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Abstract

To accommodate the presence of bounded biases in mixed-integer models, Khodabandeh (2022) extended integer estimation
theory by introducing a new admissible integer estimator. The estimator follows the principle of integer least squares estimation
and is computed via the integer search method of BEAT. In this contribution, we present the probability distributions of a class
of estimators to which the proposed bias-constrained integer least squares estimation belongs. Some important interferometric
measuring systems, whose estimation problems can be covered by BEAT, are identified. To show the proposed estimator at
work, we apply BEAT to the problem of GLONASS single-differenced (SD) ambiguity resolution. Numerical results of several
short-baseline datasets are presented to illustrate why one can achieve more accurate positioning solutions when considering
between-receiver SD ambiguity resolution for the cases where carrier phase data are captured on frequency-varying signals
with bounded SD receiver phase delays.

Keywords Global navigation satellite systems (GNSS) - Integer ambiguity resolution (IAR) - Integer least squares (ILS) -

Bias-bounded estimation of ambiguity (BEAT)

1 Introduction

Integer ambiguity resolution (IAR) is the process of find-
ing the ambiguous cycles of carrier phase measurements as
integers. It has found a widespread usage in GNSS (Teunis-
sen 1993; de Jonge and Tiberius 1996; Han 1997; Hassibi
and Boyd 1998) and has been applied to several other high-
precision interferometric measurement systems (Hanssen
2001; Mardti et al. 2005; Viegas and Cunha 2007; Hobiger
et al. 2009; Wang et al. 2015; Zaminpardaz 2016). Provided
that IAR is successfully conducted, the ambiguity-resolved
phase measurements can deliver ultra precise parameter solu-
tions and, in the case of GNSS, offer instantaneous precise
positioning, navigation, and Earth atmospheric-sensing ser-
vices, see (Gunther and Henkel 2012; Li et al. 2014; Banville
2016; Khodabandeh and Teunissen 2016; Brack et al. 2021).
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Successful IAR often relies on the provision of ‘auxil-
iary’ data such as GNSS code measurements and/or external
pseudo-observations so as to ensure ‘unbiased’ estimation of
the integer ambiguities, bypassing their linear dependency
with the remaining parameters that are involved in the phase
observation equations. When such extra sources are absent or
when the quality description of the data is not properly spec-
ified, the phase ambiguities experience non-integer biases,
seriously deteriorating the underlying parameter estimation
process (Teunissen 2001). To accommodate the presence of
such unaccounted ambiguity biases, Khodabandeh (2022)
developed a new integer estimator that incorporates the prior
knowledge of a bounded set, in which the bias resides, into
the estimation process. The estimator follows the principle
of integer least squares estimation and its search method is
coined as the method of ‘Bias-bounded Estimation of Ambi-
guiTy’ (BEAT). The goal of this contribution is to present
the probability distributions of a class of estimators to which
the proposed bias-constrained integer least squares estima-
tion belongs, and illustrate its BEAT at work. We present a
formal proof stating that the estimator delivers a bias solu-
tion that has, on average, the smallest inconsistency with its
underlying model as compared to other members of the class
of admissible integer estimators.
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This contribution is organized as follows. In Sect. 2 we
first, by means of examples, provide an overview of some
important interferometric measuring systems whose estima-
tion problems can be addressed by the BEAT method. Despite
being employed for different applications, the observation
equations of these systems are thereby shown to be cast in
the form of a bias-bounded mixed-integer model. In Sect. 3,
we therefore address how the unknown parameters, involved
in such model, can be estimated via integer estimation theory,
characterizing their associated class of estimators. The distri-
butional behaviour of these estimators is studied through their
respective probability density functions (PDFs), where the
input observables are assumed to be normally distributed. To
show the underlying search method, i.e. BEAT, at work, the
analytical results are supported by the problem of GLONASS
single-differenced (SD) ambiguity resolution in Sect. 4. Pro-
vided that the bound on the corresponding SD receiver phase
delays is correctly specified, SD IAR of several globally dis-
tributed short-baselines is shown to deliver more accurate
fixed positioning solutions than its existing partial AR coun-
terpart. Finally, a summary with conclusions is provided in
Sect. 5.

We make use of the following notation: The expectation
operator is symbolized by E(-), while the symbol P(-) stands
for the probability of a random event. The notation °|” is
used to indicate the ‘conditional’ nature of a random event.
Thus X|Y refers to random event X, given that event Y
has occurred. The m-dimensional spaces of real and inte-
ger numbers are denoted by R™ and Z", respectively. The
transpose of a matrix is indicated by the superscript 7', i.e.
(-)T. The identity matrix of order n is denoted as I,,. The cap-
ital Q is reserved for variance (covariance) matrices. Thus
O,y denotes the m x n covariance matrix of random vectors
y € R™ and x € R", while the m x m variance matrix of y is
given by Qyy. The PDF of random vector y € R"™ is denoted
by fy(a), with & € R™ being its argument. The notation
y ~ Nu (i, Qyy) means that the random vector y € R” fol-
lows an m-dimensional normal (Gaussian) distribution, with
mean 4 and variance matrix Q. The notation || - [[g is a
weighted norm whose weight matrix is given by the inverse
of the positive definite matrix Q. Thus ||x||2Q = xTQ 1x,
where x € R". When Q = I,,, the weighted norm reduces
to the standard Euclidean norm || - ||. The notation det(-)
indicates the determinant of a square matrix.

2 Bias-bounded mixed-integer models

As our point of departure, consider the following mixed-
integer model

E(y) =Aa+Cc (1)

@ Springer

where the observable random vector y € R™ is linked to
the unknown parameter vectors ¢ € Z" and ¢ € RF via
the known full-column rank design matrix [A, C]. Thus,
m > n + k. A leading example of model (1) is the sys-
tem of GNSS network observation equations where the role
of y is taken by pseudo-range (code) and carrier phase mea-
surements. The integer-estimable phase ambiguities form the
integer vector a, while vector ¢ is formed by the remain-
ing estimable parameters like network position coordinates,
satellite and receiver clock offsets, instrumental biases, and
atmospheric delays (Teunissen and Montenbruck 2017).

The mixed-integer model (1) is versatile and has been
employed, next to GNSS, in several other interferomet-
ric techniques such as Very Long Baseline Interferometry
(VLBI) (Hobiger et al. 2009), Interferometric Synthetic
Aperture Radar (InSAR) (Kampes and Hanssen 2004), and
underwater acoustic carrier phase positioning (Viegas and
Cunha 2007). As the examples below will show, however,
there are cases for which the model (1) becomes restric-
tive in the sense that it fails to account for the presence of
biases in the ambiguity vector a. In such cases, the ambi-
guity vector ¢ may contain non-integer entries, i.e. a ¢ Z".
The deviation of a from an integer target vector z € Z" is
thus characterized by an unknown non-integer term. Let such
term be parameterized as B b, where b € R? denotes the bias
vector accompanied by the known full-column rank matrix
B € R"™4 (n > g). Accordingly, the revised version of (1)
reads

EG)) =A(z+Bb)+Cc 2)

a

The above model follows from (1) by replacing the vector a
with its bias-affected version a = z+ Bb. Due to the inherent
rank-deficiency between z and b in @ = z + Bb, one cannot
obtain a unique integer solution for the target vector z €
7" without imposing an extra constraint on the bias vector
b. Thanks to the robustness of integer ambiguity resolution
(IAR) against ‘not-too-large’ biases (Teunissen 2001; Li et al.
2014), one may augment the mixed-integer model (2) with
a known bounded subset B C R? in which the bias vector
b resides. The nonempty set B is said to be ‘bounded’ if for
all v € B, there exist v, € B and scalar 2z > 0 such that
[[v — V|| < h. The augmentation of model (2) with the bias
constraint b € B is referred to as the ‘bias-bounded mixed-
integer model’ (Khodabandeh 2022).

Before addressing how the three parameter vectors z €
7", b € B C R? and ¢ € R are estimated, let us first briefly
review, by means of examples, some interferometric measur-
ing systems whose estimation problems can be covered by
the bias-bounded mixed-integer model (2).

Example 1 (Stacked radar interferometry) InSAR has found
awidespread usage in Earth deformation monitoring and sub-
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sidence analysis, see e.g., (Hanssen 2001; Wu et al. 2023). As
electromagnetic phase sensory data form the basis of InNSAR
measuring techniques, their parameter estimation relies on
the successful execution of ambiguity resolution. Let the
observation vector y contain yli ;as the observed phase differ-
ences (expressed in cycles) between two pixels/ and j thatare
captured by m interferograms over epochs i (i = 1,...,m)
relative to a reference epoch i = 0. The corresponding obser-
vation equation reads (Hanssen et al. 2001)

2
E(y)=z—7’[1,2,...,m]Tb 3)

where t is the time-interval between two successive inter-
ferograms, with the effective radar wavelength A. Here, the
unknown deformation rate plays the role of the bias vector
b € R?,i.e. g = 1. The system of observation equations (3)
follows as a special case of (2) by recognizing that A = I,
(identity matrix), and B = —2%[1, 2,...,m]T, while matrix
C is absent. The goal is to estimate the deformation rate b.
This would, however, not be realized with the sole use of (3).
This is because the model is not solvable for both z € Z™
and b. As a consequence, an extra pseudo-observation of the
deformation rate b is often considered to remove the rank-
deficiency between z and b. In the event that a proper quality
description of such pseudo-observation is not specified, the
information content in the phase observations y cannot be
fully exploited. Instead of introducing a pseudo-observation,
one may incorporate lower and upper bounds of the values,
that the deformation rate b can take on, into the model (Teu-
nissen 2006). For this case, the subset 15 is characterized as

B={veRlv, <v=vy,} )

with v, and v, being the stated lower and upper bounds,
respectively. This subset is bounded because |v — v,| < k
with & = max(|v, — v,l, [v, —v,|) forallv e B. X

Example 2 (Ionospheric gradient monitoring) The Earth iono-
spheric disturbance is regarded as one of the main poten-
tial threats to aerospace navigation (Giorgi and Henkel
2015; Zaminpardaz et al. 2015; Yoshihara et al. 2019).
Ground-Based Augmentation Systems (GBAS) are there-
fore established within the premises of airports to detect
and monitor ionospheric spatial gradients, thereby support-
ing GNSS guidance during the landing phases of an aircraft.
To avoid code multipath and phase cycle-slips, single-epoch
carrier phase data of the GBAS antennas may be utilized.
The observation equations of such phase-only setup are given
as (Khanafseh et al. 2012)

(&)

T
e1 ey ... ey
nyny...Ny

E(y) =Xz+ Bb, withB=|:

where e, and n, are, respectively, the local east and north
coordinates of the GBAS antenna r (r = 1, ..., m) relative
to the coordinates of a reference antenna » = 0. Here, the
GNSS double-differenced (DD) carrier phase data y € R™
are expressed in units of range, with the L-band wavelength
A. The goal is to estimate the ionospheric spatial gradient
b € R? (¢ = 2) on a local east-north horizontal plane, and
raise alarms in case the magnitude of b exceeds certain thresh-
olds. As with (3), model (5) is rank-defect and follows as a
special case of (2) with A = A I, while matrix C is absent.
To deliver unique solutions for both z and b, bounds on the
magnitude of b need to be imposed. Although the magni-
tude of ionospheric spatial gradients occasionally exceeds
300 mm/km, one may consider an ellipsoidal region of con-
servative size in which the vector b lies (Giorgi and Henkel
2015). Accordingly, the subset 13 is characterized as

B={veR I} = ) ©)

in which Q is a given positive definite matrix, with a known
positive scalar y governing the size of the ellipse. The bound-
edness of subset BB follows from ||v|| < A withh = /Vmax X
for all v € B, where ymax denotes the largest eigenvalue of
matrix Q. X

Example 3 (Interferometric wireless networks) While GNSS
users enjoy the support of code data with time-constant phase
ambiguities, the users of wireless sensor localization tech-
niques, like Radio Interferometric Positioning Systems, are
often left with phase data whose ambiguities are not constant
over time, see e.g., Mard6ti et al. (2005) and Khodabandeh
(2022). Broadcasting radio phase signals on several ‘dis-
tinct’ frequencies, a network of wireless sensors are aimed
to deliver high-precision positioning solutions. Their system
of observation equations reads (Maréti et al. 2005)

T
. Al MM

E(y)=z+Bb, withB=|1,, —1,,..., —I, @)
%) Af

where 1 ; is the wavelength on frequency j (j = 1,..., f).

The observation vector y € R™ contains DD phase data
(expressed in cycles) that are collected by a pair of pivot and
rover receivers tracking g + 1 transmitters. Thus m = fgq
(f: number of frequencies). The role of bias vector b € RY
is taken by the unknown DD ranges of the receivers and
transmitters. The position of the rover receiver x, € R? canbe
determined once the DD ranges are estimated. It is assumed
that the position vectors of the pivot receiver x, € R3 and
the transmitters x* € R3 (s=1,...,9 + 1) are known. If
the distance between the rover receiver and a certain location
x, € R3 is known to be not longer than a positive scalar
X, 1.e. ||x, — x,|| < x, the subset B can then be identified

@ Springer
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as (Khodabandeh 2022)
q 1 T 3
B={v e R V:)\_quJ,_l pXr), |xXr—Xoll < x,xr € R
®)

where the (g +1) x g between-transmitter differencing matrix
is indicated by Dy 1. The entries of the (g + 1)-vector p (x;)

are ||x, — x°||—1lxp — x*|| (s = 1,...,q + 1). The set
B is bounded because [[v—v,|| < h for all v € B with
h = (g+1)(x /A1), where va=(1/M)D;F+1 p(xo). X

Example 4 (Bounded SD receiver phase delays) In the pre-
vious examples, the focus was confined to phase-only mea-
surement setups in which the parameter vector ¢ of model
(2) is absent. We now consider the case where not only do
the unknowns c exist, but also code data support their phase
counterparts. Consider a short baseline of two receivers track-
ing n satellites where each satellite ‘s’ may broadcast signals
on a different frequency f; (s = 1, ..., n). The term ‘short’
indicates that both the receivers experience almost the same
atmospheric delays in their measurements. The system of
between-receiver single-differenced (SD) observation equa-
tions, in its linearized form, is given as (Khodabandeh and
Teunissen 2023)

0] _ )LaRil G, e X1r
S N e AR

——’ ——— ———— N——
y A C c

where ¢ € R” and p € R” denote the observed-minus-
computed SD phase and code measurements (m = 2n). It
is assumed that the n frequencies f; are multiples of a com-
mon base frequency f,, thatis f; = 7, f,, with known integer
ratios rs (s = 1, ..., n) forming the n x n diagonal matrix
R = diag(rq, ..., ry). Thus, matrix R reduces to the identity
matrix I,, for the CDMA case having identical frequencies
fs = fo (s =1,...,n). The n x 3 matrix G contains the
n receiver-to-satellite line-of-sight unit vectors on its rows,
with e, being the n-vector of ones. Here, the parameter vec-
tor ¢ € R¥ contains the 3 x 1 baseline vector xj,, and the
estimable SD receiver clock offset dtj, that has absorbed
code biases. Thus k = 4. The SD receiver phase delay &,
that is scaled by the base wavelength A,, plays the role of
the bias vector b € R?,i.e. b = 81, /A, (¢ = 1). The corre-
sponding B-matrix is given by B = R e,,. Note, in (9), that
only the integer ambiguity vector z € Z" and the bias b are
expressed in cycles. The remaining quantities are expressed
in units of range.

As with the previous examples, there is a rank-deficiency
between z and b. In contrast to the previous examples where
the bias vector b is the parameter of interest, here the bias
b is deemed to be a nuisance parameter. One can therefore

@ Springer

remove the stated rank-deficiency at the expense of lumping
acombination of the SD ambiguity vector z into the bias b. To
see this, we apply the integer-sweeping algorithm (Teunis-
sen 2019; Teunissen and Khodabandeh 2022) to the integer
matrix (n-vector) B = Re,. It is assumed that the great-
est common divisor of the integer ratios ry (s = 1,...,n)
is one. Otherwise, these ratios are down-scaled by being
divided by their greatest common divisor. Under this con-
dition, the integer-sweeping algorithm returns an integer
matrix, say Z; € 7"1=D " \which together with B, forms
an ‘admissible integer transformation’ [Z1, B]. An admissi-
ble integer transformation is a square integer matrix whose
inverse is also integer. Let [Z 1 22] be the inverse-transpose
of [Z1, B]. Pre-multiplying the ambiguity vector z by the
both sides of the matrix identity I, = [Z1, B][Z 1 ZZ]T gives
z=272121+ BZp,where 7| = ZITZ and Zp = ZZTZ. Since the
integer combination Z> € Z have the same coefficient matrix
B as that of b, it is absorbed by bias b, forming the estimable
bias b = b 4 7. What is left from z is the integer-estimable
vector Z; € Z"~!. Substitution of z+ Bb = Z; 71 + B b into
(9) gives the full-rank model

E(y)=AZ1Z1 + ABb+Cc (10
The above full-rank model enables one to unbiasedly esti-
mate all the three parameter vectors Z;, b and ¢. The price to
pay is, of course, to sacrifice the integer ambiguity z, € Z.
In the CDMA case, this corresponds to letting the ambigu-
ity of the pivot satellite be absorbed by the SD phase bias b
so that the DD ambiguities z; show up as integer-estimable.
Instead of using the full-rank model (10), in Sect. 4 we will
address whether the positioning user is better off consider-
ing integer-resolution of the whole SD ambiguities z via the
rank-deficient model (9) in which the bias constraint b € B
with subset B = {v € R?| ||v|| < h} is leveraged. X

3 Estimators and their distributional
properties

In this section, we discuss how the three parameter vectors
z€7Z" b e Band ¢ € RF can be estimated via integer
estimation theory. We will then study the distributional prop-
erties of their estimators through their restrictive PDFs.

3.1 A class of estimators

The estimators of the parameter vectors a = z+ Bb and ¢ can
be obtained by an application of least squares adjustment. Let
the positive definite matrix Q,, denote the variance matrix
of the observations y in (2). In the standard least squares
estimation, the squared-norm ||y — Aa — Cc||2vi is mini-
mized over the ‘unconstrained’ Euclidean spaces a € R” and
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¢ € R¥. This would result in the so-called float estimators a
and ¢, together with their joint variance matrix

a aa acé
[5] ’ [ e Qea] ()
However, both the integer constraint z € Z" and the bias
constraint b € B imply that the ambiguity vector a has to lie
ina ‘proper’ subsetof R”,say Q2 = {x € R*|x = u+Bv,u €
7", v € B}. Suchrestriction placed on a leads to least squares
estimators that are different from their float versions (11).

To see this, consider the corresponding mixed-integer least
squares problem (Teunissen 1993)

: 2
min ||y — Aa — Cc|| =
aeQ2,ceRk Oy

A2 _ : A _ 2
1e1F,, +mm{||a allfy,, + min l1¢(@) c||Qg<a)5(a>}
12)

with the least squares residual vector ¢ = y — Aa — C¢, and

1,4

éa Q&& (a—a)
—1

Qe 0, Qéa

c(a) =C—
(13)
Oiwé) = Qee —

As no restriction is placed on ¢ € R¥, the last term in (12)
can be made zero for any a € Q2. Therefore, the minimization
problem (12) boils down to finding the minimizer a € Q2 as

& =argmin ||a —al[?_, with & = &(&) (14)
LIEQ aa

Thus, a is the closest member of €2, with metric dil, to the
float ambiguity vector a. The extent to which the estimator
a is different from its float counterpart a is dictated by the
subset 2. For instance, when B = I, and the bias vector b is
unbounded, i.e. B = R”, the set 2 spans the whole Euclidean
space R". For this case, the minimizer ¢ coincides with 4.
When the bias vector b is known to be zero, i.e. B = {0},
the set 2 reduces to the integer space Z". For this case, the
minimizer a is the well-known Integer Least Squares (ILS)
estimator of z (Teunissen 1999). For the general case, the
minimizer d can be viewed as a trade-off between the float
estimator a and the ILS estimator.

Instead of using the least squares principle (14), one may
take recourse to a different estimation strategy and prefer
another member of Q2 as estimate of a = z+ Bb. Such mem-
ber should take the form of & = % + Bb, where 7 € Z" and
b € B. To obtain the integer vector Z, there exists a class of
admissible integer estimators Z : R" +— Z" that map the float
ambiguity vector a to an integer vector z,i.e. Z = Z(a). These
estimators possess the following three properties (Teunissen

1998)
(I) forevery x € R", thereexitsu € Z" : Z(x) = u
(II) Z(x) € Z" is unique for every x € R”
) Z(x+u) =Z(x)+u foreveryx € R", u € 7"
(15)

The bias estimator b € B may be taken as a function of the
floatambiguity @, say 7 (4). The last property of (15) implies,
if a is shifted by an integer amount u, the integer estimator
Z = Z(a) is shifted by the same amount. Therefore, it is
plausible to ask of the functions J to remain invariant for
any integer shift in their argument, i.e. J (x+u) = J (x)
for all u € Z". Otherwise, the estimator ¢ = 7 + Bb would
not possess the integer equivariant property (III) in (15) as
the integer estimator zZ does. Such function can be equiva-
lently expressed as j(x) =Jx—-Zx)),with7 :R"—~ B
being an arbitrary function. This can be understood as fol-
lows. Clearly, this expression ensures J(x 4u) = J(x) for
allu € Z" as T [(x +u) = Z(x) + u. Conversely, the identity
Jx +u) = Jx) (u € Z") shall also hold for u = —Z(x).
Thus j(x) j(x — Z(x)) which is a function of x — Z(x).
We therefore arrive at the following class of estimators for
the ‘bias-affected’ ambiguity vector a = z + Bb,

. p . Z=12(a)
= B h v 1
a=2Zz+ Bb, wit {b:j(&—i) (16)

The integer mapping Z : R" +— Z" satisfies the three admis-
sibility conditions (15), while 7 : R" + B is an arbitrary
function of the ambiguity residual € := a — 7. By definition,
the term ‘function’ for J implies that every x € R” cannot
have multiple images [J (x). Only one unique image 7 (x)
must therefore be assigned to x. The results of the following
sections rely on such assumption.

3.2 PDFs of the estimators

The arbitrariness of the two functions Z (a) and J (€), in (16),
allows one to devise many estimators for the bias-affected
ambiguity vector a = z + Bb. The distributional properties
of such estimators are captured by the corresponding PDFs.

Theorem 1 (Joint PDF of the estimators) Leta ~ N,(a =
24+ Bb, Q43), ¢ ~ Nile, Q). and &(a) = é— Q305 (a—
a) Then the joint PDF of the three estimators 7 = I(a),
b= J@—2)and¢ =¢(Z + Bb) can be expressed as

fzbc(u v, w) =P € Su) few) (w —

Lv) fi (v) a7

where L = Qg; anl B,ue7'weRkvebB, and pull-in
region S, = {x € R"| Z(x) = u}. It is assumed that B is
such that the PDF of by, = b;cs, exists. O

@ Springer
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Proof From conditioning ¢ = ¢ — Qg Q(;al (4—%—Bb)on
a € Sy, we obtain, since 7 = Z(a), c(u) = ¢ — Q¢ Q&_&1 (a—
u), and ¢(u) is independent of a,

Claes, = C(u) + L bjzes,

Recognizing that ¢(u) and l;|&€ s, are independent, an appli-
cation of the PDF-transformation rule to

[éaesu] _ |:Ik L] [vé(u) }

bjaes, 0 1g 1L Djacs,

gives

f(E,}B)mesu (W, v) = fow(w — LU)f];‘&ESu @)

Therefore

fzyg‘g(lfh v, U)) = P(& € Su)f(ii’[;)‘&esu (ws V)
=P e Su) few (w — Lv)f,;mesu )
= PG € Sulb = v) foq(w — Lv) f;(v)

]

From the joint PDF (17), one can infer the complete proba-
bilistic properties of the estimators Z, b and ¢. The marginal
PDF of each estimator follows by summing or integrating this
joint PDF over the arguments of the other two estimators. For
instance, the PDF of the estimator ¢ follows as

fe(w) = Z P(a € Sy) /B Jeaw(w = Lv) fy (v)dv  (18)

uezn

To better appreciate the above PDF, consider two extreme
cases. In the first case, the bias b is assumed to be zero, i.e.
B = {0}. For this case, the function 7 (x) maps every x € R”"
t0 0. Thus b, = 0 with probability one, having the Dirac delta
(impulse) function § (v) as its PDF, i.e. féu (v) = 8(v), where
fB d(v)dv = 1 and §(v) = 0 for v # 0. Therefore, the PDF
(18) reduces to

fow) =) P(@ € S,) fauyw) (19)

uezn

This is the PDF of the fixed estimator ¢ corresponding to the
‘bias-free’ model (1), see (Teunissen 2002).

The second extreme case is when B = [, and the bounded
set B is large enough to encompass the pull-in region Sp.
Then bjaes, = J(@ — Z(@)jaes, = J(@ — Wi@a-wesy =
(@ —u)jzes,» and the PDF of by = l;\aesu becomes f; (v) =

@ Springer

w — ¢ [cm)]

Fig. 1 Examples of the marginal PDF fx(w) in (18) when b = 0
(top) and when b # 0 (bottom). The green curves correspond to the
special case B = {0} given in (19). The grey curves indicate a class of
such PDFs for different subsets 3. The cyan curves highlight a member
of such class. When the subset B is large enough to contain Sp, the
PDF reduces to the normal distribution (20), i.e. the white curves, cf.
model (21)

faw +u)/P(a € S,) when v € Sy, vanishing for v ¢ Sp.
Substitution into (18) gives

few) = 3 fs, feaw @ = L) [0 +00dv

= f few (w — L(x —u)) fa(x)dx

UueZ”Su (20)
= [ fowy(w) falx)dx

Rn

= fo(w) fgn faexlw)dx = fz(w)

The second equality follows by applying the change of vari-
able x = v+ u withx € S, & v € S, the third equality by
using fé(x)(w) = fé(u) (w — L(x —u)) and Uyezn S, = R",
while the last equality follows from fa(w) = faa(w]x)
and the PDF identity fz;(wlx)fa(x) = fa(w) fae(x|w),
thereby recognizing that fRn Sfae(x|w)dx = 1. Therefore,
the PDF (18) reduces to that of the float estimator ¢ which is
a normal distribution.

Figure 1 visualizes examples of the PDF fz(w) (18) as
cyan curves when b = 0 (top) and when b # 0 (bottom),
together with the two special cases (19) and (20) using the
green and white curves, respectively. The model considered
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is specified as

E([QD:[”C—FB} (z+b), |bl<h 1)

in which the two normally distributed observables y; and
¥z are assumed independent with standard deviations oy, =
15.0 [em] and oy, = 2.3 [cm], respectively. The wavelength
is set to A = 11 [cm], while the bias bound # may range
from zero to half a cycle, i.e. 0 < & < 0.5. When the bias
b is absent, the PDFs are symmetric around the expected
value c. However, except for the white curves, the nonzero
bias b skews all the other PDFs. The white curves indicate
the normal distribution of the float estimator ¢ that remains
unbiased irrespective of the size of the ambiguity-bias Bb.
The figure also shows a class of such PDFs for different
subsets 3 in grey. When the bound # is close to zero, these
PDFs resemble that of the fixed estimator (19). The larger the
bound % becomes, the more the curves are pushed towards
the normal distribution of the float estimator (20).

Let us now consider the PDF of the bias estimator b. The
PDF follows by summing and integrating the joint PDF (17)
over u € Z" and w € R, respectively. This gives

f;0) =D P@eS)f; ) (22)

ueZn

since fRn Sfeay(w)dw = 1. Next to the probability values
P(a € S,) (u € Z"), the above PDF is driven by the distri-
butional behaviour of the random vector b, = bjs¢g, -

Example 5 (Hybrid structure of the PDF f; (v)) To getabetter
understanding of the distributional behaviour of l; consider
a two-dimensional example (n = 2) in which the ambiguity
variance matrix Q;; is specified as

—0.0808} eycle? @3

—0.0808  40.0648

04n = [+O.1056
The bias-affected float ambiguity vector a has the expected
value E(@) = z + Bb, with z = [0,0]T, B = [0, 1]T. The
corresponding bounded setis givenby 5 = {v € R| |v| < h}
(h = 0.2), where b is set to 0.15 cycles. Function J (x) is
chosen as

J (x) = arg min ||x — Bv||3, (24)
lv|<h aa

This choice of function 7 picks the member of subset B
whose ambiguity bias Bv is closest to the ambiguity residual
¢ with respect to metric anl. With this choice, the outcomes

of the conditional random variable b, = I;me s, are simply

80 - 1
7
70t 1
6
60 - 5 1
50 4 .
\E/ 4 3
S40f )
3 2
30 - ) 4 1
20 0 0 005 01 015 02 025]|
10 825 235 22 215 \’
0 I . . . | .
-25 -2 -1.5 1 -0.5 -0.2 0.15

v [cycle]

Fig. 2 Marginal PDF f;(v) in (22) when b = 0.15 cycles, where
function J(x) is set to be (24) with B = R (green) and B = {v €
R| [v| < 0.2} (cyan), cf. Example 5. Two zoom-in windows are also
given to highlight the peaks around the values of —2.3 and 0.15 cycles

characterized by

—h ifb, < —h
by if —h <by, <+h (25)
+h if by > +h

by =

where b, = BT (G — u)jaes,» With the least squares inverse
matrix B+ = (BTQ,!B)"' BT Q.. Therefore, the PDF of

b, reads

I3, 0 = [ M j<p(v)+

! . (26)
S(v+hP(b, < —h) + 8w — WP(b, > +h)

where fl;u (v) denotes the PDF of 5u, with the indicator
function 1;,|<,(v) being 1 if |[v| < & and zero otherwise.
According to (22), the PDF f;(v) is a weighted average of
the PDFs f; (v) in (26), where the probabilities P(a € S,)
(u € Z") serve as weights. The expression (26) shows the
hybrid nature of fEu (v), and therefore, of the PDF f;(v).
While the first term on right-hand side of (26) represents a
probability ‘density’ function of a continuous random vari-
able by, the second and third terms represents a probability
‘mass’ function of discrete random variables with outcomes
+h. Figure?2 visualizes the PDF (22) for the model speci-
fied in (23). The green curve in the figure corresponds to
the unconstrained case B = R (i.e. h — 0o0), whereas
the cyan curve corresponds to the bound 4 = 0.2. As a
result, the probability mass of the cyan curve only lies inside
the interval [—0.2, +0.2] cycles. On the contrary, the green
curve represents, next to the true value b = 0.15 cycles,
also a considerable probability mass around —2.3 cycles.
Such behaviour follows when the success-rate P(a € S;) is
not large enough compared to probability values P(a € S,)
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(u # z). Consequently, the corresponding variables by also
contribute to the distributional behaviour of the bias estima-
tor b, leading to probability masses that can be around values
way farther from the true value b = 0.15 cycles. By imposing
the bias constraint |b| < 0.2 cycles, such unwanted proba-
bility masses can be curbed. This may result in probability
masses that are condensed into the endpoints &/ cycles, see
the terms with the impulse functions §(v £ 4) in (26). X

3.3 Bias-constrained ILS estimator

Up to now, the role of the bias constraint » € B in ensuring
the quality of the bias estimator b = J(€), given in (16),
has been pointed out, i.e. avoiding probability masses that
can be around values outside the subset 13, the values that
are deemed to be far from the target value b (cf. Fig.2).
However, we have not yet addressed the stated role in the
integer estimator 7 = Z(a). When the bias b, ina = z + Bb,
is absent, the ILS estimator

7Z(4) = arg min || — z||3 27
(@) = arg min |la — 2I13, @7)

is optimal as it delivers the largest success rate, i.e. the
maximum probability P(a € S;), among all admissible ambi-
guity estimators (Teunissen 1999). However, the presence
of nonzero bias vectors b can significantly lower the ILS
success-rate.

To account for the bias b in the rank-defect model (2),
Teunissen (2006) showed the feasibility of finding a unique
ILS solution by imposing the bounds (4) on b. For non-
empty bounded sets B, Khodabandeh (2022) developed the
bias-constrained ILS estimator and its BEAT integer search
method, identifying the conditions under which the estimator
obeys the admissibility rules (15). The results are summa-
rized below.

Theorem 2 (Admissibility of BEAT) As a member of the
class of estimators (16), the joint integer mapping L, : R" +—
Z" and bias estimator J, : R" — B

Zy(x) = arg min Fy (u)
ueZr

J,, (x) = argmin ||x — Bv||3, (28)
veB aa

are referred to as the bias-constrained ILS estimator and
its integer search to the method of BEAT, where Fy(u) =
min, g ||x —u— Bv||2QM. The integer mapping L, is admis-
sible if and only if .

B(Jy(x) =Tz (x—u)) #u, Yu € Z"\{0}, Vx € So.8 (29)
where the BEAT pull-in region Sog = {x € R"| Z;(x) = 0}

is distinguished from Sy of an arbitrary estimator (16) via
the subscript ‘B’. O
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Proof The proof is given in (Khodabandeh 2022). O

In (28) and the following, we use the discriminatory sub-
script ‘B’ for the BEAT functions Z; and J; to distinguish
them from their counterparts Z and J of an arbitrary estima-
tor (16). The comparison of the BEAT integer mapping (28)
with that of ILS (27) shows that BEAT needs an ‘additional’
input, i.e. the bounded set B, next to the float ambiguity vec-
tor a and its variance matrix Q4 S0 as to deliver the output
Z = Z,(a). Also note that the proposed estimator becomes
ILS when the set B takes the special form of B = {0}, i.e.
when bias b is known to be zero. Similar to the ILS estimator,
the estimator Z has to be obtained through an integer search.
A fast search strategy for the computation of 7 is developed
in (Khodabandeh 2022). As shown in (ibid), the condition
(29) restricts the choice of an arbitrary bounded set B. For
instance when B takes the form of the identity matrix I, the
sets whose members have Euclidean norms larger than half
a cycle do not ensure the admissibility of BEAT. When con-
dition (29) holds, BEAT produces a unique integer estimator
Z = I (a) for the rank-defect model (2). Note, however, that
the bias estimator b = Jg (€) may not be unique for some
non-convex sets B (Boyd and Vandenberghe 2004). In the fol-
lowing, we therefore assume that the bounded set 3 ensures
that the mapping J; : R" — B in (28) is a ‘function’, i.e.
the image J; (x) is uniquely assigned to every x € R".

Example 6 (BEAT pull-in regions) To get some insight into
the performance of BEAT compared to ILS, again consider
the two-dimensional example in (23), with z = [0, 01T,
B = [0, 1]T. Two sets of 100,000 normally-distributed sam-
ples of a are simulated, one with » = 0 and the other with
b = 0.15 cycles. To estimate z, we consider two bounded
sets of B = {v € R| |v] < h}, one with » = 0 and
the other with 7 = 0.2 cycles. With the first set, the pres-
ence of bias b is ignored as B = {0}. With the second set,
the unknown bias b is constrained to lie inside the inter-
val [—0.2, 0.2] cycles. The corresponding results are shown
in Fig.3. On the left-panel of the figure, the BEAT pull-in
regions (in black and grey) are depicted as ‘hexagons’ for
the choice B = {0}. This is because the integer mapping
7, in (28) reduces to the ILS estimator (27) for the special
case B = {0}. Apart from this case however, the BEAT pull-
in regions, and thus its performance, are different from those
of ILS as indicated for the case B = {v € R| |v| < 0.2} on
the right-panel of the figure. As shown, not all the samples
lie inside the pull-in region Sy due to the randomness of a
(red dots). As expected, for the bias-free case, ILS pull-in
region So captures the largest possible number of samples
with successful mapping Z(a) = 0, i.e. 99.2% of the sam-
ples (green dots). However, the stated success-rate drops to
66.3% for bias b = 0.15 cycles present in the second entry
of a. Upon imposing the constraint |»| < 0.2 cycles, BEAT
ensures success-rates above 90% for both the bias-free case
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2y [cycle]

21 [cycle]

b=0.15, M = {0}

\\\\
N
AN

29 [cycle]

Fig. 3 Two-dimensional examples of BEAT pull-in regions for two
bounded sets of B = {v € R| |v| < h}, one with &7 = 0 (left) and the
other with & = 0.2 cycles (right), cf. Example 6. Two sets of 100,000
normally distributed samples of a are simulated (coloured dots), one

(90.6%) and bias-affected case (93.3%), see the cyan dots.
Figure 4 shows the stated ambiguity success-rate as a function
of bias b for both the ILS and bias-constrained ILS esti-
mators. As shown, ILS exhibits higher success-rates for the
biases whose magnitude is smaller than 0.08 cycles. The ILS
success-rate does, however, rapidly decrease the larger the
bias magnitude |b| becomes, reaching the minimum value of
40% for b = £0.2 cycles. On the contrary, BEAT does not
deliver largest success-rates. Instead, its associated success-

5 b=0, M={veR ||y <0.20}

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
21 [cycle]

b=0.15, M ={reR | |v] <0.20}

with the expectation E(a) = [0, 01" (top) and the other with the expec-
tation E(a) = [0, 0.15]T cycles (bottom). The samples residing in the
pull-in regions Sp are depicted in green and cyan, while the remaining
samples in red are mapped to incorrect integers

rates remain relatively unchanged over the interval |b| < 0.2
cycles. X

Note, as the bias-constrained ILS estimator (cf. 28) min-
imizes the inconsistency measure i(x) = ||lx — Z(x) —
BJ(x —Z(x))| |2Q&& within the estimator class (16), that we
have ig(x) < i(x), Yx € R", and therefore
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= 70) o
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)E? 60 - 94
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-0.1 -0.05 0 0.05 0.1
40

-0.05 0 0.05 0.1 015 0.2
b [cycle]

-0.2 -0.15 -0.1

Fig. 4 Evaluation of the success-rate P(Z = z) as function of bias
b. The green curves correspond to the ILS estimator, while the cyan
curves correspond to the bias-constrained ILS estimator with B = {v €
R| |v| < 0.2}, cf. Example 6

/ iB(x)de/ i(x)dx:/ i(x)dx 30)
So.B So.B So

where the last equality follows from the property i (x +u) =
i(x), Vu € Z" (Teunissen 1999). Since Zg(x) = 0 for x €
So.s and Z(x) = 0 for x € Sp, inequality (30) can be written
as

[ = By, dx < [ 1= BIWI, dx 6D
So0,8 So

thus showing, since the pull-in regions So g and Sp have vol-
ume 1, that the average inconsistency of the bias-constrained
ILS estimator b over its own pull-inregion is never larger than
that of any other bias solution from the estimator class (16).
Hence, application of the bias-constrained ILS principle also
implies that its bias solution has, on average, the smallest
inconsistency with its underlying model.

4 Application in SD ambiguity resolution

In this section we apply the BEAT method to the GLONASS
short-baseline models (9) and (10). In the ambiguity domain
a = z + B b, the stated models can be, respectively, charac-
terized as (Example 4)

A '—~’Z—~
Bias-bounded: E(a) = Z1Z1+ BZ2+Bb, ||b|| < V2h
Bias-estimable: E(4) = Z; %, + Bb, b € R?
(32)

where m is the number of tracked satellites. The role of
a € R?™ istaken by the baseline SD float ambiguity vector on
the two GLONASS frequency bands L1 and L2. In the ‘bias-
bounded’ model above, there are 2 times m equations versus

@ Springer

2m+2 unknowns, i.e. 2 times (m — 1) integer-estimable ambi-
guities Z; € Z>™~D  two frequency band-specific biases b
and by in b = [by, bz]T, and the two extra integer ambi-
guities 7o € 72. Therefore, this model is underdetermined
and cannot be solved for all the unknowns without using the
bias constraint ||b|| < ~/2h. The term +/2 is given to high-
light the dimension of the bias vector b € R?. The fixed bias
bound +/2h should not exceed half a cycle so as to ensure
the BEAT admissibility condition (29), see (Khodabandeh
2022). On the other hand, the ‘bias-estimable’ model con-
tains two unknowns less than the ‘bias-bounded’ model, that
is, the extra unknown vector Z» € ZZ? has been absorbed
by the estimable bias vector b= b+ Z». Therefore, the
‘bias-estimable’ model is full-rank and can deliver unbiased
solutions for Z; and b.

4.1 Motivation: FDMA vs CDMA

While the full-rank ‘bias-estimable’ model in (32) forms the
basis of FDMA ambiguity resolution (Teunissen 2019), sev-
eral studies have reported that GLONASS ‘“full’ ambiguity
resolution cannot be successfully performed even for the case
where the positions of the receivers are perfectly known,
restricting one to choose the option of partial ambiguity res-
olution, see e.g., (Teunissen and Khodabandeh 2019; Brack
et al. 2021; Zaminpardaz et al. 2021; Zhang et al. 2021).
To see why such restriction holds for the FDMA case and
not for the CDMA case, consider the following ‘determinant
identity’ (Odijk and Teunissen 2008)

det(Q: = ) = det(Qaa

2z’ T det(Qli}::\El)

(33)

The above equation states that the precision of the integer-
estimable float ambiguities Z 1,1.e.det( Q%l 5, ), is proportional
to that of the SD float 4, i.e. det(Qj;). Thus, the more pre-
cise SD float ambiguities, the more precise 21 becomes. As
the GLONASS L1 and L2 frequency bands are, respectively,
close to their GPS L1 and L2 counterparts, the determinant
det(Q;;) remains almost unchanged by switching from the
GLONASS FDMA case to the GPS CDMA case for a similar
satellite configuration with observables of the same preci-
sion. Therefore, it is the denominator in (33) that plays a
decisive role in making the precision of the FDMA float
ambiguities 21 different from their GPS versions. The deter-
minant det(Q?l%l) is inversely proportional to det(Qzz _ ),

bb|z
where

Q:: = (BTQ;)B)"! (34)

bb|z,

denotes the variance matrix of the float bias solution b|Z;
when Zz is perfectly known. Thus, the more precise the bias
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Fig. 5 Examples of the conditional standard deviations of the aug-
mented vector [éf brT (black dots) compared to those of the SD float
ambiguities a (white dots) after decorrelation applied to %1 and b by the
LAMBDA method. The light blue areas correspond to those of the bias

solution . The CDMA case corresponds to a GPS L1/L2 constellation,
while the FDMA case corresponds to a GLONASS L1/L2 constellation
of 7 satellites. Zoom-in windows are given to highlight the variation in
the standard deviations

solution b|Z1, the larger the determinant det(Q§1§1 ), thereby
the lower the ambiguity success-rate becomes. As shown in

(34), the precision of b|Z is governed by the coefficient vec-
tor B = R ¢,,. For the CDMA case, this vector reduces to the
vector of ones ¢;,, as R = I,. For the GLONASS FDMA case
however, this vector is formed by the large frequency ratios
ry = 2848+« in which the integer channel number k¢ varies
within the interval [—7, 6]. The much larger coefficients of
the FDMA vector B = R enAthan its CDMA version B = ¢,

imply that the bias solution b|Z; is rhree orders of magnitude
more precise for the GLONASS FDMA case, making the
corresponding determinant det(Qélél) three orders of mag-
nitude larger than its GPS CDMA version.

To show how the presence of such high-precision bias solu-
tion reflects in the GLONASS IAR performance, Fig.5
compares the conditional standard deviations of the SD
float ambiguities a with those of the augmented vector

[ET, ET]T after decorrelation performed by the LAMBDA
method (Teunissen et al. 1997). The conditional stan-
dard deviation of the jth entry of a random vector y =

[y1, y2,..., ym]T iszdeﬁned as the square root of the con-

ditional variance oj = oy — Qyivi Qv Qysy; U
2,...,m), where y; = [y1, y2, ..., yj_l]T with 0'12 = 0)2,1.
For the CDMA case, the conditional standard deviations cor-

responding to the DD ambiguities 21 are around 0.08 cycles,

while those of the bias solution b reach 0.12 cycles. Such
flat spectra are, however, not observed for their FDMA ver-
sions. Two of the standard deviations of Z 1 (one per frequency
band) exceed 8 cycles. On the other hand, the conditional
standard deviations corresponding to the FDMA bias solu-

tion b are shown to be 3 orders of magnitude smaller than
their CDMA versions (light blue areas). The large discrep-

ancy between the standard deviations of b and the last two
standard deviations of the GLONASS ambiguities 21 would
have disappeared if the estimable bias b = b + Z, were
integer-estimable, i.e. if » = 0. In the absence of bias b,
the SD ambiguities a are integer-estimable. To get an indica-
tion of the corresponding ambiguity resolution performance,
one may evaluate the geometric average of these conditional
standard deviations, known as the Ambiguity Dilution Of
Precision (ADOP) (Teunissen 1997). As shown in the fig-
ure, the corresponding spectra are flat and around 0.1 cycles,
leading to small ADOP of ADOPgsp = 0.12 cycles (Teunis-
sen 1997). However, the ADOP of 2 1 is shown to be large
ADOPpp = 0.45 cycles, hindering successful full ambi-
guity resolution. As stated previously, the bias constraint
11b]] < +/2h can provide a trade-off between the ideal case
a € Z*" (when h = 0) and the case [Z] € Z2"=D p e R?)
(when +/2h = 0.5 cycles). But this can only be realized if
the magnitude of the bias vector b would be a bounded value.

4.2 GLONASS SD bounded phase biases

To verify whether GLONASS SD phase biases b = 8, /X,
are bounded, we process the GLONASS L1/L.2 daily datasets
of seven globally distributed IGS zero-/short-baselines. The
receiver and antenna types of the baselines are listed in
Table 1. Use is made of the ‘bias-estimable’ model in (32)
where the coordinates of the antennas, and therefore the base-
line vector x1, (cf. 9), are known. Such strong model can
deliver precise solutions for the estimable bias b=b+7.
NeverEheless, we only consider the ‘single-epoch’ bias solu-

tions b whose formal standard deviations are smaller than
0.003 cycles so that their rounded values to the nearest inte-
ger represent Z, with a high probability. Thus |b] = 25,
where |-] denotes the entry-wise integer rounding operator.
In this way, the fractional parts b — |b7 should represent
solutions of the unknown bias b = §1, /A,

Figure 6 presents time-series of the stated fractional parts

b— |_l;] for each of the seven baselines. To check whether
the biases are repeatable and if they be can be calibrated,
we have computed their solutions on two different days
with one month apart, i.e. 31st of March 2023 (left) and
30th of April 2023 (right). As shown, the biases are indeed
bounded. Despite being of similar magnitudes, the biases cor-
responding to each baseline exhibit different patterns over
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Table 1 Receiver and antenna types of the IGS (zero™) short-baselines used in the GLONASS FDMA experiment

Baseline Receiver-type Antenna-type Length [m]
ZIM2-ZIM3* Trimble NetR9-Trimble NetR9 TRMS59800 0
UNBD-UNB3 Septentrio PolaRx5S-Trimble Alloy TRMS57971-TRM57971 ~ 19
YARR-YAR2 Septentrio PolaRx5-Trimble Alloy LEIAT504-AOAD/M_T ~4
YARR-YAR3 Septentrio PolaRx5-Septentrio PolaRx5 LEIAT504-LEIAR25 ~ 20
YEL2-YEL3 Septentrio PolaRx5TR-TPS NET-G5 LEIAR25.R4-TWIVP6050_CONE ~ 95
YEL2-YELL Septentrio PolaRxSTR-JAVAD TRE_3N LEIAR25.R4-AOAD/M_T A 48
WTZR-WTZS LEICA GR50-Septentrio PolaRx5TR LEIAR25.R3-LEIAR25.R3 ~ 69

The RINEX carrier phase signals ‘L1C* and ‘L2C’ are employed in all baselines

time for the two days. Also note that the bias magnitude
is baseline-specific. For the zero-baseline ZIM2—-ZIM3 hav-
ing the receivers of the same type, the stated magnitude is
smaller than 0.001 cycles. For the short-baseline YARR—
YAR3 which also has the receivers of the same type, but with
different antennas, the bias magnitude is below 0.01 cycles.
Apart from the baseline WIZR-WTZS whose bias magni-
tude exceeds 0.1 cycles, the remaining baselines represent
bias magnitude bounded by 0.05 cycles.

4.3 GLONASS-only positioning solutions

The GLONASS bounded SD phase biases, shown in Fig. 6,
suggest that one can indeed incorporate the bias constraint
[1b|] < +/2h into the rank-defect baseline model (9), apply-
ing the BEAT method to the bias-affected float ambiguities
a, thus computing ambiguity-resolved baseline solutions
for xi,. Considering that small (in magnitude) biases are
observed for most of the baselines, one may also consider the
case in which the presence of bias b is completely ignored,
i.e. h = 0. To obtain the baseline solutions, we therefore
consider the following five scenarios:

(1) The presence of bias b is ignored, fixing the whole SD
float ambiguities a as integers.

(i1) The bias-estimable model (10) is employed, partially fix-
ing the integer-estimable part Z 1 via ILS. By ‘partially’,
we mean that the least precise ambiguity solution (per
frequency band) remains float and is not mapped to its
integer, see Fig. 5, the FDMA case.

(iii) The bias-bounded model (9) is employed, with the bias
bound 4 = 0.15 cycles.

(iv) Estimated mean values of the bias of the previous month
are applied to the phase data as corrections, ignoring the
presence of any leftover biases.

(v) Estimated mean values of the bias of the previous month
are applied to the phase data as corrections, with the bias
bound & = 0.02 cycles applied to (9).
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Therefore, no external solutions of the unknown bias vector
b are applied to the phase data for the first three scenarios.
For the last two scenarios however, the estimated bias solu-
tions, that are obtained on 31st of March 2023, are applied
to the phase data of 30th of April 2023. The corresponding
positioning results of the baseline WTZR-WTZS are shown
in Fig. 7. To highlight if ambiguity-fixing is beneficial to the
solutions’ accuracy improvement, we distinguish fixed posi-
tioning solutions with error-magnitude smaller than 10cm in
cyan colour from the remaining fixed solutions (red dots).
For the first scenario (i), none of the fixed solutions have
error-magnitude smaller than 10 cm. This is attributed to the
corresponding rather large SD phase biases b in Fig. 6 which
have been ignored. For Scenario (ii), 68.1% of the fixed solu-
tions have error-magnitudes smaller than 10 cm. The increase
in the positioning accuracy is because Scenario (ii) accounts
for the unknown bias b by computing its estimable version
b = b + Z,. However, this comes at the cost of lumping the
integer ambiguity z, with b. This can be avoided if the con-
straint||b|| < v/2x0.15 cycles is imposed on the rank-defect
model (9). Accordingly, the percentage of such accurate fixed
solutions increases to 77.8% for Scenario (iii). Although, the
external bias solutions are applied up to 3 decimal places,
the percentage of such accurate fixed solutions decreases to
23.9% for Scenario (iv). This is because leftover ambiguity
biases, although small, are magnified by the large entries of
the matrix B inE(a) = z+ B b. Scenario (v) accounts for such
leftover biases by imposing the constraint ||b]| < V2 x0.02
cycles, increasing the stated percentage to 94.8%.

A closer look at the time-series of the up component
in Fig. 7 reveals that stated error-magnitude is largely driven
by the number of tracked satellites. To make this relation
more explicit, we compute the positioning results of all the
seven baselines and summarize the percentages of their accu-
rate fixed solutions in Table 2. As shown in the table, all
the solutions have error-magnitudes smaller than 10cm for
the zero-baseline ZIM2-ZIM3 when at least 7 satellites are
tracked. This holds for all the five scenarios (i) to (v). This
can be understood from the statistically insignificant bias
solutions shown in Fig. 6 for the zero-baseline ZIM2-ZIM3.
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whereas the fixed solutions with error-magnitude larger (smaller) than
10cm are shown in red (cyan)

Table 2 Percentages of the GLONASS-only L1/L.2 fixed positioning solutions having error-magnitude smaller than 10cm of the baselines listed
in Table 1, corresponding to the five scenarios (i) to (v) in Sect. 4.3

Baseline Percentages [%]

No. of sats. > 5

No. of sats. > 6

No. of sats. > 7

® (i) (i) @) (W) ® (i) (i) @) () ® (i) (i) @) )
ZIM2-7ZIM3 99.9 933  98.1 99.9 100 100 99.7 999 100 100 100 100 100 100 100
UNBD-UNB3 126 548 699 916 889 152 717 884 981 981 193 939 984 998 998
YARR-YAR2 149 564 764 786 969 10.1 713 934  86.1 99.7 146 904 100 98.7 100
YARR-YAR3 914 546 700 989 919 99.8 822 948 100 99.8 100 91.6  99.7 100 100
YEL2-YEL3 91.0 849 927 996 980 964 910 968 997 990 996 990 993 998 998
YEL2-YELL 940 485 668 943 919 987 554 756 987 978 997 798 938 995 995
WTZR-WTZS 0 68.1 778 239 948 O 858 955 309 999 O 98.4 999 453 100
Average 577 658 788 838 946 60.0 804 92.1 87.6 992 619 933 987 919 999

Largest values in each row are indicated in bold
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Table 2 also shows that Scenario (iv) outperforms Scenario
(v) for some of the baselines when the number of tracked
satellites is less than seven. This indicates that ignoring
leftover (but small) ambiguity biases may lead to accurate
fixed solutions, instead of weakening the model by consid-
ering an unknown ambiguity bias varying within the interval
[—0.02, +0.02] cycles. However, Scenario (v) ‘on average’
outperforms all the other scenarios in terms of delivering
more accurate fixed positioning results.

What we can also learn from Table 2 is that Scenario (iii)
‘on average’ delivers a relatively high percentage of accu-
rate fixed solutions (i.e. 98.7%) when at least 7 satellites are
tracked. This important result implies that one can switch
from the ‘bias-estimable’ model (10) to the ‘bias-bounded’

model (9) to improve the baseline positioning performance
even when no external solutions of the SD phase biases are
provided as corrections. Observing bounded GLONASS SD
biases (Fig. 6), one may therefore only incorporate the bias
constraint ||b|| < +/2h into (9) to obtain SD ambiguity-fixed
positioning without relying on an external source. The results
presented so far have been confined to baselines shorter than
100 ms. To verify the applicability of Scenario (iii) to longer
baselines, we also process a GLONASS L1/L2 dataset of the
short baseline TLSG-TLSE whose length is around 1.2 km.
Its receiver-types are ‘Septentrio PolaRx5-Trimble Alloy’.
In contrast to the earlier baselines whose SD phase biases
are a-priori evaluated, we directly apply Scenario (iii) to this
baseline using the bias constraint ||b|| < /2h with different
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Fig. 10 Percentage of the GLONASS-only L1/L2 fixed positioning
solutions having error-magnitude smaller than 10cm as function of the
bias bound ﬁ h. The results correspond to the short baseline TLSG—
TLSE

bias bounds 0 < +/2h < 0.5. The corresponding positioning
results are shown in Fig. 8. When looking from left to right, it
can be observed that the percentages of accurate fixed solu-
tions are around 35.9% for the tight bound 2z = 0.01 cycles,
97.0% for the bound 2 = 0.05 cycles, and 86.3% for the
bound & = 0.25 cycles. The low percentage corresponding
to &~ = 0.01 cycles indicates that ||b]| < V2 x 0.01 does
not hold and, therefore, the bias constraint is misspecified.
This can be also understood from the distribution of the cor-
responding bias estimates b. Recall from (22) that the PDF
f3(v) is a weighted average of the PDFs f,;u W) (u € 7).
Due to the hybrid structure of fEu (v), probability masses can
be condensed on the boundary of set B (see Example 5). Fig-
ure 9 presents histograms of the estimated biases. As shown,
the tight constraint 2z = 0.01 cycles pushes the majority of the
estimates to lie on the boundary of B (the blue circle on the
left-panel), discarding any possibility of having bias-vector
solutions whose norms are larger than +/2 /2. By loosening the
constraint, the probability masses are mainly concentrated
around the unknown bias b that lies inside the circles. On
the other hand, an unnecessary increase in the bounds from
h = 0.05 to h = 0.25 cycles weakens the model, delivering
few percentages of accurate positioning solutions.

This notion has been made precise in Fig. 10, showing the
percentage of accurate fixed positioning solutions as function
of the bias bound /2 A. For small &, only less than 20% of
the solutions have error-magnitude smaller than 10cm. The
percentage gets larger as the bound increases, reaching its
maximum value of 97.1% for v/2h = 0.04 cycles. However,
the percentage starts decreasing as the bound exceeds 0.04
cycles, tending to its asymptote of 80% at +/2h = 0.5 cycles.
This is the percentage that one would obtain using the ‘bias-
estimable’ model (10).

We conclude this section by making a remark about the
choice of bias bound +/2h. According to Fig. 10, the bias
constraint ||b|| < «/2h does not really pay off when h

@ Springer

exceeds a certain threshold. To find a sharp bound, one may
be inclined to first estimate the bias solutions via the bias-
estimable model (10) where the c-parameters are unknown.
The maximum magnitude of such solutions may then be
chosen as ﬁh Such choice does, however, not lead to the
accuracy-improvement of ¢, see the right-panel of Fig. 9. The
reason which enables us to find sharp bounds for the above
GLONASS positioning examples is the use of a stronger
model in which part of the c-parameters (i.e. the baseline
vector x1,) is known. Therefore, a strategy to find a sharp
bound for the problem of SD GLONASS IAR is to employ
the geometry-known model of zero- to very short-baseline
setups, thereby a-priori quantifying bias magnitudes for dif-
ferent pairs of receiver-types, see Fig. 6.

5 Summary and conclusions

The joint integer and bias estimators, ¥ = 7Z,(a) and b =
Jy (@ —2), are the minimizers of the following mixed-integer
least squares problem

. . ~ 2
min min ||a — z — Bb||%.. . 35
z€Z" beB I ||Q”" 33)

They are meant to estimate the integer- and bias-parts of
the bias-affected float ambiguity vector E(a) = z + Bb,
ie. z € Z" and b € B, respectively. The model to which
these joint estimators are applicable is referred to as the bias-
bounded mixed-integer model (2). Despite being rank-defect,
the model leverages the bias constraint b € I3 so as to realize
the unique mappings 7, : R" - Z" and J, : R" — B.

In this contribution, we proved that BEAT offers ‘best’
estimation of z € Z" and b € B in the sense of delivering a
bias solution that has, on average, the smallest inconsistency
with its underlying model (cf. 31). We first reviewed some
important interferometric measuring systems whose estima-
tion problems can be covered by BEAT (cf. Examples 1
to 4). A class of admissible estimators were then charac-
terized, serving to determine the integer- and bias-parts of
the carrier phase ambiguities (cf. 16). We studied the PDFs
of the involved estimators, highlighting that the presence of
the nonempty bounded subset B C R? ‘curbs’ probability
masses around values that are deemed to be far from the
target value b (cf. Fig.2).

To show the BEAT at work, we studied the problem of
GLONASS SD ambiguity resolution. It was highlighted,
for current GLONASS frequency channel numbers, that
the FDMA bias solutions—when the corresponding integer-
estimable ambiguities are constrained to be known—are
three orders of magnitude more precise than their CDMA
versions. While the bias constraint ||b|| < +/2h significantly
benefits FDMA SD ambiguity resolution, it does not con-
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siderably improve the performance of the CDMA case. By
evaluating the ambiguity-fixed positioning solutions of sev-
eral short-baselines, it was demonstrated that GLONASS
bias-bounded SD ambiguity resolution can produce con-
siderably more accurate fixed positioning solutions than its
existing bias-estimable counterpart in which an extra inte-
ger ambiguity (per frequency band) is sacrificed (cf. 32 and
Fig.5). However, such superiority in performance holds if the
involved SD receiver phase delays are bounded (cf. Fig.6)
and the constraint b € B is correctly specified (cf. Fig. 10).

Although in this contribution we restricted our attention
to single baseline models, the proposed methodology can
of course be also employed for GNSS network models. As
with between-receiver SD ambiguity resolution, the applica-
bility of the bias-constrained ILS estimation can potentially
be extended to between-satellite SD ambiguity resolution.
While such extension can be attractive for single-receiver
GNSS applications like precise point positioning (PPP), one
should bear in mind that constraining phase biases improves
the accuracy of model parameter solutions only when (1)
the constraints are not misspecified and (2) the constraints
are considerably tight in such a way that they can penalize
wrong ambiguity-fixing.

Acknowledgements This work benefited from authors’ discussions
with Dr Safoora Zaminpardaz from RMIT University. The GNSS data
are made available by the International GNSS Service (IGS) and Geo-
science Australia. This support is gratefully acknowledged.

Author Contributions AK developed the concept and wrote the
manuscript. PJGT reviewed and edited the manuscript.

Funding Open Access funding enabled and organized by CAUL and
its Member Institutions.

Data Availability The GNSS data used in this paper are freely accessi-
ble at https://cddis.nasa.gov/archive/gnss/data/daily/ and https://gnss.
ga.gov.au/.

Declarations

Conflict of interest The authors have no conflict of interest that are
relevant to the content of this paper.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing, adap-
tation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indi-
cate if changes were made. The images or other third party material
in this article are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If material
is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the
permitted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

References

Banville S (2016) GLONASS ionosphere-free ambiguity resolution for
precise point positioning. J Geod 90(5):487-496

Boyd SP, Vandenberghe L (2004) Convex optimization. Cambridge
University Press, Cambridge

Brack A, Minnel B, Schuh H (2021) GLONASS FDMA data for RTK
positioning: a five-system analysis. GPS solut 25:1-13

de Jonge PJ, Tiberius CCIM (1996) The LAMBDA method for integer
ambiguity estimation: implementation aspects. Technical report,
LGR Series Delft Computing Centre, No. 12, Delft

Giorgi G, Henkel P (2015) Ionospheric bias detection in carrier phase-
only ground-based augmentation systems. IEEE Trans Aerosp
Electron Syst 51(3):1853-1866

Gunther C, Henkel P (2012) Integer ambiguity estimation for satellite
navigation. IEEE Trans Signal Process 60(7):3387-3393

Han S (1997) Quality-control issues relating to instantaneous ambi-
guity resolution for real-time GPS kinematic positioning. J Geod
71:351-361

Hanssen RF, Teunissen PJG, Joosten P (2001) Phase ambiguity reso-
lution for stacked radar interferometric data. In: Proceedings of
the KIS2001, international symposium on kinematic systems in
geodesy. Geomatics and Navigation, Banff, pp 317-320

Hanssen RF (2001) Radar interferometry: data interpretation and error
analysis, vol 2. Springer, Berlin

Hassibi A, Boyd S (1998) Integer parameter estimation in linear models
with applications to GPS. IEEE Trans Signal Process 46(11):2938—
2952

Hobiger T, Sekido M, Koyama Y, Kondo T (2009) Integer phase ambi-
guity estimation in next-generation geodetic very long baseline
interferometry. Adv Space Res 43(1):187-192

Kampes BM, Hanssen RF (2004) Ambiguity resolution for perma-
nent Scatterer interferometry. IEEE Trans Geosci Remote Sens
42(11):2446-2453

Khanafseh S, Pullen S, Warburton J (2012) Carrier phase ionospheric
gradient ground monitor for GBAS with experimental validation.
Navigation 59(1):51-60

Khodabandeh A (2022) Bias-bounded estimation of ambiguity: a
method for radio interferometric positioning. IEEE Trans Signal
Process 70:3042-3057

Khodabandeh A, Teunissen PJG (2016) Array-aided multifrequency
GNSS ionospheric sensing: estimability and precision analysis.
IEEE Trans Geosci Rem Sens 54(10):5895-5913

Khodabandeh A, Teunissen PJG (2023) Ambiguity-fixing in frequency-
varying carrier phase measurements: global navigation satellite
system and terrestrial examples. Navigation. https://doi.org/10.
33012/navi.580

Li B, Verhagen S, Teunissen PJG (2014) Robustness of GNSS integer
ambiguity resolution in the presence of atmospheric biases. GPS
Solut 18:283-296

Maréti M, Volgyesi P, Déra S, Kusy B, Nadas A, Lédeczi A, Balogh G,
Molnar K (2005) Radio Interferometric Geolocation. In: Proceed-
ings of the 3rd international conference on Embedded networked
sensor systems, pp 1-12

Odijk D, Teunissen PJG (2008) ADOP in closed form for a hierarchy of
multi-frequency single-baseline GNSS models. J Geod 82(8):473—
492

Teunissen PJG (1993) Least squares estimation of the integer GPS ambi-
guities. In: Invited Lecture, IAG General Meeting, Beijing, China,
August

Teunissen PJG (1997) A canonical theory for short GPS baselines. Part
IV: precision versus reliability. J Geod 71:513-525

Teunissen PJG (1998) A class of unbiased integer GPS ambiguity esti-
mators. Artif Satell 33(1):4-10

@ Springer


https://cddis.nasa.gov/archive/gnss/data/daily/
https://gnss.ga.gov.au/
https://gnss.ga.gov.au/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.33012/navi.580
https://doi.org/10.33012/navi.580

40 Page180f18

A. Khodabandeh, P. J. G. Teunissen

Teunissen PJG (1999) An optimality property of the integer least squares
estimator. J Geod 73(11):587-593

Teunissen PJG (2001) Integer estimation in the presence of biases. J
Geod 75(7):399-407

Teunissen PJG (2002) The parameter distributions of the integer GPS
model. J Geod 76:41-48

Teunissen PIG (2006) On InSAR ambiguity resolution for deformation
monitoring. Artif Satell 41(1):19-22

Teunissen PJG (2019) A new GLONASS FDMA model. GPS Solut
23:100

Teunissen PJG, Khodabandeh A (2019) GLONASS ambiguity res-
olution. GPS Solut 23:101. https://doi.org/10.1007/s10291-019-
0890-7

Teunissen PJG, Khodabandeh A (2022) PPP-RTK theory for varying
transmitter frequencies with satellite and terrestrial positioning
applications. J Geod 96(11):84

Teunissen PJG, Montenbruck O (eds) (2017) Springer Handbook of
Global Navigation Satellite Systems. Springer, Berlin

Teunissen PJG, de Jonge PJ, Tiberius CCIM (1997) The least squares
ambiguity decorrelation adjustment: its performance on short GPS
baselines and short observation spans. J Geod 71(10):589-602

Viegas DCdN, Cunha SR (2007) Precise positioning by phase process-
ing of sound waves. IEEE Trans Signal Process 55(12):5731-5738

Wang Y, Ma X, Chen C, Guan X (2015) Designing dual-tone radio
interferometric positioning systems. IEEE Trans Signal Process
63(6):1351-1365

@ Springer

Wu S, Ding X, Jiang M, Zhang B, Lu Z (2023) A sparse parameter mode
for MT-InSAR deformation retrieval and uncertainty assessment.
In: IEEE geoscience and remote sensing letters

Yoshihara T, Saito S, Kezuka A, Saitoh S (2019) Revaluation of spatial
decorrelation parameters of atmospheric delay for GBAS (Ground-
based Augmentation System) safety design. In: ION Pacific PNT
meeting, pp 956-963

Zaminpardaz S (2016) Horizon-to-elevation mask: a potential benefit to
ionospheric gradient monitoring. In: ION GNSS+ 2016, pp 1764—
1779

Zaminpardaz S, Teunissen PJG, Khodabandeh A (2021) GLONASS-
only FDMA+CDMA RTK: performance and outlook. GPS Solut
25(3):96

Zaminpardaz S, Teunissen PJG, Nadarajah N, Khodabandeh A (2015)
GNSS array-based ionospheric spatial gradient monitoring: pre-
cision and integrity analyses. In: ION Pacific PNT meeting, pp
799-814

Zhang B, Hou P, Zha J, Liu T (2021) Integer-estimable FDMA model
as an enabler of GLONASS PPP-RTK. J Geod 95:1-21


https://doi.org/10.1007/s10291-019-0890-7
https://doi.org/10.1007/s10291-019-0890-7

	Bias-constrained integer least squares estimation: distributional properties and applications in GNSS ambiguity resolution
	Abstract
	1 Introduction
	2 Bias-bounded mixed-integer models
	3 Estimators and their distributional properties
	3.1 A class of estimators
	3.2 PDFs of the estimators
	3.3 Bias-constrained ILS estimator

	4 Application in SD ambiguity resolution
	4.1 Motivation: FDMA vs CDMA
	4.2 GLONASS SD bounded phase biases
	4.3 GLONASS-only positioning solutions

	5 Summary and conclusions
	Acknowledgements
	References


