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Abstract

Intracellular transport relies on the collective behavior of molecular motors, such as Kinesin-II,
which must navigate crowded microtubule environments efficiently. While standard exclusion
models like the Totally Asymmetric Simple Exclusion Process (TASEP) predict significant
velocity reduction at high densities, Kinesin-II exhibits resilience to crowding, suggesting a
mechanism of cooperative transport that remains poorly understood in both physical and
mathematical theory.

This thesis addresses this gap by combining a rigorous mathematical derivation of hydro-
dynamic limits with a biologically motivated particle model. Mathematically, we derive the
hydrodynamic limit for an active particle system where the active direction of the particles
is governed by mean-field Curie-Weiss rates with parameter S for both local and global in-
teractions. We prove that the microscopic stochastic dynamics converge to a macroscopic
reaction-diffusion-advection PDE. Through linearization and Fourier-Laplace analysis, we
derive analytical expressions for the velocity and diffusion coefficients, showing significant
dependence on 3.

Physically, we extend this framework to include exclusion and different interaction ranges o.
Our simulations reveal that exclusion introduces spatial correlation that breaks mean-field
assumptions, leading to deviations from the predictions for the global transport coefficients.
We show that for strong coupling 5 > 1, local interactions lead to the formation of clusters and
altered relaxation times. Finally, we validate our model against experimental velocity-density
data for Kinesin-II. We show that our mean-field exclusion model provides a statistically more
accurate description compared to the standard TASEP-LK model.
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1 Introduction

Active matter systems, ranging from flocking birds and schooling fish to intracellular motors and
bacterial colonies, represent a fascinating frontier in modern non-equilibrium statistical physics.
Unlike passive matter, which is driven solely by thermal fluctuations or external fields, active mat-
ter consists of self-propelled agents that consume energy to generate motion. A central challenge
in this field is understanding how the microscopic stochastic rules governing individual particles,
such as their self-propulsion, turning rates and interactions, give rise to coherent macroscopic
phenomena like clustering and collective transport.

This thesis addresses this challenge at the intersection of probability theory and statistical physics.
We focus on a specific class of active particles that possess an internal state and interact via a
mean-field coupling [1-4]. This approach is chosen as it allows for a rigorous mathematical deriva-
tion of the hydrodynamic limit for such systems, and is applicable to solve a specific problem in
intracellular transport: the collective motion of Kinesin-II molecular motors.

Intracellular transport is essential for cellular function, relying on molecular motors like kinesin
to transport cargo along microtubule filaments [5, 6]. While the motion of single motors is well
understood, the collective behavior of motors at high densities remains a subject of debate. Stan-
dard models, such as the Totally Asymmetric Simple Exclusion Process (TASEP), assume that
motors interact solely through exclusion [7]. However,experimental data shows that these molec-
ular motors form clusters and interact via more complex mechanisms [8, 9].

On the other hand, recent experimental data on Kinesin-II suggest that these motors are remark-
ably resilient to jamming, maintaining high velocities even in crowded environments [10]. This
resilience hints at cooperative behavior or internal state regulation that simple exclusion models
fail to capture. We expect that the motion of motors can be captured by the switching rates
that depend on the collective state of their neighbors, a mechanism we model using Curie-Weiss
Glauber dynamics [11]. By bridging this ’interaction gap’, we aim to create a physically accurate
particle model that outperforms standard TASEP-based models.

In order to use these biological models, we must understand their fundamental mathematical prop-
erties. How do we rigorously pass from the stochastic chaos of discrete particles to a deterministic
continuum description?

This requires the derivation of the hydrodynamic limit. We consider a system of active and diffu-
sive particles on a lattice whose switching rates depend on a global or local magnetization. Using
techniques from the theory of interacting particle systems, such as Markov semigroups and gener-
ators, martingales and large deviation, we aim to prove that the empirical measure of the particle
system converges to the solution of a partial differential equation (PDE) [2, 12, 13]. A key goal is
to analytically derive the global transport coeflicients, the effective velocity and effective diffusion
coefficient, and understand how they are changed by cooperative interactions between particles.
Additionally, we evaluate the stability of the homogeneous state and study the emergence of clus-
tering.

For the physical part of this thesis, we aim to construct a particle-based model that explicitly
incorporates biological constraints. Second, we aim to investigate how the range of interaction
(controlled by the parameter ) and the strength of the cooperation (controlled by /) influence the
global transport coefficients and the formation of local structure. Finally, to validate the model
we fit it over experimental density-velocity data for Kinesin-II, in order to improve the existing
TASEP-LK models [10].

The remainder of this thesis is structured as follows. Section 2 provides the mathematical pre-
liminaries, covering, for example, Martingales, the Curie-Weiss model and Brownian motion. In
Section 3 we present the model that will be studied in this thesis and provide the proof of the



hydrodynamic limit, for both local and global interactions. Section 4 performs analysis on the
derived PDE to obtain analytical expressions for the global transport coefficients. Next, Section
5 establishes the biological framework. Unlike a general introduction, this section specifically
translates the biological properties of Kinesin-II into model constraints. In Section 6 we adapt the
coarse-grained PDE model and its results to the specific biological constraints found in Section
5. Section 7 details the stochastic particle model and the Gillespie algorithm used for simulation.
In Section 8 the results are presented. We validate the mathematical derivations and explore
mean-field breaking phenomena. We conclude this section by fitting our model to experimental
Kinesin-IT data. Finally, our conclusions and directions for future research are given in Section 9.



2 Mathematical preliminaries

2.1 Markov processes

In the following section we will give some of the basic theory of continuous time Markov processes
which will be needed to define active particle models. The theory presented in this section is
derived from the following sources [2, 14, 15].

2.1.1 Markov property

Let (©2,.%7,P) denote a probability space. For a positive random variable Y € 2 the following
definition applies

Definition 2.1. A positive random variable Y has the lack-of-memory property if:
PY >a+bY >a)=PY >b) fora,b>0 (2.1)

Intuitively this definition tells us Y is memoryless. Additionally, the random variable must be
exponentially distributed, this follows from the following Proposition,

Proposition 2.1. The continuous random variable Y has the lack-of-memory property if and only
if Y is exponentially distributed.

Proof. Here, only the converse is given. See Griffiths and Welsh [14] for the full proof. Let Y be
exponentially distributed with parameter A, then for u,v > 0,

PY>u+vnNY >u) PY >utv) e Aty 3w
PY >u+v|Y >u) = P > u) = P > ) = =e M =P(Y >v).

So that Y has the lack-of-memory property. O

The lack-of-memory property can be extended from a single random variable to a stochastic
process, i.e., sequence of random variables. This property is then called the Markov property. Let
X = {X;,t > 0} be a stochastic process on (2, #,P). We define the filtration {F;,t > 0} as
Fy = o(X,: r < t). That is the o-algebra generated by the random variables X,,r < ¢. If the
distribution of a future state only depends on the current state, we say the process is a Markov
process. Mathematically this is expressed as follows.

Definition 2.2. A stochastic process X is called a Markov process if for all f:  — R bounded
and measurable, and 0 < s < t the following holds,

E[f(X0)|Fs] = B[f (X0)|X] (2.2)

Furthermore, the Markov process is called homogeneous if for all s > 0 the process {X;ys,¢ > 0}
starting from X has the same distribution as {X;,¢ > 0} starting from X if X = Xj.

In the case of continuous Markov chains we cannot consider transition probabilities between
different states in {X;,¢ > 0}. Rather we have transition rates c(x,y) > 0, which can intuitively
be seen as the transition probability per unit of time. For these rates we assume c¢(z,y) > 0 for
all z,y € Q with total rate c; = > g c(2,y) > 0. From X; = z we must wait an exponential
time with rate ¢, before jumping to y with the probability defined by p(x,y) := ¢(x,y)/c.. The
requirement to wait an exponential time follows from the fact that it is the only distribution with
the lack-of-memory property by Proposition 2.1.



2.1.2 Markov semigroup

When considering continuous time Markov processes { X¢, ¢ > 0} on the state space € an important
concept is the Markov semigroup.

Definition 2.3. The Markov semigroup is a family of operators {S;,t > 0} acting on bounded
functions f: Q@ — R by the expected value of f at time ¢,

Sef(x) =E[f(X:)|Xo==z] forall t > 0 and z € Q (2.3)

As long as (2 is finite, the function f can be thought of as a column vector and thus S; can be
seen as a matrix with elements given by the transition probabilities, i.e., (St)zy = E(f(X:)|Xo =
z) = P(X; = y|Xo = z) = pe(z,y). However, in a more general state space (i.e. f € Cp())
this interpretation does not hold. Therefore, it is better to see the semigroup S; as an operator
working on f. The semigroup has the following properties.

Proposition 2.2. The semigroup Sy as defined by Definition 2.3 satisfies the following properties,
(S1) Sof =,
(S2) Strsf = Se(Ssf),
(S3) limyyo [|Sef — fllee =0,
(S4) Sl =1,
(S5)
(S6) [[Stflloo < [Iflloc

(S2) is called the semigroup property. (Ss3) is called strong continuity, which states the semigroup
is right-continuous at 0 with respect to the norm ||f|lc = supzeal|f(z)|. (Se) says that S; is a
contraction.

if f >0 then Sif >0,

By definition there exists a Markov semigroup S, ¢t > 0 for every Markov process X;,t > 0.
However, this relation is also true in the other direction and is even one-to-one [1].

2.1.3 Markov generator

The semigroup property is analogous to the familiar laws of exponents: e (!+5) = eAeAs  This
motivates the existence of a matrix L such that S; = e’ on a finite state space. Here, the
exponential is defined by its Taylor series,

o0 n
el =N " —n (2.4)

n!
n=0

This relation defines L via,
d Sef —f
Lf.=— —o = lim ———~
/ il Sifli=o lim —
However, for a non-finite state spaces Q the set for which S, = e** holds is restricted. That is, on
an infinite state space certain operators, such as differential operators, are typically unbounded.
This means the Taylor series may fail to converge. The Markov generator L should therefore not
be seen as a matrix, but as an operator defined by Equation (2.5), and is known as the infinitesimal
or Markov generator for a Markov process with semigroup {S;,¢ > 0}. It shows the behavior for
an infinitesimal time interval, well-defined on the domain,

(2.5)

S, f—

D(L) := {f : lim Sf=f exists} (2.6)
t—0 t

There exists an one-to-one correspondence between the Markov generator and Markov semigroup,

similar to the fact that the relation between the semigroup and its Markov process is one-to-one
[2].



Proposition 2.3. There is an one-to-one correspondence between the Markov generator L and
the Markov semigroup {St,t > 0} on the domain D(L) defined in Equation (2.6) if

(i) The generator is given by

Lf =lim

t—0

Suf = f
t
(i4) The semigroup is given by
Sy = lim (I tL)
n—o00 n
(#i7) For f € D(L) we have that Syf € D(L) and
iS f=S.Lf=1LS
ot =5 [ =LSf

We have now discussed the Markov process, semigroup and generator. Their correspondence
can be summarized in the following figure, based on van Wiechen [16].

Sif(x) = E [f(Xy)] Lf =lim; 0 %
{ X, t >0} {S;,t > 0} L
pt(x, y) = St(l,j) St == hmn—>oo (I - %L)in

Figure 2.1: Overview of the one-to-one relations between the Markov process, semigroup and
generator

Earlier we introduced that transition rates must have exponential waiting times. We can now
extend this example and define its semigroup and generator.

Example 2.1. For the continuous random walk we defined transition rates c(z,y) > 0 with
total rate ¢, = > cqc(z,y) > 0 where the probability is defined by p(z,y) := c(2,y)/cs. By
Proposition 2.1, for any point in time ¢ where X; = z, we must wait an exponential time before
jumping to another point. This exponential time is distributed by exp(c;). We can use this to
compute the generator. Let K; be the total number of jumps within the interval [0, ¢]. By the law
of total expectation, we have that for any z € (,

Sif(@) = f(2) = Eo(f(X0)) = Y [E(f(Xe) N Ky = k)] = f(=)

X)NK; =0)+E.(f(X)) N Ky = 1) — f(2) + O(t?)
(K =0)+ > [f)Pu (K, = V)p(,y)] + O(t?)

Sy

faeert+ X [ - e 0] - g+ o)

yeQ z

— (- T [T 10 - )| + 0

C
yeQ z

1

< o

AH

E oo
=Y

Here O is Landau’s notation, and represents functions that have a smaller order of magnitude
than ¢2 as t — 0. So h(t) = O (t?) when h(t)/t* — 0 as t — 0. For t — 0 we use (1 —e~%") — ¢t
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and therefore, S
L= 22 S e () - @) +00)
ye

So as t — 0, we conclude that the generator for a continuous random walk is given by,

Lf = [elz,y)(f(y) - f(x))] (2.7)

yeN

2.1.4 Stationary distributions

Before ending this section on Markov processes, we end with an important property of Markov
processes, namely stationary distributions, which will be needed in proofs in later sections. Con-
sider a Markov process {X;,t > 0} with semigroup S; on state space 2 with some probability
distribution p where py = puSs.

Definition 2.4. The probability distribution u; is called a stationary distribution if for all t > 0,
e = . That is,

(Sefsm) = (fr ) (2.8)
where (f, ) = [ fdp or in the finite state space (f,u) = >, fipt;. This is equivalent to
(Lf,p)=0 (2.9)

Example 2.2. Reconsider the generator found for the continuous time random walk in Example
2.1. Using Definition 2.4 we see that u is a stationary distribution for this problem if,

> @)e(a,y) — p(y)e(y, x)) =0

yeQ

A stronger requirement can be found which requires all the terms in the sum to be equal to
zero. This is known as the detailed balance condition and can be used to find or check stationary
distributions,

w(@)e(z,y) — u(y)e(y,x) =0 for all x,y € Q (2.10)
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2.2 Elements of large deviation theory

In this section we present some of the basic definitions and theorems of large deviation theory.
Large deviation theory provides a mathematical framework for quantifying the probabilities of rare
events in high-dimensional stochastic systems. The key objects in this theory are rate functions,
which quantify the exponential decay of probabilities of atypical states, and variational principles,
which allow one to evaluate asymptotic partition functions. In this section these will be introduced
to derive the mean-field Glauber dynamics following from the Curie-Weiss model in Section 2.3.
The section is based on the following sources [11, 13, 17-20].

2.2.1 Rate functions and the large deviation principle

We begin by defining the class of functions that quantify the exponential decay of probabilities in
the large-system limit.

Definition 2.5. Let X be a topological space such that both open and closed subsets are well-
defined. Then I is a well-defined rate function if,

(1) T1is lower semi-continuous (i.e. f: X — [0,1] if imy_ o0 inf f(zy) > f(z) Vzny,z € X >
TN — T).

(73) The level sets ¢r(a) = {x : I(x) < a} of I are compact.
A rate function that satisfies (ii) is often called a good rate function.

Given a rate function, we define an exponential principle describing the asymptotic decay of
probabilities: the large deviation principle (LDP).

Definition 2.6. A family of probability measures {un } n>o satisfies the large deviation principle
with rate N and rate function I(x) if,

(i) I(z) is well-defined good rate function.
(i1) imy oo SUPLeo 27 10g un (C) < —infrec I(z) VO C X, C s closed.
(7i1) Impy_ o infico % logun(0) > —inf,co I(x) VO C X, O is open.

Intuitively, the LDP states that py assigns mass asymptotically proportional to uyx(m) =
e~NI(m) yp to subexponential corrections.

2.2.2 The log-moment generating function and the Géartner-Ellis theorem

A key mechanism for obtaining rate functions is the Gértner-Ellis theorem. This is a powerful
result which establishes the existence of a large deviation principle for processes where the cumu-
lant generating functions tend towards a well-behaved limit. Before introducing this theorem, we
must define the log-moment generating function of a sequence of random variables {my}n>o,

F()) = Jim log (IEJ [emwf)]) (2.11)

defined whenever this limit exists as a finite function on some interval containing A = 0. The
corresponding rate function is defined by the Legendre-Fenchel transform.

Definition 2.7. For any function F' : R — R, the Legendre-Fenchel transform of F is the function
I* : R — RU{oo} defined by
I (m) = sup [mA — F()\)] (2.12)
AER

In large deviation theory, the function I* is the natural candidate for the rate function.
Under standard differentiability assumptions on F, this function I*(m) is indeed the LDP
rate function for the sequence {my}n>o. While the Gértner-Ellis theorem provides the general

framework for dependent sequences, a more fundamental result applies when the variables are
independent and identically distributed (i.i.d.).

12



Theorem 2.4 (Cramér’s theorem). Let {mn}n>0 be a sequence of real-valued i.i.d. random
variables. Assume that the log-moment generating function

A(N) :=log (E [e’\Xl])

exists as a finite function for all X and the sample mean is given by,

Then the sequence {my}n>1 satisfies the large deviation principle with speed N and good, convex
rate function I(m) equal to the Legendre-Fenchel transform of A(X),

I(m) = sup [mA — A()\)]
AER
A consequence of the LDP, given in the following theorem, is the asymptotic evaluation of
probability tails, which shows that probabilities of deviations of order O(N) decay exponentially
at rate I(m).

Theorem 2.5. if {mny}n>0 satisfies the LDP with rate function I, then, for m € R,

N—o0

lim (;f log (P(Nmy (o)) > Nm)> =—I(z) (2.13)

2.2.3 Varadhan’s Lemma

The most important tool in large deviation theory, especially when combined with statistical
mechanics, is Varadhan’s lemma. This lemma allows us to compute exponential integrals of the
form that appear in partition functions.

Lemma 2.6 (Varadhan’s lemma). Let {un}n>o satisfy the LDP on R with rate N and with rate
function I(m). Let F : R = R be a continuous function that is bounded from above, then

" NE(mx ()] — _
lim —log (E,w [e D_Zlé% (F(m) — I(m)) (2.14)

In physical terms, Varadhan’s lemma converts an exponential sum into a variational problem
where the dominating contribution comes from the maximizer of F'(m) — I(m). This principle will
play a central role when deriving the mean-field switching Glauber dynamics of the Curie-Weiss
model in the following section.

13



2.3 Mean-field Glauber dynamics and the Curie-Weiss model

In this section we expand the rates c¢(x,y) to rates that depend on states of other particles in the
system equally, the mean-field approximation. This is done because mean-field switching rates are
relevant in the field of active particle models since they allow us to capture collective behavior while
reducing dimensions. One of the models that follows this mean-field approximation is the Curie-
Weiss model. Here each particle interacts with all other particles equally, and the relative positions
of all other particles can therefore be neglected. This model, originally intended for modeling spin
in ferromagnetism, has wide applications such as neural networks and superconductivity and
many other stochastic processes. For us, it provides a natural framework to introduce mean-
field switching rates and will later be connected to the hydrodynamic limit of interacting particle
systems in Section 3. This section is based on the following source [11]. Before starting to study
properties of systems with mean-field interactions, it is natural to introduce the canonical Gibbs
distribution, since it allows us to capture the collective behavior of the system in a statistical
framework.

Definition 2.8. The canonical Gibbs distribution with parameter 8 associated with a system of
N systems is the probability distribution on 2y defined by,

) e~ BH (w)
pnp(w) == ——
B Zsn
Where the normalizing sum is the canonical partition function defined as,

ZN;B = Z 676’%0(“])

wWEQN

We will now introduce the Curie-Weiss model. This spin-model, with w; € {—1, 1}, has three
important properties which will be used in the definition of the Curie- Weiss Hamiltonian.

(7) The interactions are global, i.e., each spin interacts with all other spins, and all interactions
are identical. Because of this lack of geometry, this model can be seen as a complete graph
with an edge between all spins.

(73) The interactions favor agreement of spin values, i.e., for two interacting spins w; and w; their
interaction contributes an energy —w;w; to the total energy. So aligned pairs have a lower
energy.

(7i1) The spins align with the external magnetic field, i.e., for a constant external magnetic field
h, a spin w; interacting with it contributes an energy —hw;. So aligned spins have a smaller
energy.

Definition 2.9. The Curie-Weiss Hamiltonian for a collection of spins w = (wy,...,wy) with
inverse temperature 8 and external magnetic field h is defined by:

g & N
HN (W) = ~3N Z wiw;j — thi
ig=1 i=1

Note 2.1. The external magnetic field h is not used in the active particle models that will
be introduced later. Therefore, the external magnetic field h will be set to zero to simplify
computations. This gives us the advantage that the model is invariant under a total spin flip
W= —Ww.

2.3.1 Behavior for large N

To study the behavior of the field we introduce the (magnetic) density,
1N
my = N§wi (2.15)

14



We expect that the spins should be approximately independent for small 3. However, when 3
is large, the density in this model concentrates at one of the two ground states equally. This
behavior is summarized in the following theorem,

Theorem 2.7. Define 5. =1 as the inverse Curie temperature. Then the following holds,

(i) When 8 < B. the magnetization concentrates at zero. That is,

VB < Bey, my=~0 with probability close to 1

(ii) When B > . the magnetization is bounded away from zero. More precisely, the magneti-
zation concentrates at the spontaneous magnetization £m* () equally. That is,

+m*(B)  with probability close to 3,

1

VB > Be, ~ . i
=y h {—m*(ﬁ) with probability close to 5

This behavior is summarized in Figure 2.2 which plots the distribution of my for 8 < S. (left)
and B > B, (right) [11].

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 2.2: The distribution of the magnetization of the Curie-Weiss model, u(my = ) with
N =100 spins. Plot adapted from [11].

To prove this theorem we make use of the large deviation principle presented in Section 2.2. That
is, we find its associated rate function.

Theorem 2.8. Let e(m) := —dm? and s(m) := — (152 log (152) — % log (142)). Then the
free energy I(m) of the Curie-Weiss model is given by,

I(m) := Be(m) — s(m) (2.16)

Proof. To prove this statement we make use Cramér’s theorem and Varadhan’s lemma presented
in Section 2.2. Cramér’s theorem will allow us to show I(m) = —s(m) as it treats all the particles
to be i.i.d. Varadhan’s lemma is used to show that the remaining term Se(m) is part of the rate
function. We start of by assuming are particles are i.i.d. and use Cramer’s theorem. Let X; = oy,
then,
er e

2
Then the log-moment generating function is defined as

E [e)‘Xl] =

A A
A(N) :=1ogE [e**] =log <(5+2(3>

Now Cramér’s theorem applies to my = % Zivzl X;. That is, my satisfies an LDP with speed NV
and a good rate function Iy(m) given by the Legendre-Fenchel transform of A(X),

o = sy (3 e (£57)) o

AER
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To find the supremum of Iy(m) we must solve dIy(m)/dm = 0 this gives

er—e A
M e
Substituting m into Equation (2.17) results in
1- 1-— 1 1
Iy(m) = 2m10g< 2m) - —;mlog< —;m) = —s(m) (2.18)

As the particles were assumed to be i.i.d. the interaction term Se(m) is missing. We use Varadhan’s
lemma to find this interaction term. As the Hamiltonian of the Curie-Weiss model for A = 0 can
be rewritten as #.5,0(w) = —Bm3 N/2 using

N N 2
> i = () =
ij=1 i=1

we take F'(m) = Bm?/2. Therefore, the Gibbs measure,

LN (eNF(mN(U)) . ]]-A) meeA GNF(mN(U))d,U,N

fin (A) LN (eNF(mN(a))) - f eNF(mn (@) dpy (2.19)
This can be rewritten as,
d/lNﬁ eNF(mN(U))
dun — Zn(B)

with Zy () defined as the partition function, i.e., Zn(8) = [eNF(m~() gy, Now we apply
Varadhan’s lemma to F(m) to find

lim %log (Euw [eNF(mN("))D = sup (F(m)— Iy(m))

N—oo0 me[—1,1]

where E,,, [eNF(my(@)] = [ eNF(mn(@)qy . To find I(m) we apply Varadhan’s lemma to both
the numerator and the denominator of Equation (2.19). To simplify further notation define ¥ ()
to be given by,
. 1
U(8) = lim ClogZy()= sup (F(m)— Lo(m))
—oo N

me[—1,1]

Applying Varadhan’s lemma to Equation (2.19) gives

I(m) = Io(m) — F(m) — _inf (Io(m) = F(m)) = Io(m) — F(m) + ¢(5)

me[—1,—1]

As 9(8) is a constant is not important in large deviation theory and my therefore be dropped
giving us the final rate function
I(m) = Be(m) — s(m)

O

So the rate function is of the form I(m) = fe(m) — s(m). Finding the maxima of px,s comes
dI(m)
dm

down to finding the maxima of I(m), which is done by solving = 0. This gives,

m = tanh(fm) (2.20)

This function is the known as the mean-field equation and will be seem repeatedly during the
course of this thesis. Plotting the function, as done in Figure 2.3.1, shows that this function
satisfies Theorem 2.7. Therefore by proving the system has the rate function I(m) in Theorem
2.8 we have immediately proven Theorem 2.7.
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Figure 2.3: Two plots of Equation (2.20) where on the left, 5 < ., and the right 8 > .. These
plots show respectively 8 = 0.5 and 8 = 2.

2.3.2 Mean-field switching rate for the Curie-Weiss model

This section couples the Curie-Weiss model with active particle systems, and thereby with Markov
processes seen in Section 2.1. This is done by giving the mean-field switching rate associated with
the Curie-Weiss model and proving that this rate satisfies both the mean-field Equation (2.20)
and the detailed balance condition (Equation (2.10)).

Theorem 2.9. Let {0:};>0 a Markov process where o; € {—1,1} and my := Z —,0j. Then,
the Curie- Weiss Glauber rates defined by,

clo,my(0)) = e”7PmN (2.21)

are rates that satisfy both the mean-field Equation (2.20) and the detailed balance equation as
N — oo where it = pn.p s defined as the canonical Gibbs distribution with the Curie-Weiss
Hamiltonian, i.e.,

pnip(at)e(os, my(0")) = pnis(0)c(o, mu (o))
Proof. Below a sketch of the proof is provided. We start by showing that c¢(o, my (o)) satisfies the
detailed balance equation together with pi.5. First of all, note that if we start with a configuration

of total spin S and switch the sign of o; to get the configuration o? with total spin S’. Then the
spin difference between these two configurations is —2¢;. For the magnetization we have,

g_S—QUi
N N

MmN =+ and my =

Using the Hamilton, we then get,

pnp(o) _ eﬁfN;ﬁ,D(ai)—ﬁfN;B,o(a) _ e%((s-zai)z—sz) _ e%ﬁ(—ZaiS—&-Z) _ e—B(—QoimN—&-%)
N (o)

Since N is very large (i.e. welet N — 0o) we have £ ((U)) = e29im~ By definition of ¢(o, my (o))

we find <@mx (@) p20i8my  Therefore it satlsﬁes the detailed balance equation since,
c(oi,mn(c?)) —

:U/N;ﬁ(o-i) — eQU,i,B'm _ (U mN(U))

1N (o) c(oi,my (o))

We will now show that c(o, my(c)) satisfies the mean-field Equation (2.20). First, remember that
the generator for the continuous random walk, given in Example 2.1 applied here and is of the
form,

Lmy (o Zc o, my(o (mN( 9 — mn(0))

To simplify calculations, we normalize ¢(o, mpy (o)),

—ofBmy 1
d(o,mpy(0)) = clo,mn (7)) = © S
o) = S (e ma(@) — eP TP 2

(1 — o tanh(Bmy))
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This allows us to write the generator as follows,

. N 20;
Lmy(c) = Zc’ oi,my) (my(c') —my(0)) = Zc’(oi,mN) (— NZ>

1=1

2_
o;=1

(1 — o; tanh(Bmy))o; — tanh(B8my))

1

|
=
N =
HMZ

s
I
—

(0;) + tanh(Bmy) = —my (o) + tanh(Bmy (o))

I
|
2=

Il
—

(2

Consider mp (t) = my(ot). Using basic techniques for taking the hydrodynamic limit (see Section
2.4) such as Dynkin’s formula for Markov processes, we find that as N — oo, fluctuations vanish
and my (t) converges in probability to the deterministic trajectory given by,

m(t) = —m(t) + tanh(Bm(t)) with m(0) = hm mn (0) (2.22)
in equilibrium (i.e. as ¢t — co) this gives us the mean-field Equation (2.20). O
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2.4 Density profiles and the microscopic stochastic limit

In this section we focus on the question of how microscopic stochastic dynamics of particles in 2
produces macroscopic deterministic behavior in R. Something that is important as it allows us to
bridge the gap from random non-deterministic configurations in the micro world to deterministic
profiles in the macro world. Like the law of large numbers that averages out when we zoom out
to large scales, we introduce density profiles which allows for static scaling in space and later the
hydrodynamic limit which also allows for time rescaling. We will see that this transition can in
certain cases be non-trivial i.e., different processes in (2 can yield the same result on R. However,
it does allow us to prove that basic particle configurations follow partial differential equations; and
can thus link microscopic systems with important laws of physics, such as the diffusion equation
or the heat flow equation. This section is based on the following pieces of literature [2, 12, 16, 21].

2.4.1 Density profiles

For this section we look at particle configurations on V := X x S, where S C Z is finite and the
particles are indistinguishable. Here X can either be an infinite domain Z or a periodic torus
Tx In this case (z,0) € V represents a particle with position € Xy and internal state o € S.
We can now define 2 := NV and an initial distribution with n(x) € Q as the number of particles
at site x.

To go from the micro- to macroscopic world we introduce the scaling parameter N € N. This
parameter lets a macroscopic point z € R correspond to a micro-point |xN| € Xy. Formally
that is,

Definition 2.10. For {n" : N € N} a sequence of configurations in €2, we call a sequence of
measures {7 : N € N} on +Z the empirical measure if

1
v =5 Z nN(x,J)&%’U)
(z,0)EV

Note that 7!V is still a microscopic measure. However, if we let N — oo this measure will
converge to some measure in R. This measure has the form p(z)dz with p : R x § — Rxq,
where the function p is called the (macroscopic) density profile. Formally the convergence of these
measures is defined as the following,

Definition 2.11. Let p: V — R> be a density profile,
(i) A sequence of configurations {n~, N € N} corresponds to p if for all smooth test functions

¢ € LO,OS(R)a

/gb(:z:,cr)dﬂN(x,J) - /d)(x,a)p(a:,a)dx, as N — 0o

(ii) A sequence of probability measures {vV, N € N} corresponds to p if for the sequence of
stochastic variables {n"V, N € N}, where n%¥ ~ v~ for every N, and for all smooth test
functions ¢ € C2%(R),

/(b(x,a)d?rN(x) LN /d)(x,a)p(a:,a)da:, as N — oo

where C2% = {¢: R x § — R, where ¢ smooth and compact} on the infinite domain Z and C% =
{¢ : R x S — R, where ¢ smooth and periodic} on the periodic domain Ty .
2.4.2 Hydrodynamic limit

To link our particle configurations to partial differential equations we do not only require a scaling
in space, but also in time. We want to see how the density profile changes as the microscopic
configuration {n;,t > 0} changes over time. Therefore, the time must also be scaled. For many
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Markov processes, such as the continuous random walk considered in example 2.1, for a fixed time
t, the distance moved in that time will be of order 1/(t) as the standard deviation is of this order.
So to have significant movement in the macroscopic density profile we must scale time with N2
and will therefore look at the Markov process {nyz¢,t > 0}. The rescaled empirical measure for
the hydrodynamic limit will be of the form,

1
N = N( Z)Evnﬁzt(x,aﬁ(ﬁ’a) (2.23)

When paired with a test function ¢ € C2%(R), m}¥ will be of the form,

1
N N N
Tt (¢) = <¢7 T > = N Z nNQt(x7U)¢(%7U) (224)
(z,0)EV
As in the case of density functions, the empirical measure converges to a macroscopic measure.
This convergence can occur in both probability and in mean square. The two standard convergence
notions are defined below.

Definition 2.12. For every,t > 0,e >0 and ¢ € C’é’f’s(R), we have convergence in probability for
some probability measure u” if
> €> =0,

e

where p;(z, o) solves the partial differential equation p; = A*p; with the initial condition pg(x, ) =
p(x,0). Note that A* is the adjoint generator on a density function (see Definition 2.14).

70 - X [ e o)ote )i

oc€ES

Definition 2.13. For every, ¢ > 0 and ¢ € CZ%(R), we have convergence in mean square (L2-
space) for some probability measure p if

2

lim E,, =0,

N—o0

AOESY / pi(x,0)d(x, 0)dx

ocesS

where p;(x, o) solves the partial differential equation p, = A*p; with the initial condition po(x, o) =
p(z,0).

Remark 2.1. We recall the connection between PDEs p; = A*p; and semigroups and generators
we have covered in Section 2.1. Here, p; = €' py is the same as the known equation S; = etF

where p; is the semigroup, and A* is the generator. Then the PDE follows the Kolmogorov forward
equation derived in Proposition 2.3.

Remark 2.2. Using the well known fact that Var[X] = E[X?] — E[X]?, we see that Definition
2.13 is implied by,

B[ ()] Y [ o )oe.0)ds

oceS
and,

Var [ﬂiv(qﬁ)] N 0

When giving the proof for a hydrodynamic limit using test functions, we often have a generator
L working on a test function, while we would rather have a generator working on the density. We
can make this change using the following definition.

Definition 2.14. Given a compactly supported generator L acting on a test function ¢ € o8
and a density p € C? that are both compact. Then its formal adjoint L* is defined by,

/ ol 0) (L) (z, 0)de = / (L* p)(r,0) (e, o) d

Generally, the formal adjoint L* can be found by integration by parts as there are no boundary
terms.
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2.5 Martingales and Dynkin’s formula

In this section we introduce martingales and the Dynkin’s formula as they are often used in the
proof of a hydrodynamic limit. Dynkin’s formula uses martingales to give us a simple framework
to show that a generator converges to a partial differential equation. Additionally, we introduce
two theorems that can be used in proofs following Dynkin’s formula. This section is based on
theory from the following sources [2, 12, 16]. We start off with the definition of the martingale.

Definition 2.15. A continuous stochastic process {M;,t > 0} on (Q,.%,P) is called a martingale
with respect to a filtration {%;,t > 0} if it is an .F;-adapted process such that the martingale
property is satisfied, i.e., for all 0 < s < t we have,

E[M|.%s] = M,

Note that this shows that a martingale has a constant expectation, and therefore that the best
prediction for the future is the current state. We use this definition to state the Dynkin martingale.

Theorem 2.10 (Dynkin’s formula). Let {X;,t > 0} be an F;-adapted Markov process on (Q, 7, P),
generated by L. Then for any f € D(L), the process M defined as,

t
Mf = FX) ~ f(X0) ~ [ Li(Xo)ds

0
is a martingale on (0, .Z,P) with respect to the filtration {F,t > 0}.
Proof. To show that Mtf is a martingale, we must show it satisfies the martingale property. Choose
0<s<t,

t
B (3! - 3l17) =B | 1000 - 150 - [ Lo 2]

— E[F(X,)| %] — E[f(X.)| 7] - /0 T ELF(Xos)| F] dr

Here, we used the Fubini theorem in the last equation. Since {X;,t > 0} is #;-adapted and Marko-
vian, the expectation given the whole past .%, is equal to the expectation given X,. Combining
this with the definition of the semigroup,
t—s
B M/ - M{|2) ~EIF(XOIX) - EF(X)IX - [ EL/(Xen)|X]dr
0
t—s
= Stfsf(Xs) - f(Xs) - STLf(Xs)dr
0

Using Proposition 2.3(iii), where we saw that %St f = S¢Lf, we may rewrite the integral as,

t—s t—s a
/0 S\ LF(X,)dr = /0 S f(X,)dr = Siof(X,) — [(X).

Hence we indeed find that

E[Mf — M{Z] = Siuf (X0) = F(X0) = S of (Xo) + F(X,) = 0,

therefore Mtf is a martingale with respect to the filtration .%;. O

Proving hydrodynamic limits using Dynkin’s formula requires us to show that the martingale
associated to the empirical measure goes to zero in the scaling limit as N — oo, as this shows us
the limiting solution is deterministic. For this we use three extra theorems for which we first need
to introduce quadratic variation of a martingale which is done in the following two definitions.
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Definition 2.16. Let P = {to,t1,...,t,} be a partition of the interval [0,¢] such that 0 = ¢; <
t; < ...<t, =t. The mesh size of this partition is a norm || - ||,,, defined as

[[P[lm = max [t; — tp_1
1<k<m

Definition 2.17. Let M be a cadlag local martingale on (§2,.%,P), then the optional quadratic
variation [M]s of M is defined as the limit in probability of the sum of squared increments.

: (M, — M, 2 2.25
[ I‘P||7n4)021 tr tk—l) ( )

Theorem 2.11. Let M be a martingale on (0, #,P) such that M; € L*(Q, %#,P) for allt > 0
and My = 0, then there exists a unique predictable quadratic variation (M) starting at zero such
that [M] — (M) is a martingale.

Note that if M is continuous, then [M] = (M). To express the quadratic variation of the
Dynkin martingale, we first introduce the carré du champ operator.

Definition 2.18. Let L be the generator of a Markov process. The carré du champ operator
I'(f,g) is defined for functions f, g (where f, g, fg € D(L)) as

I'(f,9) = L(fg9) — f(Lg) — 9(Lf) (2.26)
In the case where f = g, we denote I'(f) := I'(f, f) = L(f?) — 2f(Lf).

We can now state the two theorems below and will apply the second theorem to the example
of the continuous random walk generator. The proofs for these theorems can be found in the
references given for this section.

Theorem 2.12 (Doob’s LP inequality). Let M; be a martingale indexed by an interval [0,t] of
real numbers, relative to a filtration %#y. Then forp > 1,

P
E[sup |Msﬂ < (p) E[|Mi]7] (2.27)
0<s<t p—1

Theorem 2.13. Let L be the generator of a Markov process X and take f € D(L) such that
f?2 € D(L). Then the predictable quadratic variation of the Dynkin martingale is given by,

(M), = / T(f)(X.)ds (2.28)

Example 2.3. As Theorem 2.13 will be applied often, we will apply it to the generator for the
continuous random walk we found in Example 2.1 to simplify proofs later. Remember that the
generator for the continuous random walk was given by

Lf = [elz,y)(f(y) - f(x))]
yeN

We first compute the carré du champ operator I'(f) = Lf? — 2fLf:
Applying Theorem 2.13 for a function f that satisfies its requirement gives,

L(f)m) = > ) (f2(0') = £2(m)) —2f () Y eln.n) (fF(0) = F(m))

n'€N e
= 3 (e () = 2F () f () + f2 ()
n' €N
-3 (c(nm') () = f)?)
n’'€Q

Substituting this into Theorem 2.13, the quadratic variation of the Dynkin martingale is given by

(Myy= | | > (ctnsn) (F(r') = F(ns)) | ds (2.29)
0

n’' €N
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2.6 Brownian motion and the Fokker-Planck equation

In this section we introduce Brownian motion and the Fokker-Planck equation. This is done as later
results, following from the analysis of the hydrodynamic limit, can easily be linked to Brownian
motion. This allows for a broader interpretation of the results. The section start with the definition
of Brownian motion, with does not include a drift, and relates this to continuous random walk
seen in Section 2.1, PDEs and stochastic differential equations (SDEs). The remainder of this
section focuses on the Fokker-Planck equation in which an effective drift term is present. The
following section is based on [2, 12, 17].

2.6.1 Simple Brownian motion and its relation to the symmetric random walk

Brownian motion originates from the erratic trajectories of pollen grains observed by Robert
Brown in 1827. Since then this phenomena, simply the random collisions of any particle causing it
to undergo irregular and erratic motion, has been observed in many fields and turned into a large
mathematical object. It allows us to understand why associated PDEs (i.e. drift-diffusion equa-
tions) appear naturally in the hydrodynamic limits of stochastic particle systems. Mathematically,
Brownian motion is defined as follows,

Definition 2.19. A stochastic process {By,t > 0} is called Brownian motion if:
(i) Bo=0.

(#4) All increments are independent. That is for 0 = to < ¢; < ... < tp,, By, — By, By, —
B, ... ,B:, — B are independent.

m—1

(71) For all s < t, the increments are normally distributed with,

E[B; — Bs] =0, Var(B; — B;) =t —s (2.30)

(tv) Sample paths ¢ — B, are continuous.

This definition shows us, that intuitively speaking, Brownian motion is continuous random motion
with no preferred direction and alinearly growing variance. Omne can also consider Brownian
motion starting from a position x. Then by the independence of increments it can be shown
that By = = + N(0,t) is indeed an equivalent description of Brownian motion. In the sections
prior to this we have mostly studied continuous random walks {X;,¢ > 0}. This is closely related
to Brownian motion and actually equivalent under the same scaling of time and space that was
introduced in Section 2.4. This is summarized in the following theorem, for which a sketch of the
proof will be given below.

Theorem 2.14. A symmetric random walk {X;,t > 0} has the scaling limit {By,t > 0} (i.e.
Brownian motion) by scaling x — x/N and t — tN?,

XN = (£ Xyt > 0) 2225 (V2DB,,t > 0} (2.31)

Proof. We sketch this proof by showing that the symmetric random walk and Brownian motion
have the same generators and therefore have similar probabilistic behavior. Note that for the
symmetric random walk the generator is defined as:

Ly f(z) = %f(x )= 2{;\;? LA (2.32)

Taking the Taylor expansion and the limit N — oo gives

Jm_ L) = () (2.33)

With the generator for the symmetric random walk in hand, we are left with finding the generator
for Brownian motion. Note that By = x + N (0, v2Dt) was equivalent to Brownian motion with
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diffusion coefficient D. Therefore we can find that the semigroup is given by,
Sif(@) = Ea [z + N (0,v2D1)]

= (&) + £ (@)Ex [N(0,V3DN)] + 3 7 @), [N(0,vV2D0?] + O)
= f(z) + Df"(x)t + O(t)

Now, using the definition of the generator we see that the generator for the symmetric random
walk and Brownian motion are indeed equivalent using the scaling v/2D,

Lpf(z) = lim Sf@) = f@) _ 1 (x) (2.34)

t—0 t

O

2.6.2 Simple Brownian motion and its relation to PDEs and SDEs

To relate random walks to PDEs, we start by relating Brownian motion to SDEs and PDEs. This
section focuses on relating simple Brownian motion to PDEs and SDEs, whereas the following
section does this for Brownian motion where an active part is also present. In a similar fashion as
the convergence, the SDE relating a random walk to Brownian motion is given by,

dX; = V2DdB, (2.35)
Note that this follows immediately from the fact that,
Xivae — Xi = V2DVAL N(0,1)
This SDE corresponds to the following PDE,

9 _ ,Pp

%~ Loz (2.36)

The PDE and SDE are two equivalent formulations of the same underlying phenomenon, one prob-
abilistic, one deterministic. Note that the fundament solution of the PDE, a Gaussian, matches
the stochastic description

plz,t) = e~ 1Dt (2.37)

2.6.3 Brownian motion with drift

If a constant directional bias is present, such as self-propulsion, the local motion involves a drift
velocity v. The associated SDE can be found by considering not a probability 1/2 to move to the
left or right but instead r and r_. This will result in the advection-diffusion SDE,

dX; = vdt + V2DdB, (2.38)

where v =ry —r_and D = %(hr +7_). We can relate this SDE to the associate PDE using the
Kolmogorov Forward equation,

Theorem 2.15 (Kolmogorov Forward equation). For standard Brownian motion B with the
associated SDE
dX; = vdt + vV2DdB;

The Fokker-Planck equation for the probability density is given by,

Ohp = 0, (vp) + 02(Dp) (2.39)
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Proof. We sketch the proof of this theorem using the Kolmogorov forward equation given in
Proposition 2.3 and the adjoint operator given in Definition 2.14. Remember that the Kolmogorov
forward equation was given by,

d
%E[f(Xt)] = E[Lf(Xt)]

Expression the expectations as integrals over the density p(z,t) and using the adjoint operator
one finds
dp

P _
ot p

Note that generator of SDE is given by
of 0% f

Calculting the adjoint L* immediatelly gives the PDE. O
Note that the solution of the PDE is a Gaussian centered at vt,

1 _(z—v)?

p(x,t):\/me Dt (2.40)

In section 3 we derive the hydrodynamic limit of a much more complex interacting particle system.
However, in section and 4 we will see that, at large scales, the system will behave like the PDE
above, and thus like Brownian motion with effective diffusion coeflicient D and effective velocity v.
This is an example of the many models that many stochastic microscopic models reduce, at large
scales, to a drift-diffusion model and that have the same scale invariance as Brownian motion.
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3 Model and proof of the hydrodynamic limit under the
global and local magnetization

In this section, we bridge the gap between the microscopic stochastic dynamics of active particles
and the macroscopic deterministic description derived in the hydrodynamic limit. We begin by
defining the specific microscopic interacting particle system acting on a one-dimensional lattice,
incorporating diffusion, active transport, and internal state switching. The core of this section is
dedicated to proving that, under the hydrodynamic scaling introduced in Section 2.4, the empirical
measure of this process converges to a solution of a nonlinear partial differential equation (PDE).

Section 3.1 defines the microscopic model and presents a proof of the hydrodynamic limit for
the global magnetization and derives the associated reaction-diffusion-advection equation. Subse-
quently, Section 3.2 extends this validity to the case of local magnetization. Since local interactions
involve non-smooth functions, which violate the assumptions in the main proof, we provide a proof
demonstrating that the discrete local magnetization converges to its continuous counterpart. This
closes the only gap in the proof and the rest of the proof remains the same as in the case of the
global magnetization.

3.1 Proof for the global magnetization

We explicitly define the dynamics of the active particle system that is the focus of this thesis. The
model describes a collection of independent particles moving an one-dimensional domain Xy, this
can either be a discrete torus Xy = Ty or on an infinite line Xy = Z each carrying an internal
state o € S = {—1,1} that determines its direction of motion. The full configuration is therefore
of the form:

Vi =Xy x 8, Qn = N (3.1)

where n(z,0) € Qu assigns to each site the number of particles at position = with internal state
o. Each of these particles moves according to three types of dynamics:

(i) Diffusion: at rate vy = yN? a particle performs a nearest neighbor jump, i.e., (z,0) —
(x£1,0).

(#4) Active jump: at rate Ay = AN a particle performs an active jump in the direction of its
internal state, i.e., (z,0) = (z + 7,0).

(7i1) Internal state flip: at mean-field rate c¢(o,my(n)) a particle flips its internal state, i.e.,
(JC,O') - (xa _U)'

These three types of dynamics give rise to the following generator Ly acting on f: Qy — R:

Lufm) =an Y nl@o) (Fn®) =) 4 pplnn=em1o) — 2 f(m)

(z,0)EVN
A D o) (f ) - f)
(z,0)EVN
+ > o mamn,o) (F ) — )
(z,0)EVN

Here the configuration n(#?)=¥:%) is obtained by moving one particle from (x,0) to (y,0). Math-
ematically,

n(z), ifz¢ {z,y},

n*Y(z) = (), ifz=y, (32)
n(y), ifz=u=x.

In this discrete case, the magnetization is defined as,

i| S (@) —n(—1)  where [yl = S n(w,0) (3.3)

mn(n) =
|77 reXnN (x,0)EVN
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Using the definition of the empirical measure given in Equation (2.23), my(n) can be written as

the following,

<7riN(77)a To=1 — ]10:71>
(¥ (n),1)

This motivates the following definition of the magnetization corresponding to a density p(z,0) :

V — Rsq:

my (nf') = m(x; (1)) == (3-4)

<p7 ]10:1 - ]lo:fl>
{p, 1)

Which represents the average orientation of the particle system. We initialize the system with an
independent number of particles to each site according to a Poisson-distribution. This is consistent
with the macroscopic profile pg : [0,1] x S — R>o,

W = ® Pois (po (%,J)) (3.6)

m(p) = (3.5)

Note that this measure satisfies Definition 2.11 because the resulting empirical measure 7' (¢)
converges in probability to the macroscopic density profile pg as N — oo. This is the case as the
test function is chosen such that on the periodic domain V' = Ty, ¢ is taken to be periodic and on
the infinite domain V' = Z, ¢ is assumed to have compact support (Definition 2.11). With these
definitions in hand, we are able to prove to which partial differential equation this microscopic
process converges in the hydrodynamic limit, as N — oo. For this proof, we need the following
lemma,

Lemma 3.1. Let n}Y be distributed according to the product Poisson measure of Equation (3.6)
with po : [0,1] X S — Rxq. Consider the independent particle dynamics given above. Then,
for every t > 0, the law of 0} is again a product Poisson measure with parameters p (z,0) =
EnY (z,0)], i.e.,

nN (z,0) ~ Pois(pl (x,0)),  independently for each (x,0) € Vy
Proof. See Kipnis & Landim chapter 1.3 for the proof [22]. O

Theorem 3.2. Let pg € CZ% be an initial macroscopic profile and let why be the compatible initial
conditions. Then, for everyt > 0, we have

2
lim E

o
Nooo HN

AOEDY / pi(z,0)p(x,0)dx

oces

where py satisfies the following partial differential equation,

5u(2,0) = 1Api(,) — TADapr(,0) + (0, mlp)pulr, ) — el m(p))pu(w, o) (3.7)
with initial condition po(x,0) = p(x,0), where 0 < c(a,m(p;)) < C, for C. € Rxg

Proof. We prove Theorem 3.2 using Dynkin’s formula given in Theorem 2.10. Dynkin’s formula
will take the following form,

Mﬂmzﬂwwwﬁm+Ameww (3.8)

We start this proof by showing 7' (¢) converges to (po, ¢). Afterwards, we will show the integral
containing the generator converges to an integral containing the PDE. We will finish by showing
the martingale M} vanishes. Additionally as the test functions ¢ are either periodic or have
compact support the boundary terms that arise when using integration by parts will be zero for
either boundary condition, leading to the same macroscopic equation
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Note that 1}’ is distributed according to the Poisson measure with the macroscopic profile py as
defined by Equation (3.6). This gives that empirical measure at time ¢ = 0 is given by,

w0 =~ Y m@ae(5o)

(z,0)EVN

We now show 7’ (¢) converges to (po, ¢) in the L2-space, by showing the expectation converges

to {po, @), while the variance goes to zero.

Efm @)=~ > ¢(5:0)Em o)

= Z/ oz, 0)po(x,0)dr = (po, D)

ces 0

We may go from the sum to the integral as this is the exact Riemann sum that approximates the
integral over the torus.

vl Ol = g 3 ¢ (go)vrhieol -5y T ¢ (feo)m(ge)-o(5)

(z,0)EVN (z,0)EVN

As the sum has NN spacial terms we are left with O (%) This shows us that 7{¥(#) converges to
{po,®) in the L? sense.

Now, we show that the integral converges to one containing p;. Before doing this, we must show

that ¥ — pydx in the L? sense. This requires us to show to the expectation of 7Y (¢) converges
to (pt, ) and that its variance vanishes.

E[wy(@]:% > o(50) BV (@)

(z,0)EVN

e

= Z /01 oz, 0)pe(x, 0)dx = (pt, D)
oes

To go from line one to line two we use the Poisson invariance for independent particles presented
in Lemma 3.1. By exactly the same argument as for the convergence of the initial condition one
can see that the variance goes to zero.

To improve readability, the convergence of the generator L to the PDE is split into three parts,
i.e., the three processes of this system. For each of these three processes a test function as defined
in Equation (2.24) is used. Additionally, Taylor expansion, Proposition 2.3(iii) and the adjoint
relation as defined in definition 2.14 are used to complete this part if the proof. Applying the
generator of the diffusive part to a test function gives us,
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LY (@) = Y. ol (@ o)(m) (=) 2Ty gy (Y (o) 2Ty g)
(z,0)EVN

—2(m{" (n), 9))

_ VWN S V(o) (qzﬁ (Ta) e ("”;,10) — 2 (;U))

(z,0)eVN

1 , 1
=N (Ng(w;v 0 (z,0)¢ (N )+0<N3))

1 1 1
o (et @)+ 0 (3)) =@+ 0 ()
This shows why we scale v with N2. Using Proposition 2.3(iii),
9
ot
Using 7 — pdx, the Riemann sum and integrating by parts to find the adjoint relation, we find
this is equivalent to,

atZ/ptxo xodac—Z/ptxa’wé xadm-Z/’yptm‘o (z,0)dx

oceS c€eS

E[r(9)] = E [L47 7 (6)] = E [yn¥ (6")]

Both the integral and the sum must hold for any region and therefore,
3/),5(33,0) _ 62[%(337‘7)
ot T o2
For the active jumps, we again apply the generator for this active part to a test function,

L (@) =dv Y (o) (N @O 200, 6) — (w1 (), 9))

(z,0)EVN

=S o) (a> (x;“o) ¢ (;’“D

(z,0)EVN

(3.9)

Note that if we Taylor expand ¢ (%) around /N we find,

()=o) () (55 7)o () =2 ()5 () w0 ()

and we can thus rewite the generator to,

1
N To(nen () = An (232 D iNe(w0)d (%o) +0 <N2>)

This shows why we scale A\ with N. Using Proposition 2.3(iii),

0
5 E [ (0)] =E [L¥'m" (¢)] =E om" ()]
Equivalently,
atZ/ptxU xadx—Z/ptxaa)\gbxa Z/J)\ptxa o(z,0)dzx

ogeS o€eS
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Note that the final expression contains a minus sign. This is the case as we only use integrate
by parts once to find the adjoint generator L*, whereas in the case of diffusion, we do this twice.
Finally, we have,
Opi(z,0) _ _)\U[“)pt(x,a)
ot ox

For the internal state flips, we apply its generator to a test function,

Lgad(e) = > (@ o)e(o,my(m) ((xN (= 2 @m0), 6) — (2N (n), 6))

(z,0)EVN

— LY oo o) (6 (L -0) ~ 6 (L))

(z,0)€EVN

(3.10)

This shows as we do not have to scale ¢. Following the procedure we have seen twice before, we
get,

DR [ (6)] = B [L8n yao ()] = E [elo, m(p0)) () (8(2, ~0)) — 7 (6(a,0)))]

We simplify this further to find,

. z/pt r.0)8(w. )z = 3 [ g o)l mlpn)) (8(z. ~) = oz, ) do

ceS

= Z/pt x,0)c(o,m(p:))p(x, —o)dx — Z/pt x,0)c(o,m(p:))p(x, o)dx
o€eS o€S

= [ ta =o' mlp)ota,o)dz — 3 [ ula el mipn)o(w,0)ds
o’€eS oes

=3 [ let-amlp)pl.~0) ~ clo.mlpn))pi(,0)] (.0
ocsS

and we thus have the following PDE for the internal state jumps,
L) _ (. mlp o, o) — o, mip))ou(r, ) (3.11)

Combining Equation (3.9)-(3.11) gives the desired partial differential equation. We are only left
with showing that the martingale MY (¢) goes to zero. This part of the proof is an adapted version
of the proof by Van Wiechen [16]. Note that because of the initial conditions we have as N — oo,
E[M{Y] = 0 and therefore E[M}¥] = 0 for all ¢ > 0 since it has a constant expectation. Therefore
it is enough to show,

lim E [ sup (MSN)Q} =0

N—o0 0<s<t
By Doob’s L? inequality (2.12), we have that,
E [ sup (ij)ﬂ <AE [(M]N)?] = 4E [(M"),]
0<s<t

We now use Theorem 2.13, which shows that (M), is given by,

Ny, = / L (Y (6))? — 20 () Ly (6)]ds
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Using Example 2.3, we see that for the for generator of this model we have,

Ly (7Y (¢))* — 27 () L7l (¢)

=y > Y wUNrZ([aﬁ(x;l,) ¢

(z,0)EVN

(
g b
+ Y coma(y A&( o—)

(z,0)EVN

We must simplify the term for the internal flips. Note that (¢(c) — ¢(—0))? = (¢p(—0) — ¢(0))?,
(@ —b)? < 2a? + 2b% and that we assumed 0 < c(o,my (7)) < C,,

Z C(J7mN(77))n£V(x,a)$ <[¢ (%,—U) — ¢ (x70>}2>

N

(z,0)€VN

<5 X e w-0)[p(50) o (o)
reEXN

< T8 Y N w0) + (o)) [267 (5 -0) +267 (.0)]
reEXN

ZQNC; Z <(773 (z,0) +nN(x, Z¢2(7 U))
2EX N o€eS

Using Taylor expansion we find,

2 2
Ly @) - 2@ Lur (9) <7 3 n;V(w,o)([ R )
(z,0)EVN

DY n;ch)([ ot ]) =D ((nmx,o)mf(x,—o))Zqﬁz(;,a))

(z,0)EVN zeEXN o€S

v(%;wnwx,o)([%fw’) +@(§>D+fv > e ([(74) o (x)))

(z,0)EVN
D> ((né (r,0) + 1l (2, -0)) = 0 (. a)>

reEXN

oces
2> 775(%0)<¢’<;,0)2>+£3 > @) (¢ (5.0))
(z,0)EVN (z,0)EVN
2C, 1
V2 (“s @)+t —o) 36 ")> o ()

Now it is clear that as N — oo this goes to 0 in probability. And therefore by the dominated
convergence theorem, we see that,

Jim B[00 = [t Bl (7 (0)° - 2 (@)Ll (0))ds = 0

N —oc0

And thus the martingale vanished as N — oo and we find Equation (3.2) and have,

t
(me, ) = {10, 6) + /0 (7o, (79" — Aod! + flip-adjoint))ds (3.12)
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O

Corollary 3.3. Furthermore, under the same assumption as theorem 3.2, we define my := m(p¢).
Then my solves the following ordinary differential equation,

my = c(—1,m) (1 —my) — c(1,my) (1 4+ my) (3.13)

In Section 2.3 we introduced the Curie-Weiss Glauber rates, we can show that the partial
differential equation from Theorem 3.3 also satisfies the mean-field equation.

Example 3.1. Along the same lines as the proof of Theorem 2.9, we can show that Equation
(3.13) abides the mean-field equation if ¢(o, m;) follow the Curie-Weiss Glauber rates defined in
Equation (2.21). As t — oo we will reach equilibrium in which m; — 0, so,

0= (1 —my) —e P (1 +my)

Rewriting this immediately gives,
my = tanh(Bmy;)
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3.2 Local magnetization

This section extends the proof for the hydrodynamic limit of Section 3.1 to the case of the local
magnetization. While the derivation in Section 3.1 relied on the smoothness of the test functions,
the local magnetization will be defined via a discrete indicator function which is discontinuous.
Here, we prove that under the hydrodynamic limit, this discrete local magnetization converges to
its continuous counterpart. This result justifies the use of the derived PDE for systems with local
interactions, as the remainder of the hydrodynamic proof remains identical once this convergence
is established. We define the local magnetization to be,

) 1
N ) = (7 %ie, Lgmy = Lg=) = %N Z (77%21:(% 1) - 77N2t( 1)) (3.14)
ly—z|<eN

where i, = i]l[,e,e]. The following theorem states that for this non-smooth function we can still
find its continuous counterpart.

Theorem 3.4. As N — oo the local magnetization, as defined by Equation (3.14), converges to
1 r+e
Tr—e€
under the hydrodynamic limit. Then, letting e — 0 gives,
Mioe(w, ) = pT (2, 1) — p~ (2,1) (3.16)

Proof. The proof of this theorem is sketched below. The hydrodynamic theorem we proved in the
previous section shows that (7, ¢) NL> (pt, @) if ¢ € C%. However the test function that fits
—00 ’

the local magnetization is not smooth, as
Qsac,e(u; 0) = Ze(u - x)(]]-a:1 - ]]-a:—l)

is discontinuous at the boundaries. To solve this we use the smoothened version of ¢, (u, o) and
prove that it converges and its difference with ¢, (u, o) goes to zero. That is, we let Js be a
standard smooth modifier on the torus and define,

¢(5) = z,e *k J(; - C(?,OS

T,€

Note that ||¢§562H00 < |¢a.elloo = 5- and (;SI ¢ = ¢y, uniformly as 6 | 0. This allows us to rewrite
(N, ¢) as

<7Ti{Va ¢m,e> = <7Tt a¢(6)> < ?(rbib [ (rbz e>

As the first section is smooth, (7}, ¢§c‘2) NL> (pt, ¢3(;2> We now prove the second section goes
—00

to zero as 0 J 0, note that for all IV,
(77, ba.e = OL)) <l — DU loo (¥ 1)

Since (m¥,1) equals the average density, which is constant in time, we have,

0 = [ (o + ) adu = M < o

Therefore,
sup (1Y, doc = SPN| < M|[¢gc — 85| — 0
N 510

and thus we have,

N P (d)
<7Tt 7¢:c,e> m <Pt7¢w,e> w <pta¢x,e>
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because p; € Cr s and qbgl — ¢, uniformly. We can now explicitly compute the magnetization,

1
oo = 3 / 0 (0, )ie(y — 2)(Lomr — Loe_y)dy

1 T+e

=5 | (P (y,t) = p~ (y,1))dy

Furthermore, as € — 0,
Mioe(T,t) = p+(3;‘,t) —p (w1

Thus proving the theorem O

Note that as this theorem is proven, the rest of the proof given in section 3.1 remains identical
as only the convergence of my to m was needed. Therefore, under the local magnetization, the
system converges to the following PDE,

pr(x,0) = YApi(x,0) = 0ADupi(x,0) + (=0, m(pi))pi(x, —0) = c(o,m(pi))pe(, )
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4 Perturbative, Fourier-Laplace and weakly nonlinear anal-
ysis of the hydrodynamic limit for different rates c

The following section focuses on analyzing the partial differential equation derived in Theorem
3.2, i.e., the PDE derived by taking the hydrodynamic limit of generator defined in Section 3.

pil2,0) = YApi(,0) — oA pr(,0) + e(—0, m(pe) pu(, —0) — c(o,m(py))pr(a, )

with initial condition pg(z,0) = p(x,0). As the analysis of the PDE varies heavily depends on
the rates ¢(o, m), the analysis will be done for three different rates. These rates are the constant,
the linear and the Curie-Weiss Glauber rates, which will all be discussed in a separate subsection
(4.1-4.3). For all these rates we will study their long term behavior. We will study their long-term
behavior. And for the Curie-Weiss Glauber rates we will also analyze how the system behaves
under the local magnetization. This is done in Section 4.4. During this section the following
definition of the Fourier transform is used,

(1) = /X Flo, e dz, Pl t) = F 4, (0)(@) (4.1)

As the derivation of the hydrodynamic limit was valid for both the infinite domain X = R that
was compactly supported or the periodic domain X = [0, 1], the inverse Fourier has different forms
in each. For the infinite and periodic domain respectively we have,

fa) = 5 [ e fat) = 3 fyte (42)

q/2m€EL

Note that we have taken ¢/27 € Z as we have ¢ := 27k. Importantly, under the Fourier transform
one has 9, ~ iqg and A — —q?. The Laplace transform of the previously defined Fourier transform
is defined as below. Note that under the Laplace transform £(9;f) = zf(z) — f(0).

B R 0o R R _ 1 oo+1i00 _
fa(2) = L{fe()}(2) == / e fa)dt, fot) = L7THFI) = 5= e fo(z)dz  (4.3)
0 U o9 —100
All the derivations will follow similar procedure which we we introduce briefly. In order to study
the long-term behavior of the systems we aim to find the effective velocity and diffusion coefficient
that were introduced in Section 2.6 on Brownian motion. To do this we linearize the PDEs and
then take the Fourier-Laplace transform to find the structure function which is invariant under
scaling and from which we can immediately see the effective transport coefficient. We will now
find this structure function for simple Brownian motion, so that they can easily be compared.
Simple Brownian motion starting from p(x,0) = é(x) has the following PDE,

dip = DIp

given by Equation (2.36). Taking the Fourier-Laplace transform then yields the following structure
function,

1

_— 4.4

S(q,2) = /p(m,t)e*iqwe*“dmdt =
We worked under scaling # — /€ and t — t/e?> (where e = 1/N). In the Fourier-Laplace domain,
this corresponds to scaling the wavenumber with ¢ — eq and the frequency with z — €2z. One
can therefore see that this S(q,z) satisfies the scaling behavior €2S(eq, e?z) = S(q, z) and thus
that Brownian motion is invariant under scaling. Therefore if for a certain model it is the case

that
1

z+ Dg?
this model has diffusive scaling behavior with diffusion constant D. We can do similar derivation
for Brownian motion with drift given by,

Bip = =0 (vp) + 82(Dp)

lim €2S(eq, €2q) = (4.5)
e—0
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Then we say that if for a certain model it is the case that,

1

.9 2.\ _
llgtl)e Sleq, ') = z +iqu + Dg?

(4.6)

this model has diffusive scaling behavior with diffusion constant D and drift velocity v,

4.1 Analysis for constant rates

We start by analyzing the PDE for the easiest rates, that is the constant rates c(o,m) = ¢g. To
rigorously understand the long-term behavior of this system we analyze the convergence of the
characteristic function under hydrodynamic scaling. We calculate the Fourier-Laplace transform
of the density and apply the diffusive scaling limit € := 1/N — 0 to find the global transport
coeflicients of this system. To simplify calculations and notation, we define,

{p+($,t) = pi(2,0 = +1)7 (4.7)

p—(z,t) := pi(x,0 = =1)

With the initial condition p4(z,0) = pg(z,0 = £1) = p(x, £0). Using this definition we can split
the PDE of Equation (3.2) up into two PDEs for ¢ = +1 and 0 = —1,

Op+ = YAp+ — Adppy + c(—1)p— — c(+1)p4, (4.8)
ip— =YAp— + App— 4 c(+1)py — c(=1)p-
We define the local density and local magnetization as follows,
p($>t) = p+(3;‘,t)—‘rp,($7t), (4.9)
s(z,t) := py(2,t) — p—(z,1)

With the initial conditions p(z,0) = py(x,0) + p—(2,0) and s(z,0) = py(x,0) — p—(x,0). This
allows us to write Equation (4.8) in terms of the density and magnetization, that is,

{@pz’yAp—)\ams, (4.10)

0:s = YAS — A0y s — 2¢qs

This equation is considerably easier to analyze. We aim to find one equation in the Fourier-Laplace
field that describes this entire system. To start we take the Fourier transform,

0ip = —vq*p — iNG3
o (4.11)
08 = —vq°8 — iAqS — 2¢$
However, as we still have the time-derivatives we must additionally take the Laplace-transform,
this yields,

4.12
25 — 3(0) = —vq¢*5 — i\qg5 — 2¢p5 (4.12)

2p — p(0) = —¢*p — iAg5,
-8
As we consider system with a normalized density with p(x,0) = §(x) and with no initial spin
excess, we can without loss of generality assume that p(0) = 1 and §(0) = 0. The second Equation
(4.12) allows us to express the fast mode § entirely in terms of the slow mode p. This is known as
adiabatic elimination, here applicable as the spin variable relaxes at a rate 2cy while the density
is conserved. This gives,
1Aq _
z+7¢* + 2c P
Substituting this equation back into the first equation of Equation (4.12) yields a closed form for
the density propagator p(q, z),

S =

_ 1
p= 2 A2q2 (413)
EET T et
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To retrieve the macroscopic behavior, we apply the diffusive scaling of space and time introduced
in Section 2.4. That is, z — x/e and t — t/e? (where ¢ = 1/N). In the Fourier-Laplace domain,
this corresponds to scaling the wavenumber with ¢ — eg and the frequency with z — €2z. We
define the scaled structure function S(g, z) as,

S(q,2) = ll_rg% e2pleq, €22)

Substituting the scaled variables into Equation (4.13) and dividing the numerator and denominator
by €2 we obtain,

2 1 1
Se(q, z) = lim ‘ = lim =

50 .2 2.2 AZe2g? =0 2 A2g2 A2
TEEFVEC T T, 0 AT T reehe At (vt e ) @

Taking the limit € — 0, the term €2(z + v¢?) in the denominator vanishes. Then, the structure

function converges to,
1

z+(7+%)q2

Smacra(‘]v Z) = (414)

This limiting form matches the propagator for a standard diffusion model equation d;p = Dd?p
as given in Section 2.6. We can this directly identify the effective transport coefficient from the
poles of this function. Since there is no term linear in 7q in the denominator, the effective velocity
is zero. The coefficient of the g2 term yields the effective diffusion coefficient, and thus,

/\2
Vesr =0 and Depr =7+ Yo when c(o,m) = ¢ (4.15)
Co

Thus, our models large and long-term behavior can be approximated by the following advection-
diffusion PDE,

)\2
o= (v+ 5 ) 20 (4.16)
200

This derivation demonstrated that the effective diffusion is composed of the passive Brownian
diffusion v and an active enhancement A\?/2cy. The active term is inversely proportional to the
flipping rate 2c¢g, showing that rapid direction switching suppresses the persistent active motion,
reducing it to a diffusive process at large scales.

4.1.1 Inversion of the scaling limit and the emergence of Gaussian behavior

Having established that the scaled structure function converges to Spacro(q, 2) = (z + D.y fq2) -1
in the hydrodynamic limit, we can now invert this process to recover the probability density
function in real space and time. In this section we do this on the infinite domain, Section 4.3.3
does this for both domains. This inversion is done to provide a concrete physical interpretation
of the effective diffusion constant derived in the previous section. To retrieve the time-domain
evolution, we first preform the inverse Laplace transform,

1

Dmacro ot :‘C_l )
Pmacro(q;1) {Z Do

} = e Do (g, 0) (4.17)
Assuming one particle starts a the origin we have p(¢,0) = 1. To find the spatial distribution
p(z,t), we apply the inverse Fourier transform on the infinite domain,

2

1 T
exp | — 4.18
1/47TDefft p( 4Defft) ( )

This result confirms that, under the constant rates, the complex interplay of active transport and
random switching homogenizes into a standard Gaussian packet. The active part of the particles
does not generate a net drift velocity but instead results in an enhanced diffusion coefficient. Note
that this is the exact same solution as the probability density function for simple Brownian motion
given by Equation (2.37).

p(z,t) =F {e*Deffq?t} =
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4.2 Analysis for linear rates

In this section we expand our horizon to a more complex rate, the linear rate ¢ = cg — o fm, where
[ is small such that ¢ > 0. Note that this is the first order expansion of the Curie-Weiss Glauber
rates e~ 7™ when taking ¢g = 1. As in the previous section, we split up the PDE so consider the
different magnetization states. Then take the Fourier-Laplace transform over the PDE linearized
around its steady state to better understand these rates. To simplify calculations we assume that
the total mass is normalized, that is fol p(x,t) = 1. This allows us, without loss of generality, to
simplify the total magnetization to,

1
o do (e (@) —p-(@,t)de _ /15(%0(&, (4.19)
0

By adding and subtraction both equations found in Equation (4.8), we find that for p and s we
have,

Orp =vAp — AOys,

Ops = YAs — X0gp + 2(c(—1,m)p_ — c(1,m)py4)

The second line can be simplified further by using p+ = (p £ s)/2 to give the final form

Ors = YAS — A0zp — 2¢cos + 2Bpm

4.2.1 Linearization around the steady state

In order to analyze this equation, and particularly its long-term behavior, we linearize it around
its steady state s = 0. Here we have p = py = 1 by assumption. We now assume that around
this steady state we have small perturbations (indexed with 7). That is, p(z,t) = po + p(x,t),
s(xz,t) = 0+ 3(z,t) and m(z,t) = m(z,t). Substituting this into Equation (4.22) and getting rid
of smaller order terms (such as p(x,t) and m(t)), gives,

~ _ - _ . (4.21)
0¢85 = YAS — N0y p — 2¢98 + 2Bpom

{atﬁ =705 — A3,
We can take the Fourier transform. Note that be definition of the Fourier transform m = $y(t),
this allows us to write the Fourier transformed as,

(4.22)

Oep = —vq*p — iAg5,
048 = —vq*8 — idgp — 2¢05 + 28050040

Where 4,0 is the Dirac delta function. This differential equation exhibits different behavior for
q # 0 and ¢ = 0. These cases will therefore be studied separately. Note that for ¢ # 0 we find
the exact same case as for the constant rates, that is Equation (4.11). Therefore, the higher-order
modes of the Fourier transformed exhibit the same behavior as in the case of constant rates, and
thus we will find that the global transport coefficients are given by Equation (4.15). While the
zero-order mode, i.e. the total magnetization, may differ. In the case of ¢ = 0, the equation

simplifies to,
8tﬁ0 = 03 (4 23)
0150 = —2c050 + 2Bpo50 '

Therefore the magnetization we find the following equation, which can be solved immediately,
om(t) = —2(co — Bpo)m(t) = m(t) = m(0)e2co=Fro)t (4.24)
Therefore, as 8 is chosen to be smaller than ¢y/pp the global magnetization decays to m = 0,

while as 8 > ¢o/po the magnetization grows towards m = +1.
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4.3 Analysis for Curie-Weiss Glauber rates

In this section we consider the final, and most complex rates: the Curie-Weiss Glauber rates
c(o,m) = e7B#7™. We split the PDE and linearize around the steady state before we do a Fourier-
Laplace analysis. We use this to find the global transport coefficients and find solutions for the
local density p(z,t). Lastly, we apply a weakly nonlinear analysis to get a quantitative idea
about the nonlinear behavior. We split the PDE using p(z,t) := p4(x,t) + p—(x,t) and s(z,t) :=
p+(x,t) = per,t). Similarly as in the case of linear rates, we find that the PDE may be written as,

{&p =YAp — AOys, (4.25)

Ops = YAs — A0gp — 2 cosh (Bm)s + 2sinh (Bm)p

4.3.1 Linearization around the steady state

We linearize the equation around its steady state m(t) = so/po where sg/pg solves my = tanh (Smy).
At this steady state we have p(x,t) = pp and s(x,t) = sg. Assume that around this state we have
small perturbations, i.e., p(z,t) = po + p(x,t), s(z,t) = so + §(x,t) and m(t) = mgo + m(t). We
will show that under these assumptions we have,

(4.26)

Op = YAp — N0:3,
0y5 = YAG — Ndyp + 2Sp — 205 + Kin

Where C' := cosh (8myg), S := sinh (8mg) and K = 28pg/C. To show these equalities, we must
use the following approximations,

sinh (z 4 dx) = sinh (z) + cosh (z)dx cosh (z + 6x) = cosh () 4 sinh (z)dx

One can easily see that this is true by looking that definition of the derivative. Using this we can
approximate the hyperbolic functions by getting rid of higher-order terms,

2sinh (Bm)p = 2(S + BCMm)(po + p) ~ 2Spo + 25p + 28Cpo
—2cosh (fm)s ~ —2Csy — 2C5 — 28Smom
This allows us to find the final simplified form, that is,
2sinh (fm)p — 2 cosh (Bm)s = 255 — 2C5 + (28Cpy — 28Smo)m = 2Sp — 2C5+ Km

Now we have found the version seen in Equation (4.26), only the variable K does not match yet.
Using mg = S/C and the known identity cosh?(z) — sinh?(z) = 1 we can write K as,

02 - 52\ _ 28p0
C c

poS?
C

K =28Cpy —28Smg = 2BCpo — 2 = 2fpo (

4.3.2 Fourier-Laplace analysis with Curie-Weiss Glauber rates

To determine the global transport coefficients for the Curie-Weiss rates, we employ the same
Fourier-Laplace analysis as has been done in Section 4.1 and Section 4.2. However, unlike the
constant rate case, the coupling between the spin relaxation and the active drift is more complex.
Starting from the linearized equations we may take the Fourier transform to find,

(4.27)

Op = —7q*p — NG5,
0:8 = —vq28 — iNgp + 25p — 205 + Kb,

q # 0: Note that the forcing term is only present for ¢ = 0. Therefore we will treat these two
cases separately. We start with the g # 0 case as this allows for the analysis of the global transport
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coeflicients. As the global forcing term Km is not present we can find Laplace transform with
initial conditions p(0) = 1 and §(0) = 0, which is given by,

51— — 2~ )\ _
> qu pudn . (4.28)
2§ = —yq°5s —iXgp+ 2Sp — 2Cs
The spin variable § is the fast mode, relaxing at a rate proportional to 2C. We adiabatically
eliminate it by solving the second equation for § in terms of p,
B 25 —iNg _
S=-——
2C + 2+ 72"
Substituting this back into the density equation allows us to find a closed form density propagator

plq, z), )
ﬁ(Q7 Z) = iAg(2S—i\
249" + 122'(-12-2+’2qu)

(4.29)

To identify the transport coefficients, we look for the poles of this function in the hydrodynamic
limit. We expect a drift v.¢s and diffusion D, ¢, meaning the z will be of the form z = —iverrq —
Dy fq2 up to the second order of q. We expand the denominator term around this drift. Assuming
|z| < 2C (the adiabatic approximation), we can approximate the fraction in the denominator,

1 - 1 -~ 1 i’Ueffq
20+ 2+~ 20 —iveppq 20 2C
Substituting this expansion into Equation (4.29) and collecting terms by order of q:
1 1

2+ By oy 4 B 2N (—@zﬁf) +0(¢?)

(4.30)
We can now identify the global transport coefficients form the terms linear and quadratic in ¢ in

the denominator. The linear term iq gives the effective velocity. From the expansion, we have

25)65 q. Thus,

plq,2) = _ — e
2+ 7¢* +iAq(2S —iAq) 50 (1 — =55~

2\S S
Veffd = 574 = Veff = )\5 = Mtanh(Bmg) = Amg

Substituting the result for v. s back into Equation (4.30) allows us to find the diffusion coefficient,
1 1

plg, z) = — =— (4.31)
zHimg+ya2 + 55 (1—23)q> 2 +img+ (v + 555) ¢

In conclusion we have the following global transport coefficients,
)\2

A h m) = e P (4.32
2 cosh® (Brmo) when c¢(o,m)=¢e (4.32)

Vepf = Atanh (Bmg) and Depp =7+

Which can also be written in terms of only mg using the mean-field equation my = tanh(Smy),

= 4 Duppmyt o (1= m2)*? 4.33
veps =Amo and Doy =7+ 5 (1—mp) (4.33)

We can formally verify this result by applying the hydrodynamic scaling limit in a co-moving frame.
We define the scaled propagator shifted by the drift velocity as Sc(q, z) = lim¢_.o €2p(eq, €22 —iveq).
Substituting expression 4.31 into the limit gives

1
Sc(q,z) = lim €2p(eq, €2z — iveq) = lim €2
(g, 2) = lim *p( )= €2z — imoeq + imoeq + (7 + 55 ) €262

Taking the limit indeed shows us that we have found the correct global transport coefficients,
1

Smacro(q7 Z) = (434)
2+ (v+ 5w) €2
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Remark 4.1. By similar reasoning as in Equation (4.16) vess and D.sy can again be used to
approximate our model by an advection-diffusion PDE following the theory presented in Section
2.6. That is,

A2
9ip + Atanh Oup = 2eot®(ama) ) % o
:p + Atanh (8mg)0.p <7+2cosh3(ﬂmo)> + "

Remark 4.2. Note that as mg — 0, we have that tanh(8mgy) — 0 and cosh(fmgy) — 1. Therefore
one finds that the global transport coefficients are given by,
2

Veff =0 and Deff :’y—l—?

which is indeed equal to the global transport coefficients when the rates ¢(o, m) are chosen to be
constant. Here no drift velocity is present as the magnetization converges to zero.

Remark 4.3. Note that as my — %1, we have that tanh(8mg) — £1. Therefore one finds that
the global transport coefficients are given by,

’UeffZi)\ and DeffZ’y

This shows us that, under mg — +1, the active movement of the particles leads to an active drift
instead of an increased diffusion coefficients. This is the case as the internal states, and thus the
direction of the particles, is aligned.

q = 0: We now consider the case where ¢ = 0. Here Equation (4.27) reduces to
O¢po =0
o= . i (4.36)
080 = 2Spp — 2C8 + Km(t)

Now, we determine the Laplace transform of these two equations to get a better understanding
of their behavior. The first equation can be solved directly, giving po(z) = po(0)/z. However, for
the second equation we must first simplify m(t),

1 A A A A A
mt) = Jo 2D sotdo s S0 s0be gy P00z soi (g
[y p(z,t)dz — Potpo  po po popo I
We can substitute this into the Equation (4.36) and rearrange to find,
089 = —T'89 + Apg where I'=2 (C — g) , A=2S8 (1 — C%) (4.38)

We can now take the Laplace transform as use po(s) = po(0)/z to find that 5¢(z) is given by,

50(0) | Apo(0)

z+T  z(z+1) (4.39)

§0(Z> =

From this equation we immediately see that the poles are located at z = 0 and z = —I' =
-2 (C’ — g) This first pole corresponds to the constant time-independent mass conservation of

p(x,t). The pole at s = —T" describes the exponential term that decays as I' > 0 and grows as
I" < 0, in which case it would be linearly unstable. However by looking at I" we see that I' > 0 for
B # 1, whereas I' = 0 for § = 1. This shows us that 5 =1 is indeed an unstable state. Using this
can take the inverse Laplace transform to find that $y(¢) changes with,

. . A _ A

S()(t) = (So(O) — Fpo(())) e It + fpo(O) (440)
Remark 4.4. We can show that under the assumption I" > 0 Equation (4.40) satisfies the mean-
field equation. To do this, substitute Equation (4.40) into Equation (4.37) that we found for m(t).

Let t — oo,
1 Apo(0)  sopo(t)

(g, i) = po T I
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Note that since the total density is conserved pg(t) = po(0). Therefore as lim;_, o m(t) = 0 by
substituting T' and A found in Equation (4.38), one finds,

A
f — 870 = mo = tanh(ﬁmo) as t— o0 (44]‘)
Po

4.3.3 Solution of the problem in the real domain

Having determined the macroscopic structure function Sy, qcro(q, ) in Section 4.3.2, we now invert
the scaling limit to recover the probability density p(x,t) in real space and time. This provides a
physical interpretation of the derived transport coefficients vess and Dcgs. Recall from Equation
(4.31) that the density propagator in the Fourier-Laplace domain converges to,

1
z +i1)effq —+ Dcffq2

Pmacro (q7 Z) =

where the coefficients are given by Equation (4.32) as veyy = Atanh (8mg) and Deyy = v +
)\2

2 cosh3(Bmo) *

advection-diffusion equation introduced in Section 2.6. We now show that under our boundary

and initial conditions we indeed get similar real space and time solutions for p(z,t). We first
perform the inverse Laplace transform to recover the time-evolution of the spatial modes. Using
the standard transform £71{(z + a)~'} = e~ we find the Fourier propagator p(q,t) to be

Note that is propagator is directly recognized as the propagator for the standard

1
2+ (Wefrq + Desrg?

plg,t) =L { ) } = exp (— (ivefrq + Desrq®) t) p(q,0) (4.42)
This expression describes the evolution of a Fourier mode g. That is, it oscillates with frequency
w = —vyfq (the drift) and decays with rate D.frq? (the diffusion). The form of the final density
profile p(z,t) depends on the choice of spatial domain and boundary conditions. We consider both
the infinite line and the periodic torus as the hydrodynamic limit works for both these conditions.

For a system on the infinite line, the inverse Fourier transform was given by the integral p(z,t) =
i o0

5= | A, t)e'dq. Substituting the propagator derived above gives,

1 [ )

plx,t) = 7/ p(q,0)e™ Persteiate—verst) gq (4.43)
T J_—co

Assuming a Dirac delta initial condition p(x,0) = d(x), we have 5(q,0) = 1. The integral becomes

a standard Gaussian integral,

1 (x — Uefft)2 )

z,t) = ——=exp | —————— 4.44

Pl 1) V4T Dyt p( 4D, 5t ( )

This result shows that the interplay of active transport and Curie-Weiss switching homogenizes

into a fundamental Gaussian solution drifting at velocity v.s; where the diffusion coefficient also

depends on the choice of 5. Note that is this the same as solution to the Fokker-Planck equation
given in Section 2.6.3.

For the finite domain with periodic boundary conditions used in our hydrodynamic derivation,
the wavenumbers are discrete for ¢/27 € Z. The inverse transform was defined by the series
summation and thus gives

plet) = D p(t)e'" = Y py(0)e Dot el et (4.45)
q/2mEL q/2m€L

Taking the inverse Fourier-transform of this function is a bit more complex and requires us to use
the periodic Green function. That is, define the periodic Green’s function G, (z,t) by

—

Gper(@,1) = > Gpery()e®®  whete  Gher,(t) = €4 Ple™v" (4.46)
q/27€EL
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This allows to write p(x,t) as a convolution of py and Gper(z,1t), ie.,

~ iqg(z—vt)—Dg> ~ —q iq(x—v ~ ~ iqT
plat) = D pg(0)er = =PTE— N 5 (0)e T Pl — N 5 (0)Gery ()€™
q/2mEL q/27€EL q/2m€L
= (po(*) * Gper(-t / Gper(z —y,t)po(y)dy

To express Gper (2, t) without the use of the Fourier transform we must use the Poisson summation

formula which is given by,
> f@e =) fle—n) (4.47)
q/2m€L nez

Then by the definition of the gaussian and its Fourier transformed we find,

el — —q°Dt jig(z—vt) _ 1 _(@mvt=m)?
Per 1’ t Z Gperq qar — Z e 1 e = Z e 1Dt (4.48)
2 JinDi

q/27€L q/27€L

Thus allowing us to write local density p(x,t) in its final form,

plat) = / (Z N W>po<y>dy (4.49)

This form explicitly shows that the probability mass wraps around the domain boundaries. As
t — oo, the exponential terms decay for all k # 0, and the system relaxes to the uniform stationary
state p(w o) = po(0) = [ po(x)dz, consistent with the mass conservation pole at z = 0 found in
Section 4.3.2.

Example 4.1. In this example we consider the initial distribution po(z) = cos(gox). We will show
that one can easily compute p(x,t) and show the displacement of the initial local clustering. Note
that the Fourier transformed of po(z) has fg,(0) = p—q,(0) = 1/2, while for all other k p4(0) = 0.
By filling this in into Equation (4.49) one can immediately see that p(x,t) reduces to

p(z,t) = cos(qo(z — vt))e*D(qo)% (4.50)

So the initial local clustering moves actively with speed v, while it amplitude is damped with the
diffusion coefficient D.

4.3.4 Solutions of the problem under homogeneous initial conditions

Under homogeneous initial conditions, we can simplify the partial differential equation further.
This allows us to better study the behavior of the magnetization in different regimes. The follow-
ing section will start by providing the details for this derivation. Furthermore, it will study the
behavior of the magnetization in four different regimes.

Take the homogeneous initial conditions to be p*(z,0) = pi and p~(x,0) = p; and define
po = pg + py - This allows us rewrite the PDE for (p(x,t), s(x,t))T given by Equation (4.25) to
the following, as the spatial terms will be zero,

atp = 07
4.51
{8,55 = —2cosh (fm)s + 2sinh (Bm)p (4.51)

Note that d;p = 0 gives p(t) = pp. The bottom equation contains both s(t) and m(t). We can
write s(t) in terms of m(t) by using m(t) = [ s(z,t)dz/ [ p(z,t)dz = s(t)/po as the spatial terms
can be neglected. Subsisting s(t) = m(t)po gives,

Oym = —2 cosh (Bm)m + 2sinh (8m) (4.52)
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We can split this ODE to find the following solution,

m(t) du m(t) du
/m(o) sinh(Bu) — u cosh(fu) - /m(o) cosh(fu)(tanh(Bu) — u) =2t (4.53)

where m(0) = mo = (pd —pg )/(pd +py )- As this integral is not solvable analytically, we can make
appropriate approximations in different regimes to get an idea of the behavior of the magnetization
m(t). We discuss four different regimes:

(4)

(i)

(iid)

B> 1 and m < 1: In this regime we start by defining y = Su, this allows us to rewrite
the second integral of Equation (4.53) to the following,

y(t) dy -
B / cosh(y)(tanh(y) —y/B) 2 (4.54)

one may assume y/8 < tanh(y), i.e., tanh(y) — y/8 ~ tanh(y). This allows us to write the
integral in Equation (4.53) to one that is solvable,

10y Bm(t)\ Bm(0)\ 45
3 o) sinh(y)iQt = tanh( 5 )tanh<2>e t (4.55)

Here, we can find m(t) explicitly under the following condition,
2
m(t) = 3 arctan <tanh (ﬁﬂ;(o)> ewt) when  [tanh (*BW;(O)>

The shape of this function is similar to the behavior we see, in roughly the regime 0.1 < m <
0.9, when solving the PDE numerically. This will be presented in Section 8 and can be seen
in Figure 8.1 for ¢ = 1.

et <1 (4.56)

B = 1: For the critical case f = 1, expanding the hyperbolic terms gives a simple form that
is correct up to the fifth-order, i.e., sinh(m) — mcosh(m) = —im? + O (m®). Substituting
this into the first integral of Equation (4.53) gives,

——dm=2t = m(t)=,/—F——m(0 4.57
/m(o) m3 0 1+ 3m2(0)t ©) (4.57)
This shows that in the critical case we have convergence to zero with a rate that is inversely

proportional to v/%.

m = 0: for |m| small, we can neglect higher-order terms in the we expansions of the hyperbolic
terms to find sinh(m) — mcosh(m) =~ (8 — 1)m. Substituting this into the first integral of
Equation (4.53) gives,

om(t) =28 —)m(t) = m(t) =m(0)e2F~ Dt (4.58)
This shows us that only for for 5 < 1, we converge to zero.

m = +£1: We show the derivation of m(t) for m =~ 1. The derivation for m ~ —1 is
similar. If the magnetization is close to 1, we may assume m(t) = 1 — §(t) for 6(¢t) small.
Using this we can expand the hyperbolic terms, i.e., tanh(fm) ~ 1 — 2e=28¢289 ~ 1 and
cosh(Bm) ~ Lefe P ~ Llef(1 — BS) ~ 1ef. This allows us to rewrite the ODE from
Equation (4.52) to,

oym(t) = 2cosh(Bm(t))d ~ el =2t =  8,0(t) = e’8(¢) (4.59)
This ODE is solvable and by substituting m(t) = 1 — §(¢) and the initial conditions we find,

(
{m(t)zl—(l— m(0))e=Pt for m=~1
(0

m(t) = -1+ (1 +m(0))e? for m= —1 (4.60)

These equations mimic the behavior we see in numerical simulations in roughly the regime
0.9 < |m| < 1. Again, this can be seen in Figure 8.1 for o = 1.

45



4.3.5 Weakly nonlinear analysis of the associated amplitude equation

After having studied the linearized behavior of the PDE, this section builds upon the previous
and focuses on the weakly nonlinear behavior the PDE by finding and analyzing it associated
amplitude equation. For simplicity, and without loss of generality, we assume the total mass
fol p(z,t) =1 and py = 1. This reduces the magnetization to m(t) = fol s(x,t)dz. We can now
find an equation for the total magnetization by integrating over s, i.e.,

om(t) = /0 Oysdx = 2 (sinh(B8m) — m cosh(Bm)) (4.61)

Note that this ODE is the same as in Equation (4.52). We expand the hyperbolic functions to
cubic order in m,

dym = 2 (pg sinh(Bm) — m cosh(Bm)) = 2 (po (ﬁm + 63(?13> —-m (1 + 52;712>> + 0 (m®)

This allows us to find an approximated differential equation for the magnetization m(t), which is
of the form,

oym = am + bm® + O (m®) where a=2(B8-1), b=p> <§ - 1) (4.62)

To understand it nonlinear behavior set a control parameter e slightly supercritical near the
bifurcation point, i.e., 5 = 1 + e¢. This immediately gives that a = 2¢. As we are looking for
the slow non-linear evolution of the system we set the time scale T' = et and small amplitude
scaling M (t) = \/eA(T). Note that this is the standard scaling, that we have for example also
seen in the scaling of the generator of this model. However, that this is indeed the proper scaling
will be shown shortly. This scaling allows us to write the differential as 9ym(t) = €3/200A(T).
Furthermore the right-hand side of the differential equation may be rewritten as,

am +bm> + O (m5) =26%/2 £ bed/2 A% + O (65/2)

As all the terms contain an €/2-term we may divide by this to obtain the following amplitude
equation,
dA
— =24 +0bA3 4.63
o7 + (4.63)

Note that the fixed points of the differential equation are located at A* = 0 and A** = —2/b. by
the definition of b we see that b <0< 5 <3 and b > 0 < 5 > 3. This allow us to categorize the
behavior of the system into three different regimes:

(i) Bpo < 1: Linear stability, where m = 0 is stable.

(#4) 1 < B < 3: As A* are real in this domain the system will converge to m = +1 is stable.
However, initial local clustering could be preserved, but slowly damped.

(#5i) B> 3: As A* is complex in this domain, and therefore one must include higher-order terms
to determine its exact behavior. However, we expect the system to converge m = £1 and
initial clustering to remain longer.
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4.4 Analysis for Curie-Weiss rates with local magnetization

During the proof of the hydrodynamic limit in Section 3 and in the previous section, the magne-
tization was assumed to be global. However, it is expected that the behavior of the system differs
under local magnetization. This section, therefore, focuses on the behavior of the system with
Curie-Weiss Glauber rates under a local magnetization. The proof of the hydrodynamic limit for a
local magnetization was given in Section 3.2. For the local magnetization, we define an interaction
kernel K (z) as a normalized function which can be calculated as follows,

() — fol Kz —y)s(y,t)dy (K xs)(x,1)
loc(T) = TR (@ — 0)p( Oy = (Kxp) ) (4.64)

Assume that the Fourier-transformed of K(z) is given by K(gq). Note that for a global mag-
netization one would have K(z) = 1, and for a completely local magnetization one would have
K(z) = d(z). Under K(z) = d(x), mio(z) is equivalent to the local magnetization that was used
in the proof of the hydrodynamic limit of Section 3.2. However, in next sections other variants
of the local magnetization are used. Therefore this section is written for a a general local mag-
netization, not a purely local magnetization. Other possibilities for K (x) include a finite-range
Gaussian or a oscillatory kernel. In this section we will derive the Fourier-Laplace-transformed for
general K(z) and find the global transport coefficients for both a constant kernel and the Taylor
expansion of a general Fourier-transformed kernel.

In order to find the Fourier-transformed of the PDE, we linearize the equation around its steady
state m(t) = mo = so/po, p(z,t) = po and s(z,t) = so. We take small perturbation around the
steady state, p(z,t) = po + p(x,t), s(z,t) = so + §(z,t) + m(t) = mo + m(z,t). These are the
same conditions as in the case of the global magnetization and therefore the PDE for (p, §) can
be expressed as follows,

Op = YAp — N0:3,
0:5 = YAG — Ndyp + 2S5 — 205 + Kin

Where K = 28pg/C. Note that as pp and sq are constants, K * pg = po and K x 59 = s9. We may
use this to rewrite myo.(x, t),

Kxs so+ K x5 so  Kxs5 sogKxp - Kxs soKxp
mloc(xat) = = - =—+ - = mloc(xyt) = - P
Kxp po+Kx*p po Po Po PO Po Po

(4.65)

Note that this derivation follows the same method as in previous section and my..(x,t) has a
similar form as Equation (4.37). Using the fact that convolution becomes a multiplication in the
Fourier regime, we can take the Fourier transform,

{at,a — —g%p —irg3

08 = —q?8 — iNgp + 2Sp — 205 + Lo

(4.66)

Substituting the expression for m, the feedback term becomes %IA( (¢)(8 — mgp). Here we used
that % = 26% using mgy = so/po and pﬁo = % The evolution of the fast mode § is then,
0

26

O0¢8 = — (fqu +2C — Cf((q)) 5— (i/\q — 25+ 26mo ¢

K<q>) P (4.67)

We are now left with taking the Laplace transform, where we use p(0) = 1 and §(0) = 0,

{zp —1=—v¢’p—i)g5

25 = — (76]2 120 — %f((q)) 5— (i)\q — 25+ Qﬁ%f((q)) 5 (4.68)

Since the spin variable relaxes much faster than the density evolves, we adiabatically eliminate §,

28 — Qﬂ%f((q) —i\g

5= E
z+79° +20 - FK(q)

(4.69)
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Substituting this the first Equation of equation (4.68) leads to the independent density propagator

p(q; 2)
1

i)\q(ZS— QBgLO IA((q)—D\q)
24742 +2C - 22 K (q)

(4.70)

plg, z) =

z+v¢® +

The remaining derivation varies with the choice of K (q). Three different cases are discussed below,
i.e., the global magnetization K(q) = 0, the (fully) local magnetization K(q) = 1 and an even

Taylor expanded version of K(q), K(q) =1 —ioq— k¢*/2+ O (¢%).

4.4.1 Derivation for the global magnetization K(q) =0

This case must be the same as the derivation provided in Section 4.3 as we work under the exact
same assumptions and is therefore only given as indicator to show that our previous steps have
been correct. Substituting K (¢) = 0 in equation (6.18) gives,

1

ﬁ(Q7z): iAg(2S—i\
# g+ DEE R

(4.71)

this is exactly the same as Equation (4.29). Thus giving us the following global transport coeffi-
cients,
/\2

* 2 cosh® (Bmy) (472)

Vepr = Atanh (Bmg) and Desp =1

4.4.2 Derivation for the fully local magnetization K(q) =1

The more interesting case is K (¢9) = 1 as this provides new insight in how the system behaves
under local interactions. As we proved in Section 3.2 that the hydrodynamic limit to the same
PDE is valid all the assumptions remain the same in this derivation. The only difference is the
value of K (q). Substituting K(g) = 1 in Equation (6.18) gives,

1
ixg(25— 2550 —irg)
z+v¢2+2C— %

(4.73)

plg, z) =

274 +

To find the global transport coefficients we start expanding the fraction in the denominator.
We can rewrite the denominator of that fraction by assuming that z will be of the form z =
—iVeffq — Dey fq2 and neglecting second or higher order terms to find

1 1 1 Ve
~ (1 et ) (4.74)

42 +20—28 20 -8 _juypq 202\ 20— %

Substituting this back into Equation (4.73) gives,
1

p(q,z) = 5 i\ 29 _ 2Bmg i\ 1 1— Weffq
297 TN c M)\ 20— 22

To find the global transport coefficients we must find the terms linear to iq for the effective
velocity and linear to ¢2 for the diffusion coefficient. For the effective velocity we find that using
z=—iver£q — Degrq? and my = S/C that after dividing by ig,

(4.75)

25 — 2o omy(C - £
Vet = A ¢t _ ) 2mol BC):/\mozAtanh(ﬂmo) (4.76)

2C - 2 2(C-£)

Note that this active drift is the same as for the global magnetization. Substituting the effective
velocity back into Equation (4.75) allows us to find the terms linear with ¢2,

1
202 +idq (25 — 280 —ig) (55ker (1- 2292 )
74 q c q 20-28 20-28

pg, z) = (4.77)
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Working this out and neglecting third or higher order terms leaves us with,

1

pla,z) = (4.78)

. 1—m?2
z+idmog + 76 + N g5y 6

Using that 1 —m2 = 1/C? allows us to simplify the equation even further giving us the following
global transport coefficients,

/\2
2 cosh(Bmyg)(cosh?(Bmg) — )

Even though the active drift remains the same, this derivation shows that local interactions signif-
icantly enhance the diffusion coefficient compared to the global case. The term (cosh?(8mg) — f3)
in the denominator indicates that as the system approaches criticality (C? ~ ), the diffusion
coefficient diverges. Here fluctuations are enhanced and lead to a long-lived spatially de-ordered
state. This negative diffusion coefficient is, in the physics of active matter, a signature for pattern
formation. If D.s; < 0 the homogeneous state is unstable, and the system will spontaneously form
high-density clusters, a phenomenon often seen in Motility-Induced Phase Separation (MIPS).

Vesr = Atanh (Bmg) and Desp =7+ (4.79)

4.4.3 Derivation for a general local kernel

In the following section we derive the global transport coefficient for a general kernel. We start
with a symmetric K (x) as they are used most often. Afterwards we give the coefficients for for
an asymmetric K (x) which exhibits different behavior. For a symmetric K(z), the odd moments
of the expansion of K(q) will be zero and we can therefore take K(¢) = 1 — kg?/2 + O (¢*) with
k € R. This simplifies finding the modes. Substituting this into Equation (4.70) shows us that up
to the second order of ¢ nothing changes and thus no difference will be observed in the transport
coefficients. We therefore have,

)\2
2 cosh(Bmyg)(cosh?(Bmg) — )

Vers = Atanh (Bmg) and Depp =7+ (4.80)

We now switch to the case where the K(z) is asymmetric, here the expanded version of the
Fourier-transformed kernel is of the form K(q) = 1 —ioq — kq?/2 where o, k € R. Because of the
ioq we get a different second order term in the denominator of p. If one works this out, one finds,

A2 ~ ABa(mg —mo)
2 cosh(fmyg)(cosh?(Bmg) — B)  cosh?(Bmyg) —

So the additional term due to drift cancels out and reduces the diffusion coefficient to the same
one as the diffusion coefficient for the local case.

Vepr = Atanh (Bmg) and Depp =7+

(4.81)
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5 Biological constraints for the movement of kinesin along
microtubules.

Active transport by motors is an example of intracellular transport in which molecular motors
actively move cargo along cytoskeletal filaments, such as messenger ribonucleoprotein (mRNP)
complexes. While the mathematical framework derived in the previous sections was formulated
in abstract terms, its specific components, active motion, state switching, and mean-field inter-
actions, are necessary to capture this biological system. in this section, we derive the modeling
requirements directly from the biological context. Rather than capturing the full cycle of these
molecular motors, specifically kinesin motors, and their role in a complex three-dimensional ge-
ometry, we construct a minimal physical model that isolates the mechanisms most critical for
collective transport phenomena: active motion, stochastic switching between active states, diffu-
sive noise and crowding due to the finite binding capacity of the filament. This allows us to capture
non-trivial collective behavior such as density- and interaction-dependent effective velocities and
spatial heterogeneities. At the same time, this modeling approach still allows for analytical ap-
proximations and fast large-scale simulations.

Throughout this section, biological processes are translated into simplified mathematical rules.
The remainder of this section is organized as follows. Section 5.1 establishes the biological moti-
vation for the specific model ingredients, including the structure of microtubules and the dynamics
of kinesin motors and reviews relevant literature highlighting the limitations of old models and
motivating the present approach and research goals. In Section 5.2 we build upon the introduc-
tion and formulate the exact central research goals and give the physical hypothesis regarding
cooperative transport. Section 5.3 gives additional background on the exclusion rule and on the
theoretical predictions associated with it for the global transport coefficients for this biological
model.

5.1 Biological background and motivation

To construct a physically relevant model, we must identify the governing constraints of intra-
cellular transport, specifically regarding mRNP complexes. These complexes consist of mRNA
molecules packaged with proteins and serve as genetic blueprints for protein synthesis. They must
be transported from the nucleus to specific subcellular locations where translation occurs. This
spatial transport is crucial for processes such as cell polarity and neuronal signaling [5, 6]. Be-
cause passive diffusion is inefficient over cellular length scales, and particularly ineffective within
the crowded intracellular environment, mRNPs cannot simply drift to their targets [23, 24]. In-
stead, they rely on active transport mechanisms driven by molecular motors, such as kinesin.
Consequently, developing a model that captures the governing constraints is crucial for under-
standing how biological systems achieve efficient directed transport despite the stochastic nature
of the cellular environment.

One of the primary transport tracks is the microtubule network. Microtubules (MTs) are biopoly-
mers of tubulin dimers arranged in protofilaments and provide well-defined binding sites for molec-
ular motors. Because the length of an MT is orders of magnitude larger than its width, and
molecular motors are chemically constrained to step along protofilaments, the transport along in-
dividual MTs can be treated as one-dimensional [25]. Furthermore, the well-defined and discrete
binding sites naturally motivate the use of a lattice-based description in which kinesin motors
occupy distinct discrete positions.

Kinesin motors are ATP-driven enzymes that transport cargo along MTs, predominantly to the
plus end [5, 10]. Their motion is characterized by forward steps or paused behavior, both with oc-
casional diffusive fluctuations [10]. So, rather than frequently reversing direction, as seen in many
run-and-tumble systems, regulation of transport efficiency primarily occurs through pausing and
reactivation of the motor-cargo complexes. At the level of the biological model, this behavior
can be represented by an internal state variable that differs for an active transport state and an
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inactive state. Transitions between these states are governed by biochemical cues and local or
global interactions. This motivates a switching rate in which the internal state determines the
mobility of the particle.

Additionally, intracellular transport is inherently collective and thus, especially on small MTs,
kinesin-driven motion cannot solely be regulated by interaction via their internal states. That is,
kinesin molecules cannot freely overtake one another, leading to congestion and jamming along
MTs. These crowding effects reduce the effective transport velocity and alter first-passage times
[10]. Consequently, for a realistic model of mRNP transport interactions arising from finite bind-
ing capacity must be taken into account, especially for high motor densities.

Previously, no model has been made that incorporates all these constraints. The work of Meskers
[17], provided a foundation for deriving diffusion coefficients in the presence of exclusion. How-
ever, a significant gap remains, her model treated particles and their internal state as independent.
Consequently, it was unable to capture the nuanced crowding behavior observed in the experi-
mental data of Kushwaha et al [10], where Kinesin-II motors demonstrate a specific resilience to
jamming. that suggests their switching or stepping rates are coupled to the collective density in
a way that simple exclusion models cannot replicate. Even a more complex but still independent
model like TASEP-LK explored by Kushwaha et al [10] is unable to capture this behavior.

This discrepancy highlights an ’interaction gap’ in the current literature. Standard exclusion
models account for steric hindrance but often neglect cooperative regulation. To address this,
we introduce Curie-Weiss mean-field switching rates into the exclusion framework. By allowing
individual switching rates to be influenced by the magnetization, we aim to capture the cooperative
dynamics observed in biological experiments.

5.2 Research goals and hypotheses

The central objective of the physical component of this thesis is to investigate the physical mecha-
nisms that allow for robust intracellular transport despite the constraints of crowding and stochas-
ticity. Specifically, we aim to resolve the discrepancy between standard exclusion models (like
TASEP) and the experimental observation that Kinesin-II motors maintain high velocities even
at high densities [10]. This leads to the primary research question: How do cooperative interac-
tions between motors and spatial heterogeneity regulate transport efficiency and organization? We
hypothesize that transport is not solely determined by steric exclusion, but is actively modulated
by collective switching dynamics, where the internal state of a motor depends on the state of its
neighbors.

To address these questions, we employ a minimal active-diffusion model with internal state switch-
ing. Unlike standard run-and-tumble models where particles act independently, or pure exclusion
processes that lack internal states, our model couples the motility state of the particles to the col-
lective configuration of the system, either locally or globally. This choice is motivated by the need
to bridge the ’interaction gap’ identified in the literature, allowing us to quantify how local and
global motor configurations influence the macroscopic observables such as the effective transport
velocity and diffusion coefficient.

To capture the cooperative nature of motor regulation, we implement internal state transitions
using Curie-Weiss Glauber rates. In this framework, the probability of a motor switching between
active and inactive states is not constant, but depends on a local or global magnetization that rep-
resents the influence of surrounding motors. This specific choice allows us to introduce a tunable
parameter, 8, which controls the sensitivity of switching dynamics, and thus is a measure of coop-
erative motor-cargo regulation. By varying 8, we can systematically study how the sensitivity of
motors to their environment affects their resilience to jamming and their ability to form coherent
clusters. We expect that higher values of 8 (stronger cooperation) will correlate with increased
transport efficiency in crowded regimes.
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To model spatial regulation of mRNPs, the framework allows for spatially heterogeneous switching
rates. That is, the model can run using a tunable local or global magnetization. That is, we
introduce a tunable parameter, o, which controls the distance over which particles interact with
each other. By varying o, we can systematically study the effects of different interaction distances
on the global transport coefficient and on the formation of local structures. We expect that for
low o more local structures will form and different regimes can persist simultaneously affecting
the global transport coefficients for § > 1 (the regime in which particles want to be in the same
state). Additionally this spatial heterogeneity caused by exclusion violates the assumptions of the
hydrodynamic derivation. Therefore, this thesis aims to find the differences, but also consistencies,
between the mean-field hydrodynamic PDE and this exclusion- and local-based simulation.

5.3 Exclusion interactions and crowding effects

Transport of molecular motor along microtubules is subject to geometric constraints. MTs have
discrete binding sites and each kinesin motor occupies a finite amount of space when bound to
the filament. As a consequence, motors on the same filament cannot easily overtake each other or
simultaneously occupy the same binding site. This becomes particularly relevant at moderate to
high motor densities, when crowding leads to the formation of queues and traffic jams, resulting in
a reduction of the effective transport velocity and increased residence times. Experimental studies
show that such jamming effects occur regularly, especially in regions where motors accumulate
due to regulatory or anchoring mechanisms [8]. Any realistic model must therefore incorporate
exclusion interactions.

In the biological model, exclusion is implemented by limiting the occupation number of each site.
That is, let n(z,t) be the number of particles occupying site  at time ¢, the exclusion condition
is,

n(x,t) <k (5.1)

where k € N is the maximum allowed capacity. k£ = 1 corresponds to hard exclusion, while & > 1
models finite local capacity or soft exclusion. Importantly, while the underlying dynamics remain
stochastic and local mean-field based, exclusion introduces interactions between individual par-
ticles. We must therefore renormalize the transport rates after knowing which target sites are
available.

Exclusion-driven transport has been studied considerably in the context of the asymmetric simple
exclusion process (ASEP) and its totally asymmetric variant (TASEP) [7, 10]. In these one-
dimensional lattice models, particles hop to neighboring sites subject to hard-core exclusion, with
rate p for the positive direction and ¢ for the negative direction (with p+¢ = 1). Under the TASEP
model one has ¢ = 0. We now give a short derivation of their effective velocities as this observable
is extensively studied this thesis. To start, let the system be in a stationary Bernoulli product
measure with density p € [0,1]. Then, the probability of a right jump is given by p(1 — p) and to
the left by (1 — p)p. Hence the average current and effective particle velocity can be calculated

Iaser() = o= ol =) o) =T~ - p) (5.2

So each particle is linearly slowed down by blocking from others and at full density p = 1 motion
stops [7].

While the above models are insightful, they differ fundamentally from our biological model. First,
in the (T)ASEP model particles possess no internal state with switching dynamics. These dynam-
ics introduce cooperative behavior which are hard to capture in an simple v.ss function. Second,
these switching dynamics rely on local or global magnetization. Finally, in the (T)ASEP model
particle motion is not combined with diffusion. Therefore, preforming this derivation for the bi-
ological model is hard analytically, but can be approximated. Without exclusion we know that
for the hydrodynamic PDE with Curie-Weiss Glauber rates the effective velocity for right and left
moving particles is given by Equation (4.32). That is vesy = Am(8) where m(f) can be found by
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solving m(8) = tanh(8m(f)). Shifting this to right and non-moving particles we can approximate
that under exclusion the effective velocity will be given by,

1+ m(B)
2

1+ m(B)

- (1 — P[target site blocked]) &~ A 5

vers(p, B) = A (1—2(p, ) (5.3)

where ®(3) approximates what is the probability that a target site is not available. Predictions
of such functions ®(p, 3) will be discussed in Equation (6.19).
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6 One-dimensional biological PDE model

To describe the macroscopic density evolution of mRNP complexes transported by kinesin, we can
adapt the mean-field hydrodynamic framework derived in Section 3. While the previous derivation
was general, here we map the internal state o € {—1,1} specifically to the biologically relevant
inactive and active motility states of the motor proteins. we start by giving a baseline continuum
description to predict the large-scale transport phenomena in Section 6.1. Secondly we include
exclusion in Section 6.2 based on work by Kourbane-Houseene et a [4] and try to derive the global
transport coefficients in this more complex case.

The requirements for the model given in Section 5 exactly match the model presented in Section 3
for the continuum case, with the only exception the internal states o € {—1,1} do not have veloci-
ties {—1,1} but rather {0, 1} as there is one inactive state and on active right moving state. As all
the details are the same we reference Section 3 for the exact details of the continuum model. The
PDE and the small change needed to adjust for the shift in the active velocities will be given below.

Additionally, the PDE presented in section 6.1 will be solved computationally to verify if the long-
term linearized theoretical results match the long-term results of a computational simulations.
The exact method of how to solve this PDE computationally will not be discussed as it follows
the most well-known and widely used methods to solve a PDE numerically. The exact details can
be found in the code [26].

6.1 Coarse-grained PDE model modified for biological parametrization

We consider a one-dimensional spatial domain Y = [0,1] where each particle has internal state
o € 8 ={—1,+1}, interpreted as the active and inactive transport states. Let the macroscopic
densities for ¢ > 0 be denoted by p_(x,t) and py(x,t), then the PDE is given by,

{atm = YApy — Aapy + c(m, —1)p_ — c(m, +1)py., 61)

Op— = yAp— +c(m,+1)p1 — c(m, —1)p_

where directed motion has rate A and the diffusion rate . Note that the PDE only differs from the
original PDE (Equation (4.8)) in A since we now have active and inactive movement. Therefore
for this model we can also find the effective velocity and effective diffusion under steady state
homogeneous assumptions,

1+m(B) ~ X
T and Deff Y+ m

where m() is found by solving m = tanh(fm) and with Curie-Weiss Glauber rates under a local
magnetization with a Gaussian kernel, mathematically,

K 1 372
M with Ky (z) = Py

(Ky % p)(z,t) V2mo?
(6.3)

with density p = p+ + p— and magnetic difference s = py — p_. In the proof in Section 3
we assumed periodic or infinite boundary conditions. However for a polar finite MT this is not
possible. Therefore, we consider Neumann boundary conditions of the form

9up+(0,t) = Opp4(1,1) =0,  0pp—(0,t) = Opp—(1,1) =0 (6.4)

Veff ~ A (62)

—opBm(x,t)

c(m(x, t)a 0) =e where m(l‘, t) =

The mathematical framework derived in Section 3 remains valid for very broad range of initial
conditions. As long as the initial distribution are chosen from some Poisson distribution (Equation
(3.6)) this PDE model remains valid. Exact initial conditions will be given in Section 7.1. Note
that, as seen in the analyses in Section 4, under homogeneous steady state assumption the PDE,
from Equation (6.1) will converge to a PDE of the following form:

Op = —VepfOup + DeyyAp (6.5)

where v.rs the effective velocity and D,y the diffusion coefficient.
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6.2 Coarse-grained PDE model under the exclusion principle

In this section we expand the hydrodynamic PDE derived in Section 3 to derive vers and Deyy
under exclusion to try and find the global transport coefficients theoretically for the biological
model. We start by adjusting the PDE to fit for these forces based on a paper by Kourbane-
Houseene et al. [4]. By a similar method as in Section 4.3, vefs and D.ss will be found. Note
that, for simplicity of the computations, this will be done in the frame in which active particles
can move left and right instead of the in Section 6.1 considered inactive and right moving particles.
Based on Kourbane-Houseene et al. [4], the PDE for our system can be written as,

Op=vAp — A0, [(1 - p)s], (6.6)
Ors = yAs — A0, [(1 — p)p] + 2sinh(Bm)p — 2 cosh(Bm)s )

Note that this very similar to the PDE without exclusion given in Equation (4.25) except for
the (1 — p) found in the terms for the active movement. To find ves; and D.sy we expand p
and s around the steady homogeneous state, similar as in Section 4.3. Mathematically, we take
p(z,t) = po and s(x,t) = sg such that mg = so/po with mg = tanh(8mg). Linearizing around the
steady state, i.e. take p(z,t) = po + p(z,t) and s = so + 5(z, t), gives

Oep = YAP — A(1 = p0)0z3 + As00:p, 67)

015 = yAG — A1 —2p0)0p + 2Sp — 205 + K ’

where C' = cosh(fmyg), S = sinh(Bmg) and K = 28py/C. This is the same as in Section 4.3.
However, this PDE differs in the terms for the active movement. To simplify computations we
preform a Galilean transformation, that is 2’ = x — vgt, vy := Asg = Apgmg. This results the
following PDE;,

6.8
0,5 = YAZ — M1 — 2p0)0up + 255 — 205 + K + As0, 5 (6.8)

{atﬁ = yAj — M1 — po)dy5,
With PDE properly linearized around the steady state pg, sg, we apply the Fourier-Laplace trans-
form to derive the global transport coefficients. As was the case for the derivation with no exclusion
in Section 4.3 we start by taking the Fourier transform for ¢ # 0,

015 = —yq?3 —iX(1 — 2po)qp + 2Sp — 203 '
We can now take the Laplace transform and use, again, that p(0) =1, 3(0) =0,
zp— p(0) = —v¢*p — iA(1 — po)g5, (6.10)
25 —5(0) = —v¢?5 —i\(1 — 2pg)qp + 2Sp — 2C5 '

We proceed with the adiabatic elimination of the fast mode § by solving the second equation of
Equation (6.10),

25 — i1 —2po)g

= 6.11

230+ g7 — isog 07 (611)

Substituting this into the first equation of Equation (6.10) yields the independent density propa-
gator,

5(q,2)

1

. 25 —iA(1-2
z+7g% + A1 = po)g (zc+z1»5q2+5§iﬁq)

plg; z) = (6.12)

To find the effective velocity vers and D.sr, we analyze the poles under the assumption of z =
—iVepfq — Def fq2. We expand the denominator term around the drift, assuming the adiabatic
limit |z| < 2C,

! L I Aso) (6.13)
~ ~—(1—==(vess — As .
2C 4z +v¢% +iXsoq  2C —iveppq+idsog  2C 20 It 0
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Substituting this expansion back into the density propagator (6.12),
1
2+ 762 + A1 = po)g (25 — iA1= 2p0)q) 56 (1 — 38 (vess — Aso))

We now collect terms order by order to identify the coefficients. The linear terms in ig, indicating
the effective velocity are,

plg,z) = (6.14)

25
T2c
using my = S/C. For the effective diffusion we must look of the quadratic terms linear with ¢2,
we collect the diffusion term, the active term, and the relaxation correction term. Noting that
Ve + Aso = A1 — po)mo — Apomo = A1 — 2pp)my,

iA1= po) =4iA(1 — po) tanh(Bmo)g = iA(1 — po)mog (6.15)

L el — 2oL a0 12 (0
74" + 1A = po)a(=iA(1 = 2p0)q) 55 +iA(L = po)ags | — 55 (v + Aso) (6.16)

Working this out results in the following,
A2(1 = po) (1 — 2po)
2C

Substituting Equation (6.15) and (6.17) back into Equation (6.14) simplifies the density propagator
to

vq® + (1+m?)¢? (6.17)

1
plg, z) = — e (6.18)
2+ iA1= po)mq + vg® + W(l + m?)q?
From this it we can read that v.yy and D.yy are given by,
A (1—po)(1—2
vepr =M1 —po)mo  and Dy =+ (L= po)(1 = 2po) (1+m2) (6.19)

2 cosh(Bmyg)

To formally verify that derived global transport coefficients are correct under hydrodynamic scal-
ing, we shift to a co-moving frame. We define the scaled propagator shifted by the drift velocity
Vepr = A1 — po)myg as,
Se(q,2) = liH(l) e2pleq, €z — ivefreq) (6.20)
e—

Substituting expression (6.18) into this function results in

e2

S =li 6.21
(a,2) D0 €22 — iVeffeq + Wefreq + Depre?q? (6.21)

Dividing the numerator and denominator by €? and taking the limit shows us that the density
profile converges to the macroscopic structure function:

1
z+ -Deffq2

This shows us that the structure function indeed converges with the same global transport co-
efficients. These transport coefficients show important properties that depend on the average
density po in an interesting manner. We will now interpret these coeflicient and compare them to
there simpler counterparts following from the TASEP model (Section 5.3). The effective velocity
veff = A1 — po)mo demonstrates how the exclusion principle modifies active transport. This
result is closely related to the TASEP model, where the drift is also scaled by the available volume
(1 — po), as seen in Equation (5.2). This indicated that as the density increases, the ability of
the particles to 'run’ is hindered by their neighbors. In the limit pg — 1, the velocity vanishes,
representing a fully jammed state.

Smacro(Q7 Z) = (622)

The effective diffusion coefficient provides us a window into the phenomenon on Motility-Induced
Phase Seperation (MIPS). For a standard random walk, increasing the density simply leads to
more collisions. However, here the factor (1—2pg) in the numerator can lead to a drastic reduction
in the diffusion coefficient. When this active contribution becomes sufficiently negative (relative to
the passive diffusion «), it signals an instability in the homogeneous density profile. Then particles
tend to cluster rather than disperse, leading to the formation of local structures.
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7 One-dimensional biological particle model

The hydrodynamic PDE derived in Section 6.1 neglects discrete spatial structure, finite particle
effects and correlations induced by crowding and exclusion. To fully address the research question
regarding the role of local interactions and exclusion in transport regulation, this section intro-
duces a particle-based model that explicitly resolves individual motors on a discrete lattice and
incorporates exclusion introduced in Section 5. The particle model constructed here therefore
remains closer to the requirements presented in Section 5. This allows for systematic comparison
between the hydrodynamic limit and the microscopic dynamics. In Section 7.1-7.3 an overview
of the model, its rules and parameters is given. Section 7.4 gives a pseudocode for the Gillespie
algorithm that is used in which all the rules introduced in the previous sections are combined.

7.1 State space and microscopic configuration
We consider a one-dimensional lattice of length IV, representing a single MT protofilament, i.e.,
X=1{0,1, ..,N}CZ

where N Az denotes the physical length of the MT and Az is the tubulin dimer length. Without
loss of generality we set NAxz = 1 to simplify the modeling approach. The system state at time
t > 0, is then given by,

n(t) = {(xi(t),05(t), b;()}M,, where wz;(t) € X,0;, € S ={-1,+1},b; € B={0,1} (7.1

Where o; represents the internal state of the particle which we associated to its active drift in
Section 7.2. b;(t) indicates if particle ¢ is anchored (b; = 1) or not (b; = 0). This will be explained
in more detail in Section 7.3. We then define the local occupation number as,

M
n(z,t) = Ta(t)=a} (7.2)
1=1

At both boundaries Neumann BCs apply. That is we suppress any jump would leave the domain
S0 no creation or annihilation of particles at the boundary is possible. Mathematically, we define
the admissible jump set to be,

{1} z =0,
NE)=<{z—-1,2+1}, 1<z<N-1, (7.3)
{N -1}, x =N,

The model derived in Section 3 worked on any initial condition chosen from a Poisson distribution.
To test both mathematical rigor of the model and mimic the biological context we each propose a
different initial condition. To test the model and link it to the mathematics developed in Section
3 and 4 we propose that the particles are randomly homogeneously divided over the domain X
with equal probability to be in each state. This will create what we call a homogeneous initial
condition with noise because of the random placement at a position and random choice of the
internal state. It is expected that this state is close to the steady state of the system and therefore
allows us to compare the model to the theoretical predictions.

This is not a biologically motivated initial condition. As discussed in Section 5, The distributions
of the motors is not uniform but depends on specific biochemical cues. Additionally, as the active
particles move from left to right, an initial conditions must have with more particles on the left
than on the right. More precisely, the microscopic configuration 1%, is initialized for a fixed number
of particles N by treating the initial macroscopic density profile pg(x, o) as a probability density.
For each particle ¢ € {1, ... , N}, we first determine its state 0 € {—1,+1} according to a fraction
f+, which indicates the initial fraction of particles in the active state. Then, its position z; is
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drawn from a probability density function P(x|o) defined by the normalized shape of the initial
profile,

i~ U, (z) = m (7.4)

Before we initialized with ¥, (x) uniform, but in the biological context we define specific probability

functions to represent the non-equilibrium distribution of the motors:

(i) U4 (z): For the active state, we sample positions from an exponential decay function
U, (2) o exp(—2/Adecay)- This represents a free-floating population of motors concentrated
near a the nucleus.

(ii) W_(x): For the state, we combine a small uniform baseline probability with localized Gaus-
sian peaks. These peaks, centered at anchor positions a; with width w and mass M, represent
localized binding sites on the MT as will be discussed in more detail in Section 7.3

W_(z) x 0.05+ > M;exp (-W) (7.5)

r ij

This probabilistic approach ensures that while each simulation run begins with a discrete, ran-
dom particle configuration, the ensemble average of these configurations is consistent with the
macroscopic densities poi used in the hydrodynamic limit.

7.2 Elementary events and rate scaling

Similar to the hydrodynamic PDE derived in Section 6.1 the particle-based model includes active
drift, diffusion and internal state switching under Curie-Weiss Glauber rates. However these rates
in the hydrodynamic PDE must be scaled to be usable in a particle-based model. Mathematically,
for a particle ¢ at site z,

(i) Active drift: The considers particles with o; = —1 to be inactive particles and particles with
o; = 1 to be active particles, i.e.

x; —>x;+1 with rate A Az (7.6)
Note that this scaling is similar to scaling between A and Ay in Section 3.1.
(ii) Diffusion: Particles in both states diffuse according to,

~ 2
| with rate v/ Az (7.7)

(iii) internal state switching: Each particle switches state according to Curie-Weiss Glauber
rates,
o; — —0y with rate ¢(m, o) = e~ 7™ (7.8)

Define p(x) = ny(x)+n_(z) and s(x) = n4(z)+n_(z). Then the magnetization is computed

using
(K *s)(x) ore . 1 e,%
m(z) = 7( ) (@) wh K,(z) = 5o (7.9)

Note that this definition of the magnetization allows for a strictly local, local or global
magnetization depending on the choice of o.

7.3 Exclusion rules

The exclusion constraint is given by Equation (5.1) introduced in Section 5.3. That is, n(z,t) < k,
where k € N is the maximum site occupancy. Exclusion modifies the generator of the process by
truncating the jump rates,

A = AL (ag1,0)<k}s Y = Y {n(et,t) <k} (7.10)
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Note that for kK = 1 gives a hard-core exclusion particle system leading to strong spatial correla-
tions and jamming. For p < k the exclusion constraint rarely applies reducing the system to the
mean-field PDE derived in Section 6.1.

7.4 Pseudocode for the Gillespie algorithm

The dynamics introduced in Section 7.1-7.3 define a continuous-time Markov process with state-
dependent rates and hard constraints arising from exclusion and boundary conditions. To generate
exact paths of this process, we employ a Gillespie simulation algorithm. Since all transition
occur at exponentially distributed waiting times, Algorithm 7.1 produces and exact realization of
the microscopic dynamics. The exact code, including the details for the storage of the results,
visualizations and parameter sweeps can be found in the code [26].

Algorithm 7.1 Calculate x(t) = {z;(¢),i € {1, ... ,M(t)}

Input: Lattice length L, site capacity k, number of particles M; rates v, A, 8, kon, kof f, Kewit;
magnetization kernel K,; anchoring regions A; final time T
Initialization:
Set t =0
Set initial state 1(0) as explained in the final part of Section 7.2
Main loop:
while t < T do
Compute occupancies

N(#) N(t)

p(fL’) = Z 1{951':?”}7 pi(m) = Z 1{:51':1:, o;==%1}
i=1 i=1

Compute magnetization field

(K =+ (p* — p7)) (@)
(K * (p* +p7))(x)

m(z) =

fori=1,...,M(t) do

Let x = z;,0 = 0;,b = b;. Compute the rates: _

Diffusion: 7" =~ 1,0y Lizs1} Lipa—1)<K} P = 10y L ry Lipr )<k
Active: T‘?Ct = ]]-{b:O}]]-{cf:+1}]]-{m<L}]]-{p(:v+1)<K}

Flip: r'P = exp(—B o m(z))

Total rate for particle ¢

= r’licft + riight + r?ct + r?ip
end for
Compute total system rate:
M(t)
R=3Yn
i=1

Draw 7 ~ Exp(R) then t <+ t+ 7
Choose i € {1,...,M(t)} with P(i)=r;/R
Choose event for particle ¢ from the multinational distribution proportional to
(8 1)
Execute the selected transition and update (z;, oy, b;)
Remove particle from M () if exit occurs
end while
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8 Results of the one-dimensional biological particle model

This section presents the results of the one-dimensional particle model and PDE solver introduced
in Section 7 and 6 and links them to the theoretical predictions made in Sections 3-5. Section
8.1 focuses purely on the mathematical setting, where exclusion and other extra biological rules
are absent. Here we can assess convergence towards the results from the hydrodynamic limit
and can additionally study formation of clusters and other local structures which we were unable
to do purely analytically. Subsequently, we incorporate biologically motivated features, such as
exclusion and inactive and active particles (instead of left and right moving particles) and analyze
how these modify transport properties and the formation of local structures. Finally, Section 8.4
compares the particle model under exclusion to experimental results and shows that our model
improves over the baseline model used in the same paper by Kushwaha et al. [10].

8.1 Mathematical validation and emergent structure

We begin by studying the particle model of Section 7 in a minimal setting, without exclusion inter-
actions and with periodic boundary conditions. Additionally, we consider left- and right moving
particles instead of inactive and right moving particles. In this regime, the model corresponds
directly to the hydrodynamic description derived in Section 3 and the particle model can thus
easily be compared to the analytical results derived in Section 4 and to a simple PDE solver that
solves the PDE from Section 4 numerically. To show the correspondence between the models
and analytical results, we analyze the convergence of global observables and effective parameters,
under different values of 5 and both global and local mean-field interactions. In addition, the
models allow us to study spatial fluctuations and local structure, which are hard to capture in
analytical derivations.

8.1.1 Convergence of the global magnetization

The first important global observable is the magnetization m(t). We analyze this variable first
because it acts as the primary order parameter of the system. It indicates whether we achieved
the alignment predicted by the mean-field theory. While analytical results have shown that for
any kernel, i.e. local or global interactions, the global magnetization will follow the mean-field
Equation 2.20 in the steady state, that is,

m = tanh(8m)

it is unknown how the kernel influences the speed of the convergence. Simulations show that
indeed, for any initial conditions and chosen parameter the system converges to this mean-field
equation. However, Figure 8.1 shows that for lower o, that is more local interactions, the speed
of convergence decreases and becomes more irregular. This is easily interpreted as a local mag-
netization allows for different regions of magnetization to co-exist, slowing done convergence of
the global magnetization. Note that this simulation was run for a system with spatially uniform
homogeneous initial conditions with small, random pointwise perturbations.

8.1.2 Convergence of the effective velocity

We next consider the effective velocity vesy. In absence of exclusion, the hydrodynamic description
predicts a constant effective velocity given by Equation 4.32, that is,

Ve = Atanh(pm) (8.1)

Figure 8.2 shows the effective velocity extracted for both the particle and PDE model for different
values of 8. In all cases, the results from the models converge to the analytical expression for
vesf. The convergence of verr(t) as a function of time under different values of o as illustrated
in figure 8.3. After an initial transient, the effective velocity, for different o, converges to the
analytical predictions. We, again, see that for smaller values of o this convergence takes longer
and is more irregular but does not affect the asymptotic value. These results confirm that the
models reproduce the effective velocity predicted by the hydrodynamic theory.
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Figure 8.1: Time evolution of the global magnetization m(t) for different values of o under 5 = 2.
Solid lines denote the average value of the magnetization while the shaded areas give the standard

deviations.

Lower o, i.e., local interactions, result in slower convergence to the steady state

magnetization. Any strength of interaction, however, results in convergence to the Curie-Weiss

predictions.
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Figure 8.2: Effective velocity as a function of
B for A = 0.6 for a global magnetization. Re-
sults from both the particle and PDE model are
shown and converge to the dashed line which
gives the theoretical prediction given by Equa-
tion (8.1).
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Figure 8.4: Effective diffusion coefficient as a
function of 8 under A = 0.4 and v = 0.2. Re-
sults from both the particle and PDE model are
shown and converge to the dashed line which
gives the theoretical prediction given by Equa-
tion (8.2).
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Figure 8.3: Time evolution of the effective ve-
locity for different values of o under 5 = 2 and
A = 0.6 for a global magnetization. Solid lines
denote the average value of the effective veloc-
ity while the shaded areas give the standard
deviations. Any value of o results in conver-
gence to the steady state predictions, however,
lower ¢ result in slower convergence.

Figure 8.5: Time evolution of the effective dif-
fusion coeflicient for different values of o under
B8 =2and A =0.4 and v = 0.2. Solid lines de-
note the average value of the effective diffusion
coefficient while the shaded areas give the star-
dard deviations. Any value of ¢ results in con-
vergence to the global steady state predictions,
however, lower o result in slower convergence.
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8.1.3 Convergence of the effective diffusion coefficient

We now turn to the effective diffusion coefficient D.¢¢. The hydrodynamic limits predict a constant
diffusion coefficient given by Equation 4.32, that is,

/\2

2 cosh®(Bm) 8.2)

Desp =+
Figure 8.4 compares the diffusion coefficient obtained from both the particle and PDE model
with theoretical predictions for varying values of 5. As for the effective velocity, the numerical
results converge to the analytical expression given by Equation (8.2). This agreement holds in
both the low-8 regime, where fluctuations and little alignment increases Dy, as in the high-8
regime, where persistent directional movement does not contribute to D.sy but to vesr. The time
evolution of the diffusion coefficient is shown in figure 8.5. Similar to both the global magnetization
and the effective velocity, it is observed that, while lower values of ¢ increase the duration of the
transient regime, the asymptotic value is still reached. Importantly, Equation 4.79 derived a
different diffusion coefficient for the local magnetization, but even for extremely small values
of o this coefficient is not found. This derivation required many assumptions, for example the
linearization around the homogeneous state. One of these might be wrong given is an incorrect
coefficient, or the particle model is not able to model such a completely local magnetization. Taken
together, these results demonstrate that both models reproduce the effective diffusion coefficient
predicted by the hydrodynamic theory for the global magnetization. Thus deviations observed in
later sections will originate from interaction effects instead of numerical artifacts.

8.1.4 Local structure and spatial fluctuations

While the global transport coefficient are accurately captured by the hydrodynamic theory, the
models can additionally reveal spatial fluctuations and local structure, that are much harder to
study analytically. These effects are analyzed next. The particle and PDE model allow us directly
probe local density variations and emergent spatial structure. In this subsection we analyze these
effects starting from a homogeneous initial state with noise. Again, exclusion is not present,
allowing us to study structure formation purely by stochastic and internal state switching. To
detect the emergence of spatial inhomogeneities, we first calculate the spatial variance of the
particle density. In a perfectly homogeneous state system, this variance would vanish. Therefore,
any significant growth in variance serves as a signature for clustering,

Var[p(z, t)] = (p(w,t)*) — (p(2,1))?, (8.3)

Figure 8.6 shows the temporal evolution of this variance for different values of o under 5 = 2,
v = 0 and o = 0.005. For lower values of o, the variance grows during the beginning transient
state. However, for any value of o the variance converges to zero in the long run. Variance growth
for lower o is easily interpreted as initial local fluctuations can cause local interactions and clus-
tering formation, while for large o only global interactions can occur which do not allows for local
clustering effects. Importantly this simulation is done for 8 > 1, this results in convergence to one
state with the state active movement direction. Therefore, it takes longer for local structure to
dissipate. For 8 < 1, we see an immediately decrease in the variance as the particles will remain
equally spread over different states which does not allow for local structure to stay. This is also
seen in the previous results for the diffusion coefficient, that is Figure 8.4 shows a higher diffusion
coefficient for g < 1. Additionally this simulation is done for v = 0, for v > 0 local structure will
vanish faster and a lower ¢ is required for initial variance growth.

While the variance indicates the presence of inhomogeneities, it does not describe their length
scale or coherence. To further quantify the spatial organization of these fluctuations, we analyze
the space-time density heatmaps and Fourier spectrum of this simulation. Figures 8.7 and 8.8
show the single run results under ¢ = 0.005. In accordance to the variance plot 8.6, we see that
the Fourier modes grow for ¢ < 5, while they converge to 0 for ¢ > 5. Indeed showing us that the
variance converges to zero by Parseval’s theorem. The space-time density heatmap in Figure 8.7
visualizes the coherent density bands that persist over intermediate time scales before dissolving
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over a longer time scale. Figures 8.9 and 8.10 show the same system but run for ¢ = 1. As
interactions are not local one indeed sees that the Fourier amplitudes immediately converge to
zero and that in the space-time plot no local clustering is present. In summary, the models confirm
convergence to the hydrodynamic predictions for global transport coefficient, while revealing how
spatial fluctuations strongly depend on o which is hard to predict analytically. The results provide
a baseline against the interaction-driven effect that are studied in the next section.

Var(p, +p-)
g
g

Figure 8.6: Time evolution of the variance for different values of o under § = 2 and v = 0 using
the PDE model. Solid lines denote the average value of the variance while the shaded areas give
the standard deviations. It is immediately clear that, for homogeneous initial conditions with
noise, local structure can grow for small values of o but will disappear in the long run.
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00016 le-5
14
' 0.0014
1.2
X 00012
' 1.0
¥
i .0010 %, —
0000 ¢ T o8
=
<
0.0008 0.6
0.0006 04
0.2
0.0004

0.0 02 0.4 0.6 08 1.0 0.0
x

REREEN

~ Ao oA~

QU A WN R

0.0 2.5 5.0 7.5 10.0 125 150 175 20.0
t

Figure 8.9: Space-time density plot of a single
run simulation in the PDE model under § = 2,
v =0 and 0 = 1. The results show the initial
spatial fluctuations immediately fade away and
reach the homogeneous steady state.

Figure 8.10: Time evolution of the first 6 Fourier
amplitudes for a single run simulation in the
PDE model under g8 = 2, v = 0 and 0 = 1.
The results show amplitudes converging to zero.

65



8.2 Effects of exclusion and crowding

In the following two sections we adjust the model to be more biologically motivated. In contrast
to Section 8.1 particles are no longer allowed to overlap as exclusion rules, defined in Section 5.3
and 7.3, are present. Moreover, the internal state space is restricted to inactive particles and
right-moving active particles, rather than left-right movers. Additionally, Neumann boundary
conditions are used instead of periodic BCs. This setting corresponds to the biologically relevant
scenario introduced in Section 5 and 7. All simulations in this section can only be performed
using the particle-based Gillespie algorithm. A direct comparison to the PDE derived in Section
3 is no longer possible, as interactions by exclusion are neglected. However, we try to make the
comparison between the model and the PDE adjusted to the exclusion rules given in Section 6.2,
and explain why this derivation does not hold for this biological model.

This section has two main goals. First, in Section 8.2, we quantify how exclusion modifies the
global transport properties, i.e. effective velocity and diffusion, for different average densities
and different values of beta and compare them to original PDE analyzed in Section 4.3 and the
adjusted PDE analyzed in Section 6.2. Second, in Section 8.3, we demonstrate that exclusion rules
fundamentally alter the formation of local structure.

8.2.1 Qualitative effects of exclusion for different o

Before analyzing global transport coefficients, we first illustrate the qualitative impact of exclusion
on the system dynamics. Visualizing the full space-time density field allows us to directly observe
the formation of clusters and the coexistence of different magnetization domains, phenomena that
are often averaged out in global statistics. Figure 8.11 and 8.12 show space-time density plots for
a simulation with p/K = 0.75/3 with homogeneous initial conditions with noise for respectively
o = 0.02 and o = 0.002 under 8 = 2. Both plots show that exclusion leads to visible heteroge-
neous density profiles where for low o regions of positive and negative magnetization can co-exist.
Especially for lower values of o, such as 0.002, many different magnetization regions form leading
to more congestion and increasing spacial inhomogeneity. This occurs without the presence of
additional outside forces or initial spatial inhomogeneity being present in the system. Note that
this only occurs for § > 1 as particles then prefer to be in a similar internal state as particles close
to them. Simulations for 5 < 1 show that such inactive regions are not present and are actually
broken down.

These congestion effects are a direct consequence of the rejection of hopping effects into occupied
sites. Active particles accumulate behind inactive particles, producing extended high-density
regions. These active particles, for 5 > 1 will either switch to being inactive particle due to the
high density of inactive particles stabilizing the inactive region or accumulate with many other
active particles to outnumber the number of inactive particles and break down this inactive region.
This is just a qualitative analysis, but the next section will focus on understand the effects of these
phenomena on global transport coefficients and the formation of local structures.

0 0
s s
. s
150 150
125 23
. .
20 $ g0 ¢
75 ‘ 5 “
2 2
25 25
o0, o o0 o
0 02 04 o6 o8 10 a0 oz 08 o6 o8 10

Figure 8.11: Space-time density plot of a single Figure 8.12: Space-time density plot of a single
run simulation using the particle model under run simulation using the particle model under
B8 =2 and o = 0.02. The results show differ- S = 2 and ¢ = 0.002. The results show many
ent magnetization regions can co-exist and cause different magnetization regions can co-exist and
slight congestion. cause heavy congestion.
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8.2.2 Breakdown of the mean-field predictions for the effective velocity

In the absence of exclusion, the effective velocity is given by v = )\H'#(ﬁ), with m determined
by the solution of the mean-field equation. However, exclusion violates the assumptions made in
the mean-field equation by introducing strong spatial correlations between the particles. After
showing this breakdown we make an attempt to approximate the effective velocity under these
exclusion rules for the global magnetization in the following section. Figure 8.13 show the effective
velocity extracted from the particle simulations as a function of 5 under p = 0.5, together with
the corresponding mean-field predictions for both system without exclusion and the PDE adjusted
to exclusion and the current system of inactive and active particles. For the latter the effective
velocity is given by,

L)
The prediction without exclusion is systematically wrong here as the particle movements are
blocked decreasing the effective velocity. However, also the prediction from the model with ex-
clusion seems to be wrong. Additionally, the effective velocity differs for different values of o for
B > 1. This was not the case in the model without exclusion. We will now discuss, why, first of
all, the effective velocity differs for different values of o, specifically for § > 1 and secondly why
the prediction for the PDE with exclusion is wrong.

Veff = A (8.4)
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Figure 8.13: Effective velocity as a function of
B for A = 0.005 for different values of o under
p = 0.5. Steady state predictions from both the
PDE model with and without exclusion are also
shown. Note that o = 0, is the system under

1074 103
o

Figure 8.14: Effective velocity as a function of
o for A = 0.005 for different values of 8 under
p = 0.5. One sees that for § < 1 the effec-
tive velocity is independent of . However, for
B > 1 as o increases the effective velocity also

a global magnetization. The effective velocity = increases.

does not follow the theoretical predictions even
for a global magnetization and that, for 8 > 1,
Vers is o-dependent and.

Different values of ¢ cause a different formation of inactive regions for § > 1, as can be seen
in Figure 8.11 and 8.12, leading to different values of the effective velocity. More specifically,
for B < 1, particles prefer to be in different states than the particles with which they interact.
Therefore no inactive regions will form, consequently the system will have a similar structure for
every value of o and the effective velocity will thus not depend on ¢. This can also be seen in
Figure 8.14 that depicts the relation between the effective velocity and o for different values of 3.
No dependence on o is observed for 5 < 1, while for 5 > 1 the effective velocity increases with o.
This is explained by the fact that for smaller values of ¢ more inactive regions will form, as seen
in Figure 8.11 and 8.12, therefore increasing the chance of an active particles to be blocked. This
explains why we see a decrease in the effective velocity as o decreases.
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From Figure 8.15 and 8.14 it also follows that the results deviate from the theoretical deriva-
tion given in Section 6.2 even for the global magnetization. For the local magnetization is clear
that formation of local structures and local micro-environments of a different magnetization as
seen in Figure 8.11 and 8.12 can cause different effective velocities breaking the hydrodynamic
assumptions and therefore the results. However, for the global magnetization the results also differ
from the theory. We now aim to explain this difference and where the theoretical derivation failed.

The systematic difference between the simulation results and the PDE prediction in Section 6.2
(based on Kourbane-Houssene et al. [4]) arise from the breakdown of the mean-field assumptions.
That is, Section 6.2 relies on an one-point closure approximation, where the evolution of the local
density depends solely on the single-site expectations. that is let n the number of particles at a
site, then

(ninig1) = (ni)(nig1) = p(,1)° (8.5)

this effectively factorizes higher-order terms, but assumes that the occupancy of site i + 1 is
independent of site i. However, intuitively and from the results of the simulations we see that
this assumption does not hold. Mathematically the true hopping rate for a particle at site 7 is
proportional to P(n; =1 N n;11 = 0). Under the mean-field assumptions this is approximated
as P(n; = 1)P(n;41 = 0) = p(1 — p). However, in the presence of active motion and exclusion,
particles accumulate in queues or cluster increasing this blocking probability and results in a
reduced effective velocity as can be seen in the low [ regime in Figure 8.15. For high 3, however,
particles prefer to be in similar internal states reducing the blocking probability and thus increasing
the effective velocity. In different words one can say that the derivation in Section 6.2 (and thus
[4]) assumes scaling limits where the timescale of the cluster relaxation is sufficiently separated
from the timescale of the active transport. However, in the simulation this is not case preventing
the system from engaging in the ”local equilibrium” required for the theoretical derivation. To
combat this problem the next section focuses attempt of find a better function for the effective
velocity by fitting over the results of the simulation.
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Figure 8.15: Effective velocity as a function of
B for A = 0.005 under p = 0.5. Steady state
predictions from both the PDE with and with-
out exclusion are also given.

Figure 8.16: Blocking probability as a function
of 8 for p = 0.5. Both the blocking probabil-
ity by the PDE model with exclusion (i.e. p)
and the prediction using Equation (8.7) are also
given.

8.2.3 Prediction of the effective velocity under exclusion for the global magnetiza-
tion

To exam the exact influence of crowding on the effective velocity we make an attempt to find an
equation that predict the effective velocity for different 8 and different p under a global magneti-
zation. In Section 5.3 we already argued that a potential function for effective velocity will be of

the form, )
v:)\w (1—@(%,5)) (8.6)
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This section focuses on finding ® (g, ﬁ), which will, under k = 1, be ® (p, 3). The goal here is to
recover an analytical handle on the effective velocity, as the one-point closure failed and we can
thus not use the effective velocity given by Equation 6.19. Since this analysis of the PDE under
exclusion in Section 6.2 was unable to capture the right dependence, this attempt to find ¢ will
be a heuristic approximation. Figure 8.15 shows how the effective velocity depends on 5 under
p = 0.5. We see that it deviates from the prediction given by the TASEP model and also the
PDE prediction from Section 6.2. To further understand this difference, we analyze the blocking
probabilities given for different values of 5 in Figure 8.16. For § < 1 we have constant, but higher,
blocking probability. This can be explained by the fact that particles attempt to be in different
states as the particles with which they interact which results in a great mix of active and inactive
particles resulting increased blocking. However for § > 1 we see a lower blocking probability than
the one given by the PDE and TASEP prediction. Likely explained by the fact that interacting
particles want to be in similar states resulting in less blocking. In practice, we see that we can
approximate this behavior by the following function,

1
d(p,B)=p ) p) ———— 8.7
0.8)=0 (10 +90) s ) (8.7
as can be seen in Figure 8.16. The starting p is the same as the TASEP and PDE predictions
however the f and g term are what differentiates it. Running the simulation for different values

of p allows to find how f and g depend on p which can be see Figure 8.17. it is observed that f
depends linearly on p and ¢ for p > 0.2 with 5~3/2. More specifically,

f(p)=Co—Cip  with Cp=1.25529..., C; = 0.60230... (8.8)

g(p) = Cop?  with Cy = 0.15327... (8.9)

As this prediction is not backed by any mathematics (yet) it is hard to put clear mathematical
and biological conclusions on this results. However having this function that easily approximates
the effective velocity under global magnetization and exclusion does allow us to easily match the

model to experimental results for the effective velocity of Kinesin-II transport which will be done
in Section 8.4.
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Figure 8.17: Fitted values f and g from Equation (8.7) optimized on the blocking probabilities of
simulations under different values of p. Note that this is only done for &k = 1, which can therefore
be neglected in the plot. Additionally potential fits for f(p) and g(p) are plotted in this figure.
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8.2.4 Effective diffusion coefficient under exclusion

We next study how exclusion modifies the effective diffusion coefficient. Section 6.2 predicted that
the diffusion coefficient was given by

(1 -p)(1—2p)

vt 2 cosh(Bm)

(14 m?) (8.10)
under a global magnetization. Figure 8.18 shows the effective diffusion coefficient as a function
of B for the mean density p = 0.5 and several values of 0. For § < 1, where the steady state
magnetization is zero and switching dominates over persistent motion, the diffusion coefficient
is essentially independent of 0. For 8 > 1, where alignment and persistent motion becomes
dominant, we see different behavior for different values of o, with maximal values and largest
uncertainties for intermediate values of o, Small and large values of o have smaller diffusion coef-
ficient with lower uncertainties that stay closer to the values approximated by the PDE under a
global magnetization. This PDE approximation systematically overestimates the true diffusion of
large and small values of o over the entire range of 3, while being similar in shape. This indicates
that the spatial correlations and exclusion rules reduce the effective diffusion coefficient beyond
what is captured by a one-point closure. Something that was already explained in Section 8.2.2.

These results are reinforced by Figure 8.19 which displays the effective diffusion coefficient as a
function of ¢ for several fixed values of 5. Both in the strongly local and almost global regimes the
diffusion coefficient approaches the theoretical curves, while for intermediate ¢ the system develops
long-lived density inhomogeneities that increase fluctuations and slow down relaxation, leading
to larger diffusion coefficients. These deviations signal the breakdown of the hydrodynamic limit

and therefore we will study the formation of local structures and spatial correlation the following
subsection.
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Figure 8.18: Effective diffusion coefficient as a
function of 8 under p = 0.5 for different val-
ues of 0. Additionally the PDE predictions for
both non-exclusion and non-exclusion are also
plotted. Note that o = 0, shows the system un-
der a global magnetization. For g < 1 the diffu-
sion coefficient is o-independent. For 5 > 1 the
diffusion coefficient is larger with a larger stan-
dard deviation for intermediate ¢. The PDE
prediction under exclusion for the global mag-
netization slightly overshoots the actual values.
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Figure 8.19: Effective diffusion coefficient as a
function of ¢ for different values of g under p =
0.5. This figure shows that for small and large
values of o the effective diffusion coefficient is
small and is closer to the theoretical predictions
while for intermediate values of o one has a

higher standard deviation and a larger diffusion
coefficient.



8.3 Local structures and spatial fluctuations under exclusion

To go beyond global transport coefficient and assess how exclusion reshapes the system locally,
that is we now analyze the emergence of spatial correlations and local structure. While the ef-
fective velocity and diffusion coefficient already reveal deviations from both the mean-field PDE
without exclusion and with exclusion, these deviations originate from local effects such a queuing
and jamming that cannot be diagnosed from one-point observables alone. We therefore study
the full spatial-temporal density field and its spectral decomposition. We first consider the case
of a local magnetization, where local interactions and exclusion leads to pronounced clustering
persistent density bands and long-lived low-wavenumber modes. We then turn to the global mag-
netization, for which long-ranged and weak spatial inhomogeneities develop. These fluctuations
are subtle, similar to the small differences observed between the global transport coefficient and
their theoretically predicted values. As the formation of local structure is much harder to ob-
serve here, it is discussed last. This separation allows us to accurately, but qualitatively, pinpoint
the differences observed between global transport coefficient and the ones predicted by the PDE
model with exclusion (Equation 6.19) for both weak, global interaction simulations and strong,
local interaction simulation.

Note that in this section we work under similar starting conditions as Section 8.2, the only differ-
ence is that we start from a homogeneous initial state with random noise. We do this because it
makes it much easier to analyze the growth of the variance and study the Fourier amplitudes.

8.3.1 Local structures and spatial fluctuations under exclusion for a local magneti-
zation

To quantify the spatial structure for the local magnetization (i.e. ¢ = 0.005) we start by analyz-
ing the Fourier spectrum. Figure 8.20 and 8.21 show a heatmap of the amplitudes of the Fourier
modes for different values of g for respectively p = 0.3 and p = 0.9 for the final time of the
simulations. For both average densities we see that for high S we have low-wavenumber modes
with a big amplitude, telling us that local structure forms for high values of 8. For 8 < 1 we see
that low-wavenumber modes have a smaller amplitude than the high-wavenumber modes. This is
the case because particles prefer to be in different states as the particles with which they interact
leading to no local clusters. This behavior is seen for 8 > 1 as particles prefer to be in similar
states. Figure 8.20 and 8.21 tell us that for higher densities higher-wavenumber modes have a
bigger amplitude. Due to exclusion particles cannot be at the same position, this results in less
local structure and a spread of the clusters and therefore higher-wavenumber modes have a bigger
amplitude.

Apart from the final time Fourier-modes, studying their time-evolution tells us something about
how these modes grow over time. For this we study the low-wavenumber variance,

P ()= D | (8.11)

|k|<ke

where k. is the cut-off wavenumber, here set to 25. We introduce this cut-off to distinguish between
meaningful macroscopic clusters and irrelevant microscopic noise. High wavenumbers correspond
to fluctuations at the scale of single lattice site, whereas the low-wavenumber variance (Py,)
captures the formation of large-scale, coherent clusters relevant to biological transport. k. = 25
marks a good line between this when looking at Figures as 8.20 and 8.21.

Figure 8.22 shows the evolution of the low-wavenumber variance over time for p = 0.5. In contrast
to the non-exclusion model the variance does not converge to zero but rather to a non-zero constant
value. For small § the variance increases little from the starting variance. However, for high g the
variance grows considerably. Something that is in line with what we saw in figure 8.20 and 8.21
and the reasoning given there. To better understand how the low-wavenumber variance depends
on the average density we next study the final time low-wavenumber variance for different values
of p.
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Figure 8.20: Heatmap showing the Fourier
modes of the density field for different values
of 8 for p = 0.3. For high g formation of lo-
cal structure is visible in the large amplitude of
low-wavenumber modes.
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Figure 8.21: Heatmap showing the Fourier
modes of the density field for different values
of g for p = 0.9. For high 8 formation of lo-
cal structure is visible in the large amplitude of
low-wavenumber modes, albeit less pronounced
than in simulations for lower p.
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Figure 8.22: Average time evolution of the low-wavenumber variance Pj_(t) for p = 0.5 and
o = 0.005, The non-zero values for every S show that exclusion prevents (fast) homogenization
of the density field. For high § local structure increases seen by a growth in the low-wavenumber

variance.
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Figure 8.23: Final time low-wavenumber vari-
ance Py _(t) as a function of 8 for several con-
stant values of p. Low average density leads
to higher variance, showing that exclusion for
high p prevents large spatial structure.

72

0.0 0.5 2.0 2.5 3.0
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ditionally, higher S also leads to higher maxi-
mum amplitudes.



Figure 8.23 shows the final time low-wavenumber variance Py, (t) as a function of 5 for several
constant values of p. From this figure it follows that for each value of p the variance increases
starting from 8 > 1, Additionally, lower average densities results in higher variance as particles
are less restricted by exclusion and clustering can therefore occur more easily. The same behavior
can be seen when looking at Figure 8.24 which shows the maximum Fourier amplitude (|Ag|) as
a function of 3 for several constant values of p. Here we also see that the lower average densities
lead to higher amplitudes of the biggest mode and thus more clustering and that higher 5 leads to
higher maximum amplitudes. In conclusion, we see that under higher g and lower p the tendency
of particles to form coherently moving densely packed clusters increases.

To further characterize the emerging patterns and even quantify it, we study the spectral entropy
H and the mode-competition ratio R and their dependence on both 8 and p. We start with
the spectral entropy H. While the Fourier amplitude tells us the strength of the fluctuations,
it does not quantify their complexity. The spectral entropy allows us to distinguish between a
system dominated by a single coherent structure versus a system with disordered, multi-scale
fragmentation. It is defined by,

|px|?
H=— 1 = = 12

zk:pk 08Pk, Dk SAPIE (8.12)
The spectral entropy H measures the degree of collective order vs. disordered motion for respec-
tively low and high values of H. This values can tell us if many different modes exist within
the results of the simulation or if there is one coherent structure. Figure 8.25 shows the final
time spectral entropy H as a function of S for several constant values of p. This plot shows
us that for intermediate values of p for 5 > 1 the spatial entropy decreases. That is, there is
more coherent clustering. We have already seen this behavior in the heatplots of Figure 8.20 and
8.21 where for p = 0.3 certain low modes dominate while for p = 0.9 may modes have a higher
amplitude not bringing the spatial entropy down compared to § < 1. A different measure is the
mode-competition ratio R. which is defined by,

maxy |pr]*

> il
To explicitly check for the emergence of a single dominant wavelength, such as a periodic traffic
jam spacing, we calculate the mode competition ratio R. This ratio quantifies how strongly one
mode dominates over other alternative modes. For large values of R one mode overwhelms all
others, whereas for small values of R several modes have comparable strength. Figure 8.26 shows
the final time mode-competition ratio R as a function of § for several constant values of p. Similar
to Figure 8.25 this shows us that for intermediate values of p for § > 1 low-wavenumber modes
grow and dominate more over others.
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Figure 8.25: Final time spectral entropy H as  Figure 8.26: Final time mode-competition ratio
a function of g for several constant values of R as a function of g for several constant values
p. For intermediate values of p under high 8  of p. For higher values of 8 more dominant
we see that the energy is concentrated in a  modes exist, especially for intermediate values
smaller number of modes, hinting at one co-  of p.

herent structure.
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8.3.2 Local structures and spatial fluctuations under exclusion for the global mag-
netization

For a local magnetization the formation of local structure is quite expected. For the global magne-
tization however you do not immediately expect this, as was the case for the non-exclusion model
discussed in Section 8.1. However, under exclusion weak and long-ranged spatial inhomogeneities
do seem to arise occasionally. This section aims to show that indeed weak spatial inhomogeneities
develop for a global magnetization, but fade away over a longer time.

Figure 8.27 shows amplitude of the Fourier-modes of the density field for different values of
for p = 0.5. Similar to local magnetization simulations we see that for § < 1 no local structure
forms as no low-wavenumber modes are dominant. For 8 > 1, however, we see lower modes
with a bigger amplitude leading us to believe that local clustering does take place because of the
additional (local) exclusion. Importantly, this is very case dependent as for example the final sim-
ulation, i.e. for § = 3, does not show this. The amplitudes of the lower modes are also significantly
lower than what we saw in heatmaps such as 8.20 and 8.21 showing us the clustering is less robust.

This occasional clustering is observed in Figure 8.28 which shows the average time evolution of
the low-wavenumber variance Py (t) for different values of 8. While the 8 < 1 simulations grow
similar to the model that uses the local magnetization, for § > 1 we see that certain simulations
grow from their initial conditions while others stay constant. Note that for the same average
density the variance of is significantly lower than the model that uses the local magnetization.
In conclusion, the clustering is less and occurs only sporadically for 8 > 1. A deeper analysis
exploring coefficient and results such a figures 8.23-8.26 requires different and harder techniques
as this clustering is only sporadic and goes beyond the scope of this thesis.

In conclusion, all the figures and results show that for a local magnetization, and a less pronounced
manner for the global magnetization, we see formation of persistent local structure. These struc-
tures confirm the breakdown of the factorization assumption (n;n;.1) ~ p? made to derive v, ff
and D.sr and thus shows us that the global transport coeflicient following from the simulation
will indeed differ from the ones derived in Section 6.2.
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8.4 Kinesin-1II transport: an application to experimental velocity-density
data

In the previous sections, we established that our active particle model under exclusion exhibits
distinct collective transport properties and were able to capture this in a formula in the case of the
effective velocity under the global magnetization, given by Equation (6.19). In this final section,
we validate the applicability of these theoretical results by fitting it to experimental data. We
focus on the effective velocity of Kinesin-II motor proteins, for which its relation with the density
has been experimentally found by Kushwaha et al. [10]. We demonstrate that our mean-field
model with exclusion under a global magnetization provides a statistically more accurate descrip-
tion of the velocity-density relationship compared to the standard TASEP-LK model used in the
original study.

Kinesin-IT is, unlike Kinesin-I or OSM-3, remarkably resilient to crowding and responsible for in-
traflagellar transport (IFT). In their 2020 study, Kushwaha et al. measured the velocity of Kinesin-
IT at varying motor densities using total internal reflection fluorescence (TIRF) microscopy [10].
They observed that while velocity decreases as the density of the motors on the MT increases, this
reduction is far less pronounced than in other motor proteins. To model this behavior, Kushwaha
et al. employed the totally asymmetric simple exclusion process with Langmuir kinetics (TASEP-
LK). This standard model assumes particles hop unidirectionally with hard-core exclusion and can
attach/detach from the lattice. We use this as our benchmark because it represents the standard
‘null hypothesis’ for molecular motor transport: particles interact only through exclusion with-
out communication. Deviations from this model, therefore, provide evidence for the cooperative
mechanisms we propose. While this model captured the qualitative trend of the velocity reduction
due to crowding, the fit showed noticeable deviations. The best fit obtained in [10] suggested a
lattice of 13 protofilaments to account for the high speeds at these high densities. Additionally
the TASEP-LK model requires two other parameters to be able to fit it to the experimental data.

We propose that the crowding dynamics of Kinesin-II can be better described by our mean-field
global exclusion model. As Kinesin-II maintains a higher velocity in crowded environment it likely
exhibits cooperative behavior which our model is able to capture, as can be seen by lower blocking
probabilities and a higher effective velocity than the original TASEP prediction for high £ in
Figure 8.16 and 8.15. This would reduce the three parameters used in the TASEP-LK to just one
parameter 3. To fit the experimental data, we use the approximation for the effective velocity
under global magnetization and exclusion derived in Section 8.2.3. That is, the effective velocity
is approximated by

o= IO (g (5, )
where @ (p, ) represents the blocking probability function derived in Equation (8.7). We assume
k = 1, consistent with the physical reality of the protofilament. We fit this function to the
experimental data points extracted from Figure 4B of Kushwaha et al. [10] optimizing for the
parameters A and . By fitting Equation (8.7) to the experimental data, we aim to demonstrate
that the resilience of Kinesin-II to crowding is best explained not by geometric complexity, but
by the internal cooperative switching captured by our g parameter. The results of the fitting
procedure are presented in Figure 8.29. The figure compares the experimental Kinesin-II data
with the best fit from the TASEP-LK model and our global magnetization mean-field exclusion
model. The fitting yields the following parameters,

B =123.708,  \=0.289 (8.14)

Visually, our model captures the profile of the velocity drop-off more accurately especially in the
intermediate regime. The high value of 8 =~ 23.708 in our model suggests a strong cooperative
alignment, allowing the effective velocity to remain stable closer to the saturation point before
dropping. To quantify the improvement in goodness-of-fit, we calculate the Chi-squared statistic
for both models, that is,

X7 aspp_ri = 38.129, X?\/]ean—field = 22.588 (8.15)
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Figure 8.29:  Velocity-density relation for
Kinesin-II transport. Experimental data from
[10] are compared with the best TASEP-LK fit
from [10] and with our global magnetization
mean-field exclusion model fitted to k = 1,5 =
23.708 and A = 0.289. The latter provides an
improved description of the data, which can
also be seen in Chi-squared statistic in Equa-
tion 8.15.

Figure 8.30: Residuals of the velocity-density
fit for both TASEP-LK and mean-field model
from Figure 8.29. It indicates that the mean-
field model provides a better description of the
data, which can also be seen in Chi-squared
statistic in Equation 8.15.

The lower x? for our mean-field model indicates a closer agreement with the experimental data.
Furthermore, the residuals of the fit, shown in Figure 8.30, show that the mean-field model has
lower residuals with less systematic structural difference from the data than the TASEP-LK model
which required two more fit parameters.

While the fit supports the evidence for the utility of our model, several limitations must be
noted. First, application of the global magnetization along a MT is a simplification. Biologically,
interactions will likely be local, however, as seen in Figure 8.13, the effective velocity stays close
to the effective velocity under global magnetization for ¢ > 0.01. Secondly, the fitting parameter
[ is high. This would indicate very strong cooperativity. While this aligns with the hypothesis
that Kinesin-II is resilient to crowding, our analysis was limited to § < 3. This thus requires
further investigation. Most importantly, to match the experimental results the TASEP-LK model
required the assumption of 13-protofilament MTs. This allowed for the distribution of the particles
and thereby a reduction of the effects of exclusion. Our model achieves a more accurate fit using
only a single-channel approximation. This again aligns with the hypothesis of Kinesin-II but is a
very different approach to the original TASEP model. Despite these simplifications and potential
errors, the ability of our model to outperform the TASEP-LK model using a simpler geometry
and only two free parameters reinforces the validity of the active particle mean-field approach in
biological transport.
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9 Conclusion

In this thesis, we have bridged the gap between mathematical analysis of a mean-field interacting
particle system and the biological reality of intracellular transport via kinesin. By constructing
a minimal active-diffusion model with internal state switching, we investigated how interactions,
mediated by local or global mean-field forces, regulate global transport coefficient and crowding.
Our work yields contributions to both the mathematical theory on such models, their hydrody-
namic limits and transport coefficients and the physical modeling of Kinesin-II motor proteins.

From a mathematical perspective, we derived the hydrodynamic limit for an active mean-field
interaction model under both global and local magnetization and thus proved that the micro-
scopic dynamics converge to a the macroscopic PDE. A key result of the analysis of this PDE was
the derivation of the exact analytical expression for the global transport coefficient, the effective
velocity vesy and the effective diffusion coeflicient D.yy for the Curie-Weiss Glauber rates.

These derivations provide a new insight into active mean-field models. Specifically, we showed
that under global interactions the effective diffusion coefficient is composed of a passive Brownian
component and an active enhanced term that depends on the magnetization of the system. We
further showed that under local interactions, the diffusion coefficient can diverge as the system
approaches criticality, signaling to potential pattern formation and clustering. These theoreti-
cal results provide a framework for understanding how microscopic switching rules translate to
macroscopic transport phenomena.

On the physical side, we developed an accurate particle-based model for Kinesin-II movement
along a microtubule that incorporates exclusion and interactions over different lenghts. Our sim-
ulations showed complex behavior that extended beyond the standard mean-field predictions.

First, we observed that the global transport coefficients under exclusion deviates from the pre-
dictions derived from out PDE model and our PDE model adjusted to exclusion. However, these
differences are intuitively explainable: to derive the PDE and preform the analysis higher-order
terms are factorized, neglecting the formation of local queues and jams that obstruct transport.
We found that for 8 > 1, where particles align cooperative, the blocking probability is reduced
compared to standard TASEP predictions for high interaction ranges, while being increased for
very small interaction ranges. The results for the global interactions are a first explanation for
the resilience of Kinesin-II to crowding.

Second, we found that for the interaction range o, small o exhibits larger relaxation times. In
this regime, distinct regions of opposing magnetization can coexist longer, leading to congestion
and spatial heterogeneity that is absent in the global case. While we could accurately predict
the exact values for vess and D.ss for local interaction ranges, the simulations confirm that local
interactions fundamentally alter transport by allowing the formation of local structures.

Finally, we validated our model against experimental data for Kinesin-II transport. Our mean-
field exclusion model provided a statistically more accurate description of the velocity-density
relation compared to the previously used TASEP-LK model. By capturing the cooperative nature
of motor transport, our model achieved a better fit to experimental data using a simpler single-
lane geometry, demonstrating that internal state switching could be an important mechanism to
explain the efficient transport in crowded biological environments.

While this thesis creates a solid foundation, several areas of future research remain. The current
analytical derivation for the effective velocity under exclusion relies on a semi-empirical fitting
function ®(p, 8). A rigorous mathematical derivation of this function would be a valuable next
step. Furthermore, our fitting yielded a high cooperative parameter (3, suggesting very strong
alignment forces. Future studies could investigate, whether this reflects true biological coopera-
tivity or is an effective parameter compensating for other geometrical simplifications.
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