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Abstract

Machine-learned surrogate time integrators promise large speed-ups over classical solvers, yet their
performance is usually reported as a single aggregate error, leaving open the question of when they
remain stable. This thesis determines the empirical stability limits of graph neural network (GNN)
surrogates for the two-dimensional advection–diffusion equation on unstructured meshes with pe-
riodic boundary conditions, expressed directly in the dimensionless CFL and Fourier numbers.

Surrogates are trained to minimise the one-step error on fixed velocity and diffusion fields and
evaluated autoregressively on unseen fields over horizons eight times the training window. Two fam-
ilies are compared at a fixed message passing budget: single-scale models, and multiscale models
organised as V-cycles over predetermined coarsened graphs. For each model, a piecewise-linear fit of
the final rollout error against the CFL and Fourier numbers yields empirical stability limits, defined
by a blow-up threshold.

Within these limits the surrogates reproduce the finite element reference accurately on both seen
and unseen fields and show no abrupt change beyond the training horizon, although the diffusion-
dominated regime is consistently harder than the advection-dominated one. The single-scale CFL
limit tracks the number of message-passing blocks and lies slightly above it. Adding coarse levels at
a fixed total message passing layer budget broadens the advective stability range, decisively at the
largest stride, but a two-level hierarchy trades diffusive stability and in-region accuracy for this gain.
Only a three-level V-cycle removes the penalty, attaining zero blow-ups on both axes, and deeper
models show no oversmoothing.

The diffusion-side limits carry large variance, traced partly to the dissipative backward-Euler ref-
erence, and should be read as indicative. The work delivers a concrete operational range for GNN
surrogates and identifies how multiscale models can extend it.
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Chapter 1

Introduction

1.1 Motivation for surrogate modelling

Computational science and engineering is widely regarded as the third pillar of science, complementing
theory and experiment by offering tools to model phenomena across disciplines ranging from quantum
chemistry and fluid dynamics to epidemiology [1]. This discipline is so important because many re-
search problems involve experiments that are either too costly or infeasible.

When a physical process evolves dynamically in space and time, it can often be described by a partial
differential equation (PDE). The finite element method (FEM) is one of the most widely used numerical
frameworks for solving such equations: it discretises the spatial domain into a mesh, constructs a finite-
dimensional approximation space tied to that mesh, and solves the resulting discrete system [2]. FEM
has become a cornerstone of simulation across fluid mechanics, structural mechanics, and electrody-
namics [3]. A significant drawback, however, is the computational cost, which can be prohibitive for
problems requiring fine spatial resolution or covering large domains. Iterative methods and multigrid
methods reduce this cost substantially [4]. Parallelisation strategies, including domain decomposition
[5], reduce wall-clock time and benefit from modern CPU and GPU hardware. The machine learning
(ML) approach explored in this thesis, the surrogate model, shares this benefit.

Over the past years, ML-based surrogate time integrators have attracted considerable interest. For
flood simulation, [6] reported speed-ups of one to two orders of magnitude relative to a classical solver,
while [7] demonstrated broad applicability across compressible and incompressible flows as well as
structural mechanics. Before graph neural networks (GNNs) became prominent for this task, convo-
lutional neural networks (CNNs) were already used for surrogate modelling [8], benefiting from their
inherent properties of locality and translation invariance [9]. GNNs have since emerged as a more flexi-
ble alternative that overcomes a fundamental limitation of standard CNNs.

Standard CNNs operate on regular, grid-structured data such as the uniform mesh in Figure 1.1a.
In FEM simulations, however, unstructured meshes with spatially varying resolution are often used. An
example of an unstructured mesh is shown in Figure 1.1b. The main advantage of this unstructured na-
ture is that one can concentrate the element density in regions of steep gradients or complex geometry,
and coarsen it in areas where the solution is smooth. This is also an iterative process, as the mesh can
be refined at spatial locations where large errors were observed. Applying a CNN to such a mesh re-
quires interpolating the solution onto a regular grid before processing and mapping it back afterwards,
which introduces additional interpolation errors. GNNs avoid this issue altogether, because they oper-
ate on a much more flexible topological entity. By treating the mesh as a graph, where nodes sit at the
mesh vertices and edges connect neighbouring nodes, GNNs can process the solution directly on the
unstructured topology without any interpolation.

Prior to this thesis, a literature review was carried out to survey GNN architectures that learn the
time evolution of Eulerian dynamical systems1 governed by PDEs. The focus was on models that mimic
a single time-integration step: given the current state of the system, the GNN predicts the update over
one time step∆t . Applying the model repeatedly from an initial condition produces a trajectory, referred
to as a rollout. We will briefly discuss the main findings of this review, as they motivate the main research
questions of this thesis.

1Eulerian systems are formulated on a mesh that is fixed in space, in contrast to Lagrangian formulations in which the mesh moves
with the material.
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1. Introduction | 1.2. Related work and the scientific gap 2

(a) An arbitrary structured mesh with triangular mesh elements. (b) An arbitrary unstructured mesh with triangular mesh elements.

Figure 1.1: The visual difference between an arbitrary structured mesh (left) and an arbitrary unstructured mesh (right). CNNs
can operate directly on the structured mesh, but applying them to the unstructured one requires interpolation onto a regular grid.

1.2 Related work and the scientific gap

The literature review examined several GNN-based surrogate models. The MeshGraphNets architecture
[7] and its multiscale extension [10], the SWE-GNN model [6] and its multiscale variant [11], and the
ReMUS-GNN [12] and CFD-CGN [13] models were all assessed in terms of training data, architecture,
training procedure, and performance reporting.

A number of architectural similarities were found across the reviewed models. Most adopt an encode-
process-decode structure, use (P)ReLU activations, and rely on message passing or graph convolution
as the core computation step, though with different specific formulations. The main differences were
in how error accumulation over long rollouts is dealt with, the underlying model problem and in how
the multiscale hierarchies are designed. A notable shared aspect, however, is the evaluation approach:
performance on test data is reported only as aggregate statistics, mean and standard deviation, over a
set of test simulations. While this is standard in classification and regression applications for ML-based
methods, where a single accuracy figure is enough, it leaves important questions unanswered for sur-
rogate modelling. For which physical configurations does the model perform accurately, and for which
does it create instabilities? How does the stability of the surrogate change as a function of the relevant
dimensionless numbers of the underlying problem? And how do single-scale and multiscale architec-
tures compare in this regard? These questions were not addressed in the surveyed literature and form
the scientific gap this thesis aims to fill.

1.3 Research questions

The model problem considered throughout this thesis is the two-dimensional advection-diffusion equa-
tion, introduced in Chapter 2. By independently varying the amplitude of the velocity field and the mag-
nitude of the diffusion tensor, the simulations cover a wide range of physical regimes, characterised by
three dimensionless numbers: the CFL number, the Fourier number, and the mesh Péclet number, for-
mally defined in Section 2.3. The surrogate models are trained on a fixed velocity and diffusion profile
and evaluated on fields that were not seen during training. Three surrogate time step sizes are consid-
ered, ∆t ∈ {0.015,0.030,0.060}, referred to as strides. The different timesteps offer us an insight into the
stability and accuracy of the models across varying temporal resolutions. To assess the performance, we
will later introduce the functional metrics EL2 and EH 1 .

The first main question is in line with the general evaluation approach found in the surrogate mod-
elling literature: it asks whether the models can learn the dynamics and generalise. The second main
question goes beyond this and addresses the scientific gap identified above, by providing a systematic
analysis of the stability limits as a function of the dimensionless parameters. Together, the main findings
will be built around the two main questions and their sub-questions.
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Main Question 1

Can GNN-based surrogate time integrators learn to accurately reproduce the FEM solutions of the
advection-diffusion equation when applied to seen and unseen velocity and diffusion fields?

Sub-questions for Main Question 1

SQ1. Can surrogate models qualitatively reproduce one-step updates comparable to the FEM so-
lutions?

SQ2. For every surrogate time step, which model reports the lowest one-step error on the valida-
tion set, measured in terms of EL2 (∆u), EH 1 (∆u)?

SQ3. When performing simulations over horizons that exceed the training window, do the models
maintain the advection-diffusion dynamics beyond the training horizon?

SQ4. For every surrogate time step, which model reports the lowest error on the test set during
rollouts when measured in terms of EL2 (u), EH 1 (u) at the final checkpoint t = 1.92?

Main Question 2

What are the empirical stability limits of GNN surrogate time integrators in terms of the CFL and
Fourier numbers?

Sub-questions for Main Question 2

SQ5. At the smallest surrogate time step, how do the CFL and Fourier stability limits of single-scale
models change as the number of message passing layers increases?

SQ6. At the medium surrogate time step, how does the allocation of message passing blocks be-
tween the fine and coarse levels in a two-level multiscale model affect the stability limits relative
to a single-scale model with the same total message passing layers budget?

SQ7. At the largest surrogate time step, does a three-level model extend the stability region beyond
what the two-level and single-scale models achieve?

SQ8. When single-scale models at different surrogate time steps that should have comparable
stability regions are compared, does oversmoothing become more prominent as the number of
message passing layers increases?

1.4 Structure of the thesis

The remainder of this thesis is organised as follows. Chapter 2 introduces the model problem and the nu-
merical background that underpins the work, covering the two-dimensional advection-diffusion equa-
tion, its finite element discretisation, and the relevant dimensionless numbers, namely the CFL number,
the Fourier number, and the mesh Péclet number. It also reviews explicit and implicit time-stepping
schemes and their stability, SUPG stabilisation, and multigrid methods including algebraic multigrid.
Chapter 3 develops the surrogate modelling framework based off the literature, starting from graphs,
message passing, and GNNs, and continuing with layer normalisation and oversmoothing, the encode-
process-decode graph neural operator, the use of GNNs as surrogate time integrators, and the learned
restriction and prolongation operators that enable the multiscale architecture. Chapter 4 describes the
experimental setting and methodology, explaining how the mesh is turned into a graph and which input
features are used, presenting the datasets that consist of the training and validation set together with
the two structured advection and diffusion test sets, and detailing the training setup, the single-scale
and multiscale model variants that are studied, and the error metrics along with the procedure used to
extract the empirical stability limits.

Chapter 5 presents the results, comprising a benchmark of conventional time integrators, the one-
step accuracy on the training and validation sets, the multi-step rollout (trajectory) performance, and
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the determination of the empirical stability limits. Chapter 6 discusses and interprets the main findings.
Chapter 7 answers the research questions and states the conclusions. Chapter 8 gathers the limitations
of the study and the recommendations for future work. This thesis was written to obtain the degree of
Master of Science in Applied Mathematics at the Delft University of Technology.



Chapter 2

Background: model problem and
numerical methods

To apply a surrogate model, a model problem is introduced described by a PDE. PDEs are fundamental
in modelling a wide range of physical processes, including fluid dynamics [14], heat transfer [15], elec-
trodynamics [16], and quantum mechanics [17]. In this chapter, we introduce the advection-diffusion
equation as considered in the present work. This is a PDE that captures the combined effects of ad-
vection and diffusion. We discuss the physical interpretation and review numerical methods for solv-
ing PDEs, with a focus on finite element methods and time-stepping schemes, which are essential to
creating reference simulations on which the surrogate model is trained and evaluated. As we will be
creating simulations that are both in the advection-dominated and diffusion-dominated regimes, we
also introduce the Streamline-Upwind Petrov-Galerkin (SUPG) stabilisation method that is used to gen-
erate stable reference trajectories in the advection-dominated regime. Finally, we introduce the alge-
braic multigrid method which, whilst not directly utilised in this thesis, is relevant for understanding
the multigrid-inspired architecture of the surrogate model and provides the theoretical framework for
the graph coarsening procedure.

2.1 The advection-diffusion equation

The advection-diffusion equation is a fundamental PDE that describes the transport of a scalar quantity,
such as temperature, concentration, or vorticity, under the combined influence of advection and diffu-
sion. Applications include the reconstruction of pollution sources in rivers [18], air pollution modelling
[19], and analytical models for drug delivery from multilayer spherical capsules [20]. More generally, the
equation governs how a scalar field u, representing any transported quantity such as heat or concentra-
tion, evolves within a fluid flow. The advection term captures the transport of u by the velocity field v ,
whilst the diffusion term accounts for the spreading of u due to diffusive processes [21], which may arise
from random molecular motion in a fluid [22]. A simple instance of the separate elements can be exam-
ined in Figure 2.1, where the most basic velocity field and diffusion tensor are considered, to illustrate
the behaviour of the two terms in isolation on a Gaussian bump as initial condition. The advection term
translates the bump without change of shape, whilst the diffusion term spreads the bump isotropically
without change of centre of mass.

In this thesis, we restrict ourselves to a two-dimensional spatial domain Ω⊂ R2 over a time interval
J = (0,T ], where T > 0 denotes the final time. Furthermore, both the diffusion tensor and the velocity
field are chosen to be independent of the time t and solution u, where the latter ensures that the result-
ing PDE is linear. We only work with symmetric positive definite (SPD) diffusion tensors and divergence
free velocity fields, making the equation parabolic [23]. SPD tensors ensure non-negative diffusion and
therefore positive entropy, whereas the divergence free condition on the velocity field ensures that the
advection term does not create or destroy mass, resulting in terms of the equation that are physically
consistent [24, 25]. We do not consider any source term, so that f ≡ 0. Under this combination of con-
ditions, namely a divergence-free velocity field, the SPD diffusion tensor, the absence of a source term,
and the periodic boundary conditions introduced below, the total mass

∫
Ωu dx is conserved over time,

as there are no sources and sinks in the problem and/or domain. Moreover, the constant
∫
Ωu dx is also

the steady state solution as t →∞. The resulting PDE is given by

5



2. Background: model problem and numerical methods | 2.2. The finite element method 6

∂u

∂t
=∇· (D(x)∇u)−∇· (v (x)u) where x ∈Ω, t ∈ (0,T ] = J , (2.1)

u(x ,0) = u0(x).

In the present work, the spatial domain is taken to be the unit square, defined as:

Ω= {(x, y) ∈R2|0 ≤ x ≤ 1,0 ≤ y ≤ 1}.

Periodic boundary conditions are imposed in both the x- and y-directions. This means that a point
at the boundary at x = 0 is spatially identical to another point at the boundary at x = 1, and similarly for
the y-direction. We have chosen these boundary conditions such that no insertion of boundary condi-
tions is needed for the surrogate model later. This way, we witness the true functionality of the surrogate
model without interference from boundary effects, which may interfere with the results. Formally, these
conditions are expressed as:

u(0, y, t ) = u(1, y, t ) for all y ∈ [0,1], t ∈ (0,T ],

u(x,0, t ) = u(x,1, t ) for all x ∈ [0,1], t ∈ (0,T ]. (2.2)

As the initial condition, we employ a random sum of Fourier modes, analogous to the approach in
[12], given by:

u0(x, y) =
(M−1∑

m=0

N−1∑
n=0

cm,n cos
(
2π(mx +ny)

))
exp

(−2(x −xc )2 −2(y − yc )2), (2.3)

where (xc , yc ) = ( 1
2 , 1

2 ) is the centre of the domain. The numbers of modes M and N in the x- and y-
directions are sampled as independent random integers between 2 and 7 inclusive, and each coefficient
cm,n is drawn independently from the uniform distribution on [0,1]. Sampling the mode numbers in this
way yields a wide range of spatial frequencies in each realisation, so that every initial condition contains
both low-frequency (large-scale) and higher-frequency (small-scale) structure. Moreover, this random
initial condition has infinite possible realisations, which allows us to train and evaluate the surrogate
model on a wide variety of initial states, promoting generalisation and robustness. An example of this
random initial condition on the unit square is shown in Figure 2.2. This initial condition is applied across
all test cases considered in this work. Having such a random initial condition ensures that the surrogate
model is trained and evaluated on a wide variety of initial states, which promotes generalisation and
robustness. Moreover, the random Fourier structure of the initial condition allows us to control the
spatial frequency content of the initial state, which is relevant for testing the surrogate’s ability to capture
both large-scale and small-scale features of the solution.

2.2 The finite element method

The finite element method (FEM) is the numerical scheme used throughout this thesis to generate the
reference trajectories against which the surrogate models are trained and tested. This section intro-
duces the FEM in the level of detail required for the remainder of the thesis. We begin with the gen-
eral continuous weak form of a linear second-order problem and then specialise the derivation to the
advection-diffusion equation, obtaining the semi-discrete linear system whose time integration is dis-
cussed in Section 2.4. The contents of the sections follow the standard references [2, 23, 26] related to
this topic.

Consider a scalar function u(x , t ) with x ∈Ω⊂ Rn and t ∈ (0,T ], then we define the strong form of a
general linear second-order PDE as: find u such that

∂u

∂t
+Lu = f (x) onΩ× (0,T ], (2.4)

for every x ∈Ω and t ∈ (0,T ], where L is a second-order spatial differential operator of the general form

Lu :=−
n∑

i , j=1

∂

∂xi

(
ai j

∂u

∂x j

)
+

n∑
i=1

∂

∂xi
(bi u)+

n∑
i=1

ci
∂u

∂xi
+a0u, (2.5)
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Figure 2.1: Decomposition of the most simple form of the advection-diffusion equation into its two elementary building blocks,
applied to a Gaussian bump initial condition on Ω = [0,1]2 with periodic boundary conditions. The left column shows pure
advection with a spatially constant velocity field v = (1,1)⊤ and a bump centred at (0.25,0.25). The bump is translated along
the diagonal without change of shape. The right column shows pure isotropic diffusion with D = 0.02 I and a bump centred
at (0.5,0.5); the bump spreads isotropically whilst preserving its centre of mass. The rows correspond to the time instances t ∈
{0, 0.25, 0.5, 0.75, 1.0}.
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Figure 2.2: A single realisation of the random Fourier initial condition of equation 2.3 on the unit square with M = 5 and N = 4.

and f (x) is a source term. The coefficients are assumed to be bounded, that is ai j ,bi ,ci , a0 ∈ L∞(Ω),
and the diffusion matrix (ai j ) is assumed to be symmetric and positive (semi-)definite, so that the op-
erator L and the bilinear form derived from it below are well-defined. Equation 2.4 is completed by
boundary conditions on ∂Ω (which can be of Dirichlet, Neumann, Robin, mixed, periodic or Cauchy
type) and by an initial condition at t = 0. Together with f , the boundary data and the initial data these
coefficients form the problem data of the PDE. Depending on the signs and relative magnitudes of the
ai j ,bi ,ci and a0 the equation is classified as elliptic, parabolic or hyperbolic [23]. It was already stated
in the previous subsection that the model problem in the present work is parabolic. A problem is said
to be well-posed in the sense of Hadamard [27] when a solution exists, is unique, and depends continu-
ously on the problem data. For the strong form these three requirements are difficult to uphold directly
for problems of practical interest, which is one of the reasons the weak formulation introduced next is
preferred, which yields some relaxations with respect to these requirements.

For this reason the FEM does not work with the strong form directly but with an equivalent integral
statement. We introduce a solution space S and a test space W (both subspaces of H 1(Ω) in our case,
but this depends on the problem at hand) chosen so that any essential (for example, Dirichlet) boundary
data are built into S and the corresponding homogeneous condition into W . Defining the residual of
the strong form as

R(u) := ∂u

∂t
+Lu − f (x),

we require R(u) to be orthogonal to every test function w ∈W . Which means we can define the contin-
uous weak form of equation 2.4 as: find u(·, t ) ∈S such that∫

Ω
R(u) w dΩ= 0 ∀w ∈W

for every test function w ∈W , x ∈Ω and t ∈ (0,T ]. Applying Green’s identity [28] to the second-order and
first-order terms yields the bilinear form B(·, ·) and linear form F (·) associated with equation 2.4, defined
for u ∈S and w ∈W by

B(u, w) :=
∫
Ω

( n∑
i , j=1

ai j
∂u

∂x j

∂w

∂xi
−

n∑
i=1

bi u
∂w

∂xi
+

n∑
i=1

ci
∂u

∂xi
w +a0 u w

)
dΩ

+
∮
∂Ω

( n∑
k=1

bi nk u −
n∑

i , j=1
ai j

∂u

∂x j
nk

)
w dS,

F (w) :=
∫
Ω

f w dΩ,

where n = (n1, . . . ,nn)⊤ is the outward unit normal on ∂Ω. The continuous weak form then reads: find
u(·, t ) ∈S such that

d

d t
(u, w)L2(Ω) +B(u, w) = F (w) ∀w ∈W , (2.6)
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where (·, ·)L2(Ω) denotes the standard L2 inner product on Ω. Under standard coercivity and continuity
hypotheses on B ,

∃α,∀v ∈S , sup
w∈W \{0}

B(v, w)

∥w∥W
≥α∥v∥S , Coercivity

∀w ∈W : B(v, w) = 0 for all v ∈S =⇒ w = 0, Uniqueness

existence and uniqueness of a solution to equation 2.6 follow from the Lax-Milgram [23] or the more
general Banach-Nečas-Babuška theorem [29].

We now apply this framework to the advection-diffusion equation 2.1. Rewriting the strong form
with the time derivative on the left,

∂u

∂t
−∇· (D(x)∇u

)+∇· (v (x)u
)= 0, x ∈Ω, t ∈ (0,T ], (2.7)

one can see that equation 2.7 is a special case of equations 2.4-2.5 with Lu = −∇ · (D∇u)+∇ · (vu), so
that ai j = Di j , bi = vi , and ci = a0 = 0. On the unit square Ω = [0,1]2 with doubly-periodic boundary
conditions all essential data are encoded in the function space rather than on the geometric boundary,
so the trial and test spaces coincide.

S =W = H 1
per(Ω) := {

w ∈ H 1(Ω) : γ{x=0}w = γ{x=1}w, γ{y=0}w = γ{y=1}w
}
,

where γΓ denotes the trace operator that restricts an H 1(Ω) function to the boundary segment Γ, so that
the traces on opposite edges of the domain are identified. So given that f = 0, multiplying equation 2.7
by a test function w ∈S , integrating overΩ, and applying Green’s identity for the diffusive term yields

d

d t
(u, w)L2(Ω)︸ ︷︷ ︸
evolution

+
∫
Ω

(D∇u) ·∇w dΩ︸ ︷︷ ︸
diffusion

−
∫
Ω

(vu) ·∇w dΩ︸ ︷︷ ︸
advection

= 0, ∀w ∈S . (2.8)

Where the periodic boundary conditions ensure that the boundary terms vanish in the integration by
parts. The bilinear form B(u, w) associated with equation 2.7 is thus the sum of a symmetric positive
semi-definite diffusive term (whenever D is symmetric positive semi-definite, which it is in this thesis)
and a non-symmetric advective term responsible for the hyperbolic transport. Now it shows that for
the solution and test spaces, we must at least have u, w ∈ H p (Ω) with p ≥ 1 to make the diffusive term
well-defined.

The trial and test spaces in equation 2.8 are infinite-dimensional and must be approximated by
finite-dimensional subspaces before the problem can be solved. We therefore partition Ω into a tri-
angulation Th = {K1,K2, . . . ,KNel } of Nel non-overlapping elements such that

⋃
K∈Th

K̄ = Ω̄ and the inter-
section of any two elements is either empty, a common vertex or a common edge. In two dimensions
these elements are typically triangles or quadrilaterals. In this thesis we use an unstructured triangula-
tion, mainly because this facilitates a broader range of edge attributes for the surrogate model to train
on. The parameter h denotes the characteristic edge length of the triangulation, which in practice varies
across Th . We write hK = diam(K ) for the diameter of a single element.

On top of Th we introduce a finite-dimensional conforming subspace Sh ⊂S . Its elements are glob-
ally continuous functions whose restriction to each element K is a polynomial of fixed degree p, which
is the standard continuous Lagrange spacePp (Th). In the periodic setting the degrees of freedom on op-
posite edges ofΩ are identified, so the dimension n := dimSh equals the number of independent nodal
unknowns. Throughout this thesis we take p = 1, i.e. piecewise-linear elements on triangles. Higher
value of p are possible and can be used to achieve higher-order accuracy, but this also yields more com-
putational cost. Higher order elements improve accuracy at a functional level, but do not have particular
emphasis on being nodally exact, and therefore do not necessarily improve the accuracy of the surrogate
models. That being said, a stabilisation method such as SUPG (introduced in Section 2.5) is required to
obtain accurate solutions in the advection-dominated regime, which additionally is a method that aims
at being nodally accurate, which is beneficial for the surrogate models.

Let {Ni }n
i=1 denote the standard nodal Lagrange basis of Sh , i.e. the piecewise-linear hat functions

satisfying Ni (x j ) = δi j at the mesh nodes {x j }n
j=1. We write the discrete solution as a linear combination

of these basis functions with time-dependent coefficients,

uh(x , t ) =
n∑

j=1
u j (t ) N j (x), (2.9)
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so that the coefficient vector u(t ) = (u1(t ), . . . ,un(t ))⊤ is exactly the vector of nodal values of uh at the n
mesh nodes. The Galerkin approximation of equation 2.8 consists in replacing S by Sh and, since Sh

is finite-dimensional, testing only against the n basis functions: find u(t ) ∈Rn such that

d

d t
(uh , Ni )L2(Ω) +B(uh , Ni ) = 0, i = 1, . . . ,n. (2.10)

Substituting the expansion 2.9 into equation 2.10 gives an n ×n linear system of ordinary differential
equations in time,

M u̇(t )+ A u(t ) = 0, (2.11)

with the symmetric positive-definite mass matrix M and the (in general non-symmetric) stiffness matrix
A given by

Mi j =
∫
Ω

Ni N j dΩ, Ai j =
∫
Ω

(D∇N j ) ·∇Ni dΩ−
∫
Ω

(v N j ) ·∇Ni dΩ.

Both matrices are sparse, since the hat functions Ni and N j have local support on the mesh and their
entries vanish whenever nodes i and j do not share an element. The symmetric part of A is dominated
by the diffusive contribution and is positive semi-definite because D is symmetric positive definite by
construction in the current work, whilst the advective contribution contributes a skew-symmetric com-
ponent that is responsible for the numerical difficulties encountered when ∥v∥ is large relative to ∥D∥.

The entries of M and A cannot in general be computed in closed form and are evaluated by numer-
ical quadrature [30]. Since the restriction of v and the nodal basis to each element K is polynomial and
D is smooth, an appropriately chosen Gauss rule integrates each element contribution to machine pre-
cision, so that the only discretisation error in equation 2.11 comes from the finite-dimensional approxi-
mation Sh itself. Equation 2.11 is a linear, stiff system of ordinary differential equations; its integration
in time completes the fully discrete scheme and is the subject of Section 2.4.

2.3 Dimensionless numbers

Three dimensionless numbers govern the behaviour of a discretised advection-diffusion problem: the
cell Péclet number, the CFL number and the Fourier number. Since we will be applying surrogate models
to mimic the simulations on graphs, we introduce nodal variants. This allows us to probe the stability of
the surrogate model as a function of these dimensionless numbers, which is one of the central questions
of this thesis.

Definitions of the numbers are given in standard CFD and FE references such as [14, 31]. The cell Pé-
clet number quantifies the relative strength of advection and diffusion. For an isotropic scalar diffusivity
k, [31] defines it as Peh = ∥v∥h/(2k). The diffusion tensors considered in this thesis are anisotropic, so
we adopt instead the streamline-diffusivity generalisation of the one introduced in [32],

Peh = max
x∈Ω

∥v∥2 hmax

2κs
, κs := v⊤D v

∥v∥2 , (2.12)

where hmax is the maximum local mesh size and κs is the projection of D onto the flow direction, i.e.
the diffusivity actually felt along the streamlines. For an isotropic tensor D = kI one has κs = k, so
equation 2.12 reduces to the scalar definition of [31], given that the grid is uniform. When Peh ≲ 1
the problem is diffusion-dominated and a standard Galerkin discretisation produces accurate solutions,
whilst for Peh ≫ 1 the discrete problem becomes advection-dominated and spurious oscillations appear
unless a stabilisation technique is employed (see Section 2.5).

The Courant-Friedrichs-Lewy (CFL) number quantifies how far the advected information travels
within a single time step relative to the mesh size. More intuitively, it is the fraction of physical speed
divided by the numerical speed. On a Cartesian grid with grid spacings in the k-th direction of hk and
velocity components vk , the CFL number is given by the directional sum

CFL =
d∑

k=1

|vk |∆t

hk
. (2.13)

On the unstructured triangular meshes used in this thesis, no preferred coordinate directions exist and
the directional sum 2.13 cannot be evaluated as such. We therefore use the replacement

CFL = max
x∈Ω

∥v∥∆t

hmin
,
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where hmin is the smallest local edge length. This is a definition rather than a quoted theorem: |vk | ≤ ∥v∥
for every k and hk ≥ hmin on a regular grid.

The Fourier number plays the analogous role for the diffusive part of the equation. The textbook
one-dimensional bound for explicit Euler is Fo = D∆t/h2 ≤ 1/2 [14]. As with the CFL number, we define
our adaptation to the case of an anisotropic full tensor D modelled on an unstructured mesh, yielding

Fo = max
x∈Ω

∥D∥F ∆t

h2 , (2.14)

where ∥D∥F =
√∑

i , j D2
i j is the Frobenius norm of the diffusion tensor, has two convenient properties.

First, ∥D∥F is an upper bound on the spectral radius ρ(D) = maxi |λi (D)| [14], so 2.14 dominates any
directional diffusive time scale of the problem and is therefore conservative. Second, it reduces to the
textbook scalar D∆t/h2 for D = kI in one space dimension. The precise form of the explicit-scheme
stability constraints, including the way in which CFL and Fo couple, is derived in Section 2.4.

We subsequently convert our definitions of Pe, CFL and Fo into nodal quantities that can be eval-
uated at the mesh nodes of the graph and used to evaluate the stability of the surrogate model as a
function of these dimensionless numbers. To this end, we introduce some notation: each node i we
associate the set N (i ) of neighbouring nodes connected to i by a mesh edge and define two local mesh
sizes

hmax
i := max

j∈N (i )
∥x j −x i∥, hmin

i := min
j∈N (i )

∥x j −x i∥,

The former controls the coarsest local resolution (and hence the upper bound on the cell Péclet number)
while the latter controls the tightest CFL and Fourier constraints. For the diffusion coefficient we use the
streamline diffusivity [32] at node i ,

κs (x i ) := v (x i )⊤D(x i ) v (x i )

∥v (x i )∥2 , (2.15)

which measures the strength of diffusion in the local flow direction. This is the quantity that competes
directly with the advective flux and therefore matches the role of D in equation 2.12. The corresponding
graph-based dimensionless numbers are

Pe = max
i∈V

∥v (x i )∥hmax
i

2κs (x i )
,

CFL = max
i∈V

∥v (x i )∥∆t

hmin
i

,

Fo = max
i∈V

∥D(x i )∥F ∆t

(hmin
i )2

,

where V are the nodes of the graph G = (V ,E). We formally introduce the graph later in Section 3.1, but
knowing that we are referring to graph nodes is sufficient for the current discussion. Once again, it is
worth noting that these graph definitions, which will be more compatible with the surrogate integrator
setting, can be seen as upper bounds of the former, more classical definitions.

2.4 Time-stepping schemes

The Galerkin discretisation of Section 2.2 reduces the advection-diffusion equation to the linear stiff
system of ordinary differential equations M u̇+A u = 0 of equation 2.11. To obtain a fully discrete scheme
this system has to be integrated in time. The four numerical integrators that appear later in this thesis are
forward Euler, backward Euler, Crank-Nicolson and the classical four-stage Runge-Kutta method (RK4).
The aim of this section is to introduce these schemes, fix the notion of stability that we will use, and
derive their stability bounds in the one-dimensional constant-coefficient setting of [14, 31]: the model
problem ∂t u + v ∂x u = D ∂xx u with v,D > 0 constant, on a uniform Cartesian grid with central finite
differences. The actual setting of this thesis is of course more involved (anisotropic diffusion, spatially
varying velocity, unstructured mesh, continuous-Galerkin FEM). They serve as an illustrative example of
how the stability of a time-stepping scheme can be fully characterised by the dimensionless numbers as
introduced in Section 2.3, and as a motivation for the empirical stability analysis that will be performed
in Chapter 5.
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2.4.1 Definition of stability

We partition (0,T ] into Nt uniform sub-intervals of length ∆t = T /Nt and approximate u(tn) by un ,
with u(t0) = u0. It is convenient first to write the semi-discrete system M u̇ + A u = 0 in the explicit form
u̇ =H u, where the system matrix is

H :=−M−1 A.

A linear timestepping scheme applied to this system can always be cast as

un+1 =G(∆t )un , (2.16)

where the amplification matrix G(∆t ) depends on∆t and H but not on un . A definition on stability, can
then be characterised as in [30], and is given by

Definition 2.4.1 (Absolute stability). The scheme 2.16 is absolutely stable for the step size ∆t if its sta-
bility function R :C→C, defined by replacing H in G(∆t ) by the scalar λ, satisfies

|R(∆t λ)| ≤ 1 ∀λ ∈σ(H ), (2.17)

where σ(H ) denotes the spectrum of H . The set S := {z ∈ C : |R(z)| ≤ 1} is the stability region of the
scheme.

Combined with consistency, condition 2.17 yields convergence of a perturbation at the order of the
scheme by the Lax equivalence theorem [31]. That conversely means that when this condition is vio-
lated, the scheme is unstable and errors are amplified each iteration and will become unbounded: a
so-called blow-up.

Forward Euler, backward Euler and Crank-Nicolson are obtained directly from equation 2.16 by ap-
proximating u̇ at tn , at tn+1, and at the midpoint, respectively [30]. The stability functions and stability
regions are given by

Forward Euler: un+1 = (I +∆t H )un , RFE(z) = 1+ z,

Backward Euler: un+1 = (I −∆t H )−1 un , RBE(z) = 1

1− z
,

Crank-Nicolson: un+1 = (
I − ∆t

2 H
)−1(I + ∆t

2 H
)
un , RCN(z) = 1+ z/2

1− z/2
.

The classical four-stage Runge-Kutta method is given by the following scheme. Given un and the right-
hand side f (u) =H u, the classical RK4 step computes

k1 = f (un), k2 = f
(
un + ∆t

2 k1
)

,

k3 = f
(
un + ∆t

2 k2
)

, k4 = f
(
un +∆t k3

)
,

un+1 = un + ∆t
6

(
k1 +2k2 +2k3 +k4

)
.

For the linear right-hand side f (u) = H u successive substitution of the stages collapses the update to
un+1 = RRK4(∆t H )un with

RRK4(z) = 1+ z + z2

2 + z3

6 + z4

24 ,

i.e. the truncated Taylor expansion of ez to fourth order, which is also the order of consistency of the
scheme. The corresponding stability regions are summarised in Table 2.1 and visualised in Figure 2.3.

Table 2.1: Stability functions and stability regions of the four schemes considered in this thesis.

Scheme Stability function R(z) Stability region S
Forward Euler 1+ z disc |1+ z| ≤ 1 (radius 1, centre −1)
Backward Euler 1/(1− z) exterior of disc |1− z| ≤ 1, A-stable
Crank-Nicolson (1+ z/2)/(1− z/2) closed left half-plane Re z ≤ 0, A-stable
RK4 1+ z + z2/2+ z3/6+ z4/24 bounded; intersects the negative real axis at ≈−2.785

Backward Euler and Crank-Nicolson are A-stable: their stability regions contain the entire closed left
half-plane, so condition 2.17 is satisfied for every∆t > 0 regardless of the spectrum of H . Forward Euler
and RK4 are conditionally stable: their stability regions are bounded, so ∆t must be small enough that
∆t σ(H ) ⊂ S.
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Figure 2.3: Absolute-stability regions S = {z ∈C : |R(z)| ≤ 1} of the four time-stepping schemes in the complex plane z =∆t λ. The
shaded area marks where |R(z)| ≤ 1, so that a scheme is absolutely stable for a given∆t whenever the scaled spectrum∆t σ(H ) lies
inside the shaded region. Backward Euler and Crank-Nicolson are A-stable (the whole left half-plane is stable), whereas forward
Euler and RK4 have bounded stability regions.

2.4.2 Stability bounds of special case in 1D for forward Euler

To illustrate how the stability relates to the dimensionless numbers, we consider the one-dimensional
constant-coefficient advection-diffusion equation

∂t u + v ∂x u = D ∂xx u, x ∈R, t > 0, (2.18)

with v,D > 0 constants, discretised on the uniform grid x j = j h with central differences in space:

u̇ j (t ) =− v

2h

(
u j+1 −u j−1

)+ D

h2

(
u j+1 −2u j +u j−1

)
. (2.19)

Throughout this subsection we use the classical scalar definitions CFL = v∆t/h and Fo = D∆t/h2 from
equations 2.13–2.14. We will extract two complementary stability conditions from forward Euler applied
to 2.19: a pointwise positivity condition that guarantees ℓ∞ stability (no spurious extrema), and the
standard von Neumann condition that guarantees ℓ2 stability of every Fourier mode [14].

Discretising the time derivative in 2.19 by forward Euler, u̇ j (t ) ≈ (un+1
j −un

j )/∆t , gives

un+1
j = un

j +∆t

[
− v

2h

(
un

j+1 −un
j−1

)+ D

h2

(
un

j+1 −2un
j +un

j−1

)]
.

Substituting the scalar definitions CFL = v∆t/h and Fo = D∆t/h2 and collecting separately the terms
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that multiply un
j−1, un

j and un
j+1 gives

un+1
j = (

Fo+ 1
2 CFL

)︸ ︷︷ ︸
c−1

un
j−1 + (

1−2Fo
)︸ ︷︷ ︸

c0

un
j + (

Fo− 1
2 CFL

)︸ ︷︷ ︸
c+1

un
j+1.

The continuous problem in Equation 2.18 obeys a maximum principle: diffusion smears extrema and
advection merely translates the profile, so u never exceeds its initial range. The discrete update inherits
this property only if every ck ≥ 0, since then un+1

j is a convex combination of its stencil neighbours and

mink un
j+k ≤ un+1

j ≤ maxk un
j+k [14]. A negative coefficient instead lets a single neighbouring spike drive

un+1
j outside this range, producing the spurious oscillations that the continuous equation forbids. The

conditions c−1,c0,c+1 ≥ 0 read

Fo ≤ 1
2 , CFL ≤ 2Fo,

Which is equivalent to saying

CFL ≤ 1, Fo ≤ 1
2 ,

(c−1 ≥ 0 is automatic for v,D > 0). Also note that CFL ≤ 2Fo is equivalent to

2
CFL

Fo
= vh

D
= Peh ≤ 1,

meaning that the mesh must be fine enough that diffusion locally dominates advection, otherwise the
downwind coefficient turns negative and the scheme produces wiggles. This is the classical motivation
for upwinding and SUPG-type stabilisation [31]. On the present central-difference grid it is the binding
constraint whenever advection is strong. These limits illustrate how, for this illustrative simple problem,
the stability of forward Euler is fully determined by the dimensionless parameters CFL, Fo, and Peh .

2.5 SUPG stabilisation

When the mesh Péclet number of Section 2.3 exceeds one, meaning advection is relatively more promi-
nent than diffusion, the standard Galerkin discretisation of the advection-diffusion equation 2.8 be-
comes unstable: the discrete solution develops globally supported, non-physical oscillations. The ori-
gin of these oscillations is well understood, looking at the stability analysis of the previous subsection.
A stabilisation term is therefore added to the weak form that introduces upwind-biased dissipation in
the direction of the flow without compromising the consistency of the scheme. We use the streamline-
upwind Petrov-Galerkin (SUPG) method of Brooks and Hughes [32], which is the residual-based stabili-
sation employed when creating the simulation data on which the model is trained.

The general residual-based stabilisation framework adds to the Galerkin weak form a term that is
proportional, element-wise, to the strong-form residual R(uh) tested against a chosen perturbation
P (wh) of the test function. With f ≡ 0 in our setting, the stabilised problem reads: find uh(·, t ) ∈ Sh

such that

d

d t
(uh , wh)L2(Ω) +B(uh , wh)+ ∑

K∈Th

τK

∫
K

R(uh)P (wh)dΩ= 0 ∀wh ∈Sh , (2.20)

where τK ≥ 0 is an element-wise stabilisation parameter with the dimension of time. Consistency is
immediate: if uh = u then R(uh) ≡ 0 and the extra term vanishes, so equation 2.20 reduces to the un-
modified weak form. Different choices of P (wh) yield different classical schemes; the SUPG method
corresponds to

P (wh) = v ·∇wh , (2.21)

which biases the test function along the flow direction.
Combining equations 2.20 and 2.21, the SUPG-stabilised semi-discrete problem is: find uh(·, t ) ∈Sh

such that for every wh ∈Sh ,

d

d t
(uh , wh)L2(Ω) +B(uh , wh)+ ∑

K∈Th

τK

∫
K

R(uh) (v ·∇wh)dΩ= 0.
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On the spaceP1(Th) of continuous piecewise-linear elements adopted in this thesis, the diffusive part of
the strong-form residual vanishes element-wise, because a linear function has zero second derivatives
on the interior of each triangle. Consequently R(uh)|K = ∂t uh + v · ∇uh on each K , which means no
evaluation of second derivatives is needed to compute the stabilisation term.

The stabilisation parameter τ controls the magnitude of the added streamline diffusion and must be
chosen carefully. The classical one-dimensional analysis of Brooks and Hughes [32] shows that

τ= h

2∥v∥ ξ(Peh), ξ(Peh) := coth(Peh)− 1

Peh
, (2.22)

with Peh = ∥v∥h/(2D) the classical cell Péclet number of equation 2.12, renders the discrete scheme
nodally exact: the discrete solution coincides with the exact continuous solution at every mesh node.
The function ξ(Peh) is doubly asymptotic, with ξ∼ Peh/3 as Peh → 0 and ξ→ 1 as Peh →∞. As a result,
the added streamline diffusion automatically vanishes in the diffusion-dominated regime and saturates
to a fixed fraction of h∥v∥/2 in the advection-dominated regime, which is precisely the behaviour one
expects of a well-designed stabilisation term. While nodal exactness is a property for the specific setting
of the paper of Brooks and Hughes and therefore does not hold in general, the stabilisation parameter
is designed with the aim of doing so. This is useful considering that the surrogate model evaluates the
solution at the mesh nodes, so that the surrogate is trained on targets that are as close as possible to the
exact solution.

On the unstructured, anisotropic meshes used in this thesis, the scalar D in equation 2.22 is replaced
by the streamline diffusivity κs of equation 2.15, and h is replaced by a local element size, yielding the
element-wise τK used in the implementation:

τK = hK

2∥v∥ ξ
(∥v∥hK

2κs

)
. (2.23)

The effect of this stabilisation is illustrated in Figure 2.4, which contrasts the unstabilised Galerkin dis-
cretisation with the SUPG-stabilised discretisation in an advection-dominated regime.

2.6 Multigrid methods

We do not use multigrid as an actual solver in this work, but its underlying philosophy directly motivates
the multi-scale architecture of the surrogate simulator developed in the next chapter. In particular, the
way coarse representations are constructed and the role of the prolongation and restriction operators
reappear, in a learned form, in our surrogate model later. The aim of this section is therefore not to give
an exhaustive treatment, but to fix the ideas and notation that we will reuse later. For this section, the
main sources are [33–36].

In the most general setting, multigrid methods solve a linear system of the form

Ax = b,

with A ∈ Rn×n , x ∈ Rn and b ∈ Rn . Each implicit time step of Section 2.4 (backward Euler or Crank–
Nicolson) requires the solution of exactly such a linear system, so advancing the numerical integrator
in time ultimately comes down to solving Ax = b repeatedly. Multigrid is in principle just one more
(and rather powerful) candidate for this task, attractive both for its computational cost and convergence
properties.

The key observation behind any multigrid method is that simple iterative solvers behave very dif-
ferently on different error frequencies. A smoother (or relaxation method) is a cheap iterative method
that is applied for only a few iterations: its purpose is not to solve the system, but to damp specific
components of the error. A classical pointwise smoother such as Jacobi or Gauss-Seidel [37] reduces the
high-frequency components of the error quickly, but is essentially blind to the low-frequency, geomet-
rically smooth ones.

The remedy is to represent those smooth components on a coarser grid, where they look oscillatory
again, and to correct them there. Concretely, one applies a few smoothing steps on the fine level, restricts
the resulting residual to a coarser level by means of a restriction operator R, solves a smaller system
for the coarse-grid correction, and prolongates this correction back to the fine level via an operator P .
Applying this idea recursively across several levels yields the well-known V- and W-cycles.

In what follows we focus on algebraic multigrid (AMG), since it is the variant whose data-driven
analogue we will eventually build. The components of interest are the construction of the coarser graphs
and the choice of R and P , of which we will later define learned counterparts.
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Figure 2.4: Time evolution of the standard Galerkin (left column) and SUPG-stabilised (right column) discretisations of the
advection-diffusion equation in an advection-dominated regime. A smoothed top-hat profile is transported by a constant ve-
locity field v = (1,0)⊤ in the presence of very weak isotropic diffusion D = 10−6 I , so that the mesh Péclet number of Equation 2.12
is of order 104. Rows correspond to the time instances t ∈ {0, 0.1, 0.2, 0.3, 0.4}. The unstabilised Galerkin discretisation is essen-
tially oscillation-free at t = 0 but develops progressively larger, globally supported spurious oscillations as time advances, whilst
the SUPG-stabilised solution using the τ of equation 2.23 transports the profile with the same speed and remains free of oscilla-
tions throughout the simulation.



2. Background: model problem and numerical methods | 2.6. Multigrid methods 17

2.6.1 Algebraic multigrid method (AMG)

The exposition below follows the review of [38] together with the textbook treatment in [33]. Multigrid
methods are usually divided into two families: geometric and algebraic. Geometric multigrid relies on a
coarsening hierarchy that is dictated by the underlying mesh: one fixes a coarsening pattern beforehand
(for instance, halving the mesh size in each spatial direction) and uses simple geometric interpolation.
The price for this simplicity is that the smoother must reduce the error to something that varies geomet-
rically smoothly between the fine grid and its coarse subset. For certain problems, such as solving these
systems for unstructured meshes, this is hard to guarantee with a cheap pointwise smoother. Then one
has to resort to more complex relaxation schemes such as line or block smoothers, which somewhat
undermines the appeal of the multigrid approach.

Algebraic multigrid takes the opposite point of view. Instead of designing a smoother that fits a pre-
scribed coarsening, one fixes a simple smoother (typically Gauss-Seidel) and then constructs the coars-
ening, the restriction and the prolongation in such a way that they cooperate well with that smoother.
Crucially, this construction is based purely on the entries of the fine scale matrix Ah . This means that no
geometric information enters. As a consequence, AMG can be applied to systems that have no obvious
geometric background at all, which is one of the main reasons it is so widely used as a black-box solver.

In classical AMG the coarse-level variables are taken as a subset of the fine-level ones. We denote the
fine-level index set by Ih and the coarse-level index set by IH . The fine-level index set is split into two
disjoint subsets,

Ih =C ∪F,

where C collects the indices that are kept on the coarse level (and so are shared with IH ) and F collects
the remaining fine-only indices. We restrict ourselves to a two-level setting with a fine level h and a
coarse level H . The multilevel method is obtained by applying the same construction recursively to the
coarse-level system.

The fine-level equation reads

Ah xh = bh ,

where Ah is the system matrix A of the linear system above, equipped with a subscript to indicate that it
lives on the finest level h. Analogously, on the coarse level

AH x H = bH .

The coarse-level operator AH is not assembled from a coarse discretisation of the original PDE, but is
obtained via restriction and prolongation operators, which possess the Galerkin property:

AH = R Ah P,

with R ∈RnH×nh the restriction and P ∈Rnh×nH the prolongation. For a symmetric positive-definite Ah it
is standard to take R = P T , which guarantees that AH inherits symmetry and positive definiteness from
Ah .

A smoothing step on the fine level is a relaxation of the form

xh → x̂h = xh +M−1
h

(
bh − Ah xh

)
,

where Mh is a cheaply invertible approximation of Ah (for Gauss–Seidel, Mh = Dh +Lh , with Dh and Lh

the diagonal and strictly-lower-triangular parts of Ah). The associated error-propagation operator is

Sh := Ih −M−1
h Ah ,

so that, denoting the exact fine-level solution by x∗
h , the error eh = x∗

h−xh transforms under one smooth-
ing step as

eh → Sh eh ,

which makes explicit that the role of the smoother is to damp the components of eh that lie in the high
part of the spectrum.

Given a current iterate xold
h , a two-level correction step then proceeds as follows. The fine-level resid-

ual

r old
h = bh − Ah xold

h



2. Background: model problem and numerical methods | 2.6. Multigrid methods 18

is restricted to the coarse level, r H = R r old
h , and the coarse-grid correction (error) e H is obtained by

solving the coarse-level system

AH e H = r H .

This correction is finally prolongated back and applied on the fine level,

xnew
h = xold

h +P e H .

A full two-level cycle consists of a few pre-smoothing sweeps, the coarse-grid correction described
above, and a few post-smoothing sweeps. Applying this scheme recursively to the coarse system AH e H =
r H yields the multilevel V- or W-cycle, depending on how often one descends to the coarsest level before
going back up.

The efficiency of AMG relies on a delicate interplay between the smoother, the C/F-splitting and the
restriction operator: the components of the error that the smoother leaves behind must be exactly the
ones that the coarse-grid correction can resolve well [35]. So far we have assumed the C/F-splitting to
be given. The algebraic construction of this splitting is one of the central building blocks of AMG, and
is also the part that will guide the design of our own coarsening algorithm. We therefore describe the
standard procedure in the next section.

2.6.2 The Ruge–Stüben coarsening algorithm

For the construction of the C/F-splitting we use the classical Ruge–Stüben algorithm [35, 38]. The al-
gorithm is built on a heuristic characterisation of algebraically smooth error, which we briefly motivate
before stating it.

Assume that Ah has been scaled so that its largest eigenvalue equals 1, and let e be a normalised
eigenvector with associated eigenvalue λ. Then

eT Ah e =λeT e =λ.

For symmetric matrices with vanishing row sums (which is, up to boundary contributions, typical for
discretised second-order elliptic operators) one can rewrite this expression as

eT Ah e = ∑
i< j

(−ai j )(ei −e j )2.

A small eigenvalue λ≪ 1 thus corresponds to an eigenvector for which the differences ei − e j are small
whenever the off-diagonal coefficient −ai j is large and positive. Since smooth error is essentially built
up from such small eigenmodes, this leads directly to the central heuristic of classical AMG: algebraically
smooth error varies slowly along the directions in which the negative off-diagonal coefficients of Ah are
large in magnitude.

This heuristic translates into a notion of strength of connection. We say that variable i strongly
depends on variable j if

−ai j ≥ θmax
k ̸=i

(−ai k
)
,

where θ ∈ (0,1] is a user-defined threshold. The set of variables on which i strongly depends is denoted

Si = { j ∈ Ni : −ai j ≥ θmax
k ̸=i

(−ai k ) },

with Ni = { j ̸= i : ai j ̸= 0} the algebraic neighbourhood of i . Note that strength of connection is in general
not symmetric, even when Ah itself is. We define the transpose of the set S, which means we now collect
j instead of i :

ST
i = { j ∈Ih : i ∈ S j },

collects the variables that strongly depend on i (i.e. those j for which i belongs to the dependency set
S j ), and is the set that matters when deciding whether i should become a C-point: a good C-point is one
that influences many other variables.

The algorithm proceeds in two passes. In the first pass, every variable starts out as undecided (U =
Ih , C = F =;) and a score

µi = |ST
i ∩U |+2 |ST

i ∩F |
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is computed for each i ∈U . The score counts how many undecided neighbours strongly depend on i ,
plus twice the number of F-points that already do. Note that the second term reflects the fact that an F-
point should preferably be surrounded by C-points from which it can interpolate, so a node that resolves
several existing F-points is an attractive candidate. The variable with the largest score is added to C , all
variables in ST

i ∩U are moved to F , and the scores of the remaining undecided variables are updated.
The procedure is repeated until U is empty. Schematically:

1. Initialise C =;, F =;, U =Ih , and compute µi for all i ∈U .

2. While U ̸= ;:

(a) pick i ∈U with maximal score µi and set C ←C ∪ {i }, U ←U \ {i };

(b) for each j ∈ ST
i ∩U , set F ← F ∪ { j }, U ←U \ { j };

(c) update the scores µk for the remaining k ∈U .

A second pass is then performed to repair the splitting where it is locally too coarse: whenever two
strongly connected F-points do not share a common C-neighbour, one of them is promoted to a C-point
so that the interpolation rules used by classical AMG remain well-defined [35]. The output is a C/F-
splitting in which the C-points form an approximately maximal independent set with respect to strong
connections, and in which every F-point has enough strongly connected C-neighbours to interpolate
from. This splitting, together with the corresponding interpolation P , the restriction R = P T and the
Galerkin coarse operator AH = R AhP , is what defines a single level of the AMG hierarchy.

From this construction, the surrogate model developed in the next chapter borrows two ingredients.
The first is the C/F-splitting itself, used to obtain the coarse graph. We do not have a fine-level matrix Ah

at our disposal, so the strength of connection cannot be read off from matrix entries. Instead, we replace
it by a similarity score computed from the edge features and from differences in node features, which,
somewhat ironically, reintroduces a geometric component into the otherwise purely algebraic frame-
work. The Ruge–Stüben procedure is then applied with this score in place of −ai j , and the resulting
C-points, together with the F-points clustered around them, define both the nodes and the connectivity
of the coarse graph.

The second ingredient is the pair of restriction and prolongation operators, which we replace by
learned counterparts so that information can be propagated between scales. We also slightly relax their
support: rather than restricting interpolation to direct C/F-neighbours as in classical AMG, we define
dedicated up- and down-graphs that prescribe which fine and coarse nodes exchange information. The
precise construction of these graphs and operators is deferred to the next chapter.



Chapter 3

Surrogate modelling framework

To understand the surrogate modelling problem, the necessary framework is introduced. To under-
stand the framework, a literature review was conducted that informed the development of the surrogate
modelling approach. This chapter establishes the fundamental building blocks of a GNN with a spe-
cific focus on the surrogate modelling application. It provides a rigorous mathematical definition of a
graph, followed by the general architecture of a graph-based surrogate model and the learning paradigm
for surrogate modelling. The chapter concludes with the introduction of the learned prolongation and
restriction operators used for the multiscale architecture, which are central to the multigrid-inspired
architecture of the GNNs used in this thesis.

3.1 Definition of a graph

The goal of surrogate simulators is to model PDEs over a set of nodes and edges that represent the phys-
ical domain. The graph may be a one-to-one copy of the mesh, as is done in this thesis, or it may be
constructed differently. For instance, [39] selects random points over the domain and connects them
based on proximity. Despite differences in graph construction, all such methods operate on a graph
entity. It is therefore desirable to have a rigorous definition of a graph. The definition of [40] is adopted
here, which formalises the identity of a graph and its associated features on which a GNN operates. This
definition is general enough to encompass the various graph constructions used in surrogate modelling
and can be described as follows:

Definition 3.1.1 (Attributed Graph). Let G = (V ,E) denote a graph, where V is a set of nodes, and E
is a set of edges connecting the nodes. Let vi ∈ V be a node and ei j = (vi , v j ) ∈ E an edge pointing
from vi to v j . We define the neighbourhood N (v) of a node by the set N (v) = {u ∈ V |(u, v) ∈ E } (i.e.,
all nodes that have an edge pointing to v). The adjacency matrix A is a matrix where Ai j = 1 if ei j ∈ E

and 0 otherwise. A graph may have node features X v = (
v 1 v 2 . . . v |V |

)T ∈ R|V |×nv , edge features

X e = (
e1 e2 . . . e |E |

)T ∈R|E |×ne and a global graph feature vector g ∈Rng ×1, where nv ,ne ,ng are the
dimensions of the node, edge and global features respectively.

A symmetric adjacency matrix corresponds to a bidirectional graph, in which the presence of an
edge (i , j ) ∈ E implies ( j , i ) ∈ E . It is worth noting that weighted adjacency matrices are not considered
here; these represent the special case of graphs with one-dimensional edge features. The combination
of a binary adjacency matrix with higher-dimensional edge features thus constitutes a generalisation
of the weighted adjacency matrix. Since the adjacency matrix encodes only edge presence, the edge
index matrix is employed in practice: a 2×|E | matrix, with integer entries, whose first row contains the
source-node indices and whose second row contains the target-node indices, so that each of the |E |
edges contributes exactly one column. This representation enables efficient message passing in GNNs
by providing direct access to neighbouring nodes and their associated edge features without requiring
computation of the full adjacency matrix. Furthermore, since the graph represents a mesh, it has a
sparse structure, and the use of the edge index matrix results in a smaller matrix than the full adjacency
matrix, thereby reducing memory cost. The graph is undirected when the additional condition e i j =
e j i holds. An example of an attributed graph constituting a triangular unstructured mesh is shown in
Figure 3.1, illustrating the node, edge, and global graph features together with the neighbourhood of a
selected node.

20
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vi
v j

N (vi )

v i ∈Rnv

ei j ∈Rne

ei j

X v ∈R|V |×nv

X e ∈R|E |×ne

G = (V ,E), X v , X e , g

g ∈Rng

global features

Selected node Neighbourhood N (vi )

Figure 3.1: An attributed graph with node-, edge-, and global features representing an arbitrary unstructured triangular mesh.
The selected node vi and its neighbourhood N (vi ) are highlighted. Global features concern the entire graph and are therefore
denoted with a box encompassing the entire graph. The edge features are shown for one edge, but are present for all edges, same
for the node features. Since the graph represents a mesh, it has a sparse structure and is at least bidirectional (ei j ∈ E =⇒ e j i ∈ E).

Definition 3.1.1 extends naturally to the spatiotemporal setting, where features evolve over time,
yielding G (t ) = (V ,E , X v (t ), X e (t ), g (t )). In the surrogate modelling context, whether the graph is directed
or undirected is determined by the choice of edge attributes, which frequently correspond to physical
distances between nodes. The graph induced by a mesh is inherently bidirectional. Consequently, the
graph is undirected provided e i j = e j i .

If the displacement vector between adjacent nodes is adopted as the edge attribute, the feature vec-
tor associated with edge (i , j ) is no longer equal to that of its converse ( j , i ), resulting in a directed graph.
Encoding only the scalar inter-node distance, by contrast, preserves symmetry and yields an undirected
structure. In this work, the vectorised displacement between nodes is chosen as the edge representa-
tion, motivated by consistency with other features that inherently require a vectorised form, such as the
vorticity field. This homogeneity is desirable from a machine learning perspective, as mixing data types
tends to degrade model performance [41]. Moreover, [42] has shown that the representation using the
norm of inter-nodal displacement vector is inferior to using the actual vector. As a consequence, the
graph is directed. However, the edge attributes of (i , j ) and ( j , i ) are not independent, as e i j =−e j i .

Given such a graph structure, learning tasks may be formulated at the node, edge, or graph level, and
are often carried out in a semi-supervised regime [43], wherein only a subset of nodes or edges carries
labels whilst the remainder remain unlabelled. This contrasts with the fully supervised setting, where
samples are assumed to be independent and identically distributed (i.i.d.) [44]. This assumption does
not universally hold in the graph setting, as individual nodes and edges may exhibit interdependent
distributions due to the underlying graph topology. At the global graph level, however, samples may be
treated as i.i.d., provided that all features and topologies are drawn from the same distribution.

In the surrogate modelling setting for Eulerian systems, the learning task is a node-level regression
problem in which the model predicts the solution state at the next time step for all nodes, given the
current node and edge features. At each time step t , all node features are fully observed as inputs, en-
compassing the physical fields, auxiliary quantities such as node type, and the current solution state,
whilst the graph topology and edge attributes remain fixed throughout, as is characteristic of Eulerian
systems. The model is then tasked with inferring the solution at time t +d t , constituting a structured
prediction problem in which all graph components are fully specified except for a designated subset
of node features at the target time step. The training data contains multiple graphs corresponding to
different time steps or initial conditions. And since the physical parameters are drawn from the same
distribution, the resulting training set consists of i.i.d. graphs with internally interdependent node and
edge features. No global graph feature vector is employed, as all relevant information for the surrogate
modelling task is already encapsulated in the node and edge attributes together with the graph structure.
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3.2 Message passing

3.2.1 Forward pass through a message passing layer

When operating on graphs, there are generally two main streams of methods: spectral and spatial-based
methods [40]. For surrogate timestepping, spatial-based methods align more naturally with the prin-
cipal mechanisms of mathematical modelling, which exhibits spatiotemporal dependencies. Within
spatial-based methods, two algorithms are commonly employed for learning local dynamics on graphs,
namely graph convolution and message passing. Whilst convolution has proved successful in classifica-
tion [45] and in finding steady-state solutions of PDEs [13], and there is some overlap between the two
approaches, message passing has demonstrated greater efficacy in modelling spatiotemporal processes.
Consequently, message passing is a recurring element of surrogate models such as those proposed in
[42, 46, 47], owing to its natural alignment with the structure of PDEs: by aggregating information from
local neighbourhoods, the mechanism enables the model to capture the spatially local interactions that
govern the underlying physics. The message passing neural network (MPNN) was introduced by [48] in
the context of quantum chemistry. A more general framework, which incorporates global graph features,
was proposed earlier by [49]. Although global features could prove beneficial in future extensions, for
instance to allow the model to handle variable time step sizes d t , their inclusion lies outside the scope
of the present work and are therefore omitted from the present formulation. The first step of the mes-
sage passing algorithm is the aggregation of information from the local neighbourhood, accomplished
by aggregating the edge features that terminate at a vertex, which can be represented by the function

ρe→v
(
e ′
∗k

)
:R|N (vk )|×nv →Rnv ,

where e ′
∗k denotes updated edge features that terminate at vertex vk , each of dimension n′

e . The nota-
tion |N (vk )| indicates that the number of input vectors to this aggregation function is finite but variable.
This is one of two conditions for a valid aggregation function, the other being permutation invariance
[50]. Common examples of such aggregation functions include summation, mean, and maximum. In
this work, summation is adopted as the aggregation function, as it best mimics the combined in- and
outflow of the solution state at a node driven by both advection and diffusion. The aggregation itself can
carry trainable parameters, but will not so in the present work. The learnable part of a message passing
layer mainly resides in the update functions

φe (e i j , v i , v j ) :Rne ×Rnv ×Rnv →Rn′
e ,

φv (v i , ē i ) :Rnv ×Rnv →Rn′
v ,

where n′
e ,n′

v denote the number of output features and ēi denotes the aggregated edge features at ver-
tex i . These update functions contain the trainable parameters of the layer, and are commonly realised
as MLPs as described in Section A.1. These MLPs consist of multiple fully connected layers followed by
a non-linear activation function. The resulting forward pass through a message passing layer is sum-
marised in Algorithm 1. The computational graph in Figure 3.2 further visualises the message passing
process. From the perspective of a single node, applying n message passing layers implies that infor-
mation is aggregated from the n-hop neighbourhood, i.e., the set of nodes reachable by traversing at
most n edges. Consequently, the receptive field of the model is bounded by the number of message
passing layers, and interactions beyond n hops cannot be captured. This draws a parallel with explicit
time integration schemes, of which these surrogate models are an instance, as both rely solely on the
current state to advance to the next. Classical explicit methods are similarly constrained by the ratio of
the numerical propagation speed to the physical speed, and are therefore unable to resolve interactions
that propagate faster than the numerical speed. To complement the computational graph in Figure 3.2,
Figure 3.3 visualises the three stages of message passing as they occur on an actual triangular mesh.

A natural comparison arises between MPNNs and CNNs, the latter of which is described in Section
A.2. Both architectures capture local interactions: message passing aggregates neighbourhood informa-
tion via learnable update functions, whilst CNNs detect local patterns through convolutional kernels.
The message passing framework is considerably more flexible, however, as it accommodates variable
input sizes and arbitrary graph topologies, whereas CNNs are confined to fixed, regular grid structures.
The kernel size in a CNN directly bounds the spatial extent of interactions captured within a single layer,
analogously to how the local neighbourhood determines the receptive field in a single message passing
layer [51]; in both cases, repeated application of layers progressively extends the range of global inter-
actions. CNNs have nonetheless been successfully employed as surrogate simulators, albeit necessarily



3. Surrogate modelling framework | 3.2. Message passing 23

Algorithm 1 Making a forward pass through a message passing layer, given G and X v

1: procedure Messag e_Passi ng (G = (V ,E), X e , X v )
2: for ei j ∈ E do
3: e ′

i j ←φe (e i j , v i , v j )

4: end for
5: for k ∈ {1,2, . . . , |V |} do
6: ēk ← ρe→v (e ′

∗k )
7: v k ←φv (v k , ēk )
8: end for
9: X ′v = {v k }k=1:|V |

10: X ′e = {e ′
i j }ei j ∈E

11: return (X ′e , X ′v )
12: end procedure

X v

X e φe (ei j , v i , v j ) X ′e

ρe→v

φv (v k , ēk ) X ′v

Figure 3.2: The computational graph describing a forward pass through a message passing layer.

1. Edge update
e′i k =φe (ei k , v i , v k )

vk

2. Aggregation
ēk = ρe→v ({e′i k })

ρ

vk

3. Node update
v ′

k =φv (v k , ēk )

v ′k

Updated
features

e′i k Other nodes Neighbours N (vk ) Target node vk

Figure 3.3: All the message passing operation on a graph representing an arbitrary triangular mesh related to a target node vk
(highlighted in blue). The left panel shows the edge update, where the edge features of the incoming edges to vk are updated
using the nodes connected to the edges and its current edge features. The middle panel shows the aggregation, where the updated
incoming edge features are aggregated at vk , which is by means of summation in the present work. The right panel shows the
node update, where the aggregated edge features are combined with the current node features of vk to produce the updated node
features.

on regular grids, as demonstrated for CFD applications in [52, 53]. Moreover, to mimic multi-hop inter-
actions, CNNs do not require multiple convolutional operations, but can do so via a larger kernel. This
makes it easier for CNNs to model long-range dependencies over the spatial domain.

3.2.2 Gradients of a message passing layer

To update the trainable parameters with an optimisation method, it is necessary to derive the gradients
through a single message passing layer by applying the chain rule to the computational graph in Fig-
ure 3.2. For reference, the forward pass from Algorithm 1 consists of the following three stages: for each
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(i , j ) ∈ E and k ∈ {1, . . . , |V |},

e ′
i j =φe (e i j , v i , v j ; θe ), (edge update) (3.1)

ēk =∑
i : (i ,k)∈E e ′

i k , (aggregation) (3.2)

v ′
k =φv (v k , ēk ; θv ). (node update) (3.3)

Where we have already set the aggregation function to a sum, as this is the aggregation function used in
the present work. Now let L be a general loss function that depends on the layer outputs {e ′

i j } and {v ′
k },

and suppose the upstream gradients ∂L
∂v ′

k
and ∂L

∂e ′
i j

are known. 1 We propagate these backwards through

(3.3), (3.2), and (3.1) in turn to obtain the gradients with respect to the trainable parameters θv , θe and
the layer inputs v k , e i j .

Since θv is shared across all node updates, L depends on θv through every v ′
k . The chain rule there-

fore gives

∂L

∂θv
=

|V |∑
k=1

∂L

∂v ′
k

∂v ′
k

∂θv
.

The gradient with respect to θe is more involved, because each e ′
i j influences L via two paths in the

computational graph: directly as a layer output, and indirectly through the aggregation ē j into the node
update of node j . The total gradient arriving at e ′

i j is therefore

δi j := ∂L

∂e ′
i j

+ ∂L

∂ē j
= ∂L

∂e ′
i j

+ ∂L

∂v ′
j

∂v ′
j

∂ē j
, (3.4)

where the second equality applies the chain rule to the node update (3.3) for node j .
The parameters θe enter the computation only through the edge updates (3.1). Since θe is shared

across all edges and the total gradient at each e ′
i j is δi j , the chain rule gives

∂L

∂θe
= ∑

(i , j )∈E
δi j

∂e ′
i j

∂θe

= ∑
(i , j )∈E

(
∂L

∂e ′
i j

+ ∂L

∂v ′
j

∂v ′
j

∂ē j

)
∂e ′

i j

∂θe
,

where the second line substitutes (3.4). Note that the aggregation (3.2) does not appear explicitly be-

cause
∂ē j

∂e ′
i j
= I for a sum, which is absorbed into δi j .

The input e i j affects L only through e ′
i j , at which the total gradient is δi j . By the chain rule:

∂L

∂e i j
=δi j

∂e ′
i j

∂e i j
.

The input feature v k enters the computational graph at three locations: in its own node update (3.3),
as the sender in every outgoing edge (k, j ) in (3.1), and as the receiver in every incoming edge (i ,k)
in (3.1). We collect the gradient contribution from each path separately. The node update (3.3) con-
tributes

∂L

∂v k

∣∣∣
node

= ∂L

∂v ′
k

∂v ′
k

∂v k
. (3.5)

Each outgoing edge (k, j ) produces e ′
k j = φe (ek j , v k , v j ; θe ), where v k appears as the sender. The total

gradient at e ′
k j is δk j , so each such edge contributes δk j

∂e ′
k j

∂v k
. Summing over all outgoing edges gives

∂L

∂v k

∣∣∣
send

= ∑
j : (k, j )∈E

δk j

∂e ′
k j

∂v k
. (3.6)

1Throughout, inputs and outputs are assumed to be row vectors, which is more consistent with the batched learning framework.
Strictly speaking, the derivations below are Jacobians, but they are referred to as gradients for simplicity.
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By the same reasoning, each incoming edge (i ,k) contributes δi k
∂e ′

i k
∂v k

, where v k now appears as the
receiver:

∂L

∂v k

∣∣∣
recv

= ∑
i : (i ,k)∈E

δi k
∂e ′

i k

∂v k
. (3.7)

Summing all three contributions yields

∂L

∂v k
= ∂L

∂v ′
k

∂v ′
k

∂v k︸ ︷︷ ︸
(3.5)

+ ∑
j :(k, j )∈E

δk j

∂e ′
k j

∂v k︸ ︷︷ ︸
(3.6)

+ ∑
i :(i ,k)∈E

δi k
∂e ′

i k

∂v k︸ ︷︷ ︸
(3.7)

.

This derivation illustrates how the gradients of nodes and edges are mutually dependent, and that the
node and edge components of the algorithm complement each other throughout the backpropagation
process. It also highlights the inherently topological nature of message passing and why it presents a
challenge for parallelisation: the gradient at a node depends on the gradients of its neighbours, which
in turn depend on their own neighbours, and so on. This is one of the reasons why training GNNs can
be computationally expensive, particularly for large graphs.

3.3 Layer normalisation and oversmoothing

3.3.1 Forward pass through the normalisation layer

In the context of GNNs, but also in other neural network architectures, layer normalisation is a tech-
nique used to stabilise and accelerate the training process by normalising the activations of each layer.
Moreover, together with the use of residual connections in the update functions, it can help to mitigate
oversmoothing. Oversmoothing, as defined in [54], refers to the tendency of node representations to be-
come increasingly similar as the number of message passing layers grows. It can be quantified through
the Dirichlet energy of the node features X l at layer l ,

E(X l ) = ∑
(i , j )∈E

∥x l
i −x l

j ∥2,

where a collapse of E(X l ) towards zero with increasing depth signals that neighbouring nodes have
become indistinguishable. The theoretical analysis in [55] shows that residual connections prevent the
signal from being too smoothed out, while normalisation layers prevent the signal from collapsing to
a one-dimensional subspace. So both are necessary to prevent oversmoothing, and the normalisation
layer is therefore an integral part of the surrogate architecture.

We use the layer normalisation as given in [56], which applies normalisation across the feature di-
mension of each individual node or edge representation, such that there is no dependency on the batch
size. This is particularly beneficial for GNNs, as the number of nodes and edges can vary across differ-
ent graphs, making batch normalisation less effective. For an arbitrary feature vector h ∈ Rd , we first
compute the mean µ and variance σ as follows:

µ= 1

d

d∑
i=1

hi , σ=
√√√√ 1

d

d∑
i=1

(hi −µ)2.

Then the normalised output of the layer becomes:

LayerNorm(h) =γ⊙ h −µ
σ

+β,

where γ and β are learnable parameters that allow the model to scale and shift the normalised output.

3.3.2 Gradients of the normalisation layer

Although the backward pass is less involved than the message passing algorithm, it is included here for
completeness. Suppose a loss function L is given and the upstream gradients ∂L

∂y are available, where
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Input

X v , X e

input dim

Encoder

εv , εe

input → latent dim

message-passing
block

Message passing
+

scale transitions

Processor (×Nmp)

latent dim throughout

Decoder

δv

latent → output dim

Output

X̂ ′v

output dim

Figure 3.4: Computational graph of the encode-process-decode structure used in GNN surrogate modelling. Each box shows the
operation and its data dimensionality. The encoders εv and εe map raw input features to a shared latent dimension. The dashed
Processor box applies Nmp message-passing blocks (with interleaved scale transitions) entirely within the latent dimension. The
decoder δv projects latent node features back to the output dimension to yield the predicted update X̂ ′v .

y = LayerNorm(h). The gradients of L with respect to the input h and the learnable parameters γ and β
can then be computed as follows:

∂L

∂h
= 1

σ

∂L

∂y
⊙γ,

∂L

∂γ
= ∂L

∂y
⊙ h −µ

σ
,

∂L

∂β
= ∂L

∂y
.

3.4 Encode-process-decode structure

All works employing a graph neural operator to infer the solution at the next time step adopt a so-called
encode-process-decode structure. Such a structure is also adopted here, and is therefore introduced in
this section.

1. Encoding: after constructing the graph G = (V ,E) with its associated features, all node and edge
features are first projected into a high-dimensional latent space via encoders εv and εe , respec-
tively. Applying message passing directly to the raw input features would prevent the model from
capturing structure that is not immediately visible in the original representation; by mapping the
features into a higher-dimensional space, the model can approximate more complex update func-
tions, which is important for accurately modelling the dynamics of complex physical systems.
This is consistent with the universal approximation theorem [57], which motivates the use of suf-
ficiently expressive intermediate representations. Projecting node and edge features to a shared
latent dimensionality also ensures that both contribute equally within the message passing algo-
rithm. Moreover, a uniform latent space across all processing layers guarantees that each layer has
the same input and output dimensions, giving every layer equal expressive capacity and avoiding
the bottleneck that would arise if the first layer were required to operate on the lower-dimensional
raw features.

2. Processing: once the graph features have been encoded into the high-dimensional latent space,
they are passed through a sequence of processing layers. In this context, processing means ap-
plying the message passing algorithm to the latent node and edge features in order to model local
interactions between neighbouring nodes. In addition, scale transition methods are employed
to capture interactions between nodes that are physically further apart, thereby extending the
model’s ability to represent global dependencies across the computational domain.

3. Decoding: this process is the inverse of the encoding operation, denoted by δv and δe , and aims
to transform the feature dimensionality back to that of the desired output dimension.

A visual overview of the encode-process-decode structure is given in Figure 3.4. This provides a high-
level overview, as the specific architectural details will be discussed in the next chapter.
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3.5 GNNs as surrogate time integrators

In mathematical modelling, the fundamental objective is to advance the solution of a PDE forward in
time by means of an appropriate time-stepping scheme. Transitioning from the general PDE modelling
framework to the specific context where surrogate models are applicable, we follow the framework of
[39] and consider the continuous problem: find u ∈ Rd , where d denotes the dimension of the solution
space, such that

∂u

∂t
=L (u, Z ), T ≥ t > t0, (3.8)

where u(t , x), with u ∈Rd and x ∈Ω, denotes the solution to the system of PDEs under consideration, L
is a general, possibly nonlinear, differential operator, and Z is a finite collection of scalar fields encoding
the initial and boundary conditions, which may be of Dirichlet, homogeneous Neumann, or periodic
type. Time integration of this system reduces to evaluating the right-hand side of equation (3.8) from t0

to the desired time horizon T .
To apply GNNs to this problem, the domainΩ is first discretised into a finite set of nodes V with co-

ordinates x i ∈Ω, 1 ≤ i ≤ |V |, typically obtained via mesh generation heuristics tailored to the geometry
and physics of the problem and connected with edges E to form a graph G = (V ,E) . Let t0 < t1 < . . . < tm

denote a corresponding temporal discretisation. The goal is then to propagate the system from time t j

to t j+1, and the increment in the solution over this interval is given by

L
j
i :=

(∫ t j+1

t j

L (u, Z )d t
)
(xi ), ∀i ∈V , (3.9)

which can subsequently be used to time step the solution with

u(t j+1, x i ) = u(t j , x i )+L
j
i , (3.10)

where L
j

i ∈ Rd . Conventionally, numerical methods such as the finite element method described
in Section 2.2 would be applied here. But, in the data-driven framework, a surrogate model is sought
to approximate the time update described in equation 3.9. Departing from the general formulation of
equation 3.8, the objective is to find a model N such that

N (G , (X v
j , X e

j );θ) ≈ L j , (3.11)

where L j =
(
L

j
1 . . . L

j
|V |

)T ∈R|V |×d is a matrix filled with time updates for each node at time t j . Cru-

cially, the surrogate is trained to predict the time update L j rather than the next state directly. The next
solution is then recovered through the explicit correction (3.10), which mirrors the residual structure
of explicit time integrators and keeps the learning target centred around zero, which is beneficial for
training stability, convergence and generalisation.

3.6 Training strategy and feature construction

Consider a static graph G = (V ,E) describing the computational domain, on which a PDE is described by
equation (3.8). Each node i ∈ V is equipped with a feature vector comprising both static and dynamic
components. The static features, collected in S ∈ R|V |×ds , include quantities that remain fixed through-
out the simulation, such as one-hot vectors d i encoding node type (e.g., interior or boundary) and/or
other static physical fields. The dynamic features are at least the solution of interest U j ∈ R|V |×d at time
step j , but may include other time-dependent features. Optionally, history points of the solution may
be appended to enrich the temporal context. The solution tensor is concatenated with the remaining
dynamic features to form D j ∈R|V |×dd . The total node feature matrix, which serves as the node input to
the surrogate model at time step j , is then given by the concatenation

X v
j =

[
D j

∣∣∣ S
]
∈R|V |×(dd+ds ), (3.12)

where [ · | · ] denotes per-node (row-wise) concatenation of the dynamic and static feature columns. Po-
sitional coordinates x i are deliberately excluded, as their inclusion would break equivariance to spatial
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translations and rotations [58], a property that is desirable in physical applications governed by (3.8).
Moreover, it would open the door for overfitting phenomena, in which the model memorises specific
spatial configurations rather than generalising the underlying physical laws. For the edge features, the
displacement vector r i j = x j −x i and/or its norm is commonly encoded, alongside an optional one-hot
vector k i j indicating the edge type. Whilst these design choices are not strict requirements, they are
widely adopted in the literature and have demonstrated effectiveness for surrogate modelling of physi-
cal systems [7, 11, 46, 47]. The flexibility of the message passing algorithm does allow for extensions such
as dynamic edge features, for instance to incorporate higher-order functional approximation of the true
underlying function u(x , t ) analogous to quadratic basis functions defined on the boundaries of ele-
ments, though this is not standard practice in the current literature. The complete one-step surrogate
time integration pipeline is summarised in Figure 3.5.

X v
j = [

D j
∣∣ S

]

X e = r i j = x j −x i
and/or ∥ri j ∥, k i j

G = (V ,E)

N (· ;θ)

Encode

↓
Process (MP)

↓
Decode

L̂ j

predicted update
+ U j+1

new solution

U jJ =∑
i ni · j (L

j
i ,L̂

j
i )

(training only)

L j (FEM)

Figure 3.5: General overview surrogate time integrator. Node features X v
j (dynamic features D j concatenated with static features

S), edge features X e and graph topology G are passed through the GNN to predict the time update L̂ j . The new solution is obtained
as U j+1 =U j + L̂ j . During training, the predicted update is compared against the ground-truth label L j via the cost function J .

To train the surrogate model, a cost function is minimised following the general machine learning
framework of [9]. The labels L j are typically generated using numerical methods such as the finite ele-
ment method described in Section 2.2, though experimental data may in principle also be used. Since
boundary-constrained nodes are not free degrees of freedom, their contributions are excluded via a bi-
nary mask n ∈ {0,1}|V |, yielding the one-step model cost

J (θ, L j , L̂ j ) :=
|V |∑
i=1

ni · j
(
L

j
i , L̂

j
i

)
+λΩ(θ), (3.13)

where θ are the trainable network parameters, j (·, ·) is a generic per-node loss such as the mean squared
error, and Ω(·) is a regularisation term weighted by the hyperparameter λ. Once training is terminated,
in practice once the validation loss stops improving (see Section 3.6 and the experimental setup), the
parameters are frozen and the model is ready for inference.

During inference, two evaluation regimes are distinguished. In the one-step regime, ground-truth
inputs are provided at every time step, isolating the single-step prediction error. In the rollout regime,
the model is initialised from U0 and autoregressively propagates the solution forward for the full simu-
lation duration, as visualised in Figure 3.6. The latter is the more practically relevant setting, but is sus-
ceptible to accumulation of errors over time. As formalised in [59], the initial solution input of the model
belongs to pk and thereafter the solver maps pk →N#pk at iteration k +1 where N# : P (X ) → P (X ). The
operator will output samples that have distribution N#pk instead of pk+1. This distribution shift leads to
error accumulation, which can cause the model to diverge from the true solution over time. Mitigation
strategies include the injection of training noise [7] and multi-step training objectives [11, 46].

3.7 Interscale transition methods

As discussed in the previous sections, stacking message passing layers extends the receptive field of
the model. However, for problems governed by global interactions, the number of layers required can
become prohibitively large. Classical multigrid methods address an analogous challenge: smoothing
eliminates high-frequency errors efficiently, while coarse-grid correction resolves the remaining low-
frequency components at reduced cost [35, 36]. This philosophy of leveraging a hierarchy of progres-
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U0 N L̂0 + Û1 N L̂1 + Û2 · · · Ûm

Prediction
as input

ground truth Errors accumulate
over time steps

time t
t0 t1 t2 tm

Figure 3.6: Autoregressive application of the surrogate model. The model is initialised with the ground-truth state U0 and produces
a predicted update L̂0, yielding Û1 = U0 + L̂0. When rolling out further, the distribution of the output will include the trained
distribution with the addition of the model its own noise, which can lead to error accumulation.

sively coarser representations is adopted here to extend the effective receptive field of the surrogate
time integrator.

Consider a hierarchy of graphs

G0 = (V 0,E 0), G1 = (V 1,E 1), . . . , GL = (V L ,E L), (3.14)

with |V 0| > |V 1| > · · · > |V L |, so that G0 is the original fine mesh. The construction of the coarser graphs
is discussed in Section 2.6 and will be revisited in the experimental setup, where it is defined for the
specific implementation of this thesis. Each graph Gℓ in the hierarchy carries its own features: the static
node features at a coarse level are obtained by per-cluster averaging of the fine-level static features, while
the raw edge attributes at coarser levels are obtained using the fine edges, detailed later in Section 3.7.3.
Regardless of the coarsening strategy, transitioning between levels requires two operators: a restriction
operator that transfers information from a fine level to a coarser one, and a prolongation operator for
the reverse direction. In this work both operators are realised as learnable message passing steps on
dedicated transfer graphs, which are trained end-to-end with the rest of the model, comparable to the
implementation in [10].

Figure 3.7 provides a top-level overview of the resulting V-cycle architecture. The remainder of this
section formalises the transfer graphs, the restriction and prolongation operators that act on them, and
the coarse-grid correction that combines fine and coarse information. As a navigational aid, Table 3.1
summarises the key notation used throughout the section.

Table 3.1: Summary of notation used in the interscale transition section.

Symbol Type Meaning

Gℓ = (V ℓ,Eℓ) graph level-ℓ graph in the hierarchy
V ℓ+1 =Cℓ ⊆V ℓ set coarse nodes are a subset of fine nodes
F ℓ =V ℓ \V ℓ+1 set fine-only (F-) nodes not present at level ℓ+1

hℓ ∈R|V ℓ|×d features latent node features at level ℓ

aℓ ∈R|Eℓ|×d features latent edge attributes at level ℓ
hℓ

mp features node features after down-path message passing on Gℓ

Gℓ→ℓ+1
↓ graph down transfer graph (fine→coarse)

Gℓ+1→ℓ
↑ graph up transfer graph (coarse→fine)

Rℓ→ℓ+1 operator learned restriction (see Section 3.7)
Pℓ+1→ℓ operator learned prolongation (see Section 3.7)
MP(G ,h, a) function message passing on G (Algorithm 1)

As considerable new notation is employed in what follows, it is introduced beforehand. At each

level ℓ, let hℓ ∈R|V ℓ|×d denote the latent node features in the d-dimensional hidden space, aℓ ∈R|Eℓ|×d

denote the latent edge attributes, and let X e,ℓ
raw ∈ R|Eℓ|×ne denote the raw (unencoded) edge attributes,

which are the inter-nodal displacement vectors r i j = x j − x i between the endpoints of each edge. Each
level has its own edge encoder εℓ that maps raw edge attributes to the latent space. The notation
MP(G ,h, a) refers to applying one or more message passing layers on graph G with node features h
and edge attributes a, following Algorithm 1.
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Figure 3.7: Overview of the hierarchical V-cycle architecture for L = 2 levels. Each level ℓ has its own graph Gℓ with raw edge
attributes encoded by a per-level encoder εℓ. On the down path (left-to-right), each level applies message-passing (MP) blocks
before passing information to the next coarser level via the learned restriction operator Rℓ→ℓ+1 (orange arrows; see Figure 3.8 and
equations (3.17)–(3.18)). On the up path (right-to-left), the learned prolongation operator Pℓ+1→ℓ (teal arrows; see Figure 3.10
and equations (3.21)–(3.22)) injects coarse-level corrections back to the fine level. The dashed skip connections carry the fine-
level features hℓmp from the down path directly to the coarse-grid correction step: because coarse-level processing cannot capture
fine-scale detail, the fine features are added back (rather than overwritten) to ensure that no information is lost, mirroring the
additive correction uℓ← uℓ+P eℓ+1 of classical multigrid.

3.7.1 Down transfer graph and learned restriction

As discussed previously, the C/F-splitting strategy from the AMG method [38] partitions the fine-level
node set V ℓ into coarse nodes Cℓ and fine-only nodes F ℓ:

V ℓ =Cℓ∪F ℓ, Cℓ∩F ℓ =;.

The coarse level inherits exactly the C-nodes: V ℓ+1 =Cℓ ⊆V ℓ. This subset relation is the key structural
property of the hierarchy: because every coarse-level index is also a fine-level index, no interpolation
of node identity is required when selecting coarse features from a fine-level tensor. The F-nodes F ℓ =
V ℓ \V ℓ+1 have no direct counterpart at the coarser level and their information must be aggregated into
their neighbouring C-nodes by restriction.

Consider two consecutive levels Gℓ = (V ℓ,Eℓ) and Gℓ+1 = (V ℓ+1,Eℓ+1). The down transfer graph
Gℓ→ℓ+1

↓ retains the full fine-level node set V ℓ (so that F-nodes can send messages) and contains exactly
those fine-level edges whose receiver is a C-node. Or in other words, the edges that funnel fine-scale
information into each coarse representative:

V ℓ→ℓ+1
↓ =V ℓ, (3.15)

Eℓ→ℓ+1
↓ = {

(i , j ) ∈ Eℓ
∣∣ j ∈Cℓ

}
. (3.16)

Equation (3.16) retains only inbound edges to C-nodes, so each C-node aggregates messages from its en-
tire fine-level neighbourhood. F-node-to-F-node edges (whose receiver is not a C-node) are discarded.
This construction is illustrated in Figure 3.9 (a).

Suppose the fine-level features hℓ have already been processed by the down-path message passing
blocks on Gℓ, yielding hℓ

mp and aℓ
mp. Restriction is then performed in two steps. First, a message pass-

ing step is applied on the down transfer graph, using the subset of the processed fine-level latent edge
attributes indexed by Eℓ→ℓ+1

↓ :

h̃
ℓ = MP

(
Gℓ→ℓ+1

↓ , hℓ
mp, aℓ

mp

∣∣
Eℓ→ℓ+1
↓

)
. (3.17)

Second, the result is restricted to the coarse node set to obtain the initial coarse-level features:

hℓ+1 = h̃
ℓ∣∣

V ℓ+1 . (3.18)

These two operators constitute the restriction operator Rℓ→ℓ+1, which is summarised in Figure 3.8.
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hℓmp MP on Gℓ→ℓ+1
↓ select ·|V ℓ+1 hℓ+1h̃

ℓ

aℓmp|Eℓ→ℓ+1
↓

Figure 3.8: Internal flow of the learned restriction operator Rℓ→ℓ+1 (orange arrows in Figure 3.7). The processed fine-level features
hℓmp enter a message passing step on the down transfer graph Gℓ→ℓ+1

↓ (equation (3.16)), whose edge attributes are the processed

latent edge features aℓmp restricted to Eℓ→ℓ+1
↓ . Selection onto the C-node set V ℓ+1 =Cℓ ⊆ V ℓ then yields the initial coarse-level

features hℓ+1 (equation (3.18)).

Gℓ

Processed features hℓmp, aℓmp

F-node C-node

Gℓ→ℓ+1
↓

Transfer edge (attr. aℓmp)

(a) Down transfer graph Gℓ→ℓ+1
↓ : all fine-level edges whose target is a C-node are retained (orange). F-nodes (blue)

send messages to their C-node neighbours; the result is selected onto V ℓ+1 =Cℓ to obtain hℓ+1.

Gℓ+1

Processed features hℓ+1
mp

Gℓ+1→ℓ
↑

Corrected:
hℓmp +hℓcorr

F-node (0) C-node Up-transfer edge (attr. aℓmp)

(b) Up transfer graph Gℓ+1→ℓ
↑ : the same edges are reversed (teal) so that C-nodes broadcast their processed features to

all fine-level neighbours. F-nodes are zero-padded before the MP step, and the result is added to the skip-connected

fine features hℓmp.

Figure 3.9: Construction of the transfer graphs used for restriction (a) and prolongation (b). Both graphs share the same node
set V ℓ and the same underlying edges; they differ only in direction. The C/F-splitting ensures that every F-node has at least one
C-node neighbour, so no fine-scale information is stranded.
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3.7.2 Up transfer graph and learned prolongation

The up transfer graph Gℓ+1→ℓ
↑ is the directed reverse of the down transfer graph: every edge direction is

flipped so that information now flows from C-nodes to all their fine-level neighbours.

V ℓ+1→ℓ
↑ =V ℓ, (3.19)

Eℓ+1→ℓ
↑ = {

( j , i )
∣∣ (i , j ) ∈ Eℓ→ℓ+1

↓
}
. (3.20)

Since the fine graph is bidirectional, for every down-transfer edge (i , j ) ∈ Eℓ→ℓ+1
↓ the reversed edge ( j , i )

belongs to Eℓ as well. Consequently, Eℓ+1→ℓ
↑ ⊆ Eℓ, and the processed latent edge attributes aℓ

mp are
well-defined on all edges of the up transfer graph. The up transfer graph is shown alongside the down
transfer graph in Figure 3.9 (b).

After the coarse-level features hℓ+1 have been processed by message passing blocks on Gℓ+1, yielding
hℓ+1

mp , prolongation proceeds as follows. First, a zero-padded feature vector is constructed on the fine-
level node set:

pℓ
i =

{
hℓ+1

mp, i if i ∈V ℓ+1,

0 if i ∈V ℓ \V ℓ+1.
(3.21)

A message passing step on the up transfer graph then distributes the coarse information to all fine nodes,
reusing the processed fine-level latent edge attributes before restriction, which are confined to Eℓ+1→ℓ

↑ :

hℓ
corr = MP

(
Gℓ+1→ℓ

↑ , pℓ, aℓ
mp

∣∣
Eℓ+1→ℓ
↑

)
. (3.22)

The corrected fine-level features are obtained by adding the prolongated coarse correction to the
fine features carried over from the down path via the skip connection:

hℓ
out = hℓ

mp +hℓ
corr. (3.23)

The additive (rather than replacing) form is essential: hℓ
mp retains fine-scale detail that the coarser level

cannot fully represent. Overwriting those features with hℓ
corr alone would discard the fine-scale informa-

tion processed on the down path. By adding the two contributions, each provides what the other lacks:
the coarse correction supplies long-range, global information while the skip-connected fine features
preserve local detail. This is the direct analogue of the classical coarse-grid correction uℓ← uℓ+P eℓ+1,
where P is the prolongation operator and eℓ+1 the coarse-level error estimate; in both cases the orig-
inal fine-level quantity is updated rather than replaced. The corrected features hℓ

out are subsequently
smoothed by a further set of message passing blocks on Gℓ (the up-path blocks in Figure 3.7). The full
internal flow of the prolongation operator Pℓ+1→ℓ, is summarised in Figure 3.10.

hℓ+1
mp zero-pad MP on Gℓ+1→ℓ

↑ + hℓout
pℓ hℓcorr

aℓmp|Eℓ+1→ℓ
↑ hℓmp

skip

Figure 3.10: Internal flow of the learned prolongation operator Pℓ+1→ℓ (teal arrows in Figure 3.7) and the additive coarse-grid
correction. The processed coarse-level features hℓ+1

mp are zero-padded onto V ℓ to form pℓ (Eq. (3.21)) and then fed through

a message passing step on the up transfer graph Gℓ+1→ℓ
↑ using the processed fine-level latent edge features aℓmp restricted to

Eℓ+1→ℓ
↑ , producing the coarse correction hℓcorr (Eq. (3.22)). The skip-connected fine features hℓmp are added at the summation

junction to realise hℓout (Eq. (3.23)).

Because the transfer message passing blocks are trainable and the transfer edge attributes are drawn
from the latent fine-level representations that are themselves learned, the restriction and prolongation
operators are learned end-to-end, allowing the model to adapt the interscale transitions to the specific
dynamics of the problem at hand.



3. Surrogate modelling framework | 3.7. Interscale transition methods 33

3.7.3 Coarse-level edge features

The existence of raw attributes on a coarser graph Gℓ+1 was mentioned earlier but has not yet been
specified. Because the coarse nodes correspond to a subset of the fine-level nodes, a natural choice is
to derive the coarse edge attributes from the fine-level graph using shortest-path information. Recall
that each fine-level edge (i , j ) ∈ Eℓ carries a displacement vector r i j = x j − x i , i.e. the signed vector
pointing from node i to node j in physical space. For a coarse edge (C A ,CB ) ∈ Eℓ+1, each endpoint is the
representative C-node of its cluster. Note that two cluster nodes are connected if their clusters are on
the fine graph. The coarse edge attribute is set to the sum of the fine-level displacement vectors along
the shortest path connecting C A to CB through the fine graph:

X e,ℓ+1
(C A ,CB ) =

K∑
k=1

r k , (3.24)

where r k = x vk − x vk−1 is the inter-nodal displacement vector along the k-th hop of the path C A = v0 →
v1 → ··· → vK−1 → vK = CB in the fine graph, with “shortest” measured by Euclidean edge length. The
summing of displacement vectors is the only aggregation that correctly recovers the net displacement
from C A to CB : because each r k is a signed offset in physical space, their vector sum can be seen as
the overall spatial offset traversed along the path, regardless of the number of intermediate hops. The
shortest path is found by Dijkstra’s algorithm [60] restricted to the fine-level topology. This procedure
is illustrated in Figure 3.11. By summing displacement vectors rather than scalar distances, the result-
ing coarse edge attribute retains directional information, which is important since the edge features
encode inter-nodal displacements. One might wonder why the coarse edge attributes are not simply
taken as the difference of coarse node positions. The key reason is that the problem domain is peri-
odic: on a periodic domain, the Euclidean offset between two node positions does not correctly reflect
the direction of traversal through the graph, as coarse edge whose endpoints lie on opposite sides of
the periodic boundary would receive the wrong displacement. The path-based sum avoids this, since it
inherits the topologically consistent, boundary-aware displacements already encoded in the fine-level
edge attributes.

Fine-level graph Gℓ

Cluster C A Cluster CB

r 1 r 2 r 3

C A CB

∑
k

r k

Coarse graph Gℓ+1

C A CBX e,ℓ+1
(A,B) = r 1 +r 2 +r 3

Shortest path Resulting coarse edge

Figure 3.11: Construction of coarse-level edge attributes. The shortest path between two C-nodes through the fine graph (violet
arrows) is found via Dijkstra’s algorithm. The coarse edge attribute is the sum of the fine-level displacement vectors r k along this
path, preserving directional information.



Chapter 4

Experimental setting and methodology

The theory of Section 2.4 showed that the stability of explicit time-stepping schemes depends on dimen-
sionless numbers. The central experimental question of this thesis is whether an analogous relation can
be observed empirically for the surrogate model on an unstructured mesh, with spatially varying diffu-
sion tensors and velocity vectors as in equation 2.1. Moreover, it is investigated whether the multiscale
architecture, which is facilitated by the learned prolongation and restriction operators of Section 3.7,
can extend this limit, relative to its single-scale counterpart. The remainder of this chapter describes
the experimental ingredients that are needed to address those questions: the graph construction and
input features in the first section, the dataset generation in Section 4.2, the training setup in Section 4.3,
the model variants in Section 4.4, and the evaluation metrics in Section 4.5.

4.1 Graph construction and input features

The graph G = (V ,E) defined in Section 3.1, is obtained in a direct manner from the underlying triangular
mesh Th . The mesh vertices are taken as the graph nodes and every mesh edge is duplicated into a pair
of directed graph edges (i , j ) and ( j , i ), which yields a bidirectional graph in the sense of Definition 3.1.1.
No additional nodes or edges are introduced, so the graph topology and the mesh topology coincide.

4.1.1 Periodic boundary condition handling

When such a graph is retrieved from the mesh, the geometry of the unit square is respected, but not
the periodic boundary conditions imposed in equations 2.2. Two opposing boundary nodes located
at (0, y) and (1, y), or at (x,0) and (x,1), are spatially identical from a perspective of Ω. Moreover, the
four corner nodes (0,0), (1,0), (0,1) and (1,1) correspond to a single physical point. To realise these
identifications at the level of message passing without removing any of the nodes from V , we pair each
duplicate boundary node j with its twin i and redirect all edges connected to j towards i , both incoming
and outgoing. Concretely, for every periodic pair (i , j ) each edge (k, j ) ∈ E is replaced by (k, i ) and each
edge ( j ,k) ∈ E by (i ,k). The four corner nodes are merged into a single representative in the same way.
After the rewiring, the twin nodes remain in V but no longer carry incoming edges, which means the
output is evaluated only at the representative node of each periodic pair, while the loss masks the re-
dundant copies as is detailed in Section 4.3, as this prevents double-counting that would result in giving
the boundary nodes twice as much weight. The result of this procedure, applied to an illustrative mesh,
is shown in Figure 4.1.

4.1.2 Input features

The node and edge features follow the general construction of Section 3.6. At every simulation node
i ∈V , the static node features collect the components of the local diffusion tensor and velocity entries of
the velocity vector. As D(x) is symmetric positive definite throughout, only its three independent entries
concerning the diffusion tensor are included. With two velocity components, the static node features are
therefore

si =
(
Dxx (x i ), D y y (x i ), Dx y (x i ), vx (x i ), vy (x i )

)⊤ ∈R5. (4.1)

34
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Figure 4.1: Effect of the periodic rewiring on a small illustrative unstructured mesh. Left: the original mesh graph. Right: the
rewired graph, in which the rewired edges are shown with the same colors as in the original graph.

The dynamic node feature is the scalar solution at the current discrete time t j , i.e. d j
i = uh(x i , t j ) ∈ R.

The complete node feature matrix at time step j is the row-wise concatenation

X v
j =

[
D j

∣∣ S
] ∈R|V |×6, (4.2)

in line with equation 3.12. As argued in Section 3.6, we do not encode node coordinates x i as input
features.

The edge features encode the inter-nodal displacement vector

r i j = x j −x i = (rx , ry )⊤ ∈R2, (4.3)

which is purely geometric and therefore static, as our mesh is. The associated edge feature matrix is
X e = (r i j )(i , j )∈E ∈ R|E |×2 and inherits the antisymmetry r i j = −r j i already discussed in Section 3.1, so
the graph is bidirectional, but not undirected. The boundary rewiring of the previous subsection ensures
that the displacement r i j associated with an edge crossing a periodic identification is the geometrically
correct one. That is, the short displacement through the periodic boundary rather than the long one
across the interior of the unit square.

Table 4.1 summarises all input features used by the model.

Table 4.1: Input features for the surrogate model. Node features are concatenated into the node feature matrix X v
j (equation (4.2));

edge features form the edge feature matrix X e .

Feature type Symbol Dim Description

Static node

Dxx (x i ) 1 (1,1)-entry of diffusion tensor at node i
D y y (x i ) 1 (2,2)-entry of diffusion tensor at node i
Dx y (x i ) 1 (1,2)-entry of diffusion tensor at node i
vx (x i ) 1 x-component of velocity at node i
vy (x i ) 1 y-component of velocity at node i

Dynamic node uh(x i , t j ) 1 Scalar FEM solution at node i , time t j

Edge
rx = x j −xi 1 x-component of inter-nodal displacement
ry = y j − yi 1 y-component of inter-nodal displacement

Total 8 6 node features (5 static + 1 dynamic), 2 edge features
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4.1.3 Coarsening of the fine graph

The multiscale models of Section 4.4 require a hierarchy of graphs G0,G1, . . . ,GL in the sense of equa-
tion 3.14, with G0 the fine graph constructed above. The hierarchy is generated once for every rollout
in the dataset and stored alongside the simulation data. The construction follows an adaptation of the
classical Ruge-Stüben procedure described at the end of Section 2.6: the notions of strength of connec-
tion, of a C/F-splitting and of a cluster-based coarse graph are used from the algebraic theory, while the
matrix-based ingredients are replaced by purely feature-based surrogates and the score-update rule is
simplified into a single-pass greedy variant. The construction is applied recursively, level by level, with
the procedure below described between a fine level ℓ and its coarse counterpart ℓ+1.

Since no fine-level matrix Ah is present in the surrogate setting, the negative off-diagonal coefficient
−ai j that drives the classical strength rule is replaced by a similarity score computed from the edge
feature r i j and from the static node features si . For every edge (i , j ) ∈ Eℓ we set

si j = exp
(
−α ∥r i j ∥

r̃

)
·exp

(
−β ∥D(x i )−D(x j )∥F

D̃

)
·exp

(
−γ ∥v (x i )−v (x j )∥

ṽ

)
, (4.4)

where r̃ , D̃ and ṽ denote the medians of the corresponding quantities over Eℓ,Sℓ and serve to make the
score scale-invariant across levels. The fixed coefficients α = 1.0, β = 0.5 and γ = 0.5 are persisted with
the dataset and cannot be modified at training time. This choice gives the inter-nodal distance a slightly
dominant contribution, so that spatially nearby nodes are preferentially grouped into the same cluster
and the resulting coarse graphs cover, on average, a larger spatial extent per message-passing step than
the underlying fine graph. An edge is considered strong if si j ≥ θ with the absolute threshold θ = 0.1,
and the strong-neighbour set Si = { j : si j ≥ θ } plays the role of the algebraic strong-dependence set of
Section 2.6. Note that the coefficient values above are heuristics, chosen on the basis of trial and error
rather than a systematic investigation.

The C/F-splitting is computed by a single-pass greedy variant of the Ruge–Stüben rule, in which the
iteratively-updated lexicographic score µi = |S⊤

i ∩U |+2 |S⊤
i ∩F | of the classical algorithm is replaced by

the static, weighted incoming-strength degree

µi =
∑

j∈S⊤
i

s j i + εi ,

where εi is a deterministic, seeded uniform tie-breaker of order 10−2 and S⊤
i = { j : i ∈ S j } collects the

nodes that strongly depend on i . Nodes are then visited in descending order of µi : an undecided node
becomes a C-node, and every undecided node strongly connected to it (i.e. in S⊤

i ) is immediately marked
as an F-node and is added to the cluster of the C-node. Periodic-twin nodes, which are isolated in the
fine graph after the rewiring of Section 4.1.2, are excluded from the splitting and never become C-nodes.
If there are still undecided nodes after this first greedy sweep, these nodes will become F-nodes and
appended to the cluster of a C-node to which it has the strongest connection. F-nodes that, at the end of
this sweep, have no direct C-neighbour are promoted to singleton C-clusters, so that every non-isolated
node is eventually associated to exactly one coarse parent. The result is a partition V ℓ = Cℓ∪F ℓ∪ Iℓ,
with Iℓ the isolated periodic-twin nodes that do not participate in the message passing algorithm.

Mirroring the algebraic construction in which the C-nodes Cℓ are taken as the coarse index set IH ,
the coarse-level node set is set to V ℓ+1 = Cℓ. Each F-node is assigned to the cluster of its strongest C-
neighbour, yielding a cluster map cl : V ℓ \ Iℓ → V ℓ+1 that, on Cℓ, reduces to the identity. Two coarse
nodes C A ,CB ∈V ℓ+1 are connected by an edge in Eℓ+1 whenever there exists a fine-level edge (i , j ) ∈ Eℓ

with cl(i ) = C A and cl( j ) = CB , i.e. whenever their clusters are adjacent in the fine graph. The coarse
edge attribute is the sum of the fine-level displacement vectors along a shortest path between C A and
CB through the fine graph, as motivated in Section 3.7.3 and made precise by equation 3.24. This ap-
proach preserves the directional information of the original mesh on a periodic domain. The static node
feature vector at coarse level is the per-cluster average of the fine-level static features, which is only used
to create even coarser graphs. Only coarser raw features for the edges are newly introduced into the mul-
tiscale model, which can be seen by the general V-cycle described in 3.7. Down and up transfer graphs
are generated with the coarse graph through equations 3.15–3.16 and 3.19–3.20, so that all interscale
connectivity needed by the prolongation and restriction operators of Section 4.4 is fixed once and for all
by the dataset. Figure 4.2 illustrates the resulting fine graph, the transfer graph and the coarse graph of
an actual mesh from the dataset, zoomed in for clarity, as using the complete graph would be too dense
to visualise.
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Figure 4.2: Visualisation of one level of the AMG-style coarsening on a representative fine graph (zoomed in for clarity). The left
panel shows the fine graph with the C/F-splitting produced by the single-pass greedy Ruge–Stüben variant of Section 4.1.3. C-
nodes (red squares) form an approximately maximal independent set with respect to the strength-of-connection graph defined
in equation 4.4, while F-nodes (blue dots) are clustered around them via the cluster map cl. The middle panel shows the down
transfer graph G0→1

↓ of equations 3.15–3.16, which contains every fine-level edge whose destination is a C-node and thus collects

the full fine-graph neighbourhood of each C-node. Edges are coloured according to the cluster of their source node. The right
panel shows the resulting coarse graph G1, in which two C-nodes are connected whenever their clusters are adjacent in the fine
graph and the corresponding raw edge attribute is given by the path-based sum of equation 3.24.

4.2 Datasets

The training, validation and test datasets are all generated from the same finite element pipeline, but
they differ in the velocity and diffusion fields and in the length of the simulation horizon. The common
ingredients are described first, followed by the dataset-specific choices.

4.2.1 Simulation setup

For every rollout, an unstructured triangular mesh of the unit square Ω is generated using the open-
source NGSolve finite element package [61], with a target element size h drawn uniformly at random
from [0.01,0.02], thus resulting in graphs that have nodes ranging from approximately 2,500 to 10,000.
The mesh is conforming and respects the periodic identifications of Ω. The discretisation of the finite
element space employs continuous piecewise-linear Lagrange elements (hat functions), that is p = 1,
together with the SUPG stabilisation parameter given by equation 2.23.

The initial condition follows the construction of equation 2.3: the numbers of Fourier modes M and
N are drawn independently from {2, . . . ,7} and the coefficients cm,n are drawn independently from the
uniform distribution on [0,1], with the centre of the Gaussian envelope fixed at (xc , yc ) = (1/2,1/2). The
advection scale is sampled from

b ∼U (−1,1)

and multiplies the velocity field, whereas the diffusion scale is sampled from

log10 a ∼U (−5,−1)

and multiplies the diffusion tensor, so that the diffusion entries span four orders of magnitude. Time
integration uses a backward Euler scheme with the small time step

∆tsim = 10−4,

which was chosen because of its unconditional stability. In hindsight this was a conservative choice,
whose implications for the comparison with the surrogate are revisited in the discussion. A convergence
study, with the training and validation profile introduced later, is included in Appendix A.5 to investigate
how the FEM solutions converge for different levels of diffusion.

To limit storage, only every tenth finite element solution is saved, subsampling the simulation in
time and yielding an effective base timestep of

∆tbase = 10−3
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between every column of the solution vector U . So the full saved trajectory is then given by

U ∈R|V |×NT , Ui ,n = uh(x i , n∆tbase), (4.5)

with NT = T /∆tbase the number of saved snapshots and T the simulation horizon, which depends on
the dataset. Note that the surrogate models are trained on even larger timesteps, which is why saving
the full trajectory at the simulation time step would have been redundant.

The supervised one-step regression target of equation 3.9 is constructed from U by selecting an input
snapshot index n and a stride k ∈N. The model input at the corresponding sample is the snapshot U:,n

together with the static node features and edge features of equations 4.1–4.3, and the regression label is
the solution k steps ahead, which therefore reads

L j
i = uh(x i , t j+1)−uh(x i , t j ), t j = n∆tbase, t j+1 = (n +k)∆tbase, (4.6)

in line with equation 3.11. The effective surrogate time step is therefore ∆t = k∆tbase. This decoupling
allows the same saved trajectory U to be reused for surrogate models trained at different temporal res-
olutions, which is exploited in Section 4.3. This way, we retrieve surrogates that are trained at different
timesteps, yet have been trained on the same underlying trajectories, which allows for a more controlled
comparison of the surrogate performance at different ∆t .

4.2.2 Training and validation dataset

The training and validation rollouts share the same realisation of the velocity field and diffusion tensor,
sampled from the distribution introduced above. The velocity is the divergence-free double-gyre field

v (x) = b

(
2π sin(πx) cos(2πy)

−π cos(πx) sin(2πy)

)
, (4.7)

and the diffusion tensor is the trigonometric anisotropic field

D(x) = a

(
1+ sin2(2πx) sin(2πx)cos(2πy)

sin(2πx)cos(2πy) 1+cos2(2πy)

)
, (4.8)

which is symmetric positive definite for every x ∈ Ω and a > 0. The simulation horizon is T = 0.24.
A total of 5000 rollouts are generated, of which 4500 are used for training and the remaining 500 for
validation. The training and validation splits therefore share the same parameter distribution but use
disjoint realisations of the random generated simulation settings. A single representative rollout from
this dataset is shown in Figure 4.3. The empirical distributions of the node and edge features across the
dataset are reported in Figure 4.4.

4.2.3 Testing datasets

The two testing datasets are designed to assess two complementary properties of the surrogate model:
generalisation to velocity and diffusion fields that were not seen during training, and the empirical de-
termination of stability limits in terms of the dimensionless numbers. Both test sets use the same out-
of-distribution velocity and diffusion fields but differ in which physical parameter is swept and which is
held fixed, thereby isolating the advective and diffusive stability limits respectively.

The velocity field for both test sets is the divergence-free stacked tri-gyre

v (x) = b

 2π sin(πx) cos(3πy)

−2π

3
cos(πx) sin(3πy)

 , (4.9)

which produces a one-by-three stacked arrangement of rotating cells rather than the one-by-two layout
of the double-gyre of equation 4.7. The component-wise ranges vx ∈ [−2πb,2πb] and vy ∈ [− 2π

3 b, 2π
3 b]

lie within those of the training velocity field, keeping the nodal velocity features inside the support of
the training distribution. The diffusion tensor is

D(x) = a

(
1+ sin2(πx) cos(πx)sin(2πy)

cos(πx)sin(2πy) 1+cos2(πy)

)
, (4.10)
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Figure 4.3: One representative realisation of the velocity and diffusion profile. The four panels show the magnitude ∥v (x)∥ with
a quiver overlay of the double-gyre velocity field of equation 4.7 (top left), and the three independent components Dxx (top
right), D y y (bottom left) and Dx y (bottom right) of the anisotropic diffusion tensor of equation 4.8, evaluated on the underlying
triangular mesh.

Figure 4.4: Empirical distributions of all node and edge features over the training/validation dataset. The top row shows the static
node features Dxx , D y y , Dx y , vx and vy of equation 4.1, the bottom row the dynamic node feature uh of equation 4.5 and the two
edge feature components rx , ry of equation 4.3.

which is symmetric positive definite and has component-wise marginal distributions that match those
of equation 4.8 under uniform sampling of (x, y), while the spatial profile differs structurally. Both fields
therefore differ from the training fields of equations 4.7–4.8.

In the advection test set, the diffusion magnitude is fixed at a = amin ≈ 1.49×10−4, chosen so that the
Fourier number satisfies Fo ≤ 0.1 at the smallest surrogate time step for every mesh size in [hmin,hmax].
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This ensures that any observed instability is attributable to advection rather than diffusion, since even
the smallest model is stable at this diffusion magnitude, given that the advection is not causing instabil-
ities. The velocity magnitude b is swept over a uniform grid of 300 values,

b ∈
{

j

299
| j = 0,1, . . . ,299

}
,

covering the interval [0,1].
In the diffusion test set, the velocity magnitude is fixed at b = bmin ≈ 8.70×10−2, chosen so that the

CFL number satisfies CFL ≤ 1.0 for every mesh size in [hmin,hmax] at the smallest surrogate time step,
ensuring that any instability is attributable to diffusion rather than advection. The diffusion magnitude
a is swept over a log-uniform grid of 300 values,

log10 a ∈
{
−5+ j

4

299
| j = 0,1, . . . ,299

}
,

covering the interval [10−5,10−1].
Each test set therefore consists of 300 rollouts (600 in total), providing controlled one-dimensional

coverage of the advective and diffusive parameter axes. The mesh size and initial condition are sampled
from the same distributions as in the training dataset, and the simulation horizon is T = 1.92, to test the
models’ performance beyond the training simulation window. No rollout from either test set enters the
training or validation pipeline. A representative rollout is shown in Figure 4.5, and the empirical feature
distributions for the advection and diffusion test sets are given in Figures 4.6 and 4.7, respectively.

Figure 4.5: Representative realisation of the testing profiles. The panels show the magnitude and quiver representation of
the stacked tri-gyre velocity field of equation 4.9 and the three independent components Dxx , D y y , Dx y of the trigonometric
anisotropic diffusion tensor of equation 4.10.
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Figure 4.6: Empirical distributions of the node and edge features over the advection test set. The diffusion features Dxx , D y y , Dx y
are sharply concentrated because a is held fixed at amin. The velocity features vx , vy are broadly distributed as b sweeps from 0
to 1. All feature values lie within the support of the training distribution.

Figure 4.7: Empirical distributions of the node and edge features over the diffusion test set. The velocity features vx , vy are
sharply concentrated because b is held fixed at bmin. The diffusion features Dxx , D y y , Dx y span the full four-decade range as
log10 a sweeps from −5 to −1. All feature values lie within the support of the training distribution.

4.3 Training setup

The surrogate model is trained as a one-step regressor in the sense of equation 3.11. Its parameters θ
are optimised so that the predicted increment L̂ j matches the finite element label L j of equation 4.6 on
the training rollouts of Section 4.2.2.

Within each rollout the saved trajectory U of equation 4.5 contains NT = T /∆tbase snapshots, of
which only a small subset is used during an epoch. During training, the following strategy is employed:
M admissible input indices n (those satisfying n+k ≤ NT , with k the surrogate stride) are drawn, without
replacement, from each rollout at the start of every epoch and are resampled independently for the next
epoch. Over the course of a complete training session, the model will therefore have been exposed to
the full simulation window of all the individual rollouts.

The per-node cost is the masked mean-squared error between the predicted increment and the label
of equation 4.6, normalised by the surrogate time step ∆t so that the loss yields

J (θ; L j , L̂ j ) = 1

∆t 2

1∑
i∈V ni

∑
i∈V

ni
(
L̂ j

i −L j
i

)2, (4.11)

where ni ∈ {0,1} is the binary mask of equation 3.13 that excludes the duplicate periodic nodes identified
in Section 4.1.2. Dividing by ∆t 2 ensures that the loss scale is independent of the surrogate stride k,
which allows us to use the same hyperparameters, with regard to optimisation, for different strides. No
explicit regularisation is added to this loss function.

The cost is minimised with the Adam optimiser from [62], using a base learning rate of η0 = 10−4, a
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mini-batch size of five graphs per time and an exponential learning-rate schedule

ηe = η0γ
e , e = 0,1,2, . . . ,

where e indexes the epoch and γ ∈ (0,1) is a fixed decay factor chosen such that the learning rate decays
with 10−1 over 60 epochs. Learning rate scheduling is employed to ensure that the optimisation process
remains stable and converges efficiently, by making larger steps in the beginning of the optimisation
and smaller steps as training progresses. The latter is almost always employed in the literature and is
therefore considered standard practice. Training is run for at most 200 epochs and is halted by an early-
stopping rule that monitors the validation cost, computed on the held-out 500 rollouts of the validation
set at the same surrogate stride: training stops as soon as the validation cost has not improved by at least
δ= 0.05, where the patience for this improvement is set to P = 10 epochs. The surrogate model with the
lowest validation cost is retained as the final model for assessment on the test dataset.

Three surrogate strides are considered, corresponding to k = 15,30,60, which through ∆t = k∆tbase

yield the surrogate time steps

∆tsmall = 0.015, ∆tmedium = 0.030, ∆tlarge = 0.060.

The three values double the temporal stride and therefore double both CFL and Fo at fixed mesh and
field parameters, while leaving Pe unaffected. Comparing the surrogate accuracy at the three values
therefore isolates the role of the time step from that of the spatial dimensionless number, and provides
a direct empirical handle on the question of how the surrogate stability is governed by CFL and Fo at
different strides, but also allows for cross-stride comparison.

4.4 Models

Two families of surrogate models are compared. The single-scale family is the encode-process-decode
architecture of [42], applied directly to the fine graph G0 as described in Section 4.1.2. The multiscale
family augments the single-scale architecture with the learned restriction and prolongation operators
of Section 3.7, organised in a V-cycle over the fine graph and coarsened graph(s) as introduced in Sec-
tion 4.1.3.

The common components that both the single- and multiscale models possess are introduced now.
Firstly, the architectures of the encoders εv ,εe , decoder δv , message passing block of Algorithm 1 all
share the same architecture. All encoders map to an encoding dimension of 128. The MLPs present
in the architecture use ReLU activations and are followed by a LayerNorm in the latent space (with the
exception of the output layer, which is not normalised). All the update functions, edge and node, have
residual connections. Together with the Layernorm, they should help mitigate oversmoothing, as dis-
cussed in Section 3.3. They also share the optimiser, loss, batch size, learning rate, learning-rate sched-
uler and early-stopping rule of Section 4.3. The sensitivity with regard to some of these hyperparame-
ters is investigated in the hyperparameter study of Appendix A.4, which resulted in the aforementioned
choices.

The variants therefore differ only in two architectural quantities: the total number of message pass-
ing blocks and, for the multiscale models, the way in which those blocks are distributed across the levels
of the V-cycle. The fixed AMG hyperparameters α = 1.0, β = 0.5, γ = 0.5 and the strength threshold
θ = 0.1 of equation 4.4 are persisted in all datasets. Because all variants share the same encoder, decoder
and message passing architecture, their trainable parameter counts are nearly identical: the multiscale
models differ from a single-scale model only by the few additional encoders required for the coarse lev-
els and learned restriction and prolongation operators. The comparisons that follow are therefore made
at a comparable parameter budget, so that any performance difference is attributable to the message
passing budget and its distribution across scales rather than to model size.

Throughout this thesis a self-describing identifier is used for each trained model, summarised in Ta-
ble 4.2. Each identifier has the form <family>-dt<step>-<blocks/allocation>, encoding the architecture
family, the surrogate time step and either the number of message passing blocks or the specific depth
allocation.
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Table 4.2: Naming convention for the model identifiers used throughout this thesis.

Token Meaning

Single, Multi
architecture family: single-scale (encode-process-decode on the fine graph
only) or multiscale (V-cycle over the coarsened graph(s))

dt15, dt30, dt60 surrogate time step ∆t = 0.015, 0.030, 0.060
<n>mp (single-scale) total number of message passing blocks Nmp

a x b x c (multiscale)
depth allocation across the V-cycle levels, summing to Nmp (see Tables 4.3–
4.4)

4.4.1 Single-scale variants

For the single-scale family, a sweep over the number of message passing blocks Nmp is performed at
each surrogate time step. At the smaller stride ∆tsmall = 0.015 the values

Nmp ∈ {2, 4, 6, 8, 10}

are considered, with identifiers Single-dt15-2mp, Single-dt15-4mp, Single-dt15-6mp, Single-dt15-8mp
and Single-dt15-10mp. We will use this stride to investigate the stability limits of the single-scale archi-
tecture as a function of the number of message passing blocks.

At the larger strides ∆tmedium,∆tlarge = 0.030,0.060, but one single scale model is considered, which
serves as a baseline to which the multiscale variants are compared. We have Nmp = 8 at ∆tmedium and
Nmp = 16 at ∆tlarge, with identifiers Single-dt30-8mp and Single-dt60-16mp. Besides serving as a single-
scale reference, this also allows us to investigate how the stability limits of the single-scale models varies
between strides, given that they should be stable on the same subset of the simulations. Because if
the timestep increases with a factor 2, the model can capture the same local dynamics, given that the
number of message passing blocks is multiplied by 2 as well. But for the last statement, one should
remark that since the mesh is unstructured, this won’t scale as linear, but over the complete dataset it
should. So if a decrease in performance is witnessed at larger strides between these single-scale models,
then this would suggest oversmoothing, especially if this hurts one-step performance.

4.4.2 Multiscale variants

The multiscale models are sized such that the total number of message passing blocks is equal to that
of a single-scale baseline of 8 blocks at ∆tmedium and 16 blocks at ∆tlarge. The L = 1 (two-level) V-cycle
has three message passing groups: a down-path block on the fine graph, a coarse block on G1, and an
up-path block on the fine graph after the additive correction of equation 3.23. The depth allocation
is denoted [n(0)

↓ ,n(1),n(0)
↑ ] with

∑
n(ℓ) = 8 for ∆tmedium. The variants considered are listed in Table 4.3.

We use symmetric allocations which are more in line with the V-cycle interpretation and therefore have
more balanced pre-smoothing and post-smoothing. One could consider more skewed allocations as
well, where the coarse scale correction is either earlier or later in the network. An argument for early
coarse correction could be that we want to correct the fine representation as early as possible, so that
the subsequent fine blocks can work with a better representation. An argument for later coarse correc-
tion could be that that it is closer to the output and therefore more directly optimised by the loss. A
systematic exploration of skewed (asymmetric) allocations is beyond the scope of this thesis and is left
for future work. At the largest stride ∆tlarge = 0.060 two complementary studies are performed. First,

Table 4.3: Two-level V-cycle multiscale variants at the surrogate time step ∆tmedium = 0.030. The triplet [n(0)
↓ ,n(1),n(0)

↑ ] denotes

the number of message passing blocks on the fine down-path, on the coarse graph G1 and on the fine up-path respectively. All
variants share the same total budget of eight blocks and the same baseline single-scale reference of eight blocks.

Identifier Allocation [n(0)
↓ ,n(1),n(0)

↑ ] Purpose

Multi-dt30-3x2x3 [3, 2, 3] Heavy fine smoothing, light coarse correction
Multi-dt30-2x4x2 [2, 4, 2] Balanced fine smoothing and coarse correction
Multi-dt30-1x6x1 [1, 6, 1] Light fine smoothing, heavy coarse correction

the best-performing two-level allocation at ∆tmedium, identified by the criteria of Section 4.5, is doubled
in every position to obtain a 16-block two-level reference. Second, a three-level double V-cycle (L = 2)
model is introduced. The depth allocation is now denoted [n(0)

↓ ,n(1)
↓ ,n(2),n(1)

↑ ,n(0)
↑ ] with

∑
n(ℓ) = 16. The

multiscale variants trained on ∆tlarge are listed in Table 4.4.



4. Experimental setting and methodology | 4.5. Model assessment and limit determination 44

Table 4.4: Multiscale variants at the surrogate time step ∆tlarge = 0.060. The two-level row uses the best two-level allocation at

∆tmedium (identifier Multi-dt60-4x8x4) with each entry doubled. The three-level rows use [n(0)
↓ ,n(1)

↓ ,n(2),n(1)
↑ ,n(0)

↑ ] with sixteen

total blocks, distributed across the fine graph G0, the intermediate coarse graph G1 and the coarsest graph G2.

Identifier Allocation Purpose

Multi-dt60-4x8x4 2[n(0)
↓ ,n(1),n(0)

↑ ]best Doubled best two-level

Multi-dt60-3x3x4x3x3 [3, 3, 4, 3, 3] Symmetric three-level

The multiscale variants of Tables 4.3–4.4 are systematically compared against their respective single-
scale baselines (eight and sixteen blocks). The comparison serves two purposes. It quantifies the gain
that a coarse correction can provide at fixed parameter and message passing budget, but also how the
allocation of blocks across different scales affects the performance. To answer the main questions posed
in the introduction, we will therefore compare the limits and overall performance between the following
sets of models:

– Determine single scale limits at ∆tsmall: Single-dt15-2mp, Single-dt15-4mp, Single-dt15-6mp,
Single-dt15-8mp, Single-dt15-10mp.

– Single-scale vs multiscale limits at ∆tmedium: Single-dt30-8mp vs Multi-dt30-3x2x3, Multi-dt30-
2x4x2, Multi-dt30-1x6x1.

– Single-scale vs multiscale limits at ∆tlarge: Single-dt60-16mp vs Multi-dt60-4x8x4, Multi-dt60-
3x3x4x3x3.

– Determine temporal influence to stability limit between surrogate timesteps: Single-dt15-4mp,
Single-dt30-8mp and Single-dt60-16mp.

4.5 Model assessment and limit determination

To evaluate the performance of the surrogate models and to determine their stability limits, a set of
error metrics and procedures is defined in this section. We distinguish one-step error metrics, which
measure how well the surrogate predicts the next increment given the current state, and rollout error
metrics, which measure how well the surrogate trajectory matches the reference trajectory over time

when applied autoregressively. For the one-step metrics, we will use the surrogate- and label updates L̂
j
,

L j as reference. To evaluate the surrogate performance in rollout, we will compare the model solution
to the reference solution at a time somewhere in the simulation window, so uh versus uGN N . Moreover,
the rollout metrics will show us for which cases the surrogate trajectory blows up, which is crucial to
determine the stability limits of the surrogate. For the latter, we will use the two test sets with structured
coverage of the dimensionless numbers CFL and Fo, which will allow us to extract empirical stability
limits as a function of these numbers.

4.5.1 General error metrics

The mean squared error (MSE) of equation 4.11 is used as the training cost on which the model is opti-
mised. This value is also reported on the validation set and it is used for the early stopping criterion. For
those two functionalities, the MSE is ideal as it is fast to compute and gives an idea of the generalisation
on unseen samples relative to the training performance. This MSE is already divided by ∆t 2 to ensure
that the scale of the loss is independent of the surrogate time step, which allows us to use the same hy-
perparameters for different surrogate time steps. However, this does not necessarily mean that the MSE
is a good metric to compare performance between different time steps, as the MSE is not normalised by
the scale of the underlying true updates. The dividing of ∆t 2 does not completely resolve this issue, as
the scale of the true updates may not scale linearly with the time step.

To resolve this issue, we introduce the R2 score, which computes the proportion of variance ex-
plained between the surrogate- and the label update per graph. The R2 score is defined as

R2 = 1−
∑

i∈V ni (L̂ j
i −L j

i )2∑
i∈V ni (L j

i − L̄ j )2
,
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where L̄ j =∑
i∈V ni L j

i /
∑

i∈V ni is the mean of the label updates for that specific time step. The R2 score
is a normalised metric that gives an idea of how well the surrogate prediction matches the label relative
to a naive baseline that always predicts the mean of the label. An R2 score of 1 means perfect predic-
tion, while an R2 score of 0 means that the surrogate is no better than the naive baseline. Negative R2
scores indicate that the surrogate is worse than the naive baseline. The R2 score can be used to compare
surrogate performance between surrogate time steps, as it is normalised by the scale of the label and
therefore easy to interpret [63]. It is also still a relatively fast metric to compute, as it only requires sum-
mations over the nodes and does not require integration over the domain. However, it is still a pointwise
metric that does not capture the functional nature of the surrogate. For example, shouldn’t a node that
is connected to large mesh elements have a larger influence on the surrogate performance than a node
that is connected to small mesh elements?

To address the latter, a metric is defined that is able to measure performance in a more functional
manner. That is, we want to infer solutions on an unstructured mesh, so it should only be logical that
we evaluate the surrogate performance in a way that is independent of the mesh. Besides error between
the functions on the mesh, we also want to see if the gradients match. To this end, we define the relative
L2 and H 1-seminorm errors as in Definition 4.5.1 below. These metrics are evaluated by integrating
over the domain Ω and therefore do not depend on the particular discretisation of Ω into a mesh. This
way, we can compare surrogate predictions to the reference solution in a way that is independent of the
mesh, which is more in line with the functional nature of the surrogate. The definition yields:

Definition 4.5.1 (Relative L2 and H 1-seminorm errors). Let uh ∈P1(Th) be the linear interpolant of the
finite element reference solution at the mesh nodes, and let uGNN ∈R|V | denote the surrogate prediction
at the same nodes. Let uGNN(x , t ) ∈P1(Th) be the linear interpolant of uGNN, and let e := uh −uGNN. The
relative L2 and H 1-seminorm errors are

EL2 (uh ,uGNN) :=
√√√√ ∫

Ω e2(x , t )d x

δ+∫
Ωu2

h(x , t )d x
, (4.12)

EH 1 (uh ,uGNN) :=
√ ∫

Ω ∥∇e(x , t )∥2 d x

δ+∫
Ω ∥∇uh(x , t )∥2 d x

, (4.13)

with δ = 10−12 a small regularisation term that prevents division by zero on rollouts whose reference
solution converge to a steady-state near zero.

The domain integrals in equations (4.12)–(4.13) are evaluated with the Gaussian quadrature rules
provided by NGSolve [61], applied to the piecewise-linear interpolants on the reference mesh. The L2

error captures the global magnitude of the discrepancy, while the H 1-seminorm error captures whether
the gradients of the surrogate solution match those of the reference. The metrics of Definition 4.5.1 are
evaluated in two regimes. In the one-step regime, the squared error is divided by the label-update, rather
than the function at t +∆t . Meaning instead of uh(x , t +∆t ), the denominator is uh(x , t +∆t )−uh(x , t ).
Naturally, the error function e between the increments is equal to the error between the functions at
t +∆t , as they have the same starting point. We will indicate the one-step error metrics by EL2 (∆u),
EH 1 (∆u), and the rollout error metrics by EL2 (u), EH 1 (u). The one-step errors are evaluated on the vali-
dation set, while the rollout errors are evaluated on the test sets.

The one-step error is reported on the validation rollouts by averaging the relative norms over 100
randomly drawn input snapshots per rollout, which gives a low-variance estimate of the performance
over the complete dataset. In the rollout regime, the surrogate is initialised from the reference state U:,0

and applied autoregressively as depicted in Figure 3.6, so that the relative norms measure the cumulative
deviation of the surrogate trajectory from the reference. To track the temporal growth of this deviation,
the rollout error is reported at the checkpoints

t ∈ {0.24, 0.48, 0.72, 0.96, 1.20, 1.44, 1.68, 1.92}, (4.14)

which are the eight integer multiples of the training horizon T = 0.24, and therefore span the training
horizon together with an extrapolation horizon up to 8T . These checkpoints were chosen as all different
surrogate timesteps have a value at these checkpoints and they allow us to track the error growth over
time, especially beyond the training horizon.

4.5.2 Determination of stability limits

The structured grid sampling of Section 4.2.3, that is, the one-dimensional sweeps of the diffusion mag-
nitude parameter a and advection magnitude parameter b over an equispaced grid, yields two test sets:
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one from which an empirical stability limit can be extracted as a function of CFL, and one as a func-
tion of Fo. Since the procedure is identical for both limits, we describe it for the CFL case only as the
procedure is the same for both test sets.

Let Dtest denote the test dataset of Section 4.2.3 and let CFL(s) denote the CFL number of trajec-
tory s ∈ Dtest. For each trajectory s ∈ Dtest, the rollout error E (s)

rollout is evaluated at the final checkpoint
t = 1.92. A continuous piecewise-linear function with K = 3 segments is then fitted to the datapoints
{(CFL(s), E (s)

rollout)}s∈Dtest , similar to [64]. Do note that three line segments make sense for the problem
considered, as the following three regimes are to be expected: the stable domain, which is before the
limit, some interfacing behaviour between stable and unstable and the unstable regime. So making
these three line segments make sense with the hypothetical expectation of how the function will look
like. If there is no instability observed, the fitted curve is a flat line, which can also be constructed by
three linear line segments. Two free internal knots ξ1 < ξ2 partition the x-range into three intervals; the
fit is parametrised via the truncated-power basis, also known as linear B-spline basis, as

f (x; ξ, β) =β0 +β1x +β2(x −ξ1)++β3(x −ξ2)+, (4.15)

where (z)+ = max(0, z) are the linear B-splines. It can basically be seen as performing three separate
linear regression with a continuity constraint at the knots. The stability limit is defined as the smallest
CFL at which f exceeds a prescribed error threshold ε = 1, beyond which the surrogate trajectory is
considered to have diverged significantly from the reference: a so-called blow-up.

To fit equation (4.15), the |Dtest| datapoints (xs , ys ), with labels ys = E (s)
rollout, are stacked into the label

vector y and the design matrix A(ξ) ∈ R|Dtest|×4, whose s-th row evaluates the four basis functions of
equation (4.15) at xs , namely [1, xs , (xs − ξ1)+, (xs − ξ2)+ ]. Evaluating the model at every datapoint is
then the single matrix product A(ξ)β, and the fit proceeds in two stages: for a fixed knot pair ξ the
coefficients β follow in closed form, after which the knots are selected by a search over ξ.

Consider the first stage. For any fixed ξ= (ξ1,ξ2), equation (4.15) is linear inβ= (β0,β1,β2,β3)⊤, and
the coefficients are determined by minimising the ridge-penalised least-squares objective

J (β;ξ) = ∥∥y − A(ξ)β
∥∥2

2 +λr ∥β∥2
2, (4.16)

where λr = 10−6 is a small ridge penalty added for numerical stability. Since J is convex and quadratic
in β, its unique minimiser satisfies the stationarity condition

∇β J =−2 A(ξ)⊤
(

y − A(ξ)β
)+2λr β= 0,

which rearranges into the regularised normal equations
(

A⊤A+λr I
)
β= A⊤y and hence the closed-form

solution

β̂(ξ) = (
A(ξ)⊤A(ξ)+λr I

)−1 A(ξ)⊤y . (4.17)

This is the standard generalised (kernel) regularised least-squares solution [65]. Here λr denotes the
ridge penalty and should not be confused with the loss-regularisation weight λ of equation 3.13.

In the second stage the knots are selected. Because the penaltyλr ∥β∥2
2 in equation (4.16) serves only

to keep the 4×4 system well conditioned, it is excluded from the model-selection criterion: the knots
minimise the unpenalised residual sum of squares of the resulting fit,

ξ̂= argmin
ξ1<ξ2

∥∥y − A(ξ) β̂(ξ)
∥∥2

2, (4.18)

so that candidate knot configurations are compared purely on goodness-of-fit. Since β̂(ξ) is available
analytically for every ξ, equation (4.18) is solved by a grid search: ng = 50 candidate knot positions
are placed equispaced in the interior of the observed CFL-range, and all

(ng
2

) = 1225 knot pairs with
ξ1 < ξ2 are evaluated. Each evaluation solves a single 4×4 system, making the total computational cost
negligible. The pair ξ̂ achieving the smallest residual is retained as the final knot configuration.

Since E (s)
rollout varies over several orders of magnitude, ranging from well below 10−2 in stable regimes

to values exceeding the blow-up threshold of ε = 1 in unstable ones, fitting in the linear scale would
allow the large blow-up errors to dominate and distort the regression in the stable regime where pre-
cision matters most. The regression is therefore performed in log10 space: the label vector is trans-
formed to ỹs = log10(E (s)

rollout) before solving (4.17), so that each order of magnitude receives equal weight.
This is the only part where the procedure for the Fourier-number axis differs, as the x-values are ad-
ditionally mapped to log10(Fo) before fitting; the resulting fit is therefore a piecewise-linear curve in
(log10 Fo, log10 EL2 ) space.



Chapter 5

Results

In this chapter, the aim is to provide results, such that we can later answer the main questions posed in
the introduction. The question whether the surrogate time integrators can learn to accurately reproduce
the FEM solutions of the advection-diffusion equation in terms of qualitative behaviour, one-step per-
formance and multi-step performance is answered in Sections 5.2 and 5.3. The qualitative behaviour of
the surrogate time integrators can furthermore be confirmed by the snapshot visualisations that allows
for comparison with the FEM reference solutions.

For the second main question, we will zoom in on the performance of individual trajectories more
and evaluate the errors at the final checkpoint t = 1.92 of the trajectories. This way, we can establish a
general trend in the performance of the surrogates as a function of the CFL and Fo numbers. The trend
is made concrete by applying the piecewise linear regression fit introduced in the prior chapter, which
allows us to determine the empirical limits of stability for the surrogate time integrators.

5.1 Performance of conventional numerical time integrators

Before delving into the surrogate simulators, we establish a reference benchmark for conventional time
integrators on the advection-diffusion problem. We evaluate the explicit methods forward Euler and
RK4, alongside the implicit Crank–Nicolson method. As an implicit method, Crank–Nicolson is expected
to be more stable at larger time steps, but for the same reason it does not compare directly to the explicit
surrogate models. At the fine timestep size ∆t = 0.0001 (Figure A.6), all methods perform acceptably,
and the performance even increases as the amount of diffusion increases. However, the picture changes
dramatically at larger timestep sizes. In Figure A.7, the explicit time integrators forward Euler and RK4
both diverge rapidly at ∆t = 0.015 and ∆t = 0.030, remaining stable only for CFL numbers below 1. Only
Crank–Nicolson maintains stability across a significant portion of the test set, as expected for an implicit
method, although its performance does decrease. As these results are therefore not very informative for
the surrogate models, we will not include them in the main text but instead place them in the appendix
(Section A.6). It is interesting to see, however, that some of the models discussed later do remain stable
in the same physical regions where the explicit methods diverge.

5.2 One-step performance on the training and validation sets

This section reports the one-step predictive accuracy of all surrogate variants on the training and vali-
dation sets of Section 4.2.2. The models are grouped by surrogate time step and assessed via the metrics
of Section 4.5: the scaled mean squared error MSE/∆t 2 (equation 4.11), the R2 score relative to the true
one-step increments, and the functional relative norms EL2 (∆u) and EH 1 (∆u) (Definition 4.5.1). Report-
ing both the training and validation MSE/∆t 2 reveals any systematic generalisation gap that grows as
the model capacity decreases.

5.2.1 Single-scale models at∆tsmall = 0.015

Table 5.1 collects the one-step performance of the five single-scale variants at ∆tsmall. Increasing Nmp

only isolates the effect of model depth at a fixed surrogate time step and allows an assessment of whether
additional message-passing layers provide a consistent improvement in one-step accuracy or not. An

47
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example of a successful inferred one-step update on the unseen validation rollouts can be seen in Fig-
ure 5.1. This is just one of many examples, where this surrogate is able to qualitatively capture the true
increment function over the entire domain.

Figure 5.1: Example of a successful one-step prediction by the surrogate model. The left upper panel shows the true increment
∆ul abel of the solution at a random time instance of a random simulation from the training set, and the right upper panel shows
the surrogate’s prediction of this increment. The lower panels show the pointwise error between the true and predicted increments
in normal and log scale. The surrogate model in this example is the single-scale 10-layer model at ∆tsmall.

Table 5.1: One-step performance of the single-scale models at ∆tsmall = 0.015 on the training and validation sets, where 100
random time instances are taken from each rollout. All values are reported as mean ± standard deviation across samples.

Model MSE/∆t 2 (train) MSE/∆t 2 (val) ∆MSE/∆t 2 R2 (val) EL2 (∆u) (val) EH 1 (∆u) (val)
Single-dt15-2mp 0.966±4.49 1.01±5.41 0.0423 0.985±0.128 0.0595±0.091 0.304±0.64
Single-dt15-4mp 0.212±1.14 0.243±1.44 0.0315 0.994±0.0445 0.0372±0.0584 0.18±0.381
Single-dt15-6mp 0.121±0.488 0.147±0.645 0.0253 0.995±0.065 0.0328±0.0596 0.13±0.262
Single-dt15-8mp 0.0633±0.226 0.0822±0.331 0.0189 0.997±0.0224 0.0259±0.0404 0.0979±0.184
Single-dt15-10mp 0.047±0.137 0.0664±0.221 0.0195 0.998±0.019 0.0236±0.038 0.0846±0.156

Across every column of Table 5.1 the ranking is monotone in Nmp: Single-dt15-10mp attains the low-
est scaled mean squared error on both the training and validation sets, the highest R2, and the small-
est EL2 (∆u) and EH 1 (∆u) relative norms. The train-validation gap ∆MSE/∆t 2 shrinks monotonically as
model capacity grows, from 0.042 for Single-dt15-2mp down to 0.020 for Single-dt15-10mp. The deeper
architectures therefore overfit relatively less on the training data than the shallower ones, and there
seems to be no sign of oversmoothing, as the performance just improves. Comparing the two functional
norms shows that EH 1 (∆u) is consistently larger than EL2 (∆u), indicating that the surrogate increments
reproduce the function ∆uh more accurately than its gradient.

Figure 5.2 visualises the training and validation MSE/∆t 2 as a function of the number of message-
passing blocks, showing both training and validation curves.

The curve in Figure 5.2 shows that the bulk of the improvement is realised between Nmp = 2 and
Nmp = 4. Beyond four blocks the gains become progressively smaller, and the step from Single-dt15-
8mp to Single-dt15-10mp amounts to only about 0.03 in MSE/∆t 2. On the linear vertical axis the train-
validation gap narrows visibly with depth, consistent with the decreasing ∆MSE/∆t 2 column of Ta-
ble 5.1.
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Figure 5.2: MSE/∆t 2 as a function of the number of message-passing blocks Nmp for the single-scale models at ∆tsmall = 0.015.
Solid and dashed lines correspond to the training and validation sets respectively.

5.2.2 Single-scale and multiscale models at∆tmedium = 0.030

Table 5.2 reports the one-step performance for the baseline single-scale model and the three two-level
multiscale variants at ∆tmedium, all sharing a total budget of eight message-passing blocks. The com-
parison reveals whether distributing blocks across fine and coarse levels improves one-step accuracy
relative to concentrating all blocks on the fine graph.

Table 5.2: One-step performance of the single-scale and two-level multiscale models at ∆tmedium = 0.030. The allocation column

indicates the distribution of message-passing blocks across the V-cycle levels [n(0)
↓ , n(1), n(0)

↑ ]. All values are mean ± std.

Model Allocation MSE/∆t 2 (train) MSE/∆t 2 (val) ∆MSE/∆t 2 R2 (val) EL2 (∆u) (val) EH 1 (∆u) (val)
Single-dt30-8mp [8] 0.0975±0.421 0.167±1.47 0.0697 0.997±0.0171 0.0289±0.041 0.1±0.179
Multi-dt30-3x2x3 [3, 2, 3] 0.0614±0.169 0.0943±0.461 0.0329 0.998±0.0217 0.0229±0.0358 0.0789±0.135
Multi-dt30-2x4x2 [2, 4, 2] 0.0464±0.12 0.0664±0.272 0.0201 0.998±0.033 0.02±0.0349 0.0758±0.204
Multi-dt30-1x6x1 [1, 6, 1] 0.0886±0.257 0.11±0.369 0.0217 0.997±0.0344 0.0237±0.0414 0.0861±0.167

In contrast with the small-stride sweep, no variant dominates every metric in Table 5.2 as they all fall
within their respective standard deviations for every considered metric. However, on average the multi-
dt30-2x4x2 attains all the best values, with exception to the validation R2, where it is tied with multi-
dt30-3x2x3. It should be stressed that, on this one-step level, the differences between the multiscale
variants are minor on all metrics, and particularly so on the relative L2 and H 1 norms. Little can be
concluded from them beyond the consistent gap to the single-scale baseline. But since Multi-dt30-
2x4x2 is one of the best contenders on average and has the best balance between coarse and fine blocks,
its allocation [2,4,2] is the one carried over (doubled to [4,8,4]) to the large-stride model Multi-dt60-
4x8x4 in the next section, when we extend the comparison to the large stride. But it can be seen that for
one-step performance, the multiscale models are not very sensitive to the exact allocation of blocks.

Figure 5.3 shows the same data graphically: on both the training and validation sets all three multi-
scale variants attain a lower MSE/∆t 2 than the single-scale baseline Single-dt30-8mp. Within the multi-
scale group, Multi-dt30-3x2x3 and Multi-dt30-2x4x2 sit very close to each other, with Multi-dt30-2x4x2
slightly below Multi-dt30-3x2x3 on the validation MSE bar.
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Figure 5.3: Training and validation MSE/∆t 2 for the single-scale and two-level multiscale models at ∆tmedium = 0.030.

5.2.3 Single-scale and multiscale models at∆tlarge = 0.060

Table 5.3 extends the comparison to the largest surrogate time step, where the single-scale baseline uses
sixteen message-passing blocks. The two-level model Multi-dt60-4x8x4 is the best-performing two-level
allocation from ∆tmedium with all block counts doubled, and Multi-dt60-3x3x4x3x3 introduces a three-
level V-cycle.

Table 5.3: One-step performance of the single-scale and multiscale models at ∆tlarge = 0.060. The allocation column for Multi-

dt60-3x3x4x3x3 lists the five-entry V-cycle distribution [n(0)
↓ , n(1)

↓ , n(2), n(1)
↑ , n(0)

↑ ]. All values are mean ± std.

Model Allocation MSE/∆t 2 (train) MSE/∆t 2 (val) ∆MSE/∆t 2 R2 (val) EL2 (∆u) (val) EH 1 (∆u) (val)
Single-dt60-16mp [16] 0.071±0.33 0.226±1.93 0.155 0.996±0.0359 0.0308±0.0507 0.0792±0.134
Multi-dt60-4x8x4 [4, 8, 4] 0.0792±0.2 0.15±0.673 0.0707 0.997±0.0215 0.0303±0.0363 0.08±0.119
Multi-dt60-3x3x4x3x3 [3, 3, 4, 3, 3] 0.0305±0.0742 0.0607±0.255 0.0302 0.997±0.0501 0.0202±0.0457 0.0624±0.131

At ∆tlarge the three-level model Multi-dt60-3x3x4x3x3 attains the lowest score on every metric of
Table 5.3 except for the validation R2, on which it is tied with the two-level Multi-dt60-4x8x4 to the
reported precision. The single-scale Single-dt60-16mp is outperformed by both multiscale variants on
the training and validation MSE, as well as on the two relative norms. As at the medium stride, the
differences between the two multiscale variants on the relative norms are small, so the table is read
mainly for the consistent advantage of the multiscale models over the single-scale baseline.

Figure 5.4 confirms the table-level ranking: both multiscale variants achieve a lower training and
validation MSE/∆t 2 than the single-scale Single-dt60-16mp, and the three-level Multi-dt60-3x3x4x3x3
sits clearly below the two-level Multi-dt60-4x8x4 on both bars.

5.2.4 Comparison across surrogate time steps

To investigate whether the surrogate accuracy, measured on a scale that is independent of ∆t , is consis-
tent across the three training strides, Table 5.4 compares Single-dt15-4mp, Single-dt30-8mp and Single-
dt60-16mp. These models are chosen such that when the surrogate time step is doubled, the number
of message-passing blocks is also doubled, so that the surrogate should cover the same portion of the
CFL and Fourier domain on which they are stable. If one-step R2 is stable across strides, the models
learn the same underlying mapping regardless of ∆t . Any systematic trend would indicate an intrinsic
dependence of learning difficulty on the surrogate time step.

The ranking in Table 5.4 is not consistent across metrics. The large-stride Single-dt60-16mp attains
the lowest training MSE/∆t 2 and the smallest EH 1 (∆u) on the validation set, whereas the medium-stride
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Figure 5.4: Training and validation MSE/∆t 2 for the single-scale and multiscale models at ∆tlarge = 0.060.

Table 5.4: One-step performance of the single-scale models compared across surrogate time steps, Single-dt15-4mp, Single-dt30-
8mp and Single-dt60-16mp, evaluated on their respective validation sets, where 100 random time instances are taken from each
rollout. All values are mean ± std.

Model ∆t MSE/∆t 2 (train) MSE/∆t 2 (val) ∆MSE/∆t 2 R2 (val) EL2 (∆u) (val) EH 1 (∆u) (val)
Single-dt15-4mp 0.015 0.212±1.14 0.243±1.44 0.0315 0.994±0.0445 0.0372±0.0584 0.18±0.381
Single-dt30-8mp 0.030 0.0975±0.421 0.167±1.47 0.0697 0.997±0.0171 0.0289±0.041 0.1±0.179
Single-dt60-16mp 0.060 0.071±0.33 0.226±1.93 0.155 0.996±0.0359 0.0308±0.0507 0.0792±0.134

Single-dt30-8mp takes the lead on the validation MSE/∆t 2, the validation R2 and the validation EL2 (∆u).
Single-dt15-4mp has the best generalisation gap.

Figure 5.5 shows the R2 score for the three single-scale models side by side, making any trend across
∆t immediately visible.

Figure 5.5: Validation R2 score for the single-scale models across surrogate time steps: Single-dt15-4mp (∆t = 0.015), Single-dt30-
8mp (∆t = 0.030) and Single-dt60-16mp (∆t = 0.060). The three scores are deliberately close: once normalised by the scale of the
true one-step increments, the models that cover the same proportion of the training CFL and Fourier domain attain comparable
one-step accuracy regardless of the surrogate time step. Error bars show the standard deviation across the validation cases.
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The R2 values in Figure 5.5 are very close across the three strides. Once the predictions are nor-
malised by the scale of the true one-step increments, the three models that cover the same proportion
of the training CFL and Fourier domain achieve comparable one-step accuracy. The table shows the
same story when comparing the EL2 (∆u). However, the EH 1 (∆u) does seem to improve more drastically
at larger strides, which may indicate that the surrogate is better at learning the gradient of the increment
function if the model has a larger receptive field, which is the case for the larger strides.

5.3 Surrogate timestepping performance

This section evaluates the mean autoregressive performance of all surrogate variants on the test sets
of Section 4.2.3. The surrogate is initialised from the reference state and stepped forward to the final
horizon t = 1.92, which is eight times the training horizon T = 0.24. For each model group the relative
EL2 (u) and EH 1 (u) errors (Definition 4.5.1) are tabulated at the eight checkpoints of equation 4.14 and
visualised as time series. A selection of field snapshots is additionally shown to illustrate qualitative be-
haviour of the surrogates on selected test rollouts from the advection- and diffusion test sets. The two
structured test sets of Section 4.2.3 are referred to throughout as the advection test set (varying CFL) and
the diffusion test set (varying Fo). Only the EL2 (u) error is shown as a time series in the figures. The
EH 1 (u) seminorm is still tabulated, but does not provide additional insight into the surrogate perfor-
mance as the trend is essentially the same as for the EL2 (u) error, but with a much higher magnitude.
The EH 1 (u) seminorm is therefore not visualised as a time series, but only tabulated in the Appendix A.3
for the interested reader.

Throughout this section, all EL2 (u) and EH 1 (u) errors are evaluated relative to the FEM reference
solution uh(·, t ) at each checkpoint time t (see Definition 4.5.1). This contrasts with Section 5.2, where
both norms are taken relative to the one-step increment ∆uh .

Exclusion of anomalous test rollout. Rollout 287 of the diffusion test set corresponds to an extreme
physical regime with Fomax = 30.15 and a minimum element size hmin = 0.009. This value of Fomax is
more than twice the next largest value in the diffusion test set (Fomax = 13.73 for rollout 293), which
means that this rollout is governed by a far stronger diffusion than any other rollout in the set, on a
much finer mesh, and therefore lies well outside the parameter range the surrogates were trained and
tested on. Every surrogate variant, including the strongest models (Multi-dt60-4x8x4 and Multi-dt60-
3x3x4x3x3), diverges catastrophically on this rollout. Here, and throughout this chapter, a rollout is said
to diverge or blow up when its relative EL2 (u) error crosses the threshold ϵ = 1 defined in Section 4.5.2:
the relative EL2 (u) error exceeds 10 already at the first checkpoint t = 0.24 for the weaker models, and
grows to over 102 for all models by t = 1.92. Because every model fails uniformly on this single rollout,
it provides no discriminative information about relative model performance. Including it in the mean
would inflate the reported diffusion-set errors by two to three orders of magnitude and obscure genuine
differences between models. Rollout 287 from the diffusion test set is therefore excluded from all mean
and standard-deviation calculations in this section.

5.3.1 Single-scale models at∆tsmall = 0.015

Tables A.1–A.4 in Appendix A.3 report the rollout EL2 (u) and EH 1 (u) errors at each checkpoint for the
five single-scale variants at ∆tsmall. Because all five models share the same surrogate time step, any
difference in rollout accuracy is attributable solely to the number of message-passing blocks. In gen-
eral, it can be seen that for both test sets, adding more message passing layers increases the surrogate
modelling performance when you consider the mean error per simulation, both in terms of EL2 (u) and
EH 1 (u). Moreover, it can be seen that for all the models, the advection test set is easier to model than the
diffusion test set. Especially the EH 1 (u) semi-norm explodes on the diffusion test set, with no model as
exception.
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Figure 5.6: Rollout EL2 (u) error over time for the single-scale models at ∆tsmall = 0.015. Left: advection test set. Right: diffusion
test set. Lines show the mean over test rollouts and the shaded band the interquartile range across rollouts. t = 0.24.

Figure 5.6 visualises the table entries of EL2 (u). On the advection test set (left panel), the average
rollout error decreases as the number of message-passing blocks grows. Single-dt15-2mp sits highest
and Single-dt15-10mp lowest, with the latter remaining essentially flat over the entire horizon. This
flatness reflects that Single-dt15-10mp never blows up on any rollout of the advection test set: as it has
enough message passing blocks to cover the whole training domain of CFL and Fo, it keeps the error
bounded on every test rollout, meaning the slight slope can be attributed to accumulation error only.
This contrasts with the shallower models, which share a common slope due to blow-ups. The curves for
Single-dt15-6mp and Single-dt15-8mp track each other closely throughout the rollouts on the advection
set and end within roughly 0.04 of one another at t = 1.92, in contrast with the larger separations seen
between the other adjacent depths. On the diffusion test set (right panel), the expected ordering is
recovered cleanly: the average rollout error decreases monotonically as the number of message-passing
blocks grows. This time, the curves for Single-dt15-10mp and Single-dt15-8mp track each other closely
throughout the rollouts and are separated by ±0.03 at t = 1.92, in contrast with the larger separations
seen between the other adjacent depths. The standard deviations of the errors are quite large for all the
models, which will also be the case for the upcoming strides. But this is not surprising given the large
variation in the physical regimes and the performance of the models across the test rollouts.

5.3.2 Single-scale and multiscale models at∆tmedium = 0.030

Tables A.5 toA.8 in Appendix A.3 report the rollout L2 and H 1 errors at each checkpoint for the single-
scale baseline Single-dt30-8mp and the three two-level multiscale variants Multi-dt30-3x2x3, Multi-
dt30-2x4x2 and Multi-dt30-1x6x1, all sharing the same surrogate stride. Differences in rollout accuracy
across rows therefore reflect the effect of the multiscale block allocation. The corresponding visualisa-
tion of these results is shown in Figure 5.7.

Figure 5.7: Rollout EL2 (u) error over time for the single-scale and two-level multiscale models at∆tmedium = 0.030. Left: advection
test set. Right: diffusion test set. Lines show the mean over test rollouts and the shaded band the interquartile range across rollouts.

The two panels of Figure 5.7 present essentially mirrored orderings, where two things stand out from
these plots. Firstly, while the Multi-dt30-1x6x1 model was consistently performing worse than the other
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two multiscale models in terms of one-step performance, it is now superior on the advection test set.
On the other hand, on the diffusion test set, the multi-scale models that have relatively less coarse scale
correction are the better performers. So this seems like a trade-off: the allocation of more coarse scale
correction appears to enhance performance in the advection-dominated regime, while in the more
diffusion-dominated regime, one should have more fine scale processing. But pure fine processing is
not the best either in the diffusion-dominated regime, indicating that there is some sweet spot in the
allocation of coarse and fine scale correction for the diffusion-dominated regime, which in this case is
hit by the Multi-dt30-3x2x3 model. But in general, all the multiscale models are performing similar to
each other on average, the only exception being the Multi-dt30-1x6x1 model on the diffusion test set,
which is performing much worse than the other two multiscale models, and even worse than the single
scale model.

5.3.3 Single-scale and multiscale models at∆tlarge = 0.060

Tables A.9–A.12 in Appendix A.3 report the rollout L2 and H 1 errors at each checkpoint for the single-
scale baseline Single-dt60-16mp, the two-level multiscale Multi-dt60-4x8x4 and the three-level multi-
scale Multi-dt60-3x3x4x3x3, all at the largest surrogate stride. The corresponding time-resolved visuali-
sation is shown in Figure 5.8.

Figure 5.8: Rollout EL2 (u) error over time for the single-scale and multiscale models at ∆tlarge = 0.060. Left: advection test set.
Right: diffusion test set. Lines show the mean over test rollouts and the shaded band the interquartile range across rollouts.

On the advection test set of Figure 5.8, both multiscale variants attain a lower mean error than the
single-scale Single-dt60-16mp at every checkpoint. The Multi-dt60-4x8x4 and Multi-dt60-3x3x4x3x3
curves visibly flatten beyond the end of the training horizon, whereas Single-dt60-16mp continues to ac-
cumulate error over the full simulation window. Where the latter can be attributed to blow-ups, similar
to the observation we made for the small-stride models. On the diffusion test set the error accumulation
is more pronounced for all three models, with the exception of Multi-dt60-3x3x4x3x3. In addition, Multi-
dt60-4x8x4 now sits above Single-dt60-16mp for the latter part of the rollout, so the two-level model
performs worse than the single-scale baseline when averaged over the diffusion test set. We already ob-
served this phenomenon for the medium-stride models, and it is now even more pronounced for the
large-stride models. It then seems contradictory that the three-level model Multi-dt60-3x3x4x3x3 is still
outperforming the single-scale and 2-scale model on the diffusion test set, as it has even more coarse
scale correction.But apparently adding the third level of correction seems to overcome this issue of the
two-level model, which is an interesting observation.

5.3.4 Comparison across surrogate time steps

Tables A.13–A.16 in Appendix A.3 report the rollout L2 and H 1 errors at each checkpoint for the three
reference single-scale models Single-dt15-4mp (∆t = 0.015), Single-dt30-8mp (∆t = 0.030) and Single-
dt60-16mp (∆t = 0.060). The corresponding time-resolved visualisation is shown in Figure 5.9.
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Figure 5.9: Rollout EL2 (u) error over time for the single-scale models Single-dt15-4mp (∆t = 0.015), Single-dt30-8mp (∆t = 0.030)
and Single-dt60-16mp (∆t = 0.060). Left: advection test set. Right: diffusion test set. Lines show the mean over test rollouts and
the shaded band the interquartile range across rollouts.

In both panels of Figure 5.9 the mean rollout error decreases as the number of message-passing
blocks grows: Single-dt60-16mp sits lowest, Single-dt30-8mp in the middle, and Single-dt15-4mp high-
est. Whereas the one-step R2 in Figure 5.5 placed the three strides very close to one another after nor-
malisation by the increment scale, the rollout setting produces a clearly visible separation between the
three strides, while, by theory, they should be stable on the same fraction of the training domain. But
the results suggest that the larger receptive field of the deeper models is beneficial for the autoregressive
setting, even when the surrogate time step is larger.

5.3.5 Solution field snapshots

To complement the aggregate statistics, representative rollouts are chosen per model group to quali-
tatively illustrate how different models behave. For each group, an illustrative rollout is selected from
either test set. Rows correspond to time checkpoints t ∈ {0.48,0.96,1.44,1.92}. Each column shows,
for one model in the group, the predicted field û alongside the pointwise log-error log10 |û −uh |. The
ground-truth field is exhibited in the first column of each figure for reference.
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Figure 5.10: Solution field snapshots for the small-stride single-scale models (Single-dt15-2mp–Single-dt15-10mp) on an test roll-
out from the advection test set. Each row corresponds to a checkpoint time t ∈ {0.48,0.96,1.44,1.92}.

Figure 5.10 corresponds to a rollout that is unstable for the shallowest three variants (Single-dt15-
2mp, Single-dt15-4mp and Single-dt15-6mp) and stable for the two deepest ones (Single-dt15-8mp and
Single-dt15-10mp). When the surrogate diverges, the instability emerges first in the region of highest
velocity magnitude and then spreads through the domain until it becomes uncontrollable. The end-of-
rollout snapshot of Single-dt15-2mp shows an essentially unbounded chaotic state. In contrast, Single-
dt15-8mp and Single-dt15-10mp converge towards the expected steady state with the pointwise log-
error remaining bounded throughout.
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Figure 5.11: Solution field snapshots for the large-stride models (Single-dt60-16mp, Multi-dt60-4x8x4, Multi-dt60-3x3x4x3x3) on
an advection test rollout.

Figure 5.11 shows the single-scale baseline Single-dt60-16mp diverging early in the rollout, with a
rapidly growing log-error throughout the domain. Both multiscale variants converges towards the ex-
pected solution; at the final checkpoint t = 1.92, the three-level Multi-dt60-3x3x4x3x3 attains a relative
EL2 (u) that is approximately a factor of two smaller than that of the two-level Multi-dt60-4x8x4. Though,
some minor instabilities can be seen in both multiscale models near the boundary layers of the solution.
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Figure 5.12: Solution field snapshots for the large-stride models (Single-dt60-16mp, Multi-dt60-4x8x4, Multi-dt60-3x3x4x3x3) on
a diffusion test rollout.

Figure 5.12 presents a contrasting picture for the diffusion-dominated regime. The single-scale
Single-dt60-16mp converges to a bounded state, but not to the correct steady state. The two-level
Multi-dt60-4x8x4 shows visible oscillations and a modest blow-up of the prediction. The three-level
Multi-dt60-3x3x4x3x3 converges cleanly to the correct steady state.
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Figure 5.13: Solution field snapshots for the single-scale models across surrogate time steps (Single-dt15-4mp, Single-dt30-8mp,
Single-dt60-16mp) on an advection test rollout.

In Figure 5.13 the three single-scale models produce qualitatively similar checkpoint sequences de-
spite being trained at different strides. Although Figure 5.9 shows that Single-dt60-16mp attains the
lowest mean error when averaged over the complete advection test set, on this particular rollout the
medium-stride Single-dt30-8mp reaches the lowest relative EL2 (u) at the final checkpoint.

More snapshots are shown in Appendix A.3.5 to illustrate the behaviour of the surrogates on addi-
tional test rollouts.

5.4 Limits of the models

This section characterises the empirical stability limits of each surrogate variant in terms of the di-
mensionless numbers CFL and Fo introduced in Section 2.4. Using the two structured test sets of Sec-
tion 4.2.3, the rollout error at the final checkpoint t = 1.92 is mapped against CFLmax and Fomax for every
test trajectory. A piecewise-linear fit to this scatter (Section 4.5.2) yields a quantitative stability limit for
each model, defined as the smallest dimensionless number at which the fitted error curve exceeds the
blow-up threshold ϵ= 1. The positions where the three line segments of this fit meet (the knots) are not
chosen by hand but are determined by the residual-minimising grid search of Section 4.5.2. The vertical
dashed lines in each scatter plots is the point where either CFLmax or Fomax is equal to the number of
message passing blocks in the model. This way we can see if the number of message passing layers is a
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good predictor for the stability limit of the single-scale models. For the multiscale model, the same ver-
tical dashed lines are plotted, but we expect that the stability limit will not follow the number of message
passing blocks as closely this time, as we expect that the coarse layers will increase the receptive field of
the model, which should increase the stability limit.

5.4.1 Single-scale models at∆tsmall = 0.015

Figure 5.14 shows the scatter plots for the five single-scale variants at∆tsmall. Comparing the plots across
the rows of the figure reveals how increasing the number of message-passing blocks shifts the empirical
stability limit. These five single-scale models are all trained and evaluated at the smallest surrogate
stride ∆tsmall (Section 4.4).

Figure 5.14: Empirical stability analysis for the single-scale models at ∆tsmall = 0.015. Each row corresponds to one model.
Columns show the rollout EL2 (u) at t = 1.92 as a function of CFLmax (left) and Fomax (centre), and a summary of the architec-
ture and error statistics (right).

Reading Figure 5.14 from top to bottom, the empirical CFL∗ in Table 5.5 grows monotonically with
the number of message-passing blocks, from CFL∗ = 2.51 for Single-dt15-2mp to an effectively un-
bounded value for Single-dt15-10mp. The diffusion side shows a similar but tighter pattern: Fo∗ in-
creases from 1.32 for Single-dt15-2mp through 12.5 and 19.3 for Single-dt15-6mp and Single-dt15-8mp,
to an effectively unbounded value for Single-dt15-10mp. However, the fit does not look as convincing
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for the diffusion test set as it does for the advection test set, as there is a lot of variance in the error of
trajectories for the diffusion samples with Fo > 100. The high variance between trajectories for Fo > 100

is not an exception for the smallest stride, as it is also observed for all the models in∆tmedium and∆tlarge.

5.4.2 Single-scale and multiscale models at∆tmedium = 0.030

Figure 5.15 compares the single-scale baseline Single-dt30-8mp against the three two-level multiscale
variants Multi-dt30-3x2x3, Multi-dt30-2x4x2 and Multi-dt30-1x6x1 that share the same surrogate stride.

Figure 5.15: Empirical stability analysis for the single-scale and two-level multiscale models at ∆tmedium = 0.030 (Single-dt30-
8mp, Multi-dt30-3x2x3, Multi-dt30-2x4x2, Multi-dt30-1x6x1). Each row corresponds to one model. Columns show the rollout
EL2 (u) at t = 1.92 as a function of CFLmax (left) and Fomax (centre), and a summary of the architecture and error statistics (right).

The single-scale baseline Single-dt30-8mp diverges at CFL∗ = 12. Among the multiscale variants the
fitted CFL threshold shifts further to the right as the coarse correction grows: CFL∗ = 13.2 for Multi-dt30-
3x2x3, CFL∗ = 16.8 for Multi-dt30-2x4x2, and an effectively unbounded fitted threshold for Multi-dt30-
1x6x1. It must be noted, however, that even though Multi-dt30-1x6x1 is stable for almost all CFL values,
its trajectories sit fairly close to the blow-up threshold and therefore retain a relatively high error on the
stable subset. On the diffusion side the ordering between the multiscale variants is different: Multi-
dt30-2x4x2 attains the largest Fo∗ = 32.4, followed by the single-scale Single-dt30-8mp with Fo∗ = 23.2,
then Multi-dt30-3x2x3 with 19.6 and finally Multi-dt30-1x6x1 with 6.9. So, adding more coarse scale
correction blocks does not improve stability for trajectories with high diffusion.

5.4.3 Single-scale and multiscale models at∆tlarge = 0.060

Figure 5.16 repeats the same analysis for the large-stride single-scale baseline Single-dt60-16mp, the
two-level multiscale Multi-dt60-4x8x4 and the three-level multiscale Multi-dt60-3x3x4x3x3.
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Figure 5.16: Empirical stability analysis for the single-scale and multiscale models at ∆tlarge = 0.060 (Single-dt60-16mp, Multi-
dt60-4x8x4, Multi-dt60-3x3x4x3x3). Each row corresponds to one model; columns show the rollout EL2 (u) at t = 1.92 as a function
of CFLmax (left) and Fomax (centre), and a summary of the architecture and error statistics (right). Colour coding and line conven-
tions as in Figure 5.14.

The single-scale Single-dt60-16mp diverges at CFL∗ = 24.3, while the multiscale variants remain be-
low the blow-up threshold across the entire tested CFL range: the fitted CFL∗ is effectively unbounded
for Multi-dt60-4x8x4 and for Multi-dt60-3x3x4x3x3. On the diffusion side the fitted thresholds are all
effectively unbounded. This disputes the observations from the medium stride, where the multiscale
models had worse stability on the diffusion set. And also on this stride, the 2-scale model does not show
improved stability relative to the single scale on the diffusion set, while the 3-scale model does show im-
proved stability. The only differentiating factor between the multiscale models is the number of coarse
levels used, which in this case seems to enhance the stability region for both advection and diffusion test
trajectories. And in general it can be seen that the multiscale models have a much more differentiating
factor relative to the single scale model, something we did not see as convincingly in the medium stride.
So it seems that the multiscale architecture is more beneficial for stability when the surrogate stride is
larger.

5.4.4 Comparison across surrogate time steps

Figure 5.17 compares the three reference single-scale models Single-dt15-4mp, Single-dt30-8mp and
Single-dt60-16mp. As CFLmax and Fomax scale linearly with the surrogate stride, the horizontal axes are
not directly comparable between rows, which is why we normalise the horizontal axes by their respec-
tive timestep size∆t . This places all three stride scales on the same horizontal axis and allows for a direct
comparison of the stability limits across different surrogate time step sizes. On this normalised axis, we
can see that the larger the model, the higher the normalised stability limit. So even though these models
should cover the same trajectories, the larger models are able to maintain stability for larger normalised
CFL and Fo numbers. This wider stability region does not come for free, however. On the advection test
set, the mean EL2 (u) at t = 1.92 over the stable subset, reported in the summary column of Figure 5.17,
grows with the number of message-passing blocks, from 0.18 for Single-dt15-4mp to 0.20 for Single-
dt30-8mp and 0.27 for Single-dt60-16mp. So on the trajectories where they stay stable, the smaller mod-
els are the more accurate ones, and extending the stability region with more blocks trades off against
accuracy inside it. On the diffusion test set this trade-off does not appear: there the stable-subset error
is non-monotone (0.24, 0.18 and 0.21 for the three models), with the medium Single-dt30-8mp the most
accurate and the smallest model the least. This difference between the two test sets is interesting, be-
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cause it might suggest that the stability with regard to the diffusion is more related to the receptive field
of the model, i.e. the number of neighbours it interacts with, rather than the dimensionless numbers.

Figure 5.17: Stability comparison across surrogate time steps for the single-scale models Single-dt15-4mp (∆t = 0.015), Single-
dt30-8mp (∆t = 0.030) and Single-dt60-16mp (∆t = 0.060). Each row corresponds to one model; columns show the rollout EL2 (u)
at t = 1.92 as a function of CFLmax (left) and Fomax (centre), and a summary of the architecture and error statistics (right). Note that
CFLmax scales linearly with∆t , so the horizontal axes are not directly comparable across rows. Colour coding and line conventions
as in Figure 5.14.

5.4.5 Summary of empirical stability limits

Table 5.5 collects the empirical CFL and Fo stability limits extracted from the piecewise-linear fits of the
preceding subsections. The limits are defined as the smallest dimensionless number at which the fitted
mean error curve exceeds the blow-up threshold ϵ= 1 (see Section 4.5.2).

Table 5.5: Empirical stability limits for all surrogate variants. CFL∗ and Fo∗ are the smallest dimensionless numbers at which the
fitted rollout error exceeds the blow-up threshold ϵ= 1 on the respective test set.

Model ∆t CFL∗ Fo∗

Single-scale, ∆tsmall = 0.015
Single-dt15-2mp 0.015 2.51 1.32
Single-dt15-4mp 0.015 4.99 3.06
Single-dt15-6mp 0.015 7.19 12.5
Single-dt15-8mp 0.015 7.93 17.6
Single-dt15-10mp 0.015 ∞ ∞
Single-scale and multiscale, ∆tmedium = 0.030
Single-dt30-8mp 0.030 12 23.2
Multi-dt30-3x2x3 0.030 13.2 19.6
Multi-dt30-2x4x2 0.030 16.8 32.4
Multi-dt30-1x6x1 0.030 ∞ 6.9
Single-scale and multiscale, ∆tlarge = 0.060
Single-dt60-16mp 0.060 24.3 ∞
Multi-dt60-4x8x4 0.060 ∞ ∞
Multi-dt60-3x3x4x3x3 0.060 ∞ ∞
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The piecewise-linear fits behind these limits are revisited group by group in Chapter 7, where each
panel is placed alongside the research sub-question it answers.



Chapter 6

Discussion

This chapter interprets the stability and accuracy results of the preceding chapter and sets out the main
caveats and open questions behind them. We begin with the reliability of the reference data that the
surrogates were trained and scored against, turn to the conflicting architectural mechanism behind the
coarse-versus-fine trade-off observed in the multiscale models, and close with the resulting uncertainty
in the empirical Fourier stability limit. Further limitations of the study, together with the recommenda-
tions that follow from them, are gathered later in Chapter 8.

6.1 The reference integrator and the diffusion-side variance

The reference trajectories are produced by backward Euler with ∆tsim = 10−4 (Section 4.2). The scheme
is unconditionally stable but dissipative. In the diffusion-dominated regime its numerical dissipation
is masked by the physical operator, so the integrator produces plausible trajectories. In the advection-
dominated regime, by contrast, the same dissipation smooths gradients that the underlying PDE would
preserve, so the resulting reference is not in line with the true dynamics. A surrogate trained on this data
therefore sees advection-dominated samples whose effective diffusion has been artificially inflated, and
learns a relation in which the role of the diffusion term is partly distorted.

The spatial convergence study of Appendix A.5 points in the same direction. The reference error
against a finely resolved solution is small at high diffusion, where the field is smooth, but grows for
low-diffusion samples, whose sharp boundary layers are not resolved at the working mesh resolution.
Under-resolving these layers smears them, which is once more equivalent to the simulator overesti-
mating the effective diffusion of exactly those samples. The reference is therefore least trustworthy in
precisely the regime where the surrogate is asked to preserve the sharpest features.

A plausible footprint of this poorly constrained diffusion response is the large trajectory-to-trajectory
variance observed for Fomax > 101 in the right columns of Figures 5.14–5.17, which is markedly wider
than the corresponding scatter on the CFL axis at every stride. Because the surrogate is scored against a
target whose diffusion content is itself imperfect and regime-dependent, the absence of a clear consen-
sus between the surrogates on the strongly diffusive samples is not surprising. A temporal convergence
or stability study of the integrator itself was not carried out, so the magnitude of the backward-Euler
dissipation relative to a fully resolved reference remains unquantified, and we treat it as a limitation of
this work.

6.2 Coarse correction versus fine-scale message passing

The medium-stride ordering of Table 5.5, in which CFL∗ rises monotonically with the coarse allocation
while Fo∗ does not, follows directly from what each path contributes. The fine-level blocks perform
message passing at the original mesh resolution and resolve the fine-scale structure of the solution lo-
cally, whereas the coarse-level blocks operate on the coarsened graph and propagate information across
a larger physical extent per cycle, resolving the coarse-scale structure. The latter is what the regime de-
mands as∆t grows, the velocity increases, or the resolution decreases. Shifting blocks from the fine path
to the coarse path therefore widens the effective receptive field, and with it the advective stability range,
at the direct cost of fine-scale message-passing capacity. This is exactly the trade-off the medium-stride
results expose: added coarse processing extends the advective limit but does nothing systematic for the
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diffusive one, and the most coarse-heavy allocation, Multi-dt30-1x6x1, also carries the highest mean er-
ror inside its own stable region (Figure 5.7), which points to a lack of fine-scale resolution, apparently
needed for this regime at this stride.

At the largest stride, this trend is contradicted. Both the two-level Multi-dt60-4x8x4 and the three-
level Multi-dt60-3x3x4x3x3 reach effectively unbounded limits, and the hierarchy with even more coarse
levels does not inherit the loss of fine-scale accuracy that more coarse processing would be expected to
bring. The latter was observed at the medium stride, but instead the three-level V-cycle attains the low-
est mean error of its group on both test sets (Figure 5.8). So these two different conclusions from the
medium and large stride yield conflicting evidence on the coarse-versus-fine trade-off, and the mecha-
nism behind it is not completely clear.

6.3 Validity of the Fourier stability limit

On every stride the scatter on the Fourier axis is much wider than on the CFL axis. The right columns
of Figures 5.14, 5.15, 5.16 and 5.17 show that, for Fomax above roughly 101, the rollout error spreads over
more than an order of magnitude at any given Fo value, with bounded and near-blow-up trajectories
sitting next to one another.

Because the spread is this large, the piecewise-linear fit that defines Fo∗ rests on a noisy relation
between Fomax and the rollout error, and the diffusion-side limits in Table 5.5 should be read as in-
dicative rather than sharp. Part of this variance need not originate with the surrogate at all. As argued
in Section 6.1, the backward-Euler reference is a regime-dependently imperfect target whose diffusion
content is least trustworthy on the sharpest samples, so as the reference itself is inconsistent the sur-
rogate cannot be expected to track the relation cleanly. The diffusion-axis scatter therefore combines
genuine surrogate error with noise inherited from the reference, which is a further reason to treat Fo∗
with caution.



Chapter 7

Conclusion

This thesis investigated whether graph neural network (GNN) surrogate time integrators can reproduce
finite element (FEM) solutions of the two-dimensional advection–diffusion equation on unstructured
meshes with periodic boundary conditions, and what empirical stability limits govern them in terms of
the CFL and Fourier numbers. Two model families were compared at a fixed message-passing budget:
single-scale models, and multiscale models organised as V-cycles over coarsened graphs with close pa-
rameter counts (Section 4.4). The two main research questions of Section 1.3 and their sub-questions
are restated and answered in turn below.

7.1 Main question 1: learning and generalisation

Can GNN-based surrogate time integrators learn to accurately reproduce the FEM solutions
of the advection–diffusion equation when applied to seen and unseen velocity and diffusion
fields?

SQ1 (qualitative one-step reproduction). Yes. Figure 5.1 shows an example prediction where the
predicted increment matches the FEM target everywhere. Moreover, one-step validation errors EL2 (∆u)
are as low as 0.0236 for the Single-dt15-10mp model, which taken over the entire validation set is a
strong indication that the surrogates have learned to reproduce the one-step dynamics of the reference
solution.

SQ2 (lowest one-step validation error). One-step accuracy improves monotonically with the num-
ber of message-passing blocks Nmp at the small stride, and at the medium and large strides the multi-
scale models outperform the single-scale baseline at equal budget. The best variant per stride, in the
relative increment norms of Definition 4.5.1, is collected in Table 7.1.

Table 7.1: Answer to SQ2. Lowest one-step validation error per surrogate stride (best variant), in the relative increment norms of
Definition 4.5.1. Extracted from Tables 5.1–5.3.

Stride Best variant EL2 (∆u) EH 1 (∆u)
∆tsmall = 0.015 Single-dt15-10mp 0.0236 0.0846
∆tmedium = 0.030 Multi-dt30-2x4x2 0.0200 0.0758
∆tlarge = 0.060 Multi-dt60-3x3x4x3x3 0.0202 0.0624

SQ3 (behaviour beyond the training horizon). Yes. Rolled out to t = 1.92 = 8T , eight times the
training horizon T = 0.24, the stronger models in each group keep the advection–diffusion dynamics.
The rollout error does grow beyond t = T , but in most cases steadily and in several cases flattens, with
no abrupt regime change at the training horizon (Figures 5.6–5.9). The advection-set EL2 (u) of Single-
dt15-10mp drifts only from 0.130 at t = T to 0.142 at t = 1.92, and that of Multi-dt60-3x3x4x3x3 from
0.127 to 0.209. The field snapshots (Figures 5.10–5.13) confirm that the gross spatial structure of the
reference is reproduced at every checkpoint (given that the model is stable), including those well beyond
the training horizon, with the differences limited to fine-scale features in the right places rather than a
complete loss of structure.

SQ4 (lowest rollout error at t = 1.92). The best variant per stride and test set is collected in Table 7.2.
On the small stride the deepest single-scale model is best on both test sets, on the medium stride the
ranking depends on the regime, and on the large stride the three-level multiscale model is best on both.
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Table 7.2: Answer to SQ4. Lowest rollout EL2 (u) error at the final checkpoint t = 1.92 per surrogate stride, on each structured test
set (best variant). Gathered from Tables A.1–A.10.

Advection test set Diffusion test set
Stride Best variant EL2 (u) Best variant EL2 (u)
∆tsmall Single-dt15-10mp 0.142 Single-dt15-10mp 0.273
∆tmedium Multi-dt30-1x6x1 0.344 Multi-dt30-3x2x3 0.413
∆tlarge Multi-dt60-3x3x4x3x3 0.209 Multi-dt60-3x3x4x3x3 0.144

Answer to Main Question 1. Within their stability limits, the surrogates learn the advection–diffusion
dynamics and reproduce the FEM solution accurately on both seen and unseen velocity and diffusion
fields, and over horizons eight times longer than the training window. The accuracy is not the same
in every physical regime: the advection-dominated test set is consistently easier than the diffusion-
dominated one.

7.2 Main question 2: empirical stability limits

What are the empirical stability limits of GNN surrogate time integrators in terms of the CFL
and Fourier numbers?

The piecewise-linear fits of Section 4.5.2 define, for every model, the smallest CFL or Fourier number
at which the fitted rollout error at t = 1.92 crosses the blow-up threshold ϵ= 1. We call these limits CFL∗
and Fo∗ and report the full set in Table 5.5. The four sub-questions are answered below, each next to the
fitted-error panel and the part of that table that supports it.

SQ5 (single-scale limits versus depth, small stride). Both limits rise monotonically with Nmp (Fig-
ure 7.1, Table 7.3): CFL∗ grows from 2.51 at two blocks to effectively unbounded at ten, and Fo∗ from
1.32 to unbounded over the same range. The empirical CFL∗ therefore tracks Nmp and sits slightly above
it, which fits the idea that each block extends the receptive field by one hop.

Figure 7.1: Answer to SQ5. Fit of error EL2 (u) at t = 1.92 against CFLmax (left) and Fomax (right) for the small-stride single-scale
models, with the piecewise-linear fits. The inflection of the error curve shifts to larger dimensionless numbers as Nmp grows; the
dotted line marks the blow-up threshold ϵ= 1.

Table 7.3: Answer to SQ5. Empirical stability limits at ∆tsmall = 0.015 (extracted from Table 5.5).

Model CFL∗ Fo∗

Single-dt15-2mp 2.51 1.32
Single-dt15-4mp 4.99 3.06
Single-dt15-6mp 7.19 12.5
Single-dt15-8mp 7.93 17.6
Single-dt15-10mp ∞ ∞

SQ6 (fine/coarse allocation, medium stride). At a fixed eight-block budget, shifting blocks onto the
coarse level widens the advective range monotonically but does not systematically help the diffusive
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one (Figure 7.2, Table 7.4). CFL∗ rises from 12 for the single-scale baseline through 13.2 The diffusive
limit reverses this ordering: Fo∗ peaks at the balanced [2,4,2] allocation (32.4) and collapses for the most
coarse-heavy [1,6,1] (6.9). Adding coarse blocks therefore trades diffusive stability, and accuracy inside
the stable region, for a wider advective range.

Figure 7.2: Answer to SQ6. Fitted rollout error for the single-scale baseline and the three two-level multiscale allocations at
∆tmedium = 0.030. Adding coarse blocks pushes the CFL inflection to the right but leaves the Fo behaviour non-monotone across
the four variants.

Table 7.4: Answer to SQ6. Empirical stability limits at ∆tmedium = 0.030 (extracted from Table 5.5).

Model CFL∗ Fo∗

Single-dt30-8mp 12 23.2
Multi-dt30-3x2x3 13.2 19.6
Multi-dt30-2x4x2 16.8 32.4
Multi-dt30-1x6x1 ∞ 6.9

SQ7 (three levels versus two, large stride). Yes. Both multiscale variants reach effectively unbounded
CFL∗ and Fo∗ (Table 7.5). The third level therefore extends the stable region, beyond both the two-level
and the single-scale model.

Figure 7.3: Answer to SQ7. Fitted rollout error for the single-scale baseline, the two-level [4,8,4] and the three-level [3,3,4,3,3]
multiscale models at ∆tlarge = 0.060. Both multiscale variants stay below the threshold across the CFL range, and only the three-
level variant stays below it across the whole Fo range.
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Table 7.5: Answer to SQ7. Empirical stability limits at ∆tlarge = 0.060 (extracted from Table 5.5).

Model CFL∗ Fo∗

Single-dt60-16mp 24.3 ∞
Multi-dt60-4x8x4 ∞ ∞
Multi-dt60-3x3x4x3x3 ∞ ∞

SQ8 (oversmoothing with depth, cross-stride). It is a trade-off. The three single-scale models
cover the same fraction of the CFL and Fourier domain (Single-dt15-4mp, Single-dt30-8mp, Single-dt60-
16mp; Figure 7.4). The deeper, larger-stride model has the widest stable region and the lowest mean roll-
out error over the full test set, but this is mostly because it blows up the least. On the trajectories where
all three stay stable, the advection-set error instead grows with the number of message-passing blocks,
from a mean EL2 (u) at t = 1.92 of about 0.18 at four blocks to 0.20 at eight and 0.27 at sixteen, so the wider
stable region is paid for with a higher error where the shallower models are also stable. This is consistent
with mild oversmoothing in the deeper model. The effect is limited to the advection-dominated regime:
on the diffusion set the stable-subset error is non-monotone, lowest for the medium Single-dt30-8mp.
Depth therefore does not cause a breakdown, the one-step EH 1 (∆u) still improves with it (Section 5.2.4)
and the snapshots stay faithful (Figure 5.13), but widening the stable region with more blocks comes at
a mild cost in accuracy on the commonly stable advection trajectories.

Figure 7.4: Answer to SQ8. Fitted rollout error for the three reference single-scale models, with both axes normalised by ∆t so that
the models cover the same span. The deeper, larger-stride models reach larger normalised stability limits, but on the advection
trajectories where the shallower models are also stable they carry a slightly higher error.

Answer to Main Question 2. The single-scale surrogate has well-defined empirical stability limits
that track the number of message-passing blocks and lie slightly above it. Multiscale V-cycles broaden
the CFL range at a fixed budget, partly at the medium stride and clearly at the large stride, where CFL∗
rises from 24.3 for Single-dt60-16mp to unbounded for both multiscale variants. This benefit is not
uniform. At the medium stride,the wider advective range comes at the cost of a smaller diffusive range
and a higher mean error inside the stable region, and only the three-level configuration removes this
penalty, reaching zero blow-ups on both axes. Multiscale therefore broadens the range of applicability
of the surrogate, and the allocation of blocks across the hierarchy controls the trade-off between stability
and accuracy.



Chapter 8

Limitations and recommendations

This study isolates the behaviour of graph neural network surrogates on a deliberately controlled prob-
lem, and several of its choices bound the conclusions that can be drawn. Each limitation is stated below
together with the recommendation that follows most directly from it.

All reference trajectories were produced by implicit backward Euler with ∆tsim = 10−4 (Section 4.2),
and this reference is least trustworthy in the strongly diffusive regime for two related reasons. First,
backward Euler is unconditionally stable but dissipative, and this numerical dissipation acts differently
on the advection- and diffusion-dominated regimes. As argued in Section 6.1, it is a plausible contribu-
tor to the high trajectory-to-trajectory variance on the diffusion test set. Second, the spatial convergence
study of Appendix A.5 shows that the reference is least accurate where the boundary layers are sharpest,
which is the high-diffusion regime, because the mesh used for data generation does not resolve those
layers well. Each cause points to its own fix. The dissipation can be removed by replacing backward
Euler with a scheme that does not add artificial dissipation to the advection-dominated regime, such as
Crank–Nicolson or an IMEX integrator that treats diffusion implicitly and advection explicitly. Regener-
ating the datasets with such a reference would directly test whether the diffusion-side variance shrinks.
The under-resolution can also be reduced by shrinking the range of the diffusion magnitude a, so that
the boundary layers are less sharp to begin with, or by refining the mesh.

The surrogates were trained as pure one-step regressors, without injected noise, rollout-aware losses,
or architectural stabilisation, so the empirical limits of Table 5.5 reflect the one-step-trained baseline
rather than the best achievable rollout results. A direct consequence is that the blow-up criterion ε= 1 of
Section 4.5.2 cannot always separate genuine numerical instability from the slow accumulation of roll-
out error: the mean rollout error never fully settles, and even the strongest models retain a slight upward
trend, so several variants reported as stable on the CFL axis in fact sit just below the threshold. Introduc-
ing training noise on the input snapshot, or a push-forward loss that exposes the surrogate to a few of its
own predictions during training, would reduce this drift and make the reported limits interpretable as
genuine instability thresholds rather than drifts. Re-measuring the limits after such stabilisation would
reveal which of the borderline trajectories truly blow up.

A further mismatch lies between the training objective and the evaluation criterion. Training min-
imises the masked nodal MSE/∆t 2 of equation 4.11, in which every retained node carries equal weight,
whereas the reported metrics EL2 (u) and EH 1 (u) of Definition 4.5.1 are mesh-aware functional norms
that weight each node by the size of the elements it belongs to. The discrepancy can be closed at negligi-
ble cost by multiplying the per-node squared error by a weight proportional to the area of mesh elements
it is connected to. A more ambitious plan would be to reformulate the surrogate to learn second-order,
piecewise-quadratic finite element coefficients on both nodes and edges rather than nodal values alone,
which matches the true solution space more closely and could improve both accuracy and generali-
sation. This is already possible given the current message passing framework, but it would require a
redesign of the input and output features and a more complex loss function.

The dimensionless numbers CFLmax and Fomax used throughout are nodal extrema, recording the
worst-case ratio of velocity or diffusion magnitude to mesh spacing at a single vertex, and therefore
do not encode the geometry of the Nmp-hop neighbourhood that the message-passing architecture ac-
tually exercises. Two trajectories with the same nodal CFLmax may consequently stress the model in
quantitatively different ways, which is also the most plausible reason why the single-scale CFL limits sit
slightly above Nmp rather than at it. Replacing these extrema with an indicator that integrates over the
Nmp-hop neighbourhood, would be expected to predict the empirical blow-up boundary more sharply
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and to transfer better to families of meshes with differing local resolution.
On the architectural side, only a few symmetric block allocations were trained: three two-level al-

locations at the medium stride, and one two-level and one three-level allocation at the large stride (Ta-
bles 4.3–4.4), with asymmetric allocations and deeper V-cycles left unexplored. A denser sweep of asym-
metric two-level allocations at fixed budget, together with a systematic variation of the V-cycle depth,
would isolate the mechanism by which the three-level variant at the large stride overcomes the diffusion
deficit of its two-level relative, an effect that the present results expose but cannot explain. In the same
spirit, the feature-based coarsening of equation 4.4 relies on heuristic exponents and a fixed threshold
that were set once and never varied. Studying these coefficients, or replacing the strength score with a
small learnable function of the geometric and physical features, would clarify how strongly the coarsen-
ing choice shapes the resulting stability limits.

The physical setting is likewise deliberately restricted. The PDE solved is linear, on a fixed unit-
square domain with periodic boundary conditions and smooth analytic velocity and diffusion fields
(Section 4.2). This isolates the behaviour of the surrogate from boundary handling and geometric com-
plexity, but it also avoids the regimes in which classical solvers become genuinely expensive and in
which a surrogate would be most valuable. Repeating the stability experiments on nonlinear problems
such as the viscous Burgers or Navier–Stokes equations at moderate Reynolds number, on geometrically
complex domains, and with Dirichlet and Neumann boundary conditions, would test whether the oper-
ating ranges identified here persist in the settings where the multiscale architecture would face its most
meaningful test.



Appendix A

Appendix

A.1 Feedforward neural networks

Following [9], the feedforward neural network, or multilayer perceptron (MLP), is defined as a model
that approximates some function f . Specifically, an MLP defines a mapping y = f (x ;θ), learning the
parameter values θ that best approximate the target function. The term feedforward reflects the direc-
tion of information flow: from the input x , through the intermediate layers, to the output y , with no
feedback connections. Networks with feedback connections are known as recurrent neural networks
(RNNs), which lie outside the scope of the present work. MLPs are of fundamental importance in ma-
chine learning, as they form the foundation for numerous other architectures, such as the CNN de-
scribed in Section A.2, which is a specialised variant of the feedforward network.

A.1.1 General architecture

Let the MLP have a certain input x and l hidden layers (also called the depth of a network), then we can
define it as:

h(1) = g (1)(W (1)T x +b(1)) = g (1)(z (1)) (A.1)

h(i ) = g (i )(W (i )T h(i−1) +b(i )) = g (i )(z (i )) for i ∈ {2, . . . , l −1}

ŷ = g (l )(W (l )T h(l−1) +b(l )) = g (l )(z (l )) (A.2)

Where the matrices W (i ) ∈ Rdi m(h(i−1))×di m(h(i )) are trainable weights and b(i ) ∈ Rdi m(h(i )) is a trainable
bias vector, where the dimension of the hidden neurons is called the width of the hidden layer. Note
that this definition assumes a fully connected network, although some weights could be so small that
some neurons are virtually not connected. The functions g (i ) are nonlinear element-wise activation
functions. Then the equation A.1 to A.2 completely describe a forward pass through this MLP. We can
also give them in terms of the design matrix, which is a more convenient representation with respect to
training. So assume we have n training samples (or the size of the batch), then the design matrix X can
be represented as:

X =


xT

1
xT

2
...

xT
n

 .

You can then describe the forward passes as:

H (1) = g (1)(X W (1) +B (1)) = g (1)(Z (1))

H (i ) = g (i )(H (i−1)W (i ) +B (i )) = g (i )(Z (i )) for i ∈ {2, . . . , l −1}

Ŷ = g (l )(H (l−1)W (l ) +B (l )) = g (l )(Z (l )),

Where, H (i ), Y are defined similarly as the design matrix for the input samples and B (i ) is a matrix where
each row consists of b(i )T .
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These networks are particularly powerful: the universal approximation theorem [57] states that an
MLP with at least one hidden layer and a squashing activation function can approximate any Borel-
measurable function between finite-dimensional spaces to within an arbitrary error ϵ > 0, given suffi-
ciently many hidden units. In other words, for any given target function, an MLP can in principle repre-
sent it, provided the network has sufficient width or depth. This does not, however, guarantee that the
network will learn the function in practice, as the optimisation procedure may fail to converge, or the
model may overfit. Practical limitations may also arise when the required hidden dimensions become
prohibitively large, though increasing network depth can often alleviate this.

A.1.2 Gradients of the feedforward neural network

Given the forward pass defined in the preceding subsection, the network produces an output ŷ , from
which a scalar cost J (θ; y, ŷ) = L (y, ŷ)+λΩ(θ) is computed during training. Here, the first term mea-
sures the discrepancy between the target output and the MLP prediction, whilst the second term is
a regularisation penalty. Backpropagation is then applied to compute Jacobians 1 with respect to the
trainable parameters, which are subsequently used to update the model via a gradient-based optimisa-
tion algorithm. For this, we can start off by computing the Jacobian with respect to the output ŷ of the
network:

∂J

∂ŷ
= ∂L

∂ŷ
=δ ∈R1×di m(out ).

Now denote vec(W (i )T
) ∈Rdi m(h(i−1))di m(h(i ))×1 as the vector of the weight matrix in lexicographical order

(i.e. the rows transposed and stacked under each other). Then, using the chain rule, we get for the last
layer:

∂J

∂vec(W (l )T )
= ∂L

∂vec(W (l )T )
+λ Ω(θ)

∂vec(W (l )T )
= ∂L

∂ŷ

∂ŷ

∂vec(W (l )T )
+λ Ω(θ)

∂vec(W (l )T )

= ∂L

ŷ

∂ŷ

∂z (l )

∂z (l )

∂vec(W (l )T )
+λ Ω(θ)

∂vec(W (l )T )

=δdi ag (g (l )′ (W (l )T h(l−1) +b(l )))(h(l−1)T ⊗ I )+λ Ω(θ)

∂vec(W (l )T )
,

where ⊗ denotes the Kronecker product) Where in the last step we used that:

∂

∂vec(W (l )T )
(W (l )T h(l−1) +b(l )) = ∂

∂vec(W (l )T )
vec(W (l )T h(l−1))

= ∂

∂vec(W (l )T )
(h(l−1)T ⊗ I )vec(W (l )T ) = (h(l−1)T ⊗ I )

Where we used an identity for the vectorization of a triple matrix product from [66] (IV.3). One could
reshape the first term back into a di m(h(i−1))×di m(h(i )) matrix to see that:

∂L
∂w1,1

. . . ∂L
∂w1,di m(h(i ))

...
. . .

...
∂L

∂wdi m(h(i−1)),1
. . . ∂L

∂wdi m(h(i−1)),di m(h(i ))

=


g (l )′ (z(l )

1 )δ1h(l−1)
1 . . . g (l )′ (z(l )

di m(h(i ))
)δdi m(h(i ))h

(l−1)
1

...
. . .

...

g (l )′ (z(l )
1 )δ1h(l−1)

di m(h(i−1))
. . . g (l )′ (z(l )

di m(h(i ))
)δdi m(h(i ))h

(l−1)
di m(h(i−1))


= h(l−1)(δT ⊙ g ′(z (l )))T .

Here, ⊙ denotes the element wise product. Similarly, we get for the bias term:

∂J

∂b(l )
=δdi ag (g (l )′ (W (l )T h(l−1) +b(l ))) = (δT ⊙ g ′(z (l )))

1Jacobians are preferred over gradients here, as they admit compact expressions via matrix algebra. The gradient of J (θ; y, ŷ) with
respect to any parameter can be recovered from the corresponding Jacobian.
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Note that the final expressions make it easier to use the stacked versions of X ,Y and H from before,
where you can express it as an inner product of a matrix filled with vectors. Subsequently, one can use
the sum/mean of the summed Jacobians to update the parameters. Then, finally, we can propagate back
through the network using the chain rule repeatedly, yielding:

∂J

∂vec(W (i )T )
=δ

( i+1∏
j=l

∂h( j )

∂h( j−1)

)
di ag (g (i )′ (W (i )T h(i−1) +b(i )))(h(i−1)T ⊗ I )+λ Ω(θ)

∂vec(W (l )T )

∂J

∂vec(b(i ))
=δ

( i+1∏
j=l

∂h( j )

∂h( j−1)

)
di ag (g (i )′ (W (i )T h(i−1) +b(i )))+λ Ω(θ)

∂vec(b(l ))
, (A.3)

for the layers ranging from l −1 to the first layer, where

∂h(i )

∂hi−1
= di ag (g i ′ (W (i )T h(i−1) +b(i ))W (i )T

From a computational standpoint, backpropagation proceeds by starting at the last layer, computing
the Jacobians and updating the corresponding weight matrix and bias vector. The gradient with respect
to the previous layer’s output is then computed and stored, after which the Jacobians for that layer are
evaluated and the parameters updated. This process is repeated back to the first layer, avoiding redun-
dant computations: as Equation A.3 shows, advancing to a previous layer requires only multiplying the
stored Jacobian by the Jacobian of the current layer with respect to the outputs of the preceding layer.

A.2 Convolutional neural networks

Following [9], convolutional neural networks (CNNs) are a specialised class of feedforward neural net-
work designed for structured, grid-like data such as images. More specifically, CNNs replace standard
matrix multiplication with a convolution operation in at least one layer. The application of convolution
to image data exploits three key properties:

1. Sparse interactions: Instead of having interactions between every input- and output neuron
(like with a fully connected layer), we make use of a kernel that is smaller than the input image.
This means that we need to store less parameters and do fewer computations. Sparse interactions
therefore reduce memory requirements and improve statistical efficiency. Note that if we use a
deep CNN, the hidden units in the deeper layers of the net may still interact with a larger portion
of the input.

2. Parameter sharing: Before, we saw that for every input neuron to another output neuron, we
used different weights. This is not the case for a CNN, where the same weights are used at different
positions of the input 2. This leads to less storage requirements.

3. Equivariant representations: The parameter sharing has as effect that it is equivariant to trans-
lation. So if we translate an object a certain amount in the input, it will translate the same amount
in the output.

In order to fully characterise CNNs, the convolution operation is introduced first.

A.2.1 The convolution operation

Convolution is a mathematical operation that arises across many fields of science. In the machine learn-
ing context, the input is typically a tensor that is modified by a learnable kernel tensor. For a two-
dimensional image I ∈ Rn1×n2 , a two-dimensional kernel K ∈ Rs1×s2 yields the (commutative) convo-
lution,

S(i , j ) = (I ∗K )(i , j ) =∑
m

∑
n

I (m,n)K (i −m, j −n)

=∑
m

∑
n

I (i −m, j −n)K (m,n) = (K ∗ I )(i , j ). (A.4)

2However, this also depends on the treatment of boundary inputs. Sometimes we apply ’valid convolution’, where we only look at
inputs where the kernel can be completely placed over the input.
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Here, m and n sum over the valid indices of the image and the kernel. Equation A.4 is commonly adopted
in machine learning, owing to less variation in the valid index range. The commutativity of convolution
follows from the kernel being flipped before being placed over the image. In network applications this
distinction is often immaterial, and cross-correlation, which is identical to convolution but without the
kernel flip, is frequently used instead:

Ŝ(i , j ) = (I ∗̂K )(i , j ) =∑
m

∑
n

I (i +m, j +n)K (m,n).

Convolution and cross-correlation are often used interchangeably in machine learning. Since the ker-
nel parameters are learnable, flipping the kernel prior to application has no effect on the network’s ex-
pressive capacity. Convolution without kernel flipping is therefore adopted throughout, unless stated
otherwise.

A.2.2 General architecture

The forward pass of a convolutional layer for a 2D image is now described, following [67] with minor
adaptations. Let X ∈ RH×W ×Ci n denote the input tensor with H rows, W columns, and Ci n input chan-
nels; for instance, Ci n = 3 for an RGB image. During training, a batch dimension N is appended, giving
X ∈RH×W ×Ci n×N . The convolutional layer maps this to an output tensor Y ∈RH ′×W ′×Cout , again extend-
able with a batch dimension. The kernel tensor is K ∈ Rs1×s2×Ci n×Cout , so that for each output channel
there is a three-dimensional kernel that is applied to the inputs. This amounts to Ci n independent
two-dimensional convolutions per output channel, each with its own two-dimensional kernel, whose
results are summed over the input channel dimension. This process is repeated for each of the Cout

output channels. Tensor elements are indexed by i , j ,k, l starting at 0, so that X0,0,0,0 refers to the first
row, column, channel, and sample of the input tensor.
The kernel slides over the image with a stride S, meaning it is shifted S positions in either the height or
width direction at each step. Applying convolution reduces the spatial dimensions of the output relative
to the input; to counteract this, padding P can be added to the input borders. These additional entries
are typically set to zero, though other values may be used. Assuming that we apply the same amount of
padding to each border, the output dimensions will be:

H ′ = 1+⌊(H +2P − s1)/S⌋,

W ′ = 1+⌊(W +2P − s2)/S⌋,

where ⌊·⌋ denote a floor division. Note that if the division in the floor division operator is not integer,
we are not using all the inputs of the image and one might want to change their stride. Denote X ′ as the
padded kernel, then with everything defined, we can denote the output of convolution without flipping
kernel as

Yi ′, j ′,k ′,l ′ =
Ci n−1∑

c=0

s1−1∑
i=0

s2−1∑
j=0

Ki , j ,c,k ′ ·X ′
i ′·S+i , j ′·S+ j ,k ′,l ′ +bk ′ ,

where 0 ≤ i ′ < H ′, 0 ≤ j ′ < W ′, 0 ≤ k ′ < Cout , 0 ≤ l ′ < N and b ∈ RCout is a bias vector. This then defines
the forward pass through a convolutional layer. But since this might be a bit vague, it is also depicted in
pseudocode in algorithm 2.

A.2.3 Gradients of the convolutional neural network

Analogously to the MLP, analytical expressions for the partial derivatives with respect to the weights and
biases are derived here. Since the backpropagation procedure through the layers was already presented
in the MLP section, it is not repeated. Instead, the Jacobian of the cost function with respect to the
layer output, ∂J

∂vec(Y ) ∈R1×Cout ·H ′·W ′
, is assumed to be known. The focus is on the partial derivatives with

respect to the kernel weights and the bias vector. For clarity, N = 1 is assumed, so that Y ∈ RH ′×W ′×Cout

and X ∈RH×W ×Ci n . For this, note that:

∂J

∂vec(K )
= ∂J

∂vec(Y )

∂vec(Y )

∂vec(K )
:=δ∂vec(Y )

∂vec(K )
.
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Algorithm 2 Making a forward pass through a convolutional layer, given the tensors X , K , b and integers
P , S, N

1: procedure For w ar d_Pass_C N N (X , b, K , P , S, N )
2: X ′ = pad(X ,P ) ▷ Add a patch of P inputs at all the boundaries
3: Retrieve s1, s2 from Kernel size
4: H ′ = 1+⌊(H +2P − s1)/S⌋ ▷Output Height
5: W ′ = 1+⌊(W +2P − s2)/S⌋ ▷Output width
6: Initialize Y = 0 ▷ H ′×W ′×Cout ×N array
7: for i = 0,1. . . , H ′−1 do
8: for j = 0,1. . . ,W ′−1 do
9: hoffset = i ∗S ▷ Find starting row of receptive field

10: woffset = j ∗S ▷ Find starting column of receptive field
11: X ′

Window = X ′[hoffset : hoffset + s1, woffset : woffset + s2, :, :]
12: for k = 0,1, . . . , N −1 do
13: Xtemp ← Stack X ′

wi ndow [:, :, :,k] Cout times in 4th dimension ▷Match shape of kernel
14: Y [i , j , :,k] =∑

In dimensions of rows, columns and input channels(X temp ⊙K )+b
15: end for
16: end for
17: end for
18: end procedure

Since the first term of the product is known, the key to finding the Jacobian lies in finding an expression
for ∂vec(Y )

∂vec(K ) . We define the vectorization of the tensor Y to be as follows (Same as [67]): let Y0, Y1, . . . ,
YCout−1 be the matrices corresponding to each channel. Then we define the vectorization of this tensor
to be:

vec(Y ) =


vec(Y0)
vec(Y1)

...
vec(YCout−1)

 .

We define the vectorization of X , K similarly. As done in [67], we can write the vectorization of the
convolution Yc2 (c2 ∈ {0, . . . ,Cout −1}) without kernel flipping kernel as

vec(Yc2 ) = vec(X ∗̂K [:, :, :,c2]) := vec(X ∗̂K:,c2 ) =


vec(X̂ 0T K:,c2 [:, :,0])
vec(X̂ 1T K:,c2 [:, :,1])

...
vec(X̂ Ci n−1T K:,c2 [:, :,Ci n −1])



:=


vec(X̂ 0T K0,c2 )
vec(X̂ 1T K1,c2 )

...
vec(X̂ Ci n−1T KCi n−1,c2 )

 for c2 ∈ {0,1, . . . ,Cout }.

Where X̂ c1 :=
(

X̂ c1
0,0 X̂ c1

1,0 . . . X̂ c1
H ′−1,0 X̂ c1

0,1 . . . X̂ c1
H ′−1,W ′−1

)
∈Rs1s2×H ′W ′

is the im2col transforma-

tion defined in [68], which transforms the image X c into a so-called input-patch-matrix, which is cre-
ated by copying patches out of the input and unrolling these into columns of this matrix (similar to the
XWindow we defined before in algorithm 2). Such a patch is in our case defined as

X̂ c1
i , j =



Xi ·S, j ·S,c1

Xi ·S+1, j ·S,c1

...
Xi ·S+s1, j ·S,c1

Xi ·S, j ·S+1,c1

...
Xi ·S+s1, j ·S+s2,c1


∈Rs1s2×1 for i ∈ {0,1, . . . , H ′−1}, j ∈ {0,1, . . . ,W ′−1},

c1 ∈ {0,1, . . . ,Ci n −1},
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which allows us to write the vectorization of a convolution without kernel flipping as

vec(X c1 ∗̂Kc1,c2 ) = X̂ c1T vec(Kc1,c2 ). (A.5)

Taking the partial derivative of A.5 yields

∂X̂ c1T vec(Kc1,c2 )

∂vec(Kc1,c2 )
= X̂ c1T

Now first let’s define the block matrix which consists of all the input-patch matrices

X = (
X̂ 0T X̂ 1T . . . X̂ Ci n−1T

) ∈RH ′·W ′×Ci n ·s1·s2 .

It is then not hard to see that
∂vec(Yc2 )
∂vec(K:,c2 ) =X and therefore

∂vec(Y )

∂vec(K )
=


X O . . . O

O X O
...

...
. . .

. . .
. . .

O . . . . . . X

 ∈RCout ·H ′·W ′×Cout ·Ci n ·s1·s2 ,

where O denotes the zero matrix with appropriate sizes. This then yields the following Jacobian for the
cost function with respect to the vectorization of the kernel weights:

∂J

∂vec(K )
=

(
∂J

∂vec(Y0) X
∂J

∂vec(Y1) X . . . ∂J
∂vec(YCout −1) X

)

A.3 Additional results tables and figures

This appendix collects the full per-checkpoint rollout error tables and a selection of field-snapshot fig-
ures from Chapter 5.3. The tables are omitted from the main body to avoid interrupting the narrative
flow; cross- references in the main text point back to the corresponding table or figure here.

A.3.1 Single-scale models at∆tsmall = 0.015

Table A.1: Rollout EL2 (u) error (mean ± std) for the single-scale models at ∆tsmall = 0.015, on the advection test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-2mp 0.97±0.847 1.33±1.09 1.59±1.3 1.82±1.48 2.02±1.66 2.21±1.83 2.38±1.98 2.53±2.15
Single-dt15-4mp 0.429±0.543 0.585±0.746 0.722±0.938 0.841±1.12 0.952±1.31 1.05±1.49 1.14±1.64 1.22±1.78
Single-dt15-6mp 0.207±0.291 0.267±0.43 0.315±0.581 0.36±0.732 0.405±0.869 0.448±0.987 0.481±1.07 0.516±1.17
Single-dt15-8mp 0.152±0.153 0.245±0.28 0.287±0.385 0.322±0.519 0.363±0.646 0.399±0.747 0.432±0.836 0.461±0.908
Single-dt15-10mp 0.13±0.092 0.149±0.0871 0.146±0.0721 0.142±0.0682 0.141±0.0694 0.142±0.0714 0.142±0.0722 0.142±0.0733

Table A.2: Rollout EL2 (u) error (mean ± std) for the single-scale models at ∆tsmall = 0.015, on the diffusion test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-2mp 0.772±1.5 1.41±2.97 1.95±4.28 2.4±5.27 2.84±6.26 3.24±7.25 3.61±8.31 3.94±9.4
Single-dt15-4mp 0.325±0.908 0.591±1.69 0.826±2.46 1.02±3 1.21±3.44 1.38±3.79 1.55±4.19 1.73±4.63
Single-dt15-6mp 0.111±0.156 0.184±0.348 0.27±0.689 0.359±1.11 0.438±1.47 0.504±1.74 0.565±1.97 0.616±2.14
Single-dt15-8mp 0.0971±0.128 0.14±0.211 0.174±0.274 0.205±0.337 0.234±0.393 0.262±0.446 0.287±0.493 0.309±0.536
Single-dt15-10mp 0.0833±0.0509 0.112±0.0861 0.137±0.127 0.164±0.168 0.191±0.212 0.218±0.26 0.246±0.313 0.273±0.368

Table A.3: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale models at ∆tsmall = 0.015, on the advection test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-2mp 3.08±3.46 3.91±3.91 4.9±4.91 6.18±6.46 7.7±8.35 9.77±10.8 12±13.4 14.4±15.9
Single-dt15-4mp 1.01±1.4 1.28±1.79 1.57±2.3 1.95±3.08 2.43±4.02 3.09±5.24 3.84±6.56 4.54±7.73
Single-dt15-6mp 0.497±0.599 0.538±0.818 0.582±1.07 0.654±1.43 0.777±1.93 0.952±2.57 1.12±3.12 1.29±3.67
Single-dt15-8mp 0.325±0.25 0.418±0.357 0.457±0.459 0.507±0.587 0.588±0.814 0.692±1.13 0.804±1.5 0.915±1.88
Single-dt15-10mp 0.374±0.282 0.375±0.241 0.32±0.151 0.287±0.112 0.282±0.101 0.283±0.111 0.275±0.0934 0.277±0.0893
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Table A.4: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale models at ∆tsmall = 0.015, on the diffusion test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-2mp 8.73±30.5 28.3±134 85.6±552 234±1.77e +03 569±4.51e +03 1.31e +03±1.07e +04 2.84e +03±2.38e +04 6.07e +03±5.26e +04
Single-dt15-4mp 4.78±21.2 17.6±103 58.7±444 167±1.44e +03 416±3.68e +03 959±8.64e +03 2.12e +03±1.95e +04 4.59e +03±4.38e +04
Single-dt15-6mp 1.32±5.07 4.58±24.5 14.8±106 41.5±335 104±868 239±2.03e +03 533±4.63e +03 1.13e +03±1.02e +04
Single-dt15-8mp 0.556±1.87 1.74±9.41 5.88±43.1 17.3±143 44.4±381 105±914 234±2.08e +03 506±4.6e +03
Single-dt15-10mp 0.395±0.799 0.96±4.24 2.8±18.8 7.75±61.5 19.2±158 45.3±380 98.8±840 214±1.88e +03

A.3.2 Single-scale and multiscale models at∆tmedium = 0.030

Table A.5: Rollout EL2 (u) error (mean ± std) for the single-scale and two-level multiscale models at ∆tmedium = 0.030, on the
advection test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt30-8mp 0.243±0.283 0.323±0.397 0.371±0.462 0.409±0.522 0.452±0.607 0.488±0.68 0.519±0.749 0.549±0.817
Multi-dt30-3x2x3 0.165±0.186 0.233±0.289 0.283±0.359 0.319±0.433 0.357±0.506 0.393±0.571 0.424±0.633 0.457±0.7
Multi-dt30-2x4x2 0.138±0.0934 0.231±0.162 0.289±0.213 0.319±0.272 0.343±0.338 0.366±0.401 0.386±0.46 0.405±0.513
Multi-dt30-1x6x1 0.132±0.0807 0.19±0.116 0.229±0.142 0.253±0.157 0.274±0.176 0.298±0.203 0.321±0.227 0.344±0.254

Table A.6: Rollout EL2 (u) error (mean ± std) for the single-scale and two-level multiscale models at ∆tmedium = 0.030, on the
diffusion test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt30-8mp 0.1±0.101 0.16±0.291 0.232±0.613 0.303±0.932 0.365±1.19 0.419±1.36 0.467±1.52 0.508±1.65
Multi-dt30-3x2x3 0.0768±0.0399 0.0994±0.065 0.129±0.132 0.17±0.241 0.221±0.383 0.28±0.551 0.344±0.741 0.413±0.949
Multi-dt30-2x4x2 0.0863±0.0841 0.148±0.341 0.209±0.587 0.262±0.779 0.31±0.98 0.354±1.17 0.393±1.32 0.427±1.45
Multi-dt30-1x6x1 0.115±0.172 0.422±1.07 0.951±2.78 1.45±4.5 1.85±5.76 2.17±6.65 2.43±7.29 2.65±7.8

Table A.7: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale and two-level multiscale models at ∆tmedium = 0.030,
on the advection test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt30-8mp 0.548±0.553 0.659±0.784 0.758±1 0.876±1.32 1.06±1.77 1.3±2.33 1.55±2.87 1.82±3.42
Multi-dt30-3x2x3 0.379±0.315 0.467±0.48 0.552±0.628 0.629±0.847 0.74±1.13 0.905±1.48 1.06±1.79 1.24±2.18
Multi-dt30-2x4x2 0.279±0.138 0.389±0.238 0.47±0.316 0.513±0.41 0.555±0.53 0.619±0.705 0.672±0.874 0.732±1.03
Multi-dt30-1x6x1 0.354±0.169 0.463±0.25 0.538±0.308 0.605±0.403 0.686±0.538 0.811±0.738 0.946±0.947 1.08±1.13

Table A.8: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale and two-level multiscale models at ∆tmedium = 0.030,
on the diffusion test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt30-8mp 0.832±2.94 2.76±14.2 8.86±61 25±195 62.7±508 148±1.23e +03 323±2.73e +03 686±5.95e +03
Multi-dt30-3x2x3 0.366±0.716 1.01±4.61 3.29±21 10.1±76.1 29.1±238 74.8±635 180±1.58e +03 413±3.73e +03
Multi-dt30-2x4x2 0.517±2.31 2.21±15.7 8.23±71.2 24.9±237 62.5±615 145±1.44e +03 333±3.33e +03 735±7.49e +03
Multi-dt30-1x6x1 1.4±6.23 8.79±40.4 30±179 84.9±590 216±1.58e +03 513±3.91e +03 1.13e +03±8.77e +03 2.41e +03±1.89e +04

A.3.3 Single-scale and multiscale models at∆tlarge = 0.060

Table A.9: Rollout EL2 (u) error (mean ± std) for the single-scale and multiscale models at∆tlarge = 0.060, on the advection test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt60-16mp 0.191±0.185 0.253±0.28 0.288±0.322 0.324±0.362 0.365±0.408 0.405±0.45 0.442±0.48 0.476±0.506
Multi-dt60-4x8x4 0.139±0.0771 0.189±0.104 0.212±0.108 0.22±0.106 0.226±0.107 0.23±0.11 0.235±0.115 0.243±0.122
Multi-dt60-3x3x4x3x3 0.127±0.0717 0.17±0.0909 0.191±0.0923 0.196±0.0885 0.201±0.0907 0.205±0.0956 0.207±0.1 0.209±0.106

Table A.10: Rollout EL2 (u) error (mean ± std) for the single-scale and multiscale models at ∆tlarge = 0.060, on the diffusion test
set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt60-16mp 0.0888±0.053 0.121±0.118 0.154±0.222 0.185±0.32 0.215±0.407 0.243±0.481 0.269±0.544 0.294±0.608
Multi-dt60-4x8x4 0.0858±0.0469 0.12±0.117 0.16±0.251 0.203±0.381 0.247±0.5 0.29±0.608 0.333±0.709 0.376±0.807
Multi-dt60-3x3x4x3x3 0.073±0.0312 0.0869±0.0366 0.0971±0.0447 0.107±0.0533 0.116±0.0632 0.126±0.0744 0.136±0.0853 0.144±0.0952
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Table A.11: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale and multiscale models at ∆tlarge = 0.060, on the
advection test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt60-16mp 0.439±0.268 0.483±0.373 0.495±0.443 0.53±0.548 0.595±0.718 0.701±0.939 0.811±1.17 0.91±1.36
Multi-dt60-4x8x4 0.276±0.0918 0.327±0.131 0.371±0.15 0.388±0.164 0.415±0.185 0.434±0.198 0.44±0.203 0.442±0.203
Multi-dt60-3x3x4x3x3 0.283±0.124 0.322±0.147 0.357±0.139 0.359±0.124 0.374±0.128 0.391±0.14 0.395±0.14 0.39±0.137

Table A.12: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale and multiscale models at ∆tlarge = 0.060, on the
diffusion test set.

Model t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt60-16mp 0.385±0.683 0.925±4.26 2.78±19.8 7.67±64 18.8±164 43.3±388 97.2±902 216±2.06e +03
Multi-dt60-4x8x4 0.299±0.236 0.501±0.976 1.12±4.49 2.77±15.9 6.62±43.7 15.3±109 33.5±249 71.4±549
Multi-dt60-3x3x4x3x3 0.255±0.115 0.341±0.41 0.594±1.79 1.24±6.02 2.77±16.7 6.23±42.5 13.4±95.2 28±201

A.3.4 Comparison across surrogate time steps

Table A.13: Rollout EL2 (u) error (mean ± std) for the single-scale models (Single-dt15-4mp, Single-dt30-8mp, Single-dt60-16mp),
on the advection test set.

Model ∆t t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-4mp 0.015 0.429±0.543 0.585±0.746 0.722±0.938 0.841±1.12 0.952±1.31 1.05±1.49 1.14±1.64 1.22±1.78
Single-dt30-8mp 0.030 0.243±0.283 0.323±0.397 0.371±0.462 0.409±0.522 0.452±0.607 0.488±0.68 0.519±0.749 0.549±0.817
Single-dt60-16mp 0.060 0.191±0.185 0.253±0.28 0.288±0.322 0.324±0.362 0.365±0.408 0.405±0.45 0.442±0.48 0.476±0.506

Table A.14: Rollout EL2 (u) error (mean ± std) for the single-scale models (Single-dt15-4mp, Single-dt30-8mp, Single-dt60-16mp),
on the diffusion test set.

Model ∆t t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-4mp 0.015 0.325±0.908 0.591±1.69 0.826±2.46 1.02±3 1.21±3.44 1.38±3.79 1.55±4.19 1.73±4.63
Single-dt30-8mp 0.030 0.1±0.101 0.16±0.291 0.232±0.613 0.303±0.932 0.365±1.19 0.419±1.36 0.467±1.52 0.508±1.65
Single-dt60-16mp 0.060 0.0888±0.053 0.121±0.118 0.154±0.222 0.185±0.32 0.215±0.407 0.243±0.481 0.269±0.544 0.294±0.608

Table A.15: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale models (Single-dt15-4mp, Single-dt30-8mp, Single-
dt60-16mp), on the advection test set.

Model ∆t t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-4mp 0.015 1.01±1.4 1.28±1.79 1.57±2.3 1.95±3.08 2.43±4.02 3.09±5.24 3.84±6.56 4.54±7.73
Single-dt30-8mp 0.030 0.548±0.553 0.659±0.784 0.758±1 0.876±1.32 1.06±1.77 1.3±2.33 1.55±2.87 1.82±3.42
Single-dt60-16mp 0.060 0.439±0.268 0.483±0.373 0.495±0.443 0.53±0.548 0.595±0.718 0.701±0.939 0.811±1.17 0.91±1.36

Table A.16: Rollout EH1 (u)-seminorm error (mean ± std) for the single-scale models (Single-dt15-4mp, Single-dt30-8mp, Single-
dt60-16mp), on the diffusion test set.

Model ∆t t = 0.24 t = 0.48 t = 0.72 t = 0.96 t = 1.20 t = 1.44 t = 1.68 t = 1.92
Single-dt15-4mp 0.015 4.78±21.2 17.6±103 58.7±444 167±1.44e +03 416±3.68e +03 959±8.64e +03 2.12e +03±1.95e +04 4.59e +03±4.38e +04
Single-dt30-8mp 0.030 0.832±2.94 2.76±14.2 8.86±61 25±195 62.7±508 148±1.23e +03 323±2.73e +03 686±5.95e +03
Single-dt60-16mp 0.060 0.385±0.683 0.925±4.26 2.78±19.8 7.67±64 18.8±164 43.3±388 97.2±902 216±2.06e +03

A.3.5 Additional field snapshots

The diffusion-dominated rollout of Figure A.1 shows all five single-scale variants behaving similarly:
each model converges to the expected steady state, with comparable log-error patterns across the eight
checkpoints. This example illustrates that there are regimes in which every member of the small-stride
group produces a qualitatively well-behaved rollout.
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Figure A.1: Solution field snapshots for the small-stride single-scale models (Single-dt15-2mp–Single-dt15-10mp) on a diffusion-
dominated test rollout (Fomax near the stability limits of this group). Layout as in Figure 5.10.

Figure A.2 shows the single-scale baseline Single-dt30-8mp and Multi-dt30-2x4x2 converging cleanly
to the expected steady state. The variants Multi-dt30-3x2x3 and Multi-dt30-1x6x1 display visible oscil-
lations in their prediction panels, although the relative EL2 (u) at each checkpoint remains below unity,
so neither is classified as diverged. In contrast with the group-averaged trend of Figure 5.7, on this par-
ticular rollout the single-scale baseline outperforms each of the multiscale variants.
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Figure A.2: Solution field snapshots for the medium-stride models (Single-dt30-8mp, Multi-dt30-3x2x3, Multi-dt30-2x4x2, Multi-
dt30-1x6x1) on an advection-dominated test rollout (CFLmax near the stability limits of this group). Layout as in Figure 5.10.

The diffusion-dominated rollout of Figure A.3 shows all four medium-stride models converging to
the expected steady state, with comparable pointwise log-error patterns at the final checkpoint.
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Figure A.3: Solution field snapshots for the medium-stride models (Single-dt30-8mp, Multi-dt30-3x2x3, Multi-dt30-2x4x2, Multi-
dt30-1x6x1) on a diffusion-dominated test rollout (Fomax near the stability limits of this group). Layout as in Figure 5.10.

A similar conclusion holds in the diffusion-dominated regime of Figure A.4 models produce quali-
tatively comparable checkpoint sequences, and their relative EL2 (u) values at the final checkpoint are
close to one another.
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Figure A.4: Solution field snapshots for the single-scale models across surrogate time steps (Single-dt15-4mp, Single-dt30-8mp,
Single-dt60-16mp) on a diffusion-dominated test rollout. Layout as in Figure 5.10.

A.4 Hyperparameter study

A hyperparameter study was conducted to investigate the sensitivity to changes in certain hyperparam-
eters besides the number of message passing layers. In the main parts of the thesis, the number of mes-
sage passing layers is investigated thoroughly enough and is therefore omitted in the hyperparameter
study. For the hyperparameter study, we investigate the relation between performance and the follow-
ing hyperparameters: encoding dimension, batch size, and learning rate. The study was not conducted
on the full dataset, but rather 10% of the samples were taken per epoch to reduce training time, where
we evaluate the performance after training for 10 epochs. The results of the hyperparameter study are
shown in Tables A.17, A.18 and A.19 for encoding dimensions of 64, 128 and 256 respectively. It can be
seen that the learning rate of 10−4 offers a good sweet spot, which is consistent across all encoding di-
mensions, and that the batch size does not have a significant influence on the performance. The best
performance is achieved for an encoding dimension of 128, but the performance is not significantly
different from the encoding dimension of 256. Therefore, the encoding dimension of 128 is chosen for
the main experiments, as it offers a good balance between performance and computational cost. The
accompanying learning rate and batch size are then chosen to be 10−4 and 5 respectively, as they offer
the best performance for the encoding dimension of 128.
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Table A.17: The L2-error EL2 (u) and H1-semi norm EH1 (u), relative to the true update, of the surrogate models after training on a
subset of the training set for 10 epochs with the encoding dimension set to 64 and the number of message passing steps set to 4.

configuration index learning rate batch size EL2 (u) EH 1 (u)
1 10−5 4 0.813 1.778
2 10−5 5 0.968 2.549
3 10−5 6 0.898 2.293
4 10−4 4 0.151 0.483
5 10−4 5 0.203 0.487
6 10−4 6 0.222 0.508
7 10−3 4 1.034 0.995
8 10−3 5 1.041 0.992
9 10−3 6 1.062 0.997

Table A.18: The L2-error EL2 (u) and H1-semi norm EH1 (u), relative to the true update, of the surrogate models after training on a
subset of the training set for 10 epochs with the encoding dimension set to 128 and the number of message passing steps set to 4.

configuration index learning rate batch size EL2 (u) EH 1 (u)
10 10−5 4 0.417 0.877
11 10−5 5 0.437 0.954
12 10−5 6 0.484 1.01
13 10−4 4 0.125 0.381
14 10−4 5 0.116 0.382
15 10−4 6 0.128 0.438
16 10−3 4 1.287 0.978
17 10−3 5 1.060 1.00
18 10−3 6 1.009 0.977

Table A.19: The L2-error EL2 (u) and H1-semi norm EH1 (u), relative to the true update, of the surrogate models after training on a
subset of the training set for 10 epochs with the encoding dimension set to 256 and the number of message passing steps set to 4.

configuration index learning rate batch size EL2 (u) EH 1 (u)
19 10−5 4 0.275 0.721
20 10−5 5 0.239 0.629
21 10−5 6 0.275 0.721
22 10−4 4 0.130 0.284
23 10−4 5 0.127 0.292
24 10−4 6 0.144 0.395
25 10−3 4 1.090 1.014
26 10−3 5 1.184 1.040
27 10−3 6 1.116 1.032

A.5 Convergence study

The convergence of the ground truth finite element simulations is verified by performing 100 random
simulations at different mesh sizes. We copied the same simulation settings from the experimental set-
ting and made one reference simulation, which was run at a really fine structured mesh size of hr e f =
0.001. The random simulations were compared to this reference solution, as we computed the error at
t = 1.92 against this reference simulation. The integrals for the L2-errors were performed on the refer-
ence mesh, meaning that the solutions of the random simulations were interpolated to the reference
mesh before the error was computed. The results can be seen in Figure A.5, where it is shown that the
error decreases as the mesh size decreases, indicating that the simulations are converging to the refer-
ence solution. For higher diffusion values the convergence is faster, which is expected as the solution
becomes smoother. It may seem like the low-diffusion simulations are performing poorly, but this is
because the solution has a lot of boundary layers which are not resolved at the coarser mesh sizes. And
since the error is computed on the reference mesh, the error is amplified as the coarser simulations
cannot ’see’ these boundary layers at all.
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Figure A.5: The convergence of the finite element simulations is verified by performing 100 random simulations at different mesh
sizes and comparing them to a reference simulation at a very fine mesh size. The error is computed at t = 1.92 against the reference
solution, and the integrals for the L2-errors are performed on the reference mesh. The plot shows that the error decreases as the
mesh size decreases, indicating that the simulations are converging to the reference solution.

A.6 Conventional numerical time integrators performance plots

Figure A.6: The performance of the numerical time integrators forward Euler, RK4 and Crank Nicolson is evaluated on the test set
with a timestep size ∆t = 0.0001 and a rollout horizon of T = 1.92.
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(a) ∆t = 0.015

(b) ∆t = 0.030

(c) ∆t = 0.060

Figure A.7: Performance of the numerical time integrators forward Euler, RK4 and Crank Nicolson is evaluated on the test set with
different timestep sizes and a rollout horizon of T = 1.92.
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