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Introduction

1.1. Background

Spatial and spatiotemporal SPDEs are used in a wide number of applications in a variety of fields, including
epidemiology [2], neuroimaging [16], seismology [21], ecology [17] and meteorology. A common assumption
here is that their distribution is Gaussian [11], mostly because those distributions are fully determined by their
mean and covariance function. An important class of covariance functions for this is the Matérn covariance
[13]. The Matérn covariance function is given by

2

p(s,s") = lls—s' Ky xlls—s"ID.

o
[(v)2v-1
Here, K, denotes the modified Bessel function of the second kind, v > 0 is an index for smoothness, ¥ > 0
determines the correlation length and o > 0 is the variance. Whittle [19] showed that a stationary process
(X (X)) yepa that solves the SPDE

T2 -ANPX(x) =W (x), xeR?, (1.1)

has a Matérn function with v = 28— d/2 and 0 = T(v) [T 28) (4m)2x?V 72| ! In (1.1), Ais the Laplace opera-
tor on R? and # is Gaussian white noise. Because of Mercer’s theorem, this covariance function gives rise to a
covariance operator. Recently the viewpoint has shifted from the covariance function to the covariance oper-
ator, because of the many tools available to numerically approach linear operators. The covariance operator
associated to the process X solving (1.1) is given by (7 (x? — A))_Z‘6 .

Lindgren, Rue, and Lindstrom [10] considered the problem as in (1.1) on bounded domains, while impos-
ing Dirichlet or Neumann boundary conditions. Their approach also allows for a spacially varying x, which
replaces the operator x> — A with a more general strongly elliptic differential operator L, and it allows us to
pose the problem on more general domains such as the sphere or manifolds. They also briefly mention the
possibility to extend this to the stochastic space-time problem

O+ L) X(1,x) =W (t,x), tel0,T]
X(0,x) = Xo(x).

This approach has gained a lot of attention in recent years due to computational benefits available to dis-
cretize the (possibly fractional-order) strongly elliptic differential operator. In [8], this problem was further
extended to allow to control both spatial and temporal regularity. They considered the fractional SPDE

@+ LY X(t,x) =W (t,%), t€l0,T]
X(0,x) = Xp(x).

Here, the two parameters 8 > 0 and y > 0 determine the spatial and temporal smoothness. They define a mild
solution, show existence and uniqueness of this mild solution as well as spatial and temporal regularity. The
proofs are mainly based on semigroup theory, which we will also use in this thesis.
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1.2. Motivation
We will focus on the fractional parabolic SPDE

@+ ATXy () =W(t), telsT], y>0,

(1.2)
Xy(s)=¢.

Here, X, (1) takes its values in a separable Hilbert space H and the operator —A: D(A) € H — H generates
an exponentially stable Cy-semigroup. Finally, W (¢) is an H-valued Q-Wiener process and ¢ is some random
initial condition. See also Chapter 2 for more information on these definitions. In [8], it was shown that with
initial condition Xy (0) = 0, its weak solution satisfies a mild solution formula given by

1 [t 1
Xy(t):m[o(t—r) S(t—rdw(r), tel0,T).

In [20], an attempt has been made to extend this solution to arbitrary initial conditions ¢ at time s = 0, by
considering Y, (¢) := Xy () — ¢. They show that this process satisfies the problem

0+ A Yy () =W (D) - A,
Y,(0) =0

Then after deriving the weak formulation of this problem, they ultimately find X, (;¢) as the process satisfy-
ing (1.2), given by

. .:L onoy—l Lft Y e
Xy (£5;8): I A ) r’="S(r)édr + o Jo (t—r)"""S(t—-rdw(). (1.3)

There are two problems with this process. First, for integer n = 2, the process X, as defined in (1.3) is in
general only consistent with solving n Cauchy problems iteratively if all derivatives from order 1 up to order
n—1 are set to 0. It would be desirable to incorporate nonzero initial conditions for the derivatives as well.

The second problem is that, in general, (1.3) is not restartable. As notation, X, (t;s,¢) will denote the
solution process at time ¢ starting with a (random) initial condition ¢ at time s. By restartable, we mean that
the following equation holds for all # > s > u and initial conditions ¢:

Xy (855, X(s551,8) = Xy (51, 8). (1.4)

This property is crucial in the proof of the Markov property as done in [4]. A Markov property is very desirable
numerically, because the resulting covariance matrix would be much more sparse, reducing computation
times. To simplify calculations, we take H =R, S(f) = e M (so A=), and ¢ = y for some deterministic y. The
mild solution formula for our process starting at time s instead of 0 is

Y

/’t (e e]
Y-1,-Ar _ 71 —A(t r)
Xy (t;8,y) = F( ) r dr y+—r( )f (t—r1) dw(r). (1.5

It is possible to substitute u = Ar in the first deterministic integral. This gives

AY Oor)/—le—lrdr: 1 y 1 —ud F(Y,/l(t S))

_ (1.6)
I'y) Je-s L'y) Jac-s 'y

Here, I'(y, x) denotes the upper incomplete gamma function, given by
o0
M= [ e rdn xelo,00.
X

Substituting (1.6) into (1.5) gives

F(Y,/l(t—S))

Xy(t;8,¥y) =
r(5:5.Y) ) Y Ty

f (t=n""te MNaw ().

Now taking expectations here leaves us with

I'(y,A(z—5))

E(Xy (5;5,3) = Ty

E(y),
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where we use that the expectation of a stochastic integral of a deterministic process is always 0 with respect
to a Wiener process. In order for the restarted process to be the same as the original one, it is necessary to
have equality in expectation. Taking expectations in (1.4) gives

F(')/;A(t— s)) F(Y,A(t— w)
— kX , U, =y,
Ty Xr&ny) Y
1 _ LAt -w)

This implies that
Ty, A=y, Als—w)y =Ty, A-u)l'(y)y.

Assuming y # 0, this only holds if
Ly, At = NIy, Als —w)) =T (y, A(t — w))L'(y). (1.7

Now note that the right-hand side is independent of s. As a result, this can only hold if the left-hand side is
independent of s as well. Taking the derivative to s on both sides, we see that Equation (1.7) requires for all
U<s<t,

d
—I(y, At = )T (y, A(s—u) =0.
ds
using that
d
L0 =—x"Te™,
this reduces to
AA(E = )T e M9 (y, A(s — w)) = AA(s — w)Y Le MU (y, A(£ - 5)) =0,
or equivalently,
(s—w) L M0y, At —5) = (£ - )" Le MOy, Als — w)).

Now taking the limit ¢ | s, we see that the left-hand side is always well-defined and non-zero as long as t > u
(T(y,0) is positive and well defined for any strictly positive y). The right-hand side, however, vanishes for y > 1
and approaches infinity for 0 < y < 1. As a result, we obtain that (1.7) does not hold in general for y # 1, so
this process is not restartable in general.






Preliminaries

2.1. Linear operators on a Hilbert space

In this section some general results about linear operators will be presented. To do this, we first need to
establish some basic notation regarding Hilbert and Banach spaces. If H is a Hilbert space, then its inner
product will be denoted by ¢:,-) 7, and the norm on H by | - || . Next, if H is a Hilbert space, then the direct
product space H x H:={(h, g) : h, g € H} is again a Hilbert space if we consider the inner product

((h1,81), (h2, &)Y xr = (h1, ho) g + (81, 82V H-

In this case, we will also write H? to denote the product Hilbert space. In the same way it is possible to define
a Hilbert space H" on H x --- x H.

For the remainder of this section, let U and H be separable complex Hilbert spaces. In what follows we
will give the definitions and theorems used in regards to operators acting from U to H.

Definition 2.1.1 (Linear operator). An operator A: U — H is called linear if
Alax+ By) = aA(x) + BA(y)
forallx,ye Uand a,BeR.

Unless otherwise indicated, an operator will always denote a linear operator from now on. A special kind
of linear operators are the bounded (linear) operators. Instead of A(x) we will often also just write Ax to
indicate the operator A actingon x € U.

Definition 2.1.2 (Bounded operator). A linear operator A: U — H is called bounded if it satisfies

sup [|Ax|lg <oo.
llxlly=1

Note that because of the linearity it is equivalent to take the supremum over || x|y < 1, which is sometimes
done instead in the literature. The space of all bounded operators from U to H is denoted .Z (U, H). In the
case U = H, we will write . (H) instead.

Now if we define | All ¢y, g := Sup) =1 1AXI 1, then this turns .2 (U, H) into a Banach space.

Definition 2.1.3 (Adjoint). If A € Z(H) is a bounded operator, then we define the adjoint of A to be the
operator A* € Z(H) that for all x, y € H satisfies

(Ax, ) u = (x, A" y)m.

It can be shown that this operator A* both exists and is unique, which makes this well defined. Some
operator classes with particularly nice properties will be given next.

Definition 2.1.4 (Self-adjoint operator). An operator A is called self-adjoint if A = A*.

9
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Definition 2.1.5 (Nonnegative definite operator). An operator A € .Z(H) is called nonnegative definite if for
all x in H we have that
(Ax,x)g = 0.

If instead we have for all x # 0 a strict inequality, then we call A positive definite instead.

Now in complex Hilbert spaces it holds that every nonnegative definite operator is also self-adjoint by the
polarization identity, but in real Hilbert spaces this is not true in general.
For those positive operators, it is possible to define the trace [18, Section 14.2]:

Definition 2.1.6 (Trace of a nonnegative definite operator). If A € Z(H) is a nonnegative definite operator
and (ex) k=1 is an orthonormal basis for H, then its trace is given by

(o)
tr(A) = ) (Aeg, ex)n.
k=1
This definition does not depend on the choice of (e;) >, and the sum is well-defined (though possibly
infinite) since we are only adding nonnegative numbers (A was chosen nonnegative definite). It is also possi-
ble to extend this definition to a more general class of operators. For this we first need to define the modulus
of an operator.

Definition 2.1.7 (Modulus of an operator). Let H be a complex Hilbert space, and let A € Z(H). Then its
modulus |A| is given by

A]:= (A% 4)2,
that is, the unique nonnegative definite operator such that |AI? = A[18, Proposition 8.27].

If Ais nonnegative in a complex Hilbert space, then it is also self-adjoint. It thus follows that in this case
A =|A|, which leads us to the more general definition of the trace for complex Hilbert spaces.

Definition 2.1.8 (Trace for linear operators). Let H be a complex Hilbert space, A € .Z(H) and (ey)x>1 an
orthonormal basis for H. Then we define the trace of A as

o0
tr(A) == ) _ (| Alek, ex) u.
k=1
We write .Z7 (H) for all bounded operators with finite trace. This is a Banach space with respect to the
norm
I Al &, () = tr(A).
The last type of operators that will be needed are the Hilbert-Schmidt operators.

Definition 2.1.9 (Hilbert-Schmidt). Let (e;)r>; be an orthornormal basis for H. An operator A € £ (H) is
called Hilbert-Schmidt if

2
< 00.

00 ,
Y I Aecly;
k=1

The Hilbert-Schmidt operators will be denoted by %, (H). Together with the inner product

(o]

(A,B) 1) = ) (Aex, Bep)p,
k=1

these operators become a Hilbert space.
Finally, we will introduce some notation regarding unbounded operators on H. Often these are only de-
fined on a part of H instead of the entirety of H.

Definition 2.1.10 (Unbounded operators). Let D(A) be a linear subspace. An unbounded operator
A:D(A) € H— His alinear operator defined on D(A). D(A) will also be called the domain of A.

For such an unbounded operator A, we can define the graph of A as the set
G(A):={(x,Ax) : x€ D(A)}.

On the graph of A we can define the norm || (x, Ax)llg) = (1x13; + ||Ax||§{)%. We say that A is closed if the
graph of A is closed with respect to the graph norm. Similarly, we can define a norm on H as || x[p) :=
(||x||§{ + ||Ax||§{) 2 I Als closed, then D(A) is a Banach space with respect to this norm [18, Section 1.2], and
even a Hilbert space when considering the associated inner product (x, y) p(4) := (x, ) g + (Ax, Ay) .
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2.2. Bochner spaces and Sobolev spaces

In this section we will define integrals for functions f : ] — H, where J < R is an arbitrary interval and H is
a separable Hilbert space (though a Banach space would also suffice here). This construction is very similar
to the construction of the Lebesgue integral for functions taking values in R. We first define the integral for
simple functions:

Definition 2.2.1. Let 1: Z(R) — [0,00] denote the Lebesgue measure, let ] = R be some (possibly unbounded)
interval and let H be a Hilbert space. Then f: J — H is called a simple function if there exists a finite integer
k such that

k
FO=3 1a,(0)xp,
n=1
with x, € H and A,, € Z(R) such that A(A;,,) < oo, forall n < k.

In a general Hilbert space, a measurable function (defined in the sense of pre-images) is no longer always
the limit of simple functions. In a separable Hilbert space, however, we do not run into this problem, and
a measurable function is always the limit of a sequence of simple functions [6, Remark 3.2]. For a simple
function, we define the integral as follows:

Definition 2.2.2 (Bochner integral for simple functions). Let f : J — H be a simple function of the form
f= Z’rjzl 14, %n. Then we define the Bochner integral of f as

k
ff(t)dt:z Y AAR)xp.
] n=1

It can be shown that this definition does not depend on the choice of (A;) <k and (x;) ,<k. From here we
can define general integrable functions.

Definition 2.2.3 (Bochner integrable). Let f: ] — H be a measurable function. Then we say that f is Bochner
integrable if there exists a sequence of simple functions (f};) ,>1 such that

limfllf(t)—fn(t)IIHdtzo,
n—oo ]

where the integral is taken to be the Lebesgue integral. In this case, we define the Bochner integral of f as

ff(t)dt:z limffn(t)dt.
J n—ooJjy

Again, this definition does not depend on the choice of (f;),>1, and the limit is well defined [18, Section
1.2.a]. The following theorem provides an easier way to check Bochner integrability.

Theorem 2.2.1. Let f: ] — H be a measurable function. Then f is Bochner integrable if and only if

f]nfm | di < oo,

where the integral is again interpreted as a Lebesgue integral. In this case we also have the inequality

”ff(t)dtH < [ 1w,
J H J
Proof. See [18, Proposition 1.2.2]. O

Now define the Bochner space L (J; H) for p € [1,00) as the space of all Borel measurable functions f :
J — H such that

1
I flpgsm = | 1F@15de|” <co.
J

Note that all functions that are equal almost everywhere are equivalent with this norm, so more precisely the
Bochner space contains equivalence classes of functions mapping J to H. L” (J; H) is a Banach space for every
p, and for p = 2 it is a Hilbert space if we take as inner product

(f;g)LZ(];H) :=f]<f(t),g(t)>Hdt.
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Since we identify functions that are equal almost everywhere, pointwise evaluation no longer makes sense,
so we will need a different way to introduce differentiabilty. For this, let C3°(J;R) denote the set of all smooth
(infinitely often differentiable) functions f : ] — R with compact support inside J.

Definition 2.2.4 (Weak derivative). Let f € LY(J; H). Then we say that g € LY(J: H) is the weak derivative of f
if for all p € C°(J;R):

f]f(mp’(t)dt:—f]g(t)gb(t)dt.

If f is differentiable with derivative f’ in the classical sense, then integration by parts together with the
compact support of ¢ shows that f’ is also the weak derivative of f. Moreover, if f is weakly differentiable,
then the weak derivative is unique [18, Proposition 2.5.2]. Now define the Sobolev space W'*P(J; H) as the
space of all functions f € LP(J; H) that are n times weakly differentiable, with weak derivatives again in
LP(J; H). Together with the norm

n 14
i k), p
I flwmr g = (Z A "LP(];H)) ’
k=0

this forms a Banach space. For p = 2 we get again a Hilbert space. The space W»?(J; H) is also denoted by
H"(J; H) to emphasize this. It turns out that for these spaces, we can once again define pointwise evaluation
in a certain way.

Theorem 2.2.2. Let f € WP (J; H). Then there exists a continuous function f € C(J; H) with f = f almost
everywhere, and for all s < ¢ € J we have

_ ~ t
NHGENIO) =f f'(ndr.
N

Proof. See [18, Proposition 2.5.9]. O

2.3. Semigroups
For bounded operators A € .Z (H), it is possible to define its exponential operator by

which converges since for bounded A it converges absolutely in the ||| () -norm. This operator is important
when solving infinite-dimensional initial value Cauchy problems of the form
u'(t) = Au(r) forall £ > 0,
u(0) = ug.
In this case, the solution of this initial value problem would then be given by u(#) = uge’” [14, Section 4.1].
For general Hilbert spaces and unbounded operators A, however, this method fails, since the series defin-

ing e’4 no longer has to converge. In order to deal with unbounded A, we thus have to generalize the proper-
ties of the exponential operator to unbounded operators, which leads us to the following definition.

Definition 2.3.1 (Strongly continuous semigroup). A family (S(#));>¢ of bounded linear operators on H is
called a strongly continuous semigroup if:

e S(0)=1,
e S(t+s)=8(t)S(s) forall t,s=0,
e lim;)o S(f)x = x for every x € H.

In general we will let Cy denote the family of all strongly continuous semigroups. It is easy to verify that for
Abounded, (e4) 5 is indeed a strongly continuous semigroup: the first two properties follow immediately,
and for the last property it is possible to write

Lm |S(H)x - x|l g =lIm[[(S(8) = Dxllg < x| g im [|S(2) — Il (g
0 o 0
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Now for the last part we find

o) l'k r 00 l'k f 0o tk B HAl
—A <lim) —J|A <lim) —J|A =lime""MZu —1 =0.
, Y. 1A zun <tim . 1Al =i

Hm ||S() - I =lim
t10 2 t10 wup  HOE K

k=1

Note that in this case we even found the stronger uniform convergence lim; o [| S(£) — I|| ;7 = 0. A semigroup
(a family of operators that has only the first two properties of Definition 2.3.1) satisfying this stronger prop-
erty is called a uniformly continuous semigroup. Every uniformly continuous semigroup is also a strongly
continuous semigroup, and in fact it can be shown that every uniformly continuous semigroup is of the form
(etA)zzo with A€ _Z(H) [14, Chapter 1, Theorem 1.2].

For Cyp-semigroups this is not the case, but it turns out that there exists an operator, possibly unbounded,
that is similarly related to the Cyp-semigroup as A is to a uniformly bounded semigroup (e‘4) ;.

Definition 2.3.2 (Infinitesimal generator). If (S(£));>0 is a strongly continuous semigroup, then we define its
infinitesimal generator as a possibly unbounded operator A: D(A) € H — H by

o SHx—-x .
D(A) = xEH:l%l—emsts ,
t
. S(Hx—x
Ax:=lim———, xeD(A).
t|0 t

It can be verified that if A is bounded, then A is indeed the infinitesimal generator of (e'4) 0, as one
would expect.
A useful bound that again links the semigroup to the exponential function is the following.

Theorem 2.3.1. If (S(£)) ;>0 is a Cp-semigroup, then there are constants M = 1 and w € R such that for every
0<t<oo,
IS < Me®".

Proof. See [14, Chapter 1, Theorem 2.2]. O

In some cases, we will require w < 0, which we will refer to as exponentially stable.
So far we have only considered semigroups indexed by the positive real line. It is possible to extend this
to a sector in the complex space, which is needed to define analytic semigroups.

Definition 2.3.3 (Analytic semigroups). Let H be a complex Hilbert space. Let ¢p > 0 and define the region in
the complex plane

Z:={leC:|argll < ¢}.
Now an H-valued family (S(z)) ;> is called analytic if the following hold:

¢ z+— S(z) is analytic as a function mapping X to .Z (H),
e S(O)=1,
e S(z+w)=S=)S(w) forall z,we Z,

e for every x € H we have thatlim,_.¢ S(z)x = x.

By only considering the nonnegative real line, an analytic semigroup naturally gives rise to a Cy-semigroup.
Sometimes when working with a Cyp-semigroup we will want the stronger continuity properties given by the
analytic semigroups. If a Cp-semigroup defined on a Hilbert space can be extended to an analytic semigroup
on some complex domain, then we will say that this Cy-semigroup is analytic, even if we only consider the
nonnegative real axis.

The following bound specifically requires analycity.

Theorem 2.3.2 (Bound for analytic semigroups). Suppose —A is the infinitesimal generator of an analytic
semigroup (S(1))s=0. If A is boundedly invertible, then for all @ € N and all ¢ = 0 we have that A4S(¢) is
bounded and there exists constants C =0 and 6 > 0 such that we have

IA*S(t)ll.g () < Ct ™",
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Proof. See [14, Chapter 2, Theorem 6.13]. We restricted the theorem to just integer values for a, but the bound
still holds for other a > 0, though you would have to define A% for non-integer a first. O

Now if we have a real Hilbert space we would still like to have a condition similar to analyticity. For this
we will consider the complexification of a Hilbert space. Just like it is possible to identify C with R x R, it is
possible for a real Hilbert space H to turn H x H into a complex Hilbert space, which we will denote with Hc.
We will suggestively write & + gi for an element of Hc.

Now define

(h+gh)+W+wi):=(h+v)+(g+w)i,

and define the inner product as
(h+gi, v+ wiype == V)g+{(g wy—(h,w)yi+(g V) Hi.

So the norm is then defined as || h + gill%lc = hll% + IIgII%I. For a complex scalar a + bi, we then define scalar
multiplication as

(a+ bi)(h+gi):=(ah—Dbg)+ (ag+bh)i.
It is not difficult to check that this indeed defines a complex Hilbert space. Now if we have a strongly contin-

uous semigroup (S(#)) ;o acting on our real Hilbert space H, then we can define a Cy-semigroup (Sc(£)) ;=0
on Hc by setting

Sc()(h+gi):= S(Oh+S(t)gi, t=0.

All properties of the strongly continuous semigroup can easily be verified here by the definition of S¢ and
the fact that (S(#)) ;=0 is a Cyp-semigroup. We will call (Sc (%)) ;=0 the complexification of (S(¢));>¢. Now if the
complexification of our semigroup can be analytically extended, we again find the same bound as before.

Corollary 2.3.1. Let (S(#)) ;>0 be a Cp-semigroup acting on a real Hilbert space and let — A be its infinitesimal
generator. If the complexification of (S(#)) ;>0 can analytically be extended to some sector %, then we maintain
the bound from Theorem 2.3.2, that is, for all a € N there exist constants C =0 and 6 > 0 such that

IAS(t)ll gy < Ct~ %%, t>0.

Proof. Let (Sc(#)):=0 be the analytic extension of (S(#));>9. Then we claim that its infinitesimal generator
acting on Hc is given by — Ac, where

D(A¢):=1{h+gi:he D(A), g€ D(A)},
Ac(h+gi):= Ah+ Agi, (h+gi)€D(Ac).

To see this, we write out the definition and obtain, for g, h € D(A), that

lim Sc(8)(g + hi) - (g + hi) —lim (S(g—g) +(SHh-h)i :lim(S(t)g—g+ S(t)h—hl. _
t]0 t t|0 t t]0 t t

2

” Sm# + SWh=h; e 0. Furthermore, for & or g outside D(A)

Sng-g |2 + | swn=n
t t H t

2
Now limy o ”H =limy)o ‘
C

we could in the same way show that M;)_(mg”

constants C =0 and 6 > 0 such that

would not converge. Now using Theorem 2.3.2, we get

IAESc ()]l < Ct e,
But writing out the definition of the operator norm, we see that
IAZSc(Ol 2oy = sup  IAESc(D(h+gidlm.= sup  [AESc(t)hly. = sup [A“S(t)hlH,
h+gillHe <1 1 h+0i] g <1 lhllg=1

which gives the required bound. O
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2.4. Hilbert space valued random variables
In this section some basic principles with regards to probabilistic results for random variables on Hilbert or
Banach spaces will be presented.

In general, let (2, %,P) be a probability space, and let H be a separable Hilbert space equipped with
%B(H), the o-algebra generated by all open sets of H. Then if X : Q@ — H is a function, we say that X is a
random variable if it is measurable. For a family of sets F in % we define the o-algebra generated by F as the
smallest o-algebra that contains F, notation o (F). Similarly, for a collection of random variables (X;);c; we
define 0 ((X;)ies) as the smallest o-algebra for which all X; are measurable.

Slightly weaker than a o-algebra is a monotone class:

Definition 2.4.1 (Monotone class). Let Q be a set. Let 2 denote the family of all subsets of Q. Then ¢ < 29
is called a monotone class if

e Qe%,

e fAABe¥and AcB,then B\ A€,

e If (A)p=1 issuch thatforall n =1, we have A, € ¢ and A, € A;+1, thenU;,>1 A, € 9.

It is easy to check that every o-algebra is also a monotone class. Just like with o-algebras, for a family €

we write ./ (€) to denote the smallest monotone class containing €. In certain cases there is a direct relation
between .4 (¥¢) and o (%), which is given by the monotone class theorem:

Theorem 2.4.1 (Monotone class theorem). If € <2 and if for all finite collections of sets Ay, , A, in € we
have ﬂ'k’:I Ay € €, then

M(E€) =0(6).
Proof. See [9, Appendix Al]. O

Now for a random variable X : Q@ — H which is Bochner integrable, that is
E(I X1 ) < oo,

we can define its expectation as
E(X) = f X(w)dP(w).
Q

We let L1(Q; H) be the family of all integrable random variables, which is a Banach space if we let

1 XN g = fQ I X (@)l pdP(w).
Given a random variable X we can define its distribution as a probability measure on p on %(H) given by
u(B):=P(X~'(B)), BeRB(H).

For a real-valued random variable f, we say that its distribution is Gaussian if there exists constants m € R
and o > 0 such that its distribution v is given by

1 _a-m?

v(A)::f e 2?2 dx, AeR.
AV2n0?

We will sometimes also refer to this as a Gaussian measure. Now for o = 0 we say that f is Gaussian if its

distribution equals the Dirac measure centered at m, thatis, v(A) = 1 if m € A and 0 otherwise.

Similarly, for an H-valued random variable X we say that X is a Gaussian random variable if (h, X) jy is a
real-valued Gaussian random variable for every € H. It is important to note here that m and o generally will
depend on h for an H-valued Gaussian random variable. The following gives a representation of a Gaussian
measure.

Theorem 2.4.2 (Representation Gaussian measure on H). A measure p on Z(H) is Gaussian if and only if
there exists an m € H and a Q € .Z(H) nonnegative, self-adjoint with finite trace such that for all h € H,

f el B0y (dy) = ol mMH= Q@RI n
H

Moreover, Q and m are unique in this case.
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Proof. See [3, Theorem 2.2.4]. O

We will refer to m as the mean and Q as the covariance (operator). As a result it follows that the distribution
of any Gaussian random variable can thus be fully characterized by such an m and Q. We will write N(m, Q)
for a Gaussian distribution with mean m and covariance Q. For non-Gaussian random variables X € L2 (Q; H),
we can still assign a mean and covariance operator. In this case, the mean m is given by the expectation, and
the covariance as the operator Q on H such that for all k;, hy, € H we have

[E(<X —-m, hl>H<X_ m, h2>H) = <thr h2>H)

see [4, Section 1.2]. The next theorem gives some properties of H-valued random variables, which are similar
to what you would expect from the real-valued case. It also states that the covariance for Gaussian random
variables, as defined earlier, is the same as the usual definition of the covariance operator.

Theorem 2.4.3. If X is an H-valued Gaussian random variable with mean m and covariance Q, then for all
h, g € H the following holds:

e E(X, hyg) ={m, hyn,

e E{X-m,hyp(X-m,g)y) =(Qh, g H,

e E(| X - mll%) =1tr(Q).

Proof. See [12, Theorem 2.1.4]. O

If in addition to an integrable random variable X we are also given another o-algebra ¢, we can define
the conditional expectation.

Definition 2.4.2 (Conditional expectation). If X is a random variable from (Q,%,P) to H and ¥ is a sub-
o-algebra of &, then we define the conditional expectation of X given ¢, notation E(X|¥), as the unique
random variable Y : Q — H satisfying:

¢ Y is ¢9-measurable;

e Y isintegrable;

e If GE¥, then fG YdP = fG XdP.

We will not show existence or uniqueness of Y here, see [4, Section 1.3] for this. Note that it is also possible
to condition on a different random variable Z instead, which is defined as conditioning on o (Z) (the smallest

o-algebra for which Z is measurable).
Next we will present some properties of the conditional expectation:

Theorem 2.4.4 (Properties of the conditional expectation). Let X,Y be random variables mapping from
(Q,%,P) to H and let ¢4 be a sub-o-algebra of &, then the following hold:

* E(E(X]9)) =E(X),

e For a,b e Rwe have that E(aX + bY |¥4) = aE(X|¥4) + bE(Y |¥4), P-a.s.

o If X is ¢-measurable, then E(X|¥4) = X, P-a.s.

e If X and ¢ are independent, then E(X|¥) = E(X), P -a.s.

e If ¢ isafurther sub-o algebra of ¢, then E(E(X|9)|_#) = E(X|_#), P-a.s.

e IEXIN N <EUXIuID).

We are mostly interested in families of random variables, usually indexed by the (nonnegative) real line.

Definition 2.4.3 (H-valued stochastic process). Let I be an index set and H a Hilbert space. Then we call
(X (i))ie; an H-valued stochastic process if X (i) is an H-valued random variable for all i € I. If moreover X (i)
is integrable for all i € I, then we say that (X (i));es is an integrable H-valued stochastic process.

In the same way we can define square integrable H-valued stochastic processes. Next we will consider a
notion of measurability for these stochastic processes.
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Definition 2.4.4 (Filtrations and adaptedness). Let (2, %,P) be a probability space and let (X(#)) ;>0 be an
H-valued stochastic process. A family (%) ;»o of o-algebras is a filtration if for s < ¢t we have #; < ., € Z.
We say that (X (1))s>0 is adapted to a filtration (%) 1»¢ if X(#) is #;-measurable for all . A process is always
adapted to its natural filtration, given by

FX=0Xs,s<1), tel0,00).
For certain stochastic processes we can define differentiability as follows:

Definition 2.4.5 (Mean square differentiability). Let / <R be a possibly unbounded interval and let (X (#));c;
be a square integrable H-valued stochastic process. Then we say that X is mean square differentiable in a
point ¢ € J if there exists a square integrable H-valued stochastic process (Y (¢)) ;e such that

2
E
H

where in the limit we only consider & such that ¢ + & € J. In this case we call the process Y the mean square
derivative of X.

lim E
h—0

(” X(t+h) - X() v

h

We will now consider Gaussian processes, which are very important for the stochastic integral defined
later.

Definition 2.4.6 (Gaussian process). Let (X(?));>0 be an H-valued stochastic process. Then X is called Gaus-
sian if for all finite collections of times #;,---, t,, the vector (X(#),---, X(¢)) is jointly Gaussian, that is, a
Gaussian random variable on H".

Definition 2.4.7 (Martingale). Let (Q,%,P) be a probability space and let (X(#));>¢ be an H-valued process
adapted to a filtration (%) ;>. Then we say that (X(#));>¢ is a martingale if it is integrable for every ¢ and for
all s < t we have the martingale property:

EX(D].Zs) = X(s), P-as.

The intuitive interpretation of a martingale is a process for which the current value is always the best
predictor for the future values.
Conditional probabilities given a o-algebra are defined as follows.

Definition 2.4.8 (Conditional probability). Given a o-algebra ¢ and an event A € .#, the conditional proba-
bility of A given ¢ is defined up to P-null sets as

P(A1Y) :=E(14l9).

In general, conditional probabilities are not measures despite their name: although we have by the mono-
tone convergence theorem for disjoint events (A;),>o the equality

PUn=1409) = ) P(Apl¥Y) P-as,

n=1

this almost sure set will in general depend on the chosen A,,.
Next it is possible to define conditional independence. Recall that two sets A and B are independent if
P(An B) =P(A)P(B). The following definition extends this principle.

Definition 2.4.9 (Conditional independence). Suppose %1, %2 and ¥ are o-algebras. We say that .%; and
Z, are conditionally independent given ¢ if

P(ANB|Y) =P(AI9)P(B|Y) P-as., Ae€.Z, Be.%,.

Just like with conditional expectations, it is also possible to have probabilities conditioned on a random
variable X, which is defined as taking the conditioning on o (X). Note that if for some fixed sets A and B we
let %1 ={®, A, A°,Q} and .%; = {®@, B, B®,Q} and condition on the trivial o-algebra, we get that .%; and .%; are
conditionally independent iff A and B are independent in the classical setting.

Next we will look at the simple Markov property. Intuitively, a process is simple Markov if the future is
independent of the past given the present.
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Definition 2.4.10 (Simple Markov property). Let (2,.%,P) be a probability space and let (X(¢)) ;>0 be a stochas-
tic process taking values in a separable Hilbert space H. We say that X is simple Markov with respect to a fil-
tration (¥;) 1>¢ or has the simple Markov property if (X (#)) ;>0 is adapted to (¥4;) s> and for all s < t, A€ ZB(H)
we have

P(X (1) € AlY,) =P(X (1) € AlX(s)), P-as. 2.1

If the filtration is not specified, then simple Markov will be with respect to the natural filtration.
Sometimes a process is almost Markov, where we need to condition on a bit more than just X(s) in order
for Equation (2.1) to hold.

Definition 2.4.11 (Multiple Markov property). An H-valued process (X(#));>¢ is called n-ple Markov with
respect to a filtration (¥;) ;> if it is adapted to (¥;) >0, it is n — 1 times differentiable (in mean square sense)
and forall0 < s< t, Ae %(H) we have

P(X (1) € AL.Fs) =P(X(1) € AIX(s), XV (s),---, X" V(s)).

While intuitively clear, the definition for multiple Markov can sometimes be difficult to use in practice.
The next theorem gives two equivalent statements that can sometimes be easier to work with. We define
B, (H;R) as all measurable and bounded functions from H to R.

Theorem 2.4.5. Let (X(f));>¢ be an H-valued stochastic process adapted to a filtration (¥;);>¢. Then the
following are equivalent:

1. (X (1) is an n-ple Markov process with respect to a filtration (4;) 1>o.

2. For all ¢ € B, (H;R) and 0 < s < ¢ it holds that

E((X (D)%) = E(@X ()X (), XV (s),---, X"V (s)). 2.2)

3. Forall 0 < s < t, % is conditionally independent of X () given (X(s), X!V (s),---, X"~V (s)).

Proof. 2 — 1 follows immediately by taking ¢ = 14 for any A € Z(H). Conversely, suppose X is n-ple Markov.
Note that if ¢p = 14 for some A € Z(H), then (2.2) is clearly satisfied. If ¢ is a simple function, so p =Y | ¢;14,
with A; € Z(H) and ¢; € R, then (2.2) follows from linearity of the conditional expectation (Theorem 2.3.3).
Now let ¢ be any bounded measurable function. Then there exists a sequence of simple functions (¢,,) 5>1
that increase to ¢. But then, using the monotone convergence theorem for conditional expectations, we get
that

E(p(X(1)|%s) = lim E(n (X (1)I%5) = lim E(n(X(1)1X(s))
= E((X(1)|X(s)).

Lastly, the equivalence of 1 and 3 follows from [7, Theorem 8.9]. For the choice .7 = ¥%;,% = 0 (X(s)) and
¢ = a(X(1)), this gives us that % is conditionally independent of X (#) given X(s), X!V (s),---, X"~V (s) if and
only if for all A€ o(X(t)) we have

P(AIX(5), X (s),--, X"V (5) = P(ALFL).

Note that every set in (X (¢)) can be written in the form {X(¢) € B} for some B € Z(H). So we indeed find the
required equivalence. O

The same equalities also hold for simple Markov processes (by considering 1-ple multiple Markov pro-
cesses).

Theorem 2.4.6. Let (X(#));>0 be an H-valued stochastic process. Let Y : QO — R be an integrable, gst -
measurable random variable and let ¢ € B;,(H;R). If for all n € N and all finitely many times s; <:-- < s, =5
we have

E(pX(IX(s1),---, X(sp)) =Y P-as., (2.3)

then it holds that
EpXOIFH =Y P-as. (2.4)
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¢

Proof. Assume thatforall s; <--- < s, =, (2.3) holds. Since Y is already EZSX -measurable and integrable, by
definition of the conditional expectation it is enough to show that

E(Map(X(0)) =E(14Y), VAe fsx

Let 6 := {ﬂ?zl Aj:neN,s; <---<s,=S5,A; €0(X(s;:))}. € is clearly closed under taking finite intersections,
so by the monotone class theorem we find
M(€)=0(F).

Let¥ ={Ae .7 :E(14¢(X(1))) =E(1,Y)}. Observe that ¢ is a monotone class:
Q € ¢ is trivial by taking expectations on both sides of Equation (2.3). If A,B € 4 and A < B, then using
linearity
E(1p\ap(X (1)) =E((T = TA)PX (1)) =E((Tp - T4)Y) =E(1p\4Y),

hence B\Ae¥.
Lastly, if (A;) ,>1 is an increasing sequence of sets in ¢, set A = L_J‘l?z1 A;. Now since the A, are increasing,
we use monotone convergence (¢ is bounded) to find

EMap(X(0)) =E(lim T4,¢(X(0)) = lim E(14,¢(X (1)) = lim E(14,Y) =E(lim 14, Y) =E(14Y),

so AeY.
Next, for A € € there exists s1,---, S, such that A = ﬂ?:l A;, A€ 0(X(sy). Butthen A€ o(X(s1),---,X(s,),
so by Equation (2.3) and the definition of the conditional expectation we have

E(p(X()14) =E(Y 1y).

So from this it follows that A € ¢, hence € = ¥. Since ¢ is a monotone class, we thus find 0(€) = 4 (€) < ¥.
So if we can now show that o(%) = .#X, we obtain

FXcy,
so we would be done. Indeed, € <.ZZX, hence ¢ (€) < X since # is a o-algebra.

On the other hand, ESX =0(Uy<s0(X(w))). Now o(X(u)) €6 forall u < s, hence Uy,<s0(X(u)) €6, so

FE=0 ( U U(X(u))) co(6).

uss
So ZX ¥, from which the claim follows. O

Using this theorem, we can now state and show a sufficient condition for a Gaussian process to be multiple
Markov.

Theorem 2.4.7 (Multiple Markov for Gaussian processes). Let (X(#));>o be a Gaussian process on H that is
n—1 times mean square differentiable. If for all s < £,

EX()I.ZF5 =EX@®)1X(), XV (s),---, X" V(s), P-as., (2.5)
then X is n-ple Markow.

Proof. Fix ¢ € B, (H,R). Note that EX(D]|X(s), XV (s), -, X" V() is integrable and ﬁSX-measurable, so by
Theorem 2.4.6 and Theorem 2.4.5 it is sufficient to show for arbitrary s; <--- < s, = s < t that

E@X ()X (s1),--+, X (s) = E(@X ()X (8), XD (5),--, X" V(s), P-as.

Now define Z; = E(X(1)| X (s1), -+, X(s,)) and let Z, = X(t) — Z;. Then since X is Gaussian, we know that the
vector (X (1), X(s1),--+,X(sp)) is jointly Gaussian, hence Z;, is independent of (X(s;),---, X (sy)) [3, Theorem
3.10.1]. So we obtain that

E(@X(NIX(s1),---, X(sp)) =E(P(Z1 + Z2)1X(s1),---, X(sn)), P-as.
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Now Z; is 0(X(s1),- -+, X(s,))-measurable and 7, is independent of o (X (s1),:++, X(s,)). f wesety : Q — H as
¥ (w) :=E(p(Z) (w) + Z»)), then using the freezing lemma [1, Lemma 4.1] we obtain (for almost all w) that

E(p(Z1 + 2)1X(s1),- -+, X(sp)) (W) = ¢ (w).

Now by the assumption, Z; = E(X()|X(s), XV (s),--+, X"~V (s)) P-as., so using the same argument we find
that Z; is (X (s), X(5)P, -+, X (s)")-measurable and Z, is independent of o (X (s)). But then, again using the
freezing lemma, we obtain

E(@X(DNX(s)(w) =E(P(Z1 + 2)1X(5))(w) =y (w), P-as.

So we indeed obtain E(¢(X(£)|X(s1), -+, X(sx)) = E(GX(1)]X(5), XV (5),---, X" D(s)), P-a.s, which com-
pletes the proof. O

2.5. Two-sided Wiener process

In this section we will define the two-sided H-valued Wiener process which will be needed later to construct
the stochastic integral on R. Let Q € .Z(H) be a nonnegative, self-adjoint operator with finite trace. Now let
Wi and W, be two independent H-valued Q-Wiener processes on [0,00). Now define

(w20,
W(t)‘{wz(—t) £<0.

We will now show that this motion satisfies the properties you would expect from a Wiener process:

1. Forall t > s> t' > s’ we have that W (¢) - W(s) and W (¢') — W(s') are independent,
2. W(t)—W(s)is N(0,Q(t—ys)) forall > s,

3. Continuous sample paths P-a.s.,
4

. W(0)=0P-a.s.

The last property is trivial from the definition. Continuous sample paths follows from the continuity of the
original Wiener processes, combined with the fact that both vanish at ¢ = 0.

Now take s < t. If both s<0and <0 or s =0 and ¢ = 0, the distribution of W () — W(s) follows from
the properties of W) and W,. If s <0 < ¢, then W(£) - W(s) = W(t) — W(0) + W(0) — W(s). Now W (1) - W(0)
and W(0) — W(s) are both independent because W, and W, are independent, and respectively N (0, Q¢) and
N(0, Q(-ys)) distributed. So as a sum of two independent normal distributed random variables, it follows that
W (t) — W(s)is N(0,Q(t — s)) distributed.

For the independence, let ¢t > s = u > v. We want to show that W (#) — W(s) and W (u) — W (v) are inde-
pendent random variables. Now if s = 0 = u, the result is trivial since W; and W, are independent. If v = 0 or
0 = ¢, the result also follows immediately from the independent increments of W; and W, respectively. Lastly,
we will show the case t = 0 = s and note that u = 0 = v works very similarly.

In this case we can write W (1) - W (s) = (W (#) - W (0)) + (W (0) — W (s)). Now W (#) - W (0) and W (1) - W (v)
are independent since W) and W, are independent. Next, W(0) — W(s) and W (u) — W (v) are independent
because W, as a Wiener process has independent increments. As a result, we conclude that W (¢) — W (s) and
W (u) — W (v) are independent.

The main downside of this two-sided Wiener process is that it is no longer a martingale: If we consider
[E(Wolgtw ), for t < 0, then this will almost surely be equal to 0 because of the restriction of W (0) = 0 a.s. But
the martingale property would require E(Wy| & tW ) = W; a.s., which would give W; = 0 a.s., which is clearly not
the case for nontrivial Q. In fact, we can show that any process that satisfies the first two properties of the
Wiener process, namely the independent increments and the normal distribution of the increments, is not a
martingale with respect to any filtration:

Theorem 2.5.1. Suppose (X (1)) cg is a process with independent increments. Suppose for all s < ¢ its incre-
ments X () — X(s) are N(0, (t—s)Q) distributed with nonzero covariance Q. Then X(#) is not a martingale with
respect to any filtration.

The proofrelies on backward martingales, which can be thought of as some sort of reversed martingale.
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Definition 2.5.1 (Backward martingale). Let I either be N or [0,00). An H-valued stochastic process (X (1)) e
is called a backward martingale with respect to a decreasing family of o-algebras (%) 1, that is, for s < t we
have &; c &, if it satisfies

1. (X(D)rer is (F1) e adapted,
2. X(1) is integrable for every ¢,
3. E(X(s)|F) =X (1) forall s< t.

Note that a backward martingale (X (t)) ;=0 with respect to a filtration (%) ;>¢ also gives a backward mar-
tingale indexed by N by only considering (X (1)) ;ery and (%) ren. We will also need the following theorem.

Theorem 2.5.2 (Backward martingale theorem). Let (X(n)),en be a backward martingale with respect to
(Z 1) nen- Then limy,_.o, X (n) exists and the convergence is both almost surely and in LY (Q; H).

Proof. See [5, Chapter 12.7, Theorem 4]. O

There is a direct relation between backward martingales and martingales on the entire real line. If (X (?)) /g
is a #;-martingale indexed by R, then for ¢ = 0 define Y (¢) = X(—¢) and let ¢, := %_;. Then it is easy to see
that (Y (2)) s»0 is a backward martingale with respect to (¢;) ;»9. Using this we get the following result.

Theorem 2.5.3. Any real-valued process indexed by R with independent, stationary, and nonzero increments
is not a martingale.

Proof. Let (X(?))ser be a process with stationary, independent nontrivial increments and suppose it is a mar-
tingale with respect to some filtration (;) ,eg. Then as explained earlier, we can define a backward martin-
gale (Y (n)) nen With respect to (4,,) nen by defining Y (n) := X(—n) and ¥, := .%_,, for n € N. Together with the
backward martingale convergence theorem, this gives that lim, .o, Y (1) =lim,_._, X (—n) exists in LY R).
But this gives a contradiction since (X (—n)) ,en is not even Cauchy: For any N, for example, we can consider

1 X-n = X-v+1) L iry = 1 X-1 = Xoll 1 iry # 0,

since we assumed the increments were nontrivial. So we can never have convergence, which is a contradic-
tion, hence (X());er can not be a martingale. O

With this result we are in a position to prove Theorem 2.5.1. The idea is to reduce the H-valued process to
an R-valued process and use Theorem 2.5.3.

Proof of Theorem 2.5.1. We prove by contradiction. Suppose (X(#));er is a martingale with respect to some
filtration (¢;)cr. Let h be an eigenvector of Q corresponding to a nonzero (positive) eigenvalue A. Now
consider

Z(1):=(X (), g

Now it immediately follows that (Z(#))cg is also a real-valued martingale. We will show that (Z(1));cg also
has independent normally distributed increments, which would imply that it is not a martingale, which is a
contradiction. Independence of the increments follows from (X (#));cg having independent increments. For
the distribution we find that

Z(t)—Z(s)=(X(t)—X(s),h)y, s<t.

Now by Theorem 2.4.3, Z(t) — Z(s) is indeed normally distributed with mean 0 and variance
(t=$)(Qh,hyy = (t— A hI .

So we see that (Z(#)) e is a process with stationary, independent and nontrivial increments, so by Theorem
2.5.3 we find that (Z(t)) ser is not a martingale. So we obtain a contradiction, so (X())cg is not a martingale.
O

Note that we did not need an eigenvector h: any h for which (Q#, k) > 0 would have also worked.






Matérn type process on the real line

The mild solution process considered in Equation (1.3) has the disadvantage of not being restartable. To
circumvent this we will consider the modified process

X, (1) ! ft (t r)Y_IS(t rdW(r),te( T] 3.1)
= - - ) —oo, 1. .
v I(y) J-o

It is not clear on first glance how to interpret this stochastic integral starting at —oo. Making sense of this in a
meaningful way will be the first focus of this section. Afterwards the differentiability of the process in a mean
square sense will be investigated.

3.1. Stochastic integration on the real line
Now we will define the stochastic integral for simple deterministic functions @ : (—oo, T1 — %, (H) of the form

n
(1) =) ®iliyy,r)(1), t€ (=00, T].
i=1

where ®@; is an element of %, (H) and fy, t1,---, t, € R are increasing values between —oo and T. Now for this
class of functions we define

t n
f QAW (r):= ) ©;(W(t; At) = W(ti—1 A L)).
—o0 i=1

We will sometimes shorten this to I (#). However, if we consider the standard filtration (& [W )¢=0, We run into
a problem. Take for example ® = 1{_; ). Then for ¢ € [-1,0], we find that ffoo(D(r)dW(r) =W() - W(-=D.
Now for any s satisfying —1 < s < 0 we obtain

0

E(I(0)|.75) = [E(f (D(r)dW(r)Igf"s) =ECWEDIF) =-WI(=D £ W(S) - W(=1) = Ip(s).
—00

So Ip(?) is now no longer a martingale.

In order to obtain a martingale again, we will consider the increment filtration (%W) =0, which will be
defined as {FQ:"/[W = o(W() — W(s) : s = t). We claim that (Ip(#)) 0 is in fact a martingale with respect
to (:@vtw)tzoz Adaptedness follows since W (¢;) — W(t;-1) is :@:W-measurable for t = t;. For the martingale
property we will show that

E(W(t; At = W(tiy ADIFN) = Wt As) = W(ti_1 As).

Now since the conditional expectation is linear, this is enough to show that f_tOOQD(r)dW(r) is a martingale.
Fix s < t. There are multiple cases: either s> t;, t; = s=t;_j or tj_; > s.
In the first case, we get

EW (i A=Wt ADIFY )= WA =Wt A =Wt AS) = W(Lii1 AS),

23
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where we used that W(t; A £) — W(ti-1 A1) is .%W-measurable. If t; = s = t;_1, then we find, since because of
independence E(W (t; A £) — W(s)l?sw) =E(W(t; A t)—W(s)) =0, that

E(W(t; A1) = W(tiy ADIF) = E(W (5 A ) = W(s) + W(s) = W(ti1 A D) F))
=W(S)-W(ti-1A D)
=W({t;AS)—WI(ti—1 N S).

Lastly, if #;_; > s, then we immediately get
E(W (A =Wt ADNFN) =0=W(t; As) = W(tii1 AS).

So in every case the martingale property holds, so by linearity the entire integral has the martingale property.

Note that for ¢ = 0 we have g;tW = QIW:

For any s < ¢ we have that W; and W; are 377}"/ -measurable, so W; — Wy is also PJ}W -measurable, which gives
Z) < Z . On the other hand we have that W, = W,— W, so we get that W, is %' -measurable, so %" < Z ¥
also follows. Now for ¢ < 0, this second part fails, so we only have %" < V.

Moreover, Ip(f) is square integrable for every ¢, that is,

E(l Io (D115;) < co.
This follows since
1©;(W(ti A=W (tioa A E = 1Pill 2l (W A D = W (i1 Al 1.

Now W (#) is square integrable, and since a finite sum of square integrable functions is again square integrable,
it follows that I () is also square integrable.

Theorem 3.1.1. Let M% denote all continuous square integrable martingales with respect to (%W)te(—m;T].
If we take as norm .
IMllyz := sup (EAMDI7)?2,

te(-o00,T]
then M2 is a Banach space.
Proof. A proof in the case of a bounded time domain can be found in [12, Proposition 2.2.9], but we will
specifically need it in the case of an unbounded time domain.
It turns out that this norm considerably simplifies since we are only considering martingales. For this,

note that if (M(#));<7 is a martingale, then we can use Theorem 2.4.4 and Jensen’s inequality (which also
holds for conditional expectations) to find forall t < T

IM(0)I1% = IEM(DIF M3, < EAM(DI . FV)? < EQMDI31Z7).
Now taking expectations on both sides results in
E(IM(D)112) < EENIMT)I%,1.7)) = EUM(D)112).

Together this gives us thus
1
IMllyz = €MD) )2,

which also shows that the norm is finite. Now L2(Q; L% (—oo, T; H)) is a Banach space with respect to ||-|| M2 SO
we only need to show that M% is a closed subspace of L[2(Q; L*®(~00, T; H)). For this, let (X,,),»1 bea sequence
in M% convergingin | - || M2 to X € I2(Q; L*®(~o0, T; H)). We will show X € M% Clearly X is square integrable.

For continuity, recall that if (X,,),>; converges to X in L2(Q; L®(—o00, T; H)), then there exists a subsequence
(Xn) k=1 that converges P-a.s. to X. So for almost all v we obtain that X, (w) — X(w) in L*(~o0, T; H). As
the uniform limit of continuous functions, we thus find that X(w) is continuous for almost all w. Lastly, to
show that X is a martingale, fix s < ¢ < T. we first show that E(X,,(1)|.Z)) — E(X(1)|.Z)) in L} (Q; H), which
implies [P-a.s. convergence of a subsequence. For this, note that

IEX(DIFY) = EXn (O F M) 11 ey = EUEX(8) = X (DL F M) ) S EEUX (D = Xn (D 1l FY))
=E(IX(0) = X (Dl 1) < EQLX(0) = X (0113)7 < 1X = Xallpzz,
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which converges to 0 by assumption. So there exists a subsequence (X, ) =0 for which for almost all w we

have that E(X},, () Iﬁ;w) (w) converges to E(X(t) I%W) (w) as k goes to infinity. By possibly passing to a further
subsequence, we can assume that (X, ) x> also converges to X almost everywhere. But then, again for almost
all w, we have

[E(X(t)lﬂ)(w) = Igir&E(Xnk(t)lj?V)(w) = kli—I»go(X"k (N (w) = (X(s)(w).

So X € M2, which shows that M7 is closed in L?(Q; L*(—oo; T; H)), and hence a Banach space. O

Now if we calculate || f_tootb(r)dW(r)IIi/ﬂ, still for ®(¢) = ;‘:1 ®;114;_,,1;), we obtain
T

) )

n n
=E| ) Z<<1>l-(w<tl-)—W(t,-_l))@,-(wuj)—W(tj_l)»H)
i=1j=1

)

n
Y @ (W () - W(ti—1))
i=1

T
Hf O (r)dW (r)

n n n
=F Z||cI>i(W(ti)—W(t,-_1))||z)+[E(Z S (@i (Wy, — Wi, ), (W, — Wy Vi
i=1 i=1j#i

Now the latter sum equals zero because of the independence of the increments. Let (ex)x>; be any orthonor-
mal basis of H. Setting W (t;4+1) — W(t;) := A;, we get

E(I@;A13) = Y EC@iA; e m)? = Y ECA;, @ ex) ).
keN keN

Here we can use the definition of the covariance. Then using the fact that Q is nonnegative definite, we can

split the Q into Q% Q% and use that Q% is also self-adjoint [15, Theorem VI.9] to obtain

E(ID:A:13) = Y (fi+1 — t)(Q® ey, @} exd
keN

1
=Y (i1 - DIQ2D} el
keN

12
=(tiy1— ti)”QZ(I)i ”fg(H)
1
L)
= (tiv1 = P Q2 'y, (s
1 1
where we used that | Q2 CI);‘ .2 = 1(Q2 @;.k)* .,z - Taking the sum over i gives

2

2 T B n o . 15 B T 15
1 gl = E AW D |=3 (i ti-DI®iQ2 Iy = | 19()Q2 1%, pds.
—00 i=1 —00

H

So if for simple deterministic functions we define

T L, 3
10l = ([ 106QH, 4yds|

then the It6 integral is indeed an isometry from the simple deterministic functions equipped with | - || 7 to the
continuous square integrable martingales equipped with || - || M2

Now for general processes @ : (—oo, T] — %, (H) that satisfy f_Too ||<I>(s)Q% I|iﬂz(mds < 0o, we can define
the integral as a limit of integrals of simple functions. Then if (®,),>; is a sequence of simple functions
converging to @ in | - ||, we define the integral as

T T
f O(r)dW(r) := nlgl(}o[ O, (r)dW(r).

(0.0}

What is left is to show that this representation does not depend on the choice of ®,, and that this limit actually
exists in M- % We start with the latter. Note that (9,),>; is Cauchy, so we obtain by the Itd isometry and the
linearity of the stochastic integral that

179, = Zp, ]l yp = 190 = @il
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so the integral is Cauchy as well in M%. Now since M% is complete, it follows that this integral indeed has a
limit in M‘% The independence of representation follows in the same way: if (®,),>; and (¥,),>1 are two
different sequences of simple functions converging to ®, then

I 1g,, = Iy, HM% =P =¥aulr = 1Pr - Plr+ 1Y, - PllT,
which converges to 0 as 7 — oo. So the integral is indeed well defined this way. It is also possible to relax the

finite trace in the definition of Q. A detailed construction of this in the case with stochastic integrands on a
bounded domain [0, 7] can be found in [12, Chapter 2.5]. The unbounded case follows in the same manner.

3.2. Matérn type process

Now we can proceed with the existence of our process X, as defined in Equation (3.1).

Theorem 3.2.1. Suppose that fg’o I rV’IS(r)Q% ”?%(H)dr < oco. Then Xy is mean square continuous, that is,
Xy € C((~o0, TI; L*(Q; H)).
For the proof we will need the following result from [8], which we will restate here.

Lemma 3.2.1. Suppose U is a Hilbert space and u € L?(0,00;U). For h e R, let J, := ((—h) v 0,00) and define
up:Jp,— Uby
up(t):=u(t+h), tej.

Then llmh_,o ” up — u”LZ(]h;U) =0.

Proof. See [8, Lemma A.4]. O
Proof of Theorem 3.2.1. We first show that X, indeed takes values in L2(Q; H). Applying the It6 isometry gives
X000 = 17 | = 1S 1QH g 32)
Performing the change of variables s = ¢ — r indeed gives
2 L [® o 12
1O = Ty J, 1977 SO s <o, 33)

by assumption.
Next note that,for t<Tand0<h<T-t,

I Xy (2 + h) — Xy (Dl 120 1)

1 t+h
s—(f (t+h-r"1S(t+h-rdWr)
'y \iJe L2(Q;H)
t
+f (t+h=r)1SUt+h—1) = (-1 'St = r)dW(r) )
oo L2(H)

We can rewrite the (square of the) first part using the It6 Isometry and a change of variables to find
2

t+h t+h 1
/ (t+h=r)"1S(t+h-r)dwW(r) :f I+ k=718 + h=1)Q2 Iy, dr
¢ t

L2(Q;H)
& 1 1.2

— Y- 5

= [ smQH i gy

1
Now since fooo I rV_IS(r)Qi IIE%(H)dr < 00, this convergesto 0 as & | 0.
For the second part we first use the It6 isometry and then perform the change of variables t —r = s to
obtain

t 2
Hf [(t+h=r)Y'SE+h-r) = (t=n"'S(t - MNdW ()

L2(Q;H)

t
=f I+ h=r) 1S+ h=1)Q = (t =)' S(t=1)Q2 12, dr

(e 9)
— -1 1 -1 12
—fo I(s+mY " S(s+h)Qz —s¥ S(s)Q2||‘%(H)ds.
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Now since by assumption sY7LS(s) Q% € [2(0,00;.%(H)), Lemma 3.2.1 gives that this converges to 0 as i | 0.
Now if & < 0, then we instead find

1 Xy (t+ h) = Xy (Dl 2011

t
s—(f (=TSt -rdw(r)
Ly) \lJe+n L2(Q;H)
t+h
+f (t+h—r)'S(t+h—1)—(t—r) ' S(t =AW (1) )
oo L2(Q;H)
For the second part we again obtain
t+h 2
H/ (t+h—r)"1S(t+h—1)— (-1 1St - 1AW (1)
oo L2(Q;H)

t+h
:f I+ h=r)LS(e+ h=1)Q? = (1= )T S(r=QE 12, dr

(o0]

(e 9)
_ y-1 1y 1.2
= f_h s+ R "S(s+h)Q2 —s""S(s)Q2 ||,$2(H)d3'
Just like before, this goes to 0 as 2 1 0 by Lemma 3.2.1.

The first part now gives

2

t
f (t-n'1St-rndw)
t

¢
_ -l _ 12
o —j; l(z—r)" St r)Q2||g(/2(H)dr

+h

L2(Q;H)
. 12
=j; ”rY S(")QEHQ(ZZ(H)drv
which we have already shown goes to 0 as % 1 0. Taking everything together we thus find

lim 1 Xy (£ + B) = Xy (D1l 205 = 0,

which is what we had to show. O

3.3. Restarting property
In this section we will show that the new process Xy (1) is restartable. For this it is important to realize what
imposing an initial condition actually means here. In order to see this, we rewrite

1 [t _
Xy (1) = mﬁw(t—r)y IS(t—rdw(r)

1 S S
= —U (s—r)Y‘IS(s—r)dW(r)—f (s— T 1S(s—rdw ()
I'iy) \J-

o0 —00

S t
+f (z—r)Y*IS(t—r)dW(r)Jrf (t-n"1St-rdwr)
- S

(o, 0]

N N
=%Y)(f (s—r)Y‘ls(s—r)dW(er [(t=PY1S(t=9)—(s— )] S(s— AW (r)

o0

t
+ f (t-nr"71S— r)dW(r))
S

= Xy (s) + %Y) (f_oo [(t=1)77'S(t—9)— (s— 1" S(s—rdW(r)

t
+f (t-r)rts— r)dW(r)).
N
This motivates the following definition for X, (; s,¢):

Definition 3.3.1. We define the process at time ¢ starting at s with initial condition ¢ as

N t
Xy(t;s,f):gﬂ-%y)(f [(t—r)Hs(t—s)—(s—r)Vfl]S(s—r)dW(r)Jrf - 1St -rdw)|.
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From here, it is possible to show that this modified process is in fact restartable.
Theorem 3.3.1. X, is a restartable process. That s, for any u < s < r and any ¢,
Xy (858, Xy (554, 8)) = Xy (£ 4, 8). (3.4)

Proof. Writing out the left-hand side, we get

u
Xy (855, Xy (s5u,8) =&+ %Y) (f [(s=r)" 1 S(s—w) - (w-r""]Sw-rdw(r)

+f (s—r)Y*IS(s—r)dW(r)Jrf [(t=1)"1S(t=5) = (s— )| S(s—r)dW(r)

t
+ f (t-n" 1St -rndw)

Rewriting the part from u to s gives

u
Xy (58, Xy (s1,8) =&+ %7) (/ [(s= P 1S(s—w) - (u—r)"] S(u—-r)dw(r)

S
+[ (t—r)Y_IS(t—r)dW(r)+f [(t=1)"1S(t=5) = (s— 1) ] S(s—rdW (r)
u

o0

t
+ f (t=r)"1St- r)dW(r)) :
N
Now taking the first and third integral together and the second and fourth integral ultimately gives us

Xy (65, Xy (su,6) =&+ %Y) (f (t—r"'St—u)— (u—r"""1Su-rdw(r

t
+f (t- r)Y‘ls(t—r)dW(r)) =Xy (t;u,8),
u

which proves the theorem. O

3.4. Mean square differentiability

In this section the mean square differentiability of the process will be investigated and a closed form for this
will be given. For this we need the following theorem.

Theorem 3.4.1. Suppose ¥ € H"(0,00;.Z (H)), where H"(0,00;.Z (H)) is the Sobolev space as defined in Sec-
tion 2.2, is such that for all k € {0,1,-, 7} we have y®Q2 in L2(0,00;.%(H)). Suppose furthermore for

ke{0,1,---,n—1} that 1//(’“) vanishes continuously at zero, that is, for the continuous version of 1//”‘) we have
limy® (1) =o0. (3.5)
£10

Then the function ¢ — ffoo w(t—s)dW (s) mapping (—oo, T] to I[2(Q; H) is n times differentiable in time and

dn t t
—f w(t—s)dW(s) =f y " (t-$)dW(s), te€ (—oo,TI.
dtn —00 —0o0
Recall that a function in WP (0,00;.% (H)) always has a continuous version, hence the limit in Equa-
tion (3.5) is well defined. We will require a theorem from [8] for the proof, which we will restate here.

Theorem 3.4.2. Let U be a Hilbert space and suppose v € H!(J; U). Define Jj, and v, as in Lemma 3.2.1.
Then

lim =0.
L2(Jp;0)

HU/h—U/ o
h—0 h

Proof. See [8, Proposition A.8] O
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Proof of Theorem 3.4.1. The proof uses induction. First consider the case n =1 and fix ¢ € (—oo, T]. Suppose
0<h<T-t. Wewill consider

1

t+h
ﬁ( y(t+h—-s)dW(s)— f w(t— s)dW(s)) f v (t—5)dW(s)

t+h

t
:f [E(w(t+ h=s)—w(t—s) -y (t- s)] dW(s) +% Y(t+h—3s)dW(s).

t
We will start with the last term. Using the It6 isometry and Theorem 2.2.2, the last term becomes
2

ds.
£ (H)

1 t+h h s 1
[E(”ﬁ w(t+h—s)dW(s) f w'(r)dr Q2
t 0

H) E f I (©QF 1%, ,pd

1 S 1 2

Using Cauchy-Schwarz then ultimately gives us
1 h s , 1 2 1 h s ) 1,
ﬁfo (fo Iy (NQ2Il % mdr| ds< ﬁfo sfo Iy (N Q2 1%, 4y drds

h
S T ds < ly/Q2 |12
“h 0 12(0,5;.% (H)) - L12(0,. % (H))"

1
Since ¥’ Q2 is integrable, using dominated convergence shows that this term goesto 0 as & | 0.
For the remaining part, we can first apply the Itd isometry and then the change of variables r = t — s to

obtain
2
E
H
t
= f ds
—00

25 (H)
H [E(U/(r +h) -y -v'(r)

I
U [—(u/(t+h—s)—w(t—s)) —w'(t—s)] dW(s)

[—(u/(t+h )—y(t—9)—vy'(t— s)]Q2

2

dr.
L (H)

ot

Now by Theorem 3.4.2, this goes to 0 as & goes to 0.
Now if we take h < 0, we instead find

1

t+h
E( y(t+h—s)dW(s)— f w(t— s)dW(s)) f v (t-$)dW(s)

t+h 1 t
:f E(u/(t+h—s)—w(t—s))—w’(t—s)]dW(s)—f Ew(t—s)dW(s) w(t AW (s).

t+h t+h

2
H)
ds
£ (H)

Rewriting the first term gives
[E (
t+h
-J..
L5
=%

t+h
/_oo }11 dW(s)

—((t+h—s)—pt—9) -y (t—s)

2

Q:

1
E(i//(t+h—s)—1//(t—s))—w’(t—s)

2
dr,
25 (H)

—r+h)-w() -y ()] Q2

where in the last term we did the substitution r = ¢ —s. Just like before, this goes to 0 as i { 0 by Theorem
3.4.2. The second term also reduces to

|

t
f lu/(t— AW (s)
t+h h

2 1 ~h 1 9
B L A
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which we have already shown goes to 0 as & { 0. For the last term, we find

[E (
Since w’Q% € [%(0,00; % (H)), this goes to 0 as i 1 0, which proves the case n = 1.
Now suppose the statement holds for a certain 7, and let ¥ satisfy the conditions of the statement for

n+1, thatis, for k € {0,---,n + 1} the operator-valued function w(k)Q% belongs to L?(0,00;.%,(H)) and for
k € {0,---, n} we have (the continuous version of) ¥ vanishing continuously at 0. Then

¥ (t—s)dW(s)

2 t -h
)=f[ W =9QM s = [ 1R,

t+h +

dn+1

f w(t—s)dW(s) = f w(t—s)dW(s) = df y (1 - 5)dW (s),

dt de”

where the last step follows from the induction hypothesis. Now v’ vanishes at 0, has a mean square deriva-
tive "1 and we have both ¢ Q? € L2(0,00;.% (H)) and %w(”)Q% € L?(0,00;.%» (H)). Hence we find

d t t
— f y?(t-5)dW(s) = f y" (1= 5)dw (s),
dt —00 —00
which is what we wanted to show. O
Now define for a € R and b € N the function ¢, ;, : (0,00) — £ (H) by
Gap(t):=t°APS(1), 1€ (0,00).

Now [8, Lemma 3.20] states that their (classical) derivatives are given by

k) d* x
P (0= dtk¢a,b(t): > Ca,jkPatk—jb+j(1), € (0,00), (3.6)
j=0

where Cy,j i = (-1)/ (5) [} (a— (k= ) + i). Note that

1 t
Xy(t) = T}/)]LOO([)Y_L()(I— ) AW(s), te(—oo,T].

We are now in a position to prove the differentiability.

Theorem 3.4.3. Lety > n. Suppose for k€ {0,1,---, n} that (,by,l,k,OQ% € I%(0,00; % (H)). Then the stochastic
process X, : (—oo, T] — L?(Q; H) is n times mean square differentiable with derivatives

X = r()f P 01— 9dW(s), ke{0,---,n}. 3.7)

Proof. We want to use Theorem 3.4.1. This requires for k € {0, - -, n} that (p(ka)LOQ% € L?(0,00;.%(H)). Now by
Equation (3.6) we have

NGRS ch LikPy-1-tk-j,j (), L€ (0,00). 3.8)

So ([)(k) 1,0 1s a linear combination of ¢y_;_k-),j, for j € {0,---, k}. So it suffices to show for j € {0,---, k} that

Py-1-k—),j € L2(0,00;.% (H)) holds. Moreover, if (¢;);>; is an orthonormal basis for H, then we can make use
of Theorem 2.3.2 to obtain

+j 12
1@ fS(t/Z)QZel”H

o 1 < i AJ 3 3 / )
1t ATS(QZ 1%y, = X 11" ATS(DQ2 gl < Y ”A]S(ﬂz) ” L (H)
=1 =1 K

.

. ) .
e 0 (t12)72y 12
=1

Now using the estimate e %¢ < 1, we ultimately find
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51 2j e 2) T g a Lo _ = a 1.2
Ce 0 (1/2) l:th /2)Q2e,”H_cl;H(t/2) S(t/Z)QZelHH—CII(I/Z) S2)Q7 12, -

Hence

“*fAfS(t)Qz

t

N
e[

where in the last step we used the substitution 27 = ¢. From this it follows that we only need, for k € {0, - -, i},
that ¢ k,OQ% belongs to L?(0,00;.%, (H)), which was the assumption.

%(H)dt_Cf ”(t/Z) S(t/2)Q? ‘.zz(m

“S(r)QZ

r!
25 (H)

To show for k € {0,---,n— 1} that w(k)Q% vanishes at 0, we can use a similar argument. First note, using
Theorem 2.3.2, that
lim||t%APS(t <limCt*?,
110 I ( )||$(m 110

which goes to 0 as long as a — b > 0. Now the lowest value of a — b in the expansion of Equation (3.8), only
considering the first n — 1 derivatives, is given by y — 1 — (n — 1). Since by assumption y—1—(n—1) > 0, the
first n — 1 derivatives vanish at 0. Now applying Theorem 3.4.1 gives the result. O

After taking derivatives, the question arises whether or not we are allowed to pull the powers of A outside
the integral. The following Theorem is proven in [4, Proposition 4.30] for a bounded time domain, but we will
need it in greater generality. The proof uses a similar argument as given there.

Theorem 3.4.4. If Ais closed and both
o0 a l 9
fo It S(I)Q2||D%(H)dt<oo

as well as -
1
L2
fo 1% AS(r)Qz II_%(H)dt<oo,

then P ([’ (t—$)*S(t—s)dW(s) € D(A)) = 1, and we have
t t
Af (t—s)“S(t—s)dW(s)zf (t—s)*AS(t—s)dW(s), P-as.

Proof. Recall from Section 2.1 that if A is closed, then D(A) is a Hilbert space when endowed with the inner
product (x, ¥)p(a) := {x, ¥)u + (Ax, Ay) u. Now let (ex) =1 be an orthonormal basis for H. Then by definition,

% 1o © 1,2
I ||t“smoz||‘%(D(A))dr=f0 3 1°S(0Q" el dr

oo 00
>
k=1

1 1 © 1 o 1
||t“5(t)Qfek||§,+||r“Astfek||i,]dr=f0 ||t“sti||f%(,j,)dzr+f0 11 AS(DQ? g 1y A1,

which is finite by assumption. Now since D(A) is a Hilbert space, we can find simple functions (f;) =1 of the
form f;, : (0,00) — % (D(A)) such that

hmf H[t“S(l‘) (0] Q2 ‘

.i”z(D(A))
By the same argument as before, this implies both
lim [ | (s - fao] @ H2 dr=0 (3.9)
n—oo Jy " Z5(H) .
as well as
lim “[At“S(t) Afn dr=0. (3.10)
n—oo 0
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Note that for a simple function g := Z],yzl Ol 10, With ¢ € £5(Dy) and 1; = 0 for all i < N, we have

t N
f Ag(t=$)AW(s) = Y Ady(W (£ = 1) = W (t = fy41))

k=1
N t
=AY GrW(t—t) - W(t—tr1) = Af g(t—9)dW(s).
k=1 -0

By definition of the stochastic integral, Equation (3.9) implies

t t
f(t—s)“S(t—s)dW(s)zr}i_Igof fu(t—s)dW(s)

(o¢]

in L2(Q; H). Similarly we find, from Equation (3.10),

t t
f A(t—s)“S(t—s)dW(s):'}i_I}(}o[ Afu(t—s)dW (1)

o0

= lim Aft fn(t—95)dW(s),
n—oo —00

again in L?(Q; H), where the last equality follows because f;, is simple for all 7, hence we can take A out of the

integral. By passing to a subsequence (fy,) =1, we obtain a subsequence that also converges P-a.s. If we now

for k= 1setxi = [* fu,(t=5)dW(s) and x = [ (t—5)*S(t—s)dW (s), then for almost all w € Q, x;, converges

to x in the H-norm and Axj converges to foi A(t —5)?S(t — s)dW (s) (again in the H-norm). Now since A is

closed, we thus obtain that ffoo(t —8)2S(t—s)dW(s) is in D(A) for almost all w, and thus
t t
Af (t—s)“S(t—s)dW(s):szklim Axsz A(t—9)%S(t—s)dW(t), P-as,

(e.0] —00

as required. O



Multiple Markov property

In this section the dependence on the initial value will be investigated when y is an integer. It turns out that
it is possible to split the process in something depending on the random initial conditions and a random
variable independent of it.

4.1. Incorporating initial data
We split the integral as follows:

1t _
Xy (1) = Wf_oo(t—r)y LS(t—rdw(r) (4.1)

1 $ 1 t
= — — y-1 _ - _ y-1 _
r(y)f_oo” TS ndW )+ o | a=nrisu-nawo. (@.2)

In what follows we will write vy (¢) := [ (£ —r)Y"'S(¢ - r)dW (r). We first need to establish a general identity.

Theorem 4.1.1. Suppose that both ¢Y,0Q% € I%(0,00;.% (H)) and (py,l,OQ% € L%(0,00;.% (H)). Then we have
0+ A) Xy11 = Xy, P-ass.

Proof. From Theorem 3.4.3 the mean square derivative in L2 (Q; H) is given by

_ 1 oW
Xy (D)= Ty+1) f-oo(p%o(t_ 9AW(S)
S ft (t—95)""1S(t—s)dW(s) - ! ft (t—=8)TAS(t—s)dW(s), P
= F()/) - N S S r(}/+1) . S S S), a.s.,

where in the last step we just wrote out gbs,%. Now we can use Theorem 3.4.4 to pull A outside the integral,
which is allowed, since we assumed directly that (PY,OQ% is in L?(0,00;.%, (H)), while ¢,,1 Q% € I2(0,00; % (H))
follows from (Py—l,oQ% € [%(0,00; % (H)), as also seen in the proof of Theorem 3.4.3. O

In exactly the same way it follows that (3; + A)vy+1(2) = vy (#), P-a.s. It turns out that vy also has a much
nicer form as long as v is an integer.

Theorem 4.1.2. Define, forneNand ¢t = s,

n-1,¢_ ok
Du(n:= Y. L=

k' Cn_k(t—s)Xﬁlk)(s), P-a.s.,
k=0 :

with C;(1) = X2V LA S (1), Let n > 1. If for k€ {0, 1, -+, n} we have ¢,,_r,0Q? € L2(0,00;-% (H)), then

i=0 !

(0t + A)Dyi1(8) = Dy(1), P-ass.

33
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Proof. Note that, by Theorem 3.4.3, X, is atleast n— 1 times differentiable, and X, is at least n times differ-
entiable. So both D, (f) and D, (t) are well defined. If we only look at the derivative of C;, we find that for
every integer [ =2 and all £ = s,

d d Z-9'A (-5 Al (-5 A
—Ct —St— = —St— - —St
i(t=s)= dt;’) ( )l; TR )IZZO ; (t—s)
IZAL(t S)l - 1( )A
—AZ —_ — S(t-s-A l—S(t $)=AC;_;(t—5)— ACi(t—s).

i=0

For C,(t—s) = S(t—s), we just get %Cl (t—8)=—-AS(t—s) =—AC;(t—s) forall t =0, since — A is the generator
of (8(%)) s=0. Writing out the product rule we now obtain

4 D0 = (t_s)kc t-5x®
dr n+1(f) = d_ n+1-k(E—8) X, /1 (8)
n —S)k 1 (t— )k
1;1 T Cns1-k(t=9XW (5) +AZ Cnoi(t=9XW (5)
(- s)k
—AZ Crs1-k(t=9XP (5), P-as.
So ultimately we find that
d n-1 (t—S)k k
T Dw 0= Y | Caili - s)—(X“)l(s)+AXn+1(s)) ~ ADy11 (1)
k=0 :
(SR k)
= TCnfk(t—s)Xn ()= ADp+1(8) = Dyp(t) = ADy11 (1), P-as,
k=0 :
where in the last equation we used Theorem 4.1.1. O

Now both D, () and v,(t) satisfy the same Cauchy initial value problem with initial condition D,(s) =
Vn(s) = X5 (s). In order to show that the two processes coincide, it is hence useful to look at uniqueness of the
equation. We restate the following result from [14].

Theorem 4.1.3. Let X be a Banach space and let A: D(A) € X — X be a linear operator. If — A is the infinites-
imal generator of a Cp-semigroup, then for every x € X the Cauchy intial value problem

@i+ Aul®) =u(t), t>0,

4.3
1(0) = (4.3)
has a unique solution.

Proof. See [14, Chapter 4, Theorem 1.3]. O

In order to apply this, we need to view A as an operator acting on L?(Q; H) instead of acting on H, which
is done with the following Lemma.

Lemma4.1.1. Suppose A: D(A) € H — H is a possibly unbounded linear operator and suppose — A generates
a Cy-semigroup on H. Define A: D(A) € L*(Q; H) — L*(Q; H) by

D(A):={Y € L*(Q; H) :P(Y € D(A)) = 1, | AY |l ;2(q; 15y < 00},
[AY](w):= A[Y ()], Y eD(A), almostallwe Q.

Then —A generates a Cy-semigroup acting on L?(Q; H) given by (S(1));s9, where § is defined on L?(Q; H) in
the same way as A.

Proof. We will first show that ||~§(l‘)||g(L2(Q m) = ISz, for all ¢ = 0, after which we will prove that
(S(t))[>() is indeed a Cp-semigroup. To show 18| zuzm) = 1SN 2y, note that, for any x € H with
x|l 7 < 1, we can define a function Y € L2(Q; H) by Yy(w) = x. Then clearly, || Yl ;2(q.5) = Ixllg =1, and

180 Yl 2 1) = fﬂ IS Yyl (@) 13,dP(w) = fQ IS0 x115,dP(w) = 1 S(1)x|3;.
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So it follows that

IS zuzm = sup IS Yl2qm= sup 180 Vel 2. = ISOlzm)-
Y1l 20,1 S1 Yol xll <1

For the other direction, let Y be any function in L2(Q, H) with || Y] 2@ = 1. Then

ISV 17210 = fﬂ IS0 Y1(@) I5dP(w) = fQ IS @)]IdP (@)
<ISOI% gy | Y @I1FHAP@) = 1SO1 1 1Y 1720, < ISD1 % 1y-
ZH) |, H Z(H) L2(Q;H) Z(H)

Hence it follows that |S(8)||l.# ) = 18() .2 u2;m), SO S(t) is a bounded operator for all + = 0. We proceed
with showing that (S(#)) ;>0 is a Cyp-semigroup. Note that the first two properties are trivial by the definition
of (8(1))=0. What is left is to show that, for all Y, limj,oS(h)Y = Y. Let Y € L?(Q; H). But this follows im-
mediately by dominated convergence (which is allowed because by Theorem 2.3.2, as long as & < 1, we have
||§(h)||g(Lz(Q;H)) < Me" < Me® if c is positive and IIS(h)Ilg(Lz(Q;H)) < M if c is negative) together with the
strong continuity of (S(#)) />, SO we obtain

. a _ 2 —1i & _ 2 2: . _ 2 2
l;l%lllS(h)Y Y2 0. lﬁ{%/g)”[s(h)yl(w) Y () 5dP (w) lhI%LIIS(h)[Y(w)] Y (o) 7dP (w)

= f Hm [ S()[Y (@)] - Y ()1 7;,dP(w)* = 0.
Q hlo

Now we wish to show that — A is the infinitesimal generator of S(f). Note that, for x € H,

2 2

2
+Cll Axl%,.

”E(S(h)x—x) + Ax
h H

<C ” %(S(h)x— X)

H

Now for the first term we have

2 2

2 h
1
s( fOII—S(s)AxIIHds) < M?|| Ax|3;.
H

1
”E(S(h)x—x) ﬁ

1 h
= Hzfo -S(s)Axds

H

From this it follows that, for Y € L2(Q; H),

2
L2(Q;H) jﬁ;

<C+M? fQ ILAY @)]I5dP @) = CA+MAIAY 172 )

2

”l(ﬁ(h)Y—Y)+AY dP(w)
h H

%(S(h)Y(w) —Y(w)) + AY (w)

So by dominated convergence,

2 2
lim ”E(S(h)Y— Y)+AY =lim l([S(h)]Y(w)— Y () +[AY](w)| dP(w)
hl0 h 12(Q; H) hl0 Jo h H
1 2
=limf ”—(S(h)[Y(w)]— Y(w))+AlY (w)]|| dP(w)=0.
nloJallh H
So it follows that — A is indeed the infinitesimal generator of S >0- O

Theorem 4.1.4. Letn=1. Iffor k€ {0,1,---,n—1} we have qbn_k_LOQ% € I%(0,00; % (H)), then D,,(£) = v, ()
P-as. forallt<T.

Proof. The proof goes by induction. For n = 1, we have
N N
Di(t)=S(t—-9)X1(s)=S(t— s)f S(s—r)dW(r) =f S(t—r)dW(r) = v1(1), P-as.
—00 —00

So suppose the theorem holds up to a certain k. Then by Theorem 4.1.1 and Theorem 4.1.2, both Dy, and
Vr+1 are solutions to (0;+ A) Dy (t) = Di(t) respectively (0 + A) vi41(£) = vi(t), P-as., forall s< t < T. Using
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the definition of A above, it follows that both also satisfy (0;+ A)Dk+1 (t) = Dy(t) and (0, + A Vi1 (6) = v (t) in
L%(Q; H). Note that from the induction hypothesis we know Dy (¢) = vi(?), P-a.s., for all s <t < T. Moreover
we have vi;1(8) = Di;1(8) = Xgy1(8), P-a.s. Now consider uy1(t) = Viy1(f) — Dis1 (). Then it follows that
U1 satisfies the Cauchy initial value problem

O + Augs1 (D) = vi(H) —Drp() =0, P-as.
Up+1(8) =0, P-a.s.

By Lemma 4.1.1, — A generates a ¢o-semigroup on L?(); H). Applying Theorem 4.1.3 thus gives that u; +1(t) =
0in L*(Q;H) forall s< £t < T. So u41 () =0, P-as., for all s < ¢ < T follows. Hence vj,; (£) = Diy1(£), P-ass.,
forall s = ¢t < T, and by induction the claim follows. O

4.2, Proof of the multiple Markov property

Using the initial value identity from Theorem 4.1.4, we are now in a position to state and prove the multiple
Markov property for this Matérn type process. For this we would like to use Theorem 2.4.7, but for this we
first need to show that our stochastic integral is indeed a Gaussian process.

Theorem 4.2.1. Let f : [0,00) — .Z(H) be such that f;° ||f(t)Q% IIfgz(H)dt < 0o. Then f_toof(t— s)dW(s) is a
Gaussian process.

Proof. First assume that f is a simple process of the form

f(t) = Z ﬂ[tk,tkﬂ)(t)(l)k,
k=1

with t; = 0 and ¢ € £ (H) for all k < n. In this case, by definition
t (o] n
f ft—s)dW(s) =f0 FEHAWE—1)= ) ¢r(W(t—t) - W(t = ties1)).
-0 k=1

For convenience we define J (1) = f_too f(t—s)dW (s). Now suppose that we have a finite collection of times

S1,-++,Sny. We show that the vector UJg(s1),--+, Jr(sn)) is a Gaussian random variable on HY. That is, for all
(hy,---, hy) the real valued random variable
N N n
Y=Y Jplsid hidp =Y Y (pe(W(si — tr) = W(si — 1)), hid .
i=1 i=1k=1

is Gaussian. Note that we can always rewrite this summation with disjoint increments, by adding parts of
overlapping increments together (though notation for this becomes cumbersome here). In doing this, we
obtain a sum of independent (since the increments would be disjoint) Gaussian random variables, which is
thus again Gaussian.

Now if f is not a simple function, then we can find a sequence of simple functions (f,,) ,>1 that converge
to fin|-|lr. Butthen (J£, (D)) n=1 converges to J¢(£) in L[2(Q; H), hence in distribution. Since Jr, (2) is Gaussian
distributed for all r, it thus follows that J (D) is also Gaussian, since it is a limit of Gaussian random variables.

O

This implies in particular that the Matérn process Xy, is Gaussian (if the stochastic integral is well defined).

Theorem 4.2.2. Let n = 1. If for k€ {0,1,---,n — 1} we have (;bn—l—k,OQ% € L%(0,00;.%(H)), then X, is n-ple
Markov.

Proof. We want to use Theorem 2.4.7 to show that X, is n-ple Markov. For this let s < t. At this point we have
shown that X,, () = D (1) + w5 /¢ (= 1)1 S(£ = 1)dW (r), P-a.s., with

-9 *)
Da()= Y. ———Coilt=9S(t=9XP(9), P-as.
k=0 :
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Now Dy(1) is U(Xn(s),X,(ll)(s),-'- ,X,(,”_l)(s))-measurable. Moreover, X, (s) is fsw-measurable. Now since

X,g” (s) exists, we can take the limit from the left, so we find
X,(s—h)-X
XM (s) = lim 22—~ (5= B = Xnls)
hlo h

This is a limit of }Giw-measurable functions, hence X,SU (s)is L;ﬁiw-measurable. By continuing this we see that

X,(zk) is %K—measurable forke{0,---,n—1}.
Now Q’SW is independent of fst(t — )" 1St = r)dW(r), so as a result, U(Xn(s),Xﬁ,l) (s),--- ,X;"_U (s)) is in-
dependent of fst(t —r)""1S(t - r)dW (r). So taking conditional expectations gives us

t
[E(D,,(r)+f (t—r)”_IS(t—r)dW(r)IXn(s),X,(,D(s),---,X,(l”_l)(s)):Dn(t), P-a.s.
S

where we used that the expectation of the stochastic integral is 0.
Similarly we can calculate

t
[E(Dn(t)+f (t—r)”‘IS(t—r)dW(rn%W)=D,,(t), P-a.s.
N

So by Theorem 2.4.7 we find that X, is indeed n-ple Markov. O
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