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 A B S T R A C T

This study presents a comprehensive mathematical framework for modeling Bluetooth Low Energy (BLE) 
beacon Received Signal Strength Indicator (RSSI) measurements to improve the estimation of RSSI-distance 
model parameters through the integration of stochastic and functional modeling. Although such approaches 
are well established in geodesy, they have been only sparsely applied to indoor positioning, particularly for 
characterizing RSSI dependencies arising from multipath propagation. Experiments were conducted using two 
types of BLE beacons in a controlled static outdoor environment to isolate signal behavior and facilitate 
reliable RSSI–distance modeling. Outliers were mitigated using a median filter based on local neighborhood 
comparisons. Stochastic modeling was then performed using the autocorrelation function (ACF) and partial 
autocorrelation function (PACF), revealing that RSSI noise exhibits short-memory, time-correlated behavior that 
is well represented by a second-order autoregressive AR(2) model. Measurement weights were estimated using 
Least Squares Variance Component Estimation (LS-VCE), followed by functional modeling for the estimation 
of environmental and beacon transmit-power parameters together with their uncertainties. The estimated 
candidate AR models were further compared using their maximized log-likelihood values, which confirmed 
that the AR(2) model provides the most appropriate representation of the RSSI noise process. The reconstructed 
RSSI achieved root mean square errors (RMSEs) of 1.12 dBm and 0.50 dBm for the IT002 and IT008 beacons, 
respectively, at a distance of 1m, increasing to 2.19 dBm and 2.40 dBm at 10m. These errors correspond 
to relative distance uncertainties of approximately 6–13% at 1m and 15–25% at 10m, demonstrating the 
effectiveness of the proposed framework for accurate RSSI modeling and parameter estimation.

1. Introduction

Indoor positioning systems (IPS) comprise a broad range of tech-
nologies designed to provide accurate location information in envi-
ronments where Global Navigation Satellite System (GNSS) signals 
are unavailable or severely degraded. The selection of an appropriate 
positioning technology depends on the specific requirements of the 
application, including accuracy, infrastructure availability, energy con-
sumption, deployment cost, and environmental conditions [1]. Among 
the available solutions, radio frequency (RF)-based technologies have 
attracted considerable attention because of their scalability, low de-
ployment cost, and compatibility with existing wireless infrastructures.

Common RF-based IPS technologies include Bluetooth Low En-
ergy (BLE) [2,3], Wireless Fidelity (Wi-Fi) [4,5], ZigBee [6], Radio 
Frequency Identification (RFID) [7], and Ultra-Wideband (UWB) [8]. 

∗ Corresponding author.
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Considerable research has been devoted to developing mathematical 
models, signal-processing algorithms, and sensor-fusion techniques to 
improve the positioning accuracy and robustness of these technologies. 
Each RF technology possesses distinct characteristics that influence 
its suitability for specific indoor positioning applications. BLE has 
emerged as a popular solution because of its low power consump-
tion, low hardware cost, and ease of deployment [9]. Wi-Fi benefits 
from widespread infrastructure availability, making it attractive for 
large-scale positioning systems [10], although its performance is of-
ten degraded by multipath propagation and signal fluctuations [11]. 
ZigBee is designed for low-power and low-data-rate wireless commu-
nication and commonly relies on Received Signal Strength Indicator 
(RSSI) measurements for localization [12]; however, its positioning 
performance can be affected by limited communication range and 
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interference [13]. RFID is particularly effective for asset tracking and 
inventory management applications, where the presence of tagged 
objects can be reliably detected [14]. In contrast, UWB offers superior 
ranging accuracy due to its large signal bandwidth and fine tem-
poral resolution, and is frequently combined with advanced filtering 
and fusion methods to further enhance positioning performance [15,
16]. Given these differences, selecting an appropriate RF technology 
requires careful consideration of the application requirements, environ-
mental conditions, infrastructure constraints, and desired positioning 
accuracy.

Among these technologies, BLE has emerged as one of the most 
widely adopted solutions for indoor positioning because of its effi-
ciency, versatility, and extensive integration into consumer and indus-
trial devices. BLE-based systems support a wide range of applications, 
including asset tracking, indoor navigation, proximity services, smart 
buildings, and location-based services [17]. The rapid evolution of 
Bluetooth technology has further strengthened its role in indoor po-
sitioning. The introduction of Apple’s iBeacon protocol in 2013 and 
Google’s Eddystone protocol in 2015 established standardized beacon-
based localization frameworks. Subsequent Bluetooth releases, includ-
ing version 5.0 in 2016 and version 5.1 in 2019, introduced extended 
communication range, higher data rates, and direction-finding capa-
bilities, enabling increasingly accurate localization solutions. Bluetooth 
5.2, released in 2020, further enhanced the Bluetooth Low Energy (BLE) 
ecosystem through improved power efficiency, more reliable communi-
cation, and support for advanced features such as LE Isochronous Chan-
nels, which facilitate synchronized data transmission. More recently, 
Bluetooth 5.3 and Bluetooth 5.4 have focused on increasing network 
efficiency, reducing latency and power consumption, and improving 
support for large-scale deployments of connected devices. These ad-
vancements, together with the direction-finding capabilities introduced 
in Bluetooth 5.1 based on Angle of Arrival (AoA) and Angle of De-
parture (AoD) techniques, have significantly improved the scalability, 
robustness, and positioning accuracy of BLE-based indoor localization 
systems, making Bluetooth one of the most widely adopted technologies 
for indoor positioning applications.

Despite these advantages, BLE-based indoor positioning systems 
face several fundamental challenges. The most widely used measure-
ment observable, the RSSI, follows a logarithmic distance-dependent 
attenuation model and is highly sensitive to environmental condi-
tions [18]. Signal propagation is affected by structural obstacles, shad-
owing, multipath propagation, interference, and hardware limitations
[19,20]. Furthermore, receiver motion and dynamic environmental 
changes introduce rapid RSSI fluctuations. Consequently, RSSI mea-
surements often exhibit substantial variability, making reliable distance 
estimation difficult [21]. These effects complicate the development of 
accurate RSSI–distance models and limit positioning performance.

To mitigate these limitations, numerous studies have investigated 
signal-processing, filtering, machine learning, and sensor-fusion tech-
niques for BLE-based indoor positioning. Early studies established the 
foundations of Bluetooth localization. Hossain and Soh [22] examined 
the effects of RSSI, Link Quality, and transmit power on localization 
performance. Pei et al. [23] introduced a stochastic framework based 
on Weibull-distributed RSSI measurements and maximum likelihood es-
timation (MLE), while Subhan et al. [24] improved RSSI-based ranging 
using gradient filtering techniques.

Subsequent studies focused on improving RSSI modeling and po-
sitioning algorithms. Kajioka [25] investigated BLE beacon sensing 
characteristics, whereas Ji et al. [26] compared BLE and Wi-Fi mea-
surements and highlighted the benefits of dense beacon deployment. 
Several researchers proposed filtering and optimization approaches 
to address RSSI fluctuations, including smoothing techniques [27], 
neural network optimization [28], particle filtering [29], Kalman fil-
tering [30,31], iterative weighted K-nearest neighbors [32], and hy-
brid trilateration-fingerprinting approaches [33]. Additional investiga-
tions employed least-squares estimation and centroid-based localization 
models [34].

The integration of BLE with advanced estimation methods and 
complementary sensors subsequently became a major research direc-
tion. Kalman filtering was applied to improve RSSI measurements in 
practical deployments [35], while wavelet transforms and smooth-
ing filters were investigated to increase positioning stability [36]. 
Multi-stage positioning frameworks combining propagation models, 
correction coefficients, trilateration, and filtering techniques were also 
proposed [37]. Sensor fusion approaches integrating BLE with iner-
tial measurement units (IMUs) and pedestrian dead reckoning (PDR) 
demonstrated significant performance improvements [38–40]. Other 
studies explored machine-learning approaches [41], hybrid localiza-
tion frameworks [42], lightweight fingerprinting techniques [19], and 
accessibility-oriented positioning systems [43,44].

Recent research has increasingly focused on deep learning, opti-
mization, and hybrid positioning strategies. Particle swarm optimiza-
tion (PSO) and related nature-inspired methods have been employed 
to improve localization accuracy [45,46]. Deep neural network (DNN)-
based positioning frameworks have also been proposed [47]. Compre-
hensive surveys have classified Bluetooth localization techniques into 
six principal categories: proximity sensing, time difference of arrival 
(TDoA), trilateration, fingerprinting, AoA, and AoD [48,49]. More re-
cently, RSSI-based fingerprinting approaches [50], signal propagation 
modeling techniques [51], and RSSI–AoA fusion frameworks [52] have 
further advanced BLE positioning capabilities.

Recent advances in measurement and sensing technologies have 
also contributed to RSSI processing and localization accuracy [53,54]. 
Various studies have applied Kalman filtering [55,56], neural network 
optimization, Monte Carlo simulation [57], and related mathematical 
methods [58] to smooth RSSI measurements and improve deterministic 
RSSI–distance modeling. However, despite these advances, the majority 
of existing studies focus primarily on the functional formulation of 
positioning models.

A critical limitation of the current literature is the insufficient 
treatment of the stochastic properties of RSSI measurements. While un-
certainty analysis has recently received greater attention [59,60], RSSI 
observations are still commonly assumed to be independent [52,61–
63]. In practice, severe multipath propagation, environmental dynam-
ics, and hardware limitations generate temporally correlated observa-
tions characterized by colored-noise behavior. Neglecting these stochas-
tic dependencies can lead to biased parameter estimation, unrealistic 
uncertainty assessments, and degraded positioning performance.

To address this research gap, this study proposes a comprehensive 
mathematical framework that jointly integrates stochastic and func-
tional modeling of BLE RSSI measurements. The stochastic behavior 
of RSSI observations is first characterized using the autocorrelation 
function (ACF) and partial autocorrelation function (PACF), widely 
used tools for time-series and random-process analysis [64,65]. The 
resulting stochastic model is then used within a Least Squares Vari-
ance Component Estimation (LS-VCE) framework to estimate realistic 
measurement weights and covariance structures [66,67]. Subsequently, 
the functional RSSI–distance model is estimated using Best Linear 
Unbiased Estimation (BLUE), allowing simultaneous estimation of en-
vironmental and beacon parameters together with their uncertainties. 
Similar stochastic modeling principles have proven effective in Global 
Positioning System (GPS) uncertainty analysis [68], but have rarely 
been applied to BLE RSSI positioning.

The principal novelty of this work lies in moving beyond the con-
ventional assumption of independent RSSI observations and establish-
ing a unified stochastic–functional framework capable of representing 
both deterministic signal attenuation and stochastic measurement de-
pendencies. By explicitly modeling temporal correlations, the proposed 
approach improves parameter estimation, uncertainty quantification, 
and positioning reliability in BLE-based indoor positioning systems.

Table  1 summarizes representative BLE positioning methods re-
ported during the past decade and highlights the distinctive contribu-
tion of the proposed framework.
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Table 1
A decade-long review of representative BLE indoor positioning methods.
 Method Year Technique Reference Stochastic modeling Accuracy  
 UKF/IW-KNN 2016 Weighted distance estimation Peng et al. [32] Partial High  
 Graph optimization 2018 Trilateration + fingerprinting Zuo et al. [33] Partial High  
 Nature-Inspired/DL 2022 Optimization-based positioning Bencak et al. [46]; Koutris et al. [47] Partial High  
 PSO 2024 Optimization-based positioning Assayag et al. [45] Partial High  
 Kalman filter 2025 RSSI–AoA data fusion Fabris et al. [52] Partial Very high 
 This study 2026 Stochastic and functional modeling Kariminejad et al. (this study) Full Very high 

The remainder of this paper is organized as follows. Section 2 
presents the proposed methodology, including stochastic and functional 
modeling procedures. Section 3 describes the experimental setup and 
case studies. Section 4 presents and discusses the results. Finally, 
Section 5 concludes the paper and outlines future research directions.

2. Methodology

This study proposes a comprehensive framework for modeling BLE 
RSSI measurements aimed at improving the accuracy and reliability 
of RSSI–distance parameter estimation. The methodology begins with 
outlier detection using a median filter to identify and mitigate im-
pulsive noise and transient spikes in raw RSSI measurements, thereby 
providing a robust foundation for subsequent analysis. The core fo-
cus of this work is the stochastic modeling of RSSI measurements, 
which explicitly addresses the dependencies induced by strong mul-
tipath effects, particularly in indoor environments. By characterizing 
the time-correlated and short-memory behavior of RSSI noise through 
autocorrelation analysis and variance component estimation, this step 
enables the accurate construction of the cofactor matrix and corre-
sponding measurement weights. Subsequently, functional modeling is 
employed to estimate the key parameters of the RSSI–distance model, 
including environmental factors and beacon transmit power, together 
with their associated uncertainties. This enables reliable reconstruction 
of RSSI values and derivation of distance estimates with quantified 
confidence. Collectively, these steps constitute a systematic method-
ological framework for preprocessing, characterizing, and modeling 
BLE RSSI measurements, specifically targeting the challenges posed 
by multipath-induced stochastic behavior. Finally, MLE criterion is 
applied to validate the proposed stochastic model by quantifying the 
agreement between the assumed noise characteristics and the observed 
RSSI measurements, see [69].

2.1. Outlier detection using the median filter

Outlier detection is a critical preprocessing step in RSSI-based posi-
tioning, as raw BLE measurements are often contaminated by impulsive 
disturbances caused by interference, hardware instability, and short-
term multipath fading. Such anomalies can severely bias subsequent 
stochastic and functional modeling if not properly mitigated.

The median filter is a robust, non-parametric technique widely used 
for outlier detection due to its insensitivity to extreme values [70]. 
Given a discrete RSSI time series {𝑦𝑖}𝑚𝑖=1, a sliding window of odd length 
2𝑘 + 1 is centered at each observation. The local median is computed 
as 
𝜆𝑖 = median

(

𝑦𝑖−𝑘,… , 𝑦𝑖,… , 𝑦𝑖+𝑘
)

. (1)

An observation is classified as an outlier if its deviation from the local 
median exceeds a predefined threshold: 
|𝑦𝑖 − 𝜆𝑖| > 𝑇 , (2)

where 𝑇  can be selected empirically or defined in a robust statistical 
sense. Detected outliers are mitigated by replacing them with the local 
median 𝜆𝑖, thereby preserving the underlying signal structure while 
suppressing impulsive noise. In contrast, the mean filter, defined as 

𝜇𝑖 =
1

2𝑘 + 1

𝑖+𝑘
∑

𝑗=𝑖−𝑘
𝑦𝑗 , (3)

is highly sensitive to extreme values. A single outlier within the window 
can significantly bias the mean, reducing its effectiveness for outlier 
detection and potentially propagating errors into subsequent process-
ing stages. Mean filtering is therefore more suitable for smoothing 
Gaussian-distributed noise after outliers have already been removed, 
rather than for outlier identification itself.

For RSSI measurements, which typically exhibit non-Gaussian be-
havior with sporadic spikes, the median filter is prioritized over the 
mean filter due to its robustness and edge-preserving characteristics. 
This property is particularly important for BLE signals, where abrupt 
RSSI fluctuations may arise from transient environmental effects rather 
than gradual noise processes. Consequently, median-based outlier de-
tection provides a reliable foundation for subsequent stochastic mod-
eling, including autocorrelation analysis and variance component esti-
mation.

2.2. Stochastic modeling for RSSI measurements

2.2.1. Cofactor matrix determination using ACF and PACF evaluation
The initial step involves identifying the noise model of the RSSI 

measurements, which is essential for accurately estimating the distance 
between BLE beacons and the receiver. To this end, the ACF and PACF 
are employed. Let us assume a stationary time series 𝐲 = [𝑦1, 𝑦2,… , 𝑦𝑚]𝖳

with mean 𝜇𝑦 = E[𝑦𝑡] and variance 𝜎2𝑦 = var(𝑦𝑡). The theoretical 
autocovariance function is defined as [71]: 

𝐶𝑦(𝜏) = cov(𝑦𝑡, 𝑦𝑡−𝜏 ) = E
[

(𝑦𝑡 − 𝜇𝑦)(𝑦𝑡−𝜏 − 𝜇𝑦)
]

, (4)

where 𝜏 denotes the time lag. The autocorrelation function is defined 
as 

𝑅𝑦(𝜏) = corr(𝑦𝑡, 𝑦𝑡−𝜏 ) =
E[(𝑦𝑡 − 𝜇𝑦)(𝑦𝑡−𝜏 − 𝜇𝑦)]

𝜎2𝑦
. (5)

For a zero-mean process (𝜇𝑦 = 0) with unit variance (𝜎2𝑦 = 1), it follows 
that 

𝐶𝑦(𝜏) = 𝑅𝑦(𝜏). (6)

The least squares method or maximum likelihood method can be used 
to estimate the auto covariance and auto-correlation function of time 
series. The sample autocovariance function can be estimated as 

𝐶̂𝑦(𝜏) =
1

𝑚 − 𝜏

𝑚−𝜏
∑

𝑖=1
(𝑦𝑖 − 𝜇𝑦)(𝑦𝑖+𝜏 − 𝜇𝑦), 𝜏 = 0, 1,… , 𝑚 − 1. (7)

The empirical autocorrelation function (sample ACF) is then given by 

𝑅̂𝑦(𝜏) =
∑𝑚−𝜏

𝑖=1 (𝑦𝑖 − 𝜇𝑦)(𝑦𝑖+𝜏 − 𝜇𝑦)
∑𝑚

𝑖=1(𝑦𝑖 − 𝜇𝑦)2
, 𝜏 = 0, 1,… , 𝑚 − 1. (8)

The PACF measures the direct relationship between a time series 
observation and a previous observation after removing the linear in-
fluence of intervening observations [72,73]. It is particularly useful 
for identifying the order of an autoregressive (AR) process [74]. Ac-
cordingly, the RSSI noise is modeled as a stationary AR(2) process as 
follows: 

𝑦𝑡 = 𝛽1𝑦𝑡−1 + 𝛽2𝑦𝑡−2 + 𝑒𝑡, 𝑡 = 3,… , 𝑚, (9)
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where 𝑒𝑡 ∼  (0, 𝜎2𝑒 ) denotes white Gaussian noise, and 𝛽1 and 𝛽2 are 
the autoregressive coefficients. The stationarity condition requires that 
the roots of 
1 − 𝛽1𝑧 − 𝛽2𝑧

2 = 0 (10)

lie outside the unit circle, where 𝑧 denotes a complex number. For a 
stationary AR(2) process, the autocovariances satisfy the Yule–Walker 
equations. Once the autoregressive order 𝑝 = 2 has been identified from 
the cutoff behavior of the PACF, the AR(2) coefficients can be estimated 
directly from the sample ACF using the Yule–Walker relations. The 
theoretical autocorrelations 𝜌𝑘 = 𝑅𝑦(𝑘) satisfy

𝜌1 = 𝛽1 + 𝛽2𝜌1, (11)

𝜌2 = 𝛽1𝜌1 + 𝛽2. (12)

Replacing the theoretical autocorrelations with their sample estimates, 
𝜌̂1 = 𝑅̂𝑦(1) (ACF at lag 1) and 𝜌̂2 = 𝑅̂𝑦(2) (ACF at lag 2), yields 
closed-form expressions for the AR(2) coefficients:

𝛽2 =
𝜌̂2 − 𝜌̂21
1 − 𝜌̂21

, (13)

𝛽1 = 𝜌̂1
(

1 − 𝛽2
)

. (14)

These estimates provide a computationally efficient and statistically 
consistent initialization of the AR(2) noise model. The resulting coef-
ficients are subsequently used to derive the autocovariance sequence 
and to construct the Toeplitz cofactor matrix of the RSSI observa-
tions for stochastic modeling and LS-VCE analysis. The corresponding 
Yule–Walker equations for the autocovariances are given by
𝛾1 = 𝛽1𝛾0 + 𝛽2𝛾1, (15)

𝛾2 = 𝛽1𝛾1 + 𝛽2𝛾0, (16)

𝛾0 = 𝛽1𝛾1 + 𝛽2𝛾2 + 𝜎2𝑒 , (17)

where 𝛾𝑘 = cov(𝑦𝑡, 𝑦𝑡−𝑘). Solving these equations yields explicit expres-
sions for the first three autocovariances:

𝛾0 =
𝜎2𝑒 (1 − 𝛽2)

(1 + 𝛽2)
[

(1 − 𝛽2)2 − 𝛽21
] , (18)

𝛾1 =
𝛽1

1 − 𝛽2
𝛾0, (19)

𝛾2 =

(

𝛽21
1 − 𝛽2

+ 𝛽2

)

𝛾0. (20)

For lags 𝑘 ≥ 3, the autocovariance function follows the recursive 
relation 
𝛾𝑘 = 𝛽1𝛾𝑘−1 + 𝛽2𝛾𝑘−2. (21)

Based on this autocovariance structure, the cofactor matrix of the RSSI 
observations is constructed as a symmetric Toeplitz matrix: 

𝐐𝑦 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝛾0 𝛾1 𝛾2 ⋯ 𝛾𝑚−1
𝛾1 𝛾0 𝛾1 ⋯ 𝛾𝑚−2
𝛾2 𝛾1 𝛾0 ⋯ 𝛾𝑚−3
⋮ ⋮ ⋮ ⋱ ⋮

𝛾𝑚−1 𝛾𝑚−2 𝛾𝑚−3 ⋯ 𝛾0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (22)

This AR(2)-based cofactor matrix explicitly accounts for second-
order temporal correlations in the RSSI measurements, enabling a 
more realistic stochastic representation of colored noise. Compared 
with the AR(1) model, the AR(2) formulation is capable of captur-
ing more complex correlation patterns, including oscillatory behavior 
induced by multipath propagation and environmental persistence. Con-
sequently, its integration within the LS-VCE framework yields a higher 
log-likelihood and improved parameter uncertainty assessment. Also, 
the behaviors of the ACF and PACF can provide a comprehensive view 
of the noise model underlying the time series of measurement [75]. If 
the ACF plot exhibits a gradual decay, while the PACF cuts off after 

𝑝 lags, the noise model is identified as an autoregressive (AR) model 
of order 𝑝. Conversely, if the ACF plot cuts off after 𝑞 lags and the 
PACF shows a gradual decay, the noise model corresponds to a moving 
average (MA) model of order 𝑞. Furthermore, if both the ACF and PACF 
plots display a gradual decay, the noise model is characterized as an 
autoregressive moving average (ARMA) model, with orders 𝑝 and 𝑞
respectively. Moreover, understanding the ACF in the time domain is 
mathematically equivalent to understanding the power spectral density 
(PSD) in the frequency domain, and the two are inherently related. The 
PSD of a discrete-time random process can be obtained from the Fourier 
transform of its autocorrelation function, according to the Wiener–
Khinchin theorem. For a finite RSSI time series {𝑦𝑖}𝑚𝑖=1, the sample 
autocorrelation function is estimated as 

𝑅̂𝑦(𝜏) =
1
𝑚

𝑚−𝜏
∑

𝑖=1
𝑦𝑖 𝑦𝑖+𝜏 , 𝜏 = 0, 1,… , 𝑚 − 1. (23)

The PSD estimate is then obtained by applying the discrete Fourier 
transform (DFT) to the autocorrelation sequence: 

𝑆𝑦(𝑘) =
𝑚−1
∑

𝜏=−(𝑚−1)
𝑅̂𝑦(𝜏) exp

(

−𝑗 2𝜋
𝑚

𝑘𝜏
)

, 𝑘 = 0, 1,… , 𝑚 − 1. (24)

Equivalently, the PSD can be expressed in periodogram form as 

𝑆𝑦(𝑘) =
1

𝑚𝛥𝑡
|𝑌 (𝑘)|2 , (25)

where 𝑌 (𝑘) denotes the discrete Fourier transform of the RSSI measure-
ments, defined by 

𝑌 (𝑘) = 𝛥𝑡
𝑚
∑

𝑖=1
𝑦𝑖 exp

(

−𝑗 2𝜋
𝑚

𝑘(𝑖 − 1)
)

, 𝑘 = 0, 1,… , 𝑚 − 1. (26)

The equivalence between the PSD obtained from the Fourier transform 
of the autocorrelation function and the squared magnitude of the signal 
DFT follows directly from the Wiener–Khinchin theorem.

The ACF provides a measure of how a signal correlates with a 
delayed version of itself over time, offering insight into the temporal 
structure and properties of the signal. On the other hand, the PSD 
describes how the power of a signal is distributed across different 
frequencies, providing information about its frequency characteristics. 
These two representations are connected through the Wiener–Khinchin 
theorem, which states that the Fourier transform of the ACF yields 
the PSD, and vice versa. Therefore, knowledge of one domain (time 
or frequency) allows for a complete understanding of the other, as 
both domains offer complementary perspectives of the signal’s behav-
ior [76]. The PSD of signals provides a representation of the stochastic 
behavior of BLE measurement within the frequency domain. When 
a line is fitted to the PSD plot, the slope of this line (slope index) 
offers insight into the underlying noise characteristics of the measure-
ment process. Specifically, if the slope of the line is zero, it indicates 
that all frequencies contribute equally to the variance of the sig-
nal, suggesting that the noise is purely random and can be classified 
as white-noise. Conversely, a non-zero slope signifies that the noise 
exhibits frequency-dependent behavior, with certain frequencies con-
tributing more significantly to the signal’s variance. This type of noise 
is known as colored-noise, where the noise characteristics are more 
structured and less random than white-noise. The greater the slope 
deviates from zero, the more the noise depends on frequency.

2.2.2. Covariance matrix determination for all measurements
It encompasses both functional and stochastic parts, which are 

essential for the optimal estimation of parameters. Subsequently, the 
first and second terms are referred to as the functional model and the 
stochastic model, respectively. 
𝐲 = 𝐀𝐱 + 𝐞, D[𝐲] = 𝐐𝑦 (27)

where 𝐲 ∈ R𝑚 is a vector of 𝑚 measurement, 𝐱 ∈ R𝑛 is a vector 
of 𝑛 unknown parameters, 𝐀 ∈ R(𝑚×𝑛) is a given design matrix, 
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𝐞 ∈ R𝑚 is a vector of m residuals (errors) and 𝐐𝑦 ∈ R𝑚×𝑚 is the 
positive semi-definite covariance matrix of observable 𝑦. Also, D is the 
dispersion operator. In our problem, the functional model linking RSSI 
and distances is as follows [21]: 

RSSI𝑘,𝑖 = −10 𝜈 log10 𝑑𝑘 − 𝜀 (28)

where 𝑖 denotes the 𝑖th observation of the RSSI, and 𝑑𝑘 is the 𝑘th 
distance corresponding to the RSSI measurement. The variable 𝜈 refers 
to the environmental factor, a constant that accounts for the specific 
environmental conditions affecting signal propagation. Additionally, 𝜀
represents the maximum power coefficient, which characterizes the 
strength of the signal at a reference distance, typically under ideal con-
ditions. These parameters are essential for accurate indoor positioning 
and distance estimation in BLE-based wireless systems. In other words, 
we have

RSSI𝑘,𝑖 =

−10 𝜈 log10

√

(

𝑥𝑠𝑘 − 𝑥𝑟
)2

+
(

𝑦𝑠𝑘 − 𝑦𝑟
)2

+
(

𝑧𝑠𝑘 − 𝑧𝑟
)2

−𝜀 + 𝑒 (29)

where 
[

𝑥𝑠𝑘𝑦𝑠𝑘𝑧𝑠𝑘
]𝑇

 is the position of 𝑘th BLE beacons, and [𝑥𝑟 𝑦𝑟 𝑧𝑟
]𝑇

is the receiver position. For estimating the mentioned parameters, the 
given design matrix and the vector of two unknown parameters is 

𝐀 =

⎛

⎜

⎜

⎜

⎜

⎝

−10 log 𝑑1 −1
−10 log 𝑑2 −1

⋮ ⋮
−10 log 𝑑𝑚 −1

⎞

⎟

⎟

⎟

⎟

⎠

, 𝐱 =
(

𝜈
𝜀

)

. (30)

Given that shorter distances, characterized by stronger signal
strength, typically exhibit higher measurement accuracy compared to 
longer distances, where signals are weaker and subject to greater vari-
ability, the LS-VCE technique was employed [66,67]. This method can 
be used to assign appropriate weights to each distance measurement, 
thereby ensuring that the more accurate, shorter-distance measurement 
had a greater influence on the calibration process. We assume the 
measured distance covariance matrix is as follows: 

D[𝐲] = 𝐐𝑦 =
𝑝
∑

𝑖=1
𝜎2𝑖 𝐐𝑖 (31)

where 𝑖 denotes the type of measurements, 𝜎2𝑖  is the variance factor 
of each type of measurement, and 𝐐𝑖 is the co-factor matrices which 
are obtained from the previous section, and 𝑝 is the number of dif-
ferent measurement types, each having a different variance. LS-VCE 
was developed by Teunissen and Amiri-Simkooei [66], and applied to 
assess the noise of GPS position time series [69,77,78]. The LS-VCE 
pseudo-code is presented in Algorithm 1.

2.3. Functional modeling for RSSI measurements

After the computation of the design matrix and covariance ma-
trix of all measurement, the BLUE of the unknown parameters is as 
follows [79]: 

𝐱̂ = (𝐀𝑇𝐐−1
𝑦 𝐀)−1𝐀𝑇𝐐−1

𝑦 𝐲. (32)

Finally, the estimated measurement and residuals are 

𝐲̂ = 𝐏𝐴𝐲, 𝐞̂ = 𝐏⊥
𝐴𝐲 (33)

where 𝐏𝐴 = 𝐀
(

𝐀𝑇𝐐−1
𝑦 𝐀

)−1
𝐀𝑇𝐐−1

𝑦  and 𝐏⊥
𝐴 = 𝐈−𝐏𝐴 are two orthogonal 

projectors. The covariance matrices of estimated parameters are as 
follows: 

𝐐𝑥̂ =
(

𝐀𝑇𝐐−1
𝑦 𝐀

)−1
. (34)

Algorithm 1: Pseudo-code for LS-VCE
Input: Design matrix 𝐀; measurement vector 𝐲; cofactor 

matrices 𝐐𝑘, 𝑘 = 1,… , 𝑝; initial variance components 
𝝈0; tolerance 𝜖.

Output: Estimated variance components 𝝈̂ and covariance 
matrix 𝐐𝜎̂ .

𝑖 ← 0;
Compute 𝐐𝑦 =

∑𝑝
𝑘=1 𝜎

2
𝑘𝐐𝑘;

Invert 𝐐𝑦;
Compute 𝐏⟂

𝐴 = 𝐈 − 𝐀(𝐀𝑇𝐐−1
𝑦 𝐀)−1𝐀𝑇𝐐−1

𝑦 ;
Compute residuals 𝐞̂ = 𝐏⟂

𝐴𝐲;
Compute 𝐍𝑖𝑗 =

1
2 tr(𝐐

−1
𝑦 𝐏⟂

𝐴𝐐𝑖𝐐−1
𝑦 𝐏⟂

𝐴𝐐𝑗 );
Compute 𝐥𝑖 = 1

2 𝐞̂
𝑇𝐐−1

𝑦 𝐐𝑖𝐐−1
𝑦 𝐞̂;

Solve 𝐍𝝈̂ = 𝐥;
while ‖𝝈𝑖 − 𝝈̂‖𝐐−1

𝜎̂
> 𝜖 do

𝑖 ← 𝑖 + 1;
𝝈𝑖 ← 𝝈̂;

𝐐𝜎̂ = 𝐍−1;

In this problem, the covariance matrix of estimated parameters is as 
follows: 

𝐐𝑥̂ =
(

𝜎2𝜈 𝜎𝜈𝜀
𝜎𝜀𝜈 𝜎2𝜀

)

(35)

where ±𝜎𝜈 and ±𝜎𝜀 denote the precision of the functional model 
parameters, and 𝜎𝜈𝜀 denotes the estimated covariance. This estimated 
precision can be propagated to the receiver’s position components, 
which represent the precision of the indoor positioning solution, by 
applying the law of error propagation, as comprehensively presented 
in [18]. The joint stochastic and functional modeling framework is 
illustrated in Fig.  1.

2.4. Uncertainty analysis and maximum log-likelihood estimation

Uncertainty analysis is an essential component of RSSI-based mod-
eling, as it provides a quantitative assessment of the reliability of the 
estimated model parameters and the resulting distance estimates. In 
the proposed framework, uncertainty analysis is performed following 
the stochastic and functional modeling stages to evaluate how mea-
surement noise, including time-correlated dependencies induced by 
multipath propagation, propagates into the estimated RSSI–distance 
model parameters. To provide a practical interpretation of the RSSI 
reconstruction accuracy, the corresponding distance uncertainty is esti-
mated using the logarithmic RSSI–distance model. Solving Eq. (28) for 
distance yields 

𝑑 = 10
𝜖+RSSI
−10𝜈 . (36)

The effect of RSSI reconstruction errors on distance estimation can 
be quantified through first-order error propagation. Taking the natural 
logarithm of Eq. (36) and differentiating with respect to RSSI gives 
𝜕 ln 𝑑
𝜕RSSI = −

ln(10)
10𝜈

. (37)

Consequently, the relative distance uncertainty can be approxi-
mated as 
𝜎𝑑
𝑑

≈
ln(10)
10𝜈

𝜎RSSI, (38)

where 𝜎𝑅𝑆𝑆𝐼  represents the RSSI reconstruction error, expressed here 
by the corresponding RMSE value, and 𝜎𝑑 denotes the induced distance 
uncertainty. Eq.  (38) demonstrates that the distance error grows lin-
early with the RSSI error and inversely with the path-loss exponent. For 
typical BLE propagation environments, where 𝜈 generally ranges from 2 
to 4, the obtained RSSI reconstruction accuracies correspond to relative 
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Fig. 1. Stochastic and functional modeling algorithm flowchart diagram.

distance uncertainties of approximately 6–13% for RMSE values near 
1 dBm and 15–25% for RMSE values around 2–2.5 dBm. These values 
provide an intuitive interpretation of the practical ranging performance 
associated with the reconstructed RSSI measurements.

A statistically rigorous selection of the most appropriate stochastic 
model can be achieved via the maximum log-likelihood criterion. Let 
𝐲 ∈ R𝑚 denote the observation vector and 𝜽 the parameter vector of 
a candidate stochastic model 𝑖, characterized by covariance matrix 
𝐐𝑦. Assuming Gaussianity, the log-likelihood function is given by 

𝓁𝑖(𝜽) = −1
2

[

𝑚 ln(2𝜋) + ln ||
|

𝐐𝑦
|

|

|

+ 𝐲⊤𝐐−1
𝑦 𝐲

]

. (39)

The MLE of 𝜽̂𝑖 is obtained as 

𝜽̂𝑖 = argmax
𝜽

𝓁𝑖(𝜽). (40)

Substituting 𝜽̂𝑖 into the log-likelihood yields the maximized value 

𝓁max
𝑖 = 𝓁𝑖(𝜽̂𝑖). (41)

For a set of competing models {1,… ,𝐾}, the optimal stochastic 
model is selected according to 
⋆ = argmax

𝑖
𝓁max
𝑖 . (42)

Accordingly, the model that attains the highest log-likelihood value 
provides the best statistical representation of the underlying stochastic 
process, assuming comparable model complexity.

Together, uncertainty analysis and the MLE provide a compre-
hensive statistical validation of the proposed modeling framework, 
ensuring that both the estimated parameters and their associated un-
certainties are reliable and physically meaningful.

3. Case study

A case study was conducted using two selected types of BLE beacons 
to perform stochastic and functional modeling of RSSI measurements, 
with the objective of accurately estimating the parameters of the RSSI–
distance model. Four precise fixed distances between BLE beacons 
(as transmitters) and a Samsung Galaxy S22+ (as a receiver) are 
measured. These fixed distances are initially realized using advanced 
surveying equipment. These measurement were collected over a series 
of 20-minute intervals at a sampling rate of 0.5 Hz, conducted in a 
controlled outdoor environment at the Université Laval campus in Que-
bec City, Quebec, Canada. This environment was specifically chosen 
for its minimal signal interference, particularly the absence of multi-
path effects, which is crucial for ensuring the accuracy and reliability of 
the noise-assessing process. For the experiment, four arbitrary distances 
have been adopted based on the nominal coverage of the BLEs. The 
measurement were taken at fixed distances of 1, 3, 5, and 10 m, 
thereby encompassing a range of near-field to far-field scenarios. The 
mentioned methodology was carried out for two distinct types of BLE 
beacons, each exhibiting unique characteristics and signal behavior. 
The resulting data were used to perform a comprehensive mathematical 
framework that accounts for the performance of both beacon types, as 
depicted in Figs.  2, and 3, respectively.

3.1. Case study 1

The first beacon, whose measurement were taken to identify the 
model, is introduced here. The Screw-ON Bluetooth® IT002 beacon 
represents the most advanced generation of Bluetooth beacons devel-
oped by Tatwah company. It is fully compatible with the Bluetooth®
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Fig. 2. Tatwah’s IT002 Bluetooth Low Energy beacon.

5.0 standard and is meticulously designed to meet the diverse re-
quirements of various applications, including asset tracking, logistics, 
inventory management, and predictive maintenance. Thanks to its 
highly optimized and ultra-low power consumption, this beacon en-
sures exceptional battery longevity. Additionally, it features the ability 
to replace its CR2032 battery, further enhancing its practicality and 
cost-effectiveness. Equipped with a high-precision accelerometers sen-
sor, the beacon is capable of detecting a wide range of movements, 
including vibrations, shocks, and specific impacts such as falls. The 
parameters of the accelerometers can be easily configured to suit the 
specific needs of the application, offering flexibility for a variety of 
use cases. All configuration settings for the beacon can be conveniently 
updated over the air through a dedicated profile service, ensuring ease 
of management and customization. Furthermore, a secure operational 
mode is available, utilizing an AES-128 encryption algorithm to guar-
antee data protection. For added functionality, an optional NFC (Near 
Field Communication) feature can be integrated, providing the ability 
to deliver additional information about the asset, such as its manual, 
last maintenance date, or location. This NFC functionality also enables 
a simplified pairing process for enhanced user experience.

The experiment was conducted using four fixed distances between 
the beacon, acting as the signal transmitter, and a Samsung Galaxy 
S22+ smartphone, serving as the receiver. Following data collection at 
each distance, the RSSI observations were processed using a median 
filter, whereby samples identified as outliers were replaced by the 
median value within a predefined local window. Subsequently, the 
ACF and PACF were computed for each RSSI time series. Based on 
these analyses, the corresponding 𝛽1 and 𝛽2 parameters were estimated, 
followed by the estimation of 𝛾0, 𝛾1, and 𝛾2 from the ACF. These 
parameters were then used to construct the cofactor matrices required 
for stochastic modeling.

3.2. Case study 2

The second beacon, which is used, is introduced here. The Industrial 
Screwable Bluetooth® IT008 beacon represents the latest generation 
of Bluetooth® beacons engineered by Tatwah company. This cutting-
edge device is also fully compatible with the Bluetooth® 5.0 standard 
and has been meticulously designed to meet the diverse and evolving 
requirements of a wide range of applications, including asset tracking, 
logistics, inventory management, and predictive maintenance. With 

Fig. 3.  Tatwah’s IT008 Bluetooth Low Energy beacon.

its highly optimized and ultra-low power consumption, the IT008 tag 
ensures exceptional, industry-leading battery life. Moreover, it offers 
the practical advantage of being powered by replaceable AA batteries, 
enabling ease of maintenance and prolonged usage in demanding en-
vironments. Equipped with a high-precision accelerometers sensor, the 
beacon is capable of detecting a wide array of movements, including 
vibrations, shocks, and specific events such as falls. The parameters 
of the accelerometers are fully configurable, allowing them to be fine-
tuned to meet the precise needs of the particular application, ensuring 
maximum accuracy and reliability. All configuration settings for the 
beacon can be updated remotely, over the air, through a dedicated 
profile service, providing seamless management and flexibility. Addi-
tionally, a secure operational mode is available, employing an AES-128 
cryptographic algorithm to ensure the highest standards of data se-
curity and protection. For enhanced functionality, the beacon can be 
optionally equipped with an NFC feature. This feature enables the 
transmission of additional information regarding the asset, such as 
its manual, the last maintenance date, or its precise location. The 
NFC functionality also facilitates a simplified pairing process, further 
streamlining the user experience and improving operational efficiency.

In Case Study II, the same experimental procedure as in Case Study 
I was adopted, using four predefined distances between the BLE bea-
con (transmitter) and a Samsung Galaxy S22+ smartphone (receiver). 
After RSSI data acquisition, the measurements were processed using a 
median filter to mitigate outliers by replacing anomalous values with 
the median of their local neighborhood. The filtered time-series were 
then analyzed using the ACF and PACF to characterize their temporal 
dependence structure. Based on these analyses, the parameters 𝛽1 and 
𝛽2 were estimated. Subsequently, the covariance-related parameters 
𝛾0, 𝛾1, and 𝛾2 were derived from the ACF and used to construct the 
stochastic cofactor matrices required for subsequent modeling.

After creation of cofactor matrices for all types of measurements, for 
both beacons, we have a same covariance matrix structure as follows: 
𝐐𝑦 = 𝜎21𝐐1 + 𝜎23𝐐3 + 𝜎25𝐐5 + 𝜎210𝐐10 (43)

where four fixed distances are measured between the mentioned bea-
cons and a smartphone as a receiver. Also, the cofactor matrices and 
their associated variance components are estimated according to the 
methodology introduced in this study.

4. Results and discussion

This section presents the results of the stochastic and functional 
modeling for the two case studies, together with the MLE results 
obtained for four candidate noise models. The RSSI measurement at 
distances of 1, 3, 5, and 10 m are presented for both beacons in Figs. 
4 and 5, respectively. In these figures, outliers in each time series were 
identified and replaced using a median filter, whereby each outlier was 
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Fig. 4. All RSSI measurement of the IT002 beacon over a 20-minute duration at fixed distances.

Table 2
Estimated AR(2) coefficients obtained from RSSI measurements at different 
distances.
 Distance (m) IT002 beacon IT008 beacon
 𝛽1 𝛽2 𝛽1 𝛽2  
 1 0.9707 −0.1375 0.7426 −0.0193 
 3 1.0067 −0.1565 1.1998 −0.3757 
 5 1.0645 −0.2821 1.1668 −0.3241 
 10 1.1992 −0.3455 1.0110 −0.1347 

substituted with the median of its neighboring observations. Also, the 
PSD estimate derived from the RSSI measurement has been computed 
for all measurement, demonstrating that the slope of the fitted line is 
non-zero. The PSD estimate reveals that the correlation between the 
noise is not entirely random, as would be characteristic of white-noise. 
Instead, it suggests the presence of a random process that governs the 
observed dependency, indicative of colored-noise. This type of noise 
exhibits a structured correlation over time, distinguishing it from the 
unpredictability of white-noise and highlighting its inherent patterns. 
The PSD of RSSI measurements for both the IT002 and IT008 BLE 
beacons at distances of 1, 3, 5, and 10 m is depicted in Fig.  6.

The estimated ACF and PACF of the RSSI measurements, obtained 
at fixed distances of 1, 3, 5, and 10 m, are illustrated in Fig.  7 for the 
IT002 beacon and in Fig.  8 for the IT008 beacon.

As described in Section 2, noise characterization, which is required 
for the construction of the measurement cofactor matrix, constitutes 
a fundamental component of the stochastic modeling framework. To 
this end, the ACF and partial ACF were first applied to all RSSI 
measurements. Based on these analyses, the corresponding 𝛽1 and 𝛽2
parameters associated with each cofactor matrix were estimated and 
are summarized in Table  2. Subsequently, the covariance function 
parameters 𝛾0, 𝛾1, and 𝛾2 were derived for each cofactor matrix, with 
the results presented in Table  3.

Following the stochastic characterization, variance components for 
all measurements in both case studies were estimated using the LS-VCE 
method, with the results reported in Table  4. The parameters of the 

Table 3
Estimated autocovariance coefficients obtained from the ACF analysis of RSSI 
measurements for the IT002 and IT008 beacons at different distances.
 Distance (m) IT002 beacon IT008 beacon
 𝛾0 𝛾1 𝛾2 𝛾0 𝛾1 𝛾2  
 1 1.2615 1.0765 0.8716 0.2578 0.1878 0.1345 
 3 3.6630 3.1885 2.6366 3.9939 3.4833 2.6789 
 5 3.8418 3.1896 2.3114 3.2312 2.8475 2.2755 
 10 4.4736 3.9871 3.2355 4.7222 4.2073 3.6173 

Table 4
Estimated variance components obtained using the LS-VCE method for the 
IT002 and IT008 beacons.
 Variance component IT002 beacon IT008 beacon 
 𝜎̂1 (dBm) 1.2609 0.2583  
 𝜎̂3 (dBm) 3.5510 3.8125  
 𝜎̂5 (dBm) 3.8188 3.1757  
 𝜎̂10 (dBm) 4.4190 4.7573  
 Number of iterations 3 3  

RSSI–distance functional model and their associated precision measures 
were subsequently estimated using the BLUE method and are presented 
in Table  5. The performance of the proposed framework was evaluated 
by computing the root mean square error (RMSE) between the recon-
structed RSSI signals and the corresponding raw measurements. The 
resulting RMSE values are summarized in Table  6.

Also, the estimated log-likelihood values for four candidate stochas-
tic models indicate that the adopted AR(2) model achieves the maxi-
mum value, thereby confirming its statistical consistency and suitability 
as the preferred representation. Table  7 summarizes the log-likelihood 
results for the white-noise, AR(1), AR(2), and AR(3) models.

Finally, the RSSI signals reconstructed using the proposed model 
are illustrated in Figs.  9 and 10 for the first and second case studies, 
respectively.

Our experimental results indicate that different BLE beacons exhibit 
distinct characteristics. For example, the IT002 beacon shows lower 
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Fig. 5. All RSSI measurement of the IT008 beacon over a 20-minute duration at fixed distances.

Table 5
Estimated RSSI–distance model parameters and their associated precision 
measures for the IT002 and IT008 beacons.
 Parameter IT002 beacon IT008 beacon 
 𝜈 2.0044 1.9964  
 𝜀 (dBm) 64.9632 58.0342  
 𝜎𝜈 0.0315 0.0260  
 𝜎𝜀 (dBm) 0.1563 0.0519  
 𝜎𝜈𝜀 −0.0033 −0.0003  

Table 6
RMSE of the reconstructed RSSI signals.
 Distance (m) IT002 RMSE (dBm) IT008 RMSE (dBm) 
 1 1.1242 0.5079  
 3 1.9144 2.0140  
 5 1.9890 1.9575  
 10 2.1912 2.4071  

Table 7
Log-likelihood values for four stochastic models used in RSSI noise character-
ization.
 Stochastic model IT002 beacon IT008 beacon 
 White noise −5.774 ×103 −5.447 ×103  
 AR(1) −3.066 ×103 −2.649 ×103  
 AR(2) −3.065 ×103 −2.648 ×103  
 AR(3) −3.099 ×103 −2.698 ×103  

maximum transmission power compared to the IT008, reflecting its 
design as a standard device versus the industrial-grade IT008. This 
nominal difference aligns with our observations, whereas the environ-
mental factor remains approximately the same across both beacons, 
consistent with the uniform experimental environment. The proposed 
modeling process can be applied to any BLE beacon to reveal device-
specific characteristics and guide parameter estimation for accurate 
distance estimation.

We also observe that increasing the separation between beacon and 
receiver leads to higher measurement fluctuations, elevated variance, 
and stronger temporal correlation among RSSI measurements, as quan-
tified by the 𝛽1 and 𝛽2 parameter. Multi-path effects are amplified in 
indoor environments, particularly in spaces with dense and complex 
structural layouts, further increasing measurement correlation and in-
fluencing positioning accuracy. These results highlight the critical role 
of environment and structural configuration in system performance.

The AR(2)-based stochastic model adequately captures the tempo-
ral correlation structure of RSSI noise, as verified through residual 
whiteness tests and MLE. Incorporating the resulting covariance model 
into the weighted least squares estimation process produces statistically 
efficient parameter estimates and realistic uncertainty quantification. 
The reconstructed RSSI signals achieved RMSE values of 1.12 dBm and 
0.50 dBm for the IT002 and IT008 beacons, respectively, at a distance 
of 1m, increasing to 2.19 dBm and 2.40 dBm at 10m. These values 
correspond to relative distance uncertainties of approximately 6–13% 
at 1m and 15–25% at 10m, confirming the capability of the proposed 
stochastic–functional framework to accurately characterize BLE RSSI 
measurements and support reliable distance estimation.

The comprehensive stochastic–functional modeling framework de-
veloped in this study is broadly applicable to a wide range of opera-
tional scenarios. It can be readily extended to dynamic environments, 
different types of BLE beacons and receivers, varying receiver–beacon 
geometries, diverse indoor layouts, and different coverage distances. 
By explicitly accounting for both the functional relationship and the 
stochastic characteristics of RSSI measurements, the proposed frame-
work facilitates a systematic and rigorous characterization of RSSI 
behavior. Consequently, it provides a robust basis for reliable indoor 
positioning performance under heterogeneous and realistic operating 
conditions.

Finally, the findings of this study provide actionable guidance for 
the optimal deployment of BLE beacons. By first estimating the effective 
coverage based on the maximum transmission power and subsequently 
evaluating distance estimation precision, system designers can strate-
gically determine beacon placement to maximize positioning accuracy 
and reliability. These insights offer practical value for the design of 
scalable and high-precision indoor positioning systems.
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Fig. 6. Estimated PSD of RSSI measurements for both beacons at distances of 1, 3, 5, and 10 m.

5. Conclusion and recommendations

This study presented a comprehensive stochastic–functional frame-
work for the modeling of BLE RSSI measurements, with the objective 
of improving the estimation of RSSI–distance model parameters and 
enhancing the reliability of distance-based indoor positioning systems. 
The proposed methodology integrates stochastic covariance modeling 
and functional parameter estimation within a unified adjustment frame-
work, thereby enabling the simultaneous characterization of temporal 

correlations, environmental effects, and beacon-specific transmission 
characteristics. Experiments were conducted using two BLE beacon 
types under controlled conditions to investigate their intrinsic signal 
behavior and to establish statistically rigorous RSSI–distance models.

The analysis revealed that BLE RSSI measurements exhibit signif-
icant temporal correlations that cannot be adequately represented by 
the commonly adopted white-noise assumption. Autocorrelation and 
partial autocorrelation analyses demonstrated that the RSSI noise is 
well characterized by a second-order autoregressive process, AR(2), 
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Fig. 7. Estimated ACF and PACF of RSSI measurements for the IT002 beacon at distances of 1, 3, 5, and 10 m.

under the considered experimental conditions. The stochastic proper-
ties were quantified through LS-VCE, while the functional parameters 
of the RSSI–distance model were estimated using the BLUE. The sta-
tistical consistency of the resulting model was subsequently verified 
using MLE, which identified the AR(2) model as the most appropriate 
stochastic representation among the candidate models considered.

The reconstructed RSSI signals achieved RMSE values of 1.12 dBm
and 0.50 dBm for the IT002 and IT008 beacons, respectively, at a 
distance of 1m, increasing to 2.19 dBm and 2.40 dBm at 10m. These 

reconstruction accuracies correspond to relative distance uncertainties 
of approximately 6–13% at 1m and 15–25% at 10m, confirming the 
capability of the proposed framework to accurately characterize BLE 
signal behavior and support reliable RSSI-based ranging. The results 
further indicated that the temporal persistence of RSSI noise increases 
with distance, reflecting stronger multipath effects and emphasizing the 
importance of distance-dependent stochastic modeling and weighting 
strategies in positioning and sensor-fusion applications.
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Fig. 8. Estimated ACF and PACF of RSSI measurements for the IT008 beacon at distances of 1, 3, 5, and 10 m.

The study also highlighted beacon-dependent differences in trans-
mission characteristics, particularly with respect to maximum trans-
mission power, demonstrating the importance of device-specific cali-
bration. Although a common path-loss exponent was adopted in the 
present analysis, the proposed framework can be extended to accom-
modate beacon-specific propagation parameters in heterogeneous de-
ployment scenarios.

Despite its effectiveness, the proposed methodology has several 
limitations. First, the experiments were conducted in a controlled, static 

outdoor environment to isolate signal behavior and accurately char-
acterize the intrinsic stochastic properties of BLE RSSI measurements. 
While this controlled setup enabled rigorous estimation of both stochas-
tic and functional model parameters, it also represents a limitation of 
the present study. In practical indoor positioning applications, signal 
propagation is affected by dynamic factors such as human movement, 
shadowing, environmental changes, and time-varying multipath condi-
tions, which may introduce non-stationary behavior and more complex 
stochastic processes than those observed in the present experiments. 
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Fig. 9. All measurement and reconstructed signals of the IT002 beacon (denoted as ‘RS’) are provided by the stochastic and functional model.

Fig. 10. All measurement and reconstructed signals of the IT008 beacon (denoted as ‘RS’) are provided by the stochastic and functional model.

Consequently, the model parameters estimated in this study should be 
regarded as calibration parameters that must be identified or updated 
prior to deployment in real-time dynamic positioning systems.

Another limitation is that the proposed framework is specifically 
developed for RSSI-based ranging and RSSI–distance model calibration. 
Although the methodology substantially improves distance estimation 
accuracy through the joint treatment of stochastic and functional char-
acteristics, it is not directly applicable to Bluetooth AoA positioning, 

where localization is based on directional measurements rather than 
RSSI-derived distances. Therefore, the proposed approach primarily 
benefits distance-based BLE positioning systems and requires further 
adaptation for angle-based localization techniques.

Despite these limitations, the proposed framework establishes a 
statistically rigorous foundation for RSSI–distance modeling by explic-
itly accounting for temporal correlations, environmental variability, 
and measurement uncertainty. Future research should validate the 
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methodology in dynamic indoor environments involving human activ-
ity, shadowing, and varying channel conditions, investigate adaptive 
online estimation of stochastic and functional parameters for real-time 
positioning applications, and extend the framework to heterogeneous 
multi-beacon and multi-receiver configurations. Furthermore, given the 
increasing availability of Bluetooth 5.1 and later versions supporting 
AoA measurements, a promising direction is the integration of the 
proposed RSSI stochastic–functional modeling framework with AoA-
based positioning to develop hybrid distance–angle localization systems 
capable of achieving improved robustness, reliability, and positioning 
accuracy.

In conclusion, this work presents a unified stochastic–functional 
framework for BLE RSSI modeling that combines covariance estimation 
through LS-VCE with functional parameter estimation using BLUE. 
The results demonstrate that RSSI noise exhibits significant temporal 
correlation and is best represented by an AR(2) process under the 
considered experimental conditions. By systematically modeling both 
the stochastic and functional characteristics of RSSI measurements, the 
proposed methodology provides statistically consistent parameter esti-
mation and supports more reliable distance determination, thereby con-
tributing to the theoretical development and practical implementation 
of high-precision BLE-based indoor positioning systems.
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