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Abstract

Using low-thrust propulsion for interplanetary space missions has the potential to allow for more payload

for the samemass put into orbit compared towhat impulsive propulsionwould allow for. The disadvantages

are found in mission planning, however, as the continuous nature of the thrust yields a more complex

problem. One potential solution to help in the early planning and discovery phase of mission design is to

employ artificial neural networks (ANNs). This has been done in the past, yet only in a limited capacity.

Specifically, the engineering of the feature space used with the neural network has never been investigated.

This thesis attempts to provide a first look at the influence of different feature space compositions. This

includes the use of nine different state representations but also an analysis of additional values in the

feature space. Additionally, the effect of extraneous variables, one of them notably being the target of

interest, on the neural network performance is analyzed. The dataset used is generated using indirect

optimization, and the case investigated is a set of minimum fuel Earth-Mars transfer trajectories.

Low-thrust spacecraft trajectories are for space exploration what neural networks are for computer

science: The vanguard of current trends with a lot of potential. Only recently have the two ideas, trajectory

optimization and machine learning, been combined. In all the publications making use of machine learning

for low-thrust optimization, a clear gap exists, however: Feature engineering has never been investigated.

This thesis attempts to provide a first patch for that gap, limiting itself in scope to interplanetary Earth-Mars

trajectories and feedforward neural networks. The data used as the basis to evaluate the performance

of a number of factors having a potential influence on the choice of feature is obtained through indirect

optimization. A novel method to generate those trajectories is implemented. The data is then used

to investigate the effect different targets and network parameters have on the choice of features. On

the feature side, a significant number of state representations are analyzed, both in dimensional and

nondimensionalized form. Additionally, the feature space is expanded by additional variables, and various

transformations are attempted.

Over the course of this work, the importance of properly scaled data has been demonstrated. It is

also shown that using Keplerian state and costate as feature and target, respectively, reliably yields good

results. When mass is estimated, fuel mass is preferable over total spacecraft mass. Finally, none of the

additional parameters or transformations (besides nondimensionalization) attempted resulted in reliable

improvements and are thus best avoided.
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1
Introduction

The idea of using low-thrust propulsion (Stuhlinger, 1957; Tsien, 1953) is roughly as old as the study of

neural networks (McCulloch & Pitts, 1943) itself – and yet, it would take around 70 years before those

two pieces found together. The first research combining artificial intelligence techniques and low-thrust

trajectory optimization was published at the start of the 21st century (Dachwald & Seboldt, 2002). Roughly

around the same time, low-thrust propulsion gained the technological readiness level to be deployed (Oh

et al., 2014) – and has been a great success on missions such as BepiColombo Novara, 2002, Dawn Brophy

et al., 2003, and Hayabusa Kuninaka et al., 2006. Now, more than ever, methods to find the best low-thrust

trajectories allowing for the highest science return are of great interest.

Trajectory optimization is, of course, nothing new. Not even the optimization of low-thrust – and thus,

constant thrust – trajectories is new. Long before low-thrust propulsion could be realized, the first shape-

based method to describe trajectories in a way allowing for optimization was proposed: The logarithmic

spiral (Bacon, 1959). Since then, countless more methods have been proposed – some of them analytical,

some of them numerical. The analytical solutions do lose out on accuracy and on possible optimality. They

are also not of significant interest in the context of this work, for a different reason, however: They can

usually be evaluated way quicker than a neural network could be trained – or even evaluated, for that

matter.

The trajectory-generation part will be introduced shortly, yet taking a step back first. The combination

of machine learning and trajectory optimization has seen quite a bit of development since the first

aforementioned publication. Several publications describing use-cases for interplanetary transfers (H. Li,

Baoyin, & Topputo, 2019; H. Li et al., 2020; Yin et al., 2020), trajectory to and between Near-Earth Asteroids

(H. Li, Baoyin, & Topputo, 2019; Mereta et al., 2017; Viavattene & Ceriotti, 2022; Xie & Dempster, 2021),

orbit raising maneuvers (Arora & Dutta, 2020; H. Li, Topputo, & Baoyin, 2019), or trajectories in cis-lunar

space (LaFarge et al., 2021; Miller & Linares, 2019). And these were only examples using neural networks

rather than other parts of the artificial intelligence toolbox.

While those are all very divergent examples, they do have one thing in common: They barely do any

feature engineering. Feature engineering is selecting the set of inputs (features) so that the performance

of the neural network (or, more broadly, the algorithm used) is maximized. Most of them pick one or two

different state representations, try both, and take the resulting best – if even that (see Section C.1 for an

overview of the relevant literature). The issue with this approach is that no insight whatsoever is gained

regarding what does and does not work. This means that future researchers are bound to just do that

too in perpetuity. It is also rather expensive, as training large networks takes time and large amounts of

computational power to be trained. This approach necessitates training multiple networks, none of which

might actually be optimal. This leads to the research question sought to be answered within this work:

How to select the feature set leading to the best possible performance of a feedforward neural
network used for interplanetary Earth-Mars low-thrust fuel-optimal trajectories?

This report’s main content is found in the form of a paper manuscript, using the conference template

1



2 Chapter 1. Introduction

of the American Astronautical Society (AAS)∗. Chapter 2 consists of said manuscript. The paper is then

followed by a wider look at the indirect trajectory-generationmethod and implementation used to generate

the data that was the basis for the training of the networks evaluated, found in Chapter 3. Thereafter,

additional background on the state representations and the statistical framework used is provided in

Chapter 4. This is followed by Chapter 5, where the verification and validation of the methods used takes

place, demonstrating that what was implemented actually matches both the intention and the physical

reality. Finally, the research question and its sub-questions are formally answered, and recommendations

are formulated in Chapter 6.

∗Available online: http://www.univelt.com/FAQ.html#SUBMISSION [visited 12-05-2023]

http://www.univelt.com/FAQ.html#SUBMISSION
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FEATURE ENGINEERING OF FEEDFORWARD NEURAL
NETWORKS FOR LOW-THRUST INTERPLANETARY

TRAJECTORY OPTIMIZATION

Benno Riha* and Kevin Cowan†

Using low-thrust propulsion for interplanetary space missions has the potential to allow
for more payload, yet the resulting continuous nature of the thrust yields a more complex
mission-planning problem. Artificial neural networks (ANNs) are promising to help solve
the problem. This paper attempts to provide a first look at the influence of different feature
space compositions of the ANN, limiting itself in scope to interplanetary Earth-Mars trajec-
tories and feedforward neural networks. The effects of several factors potentially influencing
the choice of features is evaluated. The analysis is based on data obtained through indirect
optimization. A novel iterative shooting method to generate the trajectories is implemented.
The data is then used to investigate the effect different targets and network parameters have
on the choice of features. On the feature side, nine different state representations are an-
alyzed, both in dimensional and nondimensional form. Additionally, the feature space is
expanded by additional parameters, such as the angular momentum vector and the vis-viva
energy. Furthermore, a transformation of the angles is attempted, and the target vector itself
is varied between three costate representations, the transfer time, and two fuel mass repre-
sentations.

Over the course of this work, the importance of properly scaled data has been demon-
strated. It is also shown that using Keplerian state and costate as feature and target, respec-
tively, reliably produces good results. When mass is estimated, fuel mass is preferable over
total spacecraft mass. Finally, none of the additional parameters or feature vector transfor-
mations (besides nondimensionalization) resulted in reliable improvements and are thus best
avoided.

Electric low-thrust propulsion is an idea as old as spaceflight itself1–3, and so is the general concept of Ar-
tificial Neural Networks (ANNs)4,5. Only recently have the two been combined in pursuit of an improvement
in the performance of solutions attempting to solve the intractable set of nonlinear differential equations that
the low-thrust optimization problem boils down to6–9. The possible uses of artificial intelligence in trajec-
tory optimization are wide-ranging: Recent works have used them in a surrogate function setting7,10–13, to
optimize landing trajectories14–16, for orbital docking17, as neurocontrollers6,18,19, and more20,21. A compre-
hensive overview of the field can be found in Shirobokov et al. 22 and Izzo et al. 23,24.

In spite of the wide range of related publications, one aspect has, so far, not been explicitly considered:
Feature engineering – i.e., the way the data is formatted before it is fed to the neural network. When done in
relevant literature, if at all, feature engineering is limited to using two or three state representations, training
networks for all of them, and picking the one yielding the best results25–29. That approach is cumbersome,
computationally expensive, and, while it does lead to a tailored solution, hardly any insight can be gained
from it.

This work aims to systematically investigate several features and what influence other non-feature-related
parameters have on the choice of the feature set. The data used to train the reference networks is generated
using the indirect method, giving an additional meaningful option for targets. The scope of this work is

*M.Sc. Student, Astrodynamics & Space Missions, Faculty of Aerospace Engineering, Delft University of Technology, The Netherlands.
†Education Fellow + Lecturer, Astrodynamics & Space Missions, Faculty of Aerospace Engineering, Delft University of Technology,
The Netherlands.
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limited to Earth-Mars fuel-optimal transfer trajectories in combination with fully connected feedforward
artificial neural networks.

The basis for all neural network training is data. The first section of this paper hence describes the method-
ology used to generate that data. From there, the data transformations to be evaluated – transforming both
feature and target – are introduced. This does include different state representations but also additional
features which may or may not influence the networks’ learning performance. The different factors to be in-
vestigated are outlined next, in addition to a brief summary of the Design of Experiments analysis framework
used. Finally, the results are presented and discussed.

DATA GENERATION

At a high level, generating orbital transfers can be done using two distinct methods: the direct method and
the indirect method. The direct method converts the optimal control problem into a non-linear programming
problem, which can then be solved by any of the widely available solvers30. Conversely, the indirect method
transforms the optimal control problem into a Two-Point Boundary Value Problem (TPBVP), which then
boils down to a shooting problem.

In this work, the latter approach is followed. The use of the indirect approach has two main reasons: (1) The
formulation allows, within the simplified problem space, a mathematically optimal solution of the problem.
The trajectory found by solving the problem, if any, is, by definition, an optimal minimum-fuel trajectory. (2)
To solve this problem, the state space is extended from the seven base state elements (six kinematic and one
mass element) by seven more: One Lagrange multiplier, or costate element, for every state element. Once
the initial extended state (seven state and seven costate elements) is known, the trajectory is fully determined.
This latter fact makes these costates – that are otherwise difficult to ascertain for a given trajectory – a metric
that would greatly benefit from being accurately estimated through a neural network.

This section starts by defining the optimal control problem. From there, the optimal throttle setting and
thrust direction are derived based on Pontryagin’s minimum principle. This results in a shooting problem,
the possible formulations of which are discussed after that. At last, the strategy used to obtain meaningful
trajectories is introduced.

Optimal Control Problem

The definition of the dynamical system is following Izzo and Öztürk 31 , which is itself a reformulation
of Jiang et al. 32 in Modified Equinoctial Elements (MEE) instead of Cartesian elements. MEE are chosen
as they are non-singular and allow for meaningful boundary conditions29. The dynamics assume negligible
mass for the spacecraft, a single point-mass orbited body (here: the Sun), and a thrust vector expressed in
Radial-Tangential-Normal (RTN or RSW) elements.

The optimal control problem itself is a standard Lagrange problem and is given by

minimize J(x(t),u(t), t) =

∫ tf

t0

L(u(t)) dt where u ∈ [umin, umax],

subject to ẋ(t) = B(x(t))u(t) +D(x(t)),

0 = Φ0(x(t0)),

0 = Φf (x(tf )),

(1)

where J is the cost functional that is to be minimized; L is the running cost; x is the state vector; u is
the control function; B and D are matrices describing the dynamics; and the Φ□ describe the boundary
conditions at t0, initial time, and tf , final time.

For a fuel-optimal trajectory, the running cost is just the integrated mass flow or, equivalently, the integrated
throttle u. The optimal control for a fuel-optimal trajectory is a so-called bang-bang control, which is not
ideal for numerical optimization. For this reason, it will be smoothed out here using a logarithmic barrier33,
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thus making the running cost

L(u(t)) = u− ε ln [u(1− u)] , (2)

where u ∈ [0, 1] is the throttle setting, and ε is a homotopy – or continuation – parameter. When ε = 1, J
describes the energy-optimal problem, and as ε → 0, the problem turns into the fuel-optimal one.

The dynamics are described in Modified Equinoctial Elements and are as follows31,34

B(x) =

√
p

µ

1

w



0 2p 0

w sinL fe + (1 + w) cosL −ge (he sinL− ke cosL)

−w cosL ge + (1 + w) sinL fe (he sinL− ke cosL)

0 0 s2

2 cosL

0 0 s2

2 sinL

0 0 he sinL− ke cos (L)


, (3)

and

D(x) =
[
0 0 0 0 0

√
µ
p3w

2
]⊤

, (4)

with
w = 1 + fe cosL+ ge sinL, and s2 = 1 + h2

e + k2e (5)

where p is the semi-latus rectum; fe and ge are MEE elements relating to the orbit eccentricity; ke and he are
MEE elements relating to the orbit orientation; L is the true longitude; and µ is the gravitational parameter
of the orbited body – in this case, the Sun. The control – here thrust – vector has its direction and magnitude
expressed separately, thus

u(t) =
Tmaxu(t)

m
îτ = [fr, ft, fn] , (6)

where u ∈ [0, 1] is the throttle setting, Tmax is the maximum thrust, m is the instantaneous mass, and îτ is
the thrust direction. fr is the thrust in radial direction; ft is positive in the direction of the velocity vector and
tangential to the orbit; and fn completes the right-handed coordinate system and is thus normal to the orbital
plane.

The dynamics are given by

ẋe =
Tmaxu(t)

m
B(x)îτ +D(x), and ṁ = −Tmaxu(t)

Ispg0
, (7)

where Isp is the thruster’s specific impulse and g0 is Earth’s standard sea-level gravitational acceleration. The
□e subscripts denote that the state vector is in MEE.

Applying Pontryagin’s Minimum Principle

The control function minimizing the cost functional defined in Equation 1 and 2 can be found by applying
Pontryagin’s minimum principle35. The resulting Hamiltonian is then

H =
Tmaxu

m
λ⊤
e B îτ + λL

√
µ

p3
w2 − Tmax

Ispg0
λmu+ {u− ε ln [u(1− u)]} , (8)

where λ□ is the costate associated with the element specified, and λe is the costate vector associated with the
MEE state. For simplicity, the dependencies on time and state are omitted from this point on.

Pontryagin’s minimum principle states that the optimal control u∗ is the one that minimizes H for all t
along the optimal trajectory. The optimal control is thus given by

u∗ = argmin
u∈U

[
Tmaxu

m
λ⊤Bîτ − Tmax

Ispg0
λmu+ {u− ε ln [u(1− u)]}

]
, (9)
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and, hence,

∂

∂u∗

[
Tmaxu

m
λ⊤Bîτ − Tmax

Ispg0
λmu+ {u− ε ln [u(1− u)]}

]
= 0. (10)

The optimal thrust direction is given by Lawden’s Primer Vector Theory36. In Cartesian elements, this is the
negative direction of the velocity costate λv , while in MEE it is

î∗τ = − B⊤λ

∥B⊤λ∥
. (11)

Combining Equation 10 and 11, the ideal throttle setting can be found,

u(t)∗ =
2ε

SF+2ε+
√
SF2 +4ε2

, with SF(t) = −Tmax

m
∥B⊤λ∥ − Tmax

Ispg0
λm + 1, (12)

where SF is a switching function, which is the part of Equation 10 that does not vanish as ε → 0.

Furthermore, the dynamics for the costates are given by

λ̇e = −∂H
∂x

, and λ̇m = −∂H
∂m

. (13)

The full derivative matrices for Equation 13 can be found in Izzo and Öztürk 31 .

The Shooting Problem

With the dynamics defined by Equation 7 and 13, the missing components are the boundary conditions. The
departure condition is necessarily the MEE state and the mass at the point of departure. For arrival, the mass
m and the true longitude L (i.e., the position on the arrival orbit) are kept free. This implies λL|t=tf = 0 and
λm|t=tf = 0 – which are the so-called transversality conditions. Additionally, as the final time tf is also kept
free, H|t=tf = 0. In actuality, the Hamiltonian is not only zero at the final time, but because the dynamics
are time-invariant, it is constant along the entire optimal trajectory and must thus always be zero.

At the starting point of the trajectory, the entire costate part of the extended state vector is thus unknown.
At the final time, however, only the direction of the first five costate elements and the final mass are unknown
– the magnitude of that five-element vector is dictated by H = 0. The transfer time is not known at either
point, but the spacecraft’s mass bounds limit it. Not only is the departure mass constrained to a given wet
mass, but the arrival mass is also not allowed to go below 60% of the departure mass.

The two shooting functions representing the forward and backward propagation are thus

Φt+(λ0,6, λm0 , tf ) =
{[

p, fe, ge, he, ke
]⊤ −

[
p, fe, ge, he, ke

]⊤
final

,H, λL, λm

}∣∣∣
t=tf

= 0 (14)

and

Φt−(λf,5,mf , t0) =

{[
p, fe, ge, he, ke,m

]⊤∣∣∣
t=t0

−
[
p, fe, ge, he, ke,m

]⊤∣∣∣
initial

}
= 0. (15)

Note that in the subscript of λ□,i here, i stands for the number of unknown elements. The subscripts ‘initial’
and ‘final’ designate the mandated target departure and arrival states, respectively. Given the presence of
fewer unknowns at the destination, this work will use the backward propagating shooting function. In other
words, the trajectories are propagated in negative time direction.
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Solving the Shooting Problem

The previous section showed that backward shooting is a problem of lower dimension and is thus expected
to be easier to solve. To be able to do backward shooting, scaling the initial (initial referring to the starting
point of propagation throughout this work) guess such that H = 0 is necessary.

This is done utilizing an iterative process, which substitutes Equation 11 into Equation 8, and then separates
the costate vector’s magnitude from its direction, i.e., λ = |β|λest, where λest is the initial guess. The
resulting expression for β,

β =

(
Tmaxu

m

∥∥B⊤λest

∥∥− λest,L

√
µ

p3
w2

)−1 [
−Tmax

Ispg0
λmu+ u− ε ln [u(1− u)]

]
, (16)

is recursive, as u is a function of λ. An iterative relaxation method converges to an acceptable value of H
(10−5 ) within a handful of iterations.

In order to assess how close a given state is to the final orbit, a metric expressing how close two orbits are,
independently of the position on said orbit, is devised. The metric used is the norm of the difference of the
following ‘concise orbit descriptor,’

M = p
[
cffe, cgge, chhe, ckke, p−2 + (cffe)

2 + (cgge)
2 + (chhe)

2 + (ckke)
2
]⊤

, (17)

which contains all MEE elements scaled by p so that their magnitudes are comparable. This also gives the
metric and its ℓ2-norm a length dimension. The last element is present to ensure it remains expressive for
(near) circular orbits. Additionally, the factors c□ are used case-by-case to ensure it accurately reflects the val-
ues encountered during transfer. For a (backward) Earth→Mars transfer, those values are c = [1, 1, 10, 10].

When using c = 1, a state-of-the-art non-linear optimizer’s best result only matched the eccentricity (fe
and ge) and semi-latus rectum, while the orientation itself was still very much off.

Figure 1. The shooting function, as seen by the optimizer: Five inputs, one cost output.

From here on, the backward shooting problem is reduced to a single function with one output – the ℓ2
norm of the ∆M (the ∆ is w.r.t. the target orbit) – and one 5D unit vector as input. This simplified shooting
function is achieved through two iterative layers. The outer layer iterates on the initial mass (which is the dry
mass for backward propagation), such that the mass is m = mwet at the point where ∆M = ∥M−Minitial∥2
is minimal – i.e., where the orbit is closest to the target. Targeting the minimum point is done in the inner
layer, which uses derivative-based adaptive stepping to target ∂∆M/∂t = 0. The outer loop uses a regula
falsi algorithm of the Illinois37 variant (the tolerance used here is O(10−6) ≈ 1.5 × 10−3 kg) to iterate on
the mass. A schematic representation of the just described shooting function is seen in Figure 1.
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Finally, now that this function only takes a 5D unit vector as input, it can be solved by a non-linear optimizer
such as SNOPT38, given an appropriate initial guess. Initial guesses are found by shooting several trajectories
– drawing the required 5D unit vectors from a Sobol* distribution (transformed to a normal distribution
using the quantile function) using Muller’s method39. Many guesses need to be taken until a guess with
∥∆M∥2 ≤ 10−2 is found. This initial guessing method does not guarantee convergence, the threshold of
which is taken to be < 10−5 of the norm of ∆M. Convergence does occur for about 33% of initial guesses
taken that way. This results in the dataset of 811 534 trajectories used in this work, which took about 60 CPU
seconds per viable trajectory† to obtain.

The spacecraft considered has a wet mass of 1500 kg, a specific impulse of 3800 s, and a max-thrust of
0.33N (following Izzo and Öztürk 31 ). The target Earth ephemeris is taken from Tudat’s SPICE interface
at Julian Year 2030. The Mars orbit used has its timestamp drawn from a Sobol distribution for a full orbit
(approximated as 687 Julian days), starting from Julian Year 2030. The integration is done using Tudat’s
implementation41 of the Runge-Kutta-Fehlberg 8(9) variable step-size integrator, using absolute and relative
tolerances of 10−12.

DATA TRANSFORMATIONS

Optimizing the feature space cannot be done in a vacuum, as the best option is likely dependent on numer-
ous external factors. One important factor influencing the feature choice is the target to be estimated, yet other
factors may influence the feature selection, too. The costate target can be transformed similarly to the orbital
state description in the feature. This section will look at two kinds of transformations: (1) Transformations
that do not add or remove any information yet express the data differently for both the feature and the target;
and (2) transformations that add data that may be redundant in a mathematical sense, yet have the potential to
benefit the network performance. In essence, this second type of transformation tries to lower the theoretical
barrier in network size implied by the Universal Approximation Theorem42.

While the data generation is done nondimensionally, dimensionality is considered as a factor, too. The
nondimensionalization used is such that the gravitational parameter µ = 1, the spacecraft wet mass m = 1,
and the unit distance is 1AU. Note that the unit of a costate is time divided by the unit of its state counterpart.

Transformation of Orbital States

For reasons laid out in the section introducing the optimal control problem, the data generation is done in
Modified Equinoctial Elements. There is no reason to assume that this representation works best as part of a
neural network feature set, however, and thus nine different state representations are investigated. The ones
that do not require additional explanation are the Cartesian, Keplerian, spherical, and cylindrical elements. Of
the less common state representations used, the first one is the Unified State Model43 of Exponential Mapping
kind (USM-EM), the conversion of which is done using Tudat41. Delaunay and Poincaré elements are also
included, thereby adding two canonical representations to the set of candidates considered. The definitions
of the latter two are taken from Hintz 44 ‡. Finally, the Kustaanheimo-Stiefel (KS) elements conversion used
is based on Fukushima 46 . Instead of having eight elements where one is always zero, depending on the sign
of the first Cartesian element, that information is encoded in the sign of the first KS element. This change
brings forth the set of seven KS elements used. The redundant orbital energy included as ninth element in
Fukushima 46 is left out, too.

Transformation of Orbital Costates

Due to the MEE nature of the data generation, the costates are MEE costates, too. The costates are not
contained in the feature vector but are part of the estimated target space. Even though feature engineering is
the focus of this work, the target representation needs to be treated as a nuisance factor (a factor that can be
controlled and measured yet is not directly investigated), at the very least.

*Implementation based on https://web.maths.unsw.edu.au/˜fkuo/sobol/ [visited 24-01-2023]
†The computations were done on Intel XEON E5-6248R 3.0GHz CPUs 40.
‡Note that the conversion from MEE to Poincaré is wrong in Hintz 44 , see Lyon 45 for the correct one.
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In order to map between different costate representations, the following relation, found in Taheri et al. 47 ,
is used,

λxa(t)
T

[
∂ϱ(xb)

∂xb

]∣∣∣∣
t

= λxb
(t)T, (18)

where xi is the state in a given state representation; λxi are the corresponding co-states; and ϱ(·) is the
state space mapping from b to a, i.e., xa(t) = ϱ(xb(t)). The inverse mapping can be found by inverting the
Jacobian matrix or by swapping a and b in Equation 18, depending on what is more convenient. The Jacobian
matrix in Equation 18 is derived using a computer algebra system*. The costate representations considered
are the ones corresponding to Cartesian and to Keplerian elements.

Additional Features

Additional features used are metrics that are not directly part of the dynamics but may allow for conver-
gence where the network does not have enough data or not enough nodes (due to a limited amount of data).
These transformations include: (1) the sine-cosine transformation of angles, (2) the vis-viva energy as an
additional feature, and (3) the three Cartesian components of the specific angular momentum as additional
features. Those parameters are all evaluated in multiple variants: (i) their value at the initial point, (ii) their
value at the final point, (iii) the inclusion of both the starting and final value, (iv) the difference between the
initial and final value, and (v) exclusion.

STATISTICAL EXPERIMENT AND LEARNING SETUP

To isolate the effects of a given feature set, many factors potentially influencing the result have to be
analyzed. Considering all combinations of factor levels (a factor being a variable that is considered, while a
level is one of the possible values of said variable) is not feasible, at least if a considerable number of factors
is to be analyzed. For that reason, a tool from the realm of Design of Experiments is used in this work: The
fractional factorial experiment design.

A full factorial design is a set of “experiments” (in this case, neural network configurations) containing all
possible combinations. Running a full factorial design has the advantage that it does not only enable insight
into the effect of every factor itself but also includes the effect of all combinations of factors. These effects
of factor combinations are called interaction effects. When linearly approximating the result as a function of
the factor levels, the interaction effects would be the cross terms. The higher-order interaction terms likely
do not contain any meaningful information, and the number of experiments necessary can thus be reduced
without losing substantial understanding48. This reduction in configurations considered does mean that some
(interaction) effects can no longer be distinguished from each other. Those effects that can no longer be
separated are said to be confounded with each other. By carefully selecting the experimental runs to include,
the confounding can be limited to higher-order effects, i.e., the effects of the factor themselves are uniquely
identifiable, yet interactions of multiple factors may be confounded with other multifactor interactions. A
fractional factorial design minimizing the lower-order interactions is called a minimum aberration design.

Table 1. Screening design numerical factors (hyperparameters) and their levels.

Ndataset Batch Size Nlayers Ncoverage

81 153 1% 6 5
811 534 5% 11 20

Note: 84 runs for each numerical level.

The Screening Design

In Design of Experiments, a screening design is a design where only the highest order effects are consid-
ered, thereby allowing to focus on factors and levels of those factors that are most impactful in subsequent

*Maple (2022). Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario.
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Table 2. Screening design categorical factors, their levels, and the number of experiments per level.
i+f: initial and final, ∆: difference, xFeat.: feature set, ξ: vis-viva energy, h: specific angular momentum, -: exclude

Direction State Repr. xFeat. POP* Angles Dim. ξ h Target

t+ 84 MEE 29 i 55 include 111 sin-cos76 non.84 - 24 - 34 λkep 30

t− 84 KS 7 f 63 - 57 raw 92 dim.84 i 37 i 27 λmee 29

Cartesian 7 i+f50 f 34 f 30 λcart 26

Keplerian 27 i+f 32 i+f 39 ttransfer 31
Spherical 14 ∆i,f 41 ∆i,f 38 mdry 28

USM-EM 15 mfuel 24

Cylindrical14
Delaunay 28

Poincaré 27
number of neural networks trained having a given factor level

experimental runs. The screening design is found in Table 1 and 2, where the different factors, their levels,
and the number of network configuration containing each factor level are presented. The terms ‘hyperpa-
rameter’ and ‘numerical factor’ are used interchangeably in this work, as they happen to both describe the
parameters found in Table 1, albeit from a different point of view. Note that some combinations of factor lev-
els do not exist and were thus not considered. Notably, the position-on-orbit parameter* (POP) is not present
for all orbits, and not including it is hence not always possible. The same applies to the angle transformation,
in which all angles are replaced by their sine and cosine values. This transformation is also only applicable
for element sets that do contain angles. Those two limitations brought the number of different networks to be
trained for the screening design down to 168 (starting with a 256-run fractional factorial design).

The factors were selected to cover the most encountered ones in literature, on top of which additional pa-
rameters were added, that have anecdotally shown potential. One might notice that the factors considered do
contain some, yet not all, hyperparameters one would expect for a neural network training setup. Specifically,
the different activation functions within the networks were explicitly not considered, nor were any learning
hyperparameters contemplated. Both were omitted to keep the scope of the analysis manageable. The activa-
tion functions were left out, as performance benefits over the ReLU function found in preliminary trials were
not significant. The learning hyperparameters were neglected for three reasons: (1) They are too numerous
to realistically consider, (2) the default settings already proved performant, and (3) they are deemed unlikely
to influence conclusions regarding the choice of feature vector.

Ncoverage in Table 1 is the ratio of data points to learnable parameters, where the latter refers to the set of
weights and biases that are adjusted during training. This ratio is computed by using the dataset size (after a
test-split of 0.9 and a validation-split of 0.85, called Nparams), and then solving the equation for the number
of parameters of a fully connected feedforward neural network. Given that the number of weights from and
to the input and output layer is small compared to the hidden-layer connections, those parameters are not
included in the count. The number of neurons per hidden layer is thus taken as

Nnodes =
−Nlayers +

√
N2

layers + 4NparamsNlayers/Ncoverage − 4Nparams/Ncoverage

2(Nlayers − 1)
. (19)

One last parameter not present in the first iteration of the screening design, yet used thereafter, is the
‘costate scaling’. Two meaningful options exist for scaling the costates. Either, the costate vector is in its
‘final’ scaled length, which is the one that yields H ≈ 0. Or, the costates are in a normalized form (i.e.,
||λ||2 = 1). Both are equivalent, as the normalized ones can be rescaled for H = 0 (note, however, that that
solution may not be unique).

*’Position-on-orbit,’ the only fast-changing parameter. Describes merely the position on the orbit, where the orbit itself is fully
defined without it. Present in MEE, Keplerian, Delaunay, and Poincaré elements.
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Final Design

Given the complex nature of mixed-level (i.e., factors having different numbers of levels or possible values)
designs and that the screening design allows adequate insight into what does and what does not work, all non-
binary parameters are reduced to the two most promising options (see the results section) for final analysis.
The already binary parameters are kept in, as is. The reduction to binary is done on a per-target basis, resulting
in three distinct statistical experiments. Those new experiments can be found in Table 3, where every level
is present in 64 experiments. Note that the new values for the numerical factors were found by stepping the
derivative of the linear least-squares MSE fit in the negative direction (direction of decreasing MSE). The
experimental designs used are fractional factorials with only confounding between two-factor interactions
and higher (this is known as a resolution IV design), which results in 128 runs for the number of binary
factors investigated here. The column order is optimized during a second run to ensure that the two-factor
interactions in the 20 highest magnitude linear fit factors are not confounded.

Table 3. Final design factors and their two levels, per target type.
i+f: initial and final, xFeat.: feature set, ξ: vis-viva energy, h: specific angular momentum, -: exclude

Target Type State Repr. xFeat. ξ h Target Batch Size Nlayers Ncoverage

costate Poincaré i - f λkep 1 8 10
Keplerian f i ∆i,f λmee 3 10 13

mass MEE i - - mdry 2 6 11
Keplerian f f i mfuel 5 9 14

time MEE i - f ttransfer
1 7 11

Keplerian i+f ∆i,f ∆i,f 3 9 15

Learning Setup

The networks are trained using TensorFlow v2.4.149. The networks are fully connected, with ReLU ac-
tivation functions for the hidden and input layers and linear activation functions for the output layer. All
networks are initialized using ‘He normal’50 for the input layer and ‘Lecun normal’51 for the hidden layers
and the output layer. The loss function is the Mean Squared Error (MSE). Additionally, an early stopping
condition of 10−3 with a patience of 15 epochs is used. The optimizer is the Adam optimizer52.

All choices made regarding training setup can also be viewed as factors, at the very least as nuisance
factors. The reasons why they have nonetheless been fixed fall into two categories.

The activation functions and initialization schemes were fixed because preliminary results indicated that
their impact was minimal. The design space could thus be reduced by leaving them out.

The optimizer, on the other hand, may very well make a significant difference. This factor is, nevertheless,
not considered in this work. The reason for that is that varying the optimizer is everything but straightforward.
Other optimizers (like, e.g., RMSprop, Stochastic Gradient Descent, Adagrad) need fine-tuning of parameters
specific to them to yield usable results, which was not feasible within the bounds of this work.

RESULTS

The resulting performance of the different factors analyzed in the experimental designs, defined earlier,
are presented and discussed within this section. It starts with the initial screening design, which contains
dimensionality as a factor. Given the effects of the dimensionality, an iteration of the screening design was
needed, which is discussed next. From there, the two most promising options for each factor are extracted on
a per-target basis, which constitutes the final design and is discussed last. Note that the Mean Squared Error
(MSE) within this section always refers to the error between the target values and the values predicted by the
network for the corresponding features in the test set unless indicated otherwise.
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Initial Screening Design

The initial iteration of the screening design, as seen in Table 2, includes the dimensionality of the data as
a parameter. Given the rather significant difference in magnitude of various elements, it is not entirely unex-
pected for that performance to be abysmal. This can be seen in Figure 2, where only very few dimensional-
ized configurations converge to a stable minimum value. Following this development, the dimensionality is
dropped as a parameter. Instead, the costate scaling (with values ‘normalized’ or ‘scaled,’ where the latter is
scaled for H = 0) is introduced. This is discussed in the next section.
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Figure 2. Distribution of the test MSE of the test data w.r.t. dimensionality (left), and
the path followed by the MSE of the validation data during learning w.r.t. dimension-
ality (right).

Iterated Screening Design

The iterated design is only marginally different, as it no longer includes the dimensionality of the data (the
data in all variants is now nondimensionalized). In contrast, it does now include the costate scaling. At this
stage, the Design of Experiments framework would attempt to fit a linear model to explain how the different
factors contribute to the MSE. This is not done yet, as outliers would dominate this linear model. For that
reason, the distribution of the effects of the individual factor levels on the MSE will be looked at instead. By
looking at the distribution resulting from the factors and their values individually, one can assess what impact
that factor has irrespective of all other factors analyzed. This is possible because the different variations of
the other factors are present in all variants of the factor analyzed, resulting in the distributions seen.

Notes on Statistical Interpretation When looking for the best feature set, one is looking for the one
minimizing the MSE, not one that, on average, results in the lowest result. While that is the case, focusing
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Figure 3. Statistical distribution of the MSE of the screening design for the different
levels of the feature representation used.
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Figure 4. Statistical distribution of the MSE for the iteration of the screening design
for the different sampling points included in the feature set.

only on the minimum is not necessarily helpful, as the minimum point is one specific combination of all
factors involved. It does not allow drawing conclusions beyond that particular case. Therefore, the minimum
will be kept in mind in the following analysis, yet the location of the interquartile range (IQR, 25th to 75th

percentile of the data) and that of the median remain the focus.

The Impact of the Choice of State Representation The distribution of the MSE per target per feature set
used is plotted in Figure 3. Additionally, also see Figure 4, which shows the effect of including either the
initial (works best when estimating mass), the final (best when estimating the costates), or both (best when
estimating the transfer time) states in the feature set.

When overlooking the entire space, it seems using Keplerian elements, or MEE are both strong choices,
regardless of any other design decision. Neither is always the best, yet both reliably score well in their lower
IQR half (i.e., the half with the lowest MSEs). Modified Equinoctial Elements result in a lower median than
Keplerian elements when targeting the costates or the mass, whereas Keplerian elements are the clear choice
when targeting time of flight.

Focusing on the different targets individually, it seems the impact the choice of feature set has is different
for the various cases. When costates are estimated, all element sets seem to perform roughly similarly, with
similar interquartile ranges and minima. Noteworthy here is that the Poincaré elements seem to perform
slightly better than the others – even though Poincaré costates are not part of the targets considered. On the
other hand, the MEE seem to be the clear choice for mass estimation, as the corresponding IQR is below
the median of all but one of the remaining options. Finally, the choice of state representation seems most
impactful when predicting the transfer time.

Some element sets only yield very limited ranges of results: The USM-EM elements, the Kustaanheimo-
Stiefel elements, and the Cartesian elements. All of those are suboptimal choices, but Kustaanheimo-Stiefel
specifically is orders of magnitude worse than any of the others. The limited range in those items may
partially be due to little variability (no POP and no angles), resulting in only 7 runs for KS and Cartesian (see
Table 2). That fact still does not negate the seemingly identical performance of all options that were tried,
however.

To summarize, whether it is worth spending time on optimizing the choice of state representation depends
on the target approximated. One must be careful in selecting orbital elements when approximating the time
of free-time fuel-optimal trajectories, can probably get away with most choices when targeting the costate,
and should likely use MEE when the mass is the object of interest. Keplerian elements or MEE are likely a
good starting point when in doubt or pressed for time.

The Impact of the Target Representation The impact of the broad target (i.e., time, costate, or mass)
itself is already inherently discussed throughout this section, as it directly influences the results obtained for
the other factors themselves. However, the impact of the different options chosen to represent the same target
types is not discussed here. Figure 5 demonstrates the distributions described hereafter have.
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Figure 5. Statistical distribution of the MSE of the screening design for the different
levels of the target factor.

Starting with the costates, one must first note that the normalized and scaled MSEs are not comparable as
the costate magnitude is different, and so are thus their error magnitudes. Comparisons within the groups
can be made, however, and there, Cartesian costates as targets yield worse results for both scaling options.
When normalizing the costates, MEE costates have a significantly lower median than Keplerian costates.
The scaled costates option has the Keplerian costates exceeding the MEE costates’ performance. This is a
surprising result as, to the authors’ knowledge, Keplerian costates have not been exploited before.

Finally, the mass target, too, had two possible estimated values: The arrival mass (or dry mass) and the
fuel mass. Estimating the fuel mass rather than the dry mass (or arrival mass) seems to be the obvious choice
here. Given that the relation between the dry mass and the fuel mass is constant, the networks’ bias appears
less well estimated than the fuel mass relation itself.

The Impact of the Direction of Time As expected, the backward propagated trajectories, having costate
elements λL and λm as zero, perform best. The reduction in target space seems to have an impact of about
an order of magnitude MSE, across the board (see Figure 6).

The Impact of the Hyperparameters The dataset size (see Figure 7 for the numerical factors/hyperparam-
eters) seems most impactful for costate and time estimation. Interestingly, both reach better median results
for the smaller dataset. It is unclear why this is, as the node coverage is the same regardless of dataset size.
This may be a sign of overfitting, yet clearly determining that needs further investigation.

The batch size seems to be of limited impact. For costate and mass estimation, the median of both the
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Figure 6. Statistical distribution of the MSE of the screening design for the different
levels of the time direction factor.
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get of the screening design.

results using the batch sizes with 1% and 5% of data points are effectively identical. For time estimation, the
larger batch sizes perform better on average and in the minimum case. Interestingly, the training time does
not actually decrease but increases slightly when going from a 1% to a 5% batch size while targeting the
costates. The opposite is expected, as larger batch sizes mean fewer iterations to cover the entire dataset.

The layer count is, in this work, a factor describing the architecture of the network, where a higher number
means more depth (more hidden layers) yet less width (fewer neurons in each layer). Keeping that in mind,
one can clearly see that, in most cases, a deeper network is favorable. However, the best minimum for time
estimation is reached with the shallower network. The setup used that keeps the number of trainable parame-
ters roughly constant nonetheless has a downside that may influence the results. The size of both the feature
and target vectors are varied between the different networks, thereby having more or fewer connections going
to and from the same number of nodes in the hidden layers.

Also known as the data-to-parameter ratio, the node coverage factor embodies the number of data points
that are used for every trainable parameter in the network (see the section on the sing design for the definition).
Generally, the impact of the node coverage appears to be minimal. While both the median MSEs and the
minima reached are very close, the median MSEs of the higher node coverage are always slightly lower.
These results align with what is observed in other fields using statistical experiments, where a long-standing
rule of thumb53 has been for that ratio to be around 10. The range and even effect of this parameter are
debated54, however, which is also in line with the results achieved here.

The Impact of Additional Feature Parameters and Feature Modifications The specific angular momen-
tum vector and the orbital energy are added as optional additional parameters. It is worth noting already that
adding both the initial and final values to the feature space simultaneously never leads to a good result. The
distribution of the results with different variants of the vis-viva energy and the specific angular moment vector
can be found in Figure 8.

Not including the orbital energy at all leads to close to the best results in most cases. However, including
the final orbital energy for mass estimation or the initial one for costate estimation led to slight improvements
of the results. Its inclusion is thus rarely, if ever, worth considering.

The specific angular momentum (h) vector consists of three orthogonal Cartesian components. It thus adds
directional information, too. Including the h delta gives slightly better results when estimating time, while
the final angular momentum has an order of magnitude improvement over the baseline for costate estimation.
The mass estimation is not majorly influenced by the presence or absence of the specific angular momentum
vector.

The effect POP exclusion and sine-cosine transforms have on the MSE can be seen in Figure 9. The
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Figure 8. Effect of inclusion or exclusion of the specific angular momentum vector
h and the vis-viva energy ξ on MSE of the screening design, plotted as a function of
target type.

costates’ value depends on the position on a given orbit, yet apparently, the POP does not seem to influence
the performance either way. On the other hand, excluding the POP does result in lower MSE for mass and
higher MSE for time estimation. The difference between using the angles directly and their sine and cosine
instead is most beneficial when estimating the costates. While the transformation seems to aid the time
estimation on average, it appears slightly disadvantageous when mass is estimated.

Follow-Up Experiments, A Closer Look at the Best Option Pairs

Using the best two levels from the screening design for every factor, this follow-up experiment aims to see
whether the results obtained before hold up under more scrutiny (i.e., more data-point, more combinations).
Additionally, by reverting to a two-level design, the potential presence of two-factor (or even three-factor)
interaction effects can be investigated. It must be noted here, however, that by looking at the effects on a
per-target basis, all effects described are already the interaction of the other factor and the target factor (or, at
least, target type).
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Figure 9. Effect of inclusion or exclusion of the angle sine-cosine transformation, and
the inclusion or exclusion of the position-on-orbit parameter of the screening design,
plotted as a function of target type.
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Changes in Factor Effects w.r.t. Screening Design By picking the two most promising options for all
factors, the difference in results – both in terms of bulk of the results, and minima – has been considerably
reduced. The results have also improved overall, as is to be expected. The numerical elements were iterated
toward decreasing MSE, though they have yet to fully converge. The mostly-converged nature of the hyper-
parameters is visible in Figure 10, where predominantly minim differences remain between the ‘high’ and
‘low’ levels. When time-targeting, one can still see significant differences, indicating that another iteration
would likely be beneficial and, thus, that the chosen step size is not yet optimal. The remaining differences
in main-factor effects are few.

For the costate estimation, the choice of dataset (negative rather than positive time) and the choice of target
(Keplerian costates over MEE costates) make up the set of variables that still make a significant difference.
The effects of these factors are plotted in Figure 11. As before, the costate scaling (normalizing or scaling
for H = 0) cannot be assessed here, as the magnitude of the values is different, at least partly resulting in the
difference in MSE.

When targeting the mass, the choice of target (fuel mass rather than arrival mass) and the choice of feature
state representation are the main remaining differences (visible in Figure 12).
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Figure 11. Final experiment results in terms of MSE, as a function of target type and
specific target used.
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The time approximation is still quite volatile and particular in its choices, partly due to some factors already
having had distinctly favorable levels in the screening design. Nonetheless, even for those factors a second
level was still included for consistency between the three sub-experiments. When looking at Figure 12, it can
be seen that the choice of state representation in the feature set is most impactful for time estimation, where
the Keplerian elements perform significantly better than the Modified Equinoctial Elements do.
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Figure 12. Final experiment results in terms of MSE, as a function of target type and
state representation used in the feature vector.

Two-Factor Interactions The fact that the final design consists of only two-level factors can be exploited,
as it trivially allows insight into two-factor effects, i.e., increased or decreased performance due to specific
combinations of factor levels. A linear model is least-squares fit to the MSE of the different runs to gauge the
effect of the individual factors and two-factor effects. The linear model contains all factors and all interactions
between factors, and, as before, the design matrix is such that every ‘low’ value is -1, and every ‘high’ value
is 1. This coding ensures that the coefficients of that linear model can be compared. The ten most significant
(i.e., with the greatest absolute magnitude) coefficients, by target, can be found in Table 4. As before, the
MSE that the coefficients act on is not comparable between target types as they describe different things.

Table 4. The most significant linear least-squares factor and two-factor interaction coefficients.

costate target ×10−1 mass target ×10−6 time target ×10−1

∥λ∥ 1.04 Target 4.75 xFeat. × Ndataset 9.08
Dir. 0.94 State Repr. × Dir. 4.65 Ndataset 9.04
Dir. × ∥λ∥ 0.93 xFeat. 4.54 xFeat. 9.00
Dir. × Target 0.91 Batch Size 4.54 Nlayers 5.07
Ncoverage × Nlayers 0.90 POP × ∥λ∥ 4.54 xFeat. × Nlayers 1.60
Target 0.83 Angles × Ndataset 4.52 Nlayers × Ndataset 1.53
∥λ∥ × Target 0.82 Target × Batch Size 4.51 Angles 0.91
Target × State Repr. 0.37 xFeat. × Target 4.47 xFeat. × POP 0.79
Dir. × State Repr. 0.36 State Repr. × Nlayers 4.39 Dir. 0.47
Batch Size × POP 0.36 xFeat. × Batch Size 4.38 xFeat. × Batch Size 0.46

When targeting the costate vector, the direction of integration appears to have strong interactions with
several other factors. While the costate scaling itself and two-factor interactions appear in this table, those
cannot be taken into account, as at least part of that effect is due to the different magnitude of the scaled
and the unscaled costates. When going backwards in time, those second-order effects are thus favorable for
Keplerian costates with the final state (i.e., Earth’s orbit) as features. The final state as a feature, however,
has a negative second-order effect when used to target Keplerian costates. Finally, looking at the numerical
factors, a higher node coverage seems to go together with a lower layer count and vice versa, while a bigger
batch size favors excluding the POP.

When mass is the estimation target, the coefficients all seem to have very similar magnitudes. The reason
may be that all variants explored result in relatively low MSEs already, making those differences less mean-
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ingful. These coefficients are mostly noise, as can also be seen from the fact that the factor ‘costate scaling’
is included, although no costates are used anywhere in the data.

Moving on, the MSE least-squares fit as a function of time-targeting data differs from the other two, as the
factors here have vastly differing magnitudes. Making the top of the list is, for the first time, an interaction
effect rather than a main effect. It would thus seem that representing the features in MEE works better with
a smaller dataset, whereas Keplerian works better with the larger one. It is not entirely clear why this is, but
it is likely related to the fact, that the choice of Keplerian over MEE already has a significant benefit w.r.t.
performance. The shortcomings of MEE could thus get emphasized with a larger dataset. The opposite effect
is seen when looking at the layer count (although the magnitude of the impact is already almost an order
of magnitude smaller). Here, MEE features have a positive interaction with an increased layer count. The
interaction between layer count and dataset size is of similar magnitude to the aforementioned one. It implies
that the smaller dataset favors a shallower network (and vice-versa), showing that the feature-coverage metric
is not the be-all-end-all and could likely be surpassed by an alternative solution. The remaining interactions
have coefficients with a magnitude significantly smaller than the top ones and will thus not be considered
further.

Two two-factor interactions have some effect, and it seems those get some relevance once one has iter-
ated toward an already well-performing design. Some of them are very small in magnitude, yet the options
considered at this stage do not differ significantly anymore either, which explains at least part of it. Addition-
ally, there are some contradictions in the data, making the case that three-factor interactions are potentially
interesting. Given the high confounding that three-factor interactions experience at the current number of
experimental runs, those have not been investigated further – yet doing just that could lead to some additional
insight to maximize the potential of the neural networks.

CONCLUSION

The goal of this work was to find a recipe for when to use what feature when fitting feedforward neural
networks to interplanetary transfer orbit data. Having trained 552 neural networks while carefully varying
several factors, this question still cannot be conclusively answered. Yet, a step towards that answer was made,
as the specific case considered within this work was investigated. One recommendation can be unequivocally
made, irrespective of use-case: dimensional orbit data can hardly be learned by a neural network.

Now to the more specific conclusions. Generally, when in doubt, both Modified Equinoctial Elements
(MEE) and Keplerian elements for feature data are an effective choice. More specifically, MEE appear to
have a slight edge when estimating mass and time, while Poincaré elements are marginally better when
estimating costates – the differences are minute, however. Including additional parameters, specifically the
specific angular momentum vector and the vis-viva energy, is, on average, more likely to reduce the quality of
the results for a similar network layout. They are thus best avoided. Other modifications of the feature vector,
like only describing the orbit itself rather than the position on said orbit, do not help. Replacing the angles by
their sine and cosine gives slightly more reliably low results only when estimating costates, yet even then is
its impact not hugely significant.

Although feature engineering was the goal set at the onset of this work, the process revealed that the impact
of the target choice could not be neglected either. When estimating costates, mapping them over to Keplerian
costates before training the network is seemingly well worth it (about an order of magnitude of estimation
mean squared error (MSE) can be gained). If that is not possible, MEE costates are a second valid option,
while Cartesian costates should be avoided as targets. A similar observation can be made when approximating
the mass, where a significant gain can be achieved (one order of magnitude MSE) by targeting the fuel mass
rather than the dry mass. Finally, it can be noted costates are best approximated in terms of direction only
and at the final rather than the initial state.

When it comes to the point of time to include in the feature, the final (or targeted) state seems to perform
better when targeting the costates or the fuel mass. The transfer-time estimation, on the other hand, seems to
benefit from having both the initial and final state in the feature space.
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Other factors investigated, such as node count, layer count, data-to-parameter ratio, batch size, and dataset
size, do not seem to have a momentous influence. Good results can be achieved with most settings, assuming
that those are chosen reasonably. The results not majorly depending on the data set size is a positive sign, as
it implies that the performance is likely consistent as the network is scaled up or down.

Finally, two-factor (or higher) interaction effects only seem to matter once one approaches a reasonably
well-optimized network, as even there, they do not appear to have a notable influence.
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3
Trajectory Generation

The Section Paper/Data Generation (p. 4) already gives an overview of the method used to generate the

data the networks are eventually trained on. This chapter expands upon that in three ways: Section 3.1

provides an overview of the literature and how it could and could not be used in this work. A complete

derivation from the objective function of the optimal control problem to the throttle function found in

Izzo and Öztürk (2021) is done in Section 3.2, including a break-down of the solutions’ optimality. Finally,

several numerical methods were employed to obtain a shooting function ready to be optimized by an

existing non-linear optimizer. Those methods are only mentioned by name in Paper/Solving the Shooting

Problem (p. 7), yet are fully expanded upon in Section 3.3. Lastly, Section 3.4 provides a closer look at the

relationship between costates representing a valid transfer orbit and the initial guess converging to those

costates.

3.1. Indirect Problem Solution Strategies in Literature
As established, the fuel-optimal Earth-Mars transfer cannot be solved analytically and must thus be solved

numerically. While numerical solutions are never arbitrary, they do allow for a lot of creativity. In the

following, a number of solutions available in literature will be briefly summarized. For an overview of the

literature described in the first two subsections, please see Table C.6 (p. 77).

The methods described can be split into homotopic and non-homotopic. Section 3.1.1 walks through

the methods that do use homotopy, while Section 3.1.2 briefly summarizes the ones that do not. Finally,

Section 3.1.3 summarizes methods using Physics Informed Neural Networks, the Theory of Functional

Connections, and combinations of the two.

3.1.1. Using Homotopy to Solve an Easier Problem First
One of the main factors contributing to the difficulty of convergence of fuel-optimal trajectories is the

fact that the resulting control is bang-bang (either on or off, without anything in between). A prevalent

method to get around this difficulty is to devise a homotopy path that allows to transform the solution of a

smoother problem into the solution of the fuel-optimal problem.

A common starting point for this is the energy-optimal problem, but other ideas have been suggested

too. T. Li et al. (2021) and Zhu et al. (2017) start from the minimum-thrust (i.e., constant-thrust) trajectory,

for example, and Jawaharlal Ayyanathan and Taheri (2022) apply a smoothing on the throttle function

itself. When the homotopy is applied, different approaches can be taken to get from the initial problem

to the final one. The two main ideas here are quadratic smoothing, where a continuation parameter is

directly used to go from fully quadratic (i.e., 𝑢2) to a fully linear (i.e., 𝑢) running cost. Another approach
found in literature with similar frequency is the logarithmic barrier. This is the one applied in this work

(though merely in a smoothing capacity, as homotopy was not needed in the end; see Appendix D for an

attempt at homotopy for the Earth-Venus problem). Note that while several cited publications broadly use

homotopy, they still solve the problem in a variety of ways.

Of all methods considered in Table C.6, Izzo and Öztürk (2021) is the only one allowing for free final-time

and free position-on-orbit parameter, which is why none of the others was attempted outright. However,
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aspects of those methods were tried on the path toward the algorithm eventually found. One of these

aspects is a change of variable first found in Wang and Grant (2018) and subsequently used by T. Li et al.

(2021) and Morelli et al. (2022). In this change of variables, the mass and the throttle are replaced by the

logarithm of the mass and the acceleration, respectively. The initial costate of the mass logarithm is then

just the fuel mass used – which can be found for the minimum-thrust case, as minimum-thrust implies

constant thrust. This approach does not translate to a free-time solution.

The energy-optimal problem is more readily solvable due to its continuous nature, yet a good initial

costate estimate is still needed – which is, once again, obtained in diverse ways. The costates can be

estimated from the fact that an infinite thrust is the impulsive thrust case with a known solution (Zhu

et al., 2017) or limiting the costate range by mapping them to a body-fixed state representation (Jawaharlal

Ayyanathan & Taheri, 2022), for example. More often than not, these do rely on the fact that the transfer

time is set a priori, however, or they reduce the feature set while also adding new, yet different, unknowns.

3.1.2. Non-Homotopic Methods Considered

Rosa Sentinella and Casalino (2006) uses a genetic algorithm to solve the minimum-fuel problem instead.

Unfortunately, it is unclear what is actually being optimized for in that work, as the Hamiltonian does not

contain a running cost of any kind (which would be 1 when optimizing for time, and 𝑢 or 𝑚̇ when optimizing

for fuel-usage). All attempts trying to solve the shooting function outlined in Izzo and Öztürk (2021) using a

genetic algorithm (or similar) were fruitless when using a minimum-fuel Hamiltonian, however.

Wang and Grant (2018) choose to instead apply a lossless convexification to the problem, allowing it to

be solved by known methods. Using that method, a convergence within 2.5 s can be achieved, yet there is

no clear path to adapt it to the problem at hand.

Finally, Epenoy (2023) transforms the problem by applying constraints on the thrust and coast arcs.

This simplification strays from the mathematical optimality, yet when limiting the number of coast arcs to

one, it can be solved in ∼1 s. This time quickly increases for more coast arcs, reaching up to ∼700 s for
trajectories with four thrust and three coast arcs.

3.1.3. Physics-InformedNeural Networks and the Theory of Functional Connections

Other methods used in literature that were briefly considered here include Physics Informed Neural

Networks (PINN) or, more specifically, Pontryagin Neural Networks (PoNN). This is sometimes combined

with the Theory of Functional Connections (TFC) by using Extreme Learning Machines (ELM), which results

in the Extreme Theory of Functional Connections (X-TFC) (D’Ambrosio et al., 2021).

PINNs have been attempted for optimal planar orbit transfer problems by Schiassi et al. (2022), besides

others. The idea here being that the control problem is solved through unsupervised learning by having

the dynamics and the boundary conditions encapsulated in the loss function. While promising, Schiassi

et al. (2022) do not manage to get the PINN to deal with the competing objectives satisfactorily and thus

make use of the TFC.

The Theory of Functional connections works by discretizing the trajectory using orthogonal polynomials

(e.g., Chebyshev or Legendre polynomials; see Johnston et al., 2020 and D’Ambrosio et al., 2022), in addition

to a component ensuring the boundary conditions are met. The polynomials’ free parameters are then

tuned through iterative least-squares, yielding a solution to the optimal control problem. Instead of

polynomials, one can also make use of an Extreme Learning Machine. This has been done both using Single

Input Multiple Output (SIMO) ELMs (D’Ambrosio et al., 2021) and using Multiple Input Single Output (MISO)

ELMs (Schiassi et al., 2021). While Schiassi et al. (2022) mention that an expansion of the framework to 3D

problems is a yet-to-be-solved problem, this method was considered on the path towards the eventual

solution found. Convergence could not be achieved when attempting to adapt the X-TFC framework to 3D,

however. The 3D convergence issue may be mitigable by tuning the iterative least-squares method, yet

this could not be resolved within a reasonable time frame and was thus not followed up on.

3.2. Optimal Control Theory Applied to Interplanetary Transfers
This derivation is filling in the blanks between the initial definition of the optimal control problem as

provided in Izzo and Öztürk (2021) and the resulting throttle function. While this section is essentially just

following Pontryagin’s (1986) original work (summarized in Section 3.2.1) applied to Izzo and Öztürk (2021)
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(laid out in Section 3.2.2), it also draws on the lectures by Prof. Hurák∗ as secondary source.

3.2.1. The Definition of Pontryagin’s Minimum Principle
The problem, in terms of calculus of variations, is to find the function 𝒖(𝑡) that minimizes the objective.

That problem has already been briefly outlined in Paper/Optimal Control Problem (p. 4), yet is repeated

here to be built upon. The problem is

minimize 𝐽 = ∫
𝑡𝑓

𝑡0

ℒ(𝒖(𝑡)) d𝑡 where 𝑢 ∈ [𝑢min, 𝑢max]

subject to 𝒙̇ = 𝑨𝒙(𝑡) + 𝑩𝒖(𝑡) + 𝑫
0 = 𝜱0(𝒙(𝑡0))
0 = 𝜱𝑓(𝒙(𝑡𝑓))

, (3.1)

where 𝐽 is the objective or cost functional; 𝒖(𝑡) is the thrust vector-function; 𝑨, 𝑩, and 𝑪 are matrices

describing the dynamics; 𝒙 is the trajectory itself; and 2̇ the time-derivative. ℒ is the running cost. The

boundary values of the Optimal Control Problem (OCP) are represented by 𝜱. The Hamiltonian is then

given by Equation 3.2. Note that the Hamiltonian is a function of 𝑡, 𝒙(𝑡), 𝒖(𝑡), and 𝝀. These are omitted for

sake of clarity.

ℋ = 𝝀⊤ [𝑨𝒙(𝑡) + 𝑩𝒖(𝑡) + 𝑫] + ℒ(𝑢(𝑡)). (3.2)

Following Pontryagin, the optimal control 𝒖∗ (where 2∗ designates 2 associated with the trajectory mini-

mizing 𝐽, or, equivalently,ℋ) minimizes the Hamiltonian, and thus, an equation for the optimal control

vector emerges.

ℋ(𝑡, 𝒙∗, 𝒖∗, 𝝀∗) ≤ ℋ(𝑡, 𝒙∗, 𝒖, 𝝀∗) ∀𝒖 ∈ 𝒰 ⟹ 𝒖∗ = argmin
𝒖∈𝒰

[𝝀⊤𝑩𝒖 + ℒ(𝑢)] , (3.3)

where 𝒰 is the set of valid control vector functions 𝒖, in case of the specific problem here, this set is limited

by the engine’s capabilities. When considering solar-electric propulsion, the distance to the Sun would be

another factor reducing the set of possible thrust vector functions.

The direction of the vector minimizing that expression is given by Lawden’s (1963) Primer Vector Theory,

and is

𝒖̂∗ = − 𝑩⊤𝝀
‖𝑩⊤𝝀‖

. (3.4)

By separating 𝒖 into direction and magnitude, i.e., 𝒖 = 𝑢 ⋅ 𝒖̂, one can also obtain the magnitude of 𝒖
minimizing the aforementioned expression by having a look of how it changes as a function of 𝑢

𝜕
𝜕𝑢 [𝑢𝝀

⊤𝑩𝒖̂∗ + ℒ(𝑢)] = −‖𝑩⊤𝝀‖ + 𝜕ℒ(𝑢)
𝜕𝑢 . (3.5)

There are two possibilities from here on, which depend on 𝜕ℒ/𝜕𝑢. Those two possibilities are:

(1) The resulting relation contains 𝑢. In that case, the extremum is found by setting this expression to 0
and solving for 𝑢.

(2) The resulting relation does not contain 𝑢. In that case, the sign of 𝜕ℒ/𝜕𝑢 can be used to determine

the ideal 𝑢:

negative If the derivative of the expression to be minimized w.r.t. 𝑢 is negative, this means that the

greater 𝑢, the smaller the expression. If 𝑢 has an upper-bound, that upper-bound, 𝑢max is

thus the optimal value.

positive A positive derivative means, the smaller 𝑢, the smaller the expression. Here, if 𝑢 has a lower
bound, that lower bound is thus the optimal value.

zero This is then a so-called singular trajectory. These are not treated here. The interested reader

is pointed towards works such as Bonnans et al. (2008), or more recently, Foroozandeh et al.

(2018), which discuss singular trajectories and related solution strategies.
∗Online Lectures for B3M35ORR, “Optimal and Robust Control,” of Czech Technical University, Prague, found at https://www.

youtube.com/playlist?list=PLMLojHoA_QPmRiPotD_TnfdUkglTexuqm [visited 30-04-2023]

https://www.youtube.com/playlist?list=PLMLojHoA_QPmRiPotD_TnfdUkglTexuqm
https://www.youtube.com/playlist?list=PLMLojHoA_QPmRiPotD_TnfdUkglTexuqm
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3.2.2. Applying Pontryagin’s Principle to the Interplanetary Low-Thrust Problem
The dynamics are described by (Izzo & Öztürk, 2021)

𝒙̇ = 𝑇𝑢(𝑡)
𝑚 𝑩(𝒙) ̂𝒊𝜏 + 𝑫(𝒙), and 𝑚̇ = −𝑇𝑢(𝑡)𝐼𝑠𝑝𝑔0

, (3.6)

where ̂𝒊𝜏𝑇𝑢(𝑡)/𝑚 = 𝒖(𝑡), with ̂𝒊𝜏 being the unit direction vector, 𝑇 the maximum thrust and𝑚 the mass. This

definition allows for a throttle setting 𝑢 ∈ [0, 1]. The Hamiltonian is then, following Equation 3.2, given by

ℋ = 𝑇𝑢
𝑚 𝝀⊤𝑩(𝒙) ̂𝒊𝜏 + 𝜆𝐿√

𝜇
𝑝3𝑤

2 − 𝑇
𝐼𝑠𝑝𝑔0

𝜆𝑚𝑢 + {𝑢 − 𝜀 ln [𝑢(1 − 𝑢)]} . (3.7)

Applying Pontryagin, as before, one obtains an expression that is minimized by the optimal control function,

𝒖∗ = argmin
𝒖∈𝒰

[𝑇𝑢𝑚 𝝀⊤𝑩(𝒙) ̂𝒊𝜏 −
𝑇

𝐼𝑠𝑝𝑔0
𝜆𝑚𝑢 + {𝑢 − 𝜀 ln [𝑢(1 − 𝑢)]}] . (3.8)

Taking the first-derivative yields an expression describing how that expression changes as a function of 𝒖,
which can then be substituted by the primer vector, described in Equation 3.4,

d
d𝑢 [

𝑇𝑢
𝑚 𝝀⊤𝑩(𝒙) ̂𝒊𝜏 −

𝑇
𝐼𝑠𝑝𝑔0

𝜆𝑚𝑢 + {𝑢 − 𝜀 ln [𝑢 ⋅ (1 − 𝑢)]}]

= − 𝑇
𝑚‖𝑩⊤𝝀‖ − 𝑇

𝐼𝑠𝑝𝑔0
𝜆𝑚 + 1 − 𝜀 ⋅ (1 − 2𝑢)

𝑢 ⋅ (1 − 𝑢)
.

(3.9)

When taking the limit 𝜀 → 0, i.e., going towards a fuel-optimal solution, only one part of the expression

does not vanish. This part is extracted into a switching function,

SF(𝑡) = − 𝑇
𝑚‖𝑩⊤𝝀‖ − 𝑇

𝐼𝑠𝑝𝑔0
𝜆𝑚 + 1. (3.10)

Finally, one can solve for 𝑢 at the extremum (d/d𝑢 = 0),

0 = SF− 𝜀 ⋅ (1 − 2𝑢∗)
𝑢∗ ⋅ (1 − 𝑢∗)

⟺ 𝑢∗ = SF+2𝜀 ± √SF2+4𝜀2
2 SF . (3.11)

As there are two solutions, a closer look at those solutions is not unimportant: By taking the first-order

derivative, there is no guarantee that a minimum is found. It could just as well be a maximum or even a

saddle point. The + variation can be rewritten as

𝑢∗+ =
SF+2𝜀 + √SF2+4𝜀2

2 SF ⋅ SF+2𝜀 −
√SF2+4𝜀2

SF+2𝜀 − √SF2+4𝜀2
= 2𝜀

SF+2𝜀 − √SF2+4𝜀2
. (3.12)

The limit of Equation 3.12 as SF→ 0± goes to (±) infinity. This does not seem optimal for a bounded control

variable. Additionally, when looking at

lim
𝜀→0

𝑢∗+ = lim
𝜀→0

1

SF

2𝜀
+ 1 −√

SF2

4𝜀2
+ 1

= lim
𝜀→0

1
SF

2𝜀
+ 1 − ||

SF

2𝜀
||
= {

1 for SF ≥ 0
0 for SF < 0

, (3.13)

and keeping in mind that SF is the derivative of the function that is to be minimized w.r.t. 𝑢, one can see

that this 𝑢(𝑡) will actually maximize the Hamiltonian instead. This is thus a maximum and not a minimum.

Looking at the − variation next,

𝑢∗− =
SF+2𝜀 − √SF2+4𝜀2

2 SF ⋅ SF+2𝜀 +
√SF2+4𝜀2

SF+2𝜀 + √SF2+4𝜀2
= 2𝜀

SF+2𝜀 + √SF2+4𝜀2
, (3.14)

this has a finite value for SF→ 0±. Taking the limit once more,

lim
𝜀→0

𝑢∗− = lim
𝜀→0

1

SF

2𝜀
+ 1 +√

SF2

4𝜀2
+ 1

= lim
𝜀→0

1
SF

2𝜀
+ 1 + ||

SF

2𝜀
||
= {

0 for SF > 0
1 for SF ≤ 0

, (3.15)

where, this time, the result is one that actually minimizes Equation 3.9 – and thus also the Hamiltonian.

This solution coincides with what is described in Izzo and Öztürk (2021).
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3.3. Numerical Methods Used
Where Paper/Figure 1 already described the shooting function in broad strokes, this chapter will expand

upon the numerical methods used within said algorithm. The shooting function itself contains three

iterative numerical methods, which are outlined in this section.

The first one of thosemethods is the scaling of the initial costate guess, as described in Paper/Solving the

Shooting Problem (p. 7). Section 3.3.1 describes that costate scaling, which ensures that the Hamiltonian is

zero (within a given tolerance). The second one is the one ensuring that the point closest to the target

orbit is targeted. Here, too, the integrator used is numerical and thus cannot be solved exactly. How it is

solved instead is shown in Section 3.3.2. Finally, the loop ensuring that the optimizer does not need to

find a fitting dry mass value, too, is described in Section 3.3.3. The initial mass (i.e., the mass at the start

of propagation; here: the dry mass) is iterated upon so that the final mass (i.e., the mass at the end of

propagation; here: the wet mass) reaches the desired value at the point of minimum Δℳ.

3.3.1. Numerical Costate Scaling for Zero Hamiltonian
The conditions for the optimal control trajectory used in this work state that ℋ|𝑡=𝑡0 = 0, but also that

dℋ/d𝑡 = 0. The latter is not really relevant when backward shooting, as the former is then directly

accounted for – yet it is still useful when verifying the correctness of a given implementation.

This equation initially seems solvable with a straightforward numerical scheme: Start with 𝛽 = 1,
calculate the resulting 𝑢, and use Paper/Equation 16 to calculate the following guess for 𝛽. However, this
scheme is unstable, and 𝛽 does not always converge this way. To ensure its convergence, an adaptive

under-relaxation method is used (Murty, 1983). As the ideal relaxation factor is not known, over-relaxation

is not possible. The converge rate using under-relaxation turned out to be acceptable. The new 𝛽 value
is a weighted sum of the previous one and the new guess, where the weighting factor is the ratio of the

previous two changes in 𝛽. The full algorithm is described in Algorithm 1, including the equation for 𝛽.

Algorithm 1: Scale costate for zero Hamiltonian.

Input :State vector 𝒙, mass 𝑚, costate guess that is to be scaled 𝝀𝑔ᵆ𝑒𝑠𝑠
Output :𝜆 scaled forℋ = 0
Function ScaleCostate(𝒙𝑖, 𝑚, 𝝀est):

𝛽 ← 1, 𝜔𝛽 ← 1, 𝛿𝛽,0 ← NaN, 𝛽𝑟𝑎𝑤,0 ← NaN

repeat

𝑢 ← ComputeThrottle(𝒙𝑖, 𝑚, 𝛽𝝀est) /* compute 𝑢 with current state and 𝛽 estimate */

𝛽𝑟𝑎𝑤,1 ← (𝑇ᵆ
𝑚
‖𝑩⊤𝝀est‖ − 𝜆est,𝐿√

𝜇

𝑝3
𝑤2)

−1
[− 𝑇

𝐼𝑠𝑝𝑔0
𝜆𝑚𝑢 + 𝑢 − 𝜀 ln [𝑢(1 − 𝑢)]]

𝛽 ← (1 − 𝜔𝛽) ⋅ 𝛽 + 𝜔𝛽 ⋅ 𝛽𝑟𝑎𝑤,1 /* 𝛽 ← weighted sum of previous and current value. */
𝛿𝛽,1 ← 𝛽𝑟𝑎𝑤,0 − 𝛽𝑟𝑎𝑤,1

if 𝛿𝛽,0 is not NaN then

𝜔𝛽 ←
|||
𝛿𝛽,1
𝛿𝛽,0

||| /* update relaxation factor based on rate-of-change ratio. */

𝛿𝛽,0 ← 𝛿𝛽,1 /* update elements for next iteration. */
𝛽𝑟𝑎𝑤,0 ← 𝛽𝑟𝑎𝑤,1

until |𝛿𝛽,1| < 𝜖𝛽 /* stop when the change in 𝛽 is below the set threshold. */;

return 𝛽 ⋅ 𝝀est

A few more observations regarding Algorithm 1 and the costate scaling in general can be made.

Firstly, when 𝜖 → 0, the whole algorithm is not iterative anymore but can be solved exactly. The thrust

when reaching the target orbit must be one, as the only element varying without thrust is the true longitude

𝐿, which is not part of the boundary conditions. Furthermore, 𝜖 → 0 implies a bang-bang thrust function

which can only be zero or one and hence must be one in this case.

Secondly, the stability increase is achieved by one main assumption: The last guess is already close to

the ideal value. Using that assumption, one can then successively reduce the amount that the new scaling
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factor is changed, thereby making appropriate steps to reduce the Hamiltonian. The tolerance used in this

work is 𝜖𝛽 = 10−12.

3.3.2. Exact Targeting of the Closest Point
Once the costate vector has been scaled using the numerical method outlined in Section 3.3.1, it is then

propagated. Usually, when propagating, one targets a certain value of the independent variable, which is

most often time. In this case, however, the transfer time is unknown. The perfect transfer could exist with

any value of 𝑡, and as backward propagation is done, only the state has to match – there are no constraints

on the costates, and the Hamiltonian is constant. For that reason, the minimum Δℳ (w.r.t. the target orbit)

visited by the integrator is used as a starting point. From there on, the derivative of Δℳ is iteratively taken

to get the minimum within an acceptable tolerance. This is outlined in Algorithm 2. The iterative method

used is a modified secant method (Dahlquist & Björck, 2008).

Algorithm 2: Propagate until minimum Δℳ.

Input :A starting extended state 𝒙𝑖 (MEE state, mass, and corresponding costates), a final mass

𝑚𝑓 (i.e., the spacecraft’s wet mass for backward propagation), a target state 𝒙𝑡 (MEE, only

first five elements), and an integrator.

Output :The closest state found up until 𝑚 = 𝑚𝑓.

Function IntegrateUntilClosestToTarget(𝒙𝑖, 𝑚𝑓, 𝒙𝑡, integrator):
𝒙running ← 𝒙𝑖, 𝒙closest ← 𝒙𝑖, Δℳmin ←∞

repeat

𝒙running ← integrator→doControlledStep() /* assuming variable-step integrator */
Δℳrunning ← ‖ℳ(𝒙running) −ℳ(𝒙𝑡)‖2

if Δℳrunning < Δℳmin then

Δℳmin ← Δℳrunning

𝒙closest ← 𝒙running

until 𝑚𝒙running < 𝑚𝑓; /* until fuel is used/final mass is reached */;

𝑡step ← integrator→lastStepSize()

𝛿Δℳ,0 ←
d

d𝑡
‖ℳ(𝒙closest) −ℳ(𝒙𝑡)‖2 /* see Equation A.16 */

integrator→goTo(𝒙closest)

while 𝛿Δℳ,0 > 𝜖Δℳ do

𝒙closest ← integrator→doStep(𝑡step)
𝛿Δℳ,1 ←

d

d𝑡
‖ℳ(𝒙closest) −ℳ(𝒙𝑡)‖2 /* see Equation A.16 */

𝑡step ← 𝑡step ⋅
𝛿Δℳ,1

𝛿Δℳ,0 − 𝛿Δℳ,1

𝛿Δℳ,0 ← 𝛿Δℳ,1

return 𝒙closest;

Algorithm 2 also exhibits convergence performance. When generating trajectories, the 𝛿Δℳ used was

10−8. The derivative of Δℳ, found in Section A.2, was derived using a Computer Algebra System (CAS).

3.3.3. Iterating the Initial Mass to Ensure the Closest Point is the Starting Point
Section 3.3.1 and 3.3.2 have set the baseline for this function, as both costate scaling and targeting

of the closest point are required for this last part. Here the other pieces are put together so that the

optimizer merely optimizes the costates themselves. The initial mass is chosen (i.e., dry mass for backward

propagation) so that the final mass (i.e., wet mass for backward propagation) is reached exactly at the point

closest to the target orbit. A regula falsi algorithm – also known as the false-position method (Dahlquist &

Björck, 2008) – is employed for that purpose. Specifically, a variant of that algorithm is used, called the

Illinois Algorithm (Dowell & Jarratt, 1971). The function whose root – or zero – is to be found is the amount
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of unused fuel left when reaching the point closest to the target. The specific algorithm used is outlined in

Algorithm 3.

The base idea of the regula falsi algorithm follows a similar train of thought as the bisectionmethod: The

root of the function is found by iteratively approaching from both the positive and the negative side. The

one change it makes to the basic regula falsi is that it forces both sides to get closer, whereas regula falsi

may only improve one side for several iterations. The latter is not always problematic, as it can still result

in fast convergence. In this specific case, however, it meant that the solution took a significant number

of additional iterations. The additional iterations happened because the delta between the positive and

negative solution was too large to accurately approximate the derivative, as only one of the two sides

moved closer to the root while the other was kept constant. The Illinois Algorithm takes care of that issue

by forcing the side of the opposite sign to move if it has not done so during two consecutive iterations.

Algorithm 3: Iterate mass for closest hit at 𝑚 = 𝑚𝑓.

Input :An initial state 𝒙𝑖 (MEE elements), an initial mass 𝑚𝑖, a targeted final mass 𝑚𝑓, a target

state 𝒙𝑡 (MEE, only first five elements), an initial costate guess 𝝀𝑔ᵆ𝑒𝑠𝑠, and an integrator

Output :The initial state yielding the closest hit at 𝑚 = 𝑚𝑓
Function IterateMassForClosestHit (𝒙𝑖, 𝑚𝑖, 𝑚𝑓, 𝒙𝑡, 𝝀𝑔ᵆ𝑒𝑠𝑠):

while |𝑚𝑓 −𝑚𝒙closest| > 𝛿𝑚 do

𝒙closest ← IntegrateUntilClosestToTarget(ScaleCostate(𝒙𝑖, 𝑚𝑖, 𝝀𝑔ᵆ𝑒𝑠𝑠))
𝑚𝑐𝑙𝑜𝑠𝑒𝑠𝑡 ← 𝑚𝒙closest
𝑚fuel,unused ← 𝑚𝑓 −𝑚𝑐𝑙𝑜𝑠𝑒𝑠𝑡, 𝑚fuel,used ← 𝑚𝑐𝑙𝑜𝑠𝑒𝑠𝑡 −𝑚𝑖

/* first run, or second with non-opposing signs */
if 𝑚𝑖,𝐴 is NaN and 𝑚𝑖,𝐵 is NaN or (𝑚𝑖,𝐵 is NaN and 𝑚fuel,unused ⋅ 𝑚fuel,unused,𝐴 > 0) then

𝑚𝑖,𝐴 ← 𝑚𝑓 − (1 − 0.1 ⋅ sign(𝑚fuel,unused)) ⋅ 𝑚fuel,used /* encourage opposite sign */
𝑚fuel,unused,𝐴 ← 𝑚fuel,unused

else /* regula falsi algorithm */
if 𝑚fuel,unused ⋅ 𝑚fuel,unused,𝐴 > 0 then

𝑚fuel,unused,𝐴 ← 𝑚fuel,unused
𝑚𝑖,𝐴 ← 𝑚𝑖

if 𝑚fuel,unused,𝑙𝑎𝑠𝑡 ⋅ 𝑚fuel,unused > 0 then /* Illinois algorithm */

𝑚fuel,unused,𝐵 ← 0.5 ⋅ 𝑚fuel,unused,𝐵

else
𝑚fuel,unused,𝐵 ← 𝑚fuel,unused
𝑚𝑖,𝐵 ← 𝑚𝑖

if 𝑚fuel,unused,𝑙𝑎𝑠𝑡 ⋅ 𝑚fuel,unused > 0 then /* Illinois algorithm */

𝑚fuel,unused,𝐴 ← 0.5 ⋅ 𝑚fuel,unused,𝐴

𝑚𝑖 ←
𝑚𝑖,𝐴 ⋅ 𝑚fuel,unused,𝐵 −𝑚𝑖,𝐵 ⋅ 𝑚fuel,unused,𝐴

𝑚fuel,unused,𝐵 −𝑚fuel,unused,𝐴
𝑚fuel,unused,𝑙𝑎𝑠𝑡 ← 𝑚fuel,unused

return [𝒙𝑖, 𝑚𝑖, 𝝀𝑔ᵆ𝑒𝑠𝑠]

3.4. Statistical Analysis of Convergence and Initial Guesses
The previous section demonstrated the effort necessary to achieve convergence. Yet, even then, only

every third initial guess converges. This chapter attempts to paint a picture of why that may be, by looking

at the relationship between the initial guess provided to the optimizer and the resulting trajectory. This

convergence rate is within the range of what can be found in literature (see Table C.6).

When looking at the distribution of departure and arrival points, color-coded by their Δℳ at Earth’s

orbit (see Figure 3.1), one can see a clear pattern emerge: Convergence seems to be easier to achieve at

certain regions along the orbit. Additionally, there seem to be parts of Earth’s orbit that no minimum-fuel

trajectory departs from. Furthermore, the meaning of a Δℳ that is not in the order of 𝒪(10−6) can be seen,
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Figure 3.1: Visualization of Earth-Mars trajectory start and end-points, colored by their

deviation from the target orbit.

as those dots show up as a yellow cloud next to Earth’s orbit.
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Figure 3.2: Visualization of initial guesses and the corresponding converged value,

color-coded by their deviation from the target orbit.

Figure 3.2 is a visualization of the initial guesses for the different costate elements, compared to the

value those guesses then converged to. Here, a clear relationship between the convergence potential and

the value of true longitude is also visible. The converged values can be seen to be quite a bit narrower in

bandwidth than the initial guesses that enable the optimizer to find those same values. When considering

that the initial guesses range from −1 to 1, only specific ranges turn out to be feasible. While this is a

valuable observation, this is all that can be seen from this data. There is no other clear relationship between

the initial guess and what value it may converge to besides the true longitude.

Given that ostensibly only the direction of the initial costates is relevant, as they are scaled forℋ = 0 in
any case, looking purely at that direction is a logical next step. One way to map the points on the surface

of a 4-sphere (a 4-sphere is a sphere in 5D space, the surface of which is 4D) to four variables is to use

hyperspherical coordinates. These can be defined in different ways, yet this analysis uses the definition
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found in Equation 3.16.

⎡
⎢
⎢
⎢
⎣

cos ̂𝜃1
cos ̂𝜃2
cos ̂𝜃3
tan ̂𝜙

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜆𝑔𝑒

√𝜆2𝑝 + 𝜆2𝑓𝑒 + 𝜆2𝑔𝑒
𝜆ℎ𝑒

√𝜆2𝑝 + 𝜆2𝑓𝑒 + 𝜆2𝑔𝑒 + 𝜆2ℎ𝑒
𝜆𝑘𝑒

√𝜆2𝑝 + 𝜆2𝑓𝑒 + 𝜆2𝑔𝑒 + 𝜆2ℎ𝑒 + 𝜆2𝑘𝑒
𝜆𝑓𝑒
𝜆𝑝

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.16)

Here, ̂𝜃{1−3}, ̂𝜙 represent the four angles of the hyperspherical coordinates.
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Figure 3.3: Visualization of the directions of several initial guesses and the corre-

sponding converged direction (described employing hyperspherical elements, see

Equation 3.16), color-coded by their deviation from the target orbit.

Applying that transformation to both the initial guess and the resulting costates yields noteworthy

results, as seen in Figure 3.3. The converged costates collapse to a single line with two discontinuities,

roughly 𝜋 true longitudes apart. Even more interestingly, however, this pattern is not at all visible in

the initial guesses. While the actual region of fuel-optimal trajectories appears to be very narrow, this

still does not inform on successful initial guesses. Following the discovery of the directionality of the

converged trajectories, an interpolator (as a function of the true longitude 𝐿) was fit through the lines

seen in Figure 3.3 – yet convergence was not consistently achieved. The reason for this is unclear and

would require further investigation. Additionally, using the hyperspherical elements instead of the raw

costate vector did not improve the optimizer’s convergence performance. That lack of improvement is

unexpected, as that substitution represents a reduction in the input space of the shooting function from

five to four variables.





4
Implementation Details

This chapter provides additional implementation details that are relevant yet not crucial to fit into the

paper part of this work. For implementation details regarding the trajectory generation part of this work,

see Chapter 3.

Section 4.1 provides an overview of the state-transformation functions used. This is followed by

Section 4.2, which gives an overviewof theDesign of Experimentsmethod, providing the analysis framework.

Finally, Section 4.3 references the most relevant tools that made this work possible.

4.1. Overview of State Transformations Used
This section provides a concise overview of all orbital state transformations used, found in Equation 4.1

to 4.7. Most of the transformations are taken from existing literature, and in case they are not, the

derivation is presented in Appendix A. Given that one of the additional feature modifications used (see

Paper/Additional Features (p. 9) for a complete overview) is the sine-cosine transformation of the angles

present in the feature set, this section will also point out which elements are angles.

• Kustaanheimo-Stiefel: Derivative elements are linear combinations of Cartesian elements. None of

the KS elements are angles.

𝜗1 = 𝑠𝑥1√
𝑟+ |𝑥1|

2 , 𝜗′1 =
1
2 (𝜗1𝑣1 + 𝜗2𝑣2 + 𝜗3𝑣3) ,

𝜗2 =√
2

𝑟 + |𝑥1|
𝑥2
2 , 𝜗′2 =

1
2 (−𝜗2𝑣1 + 𝜗1𝑣2) 𝑠𝑥1,

𝜗3 =√
2

𝑟 + |𝑥1|
𝑥3
2 , 𝜗′3 =

1
2 (−𝜗3𝑣1 + 𝜗1𝑣3) 𝑠𝑥1,

𝜗′4 =
1
2 (−𝜗3𝑣2 + 𝜗2𝑣3) , (4.1)

where

𝑟 = √𝑥21 + 𝑥22 + 𝑥23, 𝑠𝑥1 = {
+1 for 𝑥1 ≥ 0
−1 for 𝑥1 < 0

.

• Modified Equinoctial Elements: 𝐿 is clearly, and by definition, an angle. 𝑓𝑒, 𝑔𝑒, ℎ𝑒, and 𝑘𝑒, are all

functions of trigonometric transformations of angles (Walker et al., 1985),

𝑝 = 𝑎(1 − 𝑒2), ℎ𝑒 = tan
𝑖
2 cosΩ,

𝑓𝑒 = 𝑒 cos(𝜔 + Ω), 𝑘𝑒 = tan
𝑖
2 sinΩ, (4.2)

𝑔𝑒 = 𝑒 sin(𝜔 + Ω), 𝐿 = Ω + 𝜔 + 𝜃,
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and hence, not angles.

• Cartesian: The Cartesian elements all have physical meaning, representing distances and velocities

in the ℝ3 space. Sine/cosine transforms do not make sense here.

• Spherical: Following the convention for naming and order from Tudat 2022 (note that the flight-path

angle from Tudat 2022 is the complementary angle to the flight-path angle for Chobotov, 2002; this

matches the definition in Wakker, 2015):

𝑟 = √𝑥2 + 𝑦2 + 𝑧2, 𝑣 = √ ̇𝑥2 + ̇𝑦2 + ̇𝑧2,

sinΦ = 𝑧
𝑟 , sin 𝛾 = 𝒓 ⋅ 𝒗

‖𝒓‖‖𝒗‖ ,

tanΛ =
𝑦
𝑥, tan𝜓 = ((𝒓 × 𝒗) × 𝒓) × ((𝒓 × ̂𝒆𝑧) × 𝒓) ⋅ ̂𝒓

((𝒓 × 𝒗) × 𝒓) ⋅ ((𝒓 × ̂𝒆𝑧) × 𝒓)
(4.3)

=
( ̇𝑦𝑥 − ̇𝑥𝑦)√𝑥2 + 𝑦2 + 𝑧2
− ̇𝑥𝑥𝑧 − ̇𝑦𝑦𝑧 + ̇𝑧𝑥2 + ̇𝑧𝑦2 ,

where Φ is the latitude (or the declination, Chobotov, 2002); Λ is the longitude (or the right ascension,

Chobotov, 2002); 𝛾 is the flight-path angle; 𝜓 is the heading (or azimuth, Chobotov, 2002) angle; and

̂𝒆𝑧 is the unit vector in positive 𝑧 direction. Clearly, all but 𝑟 and 𝑣 are angles and thus make the sin-cos

transformation an obvious one.

• Keplerian: The Keplerian, or classical orbital, elements (𝑎, 𝑒, 𝜔, Ω, 𝜃, 𝑖), are, except for the semi-major

axis 𝑎 and the eccentricity 𝑒 all angles. Sine-cosine is thus appropriate here.
• USM-EM (exponential mapping, TU Delft, 2022) is the USM chosen.

– USM7 uses quaternions, similar to what the Kustaanheimo-Stiefel elements do.

– USM6 uses the Modified Rodrigues Parameters (MRP). While MEE only contains elements of the

Classical Rodrigues Parameters (Peterson et al., 2022), their difference is only in using tan 𝑖/4 for
MRP vs tan 𝑖/2 for CRP. This shifts the singularity, yet that is all.

– USM-EM, following the definition from Facchinelli (2018), TU Delft (2022), and Vittaldev et al.

(2012) and using the implementation provided by Tudat (for ‖𝒆usm‖ > 0, otherwise the 𝒆usm vector

is 0):

𝐶 =
√

𝜇
𝑎 ⋅ (1 − 𝑒2)

=
√

𝜇
𝑝, 𝑒usm,1 =

‖𝒆usm,𝑚‖
sin‖𝒆usm,𝑚‖

sin
𝑖
2 cos

Ω− 𝜔 − 𝜃
2 ,

𝑅𝑓1 = −𝑒𝐶 sin (𝜔 + Ω) , 𝑒usm,2 =
‖𝒆usm,𝑚‖

sin‖𝒆usm,𝑚‖
sin

𝑖
2 sin

Ω− 𝜔 − 𝜃
2 ,

𝑅𝑓2 = 𝑒𝐶 cos (𝜔 + Ω) , 𝑒usm,3 =
‖𝒆usm,𝑚‖

sin‖𝒆usm,𝑚‖
cos

𝑖
2 sin

Ω+ 𝜔 + 𝜃
2 ,

𝑆usm = {
1 if cos

𝑖

2
cos

Ω+𝜔+𝜃

2
< 0

0 otherwise
, ‖𝒆usm,𝑚‖ = 2 arccos (cos 𝑖2 cos

Ω
2 ) .

(4.4)

In other words: ‖𝒆usm,𝑚‖ is an angle (arccos), and therefore so are all 𝑒 elements.

• Cylindrical: Using the definition provided by Stubbig (2019)∗,

𝑟cyl = √𝑥2 + 𝑦2, 𝑣𝑟,cyl =
𝑥 ̇𝑥 + 𝑦 ̇𝑦
√𝑥2 + 𝑦2

, tan 𝜃cyl =
𝑦
𝑥, 𝑣𝜃,cyl =

𝑥 ̇𝑦 − 𝑦 ̇𝑥
√𝑥2 + 𝑦2

, (4.5)

and 𝑧 and its derivative are identical to the Cartesian definition. The angle is evident.

• Delaunay: The derivation for the Delaunay conversion is given in Section A.3.1 and restated here for

completeness. From Modified Equinoctial Elements (undefined for 𝑒 >= 1):

𝐿𝑑 = √𝜇𝑎 =
ℎ

√1 − 𝑒2
, 𝜔 = {

atan2(𝑔𝑒, 𝑓𝑒) − Ω for 𝑒 > 0
0 for 𝑒 ≈ 0

,

ℎ = √𝜇𝑝, Ω = atan2(𝑘𝑒, ℎ𝑒), (4.6)

∗Stubbig’s (2019, App. A) equation for the cylindrical azimuth angle has the numerator and denominator swapped. This is likely a

mistake, as it would be inconsistent with the definition used in the same work.
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𝐻𝑑 = ℎ ⋅ ( 2
ℎ2𝑒 + 𝑘2𝑒 + 1

− 1) , 𝑀 = atan2 (√1 − 𝑒2 sin 𝜃, 𝑒 + cos 𝜃) − 𝑒
√1 − 𝑒2 sin 𝜃
1 + 𝑒 cos 𝜃 ,

where 𝐿𝑑 and𝐻𝑑 are Delaunay canonical variables; 𝜃, the true anomaly, is found by using 𝐿 = 𝜔+Ω+𝜃;
and 𝑀 is the mean anomaly. The first three elements (i.e., mean anomaly, argument of periapsis,

RAAN) are angles. The remaining elements are not.

• Poincaré: The derivation of the Poincaré element conversion is given in Section A.3.2,

𝐿𝑑 = √𝜇𝑎 = √
𝜇𝑝

1 − 𝑒2 , 𝑢𝑝 = 𝑘𝑒√2𝐿𝑑√1 − 𝑒2(1 + cos(𝑖)),

𝜉𝑝 = 𝑔𝑒
√

2𝐿𝑑
1 + √1 − 𝑒2

, 𝑣𝑝 = ℎ𝑒√2𝐿𝑑√1 − 𝑒2(1 + cos(𝑖)), (4.7)

𝜂𝑝 = 𝑓𝑒
√

2𝐿𝑑
1 + √1 − 𝑒2

, ℓ = 𝑀 + 𝜔 +Ω,

where 𝜉𝑝 and 𝜂𝑝 are the eccentric variables; 𝑢𝑝 and 𝑣𝑝 are the oblique variables (Smart, 1953); and ℓ is
the mean longitude. Only the last element seems to relevantly be an angle.

4.2. Design of Experiments – Background and Implementation
Design of Experiments is the discipline of systematically describing a problem in terms of a statistical

experiment, thereby allowing to draw conclusions on the impact the different parameters of an experiment

have. It is called ‘Design of Experiments’ because the statistical experiment is carefully crafted to obtain

the sought-after results with a minimum number of experiment runs required. While being one alternative

of many to explore a design space, this framework allows one to do so in a precise and controlled way.

This section will start by briefly explaining how fractional factorial designs come about for two-level

designs, define the required vocabulary, and explain how fractional factorial designs are generally chosen.

The following part explains how multi- and mixed-level fractional factorial designs are generated within

this work. Finally, the design resolution of the employed designs will be proven and discussed.

4.2.1. Fractional Factorial Designs
In Design of Experiments, fractional factorial designs are a set of experiments that do not contain an

experimental run for every possible combination of factors. So, for 𝑛 2-level factors, any design that

contains less than 2𝑛 experiments is a fractional factorial design. In such a design, one can distinguish

between two types of factors (Montgomery, 2017): (1) The factors of interest, i.e., the ones that are being

investigated, and (2) nuisance factors. The latter are not directly part of the experiment but may still

have an impact on it. Nuisance factors can be controllable, uncontrollable, and measurable (also called

‘covariates’) or uncontrollable and unmeasurable. If a nuisance factor can be controlled, there are two

main ways to deal with it. The first option is to contain the effect of the nuisance through blocking (only

evaluating results within a block that all have the same value as the given covariate). Alternatively, the

other option is to promote the controllable nuisance to factor and include it in the design.

With the factors defined, a design can be built. The aforementioned full factorial is trivial: Taking all

permutations of all factors is all it needs. When doing so, the variables are coded −1 and 1. The choice
is arbitrary for categorical factors, but for numerical ones, coding the lower value to −1 and the higher

value to 1 is usually sensible. This coding has the advantage that the confounding is immediately visible:

Whenever two columns in the design matrix are identical, their effect can no longer be distinguished. In a

full factorial design, all effects and all interaction effects are clearly distinguishable.

Fractional factorial designs are generated by deliberately confounding (or aliasing) certain columns.

When doing that, the main effects are usually preserved. At first, only higher-order effects start being

confounded (i.e., cannot be distinguished anymore). The design resolution is used to describe the level of

effects that can still be uniquely distinguished. The design resolution describes the length of the shortest

word in the defining relationship. Without going into too much detail, the defining relationship describes

the aliasing or confounding structure of the fractional factorial design. In practice, the main resolutions of

interest are (Montgomery, 2017):
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Resolution III The main effects are not confounded with each other but with two-factor interactions.

Resolution IV The main effects are not confounded with each other or with two-factor interactions. The

two-factor interactions are confounded with each other.

Resolution V The two-factor interactions are not confounded with each other, yet they are confounded

with three-factor interactions.

Generally, for any number of factors, more than one configuration exists with the same number of

experimental runs. Publicly available catalogs of minimum aberration designs for a given number of

two-level factors and number of runs† do exist, however. Minimum aberration designs are designs of

resolution 𝑅, that minimize the number of main effects confounded with (𝑅 − 1)-factor interactions, two-
factor interactions confounded with (𝑅−2)-factor, and so on. Thus, while having the same design resolution,

the number of affected (interaction) factors is minimized from the main factors up.

4.2.2. Mixed-Level Fractional Factorial Designs
Mixed-Level fractional factorial designs are more complex because aliasing two columns is more complex

than multiplying their coded value anymore. It can no longer be done with the raw columns, as the coding

itself is more involved. Additionally, in the case used within this work, some factor combinations do not

exist (removing the position-on-orbit parameter is impossible if the feature set used does not contain one,

after all). Therefore, several steps must be taken to get from a basic set of factors and their level to an

experiment plan.

The most straightforward step to return to a two-level design is to dummy-code the multi-level factors.

Before, the difference in magnitude between the two levels of a factor is what was encoded, and by using

−1 and +1 for all factors, the effect on the metric is comparable. That same behavior can be recovered

by just giving every possible value of a multi-level factor its column in the design matrix. That is, every

column but one – the missing one represents the base level. Where the two-level comparison was the

values resulting from a factor at the high level to its low level, now all levels are compared to a base level.

Dummy-coding does work, yet more is needed to exclude some combinations from the experimental

design. For that to be possible, a different approach was chosen. It goes as follows:

• All factors with limited combinations are combined into one factor with levels representing all those

combinations.

• The number of combinations present in a full factorial design under those circumstances is evaluated.

This number is simply the product of every factor’s level count.

• The number of binary columns required to represent those combinations is evaluated, which is the

rounded-up log2 of the combination count.

• A regular, two-level fractional factorial design is created, the columns of which are binary values

encoding the factor levels.

• Of that resulting design, the rows encoding values out of range (due to rounding up the column

count) are dropped.

• The actual factor values at every row of this design matrix can be retrieved again by converting the

encoded values back.

This procedure has one major drawback: It does not guarantee any design resolution. The lack of

guarantee itself is not necessarily a problem as long as it can be ensured that the actual results are of

sufficient design resolution. The final design matrix generated with the aforementioned procedure is a test

plan. It will, eventually, have to be dummy-coded to evaluate the design. This final, dummy-coded matrix

is the one that the linear model is fit on, and thus the one where confounding is to be avoided. The design

resolution, or at least the minimum design resolution, can be tested quite trivially: By just generating the

extended matrix, i.e., including all interactions one is interested in – and checking for duplicate columns.

In other words, one evaluates that extended matrix’ rank.

Using the procedure above, very little re-arranging of factors is required to obtain a Resolution III design.

Testing for higher resolution designs is tricky, as the number of interaction columns gets large rapidly as

higher-order interactions are considered.

†The catalogue used in this work can be found at (Grömping, 2014): https://cran.r-project.org/package=FrF2.catlg128 [visited

20-06-2023]

https://cran.r-project.org/package=FrF2.catlg128
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4.3. Tools Used
This work was only possible with a plethora of primarily open-source tools. This section highlights the

most important ones, indicating how they have been instrumental in achieving the goal of this work.

• Tudat (TU Delft, 2022). Tudat provides a wide array of tools to solve all kinds of astrodynamical

problems. While the propagator part was not performant enough for the use-case of this thesis,

its extensive collection of integrators and conversion functions between state representations was

extremely useful and is the backbone of the shooting method employed.

• TensorFlow (Abadi et al., 2016). All neural networks were trained using TensorFlow, which has the

advantage of just running on about everything and making the best use of any available hardware.

The number of networks that required to be trained could not have been achieved without it – or a

similar open-source machine learning library.

• SNOPT (Gill et al., 2005). A state-of-the-art optimization library used to obtain convergence of the

shooting problem towards the boundary conditions. This library is, unfortunately, not open source –

though educational binaries and licenses are provided for research purposes.

• pykep (Izzo et al., 2020). While only used for verification purposes and not very successful at that,

pykep was still helpful in providing another verification path.

• pybind11 (Jakob et al., 2017). Pybind11 allowed offloading all performance-critical code (i.e., opti-

mization and propagation) to performant C++ code while keeping the convenience and interactivity

of Python. Its simplicity was a pleasure to work with and also allowed for seamless interoperation

between the Python part, C++ part, Tudat, Tudatpy, and pagmo.

• PuLP (Dunning et al., 2011). The PuLP library provides a Python interface to a number of linear

and mixed-integer programming optimizers. In this work, it was used to optimize the column

assignment of fractional factorial designs, ensuring that the most important interaction effects were

individually distinguishable and not confounded with anything. The GLPSOL LP/MPI Solver from

GLPSOL (Makhorin, 2020) was used as a backend.

• pagmo (Biscani & Izzo, 2020). Pagmo was used to (sadly, unsuccessfully) prototype different opti-

mization methods – and eventually, it was used as interface for SNOPT. It allowed to optimization

problem to be very defined in a straightforward manner, as the interface provided by SNOPT itself is

everything but.

• OpenMPI (Gabriel et al., 2004) and mpi4py (Dalcin & Fang, 2021). This open implementation of the

message-passing interface (MPI) enabled getting the most out of the trajectory generation and neural

network training on the DelftBlue cluster. Moreover, it also proved invaluable when training multiple

neural networks on the same machine in parallel.

• DelftBlue (Delft High Performance Computing Centre, 2022). The DelftBlue supercomputer was the

only way to obtain appropriately sized datasets. Every interaction with the DelftBlue team was very

productive, and using the cluster itself was a positive experience throughout.





5
Verification and Validation

In this chapter, the verification and validation process of the implementations used within this work

is demonstrated. First, the verification framework is presented in Section 5.1. This is followed by the

verification of the data generation section in Section 5.2. After that, the state and costate representation

mapping functions are verified in Section 5.3 and Section 5.4, respectively. Finally, Section 5.5 discusses

additional helper functions needed and how those were verified.

5.1. Verification of Methods Limited by Floating Point Arithmetic
Verification here is done in various ways throughout this chapter. Wherever possible, testing the implemen-

tations needed for this work is automated using Pytest (Krekel et al., 2004). This means that conversion

functions and similar are automatically evaluated across their valid input range, and the resulting output is

compared against known verified values. Due to the limitation of floating-point arithmetic, Pytest provides

an approx function which allows some deviations in the results to pass the tests. Many of the functions,

especially conversions between different state representations, have singularities, however. This means

that when the full valid input range is evaluated, part of it will be close to the singularity and, therefore,

less accurate. Hence, a different helper class is implemented, approx_percentile. This new function does

essentially the same as Pytest’s approx, yet instead of checking for relative and absolute errors on each

and every value, it checks whether a given percentile of the data fits the definition.

The default value here is the 3𝜎 value of a normal distribution: 99.73%. The relative error is the one

mostly considered, as it is the one limited by machine precision. Where the expected value is zero, the

absolute error is used instead. In the following, all elements that could be tested in this way will state the

percentile used and explain why it may be lower than the 3𝜎 probably. An additional way to show, in most

cases, that the error is indeed due to the limited precision of floating-point numbers is to show that it gets

lower when one uses long double’s – in this case Intel x86-64 80bit doubles.

5.2. Data Generation
The data generation itself uses a lot of external tools that are assumed to be validated. One of those is

the adaptive-step Runge-Kutta-Fehlberg 8(9) integration implemented in Tudat. What is not part of any

available library and does need validation is the implementation of the differential equations describing

the fuel-optimal control problem, first mentioned in Paper/Optimal Control Problem (p. 4).

5.2.1. Comparison to Published Companion Data
Given that the description of the basic dynamics used is taken from Izzo and Öztürk (2021), the most

straightforward comparison is one done against data from that publication. While it is rare for data to be

published together with the research, it was, in this case (see Öztürk & Izzo, 2020), and can thus be used to

verify the accuracy of the implementation done in the context of this work.

The data published consists of several trajectories from Earth to Venus, and along each trajectory, 100

points have been sampled. Having only the state and thrust vectors at some timestamps precludes a

direct check of the derivative functions, which is what is implemented. However, it allows for a check of

39
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the thrust direction and throttle magnitude computed at a given (extended) state, which is likely the most

essential aspect to be correct.
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Figure 5.1: Computed thrust direction elements compared to trajectory with ID ’4’

from Öztürk and Izzo (2020). Top row: both throttle functions overlaid; bottom row:

difference between the calculated and the reference throttle values.

This comparison is made in Figures 5.1 and 5.2 for the thrust direction and the throttle setting, respec-

tively. Figure 5.1 shows that the thrust direction is as perfect as it gets and is in the order of machine

precision for 64bit floating-point numbers. This is, however, not the case for the throttle setting. Figure 5.2

shows that the error is fluctuating with the throttle function – which is to be expected. The throttle function

for a fuel-optimal trajectory is a step function, which may explain slight discrepancies around the changes

in value. This does not, however, explain why there is a delta several orders of magnitude below the

machine epsilon in between those switching points. Clearly, there is a problem, yet it could not be solved –

and thus, a secondary approach had to be taken to verification, which is done in the next section.
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Figure 5.2: Computed throttle setting compared to trajectory with ID ’4’ from Öztürk

and Izzo (2020).

5.2.2. Setup of Alternative Implementations for Verification
Section 5.2.1 demonstrated a problem in the thrust function, which does not match as closely as one would

expect. From that alone, it is unclear whether that is a problem. A comparison of propagated trajectories
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needs to be done to check that, which is happening in this section. Some foreshadowing is inevitable at

this point: Yes, it is a problem. The propagated trajectories are thus not only going to be compared against

the reference data – the difference in thrust-magnitude is a given, after all. They will also be compared to

publicly available implementations.

Note that the different implementations used provide only one thing: The state derivatives. All trajecto-

ries will be propagated using Tudat’s Runge-Kutta-Fehlberg 5(6) integrator, using a relative and absolute

error tolerance of 10−12, to make the resulting trajectories as comparable as possible.

Tudat (TU Delft, 2022) does not provide an implementation for Pontryagin-optimal minimum-fuel trajec-

tories. It does provide a general-purpose state propagation implementation, which can be used to verify

that that part of the implementation is correct. Additionally, Tudat allows extending its state vector with

mass and custom statement elements. Tudat can thus propagate the costates along with its verified state

propagation implementation.

The Cowell propagator is used in this setup where Tudat propagates its own state. A propagator

in Equinoctial Elements is implemented in Tudat, yet Cowell is preferred, as the acceleration calcula-

tions in Tudat happen in Cartesian. A non-Cartesian propagator introduces a lot of back-and-forth state

transformations, which, in turn, introduce both inaccuracies and performance overhead.

Pykep (Izzo et al., 2020) is an astrodynamics toolbox by ESA, which the author of the reference paper used

publishes. It provides an extended state space propagation of Pontryagin-optimal trajectories, yet it does

so in Cartesian rather than MEE elements. Converting the state part between the elements is trivial, and

mapping costates between representations is not much more involved either (see Paper/Transformation

of Orbital Costates (p. 8)).

Now that everything is set up, it is time to propagate trajectories and compare the results, which is done in

the next section.

5.2.3. Verification Against Other Publicly Available Implementations
The first aspect to verify, now that alternative implementations – of at least part of the state space

propagation – are present, is to see whether the state derivatives themselves are correct. This zero-thrust

use case is excellent, as this is the one that is fully implemented directly by both Tudat and pykep. The

result of this is shown in Figure 5.3. Note that the choice of integrators in this section was made based on

the fact that the performance of the integration of dynamics as provided by Tudat in combination with

other (higher-order) choices increased runtimes by orders of magnitudes.
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Figure 5.3: No-thrust state comparison of this work against a propagation done with

Tudat and pykep, using Tudat’s RKF5(6) implementation with absolute and relative

tolerances of 10−12. The first ∼1000 trajectories of Öztürk and Izzo (2020) are used.

As can clearly be seen: Whether Tudat is propagating the costate or the costate is propagated using this

work’s implementation of Izzo and Öztürk (2021), the final state matches rather closely. The Error in the

state is less than onemeter, on average, for a transfer from Earth to Venus. The error w.r.t. pykep is slightly

higher, which is potentially caused by the state translations and costate mappings. Those transformations
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do not have machine-level precision (due to their complexity in the involved transcendental functions).

It must be noted, however, that even an error of order 𝒪(1 km) is still, in the scope of interplanetary

trajectories, quite acceptable. It is something that could easily be corrected during transfer if detected.
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Figure 5.4: With-thrust state comparison of this work against a propagation done

with pykep and the reference trajectories, using Tudat’s RKDP8(7) implementation

with absolute and relative tolerances of 10−12. The initial states of the first ∼10,000
trajectories of Öztürk and Izzo (2020) are used.

The next step is to enable thrust, the results of which can be seen in Figure 5.4, which compares the

results from a propagation following a number of orbits from Öztürk and Izzo (2020). In this case, the

comparison between Tudat and this implementation does not add anything, as, due to lack of native

support, Tudat is provided with the same derivative function for the costate part of the extended state

vector.
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Figure 5.5: With-thrust state comparison of propagation of this work’s implementation

and pykep against reference trajectories, using Tudat’s RKDP8(7) implementation with

absolute and relative tolerances of 10−12. The first ∼10,000 trajectories of Öztürk and
Izzo (2020) are used.

Furthermore, Figure 5.5 shows the error in position and velocity of both pykep and the implementation

being verified here. Looking at both those figures, one can draw two conclusions: (1) The error, even

when compared to pykep, is still high. Granted, on average, it is two orders of magnitude less – i.e., in

the 10,000 km rather than in the 106 km – yet that is still a significant deviation. (2) When looking at the

comparison of both pykep and this work to the reference trajectories, it can be seen that the error is

distributed similarly.

Clearly, these three methods that allege to do the same, i.e., the data coming out of Izzo and Öztürk

(2021), the implementation of the same equations in Cartesian in pykep, and the implementation of Izzo

and Öztürk (2021) done here, do not. The reasons for this are unclear, and even correspondence with one

co-author of Izzo and Öztürk (2021) did not manage to shed light on the source of the discrepancy.
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Section 5.2.1 discussed one possible source: The throttle magnitude function. While this is, for a fully

fuel-optimal trajectory, this is just a function stepping between zero and one, but the implementation

used here only approximates that. It is approximated using a logarithmic barrier (see Paper/Equation 12),

and when this work talks about ‘fuel-optimal,’ it follows Izzo and Öztürk (2021) in meaning a homotopy

parameter of 10−6. Mathematically, this does not make a difference in terms of computation, as the

equation is defined for such a value of 𝜀. When working in the realm of floating-point numbers, however,

a construct like this, where very similar numbers are, effectively, subtracted from each other, can lead

to something called ‘catastrophic cancellation’. While not necessarily catastrophic in this case, it may be

behind the differences in the throttle function values and fully depends on the specific order in which

the mathematical operations are performed. An analysis of the potential of catastrophic cancellation

specifically for the throttle function can be found in Appendix B.
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Figure 5.6: Distribution of Hamiltonian of the full training dataset used at the trajecto-

ries’ starting and end-points.

The Pontryagin principle describes several conditions that an optimal control trajectory fulfills. Most of

those are on the boundaries and can thus easily be enforced, yet one that applies to the entire trajectory

is the constant Hamiltonian, thanks to the time-invariant dynamics. This constantness can, of course, be

checked by making sure that the Hamiltonian at the start (which is ∼0) and the end of propagation are

identical (or, at least, very close). This check has been done in Figure 5.6. The order of magnitude is slightly

increased (by 102) in the final propagation state over the initial one, yet the drift is rather small, and the

final value is still within acceptable bounds. In fact, it is in the same order of magnitude as the nominal

trajectory in Öztürk and Izzo (2020). This deviation is thus deemed satisfactory. Additionally, Figure 5.6

verifies Algorithm 1, as the costates are clearly scaled to approachℋ = 0.
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Figure 5.7: Euclidean distance between variable (absolute and relative error of 10−14)

and fixed (500,000 steps) step-size RKF8(9) propagation of the trajectory ‘nominal’ from

Öztürk and Izzo (2020).
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One additional verification step can be done: Based on what is described in literature, some integration

routines can be quite sensitive to the rectangle nature of the throttle input. To see whether the integrator

eventually used to generate the data (RKF8(9)) indeed has an issue with that. To gauge the impact of the

variable step-size integration (without anything in the like of switching-detection), a comparison was made

between a trajectory plotted with the variable RKF8(9) integrator and where that same integrator has its

maximum and minimum step-size set such that it takes exactly 500,000 steps. This comparison can be

seen in Figure 5.7. The final distance is 585.74 km, and the final velocity delta is 0.31873m/s. This is about

5000 times more steps than the integrator would otherwise take, and the runtime scales close to linearly

with the number of steps. Clearly, there is an impact, and higher precision (with similar runtime) can very

likely be achieved by using a switching-detection technique. However, given the simplified nature of the

dynamics considered, 500 km is deemed adequate. Chi et al. (2021) or Tang et al. (2018) are two examples

making use of switching-detection.

160 170 180 190 200 210 220
fuel mass [kg]

210.34

211.18

211.58

211.75

212.59

Figure 5.8: The distribution of the fuel mass found in the dataset used for training.

Finally, looking at the mass distribution of the found optimal trajectories and comparing the magnitude

to literature is likely sensible. The fuel mass distribution in the training dataset has been visualized in

Figure 5.8. In T. Li et al. (2021), a similar spacecraft (𝑚0 = 1533.35 kg, 𝑇max = 0.35N, and 𝐼𝑠𝑝 = 3000 s) is

used and thus allows for comparison. The fuel mass found in the best-case here is 349.65 kg, which is of

similar magnitude yet about 60% more than the median seen in Figure 5.8. Taking into account that the

thruster has a lower specific impulse than the spacecraft considered in this work (this work: 3800 s) and

that the transfer time is fixed and not free, it is reasonable to assume that the fuel requirements are lower

here compared to T. Li et al. (2021). The median required fuel mass of the trajectories found in this work

of 211.58 kg thus seems reasonable.

5.3. Verification of Orbital State Representation Conversions
Tudat (TU Delft, 2022) does provide a significant number of orbital state representations, yet some were

missing – or not available in extended precision. Others, like the Kustaanheimo-Stiefel elements, were

redefined in this work and thus need to be verified. Please note that all conversions mentioned hereafter

are only implemented and verified for prograde orbits, as the ‘retrograde’ element of the MEE set is

assumed to be in prograde state (+1) throughout.
Unless mentioned, the state input data is converted from Keplerian states, which are drawn from a

Sobol distribution and scaled as follows: 𝑎 ∈ [0.5, 3.5], 𝑒 ∈ [0, 1], 𝑖 ∈ [0, 0.8𝜋], and {𝜔,Ω, 𝜃} ∈ [0, 2𝜋]3.

5.3.1. Cartesian to Spherical Conversion
Spherical elements are only used in the feature set, and hence only unidirectional conversion capabilities

are required. The conversion is implemented to obtain extended precision, yet the same implementation

is used for both – and given that Tudat provides the regular precision one, testing against that is deemed

sufficient.

The 98.76 th percentile passes all tests, both in dimensional and nondimensional mode, pass with a

relative accuracy of 5 × 10−14. The exception is the flight-path angle, which required an accuracy threshold



5.4. Verification of the Costate Mappings 45

of 5.1 × 10−14. The (reverse) trigonometric functions involved are the likely culprit here, yet the loss in

accuracy is of negligible magnitude.

5.3.2. Modified Equinoctial Element to Poincaré Elements Conversion
The transformation from MEE to Poincaré is tested both in nondimensional and dimensional space for

normal and extended precision. The conversion is tested back-and-forth and compared to the conversion

from Keplerian to Poincaré elements, which has also been implemented as another point of verification.

The default data is used as the base, as described in Section 5.3.

The 98.76 th percentile passes all tests with a relative accuracy of 5 × 10−14 and 5 × 10−16 for normal

and extended precision, respectively. As for spherical elements, the threshold must be lowered for the

longitude tests. Specifically, the mean longitude is only converted within a relative error of 5 × 10−15 in

extended precision. The true longitude conversion in normal precision only passes the test for the 97.56 th

percentile of the space considered.

5.3.3. Modified Equinoctial Elements to Delaunay Elements Conversion
The Delaunay element conversion uses the default base data, as explained in Section 5.3. It is tested

against an implementation in Python closely following the mathematical description. Additionally, the

conversion between true anomaly andmean anomaly used is the one provided by Tudat, and the Argument

of Periapsis and the Right Ascension of Ascending Node is present in both the Keplerian set (which is what

the test data is drawn in), and the set of Delaunay elements.

The 98.76 th percentile passes all tests that will not be explicitly described hereafter, with a relative

accuracy of 5 × 10−14 and 5 × 10−16. The normal precision conversions for the MEE 𝑓𝑒 and 𝑓𝑔 elements only

pass for the 97.56 th percentile of test cases. This lower passing rate is probably due to the additional

transcendental functions involved in the conversion. Furthermore, the true longitude only passes the

tests for the 91.99 th percentile in extended precision. The ‘wrapping’ of the angle around 2𝜋 is presumably

the culprit, as it is not happening in extended precision and thus negatively influences the results. Those

inaccuracies mentioned seem to be artifacts of the testing methodology, however, and this conversion is

thus nonetheless accepted as verified.

5.3.4. Cartesian to Kustaanheimo-Stiefel Conversion
The Kustaanheimo-Stiefel (KS) element testing is more involved for two reasons: (1) The representation

used is different from what is described originally in Fukushima (2005), and (2) the original conversion from

Cartesian includes a check for the sign of one of the Cartesian elements. The latter is, of course, a bad

idea when dealing with floating-point numbers, as −10−16 and 10−16 could both be approximations of zero,

yet the difference between the two means that a different element is 0 in the original KS representation.

While that one is not used in this work, it is tested against to ensure that the reformulation is equivalent.

The following conversions are thus tested against each other:

• Cartesian
‘to-the-letter’
−−−−−−−−→KS is compared to the regular Cartesian→ KS mapping, where the column are

conditionally rearranged (and multiplied by minus one) to match the original elements. ‘to-the-letter’

here means that the definition in Fukushima (2005) was followed to the letter.

• The ‘to-the-letter’ conversion is compared to a (performance-wise) improved reformulation.

• A back-and-forth, i.e., Cartesian→ KS→ Cartesian, conversion is done for the formulation used.

• A back-and-forth, i.e., KS → Cartesian → KS, conversion is done, again, for the actual formulation

used.

The data for the KS elements is drawn from𝒩(0, 5), which is the range of values encountered in inter-

planetary trajectories. Tests are, again, done both in regular spatial dimensions and nondimensionalized

units. All tests pass with a relative accuracy of 5 × 10−14 and 5 × 10−16 for normal and extended precision,

respectively, for the 99.73 th percentile.

5.4. Verification of the Costate Mappings
Mapping costates back and forth is relatively straightforward conceptually, yet the Jacobian matrix – and

its inverse – can get quite complex. The implementation is thus carefully verified. This is done in two ways:
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(1) The mapping between MEE and Cartesian is given in Taheri et al. (2021), and those figures can thus

directly be used for verification. This is done in Section 5.4.1.

(2) Mapping back and forth, which does not ensure the mapping works either way, yet it does ensure

that the mapping is internally consistent. Section 5.4.2 demonstrates that part – and also uses two

different ways to handle the conversion for Keplerian elements, adding another level of confidence.

5.4.1. Example Figures from Reference Literature
The conversion between MEE and Cartesian costates can be verified using the examples in Taheri et al.

(2021), as seen in table Table 5.1. The delta is a few orders of magnitude greater than the machine epsilon.

The reason for that is presumably that a different implementation is used, and in floating-point arithmetic,

things as simple as the order of addition can already change the result. In Taheri et al. (2021), the numbers

were compared to the actual values, too, and the differences obtained here are more minor than the

differences found in the source.

Table 5.1: Comparison of the mapping implementation and the reference values from

Taheri et al. (2021, Tables 2 and 3).

Reference Result Difference

1.78451232665985 × 102 1.78451232666110 × 102 1.242 × 10−10

−2.06416011743943 × 103 −2.06416011743670 × 103 2.730 × 10−9

−3.49575926334692 × 102 −3.49575926334550 × 102 1.420 × 10−10

1.35358251298554 × 103 1.35358251298289 × 103 −2.650 × 10−9

−8.46061815385343 × 101 −8.46061815387407 × 101 −2.064 × 10−10

−6.38174235474277 × 102 −6.38174235474305 × 102 −2.780 × 10−11

2.74460624199568 × 102 2.74460624199568 × 102 0.000

−2.11482459414456 × 103 −2.11482459414456 × 103 0.000

−4.80360304975842 × 102 −4.80360304975843 × 102 −1.000 × 10−13

1.37845088135386 × 103 1.37845088135387 × 103 2.000 × 10−12

−1.79013066954999 × 102 −1.79013066955000 × 102 −1.705 × 10−13

−1.05632346023203 × 103 −1.05632346023204 × 103 −5.000 × 10−12

5.4.2. Back-And-Forth Mapping
Given the nature of the mappings, if they are correct, then they must work in both directions. This use

case can be tested for the entire input range. In the following, the mapping to and from Cartesian and the

mapping to and from Keplerian costates is demonstrated to be correctly implemented.

Mapping Between Modified Equinoctial Costates and Cartesian Costates

The input data is obtained in the following way:

• The MEE input costates are drawn from𝒩(0, 𝜎 ∈ {5, 0.1, 0.1, 0.1, 0.1, 0.1}).
• The Cartesian input costates are drawn from𝒩(0, 𝜎 ∈ {3, 3, 7.5, 6.5, 6.5, 1.5})
• The MEE-states are drawn from𝒩(0, 𝜎 ∈ {5, 0.1, 0.1, 0.1, 0.1, 0.1}), where the absolute value of the first
value (i.e., the semi-latus rectum) is used.

Both normalized and non-normalized data is tested. The Sun’s gravitational parameter is used. The

resulting percentile and relative allowed errors obtained can be found in Table 5.2. While it is clear that all

errors are due to floating-point arithmetic (all errors are smaller in extended precision), the dimensional

mapping starting from MEE clearly has deplorable performance. The exact reason is unclear, yet it could

be any floating-point effect, such as, e.g., catastrophic cancellation(Oliveira & Stewart, 2006). It could also

simply be the fact that working with numbers that have considerably different orders of magnitude – MEE

elements are often of order 𝒪(10−1) or smaller, while Cartesian elements in meters are of order 𝒪(1011) –
is not the strength of finite precision floating-point numbers.

Mapping Between Modified Equinoctial Costates and Keplerian Costates

The testing here is done similarly to the one done for mapping to and from Cartesian costates.

The test data is drawn from a Sobol sequence and scaled in the following way:
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Table 5.2: Verification and validation of obtained population accuracies.

Test-Case Precision Dimensionality Percentile Relative Accuracy

MEE→ Cartesian→MEE normal nondimensional 99.73 5 × 10−14

dimensional 95.45 5 × 10−6

extended nondimensional 99.73 5 × 10−16

dimensional 95.45 5 × 10−10

Cartesian→MEE→ Cartesian normal nondimensional 92.50 5 × 10−14

dimensional 92.50 5 × 10−14

extended nondimensional 98.76 5 × 10−16

dimensional 98.76 5 × 10−16

• The Keplerian elements are 𝑎 ∈ [0.5, 3.5], 𝑒 ∈ [0, 1], 𝑖 ∈ [0, 0.8𝜋], and {𝜔,Ω, 𝜃} ∈ [0, 2𝜋]3.
• The MEE states are converted from the Keplerian ones.

• The MEE costates are drawn from the Sobol distribution using Muller (1959), i.e., are uniformly

distributed on the surface of a unit 5-sphere.

• The (nondimensional) mass is ∈ [0.6, 1.0].
• The mass costate is ∈ [0, 10].

Two additional test parameters are varied, here:

1. The costates are not just taken as is, but are scaled forℋ = 0, as they would be for an optimal control

trajectory. Both this and the regular, ‘unscaled’ case are tested.

2. Themapping is implemented both using Keplerian andMEE states. Both are computed and compared.

The tests here are the same as formapping to and from Cartesian, in addition to all combinations that result

from varying the aforementioned two parameters. The results are not listed, as they can be summarized in

one sentence: All tests pass with a percentile of 98.76% and a relative accuracy of 6 × 10−14 and 5 × 10−16 for

normal and extended precision, respectively.

5.5. Sobol Sequence
Some Sobol sequence was needed, yet was not available in an adequate version and thus had to be

re-implemented. The implementation done in this work is based on an existing implementation∗ outlined

in Joe and Kuo (2003, 2008). Given that the same implementation was used for the logic itself and was just

modularized to generate the sequences incrementally, the comparison is exact – and matched exactly for

all test cases. As the Sobol implementation used here does not only support drawing subsequent numbers

but also supports drawing numbers at any arbitrary offset, this, too, was tested. Dimensions up to 20

were explicitly tested, but there is no reason to assume that the method would break down for higher

dimensions. Note that this work never required Sobol numbers in more than seven dimensions, and the

implementation thus remained well within what was tested.

∗Available online: https://web.maths.unsw.edu.au/~fkuo/sobol/ [visited 24-01-2023]

https://web.maths.unsw.edu.au/~fkuo/sobol/




6
Conclusions and Recommendations

The research question posed coming into the research was:

How to select the feature set leading to the best possible performance of a feedforward neural net-

work used for interplanetary Earth-Mars low-thrust fuel-optimal trajectories?

Before this question itself can be answered, the different sub-questions will be addressed in Section 6.1,

first. From there, recommendations are formulated in Section 6.2.

6.1. Conclusions
• What strategy can be used to select the elements describing an orbital state to use as features to maximize

the neural network’s performance? This question cannot generally be answered from the work done

here. It can be answered, specifically for low-thrust Earth-Mars transfers, however. In the case

analyzed, using nondimensional Keplerian states turned out to be a solid starting point. When esti-

mating costates, the final ones are better targets – at least in a free-time, free-longitude configuration.

Additionally, when thinking about feature selection, being careful in one’s target selection is just as,

if not even more important. Here, Cartesian costates should be avoided, and the flavor of choice

are Keplerian costates – though MEE costates are not very far behind. Doing so directly rather than

estimating the spacecraft dry mass works best when estimating the fuel mass.

• How to select the transformation to apply to features used for trajectory optimization? It seems that the

most important transformation is, as initially expected, to use nondimensional Keplerian states. As

mentioned in the answer to the previous sub-question, while not a feature transformation, target

transformations are important for good network performance, too. Finally, it has been shown that

extending the feature space with additional components, such as the specific angular momentum or

the orbital energy, has a greater chance of making the results worse rather than improving them.

• Why does a transformation work for one feature, but not another? Sine-cosine transformations were

applied to variables representing angles and have been shown to make a marginal difference. Unfor-

tunately, the ‘why’ could not be answered in this work as it would necessitate a different approach

that allows for such insights.

• Why does one state representation work better than another? The problem being formulated in a free

longitude manner would imply that representations having a single fast-moving parameter (such as

the true longitude) would perform better. This has not necessarily been the case. The reason for that

is, possibly, that while the position on the orbit is free in the problem formulation, the costates still

have a strong dependence on that same position. This question, too, could thus not be conclusively

answered.

• How does one select features additional to the state representation? For the case studied, additional

parameters have not shown to be beneficial. In most cases, the networks that did not have any

extra parameters performed better than the ones that did. One possible reason is that the network

size was kept constant regardless of the number of elements in the feature vector. For that reason,
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unless those extra parameters were able to add value, they would be a source of noise to the nodes

that, in their absence, could have modelled relevant information.

• How does one select the best combinations of features to synthesize new features in order to maximize the

network’s performance? This question was not studied, in the end, as it is outside the scope of this work.

Considering nine different state representations and additional (nuisance) factors already resulted in

a considerable number of trained networks, such that combining different state representations –

requiring exponentially more trained networks – was just not feasible.

Finally, the main question can be answered. In short: It depends. Well-scaled data is beneficial. This scaling

can be achieved, on a greater scheme, using nondimensionalization – but also just normalizing the data

can be beneficial to the performance. Feature engineering is very problem-specific, yet this work hopes to

have shown the impact a number of factors have on the final performance of a network. When having to

make a selection, as mentioned before, using Keplerian or MEE states and costates is likely a good starting

point. Additionally, knowing that spending time adding additional parameters – unless one already knows

that the function modeled contains those directly – is likely a waste of time. One should also pay attention

to the target engineering part of the problem. Finally, if a certain feature selection shows promise for a

small network and dataset, it is, at the very least, a good first guess to scale it up.

6.2. Recommendations
When working on a project like this, more questions than could possibly be answered tend to emerge.

Here are a number of them that would nicely build on this work.

• Expanding to more cases. This work considered only Earth→Mars minimum fuel trajectories. Looking

at Earth→Venus trajectories, trajectories to and between near-Earth asteroids, or more complex,

gravity-assist trajectories is a logical next step. The data of those is likely different enough that

conclusions drawn herein would not fully apply any longer, but only researching it can answer

whether this is the case.

• Investigate the effect of costate scaling. The costate scaling is quite a relevant part of the data generation

process. While the method used does converge – it likely is not the only solution resulting in a

Hamiltonian of zero. Investigating different initial values and the performance resulting from that

could potentially increase the convergence rate of the data generation method used.

• Model more accurate orbit transfers. The transfer orbits used go from Earth’s orbit to Mars’ orbit but

do not include anything related to leaving a parking orbit or insertion into an orbit around Mars. This

is a component that may be beneficial to model for more meaningful trajectories. Additionally, the

free time and free true longitude are valid to find minimum mass trajectories, yet some iteration on

the initial and final state might be valuable. That iteration would allow those trajectories to happen

in a constellation that not only allows transfer between the two orbits but does so between the two

celestial bodies.

• Meta-algorithm predicting a feature set’s performance. One way to bring feature engineering to a next

level would be to look at a meta-algorithm that predicts the performance of a given feature set. The

input could be either the feature set itself or potentially just statistical descriptors of the different

elements. The data needed to train such an algorithm is unattainably large, if based on machine

learning. This problem may be resolvable once enough data from other published work is available.

• In-depth statistical analysis of state representations. The performance of a neural network depends on

the features – that much is established. While this work tried numerous combinations, the ‘why’ is

still unclear. Having a more profound look at whether there is a relationship between the behavior

of individual state elements and the networks’ performance is likely worth an investigation, too.

• Estimating arrival position-on-orbit together with costates. The optimal control problem considered

kept the true longitude as free variable. The costates are still dependent on the arrival longitude (or

the other way around), however. Therefore, including the targeted true longitude in the target may

make sense and yield more meaningful results.

• Estimating the initial mass together with arrival costates. When propagating forward in time, one has the

mass costate that starts strictly positive and ends at zero for the free-mass trajectory to be optimal.

In backward time, this task is fulfilled by the mass itself, which must end at the initial wet mass of the
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spacecraft. Estimating that parameter might thus be more valuable than estimating an always zero

costate.

• Investigate the effect of the dataset size more closely. A smaller dataset turned out to be yield slightly

better results in some cases. The analysis performed was not enough to unearth why this may be the

case, yet more insight in that direction could be valuable. The results might have just been statistical

artifacts, which could be straightforwardly confirmed or rejected through cross-validation.
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A
Mathematical Definitions and Derivations

This appendix provides mathematical reference material, ranging from derivations to simple definitions.

First, Section A.1 provides the derivatives of the costates, which are part of the MEE dynamics used within

this work. After that, the derivative in orbit descriptor difference is presented in Section A.2. This is followed

by a section outlining a few derivations for conversions between state representations used, some of

which are new derivations not available in literature (Section A.3). Finally, Section A.4 provides the matrices

needed to map costates from MEE to Keplerian elements and back.

A.1. Full Costate Dynamic Equations
This appendix contains the full derivative matrices for the orbital costate dynamics outlined in Paper/Ap-

plying Pontryagin’s Minimum Principle (p. 5), specifically Paper/Equation 13. All equations are taken from

Izzo and Öztürk (2021).

The helper variables 𝑤 and 𝑠2 are defined as

𝑤 = 1 + 𝑓𝑒 cos𝐿 + 𝑔𝑒 sin𝐿 and 𝑠2 = 1 + ℎ2𝑒 + 𝑘2𝑒 . (A.1)

A.1.1. The derivative of 𝜆𝑝
𝜆𝑝 is given by

̇𝜆𝑝 = −𝑇𝑢𝑚 𝝀𝑇 𝜕𝑩(𝒙)𝜕𝑝
̂𝒊𝜏 +

3
2𝑤

2𝜆𝐿√
𝜇
𝑝5 (A.2)

where

𝜕𝑩(𝒙)
𝜕𝑝 = 1

2𝑤√𝜇𝑝

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 6𝑝 0

𝑤 sin𝐿 𝑓𝑒 + (𝑤 + 1) cos𝐿 −𝑔𝑒(ℎ𝑒 sin𝐿 − 𝑘𝑒 cos𝐿)

−𝑤 cos𝐿 𝑔𝑒 + (𝑤 + 1) sin𝐿 𝑓𝑒(ℎ𝑒 sin𝐿 − 𝑘𝑒 cos𝐿)

0 0 𝑠2
2 cos𝐿

0 0 𝑠2
2 sin𝐿

0 0 ℎ𝑒 sin𝐿 − 𝑘𝑒 cos𝐿

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (A.3)

A.1.2. The derivative of 𝜆𝑓
𝜆𝑓 is given by

̇𝜆𝑓 = −𝑇𝑢𝑚 𝝀𝑇 𝜕𝑩(𝒙)𝜕𝑓𝑒
̂𝒊𝜏 − 2𝜆𝐿𝑤√

𝜇
𝑝3 cos𝐿 (A.4)
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where

𝜕𝑩(𝒙)
𝜕𝑓𝑒

= 1
𝑤2√

𝑝
𝜇

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 −2𝑝 cos𝐿 0

0 𝑤 − (𝑓𝑒 + cos𝐿) cos𝐿 𝑔𝑒(ℎ𝑒 sin𝐿 − 𝑘𝑒 cos𝐿) cos𝐿

0 (−𝑔𝑒 − sin𝐿) cos𝐿 (𝑤 − 𝑓𝑒 cos𝐿)(ℎ𝑒 sin𝐿 − 𝑘𝑒 cos𝐿)

0 0 −𝑠
2

2 cos2 𝐿

0 0 −𝑠
2

2 sin𝐿 cos𝐿

0 0 (−ℎ𝑒 sin𝐿 + 𝑘𝑒 cos𝐿) cos𝐿

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (A.5)

A.1.3. The derivative of 𝜆𝑔
𝜆𝑔 is given by

̇𝜆𝑔 = −𝑇𝑢𝑚 𝝀𝑇 𝜕𝑩(𝒙)𝜕𝑔𝑒
̂𝒊𝜏 − 2𝜆𝐿𝑤√

𝜇
𝑝3 sin𝐿 (A.6)

where

𝜕𝑩(𝒙)
𝜕𝑔𝑒

= 1
𝑤2√

𝑝
𝜇

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 −2𝑝 sin𝐿 0

0 (−𝑓𝑒 − cos𝐿) sin𝐿 (𝑔𝑒 sin𝐿 − 𝑤)(ℎ𝑒 sin𝐿 − 𝑘𝑒 cos𝐿)

0 𝑤 − (𝑔𝑒 + sin𝐿) sin𝐿 −𝑓𝑒(ℎ𝑒 sin𝐿 − 𝑘𝑒 cos𝐿) sin𝐿

0 0 −𝑠
2

2 sin𝐿 cos𝐿

0 0 −𝑠
2

2 sin
2 𝐿

0 0 (−ℎ𝑒 sin𝐿 + 𝑘𝑒 cos𝐿) sin𝐿

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (A.7)

A.1.4. The derivative of 𝜆ℎ
𝜆ℎ is given by

̇𝜆ℎ = −𝑇𝑢𝑚 𝝀⊤ 𝜕𝑩(𝒙)𝜕ℎ𝑒
̂𝒊𝜏 (A.8)

where

𝜕𝑩(𝒙)
𝜕ℎ𝑒

= 1
𝑤√

𝑝
𝜇

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 −𝑔𝑒 sin𝐿
0 0 𝑓𝑒 sin𝐿
0 0 ℎ𝑒 cos𝐿
0 0 ℎ𝑒 sin𝐿
0 0 sin𝐿

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (A.9)

A.1.5. The derivative of 𝜆𝑘
𝜆𝑘 is given by

̇𝜆𝑘 = −𝑇𝑢𝑚 𝝀⊤ 𝜕𝑩(𝒙)𝜕𝑘𝑒
̂𝒊𝜏 (A.10)

where

𝜕𝑩(𝒙)
𝜕𝑘𝑒

= 1
𝑤√

𝑝
𝜇

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 𝑔𝑒 cos𝐿
0 0 −𝑓𝑒 cos𝐿
0 0 𝑘𝑒 cos𝐿
0 0 𝑘𝑒 sin𝐿
0 0 − cos𝐿

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (A.11)

A.1.6. The derivative of 𝜆𝐿
𝜆𝐿 is given by

̇𝜆𝐿 = −𝑇𝑢𝑚 𝝀𝑇 𝜕𝑩(𝒙)𝜕𝐿
̂𝒊𝜏 − 2𝑤

√
𝜇
𝑝3 𝜆𝐿𝑤𝐿 (A.12)
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where

𝜕𝑩(𝒙)
𝜕𝐿 = 1

𝑤2√
𝑝
𝜇

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 −2𝑝(𝑔𝑒 cos𝐿 − 𝑓𝑒 sin𝐿) 0

𝑤2 cos𝐿 −𝑤(𝑤 + 1) sin𝐿 − 𝑤𝐿(𝑓𝑒 + cos𝐿) [(𝑤ℎ𝑒 + 𝑤𝐿𝑘𝑒) cos𝐿 + (𝑤𝑘𝑒 − 𝑤𝐿ℎ𝑒) sin𝐿] 𝑔𝑒
𝑤2 sin𝐿 𝑤(𝑤 + 1) cos𝐿 − 𝑤𝐿(𝑔𝑒 + sin𝐿) [(𝑤ℎ𝑒 + 𝑤𝐿𝑘𝑒) cos𝐿 + (𝑤𝑘𝑒 − 𝑤𝐿ℎ𝑒) sin𝐿] 𝑓𝑒

0 0 −𝑠
2

2 (𝑤 sin𝐿 + 𝑤𝐿 cos𝐿)

0 0 𝑠2
2 (𝑤 cos𝐿 − 𝑤𝐿 sin𝐿)

0 0 (𝑤ℎ𝑒 + 𝑤𝐿𝑘𝑒) cos𝐿 + (𝑤𝑘𝑒 − 𝑤𝐿ℎ𝑒) sin𝐿

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(A.13)

and

𝑤𝐿 =
𝜕𝑤
𝜕𝐿 = 𝑔𝑒 cos𝐿 − 𝑓𝑒 sin𝐿. (A.14)

A.1.7. The derivative of 𝜆𝑚
𝜆𝑚 is given by

̇𝜆𝑚 = −𝑇𝑢𝑚2 ‖𝝀
⊤𝑩(𝒙)‖. (A.15)

A.2. Derivative of the Difference in Orbits
Within this document mostly labelled as Δℳ, the derivative of the difference in metric introduced in

Paper/Equation 17 is,

d

d𝑡
(Δℳ) = 2 ⋅ 𝒄2⃗𝑒 • ((𝑝 ⋅ 𝒙 ⃗𝑒 − 𝑝𝑡 ⋅ 𝒙 ⃗𝑒,𝑡) ⊙ ( ̇𝑝 ⋅ 𝒙 ⃗𝑒 + 𝑝 ⋅ 𝒙̇ ⃗𝑒))

+ 2 ⋅ (𝑝−1 + 𝑝 ⋅ 𝒄2⃗𝑒 • 𝒙
2
⃗𝑒 − 𝑝−1𝑡 − 𝑝𝑡 ⋅ 𝒄2⃗𝑒 • 𝒙

2
⃗𝑒,𝑡) ⋅ ( ̇𝑝 ⋅ 𝒄2⃗𝑒 • 𝒙

2
⃗𝑒 − ̇𝑝𝑝−2 + 2𝑝 ⋅ 𝒄2⃗𝑒 • (𝒙 ⃗𝑒 ⊙ 𝒙̇ ⃗𝑒))

(A.16)

where 𝒙 ⃗𝑒 = [𝑓𝑒, 𝑔𝑒, ℎ𝑒, 𝑘𝑒]
⊤
, 𝒄2⃗𝑒 = [𝑐2𝑓, 𝑐2𝑔, 𝑐2ℎ, 𝑐2𝑘]

⊤
, and the suffix 2𝑡 stands for ‘target’ and identifies

the elements of the target state. • is the dot-product and ⊙ is the Hadamard (element-wise) product.

A.3. State Representation Conversion Derivations
In this part of the appendix, several state representations and their conversion to and from a known state

representation are described and, if necessary, derived. This starts with the canonical elements, i.e., the

Delaunay elements and Poincaré elements, in Section A.3.1 and A.3.2, respectively. This is followed by a

conversion between MEE and Keplerian elements in Section A.3.3, which is needed for the next section in

this appendix, Section A.4. Finally, the Kustaanheimo-Stiefel elements are described, first in one of the

definitions available in literature and subsequently the definition used within this work. This happens in

Section A.3.4.

A.3.1. Delaunay conversions
The Delaunay elements are the following:

• 𝐿𝑑 Delaunay canonical variable,
• ℎ specific angular momentum,

• 𝐻𝑑 Delaunay canonical variable.

• 𝜔 argument of periapsis,

• Ω right ascension of ascending node,

• 𝑀mean anomaly.

The derivation coming here-after is structured in the following way. First, the relation between the MEE

orientation parameters 𝑘𝑒 and ℎ𝑒 will be exploited to obtain the cosine of the inclination (Equation A.17).

From there, in Equation A.18 a relation for the mean anomaly will be derived, coming from MEE elements,

again. Following that, everything is put together to get a full conversion fromModified Equinoctial Elements

to Delaunay elements (see Equation A.19). Finally, the inverse relationship, the conversion from Delaunay

elements to MEE, is derived – found in Equation A.20.
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The Cosine of Inclination

According to Tudat (for non-retrograde orbits), 𝑖 = 2 ⋅ arctan√ℎ2𝑒 + 𝑘2𝑒. The definition of Delaunay elements

does not contain 𝑖 directly, yet it does contain cos 𝑖.

Introducing the temporary 𝜅 for simplicity in the later computations,

𝜅 = arctan√ℎ2𝑒 + 𝑘2𝑒 ⇒ tan 𝜅 = √ℎ2𝑒 + 𝑘2𝑒 .

Making use of trigonometric identities,

tan2 𝜅 = ℎ2𝑒 + 𝑘2𝑒 = sec2 𝜅 − 1 = 1
cos2

− 1 ⇒ cos2 𝜅 = 1
ℎ2𝑒 + 𝑘2𝑒 + 1

,

cos 2𝜅 = 2 cos2 𝜅 − 1 = 2 ( 1
ℎ2𝑒 + 𝑘2𝑒 + 1

) − 1 ⇒ cos 2𝜅 =
−ℎ2𝑒 − 𝑘2𝑒 + 1
ℎ2𝑒 + 𝑘2𝑒 + 1

.

Finally, a direct relation that is only a function of the two MEE parameters ℎ𝑒 and 𝑘𝑒 is found,

⇒ cos 𝑖 = cos (2 ⋅ arctan√ℎ2𝑒 + 𝑘2𝑒) =
−ℎ2𝑒 − 𝑘2𝑒 + 1
ℎ2𝑒 + 𝑘2𝑒 + 1

= 2
ℎ2𝑒 + 𝑘2𝑒 + 1

− 1. (A.17)

The Mean Anomaly

Following Vallado and McClain (2007, eq. 2-9),

sin𝐸 = sin 𝜃√1 − 𝑒2
1 + 𝑒 cos 𝜃 , cos𝐸 = 𝑒 + cos 𝜃

1 + 𝑒 cos 𝜃 ,

and combining the two using the atan2 function,

𝐸 = atan2 (sin 𝜃 ⋅
√1 − 𝑒2

1 + 𝑒 cos 𝜃 , 𝑒 + cos 𝜃
1 + 𝑒 cos 𝜃)

= atan2 (sin 𝜃 ⋅ √1 − 𝑒2, 𝑒 + cos 𝜃) .

(A.18)

The Conversion From MEE to Delaunay

Combining the base definition, as given by Hintz (2008), TU Delft (2022), and Vallado and McClain (2007),

with Equation A.17 and A.18 (undefined for 𝑒 >= 1),

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

𝐿𝑑 = √𝜇𝑎 =
ℎ

√1 − 𝑒2
,

ℎ = √𝜇𝑝,

𝐻𝑑 = √𝜇𝑝 ⋅ cos 𝑖 = ℎ ⋅ ( 2
ℎ2𝑒 + 𝑘2𝑒 + 1

− 1) ,

𝜔 = {
atan2(𝑔𝑒, 𝑓𝑒) − Ω for 𝑒 > 0
0 for 𝑒 ≈ 0

,

Ω = atan2(𝑘𝑒, ℎ𝑒),

𝑀 = 𝐸 − 𝑒 sin𝐸 = atan2 (√1 − 𝑒2 sin 𝜃, 𝑒 + cos 𝜃) − 𝑒
√1 − 𝑒2 sin 𝜃
1 + 𝑒 cos 𝜃 ,

(A.19)

where 𝜃, the true anomaly, is found by using 𝐿 = 𝜔+Ω+ 𝜃. Also note that the eccentricity is found through

the relation 𝑒2 = 𝑓2𝑒 + 𝑔2𝑒.

The Conversion From Delaunay to MEE

To go from Delaunay elements to MEE, one essentially only needs to reverse the previous equations

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑝 = ℎ2
𝜇 , ℎ𝑒 =√

ℎ −𝐻𝑑
ℎ + 𝐻𝑑

cosΩ,

𝑓𝑒 =√
1 − ( ℎ𝐿𝑑

)
2
cos(𝜔 + Ω), 𝑘𝑒 =√

ℎ −𝐻𝑑
ℎ + 𝐻𝑑

sinΩ,

𝑔𝑒 =√
1 − ( ℎ𝐿𝑑

)
2
sin(𝜔 + Ω), 𝐿 = 𝜔 + Ω + 𝜃,

(A.20)
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while the true anomaly 𝜃 is found via the eccentric anomaly 𝐸 (Vallado & McClain, 2007),

tan
𝜃
2 = √

1 + 𝑒
1 − 𝑒 tan

𝐸
2 .

The eccentric anomaly itself is found from the mean anomaly𝑀 and the eccentricity, using the method

outlined by Markley (1995). It can also be found via other iterative methods solving, (Vallado & McClain,

2007)

𝑀 = 𝐸 − 𝑒 sin𝐸,

such as the ones implemented in Tudat (TU Delft, 2022).

A.3.2. Poincaré conversions
The Poincaré elements Poincaré, 1892, are:

• 𝐿𝑑, a Delaunay canonical variable, which is also used in the Delaunay set,

• 𝜉𝑝 and 𝜂𝑝, the eccentric variables Smart, 1953.

• 𝑢𝑝 and 𝑣𝑝, the oblique variables Smart, 1953.

• ℓ, the mean longitude.

Just as for the Delaunay elements in Section A.3.1, this section will start with the conversion from MEE to

Poincaré – found in Equation A.21. This is not much of a derivation, as it is mostly taken from literature.

The section thereafter, however, will derive and present the reverse, i.e., going from Poincaré to MEE

(shown in Equation A.22).

The Conversion From MEE to Poincaré

The base definition is taken from Hintz (2008), yet there is a mistake where Hintz goes the step to define

the Poincaré elements in terms of Equinoctial Elements rather than Keplerian elements. The derivation is

trivial, and the error obvious when following it, yet a correct derivation can also be found in Lyon (2004).

Following that, and translating from regular Equinoctial Elements to Modified Ones, the Delaunay elements

are

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝐿𝑑 = √𝜇𝑎 = √
𝜇𝑝

1 − 𝑒2 , 𝑢𝑝 = 𝑘𝑒√2𝐿𝑑√1 − 𝑒2(1 + cos(𝑖)),

𝜉𝑝 = 𝑔𝑒
√

2𝐿𝑑
1 + √1 − 𝑒2

, 𝑣𝑝 = ℎ𝑒√2𝐿𝑑√1 − 𝑒2(1 + cos(𝑖)),

𝜂𝑝 = 𝑓𝑒
√

2𝐿𝑑
1 + √1 − 𝑒2

, ℓ = 𝑀 + 𝜔 +Ω,

(A.21)

where 𝑀 can be found from the true anomaly 𝜃 using the method outlied for the Delaunay conversion.

The eccentricity is given by the relation 𝑒2 = 𝑓2𝑒 + 𝑔2𝑒, while the true anomaly itself is found by

𝜃 = 𝐿 − atan2(𝑔𝑒, 𝑓𝑒),

as atan2(𝑔𝑒, 𝑓𝑒) = 𝜔 + Ω.

The Conversion From Poincaré to MEE

Using 𝑓2𝑒 + 𝑔2𝑒 = 𝑒2,

𝜉2𝑝 + 𝜂2𝑝 =
2𝑒2𝐿𝑑

1 + √1 − 𝑒2
,

which can then be solved for 𝑒2,

𝑒2 = {0,
(𝜂2𝑝 + 𝜉2𝑝) ⋅ (4 ⋅ 𝐿𝑑 − (𝜂2𝑝 + 𝜉2𝑝))

4 ⋅ 𝐿2𝑑
} .
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With 𝑒2 known, one can solve for 𝑝, but also for 𝑓𝑒 and 𝑔𝑒,

𝑔𝑒 = 𝜉𝑝√
1+√1 − 𝑒2

2𝐿𝑑
, 𝑓𝑒 = 𝜂𝑝√

1+√1 − 𝑒2
2𝐿𝑑

.

Using the definition for cos 𝑖 derived earlier,

cos 𝑖 = 2
ℎ2𝑒 + 𝑘2𝑒 + 1

− 1,

one can also start solving towards ℎ𝑒 and 𝑘𝑒.

𝑢2𝑝 + 𝑣2𝑝 =
4𝐿𝑑√1 − 𝑒2(ℎ2𝑒 + 𝑘2𝑒)

ℎ2𝑒 + 𝑘2𝑒 + 1
,

which can be rearranged for ℎ2𝑒 + 𝑘2𝑒,

ℎ2𝑒 + 𝑘2𝑒 =
𝑢2𝑝 + 𝑣2𝑝

4𝐿𝑑√1 − 𝑒2 − (𝑢2𝑝 + 𝑣2𝑝)
,

and, consequentially,

𝑘𝑒 =
𝑢𝑝

√4𝐿𝑑√1 − 𝑒2 − (𝑢2𝑝 + 𝑣2𝑝)
, ℎ𝑒 =

𝑣𝑝

√4𝐿𝑑√1 − 𝑒2 − (𝑢2𝑝 + 𝑣2𝑝)
.

Finally, 𝐿 is found using the fact that

atan2(𝜉𝑝, 𝜂𝑝) = 𝜔 + Ω,

and the same path as before (see Section A.3.1) is taken to go from mean anomaly𝑀 to true anomaly 𝜃.

In summary, the conversion from Poincaré to MEE is given by

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

𝑝 = 1
𝜇(1 − 𝑓2𝑒 − 𝑔2𝑒)𝐿2𝑑, 𝑘𝑒 =

𝑢𝑝

√4𝐿𝑑√1 − 𝑒2 − (𝑢2𝑝 + 𝑣2𝑝)
,

𝑔𝑒 = 𝜉𝑝√
1+√1 − 𝑒2

2𝐿𝑑
, ℎ𝑒 =

𝑣𝑝

√4𝐿𝑑√1 − 𝑒2 − (𝑢2𝑝 + 𝑣2𝑝)
,

𝑓𝑒 = 𝜂𝑝√
1+√1 − 𝑒2

2𝐿𝑑
𝐿 ∶ 𝑀 = ℓ − atan2(𝜉𝑝, 𝜂𝑝) ⇒ 𝐸 ⇒ 𝜃.

(A.22)

A.3.3. Keplerian Conversions
This section will briefly demonstrate the conversion to (Equation A.23) and from (Equation A.24) Modified

Equinoctial Elements. Do note, however, that the 𝐼 parameter is assumed to be one throughout. This

means that there is an anomaly at 𝑖 = 180deg, and thus these equations do not apply anywhere near

there.

From Keplerian Elements to MEE

Following the original definition, i.e., Walker et al. (1985),

⎧
⎪

⎨
⎪
⎩

𝑝 = 𝑎(1 − 𝑒2), ℎ𝑒 = tan
𝑖
2 cosΩ,

𝑓𝑒 = 𝑒 cos(𝜔 + Ω), 𝑘𝑒 = tan
𝑖
2 sinΩ,

𝑔𝑒 = 𝑒 sin(𝜔 + Ω), 𝐿 = Ω + 𝜔 + 𝜃.

(A.23)
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From MEE to Keplerian Elements

Reversing the equations, one can clearly see that

𝜔 + Ω = atan2(𝑔𝑒, 𝑓𝑒) and Ω = atan2(𝑘𝑒, ℎ𝑒),

and thus, the following relations emerge,

⎧
⎪⎪

⎨
⎪⎪
⎩

𝑎 =
𝑝

1 − 𝑓2𝑒 − 𝑔2𝑒
, 𝜔 = atan2(𝑔𝑒, 𝑓𝑒) − atan2(𝑘𝑒, ℎ𝑒),

𝑒 = √𝑓2𝑒 + 𝑔2𝑒, Ω = atan2(𝑘𝑒, ℎ𝑒),

𝑖 = 2 arctan√ℎ2𝑒 + 𝑘2𝑒 , 𝜃 = 𝐿 − atan2(𝑔𝑒, 𝑓𝑒).

(A.24)

A.3.4. Kustaanheimo-Stiefel elements
The Kustaanheimo-Stiefel (Kustaanheimo & Stiefel, 1965) elements used within this work are based on

the definition by Fukushima (2005). They have been slightly reworked, however, to reduce the number

of elements from nine to seven without loss of information. While in Fukushima (2005) either the third

or fourth element is always zero (which one depends on the sign of the first Cartesian element), that

information is, in this variant, simply encoded in the sign of the first element. In the original definition,

that first element, 𝜗1, is always positive. In essence, 𝜗4 is always zero in this revised definition – and thus

omitted. 𝑥
2
and 𝑣

2
refer to the Cartesian position and velocity elements, respectively.

First, the definition as described in Fukushima (2005) is presented, in Equation A.25 and A.26. Fol-

lowing that, the revised definition is introduced, and a conversion to (Equation A.27 and A.28) and from

(Equation A.29) Cartesian elements is provided.

The Original Definition

The original definition, as given by Fukushima (2005), is found in Equation A.25 with the derivatives given in

Equation A.26. Note that the reason the state elements are conditionally defined is so that the derivatives

can be uniquely defined. The radius is given by 𝑟 = √𝑥21 + 𝑥22 + 𝑥23, as usual.

⎧⎪
⎨⎪
⎩

𝜗1 =√
𝑟 + 𝑥1
2 , 𝜗2 =√

2
𝑟 + 𝑥1

𝑥2
2 , 𝜗3 =√

2
𝑟 + 𝑥1

𝑥3
2 , 𝜗4 = 0 for 𝑥1 ≥ 0

𝜗2 =√
𝑟 − 𝑥1
2 , 𝜗1 =√

2
𝑟 − 𝑥1

𝑥2
2 , 𝜗4 =√

2
𝑟 − 𝑥1

𝑥3
2 , 𝜗3 = 0 for 𝑥1 < 0

(A.25)

{
𝜗′1 =

1
2 (𝜗1𝑣1 + 𝜗2𝑣2 + 𝜗3𝑣3) , 𝜗′2 =

1
2 (−𝜗2𝑣1 + 𝜗1𝑣2 + 𝜗4𝑣4) ,

𝜗′3 =
1
2 (−𝜗3𝑣1 − 𝜗4𝑣2 + 𝜗1𝑣3) , 𝜗′4 =

1
2 (𝜗4𝑣1 − 𝜗3𝑣2 + 𝜗2𝑣3) ,

(A.26)

The Revised Definition

This new definition was derived by first crystallizing out the two sets of equations (i.e., one for 𝑥1 ≥ 0 and
one for 𝑥1 < 0), rearranging and renaming the variables of the second set to achieve consistency with the

first one, and dropping the always-zero variable 𝜗4. Finally, the one information missing without the index

of the zero column, the sign of 𝑥1, was reintroduced by just multiplying the strictly positive variable 𝜗1 by
the sign of 𝑥1. This requires a bit of bookkeeping to cancel the effects of that sign out in later equations

again, yet it allows reducing the set of equations by one now-redundant column. The conversion from

Cartesian is given by Equation A.27 and A.28, while the conversion back is given by Equation A.29.

𝜗1 = 𝑠𝑥1√
𝑟+ |𝑥1|

2 𝜗2 =√
2

𝑟 + |𝑥1|
𝑥2
2 𝜗3 =√

2
𝑟 + |𝑥1|

𝑥3
2 (A.27)

{
𝜗′1 =

1
2 (𝜗1𝑣1 + 𝜗2𝑣2 + 𝜗3𝑣3) , 𝜗′2 =

1
2 (−𝜗2𝑣1 + 𝜗1𝑣2) 𝑠𝑥1,

𝜗′3 =
1
2 (−𝜗3𝑣1 + 𝜗1𝑣3) 𝑠𝑥1, 𝜗′4 =

1
2 (−𝜗3𝑣2 + 𝜗2𝑣3) ,

(A.28)
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where

𝑠𝑥1 = {
+1 if 𝑥1 ≥ 0
−1 if 𝑥1 < 0

, 𝑟 = √𝑥21 + 𝑥22 + 𝑥23.

And back to Cartesian,

{
𝑥1 = (𝜗21 − 𝜗22 − 𝜗23 ) 𝑠𝑥1, 𝑥2 = 2𝜗2𝜗1𝑠𝑥1, 𝑥3 = 2𝜗1𝜗3𝑠𝑥1,

𝑣1 = 𝑠𝑥1
2
𝑟 (−𝜗2𝜗

′
2 + 𝑠𝑥1𝜗1𝜗

′
1 − 𝜗3𝜗′3) , 𝑣2 =

2
𝑟 (𝑠𝑥1𝜗1𝜗

′
2 + 𝜗2𝜗′1 − 𝜗3𝜗′4) , 𝑣3 =

2
𝑟 (𝜗3𝜗

′
1 + 𝜗2𝜗′4 + 𝑠𝑥1𝜗1𝜗

′
3) ,

(A.29)

where

𝑠𝑥1 = {
+1 if 𝜗1 ≥ 0
−1 if 𝜗1 < 0

, 𝑟 = 𝜗21 + 𝜗22 + 𝜗23 .

Fukushima (2005) carries an additional value, what they call the ‘negative Kepler energy’ ℎ𝑘 as part
of the state space. This ℎ𝑘 is also dropped as it does not carry any information not present in the other

columns. To be precise, it can be calculated from the other columns in the following way,

𝜗′1
2 + 𝜗′2

2 + 𝜗′3
2 + 𝜗′4

2 =
(𝑣21 + 𝑣22 + 𝑣23)(𝜗21 + 𝜗22 + 𝜗23 )

4 ,

⇒ 𝑣21 + 𝑣22 + 𝑣23 = 4 ⋅
𝜗′1

2 + 𝜗′2
2 + 𝜗′3

2 + 𝜗′4
2

𝜗21 + 𝜗22 + 𝜗23
,

⇒ ℎ𝐾 =
𝜇
𝑟 − 2 ⋅

𝜗′1
2 + 𝜗′2

2 + 𝜗′3
2 + 𝜗′4

2

𝑟 . (A.30)

A.4. Costate Mapping from MEE to Keplerian
Applying costate mapping, as outlined in Taheri et al. (2021), to the MEE-to-Keplerian case,

𝝀𝒙MEE
(𝑡)T [

𝜕𝝔(𝒙kep)
𝜕𝒙kep

]
|
|
|
𝑡

= 𝝀𝒙kep(𝑡)
T, (A.31)

where 𝝔, here, is a function describing the transformation from Keplerian to MEE state. The resulting

matrix, after replacing the state elements it contains in Keplerian by their equivalent value described in

MEE (see Section A.3.3 for the relevant definitions), and considering the following identities for atan2,

cos(atan2(𝑦, 𝑥)) = 𝑥
√𝑥2 + 𝑦2

and sin(atan2(𝑦, 𝑥)) =
𝑦

√𝑥2 + 𝑦2
,

is,

𝜕𝝔(𝒙kep)
𝜕𝒙kep

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−𝑓2𝑒 − 𝑔2𝑒 + 1
2𝑝√𝑓2𝑒 + 𝑔2𝑒
𝑓2𝑒 + 𝑔2𝑒 − 1

0 0 0 0

0
𝑓𝑒

√𝑓2𝑒 + 𝑔2𝑒
0 −𝑔𝑒 −𝑔𝑒 0

0
𝑔𝑒

√𝑓2𝑒 + 𝑔2𝑒
0 𝑓𝑒 𝑓𝑒 0

0 0
ℎ𝑒 (ℎ2𝑒 + 𝑘2𝑒 + 1)

2√ℎ2𝑒 + 𝑘2𝑒
0 −𝑘𝑒 0

0 0
𝑘𝑒 (ℎ2𝑒 + 𝑘2𝑒 + 1)

2√ℎ2𝑒 + 𝑘2𝑒
0 ℎ𝑒 0

0 0 0 1 1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.
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Its inverse is given by

[
𝜕𝝔(𝒙kep)
𝜕𝒙kep

]
−1

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 1
𝑓2𝑒 + 𝑔2𝑒 − 1

2𝑝𝑓𝑒
(𝑓2𝑒 + 𝑔2𝑒 − 1)2

2𝑝𝑔𝑒
(𝑓2𝑒 + 𝑔2𝑒 − 1)2

0 0 0

0
𝑓𝑒

√𝑓2𝑒 + 𝑔2𝑒

𝑔𝑒

√𝑓2𝑒 + 𝑔2𝑒
0 0 0

0 0 0
2ℎ𝑒

√ℎ2𝑒 + 𝑘2𝑒 (ℎ2𝑒 + 𝑘2𝑒 + 1)

2𝑘𝑒
√ℎ2𝑒 + 𝑘2𝑒 (ℎ2𝑒 + 𝑘2𝑒 + 1)

0

0 −
𝑔𝑒

𝑓2𝑒 + 𝑔2𝑒
𝑓𝑒

𝑓2𝑒 + 𝑔2𝑒
𝑘𝑒

ℎ2𝑒 + 𝑘2𝑒
−

ℎ𝑒
ℎ2𝑒 + 𝑘2𝑒

0

0 0 0 −
𝑘𝑒

ℎ2𝑒 + 𝑘2𝑒
ℎ𝑒

ℎ2𝑒 + 𝑘2𝑒
0

0
𝑔𝑒

𝑓2𝑒 + 𝑔2𝑒
−

𝑓𝑒
𝑓2𝑒 + 𝑔2𝑒

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.





B
Catastrophic Cancellation Potential of the

Throttle Function

When computing the optimal throttle, given by Izzo and Öztürk (2021)

𝑢∗(𝑡) = 2𝜀
2𝜀 + SF(𝑡) + √4𝜀2 + SF(𝑡)2

(B.1)

where 𝜀 ∈ [0, 1] is the continuation parameter (see ), and SF(𝑡) the switching function.
When the switching function goes toward infinity, the denominator does too, and the throttle setting

hence goes to zero. In the other direction, however, when the switching function approaches large negative

values, the denominator approaches 2𝜀, and hence the throttle is expected to approach one. When dealing

with digital computing, however, one must consider the limited accuracy of floating-point arithmetic. To

be specific, the phenomenon occurs when two numbers close to each other are subtracted from each

other: This is known as catastrophic cancellation (Oliveira & Stewart, 2006). To visualize what happens

in that case, the denominator of Equation B.1 for various large negative values of SF has been plotted in

Figure B.1. One can clearly see that from a certain magnitude of SF on, the behavior becomes erratic and

eventually settles on a value of 0. The value of the denominator should, however, remain at 2 ⋅ 𝜀, and this

accuracy thus has to be accounted for manually.
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Figure B.1: Catastrophic cancellation demonstrated on the denominator of Equation B.1

with 𝜀 = 0.1.
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C
Literature Overview

This appendix contains various overview tables covering the relevant available literature. Section C.1

provides an overview of the neural networks used, including their features and targets. It also lists the

neural network architecture and learning strategies used. This is followed by Section C.2, which provides

an overview of the strategies used in literature to generate (training) trajectory data.

C.1. Neural Networks Trajectory Optimization Found in Literature
This section’s tables use a case identifier to uniquely identify the different networks used. Some published

literature only contains a single network, making the case identifier rather unique, yet others contain a

number of them. For all case identifiers, the mapping to the corresponding reference can be found in

Table C.5.

Table C.1 lists the different feature sets used in literature and Table C.2 does so for the targets. This is

followed by an overview of the different network architectures, i.e., node count, layer count, and activation

functions. This can be found in Table C.3. Finally, Table C.4 provides a brief synopsis of the learning

strategies employed in the surveyed literature.

C.2. Minimum-Fuel Approaches in Literature
Table C.6 gives an overview of the approaches used in literature to solve the minimum-fuel transfer

problem.
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Table C.1: Overview of features found in literature.

x = used, - = unsuccessfully considered, ∆ = difference used

Case Identifier¶

Features

m
o
d
.
e
q
u
.
e
le
m
.
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rt
e
si
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e
le
m
.

k
e
p
le
r
e
le
m
.

e
q
u
in
o
ct
.
e
le
m
.

d
e
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u
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a
y
e
le
m
.

in
it
.
m
a
ss

m
a
x
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it
.
m
a
ss

tr
a
n
sf
e
r
ti
m
e

sp
e
c.
a
n
g
.
m
o
m
.

sp
e
c.
o
rb
.
e
n
e
r.

∆
V
L
a
m
b
e
rt

o
th
e
r

Yin2020 x‡ 𝑖+𝑒
Mereta2017 x§ x x x

Xie2021 x+∆ - - x x ⃗x x x

Viavattene2022 x - - - - x

Li2019_MEE_TOF_NEA x

Li2019_CAR_TOF_NEA x

Li2019_MEE_COS_NEA x

Li2019_CAR_COS_NEA x

Li2019_MEE_CON_NEA x x

Li2019_CAR_CON_NEA x x

Li2019_MEE_TOF_MARS x

Li2019_CAR_TOF_MARS x

Li2019_MEE_COS_MARS x

Li2019_CAR_COS_MARS x

Li2019_MEE_CON_MARS x x

Li2019_CAR_CON_MARS x x

Li2020_TOF - x† - x x x

Li2020_MASS x∗ - - x x x x x

Li2020_∆V - - x† - - - -

Li2019a_LEO_HiT - x -

Li2019a_LEO_LoT - x -

Li2019a_GEO_HiT - x -

Li2019a_GEO_LoT - x -

Miller2019a_POL x

Miller2019a_CRIT x

LaFarge2021_POL x+∆ x x‖

LaFarge2021_CRIT x+∆ x x‖

Arora2020_PL 𝑒 x x∗∗

Arora2020_NONPL 𝑒+𝑖 x x∗∗

Miller2019_POL12 x+∆ x x x††

Miller2019_VAL12 x+∆ x x x††

Miller2019_POL3 x+∆ x x x††

Miller2019_VAL3 x+∆ x x x††

Izzo2021_VAL x x

Izzo2021_POL x x

∗,†,‡,§,¶

∗The state of departure body at time of departure, state of

target body at time of arrival.
†Departure and target body state at time of departure.

‡Only the position is used as feature.
§cos𝜃, |∆𝑎|, |∆𝑒|
¶See Table C.5 for mapping to references.
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Table C.2: Overview of targets found in literature.

x = used, - = unsuccessfully considered, ∆ = difference used

Case Identifier¶

Target

co
st
a
te

ve
ct
o
r

fi
n
a
l
m
a
ss

p
ro
p
e
ll
a
n
t
m
a
ss

ti
m
e
o
f
fl
ig
h
t

co
n
tr
o
l
ve
ct
o
r

∆
V

sc
o
re

Yin2020 x x x

Mereta2017 x

Xie2021 x‡‡

Viavattene2022 x x

Li2019_MEE_TOF_NEA x

Li2019_CAR_TOF_NEA x

Li2019_MEE_COS_NEA x

Li2019_CAR_COS_NEA x

Li2019_MEE_CON_NEA x

Li2019_CAR_CON_NEA x

Li2019_MEE_TOF_MARS x

Li2019_CAR_TOF_MARS x

Li2019_MEE_COS_MARS x

Li2019_CAR_COS_MARS x

Li2019_MEE_CON_MARS x

Li2019_CAR_CON_MARS x

Li2020_TOF x

Li2020_MASS x

Li2020_∆V x

Li2019a_LEO_HiT x

Li2019a_LEO_LoT x

Li2019a_GEO_HiT x

Li2019a_GEO_LoT x

Miller2019a_POL x

Miller2019a_CRIT x

LaFarge2021_POL x

LaFarge2021_CRIT x

Arora2020_PL x

Arora2020_NONPL x

Miller2019_POL12 x

Miller2019_VAL12 x

Miller2019_POL3 x

Miller2019_VAL3 x

Izzo2021_VAL x

Izzo2021_POL x

‖,∗∗,††,‡‡

‖The Jacobi constant and its target value.
∗∗Relative weights of different vector components;

implementation specific.

††The current time.
‡‡Convergence/divergence classification.
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Table C.3: Overview of neural network architectures found in literature.

x = used, - = unsuccessfully considered

Case Identifier‡

Architecture Activation function Output activation

n
_l
a
y
e
rs

n
_n
e
u
ro
n
s

si
g
m
o
id

R
e
L
U

ta
n
h

ta
n
h

li
n
e
a
r

si
g
m
o
id

Yin2020 6 64 - x -

Mereta2017 2 80 x x

Xie2021 6 459 x∗ unknown

Viavattene2022 2 80 x - unknown

Li2019_MEE_TOF_NEA 4 254 x - - x

Li2019_CAR_TOF_NEA 3 460 - x - x

Li2019_MEE_COS_NEA 4 452 - - x x

Li2019_CAR_COS_NEA 4 350 - - x x

Li2019_MEE_CON_NEA 3 382 - x - x -

Li2019_CAR_CON_NEA 6 390 - x - - x

Li2019_MEE_TOF_MARS 4 264 x - - x

Li2019_CAR_TOF_MARS 5 386 - x - x

Li2019_MEE_COS_MARS 5 444 x - - x

Li2019_CAR_COS_MARS 3 298 - - x x

Li2019_MEE_CON_MARS 4 392 - x - - x

Li2019_CAR_CON_MARS 3 436 - - x x -

Li2020_TOF 4 218 x - - x

Li2020_MASS 5 170 x - - x

Li2020_∆V 4 210 x - - x

Li2019a_LEO_HiT 6 350 - - x unknown

Li2019a_LEO_LoT 6 452 - x - unknown

Li2019a_GEO_HiT 4 176 x - - unknown

Li2019a_GEO_LoT 5 138 x - - unknown

Miller2019a_POL 3 32 x x

Miller2019a_CRIT 3 32 x x

LaFarge2021_POL 3 120/60/30 x x

LaFarge2021_CRIT 3 120/24/5 x x

Arora2020_PL 1 150

Arora2020_NONPL 1 150

Miller2019_POL12 3 32 x x

Miller2019_VAL12 3 32 x x

Miller2019_POL3 3 150/87/50 x x

Miller2019_VAL3 3 150/27/5 x x

Izzo2021_VAL 9 200 x† x

Izzo2021_POL 3 200 x† x x

∗,†,‡

∗ReLU, leaky ReLU, and ELU were tested; leaky ReLU was selected.
†The ReLU variation softplus was used.
‡See Table C.5 for mapping to references.
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Table C.4: Overview of neural network learning architectures found in literature.

x = used, - = unsuccessfully considered

Case Identifier‡

Optimizer Decay model

A
G
D

M
G
D

G
D

S
G
D

L
M

A
M
S
G
ra
d

E
D

N
E
D

O
th
e
r

Yin2020 unknown None

Mereta2017 x None

Xie2021 x Quadratic

Viavattene2022 x None

Li2019_MEE_TOF_NEA x - - x -

Li2019_CAR_TOF_NEA x - - x -

Li2019_MEE_COS_NEA x - - x -

Li2019_CAR_COS_NEA x - - x -

Li2019_MEE_CON_NEA x - - - x

Li2019_CAR_CON_NEA x - - - x

Li2019_MEE_TOF_MARS x - - x -

Li2019_CAR_TOF_MARS - x - x -

Li2019_MEE_COS_MARS x - - - x

Li2019_CAR_COS_MARS x - - x -

Li2019_MEE_CON_MARS x - - x -

Li2019_CAR_CON_MARS x - - - x

Li2020_TOF x - - - x

Li2020_MASS x - - - x

Li2020_∆V x - - - x

Li2019a_LEO_HiT x - - -§ -§

Li2019a_LEO_LoT x - - -§ -§

Li2019a_GEO_HiT x - - -§ -§

Li2019a_GEO_LoT x - - -§ -§

Miller2019a_POL unknown None

Miller2019a_CRIT unknown None

LaFarge2021_POL x Custom

LaFarge2021_CRIT x Custom

Arora2020_PL x Custom

Arora2020_NONPL x Custom

Miller2019_POL12 x Schedule

Miller2019_VAL12 x Schedule

Miller2019_POL3 x Schedule

Miller2019_VAL3 x Schedule

Izzo2021_VAL x None

Izzo2021_POL x None

§

§Unclear which one is selected.
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Table C.5: Mapping between case identifiers and corresponding references.

Reference Case Identifier

Yin et al. (2020) Yin2020

Mereta et al. (2017) Mereta2017

Xie and Dempster (2021) Xie2021

Viavattene and Ceriotti (2022) Viavattene2022

H. Li, Baoyin, and Topputo (2019) Li2019_MEE_TOF_NEA

Li2019_CAR_TOF_NEA

Li2019_MEE_COS_NEA

Li2019_CAR_COS_NEA

Li2019_MEE_CON_NEA

Li2019_CAR_CON_NEA

Li2019_MEE_TOF_MARS

Li2019_CAR_TOF_MARS

Li2019_MEE_COS_MARS

Li2019_CAR_COS_MARS

Li2019_MEE_CON_MARS

Li2019_CAR_CON_MARS

H. Li et al. (2020) Li2020_TOF

Li2020_MASS

Li2020_∆V

H. Li, Topputo, and Baoyin (2019) Li2019a_LEO_HiT

Li2019a_LEO_LoT

Li2019a_GEO_HiT

Li2019a_GEO_LoT

Miller and Linares (2019) Miller2019a_POL

Miller2019a_CRIT

LaFarge et al. (2021) LaFarge2021_POL

LaFarge2021_CRIT

Arora and Dutta (2020) Arora2020_PL

Arora2020_NONPL

Miller et al. (2019) Miller2019_POL12

Miller2019_VAL12

Miller2019_POL3

Miller2019_VAL3

Izzo and Öztürk (2021) Izzo2021_VAL

Izzo2021_POL
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Table C.6: Overview of approaches to solve the minimum-fuel transfer problem in literature.

free
publication homotopy state repr. use-case∗

time POP
time/traj. convergence

Rosa Sentinella and Casalino (2006) - Cartesian E-M w/ GA yes no ∼75 s ∼30%
Epenoy (2023) - Cartesian rendez-vous no no ∼1 to 701 s§ unknown

Wang and Grant (2018) - spherical† E-M no no ∼2.49 s unknown

Jawaharlal Ayyanathan and Taheri (2022) throttle smoothing Cartesian/MEE‡ E-D, GTO-GEO no no unclear ∼66%¶

Zhu et al. (2017) from min-thrust Cartesian E-M, orbit transfers no no >30min unknown

T. Li et al. (2021) from min-thrust Cartesian E-M, E-D no no unknown unknown

Jiang et al. (2012) logarithmic barrier Cartesian E-V, E-J w/ GA no no ∼28 s unknown

Tang et al. (2018) logarithmic barrier cylindrical E-M, E-V no no unknown unknown

Izzo and Öztürk (2021) logarithmic barrier MEE E-V yes yes N/A N/A

Guo et al. (2012) quadratic Cartesian E-V, E-A no no unknown unknown

Pan et al. (2019) quadratic Cartesian E-M w/ GA no no unknown unknown

Morelli et al. (2022) quadratic Cartesian E-D no no ∼6 s ∼58%

∗ †,‡,§ ¶

∗V = Venus, E = Earth, M = Mars, J = Jupiter, A = Asteroid, D = Dionysus, w/ GA = with gravity-assist manoeuvres.
†Radius, two angles, and the derivatives of the three. This is different from the spherical definition used in this.
‡Cartesian is used to estimate the costates, which are then mapped to MEE.
§Increases as the number of coast/thrust arcs increases. 1 s cooresponds to one coast and two thrust arcs.
¶Earth->Dionysus has a convergence of ∼66%, GTO-GEO’s is ∼45 to 55% (the high value reached without J2, and using the h-e set)





D
Towards Earth-Venus Convergence

This work ended up using Earth-Mars transfer trajectories only, which was not the intention from the start.

The reason for this is, however, that Venus convergence could not be achieved in a timely manner. The

attempts that were made are documented in this appendix to provide a potential starting point for future

work.

The initial path that was intended to take towards generating any data was to use the homotopy outlined

in Izzo and Öztürk (2021), which incidentally also deals with Earth-Venus transfers. When convergence for

Earth-Mars was achieved, however, homotopy turned out to be unnecessary.

D.1. Scaling of the Objective Function Elements
The objective function used is Δℳ. As discussed in Paper/Solving the Shooting Problem (p. 7), the choice

of this can have an impact on convergence. This also applies to Earth-Venus trajectories, as can be seen in

Figure D.1, where a clear difference is visible between different values of the individual scaling components.

What is also visible, however, is that none of them reliably converge, and only outliers go anywhere near

the goal of Δℳ < 10−5. The choice of this alone is thus not the missing piece for convergence.
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Figure D.1: Δℳmismatch at Earth, as a function of the costate scaling parameters.
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D.2. Homotopy Paths and their Convergence
The implementation initially followed in this work, Izzo and Öztürk (2021), made use of homotopy for

convergence. As the solution found for Earth-Mars trajectories does not work for Earth-Vesus transfers, it

thus seems reasonable to attempt homotopy once more. Yang et al. (2019) uses an iterative homotopy

algorithm, reducing the step size on convergence failure. This did not turn out to be successful, as when

convergence was not achieved at one step, the step size was reduced so much to be meaningless in the

end. Alternatively, several homotopy paths were tried, and the results looked at. The homotopy paths

tried can be found in Figure D.2 and are characterized by a parameter ℎ𝑎, which describes the shape of

said trajectory.
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Figure D.2: Homotopy paths’ attempted for Venus convergence, characterized by the

parameter 𝑎, and the homotopy-step ∈ [0, 1].

Figure D.3 and D.4 show the resulting Δℳ for the different homotopy paths. Once again, the same

conclusion as for the variation of the scaling parameters can be drawn: Different paths yield different

results, yet the differences are not major enough to produce a viable candidate. While solutions do exist

– Izzo and Öztürk (2021) solves only one trajectory and generates the others suboptimally by a slight

variation of the final costates, for example – more work is needed to make the specific implementation

used in this work for Earth-Venus trajectories.
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Figure D.3: Distribution of the trajectories following a given homotopy path, as kernel

density estimate (KDE) plot.
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Figure D.4: Distribution of the trajectories following a given homotopy path, sorted by

median.
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