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Self-optimization of nonlinear iterative learning control
and repetitive control*

Leontine Aarnoudse', Alexey Pavlov', and Tom Oomen

Abstract— Nonlinear iterative learning control (ILC) and
nonlinear repetitive control (RC) approaches introduce ad-
ditional design freedom compared to linear time-invariant
(LTI) approaches. Since the actual performance improvements
depend on the parameters used in the nonlinearity, the aim of
this paper is to optimize these parameters during the learning
process. With optimal parameters, the nonlinear algorithms can
outperform their LTI counterparts, for example by achieving
fast attenuation of repeating disturbances without amplifying
non-repeating disturbances. In this paper, we present the algo-
rithm for the automatic learning/tuning process and validate it
using simulations of an industrial flatbed printer.

I. INTRODUCTION

Learning-based control approaches such as iterative learn-
ing control (ILC) and repetitive control (RC) can lead to
high performance for systems with repeating disturbances
by learning to attenuate these disturbances completely. The
main difference between ILC and RC is that ILC considers
separate experiments with system state resets, and learns a
feedforward signal that is updated offline after each iteration
[1]. RC considers periodic disturbances during continuous
operation without resets, and a periodic signal generator is
included in the closed loop to reject these disturbances [2].

Most ILC and RC approaches are linear and respectively
iteration- or time-invariant, which leads to certain design
trade-offs. An example where these methods are limited
is the case where repeating and non-repeating disturbances
occur simultaneously. The repeating disturbances can be
compensated through learning, but attempting to learn com-
pensating signals for the non-repeating disturbances leads to
amplification of these disturbances [3]-[5]. In both ILC and
RC, a common method to deal with this situation is the use
of low-pass robustness filters. This does not only reduce the
amplification of varying disturbances at high frequencies, but
also the attenuation of repeating disturbances. Alternatively,
a learning gain can be used to average over iterations or peri-
ods, leading to limited amplification of varying disturbances
at the cost of a reduced convergence speed.

Many methods have been developed to combat the limita-
tions of linear iteration- or time-invariant learning control.
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For example, in [6] an iteration-varying ILC strategy is
developed that uses P-type or D-type ILC updates based
on Kalman filtering, which requires accurate system and
disturbances knowledge. In [7], similar knowledge is used in
a Wiener-filtering approach to find an optimal ILC update.
Other ILC methods are based on stochastic approximation,
such as [8] which uses stochastic gradient descent with
decreasing step sizes based on perturbation experiments,
or [3] which systematically reduces the learning gain in a
model-based ILC update. In the case of repetitive control,
additional design freedom is often implemented through
higher-order RC [9], [10] or the inclusion of observers [11].
Additional design freedom in ILC and RC can also be
introduced through a static nonlinearity in the learning fil-
ter. This relates to the idea of variable-gain controllers in
feedback systems, see, e.g., [12], [13]. Nonlinear frequency-
domain ILC was first introduced in [14], [15]. In [16], [17],
the idea is extended to lifted nonlinear ILC and nonlinear RC,
enabling tuning for robustness and monotonic convergence
using the notion of discrete-time nonlinear convergent sys-
tems [18]. Nonlinear ILC and RC achieve fast convergence
and small errors in the presence of both varying and repeating
disturbances, thus alleviating the trade-off mentioned earlier.
Nonlinear ILC and RC can lead to improved performance
compared to linear iteration- or time-invariant approaches,
but the performance depends strongly on the selection of
certain design parameters. For example, the amplification
of iteration-varying disturbances can be avoided by using a
deadzone nonlinearity, but this requires selecting the correct
deadzone width. In [16], some straightforward guidelines
are provided for the design of the filters and the linear
and nonlinear gains in ILC and RC. The selection of the
deadzone width is more involved and requires knowledge
of the disturbances. For the case of variable-gain feedback
control an iterative optimization method is developed in [13],
but similar design approaches for nonlinear ILC and RC
are lacking. Other methods for the performance optimization
of nonlinear systems or control schemes often consider the
steady-state behavior, see, e.g., [19], and are not applicable
to ILC and RC where transient behavior, such as the conver-
gence speed, is also an important performance criterion.
Although significant steps have been taken to increase the
design freedom in ILC and RC through nonlinearities, at
present the parameter selection is ad hoc and not systematic.
Therefore, the aim of this paper is to develop a method to
optimize certain design parameters automatically over itera-
tions. The contribution consists of the following elements:
o A new self-optimizing nonlinear ILC algorithm is de-
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Fig. 1: Feedback control scheme with plant P, controller C,
reference y,4, feedforward f; and disturbance v;.
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veloped (Section III).

The case of self-optimizing nonlinear RC, which is
fundamentally different because of the lack of system
resets, is considered (Section IV).

The method is applied to the self-optimization of the
deadzone width in ILC in the presence of both varying
and repeating disturbances and validated through simu-
lations (Section V).

Notation: For a vector x and a matrix P,

[E4[P
/2o |@il? < oo denotes the ¢o-norm for z € £5. The
set of real-rational, causal and stable transfer function is
denoted by RH ., and RL., denotes the set of rational
transfer functions. The sets of real, natural, and integer
numbers are denoted by R, N and Z, respectively.

II. PROBLEM FORMULATION

In this section, (non)linear ILC is introduced. Then, the
importance of parameter tuning is illustrated using the ex-
ample of a deadzone nonlinearity. Finally, the considered
problem is formulated.

A. Linear and nonlinear iterative learning control

Consider a single-input, single-output linear time-invariant
system with a plant P and a feedback controller C, as shown
in Fig. 1. The error of the closed-loop system is given by

ej = S(ya —v;) — J fj, (1)

with sensitivity S = (1 + PC)~!, process sensitivity J =
(1+ PC)~'P, reference y,4, feedforward f; and disturbance
v; for iteration 7 € N. It is assumed that yg is iteration-
invariant, while v; may vary over iterations. ILC is used to
iteratively update the feedforward, typically according to

= Q(fj +QL€J‘), (2)

with learning filter L € RL., which approximates J 1,
zero-phase low pass robustness filter ) € RL, and
learning gain o € (0,1]. The ILC update is illustrated in
Fig. 2, where ¢ = 0 corresponds to the linear case.

The ILC algorithm can be extended by a static nonlinearity
to create additional design freedom and improve the per-
formance. The static nonlinearity ¢ satisfies an incremental
sector condition given by

fj+1

0 < 2=l <~ vabeR. 3)
The nonlinear ILC update is of the form
fit1 = Q(fj + aLej + Lo(e;)), )

as illustrated in Fig. 2. Regarding the convergence of this
nonlinear ILC scheme, the following result from [16] holds.
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Fig. 2: Nonlinear ILC scheme with learning filter L, robust-
ness filter ), learning gain « and nonlinearity .

Lemma 1. The sequence of errors {e;} according to (1)
with feedforward update (4), nonlinearity ¢ satisfying (3)
and v, > 0 converges monotonically in the ly-norm to a
unique steady-state solution if

(1= (o 3) )],

Nonlinear ILC algorithms of this form have been devel-
oped for frequency-domain ILC and lifted ILC, and similar
ideas have also been applied to nonlinear repetitive control,
see [16], [17]. These earlier results show that convergence
can be ensured under mild conditions and a well-chosen
nonlinearity can increase the performance significantly.

+21IQIL, <1 ®)

B. Parameter tuning in nonlinear ILC

The performance of nonlinear ILC depends on certain pa-
rameters. This is illustrated using the example of a deadzone
nonlinearity, which can alleviate the trade-off between fast
convergence and low converged errors in ILC as shown in
[16], [17]. If a system contains both iteration-varying and
iteration-invariant disturbances, often a small learning gain
« is used to create an averaging effect over iterations. This
avoids amplification of iteration-varying disturbances, but
it also leads to slow convergence. Through nonlinear ILC,
different learning gains can be applied to iteration-varying
and iteration-invariant disturbances based on their amplitude
characteristics. The deadzone nonlinearity is given by

(v 2y ) esh), it les()] > 6.

Here § € R denotes the width of the deadzone, and v € R
is a nonlinear learning gain, as illustrated in Fig. 3. The
main idea of this nonlinear algorithm is that learning is only
applied to error values larger than the threshold value 4,
where ¢ is chosen such that ¢(Sv;) = 0. The parameters
@, L, a and ~ all influence the stability of the nonlinear
learning algorithm, as shown in Lemma 1, and their selection
is relatively straightforward: () and L can be chosen as they
would be in linear ILC, « should be small, and ~ should be

plej(k)) = { (6)
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Fig. 4: Influence of the deadzone width (averaged over 20
realizations). § = 1 x 1076 (—), 3 x 1076 (—), 5 x 107
(—), 7x 1075 (—)and 1 x 1075 (—).

close to 1 while still meeting the convergence criterion, see
also the more detailed analysis in [16].

The main design freedom in nonlinear ILC lies in the
selection of the deadzone width §, which does not influence
the stability. In general, ¢(Sv;) should be approximately
zero, but neither .S nor v; is known exactly. Fig. 4 shows the
influence of different deadzone widths on the convergence
speed and converged error 2-norm for the simulation example
from Section V. The figure shows that there is a optimal
deadzone width, and that other values for the width lead to
increased error values or slow convergence.

C. Problem formulation

ILC can be extended by static nonlinearities, which in-
crease the design freedom. This implies that obtaining good
performance still requires the suitable selection of certain
parameters. The aim of this paper is to develop an automatic
optimization method that enables tuning of the relevant
parameters while the nonlinear ILC algorithm is running.

III. SELF-OPTIMIZING NONLINEAR ILC

In this section, a method for the optimization of certain
parameters in the static nonlinearity in nonlinear ILC is
developed. First, the generic case is considered and second,
the approach is applied to optimizing the deadzone width.

A. Optimizing the nonlinearity in nonlinear ILC

Consider the nonlinear ILC update (4). The aim is to
optimize a parameter p, of the nonlinearity ¢(e;,p,). It
is assumed that the parameter that is optimized does not
influence the stability of the ILC algorithm, such as for ex-
ample the width of a deadzone nonlinearity. If the parameter
to be optimized can render the system unstable, constrained
optimization methods need to be considered instead.

767

Consider the criterion

T(Pp) = €41(pe)éj11(py), (7

where é;11(p,) denotes the estimated error at the next
iteration, given by

éj11(pe) = Sya — J fi+1(py). ®)

Here the unknown sensitivity and process sensitivity func-
tions have been replaced with respectively the estimates
S and J, and fi+1(py) is given by (4) with nonlinearity
¢(ej,p,). Note that the estimates S and J are typically
available in ILC, since they are also used to design the
learning filter L. To minimize the criterion J (pw), at each
iteration the parameter p,, is updated according to

)
— p27le) ©
ie., gradlent descent with step size § > 0. The gradient

N Z()W of J with respect to p,, is given by

oJ (pgo) _
Opy

e
-

= (-27"e5

De,j+1 = Po,j

)

8é}—+1éj+1 _
Opy
(VST Sya — 210 T Sya + fa T T 1)

T 0fin
Opy

(10)

2f3T+1JTSZ/d + f}+1ﬁjfj+1>)

Ofj+1
Opy

af]Jrl
277 Sya + 2J fﬁl)

)T%

Ipy
The form of the derivative , with f;41 according to
(4), depends on the spemﬁc nonlmearlty and parameter.
Equations (7)-(10) provide a general update law for tuning
any parameter in the nonlinearity ¢ that does not affect the
stability of the ILC algorithm. In the next section, we will
derive an exact formula for (10) for the case of tuning the
parameter 0, i.e., the width of the deadzone nonlinearity (6).

fj+1

B. Self-optimization of the deadzone width
To compute the derivative % of the next feedforward
signal f;11 with respect to the deadzone width, the deadzone

nonlinearity in (6) is rewritten as

¢(e;(k),0) = p1(e;(k), 0)e;(k) + dpa(e;(k),6), (11)
o, i fe;(k) <6
e1(ej(k),6) = {a, if Je; (k)] > 0, (12)
P if |e; (k)| < 8
er(e;(k).9) {—asign(ej(k)), it ley(k)] >8 )

Then, the following theorem holds.

Theorem 2. Consider the feedforward update (4) with
deadzone nonlinearity ¢ according to (11). The derivative
with respect to the deadzone width § is given by

of;
8];1 = QLya(ej,0).

(14)
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Consequently, the gradient of criterion (7) with respect to
the deadzone width is given by

ONAW . T
% = (<2776511(9)) QLgaless0).  (19)
Proof. The derivative % is given by
i1 _ 9 Lej + L 5 oL b}
55— o (@i +alej + Lpi(e;, 6)ej + 0Lpa(e;,9)))
0
= 55 @L (¥1(ej,0)e; + 02(ej,9))
_ O¢i1(e,6) | Opa(e;,0) ,
fQL( 95 e; + % 0+ ¢2(ej,d) ).  (16)
The partial derivatives a"oli(;j ) and 22(0:0) reqult from

step functions and are given %y Dirac delta functions, which
are non-zero valued at e; = J; and e; = —J;. Next, it is
shown how these partial derivatives cancel each other, see
also [13]. The nonlinearities 1 and s in (12) and (13) are
equivalent to (indices j and k are omitted for brevity)

p1(e,0) = lim {7 — (% arctan (M) — (17)
(o (22}
p2(e,0) = lim {— (% arctan (M) - (18)

(2 arctan (22=2))) 1,

with deadzone width § > 0 since 6 = 0 implies linear ILC.
The partial derivatives of ¢; and @5 to e are given by

22get = lim. {z2+4;22’(yez+6)2 + 22+472r;(ze—§)2 } » (19)
2esled) — lim. o { it — widiman ) 20)

These partial derivatives are equal to zero for e # +§. For
e = ¢, it holds that

8901(6»5)6 + 8@2(6,6)5

de Oe - b
 im 4 - 276z 2v6z 270z 296z
250 22 4+ 167262 22 22 4+ 167262 22
L 46z _
= lim; {—m} =0

For ¢ = —¢ a similar result can be obtained. Finally, we
obtain that
8501(67'75) ) 6902(6]"5) _

BX; e; + Bx; o= (22)

_ ([ Opi(e;,8) | Opa(e;,0) o\ Oej _

= < ge, T o, )@ ©
Substituting (22) in the derivative (16) shows that

OF
J;Jé“ = QLps(e;,0). (23)

Combining (10) and (23) gives the full derivative. L]

Using Theorem 2 and (9), the update of nonlinearity
parameter § becomes

.
51 =0, B (2776301(0)) QLea(e.8) @4

The error estimate €41 in (15) is computed according to
(8) using feedforward estimate f;y1(d;), which uses the
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Fig. 5: Nonlinear repetitive control scheme.

previous deadzone value §;, and the available models S
and J. In Section V, the efficiency of this algorithm is
demonstrated in simulations of an industrial flatbed printer.

IV. EXTENSION TO NONLINEAR RC

In this section, the idea of self-optimizing nonlinear repeti-
tive control is considered. First, (non)linear RC is introduced
and second, the optimization of the parameters is discussed.

A. Linear and nonlinear repetitive control

RC is based on the internal model principle [20] and learns
a model of the periodic disturbances that is included in the
feedback controller. Consider the closed-loop system of Fig.
1 with an initial error according to (1) with f; = 0. RC
is typically implemented as shown in Fig. 5, where ¢ = 0
corresponds to the linear case. The linear repetitive controller
is given by

aLR(z)z_NQR(z)
1—2=NQr(2)

R(z) = , (25)
with 2=V the z-domain representation of the delay operator
Dy, ie., Dy(2) = z~N. The buffer length N is chosen
to correspond to the disturbance frequency. Similar to ILC,
a € (0,1] is a learning gain, and Lr € R and Qr € R
are respectively learning and robustness filters. In RC, these
filters can have finite preview while the repetitive controller
R € RH is still causal, by embedding their preview in
z~N. Typically, L is chosen to approximate 7!, with T' =
PC(1+PC)~1, for example using ZPTEC [21]. Robustness
filter @ is typically chosen as a finite impulse response low-
pass filter. The error with RC is given by

e=(1+PC(1+R) "(ya—v)=Sreo, (26)

with modifying sensitivity Sg = (1 +TR)~L.

A nonlinearity ¢ can be included in the repetitive con-
troller as shown in Fig. 5. The input e of the nonlinearity is
written as a function of its output signal e, = ¢(e) and the
disturbances contained in eg, see (1), as follows.

e = TRGW + Sgreg, 27

with Sk the modifying sensitivity and Tr = (1+TR)"'TR
the complementary sensitivity of the linear RC loop, see, e.g.,
[22] for a derivation. The system can be rewritten in state-
space form as a cascade of a linear system Si and a Lur’e
system consisting of the linear system —7'r with the static
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Fig. 6: Schematic illustration of a flatbed printer. In this
paper, a model of the y-translation of the carriage is used.

nonlinearity ¢ in feedback:

z(k+1) = Ax(k)+ Bu(k)
y(k) = Ca(k) } SR 8
u(k) = —p(y(k) +w(k))

n(k+1) = An(k) + Begy(k)
w(k) = Cn(k) + eo(k) } Sk (28b)

This notation leads to the following convergence result [16].

Lemma 3. Given a minimal realization (A, B,C) of —Tr
with (A, B) controllable and (A, C') observable. The nonlin-
ear RC system (27) is exponentially convergent, as defined
in [18, Definition 1], for any input ey(k) bounded on 7 if
p(A) < 1, ¢ satisfies (3) for some v, and the small-gain
condition Sup,,co o) |Tr(e™)] < % holds.

B. Self-optimizing nonlinear RC

Similar to nonlinear ILC, the performance of nonlinear RC
depends strongly on the selection of certain parameters. The
main difference between nonlinear ILC and RC when consid-
ering the optimization of the parameters of the nonlinearity
is that ILC is inherently an iterative method, whereas RC
runs continuously. The iterative gradient descent approach
developed in Section III can therefore not be applied directly
while RC is running. Instead, an initialization process is
considered, which is suitable for applications where RC
will be used continuously for a long time, or where it is
implemented on multiple machines.

Repetitive control is implemented as a feedback controller
and can be represented by a serial connection of state space
systems (28). Therefore, the method developed in [13] can be
applied, which relies on iterative optimization over separate
experiments. For RC, one experiment should consists of
multiple periods of the repetitive signal, such that both the
convergence speed and the converged error are taken into
account. The iterative scheme is then aimed at minimizing

Jr(py) = é}+1(p¢)éj+1(p¢), (29)

with €, the estimated error of the next multiple-period
experiment, based on a combination of system models and
the measured error signal e; of the previous experiment.

V. PRINTER EXAMPLE

In this section, nonlinear frequency-domain ILC is applied
to a model of an industrial flatbed printer. The deadzone
width is updated iteratively according to (24), and the results
are compared to different constant deadzone widths.
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Fig. 8: Mean of the error signal over 20 iterations (—) and
the noise estimates Sv; with three possible deadzone widths:
3x107% (--), 5x 107% (—), and 8 x 1076 (--).

A. Setup

Consider the translation of the carriage of a flatbed printer,
illustrated in Fig. 6 and represented by a 20th-order model.
In addition to this high-order model P, a 12th-order model P
is also available, with a model mismatch at high frequencies,
see Fig. 7. The controller C' is a PD-type controller, and the
fourth-order reference consists of a forward and backward
translation. Gaussian white noise with a variance of 0.005 is
added to the plant input. The error signal is illustrated in Fig.
8, which shows both the averaged error over 20 realizations,
and 20 estimates of the noise realization Sv;.

To apply frequency-domain ILC, the learning filter L
is designed using stable inversion, see, e.g., [23], of the
process sensitivity J. This approximation is based on the
low-order model P. Since there is a model mismatch at high
frequencies, the robustness filter () is chosen as a first-order,
zero-phase low pass filter with a cutoff frequency of 100 Hz.
The gains are chosen as o = 0.01 and v = 1. All results are
averaged over 20 realizations.

B. Results

In Fig. 4 in Section II, it is shown that a deadzone that is
smaller than the optimal width of approximately 5 x 10~
retains fast convergence but leads to a high converged error,
whereas a deadzone that is wider than 5 x 1076 leads to a
reduced convergence speed. The results obtained by the self-
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Fig. 9: A self-optimizing deadzone width performs as good
as the optimal one, even when the initial value is far
from optimal. Results are averaged over 20 realizations for
constant 6 = 3 x 1078 (—), 5 x 1076 (—), 7 x 1076 (—),
and optimization with §; = 1 x107¢ (—) and 1 x 1075 (—).
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Fig. 10: Deadzone width § over iterations for initial values
of §=1x107%(—),d=5x10"%(—)and 6 =1 x 107°
(—), averaged over 20 realizations.

optimizing nonlinear ILC algorithm with step size 5 = 2 X
10~ are shown in Fig. 9. Two different values for the initial
deadzone width 6; are used: 1 x 1076 and 1 x 10~2. Even
though these initialization values are far from the optimum,
self-optimizing nonlinear ILC performs as good as nonlinear
ILC with a constant 6 = 5 x 1076, recovering both the low
converged error and the high convergence speed.

In Fig. 10, the deadzone width over iterations is shown
for &, 1 x 1075, 5 x 107% and 1 x 10~5. For all
initialization points, the width converges quickly to the same
value of around 5 x 107%. The figure also shows that for
d, = 5 x 1076, § initially reduces before increasing. A
possible explanation is that in earlier iterations, the iteration-
invariant part of the error is still large, so that a smaller
deadzone width can be beneficial in earlier iterations.

VI. CONCLUSION

The optimal parameters for the nonlinearity in nonlinear
ILC and RC can be found automatically using a gradient
descent algorithm that combines measured data with system
models. As an example, a case of ILC with repeating and
non-repeating disturbances is considered, where a deadzone
nonlinearity can lead to both fast convergence and low
converged errors. The optimal deadzone width is found
within a small number of iterations, without requiring a priori
knowledge of the disturbances. Simulations of an industrial
flatbed printer demonstrate that the self-optimizing algorithm
performs as well as nonlinear ILC with an a priori known
optimal deadzone width in terms of convergence speed and
converged error. Future research is aimed at further exploring
possible applications of nonlinear ILC and RC.
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