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Fuzzy Adaptive Constrained Consensus Tracking of
High-Order Multi-agent Networks: A New
Event-Triggered Mechanism

Ning Wang™, Ying Wang, Guanghui Wen

Abstract—This article aims to realize event-triggered con-
strained consensus tracking for high-order nonlinear multiagent
networks subject to full-state constraints. The main challenge of
achieving such goals lies in the fact that the standard designs [e.g.,
backstepping, event-triggered control, and barrier Lyapunov
functions (BLFs)] successfully developed for low-order dynamics
fail to work for high-order dynamics. To tackle these issues, a
novel high-order event-triggered mechanism is devised to update
the actual control input, lowering the communication and compu-
tation burden. More precisely, compared with the conventional
event-triggered mechanism, not only the amplitudes of control
signals and a fixed threshold are considered but a monotonically
decreasing function is introduced to allow a relatively big thresh-
old, while guaranteeing consensus tracking error to be small.
Then, a high-order tan-type BLF working for both constrained
and unconstrained scenarios is incorporated into the distributed
adding-one-power-integrator design for the purpose of confining
full states within some compact sets all the time. A finite-time
convergent differentiator (FTCD) is introduced to circumvent the
“explosion of complexity.” The consensus tracking error is shown
to eventually converge to a residual set whose size can be adjusted
as small as desired through choosing appropriate design param-
eters. Comparative simulations have been conducted to highlight
the superiorities of the developed scheme.

Index Terms—Event-triggered control (ETC), full-state con-
straints, high-order multiagent networks.
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I. INTRODUCTION

ECENT years have witnessed a tremendous progress in
Rthe field of distributed control of nonlinear multiagent
networks and, in general, they can be classified by two cat-
egories: 1) strict-feedback multiagent networks [1]-[3] and
2) pure-feedback multiagent networks [4]-[6], i.e., systems
whose dynamics are described or can be transformed into
a chain of integrators with power equal to one. For these
results, the commonly adopted approach is an extension of
the well-known backstepping technique [7] in a distributed
sense by introducing one linear integrator at each iteration,
and also combined with universal approximators [e.g., fuzzy
logic systems (FLSs) and neural networks (NNs)] to handle
unparameterized nonlinearities [8]-[10]. Compared to NN,
FLSs are particularly studied since the experience from expert
human operators can be systematically included into fuzzy IF-
THEN rules to be part of the control [11], [12]. High-order
nonlinear multiagent networks are a generalization of strict-
feedback or pure-feedback multiagent networks, in which
the virtual and actual control terms are the power func-
tions with positive odd integers rather than linear ones. It
is well documented in literature that high-order dynamics,
appearing in aerospace and robotic applications [13], [14], are
extremely challenging to deal with, as their linearized dynam-
ics might possess uncontrollable modes whose eigenvalues are
on the right half-plane [15], making all standard feedback lin-
earization or standard backstepping methodologies [1]-[10]
inapplicable. The adding-one-power-integrator procedure was
therefore proposed in [16] to overcome the aforementioned
challenges by introducing one high-power integrator instead
of a linear one at each iteration. Since then, fruitful results
have been obtained for single high-order system [17]-[19]
and multiple high-order systems [20]-[22]. However, it has
to be stressed that the above-mentioned results in [17]-[22]
suffer from two major drawbacks: 1) they relied on the peri-
odic sampling mechanism and 2) they did not take into account
full-state constraints. The importance of those two points are
highlighted hereafter.

It is well recognized that the task of the periodic sam-
pling mechanism is to execute every fixed period of time,
resulting in unnecessary waste of communication and com-
puting resources [23]. To solve this issue, event-triggered
control (ETC) was formulated in [24] where the task is
to execute only when the triggering errors are larger than
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some prespecified thresholds. Since then, massive ETC strate-
gies have been proposed for single systems [25]-[27] and
multiagent networks [28]-[32]. Unfortunately, all above-
mentioned ETC protocols are solely suitable for low-order
dynamics (i.e., the powers are equal to one) and cannot be
directly applied to high-order cases. This is because the exist-
ing event-triggered mechanisms rely on the precondition that
the signs of the combination terms of the local tracking errors
and the transition control signals are less than or equal to O.
Howeyver, the combination terms cannot be obtained and their
signs cannot also be determined due to the existence of high
powers (see discussions in Remark 6). In addition, the exist-
ing thresholds in [23]-[28] and [30]-[32] are composed by the
amplitudes of control signals as well as a fixed threshold. Such
designs theoretically imply that tracking accuracy is weakened
when the magnitudes of control signals become large. In prac-
tical scenarios, it usually requires small consensus tracking
error, while guaranteeing larger threshold (see discussions in
Remark 7). To the best of our knowledge, such an answer
is missing in the existing literature. In other words, how to
establish a balance between tracking performance and the
magnitudes of control signals needs to be further researched.
Thence, a new event-triggered mechanism must be sought
going beyond the state-of-the-art for high-order multiagent
networks.

Besides, in practical engineering systems, the states are typ-
ically required to satisfy various restrictions and the violation
of these constraints may deteriorate system performance, or
even cause instability [33], [34]. Barrier Lyapunov function
(BLF) originally proposed in [35] has been successfully uti-
lized to handle such an issue in the context of multiagent
networks [36]-[39]. Nevertheless, most existing literature
in [36] and [39] require the agent dynamics to be in the form
of low-order systems. The critical difficulty of extending the
available BLF to high-order systems consists in how to con-
struct some appropriate Lyapunov functions with well-imposed
exponential powers. Despite two recent works in [40] and [41]
were dedicated to solving this problem, they are neither suit-
able for multiagent networks nor do they consider the ETC.
Motivated by the above discussions, the main innovative points
of this work are listed as follows.

1) This seems to be a pioneering work of event-triggered-
constrained consensus tracking design for high-order
nonlinear multiagent networks in spite of ETC input and
full-state constraints.

2) To overcome the difficulty that the existing event-
triggered mechanisms in [23]-[32] cannot be used for
high-order dynamics due to the presence of high-powers,
a novel high-order event-triggered mechanism is for the
first time formulated for (1) which is designed in com-
bination with a new monotonically decreasing function
that enables us to give a larger threshold to trigger the
events as less as possible, while making the consensus
tracking error smaller.

3) A high-order tan-type BLF is appropriately adopted to
handle full-state constraints in the framework of the dis-
tributed adding-one-power-integrator control. Different
from the existing results [18]-[22], we ensure that the
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full-state constraints are not transgressed while guaran-
teeing the boundedness of closed-loop networks.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Algebraic Graph Theory

Let us first give some preliminaries on the graph theory.
The communication topology among agents is described by a
directed graph G = (V, ) with V = {vg, vy, ..., vy }(M > 2)
and £ €V x V being the set of nodes (agents) and the set of
edge, respectively. A directed edge e;; = (j, i) € £ represents
that agent i can obtain information from agent j. The neigh-
bor set of agent i is denoted by N; = {jle;; € £}. Because
agent O plays a special role (leader), let us consider the sub-
graph defined by G = (V,€) with V = {v,..., vy} the
set of follower agents and £ C V x V defined accordingly.
For this subgraph, let us define the adjacency matrix A =

la;] € RM*M a5 follows: if eji € &, then a;j > 0; otherwise,

a;j = 0. The Laplacian matrix £ associated with G is defined as
T

L= _00 ZOA:Ii_Xllg with B = diag[01, ..., Ou], where 6; > 0

if the leader 0 € Nj,i = 1,...,M and 6, = 0 otherwise.
Moreover, 8 = [0, ...,0y]" and L = D— A is the Laplacian
matrix related to £ with D = diag{d,...,dy} € RM*M,
where d; =} \; ajj. The directed graph G contains at least
one directed spanning tree with the leader as the root [5]. It

should be noted that £ + B is a nonsingular M-matrix [22].

B. Problem Statement

Consider a multiagent network whose follower agents have
the following nonlinear dynamics:

Kim = Vin(X:) + B (i) K
Xim; = Vim (Xi) + (bi,ni(Xi)U‘?l’ni (D

Yi = Xi,1

for 1l <i <M, 1 <m=<mn—1, where X;,, = [xi1, Xi2,

oy XimlT € R™and x; = [Xi1, Xi2s -+ Xin)| € R" are the
states, y; € R and u; € R are the output and the input signal of
the ith follower agent, respectively. The functions ¥; ,,(-) and
¢i.m () are unknown smooth nonlinearities, and p; ,, € Qodd,
where Q,qq denotes the set of positive odd integers. All states
remain within the following feasible set:

Xim(®)| < kp,,,} 2)

for some known upper bounds kp,,, > 0 (1 <i <M, 1 <
m < n;).

Remark 1: The importance of the high-order nonlinear
multiagent networks covers both theoretical and engineering
aspects: from the theoretical point of view, the high-order non-
linear dynamics (1) generalize those of [3], [4], [8]-[10], [28],
[30], [38], and [39] because the multiagent models in [3], [4],
[8]-[10], [28], [30], [38], and [39] are a special case of (1)
when p; , = 1. From the application point of view, dynam-
ics (1) can describe relevant classes of practical systems, such
as dynamical boiler-turbine units, hydraulic dynamics, poppet
valve systems, or underactuated, weakly coupled mechani-
cal systems with cubic force-deformation relations (nonlinear
spring forces).

Qxi,m = {Xi,m € Ra
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Control Objective: We aim to design an event-triggered con-
sensus tracking control protocol for each follower agent such
that each follower agent’s output y;(f) can track the reference
signal yy (r) with tunable tracking error. In addition, all sig-
nals of the closed-loop networks remain bounded as well as
the full-state constraints are not violated.

At this point, the following assumptions and lemmas are
first provided.

Assumption 1 [21]: For each follower agent i, we assume
the sign of ¢;,,(-) is positive and there exist known real
constants ¢, =~ > 0 and ¢;,, > 0, (1 <m<n,) satisfy
Qi,m = |¢1,m()| = ¢i,m'

Assumption 2 [37]: For a continuously differentiable refer-
ence signal yy (f) of leader agent 0, there exist known positive
constants y; < kp,, and yz)l such that |y.| < »; and
el < ylty

Remark 2: Assumption 1 is given to ensure the controlla-
bility of system (1). Assumption 2 is standard and can be
found in [33] and [37]-[40]. It should be noted that for the
state-constrained multiagent networks, it is essential to select
suitable bounded reference signal y; () to be tracked. Thus,
Assumption 2 is reasonable, and we can always provide a
robust estimate about the upper bound of yy (7).

Lemma 1 [22]: For any x1, x2 € R and positive odd integer
b, there exist real-valued functions r; (-, -) and r(-, -) such that

i,m

Oa + x2)f = rGas xxd +nGa, x)xd

where r1(x1, x2) € [QI,EI] with o, = 1 —€ and p; =
max{1l + €, 2b=1}, with Ve € (0, 1) a constant, | (x1, x2)| <
g2 with constant g, > 0 independent of x; and x».

Lemma 2 [26]: The hyperbolic tangent function tanh(e) is
continuous and differentiable, for any § > 0 and x € R, it has

0<|xl—x tanh(%) <kd, — Xtanh(%) <0

where k& = sup,. o{(¢/[1 + €'])} = 0.2785.
Lemma 3 [18]: Let &1 € R, & € R, and r; and r, be
positive constants. For any & > 0, it holds that

row ||t

rn—+nr

raay 12| gy

rn+nr

1511 152] "™ <

Lemma 4 [40]: For a given positive constant m, and every
¢1 € R and ¢, € R, there holds

|§lm _ §2m| < Sm(Kl — §2|m—l + |§2|m—1>|§1 — &

where 3, = m(1 4+2"73) is a positive constant.

C. Fuzzy Logic Systems

Define a set of fuzzy IF-THEN rules, where the ith IF-
THEN rule is written as [42] follows.

RI:If Zy is F! and, ..., and Z, is F., then y is B', where
Z=1[Z....Z,0" e R", and y € R are the input and output of
the FLSs, respectively, and F' ’1 L F j, and B are fuzzy sets in
R. Let h(Z) be a continuous function defined on a compact set
Qz. Then, for a given desired level of accuracy « > 0, there
exists an FLS W*7'S(Z) such that supz o |h(Z) — W'S(Z)| <
k, where W = [, ..., Wf]T is the adaptive fuzzy parameter

vector in a compact set Qw. f is the number of the fuzzy
rules. S(Z) = [Y1(2), ..., wf(Z)]T is the fuzzy basis function
vector with ;(Z) = IT}_ 111 (Z)) /I T, 1F(Z)]. where
wpi(Zj) is a fuzzy membership function of the variable Z; in
the IE-THEN rule. Let W* be the optimal parameter vector,
which is defined as

W* = arg min { sup |h(Z) — WTS(Z)‘}.

€Qw | ZeQy

Then, we can further obtain
hZ) = w*Tsz) + « (3)

where « is the minimum fuzzy approximation error.

III. DISTRIBUTED EVENT-TRIGGERED-CONSTRAINED
CONSENSUS PROTOCOL DESIGN

The distributed adding-one-power-integrator method,
combined with high-order tan-type BLFs and a new
high-order event-triggered mechanism, will be employed
to facilitate the following control design. Define
a constant gj = maxi<m<pAPim}(i=1,2,...,M).

Before moving on, the following transformation is
given:
sit = 2 jen; @i (Vi — i) + 6:vi — yr) @
Siom = Xiom — Xim,c, M = 2,3,...,n
where i = 1,...,M, and x;,, . represents the virtual con-

trol inputs specified later. Moreover, |xim.c| Xi}',‘m,c is
established, where X;fm,c > 0 is a constant. After collecting
s1 = [s1.1,52.1, ..., sm.1]7 € RM, one has s; = (L + B)$
where § =y —y, withy = 1, y2, ..., ym]? and y, =

e, v, ...,yL]T. Because £ + B is nonsingular, one has

181 < (lIs1ll/le (£ + B)]), being o (£ + B) the minimum
singular value of £ + B.

A. Distributed-Constrained Consensus Protocol Design

Step i,1(ie{l,...,M}): The time derivative of s; | along
(1) and (4) is

Si1 = —Zaij(dﬁj,l(xj',l)xsz'l + wj,l(Xj)) — Oy
JeN;
+ di+6) (¢i,1(Xi,1)Xfi2'l + Wi,l()(,-)). (5)
Take the high-order tan-type BLF as

qi—pi,1+2

—p 142
Pi1+ 7”,'1

2k2

B\
tan
7(gi — pi,1 +2)

2yi1

(6)

Vi 1=
s i—pi 142
2](3;’1 Pi,1

where k., , = (Zje/\/,- ajj + 0)kp; | — ZjeN,- a,-jyl’:2 —0;y} is an
upper bound of s; 1 defined in a set Qg , = {s;1lls:1] < k& 1}
with yzz being a constant specified later. ;1 = Bi1 — Bi.1
and y; 1 > 0 is a design parameter.

Remark 3: 1f k., — oo approaches to infinity,
the term (12k&,"*1/[m (qi — pi + 2D tan(([msy ™21/

K2, 72D will tend to (s "7 1/1g; = pi1 + 2D), thus
the proposed controller can deal with both the constrained
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case and the unconstrained case. The conventional BLF-based
controllers in [33]-[36] can only handle the constrained case

due to the fact limy,  —oo(1/[gi — pin + 2]) log ([k% 77" 1+2]/

qi—pi1t+2 (AP 1+2
lkei l'l D =0.

Remark 4: In contrast with [40] and [41], the proposed
high-order tan-type BLF method is more general in the sense
that the existing BLF control protocol can be included as spe-
cial cases of (6) when p; , = 1, i.e., k2 , tan [rrsl 1/2 ]/rr
Thus, it can be also utilized to deal with the state-
constrained control problem of low/high-order nonlinear
multiagent networks.

In view of (5) and (6), the time derivative of V; 1 is

§0 —pi1t+2 5 A5
Vi = —k;y tan | il _ BB o st
kPR Vil
qz—p11+1
+ (W + 000 O A + T i)
l_{i—Pl;.1+1
e+ 00 D5 =) @

where F;1(Zi1) = =2 jen; az‘j(fﬁj1()(,'1))(}”"2’l +¥j1(x) —
0L + (di + 0) (i1 () + Eilins)) + kipsy 7T

sin(lsf 7 1/12KE P cosst 2,
81 = cost(ms"TYRET) and Z, =

7 x} s yes yul”.
An FLS W?ﬁSi,l (Z;,1) is utilized to approximate F; 1(Z; 1),
such that for any given «; 1 > 0, it holds that

1+2 1+2

Fii(Zin) = Wﬂsi,l(li,l) +0i1(Zi1), |0i1(Zin)| < kin
3)
where 0;1(Z;,1) is the approximation error.
Remark 5: As for Fi1Z; ), it has

. i i, +2 i—Pi. +2 i i, +2 i—Pi, +2
sin(lrsyy " 1/RKE T ~ (st P/ 2KE T )
when s; ;1 — 0. In the presence of thls, one has

9i—pi,1+2 4i—pi,1 2
lim kil i 22 cos | 2L
S,|—>0 q, —pj 1+1 kq,-fpi’1+2 qu, —pi, 112
i1 <1 i1
K qi—Ppj, 1+2
1 i 17781 il
= limy;, -0 i S| = | = 0.
kci,l kCi,l

It means that the singularity issue never emerges in F; 1(Z; 1).
Thus, F;1(Z; 1) is a continuous function and can be approxi-
mated by an FLS.

In light of Lemma 3, we get

SIiP 1+1 (TP 1+1 gi—pi,1+1
l 1 l 1 *T |
———Fii=———WiiSi1 + ———oii
Eil Eil Eil
1 _ -
< FP: 1 : P: 1 || W* Pi ||S Di,1 q;+l
ﬁ i1 =il i1 i1 l 1
i1
1 _-p
Zil
+ =0
Ei,l

ptlr—w —Pi,1 gi+1
wtl i1 Si

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

lr-s i, i, _i _i.
< sita P (T gl +of) + 01
©
where pi1 = ([gi + 11/lgi —pin + 1D, p; | = (lgi + 1/pi.0),
5. -P;
ISitll = @1, Bin = WP, and ©;; = T, "' +
w; fl, : l”ll It follows from (7)—(9) that the time derivative of
Vi1 is:
TS qt —pi,1+2
g 1 i+1
Vi1 < —k;1tan W — (di + 6)1;, ]sq+
Ci 1
ql —pi1t+l
i 0060 Gan (xfs' - x5)
L‘l
131 lﬁll +s q[+lr—1 Pt <FP: ﬂl cDP: f’[ll>
Vi1
(Il —pi,1+1
1
+ ',:—1(61 +9)¢11(X11)X,26+011 (10)
(=72

Design the virtual control x;» . and the adaptive law ,Bki’l as

_ _ _ 1
Pi,1 Di,1 Di, 1\ | Pi
= —si’l[miil(r‘i”l ﬂi’lq)i,ll + wi’ll )] i

Xi,2,c
= —si1Vi1 (11
1
Wio =2 [0, @i+6)] (12)
-~ 7'1 i, i, i 1 _i. o
Bi1= p Vil Fpllsfi_ O —yivia B (13)

where g;1 = (Pi,l/[qz'—l?i,l +1]), Ti1, vi1, i1, and ;1
are positive design constants. Substituting (11)—(13) into (10)
yields

ql —pi,1+2
v i, 1 i+1
Vi1 < —k; 1 tan W — (d;i +0)l;, lsq+

Ci 1

qi—pi,1+1
1
i+ 00 (i) (x5~ 1)
ul

>

+ vi1BiiBil + O (14)

According to Lemmas 3 and 4, we have

QI —pi1tl
Pil Pil
5 ———%i1 (Xi,l)<Xi,2 _Xi,2,c>
u
111—17:,1"‘1
i1 P Pi1 pii—1
== ¢i,1~spi,1<|si,2| M (si19i)” |Si,2‘>
E‘il
llr:! 711 q,+l 411~P11 qi+1
= é’zlfpllull Sio +_§ ~SpiaSin
i1 pl
1 _1\4git!]
—~—(gi+1) q+1 pi1—1
+ é‘l dl [ ¢z 17‘9: 1
gi+1
1 gitl
qi Tai 4 gitl]
+ G Spix Sia
qi+1

<1 1sq’+1 +(di +6) 719158 (15)

(l/pl l)é', 1111 l%zi —+ (ql/[ql +1] é.i’—l(l/‘h’)
and D51 = (1/p, ) (di+0) &1 @i1/Si)™ +

where [ =
~(gi+11/g)
~Spit
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— P',171 —_ qi+1 . m qi_pi,n"l'z ~‘ =
@i+6)  (/lgi+1D)  &a(@@; 007~ /2" with _ Z L _ BunBim
Spii = pia(l+27 173) and | i1 is a constant. Applying o ZkZi[;pi’"Jrz Viom
Young’s inequality to v; 1 ,Bl 1 ,3, 1 and considering (15), one [t 5 q, +1 29
arrives at = limSim T Vim-15;, (22)
+2 +2 i—Dim+2
v e ) 1, where  Fin(Zim) = sin(lwsy, ")/ 12KET)
i1 = —K; 1 tan - S 1 i—pim+2 i—Dim+2 ( im+1
L 1 zszl_phl-"_z I, COS([]TSL-II Pi,m ]/[2kgll m[’z m ]) k[ m l m‘b —Pim ) + W[,m(xl') +
b = im = 2 i—Pim+2
= TH mlz msi)lnzn, ut m = 0052([775% ~pimt /[Zkz,{,mpl’m—i_ D), and

1
+ Evi,l(ﬁfl —E§1> + O 1.

Step i,m (ie{l,...,.M},me {2,...,n,— 1}): By means
of (1) and (4), we obtain the time derivative of s; ,, as

s‘i,m = ¢i,m(7i,m)xlplmri1 + K[fi,m(Xi) -

The following finite-time-convergent differentiator (FTCD) is
then utilized to estimate x; . c:

(16)

A7)

Xi,m,c-

. C _ ud __pa
Xi,m,c - Xl m,c Ei,m—l%ia,m—l (18)
Xi,m,c = Zz m—1""i,m—1

with x/, . and %/, . being the estimates of x;mc and X m,c.
respectively, and
1
im—1 — ‘Zi,mfl } 2 SIgn(zi,mfl) + hi,mflzi,mfl

1
2t = —him—1|zim—1|?sign(zim—1) (19)

2 .
+ 1 Zim—1 + Sign(2im—1)

where 2z ;u—1 = Ximec — Xy denotes the estimation error,
and Zlm 1 Zl M1 him—1 a}re positive eesign constents, a.nd
sign(e) is the signum function. According to the discussion
in [43], for any given 5; w1 > 0, the following equation
holds:

(20)

Xi,m,e =

> .
Xfme+ Sim—1: |Sim—1] < 6y

where ¢;;—1 is the estimation error of the FTCD. Take the
high-order tan-type BLFs as

2k‘11 —Pi, m+2 (11 —Pim+2
Vim = Vim—1+ o AL
7 (gi p,m+2) Zkg;,mpl'MH
1 22

4+ — B 21
2Vi,m ﬂz,m ( )
where ke, , kb, — Ximc 18 an upper bound of
sim defined in a set Qg , = {si’m||si£,,| < ke;,,} with
Xi*m‘c being a constant specified later. Bim = PBim —

Bim and y;, > 0 is a design parameter. It follows

from (17), (20), and (21) that the time derivative of
Vim 1s:
qi—pim+1
Vim = lmu—<¢t m(Xim) Xims1.c = Sim—1 + ]:i,Wt(Zi,m»
~im

‘It—Pz m+1

+Z®tn+ tm
utm
+Z( Uzn(

— Pim Pim
¢i,m(Xi,m) (Xl m4+1 — Xim+1, c)

Qi—Pi,m+1
232 Sim .c
- IBi,n - . Xi,m,c

©
Sim

. .. T
[X, ) Xj ﬁl 1, ,Bl 27 L ) ﬂl,m—l9yLs yL7 )’L] . Analogous
to step 1, one has
Qt —pim+1 ‘It —Ppim+1
lm lm 3k
H—f:l',m = H—(Wt mSl m+ Ol',m)
Sim Sim
< gi+1 ~ —Pz m F]’t m q)[’z m _Ei,m Bi,m
=% m :31 m @j i,m
(11+1r—~ —Pim sz 7zm
+s1m lm l}'n—i_5 (23)
where ||Sinll = ®im and Bim = ||W* |Pim. Besides,
. . 41 o
applying Lemma 3 yields ?'mp E] nll Sim—1 =

Qt‘l’l = pl mspt Jm + Eigzm *BLm

Sim Sim  Sim imop- For subsequent analy51s,

-p. -p. .
let us define @,-m = I," +o,™" l”m’” + ét m Simed
and p;m = (lgi +11/1gi — pi,m + 11, Pim = = (lgi + 11/pi,m)-

De81gn the virtual control input X; m+1,c and the adaptive law

IBi,m

=Pi Di Di,
Xi,m+1,c = _Si,m[(ﬁl m( “"191 m—1*+ F lm,Bt mq>,')ln’1n
1
—Pim qu m Dim Pz m Pi.m
_szm llemL+a)lm +‘§ )]
= _Si,mﬁi,m (24)
r-w_éi,m —1

Nim = By (25)

= —~—Dim Di, q +1 P m 2
,Bi,m = C“,',m” Vi, mF n:n : d) P Vi,mvi,mlgi,m (26)

where Qi,m = (pi,m/[Qi —Dim + 1D, 1—‘i,m’ Vim> Wim, éi,m, and
vi,m are positive design constants. Hence, the derivative of V; ,,
along (22)—(26) satisfies

qi_Pi,n"FZ
in qi+1
= E n| ———
Vim Z ®z n kl n tal Gi—pint2 -1 mSi m
n=1

2ke; ,
+ Z < Ui n(

- B?n)) + Ui,mEi,mB\i,m

QI —Pim+1
i (Ko) (K = Kt ) @D
‘—‘lm
Using Lemmas 3 and 4, one reaches
qi—Pim+1
im DPim Pim
uzm ¢1m(le)(sz+l_le+1 c)
+1 i+1
< limsfoy '+ Tims? (28)
Lmo~im 1 13
where L = (1/pimCiSpen + (qi/lgi + 10 "
~(gi+11/9) = — )
SV 5 = (U, i@ Bime + (1l + 11
i.m_l ~ -’ . ~ A
Gim (@i 1/ Bim)¥ T with 3, = pim(1 + 27 =3)
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and ¢;, is a constant. By employing Young’s inequality to
Vi mBimPBi.m,» and substituting (28) into (27) results in

qi—Pin+t2
Vim < _Zk ntan( k(11_p1n+2> +s
Cin
m
+Z( v,n( i,,,))+2®,-,n. (29)
n=1

B. High-Order Event-Triggered Mechanism

gi+1 =
im10im

In this section, we propose a new high-order event-triggered

mechanism, and the ETC signal is given by
ui(t) = vi(ty) V1 € [th, thy1) (30)

where v;(f) is transition control signal. The high-order event-
triggered mechanism is described as

. i
Iyl = lnf{l > tllei(n)] = Siofu; (t)’ + 7o

)\1 0 (31)
Zk 1 ’sl k(t)} + Ki,0
where ¢;(f) = v;(t) — u?i'"" (¢) stands for the control sampling
error with g; »; = (Pin;/lqi — Pin; +1D. 0 < 8;0 < 1, As0,
7,0, and k; o are positive design constants.

Define s;0(t) = (1/[)_j_ Isix(D)| + kiol) and it can be
known that s; 0 is a monotonically decreasing function of the
local tracking errors s;x(t), k = 1,2, ..., n;. From (30) and
(31), it can be verified that |v;(r) — ui " (1)| < 8ol ™ (1)] +
7,0+ A;,05:,0(t) holds for all ¢ € [#, tj,+1). Then, the following
two situations should be considered.

Situation I: When u;(t) > 0. Since u;(t) > 0, one can obtain

— Siou fll " () — Xi08i,0(0) — Ti,0 < vi(D) — uql . ®

< 806 (1) + Ai08i.0(D) + Tio. (32)

Thus, it is possible to get that

ui(t) = ™ (1) = ci00) (8100 () + 70 + Xi,05i0(0))
(33)

where ¢;o(f) is a time-varying parameter satisfying c¢; o(f) €
(-1, 1].
Situation II: When u;(¢) < 0, it is possible to reach

5i,ou?i'n[ @) — Ai08i,0(0) — Ti,0 < vi(0) — u?i'ni (®)
< —=8i0; " (1) + 24,0801 + Tio. (34)
Furthermore, we have
ui(t) = " (1) = ci0 0 (8,00 () = 70 = Ri08i0()).
(35
Synthesizing and summarizing the above two situations lead to
Ui(t) — ui™" (1) < cia(0)(Ri0810(0) + Tio)

+ e 1 (08 ou " (1) (36)
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where

{ ci1 (1) = cip(t) = cio(), u;i(1) =0
ci1(t) = cio®), cipa) = —cio®), ui(t) <O0.

It is not hard to deduce that

_1
uilt) = |:Ui(t) — ci2(DAi08i,0 — Ci,z(f)fi,o] T ay
() = .
I +ci1(0éi0
The transition control signal v;(?) is
_ql VL,
Si,08i,n; S g,
Ui(t) = (1 + 8i0) | i, — si0 tanh | ===
i1
8; 28; "77' g
i,250,n;
— 8intanh 2% Bimi (38)
61,1
ql nl Hl_]i,nl- P: nl P: "z
Ujn = I:shl n; ( S DF ni—1 F ,Bt n,
—Pi.n; cq;,n,- .c Pl n, Di, n, gi,ni
- Si,n,- ~ing Xi,ni,c +o + S )]
(39
= ql n; -1
Wim = E "0, 0= ©)] (40)
1 nn; +2 1 nn;
where E,, = cos* (st "1/ [2ke P D, @ins Tims

&in; 8i1,and §; 2 > §; ¢ are positlve des1gn constants satisfying
Aio < 1 =260, 70 < 8i2(1 —8;0). Design the adaptive law

Bin; as

-~ H_pi,ni ﬁi,nl‘ i+1 i’i,nl‘ >

IBi,n,- = Sin yi,nirl',nl. Zni cbj,ni = YinVinBing  (41)
where  pin, = g+ U/l =pin+1D. ¢, =
(1/lgi — pin; + 11, vin; and wv;, are positive design
constants.

Remark 6: To highlight the distinguishing feature of
the newly proposed high-order event-triggering mecha-
nism (31), we first briefly recall the existing designs
in [23]-[32]. Note that state-of-the-art ETC signals are
typically devised as u;(t) = ([vi®]/[1+ ci1(H)dio]l) —
([ci2(®)Ti0l/[1 + ci1(®)6i0]) on the basis of Lemma 2. Such
an idea relies on the precondition s;,v;(f) < 0 so as to
obtain —y tanh(x /§) < 0. However, such a precondition can-
not be satisfied for high-order case due to the existence of
high powers ¢; — pin; + 1 and p;,, such as sq’ Pt nd
((vi1/11 + ci1(Ddio]) — ([ei2(O)Ti0]/[1 + i, 1(t)5, oD)Pini.
To solve this issue, we develop a high-order event-triggered
mechanism as in (31) whose importance is listed in Remarks 7
and 8.

Remark 7: In contrast to conventional event-triggered
strategies (e.g., fixed threshold, relative threshold, and switch-
ing threshold) [23]-[28], [30]-[32], our proposed triggering
threshold exhibits a better balance between tracking accuracy
and resource utilization. This is because existing thresholds
in [23]-[28] and [30]-[32] are composed by the amplitudes of
control signals as well as a fixed threshold. Such designs the-
oretically imply that tracking accuracy is weakened when the
magnitudes of control signals become large. When the mag-
nitudes of control signals are approaching zero, more precise
control can be applied to the system such that better track-
ing accuracy can be obtained, however, which will make the
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threshold small. To tackle such contradiction, a monotonically
decreasing function s;0(f) in our article is embedded into the
design of the proposed high-order event-triggered mechanism
and its role is allowing a relatively big threshold, while guar-
anteeing that the consensus tracking error is small, and that
singularity issue is precluded due to the use of «; ¢ in (31).

Remark 8: When taking p;,, = 1, dynamics (1) are the
low-order nonlinear multiagent networks, and the high-order
event-triggered strategy reduces to tp41 = inf{t > t||e; ()| >
8i0lui(O)] + Ti,0 + Ai08i,0(0)} with e;(f) = v;(t) — u;(¢), which
is exactly the one suitable for low-order systems. Besides,
(31) encompasses the existing event-triggered mechanism [24]
(e.g., the fixed threshold strategy (12) and (13) or rela-
tive threshold (23) and (24) in [24]) as special cases when
Sio=Ai0=0o0rA;0=0.

IV. STABILITY ANALYSIS

At this point, the main result of this article is given in the
following Theorem 1.

Theorem 1: For the high-order nonlinear multiagent
networks (1) with full-state constraints, under Assumptions
1 and 2, consider the distributed event-triggered-constrained
consensus tracking controllers (11), (12), (24), (25), and
(38)-(40) and adaption laws (13), (26) and (41) with initial
conditions xim(0) € ., = {XimllXim(O)] < kp;,,} and
Bim@0) >0,i =1,2,....M,m = 1,2,...,n, it holds the
following.

1) All closed-loop signals remain bounded, and system
states x;,n can be confined within the compact set
Qi = Uil XD < k) all the time.

2) The consensus tracking error § eventually converges into
the compact set 25 defined by

1 M
Q = 8| < | —— A2
s= 11181l < g2(£+8)§

where A is a positive constant given later.

3) Zeno-behavior phenomenon is excluded in the sense
that the interexecution intervals {t,4+; — t;} are lower
bounded by a positive constant T Vh € N*.

Proof: See the Appendix. |

Remark 9: The size of € can be made small by decreas-

ing T'im, ®im, & m, and v;,,, while increasing y; . Then,
the design parameters I'; ;. @i m, Vim, &i.m» and yi, can be
adjusted so as to satisfy (o/«a) < I, namely, V(¢) < IT holds
for YVt > 0. Furthermore, a design procedure of the proposed
algorithm can be sketched as follows.

V. SIMULATION EXAMPLE

To verify the effectiveness of the proposed scheme in
practical application, a practical example composed of four
different poppet valve systems [44] and a reference signal
over the communication graph is considered, as shown in
Fig. 1. From Fig. 1, it can be seen that the reference sig-
nal is accessible to the follower 1 only and is given by
yr(t) = 5sin(f) + 10sin(0.5¢).

Algorithm 1 Design Procedure of the Proposed Algorithm

1: Specify a constant IT > 0 and choose appropriate initial
conditions x;,,(0) and B;,,(0) > 0 fori=1,...,M, m=
1, ..., n; to satisty V(0) < IT;

2: Define fuzzy rules, fuzzy sets, fuzzy membership func-
tions, and then determine FLSs. Accordingly, calculate
cDi,m;

3: Assign specific values to the design parameters y; , > 0,
Iim >0, wim>0,v,>0and§, >O0;

4: Determine the 1ntermed1ate variables according to the fol-
lowing order: s;; — ,3,1 — Q2 = Si2 — ,312 —
%i3.c — Sim —> ,Bl,m — Uim+l,e —> " —> Sing —
Bimy —uifori=12,... Mm=3,...,n— 1.

i

Communication topology.

Fig. 1.

The poppet valve system is one of the most commonly used
components in hydraulic systems, which can be modeled by
the annular leakage equation. The input force f; drives the
poppet to move along the y-axis, regulating the volumetric
flow rate h; = A,-wf of oil from high to low pressure chamber
with X; = ([} /6b;D;) AP; being a lumped coefficient and w;
being the effective clearance of the annular passage. I}, b;, and
D, are constants independent of axial motion of the poppet.
AP; is the pressure drop between two chambers and remains
almost unchanged in the control process.

According to the geometric structure, @; = €;x; with ¢;
being a constant related to the cone angle of poppet. The
dynamic of oil volume in upper chamber is given by

= hz - 8,‘(1‘)

where ¢;(¢) is the lumped reduction rate of oil attributed to
consumption and other leakages. Likewise, the equation of
motion of the poppet is

(42)

miY; = —kix; + T;(t) + f; (43)

where m; is the mass of the poppet, k; is a viscous friction
coefficient, and T;(¢) is the lumped elastic force. Conduct the
following notation substitution:

Xxi1 = Yi, Xi2 =X, Xi3 =X, Ui =fi. (44)
Then, the dynamic of systems (42) and (43) comes down to

Xil = ¢i,1xfz + ¥

Xi2 = Xi3 45)
Xi3 = Gi3ui + i3
where ¢;1 = M€, Yi1 = —&i(®), i3 = 1/m;, and Y3 =

(1/mp)[T;(t)—k; xi 3] with A1 = 2Mpa/Pa.s, L, = 2.2 Mpa/Pa.s,
A3 = 2.15Mpa/Pa.s, A4 = 2.3 Mpa/Pa.s, e1(f) = 0.25x1,1 Ipm,
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Fig. 2.

X1,35 X2,35 X3,3 X4,3

Bs,1: 83,2, B33
o & o »

Evolutions of (a) yr, y1, ¥2, 3, and y4 of (b) agent dynamics states x1 2, X2,2, X3,2, and x4 2, (c) of agent dynamics states x1,3, x2,3, X3,3, and

X4,3, (d) of parameter adaptive laws By 1, B1,2, 1,3 B2,1> B2.2: B2,3> B3,1> B3.2 B33, Ba,1, P42, and By 3.

1r : : T gl 1.5

[ o Tnter-cvent intervals (sec) 0 Tnter-event intervals (sec)

0.8 0.3

0 Tntor-ovent intervals (sec)

0 Tntor-ovent intervals (sec)

t — 1

Fig. 3. Time intervals of triggering events (a) of follower agent 1, (b) of follower agent 2, (c) of follower agent 3, (d) of follower agent 4.

st st st

4 — 4 4

3 — - I e i o E 3

20 — - 2f—- —— e m—- 2p——— — -- 2

1 1 1 1

% 5 1 15 ) 5 10 15 » 5 10 15 » % 5 10 15 20

(a) (b) ©) (d)

Fig. 4. Comparisons of triggering event (a) of agent 1, (b) of agent 2, (c) of agent 3, (d) of agent 4 between proposed method and existing methods.

&2(t) = 1.2x2,1 Ipm, £3(f) = 1.5x3,1 Ipm, 4(¢) = 1.1x4,1 Ipm,
m; = 2.8 kg, my =295kg, m3 =3 kg, mg =29kg, T|(r) =
13)@’1 N, Ta(1) = 1.8x3, N, T3(0) = 1.5x3 ;| N, Tu(t) =
24X41N ki = 3.2 N/mm, kp = 3.25 N/mm, k3 = 3.4 N/mm,
ke = 3.35 N/mm, € = 145, ¢g = 1.5, e3 = 1.53, ¢4 =
1.58,. The simulation is run with the initial conditions y;, (0) =
0, x;(0) = [-0.8,0.8, —0.5]7, x,(0) = [1.1,—1.1,0.9]7,
x3(0) =[-0.6,0.6, —0.4]", and x4(0) = [-0.3,0.3, -0.2]"
and B11(0) = 5, B1,2(0) = 3, B13(0) = 1, B21(0) = 6,
B, 2(0) =4, B, 3(0) =2, B3,1(0) = =9, B32(0) = 4, B33(0) =
1, /34 1(0) =11, /34 2(0) =7, and ,34 3(0) = 4.5. Besides, the
design parameters are chosen as w;| = w12 = w13 = 2.6,
w1 =wp=w3 =24 w31 =w3p=w33 =3, w4 =
w42 =w43=32,T11=T12=T13=075T21=I22=

Ip3=1,T31=I32=T33=11,T41 =T42=T43=
1.2, &1 = &120 = &13 = 0.65, &1 = &0 = &3 =038
Br1=8&8x=83=11,81=82=5883=115 y1 =

Vie=v3=21L 1 =»n2=y3=23,y1=y2=
v33 =24, andys1 = a2 = ya3 = 2.5,8;,0 =0.1,8;1 = 0.8,
8in = 1.1, Xjo = 0.6, 7,0 = 0.8, kjo = 0.7, ¢ = 0.3, and
vigm =3fori=1,2,3,4andm = 1, 2, 3. In addition, the upper
bounds of agent dynamics states are confined as kp,, = 15,

kp,, = 1.8, and kp, ; = 2.2. The simulation results are shown in
Figs. 2-5.

Fig. 2(a) displays that all the follower agents can suc-
cessfully track the reference signal with bounded consensus
tracking errors, and the boundedness of agent dynamics states
Xi2s Xi3. i = 1,2,3,4 are shown in Figs. 2(b) and (c). It is
clear from these figures that the full-state constraints are not
Viola/tgd. Fig. 2(d)Aprov/i\des t/lle evolutigns of ;/3\1,1, ;/3/:2,1, //3/:3,1,
and B4,1, and of Bi12, B22, B3,2, and B4, and of 13, B23,
B33, and By 3, respectively. Fig. 3 reveals the time interval
results of the triggering events. The event-triggered times and
the threshold value comparisons of the proposed high-order
event-triggered scheme and the other three event-triggered
schemes in [24] are shown in Figs. 4 and 5, respectively. It
can be observed that the proposed high-order ETC mecha-
nism is feasible and it is more effective than the other three
event-triggered schemes in [24].

In addition, the integral time absolute error (ITAE)
[ fo tls;, 1(t)|dt] root mean square error (RMSE)
[(1/7) / st (0d /2, absolute (MAE)
[(1/T) fo |, 1(t)|dt] and mean absolute control action
(MACA) [(1/T) fo |u;|]] are utilized here to quantify the

mean €rror
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xed threshold method

= = Fixed threshold method
Relative threshold method
e Switehing threshold method
—— Proposed threshold method

= = Fixed threshold method
Relative threshold method
e Switching threshold method
—— Proposed threshold method

Fig. 5. Comparisons of threshold values (a) of agent 1, (b) of agent 2, (c) of agent 3, (d) of agent 4 between proposed method and existing methods.
Agent 1 Agent 2 Agent 3 Agent 4
j 04 ¢ - 6 05
s m” ] 2% M g ! B | e | R RS ]
£, g Zo2 g Zos g &
4 o1 01 2 01 2 01
o o - 0 L 0 - 0 —— o — 0 L1
0.06 4 4 0.08 4 —
3 006} - 006 _ |
3 3 0.06 ] 3
Toce ) 1 ’002' - 1 AOU? - 1 0.02 ) 1
0 0 — 0 — 0 — 0 — 0 — o —— o —
[l Fixed Threshold [l Relative Threshold ‘ ‘ [ Switching Threshold [ 7] Proposed Threshold
Fig. 6. Comparison of performance indexes between proposed method and existing methods.
TABLE 1
PERFORMANCE INDICES FOR FOUR METHODS
Agent Index Fixed Relative | Switching | Proposed Agent Index Fixed Relative | Switching | Proposed
Threshold | Threshold | Threshold | Threshold Threshold | Threshold | Threshold | Threshold
ITAE 4.011 4.397 4.268 3.981 ITAE 4.671 4.964 4.723 4.533
RMSE 0.274 0.312 0.291 0.258 Acent 3 RMSE 0.371 0.416 0.394 0.363
Agent 1 MAE 0.0373 0.0537 0.0411 0.0263 & MAE 0.0583 0.062 0.0607 0.0579
MACA 2.436 2.816 2.727 3.012 MACA 2.793 3.141 3.004 3.516
NUMBER 524 471 495 442 NUMBER 647 598 614 572
ITAE 4.402 4.716 4.532 4.237 ITAE 5.218 5.872 5.446 4.921
RMSE 0.324 0.382 0.351 0.297 Acent 4 RMSE 0.446 0.487 0.461 0.411
Agent 2 MAE 0.0567 0.0598 0.0582 0.0423 & MAE 0.0621 0.0679 0.0646 0.0597
MACA 2.619 3.016 2.989 3.343 MACA 2974 3.326 3.112 3.734
NUMBER 729 661 692 643 NUMBER 2780 2698 2724 2673

tracking performances of four different ETC schemes,
respectively. More especially, Table I and Fig. 6 give the
comparison results of the event-triggered numbers, ITAE,
RMSE, MAE, and MACA of the four different event-
triggering mechanisms. It can be seen from Table I and Fig. 6
that the proposed high-order event-triggering mechanism
can give a larger threshold to trigger the events as less as
possible, while making the consensus tracking errors smaller
than other three event-triggering mechanisms.

VI. CONCLUSION

In this article, a novel event-triggered-constrained consen-
sus tracking control methodology was proposed for high-order
nonlinear multiagent networks with event-triggered input. To
this purpose, a monotonically decreasing function was embed-
ded into the design of the proposed high-order event-triggered
mechanism so as to give a larger threshold to trigger the
events as less as possible, while making the consensus track-
ing errors smaller. Comparative simulation results confirmed

the superiority of the presented control scheme. An interesting
problem to be investigated in the future is how to solve
the distributed event-triggered consensus tracking problem for
the high-order nonlinear multiagent networks with unknown
control directions [45]. Besides, note that the event-triggered-
constrained consensus tracking control of switched multiagent
networks is an important but difficult issue, thus, the exten-
sion of our control scheme to the case of high-order switched
multiagent networks will be another interesting topic for
further investigation.

APPENDIX

Proof of Theorem 1 [Step i,ni(i=1,...,M)]: Take the
high-order tan-type BLF as

qi—Ppin;+2 qi—Pin;+2
Ci,n; i,n;
Vi = Vim—1 + = tan o1
LT (g pie +2) P2
R
1
72
+ " Bin, (46)
Vz,n,-

Authorized licensed use limited to: TU Delft Library. Downloaded on December 17,2021 at 17:08:56 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

10
where k; . = kp;,, — X/, . is an upper bound of s; ;, defined in
a set QM {si, nl||s1 nil < kw } with X, i being a constant

specified later /31 n = Bin ,Bl,,,, and y;, > 0 is a design
parameter. In view of (1), (4), and (46), the time derivative of
Vi,ni iS

nj—1 qi—Ppim+2 ~ A
l ”Si,lm . ﬂi,niﬂi,ni
l Mi — Z ®l m Z kl m tan qi—DPim+2 - .
m=1 m=1 2kei Vini
+1
+Z< Ulm( _,3 )>+Sql ﬁzn;—l
m=1
Sqt —Di ”i+1
1,n; Pin;
+ : (¢l n,( ) u; "+ -7:i,nl' (Zi,n,'))
OF R
qifpi,n,-‘i’] qi Pi.ni‘i’]
in; . i,n;
- rl* Xic,ni,c - l Sini—1 (C))]
S oF i
‘71 —Di, n,+2 qi—Dpi, nl +2
where  Fi(Zin) = sin([ws 1/12ke;, D
4qi—Pi.n; +2 4i—Pi.n; +2 (q: —Pin;+1)
COS([T[S ' /[ch, ni " Dk, n,sl ni ' + ¥ ni(Xi)

and Z; n = [Xz , XJ ,31 1, ﬁ127 .- ﬂl ni—1s YL, YL yL] Along

similar lines as step 1, it can be obtalned that

sqi_[’i,ni+1 SLI:' —Pi, n,+1
i,n; i,n; «T
:ﬂ ‘Fi,ni = l (Wl nlSl n + Oi,"i)
Siong CF R
—p p.
ql-i—] = —Pi, " Pin; Pz n, 2 ni  Zing
=s in; “in; l N 'Bl n, + @; N Ki,"i
q,+1 = —Di, nj Pt n, 771 n;
+ ity P +T,, (48)
. * D . .
with [ISinll = Pins» Bim = W}, P, Besides, using
. q: —pin;+1 m—1 gi+1 ) —Pin; Pin;
Lemma 3 yields — Simi &g Sini— 1 = Sim Sin & n +
_pl R *Bi,ni h @ _ F 71,111* _Izl,nl- =i,n;
‘i:t i Sin—1> Where L i,n; + D, ni i,n; +

L *P n; . .
£ nj’ i Sim o andp, = ([g; + 11/pi,n)- The derivative of V; ,
along (47) and (48) is

n; ‘1: —pin;+1

zn, = Z®zm+ ”l[

OF i

+1p~ —P Di Di Di
+s qi tn,( zn,+§_ rn,+1-\1n,18[’ni

zn, ~ing zn, i,n; i,n;

~ =~
. ﬁi,niﬁi,ni
Yin;

Pi.n,‘ . C
(¢i,n,-(Xi)”i - Xli"i’c)

ﬁ[,n,-
q>i,n1 )
i i—Pim+2
n; ; P ;]tmpz,m
- i,m tan -
Z L,m Zk(]i_[’i,m""z

Ci,m

+ Z ( " m( 2 - Bzm)> + 501G 1. (49)

According to (38) and substituting (37) to (49), it can be
obtained that s; ,,v; () < 0. Therefore, the following inequality
holds:

) n; n; ns;iiﬂ:l’i.m-"-Z bl
Vi,ni =< Z ®i,m - Z ki,m tan PpTEr— + Sin ﬁi,ni—l
o = 2T
qi—Di, ni+l
22 s’ SN
+ Z < Ulm( im ,Blm)> - —Xz ni,c
Sin;

+1H —P Di pi Di
+ qi ln,( lnl—i—s ’nl—i-rlnlﬁln[

Si o Sing

I’t n;
i,n;
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BiniBin
- : -+ ‘Pi,"i(xi)
Yin;
-4,
Si,n; Ei’n;,n, v;(1)
1+6i0
_ﬂ,- . Qi—Pi,n;+1
)Si,niﬂi,ni’ " (hi081.0 + Ti0)
+ (50)

1-=36i0

Substituting (38) into (50) and invoking Lemmas 1 and 2, (50)
can be rewritten as

. q'+1 :._[_71',"' pln [’tn pln Pz n;
Vi,ni = si,’ni ~ing ' t +€ "+ F 1131 nl I

i qi_[’i,m"l‘z
. ) i,m qi+1
Zkl,mtan —airga | S Fin—1
2kCi,m Y
:Bl'»niﬂi,ni ‘Ii_PiJl,"i‘l
_ y— + ¢i,n,-(Xi)ri,2(O~5578i,1)
i,n;

-3 00t 32 (Jun(a - 7))

—q. ‘Ii—Pi.n,-+l
— Zin
+ ¢i,ni(Xi)ri,l (si,n,- S lal n,)

%’*Pi,n,-+1
Si,n,— . c 51
- — Xi,n,-,c' ( )

[=TR"

Thus, the time derivative of V; ,, along (39)—(41) is

) n; ns{li—[’i.m-i-z no
Vim < — Z ki m tan h - Z EUi,m,g,%m
m=1 2kCi,m ’ m=1
n;
i—Pin;+1
+ Z Oim + Gin (X;)ri.2(0.5578;1) """ i
m=1
n; 1
+ D 3 vimbBin- (52)
m=1
Consider the total high-order BLFs as
ni 2kqt Pi,m+2 ‘.ii_Pi,m+2 ~2
V= Ci,m z,-m : i,m
; mZ: —pim+2)  \ kPt | 2y
(53)
Then, (52) can be further expressed as
Vin < —iVin; + i (54)

where 1 = miny <pn { (i (@ = pin + D1/12KE, 7).
VimVim} and n; = 30 Opm + Yoo (1/2)vimpr, +
Bin, £i.2(0.5575; 1)%~Pint! Therefore, the derivative of V can
be given by

V<—aV+o (55)

where @ = min{u;, ] <i <M} and 9o = Zi‘il n;. It can
be concluded from (55) that V(¢) is eventually bounded by
(o/), which can be made arbitrarily small by decreasing
Cim» Vim» ®Wim, and &, and meanwhile increasing y;m.
Namely, it is possible to make (o/«o) < II by selecting
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the design parameters appropriately. Thus, given any initial
condition satisfying V(0) < TII, we have V@) < 0 and
V() < II for all + > 0. It follows that V(¢) is bounded.
It can be deduced that tan([nsl‘-]";;p ”’"’+2]/[2sz’;’7 2y are
also bounded. Consequently, the compact set €,
{si,ml|Si,m| < k¢;,,} is an invariant set and s;, stays in the
compact set 2y, all the time.

Proposition 1: When |[s; 1| is bounded, for any initial value
¥j(0) > 0, there exists a known positive constant yz,z such
that |y; ()] <7 .

Proof: See the Appendix. |

According to (4), we can obtain that [Zje/\f,- ajj + 011 xi1
= Isi1| + ZjeM aijlyj| + 6ilyr]. Based on (6) and the above
analysis, it 1s clear that |s; | + Zje/\f,- aglyjl + 6ilyrl <
kci,l + Zjej\/',- aljyz,l + QiYi [Zjej\/} aij +0i]kbi,1' Thus,
the following inequality holds that [ZIE N aij +0illxi1l <
[>_jen; @ij + Oilks,, and |xi1| < kp,,. Since x;, X, Yo, Vi,
¥, and Bi, 1 are bounded and x;2 . is continuous, it can be
concluded that x;» . is bounded. Hence, there exists a pos-
itive constant X;,ﬁz,c such that |x; 2| < sz,c- According to
(4) and it can be obtained that |x;2| = [si2] + |xi2.c]l <
kCL2 + xi’fz’c = k;,l.,2 and |x; 2| < kp,,. Taking the same manip-
ulations, it can be proved that |x; | < kp,,. Therefore, all
the system states x; 1, Xi2,..., Xi,n; are bounded and con-
fined in the corresponding sets Q2 = {XimllXim| < kb;,, }-
Therefore, property (1) of Theorem 1 is proved.

qup,-,1+2] /

By (54) together with the fact ([7rs;
KSR < tan [Ges? %) 7 @KETP)], it holds that

41 Vi (O)e=Hit 4 12 (56)

——= =<

qi —pi,1 +2 Mi
Noting (56), we know that lim, . Vi(¥) < (1;/ui), which
leads to 1imy— o0 |si1| < ([0:/pil(gi — piy +2)) 1/ 14i=Piit2D,
Then, we can obtain

M M
. . 2 2
Jim flsifl < | dim [sia[" < [ YA (57)
i=1 i=1
where A = (Ini/wil(gi — i + 2N/ @D
According to (57), we can obtain that lim, . ||8]] <

(1/[o (L + B)]),/Zf‘il A? and property (2) of Theorem 1 is
proved.

To prove the absence of Zeno-behavior, a time constant
T* > 0 can be found to satisfy {tp4+1 — 13} > T* Vh € N*. By
invoking e;(f) = v;(f) — u;ﬁ'"" (#) and taking the time derivative
of e;(¢) for all ¢ € [ty, tp41), we can get

d d/o\: . ..
Zleil = =(ef)" = sign(ené < |yl (58)
Noting the expression of v;(¢) in (38), we know that v;(¢) is
differentiable and v; is a function of bounded variables, i.e.,
bounded signals of the multiagent networks. Therefore, there

exists a constant V;* > 0 such that |0;] < V. Since e;(t;) =0

. Qi.ni .
and limy 4, €;(t) = S;iolu; ' (thr )| + Aiosi0(tna1) + Tio, it
can be obtained that the lower bound of interevent intervals T

satisfies T > ([8;0l]™ (tr1)] + 10,0810 (tht1) + Ti0l/VE) >

(Ti0/ Vi), which implies the Zeno behav-
ior is effectively avoided. The proof is thus
completed. |

Proof of Proposition 1: The main idea is to prove the
boundedness of [y;(#)| through seeking a contradiction. Noting
(4), it can be obtained that [s;| = [Zje/\/} aij + 0illyil —
ZjEM ajj|yjl — 6;lyL]. When [s; 1| < k¢, |, we can obtain

>+ 6 | il = D aglyil = O] < ke (59)
=

JeN;

At this point, four situations should be taken into account.

Situation I: Assuming that |y;| is unbounded as |y;| — oo,
[yjl is unbounded as |y;| — oo.

Apparently, the terms on the left-hand side of (59) approach
to inﬁnity as [Zje./\/} ajj + 0i1lyil — Zjej\f,- aij|yj| — Giyz — 00,
which leads to a contradiction with the fact that |s; 1| is
bounded.

Situation II: Assuming that |y;| is unbounded as |y;| — oo,
lyjl is bounded which satisfy |y;| < yj , with y; , being known
constant.

The proof is similar to Situation 1. When |y;| — oo, |yj| <
Y] ,» the terms on the left hand of (59) approach to infinity as
[Zje/\/} ajj + 0i1lyil — Zje/\fi al-jyl’:z — Qiy;i — 00, which leads
to a contradiction with the fact that |s; || is bounded.

Situation III: Assuming that [y;| is bounded, |y;| is
unbounded as |y;| — oo.

Similarly, when [y;| is bounded, |y;] — oo, the terms on the
left hand of (59) approach to infinity as [Zje NG i + 0i1lyil —
2_jeN; 4ij¥],—0iy] — 00, which leads to a contradiction with
the fact that |s; 1| is bounded.

Situation IV: Assuming that |y;| is bounded, |y;| is bounded
that satisfies |y;| < yi,z with y7 , being known constant.

When [y;| is bounded, [y;| is bounded, the inequality
[Zje/\/,- a;j + 0illyil — ZjEM_ a,-jyzz — 0y} < k¢, holds on,
which means that there must exist a known positive con-
stant yzy2 such that |y;| < yz2. Thus, the proof is thus
completed. ]
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