where we also used Eq. (7.24) and the definition of A. The selected part of 3, on the other
hand, is given by

Bs = [X_H%_A]s

- cwtay e+ y-a

2 s

1 1 1 7.29

= E[(—U’T[X—’H}? ~AD)-h.cl+Y- z[AT + AL+ E[(—L{’U\) ~hecl| , (729
S

= %[(—Z/I'TB) —h.c]+[VHs+hc]- %[AT +hel| ,
S

where we used Eq. (7.23) and that /' A is Hermitian. Using B changes the relation for V
in Eq. (7.26) to
[V, Hol = (B-H'— A=V, Hl)p- (7.30)

Finally, we combine Eq. (7.22), Eq. (7.27), Eq. (7.29) and Eq. (7.28) to obtain the final
expression for the effective Hamiltonian:

_ 1
H=Hs+3 [A-u"B+2vH+he . (7.31)

Together with the series ¢/’ in Egs. ((7.19),(7.30)), A = H;U{', and B in Egs. ((7.29),(7.28)),
this equation defines the optimized algorithm.

7.4. IMPLEMENTATION

7.4.1. THE DATA STRUCTURE FOR BLOCK OPERATOR SERIES

The optimized algorithm from the previous section requires constructing 14 operator se-
ries, whose elements are computed using a collection of recurrence relations. This war-
rants defining a specialized data structure suitable for this task that represents a multidi-
mensional series of operators. Because the recurrent relations are block-wise, the data
structure needs to keep track of separate blocks. In order to support varied use cases,
the actual representation of the operators needs to be flexible: the block may be dense
arrays, sparse matrices, symbolic expressions, or more generally any object that defines
addition and multiplication. Finally, the series needs to be queryable by order and block,
so that it supports a block-wise multivariate Cauchy product—the main operation in the
algorithm.

The most straightforward way to implement a perturbation theory calculation is to
write a function that has the desired order as an argument, computes the series up to that
order, and returns the result. This makes it hard to reuse already computed terms for
a new computation, and becomes complicated to implement in the multidimensional
case when different orders in different perturbations are needed. We find that a recursive
approach addresses these issues: within this paradigm, each series needs to define how
its entries depend on lower-order terms.

To address these requirements, we define a BlockSeries Python class and use it
to represent the series of U/, H, and H, as well as the intermediate series used to define
the algorithm. The objects of this class are equipped with a function to compute their
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elements and it stores the already computed results in a dictionary. Storing the results
for reuse is necessary to optimize the evaluation of higher order terms and it allows to re-
quest additional orders without restarting the computation. For example, the definition
of the BlockSeries for H has the following form:

H_tilde = BlockSeries(
shape=(2, 2), # 2x2 block matrix
n_infinite=n, # number of perturbative parameters
eval=compute_H_tilde, # function to compute the elements
name="H tilde",
dimension_names=("lambda", ...), # parameter names

Here compute_H_tilde is a function implementing Eq. (7.31) by querying other series

objects. Calling H_tilde[0, 0, 2], the second order perturbation ~ A2 of the AA
block, then does the following:

1. Evaluates compute_H_tilde(0, 0, 2) ifitisnotalready computed.
2. Stores the evaluation result in a dictionary.
3. Returns the result.

To conveniently access multiple orders at once, we implement NumPy array indexing
so that H_tilde[0, 0, :3] returns a NumPy masked array array with the orders ~ A°

, ~ Al, and ~ A2 of the AA block. The masking allows to support a common use case
where some orders of a series are zero, so that they are omitted from the computations.
We expect that the BlockSeries data structure is suitable to represent a broad class of
perturbative calculations, and we plan to extend it to support more advanced features in
the future.

We utilize BlockSeries to implement multiple other optimizations. For example,
we exploit Hermiticity when computing the Cauchy product of U'TU’ in Eq. (7.19), by
only evaluating half of the matrix products, and then complex conjugate the result to
obtain the rest. Similarly, for Hermitian and anti-Hermitian series, like the off-diagonal
blocks of U’, we only compute the AB blocks, and use the conjugate transpose to obtain
the BA blocks. This approach should also allow us to implement efficient handling of
symmetry-constrained Hamiltonians, where some blocks either vanish or are equal to
other blocks due to a symmetry. Moreover, using BlockSeries with custom objects
yields additional information about the algorithm and accommodates its further devel-
opment. Specifically, we have used a custom object with a counter to measure the algo-
rithm complexity (see also Sec. 7.5) and to determine which results are only used once
so that they can be immediately discarded from storage.

7.4.2. THE IMPLICIT METHOD FOR LARGE SPARSE HAMILTONIANS
A distinguishing feature of Pymablock is its ability to handle large sparse Hamiltonians,
that are too costly to diagonalize, as illustrated in Sec. 7.2.3. Specifically, we consider the
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situations when the size N of the subspace of interest—explicit subspace—is small com-
pared to the entire Hilbert space, so that obtaining the basis ¥ of the explicit subspace
is feasible using sparse diagonalization. The projector on this subspace Pg = ‘I’TE‘{’ E is
then a low-rank matrix, a property that we exploit to avoid constructing the matrix rep-
resentation of operators in the other, implicit, subspace.

The key tool to solve this problem is the projector approach introduced in Ref. [47],
which introduces an equivalent extended Hamiltonian using the projector Py = 1— Py
onto the implicit subspace:

o (YiHve WP,

H= P/HYy P/HP; )’ (7.32)

In other words, the explicit subspace is written in the basis of ¥, while the basis of the
implicit subspace is the same as the original complete basis of H to preserve its spar-
sity. The extended Hamiltonian projects out the E-degrees of freedom from the implicit
subspace to avoid duplicate solutions in #, which introduces N eigenvectors with zero
eigenvalues. Introducing 7{ allows to multiply by operators of a form P; Hp, Py efficiently
by using the low-rank structure of Pg. In the code we represent the operators of the im-
plicit subspace as LinearOperator objects from the SciPy package [41], enabled by the

ability of the BlockSeries to store arbitrary objects. Storing the remaining blocks of 7
as dense matrices—efficient because these are small and dense—finishes the implemen-
tation of the Hamiltonian.
To solve the Sylvester’s equation we write it for every row of V;/! separately:

v j(Ei = Ho) = erlf. (7.33)
This equation has a solution despite E; — Hy not being invertible because Yf’ Py =0.
We solve this equation using the MUMPS sparse solver [48, 49], which prepares an ef-
ficient sparse LU-decomposition of E; — Hyp, or the KPM approximation of the Green’s
function [50]. Both methods work on sparse Hamiltonians with millions of degrees of
freedom.

7.4.3. CODE GENERATION

An efficient computation of a perturbative block-diagonalization requires a significant
amount of repeated optimizations. These include keeping track of the Hermiticity of
involved series, applying the simplifications due to block-diagonalization and the pres-
ence of only two blocks, or deletion of series terms that are only used once. To separate
the conceptual definition of the algorithm from these optimizations, we designed the
code generation system that accepts a high-level description of the algorithm written in
a domain-specific language and outputs the optimized Python code using the Python
parser and the manipulation of the Python abstract syntax tree. For example, the defini-
tion of the series 3 from Egs. ((7.29),(7.28)) is written as:

with "B":
start = 0O
if diagonal:
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("U' @ B" - "U' @ B".adj + "H'_offdiag @ U'" + "H'_offdiag @
~ U'".adj) / -2

if diagonal:
zero if commuting blocks[index[0]] else "V @ H' _diag" + "V @
— H'_diag".adj

if offdiagonal:
-"U' @ B"

The corresponding compiled function for evaluating the terms of B begins with

def series_eval (*index):
which = linear_operator_series if use_linear_operator[index[:2]]
— else series
result = zero
if index[0] == index[1]:
result = _zero_sum(
result,
diag(
_safe_divide(
_zero_sum(
which["U' @ B"] [index], —Dagger(which[”U' (@
— B"] [index]),
which["H' _offdiag @ U'"] [index],
Dagger (which["H' offdiag @ U'"] [index]),
)y _2>
), index,

))

Here we only show the beginning of the generated function to illustrate the correspon-
dence between the high-level description and the generated code.

The code generation system has accommodated multiple rewrites of the algorithm
during the development. We anticipate that it will enable treating different types of per-
turbative computations or other related algorithms, such as the derivative removal by
adiabatic gate (DRAG) algorithm [51, 52]. Contrary to the perturbation theory setting,
DRAG requires that the time-dependent Hamiltonian is block-diagonal in the rotating
frame, and it achieves this goal by adding a series of corrections to the original Hamil-
tonian. Its overall setting, however, is similar to time-dependent perturbation theory in
that it amounts to solving a system of recurrent algebraic equations. Our preliminary
research already demonstrates that our code generation framework allows for a gener-
alization of our work to the time-dependent perturbation theory, and we are confident
that it applies to the DRAG algorithm as well.

7.5. BENCHMARK
To the best of our knowledge, there are no other packages implementing arbitrary order
quasi-degenerate perturbation theory. Literature references provide explicit expressions
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for the 2 x 2 effective Hamiltonian up to fourth order, together with the procedure for ob-
taining higher order expressions [5]. Because the full reference expressions are lengthy®,
we do not provide them, but for example at 4-th order the effective Hamiltonian is a sum
of several expressions of the form:
H’ H, " /HH, n H, !
m_m m_1

"
mm Ilm

m"m'”l (Em” _El)(Em’” _El)(Em _El)

(7.34)

where the m-indices label states from the A-subspace and [-indices label the states from
the B-subspace. More generally, at n-th order each term is a product of n» matrix el-
ements of the Hamiltonian and n — 1 energy denominators. Directly carrying out the
summation over all the states requires O(Nle g‘l) operations, where N4 and Np are the
number of states in the two subspaces. In other words, the direct computation scales
worse than a matrix product with the problem size. Formulating Eq. (7.34) as n — 1 ma-
trix products combined with n — 1 solutions of Sylvester’s equation, brings this complex-
ity down to O((n—1) x N, ANl%). This optimization, together with the hermiticity of the
sum, allows us to evaluate the reference expressions for the effective Hamiltonian for
2-nd, 3-rd, and 4-th order using 1, 4, and 27 matrix products, respectively. Pymablock’s
algorithm yields the following expressions for the first four orders of the effective Hamil-
tonian:’

Y1, 4B = Hy 4B,
HZ,AA = Hy B VIT/Z +h.c.,

Y> ap=V1H1, BB — H;AAVL

Hs pa = Hi,aB VZT +h.c, (7.35)
Wi H! ,, (a8 V] + ViH] )12 ;

Y348=— 2 — + Vo Hy gg — 5 —Hy 44 V2)

3 Hy Ap VS,T Vi VIT (HI,AB VIT +W HI,AB)

H4,AA= ’2 + 8 +h.C.,

where V,, are the solutions of Sylvester’s equation with Y, 4p as the right-hand side. These
expressions utilize 1, 3, and 11, matrix products to obtain the same orders of the ef-
fective Hamiltonian. The advantage of the Pymablock algorithm becomes even more
pronounced at higher orders or with multiple perturbative parameters due to the expo-
nential growth of the number of terms in the reference expressions. While finding the
optimized implementation from the reference expressions is possible for the 3-rd order,
we expect it to be extremely challenging for the 4-th order, and essentially impossible to
do manually for higher orders. Moreover, because the BlockSeries class tracks absent
terms, in practice the number of matrix products depends on the sparsity of the block
structure of the perturbation, as shown in Fig. 7.5.

The efficiency of Pymablock becomes especially apparent when applied to sparse
numerical problems, similar to Sec. 7.2.3. We demonstrate the performance of the im-

6The full expression takes almost a page of text.
“The output is generated by the algorithm, with manual modifications only done for formatting.



7.6. CONCLUSION 113

2 200 A . , °
= e H e H
3 Hyfigj , °
= offdiag,1 . Hoffdiag
100 - . . o
ot
3 o °
®
E o [ J - A $
:H: 0 L T ® T T T L T T T T
2 4 6 8 2 4 6 8
n n

Figure 7.5: Matrix products required to compute I:I{?A for a dense and block off-diagonal first-order perturba-
tion (left) and a dense and block off-diagonal perturbative series with terms of all orders present (right).

plicit method by using it to compute the low-energy spectrum of a large tight-binding
model, and comparing Pymablock’s time cost to that of sparse diagonalization. We de-
fine a 2D square lattice of 52 x 52 sites with nearest-neighbor hopping and a random on-
site potential y(r). The perturbation du(r) interpolates between two different disorder
realizations. For the sake of an illustration, we choose the system’s parameters such that
the dispersion of the lowest few levels with ¢ u features avoided crossings and an overall
nonlinear shape, whose details are not relevant. Similar to Sec. 7.2.3, constructing the
effective Hamiltonian involves three steps. First, we compute the 10 lowest states of the
unperturbed Hamiltonian using sparse diagonalization. Second, block_diagonalize
computes a sparse LU decomposition of the Hamiltonian at each of the 10 eigenener-
gies. Third, we compute corrections Hj, H», and Hj to the effective Hamiltonian, each
being a 10 x 10 matrix. Each of these steps is a one-time cost, see Fig. 7.6. Finally, to
compare the perturbative calculation to sparse diagonalization, we construct the effec-
tive Hamiltonian H = Hy + §uH; + 6u? Hy + 6u® Hz and diagonalize it to obtain the low-
energy spectrum for a range of 6 1. This has a negligible cost compared to constructing
the series. The comparison is shown in Fig. 7.6. We observe that while the second order
results are already very close to the exact spectrum, the third order corrections fully re-
produce the sparse diagonalization. At the same time, the entire cost of computing the
perturbative band structure for a range of 6 u is lower than computing a single additional
sparse diagonalization.

7.6. CONCLUSION

We developed an algorithm for constructing an effective Hamiltonian that combines ad-
vantages of different perturbative expansions. The main building block of our approach
is a set of recurrence relations that define several series that depend on each other and
combine into the effective Hamiltonian. Our algorithm constructs the same effective
Hamiltonians as the Schrieffer-Wolff transformation [1] in the case of 2 subspaces, while
keeping the linear scaling per extra order similar to the density matrix perturbation the-
ory [16, 17] or the non-orthogonal perturbation theory [18]. Its expressions minimize the
number of matrix multiplications per order, making it appealing both for symbolic and
numerical computations. Pymablock’s algorithm performs multi-block diagonalization
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Figure 7.6: Top panels: band structure of the perturbative effective Hamiltonian (black) of a tight-binding
model compared to exact sparse diagonalization (gray). Bottom panel: a comparison of the Pymablock’s time
cost with sparse diagonalization. Most of the time is spent in the LU decomposition of the Hamiltonian (red).
The entire cost of the implicit method is lower than a single sparse diagonalization (gray). The operations of
negligible cost are not shown. The bars length corresponds to the average time cost over 40 runs, and the error
bars show the standard deviation.

and selective diagonalization with a single optimized algorithm.

We provide a Python implementation of the algorithm in the Pymablock package [53].
The package is thoroughly tested (95% test coverage as of version 2.1), becoming a reli-
able tool for constructing effective Hamiltonians that combine multiple perturbations to
high orders. The core of the Pymablock interface is the BlockSeries class that handles
arbitrary objects as long as they support algebraic operations. This enables Pymablock’s
construction of effective models for large tight-binding models using its implicit method
as well as for second quantized Hamiltonians. As of version 2.1, applying Pymablock to
second quantized Hamiltonians requires the user to provide a custom solver of the Lya-
punov equation, which we plan to streamline in future versions. It also allows Pymablock
to solve both symbolic and numerical problems in diverse physical settings, and poten-
tially to incorporate it into existing packages, such as scqubits [35], QuTiP [54, 55], or
dft2kp [56].

Beyond the Schrieffer—Wolff transformation, the Pymablock package provides a foun-
dation for defining other perturbative expansions. We anticipate extending it to time-
dependent problems, where the different regimes of the time-dependent drive modify
the recurrence relations that need to be solved [57, 10]. Applying the same framework to
problems with weak position dependence would allow to construct a nonlinear response
theory of quantum materials. These two extensions are active areas of research [51, 52,
7, 58, 59, 46]. Finally, we expect that in the many-particle context the same framework
supports implementing different flavors of diagrammatic expansions.
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CONCLUSION

In this thesis, we focused on the study of two types of topological phenomena: bulk
phases protected by crystalline symmetries, and quantized transport in hybrid super-
conducting devices. The former is revealed by its response to magnetic flux, while the
latter is enabled by it. We summarize our main findings and discuss further research
directions below.

First, we developed a scattering theory that captures the topology of intrinsic higher-
order topological insulators. Our main insight is that these phases exhibit a nontrivial
spectral flow of their protected states as a function of flux, which resembles the spec-
tral flow of edge states in the quantum Hall effect. An advantage of this theory over ap-
proaches that use reciprocal space is that it does not rely on translational symmetry, and
therefore it may be applied to study delocalization transitions in disordered higher-order
topological insulators. It is also the only existing approach that we know of that com-
putes the topological invariant of crystalline topological phases using real space instead
of momentum space. We identify two possible generalizations for future research: exten-
sions to multi-terminal setups and interacting topological phases. Existing approaches
to diagnose interacting crystalline topological phases so far focus on symmetry indica-
tors [1, 2], and therefore it is interesting to consider whether spectral flow and adiabatic
pumping extend beyond single-particle systems.

Second, we identified a mechanism for quantized transport that does not rely on bulk
topology, but on the separation between counter-propagating modes in phase space—
a space that combines position and momentum. This mechanism arises naturally in
multi-terminal superconducting junctions whose terminals are separated by narrow nor-
mal regions. Specifically, we found that a superconducting tri-junction hosts Andreev
bound states that propagate in a chiral fashion between the normal terminals, without
any backscattering. The physics of this superconducting chiral waveguide is determined
by the topology of the Fermi sea in the normal regions, and therefore the number of chi-
ral modes per junction may be controlled by tuning the chemical potential. Observing
this phenomenon experimentally is challenging, because it relies on extremely narrow
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junctions and the absence of normal reflection.

Finally, we also developed Pymablock, a Python package to efficiently perform quasi-
degenerate perturbation theory. The algorithm is consistent with the Schrieffer-Wolff
transformation and Lowdin perturbation theory, but it applies to any number of per-
turbations, perturbative order, and quasi-degenerate subspaces. Recently, we also ex-
tended the package to support second-quantized operators and Floquet perturbation
theory. Pymablock has so far been used to study microscopic superconductivity [3], An-
dreev supercurrents [4], nonlinearities of Josephson junctions [5], and semiconducting
k.p models [6]. Because perturbation theory is a foundational tool in condensed matter
and quantum physics, we expect this package to be useful for a variety of applications,
from the design of robust superconducting qubits to the numerical study of strongly in-
teracting systems.
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