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ABSTRACT

Hybrid computational solvers that integrate Eulerian and Lagrangian methods are emerging as powerful tools in computational fluid
dynamics, particularly for external aerodynamics. These solvers rely on the strengths of both approaches: Eulerian methods efficiently handle
boundary layers, while Lagrangian methods excel in reducing numerical diffusion in flow convection. Building on our prior development of a
two-dimensional hybrid solver that combines OpenFOAM with vortex particle method, this paper extends its application to the complex phe-
nomena of airfoil stall at low Reynolds numbers. Specifically, we examine both static and dynamic stall conditions of a National Advisory
Committee for Aeronautics (NACA) airfoil series 0012 (NACA0012) across a wide range of attack angles and oscillation frequencies, compar-
ing our results with established data. The findings demonstrate the accuracy of hybrid Eulerian–Lagrangian solvers in replicating known stall
behaviors, underscoring their potential for advanced aerodynamic studies. This work not only confirms the capability of hybrid solvers in
accurately modeling challenging flows but also paves the way for their increased involvement in the field of external aerodynamics.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0216634

I. INTRODUCTION

Hybrid Eulerian–Lagrangian solvers have gained increasing
attention in the last few decades, especially in the field of external aero-
dynamics. Eulerian–Lagrangian solvers combine the advantages of
both Eulerian and Lagrangian solvers, and at the same time, they are
leveraging their disadvantages. Specifically, Eulerian solvers perform
great on resolving boundary layers, but they introduce numerical diffu-
sion in the flow, especially in the wake region. On the other hand,
Lagrangian solvers can convect the wake behind the aerodynamic bod-
ies, eliminating the artificial diffusion, but they have critical bottlenecks
in resolving near-wall regions. The idea behind the hybrid solver is to
use the Eulerian solver for the near-wall region, while the evolution of
the wake is modeled solely by the vortex particles. The computational
domain can be split in such a way using the domain decomposition
technique, introduced by Cottet1 and later improved by Daeninck.2

Up today, many hybrid Eulerian–Lagrangian solvers have been devel-
oped.1–8 Stock et al.3 coupled a vortex particle method (VPM) with
OVERFLOW, a fully compressible solver, and later9 a high-order spec-
tral finite difference method with an open-source VPM. Palha et al.4

coupled the finite elements method (FEM) FEniCS software with a

VPM. Papadakis and Voutsinas6 developed a strongly coupled com-
pressible Eulerian–Lagrangian solver and used it for external com-
pressible flows and flows, including FSI.10 Recently, Pasolari et al.8

coupled OpenFOAM11 with a VPM and then demonstrated the
dynamic mesh capabilities of the solver in Ref. 12.

This paper deals with the solver developed in Ref. 8 and extends its
applications into the simulations of airfoils. In this way, the solver dives
into more realistic scenarios than the cylinder validation cases in the pre-
vious work. The airfoil is a more complex geometry, introducing new
physics phenomena into the flow, like that static stall. Static stall is a criti-
cal phenomenon in aerodynamics that occurs when the angle of attack
of the airfoil increases beyond a certain point, leading to a sudden
decrease in lift and a significant increase in drag, and occurs because of
the separation of the airflow from the surface of the airfoil. Malhotra
et al.13 studied the static stall of the National Advisory Committee for
Aeronautics (NACA) airfoil series 0012 (NACA0012) at Reynolds num-
ber of three million, using the k� x SST (shear stress transport) turbu-
lence model. Kurtulus14 focused on investigating the same airfoil, but in
lower Reynolds number and specifically Re¼ 1000. This low Reynolds
number has extensive application in micro-air vehicles (MAVs). Using
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the same case, Di Ilio et al.15 validated the hybrid lattice-Boltzmann
method they developed, and Nguyen et al.16 validated their low-order
Brinkman penalized vortex method and data-driven dynamic decom-
position in angles of attack (aoa) 20�; 60�, and 90�.

Another critical phenomenon observed in airfoils is the dynamic
stall. Unlike static stall, which is observed in fixed aoa, dynamic stall
involves the rapid variation of the angle of attack, introducing addi-
tional complexities into the airflow behavior around airfoils. The
dynamic stall is characterized by delayed stall onset, a temporary lift
overshoot, and complex vortex-shedding patterns that significantly
influence the lift and drag experienced by the airfoil. This phenome-
non is particularly relevant in wind turbines, both horizontal axis
wind turbines (HAWTs)17 and vertical axis wind turbines,18 helicop-
ters,19 highly maneuverable fighters,20 and MAVs. Wang et al.21

investigated computationally the dynamic stall of the NACA0012 air-
foil at Re ¼ 105 and compared the computational fluid dynamics
(CFD) results with experimental. They used two different sets of oscil-
lating patterns. Akbari and Price22 used a vortex method to investigate
the dynamic stall for the NACA0012 airfoil at Re ¼ 104 and different
oscillation patterns.

This paper focuses on the numerical investigation of the static
and dynamic stall of the NACA0012 airfoil at Re¼1000, using the
solver introduced in Ref. 8. The first aim of the paper is to validate the
solver in a more complex case, such as the airfoil case, ensuring that
the solver can predict complex phenomena occurring and the stalling
aoa. While focused on our developed solver, this study extends its rele-
vance to hybrid Eulerian–Lagrangian solvers, aiming to validate their
application in such aerodynamic analyses. After the static stall valida-
tion, the solver is applied to investigate the dynamic stall of the
NACA0012 at Re¼ 1000, a Reynolds number significant for many
applications, such as the MAVs, which has not been investigated thor-
oughly in the bibliography. Up to our knowledge, works that have
been published on the topic concern higher Reynolds numbers,21,22 or
the investigation was not into the dynamic stall, like the work of
Kurtulus,23 where small amplitude oscillation of 1� pitch amplitude
were applied in 1 and 4Hz oscillations, and compared to the non-
oscillatory case. For this reason, pure OpenFOAM simulations accom-
pany the hybrid simulations to validate the results. These two cases
(static and dynamic stall) are essential to assess the accuracy of the
hybrid solvers compared to pure Eulerian solvers in more complex
and realistic flows.

The structure of the present paper is as follows: Sec. II briefly
introduces the solver used for this work and gives reference to the
readers who want to read it in more detail. Section III deals with the
validation case of the static stall of the NACA0012. In this section, the
computational case is discussed and validated through the results in
the bibliography. Moreover, an analytical convergence test is applied
to verify the validity of the results. After this, Sec. IV describes the
applied case of the dynamic stall of the NACA0012 airfoil in different
oscillation patterns, and the results are compared with the correspond-
ing pure Eulerian results. The paper closes with Secs. V and VI, where
the summary and a discussion on the potentials of the hybrid solver
are taking place, respectively.

II. NUMERICAL METHOD

The numerical method employed in this study is a hybrid
Eulerian–Lagrangian solver. The Eulerian part is based on
OpenFOAM,11 a cell-centered, finite volume, open-source software

widely utilized in industry and academia. Being open-source, it permits
modifications to existing solvers and the incorporation of new ones. The
implementation of the finite volume method (FVM) within
OpenFOAM is documented on the OpenFOAM website,24 as well as in
the books.25,26 The core solver used is PimpleFOAM,27 specifically ver-
sion OpenFOAMv9.28 Details on modifications made to OpenFOAM
for coupling with the Lagrangian solver are available in Refs. 8 and 12.

The Lagrangian component utilizes the vortex particle method
(VPM), a technique well suited for evolving flow fields without artifi-
cial diffusion. VPM naturally satisfies far-field boundary conditions
and leverages acceleration techniques such as the Fast multipole
method,29 along with parallelization across CPUs and GPUs. VPM
addresses the Navier–Stokes equations through a velocity–vorticity
formulation [Eq. (1)], where the velocity (u) and vorticity (x) fields
are obtained by summing the effects of each particle [Eq. (2)]. In this
formulation, gr and fr are smoothing functions, Cp is the strength of
the particle, and U inf is the freestream velocity,

@x
@t

þ u � rð Þx ¼ �r2x in 2D; (1)

upðxÞ ¼ � 1
2p

X
p

grðjx � xpjÞ
jx � xpj2

ðx � xpÞ � ezCp þ U inf ; (2a)

xpðxÞ ¼
X
p

frðjx � xpjÞCp: (2b)

The simulations progress through discrete advection and diffu-
sion steps [Eq. (3)],30 where � is the kinematic viscosity of the fluid.
Comprehensive discussions on vortex methods are provided by Cottet
and Koumoutsakos,31 with recent advancements reviewed by Mimeau
and Mortazavi.32 The specific application of VPM in this solver is
detailed in Refs. 8 and 12,

@x
@t

þ u � rx ¼ 0 advection step; (3a)

@x
@t

� �r2x ¼ 0 diffusion step: (3b)

The present solver’s approach combines the Eulerian method for
resolving boundary layers with the Lagrangian solver for the remainder
of the computational domain, thereby avoiding artificial diffusion in
the flow. This effective coupling is achieved through domain decompo-
sition strategies initially proposed by Cottet,1 refined by Daeninck,2

and successfully applied in Palha et al.4 The domain decomposition
for the NACA0012 airfoil case is illustrated in Fig. 1.

The Eulerian solver resolves the region very close to the wall,
while the Lagrangian particles resolve the rest of the domain. The two
solvers are coupled in a two-way manner, with the Lagrangian particles
first providing boundary conditions for the outer Eulerian boundary
(numerical boundary in Fig. 1), and in a later step, the Eulerian solu-
tion is used to correct the Lagrangian solution in the near-wall region.
The steps employed during a hybrid time step can be summarized in
the flow chart of Fig. 2. Readers are encouraged to consult the original
publications8,12 for a deeper understanding of this methodology.

III. VALIDATION—STATIC STALL

First, the solver is validated in the case of the static NACA0012
airfoil at Re¼ 1000. Different angles of attack are tested here, from the
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symmetrical configuration of 0� aoa up to 30� aoa. This case aims to
predict the flow field, as well as the static stall of the airfoil. The results
obtained here will be compared with the corresponding results from
Kurtulus,14 Di Ilio et al.,15 and Liu et al.33

A. Case parameters and convergence tests

To ensure the accuracy of the simulation, conducting a conver-
gence test is crucial. This involves identifying the optimal mesh resolu-
tion, time step, and particles’ resolution (in terms of the particles’
spacing h). The convergence test focuses on the airfoil at an 4� angle of
attack. The selected mesh is C-shaped, entirely composed of hexahe-
dra, and was generated using Gmsh.34 Visual representations of the
mesh, including detailed views of the leading edge, trailing edge, and
top surface, are presented in Fig. 3. Additionally, a comprehensive
summary of all simulation parameters employed in this study is pro-
vided in Table I.

For the spatial convergence, the mesh resolution and the particle
spacing change simultaneously, while the time step is chosen to be
small enough that even for the most refined mesh, the Courant num-
ber remains around 1.0. The mesh size and the particle size are refined
by a factor of

ffiffiffi
2

p
. However, since an exponential expansion is used in

the normal direction of the airfoil, the total number of particles does
not increase by the same factor. The findings of the spatial convergence
study are detailed in Table II, where h, Cl, Cd, and p represent the par-
ticle spacing, the lift coefficient, the drag coefficient, and the conver-
gence order, respectively.

FIG. 1. The domain decomposition technique employed in the hybrid solver, pre-
sented for the case of a NACA0012 airfoil. The Eulerian solver resolves the near-
wall region ðXEÞ from the solid boundary (orange line) up to the numerical bound-
ary (black line), while the Lagrangian solver is responsible for evolving the wake
downstream and is used for the entire computational domain ðXLÞ. The Lagrangian
solver is then corrected inside the interpolation region ðXintÞ, which is illustrated in
cyan.

FIG. 2. The flow chart of the hybrid solver. Assuming that both solvers are in time
tn, the Lagrangian solver is evolved to tnþ1. Then, if the mesh is dynamic, the
Eulerian mesh is updated, and the Eulerian boundary conditions are computed into
the updated coordinates. If the mesh is static, then the boundary conditions are
computed directly after the Lagrangian step. After this, the Eulerian solution can be
evolved to tnþ1, and the final step is to correct the Lagrangian solution inside the
interpolation region.

FIG. 3. The mesh of the NACA0012 airfoil created in Gmsh.34 Snippets of the lead-
ing edge, the trailing edge, and the top surface of the airfoil are also present.

TABLE I. The simulation parameters used for the case of the flow around a
NACA0012 at Re¼ 1000 and aoa ranging from 0� to 30�.

Parameter Symbol Value Dimension

Reynolds number Re 103 � � �
Freestream velocity Uinf 1.0 m/s
Chord length C 1.0 m
Simulation time tsim 100 s
Interpolation domain offset
from Eulerian boundary

dbdry 0.1 m
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The relative error in parentheses is computed as Clnew�Clold
Clnew

� 100%.
It can be seen in Table II that the aerodynamic coefficients converge to
a solution, allowing us to determine them as Cl ¼ 0:1920 and
Cd ¼ 0:1244. Therefore, it can be concluded that the fourth level of
refinement is sufficient for running the rest of the simulations. For an
additional check, we can calculate the order of convergence, p, using
the formula in Eq. (4), where fleveli is the solution at the current refine-
ment level and r is the refinement factor,

p ¼ ln
fleveli�1 � fleveli�2

fleveli � fleveli�1

�
lnðrÞ: (4)

From the value of p in Table II, it can be seen that the first set of
solutions is outside the asymptotic range, while the next two sets are
within the asymptotic range, with the order of convergence between
1.2 and 1.3. Although the discretization schemes used here are second-
order, this order of convergence is not achieved due to several factors,
such as the dependence of particle resolution on the mesh, and grid
quality.

Now, having identified the mesh for which the solution can be
considered independent, a time step convergence study can be con-
ducted. As before, a second-order temporal discretization scheme is
used. The convergence study results are presented in Table III.

The solution appears to converge more quickly for the time step
convergence study. From the results in Table III, we can conclude that
for the second level of time step refinement (dt ¼ 7:5� 10�4), the
solution is independent of the time step.

B. Results—Static stall

First, we explore the flow fields. Figure 4 showcases the vorticity
and velocity magnitude fields across various aoa. At aoa of 8� or lower,
the wake remains steady without any flow instabilities. This observa-
tion aligns with the prediction by Di Ilio et al.,15 who suggested that
instability begins at an aoa of 8�. The present findings indicate that
instability onset occurs between 8� and 9�. Specifically, at 8�, the flow
is stable, but at 9�, instability is already evident. Beyond these angles,

the wake becomes unsteady, exhibiting a Von K�arm�an vortex street.
This phenomenon also reflects on the aerodynamic forces, leading to
oscillations as depicted in Fig. 5 where the lift and drag coefficients are
plotted for seven different aoa. At higher aoa, such as 25� and 28�, the
wake no longer exhibits its sinusoidal periodicity and transitions into a
more complex form of periodicity, as shown in both the contour plots
(Fig. 4) and the aerodynamic coefficients (Fig. 5). Flow separation,
which initiates at lower aoa (for instance, 4�) near the trailing edge,
gradually progresses toward the leading edge as the aoa increases.

In order to assess the aerodynamic performance of the hybrid
solver and its capability to predict the static stall of the airfoil, the lift
coefficient is plotted over the angle of attack. The plot can be seen in
Fig. 6. It must be mentioned here that a mean value is calculated for
the cases where the wake is unsteady, excluding the first seconds of the
simulation where the transient phenomena dominate. The results are
compared with those from three bibliographical Refs. 14, 15, and 33. It
is observed that the proposed solver shows great agreement with the
references. Up to 12� aoa, all the solvers predict the lift coefficient simi-
larly. However, there are slight deviations within the acceptable range
after this point. It can be seen that up to 22� aoa, the present solver has
a better agreement with the results from Di Ilio et al.,15 while for the
rest, the agreement is closer to the results of Kurtulus.14 The proposed
solver and the results from Kurtulus14 and Di Ilio et al.15 predict that
the static stall occurs between 25� � 26� aoa, while Liu et al.33 pre-
dicted a much higher lift coefficient for 27� aoa, and then the airfoil
stalls. The results from Di Ilio et al.15 differ from the other two referen-
ces at 29�, while the present solver agrees with them. Finally, the result
for 30� aoa has been included for the proposed solver. It can be men-
tioned here that slight differences in the aerodynamic coefficient in the
high aoa regime may be present due to the high unsteadiness of the
solution, and it matters from which point the mean value is derived.

Figure 7 shows the ratio between the lift and drag coefficient for
the different aoa. Again, there is a very nice agreement between our
solver and the references.14,15 The present solver is in slightly better
agreement with the results from Di Ilio et al.,15 especially for the aoa
between 5�and12�, where the results from Kurtulus14 differ slightly,

TABLE II. Grid and particles’ spacing convergence study for the case of the flow around a NACA0012 at Re¼ 1000 and 4� aoa.

Case Mesh size Time step h Cl Cd p

Coarse 3864 7:5� 10�4 0.0424 0:1641ð�Þ 0:1239ð�Þ � � �
Refined (level 1) 6766 7:5� 10�4 0.0300 0:1819ð9:8%Þ 0:1244ð0:4%Þ � � �
Refined (level 2) 11 844 7:5� 10�4 0.0212 0:1867ð2:6%Þ 0:1244ð0:0%Þ 3.8
Refined (level 3) 20 956 7:5� 10�4 0.0150 0:1900ð1:7%Þ 0:1244ð0:0%Þ 1.2
Refined (level 4) 36 544 7:5� 10�4 0.0106 0:1920ð1:0%Þ 0:1244ð0:0%Þ 1.3

TABLE III. Time step convergence study for the case of the flow around a NACA0012 at Re¼ 1000 and 4� aoa.

Temporal refinement Spatial refinement Time step Cl Cd

Coarse Refined (level 4) 1:50� 10�3 0:1956ð�Þ 0:1244ð�Þ
Refined (level 1) Refined (level 4) 1:06� 10�3 0:1935ð1:1%Þ 0:1244ð0:0%Þ
Refined (level 2) Refined (level 4) 7:50� 10�4 0:1920ð0:8%Þ 0:1244ð0:0%Þ
Refined (level 3) Refined (level 4) 5:30� 10�4 0:1916ð0:2%Þ 0:1244ð0:0%Þ
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FIG. 4. Flow field of NACA0012 airfoil at Re¼ 1000 for varying angles of attack. The left panels illustrate the vorticity fields, while the right panels display velocity magnitude
contours.
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within acceptable limits again. All the solvers predict similarly that the
highest Cl=Cd occurs for aoa around 10� to 12�.

IV. APPLICATION—DYNAMIC STALL

Section III shows that the present solver can simulate the flow
around the NACA0012 airfoil at Re¼ 1000 and predict the aerody-
namic coefficients and the static stall point, aligning closely with pub-
lished results. Next, we will explore a more complex scenario involving
a pitching airfoil. In this case, the airfoil undergoes an oscillatory pitch-
ing motion, transitioning between low and high angles of attack. This
motion can lead to significant aerodynamic phenomena, such as the
dynamic stall of the airfoil. Dynamic stall occurs due to the rapid
change in the angle of attack, resulting in a delayed stall onset. This
delay leads to increased lift coefficients compared to what would be
expected if the airfoil were static and at the same angles of attack.

A. Case configuration

The airfoil is set to oscillate around its aerodynamic center,
located a quarter chord (0:25C) from the leading edge. This oscillation
is characterized by a mean angle of attack (a0), an oscillation amplitude
(aamp), and a reduced frequency (k ¼ x

2
C
Uinf

), where C is the chord
length and Uinf is the freestream velocity. The angle of attack varies
over time as follows:

aoa ¼ a0 � aamp � sinðxtÞ: (5)

In this analysis, the initial angle of attack is specified as a0 ¼ 15�,
with an amplitude also set at 15� (aamp ¼ 15�). The investigation will
incorporate four distinct reduced frequencies: k ¼ 0:1; 0:2; 0:4; 0:6
(Fig. 8).

Experimental data are not present in the bibliography for this
Reynolds number, so the results will be compared to those of a pure
Eulerian simulation here in OpenFOAM. The computational domain

FIG. 4. (Continued.)

FIG. 5. Aerodynamic coefficients of
NACA0012 airfoil at Re¼ 1000 for vary-
ing angles of attack. The left plot illus-
trates the lift coefficient over the aoa,
while the right plot displays the drag coef-
ficient over the aoa.
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used in the pure OpenFOAM simulations is illustrated in Fig. 9. The
oscillatory rotating motion of the airfoil is modeled using the cyclic
AMI feature of OpenFOAM, which is widely used in many applica-
tions for airfoil simulations, like the work of Pan et al.35 A mesh and

time step convergence test has been also employed for the
OpenFOAM case to have a fair comparison of the converged
OpenFOAM and hybrid solver solutions. The OpenFOAM results
refer to the converged cases for all the cases presented in this section.

Dynamic stall is a highly complex phenomenon affected by vari-
ous parameters, one of which is the mesh. To ensure consistency
between the OpenFOAM solution and the solution obtained from the
hybrid solver, we employ a different mesh than that used in the static
case. Specifically, we utilize the inner mesh of the full OpenFOAM
solution, which, in OpenFOAM, is the region that rotates, as the com-
plete mesh for the hybrid solution. This mesh is depicted in Fig. 10. It
is a circular mesh with a radius twice the chord length, created using
the snappyHexMesh tool of OpenFOAM. The mesh features four lev-
els of refinement as it approaches the surface.

FIG. 6. Lift coefficient as a function of the aoa. The present results are compared
with the corresponding results from Kurtulus,14 Di Ilio et al.,15 and Liu et al.33

FIG. 7. Ratio of the lift and drag coefficients as a function of the aoa. The present
results are compared with the corresponding results from Kurtulus14 and Di Ilio
et al.15

FIG. 8. The NACA0012 airfoil oscillates from the initial aoa a0, with an angular fre-
quency x and amplitude aamp.

FIG. 9. The computational domain for the pure OpenFOAM simulation of the
dynamic stall of a NACA0012 airfoil.

FIG. 10. The inner mesh of the full OpenFOAM simulation, which is here utilized as
the entire mesh for the hybrid simulation.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 077135 (2024); doi: 10.1063/5.0216634 36, 077135-7

VC Author(s) 2024

 15 July 2024 12:51:09

pubs.aip.org/aip/phf


B. Results—Dynamic stall

1. Flow fields

Figure 11 illustrates the vorticity fields for different pitching
reduced frequencies and angles of attack. On the left, the results

obtained from pure OpenFOAM simulations are depicted, while the
results from the present solver are illustrated on the right panel of
Fig. 11. Across all scenarios, similar wake structures are observed from
both solvers. The only noticeable difference is that in the OpenFOAM
case, the wake vortices are somewhat more diffused than those in the

FIG. 11. Vorticity fields for the dynamic
case of the NACA0012 airfoil at
Re¼ 1000. The contours represent differ-
ent pitching reduced frequencies and time
instances. On the left panel, the results
from the present solver are illustrated,
while on the right panel, the OpenFOAM
results are depicted.
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hybrid solver. This was expected, as the vortex particles in the hybrid
solver ensure no numerical diffusion is added to the flow. The artificial
diffusion into the wake is more obvious in the wake structures depicted
in Fig. 12. This is the wake for the case of k ¼ 0:6 and aoa ¼ 19:5�,
with the airfoil ascending. In this contour, the absolute vorticity is illus-
trated. It can be seen that the wake vortices in the OpenFOAM case
(left) are more diffused than the corresponding vortices in the hybrid
solver (right). Even with three levels of refinement in the wake for the
OpenFOAM case, and despite the aerodynamic coefficients being con-
verged, the artificial diffusion has an impact on the wake structures.

2. Hysteresis loops

Figure 13 depicts the hysteresis loops for the four different
reduced frequency cases. The initial observation here is that, as
expected, the pitching airfoil can reach higher angles of attack before
stalling compared to the static airfoil. This is particularly evident in the
cases of k¼ 0.4 and k¼ 0.6, where the airfoil reaches 29� � 30� with-
out stalling, while in the static case, stalling occurs between 25� and
26�. As the frequency increases, the airfoil does not have sufficient
time to stall, allowing the lift coefficient to increase beyond the static
stall point. In lower reduced frequencies, like the case of k¼ 0.1, a
more complex situation arises, as depicted in Fig. 13(a), where the air-
foil has enough time to adapt to its state.

Now, when comparing the hysteresis loops obtained from the
pure OpenFOAM simulations with those from the hybrid solver, no
differences are observed. The hysteresis loops for all the reduced fre-
quencies match exactly, demonstrating that the hybrid solver can accu-
rately reproduce the results that OpenFOAM produces. Some spikes
present in the hysteresis loops of the current solver are due to the
dynamic mesh simulation, where the Eulerian mesh moves relative to
the distribution of particles. In some cases, particles close to the solid
boundary may end up inside the body in the next time step and are
therefore deleted. This phenomenon was studied in Ref. 36.

V. SUMMARY

This study aimed to test the validity of hybrid Eulerian–
Lagrangian solvers used in the field of external aerodynamics,

particularly for complex fluid phenomena that are closer to real-life
scenarios. Specifically, it examined the static and dynamic stall of a
NACA0012 airfoil. We utilized the hybrid Eulerian–Lagrangian solver
developed in our previous work,8 a coupled solver that employs
OpenFOAM for resolving near-wall phenomena and a vortex particle
method (VPM) for the rest of the computational domain. This
approach efficiently and accurately evolves the wake without introduc-
ing artificial diffusion into the flow. All cases presented were for the
same Reynolds number, Re¼ 1000, as turbulence modeling has not
yet been incorporated into the hybrid solver.

Initially, the airfoil’s static stall was examined across angles of
attack ranging from 0� to 30�. The results showed great agreement
with the literature used for comparison. Specifically, the present solver
predicts the stalling angle to be between 25� and 26� angle of attack,
the same value that was previously predicted by Kurtulus14 and Di Ilio
et al.15

Following this, the solver was applied to dynamic stall cases,
where the airfoil pitches around its aerodynamic center at different
reduced frequencies and within the same angle of attack range as
before. These results were compared with those obtained from pure
OpenFOAM simulations, given the absence of external data for this
scenario. In OpenFOAM, the cyclic AMI feature was employed to
model the rotation of the airfoil. To ensure a fair comparison between
the two solvers, we utilized the rotating region of OpenFOAM as the
Eulerian mesh for the hybrid solver. In all cases, the airfoil loading
between OpenFOAM and the hybrid solver demonstrated identical
patterns, with the hysteresis loops matching exactly. The flow fields
produced by the two solvers show excellent agreement, with the only
differences being that in the pure OpenFOAM case, some wake vorti-
ces appeared more diffused, due to the solver’s diffusive nature.

VI. DISCUSSION

The primary advantage of the hybrid solver is its ability to capture
wake structures effectively. In the hybrid approach, it is not necessary
to resolve the entire region behind the airfoil. The adaptive nature of
the particles, which are free to move, allows them to focus on regions
with vorticity while leaving the rest unresolved. This reduces computa-
tional cost significantly.

FIG. 12. The wake for the case of k ¼ 0:6
and aoa ¼ 19:5�, with the airfoil ascend-
ing. On the left is the result from
OpenFOAM, while on the right is the
result from the hybrid solver. The abso-
lute vorticity is plotted.
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Moreover, it has been shown that OpenFOAM, despite many
levels of refinement in the wake, can achieve convergence on aero-
dynamic forces but still introduces artificial diffusion into the wake.
As a result, the wake is not accurately captured due to the diffusive
nature of Eulerian solvers. To accurately capture wake structures,
extremely dense and computationally heavy simulations are
required. This issue is mitigated in the hybrid solver, which pre-
serves the local vorticity of the structures without introducing
numerical diffusion. This is particularly important in multibody
cases, where the wakes of different bodies interact, making wake
accuracy crucial.

Another advantage of our hybrid solver is its approach to mesh
motion. Very small meshes are generated and move as solid bodies,
eliminating the need for morphing meshes or AMI. This elegant

method of simulating motion is especially beneficial when simulating
multiple bodies, as each body can be solved separately by the
OpenFOAM component of the hybrid solver, while the particles inter-
connect the different regions.

The findings presented here suggest that hybrid Eulerian–
Lagrangian solvers are capable of simulating complex flow scenarios,
establishing them as reliable tools in computational fluid dynamics
(CFD). While assessing the solver’s efficiency falls outside the scope of
this paper, future analysis to evaluate its potential, particularly in wake
regions where Lagrangian solvers can achieve comparable results to
Eulerian solvers with fewer computational resources, would be valu-
able. Furthermore, we recommend incorporating turbulence modeling
into the hybrid solver as a future step. The solver can leverage existing
turbulence modeling modules in OpenFOAM, with the main challenge

FIG. 13. Hysteresis loops for the dynamic stall case of a NACA0012 airfoil at Re¼ 1000 and reduced frequencies k ¼ 0:1; 0:2; 0:4; 0:6.
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being the application of appropriate boundary conditions at the
Eulerian field’s numerical boundary and addressing turbulence in the
Lagrangian solver.
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