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Estimation of the Accuracy of Mean
and Variance of Correlated Data

Piet M. T. Broersen

Abstract—Monte Carlo simulations are an important tool in  model type [5]-[7]. Afterwards, the single best AR-MA type
computational physics or statistical mechanics. Physical constants (AR, MA, or ARMA) can be found automatically with a new
or properties are found as the mean or the variance of SUCCESSIVe giayistical criterion [4]. The parameters of this final model are

states of simulated systems. A new method to determine the ) . . .
statistical accuracy of the estimated means and variances is used to compute an approximation for the covariance function

described. It uses the parameters of an automatically selected Of the unknown process, which is substituted in the same
time series model. That time series model gives an optimal expressions that are used in the first method, as described.
description of the spectral density and of the correlation structure This paper defines the third method. It presents simulation
of correlated data which are considered as stationary or in regjts to compare the three methods. The third method gives
equilibrium. The resulting accuracy estimates are close to the | d estimate for th - the first and d
Cramér—Rao bound for data where the correlation is determined &Ways & good estimate 1or e,aCCUVaCY! e 'rs_ ana secon
by a single time constant. method are related and sometimes satisfactory if many data
are available. However, the tightest bounds for the accuracy
are found with the third method, so that method requires less

data for the same accuracy.

Index Terms—Data processing, estimation, measurement er-
rors, modeling, signal analysis, time series.

|. INTRODUCTION LN
. . . : . NOTATION
M ONTE Carlo simulations on interactions between ele- )
mentary particles are often used in physics and chem-The observationsey, 2, ---, xy are the result of;

istry to derive macroscopic properties from potentials ¢Onsecutive measurements of a stationary stochastic process.
energies of successive microscopic configurations. ReactibiiS can be a physical process or simulations; it also might be
velocity, specific heat, magnetization and similar quantities dife€ result of Monte Carlo or molecular dynamics simulations
computed from the mean and from the covariances of thdfecomputational physics, if the system is in equilibrium. The
energies and potentials. The aim is to extract the maximyRgan value ofz; may represent the magnetization and the
information from the statistical data in the simulations and ¥griance of the mean is then proportional to the susceptibility
the same time to estimate the accuracy of that informati&H- The true process has a probability distribution function that
[1]. Estimation of the mean of successive states is a commisrgenerally unknown and that describes the joint distribution
problem in many statistical tasks. This paper adds a thifi @ll zi. The theoretical expectationts(.) of mean, variance
alternative to the two existing classes of accuracy estimategNd covariance function are determined by that probability
The first estimate uses the theoretical expressions for figtribution function and are denoted o*, and R(k), where
variances of sample mean and sample variance [2], [3], whiét*) 1S the mathematical expectatidi(z; — 11)(ziyr — 1)
contain summations of covariances of the process. Measuféifl o is equal toR(0). Estimators for these quantities are
values for the covariance function are substituted in tho&gctions of the observations and they are given by [3]
expressions. The second method is obtained by dividing the

data in blocks and to increase the block size until the blocks L1 Z -

become statistically independent [1], [2]. The required number N — !

of covariances or blocks in those two methods can be detected N

by looking for a plateau in the variance of the mean as a 52— 1 (zi — )2

function of that number. This method requires many data and N-1&

looses its accuracy if the relaxation time is of the same order of ] Nk

magnitude as the number of observations. The third alternative  R(k) = N (x; — i) (@ign — 1), k > 0;

is based on new developments in time series analysis: simple, i
efficient, and reliable parameter estimation and order selection  f(_ry = R(k). (1)
of autoregressive (AR), moving average (MA), and combined

ARMA models [4]. For estimates from a given number ofhe mathematical expectations of those estimators are [3]
observations, best orders can be selected separately for each
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Also expressions have been derived for the variance of tee on. The variance of a block and the covariance between
estimated mean and variance, when estimated fAdmbser- successive blocks become

vations. For mean and variance, they are [3] -

N < k)R(k) var{xp,i]:%p > <1—2%>R(k)

. 1
Var[u] = N Z 1-— N k=—2p

k=—N COM@p, i, Zp,it1]
A21 2 - 1 k RQ L 3 1 el =
vars®] = g_%( — N) (k). 3) = oy STER(E)+ S (2P B)R(K) ¢ (6)
k=1 k=2r+1

For those accuracy measures, three estimators are compared. o ) )
The first and eldest one is based on measured covariancesTTE second term in this covariance can be neglected for certain
[3] and is denoted var with C' of covariance; another one?: ecausei(k) will be very small fork > 27; the first term is
uses the blocking method [1], [2] witB as subscript, vas, €dual to one half of the contribution of the triangular window
and finally a new estimator is based on developments in tiffthe block variance of (6). A comparison with (3) shows that

series analysis [4], varwhich has the subscript of AR-MA.  the block variance can approximaté/2” times the variance
of the mean if the contribution of the window of leng®4

may be neglected. Otherwise, the blocking estimate is biased

for small p. That bias can be diminished by adding twice the
It is known that estimated covariances have some undmvariance of (6) to the estimated variance.

sirable statistical properties [3], especially a high degree ofThe advantage of this blocking operation is that the consec-

correlation between neighboring covariances. This makesuiive blocks become less and less correlated when they grow

attractive to use only a part of aN¥ estimated covariances inin length. Finally, the covariance between the blocks may be

determining the accuracy of mean and variance. The covaikgligible and the variance of the mean is estimated Wit?
ance estimator for the accuracy of the mean value, basediicks of length2? divided by N/2P — 1 [2], so

K estimated covariances, has been defined as [2]

I1l. ESTIMATION WITH CORRELATIONS

Ny2p
o 1 K S (i — i)

_ k R b,
B . =S

where the denominator reflects the bias in the estimated

covariance in (2). Likewise, an expression for the accuragye derivation of this estimator has been based on a positive
of the variance can be derived covariance between successive blocks for all block sizes [2].

This is not completely generalvith this assumptioiit can be
o o 2 Ao proved that the variance of blocks increases to a plateau for
vare[6] = v > Bk, (3)  greater block sizes. This requires many observations, because
‘ the length of each block must be longer than the correlation

The bias term in (2) has been neglected in this estimator for #§89th of the data and many blocks are necessary to obtain
variance of62. The value ofK has to be chosen or selecte@©0d estimates for the accuracy of mean and variance.

in practice. ForV > K, a possible choice has been described The blocking operation can also be seen as ordering the
[2]. A plateau for the variance (4) is reached as a function éfx IV observations in & x N/2 pattern and so on; the first
K, which can be recognized i¥ is very large. It is clear that column contains the firs¥’ observationsy, 2, z3, - - -. Then,

the variance estimates (4) and (5) can only be accurate if the: iS the mean value of théh column of the2? x N/27
number of observations is much longer than the distance ov@presentation of the data. The advantage of this ordering is
which the data are correlated. that also the variance of each column can be computed, which

leads to the block type of estimator

IV. ESTIMATION WITH BLOCKING N/2P
The blocking method is known from computations in sta- o Z (62,—8°)
tistical physics [1], [2] and its derivation has been com- varg[5?] = varfs; ; _ p=l ®)
pared to the renormalization group technique. The data Nj2r —1 Nj2zp—1 7
x9, ---, xy are transformed into half as large a dataset,
1,2, o @1 ny2 With @5 = L@t 001 + pe1,2). IS where 52 itself is estimated with (1).
evident that the average &f observationse; (or zg ; in the In practice, one also wants to know the accuracy of the

blocking notation) and the average /2 observationss; , estimates of the variance [2]. A theoretical argument with
are exactly the same, so the average is invariant under tagymptotical validity supposes that the block estimates are
blocking transformation. The blocking can be repeated givinghbiased estimates that consist\df2? uncorrelated contribu-

N/2% new observations. ;, N/2% new observations; ; and tions. This approximation can be good for larger block sizes
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where the estimators (7) and (8) reached their plateau and the AR model parameters depend on the estimation method

correlation between blocks may be neglected. The standard if model orders are not small in comparison with the

deviations of the block estimators are approximately given by number of observations; moreover, the selected model
order depends on the maximum order. A new order

s.dvars[i]}  s.d{vars[62]} f 1 ©) selection criterion and the use of Burg’s algorithm solved

varji] ~ var{5?] ~ N/2» =1 those problc_ems [4], [5]. _ . _

¢« MA estimation has many nonlinear algorithms, which
cause some serious limitations. The practical problem is
that estimated models of some orders may be useless due
to computational problems of convergence. Also, zeros
of the MA model may give noninvertible models. It was
impossible to select automatically an unknown MA model
order with those algorithms. However, Durbin’s algorithm
which uses an intermediate AR model has been improved
V. ESTIMATION WITH TIME SERIES by a better choice of that AR order and gives good results
for all types of data [6].
ARMA estimation had more problems. Most algorithms
can fail in small samples or if roots of AR or MA part
lie close to the unit circle. Only Durbin’s second algo-
rithm has no convergence problems, but initial conditions
and the order of an intermediate AR model were open
=en+bien 1+ +bgen g (10) questions. A satisfactory solution has been given [7], but

details still can be improved.

where ¢, is a purely random process, so a sequence Ofyih the newest computer programs [4]-[7], all practical
independent identically distributed stochastic variables. Trb?oblems have been solved. Unknown data, if stationary and
process is AR for@Q = 0 and MA for P = 0. Any giochastic, can be analyzed; automatically a single time series
stationary stochastic process with a continuous spectral dengifyye| type and model order is selected. The quality of this
can be written as an unique AR{) or MA(cc) process [3], selected model is, in numerous simulations, comparable with

independent of the origin of the process, e.g., it may be thg guality that could be obtained if the true process type and

In simulations, the above approximations will be compared

with the experimental standard deviations and also with the
root mean square (RMS) error that is defined as the square
root of the sum of the variance and the squared bias.

Time series models have three different types, autoregres;
sive or AR, moving average or MA, and combined ARMA.
An ARMA(P, () process can be written as [3]

ITp +01Tpn—1+ -+ apZn_p

sum of a true AR process and a colored noise signal. order would be known in advance. In other words, not knowing
An estimated ARMAg, g) model is given by the true process is no impediment for automatically finding the
. . best model. Examples of computer algorithms that take care
T+ O018p—1 + -+ Gplnp of reliable estimation and order selection have been described
=4 b1+ A by (11) for AR [5], MA [6], and ARMA [7] estimation. The choice

between those three types is described in [4]; the final single

wherep andg¢ may be arbitrary and,, is some colored noise model is denoted the AR-MA model.
signal that is not purely random in general. Parameters forThe covariance function and the power spectral density can
different model orders are estimated by minimization of thee computed from the parameters. The power specfr(m)
residual variance, which is the variance &f. The theory of the AR-MA(p, ¢) model is given by [3]:
shows that this minimum gives at the same time the maximal
flatness for the spectral density 6f. Afterwards, orderg
and ¢ are selected. Selection criteria add a penalty for each . o2 2
estimated parameter to the logarithm of the residual variance hMw) == /
[8] of each estimated model and look for the minimum of the
criterion. Models are AR if; = 0 and purely MA forp = 0.
Moreover, finite order models are quite well in describing true
processes with infinite orders, because the true parameters are
decreasing rapidly for many processes.

New developments in time series can roughly be character-
ized. It has always been accepted that a time series model istteny methods can compute the covariam%e(k) of a model,
best possible description of the structure of the data in time ldte inverse Fourier transform of the spectrum, a direct formula
in frequency domain, if the true model type and the true modd] for simple processes or a generally applicable derivation
order are known. Unfortunately, the general way of producif§]. The quality of the power spectrum (12) is much better
stationary stochastic processes gives seldom the opportunityitan the quality obtained with Fourier transform of the data
know a priori or from physical considerations the true modebr of the measured covariance function. As a consequence,
type and model order. So model type and model order must sagostituting the time series estimates for the covariance in the
found from the data. Practical problems preventing the routifi@mulas for the accuracy of mean and variance may be a
application of time series analysis so far were as follows. good idea. This is the third estimate, for which asymptotical

q
14+ Z b; exp(—jwi)

=1

27
2

P
1+ Z a; exp(—jwi) (12)

=1
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expressions have been derived [3] the Craneér—Rao bound [3]. Asymptotically, that lower bound
. 2 can be obtained by the maximum likelihood estimator. Under
1+Zi”‘ rather mild conditions, the maximum likelihood estimator
X o2 —~ of a function of a stochastic variable(#), is equal to
vary, qss[i] :ﬁﬁ the function of the maximum likelihood estimate of the
<1 + Z &Z) stochastic variable itselﬁgé). So the asymptotical covariance
Pl matrix of a function ©(#), estimated with the maximum
27”}(0) likelihood principle, is also the Crain-Rao bound for the
=~ best asymptotically normal estimator 6f6) [10, p. 249].
oo The asymptotical lower bound for the accuracy of an unbiased
_1 Z Ra(k). (13) estimate ofu(¢) is given by the partial derivatives efto the
N o parameters irf and by the lower bound for the accuracy of

. . _ the parameters themselves, that can be expressed in the Fisher
Asymptotically, the variance of the mean is equal to the SU¥ormation matrix/

! L X (9). For a function(#) of parameterd
of all covariances divided by the number of observations. Alﬁﬂat have as their Cran-Rao bound/(¢)~!, this becomes
an asymptotical estimate for the accuracy of the variance ([10], [11, p. 47]) '

A - s

- ~ i 2 »
Vara, o5 (6% = /_ ] R () do = + k; RAi(k) (14) varfo(8)] > [%} 1(6) [%r_ (15)

has been derived [3]. If the true process is ARMA, thosehis relation will be used to derive expressions for the lower
equations fovars converge to (3), if the true parameter valuepound of the asymptotical expressions for the variance of the
are substituted. The asymptotical approximation means that\alliance of mean and variance.

covariances from shift 0 tec have been included, without Explicit formulae will be derived here for AR(1) processes
triangular window. This representation is a good start f@jnly. The vector of estimated parametérsas 2 elementsy
theoretical considerations with the CrarRao lower bound. and +2. The variance ofy; is (1 — a?)/N. The Cranér-Rao
Another formulation includes the triangular window by usingower bound for the variance @&, is 202 /N. The covariance
the V covariances that can be computed from the selectgdiwveen those estimates is zero [11]. With (13), the lower

and estimated AR-MA model AR(1) bound for the variance ofar, ,ss[/i] becomes
N
z 0] = 1 kA var[véu aSS[/:L]]
vara[i] = > <1 - N)RA(k) A
k=—N fegs
=var|-=%
LT ¥ aar]
vary[6°] = —= <1 — —)R, (k). (15) 4 1 1
N k;,\, N ~ 2% var — | + varo?]
N2 (14 a;1)? N2(1+aqp)* ©
It is possible to useV terms in this summation. This is an ot 9 21 _ 42 1 954
advantage above blocking and covariance estimates that can = 75 -+ — - (16)
g . 9 . e N2|(I+a)?] N " N(l+a)* N
use only a fraction ofV. This may be important for finiteév.
For comparisons with other estimates, it is simpler to present
VI]. CRAMER—RAO BOUNDS the ratio of variance and squared expectation, yielding
Means and variances dfinctions of stochastic variables varvars .ss[it]] 6 —2a
. . . . = = : 17)
can be approximated with Taylor expansions around the mean E2vary q..[0]] N(14a1)

value of the function for large samples [3], but only if the hi . b d With /27 — 1) that h
variations are small in comparison with the mean. Ofter, is expression can be compared wWif(iV/2” — 1) that has

the meanof the function, its mathematical expectation, ca een derived for thg variaqce of the blocking technique in (9).
be approximated with sufficient accuracy by taking only th owever, the blocklr!g_vanance also depends on the valge of
constant term in this expansion, because the terms with fi?étbecquse Of. the minimum qu“!red block length to obtain a
derivatives give no contribution to the mean and the secorci'a]a” bias. With some exercise, it follows that
derivatives are small. Theariance of a function depends A 2
mainly on the first derivatives of the function and of course Blvary, oss[07]] = N m (18)
on the covgriance matr_ix of the original stochastic varia_lbles. varVars oss[62] 8 16a2(2 + a2)?
Now, consider the estimated parameters and the estimated m =N Ni—a)(1+ad)?
residual variance of a time series AR-MA model as stochastic » 458 ! !
variables. Thenvar, g,/ andvarAjaSS[a—?] arefunctionsof  Similar results can be derived for higher order AR processes,
those variables and Taylor expansion gives approximations for MA and for ARMA, but the calculus becomes extensive
the meanand for thevariance of the functions. for higher orders of the process.

It is well known that for a given number of observations a Finally, the correlation coefficient between two successive
lower bound exists for the accuracy of estimated paraméterdlocks can also be computed for this AR(1) process. By using

20;L 1+ a%

(19)
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only the first term in the covariance of (6) it is found that the

) . S BLOCKING method
normalized correlation between blocks is given by

1=

> kR(k) S

COV[Zp, is Tp,it1] ) — —ay f
N ~ 5. (20) 5

var(z, ;] 2 2 2°(1 — a7) .
> Rk 2

k=—2p 2

[

>

The bias invarg[s] is approximately twice this amount.

VIl. SIMULATIONS 0 § 1'0 15

First of all, the properties of the correlation and blocking p: number of blocking operations
methods have been studied in an AR(1) example. Fig. 1 giM&§. 1. Five realizations of the normalized estimated variance of the mean
five realizations for blocking, as a function of the block sizear(j1)/var(i), for the blocking method withV = 2'7 observations of an
27 indicated byp. It becomes clear that results of successiviR(1) process witha, = —0.5, as a function of the number of blocking

perationsp, with block size2?.

blocking operations create an irregular pattern around the
average of the plateau. The results resemble an example with
measurements on an Ising model [2]. The variance of the mean BLOCKING method
is normalized by dividing by the asymptotical mathematical 3 , ,
expectation of that variance, for the given number of obser-
vations, so that the true value in Fig. 1 should be 1. Fig. 2 8
gives the same process with much less observations, showmgH 2
that it will become difficult to recognize a plateau in a single
realization. That is completely impossible in Fig. 3, where
an AR(1) example with a higher correlation has been taken.
Blocking reaches some plateau as an indication where the
value for the variance should be taken, but it may be difficult
to recognize the plateau, because the variance behaves quite . . . X
irregular in every realization. Only if the standard deviation 0 2 4 .6 .8
of the measured variance is small enough at the plateau, that p: number of blocking operations
value of the variance of the mean can be found in SUChF@ 2. Five realizations of the normalized estimated variance of the mean
figure. The standard deviation for the covariance estimatorsvef(i1)/var(i), for the blocking method withV' = 2! observations of an
the accuracy was always greater than that of blocking, if t e(rlgng;‘;;esvfm‘;]v'tbhﬁ;ck_5|2_902;? as a function of the number of blocking
same value is used for block si2é and for covariance length
K. However, in all examples the plateau was reached for a
smaller value forK than for 2?. This agrees with previous BLOCKING method
results [2], where block estimates were clearly lower than the 2 ' T ;
correlation estimates for the first blocking operations. This is _
explained by the bias in (6). Of course, the smallest value§ | 5
for the RMSE is reached just before the plateau, with a smaII E
contribution of the bias and the smallest variance of all points S
on the plateau. Together, covariances perform slightly better§
than blocking, but both methods are outperformed by the time.z

1

series, as can be demonstrated with some tables. £0.5

The tables give the average RMS error {ofr(/:)/var(ji)}
and{var(6?)/var(62)} in simulations. The RMS error is used, 0 , , . ‘
the square root of variance plus squared bias. This is preferred 0 2 4 6 8
above only variance or bias, because the best results for the p: number of blocking operations

blocking method and the correlation method were most
. . . Five realizations of the normalized estimated variance of the mean
obtained for biased estimates. CRB denotes the square r@&tu) /var(ji), for the blocking method withV = 210 observations of an
of the Cranér—Rao bound of (17), true denotes the result @R(1) process witha; = —0.8, as a function of the number of blocking
the estimated AR(1) model in the first three tables, so of tigerationsp, with block size2?.
true model type and model order; varvarg, and vag: give
the RMS error of (15) for AR-MA, (7) for blocking, and (4) given for vaig and for vag are not feasible in practice. The
for the substituted covariance method. block size and covariance length with the lowest RMS value
Table | gives vag results that are representative of thas presented here have been selected after the simulations. The
practical accuracy when this method is applied. The numbdrsst results in blocking are obtained just before the plateau is
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TABLE | TABLE I
RooT-MEAN-SQUARE ERROR OF var(ji)/var(ji) IN RooT-MEAN-SQUARE ERROR OFvar(62)/var(62) IN 100 SMULATIONS
100 SMULATIONS AS A FUNCTION OF THE NUMBER OF AS A FUNCTION OF THE AR(1) PARAMETER FOR 1024 (BSERVATIONS

OBSERVATIONS IV, FOR AN AR(1) PRocess wiTHPARAMETER —0.5

a, | CRB true var, varg varc
“logN| CRB _true vary vary varc -8 | 282 294 295 .463 277
8 234219 233 245 197 -5 .157 .149 147 306 .145
10 | .117 .109 .122 .166 .126 -2 .101 .099 .100 .156 .098
12 | .058 .063 .066 .113 .082 21 .101 096 .097 .269 .098
14 | .029 .029 .033 .077 .040 St 157 159 157 238 .154
16 | .015 .015 .018 .038 .020 8| 282 256 .328 .270 .237
TABLE I TABLE IV
RooT-MEAN-SQUARE ERROR OF va(ji)/var(ji) IN 100 SMULATIONS RooT MEAN SQUARE ERROR OFvVar(ji)/var(fi) IN 100 SMULATIONS
As A FuncTioN oF THE AR(1) PARAMETER FOR 1024 (BSERVATIONS As A FUNCTION OF THE NUMBER OF OBSERVATIONS N FOR A

GAUSSIAN BELL SHAPE COVARIANCE: R(#) = exp(—0.125i?)

a; | CRB true var, varg vare
-8 1 .192 199 .207 .253 .226 2logN true var, AR MA ARMA varg varg
=51 117 .109 122 166 .126 9 325 .232 470 151 283 246 .157
-2} 088 .08 .120 .135 .100 10 | 204 131 343 105 .175 .179 .113
21 .067 .064 .088 .146 .125 11 153 .091 262 .082  .140 .145 .108
51 .057 .057 .098 .215 .189 12 | .109 .074 .187 .060 .099 .124 .079
81 .049 047 .074 342 .643 13 | .076 .049 .142 .045 068 .098 .056
14 | .052 .033 .101 .030 .046 .077 .036
15 1 .036 .021 .066 .021 033 .056 .026
reached. Some bias and a relatively small variance contribution 16 | .027 .018 .057 .018 .025 .052 .021

give the smallest RMS As the single number for yas in

almost all examples smaller than the minimum ofyar vai: ) )

this comparison is fair. For all sample sizes, the time seri@&€ 10ng enough. The covariance method, however, gives a
AR-MA solution is close to the Cragn—Rao bound and sufferscOntinuously increasing level for increasitg and gives no
little from not knowing model type and order, as follows fronflear indication of a plateau and no good value for the number

a comparison with the column true. The difference betweé)ﬁ estimated covariances that should be taken into account.
time series and blocking increases strongly for greater A last example gives a finite true correlation function with a

blocking requires over four times more observations for tH4A (17) process, denoted true here. Tables IV and V present

same accuracy. Parameter estimates for si¥atian be used the average results of simulations where the true correlation
with the Cranér—Rao theory of Section VI to compute thé‘un'ction consisted o; 17 points of a true Gaussian shape:
number of observations for obtaining some desired accuradfé) = €xp(—0.125:%). Only a couple of parameters are
The results for smalV can be used to extrapolate the accura atistically significant when estimated, so the best estimated
for time series; for the blocking and covariance methods, tH¥ model has a lower order than the true process. AR, MA,
is not easily possible. and ARMA give results of selected models of types AR, MA,
AR(1) processes with positive and negative parameters &% ARMA, respectively. For this finite number of nonzero
treated in Tables Il and III. In all examples the columns trugPVariances, var and vag: are close, but the first one includes
and CRB are close. so the time series model of the trii€ selection of the model, and the number of covariances in

structure gives the best possible estimates for the accuracy. YAk 1S chosen afterwards as the one giving the best result.

greatest differences are found in the final row of Table 11, Thé's Was always greater, with an increasing difference for

AR process with parameter 0.8 has the alternating correlatiB}r® observations. The fact that the selected AR-MA model
1, —0.8, 0.64, and so on. This is no problem for the tim¥as better than the true MA(17) model is caused by small
series solution, but it is for the blocking and the covariandi/€ covariances. Table IV particularly shows that taking only
approaches. Positive AR parameters give a negative value ff OF MA models for a time series analysis can be wrong. In
R(1). In the blocking method, this has the consequence that {f#&s €x@mple MA models perform excellent and AR bad. For
plateau is approached from above. For the covariance methi§'€asing?V, the selected AR-MA model comes closer to the
increasingK gives alternating above and below the plateaMA column, so selection of the model type hardly introduces

before it is reached. The positive values dgrhave a moderate &1 additional inaccuracy. IV increases, selection of the model
influence on vag, but a much stronger on varand vag-. type becomes easier and the result of the selected type is very

Table Il shows that all methods can give good results f&/0S€ t0 the result of the true type. In contrast, the difference
the accuracyof the estimatedvariance Remember that the With blocking becomes greater wit, probably because of

numbers in the last two columns are too optimistic becaulf bias term in (6).
they don’t take into account the detection of the plateau.
When estimating the accuracy of thariance,such a plateau

also exists for the blocking method. The normalized standardThe new time series method AR-MA automatically selects a
deviation in (9) applies to variance estimates if the blockaodel type and a model order. Using the covariance structure

VIIl. CONCLUDING REMARKS
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TABLE V
RooT MEAN SQuARE ERROR oFvar(§?)/varé?) iN 100 SMULATIONS
As A FUNCTION OF THE NUMBER OF OBSERVATIONS N FOR A
GAUSSIAN BELL SHAPE COVARIANCE: R(%) = exp(—0.125i2)

2logN true var, AR MA ARMA varg varc
9 293 272 326 .245 282 .466 .265
10 | 181 174 200 .166 .177 .342 .177
11 ] .143 134 142 .134 140 .263 .138
12 096 .092 .097 .092 097 .259 .096
13 {1 .071 .069 .072 .069 .071 .165 .069
14 { 046 .046 .046 .046 .046 .136 .046
15 { .029 .029 .029 .029 .029 .091 .029
16 | .025 024 .025 .024 .025 .081 .025

of that estimated and selected model gives good results

(1]

(2]
(3]
(4]
(5]
(6]

(7]

[8]
n

determining the accuracy of the estimated mean and variance .
] P. M. T. Broersen, “The quality of models for ARMA processd§EE

of the data. In an example, the CramRao lower bound

for the lowest estimation variance for that accuracy wgso]

reached.

(11]

The blocking method has been defined to include also the
accuracy of the variance. It reaches a plateau if there is an

abundance of data. Even then, the accuracy is not as good

as with AR-MA, the difference increases with the number

ten times more data to obtain the same accuracy as A
MA.

Measured covariances could only offer a useful alternati
if there would be a statistically reliable method to determir
the best number of covariances that should be included in f
estimation of the accuracy.

G
e

of observations. In given examples, blocking required up |
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