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SAMENVATTING

Dit proefschrift speelt zich af in het vakgebied van de kwantummechanica. Dit is de
natuurkundige theorie die nodig is om de wereld op de kleinste lengteschalen te be-
schrijven, de theorie die de spelregels bepaalt waar moleculen, atomen en nog kleinere
deeltjes zich aan moeten houden. Op deze schalen gedragen deeltjes zich niet meer zo-
als je gewend bent. Een elektron ziet zichzelf soms meer als een golf in het water dan als
een pingpongbal. In deze kwantumwereld vinden veel contra-intuïtieve dingen plaats.
Het belangrijkste voorbeeld is hoe je niet meer als onafhankelijke buitenstaander het
systeem kan observeren. Als je een meting doet, dan verandert daardoor het systeem.
De beroemdste analogie is Schrödingers kat, die in superpositie in een doos zit en dus
deels dood en deels levend is. Door te meten of de kat leeft, zorg je er met 50% kans voor
dat de kat nu 100% dood is, terwijl die dat eerst niet was.

Er zijn drie verschillende onderwerpen waar dit proefschrift een steentje aan bij pro-
beert te dragen. Als eerste bestuderen we de vraag hoe een kwantumsysteem verandert
in de loop van de tijd. Als een kwantumsysteem gesloten is, wat wil zeggen dat het sys-
teem niet in contact staat met de buitenwereld eromheen, dan wordt de tijdsevolutie
beschreven door de schrödingervergelijking. De schrödingervergelijking is nu precies
honderd jaar geleden geformuleerd en we begrijpen redelijk goed hoe een systeem zich
gedraagt als deze vergelijking van toepassing is. Als een systeem niet gesloten maar open
is, wordt de situatie een stuk ingewikkelder. Om een exacte beschrijving van een open
kwantumsysteem te geven, moet je niet alleen dit systeem omschrijven, maar ook de
omgeving. In essentie betekent dit dat je op zoek moet naar een groter kwantumsys-
teem dat wel gesloten is.

Deze aanpak is niet altijd praktisch. Een alternatief plan is om het systeem bij be-
nadering te beschrijven. In dit geval doe je bepaalde aannames over het systeem die
niet per se waar hoeven te zijn, maar wel ongeveer zouden moeten kloppen. Als we
aannemen dat de omgeving van een kwantumsysteem niet echt verandert in de loop
van de tijd, kunnen we de tijdsevolutie van het systeem beschrijven met behulp van een
kwantummarkovhalfgroep. Ons doel is om deze kwantummarkovhalfgroepen beter te
begrijpen. Een grote vooruitgang in dit streven was de ontdekking van een connectie
tussen traciaal symmetrische kwantummarkovhalfgroepen en derivaties door Cipriani
en Sauvageot [CS03a]. Derivaties zijn een soort algemenere variant van de afgeleide en
kwantummarkovhalfgroepen kunnen traciaal symmetrisch zijn in de geïdealiseerde si-
tuatie dat de temperatuur in het systeem oneindig hoog is.

Aangezien de temperatuur in de praktijk nooit oneindig hoog is, zou het wenselijk
zijn als deze verbinding standhoudt bij eindige temperaturen. Dit betekent dat we niet
met traciale toestanden moeten werken, maar met algemene toestanden. Helaas toont
Sectie 3.2 aan dat dit problematisch is; van de gehoopte verbinding blijft weinig over. Het
blijkt dat we bij eindige temperaturen niet naar derivaties moeten kijken, maar naar een
variant daarop, gedraaide derivaties genaamd. Wanneer we dat doen, blijkt in Hoofd-
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x SAMENVATTING

stuk 3 dat we voor elke KMS-symmetrische kwantummarkovhalfgroep een corresponde-
rende gedraaide derivatie kunnen maken. Dit generaliseert eerdere resultaten voor GNS-
symmetrische kwantummarkovhalfgroepen. Zowel KMS-symmetrie als GNS-symmetrie
komen overeen met traciale symmetrie als de temperatuur oneindig is, maar in andere
gevallen voldoen veel minder systemen aan GNS-symmetrie dan aan KMS-symmetrie.

Het volgende onderwerp is het vaststellen hoe een kwantumsysteem zich gedraagt.
Het is tamelijk ingewikkeld om dit direct te meten, omdat je een kwantumsysteem niet
zomaar kan observeren. Als je metingen gaat doen aan je kwantumsysteem, beïnvloed je
immers het systeem en gaat het zich anders gedragen dan voorheen. Aan de andere kant
is het natuurlijk onmogelijk om iets over een kwantumsysteem te zeggen als je helemaal
geen beschikking hebt tot informatie over het systeem. Een manier om met dit probleem
om te gaan is om het kwantumsysteem te bekijken als een kwantumapparaat, een zwarte
doos waar je op bepaalde momenten informatie kan invoeren en op andere momenten
informatie als uitvoer krijgt. De vraag is vervolgens wat je kan zeggen over de interne
werking van het apparaat op basis van de in- en uitvoer.

Als je puur op basis van de in- en uitvoer van het apparaat kan concluderen dat de
interne werking bepaalde eigenschappen heeft, betekent dit dat je deze eigenschappen
kunt certificeren: wanneer de uitvoer van het kwantumapparaat op de door jou bepaalde
invoer is zoals verwacht, kan je de garantie geven dat het apparaat de desbetreffende ei-
genschappen heeft. In de praktijk kan dit lang niet altijd. De kunst is om nieuwe combi-
naties van invoer en uitvoer te vinden waar elk apparaat met de gezochte eigenschappen
op een goede manier mee om kan gaan. Het doel is vervolgens om een protocol samen
te stellen met verschillende soorten invoer en corresponderende uitvoer zodat je wel in
staat bent de gewilde eigenschappen te certificeren. Idealiter is de invoer en uitvoer in
een dergelijk protocol niet kwantummechanisch, want dan moeten de apparaten die
daarmee om moeten gaan eigenlijk ook zelf weer gecertificeerd worden.

Een van de manieren om dergelijke protocollen te maken is met behulp van niet-
lokale spellen. Bij een niet-lokaal spel zijn er twee spelers, elk met een kwantumappa-
raat, die vooraf een strategie mogen afspreken, maar tijdens het spel niet mogen com-
municeren. Beide spelers krijgen tegelijk elk hun eigen vraag van een scheidsrechter en
moeten daar een antwoord op geven. Vervolgens is van elke combinatie van twee vragen
en twee antwoorden bekend of je daarmee wint of verliest. Sommige spellen hebben de
eigenschap dat er een unieke optimale strategie is en dat elke strategie die bijna optimaal
is, ook erg lijkt op de optimale strategie. Zulke spellen noemen we robuuste zelftesten
en ze kunnen gebruikt worden om een certificeringsprotocol voor de optimale strategie
te maken.

De uitdaging is om te bewijzen dat een spel een robuuste zelftest is. Vaak wordt het
een stuk makkelijker om een dergelijk bewijs te vinden als je geen rekening hoeft te hou-
den met alle mogelijke strategieën die de spelers kunnen hanteren, maar alleen met stra-
tegieën die aan specifieke spelregels voldoen. Meestal heb je hier helaas niets aan, want
je hebt niets aan extra spelregels als je ze niet kan handhaven. Er gebeurt echter iets spe-
ciaals bij zogeheten synchrone spellen, waar spelers verliezen als ze op dezelfde vragen
verschillende antwoorden geven. Hier is het praktisch om als extra spelregels te eisen
dat de spelers zogeheten maximaal verstrengelde strategieën gebruiken, spelregels die
niet alleen niet te handhaven zijn, maar überhaupt onmogelijk nageleefd kunnen wor-
den in een echte situatie. In Hoofdstuk 4 bewijzen we echter dat een bewijs met deze
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extra spelregels automatisch vertaalt naar een bewijs dat het spel een robuuste zelftest
is zonder extra spelregels. Dit maakt het dus makkelijker om voor synchrone spellen te
bewijzen dat het robuuste zelftesten zijn.

Tot slot gooien we het over een wat andere boeg. Er bestaan heel veel wiskundige
concepten die ontworpen zijn voor een wereld die niet kwantummechanisch is. In veel
gevallen is het kwantummechanische gedrag ook niet zichtbaar en dan werken deze con-
cepten goed. Bij elk van deze concepten roept dit echter wel de vraag op of we kunnen
zorgen dat het concept blijft werken als de kwantummechanische effecten relevant wor-
den. We buigen ons hier over een specifiek concept genaamd uitdijingsgrafen. Grafen
zijn wiskundige objecten waarmee je netwerkstructuren kan beschrijven en uitdijings-
grafen representeren netwerken die bijzonder goed verbonden zijn voor het aantal ver-
bindingen dat is aangelegd in het netwerk.

Er bestaat een kwantumversie van het concept uitdijingsgrafen en de kwantumversie
wordt een kwantumuitdijer genoemd. Het probleem is alleen dat er maar weinig voor-
beelden bekend zijn van kwantumuitdijers, vooral niet van kwantumuitdijers met we-
zenlijk andere eigenschappen dan uitdijingsgrafen. Een van de manieren om uitdijings-
grafen te maken is een constructie van Margulis op basis van groepen met eigenschap
(T) [Mar73] en Harrow was in staat op basis van dezelfde informatie kwantumuitdijers
te maken [Har08]. Deze lijken echter nog sterk op de uitdijingsgrafen, dus het is nog de
vraag of er kwantumeffecten kunnen opduiken bij kwantumuitdijers die je niet ziet bij
uitdijingsgrafen.

Dit proefschrift probeert de constructies van Margulis en Harrow uit te breiden om
op nieuwe manieren voorbeelden van kwantumuitdijers te kunnen vinden. De basis
hiervoor zijn discrete kwantumgroepen, een generalisatie van discrete groepen, die ook
eigenschap (T) kunnen hebben. In Hoofdstuk 5 geven we zowel een constructie van
kwantumuitdijers op basis van discrete kwantumgroepen met eigenschap (T) geïnspi-
reerd door die van Harrow, als een constructie geïnspireerd door die van Margulis. He-
laas is het huidige begrip van de representatietheorie en coideaalstructuur van kwan-
tumgroepen met eigenschap (T) nog niet ver genoeg gevorderd om direct interessante
nieuwe voorbeelden te krijgen. De hoop is dat dit begrip er in de toekomst wel zal zijn en
samen met Hoofdstuk 5 zal leiden tot kwantumuitdijers die echte kwantumeigenschap-
pen vertonen.





SUMMARY

In this dissertation, we concern ourselves with the field of quantum mechanics. This is
the theory in physics that we use to describe the world at its smallest scales; it governs
the laws of nature that molecules, atoms and electrons abide by. These particles do not
always behave as one would expect. At times, an electron seems more like a ripple on
the water’s surface than like a table tennis ball. In the quantum world, counter-intuitive
things tend to happen. A prime example is how one can no longer just observe a system
as an innocent bystander. When you measure something in a quantum system, you are
changing that system. The most famous analogy is Schrödinger’s cat, a poor creature
that is locked in a box and is in a superposition of being dead and alive. If you measure
how the cat is doing, whether by opening the box or by some other means, there is a 50%
chance that that action causes the cat to be 100% dead, which was not the case before.

This dissertation touches upon three different topics. First, we study how quantum
systems change over time. If a quantum system is closed, meaning that it does not in-
teract with the outside world, then the time evolution is described by the Schrödinger
equation. This one-hundred-year-old equation gives us a rather good way to describe
how a system will behave. Things become more complicated if the system is not closed
but open. Now, one has to take into account the interactions of the system with the en-
vironment, and the only way to do this exactly is to find a bigger, closed system, which
we can once again describe using the Schrödinger equation.

This is not always the most practical approach. Often, it is better to forego the aim
of finding an exact description and settle for a good approximation. Such approxim-
ations arise by making assumptions about the system that, while not exactly true, are
almost valid. Assuming that the assumption is valid anyway gives us our approximate
description of the system. We focus on the assumption that the environment does not
change over time, which allows one to use quantum Markov semigroups to describe the
time evolution of the quantum system. Our aim is to better understand these quan-
tum Markov semigroups. Cipriani and Sauvageot made major progress in this direction
by discovering a connection between tracially symmetric quantum Markov semigroups
and derivations. A derivation is a more general version of the usual derivative, and a
quantum Markov semigroup can be tracially symmetric in the idealised case where the
temperature is infinite.

In real cases, the temperature is not infinite, so we would like to obtain similar res-
ults for finite temperatures. This requires us to work with general states instead of tracial
states. Unfortunately, Section 3.2 shows that the connection between quantum Mar-
kov semigroups and derivations breaks down in these situations. It turns out that the
problem is that we should not be looking at derivations but at the related notion of twis-
ted derivations. Chapter 3 shows that, in this case, we can construct a corresponding
twisted derivation for each KMS-symmetric quantum Markov semigroup. This gen-
eralises earlier results for GNS-symmetric quantum Markov semigroups. While both
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KMS-symmetry and GNS-symmetry correspond to tracial symmetry in the infinite-
temperature case, GNS-symmetry is significantly rarer in the finite-temperature case
than KMS-symmetry.

Next, we are interested in determining the behaviour of a quantum system. This
is somewhat complicated because one cannot just observe the quantum system. One
needs to perform measurements, and this changes the behaviour of the system. On the
other hand, it is of course impossible to determine anything about a system without
observing something. To make sense of this, it is better to view the system as a quantum
device, a black box that has certain inputs and certain outputs. From this viewpoint, the
question is how much one can say about the quantum system based on the input one
controls and the corresponding output one observes.

Whenever appropriately controlling the input and observing the resulting output al-
lows you to conclude certain properties of the internal workings of the quantum device,
it becomes possible to certify these properties. This combination of inputs becomes the
test of the certification protocol, and a quantum device can prove that it has the desired
properties by returning the correct outputs. In practise, this is not always possible. To
craft a certification protocol, one often does not just need to find the right combina-
tions of inputs and outputs but also to craft new sets of inputs and outputs that can be
achieved by any quantum device with the desired properties. The goal is to ensure that
having the desired properties is sufficient to pass the certification protocol but that a
system is unlikely to pass if it does not have these properties. The input and output in
such a protocol are preferably not quantum mechanical, because this would technically
require the devices that handle the input and output to be certified as well.

One way to create such protocols is through non-local games. In these games, two
players each receive a question from a referee and individually return an answer. While
they can strategise beforehand, no communication between the players is allowed dur-
ing the game. For each combination of two questions and two answers, it is known
whether the players win or lose, and the players aim to have the highest chance of win-
ning. Certain games have the property that there is a unique optimal strategy and that
any strategy that is almost optimal is actually almost equal to the optimal strategy. Such
games are called robust self-tests, and they can be used to create certification protocols.

The challenging part is to prove that a non-local game is a robust self-test. Often,
finding these proofs would become easier if one is allowed to assume that the strategies
players use abide by certain rules. This limits the number of strategies one has to con-
sider and can allow more convenient mathematical descriptions. Unfortunately, there is
usually no way of enforcing these rules, so these assumptions are not justified in prac-
tise. For synchronous games, where players lose if they give different answers to the
same question, a natural rule is to require the players to use so-called maximally en-
tangled strategies, which significantly simplifies the mathematics involved. However,
this rule is not only nonenforcible, it is actually impossible to perfectly satisfy in real life.
In Chapter 4, we get around this issue by proving that whenever a synchronous game is
a robust self-test with the maximally-entangledness rule in place, it is actually a robust
self-test without it as well. This makes it easier to prove that synchronous games are
robust self-tests.

Lastly, we change tracks somewhat. There are many mathematical concepts that
have been developed for a world that is not quantum mechanical. Even with the discov-



SUMMARY xv

ery of quantum mechanics, these concepts are still useful, because in many situations
quantum effects do not appear. However, this does raise the question whether we can
still make sense of these concepts in situations where quantum mechanics becomes im-
portant. Here, we will focus on expander graphs. Graphs are mathematical objects that
can be used to describe the structure of networks, and expander graphs represent espe-
cially well-connected networks for the limited number of connections they contain.

There exists a quantum version of the concept of expander graphs, in which case
they are called quantum expanders. Unfortunately, we are currently lacking examples of
quantum expanders that truly exhibit quantum features. For expander graphs, a way to
construct them is using groups with property (T), which was shown by Margulis [Mar73].
These same groups can be used to obtain quantum expanders in a construction by Har-
row [Har08]. However, these quantum expanders are still quite closely related to ex-
pander graphs, so it is questionable whether one can expect quantum effects in these
quantum expanders that do not appear for expander graphs.

In this dissertation, we aim to extend the constructions by Margulis and Harrow in
an attempt to create new ways of obtaining examples of quantum expanders. We base
our constructions on discrete quantum groups, the quantum versions of discrete groups,
which can also have property (T). In Chapter 5 we give a construction of quantum ex-
panders using discrete quantum groups with property (T) based on Harrow, as well as a
construction based on Margulis. The current understanding of the representation theory
and coideal structure of discrete quantum groups with property (T) is unfortunately not
yet sufficient to immediately obtain interesting new examples of quantum expanders.
Hopefully, future research will create this understanding and, together with Chapter 5,
lead to the discovery of quantum expanders with truly quantum properties.





PREFACE

As I am writing this, I have reached the end of my PhD trajectory. The aim of doing a
PhD is to become an independent researcher in all its facets. This involves being able to
come up with research questions, answer them, communicate about them and properly
judge the implications of the conducted research. Hopefully, I have achieved these skills;
I guess that by writing this, I declare that I believe it to be the case. At the end of one’s PhD
trajectory, a dissertation is written to prove that one has acquired some of the required
skills for an independent researcher. In my case, the dissertation lies before you, and it
is quite a large text.

I would find it a bit of a shame if earning my degree was the sole purpose of my dis-
sertation. While I agree that collecting your research into one document is a good way
to allow a PhD candidate to make their case that they deserve a PhD title, I think it is
possible to do better than writing two hundred pages just to prove one’s skills. I believe
that any academic text is written for the purpose of communicating something to some
audience. In the case of a dissertation, the question is: what should be communicated,
and to whom? One goal is to communicate or demonstrate the appropriate skills to the
PhD committee, as is also required by the TU Delft. However, I believe that my disserta-
tion is served better by making that goal, which is already largely served by my articles,
secondary to some new aims of the dissertation. These aims vary wildly per chapter,
but I hope that it will allow some parts of the dissertation to actually be useful to some
people.

In the introduction, I mainly discuss the physics that underlies the mathematics in
this dissertation. While it may help physicists understand what kinds of mathematics ap-
pear when studying the topics we will encounter, it is mainly aimed at mathematicians.
As mathematicians, it can be very easy to stay in your idealised, mathematical world; I
have been guilty of this myself. However, it benefits both mathematical research and the
broader scientific community if the physical motivation keeps inspiring new questions
and goals. Therefore, the introduction aims to put this background sharply in the mind
of any mathematician reading it.

Next, one encounters the preliminaries. Preliminaries serve to set the mathematical
stage, to make sure that every reader has the foundation needed to continue. However, in
most of the relevant fields for this dissertation, there are already excellent books or good
expositions in articles to provide this background. What reader can one have in mind
when one writes all of this down again? It turns out that there is a particularity about
the work in this dissertation, especially in Chapter 3: there is a strong interplay of both
the finite-dimensional and the infinite-dimensional setting. For this reason, the prelim-
inaries are dedicated to highlighting this connection. It contains the general, infinite-
dimensional theory while discussing the finite-dimensional version in parallel. I hope
this may help people dealing with Tomita-Takesaki theory, or any of the other topics in
Chapter 3, in finite dimensions while needing ideas or results that are described in the
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infinite-dimensional setting. On the other hand, the finite-dimensional setting may also
provide great intuition for people learning about Tomita-Takesaki theory in full general-
ity.

Starting with Chapter 3, the dissertation contains new research. This research is
available online in published articles or preprints and can therefore already be read by
anyone interested. However, this dissertation gives me the opportunity to communicate
two things I have not communicated before (in writing). My first two articles, which have
been combined to form Chapter 3, are really part of the same story, which I hope to tell
here. More importantly, the computer experiments in the first article, [Ver24], have been
adapted to discover crucial results needed in the second article, [VW23]. Previously, this
approach was not available to the public because in the end the mathematical results
in [VW23] stand on their own; they do not rely on computer experiments. However, I
believe similar experiments still have much potential in this field, so Chapter 3 and in
particular Section 3.2.4 have been written for people who might be interested in doing
computer experiments in operator algebras.

Chapters 4 and 5 each stand alone, and therefore they have been directly based on
their respective articles. For them, I was unable to formulate new, useful goals to serve. I
just hope that the other chapters may prove useful to some people. As a physics master
student, I have read one chapter of Ivan Ado’s dissertation, who was my master thesis
supervisor, many times. If my dissertation proves to be as useful, if it helps out just one
person, then I will call it a job well done.

Thank you for reading my dissertation, and please feel free to pick and choose; you
are encouraged to do so!

Matthijs Vernooij
Delft, June 2025



1
INTRODUCTION

This dissertation contains a lot of advanced or not so advanced mathematics, depending
on whom you ask. The precise mathematical foundations can be found in Chapter 2, and
we build upon them in the later chapters. However, it is just as important to know why
you are studying something as it is to know precisely what you are studying. Therefore,
the introduction is devoted to showing where the mathematical objects of study in this
dissertation come from. It is intentionally mathematically imprecise at times because
the reader should focus on the physical intuition behind the mathematics.

1.1. QUANTUM
We will encounter quite different research topics in the different chapters, but in the

grand scheme of things they are united by the word ‘quantum’, or more specifically by
quantum mechanics and quantum information. Quantum mechanics governs the laws
of nature; everything around us plays by its rules (although even physicists do not know
how this works in the case of gravity). However, one usually only sees the effects of
quantum mechanics on very tiny scales, at the level of atoms and molecules. At these
levels, extremely counter-intuitive things can happen. In fact, when one first learns
quantum mechanics, one tends to go through the ‘forget the physics and just trust the
mathematics’-phase. Quantum mechanics is probabilistic, i.e. what happens depends
on chance. This in itself is not so problematic, but at certain points it behaves very dif-
ferently from things we know and understand, like a dice. Here, we will talk about what
makes quantum so strange and how to talk about it mathematically, but first we need to
know how to talk about things like a dice.

1.1.1. THE MATHEMATICS OF A DICE
Systems that are governed by randomness are studied in the mathematical field of prob-
ability theory. It is a very large and diverse field that allows one to deal with rather general

This section, like the other sections in this chapter, does not contain precise references. The information here
can largely be found in the books [GS18] and [NC10].

1
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and abstract situations. Here, we will avoid this abstractness and solely consider the con-
crete case of rolling a six-sided dice. When we think of a dice, we think of something that
will generate a random number between one and six for us. Mathematically, this means
that there is a setΩ of possible outcomes, and in this case

Ω= {1, 2, 3, 4, 5, 6}.

We also have a probability distribution p on Ω, i.e. a map from Ω to [0,1] that assigns
to each number between one and six the probability that we roll that number. If the
dice is honest, then all of these probabilities are 1/6, and even if the dice is not honest,
the probabilities must add up to one. We have now described the numbers one through
six and their probabilities, but technically their connection with the dice has not been
specified. We will introduce this connection in a somewhat roundabout way, so we can
clearly compare it to the quantum case that will come next. When you hold a dice in
your hand, it has no value, and it is not yet ‘connected’ toΩ. As soon as you roll the dice,
but before you look at the number of spots, the value of the dice has probability 1/6 to
equal any of the numbers one through six. This is the dice in its initial state. As soon as
you look at the number of spots on the dice, you measure the dice. You assign to each
face an outcome from Ω, i.e. the number of spots, and the result of the measurement is
the outcome corresponding to the face that is on top. At this point in time, the dice is
no longer in the state where each outcome has probability 1/6. Instead, there is a single
outcome that has probability one, and the other outcomes have probability zero.

One may think that this is the end of the story of the dice, but that is not the case. It is
only the end of the story of this particular measurement. You can look at many different
aspects when rolling a dice. For example, you can divide the table into six parts and
assign an outcome to each part. The measurement then becomes looking in which part
the dice ended up (see Figure 1.1).

Figure 1.1: A table divided into six parts on which a dice has been rolled. In our measurement, we
solely look at the position of the dice on the table, and consequently we do not see the spots on
the dice. In this case, the result of the measurement is the outcome 6.

The important takeaway from this example is that these two measurements do not
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interfere; you can first look at the number of spots on the dice, and it will not affect its
position. Conversely, first determining the position does not change the value that was
rolled. This means that you can use one throw of the dice to determine both the number
of spots and the value associated with its position. It may seem obvious that this should
be true—you are only looking, after all—but these things will change when we turn to
the quantum world.

1.1.2. THE DOUBLE-SLIT EXPERIMENT
One of the most famous experiments showing that the order of measurements matters
is the double-slit experiment for single electrons. The set-up is depicted in Figure 1.2,
and the procedure of the experiment is described in its caption. To understand what it
tells us, we first need to know the outcomes of two related experiments. First, suppose
we would have the experiment in Figure 1.2 with only one slit. One may expect that the
distribution you observe is a narrow line as shown in Figure 1.3a, about the width of
the slit, but this is not the case. Instead, you see a broader distribution, see Figure 1.3b,
which is caused by the wave-like nature of particles.

Figure 1.2: The set-up of the double-slit experiment. On the left an electron source emits indi-
vidual electrons. An emitted electron travels through one of the very narrow slits (corresponding
to either a path similar to the blue one or a path similar to the green one). The electron then arrives
at a large screen, where the point of impact is measured. Due to a physical phenomenon called
diffraction, the path the electron takes after passing a slit is somewhat random, i.e. it does not
have to travel straight on through. This has been emphasised for the blue and green trajectories.
After repeating the experiment many times, you obtain a distribution of where the electrons tend
to hit the detector. In this experiment, one can choose to add a measurement device, determining
whether the electron passes through the left or the right slit.

Next, for the double-slit experiment without an additional measurement device, you
would then expect to see the two broader, overlapping distributions shown in Figure
1.3c, corresponding to the two slits. After all, it seems natural that there are two op-
tions: the electron travels through the left slit or the electron travels through the right
slit. The end result should then correspond to the combination of these two possibil-
ities. Once again, nature surprises us, and we get a striped pattern like in Figure 1.3d,
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where certain locations on the detector that used to be reached for a single slit are no
longer reached when the second slit is added. We call this an interference pattern. This
result is physically baffling, because it implies that an electron that may travel through
one slit is influenced by the possibility that it could travel through the other slit as well.
Once again, this has to do with the wave-like nature of particles, and it was very strong
evidence for quantum theory.

(a) (b) (c) (d)

Figure 1.3: This figure is a simplified, schematic illustration of the (naively expected) results one
obtains from the experiment in Figure 1.2 and the related experiment with a single slit. Instead of
showing dots that depict the detection of single electrons, we show the probability that an electron
is measured at a location, which corresponds to the outcome after measuring a very large number
of electrons. Figure (a) shows the outcome one would naively expect for a single slit, but the real
measurement outcome is shown in Figure (b). The blurring is caused by diffraction, behaviour
that is typically associated with waves. When performing the double slit experiment, one would
expect to observe two overlapping copies of the outcome for a single slit, which is shown in Figure
(c). Instead, performing the experiments yields a striped pattern, like the one shown in Figure (d).
It is important to note that there are regions of the detector that would measure electrons for the
single slit, but that do not measure electrons when the second slit is added. Lastly, when one adds
a measurement device determining whether the electron passes through the left or right slit, one
does observe the outcome in Figure (c).

For us, the most important takeaway is the next step in the experiment. If we add a
measurement device that keeps track of the slit the electron passes through, the interfer-
ence pattern vanishes and we find the two broader, overlapping distributions in Figure
1.3c we expected initially. In other words, first measuring which slit the electron passes
through affects the measurement of the position on the detector. In contrast to the case
of the dice, the order of the measurements suddenly matters. Additionally, this means
that it is essential to specify which measurement one will perform during a run of an
experiment; in the case of the dice, this would amount to saying ‘I will roll the dice and
look at the number of spots’ or ‘I will roll the dice and look at the position’. This raises the
question whether you are allowed to say that you look at both at the same time. This is
a subtle question and the key difference between the so-called classical (non-quantum)
case and the quantum case. In the classical case, one can always do this, but in the quan-
tum case, we first need a better mathematical description to answer this question.



1.1. QUANTUM

1

5

1.1.3. QUANTUM EXPERIMENTS IN MATHEMATICAL LANGUAGE

We start by introducing the mathematical description of quantum measurements for the
dice, and afterwards generalise this to the actual quantum case. For now, we will purely
focus on the number of spots on the dice. In this case, we have six possible outcomes,
and if the dice is honest, all outcomes have a probability of 1/6. We denote this by

ρ =



1
6 0 0 0 0 0
0 1

6 0 0 0 0
0 0 1

6 0 0 0
0 0 0 1

6 0 0
0 0 0 0 1

6 0
0 0 0 0 0 1

6

 ,

and we call this the state of the system. Next, for the measurement, we associate one
outcome to each of the matrices

P1 =



1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , P2 =



0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , P3 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



P4 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , P5 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0

 , P6 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

 .

If outcome ω j has been associated to matrix P j , then the probability that we measure
outcome ω j for the state ρ is Tr(P jρ), where Tr stands for the trace, the sum of the diag-
onal entries. This description is mathematically equivalent to the one in Section 1.1.1,
but it is a better starting point if we want to go to the general quantum case. In this
formulation, ρ is an example of a positive (semi-definite) matrix with trace 1, and the
P j are projections that add up to the identity matrix. It turns out that these two con-
ditions are enough to guarantee that the probabilities Tr(P jρ) are always non-negative
and that they add up to one, two properties that are essential for a reasonable theory
describing measurements. In quantum mechanics, we use the above properties as the
foundation of our description of measurements. So, in the quantum case, the state of a
system is given by a density matrix, a positive matrix with trace one, and a measurement
is given by a projection valued measure (PVM), a collection of projections that adds up
to the identity matrix. The use of projection valued measures corresponds to a property
that we are used to in the case of a dice, namely repeatability. If you have seen that you
have rolled a six, looking at the dice again will not change this. In general, we also want
to be able to describe measurements that are not repeatable, in which case we need to
work with a positive operator valued measure. All in all, a quantum state and a quantum
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measurement with outcome setΩ are then described by

a state ρ ∈ Mn(C), i.e. ρ ≥ 0 and Tr(ρ) = 1,

a POVM {Pω}ω∈Ω ⊂ Mn(C), i.e. Pω ≥ 0 and
∑
ω∈Ω

Pω = 1n .

In this framework, two measurements can be combined if their POVMs commute. Lastly,
we highlight a special class of states, called pure states. These states have only one non-
zero eigenvalue, which must then automatically equal 1. In the case of the dice, an ex-
ample would be a dice that always rolls a five. From a probabilistic point of view, such
states may not sound very interesting, as the measurements would be predetermined.
But in the quantum case, there are many measurements that are not determined at all.
These pure states can be described by giving a unit vector |ψ〉 ∈Cn . The corresponding
density matrix is the linear operator |χ〉 7→ |ψ〉〈ψ|χ〉, which we denote by |ψ〉〈ψ|. From
a physics point of view, pure states correspond to the situation where we fully know the
state of the system, and mixed (non-pure) states correspond to systems where there is
some randomness describing which state we are in.

1.2. CHANGING QUANTUM SYSTEMS
Knowing how to describe a quantum system, the next step is to be able to say something

about how it changes over time. If a quantum system is closed, meaning that it does not
interact with the environment, the evolution of a quantum system is relatively easy to
describe. However, if this is not the case, one may need to make assumptions. One
of these assumptions will lead us to quantum Markov semigroups, which are the first
research topic in this dissertation.

1.2.1. QUANTUM OPERATIONS

From the mathematical description of a quantum system, we can infer some proper-
ties that any physically sensible quantum operation must satisfy. First and foremost, a
quantum operation needs to map states to states, as applying a quantum operation to
a physical system should result in a valid description of a physical system. Next, states
have a convex structure, meaning that from two states ρ1 and ρ2 I can obtain the ran-
dom combination of the two, given by λ1ρ1 +λ2ρ2 for λ1 +λ2 = 1. A quantum operation
Φ should also respect this structure, so applyingΦ to a random combination of ρ1 and ρ2

should be the random combination of Φ applied to the separate states. These physical
conditions (initially) translate to the following mathematical conditions on a quantum
operationΦ:

(a) Φ is a linear map, i.e. Φ(λ1ρ1 +λ2ρ2) =λ1Φ(ρ1)+λ2Φ(ρ2).

(b) Φ is positive, i.eΦ(ρ) ≥ 0 whenever ρ ≥ 0.

(c) Φ is trace-preserving, i.e. Tr(Φ(ρ)) = Tr(ρ).

The information in this section can largely be found in the books [GS18] and [NC10], together with an initial
article on quantum Markov semigroups like [Lin76].
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From a mathematical point of view, one may also arrive at these conditions, but it turns
out that condition (b) is not quite right. When we require that states are mapped to
states, we need to keep in mind that we always act on a part of a bigger system, and
even on that bigger system, states should be mapped to states. The mathematical notion
corresponding to this is complete positivity and is defined in Definition 2.2.1.

Mathematically, for an n-dimensional system (or any finite-dimensional Hilbert
space), we have the state space of density matrices, the possible states of the system,
and the measurement algebra, the algebra generated by the POVM elements. When we
are describing how a system changes, the sensible viewpoint is to say that the state of
the system changes. This is called the Schrödinger picture, and it is what we have used
so far. However, another (dual) way to look at it is to say that the observables, the things
you measure, change. This is the Heisenberg picture, and while it may seem unnatural
to take this point of view, it can be quite useful mathematically. In this picture, a quan-
tum operation is a unital completely positive map, where unital means that it maps the
identity matrix to itself. These conditions correspond to the requirement that POVMs
are mapped to POVMs.

1.2.2. UNITARY TIME EVOLUTION

The time evolution of a closed quantum system is given by the Schrödinger equation,
one of the fundamental results in quantum mechanics. In its general form, it is given by

iħ d

d t
|ψ(t )〉 = H |ψ(t )〉 ,

where H is the Hamiltonian of the system, the operator measuring the energy of the
system. Based on this equation, the time evolution of pure states is implemented by the
unitary operator Ut = e−i H t/ħ. In the Heisenberg picture, the time evolution Φt is then
given by Φt (x) =U∗

t xUt . Just as in the classical case with Newton’s second law, the time
evolution is deterministic and can be inverted. Mathematically, this means that time
evolution forms a group.

In an open quantum system, the situation is not so simple. In an open quantum
system, certain parts of the system interact with parts of the environment, by which we
mean any part of the world or universe that is not included in the system. In describing
such a system, the problem is that this propagates; these parts of the environment can
interact with other parts of the environment, and so on. This means that one needs to
identify a closed supersystem containing the original system to give an exact description
of the time evolution. Mathematically, this takes the following form. If H is the Hilbert
space for the open quantum system, then it is contained in a larger Hilbert space K for
a closed quantum system containing the original system. For this larger system we let H
be the Hamiltonian on K , and then

|ψK (t )〉 = e−i H t/ħ |ψK (0)〉 .

In this description, we are not really describing the time evolution of the open quan-
tum system; we have just moved to a bigger, closed quantum system and describe that.
In general, this is the best you can do.
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1.2.3. QUANTUM MARKOV SEMIGROUPS

In practice, the above approach tends to run into problems. Let H be the Hilbert space
of the system we are interested in. Any closed quantum system containing H may be
very large. Consequently, it may be hard to fully describe the Hamiltonian on that sys-
tem, or one may not know the state on the full closed quantum system. In these situ-
ations, one needs to make physically motivated assumptions to reach a meaningful de-
scription. One common assumption is that, while the environment influences the open
quantum system, the open quantum system does not (significantly) influence the envir-
onment. Typically, this is justified if the environment is large and the typical timescales
in the environment are much smaller than in the open quantum system. In this case,
any influence of the open quantum system on the environment, i.e. a change caused by
interaction with the open quantum system, is quickly spread out over the entire envir-
onment. Because the environment is large, the effect of this change is small after being
distributed over the entire environment.

Let us briefly give a (non-quantum) example of such a situation. Suppose we have a
large pressurised helium tank (the environment) and we intend to inflate balloons (the
open quantum system). When you inflate a balloon, helium near the valve flows into
the balloon. At this instant, the environment has changed because the pressure near the
valve has dropped significantly. If this were to remain the case, it would affect the next
balloon we want to inflate. However, in a pressurised tank, the pressure redistributes
extremely quickly, so the drop in pressure is spread out over the tank. Moreover, because
the tank is large, the resulting drop in pressure is small, so we can safely assume that the
tank, our environment, has not changed. Note that it is important to keep in mind the
limits of your assumptions; at some point, you may have inflated so many balloons that
the pressure changes noticeably.

Here, we do not worry about justifying these assumptions. Instead, we focus on de-
scribing systems where they hold. Because the environment does not change, how a
system will evolve is purely dependent on its state now, and not on the states in the past.
This is called the Markov property. Mathematically, this has the following effect. If maps
Φs 7→t describe the time evolution of a system at time s to a system at time t , then

(a) only the difference between t and s is relevant. It does not matter at which point
in time the system starts evolving, just how long the system is allowed to evolve.
This means thatΦs 7→s+x (ρ) =Φt 7→t+x (ρ).

(b) predicting how a state ρ will change over time s + t is the same as predicting how
it will change over time s, and using that as the basis for your prediction of the
evolution for the subsequent time t . This is the case because, after time s, only the
state at that time is relevant for the future, not the initial state at the start of the
process. This means thatΦs 7→t (Φu 7→s (ρ)) =Φu 7→t (ρ).

These two properties tell us that the time evolution has to be a semigroup. If all of
the individual maps are valid quantum operations, then we call this a quantum Mar-
kov semigroup, which is defined precisely in Definition 2.2.11. In Section 2.2.2, we in-
troduce some of the properties quantum Markov semigroups may have, most notably
KMS-symmetry. In Chapter 3, based on background knowledge in Sections 2.2.3 and 2.3,
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we aim to better understand KMS-symmetric quantum Markov semigroups by finding a
new way to describe them.

1.3. CERTIFYING QUANTUM DEVICES
We now turn in a somewhat different direction. Having discussed a little bit how to de-

scribe the world in terms of quantum mechanics, one may wonder how we know that the
world is quantum. Before quantum theory was developed, people used other theories to
describe the world. Particularly at the atomic level, experiments started appearing that
could not be explained. These experiments were the driving force for people to develop
quantum mechanics, and using quantum mechanics people have been able to explain
an incredible number of things. Consequently, we have partially written off the old, clas-
sical theories because they were falsified, i.e. they did not agree with experiments. This
does not mean that we no longer use these classical theories; we consider them as very
convenient approximations, but with the knowledge that they will fail in certain circum-
stances.

Coming back to the question of knowing whether the world is quantum, there is un-
fortunately no way in physics to conclude that the world must be quantum. (In fact, the
description of quantum mechanics given in Section 1.1 is simplified and not sufficient
to describe high energetic particles, for example.) We can only check that it corresponds
with experiments, and that other theories do not. Therefore, it is better to ask ourselves
whether we can prove that the world cannot be classical. Here classical roughly means
that the world can be described in a way where do not fundamentally affect each other,
like in Section 1.1.1. However, proving this is complicated, because in the approach de-
scribed before, we are eliminating specific classical theories. In that way, one can never
rule out classical theories as a whole. Luckily, one can get around this problem using the
framework of non-local games. To use this framework to prove that the world cannot be
classical, we have to assume that the theory of special relativity, saying that no inform-
ation can travel faster than the speed of light, is true. In other words, whenever we say
that we conclude that the world cannot be classical, we are actually saying that either the
world is not classical, or the world does not obey special relativity.

1.3.1. NON-LOCAL GAMES
In the setting of non-local games, there are typically two players called Alice and Bob
who play a cooperative game involving one referee. While playing the game, Alice and
Bob are separated and cannot communicate. Alice receives a question x from the referee,
and based on this question Alice returns an answer a to the referee. In the same way, Bob
receives a question y from the referee and returns an answer b. The referee has a large
four-dimensional table with an entry for each combination of questions x and y and
answers a and b, and each entry specifies whether Alice and Bob win or lose, playing
in this way. This procedure is illustrated in Figure 1.4. Alice and Bob know everything
about the game, including the table D and the probability distribution ν the referee uses
to choose the questions. This means that they can develop a strategy beforehand.

From the perspective of the referee, running a round of a non-local game is quite
easy for the most part. In a non-local game, the questions come from a finite question

The information in this section can largely be found in the review article [ŠB20].
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Figure 1.4: A schematic representation of a round of a non-local game. First, the questions x, y are
selected and sent to Alice and Bob, then Alice and Bob choose appropriate answers a, b without
communicating and finally the referee announces the result based on the decision table D .

set, so selecting random questions is straightforward. If we represent the questions and
answers as natural numbers, bit sequences or anything else that is easy to work with,
handing out the questions and receiving the answers do not pose any problems either,
nor does checking whether they win. The only complication is how to guarantee that
they cannot communicate. If we want to make claims that hold for any classical theory,
things like putting Alice and Bob in different rooms do not suffice.

The solution to this problem lies in special relativity. If we can create a space-like sep-
aration between the question-and-answer exchange with Alice and the exchange with
Bob, then special relativity guarantees that Alice and Bob cannot communicate dur-
ing the game. Here, space-like separation means that information would need to travel
faster than light to travel from Alice to Bob or vice versa during the question-and-answer
windows. While it is experimentally challenging to create this separation, it is possible.
This means that all assumptions of a non-local game can be valid in experiments, show-
ing that it is a good mathematical model to study.

Classically, there is always an optimal strategy in which Alice and Bob determinist-
ically choose their answers based on the questions they receive. On the other hand,
optimal quantum strategies can be much more complicated. In the quantum case, Alice
and Bob prepare a quantum state beforehand and during the game choose a measure-
ment to perform based on the question they receive. The outcome of the measurement
then determines their answer. This is described in more detail in Section 4.2.1.

An example of a non-local game that behaves differently according to quantum the-
ory or classical theory is the so-called CHSH game, named after Clauser, Horne, Shimony
and Holt. It can be described as follows:

• There are two questions, which take the form of cards: a blue card and an orange
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card.

• There are also two answers, once again in the form of cards: a red card and a green
card.

• The questions are selected uniformly at random, so ν is the uniform distribution.

• There are two conditions Alice and Bob need to satisfy to win a round of the game:

– If both Alice and Bob receive blue questions, they need to answer with differ-
ent coloured cards. In other words, in this case the referee needs to receive
one red and one green answer.

– If at least one of them receives an orange question, they need to return the
same answers, i.e. two red answers or two green answers.

Classically, the probability that Alice and Bob win a round of the game is at most 75%.
One of the many ways to achieve this is if Alice and Bob always return green. However,
according to quantum theory, it is possible to achieve a winning probability of approx-
imately 85%. This means that the CHSH game exhibits quantum advantage, which is
used in the quantum information field whenever a quantum device can do something
‘better’ than any classical device could. In most cases, the existence of quantum ad-
vantage is interesting because it indicates possible use cases for quantum computers or
other quantum devices. In our case, the perspective is slightly different. To us, quantum
advantage means that we have a way to tell apart certain quantum devices from classical
devices. Indeed, whenever Alice and Bob achieve a winning probability higher than 75%
in the CHSH game, they must be doing something quantum. This suggests the following
experiment: set up a system that takes the roles of Alice and Bob and performs a strategy
that should win with probability greater than 75%. Next, take the role of the referee and
run the game. If you measure a winning probability higher than 75% while enforcing the
space-like separation, you have shown that the world cannot be classical. This exper-
iment has been performed, showing that a winning probability above 75% can indeed
be achieved, and was one of the experiments for which the Nobel Prize in physics was
awarded in 2022 [Nob].

1.3.2. ROBUST SELF-TESTING
This may seem like the end of the story. After all, the goal of proving that the world cannot
be classical has been achieved. However, it is possible to extract even more information
about the strategy Alice and Bob use from playing the CHSH game. It turns out that there
is a unique quantum strategy S that achieves the optimal winning probability, at least
up to an appropriate notion of being the same strategy (see Definition 4.2.1 about local
dilations). Consequently, whenever we observe that Alice and Bob achieve the optimal
winning probability for the CHSH game, which is 1/2+p2/4 ≈ 85%, we can conclude that
Alice and Bob must be using this specific strategy S . In other words, just running this
game as a referee can allow you to conclude that Alice and Bob have quantum devices
implementing specific protocols.

It is good to note that this does not mean that we can in general determine or meas-
ure the employed strategy by playing the game. We cannot draw such conclusions for
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other strategies. Instead, we should view the game as a validation or certification pro-
cedure for the specific optimal strategy S . If Alice and Bob claim that they can imple-
ment the strategy S , then we want to use the game to verify their claim by seeing it as a
test that they can only pass using the specific strategy S .

At this point, real life gets in the way of the ideal, mathematical picture. There is no
way to experimentally determine with any amount of statistical confidence that the win-
ning probability of the employed strategy exactly equals 1/2+p

2/4. Moreover, there are
small imperfections in any device that one creates, so we cannot expect Alice and Bob to
perfectly implement the strategy S . If we want to use non-local games to certify quan-
tum devices in real life, we need to change the above to an approximate formulation. In
the end, one arrives at the following two conditions for a non-local game G to be usable
in quantum device certification:

• The game G needs to have an optimal strategy S̃ with winning probability ω.

• Whenever a strategy S achieves winning probability ω−ε, the distance between
S and S̃ must be at most δ(ε), and δ(ε) → 0 as ε→ 0.

Whenever these two conditions hold, we call G a robust self-test (see Definition 4.2.3).
Here, robust indicates that this holds for ε > 0; the above condition purely for ε = 0 is
called self-testing.

From any non-local game that is a robust self-test, we can make a quantum device
certification protocol. We first choose a threshold δ specifying the distance from the op-
timal strategy we want to guarantee. Next, we calculate the ε such that δ(ε) = δ, i.e. the
deviation in the winning probability that still guarantees that the distance in strategies
is at most δ. The following step is to use a statistics calculation to decide how many
rounds of the game need to be played and which number of rounds need to be won. This
depends on the desired statistical confidence on the one hand, and the preferred likeli-
hood of passing the test when employing a strategy with winning probability between
ω−ε and ω. Increasing the number of rounds improves both, while changing the num-
ber of rounds to be won results in a trade-off between the statistical confidence and the
likelihood of passing the test for strategies that one would hope to pass the test.

In Chapter 4, we aim to make it easier to prove that non-local games are robust self-
tests. We develop a theoretical framework for describing robust self-testing when the
referee has additional information about the strategies being employed. It can be signi-
ficantly easier to prove that a game is a robust self-test when the employed strategies are
guaranteed to have specific properties. We then devote most of the chapter to proving
that for a large class of games, the robust self-testing results remain valid when other
strategies without these specific properties are allowed.

1.4. MIXING STATES
Previously, our focus has been on understanding quantum systems and recognising

specific quantum systems, and our motivations really originated in quantum mechan-
ics. Here, our motivation is somewhat different. We will encounter certain classical ob-
jects, called expander graphs, which have proven to be very useful in many different

The information here can largely be found in Sections 5.2.1 and 5.2.2, sometimes consulting the references
therein.
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fields of both pure and applied mathematics. In fact, they have even been used in quan-
tum information theory. However, there also exists a quantum version of these objects,
called quantum expanders. Unfortunately, their usefulness has been rather limited so
far, even in quantum information theory. In Chapter 5, we aim to provide a pathway to
new examples, in the hope that they will help to discover new uses. Here, we focus on
characterising them from a physical point of view.

1.4.1. GRAPHS

The story starts with graphs, which are collections of points (vertices) and lines (edges).
They can be used to represent anything with some sort of network structure. Any graph
consists of a set of vertices V and a set of edges between these vertices E . Edges connect
distinct vertices, and between each pair of vertices, there can be at most one edge. An
example of a graph is given in Figure 1.5. Graphs are often used to study the connectivity
of a network, and the first notion one encounters is connectedness. A graph is connected
if one can reach any vertex from any other vertex by following the edges.

Figure 1.5: A picture of a graph. Its vertices are the blue circles numbered one through eight, and
the edges are the black lines connecting them. This graph is connected and 3-regular.

We call the number of edges connected to a vertex the degree of that vertex, and we
call a graph d-regular if any vertex has degree d . Lastly, it is important to know that
there are multiple ways to represent graphs. One is in terms of a picture (see Figure 1.5),
another way is to specify the vertex and edge sets V and E , but the way we need most
is using the so-called adjacency matrix. In this approach, we number the vertices by 1
through n and create an n ×n matrix. The i , j -th entry of the matrix is 1 if i and j are
connected by an edge and 0 if they are not. The adjacency matrix A of the graph in Figure
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1.5 is given by

A =



0 1 1 1 0 0 0 0
1 0 0 1 1 0 0 0
1 0 0 0 0 1 1 0
1 1 0 0 1 0 0 0
0 1 0 1 0 0 0 1
0 0 1 0 0 0 1 1
0 0 1 0 0 1 0 1
0 0 0 0 1 1 1 0


.

1.4.2. EXPANDER GRAPHS
We are interested in particular families of graphs called expander graphs. These graphs
can be seen as extremely well-connected graphs, a notion captured by the edge expan-
sion constant. If you divide a graph G into two parts, then the edge expansion con-
stant h(G) of that graph gives a lower bound on the fraction of the possible connections
between the parts that are present in the graph. For example, the graph in Figure 1.5
has expansion constant 1/8: if we split the graph into the parts P1 = {1, 2, 4, 5} and
P2 = {3, 6, 7, 8}, then 2 out of the 16 possible edges are present. Any other split would
give a better fraction. In essence, the edge expansion constant is small if there are large
bottlenecks in the system. If every vertex in P1 were to attempt to communicate with
every vertex in P2, then the two edges connecting P1 and P2 would need to facilitate six-
teen individual communications, so one edge would need to facilitate at least 8 = 1/h(G)
communications.

Naturally, the best way to ensure that the edge expansion constant is large is to con-
nect every vertex to every other vertex, in which case the expansion constant is always
one. However, if one were to build a network in this way, then adding a new person to
the network would become more and more expensive, the larger the network is, since
the new person needs to get an individual connection to each other person in the net-
work. Instead, we want to consider network layouts where the cost per person does not
depend on the size of the system. In other words, we want to let each person be con-
nected to d other persons for some fixed number d . From the graph perspective, this
means that we are talking about d-regular graphs. From a network perspective, the goal
of expander graphs is to find a family of layouts for larger and larger networks such that

• the cost, i.e. the number of connections, per node in the network is constant.

• the severity of the bottlenecks, i.e. the edge expansion constant of the network, is
constant.

Mathematically, this means finding a family of d-regular graphs Gi with increasing size
such that h(Gi ) ≥ c for some c > 0. We call such a family an expander family and an
element of such a family an expander graph.

Another interesting property of expander graphs is that they are very strongly mixing.
If you start at any point in an expander graph and walk along a random edge at each time
step, then exponentially quickly you could be anywhere in the graph with equal probab-
ility. It is related to a property of the adjacency matrix A of the graph: whenever you have
a vector p of probabilities where someone could be on a graph, then (A/d)p is the vector
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of probabilities after one step of walking along an edge. Consequently, for an expander
graph, the mixing property translates to the fact that (A/d)n p → (1/n, . . . , 1/n) expo-
nentially quickly. This is the property that is most readily recognisable in the quantum
picture.

1.4.3. QUANTUM EXPANDERS
In the situation from before, the map p 7→ (A/d)p is a quantum operation, but then in a
classical setting. This raises the question whether we can also have expanders in a quan-
tum setting, and, indeed, we can. Where we required the graphs to be d-regular graphs
in the classical case, we need the quantum operations to be unital trace-preserving com-
pletely positive maps, which we call quantum bistochastic maps. If Φ : Mn(C) → Mn(C)
is such a map, then there exist matrices X1, . . . , Xd such that

Φ(ρ) =
d∑

j=1
X ∗

j ρX j ,

and we call the least d for which this is possible the degree of Φ. This is the analogue of
the d-regularity of the graphs.

While a quantum expander family can be defined along the same lines as a classical
expander family (see Definition 5.2.16), we will stick to the intuition of a mixing property
here. The quantum expansion constant of a quantum bistochastic map Φ character-
ises how quickly Φn(ρ) converges to 1n/n. We want this convergence to be exponential,
and the rate of the exponential is linked to the quantum expansion constant. As in the
classical case, a quantum expander family consists of a family of quantum bistochastic
maps with degree d on larger and larger matrices such that these convergence rates are
bounded away from zero. Physically, having access to a quantum expander family means
that you can efficiently convert any state into a fully random state (called the maximally
mixed state), and the efficiency does not depend on the size of your quantum system.

So far, the intuitive understanding of quantum expanders from a physical point of
view is much more limited than the understanding of the other topics in this disserta-
tion. While we do not directly address this issue, the hope is that Chapter 5 can contrib-
ute to this understanding indirectly. There, we develop a new approach to construct ex-
amples of quantum expanders from other mathematical objects called quantum groups.
Unfortunately, this does not immediately provide us with interesting new examples, as
more work needs to be done to understand the properties of quantum groups relevant
for this construction (see Section 5.6).





2
PRELIMINARIES

Mathematics is like the Mauna Kea [Gui], the tallest mountain in the world when viewed
from its base, deep in the Pacific Ocean. This dissertation aims to be a few new stones on
the slope of this mountain, supported by countless tons of rock. Most of the rock is hid-
den in the ocean, like the mathematics we assume to be known and do not even mention
any more. Above the ocean, the surface of the mountain consists of the definitions and
theorems we build upon. Inside, one can find all the proofs that support these results.
In these preliminaries we will not dig into Mauna Kea, and we will only discuss the tiny
part of the surface our stones stand upon.

On our side of the mountain, we can see the basic theory of functional analysis and
C*-algebras lying just below the surface of the ocean. If one does not yet feel comfort-
able with this topic, I recommend ‘A course in functional analysis’ by Conway [Con10]
and chapters 1-3 of ‘C*-algebras and operator theory’ by Murphy [Mur90]. Below the
waves the basics of quantum information theory are also visible. The standard work in
this direction is ‘Quantum Information and Computing’ by Nielsen and Chuang [NC10,
Chapters 1, 2, 8, 9 and 11], although I am also partial to the notes on quantum informa-
tion theory by Ozols and Walter [OW23], which are more focused on our specific needs.

Walking up the mountain from the sea, we first encounter a large slope dealing with
von Neumann algebras, which provides the language and many important tools we use
for the rest of the dissertation. Next, we take a small detour through the vast field of
quantum information theory, which we need for Chapters 3 and 5. From these founda-
tions, we start to climb the three ridges we aim to place our rocks upon. We first go over
the quantum Markov semigroups and derivations (Sections 2.2.2, 2.2.3 and 2.3, Chapter
3), followed by non-local games (Chapter 4) and ending with quantum expanders and
quantum groups (Chapter 5). Along the way, we put down our rocks. In principle, the
preliminaries in these ridges are all relevant only for their corresponding chapters. The
choice has been made to put Sections 2.2.2, 2.2.3 and 2.3 in the preliminaries instead of
Chapter 3, because they strongly benefit from the ‘blue box’-approach as described in
the following section.
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2.1. VON NEUMANN ALGEBRAS
The study of C*-algebras can be called noncommutative topology because every com-
mutative C*-algebra corresponds to the continuous functions on a topological space by
Gelfand duality [Con10, Theorem VIII.2.1]. Similarly, there is a class of C*-algebras such
that every commutative C*-algebra in that class corresponds to measurable functions on
a reasonable measure space [Mur90, Theorem 4.4.4]. These algebras are called von Neu-
mann algebras and describe what can be measured or ‘observed’ in a quantum system.
There are many books that treat von Neumann algebras on an introductory level; we will
follow the book ‘C*-algebras and operator theory’ by Murphy [Mur90] when possible.
Reasonably quickly, more advanced literature will be necessary, and the golden standard
in von Neumann algebras is Takesaki’s three-volume work on operator algebras [Tak02;
Tak03a; Tak03b].

Following these books, we will discuss several topics concerning von Neumann alge-
bras. Treating these topics for infinite-dimensional algebras involves quite some tech-
nical details. On a first read, this can obscure the intuition behind these concepts. More
importantly, large parts of quantum information theory is described in terms of finite-
dimensional von Neumann algebras. To make the background knowledge required for
the finite-dimensional parts of this dissertation more accessible and to provide context
and intuition for the general theory, most of the theory on von Neumann algebras will
be separately formulated in the finite-dimensional case. This can be found in blue boxes
scattered throughout the preliminaries, such as in the following example. The aim is that
one can acquire the necessary background knowledge for the finite-dimensional results
in this thesis by reading the blue boxes.

Finite-dimensional version of von Neumann algebra theory

Boxes like this one contain finite-dimensional versions of general von Neumann
algebra definitions or theorems. We impose the standing assumption that any-
thing in such a box is finite dimensional without further comment.

2.1.1. FOUNDATIONS
Definition 2.1.1 ([Mur90, Section 4.1], [Tak02, Section II.3]). Let H be a Hilbert space,
and let M be a subset of the bounded operators on H , B(H ). The commutant of M , de-
noted by M ′, is defined as the set of operators in B(H ) that commute with all operators
in M , i.e.

M ′ = {x ∈ B(H ) | ∀y ∈M x y = y x}.

Starting with a set M , we can take the commutant more than once, but after two
times no new objects appear; we have M ⊂ M ′′ and M ′ = M ′′′. We can now define a
von Neumann algebra in terms of the double commutant.

Definition 2.1.2 ([Tak02, Definition II.3.2]). A von Neumann algebra on a Hilbert space
H is a ∗-subalgebra M of B(H ) such that M =M ′′.

Note that this is a purely algebraic definition. However, the key point of von Neu-
mann algebras is that the condition that M = M ′′ is strongly linked to the topological
properties of M .
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Definition 2.1.3 ([Mur90, Chapter 4], [Tak02, Definitions II.2.1-II.2.3]). Let H be a Hil-
bert space. On B(H ) we define the following locally convex topologies:

• The weak topology is the topology generated by the seminorms

{x 7→ |〈ξ, xη〉| | ξ, η ∈H }.

• The σ-weak topology is the topology generated by the seminorms

{x 7→ |∑
i
〈ξi , xηi 〉| | ∀i ∈N ξi , ηi ∈H ,

∑
i
∥ξi∥2,

∑
i
∥ηi∥2 <∞}.

• The strong topology is the topology generated by the seminorms

{x 7→ ∥xξ∥ | ξ ∈H }.

Remark 2.1.4. A von Neumann algebra M has a unique predual M∗ [Tak02, Theorem
3.5, Corollary 3.9], so it has a weak* topology [Con10, Definition V.1.1]. This topology
equals the σ-weak topology [Tak02, Theorem II.2.6(iii)]. We will use these names inter-
changeably.

All of these topologies are coarser than the usual norm topology on B(H ), and the
weak topology is coarser than the other two topologies. By the famous double commut-
ant theorem of von Neumann, any of the topologies given above could also have been
used to define von Neumann algebras.

Theorem 2.1.5 ([Mur90, Theorem 4.1.5], [Tak02, Theorem II.3.9]). Let H be a Hilbert
space and let M be a ∗-subalgebra of B(H ) containing the identity. The following are
equivalent:

• M is a von Neumann algebra.

• M is strongly closed.

• M is σ-weakly closed.

• M is weakly closed.

Finite-dimensional theory: von Neumann algebras

All of the topologies defined in Definition 2.1.3 are equal to the norm topo-
logy. Moreover, any ∗-subalgebra of B(H ) is closed in this topology, so any ∗-
subalgebra of B(H ) is a von Neumann algebra.

We round off this section with a few definitions and the GNS construction. The GNS
construction is not limited to von Neumann algebras. Indeed, it can be considered as as-
sumed knowledge, since it is covered in ‘A course in functional analysis’ [Con10, Section
IX.5]. However, it nicely sets the stage for the next section on Tomita-Takesaki theory,
which is why we include it here.
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Definition 2.1.6 ([Tak02, Definition III.2.15]). A norm-continuous linear map π of a von
Neumann algebra into another von Neumann algebra is called normal if it is σ-weakly
continuous.

Definition 2.1.7 ([Tak02, Definition I.9.4], [Mur90, Section 5.1]). Let M ⊂ B(H ) be a von
Neumann algebra. A state is a positive linear functional ϕ : M →C satisfying ϕ(1) = 1. A
state ϕ is automatically norm-continuous. It is called faithful if ∀x ∈M :ϕ(x∗x) = 0 =⇒
x = 0 and tracial if ∀x, y ∈ M : ϕ(x y) = ϕ(y x). A state ϕ is called pure if for any positive
linear functional f such that f ≤ ϕ, there exists a number c ∈ [0,1] such that f = cϕ. A
state that is not pure is called a mixed state. Any unit vector η ∈H defines a vector state
on M by x 7→ 〈η, xη〉. A vector state is always normal.

Remark 2.1.8. In physics, it is common to use the bra-ket notation for vector states. In
this case, |ψ〉 ∈ H denotes a unit vector, and 〈ψ| denotes the linear functional on H

formally given by η 7→ 〈ξ,η〉 if ξ = |ψ〉. One will never encounter the notation 〈|ψ〉 ,η〉.
In this way, |ψ〉〈ϕ| becomes an element of B(H ). It is common to call |ψ〉 a state, even
though mathematically the map x 7→ 〈ψ|x |ψ〉 is the state.

Sometimes, one needs to consider what one may informally call unbounded states.
This notion is made precise in the definition of a weight. In this dissertation, we will only
work with states and we will therefore only formulate relevant results in the literature for
states. However, some of these results have been proven for general weights. To do these
results justice, we will remark in such cases that a more general result for (certain types
of) weights holds.

Definition 2.1.9 ([Tak03a, Definition VII.1.1], [Tak02, Definition V.2.1]). Let M ⊂ B(H )
be a von Neumann algebra. A weight is a map ϕ : M+ → [0,∞] satisfying

∀x, y ∈M+,λ ∈R+ :ϕ(x + y) =ϕ(x)+ϕ(y),ϕ(λx) =λϕ(x).

A weightϕ is called semi-finite if the set {x ∈M+ |ϕ(x) <∞} generates M , faithful if ∀x ∈
M+ : ϕ(x) = 0 =⇒ x = 0, normal if ϕ(sup xi ) = supϕ(xi ) for every bounded increasing
net {xi } in M+ and tracial if ∀x ∈ M : ϕ(x∗x) = ϕ(xx∗). A tracial weight is also called a
trace.

Definition 2.1.10 ([Mur90, Section 6.2]). A von Neumann algebra M ⊂ B(H ) is called a
factor if M ∩M ′ =C ·1.

Two of the key properties of von Neumann algebras is that they can be decomposed
into factors, and that factors can be classified into types [Tak02, Chapter V], [Tak03a,
Chapter XII]. We will not need the specifics here, but record the following partial classi-
fication.

Theorem 2.1.11 ([Tak02, Chapter V]). A factor is of type I if it is isomorphic to B(H ) for
some Hilbert space H . Otherwise, it is of type II if it admits a faithful normal semi-finite
trace and of type III if it does not.

We wrap up this section with the GNS construction for normal states. A more general
version for normal semi-finite weights also exists. In the next subsection, we will study
the Hilbert space and representation obtained in the GNS construction more closely for
faithful states. A first bit of intuition can already be gained from the next blue box.
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Theorem 2.1.12 ([Con10, Gelfand-Naimark-Segal Construction VIII.5.14], [Tak03a, Pro-
position VII.1.4]). Let M be a von Neumann algebra.

(a) If ϕ is a normal state on M , then we can construct a normal representation πϕ :
M → B(Hϕ) with cyclic vector e such that ∀x ∈M :ϕ(x) = 〈e,πϕ(x)e〉.

(b) Let π : M → B(H ) be a normal representation with cyclic vector e and let ϕ be
the vector state corresponding to e. Then the representation constructed in (a) is
unitarily equivalent to π.

Finite-dimensional theory: factors, states and the GNS construction

• A von Neumann algebra M is a factor if and only if it is isomorphic to B(H )
for some Hilbert space H .

• Let M ⊂ B(H ) be a von Neumann algebra. Any state ϕ corresponds
uniquely to a positive element dϕ ∈ M with Tr(dϕ) = 1 via ϕ(x) = Tr(dϕx)
for all x ∈ M . Here Tr is the trace on B(H ). We call dϕ the density mat-
rix corresponding to ϕ, and we sometimes identify dϕ and ϕ. The state is
faithful if dϕ is invertible and tracial if dϕ ∈M ′. If M is a factor, then a state
is pure if and only if it is a vector state if and only if dϕ has rank one.

• Let ϕ be a state on a von Neumann algebra M ⊂ B(H ). The Hilbert space
Hϕ obtained in the GNS construction is M/ker(ϕ) with the inner product
〈x, y〉 =ϕ(x∗y) for x, y ∈M . The representation is given by left multiplica-
tion, and in this case, the cyclic vector is 1. Ifϕ is faithful, there is a second,
more natural way to view the GNS construction. From this viewpoint, the
Hilbert space is M with the Hilbert-Schmidt inner product, and the cyclic
vector is d 1/2

ϕ .

2.1.2. TOMITA-TAKESAKI THEORY

We will now turn to Tomita-Takesaki theory. This is a large and quite technical part of
the theory of von Neumann algebras. In a sense, one can see it as the precise formula-
tion and justification of concepts and operations that are easy to write down in terms of
invertible density matrices. Naturally, this means that the blue boxes should help to give
intuition for what these constructions are trying to achieve. In Tomita-Takesaki theory,
many important unbounded operators appear. Their theory is treated nicely in [Con10,
Chapter X] and [SZ19, Chapter 9] in case one needs to refresh their memory.

Throughout this subsection, we assume that M is a von Neumann algebra with faith-
ful normal state ϕ.

HILBERT ALGEBRAS

Definition 2.1.13 ([Tak03a, Definition VI.1.1]). An algebra A with involution ξ 7→ ξ♯

(resp. ξ 7→ ξ♭) is called a left (resp. right) Hilbert algebra if A admits an inner product
satisfying the following conditions:
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(a) Each fixed ξ ∈ A gives rise to a bounded operator πℓ(ξ) : η ∈ A 7→ ξη ∈ A (resp.
πr (ξ) : η ∈A 7→ ηξ ∈A by multiplying from the left (resp. right).

(b) For all ξ, η, ζ ∈A we have 〈ξη,ζ〉 = 〈η,ξ♯ζ〉 (resp. 〈ξη,ζ〉 = 〈ξ,ζη♭〉).

(c) The involution ♯ (resp. ♭) is preclosed.

(d) The subalgebra A 2 = span{ξη | ξ, η ∈ A } is dense in A with respect to the inner
product.

If M is a von Neumann algebra with faithful normal state ϕ, then M is a left Hilbert
algebra with its usual involution and inner product 〈x, y〉 = ϕ(x∗y). A similar construc-
tion is also possible for faithful semi-finite normal weights. Throughout this subsection,
we will intersperse general results in terms of Hilbert algebras and descriptions for Hil-
bert algebras coming from von Neumann algebras with faithful normal states. We will
not introduce more notation than necessary. Sometimes this causes us to formulate res-
ults purely for the faithful normal state case, when the result itself is in fact more general.
The reader will be notified if this happens.

Let A be a fixed left Hilbert algebra. We will now construct the key objects in Tomita-
Takesaki theory. This is treated in more detail in [Tak03a, Section VI.1]. Let H denote
the completion of A . To each ξ ∈A corresponds a bounded operator πℓ(ξ) ∈ B(H ), and
the map ξ 7→πℓ(ξ) is a ∗-representation. The von Neumann algebra generated by πℓ(A )
is called the left von Neumann algebra, and it is denoted by Rℓ(A ). If A is a right Hilbert
algebra instead, then to each η ∈A corresponds a bounded operator πr (η) ∈ B(H ), but
this time, the corresponding map η 7→πr (η) is an anti ∗-representation in the sense that
πr (η1η2) = πr (η2)πr (η1). In this case the von Neumann algebra generated by πr (A ) is
called the right von Neumann algebra, denoted by Rr (A ).

Next, we return to the left Hilbert algebra case and consider the involution ξ 7→ ξ♯

and denote this by S0 when viewed as a possibly unbounded antilinear operator on H .
This operator is preclosed by assumption. We denote the closure of S0 and its domain by
S and D♯. From this, we can deduce several statements, which are captured in the next
lemma.

Lemma 2.1.14 ([Tak03a, Lemma VI.1.15]). We have the following results:

(a) S = S−1.

(b) There exists an anti-linear densely defined closed operator F with domain D♭ such
that

(i) D♭ = {η ∈H | ξ ∈ D♯ 7→ 〈η,Sξ〉 is bounded},

(ii) For all ξ ∈ D♯ and η ∈ D♭ we have 〈Sξ,η〉 = 〈Fη,ξ〉.
(c) F = F−1.

(d) ∆= F S is a linear positive non-singular self-adjoint operator such that the domain
of ∆1/2, denoted dom(∆1/2), equals D♯.

(e) There exists an anti-linear isometry J on H satisfying the following:
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(i) For all ξ, η ∈H we have 〈Jξ, Jη〉 = 〈η,ξ〉.
(ii) J = J−1.

(iii) J∆J =∆−1.

(iv) S = J∆1/2 =∆−1/2 J .

(v) F = J∆−1/2 =∆1/2 J .

(f) J and ∆ are uniquely determined by the property (e.iv) and dom(∆1/2) = D♯.

We are particularly interested in the operators J and ∆ above.

Definition 2.1.15 ([Tak03a, Definition VI.1.6]). The operators∆ and J are called the mod-
ular operator and the modular conjugation of the left Hilbert algebra A , respectively.

Construction 2.1.16 ([SZ19, Section 10.6]). Given a von Neumann algebra M with faith-
ful normal state ϕ, we can use the GNS construction to obtain a cyclic and separating
vector in a Hilbert space H . Abusing notation a bit, we denote this vector byϕ1/2, which
is inspired by the finite-dimensional case. Inside H , we have the subspace A =Mϕ1/2.
If we endow this space with the ∗-algebra structure of M , meaning that

∀x, y ∈M : (xϕ1/2)(yϕ1/2) = x yϕ1/2 and (xϕ1/2)♯ = x∗ϕ1/2,

then A becomes a left Hilbert algebra with Rℓ(A ) =M . We can now take the commut-
ant M ′ inside B(H ) and construct from this a right Hilbert algebra A ′ =M ′ϕ1/2 with

∀x ′, y ′ ∈M ′ : (x ′ϕ1/2)(y ′ϕ1/2) = y ′x ′ϕ1/2 and (x ′ϕ1/2)♭ = x ′∗ϕ1/2.

The structure of A ′ and its relation with A follow from the following theorem.

Theorem 2.1.17 ([Tak03a, Lemma VI.1.14, Theorem VI.1.19], [SZ19, Section 10.6]). Let
A be a left Hilbert algebra with associated modular operator∆ and modular conjugation
J. Then we have for all t ∈R that

Rℓ(A )′ =Rr (A ′),

JRℓ(A )J =Rℓ(A )′,
JRℓ(A )′ J =Rℓ(A ),

∆i t Rℓ(A )∆−i t =Rℓ(A ),

∆i t Rℓ(A )′∆−i t =Rℓ(A )′.

If A = Mϕ1/2, then the one parameter unitary group {∆i t | t ∈R} acts on A and A ′ as
automorphisms and the modular conjugation J maps A (resp. A ′) to A ′ (resp. A ) anti-
isomorphically in the sense that

∀x, y ∈M : J((xϕ1/2)(yϕ1/2)) = (J (xϕ1/2))(J (yϕ1/2)).

The second part of this theorem can be formulated more generally for arbitrary left
Hilbert algebras.
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Construction 2.1.18 ([SZ19, Section 10.6], [Tak03a, Section IX.1]). Let M be a von Neu-
mann algebra with faithful normal state ϕ, represented on the GNS Hilbert space. The
above theorem tells us that M ′ = JM J . In light of this, we will denote the action of M ′
on ϕ1/2 by (J x∗ J )ϕ1/2 =ϕ1/2x for x ∈M . Under this notation, J (xϕ1/2 y) = y∗ϕ1/2x∗ for
all x, y ∈M . The above theorem also shows that σϕt : x 7→∆i t x∆−i t is an automorphism
of M for each t ∈R. We call the group {σϕt | t ∈R} the modular automorphism group
associated withϕ. We will sometimes omit the superscriptϕ if the state is clear from the
context.

TOMITA ALGEBRAS

We will now discuss Tomita algebras, which are in some sense the nice elements in a
left Hilbert algebra. They are strongly tied to the modular operator and the modular
conjugation.

Definition 2.1.19 ([Tak03a, Definition VI.2.1]). A left Hilbert algebra A is called a Tomita
algebra if A admits a complex one parameter group {U (α) | α ∈ C} of automorphisms,
not ∗-preserving, with the following properties:

(a) The function α 7→ 〈U (α)ξ,η〉 is entire for all ξ, η ∈A .

(b) For all α ∈C and ξ ∈A we have (U (α)ξ)♯ =U (α)ξ♯.

(c) For all α ∈C and ξ, η ∈A we have 〈U (α)ξ,η〉 = 〈ξ,U (−α)η〉.
(d) For all ξ, η ∈A we have 〈ξ♯,η♯〉 = 〈U (−i )η,ξ〉.

The group {U (α) |α ∈C} is called the modular automorphism group of A .

Theorem 2.1.20 ([Tak03a, Theorem VI.2.2(ii)]). If A is a Tomita algebra, then A becomes
a right Hilbert algebra with new involution ξ♭ =U (−i )ξ♯ and Rℓ(A )′ =Rr (A ). Moreover,
the modular operator ∆ is the closure of U (−i ).

Theorem 2.1.21 ([Tak03a, Theorem VI.2.2(i)]). Let ∆ be the modular operator and J the
modular conjugation for the left Hilbert algebra Mϕ1/2. If we define

A0 = {ξ ∈ ⋂
n∈Z

dom(∆n) |∆nξ ∈Mϕ1/2,n ∈Z},

then A0 is a Tomita algebra with respect to {∆iα |α ∈C} such that

JA0 =A0, Rℓ(A0) =M and Rr (A0) =M ′.

We call A0 the maximal Tomita algebra corresponding to M and ϕ.

This theorem can be formulated for left Hilbert algebras satisfying certain certain ad-
ditional conditions in place of Mϕ1/2 as well. Coming back to the von Neumann algebra
picture, we find that we can define a similar subalgebra of M of nice elements.

Definition 2.1.22 ([Tak03a, Definition VIII.2.2]). Let M be a von Neumann algebra with
faithful stateϕ and modular automorphism group σϕt . An element x ∈M is called entire
if the function t 7→σ

ϕ
t (x) can be extended to an M -valued entire function overC, which

is also denoted by σϕ. We denote by M
ϕ
a the set of all entire elements of M .

Lemma 2.1.23 ([Tak03a, Lemma VIII.2.4]). The maximal Tomita algebra A0 in Theorem
2.1.21 corresponds to the set of entire elements of M in the sense that M

ϕ
a =πℓ(A0).
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STANDARD FORMS AND THE KMS INNER PRODUCT

We will now work our way towards the so-called standard form of a von Neumann al-
gebra, which associates to the von Neumann algebra some of the objects derived above
for a given faithful normal state, but in such a way that it does not depend on the state.
This construction is also possible for faithful semi-finite normal weights, which means
that a standard form can be obtained for any von Neumann algebra [Tak03a, Theorem
VII.2.7]. To get there, we first need to talk about cones. We start by refreshing the defini-
tion.

Definition 2.1.24 ([Con10, Definition III.9.5]). Let (X ,≤) be an ordered vector space. A
cone in X is a subset C of X such that

(a) x + y ∈C if x, y ∈C ,

(b) λx ∈C if λ≥ 0 and x ∈C and

(c) x = 0 if x, −x ∈C .

Definition 2.1.25 ([Tak03a, Definition XI.1.1]). For a cone C in a Hilbert space H , the
dual cone C ◦ is defined to be the set of all vectors η ∈ H such that 〈ξ,η〉 ≥ 0 for every
ξ ∈C . A cone C is called self-dual if C =C ◦.

Theorem 2.1.26 ([Tak03a, Theorem XI.1.2]). Let M be a von Neumann algebra with
faithful normal state ϕ and let H be the corresponding GNS Hilbert space and A0 the
Tomita algebra. We define the sets

C ♯
ϕ = {ξξ♯ | ξ ∈Mϕ1/2},

C ♭
ϕ = {ξξ♭ | ξ ∈ϕ1/2M } and

Cϕ = {ξJξ | ξ ∈A0}.

The sets C ♯
ϕ and C ♭

ϕ are mutually dual cones and Cϕ is a self-dual cone. Moreover, for every
x ∈M we have x J x JCϕ ⊂Cϕ.

Based on this, the definition of a standard form of a von Neumann algebra makes
sense.

Definition 2.1.27 ([Tak03a, Definition XI.1.13]). Given a von Neumann M , a quadruple
(M ,H ,C , J ) of a Hilbert space H that M acts on, an anti-linear isometry J called the
modular conjugation, and a self-dual cone C in H is said to be a standard form of M if
the following requirements are satisfied:

(a) J = J−1.

(b) JM J =M ′

(c) For all x ∈M ∩M ′ we have J x J = x∗.

(d) For all ξ ∈C we have Jξ= ξ.

(e) For all x ∈M we have x J x JC ⊂C .
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One can make precise the idea that any two standard forms of a von Neumann al-
gebra are equivalent [Tak03a, Theorem XI.1.14] and use this to construct a canonical
standard form denoted by (M ,L2(M ),L2(M )+, J ), which is also called the standard form
of M [Tak03a, Definition XI.1.18]. Because the faithful normal state will be fixed in the
chapters in this thesis, it is easier to work with the standard form obtained for this spe-
cific state. We will obfuscate these differences, and refer to our standard form using the
notation (M ,L2(M ),L2(M )+, J). We will now discuss this standard form and its relation
to the modular operator a bit further. It turns out that, informally, the modular operator
acts by moving around the ϕ1/2.

Theorem 2.1.28 ([Tak03a, Lemmas VI.1.5 and XI.1.3]). The left and right Hilbert alge-
bras for a von Neumann algebra with faithful normal state ϕ are related by ϕ1/2M =
∆1/2Mϕ1/2 and the cones by

L2(M )+ =∆1/4C ♯
ϕ =∆−1/4C ♭

ϕ.

If we define
ϕ1/4xϕ1/4 =∆1/4xϕ1/2 =∆−1/4ϕ1/2x

for any x ∈M , then ϕ1/4xϕ1/4 ∈ L2(M )+ if and only if x ∈M+. Moreover,

ϕ1/4M+ϕ1/4 = L2(M )+.

Definition 2.1.29. The maps x 7→ xϕ1/2, x 7→ ϕ1/2x and x 7→ ϕ1/4xϕ1/4 are embeddings
of M into L2(M ). We call x 7→ xϕ1/2 and x 7→ ϕ1/2x the (left) GNS embedding and right
GNS embedding, respectively, and x 7→ϕ1/4xϕ1/4 the KMS or symmetric embedding.

While the GNS embeddings require a lot less theory than the symmetric embedding,
the symmetric embedding tends to be the most natural and usually has the nicest prop-
erties when relating maps on M and maps on L2(M). We conclude by defining inner
products on M based on these embeddings.

Definition 2.1.30. We call the inner products on M obtained from embedding M into
L2(M) using the left GNS embedding, the right GNS embedding and the KMS embedding
the (left) GNS inner product, right GNS inner product and KMS inner product, respect-
ively.

Note to the reader 2.1.31. We have now come to the end of the part on Tomita-Takesaki
theory in this dissertation. It does not come remotely close to stating all its main results.
While I do not intend to define what should or should not be called Tomita-Takesaki
theory, I think that most of [Tak03a, Sections VI.1 - XI.1 (p. 1-167)] will probably fall
in this category. I believe that as far as books go, the only way to become fluent in
Tomita-Takesaki theory is to thoroughly work through this part. However, the fascin-
ating thing about Tomita-Takesaki theory is how well the intuition from easier cases
(finite-dimensional von Neumann algebras, von Neumann algebras with a faithful nor-
mal state) still applies to the general case; one just needs to work harder to justify that
it is true. Because of this, I think it is very valuable to become familiar with the finite-
dimensional case and to understand what the described objects mean there.
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Finite-dimensional theory: Tomita-Takesaki theory

Let M be a von Neumann algebra with faithful stateϕ and corresponding invert-
ible density matrix dϕ and GNS Hilbert space H = M . Whereas ϕ1/2 was just a
label for the cyclic vector in the infinite-dimensional theory above, it is now ac-
tually true that d 1/2

ϕ is equal to the cyclic vector. As such, we can now just write

down the left and right Hilbert algebras as Md 1/2
ϕ and d 1/2

ϕ M , which both equal

M as vector spaces. The left multiplication becomes (xd 1/2
ϕ ) · (yd 1/2

ϕ ) = x yd 1/2
ϕ ∈

M , or, equivalently, x · y = xd−1/2
ϕ y , for example. For the involutions we have

(xd 1/2
ϕ )♯ = x∗d 1/2

ϕ and (d 1/2
ϕ x)♭ = d 1/2

ϕ x∗ for the left and right Hilbert algebras,
respectively.

Another way to formulate this, is as

x♯ = ((xd 1/2
ϕ )d−1/2

ϕ )♯ = d−1/2
ϕ x∗d 1/2

ϕ and x♭ = (d−1/2
ϕ (d 1/2

ϕ x))♭ = d 1/2
ϕ x∗d−1/2

ϕ .

Now∆x = (x♯)♭ = dϕxd−1
ϕ is the modular operator, and then the modular conjug-

ation becomes J x = x∗. We also see that

(σϕt (x))(ξ) = (∆i t x∆−i t )(ξ) = d i t
ϕ xd−i t

ϕ ξd i t
ϕ d−i t

ϕ = d i t
ϕ xd−i t

ϕ ξ,

so the modular automorphism group becomes σϕt (x) = d i t
ϕ xd−i t

ϕ =∆i t x. We see
that the distinction between the modular automorphism group and the modular
operator disappears somewhat. In the infinite-dimensional setting, this distinc-
tion exists because M and H are not the same, but here, one can identify them.
Note that there are multiple ways to make this identification, we had multiple
embeddings after all, but that all of these embeddings intertwine σϕt and ∆i t .

Because dϕ is invertible, all elements are nice, so A0 =Md 1/2
ϕ and M

ϕ
a =M .

Moreover, the commutant of M in B(H ) is given by right multiplication by ele-
ments in M , and we indeed see that J x Jξ= ξx∗. For the standard form we need
to be a bit careful. In the infinite-dimensional case, the Hilbert space H was
distinct from M , and we had three different embeddings of M into H . This
distinction is less clear now, since H =M as a vector space. In the original con-
struction, it carried the GNS inner product, but from the concept of the standard
form we see that it is better to equip H with the KMS inner product, and that is
what we will denote by L2(M ). In this way L2(M )+ = M+, and the three inner
products on M are the following:

• The left GNS inner product: 〈x, y〉GNS = Tr(dϕx∗y).

• The rarely used right GNS inner product: 〈x, y〉rGNS = Tr(x∗dϕy).

• The KMS inner product: 〈x, y〉KMS = Tr(d 1/2
ϕ x∗d 1/2

ϕ y). This now clearly is
the most natural, or at least the most symmetric, inner product, and there-
fore we also denote it by 〈x, y〉ϕ.
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2.2. OPERATIONS ON OPEN QUANTUM SYSTEMS
In the previous section we treated the basics of von Neumann algebras. We will now
turn to the description of open quantum systems, where we use the language of von
Neumann algebras to formulate the relevant mathematical properties. In this section
we will stick to the dry mathematics to make the notions and results easy to find. The
physical reasoning why this is the way we describe open quantum systems this way can
be found in Section 1.2 of the introduction.

2.2.1. QUANTUM INFORMATION THEORY

This section recalls the basics of quantum information theory on maps describing how
the state of an open quantum system can change. We will follow [OW23], which treats
the mathematics behind quantum information well.

Definition 2.2.1 ([OW23, Definition 4.15], [Dav76, Section 9.2]). Let A and B be C*-
algebras andΦ : A →B be a linear map.

• Φ is called positive if 0 ≤Φ(x) for all 0 ≤ x ∈A .

• Φ is called completely positive if the mapΦ⊗id : A⊗Mn(C) →B⊗Mn(C) is positive
for all n ∈N.

• Φ is called unital ifΦ(1A ) = 1B .

Remark 2.2.2. The combination "unital completely positive" is often abbreviated to UCP.

Operations on open quantum systems are described by quantum channels when one
views quantum mechanics in the Schrödinger picture. The corresponding maps in the
Heisenberg picture become UCP maps. In the operator algebra setting, it is nicer to
work in the Heisenberg picture, and we will therefore mainly focus on UCP maps. The
structure of completely positive maps is well understood, as is captured in the following
theorem. In finite dimensions the picture is even more clear, as one can read in the blue
box that follows.

Theorem 2.2.3 (Stinespring’s dilation theorem, [Dav76, Theorem 9.2.1], [Pau02, The-
orem 4.1]). If A is a C*-algebra with identity and Φ : A → B(H ) a linear map, then
Φ is completely positive if and only if it has the form

Φ(x) =V ∗π(x)V ∀x ∈A

for some representation π of A on a Hilbert space K and some bounded linear map V :
H → K . If A is a von Neumann algebra and Φ is normal, then π can be taken to be
normal. IfΦ is unital, then V is an isometry.

Remark 2.2.4. We call the triple (K ,π,V ) in the above theorem a Stinespring represent-
ation ofΦ.
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Finite-dimensional theory: completely positive maps

The notions in Definition 2.2.1 and Stinespring’s dilation theorem do not change
in the finite-dimensional case. However, we do obtain a few more characterisa-
tions.

Definition 2.2.5 ([OW23, Definition 5.1]). LetΦ : B(H ) → B(K ) be a linear map.
We define the Choi operator CΦ ∈ B(H ⊗K ) as

CΦ = ∑
v,w∈B

|v〉〈w |⊗Φ(|v〉〈w |),

where {|v〉}v∈B denotes an arbitrary orthonormal basis of H .

Remark 2.2.6. The Choi operator CΦ depends on the choice of basis.

Lemma 2.2.7 (Choi-Jamiołkowski isomorphism [OW23, Lemma 5.2]). The map

B(B(H ),B(K )) ∋Φ 7→CΦ ∈ B(H ⊗K )

is an isomorphism with inverse given by

Φ(x) = TrH

(
(xT ⊗ IK )CΦ

) ∀x ∈ B(H ),

where the transpose is taken using the same basis as in the construction of CΦ.

Theorem 2.2.8 ([OW23, Theorem 5.3]). Let Φ : B(H ) → B(K ) be a linear map.
The following are equivalent:

(a) Φ is completely positive.

(b) Φ⊗ idB(H ) is positive.

(c) CΦ ≥ 0 for any choice of orthonormal basis.

(d) There exists a Kraus representation V1, . . .Vr ∈ B(H ,K ) such that

∀x ∈ B(H ) :Φ(x) =
r∑

i=1
Vi xV ∗

i .

If the above statements hold, then there exist Kraus and Stinespring representa-
tions with r = rank(CΦ) and dim(K ) = rank(CΦ), respectively.

Lastly, restricting to maps on the bounded operators of finite-dimensional
Hilbert spaces allows us to introduce additional properties of such maps.

Definition 2.2.9 ([OW23, Definition 4.15]). Let Φ : B(H ) → B(K ) be a linear
map. Φ is called trace-preserving if Tr(Φ(x)) = Tr(x) for all x ∈ B(H ) and a quan-
tum channel (or a CPTP map) if it is completely positive and trace-preserving.
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We finish this section with a notion that is slightly weaker than complete positivity.

Definition 2.2.10. A linear map L : A →B between C*-algebras is calledπ-conditionally
completely positive for a ∗-representation π : A → B if for all n ∈ N and a1, . . . , an ∈
A ,b1, . . . , bn ∈B we have

n∑
i , j=1

b∗
i L(a∗

i a j )b j ≥ 0 whenever
n∑

i=1
π(ai )bi = 0.

If A = B and π = id, then we call L conditionally completely positive. A map L is π-
conditionally completely negative if and only if −L is π-conditionally completely positive.

2.2.2. QUANTUM MARKOV SEMIGROUPS
We are now ready to describe quantum Markov semigroups, sometimes abbreviated as
QMS, which describe the time evolution of open quantum systems under the Markovian
assumption, i.e. that what happens next is purely determined by the state at that point
in time. Quantum Markov semigroups are key objects in this dissertation, and Chapter 3
is devoted to the study of some of their properties. While quantum Markov semigroups
can be defined on C*-algebras as well, we will purely focus on von Neumann algebras.

Definition 2.2.11 ([Lin76, Section 1]). Let M be a von Neumann algebra. A quantum
Markov semigroup is a one-parameter family of normal unital completely positive maps
(Φt )t∈R+ satisfying

(a) Φs ◦Φt =Φs+t for all s, t ≥ 0.

(b) Φ0 = id.

(c) Φt (x) → x in the σ-weak topology as t → 0 for all x ∈M .

A quantum Markov semigroup is called uniformly continuous if Φt → id in operator
norm as t → 0.

Remark 2.2.12. The above objects are known under several names in the literature, such
as dynamical semigroups [Lin76], quantum dynamical semigroups [CE79] and quantum
Markov semigroups [CM17]. We stick with the last name throughout this work. We will
also write (Φt )t≥0 or (Φt ) instead of (Φt )t∈R+ from now on.

Definition 2.2.13 ([Lin76, Section 1], [Phi55, Section 2]). Let M be a von Neumann al-
gebra with quantum Markov semigroup (Φt )t≥0. The generator of (Φt )t≥0 is theσ-weakly
closed and densely defined operator L given by

dom(L) =
{

x ∈M

∣∣∣∣ lim
t→0

1

t
(x −Φt (x)) exists in the σ-weak topology

}
,

L(x) = lim
t→0

1

t
(x −Φt (x)) in the σ-weak topology.

A quantum Markov semigroup is uniformly continuous if and only if the generator is
bounded. In this case, we can characterise which bounded operators on M are generat-
ors.
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Theorem 2.2.14 ([EL77b, Theorem 14.7]). A bounded operator L is the generator of a
uniformly continuous quantum Markov semigroup if and only if it is normal, L(1) = 0
and L is conditionally completely negative.

For bounded generators of quantum Markov semigroups the structure is known.

Theorem 2.2.15 (Christensen-Evans theorem, [CE79, Theorem 3.1]). Let L be the gener-
ator of a uniformly continuous quantum Markov semigroup on a von Neumann algebra
M . Then there exist a normal completely positive mapΨ : M →M and an element k ∈M

such that
∀x ∈M : L(x) = k∗x +xk −Ψ(x).

Finite-dimensional theory: quantum Markov semigroups

Any unital completely positive map on a von Neumann algebra M is normal, so
a quantum Markov semigroup (Φt )t≥0 on M is just a continuous semigroup of
unital completely positive maps, and it is automatically uniformly continuous.
Its generator is the operator L that satisfiesΦt = e−tL , and an operator is a gener-
ator if and only if L(1) = 0 and L is conditionally completely negative if and only
if there exist a completely positive mapΨ on M and k ∈M such that

∀x ∈M : L(x) = k∗x +xk −Ψ(x).

QUANTUM MARKOV SEMIGROUPS ON HILBERT SPACES

Throughout this section, let M be a von Neumann algebra with faithful normal state ϕ
and corresponding standard form (M ,L2(M ),L2(M )+, J ).

Definition 2.2.16 ([Cip97, Definition 2.1]). Let T be a bounded linear map on M . T is
called symmetric or KMS-symmetric if

∀x, y ∈M
ϕ
a :ϕ(T (x)σϕ−i /2(y)) =ϕ(σϕi /2(x)T (y)).

A quantum Markov semigroup (Φt )t≥0 is called symmetric or KMS-symmetric if Φt is
symmetric for every t ≥ 0.

In the rest of the dissertation, whenever we talk about any kind of symmetry of oper-
ators or quantum Markov semigroups, the reference state on the von Neumann algebra
will already have been established. If we wish to emphasise that the reference state is
tracial, we call an operator or quantum Markov semigroup tracially symmetric.

If a bounded linear map T on M is symmetric, then it can be extended to L2(M ) by
the following lemma. We denote this operator on L2(M ) by T (2).

Lemma 2.2.17 ([Cip97, Lemma 2.4]). Let T be a symmetric linear map on M . The in-
duced map T (2) on L2(M ) through the KMS embedding is bounded with ∥T (2)∥ ≤ ∥T ∥.

This implies that a symmetric quantum Markov semigroup can be extended to a fam-
ily of operators on L2(M ). It turns out that we can also characterise the property of be-
ing a symmetric quantum Markov semigroup in terms of the corresponding operators
on L2(M ).
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Definition 2.2.18 ([Cip97, Definitions 2.7 and 2.8]). A bounded operator A ∈ B(L2(M )) is
called positivity-preserving if A(L2(M )+) ⊂ L2(M )+ and completely positivity-preserving
if A ⊗ idn is positivity-preserving on L2(M )⊗Mn(C) for all n ∈N. It is called Markovian
if A is completely positivity-preserving and Aϕ1/2 = ϕ1/2. A semigroup (At )t≥0 is called
Markovian if At is Markovian for every t ≥ 0.

Remark 2.2.19. In the original paper completely positivity-preservation is not required
to be Markovian, only positivity-preservation. However, since a quantum Markov semi-
group is required to be completely positive, it is better to reserve the name Markovian
purely for completely positivity-preserving operators.

Theorem 2.2.20 ([Cip97, Theorems 2.11 and 2.12]). Let (Φt )t≥0 be a symmetric quantum
Markov semigroup on M . Then (Φ(2)

t )t≥0 is a strongly continuous symmetric Markovian
semigroup on L2(M ). Conversely, if (At )t≥0 is a strongly continuous symmetric Markovian
semigroup on L2(M ), then its restriction to M under the KMS embedding is a symmetric
quantum Markov semigroup.

There is also another notion of symmetry, which is called GNS symmetry, and it is
related to the GNS embedding.

Definition 2.2.21. A bounded linear map T on M is called GNS-symmetric ifϕ(xT (y)) =
ϕ(T (x)y) for all x, y ∈ M and a quantum Markov semigroup (Φt )t≥0 is called GNS-
symmetric ifΦt is GNS-symmetric for every t ≥ 0.

Lemma 2.2.22 ([Wir24, Proposition 2.2]). Any GNS-symmetric unital completely posit-
ive bounded linear map T on M commutes with the modular automorphism group σϕ.
Consequently, any such map is KMS-symmetric.

All maps in a GNS-symmetric quantum Markov semigroup satisfy the assumptions of
the above lemma, so any GNS-symmetric quantum Markov semigroup commutes with
the modular automorphism group. This makes it significantly easier to study this case.
If ϕ is tracial, the modular automorphism group is trivial, and GNS symmetry and KMS
symmetry coincide.

In the symmetric case we can also construct generators on the Hilbert space level.
In this case it is possible to relate the generator and the semigroup on the Hilbert space
level in a natural way.

Definition 2.2.23 ([GL95, Theorem 3.2]). A strongly continuous symmetric Markovian
semigroup (At )t≥0 on L2(M ) gives rise to a generator L2, which is a self-adjoint operator
given by

dom(L2) =
{
ξ ∈ L2(M )

∣∣∣∣ lim
t→0

1

t
(ξ− At (ξ)) exists

}
,

L2(ξ) = lim
t→0

1

t
(ξ− At (ξ)).

If (Φt )t≥0 is a symmetric quantum Markov semigroup on M , we call L2 corresponding
to (Φ(2)

t )t≥0 the L2-generator of (Φt )t≥0.
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Proposition 2.2.24 ([GL95, Theorem 3.2]). Let (Φt )t≥0 be a symmetric quantum Markov
semigroup on M with L2-generator L2. Then

Φ(2)
t = e−tL2

using functional calculus.

Finite-dimensional theory: symmetry for quantum Markov semigroups

In the finite-dimensional case, symmetry of quantum Markov semigroups is easy
to understand. If M is a von Neumann algebra with faithful stateϕ, then a quan-
tum Markov semigroup (Φt )t≥0 is GNS- or KMS-symmetric if and only if all the
maps are self-adjoint with respect to the corresponding inner product if and only
if the generator is self-adjoint with respect to the corresponding inner product.

A GNS-symmetric quantum Markov semigroup commutes with the modular
operator and is automatically KMS-symmetric. Conversely, a KMS-symmetric
quantum Markov semigroup is GNS-symmetric if it commutes with the modular
operator.

2.2.3. QUANTUM DIRICHLET FORMS
Each quantum Markov semigroup bijectively corresponds to a different object called a
quantum Dirichlet form, which is a quadratic form satisfying certain conditions. For
analytic reasons, quantum Dirichlet forms can be easier to work with than quantum
Markov semigroups if the generator is unbounded.

Definition 2.2.25. A quadratic form on a Hilbert space H is a map q : H → [0,∞] such
that

q(λη) = |λ|2q(η) and q(ξ+η)+q(ξ−η) = 2q(ξ)+2q(η)

for all ξ, η ∈ H and λ ∈C. The form q is called closed if it is lower semicontinuous and
densely defined if dom(q) = {η ∈H | q(ξ) <∞} is dense.

In the second condition one can recognise the parallelogram identity [Nee22, Pro-
position 3.6], implying that there should be a sesquilinear form associated to q . This is
indeed the case.

Proposition 2.2.26 ([Cip97, Section 4]). A quadratic form q on H gives rise to a sesqui-
linear form, also denoted by q, on dom(q) by the polarisation identity, i.e.

q(ξ,η) =
3∑

k=0
i k q(i kξ+η).

Conversely, any sesquilinear form q on dom(q) ⊂H gives rise to a quadratic form on H

by

q(η) =
{

q(η,η) if η ∈ dom(q)

∞ otherwise.
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We will interchangeably view such objects as quadratic forms and as sesquilinear
forms, and denote both cases by the same symbol. One can define many properties
quadratic forms may have, but here we will combine them to define only those quad-
ratic forms that correspond to quantum Markov semigroups. Note that different names
are used in the literature [GL95; Cip97; CS03a]; we pick names that make sense in our
situation. From this point on, we once again fix a von Neumann algebra M with faithful
normal stateϕ and corresponding standard form (M ,L2(M ),L2(M )+, J ). We will denote
quantum Dirichlet forms by E , as this is more standard in the literature.

Notation 2.2.27. As L2(M ) is a Hilbert space, we can project onto closed convex sets
[Con10, Theorem I.2.5]. We denote by η∧ϕ1/2 the projection of η onto the closed convex
cone ϕ1/2 −L2(M )+.

Definition 2.2.28. A closed densely defined quadratic form E : L2(M ) → [0,∞] is called
a conservative Dirichlet form if

• E (Jη) = E (η) for all η ∈ L2(M ),

• E (η∧ϕ1/2) ≤ E (η) for all η ∈ L2(M ),

• E (ϕ1/2) = 0.

The form E is called a quantum Dirichlet form if for every n ∈N its amplification, the
quadratic form

E (n) : L2(Mn(M )) → [0,∞],E (n)((η j k ) j k ) =
n∑

j ,k=1
E (η j k ),

is a conservative Dirichlet form.

The distinction between conservative Dirichlet forms and quantum Dirichlet forms
is similar to the distinction between positive maps and completely positive maps.

The next step is to describe the connection between quantum Dirichlet forms and
quantum Markov semigroups. This connection runs through the so-called generator of
a quadratic form and the generator of a quantum Markov semigroup.

Construction 2.2.29. Let q be a closed densely defined quadratic form on H . Its gener-
ator is the positive self-adjoint operator L2 given by

dom(L2) = {η ∈ dom(q) | ∃ξ ∈H ∀ζ ∈ dom(q) | q(η,ζ) = 〈ξ,ζ〉},

L2η= ξ as above.

Conversely, given a positive self-adjoint operator L2 on H , we can construct a closed
densely defined quadratic form q on H by

q(η) =
{
∥L1/2

2 η∥2 if η ∈ dom(L1/2
2 ),

∞ otherwise

with generator L2.
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Theorem 2.2.30 ([Cip97, Theorem 4.11], [GL95, Theorem 5.7]). Any KMS-symmetric
quantum Markov semigroup on M with L2-generator L2 gives rise to a quantum Diri-
chlet form on L2(M ) through Construction 2.2.29 for L2. Conversely, the generator of a
quantum Dirichlet form is the L2-generator of a KMS-symmetric quantum Markov semi-
group.

We end with a final, technical definition. This definition can be given for a larger
class of quadratic forms [Cip97, Section 4], but that generality is not necessary here.

Definition 2.2.31. Let E be a quantum Dirichlet form on L2(M ). A form core is a linear
subspace V of dom(E ) which is dense in dom(E ) under the norm

η 7→ (E (η)+〈η,η〉)1/2.

Finite-dimensional theory: quantum Dirichlet forms

A quadratic form on a Hilbert space H is a map q : H → [0,∞) such that q(η) =
〈η,Lη〉 for some positive operator L on H . A quadratic form E on L2(M ) is called
a conservative Dirichlet form if

• E (η∗) = E (η) for all η ∈ L2(M ).

• E (η∧ϕ1/2) ≤ E (η) for all η ∈ L2(M ), where η 7→ η∧ϕ1/2 is the projection
onto the closed convex set ϕ1/2 −M+.

• E (ϕ1/2) = 0.

It is a quantum Dirichlet form if all matrix amplifications of E are conservative
Dirichlet forms. However, in finite dimensions, or for any uniformly continuous
quantum Markov semigroup for that matter, there is almost never a reason to
worry about quantum Dirichlet forms. Consequently, they will not appear in any
finite-dimensional part.

2.3. DERIVATIONS
The final topic in these preliminaries concerns derivations, which are maps that satisfy
some sort of product or Leibniz rule. This comes in three parts: we first need to de-
scribe the spaces derivations map into, then we can define derivations and we finish by
describing a way to construct new derivations based on a family of derivations.

2.3.1. BIMODULE STRUCTURES
Let A and B be algebras. Intuitively, an A -B bimodule is a vector space where one can
multiply from the left by elements in A and from the right by elements in B. This will
be made precise in the following definitions.

Definition 2.3.1 ([Tak03a, Definition IX.3.1(i)]). Let A be an algebra. The opposite al-
gebra A ◦ is the algebra obtained by reversing the product in A , i.e. A ◦ = A as a linear
space, and we denote the element in A ◦ corresponding to x ∈A by x◦. Then the product
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of x◦, y◦ ∈A ◦ is defined as

x◦y◦ = (y x)◦.

If A is a ∗-algebra or a von Neumann algebra, then the ∗-operation and in the second
case also the norm on A ◦ are carried over from A , just like the linear structure.

We will only consider the case where our algebras are ∗-algebras, and we will require
that their involution interacts nicely with the left or right multiplication. Usually, one
requires that the bimodule, the vector space the algebras act on, is equipped with a Hil-
bert space structure in these cases. However, for our purposes it is useful to also have a
notion of bimodules that only come with a positive sesquilinear form (see Remark 2.3.4
and the blue box). Unfortunately, this forces us to use non-standard nomenclature, in
part due to the existing but different notion of Hilbert bimodules [RW98, Chapter 2]. As
in [Tak03a], we will only consider faithful bimodules.

Definition 2.3.2 (Based on [Tak03a, Definition IX.3.1(iii) and Notes on Chapter IX]). Let
A , B be ∗-algebras.

(a) An A -B-bimodule is a vector space V equipped with a positive sesquilinear form
〈·, ·〉 and algebra homomorphisms π and π′ from A and B◦ to the linear maps on
V , respectively, such that

(i) π(x) and π′(y◦) commute for all x ∈A , y ∈B,

(ii) 〈π(x∗)η,ξ〉 = 〈η,π(x)ξ〉 for all x ∈A , η, ξ ∈V ,

(iii) 〈π′((y◦)∗)η,ξ〉 = 〈η,π′(y◦)ξ〉 for all y ∈B, η, ξ ∈V .

(iv) π(x) and π′(y◦) are bounded and non-zero for all x ∈ A \{0}, y ∈ B\{0} with
respect to the seminorm on V generated by 〈·, ·〉.

(b) A complete A -B-bimodule is an A -B-bimodule V such that the positive sesqui-
linear form turns V into a Hilbert space.

(c) If A and B are von Neumann algebras, we call a complete A -B-bimodule an A -
B-correspondence if π and π′ are normal.

Remark 2.3.3. We will simplify notation for in bimodules and write xηy for π(x)π′(y◦)η.
If confusion might arise, we may write x ·η · y instead of xηy .

Remark 2.3.4. It can be convenient to work with a degenerate positive sesquilinear form
when one has a natural and conveniently describable vector space in mind for the bi-
module. One could of course quotient out the kernel of the sesquilinear form to obtain
a complete bimodule, but this would change the vector space. The price one pays is that
one does not have a norm on the bimodule but only a seminorm.

Definition 2.3.5. Let M be a von Neumann algebra. A pair (H ,J ) consisting of an
M -M -correspondence H and an anti-unitary involution on H is called a self-dual M -
M -correspondence if J (xηy) = y∗J (η)x∗ for all x, y ∈M and η ∈H .
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Finite-dimensional theory: Bimodule structures

Definitions 2.3.1, 2.3.2(a), 2.3.2(b) and 2.3.5 do not change in the finite-
dimensional case, but now every complete A -B-bimodule is an A -B-
correspondence. Note that the boundedness condition in 2.3.2(a) still plays a
role in the finite-dimensional case, as it prevents a vector η ∈ V with 〈η,η〉 = 0
from being mapped to a non-zero vector.

Choosing to work with degenerate positive sesquilinear forms, as discussed
in Remark 2.3.4, can be even more advantageous in de finite-dimensional case.
While going to a complete bimodule would change the vector space, allowing
the positive sesquilinear form to be degenerate is often not problematic, be-
cause such forms can be described in terms of a positive semidefinite matrix
after identifying the vector space withCn for some n ∈N. In this case degeneracy
of the positive sesquilinear form corresponds to non-invertibility of the matrix.
This will be explored concretely in Section 3.2.

2.3.2. DERIVATIONS AND TWISTED DERIVATIONS

Using the structure of bimodules, we can now define what a derivation is, which intuit-
ively is a map satisfying the product rule. We subsequently introduce a notion of twisted
derivations for von Neumann algebras in standard form. In the finite-dimensional the-
ory section, we describe the notion more generally, which will clarify the name. Using
twisted derivations, we define the concept of a first order differential calculus for KMS-
symmetric quantum Markov semigroups.

Definition 2.3.6. Let A be a ∗-algebra. A derivation δ from A into an A -A -bimodule
is a linear map satisfying

δ(x y) = xδ(y)+δ(x)y

for all x, y ∈A .

Derivations appear in many places in mathematics, and there are even long-standing
open questions connected to them (for example [Pau02, p. 125]). However, we will purely
consider them as tools to better understand the generators of KMS-symmetric quantum
Markov semigroups. If the faithful normal state that is used is tracial, then derivations
are the appropriate tools (see Theorem 2.3.10). However, in Chapter 3 we will see that
this is no longer true if the state is not tracial. Simultaneously, Wirth discovered the
appropriate modification of the definition [Wir22], which we will call twisted derivations.
Note that one could come up with a more algebraic notion of a twisted derivation, but
a key observation by Wirth was that this is not the right viewpoint for applications in
KMS-symmetric quantum Markov semigroups. In the finite-dimensional case, one can
use an algebraic definition (see Definition 2.3.12). In this algebraic version, the twists are
represented by algebra homomorphisms affecting the left and right multiplication in the
product rule.

Definition 2.3.7. Let M be a von Neumann algebra with faithful normal state ϕ. A
twisted derivation is a closed operator δ : L2(M ) ⊃ dom(δ) → H to a complete M -M -
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bimodule such that for all η ∈Mϕ1/2 and ξ ∈ϕ1/2M we have

δ(ηξ) =πℓ(η) ·δ(ξ)+δ(η) · Jπr (ξ)∗ J .

Let us briefly unpack this definition. The starting point of the definition is that δ is
a possibly unbounded operator between Hilbert spaces. However, one cannot multiply
elements in a general Hilbert space, so we have to find an appropriate way to describe
the product rule. Note that to formulate something like a product rule in the first place,
we need to associate elements in M to (certain) elements in the Hilbert space. For this
we can use the ∗-representation πℓ and the ∗-antirepresentation πr described above
Lemma 2.1.14. Plugging an element from Mϕ1/2 into πℓ immediately gives an element
in M . However, πr has two problems. It does not map into M , but into M ′, and it is an
∗-antirepresentation. However, we can resolve both issues using the relations JM ′ J =
M and Rr (ϕ1/2M ) = M ′ from Theorem 2.1.17. These tell us that ξ 7→ Jπr (ξ)∗ J is a ∗-
representation into M . With this, the product rule in Definition 2.3.7 is well-defined.

Remark 2.3.8. In this dissertation, we sharply distinguish derivations and twisted deriva-
tions. We do this because part of the point of Chapter 3 is that certain things are possible
for twisted derivations, while they are not possible for derivations. This may suggest that
one should think about derivations and twisted derivations as separate things, but that
is misleading. One should instead view twisted derivations as the proper way of taking
the concept of derivations from the tracial state case (where both definitions agree) and
generalising it to the non-tracial state case. In other words, ‘twisted derivations’ should
be seen as nothing else than the right way to think about derivations in the setting of
KMS-symmetric quantum Markov semigroups. Therefore, while we distinguish between
derivations and twisted derivations in precise statements in this dissertation, in general
the word ‘twisted’ may be implied by context.

Using the notion of a twisted derivation, we can now define a first-order differential
calculus. It was introduced in this setting in [VW23], which forms the basis of most of
Chapter 3, but as it provides context for Theorem 2.3.10 and can be used to formulate
its finite-dimensional version, Theorem 2.3.13, it is useful to record it here. We will also
repeat the definition in its original location in Chapter 3 in order to preserve its natural
point of introduction (see Definition 3.5.6).

Definition 2.3.9. Let M be a von Neumann algebra with faithful normal stateϕ. We call
a triple (H ,J ,δ) consisting of a self-dual M -M -correspondence and a twisted deriva-
tion δ into H a first-order differential calculus if

(a) J dom(δ) = dom(δ) and δ(Jη) =J (δ(η)) for all η ∈ dom(δ),

(b) span{δ(η)x | η ∈ dom(δ), x ∈M } is dense in H .

We call a first-order differential calculus bounded if δ is bounded.

We will now state a theorem by Cipriani and Sauvageot that is the main inspiration
for Chapter 3. We reformulate the result slightly to be in line with our nomenclature.
Note that we do not use the terminology of a first-order differential calculus because the
left and right actions for the complete M -M -bimodule that appears may not be normal.
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Theorem 2.3.10 ([CS03a, Theorems 8.2 and 8.3]). Let M be a von Neumann algebra with
faithful normal tracial state τ. Let E be a quantum Dirichlet form on L2(M ). Then there
exists a complete M -M -bimodule H with anti-unitary involution J and a twisted de-
rivation δ into H such that

• J (xηy) = y∗J (η)x∗ for all x, y ∈M and η ∈H ,

• J dom(δ) = dom(δ) and δ(Jη) =J (δ(η)) for all η ∈ dom(δ),

• span{δ(η)x | η ∈ dom(δ), x ∈M } is dense in H ,

• E (η) = ∥δ(η)∥2 for all η ∈ dom(E ),

• L2 = δ∗ ◦δ, where L2 is the generator of E .

Remark 2.3.11. Their result is somewhat more general in several ways. For now, we will
point out that τ could also have been a faithful normal tracial weight instead of a state.

In the above theorem, D = dom(E )∩τ1/4Mτ1/4 is a form core for E . D is a ∗-algebra,
and when δ is restricted to D , it is a derivation in the sense of Definition 2.3.6. Gen-
eralising this theorem to the case where one considers a non-tracial state is the reason
twisted derivations were created. Section 3.2 focusses on the question whether a the-
orem like Theorem 2.3.10 is possible for GNS-symmetric quantum Markov semigroups
for a non-tracial state ϕ if one demands to obtain a true derivation structure. The re-
mainder of Chapter 3 aims to generalise Theorem 2.3.10 to KMS-symmetric quantum
Markov semigroups for non-tracial states ϕ.

Finite-dimensional theory: Derivations and twisted derivations

Definition 2.3.6 does not change in the finite-dimensional case. However, we can
now define twisted derivations in an algebraic way.

Definition 2.3.12. Let A be a ∗-algebra. A twisted derivation δ from A into an
A -A -bimodule is a linear map such that there exist algebra homomorphisms
α, β on A satisfying

δ(x y) =α(x)δ(y)+δ(x)β(y).

For a von Neumann algebra M with faithful state ϕ, a twisted derivation in
the sense of Definition 2.3.7 is a twisted derivation on M with α = σ−i /4 and
β=σi /4. Unless specified otherwise, in this work a twisted derivation will mean
a twisted derivation in the sense of Definition 2.3.7, although we may view it
through the lens of Definition 2.3.12.

A first-order differential calculus (H ,J ,δ) is a twisted derivation δ into a
self-dual correspondence (H ,J ) that intertwines J and J and whose image
generates H as a bimodule. We can now formulate Theorem 2.3.10 in terms
of first-order differential calculi.

Theorem 2.3.13. Let M be a von Neumann algebra with faithful tracial state
τ and let (Φt )t≥0 be a symmetric quantum Markov semigroup with generator L.
Then there exists a first-order differential calculus (H ,J ,δ) such that δ∗ ◦δ= L.
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2.3.3. ULTRAPRODUCTS OF HILBERT SPACES
We conclude the preliminaries by describing a way to take some sort of limit of Hilbert
spaces, called an ultraproduct. This is usually introduced through ultrafilters, which be-
long to the mathematical field of logic. However, there is a functional analytic connec-
tion that we can exploit here to give the definitions we need while avoiding ultrafilters.

Consider ℓ∞(N), which is a commutative von Neumann algebra, and as such, a com-
mutative C*-algebra. Consequently, ℓ∞(N) ∼=C (X ) for some compact Hausdorff space X
[Con10, Theorem VII.2.1], which is called the Stone-Čech compactification and denoted
by βN [Con10, Stone-Čech Compactification, p. 137]. It consists of all non-zero homo-
morphisms from ℓ∞(N) toC [Con10, Proposition VII.8.2] and as such naturally contains
N. In fact,N is dense in βN, as any element of C (βN) ∼= ℓ∞(N) is fully determined by its
values on N. Consequently, whenever we have a bounded sequence of complex num-
bers (an)n∈N, we can in principle find its ‘limit’ limn→ω an at any point ω ∈ βN\N. We
will use this to define ultraproducts of Hilbert spaces.

Construction 2.3.14. Let (Hn)n∈N be a sequence of Hilbert spaces. Let K = {(ηn) ∈∏
n∈NHn | supn∈N∥ηn∥ <∞}, which is a Banach space under the supremum norm. Now

fix anω ∈βN\N. We can define a positive sesquilinear form on K by 〈(ηn)n∈N, (ξn)n∈N〉 =
limn→ω〈ηn ,ξn〉, which has kernel I = {(ηn) ∈∏

n∈NHn | limn→ω∥ηn∥ = 0}. As I is closed,
we know that H = K /I is a Hilbert space, and we call this the ultraproduct of (Hn)n∈N,
denoted by

∏
n→ωHn .

Notation 2.3.15. We denote the equivalence class of (ηn)n∈N in
∏

n→ωHn by [ηn].

2.4. NOTATION OVERVIEW
Here one can find a brief overview of some common notation used in this dissertation.
In some exceptional cases we may deviate from this notation.

• H , K - Hilbert spaces

• η, ξ - elements of a Hilbert space

• B(H ) - bounded operators on a Hilbert space

• 〈·, ·〉 - inner product

• 〈·, ·〉H - inner product on Hilbert space H

• Mn(C) - the set of n ×n matrices

• A, B , C , D, E , X , Y - matrices

• M sym
n×n(R) - symmetric n ×n real-valued matrices

• X T for X ∈ Mn(C) - transpose

• Tr - trace

• tr - normalised trace
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• A , B - algebras, ∗-algebras, C*-algebras or answer sets

• M , N - von Neumann algebras

• L2(M ) - standard Hilbert space associated to M with fixed faithful normal state

• X , Y - question sets

• x, y - elements of a von Neumann algebra or questions from a question set

• a, b - elements of a von Neumann algebra or answers from an answer set; some-
times elements of L2(M )

• c - element of a von Neumann algebra or a constant

• d - element of a von Neumann algebra or a dimension

• A ⊙B - algebraic tensor product

• M ⊗N - spacial tensor product of von Neumann algebras

• H ⊗K - tensor product of Hilbert spaces

• M ⊗bin N - binormal tensor product

• x ⊗ y - tensor product of elements x and y in any kind of tensor product

• TrH2 on B(H1)⊗B(H2) - partial trace ([NC10, Section 8.3.1])

• 1 - number, identity in an algebra

• 1n , 1H , 1A - identity in the corresponding algebra (Mn(C), B(H ), A )

• id - identity map (usually on an algebra)

• idn , idA - identity map on the corresponding algebra (Mn(C), A )

• ∥·∥ - norm (operator norm on a C*-algebra)

• ∥·∥p - Lp -norm based on the trace

• ∥·∥τ - 2-norm based on tracial state τ.

• ϕ, ρ - state, positive linear functional or weight; sometimes density matrix

• ϕ1/2, ρ1/2 - cyclic vector for the state or square root of density matrix

• τ - tracial state, positive linear functional or weight

• dϕ - density matrix

• 〈·, ·〉ρ - KMS inner product with respect to state ρ

• Φ - (completely positive) map on C*-algebra
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• (Φt )t≥0 - quantum Markov semigroup

• (Φt ) - quantum Markov semigroup

• L - generator on von Neumann algebra

• L2 - generator on Hilbert space

• x∗ - adjoint

• Φ† - adjoint of map on C*-algebra

• η♯, η♭ - involutions in left or right Hilbert algebras

• ∆ - modular operator or comultiplication

• σ
ϕ
t - modular automorphism group

• χΛ - characteristic function of the subsetΛ

• C - class of strategies

• Fq - finite field of order q for some prime power q

• G - game or (quantum) graph

• Γ - discrete group

• C (Γ,S) - Cayley graph of Γwith generating set S

• G - compact quantum group

• Γ - discrete quantum group

• (S,ε) - Kazhdan pair for a group

• (E ,ε) - Kazhdan pair for a quantum group

• |S| - number of elements of a set S

GENERAL CONVENTIONS

We also record a few general conventions adhered to throughout this dissertation.

• When talking about positivity of matrices, we always mean positive as an element
of the C*-algebra of Mn(C).

• Inner products are linear in the second component.

• R+ includes zero.



3
DERIVATIONS FOR

KMS-SYMMETRIC QUANTUM

MARKOV SEMIGROUPS

This chapter is based on the following articles:

• Matthijs Vernooij. “On the existence of derivations as square roots of generators of
state-symmetric quantum Markov semigroups”. In: Infinite Dimensional Analysis,
Quantum Probability and Related Topics 27.01 (2024), p. 2350003.

• Matthijs Vernooij and Melchior Wirth. “Derivations and KMS-Symmetric Quan-
tum Markov Semigroups”. In: Communications in Mathematical Physics 403.1
(2023), pp. 381–416.

Cipriani and Sauvageot have shown that the generator of the L2 implementation of a tra-
cially symmetric quantum Markov semigroup can be expressed as the square of a deriva-
tion with values in a complete bimodule. Here, we study the existence of (twisted) deriv-
ations corresponding to quantum Markov semigroups which satisfy symmetry properties
with respect to a non-tracial state.

First, we show that this construction of a derivation can in general not be generalised to
quantum Markov semigroups that are symmetric with respect to a non-tracial state. In
particular we show that all derivations to complete bimodules can be assumed to have a
concrete form, and then we use this form to show that in the finite-dimensional case the
existence of such a derivation is equivalent to the existence of a positive matrix solution of
a system of linear equations. We solve this system of linear equations for concrete examples
using Mathematica to complete the proof.

Second, we prove that the generator of the L2 implementation of a KMS-symmetric quan-
tum Markov semigroup can be expressed as the square of a twisted derivation with val-
ues in a complete bimodule, extending a subsequently released result by Wirth for GNS-
symmetric semigroups. This result hinges on the introduction of a new completely positive
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map on the algebra of bounded operators on the GNS Hilbert space. This transformation
maps symmetric Markovian operators to symmetric Markovian operators and is essential
to obtain the required inner product on the complete bimodule. This transformation was
discovered by adapting the approach in the first part to the twisted derivations introduced
by Wirth.

3.1. INTRODUCTION
Quantum Markov semigroups are a versatile tool that has found applications not only
in quantum statistical mechanics, where they were originally introduced in the descrip-
tion of certain open quantum systems [Ali76; GKS76; Kos72; Lin76], but also in various
purely mathematical fields such as noncommutative harmonic analysis [JX07; JMP14],
noncommutative probability [Bia03; CFK14], noncommutative geometry [Arh23; CS03a;
Sau96] and the structure theory of von Neumann algebras [CS15; CS17; Pet09a].

One central question from the beginning was to describe the generators of quantum
Markov semigroups. For quantum Markov semigroups acting on matrix algebras, a char-
acterisation of their generators was given by Lindblad [Lin76] and Gorini-Kossakowski-
Sudarshan [GKS76] and later extended to generators of uniformly continuous quantum
Markov semigroups on arbitrary von Neumann algebras by Christensen-Evans [CE79].
While partial results are known in particular for type I factors [AZ15; Dav79; Hol95], a
similarly explicit description of unbounded generators of quantum Markov semigroups
on arbitrary von Neumann algebras seems out of reach.

Both for the modelling of open quantum systems and purely mathematical questions
in noncommutative probability, operator algebra theory, etc., one is often not interested
in arbitrary quantum Markov semigroups, but quantum Markov semigroups that are
symmetric with respect to a reference state or weight. In quantum statistical mechanics,
these describe open systems coupled to a heat bath in thermal equilibrium. From the
mathematical standpoint, symmetry with respect to a reference state allows to extend
the semigroups to symmetric semigroups on the GNS Hilbert space, which makes the
powerful tools for self-adjoint Hilbert space operators available.

If the reference state or weight is a trace, there is an unambiguous notion of sym-
metry, called tracial symmetry. The study of tracially symmetric quantum Markov se-
migroups through their associated quadratic forms, so-called Dirichlet forms, was initi-
ated by Albeverio and Høegh-Krohn [AH77] and further developed by Lindsay and Dav-
ies [DL92; DL93]. The (Hilbert space) generators of tracially symmetric quantum Markov
semigroups have been characterised by Cipriani and Sauvageot [CS03a] to be of the form
δ∗δ, where δ is a derivation with values in a complete bimodule. This result has lead to
a wide range of applications from analysis on fractals [HT13] and metric graphs [BK19]
over noncommutative geometry [CS03b], noncommutative probability [Dab10; JZ15],
quantum optimal transport [Wir21; WZ21] to the structure theory of von Neumann al-
gebras and in particular Popa’s deformation and rigidity theory [Pet09b; DI16; Cas21;
CIW21].

Despite this success, the notion of tracial symmetry is somewhat limiting. For one,
von Neumann algebras with a type III summand do not even admit a (faithful normal)
trace. But even on semi-finite von Neumann algebras, plenty of quantum Markov se-
migroups of interest are not tracially symmetric. For example, in many models of open
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quantum systems one considers quantum Markov semigroups symmetric with respect
to a Gibbs state, which is only a trace in the infinite temperature limit. For these reasons,
we now turn our attention to the setting where our von Neumann algebras are equipped
with a general, not necessarily tracial, state.

In this setting, we will address two different questions in this chapter. In Section 3.1.1
of the introduction, followed by 3.2, we investigate whether a Cipriani and Sauvageot
type result can be achieved in its most obvious formulation. We show, using certain com-
puter experiments, that this is impossible. Section 3.1.2 of the introduction, together
with the remainder of the chapter, treats how to generalise Cipriani and Sauvageot to
the non-tracial setting in the correct formulation. This result, achieved together with
Wirth, extends his results in [Wir22], which was published after the release of [Ver24],
upon which Section 3.2 is based. To properly reflect how the results in this dissertation
intertwine with Wirth’s results, a modular structure has been chosen, where Sections
3.1.1 and 3.2 can be read largely independently from the other sections. Moreover, a dis-
cussion on the connection between the two parts has been added in the form of Section
3.2.4.

3.1.1. (COUNTER)EXAMPLES FOR THE EXISTENCE OF DERIVATIONS
Here, we pose the following problem, which has already been mentioned by Caspers
[Cas21, p. 279] and by Skalski and Viselter [SV19, p. 62]:

Problem 1 (Abstract version). Is it possible to generalise the construction by Cipriani
and Sauvageot of a derivation that is the square root of a generator of a QMS to non-
tracial states?

There are two things that need to be specified to make Problem 1 concrete. Let ϕ
be a faithful normal state on a von Neumann algebra M . There are many natural inner
products on M based on ϕ depending on the embedding of M in its L2 space, as was
observed by Kosaki [Kos84] (see also Section 2.1.2), and we need to choose which one
we want to use. One class of inner products can be obtained by the embeddings x 7→
∆s/2xϕ1/2 of M into L2(M ) for every s ∈ [0,1]. In the matrix algebra setting, these inner
products are also described by Carlen and Maas [CM17] as the inner products given by

〈a,b〉s =ϕ(σϕsi (a∗)b),

for s ∈ [0,1]. 〈·, ·〉0 and 〈·, ·〉 1
2

correspond to the GNS or KMS inner product, respectively,

and we will mainly focus on these inner products.
We also need to decide which requirements we put on the codomain H of the deriva-

tion. Usually, one requires H to be a (complete) M -M -bimodule (see Definition 2.3.6).
However, Carlen and Maas have shown that when M is finite-dimensional and (Φt )t≥0 is
a QMS with detailed balance, i.e. it is symmetric with respect to the GNS inner product,
then there exists a derivation δ from M with the KMS inner product to something akin
to an M -M -bimodule H with an inner product such that the generator of (Φt )t≥0 is
given by δ∗ ◦δ [CM20]. Unfortunately, the left and right actions of M on H are not ∗-
homomorphisms, so H is not truly an M -M -bimodule. This would cause analytical
issues if one were to go to infinite dimensions, and it is an indication that one is looking
at the problem in the wrong way (see also the results by Wirth described in 3.1.2). Here,
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we insist that the codomain of the derivation is a complete M -M -bimodule, as was the
case in the construction of Cipriani and Sauvageot, and investigate whether a deriva-
tion with similar properties still exists. This leads us to the following concrete version of
Problem 1:

Problem 2 (Concrete version). Let s ∈ [0,1]. For a von Neumann algebra M with faithful
normal state ϕ and a GNS-symmetric quantum Markov semigroup (Φt )t≥0 on M with
L2-generator L2, do there always exist a complete M -M -bimodule H and a densely
defined derivation δ : M → H such that L2 = δ∗ ◦δ when we consider δ as an operator
on L2(M ,〈·, ·〉s )?

We consider the case of GNS-symmetric quantum Markov semigroups (see Section
2.2.2), because this is the strongest symmetry condition we can impose on the quan-
tum Markov semigroups. Consequently, if one were to provide a negative answer to this
problem, one immediately provides a negative answer to the related problem for KMS-
symmetric quantum Markov semigroups. This is precisely what we do in Section 3.2. We
provide a negative answer to Problem 2 for s = 0 and s = 1/2. Additionally, the method
we use for s = 0 and s = 1/2 can be applied directly to the other cases, and we hypothes-
ise that the answer is negative for all s ∈ [0,1]. Lastly, we show that the same method can
be used to analyse twisted derivations (see Definition 2.3.7) after minor modifications.

We conclude the introduction by giving a short overview of the proof. We will first
show that we only have to consider Hilbert spaces of a concrete form in Section 3.2.1.
Next, we will prove Theorem 3.2.6, which states that for finite-dimensional von Neu-
mann algebra the question whether such a derivation exists can be transformed to the
solvability of a system of linear equations, with the additional requirement that the res-
ulting solution matrix is positive. Together this gives a method to check for any finite-
dimensional von Neumann algebra M with state ϕ, inner product 〈·, ·〉s and generator
of a QMS L whether there exists a derivation δ to a complete M -M -bimodule such that
L2 = δ∗ ◦δ. We conclude by applying these methods to GNS-self-adjoint generators of
QMSs on M2(C) and M3(C) with the GNS or KMS inner product in Section 3.2.3. We
show that these derivations sometimes, but not always, exist by using Mathematica to
solve the systems of linear equations that appear. This shows that Problem 2 has a neg-
ative answer in the M3(C) case. A more detailed analysis of the M3(C) case with the GNS
inner product shows that states and corresponding generators for which such a deriva-
tion exist are rare. This is made precise in Example 3.2.11.

After completion of [Ver24], upon which Section 3.2 is based, a preprint by Wirth
became available, which shows that the construction of Cipriani and Sauvageot can be
generalised for GNS-symmetric QMSs if one generalises the derivation to a twisted deriv-
ation and looks for a first-order differential calculus (see Definition 2.3.9) [Wir22]. This
result is described in detail in Section 3.1.2. Our results can be seen as proof that this
generalisation to twisted derivations cannot be avoided and suggest that the result by
Wirth is the best one can hope to achieve. For this more general class of strategies, one
can use the same approach to investigate whether a first-order differential calculus exists
in the KMS-symmetric case. This led directly to the discovery of the V -transform in finite
dimensions (see Definition 3.3.2). The background for these computer experiments has
been added as Section 3.2.4 for completeness.
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3.1.2. TWISTED DERIVATIONS FOR KMS-SYMMETRIC SEMIGROUPS
We now continue where we left off before Section 3.1.1, where we were interested in
quantum Markov semigroups that satisfy some symmetry property with respect to a
non-tracial state. In this case, there are several non-equivalent notions of symmetry,
for example GNS symmetry and KMS symmetry (see Section 2.2.2). If the state is of the
form Tr(·ρ) on a type I factor, then GNS symmetry is symmetry with respect to the inner
product (x, y) 7→ Tr(x∗yρ), while KMS symmetry is symmetry with respect to the inner
product (x, y) 7→ Tr(x∗ρ1/2 yρ1/2).

GNS symmetry is the strongest one of the symmetry conditions usually considered,
and it also implies commutation with the modular group, which makes the structure
of GNS-symmetric quantum Markov semigroups particularly nice and rich. For GNS-
symmetric quantum Markov semigroups on matrix algebras, Alicki’s theorem [Ali76]
gives a characterisation of their generators in the spirit of the results of Lindblad and
Gorini-Kossakowski-Sudarshan. But it can also be recast as a representation of the gen-
erator as square of a derivation, thus presenting an analogue of the result of Cipriani and
Sauvageot mentioned above (see [CM17]). In this process one loses the property that the
left and right action are ∗-homomorphisms, but this is unavoidable, as is discussed in
Section 3.2.

This result of Alicki has played a central role in recent research motivated by quan-
tum information theory, in particular for the development of a dynamical quantum op-
timal transport distance [CM17], relating hypercontractivity and logarithmic Sobolev in-
equalities for quantum systems [Bar17] and the proof of the complete modified logar-
ithmic Sobolev inequality for finite-dimensional GNS-symmetric quantum Markov se-
migroups [GR22].

Moving beyond matrix algebras, Wirth established a version of the Christensen-
Evans theorem for generators of uniformly continuous GNS-symmetric quantum Mar-
kov semigroups [Wir24] and a generalisation of the result of Cipriani and Sauvageot for
generators of arbitrary GNS-symmetric quantum Markov semigroups [Wir22].

Let us describe the latter result in some more detail. If a quantum Markov semigroup
(Φt ) is GNS-symmetric with respect to the state (or more generally weight) ϕ on a von
Neumann algebra M , then it has a GNS implementation as a strongly continuous se-
migroup (Φ(2)

t ) on the GNS Hilbert space L2(M ). Let E denote the associated quadratic
form and A0 the maximal Tomita algebra induced by ϕ. It is shown in [Wir22] that

AE = {a ∈A0 |∆z (a) ∈ dom(E ) for all z ∈C}

is a Tomita algebra and a form core for E . Moreover, there exists a Hilbert space H with
commuting left and right actions of AE and a closable operator δ : AE → H satisfying
the Leibniz rule δ(ab) = aδ(b)+δ(a)b such that

E (a,b) = 〈δ(a),δ(b)〉H
for a, b ∈AE . Furthermore, H carries an anti-unitary involution and a strongly continu-
ous unitary group with certain compatibility conditions that reflect the commutation of
(Φ(2)

t ) with the modular operator and modular conjugation. In contrast to the tracially
symmetric case, the left and right action of AE are ∗-homomorphisms with respect to
two different involutions on AE , owing to the fact that AE carries both the structure of a
left and a right Hilbert algebra, which are different if the reference state is not a trace.
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It is then natural to ask whether this relation between L2 generators of quantum Mar-
kov semigroups and twisted derivations can be extended to KMS-symmetric semigroups
as KMS symmetry can be seen as the more natural assumption in some contexts. For
one, every completely positive map can be decomposed as a linear combination of KMS-
symmetric ones using the Accardi-Cecchini adjoint [AC82], while for GNS symmetry the
commutation with the modular group poses an algebraic constraint. This makes KMS-
symmetric quantum Markov semigroups more suitable for various applications, such
as the characterisation of the Haagerup property in terms of KMS-symmetric quantum
Markov semigroups [CS15], while the same property for GNS-symmetric semigroups
is more restrictive. But also in quantum statistical mechanics, irreversible open quan-
tum systems are often modelled by quantum Markov semigroups that are only KMS-
symmetric rather than GNS-symmetric, such as the heat-bath dynamics introduced in
[KB16] for example.

The lack of commutation with the modular group poses a serious challenge. For
example, many questions regarding noncommutative Lp spaces can be reduced to Lp

spaces with respect to a trace by Haagerup’s reduction method [HJX10], but commuta-
tion with the modular group is necessary for maps to be compatible with this reduction
procedure.

Even for KMS-symmetric quantum Markov semigroups on type I factors, when ex-
plicit representations of the generator are known [FU10; AC21], it is not obvious if the
generator can be expressed in the form δ∗δ for a twisted derivation.

For these reasons it has not been clear if one should even expect that a Cipriani-
Sauvageot-type result holds for KMS-symmetric quantum Markov semigroups. In the
latter parts of this chapter we show that this is indeed the case, not only on matrix al-
gebras, but arbitrary von Neumann algebras. For generators of uniformly continuous
quantum Markov semigroups, our main result is the following (Theorems 3.5.2, 3.5.9 in
the main part). These results are most naturally formulated in the language of Hilbert al-
gebras, and we use this formulation in the main part, in which case the triple (H ,J ,δ)
below is a bounded first-order differential calculus (see Definition 2.3.9). Here, we will
avoid Hilbert algebras for the sake of accessibility and express the theorems in terms of
embeddings of M into L2(M ). We write Ωϕ for the cyclic and separating vector imple-
menting ϕ and denote the KMS implementation of L on L2(M ) by L2.

Theorem 3.A. Let (Φt ) be a uniformly continuous quantum Markov semigroup on M

that is KMS-symmetric with respect to ϕ, and let L denote its generator. There exists a
Hilbert space H with commuting normal left and right actions of M , an anti-linear in-
volution J : H →H and a bounded operator δ : L2(M ) →H satisfying

(a) J (xξy) = y∗(Jξ)x∗ for all x, y ∈M and ξ ∈H ,

(b) δ(Ωϕx∗) =Jδ(xΩϕ) for all x ∈M ,

(c) δ(xΩϕy) = xδ(Ωϕy)+δ(xΩϕ)y for all x, y ∈M ,

(d) lin{δ(a)x | a ∈ L2(M ), x ∈M } =H

such that
L2 = δ∗δ.
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Moreover, there exists ξ ∈H such that

δ(a) = xξ−ξy

whenever a = xΩϕ =Ωϕy for x, y ∈M .
Furthermore, a triple (H ,J ,δ) satisfying (a)–(d) is uniquely determined by δ∗δ up to

isomorphism.

For KMS-symmetric quantum Markov semigroups that are not uniformly continuous
we do not have a uniqueness result, but we can still prove existence in the following form
(Theorems 3.6.1, 3.6.3 in the main part).

Theorem 3.B. Let (Φt ) be a KMS-symmetric quantum Markov semigroup on M with
generator L. If aΩϕ ∈ dom(L1/2

2 ) ∩MΩϕ and Ωϕb ∈ dom(L1/2
2 ) ∩ΩϕM , then aΩϕb ∈

dom(L1/2
2 ).

Moreover, there exists a Hilbert space H with commuting left and right actions of M ,
an anti-unitary involution J : H → H and a closed operator δ : dom(L1/2

2 ) → H satis-
fying

(a) J (xξy) = y∗(Jξ)x∗ for x, y ∈M and ξ ∈H ,

(b) δ(Ωϕx∗) =Jδ(xΩϕ) for x ∈M with xΩϕ ∈ dom(L1/2
2 ),

(c) δ(xΩϕy) = xδ(Ωϕy)+δ(xΩϕ)y for x, y ∈M with xΩϕ,Ωϕy ∈ dom(L1/2
2 ),

(d) lin{δ(a)x | a ∈ dom(L1/2
2 ), x ∈M } =H

such that
L2 = δ∗δ.

Establishing these results requires a fundamentally new tool in the form of a quan-
tum channel on B(L2(M )), which we call the V -transform. Formally, the V -transform of
T ∈ B(L2(M )) is the solution S of the equation

1

2
(∆1/4S∆−1/4 +∆−1/4S∆1/4) = T,

where ∆ is the modular operator.
A remarkable fact about this map is that it maps positivity-preserving maps (with

respect to the self-dual cone induced by ϕ) to positivity-preserving maps. This property
is key for the existence of the Hilbert space H in our main results.

Let us briefly summarise the outline of the remainder of this chapter after Section
3.2, which deals with the computer experiments. To make the proof strategy transpar-
ent without the technical difficulties occurring for general von Neumann algebras, but
also to make the main results more accessible for researchers in the quantum informa-
tion theory community, we first develop the V -transform and prove our main result for
matrix algebras in Section 3.3. In Section 3.4 we define the V -transform on general von
Neumann algebras and establish some of its properties in particular regarding positiv-
ity preservation. In Section 3.5 we prove our main results on existence and uniqueness
of twisted derivations associated with uniformly continuous KMS-symmetric quantum
Markov semigroups. Finally, in Section 3.6 we show the existence of twisted derivations
associated with not necessarily uniformly continuous semigroups.
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3.2. (COUNTER)EXAMPLES FOR THE EXISTENCE OF DERIVA-
TIONS FOR QUANTUM MARKOV SEMIGROUPS

3.2.1. THE GENERAL FORM OF A DERIVATION
In this section we aim to show that any derivation from a ∗-algebra A to a Hilbert space
can be viewed as a derivation from A to A ⊙A with an appropriate left-multiplication.
This bimodule structure on A ⊙A and derivation were also used in the work of Cipriani
and Sauvageot [CS03a]. More precisely, we will prove Theorem 3.2.2, but first we will
recall the notion of a nondegenerate right action.

Definition 3.2.1. Let A be an algebra that acts on a Hilbert space H from the right. We
call the action nondegenerate if for every non-zero η ∈H there exists an a ∈A such that
ηa ̸= 0.

Theorem 3.2.2. Let A be a ∗-algebra and H a complete A -A -bimodule with nonde-
generate right action. Suppose that δ : A → H is a derivation. Then there exist an A -
A -bimodule structure on A ⊙A with positive sesquilinear form 〈·, ·〉, an isometric bimo-
dule homomorphism ϕ : A ⊙A → H , which extends to A ⊙A /〈·, ·〉, and a derivation
∂ : A → A ⊙A /〈·, ·〉 such that δ = ϕ ◦ ∂ and A δ(A )A ⊂ ϕ(A ⊙A ). The left and right
multiplication of A on A ⊙A is given by

a(b ⊗ c)d = ab ⊗cd −a ⊗bcd

for all a ,b ,c , d ∈A . If A is unital, then ∂ maps via A ⊙A and is given by

∂(a) = [a ⊗1] ∈A ⊙A /〈·, ·〉,
where [·] denotes the equivalence class in the quotient.

Remark 3.2.3. Note that for unital ∗-algebras A the nondegeneracy condition is equi-
valent to the right action being unital, as can be seen by a short calculation.

Proof. Let H0 ⊂ H be the linear subspace generated by δ(A )A . In other words, H0 is
given by

H0 = {
n∑

i=1
δ(ai )bi | n ∈N, ai ,bi ∈A , i ≤ n}.

Due to the Leibniz rule, we have that

δ(ab)c −δ(a)bc = aδ(b)c = aδ(bc)−abδ(c),

showing that H0 contains A δ(A )A . Consequently, H0 is an A -A -bimodule.
First, we construct an A -A -bimodule K . As the vector space, we take A ⊙A , and

we endow it with the left and right multiplication given by

a(b ⊗ c) = ab ⊗c −a ⊗bc and (a ⊗b)c = a ⊗bc

for all a, b, c ∈A , respectively. The right multiplication is clearly associative, and for the
left multiplication the computation

a(b(c ⊗d)) = a(bc ⊗d −b ⊗cd) = abc ⊗d −a ⊗bcd −ab ⊗ cd +a ⊗bcd

= abc ⊗d −ab ⊗cd = (ab)(c ⊗d)



3.2. (COUNTER)EXAMPLES FOR THE EXISTENCE OF DERIVATIONS

3

51

shows that it is indeed associative. This allows us to define the linear map ϕ : K → H0

by ϕ(a ⊗b) = δ(a)b. This is clearly a right A -module homomorphism, and the fact that
it is a left A -module homomorphism follows from

ϕ(a(b ⊗ c)) =ϕ(ab ⊗ c −a ⊗bc) = δ(ab)c −δ(a)bc = aδ(b)c = aϕ(b ⊗ c).

ϕ is surjective by definition of H0. Since A δ(A )A ⊂ H0, we know that A δ(A )A ⊂
ϕ(A ⊙A ).

The next step is to define a positive sesquilinear form 〈·, ·〉K on K to turn K into an
A -A -bimodule , which we do by setting

〈a ⊗b,c ⊗d〉K = 〈δ(a)b,δ(c)d〉H = 〈ϕ(a ⊗b),ϕ(c ⊗d)〉H .

Because ϕ is a bimodule homomorphism, it also follows that the left and right multi-
plications on K are ∗-homomorphisms (see Definition 2.3.2(a,ii-iii)). It is immediately
clear that ϕ is isometric by the definition of the positive sesquilinear form on K . Be-
cause ϕ is isometric, we find that ker(ϕ) = {x ∈ K | 〈x, x〉K = 0}. Since ϕ is a bimodule
homomorphism, we know that this kernel is a subbimodule. Therefore, K ′ =K /〈·, ·〉 is
a bimodule andϕ is an isometric bimodule isomorphism from K ′ to H0. Consequently,
we can extend ϕ from the completion of K ′, K ′, to H0. Because π(a) and π′(a), denot-
ing left and right multiplication by a, are bounded for all a ∈A , we know that K ′ and H0

are complete bimodules. By the same reasoning we see that K ′ is an A -A -bimodule.
Lastly, we need to define the derivation ∂ : A → A ⊙A /〈·, ·〉. First suppose that A

is unital. In this case we will define ∂ : A → A ⊙A /〈·, ·〉 by ∂(a) = [a ⊗ 1], which then
automatically also maps into A ⊙A /〈·, ·〉. This is a derivation, because

a(b ⊗1)+ (a ⊗1)b = ab ⊗1−a ⊗b +a ⊗b = ab ⊗1

and taking the equivalence class on both sides gives the Leibniz rule. Furthermore, we
see that δ=ϕ◦∂ indeed holds. This concludes the proof for the unital case.

Now we turn to the non-unital case. To define our derivation, we look at the densely
defined linear functional la on K ′ given by

la([b ⊗ c]) = 〈δ(a),δ(b)c〉H

for all b, c ∈A . We know that ∥la∥ ≤ 〈δ(a),δ(a)〉
1
2
H

by the Cauchy-Schwarz inequality, so
la can be extended to a bounded linear functional. Consequently, there exists a unique
x ∈K ′ such that

la([b ⊗ c]) = 〈x, [b ⊗c]〉K ′

holds for all b, c ∈ A , since K ′ is a Hilbert space. This allows us to define ∂(a) for each
a ∈A as the unique element in K ′ such that

〈∂(a), [b ⊗c]〉K ′ = 〈δ(a),δ(b)c〉H

holds for all b, c ∈A . We can now do the required computation to show that ∂ is in fact
a derivation. Here we will use that both H and K ′ are A -A -bimodules and that ϕ is a
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bimodule homomorphism. Let a, b, c, d ∈A be arbitrary. Then we have

〈a∂(b)+∂(a)b, [c ⊗d ]〉K ′ = 〈a∂(b), [c ⊗d ]〉K ′ +〈∂(a)b, [c ⊗d ]〉K ′

= 〈∂(b), a∗([c ⊗d ])〉K ′ +〈∂(a), [c ⊗db∗]〉K ′

= 〈δ(b),ϕ(a∗([c ⊗d ]))〉H +〈δ(a),ϕ([c ⊗db∗])〉H
= 〈δ(b), a∗ϕ([c ⊗d ])〉H +〈δ(a),ϕ([c ⊗d ])b∗〉H
= 〈aδ(b),ϕ([c ⊗d ])〉H +〈δ(a)b,ϕ([c ⊗d ])〉H
= 〈δ(ab),ϕ([c ⊗d ])〉H
= 〈∂(ab), [c ⊗d ]〉K ′ ,

which shows that ∂(ab) = ∂(a)b+a∂(b). So we have shown that ∂ is a derivation. All that
remains is to prove that δ=ϕ◦∂. For all a, b, c ∈A we have

〈ϕ(∂(a)),δ(b)c〉H = 〈ϕ(∂(a)),ϕ([b ⊗c])〉H = 〈∂(a), [b ⊗c]〉K ′ = 〈δ(a),δ(b)c〉H .

Consequently, for all a, b, c ∈A we see that

〈ϕ(∂(a))−δ(a),δ(b)c〉H = 0.

But then we also have for all a, b, c, d ∈A that

〈(ϕ(∂(a))−δ(a))d∗,δ(b)c〉H = 〈ϕ(∂(a))−δ(a),δ(b)cd〉H = 0,

which shows that for any η ∈H0 and a, d ∈A we have

〈(ϕ(∂(a))−δ(a))d ,η〉H = 0.

Since δ(a)d is contained in H0 for all a, d ∈A , we have

〈(ϕ(∂(a))−δ(a))d , (ϕ(∂(a))−δ(a))d〉H = 0.

Therefore we can conclude that (ϕ(∂(a))−δ(a))d = 0 for all a, d ∈A . But we know that
the right action is nondegenerate, so this proves that ϕ(∂(a)) = δ(a), which is what we
wanted to show.

Remark 3.2.4. From now on we will refer to A ⊙A with the left and right multiplication
of A on A ⊙A given by

a(b ⊗ c)d = ab ⊗cd −a ⊗bcd

for all a, b, c, d ∈ A as the canonical algebraic bimodule A ⊙A . We use this nomen-
clature as it requires a positive sesquilinear form to become an A -A -bimodule accord-
ing to Definition 2.3.2.

Corollary 3.2.5. Let A be a unital∗-algebra and f : A×A →C a sesquilinear map. There
exists a derivation δ : A →H from A to a complete A -A -bimodule H with unital right
action such that 〈δ(a),δ(b)〉 = f (a,b) for all a, b ∈ A if and only if there exist a positive
sesquilinear form 〈·, ·〉A⊙A on the canonical algebraic bimodule A ⊙A such that A ⊙A

is an A -A -bimodule and 〈a ⊗1,b ⊗1〉A⊙A = f (a,b) holds for all a, b ∈A .

Proof. The only if direction follows from Theorem 3.2.2. The converse direction follows
by completing A ⊙A /〈·, ·〉. This gives a bimodule because {x ∈A ⊙A | 〈x, x〉 = 0} = {x ∈
A ⊙A | 〈x, y〉 = 0 ∀y ∈A ⊙A } is a subbimodule and the left and right actions extend to
the completion because they are bounded.
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3.2.2. EXISTENCE OF DERIVATIONS AS SOLUTION OF SYSTEM OF LINEAR

EQUATIONS
Our interest in the existence of derivations comes from the question whether a deriva-
tion exists that is the square root of a generator L of a quantum Markov semigroup. This
means that we are looking for a derivation δ from a ∗-algebra A to a complete bimodule

H such that 〈δ(a),δ(b)〉H = 〈L 1
2 (a),L

1
2 (b)〉A for all a, b ∈A . Now Theorem 3.2.2 allows

us to consider only bimodules of a specific form. This will be essential to formulate a
procedure to either find such a derivation or show that it does not exist.

Theorem 3.2.6. Let A be a unital finite-dimensional ∗-algebra with dimension m and

let f : A ×A → C be a sesquilinear map. Fix an isomorphism ψ : A ⊗A → Cm2
and a

basis Q = {Q1, . . . , Qm} of A . Then the following are equivalent:

(a) There exists a positive m2×m2 matrix X that is a solution to the system of 2m5+m2

equations given by

m⋃
i1,...,i5=1

{
ψ(Q∗

i2
⊗Q∗

i3
)∗Xψ(Qi1 (Qi4 ⊗Qi5 ))−ψ(Q∗

i1
(Q∗

i2
⊗Q∗

i3
))∗Xψ(Qi4 ⊗Qi5 ) = 0,

ψ(Q∗
i2
⊗Q∗

i3
)∗Xψ((Qi4 ⊗Qi5 )Qi1 )−ψ((Q∗

i2
⊗Q∗

i3
)Q∗

i1
)∗Xψ(Qi4 ⊗Qi5 ) = 0,

ψ(Q∗
i1
⊗1)∗Xψ(Qi2 ⊗1)− f (Q∗

i1
,Qi2 ) = 0

}
, (3.1)

which is a linear system in X . Here A ⊗A is endowed with the canonical algebraic
bimodule structure.

(b) There exists a derivationδ, given byδ(a) = a⊗1, to the canonical algebraic bimodule
A ⊗A and a positive sesquilinear form 〈·, ·〉A⊗A on A ⊗A such that A ⊗A with
this positive sesquilinear form is an A -A -bimodule and for all a, b ∈ A we have
〈δ(a),δ(b)〉A⊗A = f (a,b).

Proof. By Theorem 3.2.2 we know that we can assume without loss of generality that our
derivation δ will have the form δ(a) = a ⊗ 1 for all a ∈ A . This means that we already
have a derivation from A to A ⊗A , so the positive sesquilinear form 〈·, ·〉A⊗A is all that
is left to choose. The idea is to write down linear equations that capture the properties
that we require of the positive sesquilinear form. These properties are:

(a) The left multiplication is a ∗-homomorphism, i.e. 〈a(b ⊗ c),d ⊗ e〉A⊗A = 〈b ⊗
c, a∗(d ⊗e)〉A⊗A for all a, b, c, d , e ∈A .

(b) The right multiplication is a ∗-homomorphism, i.e. 〈(b ⊗ c)a,d ⊗ e〉A⊗A = 〈b ⊗
c, (d ⊗e)a∗〉A⊗A for all a, b, c, d , e ∈A .

(c) The positive sesquilinear form takes the required values on the range of δ, i.e.
〈δ(a),δ(b)〉A⊗A = f (a,b) for all a, b ∈A .

Any positive sesquilinear form 〈·, ·〉 on Cm2
can be represented by a positive m2 ×m2

matrix X by the relation
〈v, w〉 = v∗X w,
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if we view v, w ∈ Cm2
as column vectors. We can therefore try to describe the positive

sesquilinear form by finding linear equations for the matrix X such that for all a, b, c, d ∈
A we have

〈a ⊗b,c ⊗d〉A⊗A =ψ(a ⊗b)∗Xψ(c ⊗d).

We will start with the left multiplication. Consider the map ϕl : A 5 →C given by

ϕl(a,b,c,d ,e) = 〈a∗(b∗⊗c∗),d ⊗e〉A⊗A −〈b∗⊗c∗, a(d ⊗e)〉A⊗A .

We know that the left multiplication is a ∗-homomorphism if and only if ϕl is the zero
function. In fact, since ϕl is linear in each of the five coordinates, we know that ϕl is
the zero function if and only if ϕl(a,b,c,d ,e) = 0 for all combinations a, b, c, d , e ∈ Q.
Because A is finite-dimensional, this condition only imposes a finite number of con-
ditions on the positive sesquilinear form. Converting ϕl(a,b,c,d ,e) = 0 to an equation
containing X , we see that we obtain the set of equations

Rl =
m⋃

i1,...,i5=1
{ψ(Q∗

i2
⊗Q∗

i3
)∗Xψ(Qi1 (Qi4 ⊗Qi5 ))−ψ(Q∗

i1
(Q∗

i2
⊗Q∗

i3
))∗Xψ(Qi4 ⊗Qi5 ) = 0}.

So we know that the positive sesquilinear form given by X turns the left multiplica-
tion into a ∗-homomorphism if and only if all equations in Rl hold. Analogously, we
find that the positive sesquilinear form by X turns the right multiplication into a ∗-
homomorphism if and only if all equations in

Rr =
m⋃

i1,...,i5=1
{ψ(Q∗

i2
⊗Q∗

i3
)∗Xψ((Qi4 ⊗Qi5 )Qi1 )−ψ((Q∗

i2
⊗Q∗

i3
)Q∗

i1
)∗Xψ(Qi4 ⊗Qi5 ) = 0}.

hold.
This leaves property (c), for which we look at the map ϕf : A 2 →C given by

ϕf(a,b) = 〈a∗⊗1,b ⊗1〉− f (a∗,b).

This is once again a linear map in both coordinates, and property (c) holds if and only if
ϕf is the zero function. By the same reasoning as before, we find that property (c) holds
if and only if ϕf(a,b) = 0 for all pairs a, b ∈ Q. Translated to X this means that property
(c) holds if and only if all equations in

Rf =
m⋃

i1,i2=1
{ψ(Q∗

i1
⊗1)∗Xψ(Qi2 ⊗1)− f (Q∗

i1
,Qi2 ) = 0}

hold.
Combining all these equations, we find that there exists a positive sesquilinear form

on A ⊗A satisfying (a), (b) and (c) if and only if there exists a positive matrix X that is a
simultaneous solution of all equations in Rl, Rr and Rf.

Corollary 3.2.7. Let A be a unital finite-dimensional ∗-algebra with dimension m and

let f : A ×A → C be a sesquilinear map. Fix an isomorphism ψ : A ⊗A → Cm2
and a

basis Q = {Q1, . . . , Qm} of A . If condition (a) of Theorem 3.2.6 is not satisfied, then no
complete A -A -bimodule H with unital right action and derivation δ : A → H exist
such that 〈δ(a),δ(b)〉H = f (a,b).

Proof. This is immediate from Corollary 3.2.5 and Theorem 3.2.6.
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3.2.3. EXISTENCE OF A SQUARE ROOT OF A GENERATOR OF A QMS
The developed theory will allow us to tackle Problem 2. In the finite-dimensional case,
the inner products 〈·, ·〉s on A mentioned in the introduction are given by

〈a,b〉s = Tr(d 1−s
ϕ a∗d s

ϕb),

where Tr is the normalised trace on A (see the finite-dimensional theory box in Sec-
tion 2.1.2). For a fixed s ∈ [0,1] and using the notation above, we then want to know
whether, given a finite-dimensional C*-algebra A , a faithful state ϕ on A and a gener-
ator L of a QMS such that for all a, b ∈ A : 〈L(a),b〉0 = 〈a,L(b)〉0, we can find an A -A -
bimodule H with positive sesquilinear form 〈·, ·〉H and a derivation δ : A → H such
that Tr(d 1−s

ϕ a∗d s
ϕL(b)) = 〈δ(a),δ(b)〉H for all a, b ∈A .

Using concrete examples for the case that ϕ is not tracial, we will show that this is
sometimes, but not always, possible for both s = 0 and s = 1

2 . To obtain these concrete
generators, we need part of a theorem stated by Carlen and Maas [CM17, Theorem 3.1]
and originally proven by Alicki [Ali76]. This theorem was based on the description of
generators of QMSs by Lindblad [Lin76] and more directly on the work of Gorini, Kos-
sakowski and Sudarshan [GKS76].

Theorem 3.2.8. Let ϕ be a faithful state on Mn(C). Let J be a finite index set and let
{V j } j∈J ⊂ Mn(C) and {ω j } j∈J ⊂R be such that

{V j } j∈J = {V ∗
j } j∈J and σϕ−i (V j ) = e−ω j V j . (3.2)

Then the operator L : Mn(C) → Mn(C), given by

L(a) =− ∑
j∈J

e−
ω j
2

(
V ∗

j [a,V j ]+ [V ∗
j , a]V j

)
,

is a generator of a QMS that is GNS-symmetric. Conversely, any generator of a QMS on
Mn(C) that is GNS-symmetric is of the above form.

We can now give the examples that prove the claim that the desired derivation some-
times, but not always, exists. Because of Theorem 3.2.8, we can construct a concrete
generator L of a QMS that is GNS-symmetric by choosing an n ∈ N, a faithful state ϕ
on Mn(C), an index set J and two sets {V j } j∈J ⊂ Mn(C) and {ω j } j∈J ⊂ R that sat-
isfy Equation (3.2). To use Corollary 3.2.7 or Theorem 3.2.6 we also need to choose an

isomorphism ψ : Mn(C)⊗ Mn(C) → Cn4
and a basis Q for Mn(C). For f : A ×A → C

we can then pick f (a,b) = ϕ(a∗L(b)) if we consider the GNS inner product on Mn(C)
or f (a,b) = ϕ(σϕi

2

(a∗)b) if we look at the KMS inner product. We then find the sys-

tem of linear equations (3.1), which we solve using Mathematica. All computations
using Mathematica are symbolic. We will numerically evaluate some eigenvalues, but
solely to provide some feeling for the results. The code that was used can be found at
www.doi.org/10.4121/19323878. Note that the code is written in a way that repres-
ents inner products that are linear in the first component, but this does not affect the
results.

www.doi.org/10.4121/19323878
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Example 3.2.9 (Generator with derivation as square root). For this example we pick

n = 2, J = {1,2}, e−ω1 = π+1

π−1
,e−ω2 = π−1

π+1
, ψ(Ei j ⊗Ekl ) = e8i+4k+2 j+l−14,

Q = {Ei j | 1 ≤ i , j ≤ 2}, ϕ(a) = 1

2
Tr

((
1+ 1

π 0
0 1− 1

π

)
a

)
, V1 =

(
0 1
0 0

)
and V2 =V ∗

1

and we consider the GNS inner product on M2(C). If we pick f : A ×A →C : f (a,b) =
ϕ(a∗L(b)), then we can concretely check statement (1) of Theorem 3.2.6 using Mathem-
atica. We obtain a self-adjoint matrix X that is a solution of the system of equations and
whose eigenvalues can be expressed algebraically in terms of π and are all non-negative.
They are approximately given by

{1.96,1.96,0.96,0.96,0.64,0.64,0.31,0.31,0.07,0.07,0.07,0.07,0,0,0,0},

showing that X is indeed positive. By Theorem 3.2.6 this shows that there exists a deriv-
ation δ from M2(C) to an M2(C)−M2(C)-bimodule such that L = δ∗ ◦δ with respect to
the GNS inner product on M2(C).

Alternatively, we can consider the KMS inner product on M2(C) and consequently
replace f by f (a,b) =ϕ(σϕi

2

(a∗)L(b)). In this case we also find a self-adjoint matrix X that

solves Equations (3.1) and whose eigenvalues can be expressed algebraically in terms of
π and are all non-negative. Approximately, the eigenvalues are given by

{1.44,1.44,1.44,1.44,0.47,0.47,0.47,0.47,0.03,0.03,0.03,0.03,0,0,0,0}.

So Theorem 3.2.6 shows that we can also find a derivation δ from M2(C) to an M2(C)−
M2(C)-bimodule such that L = δ∗ ◦δ with respect to the KMS inner product on M2(C).

Example 3.2.10 (Generator without derivation as square root). For this example we pick

n = 3, J = {1,2}, e−ω1 = π2

e2 , e−ω2 = e2

π2 ,

ψ(Ei j ⊗Ekl ) = e27i+9k+3 j+l−39, Q = {Ei j | 1 ≤ i , j ≤ 3},

ϕ(a) = 1

1+π2 +e2 Tr

1 0 0
0 π2 0
0 0 e2

a

 , V1 =
0 0 0

0 0 1
0 0 0

 and V2 =V ∗
1 .

If we pick f : M3(C)× M3(C) → C : f (a,b) = ϕ(a∗L(b)), then we can concretely check
statement (1) of Theorem 3.2.6 using Mathematica. We find that there does not exist
any matrix X that satisfies the system of equations. Using Corollary 3.2.7 we can now
conclude that there do not exist an M3(C)− M3(C)-bimodule H and a derivation δ :
M3(C) →H such that L = δ∗ ◦δ with respect to the GNS inner product on M3(C).

Alternatively, if we consider the KMS inner product on M3(C) and consequently use
f (a,b) =ϕ(σϕi

2

(a∗)L(b)), then we do find a subspace X of matrices that satisfy Equations

(3.1). However, for any matrix X ∈X we have that

ψ(E12 ⊗E22 +E13 ⊗E32)∗Xψ(E12 ⊗E22 +E13 ⊗E32) =−e2 +2e(π−1)+π(π−2)

1+π2 +e2 < 0.
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Consequently, we see that X is not positive definite, and therefore that the corresponding
sesquilinear form on M3(C)⊗M3(C) is not positive. Since this holds for any X ∈ X , we
conclude that that there do not exist an M3(C)−M3(C)-bimodule H and a derivation
δ : M3(C) →H such that L = δ∗ ◦δ with respect to the KMS inner product on M3(C).

Example 3.2.10 gives us a concrete counterexample and therefore a negative answer
to problem 2. In the next example, we analyse this situation in somewhat more detail,
and show that this counterexample is not special, in the sense that a random example
one comes up with is very likely to be a counterexample.

Example 3.2.11. Let us consider the M3(C) case and a state ϕ given by

ϕ(a) = 1

λ2
1 +λ2

2 +λ2
3

Tr

λ2
1 0 0

0 λ2
2 0

0 0 λ2
3

a


for some λi > 0. Without loss of generality we can assume that λ1 = 1. First we note that
choosing V = diag(x, y, z) with x, y, z ∈R (and J a singleton set) in Theorem 3.2.8 gives
the same generator as choosing

V1 =
√

1

2
((x − y)2 + (x − z)2 − (y − z)2)diag(1,0,0),

V2 =
√

1

2
((x − y)2 + (y − z)2 − (x − z)2)diag(0,1,0) and

V3 =
√

1

2
((x − z)2 + (y − z)2 − (x − y)2)diag(0,0,1).

Consequently, if all ratios of the λi are different and unequal to 1, then by Theorem 3.2.8
any GNS-symmetric generator of a QMS can be obtained by using the collection of V j ’s
given by {

√
Yi j Ei j | 1 ≤ i , j ≤ 3} for some symmetric matrix Y ∈ M3×3(R≥0).

Let ωkl be such that

e−ωkl Ekl =σϕ−i (Ekl ) = λ2
k

λ2
l

Ekl .

We will now consider a slightly more general situation than the generators of GNS-
symmetric QMSs. For any symmetric Y in M3(R) define the operator LY : M3(C) →
M3(C) by

LY (a) =−
3∑

i , j=1
Yi j e−

ωi j
2

(
E∗

i j [a,Ei j ]+ [E∗
i j , a]Ei j

)
.

Note that any generator of a QMS that is GNS-symmetric can be obtained by choosing
the appropriate Y . In order to use Theorem 3.2.6 and Corollary 3.2.7 we pick the basis

Q = {Ei j | 1 ≤ i , j ≤ 3} of M3(C) and the isomorphism ψ : M3(C)⊗M3(C) →C34
:ψ(Ei j ⊗

Ekl ) = e27i+9k+3 j+l−39, where the ei form the standard basis ofC81, and we fix the explicit
state ϕ by choosing λ2 = π and λ3 = eπ. Lastly, we define the function fY : M3(C) ×
M3(C) → C : fY (a,b) = ϕ(a∗LY (b)). Now Equations (3.1) are linear in the pair (X ,Y ).
Consequently, we can solve the system of linear equations to find which conditions on
Y must hold to make sure that an X exists that satisfies the equations. Solving this system
of linear equations with Mathematica we find that such an X exists if and only if
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(1−λ2
3 −λ2

2)(λ2
3 −λ2

2)

λ3λ2
Y23 +

(λ2
3 −1−λ2

2)(λ2
2 −1)

λ2
Y12 +

(λ2
2 −1−λ2

3)(1−λ2
3)

λ3
Y13

+(λ2
3 −λ2

2)Y11+(1−λ2
3)Y22 + (λ2

2 −1)Y33 = 0 (3.3)

with λ2 = π and λ3 = eπ. These calculations have been executed for a specific state
ϕ. However, due to our choice of ϕ, using the fact that π and eπ are algebraically inde-
pendent [Nes96], we can obtain some more general conclusions.

Proposition 3.2.12. There exists a set P ⊂R>0 ×R>0 such that

|{x ∈R>0 | |{y ∈R>0 | (x, y) ∈ P or (y, x) ∈ P }| =∞}| <∞ (3.4)

and for all (λ2,λ3) ∈ (R>0×R>0)\P and symmetric Y ∈ M3R the following are equivalent:

(a) There exists a solution X of Equations (3.1) with the function f = fY .

(b) Y satisfies Equation (3.3).

Let us briefly discuss the above proposition and the role of P . The proposition states
that (a) and (b) are equivalent in most cases. The exceptions to the equivalence are cap-
tured in the set P . Equation (3.4) states that the set P is small in the following sense:
for each x > 0 and y > 0 one can wonder whether (x, y) or (y, x) is a pair for which the
equivalence does not hold. If this is the case, we require (x, y) ∈ P . For some x > 0, there
are infinitely many y > 0 such that (x, y) ∈ P . The point of Equation (3.4) is to guaran-
tee that there are only finitely many of such x. In other words, for all but finitely many
x > 0 we have that for all but finitely many y > 0, (a) and (b) are equivalent. To prove this
proposition, we need a lemma.

Lemma 3.2.13. Let m, n ∈N, A ∈ Mn,m(C) and b :R×R→Cn be an entrywise rational
function. Then there exists a finite family of rational functions r1, . . . , rl in two variables
such that for all λ1, λ2 ∈R the system of linear equations Ax = b(λ1,λ2) with x ∈Cm has
a solution if and only if ri (λ1,λ2) = 0 for all 1 ≤ i ≤ l .

Proof. Let k be the rank of A. By the Rouché-Capelli theorem, we know that our system
of linear equations has a solution if and only if (A|b(λ1,λ2)) also has rank k. Since the
rank of (A|b(λ1,λ2)) is at least k, this is equivalent to the statement that all (k+1)×(k+1)
minors are zero. Since all of the entries of b(λ1,λ2) are rational functions in λ1 and λ2

and A does not depend on λ1 and λ2, this means that all of these minors are rational
functions in λ1 and λ2. Choosing these minors as our finite family of rational functions
gives the desired result.

Proof of Proposition 3.2.12. Let M sym
3×3 (R) = {A ∈ M3(R) | A = A∗} and Mλ2,λ3 ⊂ M sym

3×3 (R)
be the subset of matrices satisfying Equation (3.3). We can find a set T of functions from
R>0 ×R>0 to M sym

3×3 (R) such that for all λ2,λ3 ∈R>0 we have that {T (λ2,λ3) | T ∈T } is a
basis for Mλ2,λ3 , and Ti j is a rational function of λ2 and λ3 for all 1 ≤ i , j ≤ 3 and T ∈T .
For each T ∈ T and Qi , Q j ∈ Q we have that (λ2,λ3) 7→ fT (λ2,λ3)(Qi ,Q j ) is a rational
function in λ2 and λ3. By Lemma 3.2.13 we now know that for all T ∈ T there exist a
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family of rational functions RT such that for all λ2,λ3 ∈R>0: there exists a solution for
Equations (3.1) with the function f = fT (λ2,λ3) if and only if r (λ2,λ3) = 0 for all r ∈ RT .
Consequently, by linearity, we find for all λ2,λ3 ∈R>0 that r (λ2,λ3) = 0 for all r ∈ R =⋃

T∈T RT if and only if for all Y ∈Mλ2,λ3 the system of linear Equations (3.1) with f = fY

has a solution. We know that this holds for λ2 = π and λ3 = eπ. Since these numbers
are algebraically independent, we must have that the numerators of all of these rational
functions are equal to the zero function. Therefore we conclude that (b) implies (a) for
all λ2,λ3 ∈R>0.

For the other direction, we will show that (b) is a necessary requirement for (a). We
can analogously find a finite set of rational functions R′ such that r (λ2,λ3) = 0 for all
r ∈ R′ if and only if for all Y ∈ M sym

3×3 (R) a solution exists to Equations (3.1) with f = fY .
We know by the beginning of this example that the latter part is not true for λ2 = π and
λ3 = eπ, so there exists an r ∈R′ such that r (π,eπ) ̸= 0. Let P be defined by P = {(κ1,κ2) ∈
R>0 ×R>0 | r (κ1,κ2) = 0}. Then P satisfies

|{x ∈R>0 | |{y ∈R>0 | (x, y) ∈ P or (y, x) ∈ P }| =∞}| <∞.

Now let (λ2,λ3) ∈ (R>0×R>0)\P be arbitrary. By definition of P we know that there exists
a Y ∈ M sym

3×3 (R) such that Equations (3.1) for f = fY do not have a solution. Since these
equations are linear in Y , this means that the subspace of M sym

3×3 (R) for which these equa-
tions have a solution has codimension greater or equal to 1 in M sym

3×3 (R). But we already
know that there exists a solution for all Y ∈ Mλ2,λ3 , and Mλ2,λ3 has codimension 1 in
M sym

3×3 (R). All in all this shows that for all (λ2,λ3) ∈ (R>0 ×R>0)\P and Y ∈ M sym
3×3 (R) a

solution to Equations (3.1) with f = fY exists if and only if Y ∈ Mλ2,λ3 . This proves the
proposition.

We conclude by returning to the setting of generators of QMSs. Using Proposition
3.2.12 and Corollary 3.2.7 we see that outside of the set P , which has measure zero, the
corresponding states do not allow a generator LY , for a symmetric Y with positive entries
not satisfying Equation (3.3), to be written asδ∗◦δ for some derivationδ to a∗-bimodule.
Note that we cannot use Theorem 3.2.6 to definitively conclude that such a derivation
always exists if Equation (3.3) is satisfied, because we do not know if the condition that
the solution matrix of the system of equations is positive, is satisfied.

Remark 3.2.14. A superficial investigation into the 4×4 matrix case indicates that one
would find two linear equations, each similar to Equation (3.3), that describe when a
matrix X exists that satisfies the conditions of Theorem 3.2.6. Conversely, in the 2× 2
case, no equations appear; the matrix X always exists, even though it is not always pos-
itive. This suggests that the number of equations increases with the size of the matrices
and it gives some intuition as to why we were able to find examples in the 2×2 case where
the sought derivation does exist.

Remark 3.2.15. The line of reasoning in Example 3.2.11 does not work exclusively for the
GNS inner product. Any generator given by Theorem 3.2.8 is self-adjoint with respect
to 〈·, ·〉s for all s ∈ [0,1] [CM17, Theorem 2.9]. It is therefore possible to work out the
above examples for the inner product 〈·, ·〉s for any s ∈ [0,1], which gives similar results
as above for all values of s that have been tried, apart from one exception. When one
considers the M3(C) case for s = 1

2 , then one finds that there always exists a solution X
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to Equations (3.1), but that this X is not always positive. Unfortunately, the system of
equations does not depend linearly on s, so there does not seem to be a clear way to
prove that s = 1

2 is the only special value. However, for any fixed s one can use the above
method to investigate when a derivation exists.

3.2.4. EXISTENCE OF TWISTED DERIVATIONS
In this final section, we discuss how to alter the constructions in Sections 3.2.1 and 3.2.2
to the case of twisted derivations. We will purely work in the finite-dimensional case,
and we can therefore use Definition 2.3.12. Let us recall the definition here.

Definition 3.2.16. Let A be a finite-dimensional ∗-algebra. A twisted derivation δ from
A into an A -A -bimodule is a linear map such that there exist algebra homomorphisms
α, β on A satisfying

δ(x y) =α(x)δ(y)+δ(x)β(y).

This definition involves the existence of the algebra homomorphisms α and β. Un-
fortunately, we cannot account for this freedom, as being an algebra homomorphism is a
non-linear condition. Moreover, we multiply α(x) and δ(y), which is another non-linear
interaction. However, we know from [Wir22] that we ought to be looking for a specific
twist (see Definition 2.3.7). We want α= σ−i /4 and β = σi /4. By fixing these algebra ho-
momorphisms, it becomes possible to obtain a result along the lines of Corollary 3.2.7.
We will discuss the changes to the constructions, but we will not go through the proofs
again, as these are analogous to the non-twisted case. Throughout this section, we fix a
finite-dimensional von Neumann algebra M with faithful state ϕ.

In Theorem 3.2.2, the idea is that a⊗b represents δ(a)b for a, b ∈M . One can derive
that the left multiplication in the non-twisted case has to be

a(b ⊗ c) ∼= aδ(b)c = (δ(ab)−δ(a)b)c ∼= ab ⊗ c −a ⊗bc,

where we use ∼= to indicate that we are identifying x ⊗ y and δ(x)y . In the twisted case,
this is no longer the right computation. Instead, we compute

a(b ⊗ c) ∼= aδ(b)c = (δ(σi /4(a)b)−δ(σi /4(a))σi /4(b))c ∼=σi /4(a)b ⊗c −σi /4(a)⊗σi /4(b)c.

Consequently, by following the proof of Theorem 3.2.2, we find the following theorem.

Theorem 3.2.17. Let H be an M -M -correspondence with non-degenerate right action.
Suppose that δ : M →H is a twisted derivation with twists α=σ−i /4 and β=σi /4. Then
there exists an M -M -bimodule structure on M ⊗M and an isometric bimodule homo-
morphism T : M ⊗M →H such that

δ(a) = T (a ⊗1)

for all a ∈M . The left and right multiplication of M on M ⊗M is given by

a(b ⊗ c)d =σi /4(a)b ⊗cd −σi /4(a)⊗σi /4(b)cd

for all a, b, c, d ∈M .
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Theorem 3.2.6 changes even less. One just needs to change the canonical algebraic
bimodule structure to the algebraic bimodule structure described here. In that case, one
does not have to change the proof at all, apart from referring to Theorem 3.2.17 instead
of 3.2.2. These theorems, together with the corollaries analogous to Corollaries 3.2.5 and
3.2.7, allow one to perform the same procedure as in Section 3.2.3 to look for twisted
derivations.

One thing becomes apparent when one tries to perform this procedure in the twisted
case for KMS-symmetric quantum Markov semigroups, however: it is not so easy to find
counterexamples. In fact, one does not find any. This raises the question: does there al-
ways exist a twisted derivation for a (finite-dimensional) KMS-symmetric quantum Mar-
kov semigroup? I will wrap up this chapter by briefly explaining how one can generate
reasonable computer evidence for this question, and how one can use this computer
evidence to discover the structure of these derivations, leading to the V -transform (see
Definition 3.3.2) and the remainder of this chapter.

To generate reasonable computer evidence for the existence of twisted derivations in
the KMS-symmetric case, one needs two important things. First, one needs to be able
to determine that a twisted derivation really exists in an example. This may not sound
problematic, since we can make our computer check if the system of linear equations
has a solution. However, when one finds a solution, one typically finds a subspace of
solution matrices, and for these twisted derivations to exist, one needs a solution matrix
that is positive. Without any mathematical theory, this can quickly become an intract-
able problem. Fortunately, the field of semidefinite optimisation is designed precisely to
answer questions like these. This gives us a way to definitively determine (up to numer-
ical precision) whether a twisted derivation exists in an example.

The second requirement is to have a good way to randomly pick an example from
all possible examples. In our case, this is provided by [AC21], which characterises all
pure KMS-symmetric quantum Markov semigroups on n×n matrices in terms of a single
n ×n matrix W satisfying certain properties. As the existence of twisted derivations for
quantum Markov semigroups is preserved under convex combinations, one can take
a random W satisfying these properties, and from there construct the KMS-symmetric
quantum Markov semigroup. All in all, this means that we have a good way to generate
computer evidence, with one caveat: our approach scales very poorly with n. The num-
ber of equations scales with n10 in Theorem 3.2.6. While some improvement is possible
here, one can still only work with very small n.

As evidence that twisted derivations for finite-dimensional KMS-symmetric quan-
tum Markov semigroups, this approach is therefore of limited value. However, it has
much more potential when one attempts to use it to discover the structure behind the
inner products one obtains from the algorithm. To do this, one first needs to find an al-
gebraic expression for the remaining degrees of freedom in the inner product in terms
of the entries of W . This involves performing some reasonable guesses based on the
algebraic expressions in the solution space of the linear equations. Next, one needs to
find the structure in the algebraic expression, and move from an individual description
of each entry to a description in terms of general matrix objects. There is no clear pro-
cedure to do these things, and one might be inclined to call it more art than science.
However, I would argue that this is very common in experimental physics or any other
experimental scientific field. One observes things, looks for a formula describing these
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observations, and then for an theoretical explanation of this formula. As such, I would
view this approach as experimental mathematics, and its fruits can be found in the next
chapter, which I believe would not have existed for some time without this approach.

3.3. QUANTUM MARKOV SEMIGROUPS AND DERIVATIONS ON

MATRIX ALGEBRAS
In this section we demonstrate the connection between KMS-symmetric quantum Mar-
kov semigroups and twisted derivations in the case of matrix algebras. We first prove
a finite-dimensional version of the main result of this chapter, which allows to express
generators of KMS-symmetric quantum Markov semigroups as squares of twisted deriv-
ations in a suitable sense (Theorem 3.3.4). We then use the simple structure of bimod-
ules over matrix algebras to give a more explicit expression for the quadratic form asso-
ciated with the generator of a KMS-symmetric quantum Markov semigroups (Theorem
3.3.5). As in the general case treated in the next sections, the crucial technical tool is the
V -transform, which will be introduced in Subsection 3.3.1.

Let us start with some notation. We write Mn(C) for the algebra of n ×n matrices
over the complex numbers, 1n for the identity matrix in Mn(C), and idn for the identity
map from Mn(C) to itself. The norm ∥·∥ always denotes the operator norm, either for
elements of Mn(C) or for linear maps from Mn(C) to itself.

The finite-dimensional theory of the modular automorphism group and of KMS-
symmetric quantum Markov semigroups can be found in the finite-dimensional boxes
in Sections 2.1.2 and 2.2. Here we introduce the main objects we will work with in this
section. Fix a density matrix ρ ∈ Mn(C), that is, a positive matrix with trace 1, and assume
that ρ is invertible. The KMS inner product induced by ρ is defined as

〈·, ·〉ρ : Mn(C)×Mn(C) →C, (A,B) 7→ Tr(A∗ρ1/2Bρ1/2).

IfΦ : Mn(C) → Mn(C) is a linear map, we writeΦ† for its adjoint with respect to 〈·, ·〉ρ and
we say thatΦ is KMS-symmetric ifΦ† =Φ.

A quantum Markov semigroup (Φt ) is called KMS-symmetric ifΦt is KMS-symmetric
for all t ≥ 0. Equivalently, (Φt ) is KMS-symmetric if and only if its generator is KMS-
symmetric.

The modular group (or rather its analytic continuation) of ρ is the family (σz )z∈C of
algebra homomorphisms on Mn(C) defined by

σz (A) = ρi z Aρ−i z

for A ∈ Mn(C) and z ∈C. Note that σ†
z =σ−z̄ .

If a KMS-symmetric operator on Mn(C) commutes with the modular group, then it
is called GNS-symmetric (this is equivalent to the usual definition of GNS symmetry by
[CM17, Lemma 2.5]).

According to [AC21, Theorem 4.4], the generator L of a KMS-symmetric quantum
Markov semigroup is of the form

L(A) = (idn +σ−i /2)−1(Ψ(1n))A+ A(idn +σi /2)−1(Ψ(1n))−Ψ(A)

for some KMS-symmetric completely positive mapΨ : Mn(C) → Mn(C).
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The main goal of this section is to show that the sesquilinear form associated with L
can be written as

〈L(A),B〉ρ =
N∑

j=1
〈[V j , A], [V j ,B ]〉ρ

with matrices V1, . . . , VN ∈ Mn(C).

3.3.1. THE V -TRANSFORM
We write B(Mn(C)) for the space of all linear maps from Mn(C) to itself. This space
is generated by left and right multiplication operators in the following sense. For A ∈
Mn(C) let

LA ,RA : Mn(C) → Mn(C), LA(X ) = AX , RA(X ) = X A.

By [CM17, Lemma A.1], the linear span of {LARB | A,B ∈ Mn(C)} is B(Mn(C)).
The V -transform is a linear map on B(Mn(C)), which is most conveniently defined

through its inverse. Let

W : B(Mn(C)) → B(Mn(C)),Φ 7→ 1

2
(σi /4Φσ−i /4 +σ−i /4Φσi /4).

In particular, ifΦ= LARB , then

W (Φ) = 1

2
(Lσi /4(A)Rσi /4(B) +Lσ−i /4(A)Rσ−i /4(B)).

Proposition 3.3.1. The map W is invertible with inverse given by

W −1(Φ) = 2
∫ ∞

0
σ−i /4e−rσ−i /2Φσ−i /4e−rσ−i /2 dr

forΦ ∈ B(Mn(C)).
In particular, if A, B ∈ Mn(C), then

W −1(LARB ) = 2
∫ ∞

0
Lσi /4(e−rσi /2 (A))Rσ−i /4(e−rσ−i /2 (B)) dr.

Proof. Since σ−i /2 is an invertible operator on Mn(C) and Tr(σ−i /2(A)∗A) ≥ 0 for all A ∈
Mn(C), the spectrum of σ−i /2 consists of strictly positive numbers. Let λ denote the
smallest eigenvalue of σ−i /2. By the spectral theorem,

∥e−rσ−i /2∥ ≤ e−λr

for all r ≥ 0. It follows that for Φ ∈ B(Mn(C)) we have

∥σ−i /4e−rσ−i /2Φσ−i /4e−rσ−i /2∥ ≤ e−2λr ∥σ−i /4∥2∥Φ∥.

Therefore the integral ∫ ∞

0
σ−i /4e−rσ−i /2Φσ−i /4e−rσ−i /2 dr

converges absolutely.
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Moreover,

W

(
2
∫ ∞

0
σ−i /4e−rσ−i /2Φσ−i /4e−rσ−i /2 dr

)
=

∫ ∞

0
e−rσ−i /2 (σ−i /2Φ+Φσ−i /2)e−rσ−i /2 dr

=−
∫ ∞

0

d

dr
(e−rσ−i /2Φe−rσ−i /2 )dr

=Φ.

Thus W is invertible and the claimed integral expression for the inverse holds. Similar
arguments yield the integral formula for W −1(LARB ).

Definition 3.3.2. We call the inverse of W the V -transform and denote it by V . For Φ ∈
B(Mn(C)) we also write Φ̌ for V (Φ).

Lemma 3.3.3. The V -transform is a bijective linear map on B(Mn(C)) with the following
properties.

(a) If Φ ∈ B(Mn(C)) is KMS-symmetric, then V (Φ) is KMS-symmetric.

(b) IfΦ ∈ B(Mn(C)) is completely positive, then V (Φ) is completely positive.

(c) V (idn) = idn .

Proof. (a) LetΦ ∈ B(Mn(C)). By Proposition 3.3.1 we have

V (Φ) = 2
∫ ∞

0
σ−i /4e−rσ−i /2Φσ−i /4e−rσ−i /2 dr.

Since σ−i /4 is KMS-symmetric, so is e−rσ−i /2 . Thus the KMS adjoint of V (Φ) satis-
fies

V (Φ)† = 2
∫ ∞

0
σ−i /4e−rσ−i /2Φ†σ−i /4e−rσ−i /2 dr.

In particular, ifΦ is KMS-symmetric, so is V (Φ).

(b) If Φ is completely positive, by Kraus’ theorem there exist V1, . . . , VN ∈ Mn(C) such
that

Φ=
N∑

j=1
LV ∗

j
RV j .

From Proposition 3.3.1 and the identity σz (a)∗ =σz (a∗) we deduce

V (Φ) =
N∑

j=1

∫ ∞

0
Lσ−i /4(e−rσ−i /2 (V j ))∗Rσ−i /4(e−rσ−i /2 (V j )) dr.

Since maps of the form LA∗RA are completely positive and positive linear com-
binations and limits of completely positive maps are again completely positive, it
follows that V (Φ) is completely positive.

(c) The identity W (idn) = idn is immediate from the definition, from which V (idn) =
idn follows directly.
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3.3.2. DERIVATIONS FOR A KMS-SYMMETRIC QMS ON A MATRIX ALGEBRA
We are now in the position to prove the existence of a twisted derivation that implements
the Dirichlet form associated with a KMS-symmetric quantum Markov semigroup on
Mn(C). We first present an abstract version that will later be generalised to quantum
Markov semigroups on arbitrary von Neumann algebras. A more explicit version tailored
for matrix algebras will be discussed below.

Theorem 3.3.4. Let (Φt ) be a KMS-symmetric quantum Markov semigroup on Mn(C)
and let L denote its generator. There exists a Hilbert space H , a unital ∗-homomorphism
πl : Mn(C) → B(H ), a unital ∗-antihomomorphismπr : Mn(C) → B(H ), and anti-linear
isometric involution J : H →H and a linear map δ : Mn(C) →H satisfying

(a) πl (A)πr (B) =πr (B)πl (A) for all A, B ∈ Mn(C),

(b) J (πl (A)πr (B)ξ) =πl (B)∗πr (A)∗Jξ for all A, B ∈ Mn(C) and ξ ∈H ,

(c) δ(A∗) =Jδ(A) for all A ∈ Mn(C),

(d) δ(AB) =πl (σ−i /4(A))δ(B)+πr (σi /4(B))δ(A) and

(e) H = lin{πl (A)δ(B) | A, B ∈ Mn(C)}

such that
〈A,L(B)〉ρ = 〈δ(A),δ(B)〉H (3.5)

for all A, B ∈ Mn(C).

Proof. First, we claim that Ľ is a KMS-symmetric conditionally completely negative map
(see Definition 2.2.10). The KMS-symmetry follows from Lemma 3.3.3(a). By Lemma
3.3.3(b) Φ̌t is completely positive for all t ≥ 0. Since

Ľ = lim
t→0

1

t
(idn − Φ̌t )

by Lemma 3.3.3(c), it follows from the definitions that Ľ is conditionally completely neg-
ative, proving the claim. We also observe that

Ľ(1n) = 2
∫ ∞

0
σ−i /4e−rσ−i /2 (L(σ−i /4e−rσ−i /2 (1n)))dr = 0

by Proposition 3.3.1.
Next, we define a sesquilinear form 〈·, ·〉H on the algebraic tensor product Mn(C)⊙

Mn(C) by

〈A1 ⊗B1, A2 ⊗B2〉H =−1

2
Tr(B∗

1 ρ
1/2Ľ(A∗

1 A2)ρ1/2B2).

Now consider the subspace

N =
{∑

j
A j ⊗B j

∣∣∣∣∣ ∑
j

A jσ−i /2(B j ) = 0

}
.
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Because Ľ is completely conditionally negative, we see that for any
∑

j A j ⊗B j ∈ N we
have ∑

j k
〈A j ⊗B j , Ak ⊗Bk〉H =−1

2

∑
j k

Tr(B∗
j ρ

1/2Ľ(A∗
j Ak )ρ1/2Bk )

=−1

2

∑
j k

Tr(ρ1/2σ−i /2(B j )∗Ľ(A∗
j Ak )σ−i /2(Bk )ρ1/2)

≥ 0.

Therefore, this sesquilinear form is positive semidefinite on N . Now let

H = N /{u ∈ N | 〈u,u〉H = 0}.

Then 〈·, ·〉H induces an inner product on H , which turns H into a Hilbert space (as H

is finite-dimensional). We write
∑

j A j ⊗H B j for the image of
∑

j A j ⊗B j in H under the
quotient map.

Define πl and πr by

πl (X )
∑

j
A j ⊗H B j =

∑
j

X A j ⊗H B j , πr (X )
∑

j
A j ⊗H B j =

∑
j

A j ⊗H B j X

for X ∈ Mn(C) and
∑

j A j ⊗B j ∈ N . These maps are well defined. Indeed, they preserve
N , and for all u ∈ N with 〈u,u〉H = 0 we have

〈πl (X )πr (Y )u,πl (X )πr (Y )u〉H = 〈πl (X ∗X )πr (Y Y ∗)u,u〉H ≤ 0

by Cauchy-Schwarz. From the definitions of πl , πr and 〈·, ·〉H we now conclude that πl

is a unital ∗-homomorphism and πr is a unital ∗-antihomomorphism.
Subsequently, we will define the anti-linear isometric involution J on H . Consider

the map
A⊗B 7→ −B∗⊗ A∗

from Mn(C)⊙Mn(C) to itself. This is an isometry since Ľ is KMS-symmetric. Moreover, it
preserves N . Consequently, it acts in a well-defined manner on the equivalence classes
of H , and we call this map J . It is clear that J is an anti-linear involution.

Lastly, we define the map δ : Mn(C) →H by

δ(A) =σ−i /4(A)⊗H 1n −1n ⊗σi /4(A).

With this definition properties (a)-(d) are immediate from the definitions. For property
(e) note that∑

j
A j ⊗H B j =−∑

j
πl (A j )δ(σ−i /4(B j ))− A jσ−i /2(B j )⊗H 1n =−∑

j
πl (A j )δ(σ−i /4(B j ))

for any
∑

j A j ⊗H B j ∈H .
To complete the proof of the theorem, we need to show that Equation (3.5) holds. Let

A, B ∈ Mn(C). Then we have

〈δ(A),δ(B)〉H = 〈σ−i /4(A)⊗H 1n −1n ⊗H σi /4(A),σ−i /4(B)⊗H 1n −1n ⊗H σi /4(B)〉H
=1

2

(
Tr(σ−i /4(A∗)ρ1/2Ľ(σ−i /4(B))ρ1/2)+Tr(ρ1/2Ľ(σi /4(A∗))ρ1/2σi /4(B))

−Tr(ρ1/2Ľ(σi /4(A∗)σ−i /4(B))ρ1/2)−Tr(σ−i /4(A∗)ρ1/2Ľ(1n)ρ1/2σi /4(B))
)
.
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The last two terms are zero because Ľ is KMS-symmetric and Ľ(1n) = 0. For the first two
terms we use the KMS-symmetry of Ľ and the fact that Tr(σi t (C )D) = Tr(Cσ−i t (D)) for
all t ∈R and C , D ∈ Mn(C) to conclude that

〈δ(A),δ(B)〉H = 1

2
Tr(A∗ρ1/2σi /4(Ľ(σ−i /4(B)))ρ1/2)+ 1

2
Tr(ρ1/2 A∗ρ1/2σ−i /4(Ľ(σi /4(B))))

= Tr(A∗ρ1/2W (Ľ)(B)ρ1/2)

= 〈A,L(B)〉ρ ,

as desired.

As a consequence of the previous result, we get a more explicit expression for the
quadratic form associated with the generator of a KMS-symmetric quantum Markov se-
migroup on Mn(C). An analogous expression can be found in [CM17, Eq. (5.3)], [CM20,
Prop. 2.5] for the special case of GNS-symmetric quantum Markov semigroups.

Theorem 3.3.5. If (Φt ) is a KMS-symmetric quantum Markov semigroup on Mn(C) with
generator L, then there exist matrices V1, . . . , VN ∈ Mn(C) such that {V j }N

j=1 = {V ∗
j }N

j=1 and

〈A,L(B)〉ρ =
N∑

j=1
〈[V j , A], [V j ,B ]〉ρ

for all A, B ∈ Mn(C).

Proof. Let H , πl , πr , J and δ be as in the last Theorem. The map πl ⊗πr is a unital
representation of Mn(C)⊗Mn(C)◦. It follows from the representation theory of matrix
algebras [Bla06, Proposition IV.1.2.2.] that there exists an auxiliary Hilbert space K such
that H ∼= Mn(C)⊗K , where Mn(C) is endowed with the Hilbert-Schmidt inner product,
and

πl (A)(B ⊗ξ) = AB ⊗ξ,

πr (A)(B ⊗ξ) = B A⊗ξ

for A, B ∈ Mn(C) and ξ ∈K under this identification.
Moreover, since H is finite-dimensional by property (e), the space K is finite-

dimensional, say K =CN .
Thus δ(A) = ∑N

j=1δ j (A) ⊗ e j with the canonical orthonormal basis (e j ) on CN . It
follows from property (d) that

ρ−1/4δ j (AB)ρ−1/4 = Aρ−1/4δ j (B)ρ−1/4 +ρ−1/4δ j (A)ρ−1/4B

for A, B ∈ Mn(C). In other words, A 7→ ρ−1/4δ j (A)ρ−1/4 is a derivation. By the derivation
theorem [Kap53, Theorem 9] there exists V j ∈ Mn(C) such that δ j (A) = ρ1/4[V j , A]ρ1/4.

We conclude that

〈A,L(B)〉ρ = 〈δ(A),δ(B)〉H =
N∑

j=1
Tr(δ j (A)∗δ j (B)) =

N∑
j=1

〈[V j , A], [V j ,B ]〉ρ .
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Since 〈[V j , A], [V j ,B ]〉ρ = 〈[V ∗
j ,B∗], [V ∗

j , A∗]〉ρ , we have

〈δ(A),δ(B)〉H = 〈Jδ(B),Jδ(A)〉H =
N∑

j=1
〈[V j ,B∗], [V j , A∗]〉ρ =

N∑
j=1

〈[V ∗
j , A], [V ∗

j ,B ]〉ρ .

This shows that V1, . . . , VN can be chosen such that {V j }N
j=1 = {V ∗

j }N
j=1.

Remark 3.3.6. This theorem can also be proven without the use of Theorem 3.3.4. In
the appendix we include a proof of Theorem 3.3.5 using the V -transform and the struc-
ture of generators of KMS-symmetric quantum Markov semigroups described in [AC21,
Theorem 4.4].

3.4. THE V -TRANSFORM
As we have seen in Section 3.3 in the case of matrix algebras, the key ingredient to con-
struct the twisted derivation associated with a KMS-symmetric quantum Markov semi-
group is the V -transform. This remains the case for semigroups on general von Neu-
mann algebras, but the definition and properties of the V -transform become much more
delicate as it involves in general unbounded operators like the analytic generator of the
modular group. In particular the fact that the V -transform preserves completely posit-
ive maps, which is crucial for defining an inner product, requires new arguments in this
general setting.

For technical convenience, we first define the V -transform for bounded operators
on the Hilbert space L2(M ), before we transfer it to KMS-symmetric unital completely
positive maps on M .

Throughout this section we fix aσ-finite von Neumann algebra M and a faithful nor-
mal state ϕ on M . We write ∆ and J for the modular operator and modular conjugation
associated withϕ, and L2+(M ) for the standard self-dual positive cone in L2(M ). We also
writeϕ for the element in L1(M ) representingϕ so thatϕ1/2 is the unique positive vector
in L2(M ) representing ϕ, ∆i t ·∆−i t is the modular group etc.

Let us very briefly recap some basic definitions from modular theory. A more detailed
account can be found in Section 2.1.2. The standard Hilbert space L2(M ) can be iden-
tified with the GNS Hilbert space associated with ϕ in such a way that ϕ1/2 corresponds
to the cyclic and separating vector induced by ϕ and the left action of M on L2(M ) cor-
responds to the GNS representation induced by ϕ.

The operator

Mϕ1/2 → L2(M ), xϕ1/2 7→ x∗ϕ1/2

is a densely defined closable anti-linear operator, whose closure is denoted by S.
The operator S has a polar decomposition S = J∆1/2 with an anti-unitary involution

J , called the modular conjugation, and a non-singular positive self-adjoint operator ∆,
called the modular operator.

The modular group is the groupσϕ ofϕ-preserving ∗-automorphisms of M given by
σ
ϕ
t (x) =∆i t x∆−i t for x ∈M and t ∈R. An element x of M is called entire analytic for σϕ

if the map t 7→ σ
ϕ
t (x) has an analytic continuation to the complex plane. This analytic

continuation is then unique, and its value at z ∈C is denoted by σϕz (x).
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3.4.1. V -TRANSFORM OF BOUNDED OPERATORS ON L2(M )
In this subsection we define the V -transform on B(L2(M )) and discuss some of its prop-
erties. The V -transform in this setting is the map

V : B(L2(M )) → B(L2(M )), T 7→ Ť = 2
∫ ∞

0
∆1/4e−r∆1/2

T∆1/4e−r∆1/2
dr.

We first prove that it is well-defined. Note that ∆1/4e−r∆1/2
is bounded (and self-

adjoint) for every r > 0, so that the integrand is a bounded operator and the only dif-
ficulty is integrability.

Lemma 3.4.1. If T ∈ B(L2(M )) and ξ, η ∈ L2(M ), then

r 7→ 〈ξ,∆1/4e−r∆1/2
T∆1/4e−r∆1/2

η〉

is integrable on (0,∞), and

2

∣∣∣∣∫ ∞

0
〈ξ,∆1/4e−r∆1/2

T∆1/4e−r∆1/2
η〉dr

∣∣∣∣≤ ∥T ∥∥ξ∥∥η∥.

Proof. Let E denote the spectral measure of ∆1/2. By the spectral theorem we have

2
∫ ∞

0
|〈ξ,∆1/4e−r∆1/2

T∆1/4e−r∆1/2
η〉|dr

≤ ∥T ∥
∫ ∞

0
(∥∆1/4e−r∆1/2

ξ∥2 +∥∆1/4e−r∆1/2
η∥2)dr

= ∥T ∥
∫ ∞

0

∫ ∞

0
λe−2λr d(〈ξ,E(λ)ξ〉+〈η,E(λ)η〉)dr

= ∥T ∥
∫ ∞

0
λ

∫ ∞

0
e−2λr dr d(〈ξ,E(λ)ξ〉+〈η,E(λ)η〉)

= 1

2
∥T ∥(∥ξ∥2 +∥η∥2).

Thus r 7→ 〈ξ,∆1/4e−r∆1/2
T∆1/4e−r∆1/2

η〉 is integrable on (0,∞), and the desired inequality
follows from the usual rescaling trick ξ 7→αξ, η 7→ η/α.

Definition 3.4.2. For T ∈ B(L2(M )) let Ť denote the unique bounded linear operator on
L2(M ) such that

〈ξ, Ťη〉 = 2
∫ ∞

0
〈ξ,∆1/4e−r∆1/2

T∆1/4e−r∆1/2
η〉dr

for all ξ, η ∈ L2(M ).
We call the map

V : B(L2(M )) → B(L2(M )), T 7→ Ť

the V -transform.

Note that if T commutes with the modular operator, then Ť = T .



3

70 3. DERIVATIONS FOR KMS-SYMMETRIC QUANTUM MARKOV SEMIGROUPS

Proposition 3.4.3. The V -transform on B(L2(M )) is a normal unital completely positive
trace-preserving map.

Proof. Let E denote the spectral measure of ∆1/2. By the spectral theorem,

2
∫ ∞

0
〈∆1/4e−r∆1/2

ξ,∆1/4e−r∆1/2
η〉dr = 2

∫ ∞

0

∫ ∞

0
λe−2λr d〈ξ,E(λ)η〉dr

= 2
∫ ∞

0
λ

∫ ∞

0
e−2λr dr d〈ξ,E(λ)η〉

= 〈ξ,η〉

for all ξ, η ∈ L2(M ). Thus 1̌B(L2(M )) = 1B(L2(M )).

Since ∆1/4e−r∆1/2
is self-adjoint, the map T 7→ ∆1/4e−r∆1/2

T∆1/4e−r∆1/2
is completely

positive. Hence V is completely positive.
To prove that V is trace-preserving, let T ∈ B(L2(M )) be positive. By the previous

part, V (T ) is positive and we have

Tr(V (T )) = 2
∫ ∞

0
Tr(∆1/4e−r∆1/2

T∆1/4e−r∆1/2
)dr

= 2
∫ ∞

0
Tr(T 1/2∆1/2e−2r∆1/2

T 1/2)dr

= Tr(T 1/2V (1)T 1/2)

= Tr(T ).

Interchanging the integral and the sum defining the trace is justified by Fubini’s theorem
since the integrand is positive in each case.

To prove that the V -transform is normal, note first that it restricts to a bounded linear
map V∗ on the space of trace-class operators on L2(M ) by the previous part. Moreover,
if S, T ∈ B(L2(M )) and S is trace-class, then

Tr(V∗(S)T ) = 2
∫ ∞

0
Tr(∆1/4e−r∆1/2

S∆1/4e−r∆1/2
T )dr = Tr(SV (T )).

Thus V = (V∗)∗, which implies that V is normal.

Lemma 3.4.4 (Key property). (a) If T ∈ B(L2(M )), then

1

2
〈∆1/4ξ, Ť∆−1/4η〉+ 1

2
〈∆−1/4ξ, Ť∆1/4η〉 = 〈ξ,Tη〉

for all ξ,η ∈ dom(∆1/4)∩dom(∆−1/4).

(b) If R ∈ B(L2(M )) such that

1

2
〈∆1/4ξ,R∆−1/4η〉+ 1

2
〈∆−1/4ξ,R∆1/4η〉 = 〈ξ,Tη〉

for all ξ,η ∈⋂
n∈Zdom(∆n), then R = Ť .
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Proof. (a) If ξ,η ∈ dom(∆1/4)∩dom(∆−1/4), then

〈∆1/4ξ, Ť∆−1/4η〉+〈∆−1/4ξ, Ť∆1/4η〉
= 2

∫ ∞

0
(〈∆1/2e−r∆1/2

ξ,Te−r∆1/2
η〉+〈e−r∆1/2

ξ,T∆1/2e−r∆1/2
η〉)dr

=−2
∫ ∞

0

d

dr
〈e−r∆1/2

ξ,Te−r∆1/2
η〉dr

= 2〈ξ,Tη〉.

Here we used that since ∆1/2 is non-singular, e−r∆1/2
ζ→ 0 as r →∞ for every ζ ∈ L2(M ).

(b) If ξ,η ∈⋂
n∈Zdom(∆n), then ∆1/4e−r∆1/2

ξ,∆1/4e−r∆1/2
η ∈ dom(∆1/4)∩dom(∆−1/4)

and hence

〈ξ, Ťη〉 = 2
∫ ∞

0
〈∆1/4e−r∆1/2

ξ,T∆1/4e−r∆1/2
η〉dr

=
∫ ∞

0
(〈∆1/2e−r∆1/2

ξ,Re−r∆1/2
η〉+〈e−r∆1/2

ξ,R∆1/2e−r∆1/2
η〉)dr.

From here we conclude 〈ξ, Ťη〉 = 〈ξ,Rη〉 as above. Since
⋂

n∈Zdom(∆n) is dense in
L2(M ), the equality R = Ť follows.

Informally, the identity from the previous lemma reads

1

2
∆1/4Ť∆−1/4 + 1

2
∆−1/4Ť∆1/4 = T.

Proposition 3.4.5. Let T ∈ B(L2(M )).

(a) Ť = ∫ ∞
0 ∆−1/4e−r∆−1/2

T∆−1/4e−r∆−1/2
dr in the weak operator topology.

(b) If JT = T J, then JŤ = Ť J .

(c) If Tϕ1/2 =ϕ1/2, then Ťϕ1/2 =ϕ1/2.

Proof. (a) Let R = ∫ ∞
0 ∆−1/4e−r∆−1/2

T∆−1/4e−r∆1/2
dr . The existence is justified by the

same arguments as for Ť . Replacing ∆ by ∆−1 in Lemma 3.4.4(a) we obtain

1

2
〈∆1/4ξ,R∆−1/4η〉+ 1

2
〈∆−1/4ξ,R∆1/4η〉 = 〈ξ,Tη〉

for ξ,η ∈ dom(∆1/4)∩dom(∆−1/4). Now R = Ť follows from Lemma 3.4.4(b).

(b) One has J∆1/4 = ∆−1/4 J , and by the spectral theorem also Je−r∆1/2 = e−r∆−1/2
J .

Thus

J Ť =
∫ ∞

0
∆−1/4e−r∆−1/2

JT∆1/4e−r∆1/2
dr

=
∫ ∞

0
∆−1/4e−r∆−1/2

T J∆1/4e−r∆1/2
dr

=
∫ ∞

0
∆−1/4e−r∆−1/2

T∆−1/4e−r∆−1/2
dr J .

Now J Ť = Ť J follows from (a).
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(c) This is immediate from the definition of Ť .

We are particularly interested in the action of the V -transform on Markovian operat-
ors. Let us first recall the definition (see also Definition 2.2.18).

Definition 3.4.6. An operator T ∈ B(L2(M )) is Markovian if it is completely positivity-
preserving and Tϕ1/2 =ϕ1/2.

To prove that the V -transform also preserves Markovian operators, we need a series

of lemmas. Recall that the cones C ♯
ϕ and C ♭

ϕ are defined in Definition 2.1.26 as

C ♯
ϕ = {xϕ1/2 | x ∈M+}, C ♭

ϕ = {ϕ1/2x | x ∈M+},

and further recall that C ♯
ϕ and C ♭

ϕ are dual cones (see Definition 2.1.25), that is, ξ ∈C ♯
ϕ if

and only if 〈ξ, η〉 ≥ 0 for all η ∈C ♭
ϕ, and vice versa.

Lemma 3.4.7. Let T ∈ B(L2(M )) be positivity-preserving. If ξ ∈ C ♯
ϕ (resp. ξ ∈ C ♭

ϕ) and

η ∈C ♭
ϕ (resp. η ∈C ♯

ϕ), then

Re〈ξ, Ťη〉 ≥ 0.

Proof. Let x, y ∈M+. By Lemma 3.4.4(a) we have

1

2
〈xϕ1/2, Ť (ϕ1/2 y)〉+ 1

2
〈ϕ1/2x, Ť (yϕ1/2)〉 = 〈ϕ1/4xϕ1/4,T (ϕ1/4 yϕ1/4)〉 ≥ 0.

Since T is positivity-preserving, it commutes with J . Hence so does Ť by Proposition
3.4.5(b). If we apply this to the first summand from the previous equation, we obtain

〈xϕ1/2, Ť (ϕ1/2 y)〉 = 〈J Ť (ϕ1/2 y), J(xϕ1/2)〉 = 〈Ť (yϕ1/2),ϕ1/2x〉.

Therefore

Re〈xϕ1/2, Ť (ϕ1/2 y)〉 ≥ 0.

This settles the claim for ξ = xϕ1/2 and η = ϕ1/2 y . For arbitrary ξ ∈ C ♯
ϕ and η ∈ C ♭

ϕ the

inequality follows by approximation. The proof for ξ ∈C ♭
ϕ and η ∈C ♯

ϕ is analogous.

Lemma 3.4.8. If R ∈ B(L2(M )) such that

Re〈ξ,Rη〉 ≥ 0, ξ ∈C ♯
ϕ,η ∈C ♭

ϕ,

Re〈ξ,Rη〉 ≥ 0, ξ ∈C ♭
ϕ,η ∈C ♯

ϕ,

then Re〈ξ,Rη〉 ≥ 0 for all ξ, η ∈ L2+(M ).

Proof. Let S = {z ∈C | 0 < Re z < 1/2} and

f : S →C, f (z) = e−〈J∆z (xϕ1/2),R∆z (yϕ1/2)〉
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for x, y ∈M+. The function f is continuous on S, holomorphic on S and satisfies

| f (z)| = e−Re〈J∆z (xϕ1/2),R∆z (yϕ1/2)〉

≤ e∥J∆z (xϕ1/2)∥∥R∆z (yϕ1/2)∥

≤ e∥R∥∥∆Re z (xϕ1/2)∥∥∆Re z (yϕ1/2)∥.

By the spectral theorem,

∥∆Re z (xϕ1/2)∥2 ≤ ∥xϕ1/2∥2 +∥∆1/2(xϕ1/2)∥2

and likewise for yϕ1/2. Thus f is bounded on S.

If Re z = 0, then ∆z (yϕ1/2) = σ
ϕ

Im z (y)ϕ1/2 ∈ C ♯
ϕ and J∆z (xϕ1/2) = ϕ1/2σ

ϕ

Im z (x) ∈ C ♭
ϕ.

Thus | f (z)| ≤ 1 by assumption. Similarly, | f (z)| ≤ 1 if Re z = 1/2.
It follows from the Phragmén-Lindelöf principle that | f (1/4)| ≤ 1, which means

Re〈∆1/4(xϕ1/2),R∆1/4(yϕ1/2) = Re〈J∆1/4(xϕ1/2),R∆1/4(yϕ1/2)〉〉 ≥ 0.

This settles the claim for ξ = ∆1/4(xϕ1/2), η = ∆1/4(yϕ1/2) with x, y ∈ M+. For arbitrary
ξ, η ∈ L2+(M ) the claim follows by approximation by Theorem 2.1.28.

Lemma 3.4.9. If R ∈ B(L2(M )) such that Re〈ξ,Rη〉 ≥ 0 for all ξ, η ∈ L2+(M ) and JR = R J,
then R is positivity-preserving.

Proof. For ξ, η ∈ L2+(M ) we have Jξ= ξ, Jη= η, and hence

〈Rη,ξ〉 = 〈Jξ, JRη〉 = 〈ξ,Rη〉.

Therefore 〈ξ,Rη〉 is real and thus positive by assumption. As L2+(M ) is self-dual, the
claim follows.

Proposition 3.4.10. The V -transform maps symmetric Markovian operators to symmetric
Markovian operators.

Proof. If T ∈ B(L2(M )) is positivity-preserving, it follows from the previous three lem-
mas that Ť is positivity-preserving as well. If T is completely positivity-preserving,
the same argument applied to the amplifications T ⊗ idn shows that Ť is completely
positivity-preserving. That Tϕ1/2 = ϕ1/2 implies Ťϕ1/2 = ϕ1/2 was established in Pro-
position 3.4.5(c).

3.4.2. V -TRANSFORM OF KMS-SYMMETRIC OPERATORS ON M
Formally, the V -transform of a bounded linear operatorΦ on M should be given by

2
∫ ∞

0
σ−i /4e−rσ−i /2Φσ−i /4e−rσ−i /2 dr,

where we simply replaced the modular operator in the definition of V by the analytic
generator of the modular group on M . However, it seems hard to make this formula
rigorous. It is not even clear if σ−i /2 generates a semigroup on M in a suitable sense.
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Instead, we take a different approach that relies on the correspondence between cer-
tain operators in B(M ) and operators in B(L2(M )). This way we can only define the V -
transform for KMS-symmetric unital completely positive maps and generators of KMS-
symmetric quantum Markov semigroups, but this suffices for our purposes.

Let us first recall the definition of a KMS-symmetric map in this setting (see Defini-
tion 2.2.16. A linear mapΦ : M →M is called KMS-symmetric (with respect to ϕ) if

ϕ(T (x)σϕ−i /2(y)) =ϕ(σϕi /2(x)T (y)).

for all x, y ∈ M
ϕ
a . Using the trace-like functional Tr on the Haagerup L1 space, this can

compactly be rewritten as

Tr(Φ(x)∗ϕ1/2 yϕ1/2) = Tr(x∗ϕ1/2Φ(y)ϕ1/2)

in analogy with the definition for matrix algebras.
There is the following correspondence between symmetric completely positivity-

preserving maps on L2(M ) and KMS-symmetric completely positive maps on M (see
Section 2.2.2): if Φ is KMS-symmetric unital completely positive map on M , then there
exists a unique bounded linear operator T on L2(M ) such that

T (ϕ1/4xϕ1/4) =ϕ1/4Φ(x)ϕ1/4

for all x ∈M . This operator is a symmetric Markovian operator, which we denote byΦ(2).
Conversely, if T is a symmetric Markovian operator on L2(M ), then there exists a

KMS-symmetric unital completely positive mapΦ on M such thatΦ(2) = T .
IfΦ is a KMS-symmetric unital completely positive map on M , then V (Φ(2)) is a sym-

metric Markovian operator by Proposition 3.4.10. This justifies the following definition.

Definition 3.4.11. LetΦ be a KMS-symmetric unital completely positive map on M . Its
V -transform Φ̌ is the unique KMS-symmetric unital completely positive map Ψ on M

such that

V (Φ(2)) =Ψ(2).

We also write V (Φ) for Φ̌.

The main object of interest of this chapter are semigroups of unital completely posit-
ive maps. While the V -transform preserves unitality and complete positivity, it does not,
in general, preserve the semigroup property. We will discuss in the following how one
can still V -transform generators of a class of such semigroups in a way that preserves
complete positivity of the generated semigroup. The relevant background on quantum
Markov semigroups can be found in Section 2.2.2. Here we highlight that the generators
of uniformly continuous quantum Markov semigroups can be characterised as follows
(see Theorem 2.2.14): a bounded operator L on M is the generator of a uniformly con-
tinuous quantum Markov semigroup if and only it is normal, L(1) = 0 and L is condition-
ally completely negative.

Let (Φt ) be a uniformly continuous KMS-symmetric Markov semigroup on M and
(Tt ) the associated symmetric Markov semigroup on L2(M ). Let L and L2 denote the
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generator of (Φt ) on M and (Tt ) on L2(M ), respectively. By the uniform continuity as-
sumption, both are bounded linear operators. Thus we can form the V -transform of L2,
and the continuity of the V -transform implies

Ľ2 = lim
t→0

1

t
(1− Ťt )

in operator norm. However, since (Ťt ) is not a semigroup in general, this does not imply
directly that Ľ2 generates a symmetric Markov semigroup. The lack of semigroup prop-
erty can be taken care of by a suitable rescaling of the time parameter. More precisely,
we have the following result.

Proposition 3.4.12. If (Tt ) is a symmetric Markov semigroup on L2(M ), then the semi-
group generated by Ľ2 satisfies

e−t Ľ2ξ= lim
n→∞ Ť n

t/nξ

for all t ≥ 0 and ξ ∈ L2(M ). In particular, (e−t Ľ2 ) is a symmetric Markov semigroup.

Proof. Since the V -transform is a contraction, we have ∥Ťt∥ ≤ ∥Tt∥ ≤ 1 for all t ≥ 0. It

follows from the Chernoff product formula [Engel, Nagel, Theorem III.5.2] that e−t Ľ2ξ=
limn→∞ Ť n

t/nξ for all t ≥ 0 and ξ ∈ L2(M ). Finally, as Ťs is a symmetric Markovian oper-

ator for all s ≥ 0, so is e−t Ľ2 for all t ≥ 0.

As a consequence of the previous theorem, there exists a unique KMS-symmetric
quantum Markov semigroup (Ψt ) on M such that

ϕ1/4Ψt (x)ϕ1/4 = e−t Ľ2 (ϕ1/4xϕ1/4)

for all x ∈M and t ≥ 0. Moreover, (Ψt ) is uniformly continuous. This justifies the follow-
ing definition.

Definition 3.4.13. If L is the generator of a uniformly continuous KMS-symmetric Mar-
kov semigroup on M , its V -transform Ľ is the unique normal linear operator on M such
that

ϕ1/4Ľ(x)ϕ1/4 = Ľ2(ϕ1/4xϕ1/4)

for all x ∈M .

We have now defined the V -transform for two different classes of operators on
M , generators of KMS-symmetric quantum Markov semigroups and KMS-symmetric
unital completely positive maps, in different ways. Because any generator L of a KMS-
symmetric quantum Markov semigroup satisfies L(1) = 0, we know that these two classes
are disjoint. Therefore there is no conflict between our definitions of the V -transform of
completely positive maps and Markov generators.
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3.5. DERIVATIONS FOR UNIFORMLY CONTINUOUS QUANTUM

MARKOV SEMIGROUPS
In this section we study the correspondence between uniformly KMS-symmetric quan-
tum Markov semigroups and certain twisted derivations with values in bimodules. We
show that — like in the case of matrix algebras — every uniformly continuous KMS-
symmetric quantum Markov semigroup gives rise to a twisted derivation (Theorem
3.5.2) and that this twisted derivation is unique (Theorem 3.5.9).

Throughout this section let M be a von Neumann algebra and ϕ a faithful normal
state on M . KMS symmetry is always understood with respect to this state ϕ and mul-
tiplication of elements in L2(M ) is understood as the multiplication induced by the full
left Hilbert algebra associated with ϕ. For a left-bounded vector a ∈ L2(M ) we write
πl (a) for the bounded operator of left multiplication by a. Likewise, if a ∈ L2(M ) is right-
bounded, we write πr (a) for the right multiplication operator.

3.5.1. EXISTENCE AND INNERNESS
After we established the existence and properties of the V -transform in the previous sec-
tion, the proof for the existence of a twisted derivation associated with a uniformly con-
tinuous KMS-symmetric quantum Markov semigroup follows the same strategy as in the
finite-dimensional case.

To establish that the twisted derivation is inner, we need the following result, which is
an easy consequence of the Christensen-Evans theorem [CE79]. Recall that a bounded
linear map between C∗-algebras is called decomposable if it is a linear combination of
completely positive maps [Haa85].

Proposition 3.5.1. Every generator of a uniformly continuous quantum Markov semi-
group on M is the difference of two normal completely positive maps. In particular, it is
decomposable.

Proof. Let L be a normal conditionally negative definite map on M . By [CE79, Theorem
3.1] there exists k ∈M and a completely positive mapΦ : M →M such that

L(x) = k∗x +xk −Φ(x)

for all x ∈M . Since L is normal, so isΦ. It follows from [Pis20, Proposition 6.10] that L is
the difference of two normal completely positive maps.

Every correspondence (see Definition 2.3.2(c)) gives rise to a representation of the
binormal tensor product M ⊗bin M ◦, which is defined as follows (see [EL77a]). A linear
functional ω from the algebraic tensor product M ⊙M ◦ toC is called a binormal state if
ω(u∗u) ≥ 0 for all u ∈M ⊙M ◦, ω(1) = 1 and the maps x 7→ω(x ⊗ y◦

0), y◦ 7→ω(x0 ⊗ y◦) are
weak∗ continuous for every x0, y0 ∈ M . For u in the algebraic tensor product M ⊙M ◦
let

∥u∥bin = sup{ω(u∗u)1/2 |ω binormal state on M ⊙M ◦}.

The binormal tensor product M ⊗bin M ◦ is the completion of M ⊙M ◦ with respect to
the norm ∥·∥bin.
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Theorem 3.5.2. Let (Φt ) be a uniformly continuous KMS-symmetric quantum Markov
semigroup on M and let L denote its generator. There exists a correspondence H , an anti-
unitary involution J : H →H and a bounded operator δ : L2(M ) →H satisfying

(a) J (xξy) = y∗(Jξ)x∗ for all x, y ∈M and ξ ∈H ,

(b) δ(Ja) =Jδ(a) for all a ∈ L2(M ),

(c) δ(ab) =πl (a) ·δ(b)+δ(a) · Jπr (b)∗ J for all a ∈Mϕ1/2, b ∈ϕ1/2M ,

(d) lin{δ(a)x | a ∈ L2(M ), x ∈M } =H

such that
L2 = δ∗δ.

Moreover, there exists ξ0 ∈H such that

δ(a) =πl (a) ·ξ0 −ξ0 · Jπr (a)∗ J

for a ∈Mϕ1/2 ∩ϕ1/2M .

Proof. Let

ω : M ⊙M ◦ →C, x ⊗ y◦ 7→ −1

2
〈ϕ1/2, Ľ(x)ϕ1/2 y〉.

We first show that ω extends continuously to M ⊗bin M ◦.
Since Ľ is the generator of a uniformly continuous quantum Markov semigroup, by

Proposition 3.5.1 there exist normal completely positive maps Ψ1, Ψ2 on M such that
Ľ =Ψ2 −Ψ1. For j ∈ {1,2}, the maps

ω j : M ⊙M ◦ →C, x ⊗ y◦ 7→ 1

2
〈ϕ1/2,Ψ j (x)ϕ1/2 y〉

are positive and separately weak∗ continuous. Hence they extend to positive functionals
on M⊗binM ◦ by definition of ∥·∥bin. Thusω extends to a bounded linear map on M⊗bin

M ◦. We continue to denote the extension of ω to M ⊗bin M ◦ by ω.
Let

q : M ⊙M ◦ → L2(M ), x ⊗ y◦ 7→ xϕ1/2 y.

Clearly, the kernel of q is a left ideal of M⊙M ◦. Let I denote its closure, which is a closed
left ideal of M ⊗bin M ◦.

If u =∑n
j=1 x j ⊗ y◦

j ∈ ker q , then

ω(u∗u) =−1

2

n∑
j ,k=1

〈ϕ1/2 y j , Ľ(x∗
j xk )ϕ1/2 yk〉

= lim
t→0

1

2t

(
n∑

j ,k=1
〈ϕ1/2 y j ,Φ̌t (x∗

j xk )ϕ1/2 yk〉−∥q(u)∥2

)

= lim
t→0

1

2t

n∑
j ,k=1

〈ϕ1/2 y j ,Φ̌t (x∗
j xk )ϕ1/2 yk〉.
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The last expression is positive since Φ̌t is completely positive for all t ≥ 0. By continuity,
it follows that ω(u∗u) ≥ 0 for all u ∈ I .

Let H be the GNS Hilbert space associated with ω|I and πω the GNS representation
of M ⊗bin M ◦ on H , that is, H is the completion of I with respect to the inner product
(x, y) 7→ ω(x∗y) and πω(x)[y]H = [x y]H , were [·]H denotes the canonical map I → H .
As ω is separately weak∗ continuous, it follows easily that the actions x 7→ πω(x ⊗1) and
y◦ 7→πω(1⊗ y◦) are normal. These actions make H into an M -M -correspondence.

Moreover, let (eλ) be a right approximate identity for I consisting of positive con-
tractions. Since ∥[eλ]H ∥ = ω(e2

λ
)1/2 ≤ ∥ω∥1/2, we may assume additionally that [eλ]H

converges weakly to some vector ξω ∈H . If u ∈ I , then

[u]H = [lim
λ

ueλ] = lim
λ
πω(u)[eλ]H =πω(u)ξω.

In particular, ξω is a cyclic vector for πω.
To define J , first define an anti-linear map J0 on M⊙M ◦ by J0(x⊗y◦) = y∗⊗(x∗)◦.

A direct computation shows qJ0 = J q . In particular, J0 leaves ker q invariant.
Furthermore, if x1, x2, y1, y2 ∈M , then

ω(J0(x1 ⊗ y◦
1)∗J0(x2 ⊗ y◦

2)) =−1

2
〈ϕ1/2, Ľ(y1 y∗

2 )ϕ1/2x∗
2 x1〉

=−1

2
〈ϕ1/2x∗

1 x2, Ľ(y1 y∗
2 )ϕ1/2〉

=−1

2
〈ϕ1/2Ľ(x∗

1 x2), y1 y∗
2ϕ

1/2〉

=−1

2
〈ϕ1/2, y1 y∗

2ϕ
1/2Ľ(x∗

2 x1)〉

=−1

2
〈J (y1 y∗

2ϕ
1/2Ľ(x∗

2 x1)), Jϕ1/2〉

=−1

2
〈Ľ(x∗

1 x2)ϕ1/2 y2 y∗
1 ,ϕ1/2〉

=−1

2
〈ϕ1/2, Ľ(x∗

2 x1)ϕ1/2 y1 y∗
2 〉

=ω((x2 ⊗ y◦
2)∗(x1 ⊗ y◦

1)).

Therefore the map

[I ]H → [I ]H , [x ⊗ y◦]H 7→ [y∗⊗ (x∗)◦]H

extends to an isometric anti-linear operator J on H . Obviously, J is an involution and
property (a) follows directly from the definition.

Finally let us construct δ. For a ∈Mϕ1/2 ∩ϕ1/2M let

δ(a) =πω(πl (a)⊗1−1⊗ (Jπr (a)∗ J )◦)ξω.

Note that
q(πl (a)⊗1−1⊗ (Jπr (a)∗ J )◦) =πl (a)ϕ1/2 −πr (a)ϕ1/2 = 0

so that πl (a)⊗1−1⊗ (Jπr (a)∗ J )◦ ∈ I and δ(a) = [πl (a)⊗1−1⊗ (Jπr (a)∗ J )◦]H .
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We have

∥δ(a)∥2
H = ∥[πl (a)⊗1−1⊗ (Jπr (a)∗ J )◦]H ∥2

=ω(|πl (a)⊗1−1⊗ (Jπr (a)∗ J )◦|2)

=ω(πl (a♯a)⊗1)+ω(1⊗ (Jπr (aa♭)J )◦)

−ω(πl (a♯)⊗ (Jπr (a)∗ J )◦)−ω(πl (a)⊗ (Jπr (a♭)∗ J )◦)

=−1

2
〈ϕ1/2, Ľ2(∆1/4(a♯a))〉− 1

2
〈∆1/4 J (aa♭), Ľ2ϕ

1/2〉

+ 1

2
〈∆1/4 Ja, Ľ2∆

1/4(a♯)〉+ 1

2
〈∆1/4 Ja♭, Ľ2∆

1/4a〉
(1)= 1

2
〈J∆−1/4a, Ľ2 J∆1/4a〉+ 1

2
〈∆−1/4a, Ľ2∆

1/4a〉
(2)= 1

2
〈∆1/4a, Ľ2∆

−1/4a〉+ 1

2
〈∆−1/4a, Ľ2∆

1/4a〉
(3)= 〈a,L2(a)〉.

Here we used the symmetry of Ľ2 and Ľ2ϕ
1/2 = 0 for (1), the symmetry of Ľ2 and Ľ2 J =

J Ľ2 for (2) and the key property from Lemma 3.4.4 for (3).
Therefore the map δ extends to a bounded linear operator from L2(M ) to H , and

this extension, still denoted by δ, satisfies δ∗δ= L2. Clearly,

δ(ab) =πl (a) ·δ(b)+δ(a) · Jπr (b)∗ J

for a,b ∈Mϕ1/2∩ϕ1/2M . If we only have a ∈Mϕ1/2 and b ∈ϕ1/2M , a standard approx-
imation argument [Haa75, Lemma 1.3] shows that this identity continues to hold, which
settles property (c).

Property (b) is clear from the definition if a ∈Mϕ1/2 ∩ϕ1/2M , and can be extended
to a ∈ L2(M ) again by approximation.

Finally, if u =∑n
j=1 x j ⊗ y◦

j ∈ ker q and x j is entire analytic for σϕ for all j ∈ {1, . . . , n},

then

u =
n∑

j=1
x j ⊗ y◦

j

=
n∑

j=1
(x j ⊗ y◦

j −1⊗ (σϕi /2(x j )y j )◦),

where we used 0 = q(u) =ϕ1/2 ∑n
j=1σ

ϕ

i /2(x j )y j . Thus

[u]H =
n∑

j=1
δ(x jϕ

1/2)y j .

Since πω is normal and [ker q]H is dense in H by definition, property (d) follows.

Remark 3.5.3. In terms of the GNS embedding of M into L2(M ), the product rule (c) can
be expressed as

δ(x yϕ1/2) = x ·δ(yϕ1/2)+δ(xϕ1/2) ·σϕi /2(y)
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for x, y ∈ M with y entire analytic for σϕ. Similarly, for the symmetric embedding one
obtains

δ(ϕ1/4x yϕ1/4) =σϕ−i /4(x) ·δ(ϕ1/4 yϕ1/4)+δ(ϕ1/4xϕ1/4) ·σϕi /4(y)

for x, y ∈M entire analytic for σϕ.

Remark 3.5.4. Inner derivations of the form occurring in the theorem have been con-
sidered before in the construction of completely Dirichlet forms, in particular when
H = L2(M ). For example, in [Cip97, Section 5], maps of the form

δ : L2(M ) → L2(M ), a 7→ i (µxa −λax)

for x ∈M andλ, µ> 0 are studied. If xϕ1/2 is an eigenvector of∆ to the eigenvalueλ2/µ2

(the case considered in [Cip97, Proposition 5.3 (iv)]), then

δ(a) =πl (a) ·ξ0 −ξ0 · Jπr (a)∗ J

for ξ0 =−iµxϕ1/2 =−iλϕ1/2x.
Note however that in this case, δ∗δ commutes with the modular group so that the

semigroup generated by δ∗δ is GNS-symmetric.

Remark 3.5.5. If one only wants to show the existence of the twisted derivation δ, one
could work directly with the GNS representation of ω on ker q without passing to the
binormal tensor product. Hence Proposition 3.5.1 and thus the Christensen-Evans the-
orem is only needed to show that the twisted derivation is inner.

3.5.2. UNIQUENESS
We show next that the triple (H ,J ,δ) constructed in Theorem 3.5.2 is uniquely determ-
ined by the semigroup (Φt ) up to isomorphism. Let us first introduce some terminology
for triples of this kind (see Definitions 2.3.5 and 2.3.9).

Definition 3.5.6. We call a triple (H ,J ,δ) consisting of a self-dual M -M -correspon-
dence (H ,J ) and a closed operator δ : dom(δ) ⊂ L2(M ) → H a first-order differential
calculus if

(a) J dom(δ) = dom(δ) and δ(Ja) =Jδ(a) for all a ∈ L2(M ),

(b) Whenever a ∈ dom(δ) ∩ Mϕ1/2, b ∈ dom(δ) ∩ϕ1/2M , then ab ∈ dom(δ) and
δ(ab) =πl (a)δ(b)+δ(a)Jπr (b)∗ J ,

(c) lin{δ(a)x | a ∈ dom(δ), x ∈M } =H .

With this definition, Theorem 3.5.2 says that for every bounded Markov generator L2

on L2(M ) there exists a first-order differential calculus (H ,J ,δ) such that L2 = δ∗δ. In
this subsection we will show that (H ,J ,δ) is uniquely determined by L2.

To lighten the notation, we write aξ for πl (a)ξ if a ∈Mϕ1/2 and ξb for ξ · Jπr (b)∗ J if
b ∈Mϕ1/2 for the remainder of this subsection.

The first step towards uniqueness is a purely algebraic consequence of the properties
(a) and (b) of a first-order differential calculus.
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Lemma 3.5.7. If (H ,J ,δ) is a first-order differential calculus and δ is bounded, then

〈δ(∆1/4a)∆1/4b,δ(∆−1/4c)〉H +〈δ(∆−1/4a)∆−1/4b,δ(∆1/4c)〉H
=〈δ(∆−1/4(ab)),δ(∆1/4c)〉H +〈δ(∆1/4a),δ(∆−1/4c J (∆−1/4b))〉H
−〈δ(J (∆1/4c)∆1/4a),δ(J (∆−1/4b))〉H

for all a,b,c ∈M
ϕ
a ϕ

1/2, where M
ϕ
a denotes the set of all entire analytic elements for σϕ.

Proof. As a,b,c ∈ M
ϕ
a ϕ

1/2, these elements lie in
⋂

n∈Zdom(∆n), and arbitrary powers
of the modular operator map them to left- and right-bounded vectors. In particular, all
expressions in the claimed equation are well-defined.

Using properties (a) and (b) of a first-order differential calculus, we can do the fol-
lowing computations. Let x, y, z ∈M

ϕ
a ϕ

1/2. Then we have

〈δ(x)y,δ(z)〉H = 〈δ(x)y,δ(z)〉H +〈xδ(y),δ(z)〉H −〈J (δ(z)),J (xδ(y))〉H
= 〈δ(x y),δ(z)〉H −〈δ(J z),δ(J y)J x〉H
= 〈δ(x y),δ(z)〉H −〈δ(J z)∆1/2x,δ(J y)〉H

and

〈δ(x)y,δ(z)〉H = 〈δ(x),δ(z)J∆−1/2 y〉H +〈δ(x), zδ(J∆−1/2 y)〉H −〈δ(x), zδ(J∆−1/2 y)〉H
= 〈δ(x),δ(z J∆−1/2 y)〉H −〈δ(x), zδ(J∆−1/2 y)〉H
= 〈δ(x),δ(z J∆−1/2 y)〉H −〈J(∆1/2z)δ(x),δ(J∆−1/2 y)〉H .

If we take x =∆−1/4a, y =∆−1/4b, z =∆1/4c in the first identity and x =∆1/4a, y =∆1/4b,
z =∆−1/4c in the second identity and add them up, we obtain

〈δ(∆−1/4a)∆−1/4b,δ(∆1/4c)〉H +〈δ(∆1/4a)∆1/4b,δ(∆−1/4c)〉H
= 〈δ(∆−1/4(ab)),δ(∆1/4c)〉H −〈δ(J∆1/4c)∆1/4a,δ(J∆−1/4b)〉H
+〈δ(∆1/4a),δ((∆−1/4c)J∆−1/4b)〉H −〈(J∆1/4c)δ(∆1/4a),δ(J∆−1/4b)〉H

= 〈δ(∆−1/4(ab)),δ(∆1/4c)〉H +〈δ(∆1/4a),δ((∆−1/4c)J∆−1/4b)〉H
−〈δ((J∆1/4c)∆1/4a),δ(J∆−1/4b)〉H ,

where we used again property (b) of a first-order differential calculus in the last step.

The significance of this result is that the right side depends only on the inner product
of elements from the range of δ and not the bimodule generated by the range. If the
modular operator ∆ is trivial, that is, ϕ is a trace, one can conclude uniqueness of the
twisted derivation directly from this lemma. In the general case, substantially more work
is needed. In particular, there are analytical difficulties that are absent in the case of
tracially symmetric (or more generally GNS-symmetric) quantum Markov semigroups.

One tool we use are spectral subspaces of the analytic generator of the modular
group. We recall the definition and some of their properties here. See [CZ76] for more
details.
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For 0 <λ1 <λ2 let

M [λ1,λ2] =
{

x ∈ ⋂
t∈R

dom(σϕi t )

∣∣∣∣∣ lim
t→∞∥σϕi t (x)∥1/t ≤ 1

λ1
, lim

t→∞∥σϕ−i t (x)∥1/t ≤λ2

}
.

This is a norm closed subspace of M , invariant under σϕ, and the spectrum of the
restriction of σϕ−i to M [λ1,λ2] is contained in [λ1,λ2] (see [CZ76, (iii)–(v), p. 351]).
Moreover, the union

⋃
0<λ1≤λ2<∞M [λ1,λ2] is weak∗ dense in M [CZ76, (vi), p. 356]. Ad-

ditionally, σϕt is given by e i t H for some H ∈ B(M [λ1,λ2]) with sp(H) ⊂ [− ln(λ1), ln(λ2)]
[CZ76, Theorem 5.2, p. 349]. For convenience, we introduce similar notation in the
L2(M )-case and write L2(M )[λ1,λ2] for χ[λ1,λ2](∆)L2(M ).

For completeness, we also recall the definition of the projective cross norm of Banach
spaces: if X ,Y are Banach spaces, then the projective cross norm of z ∈ X ⊙Y is given by

∥z∥ = inf

{
n∑

i=1
∥xi∥∥yi∥

∣∣∣∣∣ z =
n∑

i=1
xi ⊗ yi

}
.

Lemma 3.5.8. Let 0 <λ1 <λ2. Define X to be the completion of L2(M )[λ1,λ2]⊙M [λ1,λ2]
with the projective cross norm. Then the bounded operator T : X → X defined on pure
tensors by

T (η⊗a) =∆1/4(η)⊗σϕ−i /4(a)

is well defined and sp(T ) ⊂ (0,∞).

Proof. The spectrum of ∆1/4 restricted to χ[λ1,λ2](∆)L2(M ) is contained in [λ1/4
1 ,λ1/4

2 ] by

definition. Since the restriction of σϕ−i /4 to M [λ1,λ2] is e1/4H for some H ∈ B(M [λ1,λ2])

with sp(H) ⊂ [− ln(λ1), ln(λ2)], we know that the spectrum of the restriction of σϕ−i /4 to

M [λ1,λ2] is also contained in [λ1/4
1 ,λ1/4

2 ]. Then ∆1/4 ⊗ id and id⊗σϕ−i /4 are well defined

and have spectra contained in [λ1/4
1 ,λ1/4

2 ], so ∆1/4 ⊗σϕ−i /4 has spectrum contained in
(0,∞) [Sch69, p. 96].

Theorem 3.5.9. Let (H1,J1,δ1) and (H2,J2,δ2) be first order differential calculi for M

such that δ1 and δ2 are bounded and δ∗1δ1 = δ∗2δ2. Then there exists a unitary bimodule
mapΘ : H1 →H2 intertwining J1 and J2 such thatΘ(δ1(a)) = δ2(a) for all a ∈ L2(M ).

Proof. The unitary bimodule mapΘwill be given by

Θ(δ1(a)b) = δ2(a)b

on elements of the form δ1(a)b with a, b ∈ L2(M ). The difficult part of the proof is to
show that this map is isometric; the other properties will follow naturally.

Let 0 <λ1 <λ2 be arbitrary. Let X and T be as in Lemma 3.5.8. Note that T is invert-
ible since 0 ∉ sp(T ). On L2(M )[λ1,λ2]⊙M [λ1,λ2] ⊂ X we can define the maps q1 and q2

to H1 and H2, respectively, by

q1(η⊗a) = δ1(η)a and q2(η⊗a) = δ2(η)a.

Because δ1 and δ2 are bounded and right multiplication is bounded in the operator
norm, we can boundedly extend q1 and q2 to X .
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Using Lemma 3.5.7 we can now show that for all x, y ∈ X we have

〈q1(T (x)), q1(T −1(y))〉H1 +〈q1(T −1(x)), q1(T (y))〉H1 (3.6)

=〈q2(T (x)), q2(T −1(y))〉H2 +〈q2(T −1(x)), q2(T (y))〉H2 .

Indeed, for all j ∈ {1, 2}, η, ξ ∈ L2(M )[λ1,λ2] and a,b ∈M [λ1,λ2] we have

〈q j (T (η⊗a)), q j (T −1(ξ⊗b))〉H j +〈q j (T −1(η⊗a)), q j (T (ξ⊗b))〉H j

=〈δ j (∆1/4η)σϕ−i /4(a),δ j (∆−1/4ξ)σϕi /4(b)〉H j +〈δ j (∆−1/4η)σϕi /4(a),δ j (∆1/4ξ)σϕ−i /4(b)〉H j

=〈δ j (∆1/4η)σϕ−i /4(ab∗),δ j (∆−1/4ξ)〉H j +〈δ j (∆−1/4η)σϕi /4(ab∗),δ j (∆1/4ξ))〉H j

=〈δ j (∆−1/4(ηϕ1/2ab∗)),δ j (∆1/4ξ)〉H j +〈δ j (∆1/4η),δ j (∆−1/4ξJ (∆−1/4(ϕ1/2ab∗)))〉H j

−〈δ j (J (∆1/4ξ)∆1/4η),δ j (J (∆−1/4ϕ1/2ab∗))〉H j ,

where the last step follows from Lemma 3.5.7 and the fact that va = v · Jπr (ϕ1/2a)∗ J for
v ∈H j and a ∈M . Since we have for all η, ξ ∈ L2(M ) that

〈δ1(η),δ1(ξ)〉H1 = 〈η,δ∗1δ1(ξ)〉 = 〈η,δ∗2δ2(ξ)〉 = 〈δ2(η),δ2(ξ)〉H2 ,

we can now conclude that

〈q1(T (η⊗a)), q1(T −1(ξ⊗b))〉H1 +〈q1(T −1(η⊗a)), q1(T (ξ⊗b))〉H1

= 〈q2(T (η⊗a)), q2(T −1(ξ⊗b))〉H2 +〈q2(T −1(η⊗a)), q2(T (ξ⊗b))〉H2 .

By linearity and density of L2(M )[λ1,λ2]⊙M [λ1,λ2] in X we find that Equation (3.6)
holds.

The next part of the proof is to show that Equation (3.6) implies that

〈q1(x), q1(y)〉H1 = 〈q2(x), q2(y)〉H2

for x, y ∈ X . For this, we consider the operator Te−sT 2
for s > 0, defined by holomorphic

functional calculus. We start with the observation that

〈q j (T (Te−sT 2
(x))), q j (T −1(Te−sT 2

(y)))〉H j +〈q j (T −1(Te−sT 2
(x))), q j (T (Te−sT 2

(y)))〉H j

=− d

d s
〈q j (e−sT 2

(x)), q j (e−sT 2
(y))〉H j (3.7)

for j ∈ {1, 2} and x, y ∈ X . Since T is a bounded operator on X and sp(T ) ⊂ (0,∞),

we know that lims→∞∥e−sT 2∥ = 0 [Nee22, Theorem 6.24]. Consequently, we have for
j ∈ {1, 2} and x, y ∈ X that

− lim
r→∞

∫ r

0

d

d s
〈q j (e−sT 2

(x)), q j (e−sT 2
(y))〉H j d s = 〈q j (x), q j (y)〉H j .

Since the integrand of the above integral is equal for j = 1 and j = 2 by Equation (3.6)
and Equation (3.7), we deduce that

〈q1(x), q1(y)〉H1 = 〈q2(x), q2(y)〉H2
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for all x, y ∈ X . Therefore, we have for all η, ξ ∈ L2(M )[λ1,λ2] and a, b ∈M [λ1,λ2] that

〈δ1(η)a,δ1(ξ)b〉H1 = 〈δ2(η)a,δ2(ξ)b〉H2 .

So far we have shown that Θ preserves the inner product on certain subsets of H1,
and the goal is to extend this to all of H1. This takes a few steps. First, note that Θ
preserves the inner product on all of

lin{δ1(η)a |λ1,λ2 > 0,η ∈ L2(M )[λ1,λ2], a ∈M [λ1,λ2]},

since for each η1,η2 ∈ ⋃
λ1,λ2>0 L2(M )[λ1,λ2] and a1, a2 ∈ ⋃

λ1,λ2>0 M [λ1,λ2] we can
find λ′

1, λ′
2 > 0 such that η1,η2 ∈ (χ

[λ′1,λ′2]
(∆)L2(M )) and a1, a2 ∈ M [λ′

1,λ′
2]. Next, since⋃

λ1,λ2>0 L2(M )[λ1,λ2] is dense in L2(M ) and δ1 is bounded, we can extend this to the
subspace lin{δ1(η)a | η ∈ L2(M ), a ∈ ⋃

λ1,λ2>0 M [λ1,λ2]} and subsequently to the sub-
space lin{δ1(η)a | η ∈ L2(M ), a ∈ M } because

⋃
λ1,λ2>0 M [λ1,λ2] is weak* dense in M .

Lastly, by property (c) of a first-order differential calculus we conclude that Θ is isomet-
ric on all of H1.

We will finish the proof by discussing the other desired properties of Θ. By property
(c) of a first-order differential calculus, lin{δ2(η)a | η ∈ L2(M ), a ∈ M } is dense in H2.
Because the image of an isometric map is closed, we know thatΘ is surjective and there-
fore that it is a linear isometric isomorphism. By property (b) of a first-order differential
calculus it is a unitary bimodule map, and it is clear that it intertwines J1 and J2.

3.6. DERIVATIONS FOR QUANTUM MARKOV SEMIGROUPS WITH

UNBOUNDED GENERATORS
In this section we study twisted derivations for quantum Markov semigroups that are
not necessarily uniformly continuous. In this case the generator can be unbounded,
and it is convenient to work with the associated quadratic forms on L2(M ), which we
call quantum Dirichlet forms (see Section 2.2.3). We show that the bounded vectors in
the form domain form an algebra (Theorem 3.6.1), which gives a suitable domain for a
twisted derivation. We then show that there exists a (possibly unbounded) first-order
differential calculus associated with our given quantum Dirichlet form (Theorem 3.6.3).

We keep the notation from the previous section. In particular, M is a von Neumann
algebra and ϕ is a normal faithful state on M .

Theorem 3.6.1. Let M be a von Neumann algebra,ϕ a normal faithful state on M and E

a quantum Dirichlet form on L2(M ). If a ∈ dom(E )∩Mϕ1/2, b ∈ dom(E )∩ϕ1/2M , then
ab ∈ dom(E ) and

E (ab)1/2 ≤ ∥πl (a)∥E (b)1/2 +E (a)1/2∥πr (b)∥.

In particular, dom(E )∩Mϕ1/2 ∩ϕ1/2M with the involution J is a ∗-algebra.

Proof. Let (Tt ) be the strongly continuous semigroup associated with E and let Et (a) =
1
t 〈a, a −Tt a〉 for a ∈ L2(M ). By the spectral theorem, Et (a) ↗ E (a) as t ↘ 0.

Let (Φt ) be the KMS-symmetric quantum Markov semigroup on M associated with
(Tt ). Since Φt is completely positive, 1

t (I −Φt ) is conditionally completely negative.
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Thus 1
t (I −Φt ) generates a quantum Markov semigroup on M , which is clearly KMS-

symmetric, and the associated symmetric Markov semigroup on L2(M ) has generator
1
t (I −Tt ).

By Theorem 3.5.2 there exists a bounded first-order differential calculus (H t ,Jt ,δt )
such that Et (a) = ∥δt (a)∥2

H t
for a ∈ L2(M ). Thus, if a ∈ dom(E ) ∩Mϕ1/2 and b ∈

dom(E )∩ϕ1/2M , then

Et (ab)1/2 = ∥δt (ab)∥H t

= ∥πl (a)δt (b)+δt (a)Jπr (b)∗ J∥H t

≤ ∥πl (a)∥∥δt (b)∥H t +∥δt (a)∥H t ∥πr (b)∥
= ∥πl (a)∥Et (b)1/2 +Et (a)1/2∥πr (b)∥.

The claim follows by taking the limit t ↘ 0 of both sides.

Remark 3.6.2. In contrast to the case of GNS-symmetric quantum Markov semigroups
[Wir22, Theorem 6.3] we could not show that dom(E )∩Mϕ1/2 ∩ϕ1/2M is a form core
for E . The space dom(E )∩ϕ1/4Mϕ1/4 is always a form core, but we do not expect it to
be an algebra in general.

Theorem 3.6.3. Let M be a von Neumann algebra and ϕ a faithful normal state on M .
If E is a quantum Dirichlet form on L2(M ), then there exists a complete M -M -bimodule
H , an anti-unitary involution J : H →H such that

J (xξy) = y∗(Jξ)x∗

for x, y ∈M and ξ ∈H , a closed operator δ : dom(E ) →H such that Jδ= δJ and

δ(ab) =πl (a) ·δ(b)+δ(a) · Jπr (a)∗ J

for a ∈ dom(E )∩Mϕ1/2, b ∈ dom(E )∩ϕ1/2M , and

E (a,b) = 〈δ(a),δ(b)〉H
for a, b ∈ dom(E ).

Remark 3.6.4. We do not claim that the actions of M on H are normal so that H is in
general not a correspondence. This is not only an artefact of our proof or a feature of KMS
symmetry specifically, but happens even for symmetric Markov semigroups on com-
mutative von Neumann algebras. For GNS-symmetric quantum Markov semigroups,
the normality of the action is linked to the existence of the carré du champ (see [Wir22,
Section 7]).

Proof. Let (Tt ) be the strongly continuous semigroup associated with E . As in the proof
of Theorem 3.6.1, we consider the quantum Dirichlet form Et given by Et (a) = 1

t 〈a, a −
Tt a〉 and the associated first-order differential calculus (H t ,Jt ,δt ). We will use an ul-
traproduct construction to define (H ,J ,δ) for E .

Choose ω ∈ βN \N and a null sequence (tn) in (0,∞) and let H be the ultraproduct∏
n→ωH tn (see Construction 2.3.14). We write [ξn] for the equivalence class of (ξn) in

H .
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We can define commuting left and right actions of M on H by

x[ξn]y = [xξn y].

As noted in the previous remark, these actions are not necessarily normal.
Moreover, let

J : H →H , J [ξn] = [Jtnξn].

It is easy to verify that J is an anti-unitary involution such that J (xξy) = y∗(Jξ)x∗ for
x, y ∈M and ξ ∈H .

Finally, if a ∈ dom(E ), let δ(a) = [δtn (a)]. Since

∥δtn (a)∥2
H tn

= Etn (a) ≤ E (a),

the map δ : dom(E ) →H is well-defined. Furthermore,

〈δ(a),δ(b)〉H = lim
n→ω

〈δtn (a),δtn (b)〉H tn
= lim

n→ω
Etn (a,b) = E (a,b)

The operator δ is closed because E is closed. The other properties of δ can be checked
componentwise.

Remark 3.6.5. At this point we do not know if the triple (H ,J ,δ) is uniquely determ-
ined. Given the known results for tracially symmetric or more generally GNS-symmetric
quantum Markov semigroups, it seems reasonable to suspect that the left and right ac-
tion are not uniquely determined on M , but only on some ∗-subalgebra.

APPENDIX

3.A. ALTERNATIVE PROOF OF THEOREM 3.3.5
The proof of Theorem 3.3.5 shows that this result can be easily obtained from Theorem
3.3.4, and therefore that one can prove it in a basis-independent fashion. On the other
hand, it gives very little intuition for the V j mentioned in the theorem. To provide a bit
more feeling for the V j , we include an alternative proof of the result.

Recall that by [AC21, Theorem 4.4] the generator L of a KMS-symmetric quantum
Markov semigroup on Mn(C) can be written as

L(A) = (idn +σ−i /2)−1(Ψ(1n))A+ A(idn +σi /2)−1(Ψ(1n))−Ψ(A) (3.8)

with a KMS-symmetric completely positive mapΨ : Mn(C) → Mn(C).

Alternative proof of Theorem 3.3.5. LetΨ be a KMS-symmetric completely positive map
such that Equation (3.8) holds. By Lemma 3.3.3(b), Ψ̌ is also completely positive and
KMS-symmetric. Next, we define the completely positive map Ξ by

Ξ(A) = ρ1/4Ψ̌(ρ−1/4 Aρ−1/4)ρ1/4
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for all A ∈ Mn(C). Now for all A, B ∈ Mn(C) we have

Tr(AΞ(B)) = Tr(ρ−1/4 Aρ−1/4ρ1/2Ψ̌(ρ−1/4Bρ−1/4)ρ1/2) = Tr(Ξ(A)B)

by the KMS-symmetry of Ψ̌.
Let V1, . . . , VN be the Kraus representation of Ξ, meaning that

Ξ(A) =
N∑

j=1
V ∗

j AV j

for all A ∈ Mn(C). Since Tr(AΞ(B)) = Tr(Ξ(A)B), we can assume without loss of generality
that for each j there exists an index j∗ such that V ∗

j = V j∗ and ( j∗)∗ = j . Note that

σ−i /4(V1), . . . ,σ−i /4(VN ) is a Kraus representation of Ψ̌. Calculating
∑

j 〈[V j , A], [V j ,B ]〉ρ
then gives∑

j
〈[V j , A], [V j ,B ]〉ρ =

∑
j

Tr(ρ1/2(A∗V ∗
j −V ∗

j A∗)ρ1/2(V j B −BV j ))

=∑
j

Tr(ρ1/2 A∗ρ1/2(σi /2(V ∗
j )V j B +BV jσ−i /2(V j )

−σi /2(V ∗
j )BV j −V j Bσ−i /2(V ∗

j )))

=∑
j

Tr(ρ1/2 A∗ρ1/2(σi /2(V ∗
j )V j B +BV ∗

j σ−i /2(V j )

−σi /2(V ∗
j )BV j −V ∗

j Bσ−i /2(V j ))).

We observe that∑
j
σi /2(V ∗

j )BV j +V ∗
j Bσ−i /2(V j ) =∑

j
σi /4(σ−i /4(V j )∗)Bσi /4(σ−i /4(V j ))

−σ−i /4(σ−i /4(V j )∗)Bσ−i /4(σ−i /4(V j ))

=W (Ψ̌)(B)

and consequently that

(idn +σi /2)(
∑

j
V ∗

j σ−i /2(V j )) =∑
j
σi /2(V ∗

j )V j +V ∗
j σ−i /2(V j ) =W (Ψ̌)(1n).

Therefore we have ∑
j

V ∗
j σ−i /2(V j ) = (idn +σi /2)−1(Ψ(1n)),∑

j
σi /2(V ∗

j )V j = (idn +σ−i /2)−1(Ψ(1n)).

Coming back to our original expression we find∑
j 〈[V j , A], [V j ,B ]〉ρ =Tr(ρ1/2 A∗ρ1/2((1+σ−i /2)−1(Ψ(1n))B

+B(idn +σi /2)−1(Ψ(1n))−Ψ(B)))

=〈L(A),B〉ρ .





4
LIFTING THE MAXIMALLY-

ENTANGLEDNESS ASSUMPTION IN

ROBUST SELF-TESTING FOR

SYNCHRONOUS GAMES

This chapter is based on the following article:

• Matthijs Vernooij and Yuming Zhao. Lifting the maximally-entangledness assump-
tion in robust self-testing for synchronous games. 2025. arXiv: 2505 . 05994
[quant-ph].

Robust self-testing in non-local games allows a classical referee to certify that two untrust-
worthy players are able to perform a specific quantum strategy up to high precision. Prov-
ing robust self-testing results becomes significantly easier when one restricts the allowed
strategies to symmetric projective maximally entangled (PME) strategies, which allow nat-
ural descriptions in terms of tracial von Neumann algebras. This has been exploited in the
celebrated MIP*=RE paper and related articles to prove robust self-testing results for syn-
chronous games when restricting to PME strategies. However, the PME assumptions are
not physical, so these results need to be upgraded to make them physically relevant. In this
chapter, we do just that: we prove that any perfect synchronous game which is a robust
self-test when restricted to PME strategies, is in fact a robust self-test for all strategies. We
then apply our result to the Quantum Low Degree Test to find an efficient n-qubit test.

4.1. INTRODUCTION
In a non-local game G , two cooperating but distant players respond to questions drawn
from a known distribution to satisfy a known winning condition determined by a referee.
A quantum strategy allows the players to share an entangled state and perform local

89
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measurements, often leading to a higher winning probability than classically achiev-
able. Remarkably, certain non-local games exhibit an even stronger guarantee: they
admit a unique optimal quantum strategy, making it possible to certify the underlying
quantum state and measurements solely from the observed statistics. This is the es-
sence of self-testing, a concept whose roots trace back to foundational work by Summers
and Werner [SW87; SW88], Popescu and Rohrlich [PR92], and Tsirelson [Tsi93], and was
later introduced by Mayers and Yao [MY04] from a cryptographic perspective.

Self-testing is arguably the strongest form of device-independent quantum certific-
ation, where one aims to classically verify the behaviour of a quantum device without
making any assumptions about its internal workings. This idea has found impactful ap-
plications in device-independent cryptography [BŠCA18a; BŠCA18b], verifiable quan-
tum delegation [RUV13; CGJV19; BMZ24], and quantum complexity theory, including
the recent breakthrough MIP∗ = RE [Ji+22].

Due to the inevitable noise and imperfections in real-world implementations, the
strategy executed in an experiment may only win the given non-local game nearly op-
timally. As a result, all the aforementioned applications require self-tests to be robust:
any nearly optimal strategy must be close—under a suitable notion of distance—to the
unique optimal strategy. We say that a game G κ-robustly self-tests an ideal optimal
strategy S̃ for a class of employed strategies C if every ε-optimal strategy in C is κ(ε)-
close (up to local isometries) to S̃ . Here, κ :R+ →R+ satisfies κ(ε) → 0 as ε→ 0 and is
called the robustness of this self-test.

To mathematically prove that a game is a robust self-test, one typically imposes ad-
ditional assumptions on the class C of employed strategies. These assumptions simplify
the analysis because the resulting strategies often admit nice algebraic forms. For in-
stance, the existing self-testing results typically assume that the employed strategies
S = (|ψ〉 , {Ax

a}, {B y
b }) are projective, meaning that the players’ measurement operat-

ors {Ax
a}, {B y

b } are projection-valued measures (PVMs). In this setting, strategies for
a game with n questions and m answers correspond to representations of the group
algebra C[Z∗n

m ×Z∗n
m ]. Another common assumption is that the employed strategies

S = (|ψ〉 , {Ax
a}, {B y

b }) are full-rank, in the sense that the shared entangled state |ψ〉 has
full Schmidt rank. Such strategies are centrally-supported [PSZZ24], so for every meas-
urement operator Ax

a of Alice, there exists some operator Âx
a acting on Bob’s registers

such that Ax
a ⊗1 |ψ〉 = 1⊗ Âx

a |ψ〉. However, from a device-independent perspective, such
assumptions limit the scope of security and soundness guarantees provided by self-
testing. For example, in quantum key distribution, an adversarial device might deviate
from the assumed behaviour, potentially compromising the protocol; in quantum in-
teractive proof systems, these assumptions may fail to capture the behaviour of general
malicious provers, thereby weakening soundness. This gives rise to a trade-off: stronger
assumptions make robust self-testing results easier to prove but less generally applic-
able. A central question is, therefore, how to lift such assumptions while preserving the
robustness of self-tests.

Recent progress has been made on this front. In particular, [PSZZ24] establishes that
for binary output games and synchronous games, self-testing for projective strategies
implies self-testing for general POVM strategies. This was later extended in [Bap+23],
where the authors show that the projectivity assumption and the full-rankness assump-
tion can both be lifted in robust self-testing, provided that the non-local game has an
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optimal strategy that is simultaneously projective and full-rank.
In this chapter, we focus on synchronous games [Pau+16] and robust self-testing for

their perfect quantum strategies. Such games exhibit a rich algebraic structure. To each
synchronous game G one can associate a ∗-algebra A (G)—known as the synchronous
algebra—whose tracial states correspond to perfect strategies within different mathem-
atical models for entanglement [KPS18; HMPS19]. This algebraic framework plays a
central role in the recent developments connecting quantum interactive proofs to op-
erator algebras [Ji+22; MNY22; NZ23].

One of the essential building blocks of synchronous games is the class of PME strate-
gies, where the players share a maximally entangled state and perform projective, sym-
metric measurements. It is well-known that any perfect strategy for a synchronous game
is a convex mixture of PME strategies [Pau+16], and recent results [Vid22; Pad25] demon-
strate that any near-perfect strategy is close to a convex mixture of PME strategies.
This has been further extended to infinite-dimensional models [MS23; Lin24]. PME
strategies are also particularly tractable in the context of self-testing: if we assume em-
ployed strategies are PME, then the robustness is closely related to the stability of the
synchronous algebra in the normalised Hilbert-Schmidt norm. Therefore, it is often
more straightforward to prove that a synchronous game is a robust self-test for PME
strategies, using techniques from approximate representation theory (see e.g., [CVY23]).
However, perfectly maximally entangled states are not physically realisable in practice.
Meanwhile, noise on maximally entangled states can significantly reduce the power of
quantum interactive proof systems [QY21; QY23; Don+24]. This motivates our central
question about lifting the PME assumption in synchronous self-testing.

Question 1. If a synchronous game robustly self-tests a perfect strategy S̃ for PME
strategies, does it follow that it robustly self-tests S̃ for general POVM strategies?

4.1.1. MAIN RESULTS

We answer the above question affirmatively and quantitatively.

Theorem 4.1.1. Let G be a synchronous game. If G κ-robustly self-tests a perfect quantum
strategy S̃ for PME strategies, then G κ′-robustly self-tests S̃ for general POVM strategies,
where κ′ is polynomially related to κ.

The precise relationship1 betweenκ andκ′ is established in Corollary 4.5.5. Crucially,
this relationship is independent of the size (i.e., the number of questions and answers)
of the game; it depends only on the synchronicity of G , which quantifies how frequently
the referee checks the players’ consistency by sending them the same question.

This notion of synchronicity is also closely tied to another fundamental aspect of ro-
bust self-testing: the probability distribution over question pairs. A non-local game is
defined with respect to such a distribution ν, determining how often each type of ques-
tion is asked. Separately, when evaluating the closeness between an employed strategy

1We remark that the results in [Zha24] and [Kar25] show that for any perfect synchronous game G , both robust
self-testing for PME strategies and robust self-testing for general strategies are equivalent to the uniqueness
of amenable tracial state on the synchronous algebra A (G). However, their results do not establish a quantit-
ative relationship between the robustness of the two cases.
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and the ideal optimal strategy, a second distribution ν̂ can be used to weight the “dis-
tance" (see Definition 4.2.1). Historically, most robust self-testing results assume that
the game distribution ν and the distance distribution ν̂ coincide. However, in many
natural scenarios—especially when certain questions only exist to enforce the desired
structure of optimal strategies on the other questions—it is useful to consider the more
general case where ν ̸= ν̂.

To capture such situations, we define a game to be a (κ, ν̂)-robust self-test if every
ε-optimal strategy (with respect to the game distribution ν) is κ(ε)-close to the ideal
strategy with respect to ν̂ (see Definition 4.2.3). Most of the results in this chapter are
stated and proved with respect to this generalised notion of robustness. This framework
is particularly useful in the analysis of the Quantum Low Degree Test [CVY23], which is
one of the key ingredients in the MIP∗=RE proof. Within this generalised notion of robust
self-testing, we show that this test can be used to verify that the players approximately
have access to maximally entangled qubits and Pauli operators acting on those qubits.

Theorem 4.1.2 (Precise statement in Corollary 4.6.3). Performing the Quantum Low De-
gree Test and a synchronicity test with equal probability κ′-robustly self-tests the maxim-
ally entangled state on n qubits together with a generating set of Pauli operators on those
qubits. Here κ′ depends polynomially on κ, the robustness of the Quantum Low Degree
Test restricted to maximally entangled states.

4.1.2. PROOF APPROACH AND TECHNICAL CONTRIBUTIONS
Our main result—that robust self-testing for PME strategies implies robust self-testing
for general strategies—is proved in three steps, corresponding to Sections 4.3, 4.4, and
4.5, respectively.

We begin by formulating PME strategies—more generally, any strategy employing a
maximally entangled state—using tracial von Neumann algebras. We adapt the notion
in [CVY23] of distance between families of unitaries to define a ‘von Neumann distance’
between PME strategies (see Definition 4.3.1). Our first main technical contribution is to
show that this von-Neumann distance is equivalent, up to a constant-factor trade-off, to
the standard distance defined in the Hilbert-space formalism (Lemma 4.3.2). Therefore,
we can reformulate robust self-testing for PME strategies in the von Neumann algebraic
language. This algebraic formulation allows us to exploit the symmetry of PME strategies
by working with the algebra generated by a single player’s measurements and reduced
state, and it enables us to connect our results to the main result from [CVY23].

As an intermediate step toward proving Theorem 4.1.1, our second main technical
contribution is to show that κ′, the robustness for general strategies, is controlled by
the robustness κ for PME strategies and the spectral gap of the ideal perfect strategy S̃

(Theorem 4.4.6). Here, S̃ having spectral gap ∆means that any strategy S that uses the
same measurements as S̃ but employs a quantum state orthogonal to the maximally
entangled state in S̃ can achieve a winning probability of up to 1−∆. Intuitively, such
a strategy S is “far from" S̃ , so a small spectral gap indicates poor robustness in self-
testing.

Our last step is to show that, perhaps surprisingly, if a synchronous game G κ-
robustly self-tests an ideal perfect strategy S̃ for PME strategies, then the spectral gap of
S̃ admits a lower bound that is polynomially related to κ (Theorem 4.5.4). As a result, in
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Theorem 4.1.1, the robustness κ′ is controlled by—indeed, polynomially related to—the
original robustness κ. In the case of Quantum Low Degree Test based on a linear code
of relative distance d , we explicitly compute its spectral gap to be d/2 (Theorem 4.6.1),
which further yields our second main result Theorem 4.1.2.

4.2. PRELIMINARIES

4.2.1. NON-LOCAL GAMES AND STRATEGIES
In this chapter, given a Hilbert space H , we denote by B(H ) the algebra of bounded
operators on H . We write 1H for the identity operator on H , and simply 1 if the un-
derlying space is clear from the context. We also use 1 for the identity element of a von
Neumann algebra. A collection of operators {Pi }k

i=1 ⊂ B(H ) is a positive operator-valued

measure (POVM) if every Pi ≥ 0 and
∑k

i=1 Pi = 1.
A two-player (commonly called Alice and Bob) non-local game G is specified by a

tuple G = (X ,Y ,ν,A ,B,D), where X , Y , A , and B are finite sets, ν is a probability
distribution on X ×Y , and D : X ×Y ×A ×B → {0,1} is a predicate. Alice and Bob
know all the data in G and they can strategise together before the game begins, but they
are not allowed to communicate once the game starts. During the game, Alice and Bob
receive questions x ∈ X and y ∈ Y respectively from a referee with probability ν(x, y),
and they return answers a ∈ A and b ∈ B respectively. Based on the predicate D , the
referee determines whether they win (D(a,b|x, y) = 1) or lose (D(a,b|x, y) = 0). In some
cases, the sets of feasible answers are determined by questions. When this happens, we
think of A and B as collections A = {A (x) | x ∈ X } and B = {B(y) | y ∈ Y }), where
for each question x ∈ X and y ∈ Y , Alice and Bob can only return some a ∈ A (x) and
b ∈B(y) respectively.

In quantum mechanics, the strategy Alice and Bob employ for a non-local game G =
(X ,Y ,ν,A ,B,D) is described by a tuple

S = ( |ψ〉 ∈H A ⊗HB , A = {Ax
a},B = {B y

b }
)

where

(a) Alice and Bob share a quantum state (unit vector) |ψ〉 ∈ H A ⊗HB , and

(b) for each x ∈X (resp. y ∈ Y ) Alice measures her register using a POVM {Ax
a | a ∈A }

on H A (resp. Bob measures his register using a POVM {B y
b | b ∈ B} on HB ), and

we shorten {{Ax
a}a∈A | x ∈X } to {Ax

a} (resp. {{B y
b }b∈B | y ∈Y } to {B y

b }).

By Born’s rule, if the players employ a strategy S = (|ψ〉 , A,B), then the probability
that they response a ∈A and b ∈B upon receiving x ∈X and y ∈Y is given by

Cx,y,a,b = 〈ψ| Ax
a ⊗B y

b |ψ〉 . (4.1)

The collection C = {Cx,y,a,b} ∈RX×Y ×A×B is called the correlation induced by S . The
winning probability of C for G = (X ,Y ,ν,A ,B,D) is given by

ω(G ;C ) = E
(x,y)∼ν

∑
a,b

D(a,b|x, y)Cx,y,a,b ,
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where E
(x,y)∼ν

· =∑
x,y ν(x, y) · is the expectation with respect to ν. The winning probabil-

ity ω(G ;S ) of a strategy S for a game G refers to the winning probability of the correl-
ation induced by S . When the game G is clear from the context, we just write ω(S ) for
ω(G ;S ). In this chapter, we assume all strategies employ finite-dimensional systems. We
denote by Cq (X ,Y ,A ,B) the set of correlations induced by strategies through Equation
(4.1). The quantum value ωq (G) of a non-local game G is the supremum of w(G ;C ) over
all C ∈Cq . A strategy S or a correlation C is said to be optimal for G if its winning prob-
ability achieves the quantum value wq (G). When wq (G) = 1, we replace “optimal" with
“perfect". We call a game perfect if it admits a perfect (finite-dimensional) strategy.

Given a strategy S = (|ψ〉 , A,B), we refer to the element

TG ,S := E
(x,y)∼ν

∑
a,b

D(a,b|x, y)Ax
a ⊗B y

b

in B(H A ⊗HB ) as the game polynomial of S for G . The winning probability of any
strategy S ′ = (|ψ′〉 , A,B) for G is equal to 〈ψ′|TG ,S |ψ′〉. We will be particularly interested
in the spectral gap of TG ,S , which is the difference between the largest and second largest
eigenvalues of TG ,S , accounting for multiplicities. This means that any self-adjoint op-
erator has spectral gap equal to zero if the largest eigenvalue has multiplicity larger than
one.

If a POVM {Pi | 1 ≤ i ≤ k} on H consists of mutually orthogonal projections in the
sense that P 2

i = Pi and Pi P j = 0 for i ̸= j , then it is called a PVM. Any k-outcome PVM
{Pi | 1 ≤ i ≤ k} corresponds a unitary U of order k via the Fourier transform

U =
k∑

j=1
exp

(
2π

p−1

k
j

)
P j

and vice versa via spectral decomposition. A strategy S = (|ψ〉 , A,B) is said to be project-
ive if {Ax

a | a ∈ A } and {B y
b | b ∈ B} are PVMs for all x ∈ X , y ∈ Y . In this case, we often

specify the measurement operators {Ax
a | a ∈A } and {B y

b | b ∈B} using their correspond-
ing unitaries U (Ax ) and U (B y ).

Given two finite-dimensional Hilbert spaces H A and HB , every vector |ψ〉 ∈ H A ⊗
HB has a Schmidt decomposition

|ψ〉 =
k∑

i=1
λi |αi 〉⊗ |βi 〉

where the Schmidt coefficients λi ’s are positive real numbers, and {|αi 〉 | 1 ≤ i ≤ k} and
{|βi 〉 | 1 ≤ i ≤ k} are orthonormal subsets of H A and HB respectively. A unit vector |ψ〉 ∈
H A ⊗HB is maximally entangled if dim(H A) = dim(HB ) =: d and |ψ〉 has a Schmidt
decomposition

|ψ〉 =
d∑

i=1

1p
d
|αi 〉⊗ |βi 〉 .

A strategy S = (|ψ〉 , A,B) is said to be maximally entangled if |ψ〉 ∈ H A ⊗HB is a max-
imally entangled state.

If X = Y and A = B in a non-local game G = (X ,Y ,ν,A ,B,D), then we write
G = (X ,ν,A ,D). It is often convenient to work with symmetric games and symmetric
strategies. A non-local game G = (X ,ν,A ,D) is symmetric if
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(a) ν(x, y) = ν(y, x), and

(b) D(a,b|x, y) = D(b, a|y, x) for all a, b ∈A and x, y ∈X .

A strategy S = (|ψ〉 , A,B) for a non-local game G = (X ,ν,A ,D) is symmetric if

(a) H A =HB :=H ,

(b) |ψ〉 =∑
i

√
λi |ui 〉⊗|ui 〉 where λi ≥ 0 for and {|ui 〉}i is an orthonormal basis for H ,

and

(c) Ax
a = (B x

a )T for all a ∈ A and x ∈ X , where the transpose is taken with respect to
the basis {|ui 〉}.

Note that in this case, the reduced density matrix ρ of |ψ〉 on Alice and Bob’s sides are
both

∑
i λi |ui 〉〈ui |, and we have

〈ψ|S ⊗T |ψ〉 = Tr(Sρ1/2T Tρ1/2)

for S, T ∈ B(H ), which is called Ando’s formula. Since Bob’s measurements are com-
pletely determined by Alice’s measurements, we write any symmetric strategy as S =
(|ψ〉 , A). Given any strategy S = (|ψ〉 , A,B) with Schmidt decomposition given by |ψ〉 =∑d

i=1λi |αi 〉⊗ |βi 〉, we define its associated symmetric strategies SA = (|ψA〉 , A) and S =
(|ψB 〉 ,B) where |ψA〉 =∑d

i=1λi |αi 〉⊗ |αi 〉 and |ψB 〉 =∑d
i=1λi |βi 〉⊗ |βi 〉.

Let S = (|ψ〉 , A) be a symmetric strategy. If |ψ〉 is maximally entangled, we call S

an ME strategy. If an ME strategy is projective, we call it a PME strategy. Note that,
given a symmetric strategy S = (|ψ〉 , A), Ando’s formula tells us that choosing a different
symmetric state |ψ′〉 with the same reduced density matrix gives rise to an equivalent
strategy S ′ = (|ψ′〉 , A), in the sense that they are related through a unitary on Bob’s side.
This may seem strange at first, but this happens because the transpose depends on the
state, so the operators for Bob will also change if one changes the state. In particular, this
means that for any two maximally entangled state |ψ〉 and |ψ′〉, the strategies (|ψ〉 , A) and
(|ψ′〉 , A) are equivalent.

In this chapter, we focus on synchronous games and synchronous correlations. A sym-
metric game G = (X ,ν,A ,D) is synchronous if ν(x, x) > 0 and D(a, a′|x, x) = 0 for all x
and a ̸= a′. Given β ∈ (0,1), we say a game G = (X ,ν,A ,D) is β-synchronous if it is
synchronous and

ν(x, x) ≥β ∑
y∈X

ν(x, y)

for all x ∈ X . A correlation C ∈Cq (X ,X ,A ,A ) is said to be synchronous if Cx,x,a,a′ = 0
for all x and a ̸= a′. We use C s

q (X ,A ) to denote the set of synchronous correlations in
Cq (X ,X ,A ,A ). As shown in [Pau+16], a correlation C ∈ Cq (X ,X ,A ,A ) is synchron-
ous if and only if there is a finite-dimensional unital tracial ∗-algebra (M ,τ) and PVMs
{E x

a | a ∈A }, x ∈X in M such that

Cx,y,a,b = τ(E x
a E y

b )

for all x, y ∈X and a, b ∈A .
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Any ME strategy S = (|ψ〉 , A) induces a tracial state τ on the algebra generated by
Ax

a ’s via τ(α) = 〈ψ|α⊗1 |ψ〉. Furthermore, 〈ψ| Ax
a⊗B y

b |ψ〉 = τ(Ax
a Ay

b). This gives an altern-
ative way to describe ME and PME strategies in terms of tracial von Neumann algebras.

A tracial von Neumann algebra (M ,τ) is a von Neumann algebra M together with
a normal faithful tracial state τ on M . The corresponding trace-norm (or so called 2-
norm) ∥·∥τ on M is given by ∥α∥τ :=p

τ(α∗α). For example, (Mn(C), tr) is the von Neu-
mann algebra of n ×n matrices with the normalised trace tr(α) = 1

n Tr(α). We also work
with Schatten p-norm in Mn(C) for p ∈ [1,∞]. In particular, ∥X ∥1 = Tr(|X |), ∥X ∥2 =p

Tr(X ∗X ), and ∥X ∥∞ is the largest singular value of X .
Any ME (resp. PME) strategy S for a game G = (X ,ν,A ,D) can be specified by a

tuple (M ,τ, A) where M = B(H ) for some finite-dimensional space H , τ is the norm-
alised trace on M , and A = {{Ax

a}a∈A ⊂ M | x ∈ X } are POVMs (resp. PVMs) in M . The
correlation induced by S = (M ,τ, A) is given by

Cx,y,a,b = τ(Ax
a Ay

b).

In fact, any such triple S = (M ,τ, A) gives rise to a strategy in this way, even if M is a
finite-dimensional von Neumann algebra that is not of the form B(H ) for some finite-
dimensional Hilbert space H . One can recover the usual formulation of a strategy S =
(|ψ〉 , A′,B ′) on H A ⊗HB using the GNS construction. Let M ⊂ B(H ). Then H A =HB =
H , A′ = A, B ′ = AT and |ψ〉 is the cyclic vector corresponding to the GNS construction
by identifying B(H ) (equipped with the Hilbert-Schmidt inner product) with H ⊗H .
Since M ⊂ B(H ), the cyclic vector becomes a vector in H ⊗H . Note that while H ⊗H

and B(H ) are naturally isomorphic, H and H are not. One needs to specify a basis to
identify B(H ) and H ⊗H and to take the transpose in B ′ = AT . Consequently, a triple
S = (M ,τ, A) defines S = (|ψ〉 , A′,B ′) up to unitary equivalence on Bob’s side. We call
the state |ψ〉 obtained in this way a GNS state for (M ,τ), and it satisfies

τ(X ) = 〈ψ| (X ⊗1) |ψ〉 = 〈ψ| (1⊗X T ) |ψ〉
for all X ∈M .

Note that not all strategies S = (|ψ〉 , A,B) can be written in von Neumann algebra
terms. A strategy is of the form (M ,τ, A) if and only if it is a classical convex combination
of ME strategies, intuitively meaning that each round an ME strategy is selected based
on classical shared randomness.

Definition 4.2.1 (Local dilation). For two strategies S = (|ψ〉 , A,B) and S̃ = (|ψ̃〉 , Ã, B̃),
we say that S̃ is a local (ε,ν)-dilation of S for some ε ≥ 0 and distribution ν on X ×Y

if there are isometries VA : H A → H̃ A ⊗KA and VB : HB → H̃B ⊗KB and a unit vector
|aux〉 ∈KA ⊗KB such that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ ε,(
E

x∼νA

∑
a
∥(VA ⊗VB )(Ax

a ⊗1) |ψ〉− (
(Ãx

a ⊗1) |ψ̃〉)⊗|aux〉∥2
)1/2

≤ ε,(
E

y∼νB

∑
b
∥(VA ⊗VB )(1⊗B y

b ) |ψ〉− (
(1⊗ B̃ y

b ) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ ε,

where νA and νB are marginal distributions of ν on X and Y respectively.
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Remark 4.2.2. The above definition is different from [Vid22, Definition 2.4], where the
last two inequalities are replaced by the single inequality(

E
(x,y)∼ν

∑
a,b

∥(VA ⊗VB )(Ax
a ⊗B y

b ) |ψ〉− (
(Ãx

a ⊗ B̃ y
b ) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ ε.

The reason we choose this different definition is that we need to relate local dilations
in this framework to local dilations in the von Neumann algebra framework, as will be
defined in Definition 4.3.1. This is only possible using our definition of a local dilation.
We will now show that a local (ε,ν)-dilation in the sense of Definition 4.2.1 is a local
(3ε,ν)-dilation in the sense of [Vid22, Definition 2.4], but that the reverse implication
does not hold for any constant trade-off for POVM strategies. We do not know if such a
separation exists for projective strategies as well.

Let S̃ = (|ψ̃〉 , Ã, B̃) be a local (ε,ν)-dilation of S = (|ψ〉 , A,B) in the sense of Defini-
tion 4.2.1. Using the fact that∑

b
(VB B y

b V ∗
B )2 ≤ 1,

∑
a

(Ãx
a)2 ≤ 1 and

∑
a,b

(Ãx
a ⊗VB B y

b )∗(Ãx
a ⊗VB B y

b ) ≤ 1,

it follows from the inequalities of Definition 4.2.1 that(
E

(x,y)∼ν
∑
a,b

∥(VA ⊗VB )(Ax
a ⊗B y

b ) |ψ〉− (Ãx
a ⊗1KA ⊗VB B y

b V ∗
B ) |ψ̃〉⊗ |aux〉∥2

)1/2

≤ ε,

(
E

(x,y)∼ν
∑
a,b

∥(Ãx
aVA ⊗VB B y

b ) |ψ〉− (
(Ãx

a ⊗ B̃ y
b ) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ ε

and (
E

(x,y)∼ν
∑
a,b

∥(Ãx
a ⊗VB B y

b )
(
(VA ⊗1H ) |ψ〉− (1H̃ ⊗KA

⊗V ∗
B ) |ψ̃〉⊗ |aux〉)∥2

)1/2

≤ ε.

Using the triangle inequality now yields(
E

(x,y)∼ν
∑
a,b

∥(VA ⊗VB )(Ax
a ⊗B y

b ) |ψ〉− (
(Ãx

a ⊗ B̃ y
b ) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ 3ε.

To disprove an implication with constant trade-off in the converse direction, let S̃ =
(|ψ̃〉 , Ã, B̃) be a local (ε,ν)-dilation of S = (|ψ〉 , A,B) in the sense of [Vid22, Definition
2.4]. Consider now the families of strategies {S̃n}n≥1 and {Sn}n≥1, given by

Sn = (|ψ〉 , A(n),B (n)), (A(n))x
a,i =

1

n
Ax

a , (B (n))y
b,i =

1

n
B y

b and

S̃n = (|ψ〉 , Ã(n), B̃ (n)), (Ã(n))x
a,i =

1

n
Ãx

a , (B̃ (n))y
b,i =

1

n
B̃ y

b

for answer sets An = A × {1, . . . , n} and Bn = B × {1, . . . , n}. We see that S̃n is a local
(ε/n,ν)-dilation of Sn in the sense of [Vid22, Definition 2.4]. On the other hand, if S̃ is a
local (δ,ν)-dilation of S in the sense of Definition 4.2.1 for some optimal δ> 0, then S̃n

is only a local (δ/
p

n,ν)-dilation of Sn in the sense of Definition 4.2.1, proving that it is
impossible to universally bound δ from above by Cε for some constant C .
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Definition 4.2.3 (Self-testing). Given a non-local game G = (X ,Y ,ν,A ,B,D), a class of
strategies C , an S̃ ∈ C that is optimal for G , a probability distribution ν̂ on X ×Y and
a function κ : R+ → R+ such that κ(ε) → 0 as ε→ 0, we say that G (κ, ν̂)-robustly self-
tests S̃ for the class C if for any ε≥ 0 and S ∈C with ω(G ;S ) ≥ wq (G)−ε, S̃ is a local
(κ(ε), ν̂)-dilation of S . We say that G κ-robustly self-tests S̃ for class C if ν̂ is equal to ν,
the distribution used in the non-local game.

The optimal strategy S̃ in the above definition is usually referred to as the ideal op-
timal strategy for G . In this chapter, we are primarily interested in the class of all PME
strategies CP ME and the class of all strategies Cal l . We simply say that G (κ, ν̂)-robustly
self-tests S̃ (or G is a (κ, ν̂)-robust self-test) if G (κ, ν̂)-robustly self-tests S̃ for Cal l . We
say that G (κ, ν̂)-PME-robustly self-tests S̃ (or G is a (κ, ν̂)-PME-robust self-test) if G
(κ, ν̂)-robustly self-tests S̃ for CP ME .

In Section 4.2.1 the perhaps somewhat uncommon notion of a β-synchronous non-
local game was introduced. If one views robust self-testing from the viewpoint of certi-
fication protocols, the β-synchronous condition is not significantly stronger than being
synchronous. This is captured in the following definition and lemma.

Definition 4.2.4. Let G = (X ,ν,A ,D) be a synchronous game, let νA be the marginal
distribution of ν on X and let β ∈ (0,1). Let ν′ be the probability distribution on X ×
X defined by ν′(x, y) = βνA(x)δx,y + (1 −β)ν(x, y). Then we call (X ,ν′,A ,D) the β-
synchronised version of G .

Lemma 4.2.5. Let G = (X ,ν,A ,D) be a synchronous game and let β ∈ (0,1). Let ν̂ be a
probability distribution on X×X and let G ′ be theβ-synchronised version of G. If G (κ, ν̂)-
robustly self-tests an optimal synchronous strategy S for class C , then G ′ (κ′, ν̂)-robustly
self-tests S for class C with κ′(ε) = κ(

ε
1−β

)
.

Proof. This is immediate after realising that for any strategy Ŝ we have the implication

|ω(G ′;S )−ω(G ′;Ŝ )| ≤ ε =⇒ |ω(G ;S )−ω(G ;Ŝ )| ≤ ε

1−β .

Historically, robust self-testing has been studied in the case where the probability
distribution of the game equals the probability distribution used in the local dilation.
However, one can conceive situations where one wants to verify that some parts of a
strategy match the ideal one, and that the other questions are merely present to ensure
this behaviour. We will encounter an example of this behaviour when we come to the
Quantum Low Degree Test in Section 4.2.3.

Definition 4.2.1 is about measuring the “distance" between two strategies. As we will
discuss in Section 4.3, for ME strategies, their distance can be described in the frame-
work of von Neumann algebras. So we provide more background on von Neumann alge-
bras for subsequent use. We use ℓ2(N) to denote the Hilbert space of sequences in CN

that are convergent in the Euclidean norm and we use {|ei 〉 | i ∈N} to denote the stand-
ard basis. The trace Tr on the von Neumann algebra B(ℓ2(N)) of bounded operators on
ℓ2(N) is given by Tr(x) = ∑

i∈N 〈ei |x |ei 〉. In general, the tensor product of two tracial
von Neumann algebras is viewed as a tracial von Neumann algebra by taking the spacial
tensor product and equipping it with the tensor product of the traces. For any tracial von
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Neumann algebra (M ,τM ), we denote by M∞ the von Neumann algebra M⊗B(ℓ2(N)),
i.e. the σ-weak closure of M ⊗B(ℓ2(N)) equipped with the trace τ∞ = τM ⊗Tr. Let IM

be the projection onto the 1st coordinate in CN. We usually identify M with M ⊗ IM in
M∞ and write IM for 1⊗ IM ∈M∞. For any projection P ∈M∞, an operator V ∈M∞P
is an isometry if V ∗V = P .

4.2.2. ALMOST SYNCHRONOUS CORRELATIONS
To demonstrate that a game is a robust self-test, we need to study strategies that are
nearly optimal. In particular, we consider correlations and strategies that are almost
synchronous. Given a distribution ν on X , the asynchronicity of a correlation C ∈
Cq (X ,X ,A ,A ) with respect to ν is

δsync(C ;ν) := E
x∼ν

∑
a ̸=b

Cx,x,a,b = 1− E
x∼ν

∑
a

Cx,x,a,a .

The asynchronicity δsync(S ;ν) of a strategy S = (|ψ〉 , A,B) refers to the asynchronicity
of the correlation induced by S . If S = (M ,τ, A) is an ME strategy, then

δsync(S ;ν) = E
x∼ν

∑
a ̸=b

τ(Ax
a Ax

b) = 1− E
x∼ν

∑
a
τ
(
(Ax

a)2) . (4.2)

From Equation (4.2), it is easy to see that the asynchronicity of any PME strategy is 0.

Lemma 4.2.6. Let G = (X ,ν,A ,D) be a β-synchronous game and let νA be the marginal
distribution of ν on X . Then

ω(G ;C ) ≤ 1−βδsync(C ;νA)

for any correlation C .

Proof. Since G is β-synchronous, we have

ν(x, x) ≥β∑
a
ν(x, y) =βνA(x)

for all x ∈X . So

δ := δsync(C ;νA) = 1−∑
a
νA(x)

∑
a

Cx,x,a,a ≥ 1− 1

β

∑
a
ν(x, x)

∑
a

Cx,x,a,a .

It follows that

1−ω(G ;C ) =∑
x,y
ν(x, y)

∑
D(a,b|x,y)=0

Cx,y,a,b

≥∑
x
ν(x, x)

∑
D(a,b|x,x)=0

Cx,x,a,b

=∑
x
ν(x, x)

∑
a ̸=b

Cx,x,a,b

≥∑
x
βνA(x)

∑
a ̸=b

Cx,x,a,b

=βδ.

This proves the inequality.
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Lemma 4.2.7. Let S = (|ψ〉 , A,B) be a strategy and let SA and SB be the associated sym-
metric strategies. Then for any distribution ν on X ,

1−δsync(S ;ν) ≤
√

1−δsync(SA ;ν)
√

1−δsync(SB ,ν), (4.3)

δsync(SA ;ν) ≤ 2δsync(S ;ν), and (4.4)

δsync(SB ;ν) ≤ 2δsync(S ;ν). (4.5)

Proof. Equation (4.3) was proved in [Vid22, Corollary 3.2]. Since
√

1−δsync(SB ,ν) ≤ 1,

1−δsync(S ;ν) ≤
√

1−δsync(SA ;ν)
√

1−δsync(SB ,ν)

≤
√

1−δsync(SA ;ν) ≤ 1− 1

2
δsync(SA ;ν).

This proves Equation (4.4). Equation (4.5) holds similarly.

The following “replacement" lemma is similar to [Vid22, Lemma 2.10]. For the sub-
sequent use, we provide specific constants instead of big-O in the asymptotic analysis.

Lemma 4.2.8. Let S = (|ψ〉 , A,B) be a strategy for a symmetric game G = (X ,ν,A ,D).
Let νA be the marginal distribution of ν on X , and let ρA and ρB be the densities of |ψ〉 on
H A and HB respectively. If Â = {Âx

a} is a family of POVMs on H A and B̂ = {B̂ y
b } is a family

of POVMs on HB with

γA : = E
x∼νA

∑
a

Tr
(
(Ax

a − Âx
a)2ρA

)
,

γB : = E
y∼νA

∑
b

Tr
(
(B y

b − B̂ y
b )2ρB

)
,

then
E

x,y∼ν
∑
a,b

|Cx,y,a,b − Ĉx,y,a,b | ≤ 12δsync(S ;νA)+4
p
γA +4

p
γB ,

where C and Ĉ are the correlations induced by S and Ŝ = (|ψ〉 , Â, B̂), respectively.

Proof. Let SA and SB be the associated symmetric strategies of S , and let C ′ be the
correlations induced by the strategy (|ψ〉 , Â,B). Then by [Vid22, Lemma 2.10], we have

E
x,y∼ν

∑
a,b

|Cx,y,a,b −C ′
x,y,a,b | ≤ 3δsync(SA ;νA)+4

p
γA ,

E
x,y∼ν

∑
a,b

|C ′
x,y,a,b − Ĉx,y,a,b | ≤ 3δsync(SB ;νA)+4

p
γB .

The rest follows from the triangle inequality and Lemma 4.2.7.

Let S be an almost synchronous strategy. Lemma 4.2.8 implies that small perturba-
tions on the measurement operators will result in small perturbations on the correlation.
This is particularly useful when we want to orthogonalise the measurements (i.e., find a
projective strategy nearby).
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Lemma 4.2.9. Let S = (|ψ〉 , A,B) be a strategy for a symmetric game G = (x,ν,A ,D) with
reduced densities ρA and ρB on H A and HB , respectively. Let νA be the marginal of ν on
X and let δ = δsync(S ,νA). Then there exists a projective strategy Ŝ = (|ψ〉 , Â, B̂) such

that δ̂ := δsync(Ŝ ,νA) =O (δ
1
8 ),

E
x∼νA

∑
a

Tr
(
(Ax

a − Âx
a)2ρA

)=O (δ
1
4 ), (4.6)

E
x∼νA

∑
a

Tr
(
(B x

a − B̂ x
a )2ρB

)=O (δ
1
4 ), (4.7)

and
E

x,y∼ν
∑
a,b

|Cx,y,a,b − Ĉx,y,a,b | ≤O (δ
1
8 ), (4.8)

where C and Ĉ are the correlations induced by S and Ŝ , respectively.

Proof. Let SA and SB be the associated symmetric strategies of S . Lemma 4.2.7 implies
that δA := δsync(SA ,νA) = O (δ) and δB := δsync(SB ,νA) = O (δ). Then by [Vid22, Lemma
3.4], there are PVMs Â = {Âx

a} on H A such that

E
x∼νA

∑
a

Tr
(
(Ax

a − Âx
a)2ρA

)=O (δ
1
4
A ) =O (δ

1
4 ).

This proves Equation (4.6). The existence of PVMs B̂ and Equation (4.7) follows similarly.
Since every B x

a and Âx
a are measurement operators,

|δ̂−δ| =
∣∣∣∣ E

x∈νA

∑
a

(〈ψ| Ax
a ⊗B x

a |ψ〉−〈ψ| Âx
a ⊗ B̂ x

a |ψ〉)∣∣∣∣
=

∣∣∣∣ E
x∈νA

∑
a

(〈ψ| (Ax
a − Âx

a)⊗B x
a |ψ〉+〈ψ| Âx

a ⊗ (B x
a − B̂ x

a ) |ψ〉)∣∣∣∣
≤

(
E

x∼νA

∑
a

Tr
(
(Ax

a − Âx
a)2ρA

))1/2

+
(
E

x∼νA

∑
a

Tr
(
(B x

a − B̂ x
a )2ρB

))1/2

=O (δ1/8).

Hence δ̂=O (δ1/8). Then Equation (4.8) follows by Lemma 4.2.8.

Equation (4.8) in the above lemma says that the correlations induced by S and Ŝ

are close. The following lemma further demonstrates that for any non-local game G , the
winning probabilities of S and Ŝ are close.

Lemma 4.2.10. Suppose C and C ′ are correlations that are induced by two strategies S

and S ′, respectively, for a non-local game G = (X ,Y ,ν,A ,B,D) such that

E
x,y∼ν

∑
a,b

|Cx,y,a,b −C ′
a,b,x,y | ≤ ε.

Then |ω(G ;S )−ω(G ;S ′)| ≤ ε.

Proof. Since every D(a,b|x, y) is either 1 or 0, this lemma is an immediate consequence
of the Hölder inequality.
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We call the collection of positive operators {Ai | 1 ≤ i ≤ m} an incomplete POVM if∑m
i=1 Ai ≤ 1. It can be completed to a POVM {Ai | 1 ≤ i ≤ m +1} by adding an outcome

m + 1 where Am+1 = 1− (∑m
i=1 Ai

)
. The following lemma gives an upper bound of the

“distance" between any two incomplete POVMs.

Lemma 4.2.11. Let {Ai | 1 ≤ i ≤ m} and {Ãi | 1 ≤ i ≤ m} be two collections of positive
operators on some Hilbert space H such that

∑m
i=1 Ai ≤ 1 and

∑m
i=1 Ãi ≤ 1. Then∥∥∥∥∥ m∑

i=1
(Ai − Ãi )2

∥∥∥∥∥∞ ≤ 4.

Proof. We assume without loss of generality that {Ai } and {Ãi } are POVMs, as completing
them can only increase the norm. We start by considering just the sum and expanding
the square to find that

0 ≤
m∑

i=1
(Ai − Ãi )2 =

m∑
i=1

A2
i + Ã2

i − Ai Ãi − Ãi Ai ≤ 2−
(

m∑
i=1

Ai Ãi + Ãi Ai

)
,

having used that 0 ≤ Ai , Ãi ≤ 1, so A2
i ≤ Ai and Ã2

i ≤ Ãi . Consequently,∥∥∥∥∥ m∑
i=1

(Ai − Ãi )2

∥∥∥∥∥∞ ≤ 2+2

∥∥∥∥∥ m∑
i=1

Ai Ãi

∥∥∥∥∥∞ . (4.9)

By the Cauchy-Schwarz inequality for inner product C*-modules [RW98, Lemma 2.5], we
know that (

m∑
i=1

Ai Ãi

)∗ (
m∑

i=1
Ai Ãi

)
≤

∥∥∥∥∥ m∑
i=1

A2
i

∥∥∥∥∥∞
m∑

i=1
Ã2

i ≤ 1,

so by the C*-identity we have ∥∥∥∥∥ m∑
i=1

Ai Ãi

∥∥∥∥∥∞ ≤ 1.

Plugging this into Equation (4.9) proves the lemma.

We now describe the results in [Vid22, Section 3]. These are essential for our proof
of Theorem 4.4.2. However, we need to use the explicit constructions and results in the
proofs of Vidick’s main theorems, instead of the final results. For this reason, we combine
the results we need in the appropriate form in the following theorem. In this theorem,
and in the rest of this chapter, we say that x ≤ poly(ε) if there exist universal constants
C , c > 0 such that x ≤Cεc .

Theorem 4.2.12 (Vidick). Let X and A be finite question and answer sets and ν be a
measure on X ×X with marginal νA on the first entry. Let S = (|ψ〉 , A,B) be a projective
strategy on H A⊗HB and δ= δsync(S ,νA). Let ρA be the reduced density of |ψ〉 on H A , let
Pλ =χ≥λ(ρA) be its spectral projections for λ≥ 0 and let Hλ = PλH A . Then the following
are true:

(a) The strategies Sλ = (|ψλ〉 ,PλAPλ) are ME strategies, where |ψλ〉 is the maximally
entangled state on Hλ⊗Hλ.
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(b) Let ρλ be the maximally mixed state on Hλ. Then

ρA =
∫ ∞

0
ρλdµ(λ),

where µ is the probability measure defined by dµ(λ) = Tr(Pλ)dλ.

(c) The strategies Sλ provide an approximate decomposition of S as a convex sum of
maximally entangled strategies in the following sense:

E
x∼νA

∑
a

∫ ∞

0
Tr

((
Ax

a −PλAx
aPλ

)2
ρλ

)
dµ(λ) ≤

p
2δ.

(d) Let C be the correlation of S . The correlations Cλ of Sλ satisfy

E
(x,y)∼ν

∑
a,b

∣∣∣∣Cx,y,a,b −
∫ ∞

0
Cλ

x,y,a,bdµ(λ)

∣∣∣∣≤ poly(δ).

(e) There exist PME strategies S ′
λ
= (|ψλ〉 , Aλ) such that (c) and (d) hold with Sλ,

PλAx
aPλ and

p
2δ replaced by S ′

λ
, Aλ,x

a and poly(δ), respectively.

Remark 4.2.13. The main omission from the results in [Vid22, Section 3] is that similar
results with worse dependence on δ hold for non-projective strategies S . Furthermore,
one should note that this theorem can also be applied to the B-side of the strategy S .

Remark 4.2.14. Note that

1

Tr(Pλ)
∥Ax

aPλ−PλAx
a∥2

2 = 2Tr
((

Ax
a −PλAx

aPλ
)2
ρλ

)
,

so the above theorem also shows that

E
x∼νA

∑
a

∫ ∞

0

1

Tr(Pλ)
∥Ax

aPλ−PλAx
a∥2

2dµ(λ) ≤ 2
p

2δ,

which is the form we will use in our proofs.

4.2.3. QUANTUM LOW DEGREE TEST
A kind of strategy that we would like to self-test in particular is strategies that use the
spectral projections of elements of the Pauli group and the maximally entangled state
on the corresponding number of qubits. After making this statement more precise, we
present the recently discovered Quantum Low Degree Test, which is a PME-robust self-
test.

Let k ∈ N and let X , Z ∈ M2(C) be the corresponding Pauli matrices. For a prime
power q we let Fq denote the finite field with q elements. For an a ∈Fk

2 we denote the

operator
⊗k

j=1 X a j by σX (a) and
⊗k

j=1 Z a j by σZ (a). The Pauli group on k qubits, Pk , is
then given by

Pk = {(−1)aσX (b)σZ (c) | a ∈F2,b,c ∈Fk
2 }.
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Informally, having access to Pk means that you have access to k qubits, since it is a basis
for B((C2)⊗k ) [CRSV17], so a qubit test should in some sense verify that you have access
to the Pauli group. In the non-local game setting, a qubit test verifies that both Alice
and Bob have access to k qubits, and that those qubits are maximally entangled. The
definition was introduced in [CVY23], where they only consider PME strategies. Here,
we will include the class of strategies in the definition.

Definition 4.2.15. Let k ∈ N,κ : [0,1] → R+ and C be a class of strategies. A (k,κ)−
C−qubit test is a synchronous game G = (X ,ν,A ,D) such that there exist

• two sets SX , SZ ⊂Fk
2 that each spanFk

2 ,

• an injectionϕ : ({X }×SX )∪({Z }×SZ ) →X such that A (ϕ(X ,a)) =A (ϕ(Z ,b)) =F2

for all a ∈ SX , b ∈ SZ ,

and the following hold:

• (Completeness:) There exists a strategy S̃ = (|ψ̃〉 , Ã, B̃) for G on (C2k ⊗H A)⊗(C2k ⊗
HB ) for some Hilbert spaces H A and HB such that ω(S̃ ) = 1, U (Ãϕ(W,a)) =σW (a)
for every W ∈ {X , Z } and a ∈ SW and TrH A ,HB (|ψ̃〉〈ψ̃|) is maximally entangled on

C2k ⊗C2k
.

• (Soundness:) Let ν′ be the renormalised restriction of ν on the image ofϕ. For any
strategy S = (|ψ〉 , A,B) in the class C with ω(S ) = 1− ε for some ε ≥ 0, we have
that S̃ is a local (ε,ν′)-dilation of S . In other words, G (κ,ν′)-robustly self-tests S̃

for the class C .

We now turn towards the Quantum Low Degree Test, which has been introduced in
[CVY23]. This test is based on linear codes, so we will first briefly introduce them. More
details can be found in [CVY23].

Let n, k, d ∈ N and q be a prime power. An [n,k,d ]q -linear code C ⊂ Fn
q is a k-

dimensional subspace such that for all x ̸= 0 the number of non-zero elements of x
(called the Hamming weight) is at least d , the distance of the code. We call d/n the
relative distance. A parity check matrix for a code C is a matrix h ∈ Fm×n

q such that
ker(h) =C . It is an r -local tester if the Hamming weight of each row is at most r . A gener-
ating matrix for a code C is a matrix E ∈Fn×k

q such that the rows of E form a basis for C .
One example of a code is the binary version of the Reed-Muller code CRM2, which is an
[2t (m+1), t (d +1)m ,D]2-linear code with D ≥ 1

2 (1− md
2t )2t (m+1) and an (d +2)-local tester

with 2t (m+2)(1+m) rows [CVY23].
From the code CRM2 and a generating matrix E for this code one can construct

the Quantum Low Degree Test Gqldt = (Xqldt,νqldt,Aqldt,Dqldt), for which we refer to
[CVY23]. This non-local game is a (k,κ)-CP ME -qubit test with κ(ε) = poly(m,d , t ) ·
poly(ε,2−t ) and k = t (d +1)m . One can choose m, d and t such that the non-local game
has 2poly(log(k)) questions and κ(ε) = poly(log(k)) ·poly(ε). As Gqldt is a PME-qubit test,
there exists a renormalised restriction of νqldt on the image of ϕ as in Definition 4.2.15,
which we denote by ν′qldt. The main properties we need is that this game is symmetric,

that SX = SZ = {(Ei j )k
i=1 | 1 ≤ j ≤ n} where n = 2t (m+1), the length of the code CRM2 and

that the ideal strategy does not use auxiliary Hilbert spaces.
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4.3. SELF-TESTING IN THE VON NEUMANN ALGEBRA PICTURE
For a large part of our analysis it is necessary to work with the measurement operators of
a single party and with the reduced density matrix of the state for that party. In this case,
Definition 4.2.1 is not a convenient way to view local dilations. Instead, we would like a
formulation in terms of the measurement operators on Alice’s side and the reduced state
for Alice. This is not possible for all strategies, but it is possible for strategies that are
classical convex combinations of ME strategies, i.e. the strategies that can be described
as a triple (M ,τ, A) for a tracial von Neumann algebra (M ,τ) and a family of POVMs A
in M .

Definition 4.3.1. Given two strategies S̃ = (M ,τM , Ã) and S = (N ,τN , A), a distribu-
tion ν on X , and an ε≥ 0, we say that S̃ is a local (ε,ν)-vNA-dilation of S if the following
statements hold. There exist a finite-dimensional von Neumann algebra M0 with tracial
state τM0 , a projection P ∈ (M ⊗M0)∞ of finite trace such that N ∼= P (M ⊗M0)∞P and
τN = τ∞/τ∞(P ), and a partial isometry W ∈ P (M ⊗M0)∞IM⊗M0 such that

E
x∼ν

∑
a
∥Ãx

a ⊗ IM0 −W ∗Ax
aW ∥2

τM⊗M0
≤ ε (4.10)

and
τN (P −W W ∗) ≤ ε,τM⊗M0 (IM⊗M0 −W ∗W ) ≤ ε. (4.11)

The above definition is modelled on the notions of closeness of strategies and sound-
ness of a qubit test in [CVY23, Definition 5.3 and 5.6] in the sense that soundness in the
qubit test implies that the corresponding strategies are approximate local vNA-dilations.
The following lemma shows that for ME strategies, there is a square dependence between
the notions of local dilation and local vNA-dilation, with constants that are independent
of the question and answer sizes.

Lemma 4.3.2. Let G = (X ,ν,A ,D) be a symmetric game, ν̂ a symmetric probability dis-
tribution on X ×X with marginal distribution ν̂A on X , and let S̃ = (M ,τM , Ã) and
S = (N ,τN , A) be two ME strategies for G, where M = B(H̃ ) and N = B(H ) for some
finite-dimensional spaces H and H̃ .

(a) If S̃ is a local (ε, ν̂)-dilation of S , then S̃ is a local (1700ε2, ν̂A)-vNA-dilation of
S .

(b) If S̃ is an local (ε, ν̂A)-vNA-dilation of S , then S̃ is a local ((4+p
2)
p
ε, ν̂)-dilation

of S .

Remark 4.3.3. We prove this lemma in the appendix because it takes quite some effort.
This is mainly due to the fact that an auxiliary state in a local dilation does not have to
be maximally entangled, even if both S and S̃ are ME strategies. As we want to ob-
tain a tracial state on M ⊗M0, this is a problem. We get around this by proving that the
auxiliary state can always be taken to be maximally entangled (see Lemmas 4.A.2 and
4.A.6), but this comes at a price in terms of the constant for the approximate local dila-
tion, which is the reason why the constant 1700 appears in the theorem. It is good to
note that the auxiliary state is not required to be fully maximally entangled if the aux-
iliary von Neumann algebra M0 is not a factor, i.e. B(H0) for some Hilbert space H0.
Unfortunately, it is unclear how this freedom can be exploited.
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We now formulate the first lifting result for robust self-testing, where we show that we
can use robust self-testing for the class of PME strategies to say something about almost
synchronous ME strategies as well. Note that the most natural case is when ν̂= ν, but to
apply this result to the Quantum Low Degree Test, we need this more general version.

Lemma 4.3.4. Let G = (X ,ν,A ,λ) be a symmetric game with the marginal distribution
νA on X and let ν̂ be a symmetric probability distribution on X ×X and c ≥ 1 such that
ν̂A ≤ cνA , where ν̂A is the marginal distribution of ν̂ on X . Suppose S̃ = (M ,τM , Ã)
is a PME strategy that is optimal for G and G (κ, ν̂)-PME-robustly self-tests S̃ . Then for
any ME strategy S = (N ,τN , A) with δ= δsync(S ,νA) and ω(G ;S ) ≥ω(G , S̃)−ε, S̃ is a

(κ′(ε,δ), ν̂)-local dilation of S , where κ′(ε,δ) = κ
(
24

p
δ+ε

)
+9cδ.

Proof. Let δx := 1−∑
a τ

N
(
(Ax

a)2
)

for all x ∈ X . Then the asynchronicity of S is δ :=
δsync(S ;νA) = E

x∼νA
δx . By [dlS22a, Theorem 1.2], there is a family of PVMs P = {P x

a | a ∈
A }x∈X in N such that ∑

a
∥Ax

a −P x
a∥2

τN ≤ 9δx

for all x ∈X . So

γ := E
x∼νA

∑
a
∥Ax

a −P x
a∥2

τN ≤ 9δ. (4.12)

Consider the PME strategy S ′ := (N ,τN ,P ). Since δsync(S ′,νA) = 0 and both S and S ′
are symmetric, by Lemmas 4.2.8 and 4.2.10,

|ω(G ;S )−ω(G ;S ′)| ≤ 8
p
γ= 24

p
δ.

Hence, ω(G ;S ′) ≥ω(G ;S̃ )−ε−24
p
δ. Let λ= ε+24

p
δ. Let |ψ〉 ∈H ⊗H and |ψ̃〉 ∈ H̃ ⊗

H̃ be GNS states for (N ,τN ) and (M ,τM ), respectively. Since G (κ, ν̂)-PME robustly
self-tests S̃ , there are isometries VA : H → H̃ ⊗KA and VB : H → H̃ ⊗KB and a unit
vector |aux〉 ∈KA ⊗KB such that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤κ (λ) ,(
E

x∼ν̂A

∑
a
∥(VA ⊗VB )(P x

a ⊗1) |ψ〉− (
(Ãx

a ⊗1) |ψ̃〉)⊗|aux〉∥2
)1/2

≤ κ (λ) ,(
E

y∼ν̂A

∑
b
∥(VA ⊗VB )(1⊗ (P y

b )T ) |ψ〉− (
(1⊗ (Ãy

b)T ) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ κ (λ) .

Since VA ⊗VB is an isometry, together with Equation (4.12) and the fact that ν̂A ≤ cνA ,
we have(

E
x∼ν̂A

∑
a
∥(VA ⊗VB )(Ax

a ⊗1) |ψ〉− (
(Ãx

a ⊗1) |ψ̃〉)⊗|aux〉∥2
)1/2

≤ κ (λ)+9cδ,

and by symmetry(
E

y∼ν̂A

∑
b
∥(VA ⊗VB )(1⊗ (Ay

b)T ) |ψ〉− (
(1⊗ (Ãy

b)T ) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ κ (λ)+9cδ.

As λ= 24
p
δ+ε, we conclude that S̃ is a

(
κ

(
24

p
δ+ε

)
+9cδ, ν̂

)
-local dilation of S .
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The next lemma shows that local (ε,ν)-vNA-dilations can equivalently be defined in
terms of the distance between the measurement operators in N instead of in M ⊗M0.

Lemma 4.3.5. Let S̃ = (M ,τM , Ã) and S = (N ,τN , A) be strategies and ε ≥ 0. Sup-
pose that there exist a finite-dimensional von Neumann algebra M0 with tracial state
τM0 , a projection P ∈ (M ⊗M0)∞ of finite trace such that N ∼= P (M ⊗M0)∞P and τN =
τ∞/τ∞(P ), and a partial isometry W ∈ P (M ⊗M0)∞IM⊗M0 such that

τN (P −W W ∗) ≤ ε,τM⊗M0 (IM⊗M0 −W ∗W ) ≤ ε.

Then for all x ∈X we have

∑
a
∥Ãx

a ⊗ IM0 −W ∗Ax
aW ∥2

τM⊗M0
≤ 2ε+ 1

1−ε
∑
a
∥W (Ãx

a ⊗ IM0 )W ∗− Ax
a∥2

τN and

∑
a
∥W (Ãx

a ⊗ IM0 )W ∗− Ax
a∥2

τN ≤ 2ε

1−ε +
1

1−ε
∑
a
∥Ãx

a ⊗ IM0 −W ∗Ax
aW ∥2

τM⊗M0
.

Proof. Let x ∈X be arbitrary. Let us identify Ãx
a ⊗1 and Ãx

a . Note that∣∣∣∣∑
a
τ∞

(
W ∗W Ãx

aW ∗W Ãx
a − (Ãx

a)2)∣∣∣∣≤ ∣∣∣∣∑
a
τ∞

(
W ∗W Ãx

aW ∗W Ãx
a − Ãx

aW ∗W Ãx
a

)∣∣∣∣
+

∣∣∣∣∑
a
τ∞

(
Ãx

aW ∗W Ãx
a − (Ãx

a)2)∣∣∣∣
≤τ∞(IM⊗M0 −W ∗W )∥∑

a
(Ãx

a)2∥∞
+τ∞(IM⊗M0 −W ∗W )∥∑

a
Ãx

aW ∗W Ãx
a∥∞

≤2ε.

Therefore, we have∑
a
τM⊗M0

(
(Ãx

a −W ∗Ax
aW )2)=∑

a
τ∞

(
(Ãx

a)2 +W W ∗Ax
aW W ∗Ax

a

− Ãx
aW ∗Ax

aW −W ∗Ax
aW Ãx

a

)
≤2ε+∑

a
τ∞

(
W ∗W Ãx

aW ∗W Ãx
a + (Ax

a)2 −2Ãx
aW ∗Ax

aW
)

=2ε+∑
a
τ∞(P )τN

((
W Ãx

aW ∗− Ax
a

)2
)

and analogously

τN
(
(W Ãx

aW ∗− Ax
a)2)≤ 2ε

τ∞(P )
+ 1

τ∞(P )
τM⊗M0

(
(Ãx

a −W ∗Ax
aW )2) .

Since 1−ε≤ τ∞(P ) ≤ (1−ε)−1 by Lemma 4.A.7, we have shown the desired result.
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4.4. ROBUST SELF-TESTING BASED ON THE SPECTRAL GAP OF

THE GAME POLYNOMIAL
In this section we show that a PME-robust self-test whose game polynomial has spec-
tral gap is automatically a robust self-test. The proof consists of three steps. First, we
show that any almost perfect strategy S for a PME-robust self-test can be approximately
decomposed into ‘orthogonal’ symmetric maximally entangled strategies Si with high
winning probability. Next, we use the PME-robust self-testing properties of the game to
find partial isometries from Si to the ideal strategy and combine and extend them to
obtain isometries from S to the ideal strategy. The spectral gap of the game polynomial
then allows us to conclude that these isometries form a local dilation.

In the first step of the proof, we will use [Vid22, Theorem 3.1], presented as Theorem
4.2.12 in this chapter, and intermediate results of its proof to construct the decompos-
ition into the strategies Si . One of these intermediate results provides a bound on the
commutator of the measurement operators of S and the spectral projections of its re-
duced density matrix. To make proper use of this, we need the following lemma, which
records its consequences.

Lemma 4.4.1. Let {Ax
a} be a collection of PVMs on H A and ν a symmetric probability

measure on X ×X with marginal νA on X . Let γ ≥ 0 and let R be a projection on H A

such that

E
x∼νA

∑
a

1

Tr(R)
∥Ax

aR −R Ax
a∥2

2 ≤ γ.

If |ψ〉 ∈ (RHA)⊗ (RHA) is a maximally entangled state, then

δsync(S ,νA) = E
x∼νA

∑
a

1

Tr(R)

∣∣Tr(R Ax
a)−Tr(R Ax

aR Ax
a)

∣∣≤ 1

2
γ

for the ME strategy S = (|ψ〉 , {R Ax
aR}).

Proof. Observe that

Tr(Ax
aR − Ax

aR Ax
aR) = 1

2
∥Ax

aR −R Ax
a∥2

2. (4.13)

Since

δsync(S ,νA) = 1− E
x∼νA

∑
a
〈ψ| Ax

a ⊗ (Ax
a)T |ψ〉 = E

x∼νA

∑
a

1

Tr(R)

(
Tr(R Ax

a)−Tr(R Ax
aR Ax

a)
)

by Ando’s formula, we immediately see from Equation (4.13) that δsync(S ,νA) ≤ 1
2γ.

We will now prove the main theorem of this section. Because the proof requires many
computations, we will include several claims in the proof to guide the reader. They serve
as announcements of the next step in the proof and indicate the general flow of the argu-
ment. For the remainder of this section and the next, we will be working with two prob-
ability distributions on X ×X ; one determining the winning probability and one for the
local dilations. The most natural situation is when both distributions are identical, but
the Quantum Low Degree Test requires us to treat the case with distinct distributions.
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Theorem 4.4.2. Let S = (|ψ〉 , A,B) be a strategy for a perfect symmetric non-local game
G = (X ,ν,A ,D) with winning probability 1− ε. Let ρA and ρB be the reduced density
matrices on H A and HB , respectively, νA the marginal of ν on X and δ = δsync(S ,νA).
Let ν̂ be a symmetric probability distribution on X ×X with marginal ν̂A on X and c ≥ 1
such that ν̂ ≤ cν. Suppose that G (κ, ν̂)-PME-robustly self-tests the optimal strategy S̃ =
(|ψ̃〉 , Ã, B̃) on H̃ A ⊗H̃B . Then there exist Hilbert spaces KA and KB and isometries VA :
H A → H̃ A ⊗KA and VB : HB → H̃B ⊗KB such that for the game Gν̂ = (X , ν̂,A ,D) the
strategy Ŝ = (|ψ〉 ,V ∗

A (Ã ⊗1KA )VA ,V ∗
B (B̃ ⊗1KB )VB ) has winning probability ω(Gν̂;Ŝ ) ≥

1−O
(
(c · id+κ)(2ε+poly(δ))

)
, and

E
x∼ν̂A

∑
a

Tr
((

Ax
a −V ∗

A (Ãx
a ⊗1KA )VA

)2
ρA

)
=O

(
(c · id+κ)2(poly(δ)+2ε)

)
,

E
y∼ν̂A

∑
b

Tr
((

B y
b −V ∗

B (B̃ x
a ⊗1KB )VB

)2
ρB

)
=O

(
(c · id+κ)2(poly(δ)+2ε)

)
.

Proof. Let S ′ = (|ψ〉 , A′,B ′) be the projective strategy given by Lemma 4.2.9 and let

δ′ = δsync(S ′,νA). By Lemma 4.2.9, we know that δ′ = O (δ
1
8 ). Let the probability

measure µ on R+, the projections Pλ of H A onto Hλ and the family of strategies
Sλ = (|ψλ〉 ,PλAPλ) on Hλ with reduced density matrix ρλ be as in Theorem 4.2.12.
Let C , C ′ and Cλ be the correlations of S , S ′ and Sλ, respectively. Let

E
x,y∼ν

∑
a,b

|Cx,y,a,b −
∫ ∞

0
Cλ

x,y,a,bdµ(λ)| =α

and

E
x∼νA

∑
a

∫ ∞

0

1

Tr(Pλ)
∥A′x

a Pλ−PλA′x
a ∥2

2dµ(λ) =β.

Claim 4.4.3. The setΛ⊂R+, defined by

Λ= {λ≥ 0|ω(Sλ) ≥ 1−p
α−ε and E

x∼νA

∑
a

1

Tr(Pλ)
∥A′x

a Pλ−PλA′x
a ∥2

2 ≤
√
β},

satisfies µ(Λ) ≥ 1−p
α−√

β.

By Theorem 4.2.12(d), Lemma 4.2.9, Lemma 4.2.10 and the triangle inequality, we

know that α ≤ poly(δ′)+O (δ
1
8 ) ≤ poly(δ). Lemma 4.2.10 tells us that for any t > 0 we

have that
µ({λ≥ 0 |ω(Sλ) ≥ 1−ε− t }) ≥ 1− α

t
.

Here we have used the observation that

tµ({λ | f (λ) ≥ s}) ≤
∫ ∞

0
f (λ)dµ(λ). (4.14)

Next, Theorem 4.2.12, Remark 4.2.14 and Lemma 4.2.9 state that β ≤ 2
p

2δ′ ≤ poly(δ),
and we also have for every s > 0 that

µ({λ≥ 0| E
x∼νA

∑
a

1

Tr(Pλ)
∥A′x

a Pλ−PλA′x
a ∥2

2 ≤ s}) ≥ 1− β

s
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by Equation (4.14). Choosing s and t is a trade-off between the strength of the bound
and the measure of the set for which the bound holds. We choose s = √

β and t = p
α,

but many choices are possible here. If we define

Λ= {λ≥ 0|ω(Sλ) ≥ 1−p
α−ε and E

x∼νA

∑
a

1

Tr(Pλ)
∥A′x

a Pλ−PλA′x
a ∥2

2 ≤
√
β},

we find that µ(Λ) ≥ 1−p
α−√

β. From now on we will purely work with Sλ for λ ∈Λ. For
λ ∈R+\Λ the crudest estimates will suffice.

This proves Claim 4.4.3.
The strategies Sλ for λ ∈ Λ give an approximate decomposition of the strategy S .

However, this is not the right decomposition for us when we want to construct isomet-
ries. In essence, the current decomposition is a decomposition into smaller and smaller
strategies. What we need is an approximate decomposition into ‘orthogonal’ strategies,
so our next aim is to construct this. Note that the projections Pλ are ordered; λ ≤ λ′
implies that Pλ ≥ Pλ′ , so the dimensions of the Hilbert spaces Hλ are also ordered. We
recursively define a partition {Λi }k

i=1 ofΛ by setting λ1 = min(Λ),

Λi = {λ ∈Λ | dimHλi ≥ dimHλ >
1

2
dimHλi } and λi+1 = min(Λ\

i⋃
j=1

Λ j ),

where k ∈N is such thatΛ=⋃k
j=1Λ j . We now define projections Qi = Pλi −Pλi+1 , where

1 ≤ i ≤ k − 1 and Qk = Pλk
and set H i = Qi H A . Let |ψi 〉 ∈ H i ⊗H i be a maximally

entangled state. We first aim to prove that the strategies Si = (|ψi 〉 ,Qi A′Qi ) have high
winning probability. An intermediate step is to show that Qi almost commutes with A′x

a
in an averaged sense.

Claim 4.4.4. For 1 ≤ i ≤ k the Qi and Si constructed above satisfy

E
x∼νA

∑
a

1

Tr(Qi )
∥A′x

a Qi −Qi A′x
a ∥2

2 ≤ (
p

2+1)2
√
β

and

δsync(Si ,νA) ≤ 1

2
(
p

2+1)2
√
β and ω(Si ) ≥ 1−2ε−2

p
α−6

√
β−8

√
5

2
+p

2 4
√
β.

Let 1 ≤ i ≤ k −1. Since λi ,λi+1 ∈Λ, we know that

E
x∼νA

∑
a

1

Tr(Pλ)
∥A′x

a Pλ−PλA′x
a ∥2

2 ≤
√
β

for λ ∈ {λi ,λi+1}. From this we get

(
E

x∼νA

∑
a
∥A′x

a Qi −Qi A′x
a ∥2

2

) 1
2 ≤

√
Tr(Pλi ) 4

√
β+

√
Tr(Pλi+1 ) 4

√
β

≤ (
p

2+1)
√

Tr(Qi ) 4
√
β
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by using the triangle inequality and the estimate dimHλi ≥ 2dimHλi+1 in the first and

second inequality, respectively. Taking
√

Tr(Qi ) to the other side gives us(
E

x∼νA

∑
a

1

Tr(Qi )
∥A′x

a Qi −Qi A′x
a ∥2

2

) 1
2 ≤ (

p
2+1) 4

√
β. (4.15)

By Lemma 4.4.1, we find that

δsync(Si ,νA) ≤ (
p

2+1)2

2

√
β.

Using Equation (4.15) and the fact thatω(Sλi ),ω(Sλi+1 ) ≥ 1−pα−ε, we are now ready
to show that ω(Si ) ≥ 1−p

α−ε− (1+ 3
2

p
2) 4

√
β. We will do this by showing that the win-

ning probability of Sλi is close to the winning probability of the strategy (|ψλi 〉 ,Qi AQi +
Pλi+1 APλi+1 ). For this, we compute

E
x∼νA

∑
a

1

Tr(Pλi )
Tr

(
(Pλi A′x

a Pλi −Qi A′x
a Qi −Pλi+1 A′x

a Pλi+1 )2Pλi

)
= E

x∼νA

∑
a

1

Tr(Pλi )
Tr

(
Pλi A′x

a Pλi A′x
a −Qi A′x

a Qi A′x
a −Pλi+1 A′x

a Pλi+1 A′x
a

)
,

since Qi and Pλi+1 are orthogonal. Using Lemma 4.4.1 for each of the three terms, we
find that

E
x∼νA

∑
a

1

Tr(Pλi )
Tr

(
(Pλi A′x

a Pλi −Qi A′x
a Qi −Pλi+1 A′x

a Pλi+1 )2Pλi

)
≤ (

5

2
+p

2)
√
β+ E

x∼νA

∑
a

∣∣ 1

Tr(Pλi )
Tr

(
Pλi A′x

a −Qi A′x
a −Pλi+1 A′x

a

)∣∣
= (

5

2
+p

2)
√
β.

By Lemma 4.2.8 and Lemma 4.2.10, we conclude that

|ω(Sλi )−ω((|ψλi 〉 ,Qi AQi +Pλi+1 APλi+1 ))| ≤ 6
√
β+8

√
5

2
+p

2 4
√
β.

As

ω((|ψλi 〉 ,Qi AQi +Pλi+1 APλi+1 )) = Tr(Qi )

Tr(Pλi )
ω(Si )+ Tr(Pλi+1 )

Tr(Pλi )
ω(Sλi+1 ),

since it is a classical mixture of strategies, we find that

ω(Si ) ≥ Tr(Pλi )

Tr(Qi )
(1−ε−p

α)− Tr(Pλi+1 )

Tr(Qi )
−6

√
β−8

√
5

2
+p

2 4
√
β

≥ 1−2ε−2
p
α−6

√
β−8

√
5

2
+p

2 4
√
β.

Note that this proof works for 1 ≤ i ≤ k −1. However, Qk = Pλk
and Sk = Sλk

, so in that
case the result holds immediately since λi ∈Λ.

This proves Claim 4.4.4.
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For convenience, we define the constant

γ= 2ε+2
p
α+6

√
β+8

√
5

2
+p

2 4
√
β

going forward.
Having obtained our approximate decomposition into orthogonal strategies that

have high winning probability, we are in a position to use the PME-robust self-testing
properties of G . Our goal will be to construct a single partial isometry W that works well
for each set of measurement operators Pλi APλi . Let 1 ≤ i ≤ k. Define H i =Qi H A , con-
sider (B(H i ), tri ), where tri is the normalised trace on B(H i ), and let δi = δsync(Si ,νA).
Since S̃ and Si are ME strategies, we can view them in the von Neumann algebra picture
as strategies (M ,τM , Ã) and (Ni ,τNi , Ai ), respectively. Since G is a (κ, ν̂)-PME-robust
self-test for S̃ , we know by Lemmas 4.3.2 and 4.3.4 that S̃ is a local (θi , ν̂A)-vNA-dilation
of Si , with

θi = 1700
(
κ
(
24

√
δi + (1−ω(Si ))

)+9cδi

)2
.

This means that there exists a finite-dimensional von Neumann algebra Mi , a corres-
ponding von Neumann algebra (M ⊗Mi )∞ with trace denoted by τ∞i , a projection Ri ∈
(M ⊗Mi )∞ of finite trace such that Ni

∼= Ri (M ⊗Mi )∞Ri and trNi = τ∞i /τ∞i (Ri ), and a
partial isometry Vi ∈ Ri (M ⊗Mi )∞IM⊗Mi such that

1

Tr(Qi )
Tr(Qi −Vi V ∗

i ) = τNi (Ri −Vi V ∗
i ) ≤ θi ,τ∞i (IM⊗Mi −V ∗

i Vi ) ≤ θi

and

E
x∼ν̂A

∑
a

1

Tr(Qi )
Tr

(
(Qi A′x

a Qi −Vi Ãx
aV ∗

i )2Qi

)
(4.16)

= E
x∼ν̂A

∑
a
τNi

((
(Ai )x

a −Vi Ãx
aV ∗

i

)2
)
≤ 2θi + θi

1−θi
,

by Lemma 4.3.5. Note that we have identified B(H i ) =Ni and Ri (M ⊗Mi )∞Ri , leading
us to identify Qi and Ri . We have also identified Ãx

a ∈M and Ãx
a ⊗1H i ⊗1B(ℓ2(N)) ∈ (M ⊗

Mi )∞, and we will continue to do so in the rest of this proof. Lastly, remark that the
expectations in Equation (4.16) are with respect to ν̂A instead of νA . From now on, we
will mainly need expectations with respect to ν̂A . We will freely use that we can obtain
estimates on expectations with respect to ν̂A by multiplying expectations with respect to
νA by c, as ν̂A ≤ cνA .

Define

M̂ =
k⊕

i=1
Mi , M̌ = (M ⊗M̂ )∞ and R̂ =

k∑
i=1

Ri .

We observe that RM̌R ∼= B(Hλ1 ), and we are now ready to define our desired partial
isometry V by

V =
k∑

i=1
Vi ∈ RM̌ IM⊗M̂ .
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The definition of the λi allows us to compute that

1

Tr(Pλ1 )
Tr(Pλ1 −V V ∗) = 1

Tr(Pλ1 )

k∑
i=1

Tr(Qi −Vi V ∗
i ) ≤

k∑
i=1

Tr(Qi )

Tr(Pλ1 )
θi .

Let us define

θ = 1700

(
κ
(
24(1+ 1

2

p
2) 4

√
β+γ

)
+ 9

2
(
p

2+1)2c
√
β

)2

,

so θi ≤ θ for all i . We also have that
∑k

i= j Tr(Qi ) = Tr(Pλ j ) for all 1 ≤ j ≤ k, so we find that

1

Tr(Pλ j )
Tr(Pλ j −V V ∗) ≤ θ.

If λ ∈Λ j , then it follows from this equation that

1

Tr(Pλ)
Tr(Pλ−V V ∗PλV V ∗) = 1

Tr(Pλ)
Tr((Pλ j −V V ∗)Pλ) ≤ 2θ, (4.17)

where we use the cyclicity of the trace in the first step and Hölder together with Tr(Pλ j ) ≤
2Tr(Pλ) in the second.

Next, we set out to show a relation between Aλ and V ÃV ∗. Our goal is to prove the
following claim, which roughly states that V is a good partial isometry on each subspace
Hλ with λ ∈Λ.

Claim 4.4.5. The partial isometry V satisfies

E
x∼ν̂A

∑
a

1

Tr(Pλ)
Tr

(
(A′x

a −V Ãx
aV ∗)2Pλ

)≤ (
p

2+1)2c
√
β+4θ+ 2θ

1−θ .

By the way V is constructed, we have

V Ãx
aV ∗Qi =Vi Ãx

aV ∗
i Qi .

Let λ ∈Λ and let 1 ≤ j ≤ k be such that λ ∈Λ j . By decomposing Pλ into Q j+1, . . . , Qk and
Pλ−Pλ j+1 , we find that

E
x∼ν̂A

∑
a

Tr
(
(A′x

a −V Ãx
aV ∗)2Pλ

)= E
x∼ν̂A

∑
a

Tr
(
(A′x

a −V j Ãx
aV ∗

j )2(Pλ−Pλ j+1 )
)

+ E
x∼ν̂A

∑
a

k∑
i= j+1

Tr
(
(A′x

a −Vi Ãx
aV ∗

i )2Qi
)

.

Since (A′x
a −V j Ãx

aV ∗
j )2 is positive and Pλ ≤ Pλ j , we have the estimate

E
x∼ν̂A

∑
a

Tr
(
(A′x

a −V j Ãx
aV ∗

j )2(Pλ−Pλ j+1 )
)
≤ E

x∼ν̂A

∑
a

Tr
(
(A′x

a −V j Ãx
aV ∗

j )2Q j

)
,

so

E
x∼ν̂A

∑
a

Tr
(
(A′x

a −V Ãx
aV ∗)2Pλ

)≤ E
x∼ν̂A

∑
a

k∑
i= j

Tr
(
(A′x

a −Vi Ãx
aV ∗

i )2Qi
)

.
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Note that V ∗
i Qi =V ∗

i . Using this knowledge, expanding the inner term of the right hand
side gives

Tr
(
(A′x

a −Vi Ãx
aV ∗

i )2Qi
)= Tr

(
A′x

a Qi − A′x
a Vi Ãx

aV ∗
i −Vi Ãx

aV ∗
i A′x

a +Vi Ãx
aV ∗

i Vi Ãx
aV ∗

i

)
.

Note that

δsync(Si , ν̂A) = E
x∼ν̂A

∑
a

1

Tr(Qi )
Tr(A′x

a Qi − A′x
a Qi A′x

a Qi ).

By using Claim 4.4.4 and Lemma 4.4.1, we find

E
x∼ν̂A

∑
a

Tr
(
(A′x

a −Vi Ãx
aV ∗

i )2Qi
)≤ Tr(Qi )

(
p

2+1)2

2
c
√
β+ E

x∼ν̂A

∑
a
∥Qi A′x

a Qi −Vi Ãx
aV ∗

i ∥2
2.

Summing the first term on the right hand side gives

k∑
i= j

Tr(Qi )
(
p

2+1)2

2
c
√
β= Tr(Pλ j )

(
p

2+1)2

2
c
√
β≤ Tr(Pλ)(

p
2+1)2c

√
β.

Summing the second term we use Equation (4.16) and an analogous summation estim-
ate to see that

E
x∼ν̂A

∑
a

k∑
i= j

∥Qi A′x
a Qi −Vi Ãx

aV ∗
i ∥2

2 ≤ 2Tr(Pλ)

(
2θ+ θ

1−θ
)

.

All in all we conclude that

E
x∼ν̂A

∑
a

1

Tr(Pλ)
Tr

(
(A′x

a −V Ãx
aV ∗)2Pλ

)≤ (
p

2+1)2c
√
β+4θ+ 2θ

1−θ

by pulling Tr(Pλ) to the other side.
This proves Claim 4.4.5.

We are now ready to finish the proof of the theorem. What is left to do is to pad V
by an arbitrary partial isometry which has full support on the kernel of V . This only in-
troduces a small error because µ(R+\Λ) ≤p

α+√
β by Claim 4.4.3 and because Tr(Pλ1 −

V V ∗) ≤ θTr(Pλ1 ). Let P⊥ = 1B(H A ) −V V ∗, R⊥ ∈ M̌ a projection such that R⊥M̌R⊥ ∼=
P⊥B(H A)P⊥ and R̂R⊥ = 0. We identify P⊥B(H A)P⊥ and R⊥M̌R⊥ and let M⊥ ∈ M̂ ⊗
B(ℓ2(N)) be a von Neumann algebra and V ⊥ ∈ R⊥M̌ IM⊗M⊥ a partial isometry such that
V ⊥(V ⊥)∗ = R⊥ and IM̂ M⊥IM̂ = {0}. Let W = V +V ⊥ ∈ M̌ IM⊗(M̂⊕M⊥). First, observe
that

∥ρA −V V ∗ρAV V ∗∥1 ≤ ∥
∫
λ∈R+\Λ

ρλdµ(λ)∥1 +
∫
λ∈Λ

∥ρλ−V V ∗ρλV V ∗∥1dµ(λ)

≤p
α+

√
β+2θ

by construction ofΛ and Equation (4.17), and

∥∑
a

(A′x
a −W̃ Ãx

aW̃ ∗)2∥∞ ≤ 4



4.4. ROBUST SELF-TESTING BASED ON THE SPECTRAL GAP OF THE GAME POLYNOMIAL

4

115

by Lemma 4.2.11. This allows us to compute that

E
x∼ν̂A

∑
a

Tr
(
(A′x

a −W̃ Ãx
aW̃ ∗)2ρA

)
≤ 4(

p
α+

√
β+2θ)+ E

x∼ν̂A

∑
a

∫
λ∈Λ

Tr
(
(A′x

a −W̃ Ãx
aW̃ ∗)2V V ∗ρλV V ∗)

dµ(λ)

≤ 4(
p
α+

√
β+2θ)+ (

p
2+1)2c

√
β+4θ+ 2θ

1−θ .

By the construction of S ′ using Lemma 4.2.9, the triangle inequality and the fact that
the estimate becomes trivial if θ ≥ 0.28, we obtain

E
x∼ν̂A

∑
a

Tr
(
(Ax

a −W̃ Ãx
aW̃ ∗)2ρA

)=O (
p
α+c

√
β)+15θ,

showing that W̃ is a good isometry. Now define VA = W̃ , and by repeating the proof for
the B-side, we obtain an isometry VB with the corresponding properties. The spaces KA

and KB are found by taking the Hilbert space upon which M̂ ⊕M⊥ acts. We now define
the strategy Ŝ = (|ψ〉 ,VA ÃV ∗

A ,VB B̃V ∗
B ). For an estimate on the success probability of Ŝ ,

we can just use Lemma 4.2.8 to show that ω(Gν̂;Ŝ ) = 1− cε−O (δ+
√p

α+c
√
β+θ), so

ω(Gν̂;Ŝ ) = 1−O
(
(c · id+κ)(poly(δ)+2ε)

)
.

Theorem 4.4.6. Let G = (X ,ν,A ,D) be a perfect symmetric non-local game and let S be
a strategy for G with winning probability 1−ε. Let νA be the marginal of ν on X and let
δ= δsync(S ,νA). Let ν̂ be a symmetric probability distribution on X ×X with marginal
ν̂A on X and c ≥ 1 such that ν̂≤ cν. Define Gν̂ = (X , ν̂,A ,D). Suppose that G (κ, ν̂)-PME-
robustly self-tests a strategy S̃ and that the game polynomial TGν̂,S̃ has spectral gap α.

Then S̃ is a local
(
O

( 1p
α

p
c · id+κ(2ε+poly(δ))

)
, ν̂

)
-dilation of S .

Proof. Let the optimal strategy S̃ be given by S̃ = (|ψ̃〉 , Ã, B̃). Because S and G satisfy
the requirements of Theorem 4.4.2, we know that there exist Hilbert spaces KA and KB

and isometries VA : H A → H̃ A⊗KA and VB : HB → H̃B ⊗KB such that Ŝ = (|ψ〉 ,V ∗
A (Ã⊗

1KA )VA ,V ∗
B (B̃ ⊗1KB )VB ) has winning probability ω(Ŝ ) = 1−O

(
(c · id+κ)(2ε+poly(δ))

)
and

E
x∼ν̂A

∑
a

Tr
(
(Ax

a −V ∗
A Ãx

aVA)2ρA
)=O

(
(c · id+κ)2(poly(δ)+2ε)

)
, (4.18)

E
y∼ν̂A

∑
b

Tr
(
(B y

b −V ∗
B B̃ x

a VB )2ρB
)=O

(
(c · id+κ)2(poly(δ)+2ε)

)
. (4.19)

Here we have identified Ãx
a ∈ B(H̃ A) and Ãx

a ⊗1KA ∈ B(H̃ A ⊗KA) and B̃ y
b ∈ B(H̃B ) and

B̃ y
b ⊗1KB ∈ B(H̃B ⊗KB ), and we will continue to do so in this proof. From the winning

probability estimate it follows that

〈ψ|
(∑

x,y
ν̂(x, y)

∑
a,b

D(a,b|x, y)(VA ⊗VB )∗(Ãx
a ⊗ B̃ y

b )(VA ⊗VB )

)
|ψ〉

≥ 1−O
(
(c · id+κ)(2ε+poly(δ))

)
,
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which implies that

〈ψ| (VA ⊗VB )∗(TGν̂,S̃ ⊗1KA⊗KB )(VA ⊗VB ) |ψ〉 ≥ 1−O
(
(c · id+κ)(2ε+poly(δ))

)
.

Let P ∈ B(H̃ A ⊗ H̃B ⊗KA ⊗KB ) be the projection onto the 1-eigenspace of TG ,S̃ ⊗
1KA⊗KB , which is the largest eigenvalue since G is perfect. Then we have

〈ψ| (VA ⊗VB )∗(1−P )(TGν̂,S̃ ⊗1KA⊗KB )(1−P )(VA ⊗VB ) |ψ〉 ≤ (1−α)∥(1−P )(VA ⊗VB ) |ψ〉∥2

and
〈ψ| (VA ⊗VB )∗P (TGν̂,S̃ ⊗1KA⊗KB )P (VA ⊗VB ) |ψ〉 = ∥P (VA ⊗VB ) |ψ〉∥2,

so

〈ψ| (VA ⊗VB )∗(TGν̂,S̃ ⊗1KA⊗KB )(VA ⊗VB ) |ψ〉 ≤ 1−α∥(1−P )(VA ⊗VB ) |ψ〉∥2.

This directly implies that

∥(1−P )(VA ⊗VB ) |ψ〉∥ ≤O
( 1p

α

p
c · id+κ(2ε+poly(δ))

)
.

Since the 1-eigenspace of TG ,S̃ is one-dimensional, we know that there exists a state
|aux〉 ∈KA ⊗KB such that

1

∥P (VA ⊗VB ) |ψ〉∥P (VA ⊗VB ) |ψ〉 = |ψ̃〉⊗ |aux〉 .

By the triangle inequality, we find that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤O
( 1p

α

p
c · id+κ(2ε+poly(δ))

)
.

Next, note that

Tr
(
(Ax

a −V ∗
A Ãx

aVA)2ρA
)= ∥(VA(Ax

a −V ∗
A Ãx

aVA)⊗VB ) |ψ〉∥2 (4.20)

since VA is an isometry. Moreover, observe that∑
a
∥(VAV ∗

A Ãx
a ⊗1H̃B⊗KB

)(VA ⊗VB |ψ〉− |ψ̃〉⊗|aux〉)∥2 (4.21)

≤ ∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥2,

using the fact that VAV ∗
A is a contraction and∑

a
(Ãx

a)2 ≤∑
a

Ãx
a = 1H̃ A⊗KA

. (4.22)

Consequently, our goal will be to provide an estimate for∑
a
∥((VAV ∗

A Ãx
a − Ãx

a)⊗1H̃B⊗KB
) |ψ̃〉⊗ |aux〉∥2.
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First, we get rid of the sum over a. Let m = dim(H̃ A). Since |ψ̃〉 is maximally entangled,
we have∑

a
∥((VAV ∗

A Ãx
a − Ãx

a)⊗1H̃B⊗KB
) |ψ̃〉⊗ |aux〉∥2 (4.23)

=∑
a

Tr
(
((VAV ∗

A Ãx
a − Ãx

a)∗(VAV ∗
A Ãx

a − Ãx
a)⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉〈ψ̃|⊗〈aux|
)

= 1

m

∑
a

Tr
(
((VAV ∗

A Ãx
a − Ãx

a)∗(VAV ∗
A Ãx

a − Ãx
a)⊗1H̃B⊗KB

)(1H̃ A
⊗|aux〉〈aux|)

)
(4.24)

≤ 1

m
Tr

(
((VAV ∗

A −1H̃ A⊗KA
)∗(VAV ∗

A −1H̃ A⊗KA
)⊗1H̃B⊗KB

)(1H̃ A
⊗|aux〉〈aux|)

)
(4.25)

= ∥((VAV ∗
A −1H̃ A⊗KA

)⊗1H̃B⊗KB
) |ψ̃〉⊗ |aux〉∥2,

where we use the cyclicity of the trace and the standard estimate (4.22) for the inequality.
By adding 0, we find

∥((VAV ∗
A −1H̃ A⊗KA

)⊗1H̃B⊗KB
) |ψ̃〉⊗ |aux〉∥2

=∥((VAV ∗
A −1H̃ A⊗KA

)⊗1H̃B⊗KB
)(|ψ̃〉⊗ |aux〉− (VA ⊗VB ) |ψ〉)

+ ((VAV ∗
A −1H̃ A⊗KA

)⊗1H̃B⊗KB
)(VA ⊗VB ) |ψ〉∥2.

Since VA is an isometry, V ∗
A VA = 1H̃ A⊗KA

, so the second term is zero. Furthermore,

0 ≤VAV ∗
A ≤ 1H̃ A⊗KA

,

so
∥1H̃ A⊗KA

−VAV ∗
A ∥∞ ≤ 1.

Together with Equation (4.25), this gives

∥((VAV ∗
A −1H̃ A⊗KA

)⊗1H̃B⊗KB
) |ψ̃〉⊗ |aux〉∥ ≤ ∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥.

This equation, together with Equations (4.20) and (4.21), the starting estimate (4.18) and
the triangle inequality yields

E
x∼ν̂A

(∑
a
∥(VA ⊗VB )(Ax

a ⊗1HB ) |ψ〉− (Ãx
a⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥2
) 1

2

≤O
( 1p

α

p
c · id+κ(2ε+poly(δ))

)
.

By doing the analogous proof for the B-side, which crucially gives us the same auxil-
iary state |aux〉, we have obtained the three inequalities that show that S̃ is a local
(O

(
α−1/2

p
c · id+κ(2ε+poly(δ))

)
, ν̂)-dilation of S .

Corollary 4.4.7. Let G = (X ,ν,A ,D) be a perfect β-synchronous non-local game (κ, ν̂)-
PME-robust self-testing S̃ and let Gν̂ = (X , ν̂,A ,D). Suppose that the game polynomial
TGν̂,S̃ has spectral gap α and ν̂≤ cν for c ≥ 1. Then G is a (κ′, ν̂)-robust self-test for κ′(ε) =
O (α−1/2

p
c · id+κ(poly(β−1ε)).
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Proof. This is immediate from the previous theorem after realising that the asynchron-
icity is bounded above by β−1ε for a β-synchronous game as shown in Lemma 4.2.6.

Remark 4.4.8. The constants hidden in O and poly are universal and do not depend on
any property of the game.

4.5. SPECTRAL GAP FOR ROBUST SYNCHRONOUS SELF-TESTS
In the previous section we proved that every β-synchronous PME-robust self-test whose
game polynomial has spectral gap is a robust self-test. This raises the question whether
the spectral gap condition is necessary. Are there examples of such games for which the
spectral gap can be arbitrarily small, or is there some lower bound on the spectral gap?
It turns out that a lower bound exists if the non-local game is a κ-PME-robust self-test,
i.e. if the probability distribution for robust self-test is the same as the probability distri-
bution of the game. This is a consequence of several elements of the proof of Theorem
4.4.2 under the additional assumption that the Hilbert space H A ⊗HB for a strategy S

equals the Hilbert space H̃ A ⊗H̃ A for the strategy S̃ self-tested by the game. We rely on
a dimension estimate, given in Lemma 4.5.1, to prove Lemma 4.5.2, stating that a PME
strategy exists with high winning probability such that its reduced density matrix is close
to the one of S . From there we are able to prove the desired theorem.

Lemma 4.5.1. Let |ψ〉 ∈ H ⊗H and |ψ̃〉 ∈ H̃ ⊗ H̃ be maximally entangled states on
Hilbert spaces such that dim(H ) ≤ dim(H̃ ) and ε≥ 0. Suppose that there exist isometries
VA : H → H̃ ⊗KA and VB : H → H̃ ⊗KB and a state |aux〉 ∈KA ⊗KB such that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ ε.

Then dim(H ) ≥ (1−ε2)dim(H̃ ).

Proof. Let n = dim(H ) and m = dim(H̃ ), so we know that n ≤ m. Let d = dim(H̃ ⊗KA)
and

(VA ⊗VB ) |ψ〉 =
d∑

i=1
λi |ui 〉⊗ |vi 〉 and |ψ̃〉⊗ |aux〉 =

d∑
i=1

µi |ũi 〉⊗ |ṽi 〉

be Schmidt decompositions, where λ1 ≥λ2 ≥ ·· · ≥λd and µ1 ≥µ2 ≥ ·· · ≥µd . Since |ψ〉 is
maximally entangled on H ⊗H , we know that λi = 1/

p
n if i ≤ n and λi = 0 otherwise.

Since |ψ̃〉 is maximally entangled on H̃ ⊗H̃ , we know that µ1 ≤ 1/
p

m. Consequently,

∥(λi )i − (µi )i∥2
2 ≥ n(

1p
n
− 1p

m
)2 + m −n

m
≥ m −n

m
.

Combining this with Lemma 4.A.1, we conclude that

m · (1−ε2) ≤ n ≤ m.

Lemma 4.5.2. Let S = (|ψ〉 , A,B) be a strategy for a perfect symmetric non-local game
G = (X ,ν,A ,D) with winning probability 1−ε. Let ρA be the reduced density matrix on
H A , νA the marginal of ν on X , and δ= δsync(S ,νA). Let ν̂ be a probability distribution
on X ×X . Suppose that G (κ, ν̂)-PME-robustly self-tests the optimal PME strategy S̃ =
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(|ψ̃〉 , Ã) on H̃ A ⊗ H̃ A and that dim(H̃ A) = dim(H A). Then there exists a PME strategy
ŜA = (|ψ̂〉 , Â) on Ĥ A ⊂H A with reduced density matrix ρ̂A , such that

∥ρA − ρ̂A∥1 ≤O
(
κ(ε+poly(δ))2 +poly(δ)

)
and (4.26)

ω(G ;ŜA) ≥ 1−ε−poly(δ). (4.27)

Remark 4.5.3. In both the above and the subsequent lemma, ν̂ does not affect the con-
clusions. This happens because the condition that G is a (κ, ν̂)-PME-robust self-test is
slightly stronger than necessary, since we do not need the equations in the definition of
a local dilation concerning the measurement operators. As we are not aware of any use
of the slightly more general statement, we refrain from introducing the nomenclature
required to formally state this more general statement.

Proof. Let S ′ = (|ψ〉 , A′,B ′) be the projective strategy given by Lemma 4.2.9 and let δ′ =
δsync(S ′,νA). By Lemma 4.2.9, we know that δ′ = O (δ

1
8 ). Let the measure µ on R+, the

projections Pλ of H A onto Hλ and the family of strategies S ′
λ
= (|ψλ〉 , Aλ) on Hλ with

reduced density matrix ρλ be as in Theorem 4.2.12. Let C , C ′ and Cλ be the correlations
of S , S ′ and S ′

λ
, respectively. Let

E
x,y∼ν

∑
a,b

|Cx,y,a,b −
∫ ∞

0
Cλ

x,y,a,bdµ(λ)| =α.

By Theorem 4.2.12(e), Lemma 4.2.9 and the triangle inequality, we know that α ≤
poly(δ′)+O (δ

1
8 ) ≤ poly(δ). Lemma 4.2.10 tells us that for any t > 0 we have that

µ({λ≥ 0 |ω(S ′
λ) ≥ 1−ε− t }) ≥ 1− α

t
.

As in the proof of Theorem 4.4.2, choosing t is a trade-off between the strength of the
bound and the measure of the set for which the bound holds. We choose t = p

α, but
many choices are possible here. If we define

Λ= {λ≥ 0 |ω(S ′
λ) ≥ 1−p

α−ε},

we find that µ(Λ) ≥ 1−p
α.

Let λ ∈ Λ and let m be the dimension of H̃ A . Since ω(S ′
λ

) ≥ 1−p
α− ε and G is

a (κ, ν̂)-PME-robust self-test, we know that S̃ is a local (κ(
p
α+ ε), ν̂)-dilation of S ′

λ
.

Consequently, there exist isometries VA : Hλ → H̃ A ⊗KA and VB : Hλ → H̃ A ⊗KB and
a unit vector |aux〉 ∈KA ⊗KB such that

∥(VA ⊗VB ) |ψλ〉− |ψ̃〉⊗ |aux〉∥ ≤κ(
p
α+ε).

By Lemma 4.5.1, we know that dim(Hλ) ≥ (1−κ(
p
α+ε)2)m.

Let Pλ be the projection of H A onto Hλ, so ρλ = Tr(Pλ)−1Pλ. The Pλ are constructed
in Theorem 4.2.12 as the spectral projections of ρA , so Pλ = χ≥λ(ρA). This implies that
Pλ1 ≤ Pλ2 if and only if λ1 ≥λ2. Let λ0 = min(Λ), which exists because Λ is closed. Using
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the estimate of dim(Hλ) and the order on the projections Pλ, we now calculate that

∥ρλ−ρλ0∥1 =∥ 1

Tr(Pλ)
Pλ−

1

Tr(Pλ0 )
Pλ0∥1

≤
(

1

Tr(Pλ)
− 1

Tr(Pλ0 )

)
∥Pλ∥1 + 1

Tr(Pλ0 )
∥Pλ−Pλ0∥1

≤ 1

m

(
1

1−κ(ε+p
α)2

−1

)
m + m

(
1− (

1−κ(ε+p
α)2

))
m(1−κ(ε+p

α)2)

= 2κ(ε+p
α)2

1−κ(ε+p
α)2

≤ 4κ(ε+p
α)2,

if κ(ε+p
α)2 ≤ 1/2. By directly estimating that ∥ρλ−ρλ0∥1 ≤ 4κ(ε+p

α)2 if κ(ε+p
α)2 ≥

1/2, we know that
∥ρλ−ρλ0∥1 ≤ 4κ(ε+p

α)2

always holds. Since µ(Λ) ≥ 1−p
α and

ρA =
∫ ∞

0
ρλdµ(λ),

it follows that ∥ρA −ρλ0∥1 ≤ 4κ(ε+p
α)2 +p

α. Since α,β≤ poly(δ), this shows Equation
(4.26). Note that we automatically satisfy Equation (4.27) since λ0 ∈ Λ, so the proof is
complete.

Theorem 4.5.4. Let G = (X ,ν,A ,D) be a β-synchronous non-local game and let ν̂ be a
probability distribution on X ×X . Suppose that G (κ, ν̂)-PME-robustly self-tests a perfect
strategy S . There exists universal constants C1, C2, ζ> 0 such that the spectral gap of the
game polynomial TG ,S is at least C1β((id+κ2)−1(C2))ζ.

Proof. Let S = (|ψ0〉 , A) on H A ⊗H A be the perfect strategy for G , n be the dimension
of H A , T = TG ,S and ∆ its spectral gap. Let |ψ1〉 be a state in H A ⊗H A orthogonal to
|ψ0〉 such that 〈ψ1|T |ψ1〉 = 1−∆. Our goal is to use |ψ0〉 and |ψ1〉 to construct a state
|ψ〉 with high winning probability, but whose reduced density matrix on H A is not close
to the normalised identity. Lemma 4.5.2 allows us to relate this to κ, from which we can
derive the theorem. Note that we have the freedom to multiply |ψ1〉 by a phase, which
we will use later.

Let |u j 〉n
j=1 be an orthonormal basis of H A such that

|ψ0〉 = 1p
n

∑
j
|u j 〉 |u j 〉

and let (S j k ) j k be a matrix such that

|ψ1〉 =
∑
j k

S j k |u j 〉 |uk〉 .

Define

|ψ〉 = 1p
2
|ψ0〉+ 1p

2
|ψ1〉 ,
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so

|ψ〉 = 1p
2

∑
j k

(S j k +
1p
n
δ j k ) |u j 〉 |uk〉 .

First note that the winning probability of (|ψ〉 , A) is given by

ω((|ψ〉 , A)) = 〈ψ|T |ψ〉 = 1

2
(〈ψ0|T |ψ0〉+〈ψ1|T |ψ1〉) = 1− 1

2
∆,

and that this probability does not depend on the phase of |ψ1〉. Next, we calculate its
reduced density matrix ρ. For a state |ϕ〉, given by

|ϕ〉 =∑
j k

F j k |u j 〉 |uk〉 ,

the reduced density matrix on H A is given by

TrB (|ϕ〉〈ϕ|) = ∑
j k j ′k ′

F j k F j ′k ′δkk ′ |u j 〉〈u j ′ | =
∑
j j ′

(F F∗) j j ′ |u j 〉〈u j ′ | .

Consequently, we find that

ρ = 1

2
(S + 1p

n
)(S + 1p

n
)∗

with respect to the basis |u j 〉. Therefore,

∥ 1

n
−ρ∥1 = ∥ 1

n
− 1

2
(S + 1p

n
)(S + 1p

n
)∗∥1 = ∥ 1

2n
− 1

2
SS∗− 1

2
p

n
(S +S∗)∥1.

If we consider the state |ψ′〉, given by

|ψ〉 = 1p
2
|ψ0〉− 1p

2
|ψ1〉

and its reduced density matrix ρ′, then we have that

∥ 1

n
−ρ′∥1 = ∥ 1

n
− 1

2
(−S + 1p

n
)(−S + 1p

n
)∗∥1 = ∥ 1

2n
− 1

2
SS∗+ 1

2
p

n
(S +S∗)∥1.

Using the triangle inequality, it follows that

1p
n
∥S +S∗∥1 ≤ ∥ 1

n
−ρ∥1 +∥ 1

n
−ρ′∥1.

We will now use our freedom in the phase of |ψ1〉 to assume some properties of S without
loss of generality. It holds in general that ∥A+i B∥2

2 = ∥A∥2
2+∥B∥2

2 for self-adjoint matrices
A and B , so we can assume that ∥S+S∗∥2

2 ≥ 2, since ∥S∥2
2 = Tr(SS∗) = 1 and S+S∗ is twice

the self-adjoint part of S. Next, we can possibly multiply S by −1 to assume that

1

2
p

n
∥S +S∗∥1 ≤ ∥ 1

n
−ρ∥1.
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We now claim that at least one of

1

16+12
p

2
≤ 1

2
p

n
∥S +S∗∥1 and

1

8+6
p

2
≤ 1

2
∥ 1

n
−SS∗∥1

holds. Let (λ j )n
j=1 be the eigenvalues of S +S∗ and define the sets

Λ> = {1 ≤ j ≤ n | |λ j | ≥ 8+6
p

2p
n

} andΛ< = {1 ≤ j ≤ n | |λ j | < 8+6
p

2p
n

}.

Now we have that ∑
j∈Λ>

λ2
j ≥ 1 or

∑
j∈Λ<

λ2
j ≥ 1.

In the first case, we use that the sequence of eigenvalues of 4SS∗ majorises the squares of
the eigenvalues of both the positive and negative parts of S+S∗ [Bha97, Theorem III.5.1],
so

∥ 1

n
−SS∗∥1 ≥

∑
j∈Λ>

(
λ2

j

8
− 1

n

)
≥ ∑

j∈Λ>

(
λ2

j

8
−

λ2
j

136+96
p

2

)
≥ 1

8
− 1

136+96
p

2
= 2

8+6
p

2
.

In the other case we find that

1 ≤ ∑
j∈Λ<

λ2
j ≤

∑
j∈Λ<

8+6
p

2p
n

|λ j |,

so (8+6
p

2)∥S +S∗∥1 ≥
p

n. This shows the claim. Since

∥ 1

n
−ρ∥1 ≥ 1

2
∥ 1

n
−SS∗∥1 − 1

2
p

n
∥S +S∗∥1,

we can now conclude that

∥ 1

n
−ρ∥1 ≥ 1

16+12
p

2
> 1

33
(4.28)

in either case of the claim. We have now constructed a state |ψ〉 with high winning prob-
ability such that the reduced density matrix is not close to the normalised identity.

We are now in a position to use Lemma 4.5.2. Note that the winning probability con-
trols the asynchronicity by Lemma 4.2.6 since G is β-synchronous, so δsync((|ψ〉 , A)) ≤
∆/(2β). Using Lemma 4.5.2 we obtain a maximally entangled strategy Ŝ = (|ψ̂〉 , Â) on
Ĥ ⊗Ĥ with reduced density matrix ρ̂ such that ω(Ŝ ) ≥ 1−poly(∆/β) and

∥ρ− ρ̂∥1 =O (κ(poly(
∆

β
))2 +poly(

∆

β
)).

By the (κ, ν̂)-PME-robust self-testing of G and Lemma 4.5.1, we know that dim(Ĥ ) ≥
(1−κ(poly(∆/β))2)n. From this it follows that

∥ρ̂− 1

n
∥1 = dim(Ĥ )

(
1

dim(Ĥ )
− 1

n

)
+ (n −dim(Ĥ ))

1

n
≤ 2κ

(
poly

(
∆

β

))2

,
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so

∥ρ− 1

n
∥1 =O (κ(poly(

∆

β
))2 +poly(

∆

β
)).

By Equation (4.28), we have now shown that

1

33
=O (κ(poly(

∆

β
))2 +poly(

∆

β
)).

Inverting this inequality shows that there exist constants C1, C2, ζ> 0 such that

∆≥C1β((id+κ2)−1(C2))ζ,

proving the theorem.

Corollary 4.5.5. There exist universal constants C1, C2, C3, ζ1, ζ2 > 0 such that every
β-synchronous κ-PME-robust self-test is a κ′-robust self-test with

κ′(ε) ≤C1

p
(id+κ)(C2( εβ )ζ1 )

β((id+κ2)−1(C3))ζ2
.

4.6. SPECTRAL GAP OF THE QUANTUM LOW DEGREE TEST
In Corollary 4.5.5, we have found that every κ-PME-robust self-test is also a robust self-
test with a related robustness. However, it is not known that the Quantum Low Degree
Test is a (κ,νqldt)-PME-robust self-test. Using the notation in Definition 4.2.15, we only
know that the Quantum Low Degree Test is a (κ,ν′)-PME-robust self-test. We are there-
fore forced to explicitly compute a lower bound for the spectral gap for this distribution.
In fact, we are able to calculate the exact spectral gap.

Theorem 4.6.1. Let Gqldt = (Xqldt,νqldt,Aqldt,Dqldt) be the Quantum Low Degree Test for
k qubits with optimal strategy S and let G ′ = (Xqldt,ν

′
qldt,Aqldt,Dqldt). Let d be the rel-

ative distance of the code used in the Quantum Low Degree Test. Then the spectral gap of
the game polynomial TG ′,S is d

2 .

Proof. For an element a ∈F2 let a = 1−a. Let B = {|ψab〉 | a,b ∈F2} be the Bell basis of
C2 ⊗C2 given by

|ψab〉 =
1

2

(
|0a〉+ (−1)b |1a〉

)
for all a, b ∈F2. For a,b ∈Fk

2 define

|ψab〉 =
k⊗

i=1
|ψai bi 〉 .

Note that
〈ψab |X ⊗X |ψab〉 = (−1)b and 〈ψab |Z ⊗Z |ψab〉 = (−1)a

for all a, b ∈F2, so

〈ψab|σX (c)⊗σX (c) |ψab〉 = (−1)b·c and 〈ψab|σZ (c)⊗σZ (c) |ψab〉 = (−1)a·c (4.29)
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for all a,b,c ∈Fk
2 .

The game polynomial TG ′,S is given by

TG ′,S = E
(x,y)∼ν′qldt

∑
a,b

Dqldt(a,b|x, y)Ax
a ⊗ (Ay

b)T ,

where {Ax }x∈Xqldt are the measurement operators of the ideal strategy. Let E be the gen-
erating matrix for the code CRM2 used in the construction of the Quantum Low Degree
Test, so SX = SZ = {(Ei j )k

i=1 | 1 ≤ j ≤ n}, and let n be the length of the code. For each
W ∈ {X , Z } and a ∈ SW there are two questions x1

W,a and x2
W,a in Xqldt such that

U (Ay ) =σW (a) for y ∈ {x1
W,a, x2

W,a}.

Moreover,

ν′qldt(x1
W,a, x2

W,a) = ν′qldt(x2
W,a, x1

W,a) = 1

2
· 1

2
· 1

n
,

where this probability is obtained by multiplying the probability that this W is chosen,
the probability that question 1 goes to Alice and the probability that a is chosen from
SW . For these questions, Alice and Bob win if they give the same answer. Since

A
x1

W,a
0 ⊗ (A

x2
W,a

0 )T + A
x1

W,a
1 ⊗ (A

x2
W,a

1 )T = 1

2

(
1+σW (a)⊗σW (a)

)
,

this implies that

TG ′,S = 1

2
+ 1

4n

∑
W ∈{X ,Z }

∑
a∈SX

σW (a)⊗σW (a),

where the factor arises from the fact that we are considering both W = X and W = Z and
the observation that both orders of questions give the same expression.

By Equation (4.29), the above inequality tells us that

〈ψab|TG ′,S |ψab〉 =
1

2
+ 1

4n

∑
c∈SX

(
(−1)a·c + (−1)b·c

)
.

Therefore, the question we need to answer is for given a ∈Fk
2 , how many c ∈ SX are there

such that a·c = 1? For this, we need to recall how to calculate the physical representation
aphys ∈Fn

2 of a logical code word alogic ∈Fk
2 . This connection is defined by the generating

matrix and is given by

aphys =
k∑

i=1
alogic,i · (Ei j )n

j=1.

Another way to represent this is by describing each aphys,i , which gives

aphys,i = alogic · (Ei j )k
i=1.

This means that the number of c ∈ SX , i.e. the number of columns of E , for which a ·c = 1
precisely equals the number of ones in the physical representation of the logical code
word a. By the nature of the code, this is at least dn if a ̸= 0. Consequently,

〈ψab|TG ′,S |ψab〉 ≤ 1− d

2

unless a = 0 = b. Since the Quantum Low Degree Test is perfect and the distance in a
code is attained, this shows that the spectral gap is d

2 .
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Remark 4.6.2. The above proof is closely related to [dlS22b, Example 1.2]. Since a 7→
σW (a)⊗σW (a) is a unitary representation of Fk

2 , [dlS22b, Example 1.2] tells us that the
operator

1

n

∑
a∈SX

σW (a)⊗σW (a)

has spectral gap 2d , if you do not account for multiplicities. Doing this for both W = X
and W = Z and arguing that TG ′,S only has a one-dimensional eigenspace for eigenvalue
1, using much of the proof above, also yields 4.6.1.

Corollary 4.6.3. The 1/2-synchronised version of the Quantum Low Degree Test is a(
k,poly(log(k)) ·poly(ε)

)
-qubit test.

Proof. This is the consequence of combining Corollary 4.4.7, Theorem 4.6.1 and Lemma
4.2.5 after observing that ν′qldt ≤ 4νqldt.

APPENDIX

4.A. PROOF OF LEMMA 4.3.2
In this appendix, we prove Lemma 4.3.2. The proof relies on several technical lemmas
that we outline below.

Lemma 4.A.1. Let |ψ〉 and |ψ̃〉 be two unit vectors in Cd ⊗Cd with Schmidt decompos-
itions |ψ〉 = ∑d

i=1λi |ui 〉⊗ |vi 〉 and |ψ̃〉 = ∑d
i=1µi |ũi 〉⊗ |ṽi 〉, where λ1 ≥ λ2 ≥ ·· · ≥ λd ≥ 0

and µ1 ≥ µ2 ≥ ·· · ≥ µd ≥ 0. Then the ℓ2-distance of the sequences λ = (λ1, . . . ,λd ) and
µ= (µ1, . . . .µd ) is bounded above by the norm-distance of |ψ〉 and |ψ̃〉. That is,

∥(λi )i − (µi )i∥2 ≤ ∥|ψ〉− |ψ̃〉∥. (4.30)

Proof. Let akℓ := Re
(〈uk |ũℓ〉〈vk |ṽℓ〉

)
for all 1 ≤ k, ℓ≤ d . We first show that there exists

a bistochastic matrix X = (xkℓ)k,ℓ such that akℓ ≤ xkℓ for all k, ℓ. For any ℓ,

cℓ :=
d∑

k=1
akl ≤

d∑
k=1

|〈uk |ũℓ〉| · |〈vk |ṽℓ〉|

≤
(

d∑
k=1

|〈uk |ũℓ〉|2
)1/2

·
(

d∑
k=1

|〈vk |ṽℓ〉|2
)1/2

=∥|ũℓ〉∥ · ∥|ṽℓ〉∥ = 1.

The second line follows from the Cauchy-Schwartz inequality. The third line holds be-
cause {|uk〉 | 1 ≤ k ≤ d} and {|vk〉 | 1 ≤ k ≤ d} are orthonormal bases forCd . Similarly,

rk :=
d∑
ℓ=1

akℓ ≤ 1
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for all k. So
T :=∑

k,ℓ
akℓ =

∑
ℓ

cℓ =
∑
k

rk ≤ d .

If T = d , then cℓ = rk = 1 for all k, ℓ and hence (akl )k,l is a bistochastic matrix. Now
assume T < d . Then

bkℓ := (1− cℓ)(1− rk )

d −T
≥ 0

for all k, ℓ, and

d∑
k=1

(akℓ+bkℓ) = cℓ+
∑d

k=1(1− rk )

d −T
(1− cℓ) = cℓ+

d −T

d −T
(1− cℓ) = 1

for all ℓ. Similarly,
∑d
ℓ=1(akℓ +bkℓ) = 1 for all k. Hence (akℓ +bkℓ)k,ℓ is a bistochastic

matrix. We conclude that (akℓ)k,ℓ is entrywise smaller than some bistochastic matrix X .
By Birkhoff–von Neumann theorem, X = θ1P1+·· ·+θt Pt is a convex combination of

some permutation matrices P1, . . . , Pt . It follows that

Re
(〈ψ|ψ̃〉)=∑

k,ℓ
λkµℓakℓ =

(
λ1 · · · λd

)
(akℓ)k,ℓ

µ1
...
µd



≤ (
λ1 · · · λd

)
X

µ1
...
µd

=
t∑

i=1
θi

(
λ1 · · · λd

)
Pi

µ1
...
µd



≤
t∑

i=1
θi

(
λ1 · · · λd

)µ1
...
µd

=
d∑

k=1
λkµk .

The last line follows from the rearrangement inequality. This implies

∥|ψ〉− |ψ̃〉∥2 = 2−2Re
(〈ψ|ψ̃〉)≥ 2−2

d∑
k=1

λkµk = ∥λ−µ∥2
2.

So Equation (4.30) follows.

Lemma 4.A.2. Let S = (|ψ〉 , A,B) and S̃ = (|ψ̃〉 , Ã, B̃) be two maximally entangled
strategies on H A ⊗HB and H̃ A ⊗ H̃B such that S̃ is a local (ε,ν)-dilation of S for
some ε ≥ 0 and distribution ν on X ×Y with isometries VA and VB and unit vector
|aux〉 ∈KA ⊗KB . Let νA and νB be the marginal distributions of ν on X and Y , respect-
ively. Then there exist subspaces K ′

A ⊂ KA and K ′
B ⊂ KB and a maximally entangled

state |aux ′〉 ∈K ′
A ⊗K ′

B such that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux ′〉∥ ≤ 3ε,(
E

x∼νA

∑
a
∥(VA ⊗VB )(Ax

a ⊗1HB ) |ψ〉− (
(Ãx

a ⊗1H̃B
) |ψ̃〉)⊗|aux ′〉∥2

)1/2

≤ 3ε,(
E

y∼νB

∑
b
∥(VA ⊗VB )(1H A ⊗B y

b ) |ψ〉− (
(1H̃ A

⊗ B̃ y
b ) |ψ̃〉)⊗|aux ′〉∥2

)1/2

≤ 3ε.



4.A. PROOF OF LEMMA 4.3.2

4

127

Proof. Let

(VA ⊗VB ) |ψ〉 =∑
i
λi |ui 〉 |vi 〉 and |ψ̃〉⊗ |aux〉 =∑

i
κi |ũi 〉 |ṽi 〉

be the Schmidt decompositions of (VA ⊗VB ) |ψ〉 and |ψ̃〉 ⊗ |aux〉, where λ = (λi )i and
κ = (κi )i are decreasing sequences. Because S̃ is a local (ε,ν)-dilation of S , we know
that

∥λ−κ∥2 ≤ ∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ ε
by Lemma 4.A.1.

Since |ψ〉 is maximally entangled, we know that there exists an m ∈ N such that
λi = 1p

m
for 1 ≤ i ≤ m and λi = 0 for i > m. On the other side we know that the mul-

tiplicity of each value inκ is divisible by n = dim(H̃ A). We want to show that there exists
a sequence κ′ of Schmidt coefficients which takes exactly one non-zero value, has mul-
tiplicities divisible by n and is close to κ. First suppose that m ≥ n. In this case, λwould
be a good candidate, but the multiplicity of λi does not have to be divisible by n. To
remedy this, we define

κ′′i =


1p
m

i ≤ ⌊m
n ⌋n or

(
⌊m

n ⌋n < i ≤ ⌊( m
n +1)⌋n and κi ≥ 1

2
p

m

)
0 i > ⌊( m

n +1)⌋n or
(
⌊m

n ⌋n < i ≤ ⌊( m
n +1)⌋n and κi < 1

2
p

m

)
and observe that ∥κ′′−κ∥2 ≤ ∥λ−κ∥2. Unfortunately, ∥κ′′∥2 ̸= 1 in general. However,
by the triangle inequality, 1− ε ≤ ∥κ′′∥2 ≤ 1+ ε, so defining κ′ as the normalisation of
κ′′ gives us the desired sequence with ∥κ′ −κ∥2 ≤ 2ε. For the case where m < n, we
immediately define

κ′i =
{

1p
n

i ≤ n

0 i > n

which is normalised and satisfies ∥κ′−κ∥2 ≤ ∥λ−κ∥2 ≤ ε.
Let

|aux〉 =∑
i
µi |wi 〉 |w ′

i 〉

be the Schmidt decomposition of |aux〉. Having obtained the sequence κ′ with the de-
sired properties, we can now define

|aux ′〉 =∑
i

p
nκ′ni |wi 〉 |w ′

i 〉 .

The state |ψ̃〉⊗ |aux ′〉 is then given by

|ψ̃〉⊗ |aux ′〉 =∑
i
κ′i |ũi 〉 |ṽi 〉 ,

and therefore we have ∥|ψ̃〉⊗ |aux ′〉− |ψ̃〉⊗ |aux〉∥2 ≤ 2ε. By the triangle inequality, we
find that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux ′〉∥ ≤ 3ε.
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Next, observe that∑
a
∥((Ãx

a ⊗1H̃B
) |ψ̃〉)⊗ (|aux ′〉− |aux〉)∥2 =∑

a
〈ψ̃| (Ãx

a ⊗1H̃B
)2 |ψ̃〉∥|aux ′〉− |aux〉∥2.

Since Ã is a POVM, we know that∑
a
〈ψ̃| (Ãx

a ⊗1H̃B
)2 |ψ̃〉 ≤∑

a
〈ψ̃| (Ãx

a ⊗1H̃B
) |ψ̃〉 = 1,

so we find that ∑
a
∥((Ãx

a ⊗1H̃B
) |ψ̃〉)⊗ (|aux ′〉− |aux〉)∥2 ≤ 4ε2.

We have (
E

x∼νA

∑
a
∥(VA ⊗VB )(Ax

a ⊗1HB ) |ψ〉− (
(Ãx

a ⊗1H̃B
) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ ε

since S̃ is a local (ε,ν)-dilation of S . Combining these equations using the triangle
inequality for the vector space ⊕

x,a
H̃ A ⊗H̃B ⊗KA ⊗KB

with norm given by

∥v∥ =
(
E

x∼νA

∑
a
∥v(x, a)∥2

) 1
2

,

we obtain(
E

x∼νA

∑
a
∥(VA ⊗VB )(Ax

a ⊗1HB ) |ψ〉− (
(Ãx

a ⊗1H̃B
) |ψ̃〉)⊗|aux ′〉∥2

)1/2

≤ 3ε.

The other inequality can be proved analogously.

Theorem 4.A.3 (Polar decomposition, [Con10, Theorem VIII.3.11]). Let A ∈ B(H ) for
some Hilbert space H . There is a partial isometry W with ker(W ) = ker(A) and ran(W ) =
ran(A) such that A =W |A|. (W, |A|) is called the polar decomposition of A.

Remark 4.A.4. If A : H → K is a bounded linear map between Hilbert spaces, one can
also take the polar decomposition by viewing A as element of B(H ⊕K ).

Lemma 4.A.5. Let V : H → H ′ be an isometry, let P ∈ B(H ′) be a projection and let
X =W |X | be the polar decomposition for X = PV . Then

(V −W )∗(V −W ) ≤ 2(V −PV )∗(V −PV ).

Proof. We start by expanding the left hand side, which gives us

(V −W )∗(V −W ) =V ∗V −V ∗W −W ∗V +W ∗W

=V ∗V −V ∗PW −W ∗PV +W ∗W

=V ∗V −|X |W ∗W −W ∗W |X |+W ∗W

=V ∗V −|X |− |X |+W ∗W
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Because ∥|X |∥∞ ≤ 1 and W is a partial isometry, we have the inequalities

−|X ∗| ≤ −|X ∗|2 and W ∗W ≤ 1H =V ∗V.

Consequently, we have

(V −W )∗(V −W ) ≤V ∗V −|X |2 −|X |2 +V ∗V

=V ∗V −|X |W ∗W |X |− |X |W ∗W |X |+V ∗V

= 2(V ∗V −V ∗PV )

= 2(V −PV )∗(V −PV ).

Lemma 4.A.6. Let |ψ〉 ∈ H A ⊗HB , |ψ̃〉 ∈ H̃ A ⊗H̃B be states such that |ψ〉 is maximally
entangled, let νA be a probability measure on X and let A, Ã be POVMs on H A and H̃ A ,
respectively. Let VA : H A → H̃ A ⊗KA and VB : HB → H̃B ⊗KB be isometries and |aux〉 ∈
K ′

A ⊗K ′
B ⊂KA ⊗KB such that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ ε,(
E

x∼νA

∑
a
∥(VA ⊗VB )(Ax

a ⊗1HB ) |ψ〉− (
(Ãx

a ⊗1H̃B
) |ψ̃〉)⊗|aux〉∥2

)1/2

≤ ε.

Then there exist partial isometries V ′
A : H A → H̃ A ⊗K ′

A and V ′
B : HB → H̃B ⊗K ′

B such
that

∥(V ′
A ⊗V ′

B ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ (1+2
p

2)ε, (4.31)(
E

x∼νA

∑
a
∥(V ′

A Ax
a ⊗V ′

B ) |ψ〉− (
(Ãx

a ⊗1H̃B
) |ψ̃〉)⊗|aux〉∥2

) 1
2 ≤ (1+4

p
2)ε, (4.32)

1−∥(V ′
A ⊗1HB ) |ψ〉∥2 ≤ 4ε2, (4.33)

1−∥((V ′
A)∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥2 ≤ ε2. (4.34)

Moreover, if |ψ̃〉⊗ |aux〉 is maximally entangled on (H̃ A ⊗K ′
A)⊗ (H̃B ⊗K ′

B ), then

∥(1H A ⊗V ′
B ) |ψ〉− (

(V ′
A)∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥ ≤ 7ε. (4.35)

Proof. Let n = dim(H A). Let P A and PB be the projections onto H̃ A ⊗K ′
A and H̃B ⊗K ′

B ,
respectively. Because P A and PB are contractions, we have

∥(VA ⊗VB ) |ψ〉− (P AVA ⊗VB ) |ψ〉∥ ≤ 2ε, (4.36)

∥(VA ⊗VB ) |ψ〉− (VA ⊗PB VB ) |ψ〉∥ ≤ 2ε and (4.37)

∥(VA ⊗VB ) |ψ〉− (P AVA ⊗PB VB ) |ψ〉∥ ≤ 2ε (4.38)

by the triangle inequality, using the estimate ∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ ε. Now let
X A = P AVA , XB = PB VB and let X A = V ′

A |X A | and XB = V ′
B |XB | be the polar decomposi-

tions of their adjoints. By Lemma 4.A.5, we have that

∥(VA ⊗VB ) |ψ〉− (V ′
A ⊗V ′

B ) |ψ〉∥2 ≤ 2∥(VA ⊗VB ) |ψ〉− (P AVA ⊗PB VB ) |ψ〉∥2.
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Using the triangle inequality, this implies that

∥(V ′
A ⊗V ′

B ) |ψ〉− |ψ̃〉⊗ |aux ′〉∥ ≤ (1+2
p

2)ε,

proving Equation (4.31). Next, let Q be the projection onto the orthogonal complement
of the kernel of X A . We see that

∥(V ′
A ⊗1HB ) |ψ〉∥2 = 〈ψ| (Q ⊗1HB ) |ψ〉 ≥ 〈ψ| (X ∗

A X A ⊗1HB ) |ψ〉 = ∥(P AVA ⊗VB ) |ψ〉∥2.

Since VA and VB are isometries, the Pythagorean theorem combined with Equation
(4.36) tells us that

∥(V ′
A ⊗1HB ) |ψ〉∥2 ≥ ∥(P AVA ⊗VB ) |ψ〉∥2 ≥ 1−4ε2,

proving Equation (4.33). Similarly, we compute

∥((V ′
A)∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥ ≥ ∥(|X A |(V ′
A)∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥
= ∥(V ∗

A P A ⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥
= ∥(VAV ∗

A ⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥.

Note that 1H̃ A⊗KA
−VAV ∗

A is a contraction and (1H̃ A⊗KA
−VAV ∗

A )VA = 0, so we have

∥
(
(1H̃ A⊗KA

−VAV ∗
A )⊗1H̃B⊗KB

)
|ψ̃〉⊗ |aux〉∥ ≤ ∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ ε. (4.39)

These things combine to yield Equation (4.34), i.e.

1−∥((V ′
A)∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥2 ≤ ε2.

For the other estimates of this lemma, we need to use that |ψ〉 is maximally en-
tangled. First, note that for any partial isometry wB : HB → H̃B ⊗K ′

B we have

∥((VA −V ′
A)⊗wB

)
(Ax

a ⊗1HB ) |ψ〉∥ ≤ ∥((VA −V ′
A)⊗1HB )(Ax

a ⊗1HB ) |ψ〉∥,

since 1H̃ A⊗KA
⊗wB is a contraction. Consequently,∑

a
∥((VA −V ′

A)⊗V ′
B )(Ax

a ⊗1HB ) |ψ〉∥2

≤∑
a
〈ψ| Ax

a(VA −V ′
A)∗(VA −V ′

A)Ax
a ⊗1HB |ψ〉

=∑
a

Tr(H̃ A⊗KA )⊗HB

(
(VA −V ′

A)Ax
a ⊗1HB |ψ〉〈ψ| Ax

a(VA −V ′
A)∗⊗1HB

)
= 1

n

∑
a

TrH̃ A⊗KA

(
(VA −V ′

A)Ax
a1H A Ax

a(VA −V ′
A)∗

)
≤ 1

n
TrH̃ A⊗KA

(
(VA −V ′

A)(VA −V ′
A)∗

)
= 1

n
TrH A

(
(VA −V ′

A)∗(VA −V ′
A)

)
= ∥((VA −V ′

A)⊗1HB

) |ψ〉∥2,
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where we used in the third step that |ψ〉 is a maximally entangled state. An analogous
calculation yields

∥(VA ⊗VB ) |ψ〉− (P AVA ⊗VB ) |ψ〉∥2 = 1

n
TrH A

(
(VA −P AVA)∗(VA −P AVA)

)
,

so by Lemma 4.A.5, we have

∥((VA −V ′
A)⊗1HB

) |ψ〉∥ ≤ 2
p

2ε,

and ∑
a
∥((VA −V ′

A)⊗V ′
B )(Ax

a ⊗1HB ) |ψ〉∥2 ≤ 8ε2.

Analogously, we get

∥(1H A ⊗ (VB −V ′
B )

) |ψ〉∥ ≤ 2
p

2ε and (4.40)∑
a
∥(VA ⊗ (VB −V ′

B ))(Ax
a ⊗1HB ) |ψ〉∥2 ≤ 8ε2.

This in turn implies that

(
E

x∼νA

∑
a
∥(VA ⊗VB −V ′

A ⊗V ′
B )(Ax

a ⊗1HB ) |ψ〉∥2
) 1

2 ≤ 4
p

2ε

by the triangle inequality, and another application of it yields Equation (4.32).
Now assume that |ψ̃〉⊗ |aux〉 is maximally entangled. Let m = dim(H̃ A ⊗K ′

A). Then
for any X : H A → H̃ A ⊗KA we have

∥(X ⊗1HB ) |ψ〉∥2 = TrH̃ A⊗KA⊗HB

(
(X ⊗1HB ) |ψ〉〈ψ| (X ⊗1HB )∗

)
= 1

n
TrH̃ A⊗KA

(
X X ∗)

≥ m

n
TrH̃ A⊗KA⊗H̃B⊗KB

(
(X X ∗⊗1H̃B⊗KB

)(|ψ̃〉⊗ |aux〉)(〈ψ̃|⊗〈aux|)
)

= m

n
∥(X ∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥2.

To use the above result, we will need an estimate relating m and n. Let λ and µ be the
sequences of Schmidt coefficients of |ψ〉 and |ψ̃〉⊗ |aux〉, respectively. By Lemma 4.A.1,
observing that local isometries preserve the Schmidt coefficients, and the assumptions
in Lemma 4.A.6, we know that

ε2 ≥ ∥λ−µ∥2
2.

Since both |ψ〉 and |ψ̃〉⊗ |aux〉 are maximally entangled on Hilbert spaces of dimension
n and m, respectively, we find that (see also the proof of Lemma 4.5.1)

∥λ−µ∥2
2 ≥ max(

m −n

m
,

n −m

n
),

so (1−ε2)m ≤ n ≤ (1−ε2)−1m.



4

132 4. LIFTING MAXIMALLY-ENTANGLEDNESS ASSUMPTION IN ROBUST SELF-TESTING

Consequently,

∥((V ∗
A − (V ′

A)∗)⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥ ≤ 1

1−ε2 ∥
(
(VA −V ′

A)⊗1HB

) |ψ〉∥ ≤ 2
p

2ε

1−ε2 . (4.41)

So for the “Moreover" part, we have

∥(1H A ⊗V ′
B ) |ψ〉− (

(V ′
A)∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥
≤ ∥((V ∗

A − (V ′
A)∗)⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥
+∥(V ∗

A ⊗1H̃B⊗KB
)
(
(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉)∥

+∥(1H A ⊗ (VB −V ′
B )

) |ψ〉∥

≤ (1+2
p

2+ 2
p

2

1−ε2 )ε,

using that V ∗
A is a contraction, together with Equations (4.40) and (4.41). Since the above

estimate becomes trivial if ε> 0.29, we conclude that

∥(1H A ⊗V ′
B ) |ψ〉− (

(V ′
A)∗⊗1H̃B⊗KB

) |ψ̃〉⊗ |aux〉∥ ≤ 7ε,

proving Equation (4.35).

Now we are ready to prove part (a) of Lemma 4.3.2.

Proof of Lemma 4.3.2, part (a). Let |ψ̃〉 ∈ H̃ ⊗ H̃ and |ψ〉 ∈ H ⊗H be maximally en-
tangled states such that τM (x) = 〈ψ̃|x ⊗ 1H |ψ̃〉 for all x ∈ M ⊂ B(H̃ ) and τN (x) =
〈ψ|x ⊗1H̃ |ψ〉 for all x ∈ N ⊂ B(H ). Since S̃ is an (ε,ν)-local dilation of S̃ , by Lemma
4.A.2, there are isometries VA : H → H̃ ⊗KA and VB : H → H̃ ⊗KB and a maximally
entangled state |aux〉 ∈K ′

A ⊗K ′
B ⊂KA ⊗KB such that

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ 3ε,(
E

x∼νA

∑
a
∥(VA ⊗VB )(Ax

a ⊗1) |ψ〉− (
(Ãx

a ⊗1) |ψ̃〉)⊗|aux〉∥2
)1/2

≤ 3ε.

Then by Lemma 4.A.6, there exist partial isometries V ′
A : H → H̃ ⊗K ′

A and V ′
B : H →

H̃ ⊗K ′
B such that

∥(V ′
A ⊗V ′

B ) |ψ〉− |ψ̃〉⊗ |aux〉∥ ≤ (3+6
p

2)ε,(
E

x∼νA

∑
a
∥(V ′

A ⊗V ′
B )(Ax

a ⊗1H ) |ψ〉− (
(Ãx

a ⊗1H̃ ) |ψ̃〉)⊗|aux〉∥2
)1/2

≤ (3+12
p

2)ε,

∥(1H ⊗V ′
B ) |ψ〉− (

(V ′
A)∗⊗1H̃ ⊗KB

) |ψ̃〉⊗ |aux〉∥ ≤ 21ε,

1−∥(V ′
A ⊗1H ) |ψ〉∥2 ≤ 36ε2,

1−∥((V ′
A)∗⊗1H̃ ⊗K ′

B

) |ψ̃〉⊗ |aux〉∥2 ≤ 9ε2.

Let M0 := B(K ′
A) ⊂ B(ℓ2(N)) and P ∈ (M ⊗M0)∞ be a projection such that N ∼= P (M ⊗

M0)∞P . After identifying N and P (M ⊗M0)∞P , we can define W = (V ′
A)∗ ∈ P (M ⊗

M0)∞IM⊗M0 .
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Since |ψ̃〉⊗|aux〉 is an maximally entangled state in H̃ ⊗K ′
A , and |ψ〉 is a maximally

entangled state in H ⊗H , we have

τN (P −W W ∗) = 1−∥(V ′
A ⊗1H ) |ψ〉∥2 ≤ 36ε2,

τM⊗M0 (IM⊗M0 −W ∗W ) = 1−∥((V ′
A)∗⊗1H̃ ⊗K ′

B

) |ψ̃〉⊗ |aux〉∥2 ≤ 9ε2,

and (
E

x∼νA

∑
a
∥Ãx

a ⊗ IM0 −W ∗Ax
aW ∥2

τM⊗M0

)1/2

=
(
E

x∼νA

∑
a
∥(V ′

A Ax
a(V ′

A)∗⊗1H̃ ⊗K ′
A

) |ψ̃〉⊗ |aux〉− (
(Ãx

a ⊗1H̃ ) |ψ̃〉)⊗|aux〉∥2
)1/2

≤
(
E

x∼νA

∑
a
∥(V ′

A Ax
a ⊗V ′

B

) |ψ〉− (
(Ãx

a ⊗1H̃ ) |ψ̃〉)⊗|aux〉∥2
)1/2

+21ε

≤(24+12
p

2)ε,

where the first inequality uses that
∑

a Ax
a(V ′

A)∗V ′
A Ax

a ≤ 1. We conclude that S̃ is a local(
(24+12

p
2)2ε2,νA

)
-vNA-dilation of S . Rounding (24+12

p
2)2 to 1700 gives the desired

results.

For the proof of the second part of Lemma 4.3.2 we first need the following lemma.

Lemma 4.A.7. Let M and N be von Neumann algebras with tracial states τM and τN .
Suppose that there is a projection P ∈ M∞ with finite trace such that N ∼= PM∞P and
τN = (τ∞(P ))−1τ∞ after identification of N and PM∞P. If there exist a δ < 1 and a
partial isometry w ∈ PM∞IM such that

τM (IM −w∗w) ≤ δ and τN (P −w w∗) ≤ δ,

then 1−δ≤ τ∞(P ) ≤ (1−δ)−1.

Proof. We show that (1−δ) ≤ τ∞(P ). The other inequality is analogous. We compute

δ≥ τM (IM −w∗w)

= 1−τ∞(w∗w)

= 1−τ∞(P )τN (w w∗)

= 1−τ∞(P )+τ∞(P )τN (P −w w∗)

≥ 1−τ∞(P ),

so (1−δ) ≤ τ∞(P ).

Proof of Lemma 4.3.2, part (b). Let |ψ̃〉 and |ψ〉 be GNS states for (M ,τM ) and (N ,τN ),
respectively. Since S̃ is a local (ε,νA)-vNA-dilation of S , there exist a finite-dimensional
von Neumann algebra M0 with tracial state τM0 , a projection P ∈ (M ⊗M0)∞ of finite
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trace such that N ∼= P (M ⊗M0)∞P and τN = τ∞/τ∞(P ), and a partial isometry W ∈
P (M ⊗M0)∞IM⊗M0 such that

E
x∼νA

∑
a
∥Ãx

a ⊗ IM0 −W ∗Ax
aW ∥2

τM⊗M0
≤ ε (4.42)

and
τN (P −W W ∗) ≤ ε,τM⊗M0 (IM⊗M0 −W ∗W ) ≤ ε. (4.43)

Our first step is to turn W ∗ into an isometry. Let P1 = P −W W ∗ and let M̌1 ⊂ (1 −
IM⊗M0 )(M ⊗M0)∞(1 − IM⊗M0 ) be a finite-dimensional von Neumann algebra of the
form M ⊗B(H1) such that dimP1N P1 ≤ dimM̌1. Let M1 = B(H1). We can now choose
a partial isometry W1 ∈ P1(M ⊗M0)∞IM̌1

such that W1W ∗
1 = P1. Define V = W ∗+W ∗

1 ,
which now satisfies P =V ∗V . Observe that

τM⊗M0 (x) = τ∞((IM⊗M0 + IM̌1
)IM⊗M0 xIM⊗M0 (IM⊗M0 + IM̌1

)) for x ∈M ⊗M0 and

τN (x) = 1

τ∞(P )
τ∞((IM⊗M0 + IM̌1

)V xV ∗(IM⊗M0 + IM̌1
)) for x ∈ P (M ⊗M0)∞P.

If we now perform the GNS construction using the state

x 7→ τ∞(IM̌1
xIM̌1

)

on M̌1, we obtain a cyclic vector |ϕ〉 ∈ (H̃ ⊗H1)⊗ (H̃ ⊗H1) such that

τ∞(IM̌1
xIM̌1

) = 〈ϕ| (x ⊗1H̃ ⊗H1
) |ϕ〉 = 〈ϕ| (1H̃ ⊗H1

⊗xT ) |ϕ〉 .

Note that |ϕ〉 is not a unit vector, but we will still use bra-ket notation for convenience.
Let |ψ0〉 ∈H0 ⊗H0 be a GNS state for (M0,τM0 ). All in all, this means that

τ∞(x) = (〈ψ̃|⊗〈ψ0|+〈ϕ|)(x ⊗1H̃ ⊗(H0⊕H1))(|ψ̃〉⊗ |ψ0〉+ |ϕ〉)
for all x ∈M ⊗ (M0 ⊕M1). Since

x 7→ τ∞(P )〈ψ| (V ∗⊗V
∗

)
(
x ⊗1H̃ ⊗(H0⊗H1)

)
(V ⊗V ) |ψ〉

and
x 7→ (〈ψ̃|⊗〈ψ0|+〈ϕ|)

(
V V ∗xV V ∗⊗1H̃ ⊗(H0⊕H1)

)
(|ψ̃〉⊗ |ψ0〉+ |ϕ〉)

implement the same positive linear functional on M ⊗ (M0 ⊕M1) and both

(V ⊗V ) |ψ〉 ,
(
V V ∗⊗1H̃ ⊗(H0⊕H1)

)
(|ψ̃〉⊗|ψ0〉+|ϕ〉) ∈ (H̃ ⊗(H0⊕H1))⊗(H̃ ⊗(H0⊕H1)),

we know by the uniqueness of the GNS construction that there exists a unitary U ∈
B(H̃ ⊗ (H0 ⊕H1)) such that(

1H̃ ⊗(H0⊕H1) ⊗U
)

(V ⊗V ) |ψ〉 =
(
V V ∗⊗1H̃ ⊗(H0⊕H1)

)
(|ψ̃〉⊗ |ψ0〉+ |ϕ〉).

We now aim to show that
(
V V ∗⊗1H̃ ⊗(H0⊕H1)

)
(|ψ̃〉 ⊗ |ψ0〉 + |ϕ〉) is close to |ψ̃〉 ⊗ |ψ0〉.

Note that
V V ∗ = (W ∗+W ∗

1 )(W +W1) =W ∗W +W ∗
1 W1.
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Furthermore, we have(
W ⊗1H̃ ⊗(H0⊕H1)

)
|ϕ〉 = 0 =

(
W1 ⊗1H̃ ⊗(H0⊕H1)

)
|ψ̃〉⊗ |ψ0〉 ,

so (
V V ∗⊗1H̃ ⊗(H0⊕H1)

)
(|ψ̃〉⊗ |ψ0〉+ |ϕ〉) =

(
W ∗W ⊗1H̃ ⊗(H0⊕H1)

)
|ψ̃〉⊗ |ψ0〉

+
(
W ∗

1 W1 ⊗1H̃ ⊗(H0⊕H1)

)
|ϕ〉 .

We then compute

〈ϕ|
(
W ∗

1 W1 ⊗1H̃ ⊗(H0⊕H1)

)2 |ϕ〉 = τ∞(W ∗
1 W1)

= τ∞(P )τN (W1W ∗
1 )

= τ∞(P )τN (P −W W ∗) ≤ τ∞(P )ε

and

〈ψ̃|⊗〈ψ0|
(
(1H̃ ⊗(H0⊕H1) −W ∗W )⊗1H̃ ⊗(H0⊕H1)

)2 |ψ̃〉⊗ |ψ0〉 = τ∞((IM⊗M0 −W ∗W )2)

≤ ε.

Consequently,

∥
(
1H̃ ⊗(H0⊕H1) ⊗U

)
(V ⊗V ) |ψ〉− |ψ̃〉⊗ |ψ0〉∥ ≤

p
ε+

√
τ∞(P )ε≤ 3

p
ε,

where we use Lemma 4.A.7 for the last inequality. Define VA =V and VB =UV , so

∥(VA ⊗VB ) |ψ〉− |ψ̃〉⊗ |ψ0〉∥ ≤ 3
p
ε.

By the introduction of |ψ̃〉 and |ψ0〉, Equation (4.42) becomes(
E

x∼νA

∑
a
∥(Ãx

a ⊗1H0 ⊗1H̃ ⊗H0
) |ψ̃〉⊗ |ψ0〉− (W ∗Ax

aW ⊗1H̃ ⊗H0
) |ψ̃〉⊗ |ψ0〉∥2

)1/2

≤p
ε.

Since ∑
a

(W ∗Ax
aW )2 ≤ 1,

we know that(∑
a
∥
(
W ∗Ax

aW ⊗1H̃ ⊗(H0⊕H1)

)
(|ψ̃〉⊗ |ψ0〉− (VA ⊗VB ) |ψ〉)∥2

)1/2

≤ 3
p
ε.

The last step is to find an estimate for∑
a
∥((W ∗Ax

aW VA −VA Ax
a)⊗VB

) |ψ〉∥2

=∑
a
τN

(
(W ∗Ax

aW VA −VA Ax
a)∗(W ∗Ax

aW VA −VA Ax
a)

)
.
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We compute

∥((W ∗Ax
aW VA −VA Ax

a)⊗VB ) |ψ〉∥2 =τN
(
V ∗

A W ∗Ax
aW W ∗Ax

aW VA + Ax
aV ∗

A VA Ax
a

− Ax
aV ∗

A W ∗Ax
aW VA −V ∗

A W ∗Ax
aW VA Ax

a

)
=τN

(
W W ∗Ax

aW W ∗Ax
a + (Ax

a)2

− Ax
aW W ∗Ax

aW W ∗−W W ∗Ax
aW W ∗Ax

a

)
=τN

(
(Ax

a)2 −W W ∗Ax
aW W ∗Ax

a

)
≤τN

(
(P −W W ∗)(Ax

a)2)
+τN

(
(P −W W ∗)Ax

aW W ∗Ax
a

)
≤2τN

(
(P −W W ∗)(Ax

a)2) .

Consequently,∑
a
∥(W ∗Ax

aW VA −VA Ax
a)⊗VB ) |ψ〉∥2 ≤ 2

∑
a
τN

(
(P −W W ∗)(Ax

a)2)
≤ 2τN (P −W W ∗) ≤ 2ε.

By the triangle inequality, we have shown that(
E

x∼νA

∑
a
∥
(

Ãx
a ⊗1H0 ⊗1H̃ ⊗H0

)
|ψ̃〉⊗ |ψ0〉− (VA Ax

a ⊗VB ) |ψ〉∥2
)1/2

≤ (4+p
2)
p
ε.

Analogously, we obtain(
E

x∼νA

∑
a
∥1H̃ ⊗H0

⊗ ((Ãx
a)T ⊗1H0 ) |ψ̃〉⊗ |ψ0〉− (VA ⊗VB (Ax

a)T ) |ψ〉∥2
)1/2

≤ (4+p
2)
p
ε,

proving the lemma.



5
QUANTUM EXPANDERS AND

PROPERTY (T) DISCRETE QUANTUM

GROUPS

This chapter is based on the following article:

• Michael Brannan, Eric Culf and Matthijs Vernooij. Quantum expanders and prop-
erty (T) discrete quantum groups. 2025. arXiv: 2502.01974 [math.OA].

Families of expander graphs were first constructed by Margulis from discrete groups with
property (T). Within the framework of quantum information theory, several authors have
generalised the notion of an expander graph to the setting of quantum channels. In this
chapter, we use discrete quantum groups with property (T) to construct quantum ex-
panders in two ways. The first approach obtains a quantum expander family by construct-
ing the requisite quantum channels directly from finite-dimensional irreducible unitary
representations, extending earlier work of Harrow using groups. The second approach dir-
ectly generalises Margulis’ original construction and is based on a quantum analogue of a
Schreier graph using the theory of coideals. To obtain examples of quantum expanders, we
apply our machinery to discrete quantum groups with property (T) coming from compact
bicrossed products.

5.1. INTRODUCTION
Expander graphs (cf. Section 5.2.1) are particularly well-connected sparse graphs. They
appear in many applications, such as robustly connected networks, error correcting
codes, the complexity of local Hamiltonians, pseudorandomness, the Baum-Connes
conjecture and Monte-Carlo simulations [HLW06; AE15]. In the field of quantum in-
formation theory, the notion of quantum expanders (cf. Section 5.2.2) arises naturally
as an extension of classical expander graphs [Has07a; Har08]. Just as in the classical
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case, randomness, in this case in the form of random matrix techniques, provides an
important way to construct quantum expanders [Has07b; LY24].

To give explicit examples of expander families, we need deterministic constructions.
These constructions tend to be based on the representation theory of groups, for ex-
ample Margulis’s original idea to construct classical expanders using property (T) groups
(cf. Section 5.2.1) and Harrow’s construction of quantum expanders using finite groups
(cf. Section 5.2.2) [Mar73; Har08]. Both of these approaches use the fact that the geo-
metry of the representation theory of a group Γ (e.g., finiteness, amenability, property
(T), and so on) provides information about the spectral gap of certain convolution oper-
ators on Γ (or its homogeneous spaces), and this in turn provides (via Cheeger inequal-
ities) bounds on the expansion constants of related graphs or quantum channels.

This chapter aims to develop the representation-theoretic tools for constructing gen-
eral quantum expanders. Discrete quantum groups and their representations can be
used to construct more general examples of bistochastic quantum channels (cf. Section
5.2.4), which, in contrast to quantum channels coming from groups, are often not mixed
unitary. Since property (T) makes sense for discrete quantum groups (cf. Section 5.2.3),
it is natural to ask if Margulis’ construction is possible in the quantum setting. We show
that this is indeed the case.

More precisely, we are able to construct quantum expanders from discrete quantum
groups with property (T) in two ways. First, we extend the construction of quantum
expanders by Harrow to obtain the following result (see Theorem 5.3.7 for the precise
formulation):

Theorem 5.A. Let Γ be an infinite property (T) discrete quantum group with fixed sym-
metric Kazhdan pair (E ,ε) ∈ Irred(G)×R>0, where Irred(G) denotes the set of equivalence
classes of irreducible unitary representations of the compact quantum group G dual to Γ.
Let (Ui )i∈N be a sequence of finite-dimensional irreducible unitary representations of Γ in
Mni (C) with limi→∞ ni =∞. Then one can construct a family of bistochastic quantum
channels F = (Ψi : Mni (C) → Mni (C))i∈N which is a bounded degree quantum expander
family with quantum edge expansion

hQ (F ) := inf
i∈N

hQ (Ψi ) ≥ K ε2,

where K = (4
∑

x∈E dim x)−1.

When Γ is a classical discrete group, we have dim x = 1 for all x ∈ Irred(G), giving
K = 1

4|E | , which is the familiar constant appearing in previous constructions of expander
graphs using property (T) groups. When Γ is a genuine discrete quantum group (i.e.,
not actually a group), the resulting family of expanders F appearing above has the in-
teresting feature that it may no longer be of mixed unitary type. Thus Theorem A can
be seen as means to construct explicit quantum expanders of a rather different flavour
than those currently existing in the literature. We use Theorem A to construct and ex-
amine quantum expanders arising from compact bicrossed product quantum groups in
Section 5.4.

In recent years, a theory of (finite) quantum graphs has emerged, based on the no-
tion of a quantum adjacency matrix [MRV18; Was23; Daw24]. The fundamental idea is to
consider a non-commutative vertex set modelled by a finite dimensional von Neumann
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algebra M , equipped with a completely positive linear map A : M →M satisfying a cer-
tain Schur-idempotency condition. The pair (M , A) is then called a quantum graph. We
review these ideas in Section 5.2.2. From the quantum adjacency matrix view on quan-
tum graphs, notions like regularity, connectedness, and spectral gap all have natural
generalisations. The study of quantum expanders from the perspective of quantum ad-
jacency matrices has yet to be studied in any detail in the literature, and we provide some
first contributions in this direction. First, we show that the commonly used notions of
degree ( = the Kraus rank) for bistochastic quantum channels on Mn(C) and for quantum
adjacency matrices on Mn(C) agree (Proposition 5.2.22). Next, using Wasilewski’s recent
formulation of quantum Cayley graphs using quantum adjacency matrices [Was23] and
the notion of a coideal in a discrete quantum group, we formulate a natural notion of a
quantum Schreier graph. We then use these ideas to prove Theorem 5.5.7, which can be
regarded as a more direct generalisation of Margulis’ original construction of expander
graphs as Schreier coset graphs:

Theorem 5.B. Let Γ be an infinite property (T) discrete quantum group with symmetric
Kazhdan pair (E ,ε). Denote by A : ℓ∞(Γ) → ℓ∞(Γ) the convolution operator Ax = pE ⋆ x,
(x ∈ ℓ∞(Γ)), describing the quantum Cayley graph C (Γ,E), where pE is the central projec-
tion associated to E. For each i ∈N, let Mi ⊂ ℓ∞(Γ) be a finite-dimensional coideal, and
assume moreover limi→∞ dim(Mi ) =∞. Then the family (Mi , A|Mi ) of quantum Schreier
graphs forms a quantum expander family of bounded degree.

As we explain in Section 5.5, when Γ is classical, our quantum Schreier graphs are in
one-to-one correspondence with the finite Schreier coset graphs of G, recovering Mar-
gulis’ result. In the quantum case, this will generally yield quantum expander graphs
over multimatrix algebras.

The remainder of the chapter is organised as follows: Section 5.2 contains a detailed
discussion of classical expander graphs, Cheeger inequalities, and their quantisations.
We also provide a detailed recap of the relevant facts about quantum groups, their asso-
ciated quantum channels, and property (T) in Section 5.2.3. Section 5.3 is dedicated to
proving Theorem 5.A, while Section 5.4 applies these results to examples coming from
bicrossed products. Section 5.5 is then dedicated to introducing the notion of a quan-
tum Schreier graph, and proving Theorem 5.B. Finally, we conclude the chapter with a
brief discussion and outlook for future work in Section 5.6.

5.2. PRELIMINARIES

5.2.1. CLASSICAL EXPANDERS
In this section, we recall the definition of a (classical) expander graph, and outline the
construction of an expander family from a property (T) group due to Margulis [Mar73].
Our main reference for this section is the book of Kowalski [Kow19].

EXPANDER GRAPHS

Definition 5.2.1. A (simple undirected loop-free) graph is a pair of sets G = (V ,E), where
V is the set of vertices and E is the set of edges, corresponding to pairs of distinct ele-
ments from V . We assume V is finite unless otherwise specified. For a graph G , we use
the following notation:
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• The neighbourhood of a vertex v ∈V is N (v) = {u ∈V | {u, v} ∈ E }.

• We say G is d-regular if |N (v)| = d for all v ∈V .

• Given subsets X , Y ⊂ V , write E(X ,Y ) = {
{x, y} ∈ E

∣∣ x ∈ X , y ∈ Y
}

for the set of
edges between X and Y .

• The adjacency matrix, written A(G), is the |V |× |V | matrix with entries labelled by
pairs of vertices such that A(G)x,y = 1 if and only if {x, y} ∈ E and 0 otherwise.

Definition 5.2.2. The expansion constant (or Cheeger constant) of a graph G is

h(G) = min

{ |E(U ,V \U )|
min{|U |, |V \U |}

∣∣∣∣ ∅⊊U ⊊V

}
.

Note that we have to restrict to connected graphs for this to be non-zero: the expan-
sion constant of any disconnected graph is 0.

The expansion constant is closely related to the spectral gap of the adjacency matrix
of the graph. This relationship gives an important tool for studying expansion proper-
ties. First, note that if G is d-regular, then the largest eigenvalue of A(G) is d , and if G is
connected, the multiplicity of this eigenvalue is 1. Denote the second-largest eigenvalue
of A(G) by λ2(G). Then, the spectral gap is d −λ2(G), which relates to h(G) as follows.

Theorem 5.2.3 (Discrete Cheeger inequalities [Dod84; AM85]). Let G be a connected d-
regular graph. Then,

1

2
(d −λ2(G)) ≤ h(G) ≤

√
2d(d −λ2(G)).

There is a slightly stronger form of the upper bound, given by
√

d 2 −λ2(G)2 due
to [Moh89]. See [Kow19] for extensions of these inequalities to non-regular graphs.

Definition 5.2.4. Let η > 0 and d ∈ N. We say a graph G is a (d ,η)-expander if it is d-
regular and h(G) ≥ η. A (d ,η)-expander family is a sequence (Gn) of d-regular graphs
such that |Gn |→∞ and h(Gn) ≥ η.

An important use of expanders is in expander random walk sampling. Informally, a
random walk on an expander graph reaches any vertex in the graph very quickly. One
application of this is to reduce the amount of randomness needed to take an average
of a function over the vertices, by taking the average over a short random walk [AKS87].
See [Gil98] for the formal statement and a full proof. Importantly for our context, in the
random walk picture, a d-regular graph G gives rise to a bistochastic matrix d−1 A(G),
which is the description which quantises most naturally.

PROPERTY ( T) GROUPS AND EXPANDERS

A natural way to construct examples of regular graphs is from groups.

Definition 5.2.5. Let Γ be a finitely-generated group with a generating set S that is sym-
metric, i.e. S−1 = S. The Cayley graph of Γ with respect to S is the graph C (Γ,S) = (Γ,E)
with E = {

{g , g s}
∣∣ g ∈ Γ, s ∈ S

}
.
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Note that C (Γ,S) is finite if Γ is finite and is infinite for infinite finitely-generated
groups. Also, the Cayley graph can be defined with respect to an arbitrary set S, but if it
is not a generating set, C (Γ,S) will not be connected. As will be noted below for quotient
spaces, the notion of a Cayley graph can be extended to sets on which Γ acts.

The Margulis construction of expanders [Mar73; Lub10] relies on a group with Kazh-
dan’s property (T). We give only the definition for discrete groups here, as this is relevant
to our situation.

Definition 5.2.6. Let Γ be a discrete group andπ : Γ→ B(H ) be a unitary representation.
For a finite set S ⊂ Γ and ε> 0, we say that v ∈H \{0} is an (S,ε)-invariant vector for π if
∥π(g )v − v∥ < ε∥v∥ for all g ∈ S.

We say Γ has property (T) if for every unitary representation π on a Hilbert space H

such that there exists an (S,ε)-invariant vector for all finite sets S ⊂ Γ and ε > 0, there
exists an invariant vector v ∈H \{0}, that is π(g )v = v for all g ∈ Γ.

Property (T) is equivalent to the existence of a Kazhdan pair: a fixed pair (S,ε) with S
a finite symmetric generating set, and ε > 0 such that if a unitary representation has an
(S,ε)-invariant vector, then it has an invariant vector.

We now state the main result of Margulis.

Theorem 5.2.7 (Margulis [Mar73]). Let Γ be a discrete group with property (T), and let
(S,ε) be a Kazhdan pair for Γ such that S is a generating set. For any subgroup of finite
index H ≤ Γ,

h(C (Γ/H ,S)) ≥ ε2

4
.

In the above theorem, C (Γ/H ,S) denotes the induced Schreier coset graph on the
quotient space Γ/H . The vertices are given by the cosets {g H
mi d g ∈ Γ} = Γ/H , and the edges are given by

E = {
{g H , sg H }

∣∣ s ∈ S
}

.

Hence, this construction gives rise to an (|S|,4−1ε2)-expander, and if Γ has a sequence of
subgroups with arbitrarily large finite index, then the construction gives an (|S|,4−1ε2)-
expander family.

Example 5.2.8. The group Γ= SL3(Z) has property (T), and admits a Kazhdan pair (S,ε),
where S = {

I ±ei j
∣∣ i ̸= j

}
, for ei j the canonical matrix units, and ε = (42

p
3+ 860)−1 >

0.001 [Sha99; Kas05]. Also, by taking the quotients SL3(Z) → SL3(Zp ) for p prime we get
an infinite sequence of quotient groups of strictly increasing order. Thus, by the theorem
above, we get a (12,0.25×10−6)-expander family.

In Section 5.5 we extend Margulis’ theorem to the setting of discrete quantum groups
(cf. Theorem 5.5.7).

5.2.2. QUANTUM EXPANDERS
In this section, we define what we mean by a quantum expander and recall the con-
struction of Harrow [Har08] that allows us to construct a quantum expander from a clas-
sical expander constructed from a finite group, as in the previous section. In Section 5.3
we generalise this class of quantum expanders to those arising from discrete quantum
groups.



5

142 5. QUANTUM EXPANDERS AND PROPERTY ( T) DISCRETE QUANTUM GROUPS

QUANTUM BISTOCHASTIC MAPS

The notion of a quantum expander was first introduced in [Has07a]. There are two dif-
ferent ways that quantum expanders are represented in the literature: they can be rep-
resented as tuples of operators, as in [Has07a; Has07b; Li+25], or they can be represented
as quantum channels, as in [Har08]. We use the latter definition, as all of the spectral and
expansion properties are most readily phrased in this setting, and it naturally generalises
the presentation of an expander graph as a bistochastic matrix.

Definition 5.2.9. Let K be a finite-dimensional Hilbert space. We call a linear map
Φ : B(K ) → B(K ) a quantum bistochastic map if it is unital, completely positive and
trace-preserving. We say Φ is undirected if it is hermitian with respect to the Hilbert-
Schmidt inner product. We sayΦ is connected if its 1-eigenspace is one-dimensional.

Example 5.2.10 ([Li+25]). Given a d-regular graph G = (V ,E), there is a natural way to
construct a quantum bistochastic map from it. First, we construct a family of disjoint
vertex cycle covers for G inductively. Pick an arbitrary vertex cycle cover G1 of G , that is a
2-regular subgraph that contains all the vertices of G . It must be composed of a disjoint
union of cycles. Now, remove the edges of G1 from G , giving a d −2-regular graph. We
repeat this process ⌊d/2⌋ times to get disjoint cycle covers G1, . . . , G⌊d/2⌋. If d is even,
there are no remaining edges. If d is odd, the remaining graph is 1-regular, consisting
of a disjoint union of pairs of vertices with one edge between them. Let this graph be
G ′. For each i , we can write the adjacency matrix A(Gi ) = P2i−1 +P2i , where P2i−1 is a
permutation matrix corresponding to traversing the cycles in one direction, and P2i =
P∗

2i−1 is the permutation matrix corresponding to travelling in the other direction. In the
case that d is odd, let Pd = A(G ′): this is a hermitian permutation matrix. Now, we can
define the mapΦG : B(CV ) → B(CV ) by

ΦG (ρ) = 1

d

d∑
i=1

PiρP∗
i

Note that this map is not uniquely determined by G but depends on the choice of per-
mutations Pi , which are not uniquely determined by the above procedure. By construc-
tion,ΦG is a completely positive linear map, and as the permutation matrices are unitary,
this is also a mixed-unitary channel, and hence both trace-preserving and unital. Thus,
ΦG is a quantum bistochastic map.

Also, we see that the action ofΦG on the diagonal subspace D = span{|x〉〈x| | x ∈V } ∼=
CV is exactly the action of the normalised adjacency matrix d−1 A(G) on CV (where CV

is identified with the diagonal subalgebra of B(CV )). In fact,

ΦG (|x〉〈x|) = 1

d

d∑
i=1

Pi |x〉〈x|P∗
i = 1

d

∑
y∈N (x)

|y〉〈y | .

Next, we see that ΦG is undirected. For i = 1, . . . , ⌊d/2⌋, P∗
2i−1 = P2i and if d is odd,

P∗
d = Pd , soΦG is hermitian.

However, note that ΦG may not be connected even if G is. For example, consider the
graph G with two vertices and one edge connecting them. Then, the adjacency matrix

equals A(G) =
(
0 1
1 0

)
. As such,ΦG (ρ) = A(G)ρA(G), whose 1-eigenspace is span{I , A(G)}
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and hence has dimension two. Nevertheless, as will be seen in the next subsection, if we
see the Pi as corresponding to the generators of a group in the left-regular representa-
tion, we can restrict to a block corresponding to an irreducible representation and hence
recover connectedness (and expansion).

We now come to a natural notion of expansion constant for quantum bistochastic
maps introduced in [Has07b]. See also [Li+25].

Definition 5.2.11. The quantum (edge) expansion of a quantum bistochastic map Φ :
B(K ) → B(K ) is

hQ (Φ) = min

{
Tr((I −Π)Φ(Π))

min{Tr(Π),Tr(I −Π)}

∣∣∣∣Π ∈ B(K ) projection, Π ̸= 0, I

}
.

Remark 5.2.12. One can make sense of the above definition of expansion in the setting of
a finite von Neumann algebra M equipped with a faithful normal tracial state τ : M →C,
and a τ-preserving completely positive map Φ : M → M . In this case, τ replaces the
usual trace Tr in Definition 5.2.11. The advantage of this more general setup is that it
also captures the classical notion of expansion for d-regular graphs G = (V ,E), where
one takes M =C (V ) (the algebra of functions on V ) and τ the uniform probability on V .
See the discussion in [Has07b] for more details.

Note that, as for a classical graph, there is nontrivial expansion only if the map is
connected, according to our definition of connectedness.

Lemma 5.2.13. If a quantum bistochastic mapΦ is not connected, hQ (Φ) = 0.

Proof. First, note that I is an eigenvector of Φ with eigenvalue 1. If the dimension of the
1-eigenspace is not one, there exists a hermitian matrix X such that Φ(X ) = X , as Φ is
hermitian-preserving. Thus, taking a linear combination of I and X , there is a positive
matrix P that is not full rank such thatΦ(P ) = P . LetΠ be the projection onto the support
of P . Then there existλ, µ> 0 such thatλΠ≤ P ≤µΠ. As such,Φ(Π) ≤ 1

λΦ(P ) = 1
λP ≤ µ

λΠ,
giving that Tr((I −Π)Φ(Π)) ≤ µ

λ Tr((I −Π)Π) = 0 and hence hQ (Φ) = 0.

The notion of expansion above gives rise to a natural analogue of the Cheeger in-
equalities. As seen classically in the previous section, there is a relationship between the
second-largest eigenvalue λ2(Φ) and the quantum expansion.

Theorem 5.2.14 ([Has07b]). Let Φ : B(H ) → B(H ) be a connected undirected quantum
bistochastic map. Then,

1

2
(1−λ2(Φ)) ≤ hQ (Φ) ≤

√
2(1−λ2(Φ)).

Note that the statement of the above theorem differs by a factor of d from Theorem
5.2.3, the case of classical graphs. This is because hQ (Φ) is defined for the quantum
analogue of the bistochastic matrix d−1 A(G), and not for the adjacency matrix A(G).

In order to properly speak about expanders in the quantum setting, we must first
have a good notion of degree for a quantum bistochastic map. Let K be a finite dimen-
sional Hilbert space and Φ : B(K ) → B(K ) be a quantum channel. Let {Ki }d

i=1 ⊂ B(K )
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be a family of Kraus operators forΦ. That is, Φ can be represented as

Φ(ρ) =
d∑

i=1
KiρK ∗

i .

The minimal size 1 ≤ d ≤ (dimK )2 of a family of Kraus operators representingΦ is called
the Kraus rank of Φ. Note that the Kraus rank of Φ is the rank of the Choi matrix CΦ =∑

i j ei j ⊗Φ(ei j ) ∈ B(K )⊗B(K ). Following [Har08; LY24; Li+25], we make the following
definition.

Definition 5.2.15. The degree of quantum bistochastic mapΦ : B(K ) → B(K ), degΦ, is
defined to be the Kraus rank ofΦ.

Note that for classical d-regular graphs G , the somewhat complicated extension of
d−1 A(G) to a quantum bistochastic mapΦG in Example 5.2.10 has the nice property that
it is degree-preserving. On the other hand, the “canonical” extension of d−1 A(G) to a dif-
ferent quantum bistochastic map Φ̃G by using the Kraus operators

{
d−1/2ei j

∣∣ {i , j } ∈ E
}

is not degree-preserving.
With the notion of degree in hand, we can finally define quantum expanders (also

called quantum edge expanders).

Definition 5.2.16. Let η> 0 and d ∈N. We say a quantum bistochastic mapΦ is a (d ,η)-
expander if degΦ = d and hQ (Φ) ≥ η. A (constant degree d) (d ,η)-expander family is a
sequenceΦn : B(Kn) → B(Kn) of(d ,η)-expanders such that dimKn →∞.

Remark 5.2.17. This definition extends the definition of a classical expander family when
one uses Example 5.2.10 to construct a family of quantum bistochastic maps on the cor-
responding function algebras. As discussed in the remark below Definition 5.2.11, the
notion of quantum edge expansion on function algebras equals the classical notion of
edge expansion.

QUANTUM ADJACENCY MATRICES

The above definition of degree for quantum bistochastic maps may seem somewhat un-
natural, given that it assigns a global degree d to every quantum bistochastic map Φ

(even those coming from non-regular graphs). Instead, one might try to restrict to a
special class of quantum bistochastic maps Φ which have the property that there exists
d > 0 such that dΦ is some sort of quantum analogue of a “{0, 1}-matrix”. This idea has
been formalised in [MRV18], and leads to the notion of a quantum graph and a quantum
adjacency matrix. See also [Daw24; Was23; CW22] for a treatment that is closer to ours
below. In the following definition, we restrict to what are called tracial quantum graphs,
as they are what will appear in all our examples.

Definition 5.2.18. [MRV18] Let M =⊕
a Mna (C) be a finite-dimensional von Neumann

algebra, let ψ : M → C be the faithful trace given by ψ = ∑
a na TrMna (C)(·), and let m :

M ⊗M →M denote the multiplication map. A completely positive map A : M →M is
called a quantum adjacency matrix if it satisfies

m(A⊗ A)m∗ = A,
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where m∗ : M →M ⊗M denotes the Hilbert space adjoint of m induced by the Hilbert
space structures coming from the traces ψ and ψ⊗ψ. The pair G = (M , A) is called a
quantum graph. We say that a quantum graph G = (M , A) is undirected if A is hermitian
with respect to the canonical Hilbert space structure on M induced by ψ.

When M is abelian, the above notions reduce to the usual ones for graphs and adja-
cency matrices. See the discussion in [MRV18; Daw24] for example

For quantum graphs G = (M , A), the notion of regularity is quite natural to define.

Definition 5.2.19. An undirected quantum graph G = (M , A) is d-regular if A1 = A∗1 =
d1 for some d > 0.

Remark 5.2.20. In [Was23] the definition of quantum graph is extended to the setting of
infinite-dimensional M being given by infinite direct products of matrix algebras. Here
the technical issue is that m∗ is unbounded, so care must be taken in interpreting the
definition of a quantum adjacency matrix. The theory of infinite quantum graphs is
important and quite natural as it naturally models the notion of a Cayley graph for an
infinite discrete quantum group [Was23]. This notion of quantum Cayley graph will be
introduced and used in Section 5.5.

Example 5.2.21. Consider the map ΦG constructed in Theorem 5.2.10 from a d-regular
graph. Set A = dΦG . Then the pair (B(CV ), A) is a d-regular quantum graph. Indeed,
using m∗(|u〉〈v |) = |V |−1 ∑

w∈V |u〉〈w |⊗ |w〉〈v |, we have

m ◦ (A⊗ A)◦m∗(|u〉〈v |) = |V |−1
∑

w,i , j
Pi |u〉〈w |P∗

i P j |w〉〈v |P∗
j

= |V |−1
∑
i , j

Tr(P∗
i P j )Pi |u〉〈v |P∗

j

= dΦG (|u〉〈v |)
= A(|u〉〈v |),

as Tr(P∗
i P j ) = |V |δi , j since the {Pi }i are disjoint permutations.

Note that if G = (M , A) is a d-regular quantum graph, then Φ = d−1 A will define a
quantum bistochastic map on M . When M = B(K ) is a full matrix algebra, one can ask
whether the two notions of degree we have introduced agree. Fortunately they do, and
this is the next result.

Proposition 5.2.22. A completely positive map A : B(K ) → B(K ) is a quantum adja-
cency matrix if and only if the normalised Choi matrix

P A := 1

dimK

∑
i j

ei j ⊗ A(ei j )

is a projection. If (B(K ), A) is moreover a d-regular quantum graph, then

d = rank(P A) = the Kraus rank of A.
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Proof. The first claim is a well-known fact about quantum graphs on full matrix algebras.
See for example [CW22, Lemma 1.6 and Proposition 1.7]. The second claim is just a
computation. Indeed, if A1 = d1, then

Kraus rank of A = rank(P A)

= (Tr⊗Tr)(P A)

= 1

dimK

∑
i

Tr(A(ei i ))

= d

In particular, for regular quantum graphs (B(K ), A) over full matrix algebras, the de-
gree d is an integer between 1 and (dimK )2, and it is easy to see that every value of d in
this range is attained, for example by taking Φ to be the mixed-unitary channel corres-
ponding to an equal mixture of d orthogonal unitaries.

It is important to note that for general quantum graphs, G = (M , A) there does not
seem to exist a definition of the expansion constant hQ (G) (although a natural one is
implicit in our discussion above - see the Remark following Definition 5.2.11.) More im-
portantly, a version of the Cheeger inequality Theorem 5.2.14 beyond the case of matri-
cial quantum graphs (i.e., those with M = B(K ) - which are already covered by Theorem
5.2.14) does not exist. A general version of the Cheeger inequality for (even non-tracial)
quantum graphs has recently been announced in forthcoming work of Junk [Jun24]. In
any case, even without expansion constants and Cheeger inequalities, we can still talk
about spectral gap for the bistochastic map Φ = d−1 A associated to a d-regular quan-
tum G = (M , A), and use this spectral gap to define (d ,η)-expanders in this case. This
is what we shall do in Section 5.5, where we consider quantum analogues of Schreier
graphs associated to quantum Cayley graphs of discrete quantum groups.

QUANTUM EXPANDERS FROM CLASSICAL EXPANDERS

In this final section, we recall the construction of a quantum expander based on a finite
group due to Harrow [Har08].

Proposition 5.2.23 ([Har08]). Let Γ be a finite group with symmetric generating set S, and
let π : Γ→ U (H ) be a nontrivial irreducible unitary representation. Then, the quantum
channel

Φ(σ) = 1

|S|
∑
g∈S

π(g )σπ(g )∗

is a connected undirected quantum bistochastic map such that λ2(Φ) ≤ |S|−1λ2(C (Γ,S)).

We outline the idea of the proof below, as it contains many of the key conceptual
ideas that will be used throughout the rest of the chapter. Note that the adjacency mat-
rix of the Cayley graph C (Γ,S), when viewed as an operator on the Hilbert space ℓ2(Γ),
is given by

∑
g∈S λ(g ), where λ is the left-regular representation. The left-regular rep-

resentation decomposes as a direct sum of all irreducible representations with multipli-
city given by the dimension. Hence the trivial representation g 7→ 1 corresponds to the
one-dimensional 1-eigenspace of the normalised adjacency matrix, and for any non-
trivial unitary irreducible representation ρ, the largest eigenvalue of

∑
g∈S ρ(g ) is upper-

bounded by λ2(C (Γ,S)). Then, the matrix representation ofΦ (viewed as a Hilbert space
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operator on B(H ) ∼= H ⊗H̄ ), is given by |S|−1 ∑
g∈S π(g )⊗π(g ). Representation theory

then tells us that this operator can be decomposed as a direct sum of blocks of the form∑
g∈S ρ(g ) for irreducible ρ, and there is only a single one-dimensional block in this de-

composition corresponding to the trivial representation. Hence, we get the bound on
the second-largest eigenvalue.

5.2.3. QUANTUM GROUPS

This section recalls some well known facts about quantum groups based on notes by
Maes and Van Daele [MvD98], adjusting the notation to be more in line with recent
papers [Fim10; Was23]. See also the book [NT13] for many of the results stated below
without proof. We will focus on compact quantum groups, discrete quantum groups,
the duality between them and their representations, and end the section with the defin-
ition of property (T) for discrete quantum groups due to Fima [Fim10].

COMPACT QUANTUM GROUPS

Definition 5.2.24. A compact quantum group G is a pair (A ,∆) of a unital C*-algebra A

and a ∗-homomorphism ∆ : A →A ⊗min A , called the comultiplication, satisfying

(a) (id⊗∆)◦∆= (∆⊗ id)◦∆,

(b) The sets (A ⊗1)∆(A ) and (1⊗A )∆(A ) are linearly dense in A ⊗min A .

In the following, the algebra A will be denoted by C (G) as it generalises the continu-
ous functions on a compact group G . In this classical case, ∆ : C (G) →C (G)⊗min C (G) =
C (G ×G) is given by ∆ f (s, t ) = f (st ) for f ∈ C (G) and s, t ∈ G . Then properties (a) and
(b) for∆ are just reformulations of the associativity and left/right cancellation properties
(respectively), which completely characterise continuous group laws on compact Haus-
dorff spaces.

Any compact quantum group admits an analogue of the unique Haar probability
measure. See for example [NT13, Theorem 1.2.1].

Theorem 5.2.25. For any compact quantum group G, there exists a unique state h :
C (G) →C, called the Haar state, satisfying

(id⊗h)(∆(a)) = h(a)1 = (h ⊗ id)(∆(a))

for all a ∈C (G).

If the Haar state is tracial, then the compact quantum group is said to be of Kac type.
Two notions of representation will play a role in this chapter. The first is the usual no-

tion of a (continuous) unitary representation derived from the theory of locally compact
groups. The second one corresponds to ordinary ∗-representations of the C*-algebra
C (G). These two notions of representation are dual to each other in the sense of Pontry-
agin duality, as formulated in Proposition 5.2.31. Below we will make use of the leg num-
bering notation, and denote by B0(H ) the C*-algebra of compact operators on a Hilbert
space H .
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Definition 5.2.26. A unitary representation of G on a Hilbert space H is a unitary ele-
ment u ∈ M(B0(H )⊗C (G)) such that

(id⊗∆)(u) = u12u13,

where M(A ) denotes the C*-algebra of multipliers of a given C*-algebra A . A closed
subspace K ⊂H is called invariant if (p⊗1)u(p⊗1) = u(p⊗1), where p is the orthogonal
projection onto K . A representation u is called irreducible if the only invariant closed
subspaces are {0} and H .

The next definition is not standard, but it is a useful concept nonetheless. Note that
transpose maps with respect to different bases are related by unitary conjugation, so the
definition is well-defined.

Definition 5.2.27. Let T : B(H ) → B(H ) be the transpose map with respect to an or-
thonormal basis. A unitary representation u of a compact quantum group G on a finite-
dimensional Hilbert space H is called a bi-unitary representation if (T ⊗ id)(u) is also
unitary.

As with groups, there is a concept of intertwiners for compact quantum groups and
a version of Schur’s lemma (Lemma 5.2.30).

Definition 5.2.28. Let v, w be unitary representations of a compact quantum group
G on H1 and H2, respectively. An intertwiner between v and w is an element S ∈
B(H1,H2) such that (S ⊗ 1)v = w(S ⊗ 1). Two unitary representations are called unit-
arily equivalent if there exists a intertwiner between them that is unitary. The space of
intertwiners from u to v is denoted Mor(u, v).

Notation 5.2.29. Irred(G) denotes the equivalence classes of irreducible (unitary) repres-
entations of G. For any x ∈ Irred(G) we fix a representative ux on Hilbert space Hx .

Lemma 5.2.30. A unitary representation u is irreducible if and only if all intertwiners
between u and itself are scalar multiples of the identity.

Denote by O (G) the vector space spanned by the matrix coefficients of the irreducible
representations of G, i.e.

O (G) = span{ux
ξ,η = (ωξ,η⊗ id)ux | x ∈ Irred(G), ξ,η ∈Hx } ⊂C (G),

where ωξ,η(a) = 〈ξ|a|η〉 for a ∈ B(Hx ). O (G) is a dense unital ∗-algebra of C (G), and
the comultiplication ∆ restricts to a unital ∗-homomorphism ∆ : O (G) → O (G)⊗O (G),
turning O (G) into a Hopf ∗-algebra. The fact that O (G) is a ∗-algebra follows from the ex-
istence of the tensor product, contragredient, and complete reducibility of finite dimen-
sional representations. It turns out that O (G) is the unique dense Hopf ∗-subalgebra of
C (G).

Since O (G) is spanned by coefficients of unitary operators, it admits a universal C*-
completion, denoted by C (Gmax). The comultiplication ∆ extends continuously to a
comultiplication ∆max on C (Gmax), making the pair (C (Gmax),∆max) a compact quan-
tum group, called the maximal version of G. The Haar measure h restricts to a faithful
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state on O (G), and the resulting C*-completion of O (G) obtained by performing the GNS
construction with respect to h is denoted by C (Gmin). The comultiplication ∆ on O (G)
extends continuously to a comultiplication ∆min on C (Gmin), and the resulting compact
quantum group is called the minimal (or reduced) version of G.

For any initial C*-realisation (C (G),∆) of a compact quantum group G, one has quo-
tient maps

C (Gmax) →C (G) →C (Gmin)

extending the identity map on O (G) and intertwining the comultiplications. Since O (G)
is uniquely determined by any of these C*-completions and conversely any of these C*-
completions can be recovered from O (G), they are all just different C*-algebraic mani-
festations of a single compact quantum group structure G. This is analogous to the fact
that a discrete group Γ can be encoded C*-algebraically in more than one way (e.g. via
its full C*-algebra C∗(Γ), or its reduced C*-algebra C∗

r (Γ)).

DISCRETE QUANTUM GROUPS, DUALITY, AND PROPERTY ( T)
Discrete quantum groups can be defined axiomatically using the language of multiplier
Hopf∗-algebras [VDa96], or equivalently as structures dual to compact quantum groups.
We follow the latter approach, as it best suits our needs.

Let G be a compact quantum group. Associated to G, we define the C*-algebra

C0(Ĝ) =
c0⊕

x∈Irred(G)
B(Hx )

and the von Neumann algebra

ℓ∞(Ĝ) =
ℓ∞∏

x∈Irred(G)
B(Hx )

as the norm and weak* closure of the algebraic direct sum

⊕
x∈Irred(G)

=
{

n∑
i=1

ai

∣∣∣∣∣ xi ∈ Irred(G), ai ∈ B(Hxi )

}
,

respectively. For x ∈ Irred(G), the minimal central projection associated to B(Hx ) ⊂
C0(Ĝ) ⊂ ℓ∞(Ĝ) is denoted by px . More generally, for E ⊂ Irred(G), we write pE =∑

x∈E px ,
with the sum converging σ-weakly in ℓ∞(Ĝ). We also denote by Trx the canonical
un-normalised trace on B(Hx ), dim x = Trx (1) = dimHx , and dimE = ∑

x∈E dim x for
any subset E ⊂ Irred(G). At times, we will also work with C00(Ĝ) ⊂ C0(Ĝ), the dense
∗-subalgebra of finitely supported elements.

There exists a normal injective co-associative ∗-homomorphism ∆̂ from ℓ∞(Ĝ) to
ℓ∞(Ĝ)⊗ℓ∞(Ĝ) given by ∆̂(apx )S = Sapx for all a ∈ ℓ∞(Ĝ), S ∈ Mor(ux ,uy ⊗uz ), x, y, z ∈
Irred(G). Equivalently, ∆̂ can be defined in terms of the unitary

V = ⊕
x∈Irred(G)

ux ∈ M(C0(Ĝ)⊗C (Gmax)).

Then ∆̂ is uniquely determined by the identity

(∆̂⊗ id)V = V13V23.
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Although we will have little need for them here, we mention that ℓ∞(Ĝ) comes equipped
with left and right invariant weights, ĥL and ĥR , satisfying the formal identities

(ĥR ⊗ id)∆̂(a) = ĥR (a)1 & (id⊗ ĥL)∆̂(a) = ĥL(a)1 (a ∈ ℓ∞(Ĝ)).

The quadruple Γ= Ĝ = (ℓ∞(Ĝ),∆̂, ĥL , ĥR ) is the discrete quantum group dual to G. We
also denote by ℓ1(Ĝ) = (ℓ∞(Ĝ))∗, the predual of ℓ∞(Ĝ). ℓ1(Ĝ) is a completely contractive
Banach algebra with convolution product given by

ψ⋆ϕ= (ψ⊗ϕ)◦ ∆̂ (ψ,ϕ ∈ ℓ1(Ĝ)).

A unitary representation of Ĝ on a Hilbert space H is a unitary U ∈ M(C0(Ĝ)⊗B0(H ))
such that

(∆̂⊗ id)(U ) =U13U23.

A closed subspace K ⊂ H is called invariant if (1⊗ p)U (1⊗ 1) = U (1⊗ p), where p is
the orthogonal projection onto K . A representation u is called irreducible if the only
invariant closed subspaces are {0} and H .

By faithfully representing C (Gmax) on a Hilbert space H , one can regard the unitary
V defined above is a special example of a unitary representation of Ĝ. V is a multiplicative
unitary in the sense of [BS93].

For a discrete quantum group Ĝ, one can also define co-unit and (generally unboun-
ded) antipode maps. The co-unit is the normal state ε̂ : ℓ∞(Ĝ) →C given by ε̂(x) = xp0,
where p0 is the rank one central projection corresponding to the trivial representation
of G. For our purposes, it suffices to densely define the antipode Ŝ : ℓ∞(Ĝ) → ℓ∞(Ĝ) by
(Ŝ ⊗ id)U =U∗ for any unitary representation of Ĝ.

As one would expect, unitary representations of a discrete quantum group Ĝ are in
one-to-one correspondence with ∗-representations of the C*-algebra of the dual com-
pact quantum group G, and vice versa. This duality is encoded precisely in terms of the
multiplicative unitary V .

Proposition 5.2.31. For any unitary representation U of Ĝ on H there exists a unique ∗-
homomorphism π : C (Gmax) → H such that (id⊗π)(V ) =U . Conversely, for any unitary
representation u of G on H there exists a unique ∗-homomorphism ρ : ℓ∞(Ĝ) → B(H )
such that (ρ⊗ id)(V ) = u.

Just as for compact quantum groups, we can introduce the notion of an intertwiners
for unitary representations of discrete quantum groups. Let U1,U2 be unitary represent-
ations on H1 and H2, respectively. An intertwiner between U1 and U2 is an element
S ∈ B(H1,H2) such that (1 ⊗ S)U1 = U2(1 ⊗ S). Schur’s lemma also holds in the dis-
crete quantum group case: A unitary representation U is irreducible if and only if all
intertwiners between U and itself are scalar multiples of the identity (see for example
[Des03]).

We conclude this recap of quantum groups by giving the definitions of property
(T) and Kazhdan pairs for discrete quantum groups, which were introduced by Fima
[Fim10]. For a unitary representation U of a discrete quantum group Ĝ on H , we write
U x for Upx as element of B(Hx )⊗B(H ). Below, in the quantum case, we deviate slightly
from our previous notation (S,ε) for Kazhdan pairs, and instead write (E ,ε). This is to
avoid possible confusion with the antipodes S and Ŝ.
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Definition 5.2.32. Let Ĝ be a discrete quantum group and U a unitary representation of
Ĝ on H .

• We say that U has an invariant vector if there exists a unit vector ξ ∈ H such that
for all x ∈ Irred(G) and η ∈Hx , we have that

U x (η⊗ξ) = η⊗ξ.

• Let E ⊂ Irred(G) be a finite subset and ε> 0. We say that U has an (E ,ε)-invariant
vector if there exists a unit vector ξ ∈H such that for all x ∈ E and η ∈Hx we have
that

∥U xη⊗ξ−η⊗ξ∥ < ε∥η∥.

• We say that U has almost invariant vectors if, for all finite E ⊂ Irred(G) and all ε> 0,
U has an (E ,ε)-invariant vector.

• We say that Ĝ has property (T) if every unitary representation of Ĝ having almost
invariant vectors has a non-zero invariant vector.

• A pair (E ,ε), where E ⊂ Irred(G) is finite and ε> 0 is called a Kazhdan pair if every
unitary representation of Ĝ having an (E ,ε)-invariant vector also has a non-zero
invariant vector.

As shown in [Fim10], discrete quantum groups with property (T) are unimodular
and finitely generated. Here unimodular means that the Haar measure h on G is a tracial
state. Equivalently, unimodularity is characterised at the level of Ĝ by the equality of the
left and right Haar weights. In this case, the Haar weight ĥ = ĥL = ĥR is the semifinite
trace given by

ĥ(apx ) = dim x Trx (apx ) (x ∈ Irred(G), a ∈ ℓ∞(Ĝ)).

A discrete quantum group Ĝ is unimodular if and only if O (G) is finitely generated as
a ∗-algebra. Equivalently, there exists a finite subset E ⊂ Irred(G) containing the trivial
representation such that any finite dimensional unitary representation of G is generated
by E by taking direct sums, tensor products and subrepresentations. Such a set E is called
a generating set for Ĝ.

As is in the case of ordinary discrete groups, discrete quantum groups with property
(T) always admit a Kazhdan pair.

Proposition 5.2.33 ([Fim10]). A discrete quantum group Ĝ has property (T) if and only if
there exists a finite generating set E ⊂ Irred(G) and an ε > 0 such that (E ,ε) is a Kazhdan
pair.

A consequence of unimodularity for property (T) discrete quantum groups is the bi-
unitarity of all finite-dimensional unitary representations of the compact dual quantum
group.

Proposition 5.2.34. Let G be a compact quantum group such that the Haar measure is a
tracial state. Then all unitary representations of G are bi-unitary.
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Proof. Let u =∑
i j ei j⊗ui j ∈ Mn(C)⊗O (G) be a finite dimensional unitary representation

of G, and let T be the transpose map on Mn(C). Put v = (T ⊗ id)(u∗) =∑
i j ei j ⊗u∗

i j . Then

v is a representation of G (the contragredient of u) and v is clearly unitary if and only if
(T ⊗ id)(u) is unitary.

On the other hand, by the proof of [MvD98, Proposition 6.4], R1/2vR−1/2 is unitary,
where R = (id⊗h)(v∗v). But using the fact that the Haar measure h is tracial, we obtain

R = (id⊗h)(v∗v) = ∑
i j k

ei j ⊗h(uki u∗
k j ) = ∑

i j k
ei j ⊗h(u∗

k j uki ) = (T ⊗h)(u∗u) = 1.

Corollary 5.2.35. Let G be a compact quantum group such that Ĝ has property (T). Then
all unitary representations of G are bi-unitary.

5.2.4. QUANTUM CHANNELS FROM QUANTUM GROUPS
As in the case of groups discussed in Section 5.2, quantum groups and their representa-
tions naturally give rise to interesting quantum channels. There are many ways in which
one can construct quantum channels of various flavours from these more general algeb-
raic structures – see for example [Ver22; BCLY20; CN13; LY22]. Here we will just intro-
duce the natural analogue of the mixed unitary channels associated to representations
of finite or discrete groups. We emphasise, however, that in this more general setup,
the resulting quantum channels are not necessarily mixed unitary. Below, we present
two constructions of quantum channels, from compact and discrete quantum groups,
and show that due to the duality these constructions are equivalent. Ultimately, we see
that the duality allows two perspectives on a class of channels, which can become useful
when studying examples.

We first begin with the construction of quantum channels from compact quantum
groups.

Proposition 5.2.36. Let G be a compact quantum group, u a finite-dimensional unitary
representation of G on a Hilbert space H , π a ∗-representation of C (Gmax) on a finite-
dimensional Hilbert space K , and ϕ a state on B(H ). Then Φ=Φu,ϕ,π : B(K ) → B(K ),
given by

Φ(x) = (ϕ⊗ id)
(
(id⊗π)(u)(1⊗x)(id⊗π)(u∗)

)
,

is a normal unital completely positive map. If u is a bi-unitary (e.g. if G is of Kac type
⇐⇒ Ĝ is unimodular), then Φ is trace-preserving.

Proof. The mapΦ is a composition of completely positive maps, so it is completely pos-
itive. Next,

Φ(1) = (ϕ⊗ id)
(
(id⊗π)(u)(1⊗1)(id⊗π)(u∗)

)= (ϕ⊗ id)
(
(id⊗π)(uu∗)

)= 1,

soΦ is unital. If u is bi-unitary, write u as u =∑
i j ei j ⊗ui j . Then

Tr(Φ(x)) = ∑
i j kl

ϕ(ei j el k )Tr(π(ui j )xπ(u∗
kl )) = ∑

i j k
ϕ(ei k )Tr(xπ(u∗

k j ui j )) =∑
i
ϕ(ei i )Tr(x),

showing thatΦ is trace-preserving, since ϕ is a state.
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One can equivalently describe the above class of UCP maps in terms of the dual dis-
crete quantum group. Let Γ = Ĝ be a discrete quantum group, U ∈ M(C0(Γ)⊗B0(K ))
a unitary representation of Γ on a finite dimensional Hilbert space K , and ψ ∈ ℓ1(Γ) a
normal state. Then it is easy to see thatΨ=Ψψ,U : B(K ) → B(K ), given by

Ψ(x) = (ψ⊗ id)(U (1⊗ x)U∗),

is a normal unital completely positive map.
In the next proposition, we will need the notion of a finitely supported element ψ ∈

ℓ1(Ĝ): There exists a finite rank central projection p ∈C00(Ĝ) such that ψ(xp) =ψ(x) for
all x ∈ ℓ∞(Ĝ)

Proposition 5.2.37. Let G be a compact quantum group. For every mapΦ=Φu,ϕ,π arising
in Proposition 5.2.36, there exists a finitely supported stateψ ∈ ℓ1(Ĝ) and a unitary repres-
entation U of Ĝ such thatΦ=Ψψ,U . Conversely, given a finitely supported state ψ ∈ ℓ1(Ĝ)
and a finite-dimensional unitary representation U of Ĝ on K , then the UCP map Ψψ,U :
B(K ) → B(K ) is given byΨψ,U =Φu,ϕ,π for some u, ϕ, π as in Proposition 5.2.36.

Proof. Let u, π, ϕ, and Φ be as in Proposition 5.2.36. By Proposition 5.2.31, U = (id⊗
π)(V ) is a unitary representation of Ĝ and there exists a (normal) *-homomorphism ρ :
ℓ∞(Ĝ) → B(H ) such that (ρ⊗ id)(V ) = u. Nowψ=ϕ◦ρ is a normal state in ℓ1(Ĝ) and we
find

Φ(x) = (ϕ⊗ id)
(
(ρ⊗π)(V )(1⊗x)(ρ⊗π)(V ∗)

)= (ψ⊗ id)(U (1⊗x)U∗) =Ψ(x).

Note thatψfinitely supported because it is supported on the central summands of ℓ∞(Ĝ)
associated to the irreducible subrepresentations of u.

Conversely, if we start with a pair {ψ,U } as in the statement of the proposition, we
obtain a unique morphism π : C (Gmax) → B(K ) from U via Pontryagin duality, and we
obtain a pair {ϕ,u} from the state ψ via the GNS representation. Note that the finite
support condition on ψ endures that u is a finite dimensional representation of G.

We end this section with a description of the fixed points of the UCP maps Ψψ,U for
the cases that will concern us. To do this, we recall a well-known result about fixed points
of quantum channels.

Theorem 5.2.38. [Wat18, Theorem 4.25] Let Φ : MN (C) → MN (C) be a unital CPTP map
with Kraus decompositionΦ(ρ) =∑

i KiρK ∗
i . The set of fixed points ofΦ is the commutant

of the Kraus operators {Ki }′.

Note that this result is independent of the choice of Kraus representation.
Now let Ĝ be a discrete quantum group with finite generating set E ⊂ Irred(G), and let

U ∈ M(C0(Ĝ)⊗B0(K )) a finite-dimensional representation. Let pE = ∑
x∈E px ∈ C00(Ĝ)

be the largest central projection supported on E , and let ψ ∈ ℓ1(Ĝ) be a state supported
on E . That is, ψ(pE x) =ψ(x) for all x ∈ ℓ∞(Ĝ).

In the following two results, we consider the associated normal UCP map Ψψ,U :
B(K ) → B(K ). This map should be interpreted as the quantum group generalisation
of the mixed unitary channel

ρ 7→ ∑
s∈E

ψ(s)π(s)ρπ(s)∗, (5.1)



5

154 5. QUANTUM EXPANDERS AND PROPERTY ( T) DISCRETE QUANTUM GROUPS

where ψ is some probability density supported on a generating set E of a group Γ.

Theorem 5.2.39. Assume that the restriction ofψ to pEℓ
∞(Ĝ)pE =⊕

s∈E B(H s ) is faithful
and that Ψψ,U is trace-preserving (which holds automatically if Ĝ is unimodular). Then
ρ ∈ B(K ) is a fixed point of Ψψ,U if and only if it is an intertwiner of U .

Proof. Let U s ∈ B(H s )⊗B(K ) denote the s-th component of U for s ∈ Irred(G). Also let
ψs be the restriction of ψ to B(H s ). Choosing appropriate bases of matrix units e s

i j of

B(H s ), we may assume that the density of ψs is diagonal and so ψs (ei j ) = λi ,sδi , j > 0.
(These coefficients are all non-zero by the faithfulness assumption.) Then we compute

Ψψ,U (ρ) = ∑
s∈E

∑
a,b,c

ψs (e s
ab)U s

acρ(U s
bc )∗

= ∑
s∈E

∑
a,c
λa,sU s

acρ(U s
ac )∗.

By Theorem 5.2.38, ρ is a fixed point of Ψψ,U if and only if
√
λa,sU s

acρ = ρ
√
λa,sU s

ac for
all s ∈ E and 1 ≤ a, c ≤ dimH s . As E is generating, we conclude that (1⊗ρ)U =U (1⊗ρ).
The reverse implication is immediate.

An immediate consequence of interest in the next section is:

Corollary 5.2.40. If U is an irreducible finite dimensional representation of a unimodular
discrete quantum group Ĝ, the eigenvalue 1 of the unital channelΨψ,U has multiplicity 1.

5.3. QUANTUM EXPANDERS FROM PROPERTY ( T) QUANTUM

GROUPS
Throughout this section we fix a discrete quantum group Ĝ with property (T), along with
a fixed Kazhdan pair (E ,ε) for Ĝ. We furthermore can and will always take E to be sym-
metric. That is, E = Ē , where Ē = {x̄ | x ∈ E } and x̄ denotes the conjugate representation
associated to x ∈ Irred(G). In the following proposition, we let HE =⊕

x∈E Hx and con-
sider the natural embedding pEℓ

∞(Ĝ)pE ⊂ B(HE ). Let ψE be the normal tracial state
on ℓ∞(Ĝ) defined by ψE (a) = 1

dimHE
TrB(HE )(apE ). Note that ψE is nothing other than

the normalised trace on HE , lifted to ℓ∞(Ĝ) in the obvious way. We are interested in
studying the expansion properties of the channel

ΨψE ,U : B(K ) → B(K ), ΨψE ,U (ρ) = (ψE ⊗ id)(U (1⊗ρ)U∗) (ρ ∈ B(K )), (5.2)

where U ∈ M(C0(Ĝ)⊗B0(K )) is a finite-dimensional irreducible unitary representation
of Ĝ on K .

We begin with a definition and a couple of observations.

Definition 5.3.1. A normal linear functional ψ ∈ ℓ1(Ĝ) is called symmetric if

ψ◦ Ŝ =ψ.

Lemma 5.3.2. Let ψ ∈ ℓ1(Ĝ) be a symmetric state. For any unitary representation V ∈
M(C0(Ĝ)⊗B0(K )), the map X = (ψ⊗ id)V ∈ B(K ) is self-adjoint.
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Proof. Note that Ŝ is (densely) defined by the equations (Ŝ ⊗ id)V = V ∗ for all unitary
representations of Ĝ. Because ψ is positive, we have

X ∗ = ((ψ⊗ id)V )∗ = (ψ⊗ id)(V ∗) = (ψ◦ Ŝ ⊗ id)V = (ψ⊗ id)V = X .

Note that the above lemma applies to the case whereψ=ψE , sinceψE ◦Ŝ =ψĒ =ψE .
Here we use the symmetry condition E = Ē

Lemma 5.3.3. Let H be a finite dimensional Hilbert space and 0 < ε < 1. Suppose A ∈
B(H ) satisfies ∥A∥ ≤ 1 and there exists a unit vector η ∈ H such that Re〈η|A|η〉 ≤ 1− ε.
Then,

Retr(A) ≤ 1− ε

dimH
.

Proof. Write d = dimH . Extend η to an orthonormal basis η1 = η, η2, . . . , ηd for H .
Then,

Retr(A) = 1

d
Re(〈η1|A|η1〉+ . . .+〈ηd |A|ηd 〉) ≤

1

d
(1−ε+d −1) = 1− ε

d
.

We now come to an estimate which will lead to the main result of the section.

Proposition 5.3.4. Let V ∈ M(C0(Ĝ)⊗B0(K )) be a unitary representation of Ĝ on a Hilbert
space K . Let K0 ⊂ K be the closed invariant subspace of invariant vectors for V . Then,
for any unit vector ξ ∈K ⊥

0 ,

Re〈ξ|(ψE ⊗ id)(V )|ξ〉 ≤ 1− ε2

2dimHE
.

Proof. Consider the restriction of V to K ⊥
0 , on which it remains a representation of Ĝ,

but now without invariant vectors. Fix a unit vector ξ ∈ K ⊥
0 . Since (E ,ε) is a Kazhdan

pair for Ĝ, there exists some unit vector η ∈HE such that ∥V η⊗ξ−η⊗ξ∥ ≥ ε. This gives

ε2 ≤ ∥V η⊗ξ−η⊗ξ∥2 = 2−2Re〈η⊗ξ|V |η⊗ξ〉 ⇐⇒ Re〈η⊗ξ|V |η⊗ξ〉 ≤ 1− ε2

2

Applying Lemma 5.3.3 to the contraction A = (id⊗ωξ,ξ)V ∈ B(HE ) and noting that ψE is
the normalised trace on HE , we obtain the result.

Applying a Frobenius reciprocity argument, we can use Proposition 5.3.4 to immedi-
ately deduce the spectral gap of the channels of interestΨψE ,U .

Theorem 5.3.5. Let U ∈ M(C0(Ĝ)⊗B0(K )) be a finite-dimensional irreducible represent-
ation. Then

λ2(ΨψE ,U ) ≤ 1− ε2

2dimHE
.

Proof. Consider the unitary representation V =U ⊗Ū on the Hilbert space K ⊗K̄ . Here
Ū is the conjugate representation of U acting on K̄ associated to the discrete quantum
group (see for example [DSV17, Definition 2.2] for the construction of Ū ). Under the
canonical unitary isomorphism of Hilbert spaces B(K ) ∼=K ⊗K̄ ; |ξ〉〈η| 7→ ξ⊗ η̄ (where
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B(K ) is equipped with the usual trace-inner product), we have that ΨψE ,U is identified
with the self-adjoint map

Y = (ψE ⊗ id)(V ) ∈ B(K ⊗K̄ ).

Now, by self-adjointness ofΨψE ,U (or, equivalently, Y ), we have

λ2(ΨψE ,U ) = sup
{

ReTr
(
X ∗ΨψE ,U (X )

)}
,

where the supremum is taken over X ∈ B(K ) such that ∥X ∥2 = 1 and X is orthogonal to
the 1 eigenspace ofΨψE ,U . By Corollary 5.2.40, this eigenspace is exactly C1, and corres-
ponds to the one-dimensional subspace (K ⊗K̄ )0 of invariant vectors for Y . Thus, we
may apply Proposition 5.3.4 to deduce

ReTr
(
X ∗Ψψ,U (X )

)≤ 1− ε2

2dimHE
,

for all such X .

Applying Theorem 5.2.14, we immediately obtain the following

Corollary 5.3.6. The channels ΨψE ,U considered in Theorem 5.3.5 have quantum edge
expansion

hQ (ΨψE ,U ) ≥ ε2

4dimHE

in the sense of [Li+25].

Note that the lower bound on the expansion constant is independent of the size of
the Hilbert space K on which the representation U acts. Moreover, the channels ΨψE ,U

have degree uniformly bounded by |E | := ∑
x∈E (dimHx )2. Indeed, this follows from the

fact that, after choosing appropriate bases, ΨψE ,U has the explicit Kraus form

ΨψE ,U (ρ) = 1

dimHE

∑
s∈E

∑
1≤i , j≤dim x

U x
i jρ(U x

i j )∗ (ρ ∈ B(K )),

where U x = (U x
i j ) ∈ B(Hx )⊗B(K ) is the block of U associated to a given x ∈ Irred(G), as

in the proof of Theorem 5.2.39.
In particular, the problem of construction of explicit bounded degree expander fam-

ilies reduces to that of finding an increasing family of finite-dimensional irreducible rep-
resentations of Ĝ.

Theorem 5.3.7. Let Ĝ be an infinite property (T) discrete quantum group with symmet-
ric Kazhdan pair (E ,ε). Let (Ui )i∈N be a sequence of finite-dimensional irreducible unit-
ary representations on Hilbert spaces Ki with limi dimKi = ∞. Then the family of bis-
tochastic quantum channels (Ψi )i∈N, withΨi =ΨψE ,Ui forms a bounded degree quantum
expander family with quantum edge expansion

inf
i∈N

hQ (Ψi ) ≥ ε2

4dimHE
.



5.3. QUANTUM EXPANDERS FROM PROPERTY ( T) QUANTUM GROUPS

5

157

The conditions of Theorem 5.3.7 are of course immediately satisfied if Ĝ is residually
finite in the sense of [BBCW20], that is, when O (G) is residually finite dimensional as a
∗-algebra, meaning that there exists a separating family of finite dimensional represent-
ations.

Corollary 5.3.8. Let Ĝ be an infinite discrete quantum group with property (T). If Ĝ is
residually finite, then Ĝ gives rise to a bounded degree family of quantum expanders.

Remark 5.3.9. Note that in the presence of property (T), the results of [BBCW20] show
that residual finiteness of Ĝ is in fact equivalent to Ĝ having the a priori weaker Kirchberg
Factorisation Property. In terms of the Haar state on G, this latter condition is equival-
ent to the Haar state h : C (Gmax) → C being a so-called amenable trace. At this time,
it is not clear to us whether checking for the Factorisation Property is any easier than
directly verifying residual finiteness. In the next section, we will explore some natural
examples quantum groups with property (T), arising from compact bicrossed products
of residually finite discrete groups, and their associated expanders.

5.3.1. SPECTRAL GAP FOR CHANNELS ASSOCIATED TO NON-TRACIAL STATES

In the previous section, we only considered expansion properties of the channelsΨψE ,U :
B(K ) → B(K ), where U is an irreducible finite-dimensional unitary representation of Ĝ
on K , andψE is the tracial state on ℓ∞(Ĝ) associated to the normalised trace on B(HE ).
In this section, we outline how much of the same analysis may be extended if one re-
places ψE with any faithful symmetric state ψ supported on pEℓ

∞(Ĝ)pE ⊂ B(HE ). We
shall see from our estimates below that any deviation of ψ from the canonical trace ψE

gives rise to weaker lower bound on the spectral gap. This might suggest that the tracial
case is optimal when considering expansion properties. On the other hand, the weaker
bound obtained below in the non-tracial case may just be a consequence of our crude
estimates and could possibly be improved.

The main technical ingredient we need is a non-tracial extension of Lemma 5.3.3.

Lemma 5.3.10. Let H be a finite dimensional Hilbert space, 0 < ε < 1, and ρ a density
matrix in B(H ) with smallest eigenvalue λ. Suppose A ∈ B(H ) satisfies ∥A∥ ≤ 1 and there
exists a unit vector η ∈H such that Re〈η|A|η〉 ≤ 1−ε. Then,

ReTr(ρA) ≤ 1−λε.

Proof. Let d = dimH . Extend η to an orthonormal basis η1 = η, . . . , ηd for H . Write

ρ =λ1+ (1−dλ)ρ′, where ρ′ = ρ−λ1
1−dλ is also a density matrix. Then,

ReTr(ρA) =λReTr(A)+ (1−dλ)ReTr(ρ′A) ≤ 1−dλ+λRe
d∑

i=1
〈ηi | A |ηi 〉 ≤ 1−ελ.

Let ψ : B(HE ) → C be a fixed faithful state, which we also regard as a normal state
on ℓ∞(Ĝ) with central support pE . Assume that ψ is symmetric. Write ψ = Tr(σ·) for a
unique density σ ∈ B(HE ), and let 0 <λ≤ 1

dimHE
be the minimal eigenvalue of σ.
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Theorem 5.3.11. Let U ∈ M(C0(Ĝ)⊗B0(K )) be a finite-dimensional irreducible repres-
entation. Then for the channel

Ψψ,U : B(K ) → B(K ), Ψψ,U (ρ) = (ψ⊗ id)(U (1⊗ρ)U∗) (ρ ∈ B(K )),

λ2(Ψψ,U ) ≤ 1− λε2

2
.

Proof. As in the case of ψ = ψE studied in the previous subsection, it suffices to show
that

Re〈ξ|(ψ⊗ id)(V )|ξ〉 ≤ 1− λε2

2
, (5.3)

for any representation V ∈ M(C0(Ĝ)⊗B0(K )) and any unit vector ξ ∈ (K0)⊥, the comple-
ment of the fixed vectors. This latter estimate follows immediately from Lemma 5.3.10
and property (T).

Remark 5.3.12. One may also observe that the channelsΨψ,U still have degree bounded
by |E | =∑

x∈E (dimHx )2.

5.4. EXPANDERS ASSOCIATED TO BICROSSED PRODUCT QUAN-
TUM GROUPS

In this section, we apply the general theory of the previous section to analyse concrete
examples of quantum expanders. As we have seen in Theorem 5.3.7, the construction
of an explicit expander family simply requires as input a residually finite discrete quan-
tum group Ĝ with property (T). While there are nowadays many new and interesting
examples of genuine infinite discrete quantum groups with property (T) [VV19; FMP17;
RV24], surprisingly little seems to be known about their representation theory and their
residual finiteness. One class of examples where these properties are nevertheless well-
understood are quantum groups arising from bicrossed products. We now very briefly
introduce the notion of a (compact) bicrossed product quantum group. For more details
we refer to [FMP17, Section 3].

Let G and Γ be a compact and a discrete group, respectively, forming a matched pair
in the sense that they are realised as trivially-intersecting closed subgroups of a locally
compact group H , with the property that the product ΓG has full Haar measure in H .
This amounts to giving a left action α of Γ on G and a right action β of G on Γ satisfying
certain compatibility conditions (i.e. [FMP17, Proposition 3.3]).

From a quadruple (Γ,G ,α,β) as above, one can construct a compact quantum group
G = G(Γ,G ,α,β), as explained in [VV03] or [FMP17, Section 3.2]; we will denote it by
G(Γ,G ,α,β) when we wish to be explicit about the matched pair structure, and reserve
the present notation of Γ, G , α, β, and G throughout the current section. The dual dis-
crete quantum groups Ĝ will provide, under certain conditions, non-trivial examples of
discrete quantum groups with property (T).

Let us now discuss the construction of G. Let Am = Γ⋉α, f C (G) be the full crossed
product C*-algebra and A = Γ⋉α C (G) the reduced crossed product C*-algebra. Let
ω denote the canonical injective maps from C (G) to Am and from C (G) to A . For γ ∈
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Γ we denote by uγ the canonical unitaries in either Am or A . The bicrossed product
construction endows Am with a comultiplication making it a compact quantum group.
This is done as follows. First, for each coset γ ·G ∈ Γ/G , we define

vγ·G = (vr s )r,s∈γ·G ∈ M|γ·G|(C)⊗C (G),

where vr s = χAr,s
is the characteristic function of the set Ar,s = {g ∈ G | βg (r ) = s}. Note

that vγ·G is a magic unitary over C (G), that is, a matrix whose rows and columns are
projection-valued measures (PVMs). Finally, the comultiplication is given by the unique
unital *-homomorphism ∆m : Am →Am ⊗Am such that

∆m ◦ω= (ω⊗ω)◦∆G and ∆m(uγ) = ∑
v∈γ·G

uγω(vγ,r )⊗ur (γ ∈ Γ). (5.4)

Then G = (Am ,∆m) is a compact quantum group, called the (compact) bicrossed product
associated to the matched pair (Γ,G).

The final piece of information we need concerns the description of the irreducible
unitary representations of G. For each γ ∈ Γ, we consider the orbit γ ·G ∈ Γ/G and define

V γ·G = ∑
r,s∈γ·G

er,s ⊗urω(vr,s ) ∈ M|γ·G|(C)⊗Am .

Then V γ·G determines an irreducible unitary representation of G, and the representa-
tions in the family {V γ·G }γ·G∈Γ/G of representations are pairwise inequivalent and sat-

isfy V γ·G ≃ V γ−1·G . Moreover, any irreducible unitary representation of G is equival-
ent to a subrepresentation of V γ·G ⊗ v x for some γ ·G ∈ Γ/G and x ∈ Irred(G), where
v x = (id⊗ω)(ux ).

5.4.1. PROPERTY ( T) AND THE BICROSSED PRODUCT CONSTRUCTION

To the best of our knowledge, a complete classification of property (T) for the duals Ĝ
of a compact bicrossed product G(Γ,G ,α,β) in terms of the input data is not known.
However, several important results have been obtained [FMP17; VV19]. In particular,
[FMP17, Theorem 4.3] shows that Ĝ has property (T) whenever Γ has property (T) and
G is finite. Moreover, in this case, the proof of [FMP17, Theorem 4.3] shows that if (E ,ε)
is a Kazhdan pair for Γ containing the identity element, and v is a fundamental repres-
entation of G , then (the irreducible components of) {V γ·G ⊗ v}γ∈E is a Kazhdan set for
Ĝ.

As a concrete example, one can take any natural number n ≥ 3 and any prime num-
ber p ≥ 3. Let Γ = SLn(Z), G = SLn(Fp ), and consider the action α given by αγ(g ) =
[γ]g [γ]−1 for γ ∈ Γ and g ∈G , and β being the trivial action. The resulting discrete quan-
tum group Ĝ then has property (T). Moreover, Ĝ is residually finite by [BBCW20, The-
orem 4.2].

In the work [VV19], a very large class of compact bicrossed products G whose duals
have property (T) was discovered using triangle presentations and related constructions.
These examples are somewhat more interesting than the above one, because they arise
from matched pairs where G is also infinite (and therefore Ĝ is not commensurable with
a classical property (T) group). As an example (cf. [VV19, Remark 6.3]), one can let K be
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a commutative local field with ring of integers O . Put H = PGL(3,K) and G = PGL(3,O ).
Let Γ< H be a subgroup such that H = ΓG and Γ∩G = {e}. Then the dual of the compact
bicrossed product G associated to the matched pair (Γ,G) has property (T).

5.4.2. CHANNELS CORRESPONDING TO THE BICROSSED PRODUCT CON-
STRUCTION

Let us briefly describe the general flavour of the channels that one can expect from bi-
crossed product quantum groups. We will use the notation of the previous section. Let
U be a finite dimensional unitary representation of Ĝ on a finite-dimensional Hilbert
space K , and let π : C (G) → B(K ) be the associated ∗-homomorphism.

Let γ ∈ Γ be arbitrary, and let us analyse what kind of channels we can obtain if we
use the construction in Proposition 5.2.36 with E = {V γ·G }. Let ϕ be a state on M|γ·G|(C).
Using Proposition 5.2.36, we find the quantum channel Φ=ΦV γ·G ,ϕ,π is given by

Φ(ρ) = (ϕ⊗ id)((id⊗π)(V γ·G )(I ⊗ρ)(id⊗π)(V γ·G )∗)

= (ϕ⊗ id)

( ∑
r1,r2,s1,s2∈γ·G

(er1,s1 ⊗π(ur1ω(vr1,s1 )))(I ⊗ρ)(er2,s2 ⊗π(ur2ω(vr2,s2 )))∗
)

= (ϕ⊗ id)

( ∑
r1,r2,s∈γ·G

er1,r2 ⊗ (π(ur1ω(vr1,s ))ρπ(ur2ω(vr2,s ))∗)

)

= (ϕ⊗ id)

( ∑
r1,r2,s∈γ·G

er1,r2 ⊗ (π(ur1 )π(ω(vr1,s ))ρπ(ω(vr2,s ))∗π(ur2 ))∗)

)
.

Proposition 5.4.1. If ϕ is a trace, thenΦ is a mixed unitary channel.

To prove this proposition, we first need an easy lemma.

Lemma 5.4.2. Let p1, . . . , pn be orthogonal projections in MN (C) that sum to the identity.
Then the channel

ρ 7→
n∑

i=1
piρpi

is a mixed unitary channel.

Proof. Define the operator

U =
n∑

k=1
e2πi k/n pk .

This is clearly a unitary. Moreover,

1

n

n∑
k=1

U kρ(U k )∗ = 1

n

n∑
k,l ,m=1

e2πi kl /n plρe−2πi km/n pm

= 1

n

n∑
k,l ,m=1

e2πi k(l−m)/n plρpm

=
n∑

l=1
plρpl .

This shows that the channel is indeed a mixed unitary channel.
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Proof of Proposition 5.4.1. We will now assume thatϕ is the trace. In this case, the equa-
tion forΦ above Proposition 5.4.1 becomes

Φ(ρ) = 1

|γ ·G|
∑

r,s∈γ·G
π(ur )π(ω(vr,s ))ρπ(ω(vr,s ))∗π(ur )∗. (5.5)

By Lemma 5.4.2 the channels

ρ 7→ ∑
s∈γ·G

π(ω(vr,s ))ρπ(ω(vr,s ))∗ (s ∈ γ ·G)

are mixed unitaries, which in turn shows thatΦ is a convex combination of compositions
of unitary channels, and hence itself mixed unitary.

Remark 5.4.3. The conclusion of Proposition 5.4.1 holds more generally if we consider
channels built from any direct sums of building block representations of the form V γ·G ⊗
v x , (γ ∈ Γ, x ∈ Irred(G)) and traces on the underlying multi-matrix algebras. Indeed, the
channels associated to single tensor products V γ·G ⊗ v x and traces are easily seen to be
compositions of mixed unitary channels, and passing to direct sums amounts to convex
combinations of mixed unitary channels.

Remark 5.4.4. Proposition 5.4.1 does not rule out the possibility of obtaining non-mixed
unitary expanders from bicrossed product quantum groups when we work with non-
tracial statesϕ on the spaces MN (C). However, we know from the results of Section 5.3.1
that our bounds for spectral gap are governed by the smallest eigenvalue of a ϕ (i.e.,
the tracial part of ϕ in the proof of Lemma 5.3.10), so even if the resulting channel Φ
was non-random unitary with good expansion, we would really only still be looking at
a convex combination of a mixed unitary quantum expander and a non-mixed unitary
channel whose expansion properties are unknown.

5.5. COIDEALS AND SPECTRAL GAP FOR QUANTUM SCHREIER

GRAPHS
In Section 5.3, we saw how irreducible finite-dimensional representations of property
(T) discrete quantum groups can be used to construct quantum channels with uniform
lower bounds on their spectral gap. In this section, we outline another approach to con-
structing quantum expanders which is closer in spirit to the classical construction of
expander graphs of [Lub10; Mar73] obtained by considering finite Schreier coset graphs
associated to discrete groups with property (T). The key idea is to consider the appro-
priate quantum analogue of the (finite) quotient spaces Γ/H , where Γ is a property (T)
discrete group, and H ≤ Γ is a (finite-index) subgroup. For discrete quantum groups, this
is captured by the notion of a coideal.

We use the notations of the previous sections for quantum groups. In particular,
G always denotes a compact quantum group and Ĝ denotes its dual discrete quantum
group.

Definition 5.5.1. Let Ĝ be a discrete quantum group. A (left) coideal of Ĝ is a von Neu-
mann subalgebra M ⊂ ℓ∞(Ĝ) such that

∆̂(M ) ⊂ ℓ∞(Ĝ)⊗M .
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It is well-known [DKS12] that when Ĝ = Γ is a classical discrete group, coideals in Γ
are in one-to-one correspondence with the homogeneous spaces Γ/H , where H ≤ Γ is
a subgroup. The identification is given by M = ℓ∞(Γ/H) ⊂ ℓ∞(Γ), the von Neumann
subalgebra of functions constant on the left cosets of H . For general discrete quantum
groups Ĝ, this analogy breaks down, and the theory of coideals turns out to be much
richer than the study of quotients of Ĝ by quantum subgroups. In particular, while
the notion of quantum subgroup Ĥ ⊂ Ĝ is well understood [DKS12], and gives rise to a
“quotient-type” coideal M = ℓ∞(Ĝ/Ĥ), not all coideals arise from quantum subgroups.
See for example [Kas17; AK24], and references therein.

Nonetheless, we still regard general coideals M ⊂ ℓ∞(Ĝ) as a kind of quantum homo-
geneous space. In particular, every coideal M ⊂ ℓ∞(Ĝ) admits a natural ergodic “trans-
lation action” of Ĝ on M , which we now describe.

Definition 5.5.2. A (left) action of a discrete quantum group Ĝ on a von Neumann al-
gebra M is a normal unital ∗-homomorphism

α : M → ℓ∞(Ĝ)⊗M

satisfying the coassociativity condition

(∆̂⊗ id)α= (id⊗α)α.

We moreover call the action α ergodic if the fixed point algebra Mα = {x ∈ M | α(x) =
1⊗x} is trivial, i.e.,

Mα =C1.

The above definition generalises the usual notion of an action of a discrete group Γ
on M by ∗-automorphisms. Indeed, if Γ is a classical discrete group and Γæα M is an
action given by

Γ×M ∋ (g , x) 7→αg (x) ∈M , (5.6)

then one can define a map (still denoted by α) α : M → ℓ∞(Γ)⊗M ∼=∏ℓ∞
g∈ΓM via

α(x) = (αg (x))g∈Γ (x ∈M ). (5.7)

Then one can easily verify that action (5.7) satisfies Definition 5.5.2 if and only if Equa-
tion 5.6 defines an action of Γ on M in the usual sense.

Returning to coideals M ⊂ ℓ∞(Ĝ) of a discrete quantum group Ĝ, the restriction of
the comultiplication defines the canonical (left) action α := ∆̂|M of Ĝ on M . Again in
the classical case of a discrete group Γ, with M = ℓ∞(Γ/H) the coideal associated to a
subgroup H ≤ Γ, the actionα is just the canonical left translation action ofΓ on ℓ∞(Γ/H).

Actions of quantum groups on von Neumann algebras are strongly linked to the the-
ory of unitary representations. Indeed, if U ∈ M(C0(Ĝ)⊗B0(K )) is a unitary representa-
tion of a discrete quantum group on a Hilbert space K , then

α : B(K ) → ℓ∞(Ĝ)⊗B(K ); x 7→U∗(1⊗x)U (x ∈ B(K ))

defines an action of Ĝ on the von Neumann algebra B(K ). Conversely, a deep result
of Vaes [Vae01] shows that any action α of Ĝ on a von Neumann algebra M is unitarily
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implemented in the above sense. That is, one can find a faithful representation M ⊂
B(K ) and a unitary representation U ∈ M(C0(Ĝ)⊗B0(K )) such that

α(x) =U∗(1⊗x)U (x ∈M ). (5.8)

Remark 5.5.3. In the above discussion, one could have equivalently defined unitarily
implemented actions (5.8) via the formula x 7→ U (1⊗ x)U∗. The convention (5.8) just
ensures that U is a representation of Ĝ, as opposed to a representation of the opposite
quantum group Ĝop.

When M has admits a normal faithful α-invariant state ϕ in the sense that (id ⊗
ϕ) ◦α = ϕ(·)1, the unitary representation implementing α can be described somewhat
explicitly [DSV17, Section 3]: Here one may take K = L2(M ,ϕ), the GNS Hilbert space
of ϕ. Then U is given via its adjoint by

U∗(ξ⊗Λ(x)) =α(x)(ξ⊗Λ(1)) (x ∈M , ξ ∈ ℓ2(Ĝ)), (5.9)

whereΛ : M → L2(M ,ϕ) is the GNS map and ℓ2(Ĝ) is the GNS Hilbert space of the (right)
Haar weight of Ĝ.

Let M , α, ϕ, U be as in the previous paragraph, and let ψ ∈ ℓ1(Ĝ) be a normal state.
Then, just as in Section 5.3.1, we obtain a normal UCP ϕ-preserving map

Ψ : M →M ; Ψ(x) = (ψ⊗ id)α(x) (x ∈M ). (5.10)

Thanks to Equation 5.9, the canonical extension ofΨ to a bounded map Ψ̃ ∈ B(L2(M ,ϕ))
(densely defined by the formula Ψ̃(Λ(x)) =Λ(Ψ(x))) is given in terms of the implement-
ing unitary representation U by the formula

Ψ̃= (ψ⊗ id)(U∗). (5.11)

In particular, we have (Ψ̃)∗ = (ψ⊗ id)U , so Ψ̃ is self-adjoint when ψ=ψ◦ Ŝ.
A special case of interest to us in the sequel in which actions are always guaranteed

to admit faithful invariant states is when the underlying von Neumann algebra is finite-
dimensional. This result is surely folklore, but we provide a proof for self-containment.

Lemma 5.5.4. Let α be an action of a unimodular discrete quantum group Ĝ on a finite-
dimensional von Neumann algebra M . Then M admits a faithful α-invariant state.

Proof. Let M ⊂ B(K ) and let U ∈ M(C0(Ĝ)⊗B0(K )) be an implementing unitary for
the action α. We make use of the quantum Bohr compactification bĜ of Ĝ [Soł05]. By
definition, bĜ is the compact quantum group with C (bĜ) given by the C*-subalgebra of
ℓ∞(Ĝ) generated by the matrix coefficients of the so-called finite dimensional admissible
unitary representations of Ĝ, with comultiplication given by the restriction of ∆̂. Here,
admissible means that the transpose of U , when viewed as a matrix, is invertible. Since Ĝ
is unimodular, every finite-dimensional representation U is admissible [Vis17, Theorem
2.1], and since the action α is implemented by U , which is a representation of bĜ, it can
also be regarded as an action of bĜ on M . The claim now follows from the fact that any
action of a compact quantum group on a finite-dimensional von Neumann algebra M

admits a faithful invariant state ψ. Indeed, one can just take ψ= (h ⊗ψ0)◦α, where h is
the Haar state of bĜ and ψ0 is any faithful state on M .
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5.5.1. QUANTUM CAYLEY GRAPHS AND SCHREIER GRAPHS

We now introduce quantum Schreier graphs. A quantum Schreier graph is a natural
extension of the notion of a quantum Cayley graph, as described in [Was23], and we
start off by discussing these. We note that a version of quantum Cayley graphs was also
developed earlier by Vergnioux [Ver05], using a rather different-looking, but ultimately
equivalent language. We will use the notation and terminology of [Was23] below.

Let Ĝ be a unimodular discrete quantum group. For x ∈ C00(Ĝ), we consider the
normal functional ωx := ĥ(·x) ∈ ℓ1(Ĝ). Given x, y ∈ C00(Ĝ), there exists a unique z ∈
C00(Ĝ) such thatωz =ωx ⋆ωy . This defines an associative product on C00(Ĝ), also called
convolution, and denoted z = x ⋆ y [Ver05; Ver07]. In fact, when Ĝ is unimodular, we
have [BR17, Lemma 4.3]

x⋆ y = (ωx ◦ Ŝ ⊗ id)∆̂(y). (5.12)

In particular, the left convolution map y 7→ x⋆ y is nothing other than the normal com-
pletely bounded mapΨωx : ℓ∞(Ĝ) → ℓ∞(Ĝ) associated to the actionα= ∆̂ of Ĝ on ℓ∞(Ĝ).
This map is completely positive when ωx ◦ Ŝ is a positive functional.

To define a quantum Cayley graph over Ĝ, we fix a finite rank projection p ∈ C00(Ĝ)
such that Ŝ(p) = p, ε̂(p) = 0 and

∨
n∈N p⋆n = 1ℓ∞(Ĝ). Define the normal completely posit-

ive map A : ℓ∞(Ĝ) → ℓ∞(Ĝ) by

Ax = p⋆x (x ∈ ℓ∞(G)).

Definition 5.5.5 ([Was23]). The pair (ℓ∞(Ĝ), A) is called a quantum Cayley graph over Ĝ.

As explained in [Was23], when Γ= Ĝ is a classical discrete group, the above construc-
tion yields p = χE , the characteristic function of a symmetric generating set e ∉ E = E−1

of Γ, and A f (g ) = (χE ⋆ f )(g ) =∑
s∈E f (sg ) is the usual adjacency operator of the Cayley

graph C (Γ,E). We remark that quantum Cayley graphs are always d-regular quantum
graphs with d = ĥ(p), since

A1 = ĥ(p)1.

We also note that

ĥ(Ax) = ĥ(p⋆x) = ĥ(p)ĥ(x),

for all x ∈ C00(Ĝ). As a consequence, the normalised adjacency operator is d−1 A is a
bistochastic quantum channel relative to the tracial Haar weight ĥ.

Let M ⊂ ℓ∞(Ĝ) be a coideal. It is clear from the definitions that the quantum ad-
jacency matrix A associated to the quantum Cayley graph in Definition 5.5.5 leaves M

invariant. In particular, in the case of classical discrete groups, restriction A|M is the nat-
ural analogue of the adjacency matrix of the associated Schreier coset graph. This leads
us to the following definition.

Definition 5.5.6. Let (ℓ∞(Ĝ), A) be a (d-regular) quantum Cayley graph over Ĝ. For any
coideal M ⊂ ℓ∞(Ĝ), the pair (M , A|M ) is called the (d-regular) quantum Schreier graph
associated to the generating projection p.
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5.5.2. SPECTRAL GAP FOR QUANTUM SCHREIER GRAPHS
We now come to the main result of the section, which asserts that quantum Schreier
graphs associated to property (T) quantum groups give rise to bounded degree ex-
panders.

Let Ĝ be a discrete quantum group with property (T). Let (E ,ε) be a fixed Kazhdan
pair for Ĝ with E = Ē . Let pE ∈ C00(Ĝ) be the central support of E , let M ⊂ ℓ∞(Ĝ) be a
coideal, and let (M , A|M ) be the quantum Schreier graph associated to the generating
projection pE . Finally, assume that M admits a normal invariant state ϕ. In this case
(thanks to the assumption Ŝ(p) = p), we have that A|M extends to a self-adjoint map�A|M : L2(M ,ϕ) → L2(M ,ϕ). By Lemma 5.5.4, this is always true if dimM < ∞. We
denote by λ2(M ,E) ≤ 1 the second largest eigenvalue of d−1�A|M , where d = ĥ(pE ) =∑

s∈E (dim s)2 is the degree.

Theorem 5.5.7. Let Ĝ and (E ,ε) be as above. For any finite dimensional quantum Schreier
graph (M , A|M ) be associated to pE , we have

λ2(M ,E) ≤ 1− λε2

2

where λ= mins∈E
dimH s

d .

Proof. The proof is similar in spirit to the proofs of Theorems 5.3.5 and 5.3.11. Let ϕ be
a faithful invariant state on M with respect to the action α = ∆̂|M . Let U ∈ M(C0(Ĝ)⊗
B0(L2(M ,ϕ))) be the unitary implementation of α. Then by Equation 5.11, we need to
compute the second largest eigenvalue λ2(Ψ̃) of the self-adjoint map

Ψ̃= (ψ⊗ id)(U∗) = (ψ⊗ id)(U ),

where we are working with the Ŝ-invariant state ψ = d−1ĥ(·pE ) ∈ ℓ1(Ĝ). Note that since
the action α = ∆̂|M is ergodic, it follows from Equation 5.9 (describing U ) that the sub-
space L2(M ,ϕ)0 of U -invariant vectors is exactlyΛ(Mα) =CΛ(1).

We thus need to establish the inequality

inf
ξ∈Λ(1)⊥, ∥ξ∥=1

Re〈ξ|(ψ⊗ id)(U )|ξ〉 ≤ 1− λε2

2
(5.13)

Recalling now the notation HE =⊕
s∈E H s , and the canonical embedding pEℓ

∞(Ĝ)pE ⊂
B(HE ) from Section 5.3, we may canonically extend ψ to a (non-tracial state) on B(HE )
with eigenvalues given (without multiplicity) by { dimH s

d }s∈E . (The extendedψ is nothing

more than ψ◦E, where E : B(HE ) → pEℓ
∞(Ĝ)pE is the trace-preserving conditional ex-

pectation.) With all this setup in place, we now see that the desired inequality (5.13) is
just a special case of the inequality (5.3) obtained in the proof of Theorem 5.3.11.

5.6. DISCUSSION
In this chapter, we provide two general approaches to construct quantum expanders
from discrete quantum groups with property (T). The first approach (Section 5.3) takes
as input a property (T) discrete quantum group together with a family of irreducible
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finite-dimensional representations with growing dimension, while the second approach
(Section 5.5) takes as input a property (T) discrete quantum group together with a
family of finite-dimensional coideals with unbounded dimension. Ultimately, what is
needed for either method to produce examples is a good understanding of the finite-
dimensional representation theory of a given property (T) discrete quantum group.
However, at this time, it appears that there is a dearth of non-classical examples where
the finite dimensional representation theory is well understood. In this section we will
briefly discuss how the example we do have (quantum expanders coming from bicrossed
products) should be viewed and what steps need to be taken to find more examples.

5.6.1. QUANTUM EXPANDERS COMING FROM BICROSSED PRODUCTS
The most natural quantum expanders coming from bicrossed products are convex com-
binations of quantum channels of the form given in Equation (5.5),

Φ(ρ) = 1

|γ ·G|
∑

r,s∈γ·G
π(ur )π(ω(vr,s ))ρπ(ω(vr,s ))∗π(ur )∗.

However, taking the same convex combination of quantum channels of the form

Φ′(ρ) = 1

|γ ·G|
∑

r∈γ·G
π(ur )ρπ(ur )∗,

which are quantum channels corresponding to the classical property (T) discrete group
Γ, already gives a quantum expander. If one composes two unital trace-preserving com-
pletely positive maps Φ and Ψ, then a spectral gap of either Φ or Ψ ensures a spectral
gap of at least the same size in Φ◦Ψ. How should we then view the quantum expanders
coming from bicrossed products? The starting point is the quantum expander coming
from the property (T) discrete group. This channel is a mixed unitary channel, and in the
quantum expander coming from the bicrossed product each unitary conjugation is pre-
composed by a different quantum channel. In general, doing this would no longer give
you a quantum expander, but our results show that precomposing by these particular
quantum channels preserves the spectral gap.

5.6.2. REPRESENTATION THEORY OF PROPERTY ( T) QUANTUM GROUPS
As mentioned previously, there are several recent geometric constructions which give
rise to examples of property (T) discrete quantum groups that are different from the bi-
crossed product construction. These include the discrete quantum groups associated
to triangle presentations [VV19], and the quantisations of discrete groups [RV24]. As
pointed out in [RV24], there is also the quantum automorphism group Aut+(HS) of the
Higman-Sims graph HS, whose dual is an infinite discrete quantum group with property
(T) . All of these examples provide new potential candidates for the application of our
machinery, as soon as their representation theory is understood. In particular, we think
it is a very interesting problem to better understand the structure of the quantum auto-
morphism group of the Higman-Sims graph HS, Aut+(HS), and its discrete dual. For ex-
ample, does the Hopf*-algebra O (Aut+(HS)) have many non-abelian finite-dimensional
representations? Is it residually finite dimensional?
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5.6.3. FINDING EXAMPLES OF QUANTUM SCHREIER GRAPHS
The approach to quantum expanders via quantum Schreier graphs is very promising be-
cause, on the one hand it gives a direct generalisation of the classical construction of
quantum expanders of Margulis [Mar73], while on the other hand it yields potentially
new types of quantum expanders acting on general finite-dimensional von Neumann
algebras (and not just full matrix algebras, as is standard in the literature). The prob-
lem here again is to find non-trivial examples to apply these tools. We leave open the
problem of finding non-classical discrete quantum groups with property (T) with large
finite-dimensional coideals. Even for the property (T) quantum groups coming from
bicrossed products, we do not know much about the structure of their coideals.
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