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Abstract

Max-plus-linear (MPL) systems are systems that are linear in max-plus algebra. A general-
ization of these systems are Max-Min-Plus-Scaling (MMPS) systems. Next to maximization
and addition (plus), MMPS systems use the operations minimization and scaling. They are
discrete-event (DE) systems, which means that the changing of the states is triggered by the
occurrence of events and (part of) the states in the state vector represent time instances. One
way to control MMPS systems is by using Model predictive control (MPC). This is a powerful
on-line control strategy that uses a receding horizon. However, an efficient control procedure
that works for all time-invariant DE MMPS systems had not yet been described. The goal
of this master thesis is to fully design such a framework. To achieve this, the state vector is
altered, such that the difference in the states that represent a time instance is included as well.
Next to this, the MPC problem on an MMPS system is altered to a Mixed integer quadratic
programming (MIQP) problem, in order to optimize it more efficiently. That this framework
works is supported by a stability analysis. Next to that, it is tested on a simulation example
of an urban railway line. Based on this example, it is shown that the procedure does indeed
work. The thesis ends with several suggestions for future research.
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Chapter 1

Introduction

1-1 Background

In this research the emphasis is on a relatively new kind on algebra: max-plus algebra. The
system theory where max-plus algebra plays a central role, emerged in the early 1980’s [1].
Here, the conventional plus and times operators are replaced by a maximization and a plus
operator, respectively. The advantage of this translation is that some systems that would be
nonlinear in conventional (plus-times) algebra can be described in a linear way in max-plus
algebra [2]. These systems are called Max-plus-linear (MPL) systems and are used to model
discrete-event systems with synchronization, but no choice. The presence of choice can lead
to the necessity of a minimization operator [3].

A system that consists, next to the operations maximization and addition, of the operation
minimization and scaling, is called an Max-Min-Plus-Scaling (MMPS) system. This notation
opens up possibilities for even more kinds of systems to be described more efficiently or
intuitively. This is why this research focuses on MMPS systems.

In MMPS (and MPL) systems, the evolution parameter that is used is an event counter,
instead of the conventional time increment. This is why these systems are called discrete-
event (DE) systems. So the evolution of these systems depends on the occurrence of an
event. Next to this, (part of) the states in the state vector represent time instances. This
prevents the straightforward translation of plus-times properties and algorithms to the max-
plus environment.

To optimize a DE MMPS system, a sensible choice would be to use Model predictive control
(MPC). This is a powerful on-line control strategy that uses a receding horizon. However,
MPC problems for MMPS systems are in general nonconvex nonlinear optimization problems.
These problems are known to be hard to solve [2]. Previous research has been able to simplify
this control problem in specific situations to problems that can be solved more efficiently.
However, an efficient control procedure that works for all time-invariant DE MMPS system
has not yet been described.
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2 Introduction

1-2 Problem description

Several areas have be identified that are in need of further research, in order to describe the
complete control procedure for a general time-invariant DE MMPS system. These areas are
based on the literature study conducted previously. To guide the investigation, that will be
conducted in this master thesis, multiple research questions are formulated. The content in
this work is constructed in such a way that these questions can be solved in a structured
manner.

1-2-1 Research questions

e How can the process of designing a stabilizing MPC controller for a time-invariant
MMPS system be fully described?

— How should the state vector of a time-invariant MMPS system be defined?
— How can a time-invariant MMPS system be linearized?

— How should the objective function be defined to guarantee stability for a time-
invariant MMPS system?

— What will the terminal set for a time-invariant MMPS system look like?

1-2-2 Approach

To answer the research questions, the master thesis will start off with a chapter that will
introduce max-plus algebra and the MMPS system. After this, Chapter 3 will present the
conventional MPC method applied to a nonlinear discrete-time (DT) system. Furthermore, it
raises several concerns that could prevent a straightforward translation to DE MMPS systems.
Next, Chapter 4 will address these concerns and Chapter 5 will show the entire process
of recasting a general MMPS system as an Mixed integer quadratic programming (MIQP)
problem.

After the entire process for designing a stabilizing MPC controller has been described, the
procedure will be applied to a case study: the model of an urban railway line. In this way
it can be demonstrated that the proposed method does indeed work in practice. The thesis
work will end with the main conclusions and contributions of this master thesis and it will
give recommendations for further research.

J.C.M. Kroese Master of Science Thesis



Chapter 2

Max-Min-Plus-Scaling Systems

This chapter starts with an explanation of the basics of discrete-event (DE) systems and
Max-plus algebra. Next to that, Max-plus-linear (MPL) systems will be introduced. After
this, the chapter continues with a generalization of these systems, namely Max-Min-Plus-
Scaling (MMPS) systems and it explains the concept of additive homogeneity, an important
property of such systems. Lastly, several other hybrid system descriptions are stated.

2-1 Discrete-event (DE) systems

discrete-event (DE) systems form a large class of dynamic systems in which the evolution
of the system is specified by the occurrence of certain discrete events [4]. This opposed to
discrete-time (DT) systems where the evolution depends on the clock. Next to this, (part of)
the states in a DE system represent time instances. There are multiple frameworks to describe
DE systems, but these are usually nonlinear. However, a certain class of these systems can
be described by a linear model in max-plus algebra, namely MPL systems. What max-plus
algebra entails is discussed in the next section.

2-2 Max-plus algebra

Max-plus algebra is a relatively new form of algebra, where the main operations are maxi-
mization and addition. This as opposed to plus-times algebra where the main operations are
addition and multiplication.

Define ¢ = —oco and R, =RU{e}. The notation in max-plus algebra is the following:

r @y = max(z,y)
rTRQYy=x+y

for any z, y € R..[5]

Master of Science Thesis J.C.M. Kroese



4 Max-Min-Plus-Scaling Systems

The reason why it is useful to rewrite a model into max-plus algebra, is that a lot of the basic
operations that work for plus-times algebra also hold for max-plus algebra. Readers interested
in these operations can take a look at Chapter 1.3 of [6] or Chapter 2.1 of [7]. However, there
are also some major differences that prevent a straightforward translation of all properties,
concepts, and algorithms from conventional linear algebra to max-plus algebra [8].

For matrix operations, max-plus addition and multiplication can be extended in the following
way:

(A b B)U =a;; P bi]’ = max(aij, bl])

n
(A C);; = @ aik ® Cpj = m]?x(aik + ckj)
k=1

for A, B € R**" and C € R}*P.

2-3 Max-plus-linear (MPL) systems

A basic state-space system that can be constructed in max-plus algebra is the MPL system.

Definition 2-3.1 (Max-plus-linear system).

z(k)=Az(k—1)® B ® u(k)

y(k) = C @ (k) &1

with A € RPX" B € R™™ agnd C € RX". Where n is the number of states, m is the number
of inputs and l is the numbers of outputs.

This system is a subclass of DE systems in which only synchronization and no concurrency
or choice occurs [8]. One can easily see the resemblance to the linear state space model in
plus-times algebra. Thus this means that these systems can be handled in a similar way.

2-4 Max-Min-Plus-Scaling (MMPS) systems

An MMPS system is a generalization of a max-plus linear system. This generalization is
useful, because a large portion of hybrid and DE systems can be described in this way. It can
consist of the operations maximization, minimization, addition and multiplication.

First, define R. = RU{—00}, Ry = RU{oc} and R, = RU{—o00} U {oc}. The set R can be
any of these three sets.

Definition 2-4.1 (MMPS function [6]).

f=nilalfs ® filfe ' fil fr + fil Bfx (2-2)

where « € R, f € R and fi, and f; are again MMPS functions over the set R. The symbol |
means "or". For vector-valued MMPS functions the above statement holds componentwise.

J.C.M. Kroese Master of Science Thesis



2-4 Max-Min-Plus-Scaling (MMPS) systems 5

Definition 2-4.2 (MMPS system [6]). Consider the vector:

p(k) = [aT(k) aT(k-1) ... «T(k—M) uT(k) w(k)] €P
where P C R"™, z € RY is the state, u € RP is the control input and w € R? is an external
signal. An MMPS system describes a state-space model of the form

z(k) = fumps(p(k)) (2-3)

where fumps is a vector-valued MMPS function of the variables p.

This MMPS system describes an implicit state-space model. If the system is not a function
of z(k), the system is explicit.

2-4-1 Homogeneity and time-invariance

If a system’s behaviour does not change over time, a system is said to be time-invariant. So
if it is started a day later with the same initial state, the behaviour is the same [6]. In a
DE system where the state is a time instance, time-invariance will mean that the system is
additive homogeneous.

Definition 2-4.3 (Additive homogeneity [6]). Consider p € R™, and the functions f; :
R™ — R™. The system is said to be additive homogeneous if:

ftlp+A) = filp) + A

A non-homogeneous system consists of both variables with the dimension time and variables
related to quantities. Then the states can be split up into two substates. xy denotes the time
variables and z the quantitative variables. In a similar way p(k) in Definition 2-4.2 can be

split into py(k) and pq(k). So: z(k) = lxt(k)l and p(k) = lpt(k‘)]

zq(k) Pq(k)
with
pe(k) = [oT () al(k—1) ... oTGh=M) uT(R) k)] e
pa(k) = [aT(k) al(k—1) ... oT(k—M) wI(k) =IH)] €P,

Now the MMPS system can be rewritten as:

r(k) = famps,t(pe(k), pq(k))
zq(k) = famps,q(Pe(k), pq(k))

The quantitative variables prevent the system from being fully additive homogeneous. That
is why the next definition is introduced.

Definition 2-4.4 (Partially additive homogeneity [6]). Consider p; € R™, and pq € R™ and
the functions f; :R" x R" — R™ and f, : R™ x R" — R". The system is said to be
partially additive homogeneous if:

filpe +Xpa) | _ [ felpepg) + A
fq(pt + )‘,pq) fq(ptapq)

This means that a time-invariant DE MMPS system is equal to a (partially) additive homo-
geneous DE MMPS system.
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6 Max-Min-Plus-Scaling Systems

2-5 Hybrid systems

In this section multiple hybrid systems are outlined that are equal to MMPS systems (some-
times under mild conditions). Here the event counter k is used, instead of the DT time
increment ¢.

2-5-1 Conjunctive MMPS system

The conjunctive MMPS formulation is a canonical formulation of the general MMPS system.

Definition 2-5.1 (Conjunctive MMPS system [6]). A conjunctive MMPS system describes
a state-space model of the form

: T
o(k) =, min _max (aj;p(k)+ ;) (2-4)

for some integers K,ni,...,nk, vectors oy j and real numbers f3; j. For vector-valued MMPS
functions the above statements hold componentwise.

This expression is also called the Min-max MMPS formulation.

Theorem 2-5.1 (MMPS to conjunctive MMPS [6]). The classes of MMPS systems (Equation
2-3) and conjunctive MMPS systems (Equation 2-4) coincide.

2-5-2 Extended linear complementarity (ELC) Systems

An Extended linear complementarity (ELC) system is an extension of a linear complemen-
tarity system.

Definition 2-5.2 (Extended linear complementarity system [9]). The ELC system can be
described as:
xz(k +1) = Ax(k) + Biu(k) + Bod(k)
y(k) = Cz(k) + Diu(k) + D2d(k)

H (94 — Era(k) — Equ(k) — Esd(k)); = 0for each i € {1,2,...,p}
JEG:

(2-5)

where u(k) € R™, 2(k) € R" and y(k) € R'. g4 is a constant and d(k) € R" is an auxiliary
variable.

Theorem 2-5.2 (MMPS to ELC [9]). The classes of MMPS and ELC systems coincide.

2-5-3 Mixed logical dynamical (MLD) Systems

An Mixed logical dynamical (MLD) system is a hybrid system where logic, dynamics and
constraints are integrated. [9]

J.C.M. Kroese Master of Science Thesis



2-5 Hybrid systems 7

Definition 2-5.3 (Mixed logical dynamical system [9]). The MLD system can be described
as:
z(k +1) = Az(k) + Biu(k) + B2d(k) + B3z (k)
y(k) = Cx(k) + Diu(k) + D20(k) + D3Z( ) (2-6)
Elx(k) + Egu(k) + E35(k‘) + E4Z(k) <g

~ —

T

T
where z(k) = {xT(k) be(k)} with z,(k) € R™ and zp(k) € {0,1}" (y(k) and u(k) have a
similar structure), and where z(k) € R™ and d(k) € {0,1}" are auxiliary variables.

Theorem 2-5.3 (ELC to MLD [9]). Every ELC system can be written as an MLD system,
provided that the quantity g4 — E1rx(k) — Esu(k) — Esd(k) is (componentwise) bounded.

So combining Theorem 2-5.2 and Theorem 2-5.3, an MMPS system can be written as an MLD
system if the condition in Theorem 2-5.3 and is met. To see what the consequences of this

condition are for the original MMPS model, one has to take a look at how the constraints for
the ELC model are formed from the MMPS model.

According to [9], the constraints for the ELC model are formed when rewriting the maxi-
mizations and minimizations in the MMPS model. f = max(fx, f;) = —min(—fx, —f;) can
be rewritten as:

f=f=20, f=fi=0, (f=fu)(f—fi)=

So to be able to recast an (conjunctive) MMPS model as an MLD model, it is necessary that
the quantities f — fr and f — f; are bounded for each maximization and minimization.

2-5-4 Piecewise-affine (PWA) Systems

A Piecewise-affine (PWA) system is a system that consists of a combination of several affine
systems that are valid within a certain part of the domain.

Definition 2-5.4 (PWA System [9]). PWA systems are described by

2(k+1) = Az (k) + Biu(k) + fi
y(k) = Ciz(k) + Diu(k) + gi

(k)
for l“(k)l e,

(2-7)

where ); are convex polyhedra (i.e. given by a finite number of linear inequalities) in the
input /state space.

Theorem 2-5.4 (MLD to PWA [9]). A completely well-posed MLD system can be rewritten
as a PWA system.

So combining Theorem 2-5.2, 2-5.3 and 2-5.4, an MMPS system can be written as a PWA
system if the conditions in Theorem 2-5.3 and 2-5.4 are met. So the MMPS problem should
be bounded and well-posed. As a result, a continuous PWA system is equivalent to an MMPS
system. [10]

Master of Science Thesis J.C.M. Kroese



8 Max-Min-Plus-Scaling Systems

2-6 Conclusion

Chapter 2 gives an overview of the basic aspects of max-plus algebra. The first takeaway
in this chapter is that in DE systems, the evolution of a system is specified relative to the
(repeated) occurrence of events. Secondly, several operations in plus-times algebra can be
translated to max-plus algebra, which is why writing a model as an MPL system can be
useful. In that way (simple) systems that consists of maximizations as well as addition can
still be handled in a "linear" way.

Furthermore, the concept of max-plus algebra has been extended to MMPS systems. This
is helpful, because a large amount of DE systems can be described in this way. In non-
homogeneous MMPS systems, the system consists of time and quantitative variables. Here
the difference between additive homogeneity and time-invariance comes into play. It can be
concluded that an MMPS system being time-invariant actually comes down to the system be-
ing (partially) additive homogeneous. In Chapter 4 it will become apparent that the difference
between additive homogeneity and time-invariance will prevent a straightforward translation
of Model predictive control (MPC) from DT to DE systems.

Finally, it can be concluded that several other hybrid systems are (sometimes under mild
conditions) equivalent to MMPS systems. This will prove useful because there are not many
optimization techniques specifically for MMPS systems. Rewriting the MMPS system into
one of the hybrid systems mentioned in this chapter, will pave the way for the use of more
conventional and efficient optimization techniques. The conjunctive MMPS formulation can
be a useful first step in the recasting process.

J.C.M. Kroese Master of Science Thesis



Chapter 3

Model Predictive Control

Model predictive control (MPC) is an on-line control strategy which makes use of a receding
horizon N,. It is a popular control method for discrete-time (DT) systems. One of the
reasons for this is that it is simple to add constraints in the optimization, as opposed to for
example Linear-quadratic regulator (LQR) control. This chapter introduces the MPC control
technique and its procedure for controlling nonlinear DT systems. This will provide a solid
background and show where alterations are necessary to be able to use MPC on (nonlinear)
discrete-event (DE) Max-Min-Plus-Scaling (MMPS) systems as well.

3-1 Introduction to Model predictive control (MPC)

An MPC controller is a controller that predicts, at each time step ¢, the optimal control inputs
over the finite horizon Np: ut,utt1,. .. ,ue N, - It only applies the first input u; to the system
and shifts the horizon one time step, such that it now runs from ¢ +1 to ¢ + N, + 1. Then a
new optimal control problem is solved to determine these inputs. This is continued for each
cycle, such that the future control actions are optimized by minimizing the cost function over
prediction window N, subject to constraints [1]. This is outlined in Figure 3-1.

The cost function in MPC is typically chosen as [11]

Np—1
J(zo,u) = Vy(zo,u) = > L(a(t), ut)) + Vi(z(N,)) (3-1)
t=0

where £(x,u) is the stage cost and Vy(x) is the terminal penalty.

Here it is assumed that the state and input vector should be steered to zero. If this is not
the case, the vectors should be altered by subtracting their equilibrium values: z/ = © — z¢,,
t = u — ueq. Then these altered vectors 2’ and «’ should again be steered to zero.

Master of Science Thesis J.C.M. Kroese



10 Model Predictive Control

past future

predicted outputs

reference

ﬁz uft) manipulated inputs

t t+1 t+ N

predicted outputs

u(t+1) manipulated inputs

)

t41t+2 tH14+N

Figure 3-1: Graphical representation of the MPC control strategy [12]

The cost function has to be defined in such a way that stability is established. This means
that

VN (f (@, kn(2)) = Vy(2) < —l(z, ky(2) (3-2)

where ky= Ky is the control law at stage N [13] and VJ(x) is the MPC optimal value
function.

Because a DE MMPS system is a nonlinear system, the next section will focus on how to
guarantee stability for a nonlinear DT system.

3-2 MPC on nonlinear DT systems

The MPC problem for nonlinear DT systems is given in Definition 3-2.1. This section will
use the DT time increment t.

Definition 3-2.1 (MPC problem for nonlinear DT systems).

Np—1

min J(xzg,u) = min Lla(t),u(t)) + Vi(x(N, 3-3

o B T = i S (0, u0) + Vi) (3-3)
subject to:

z(0) = zo
w(t+1) = f(a(t), u(t)) vt
(x(t),u(t)) € Z vt (3-4)
u(t+j) = u(t+ N — 1) j=NoNe+1,...,N,— 1
z(t+N,) €eXyCX

J.C.M. Kroese Master of Science Thesis



3-2 MPC on nonlinear DT systems 11

where J(xg,u) is the cost function, ¢(z,u) is the stage cost, Vy(z) is the terminal cost, X; is
the terminal constraint set and X is the state constraint set.

The cost function that will be used in this section is a quadratic (or 2 norm) cost function.
This means

1
Uz, u) = §$TQI' + 2uTRu

1 (3'5)
Vi(z) = §xTPx

The 2 norm cost function is a popular choice in conventional MPC. In this cost function larger
deviations from the reference value will be more severely punished than small deviations.
Other common choices for the cost function are a 1 norm or co norm cost function.

The procedure in this section is based on the process in Chapter 2.5.5 of [11]. First, several
assumptions that need to hold for the procedure to be valid will be mentioned. Subsection
3-2-1 outlines these assumptions. It also introduces two theorems that are needed later on.
Before these are given, the definition for a Lyapunov function is given, that will be used later
on.

Definition 3-2.2 (Lyapunov function). Suppose that X is positive invariant for z+ = f(z).
A function V : R" — R is said to be a Lyapunov function in X for z* = f(x) if there exist
functions a1, as € Ky and a continuous, positive definite function ag such that for any x € X

3-2-1 Assumptions and Theorems

X is the state constraint set, U is the input constraint set and X; is the terminal constraint
set. Z is the system constraint region given by Z C X x U. This is generally a polyhedron,
ie. Z={(z,u)| Fx+ FEu < e} for some F, E and e.

Assumption 3-2.1 (Continuity of system and cost [11]). The function f:7 — X, { : Z —
R>o and Vy : Xy — Rxq are continuous, f(Zeq, Ueq) = Teq, {(Teq, Ueg) = 0 and Vi(xeq) = 0.

Assumption 3-2.2 (Properties of constraint sets [11]). The set Z is closed and the set
Xy C X is compact. Each set contains the origin (= equilibrium). If U is bounded (hence
compact), the set U(z) is compact for all x € X. If U is unbounded, the function u — Viy(z,u)
is coercive, i.e., Vy(x,u) — oo as |u] = oo for all v € X.

Assumption 3-2.3 (Basic stability assumption [11}). V¢(-), X¢ and £(-) have the following
properties:

e For all x € Xy, there exists a u (such that (x,u) € Z) satisfying

flz,u) € X
Vi(F (@ w) - Vi) < ~(e,w)
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12 Model Predictive Control

e There exist Ko functions ai(-) and ay(-) satisfying

lz,u) > ay(z]) Vo €Xn, Vu such that (z,u) € Z
V(o) < agal) Vo€ Xy

where Xy is the set of feasible states for the optimal control problem at stage N. A
function belongs to class Koo if it is continuous, zero at zero, strictly increasing and
unbounded [11].

Theorem 3-2.1 (Asymptotic stability of the equilibrium). Suppose Assumptions 3-2.1, 3-2.2
and 3-2.3 are satisfied and Xy contains the equilibrium in its interior. Then

e There exists Koo functions a1(-) and az(-) such that for all x € Xy (Xg, for each
cE R>0)

a1(|z]) <Vy(@) < aa(fz))
VN (f(z, v (@) =Va(2) < —ai(lz))

e The origin is asymptotically stable in Xn (X§, for each ¢ € Rxq) for z(k) = f(x(k —

1), k().

Theorem 3-2.2 (Lyapunov function and exponential stability). Suppose X C R™ is positive
invariant for x(k) = f(x(k —1)). If there exists a Lyapunov function in X for the system
z(k) = f(z(k — 1)) with a;(-) = ¢| - |* in which a, ¢; € Rso i = 1,2,3 then the equilibrium is
exponentially stable for x(k) = f(x(k — 1)) in X.

3-2-2 The Procedure

The first step in solving the MPC problem for nonlinear DT systems (Definition 3-2.1) is deter-
mining the terminal cost Vy and terminal constraint set X;. These should ensure asymptotic
stability of the origin for the controlled problem [11]. The first step is linearizing the nonlinear
system z(t+1) = f(z(t),u(t)) around its equilibrium. To be able to do this Assumption 3-2.1
needs to hold.

The linearization results in the following system:

x(t+1) = Ax(t) + Bu(t)
where A = fx(xeq,ueq), B = fu(ffeq»ueq)

Assuming (A, B) is stabilizable, the controller gain K (u = Kx) should be chosen such that the
equilibrium is globally exponentially stable for the system z(t+1) = Agx(t), Ax = A+ BK.
This means that Ax will be stable. Now the stage cost in Equation 3-5 for u = K=z is given
as l(x, Kzx) = %mTQKa:, Qx =Q + KTRK.

To determine V¢, we should first define P by the Lyapunov function
AR PAk +uQx = P (3-6)

J.C.M. Kroese Master of Science Thesis



3-2 MPC on nonlinear DT systems 13

for some p > 1. If we make sure () and R are positive definite, so is Q. Next to that, Ag is
stable and thus P is positive definite as well. Now V; = %ZL‘TP:L‘ is a global Control Lyapunov
function (CLF) for the linearized system, since:

Vi(Agz) + ngQKx —Vi(x) =0 (3-7)

If we now consider the nonlinear system z(t + 1) = f(x(t),u(t)) again, with linear control
u = Kz. The goal is to show that V is a local CLF for «(t + 1) = f(x(t),u(t)) in some
neighbourhood of the equilibrium. This means that we need to show that there exists an
a € (0,00) such that

Vi(f(z, Kz)) + %xTQKx —Vi(z) <0 Va € levg Vy (3-8)

in which, for all a > 0, lev, Vy = {z|Vy(x) < a} is a sublevel set of V.
Comparing Equation 3-8 and 3-7 shows that Equation 3-8 holds when:

Vi(f(x,Kz)) = Vi(Aga) < K 2T Qyx Vo € lev, Vy (3-9)

This also demonstrates the reason for including p > 1. It allows for a larger difference in
Vi(f(z, Kz)) and Vy(Agx), while still proving that Equation 3-8 holds.

To prove that Equation 3-9 holds, let e(-) = f(x, Kz) — Axx. Then

Vi(f (e, K)) ~ Vy(Axa) = (Axca) Pe(a) + ge(a)” Pe(z) (3-10)

It holds that e(0) = f(0,K -0) — Ax -0 =0 and ez(z) = fo(z, Kx) + fu(z, Kz)K — Ak. So
ez(0) = 0. If f(-) is twice continuously differentiable, for any 6 > 0, there exists a ¢5 > 0 such
that |egz(x)| < ¢s for all z in 6B. Here B is a ball in R™ of unit radius. That f(-) is twice
continuously differentiable also means that [11]

1
le(z)] = |e(0) + e (0)x + / (1 — s)2” epy(s2)2ds|
0 (3-11)

1 1
< / (1 — s)cs|z|?ds < 505\x|2
0

for all z € §B. From Equation 3-10, one can observe that there exists an ¢ € (0, §] such that
Equation 3-9 holds and thus Equation 3-8 is satisfied as well for all z € eB [11]. Because of
choosing ¢(-) as in Equation 3-5, there exists a ¢; > 0 such that Vy(z) > ¢(z, Kz) > c1|z|?
for all € R™. From this it follows that x € lev, V} implies |z| < \/g . By making a satisfy

\ /% =¢, z € levy Vy implies || < e < 6. This results in Equation 3-8 being satisfied.

So indeed, there exists an a > 0 such that V;(-) and X; = lev, V satisfy Assumptions 3-2.1 and
3-2.2. To make sure Assumption 3-2.3 is satisfied as well and the prerequisites of Theorem
3-2.1 hold, the first step is to see that for each x € Xy there exists a v = ry(r) = Kz
such that Vi(x,u) < Vi(x) — l(z,u), since {(z,Kz) = (1/2)2TQxrz. We stated that in
U(z,u) = $(z7Qz + uT Ru) both @ and R are positive definite. Combining this with our
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14 Model Predictive Control

definition of Vj(-) will ensure the existence of positive constants ci, cz and c3, such that
V() > ci|z|? for all R, Vi(z) < colz|? and VI (f(z, k() < V() —c3)z|? for all z € Xj.
Thus Assumption 3-2.3 is satisfied. Finally, by definition, the set Xy contains the origin (=
equilibrium) in its interior.

So in summary: if Assumptions 3-2.1, 3-2.2 and 3-2.3 are satisfied, Xy contains the origin (=
equilibrium) in its interior and a;(-), aa(-) and as(-) satisfy the hypotheses of Theorem 3-2.2,
the origin (its equilibrium) is exponentially stable for the system x(t 4+ 1) = f(x(t), kn(x(t)))
in Xy by Theorems 3-2.1 and 3-2.2 [11].

3-3 Conclusion

This chapter gives an overview of the process of applying MPC on a nonlinear DT system.
In MPC a certain cost function needs to be minimized. This chapter shows how the cost
function should be chosen such that stability for the nonlinear DT system is ensured. This
can be used as a basis to describe this process for a (nonlinear) DE MMPS system. There are
several concerns that arise when trying to apply the DT procedure to a (non homogeneous)
DE system.

Firstly, the equilibrium point for time variables (which are present in a DE system) are
nonzero and also not constant, because this would mean that in the equilibrium all events
happen at the same time. This means that for time variables z; and wu; it is not possible to
subtract a constant equilibrium value (2’ = & —x¢q, v’ = u—u,q) and steer the altered vectors
to zero.

Next to that, there are multiple concerns with the assumptions that are made in Section
3-2-1. In Assumption 3-2.2, it is stated that the set Z is closed. However, for a DE system
7Z depends on the initial conditions. This is the case, because time variables are additive
homogeneous (Definition 2-4.3). So if a system is started at a later time, the state constraint
set and system constraint region are shifted by that same amount. Next to that, the location
of the set depends on the event counter k, because the value of x; grows as the event counter
increases. Thus these regions can only be closed for a certain initial condition and a certain
value of k specifically. A same reasoning holds for the terminal set Xy. It is not compact, due
to additive homogeneity. It is only shift invariant. This means that it is positive invariant for a
certain initial condition of a time variable, but the set shifts when these initial conditions shift
and when the event counter k increases. So it needs to be checked whether these differences
will lead to problems.

Another concern is that the procedure mentions that the system needs to be linearized around
the equilibrium point. Calculating the derivative for a MMPS system is not straightforward,
as it is hard to differentiate a system that consists of the operations maximization and mini-
mization. This same problem comes into play again, when the procedure mentions that the
system should be twice continuously differentiable for Equation 3-11 to hold.

All these concerns will be addressed in Chapter 4, to make sure that it is possible to perform
MPC on a general (partially) additive homogeneous DE system.
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Chapter 4

Stability of the Discrete-event MPC
Problem

The process to assure stability in a Model predictive control (MPC) problem on a general
discrete-event (DE) Max-Min-Plus-Scaling (MMPS) system, is not entirely the same as as-
suring stability in a discrete-time (DT) system. In the conclusion of Chapter 3, multiple
concerns were raised. This chapter will discuss these concerns and solve these problems if
needed.

4-1 Altering the MPC procedure

The goal in MPC is to stabilize the system to an equilibrium point. When translating the
MPC control method to DE systems, a problem arises here. Time variables (k) in a DE
system cannot stay constant after a certain event, because then all those events will happen
at the same time. This is why the aim for these variables should be to keep the growth rate
constant. So z¢(k) = z¢(k — 1) + constant or x¢(k) — x¢(k — 1) = ze(k — 1) — 2¢(k — 2).

This means that to fit the original MPC framework, the state matrix should be altered.
It should use the growth rate of the time variables, rather than the time variables x;(k)
themselves, and the normal quantitative variables z4(k). So the new vector would look like:

. l‘t(k‘) — ZL‘t(l{? — 1)

Now this new state vector can be steered to a constant equilibrium.

However, for a general MMPS system it might not be possible to describe the growth rate of
x; and original states x, (if the system is non-homogeneous) without the original z; states.
This means that the state vector needs to contain both x:(k) — z¢(k — 1) and ;. So then:

l’t(l{i) — l’t(k‘ — 1)
Tnew (k) = x¢(k)
z4(k)
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16 Stability of the Discrete-event MPC Problem

To be able to perform MPC on the x; variable(s), we should use an equilibrium point where
the values for the time variables vary, based on the event k the system is in. Now the state
vector should stay close to the varying equilibrium point x4 (k).

Because z¢4(k) is not a constant value, it cannot be easily subtracted from the state vector
beforehand. This is why it makes more sense to alter the formulation of the stage cost ¢(z, u)
and terminal cost Vy(z), such that z.4(k) is part of the description. So for an MMPS system
the cost function will have the following form:

Definition 4-1.1 (Cost function DE MMPS system).

J(zp,u) = Vy(zg,u) = Nilﬁ(:ﬁ(kz —1+4id),u(k+1i) + Vi(x(k + Ny — 1)) (4-1)
where -

0 u) = 3 (a(k) ~ eq(R) T QUr(k) — meg (R)) + 5 (u(k) — tteq (KT R(u(k) — tieg (k)

Vi) = 5 (k) — 2eq(k))T P(e(k) — eq (k)

4-2 System constraint region

The system constraint region Z is computed as Z C X x U. As (part of) the state vector is
additive homogeneous, the state constraint set will be as well. This means that the system
constraint region is (partially) additive homogeneous too. In Assumption 3-2.1, Z is assumed
to be closed. Clearly, this is not the case for the MMPS case, since the region can be shifted
by an infinite amount. However, for a certain initial condition and a certain event counter
k, Z is bounded. So the additive homogeneity of the system constraint region will not be a
problem in the optimization. It just does not always lay at the same location.

4-3 Terminal constraint set

In the same way as the system constraint region, the terminal constraint set is (partially)
additive homogeneous, because it depends on the initial condition of the time variables x;(k).
So for the time variables, when the system is started at a later time, all z.,; values will be
shifted by a similar amount. The equilibria for z,(k) and z¢(k) — z¢(k — 1) will stay at the
same location. As the previous section already pointed out, this shift based on x4(0) will not
be a problem, because the initial conditions are known at the beginning of the optimization.

Another concern to take a look at is that the terminal set Xy for an MMPS system depends
on the event counter k. In Section 3-2, the terminal set is described as a sub-level set of the
terminal cost V¢ (X; = lev, V). So it has the shape of an ellipsoid with ., at its center.
Now that the equilibrium point for the time variables x4 varies with event counter k, the
terminal constraint set varies with & as well. So actually X¢(k). Next to that, both x(k) and
x¢(k) — x¢(k — 1) can only be positive. So the terminal set will only consist of the positive
values of the sub-level set in the direction of z+(k) and x¢(k) — z¢(k — 1). For a certain z(0)
and k, this terminal set X;(k) will be closed and bounded. So it is a compact set, which is
needed for Assumption 3-2.2 to hold.
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4-4 Linearizing the system 17

4-4 Linearizing the system

In order to determine the terminal cost Vy and the terminal constraint set Xy, a linearization
of the MMPS system around the equilibrium point is needed. Because the system contains
the operations minimization and maximization, this is not straightforward to acquire.

The equilibrium point can be computed based on the original MMPS formulation together
with the conditions that should hold at the equilibrium: z;(k)—xi(k—1) = z(k—1) — x4 (k—2)
and z4(k) = z4(k—1). Then the MMPS system should be written into the conjunctive canon-
ical format. According to Theorem 2-5.1, this is always possible. The calculated equilibrium
value can be used to figure out which part of the conjunctive formulation is responsible for
the value of x(k) when the system is at the equilibrium. So it needs to be determined which
part of the conjunctive formulation "wins" at the equilibrium.

To acquire the linearization of the MMPS system at the equilibrium, one now just needs
to linearize this "winning" part of the conjunctive formulation. This is straightforward, be-
cause the "winning" part only consists of the operations addition and scaling. Now that the
linearization is acquired, the state feedback gain K and the terminal cost matrix P can be
determined in the same way as in Section 3-2-2.

4-5 Conclusion

This chapter addressed the concerns that had been raised in the conclusion of Chapter 3. To
fix the issue that the equilibrium is not constant, the MPC procedure was altered. (k) —
x¢(k — 1) was added to the state vector. As it is generally not possible to describe the states
without the original state x;, x; was also kept a part of the new state vector. Next to that,
the equilibrium values are included in the description for the cost function, since subtracting
them in the beginning is not as straightforward as in the DT case.

Dealing with the additive homogeneity property of the time variables comes down to looking
at the sets in a different way. They will not always have the same value. However, if the
initial values are known the sets can be computed. Dealing with a dependency on the event
counter k needs some extra care. A set will move as the horizon moves, so its value will shift
during the optimization. One needs to make sure that at each optimization the right set is
taken into account.

The concerns on how to linearize an MMPS system, was solved by looking at the conjunctive
formulation and finding out which part of this formulation is responsible for the value of the
state at the equilibrium. From here, the linearization is easy to acquire.

As all concerns raised in Chapter 3 have been addressed and a solution was proposed if needed,
the MPC procedure from Chapter 3 can now be applied to (non-homogenous) DE MMPS
systems. Chapter 6 will investigate an example of such a system.
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Chapter 5

Control of the MMPS System

This chapter demonstrates how a Max-Min-Plus-Scaling (MMPS) system should be rewritten
such that it can be controlled efficiently with Model predictive control (MPC). Firstly, the
model will be rewritten as a Mixed logical dynamical (MLD) system. Combined with a cost
function this can be recast as a Mixed integer quadratic programming (MIQP) problem.

This chapter uses the altered state vector

x(k) = (k)
zq(k)

that was proposed in Section 4-1.

5-1 Rewriting the MMPS system as an MLD system

To be able to apply MPC on an MMPS system in an efficient way, the problem needs to be
written into another format. This section describes the first step to achieve this: recasting
the MMPS system as an MLD system. It follows a similar procedure as in [14].

According to Theorem 2-5.1, all MMPS systems can be rewritten into the conjunctive MMPS
format.

— mi T gy ;
(k) = min max (a;;p(k)+ Fij) (5-1)

To be able to rewrite this conjunctive MMPS model as an MLD model the conditions at
the end of Section 2-5-3 should hold. What these conditions entail for a conjunctive MMPS
system, is summarized in Assumption 5-1.1.
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20 Control of the MMPS System

Assumption 5-1.1 (Bounded conjunctive MMPS system). Define:

It RRET LS N 2 B N A N S et PEREY

f=min,—1 K g

Then it holds that:
e gi — h;j is bounded fori=1,...,K and j =1,...,n;.
e g; — f is bounded fori=1,..., K.

To describe the procedure on how to rewrite a conjunctive MMPS system as an MLD system,
we will first take a look at a one-dimensional example system:

x(k) = min (maX( aflp(k) + 811, a{zp(k) + B2, 04{317(@ + P13 01{419(1?) + B14) ,

hi1 hi2 hi13 hi4
max ( ag,ﬂ?(k) + 521, 043:2]9(1‘3) + a2, OégT,gp(k) + 52,3))
h21 h«22 h23

For each extra term in the maximizations and minimization of the example, a variable needs
to be defined. With 119 = hq1 and lyg = ho1, it can be defined that:

l11 = max(l10, h12)

l12 = max(li1, h13)

l13 = max(li2, h14)

la1 = max(l2g, ho2)

loo = max(la1, hog)

x(k) = min(l13, l22)
With these definitions, the MMPS model can be written as an MLD model. For the first
maximization it holds that:

o11 = h12 — lio

(5 . 1 if01120
= 0 if011<0

then 111 = lio + (hi2 — hio) - 011 = Li1 + 011 - 011 = h11 + 211

012 = h1z — l11

i — 1 ifo;9>0
273 0 iforr<0

then lig = l11 + (hig — l11) - 612 = li1 + 012 - 612 = l11 + 212 = h11 + 211 + 212

013 = h1a — l12

Sra — 1 ifo;3>0
B=Y o ifo13 <0

then l13 = li2 + (hia — l12) - 013 = li2 + 013 - 013 = l12 + 213 = h11 + 211 + 212 + 213
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The second maximization can be transformed in a similar way. The minimization can be

represented as:

01 =la2 — l12

5_ 1 if01§0
7Y 0 ifo; >0

then z(k) =lio+ (log — li2) - 01 =lia+01- 01 =lio+2z1 =hi1 + 211 + 212+ 213+ 21

Now the § constraints should be altered to fit the MLD format. First, we define m;; = min o;;
and M;; = maxo;;. In the same way m; = mino; and M; = maxo0;. Now the maximization

4 constraint
[04j(k) = 0] < [d5; = 1]
can be represented by

{ Oij(k?) >e+ (mij —e)(1- 5ij)
0ij(k) < M;jd;;

and the minimization ¢ constraint
[0i(k) < 0] & [6; = 1]
can be represented by

{ 0i(k) > e+ (mi —e)d;

The variables z;; = d;; - 0;j, can be expressed as:

[6ij = 1] = [2i5 = 0 (k)]
[0;5 = 0] = [2;5 = 0]
This is the same as the four constraints:
zij < M;j0i
Zij > Mij0ij
zij < 0ij — mij(1 — i)
zij 2 0ij — Mij(1 — di)

The same conversion holds for z; = §; - 0;.

For the example model, all of the above can be summarized as the following MLD system:

ﬂ:(k):hu+2u+zlz+zlg+zl:alp(k)+ﬁ1+{1 1100 1}
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2’13(]6)
221(16)
z92(k)
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subject to:

s.t.

10 0 0 0 0 —ma 0 0 0 0 [0 0o 0o 0 0 0 —ma1
1 0 0 0 0 0 “My-—e 0 0 0 0 0 00 0 0 0 0 —
0 -1 0 0 0 0 0 —ma2 0 0 0 0 00 0 0 0 0 —maa
01 0 0 0 0 0 —Mp-¢ 0 0 0 0 00 0 0 0 0 -
00 -1 0 0 0 0 0 —mas 0 0 0 00 0 0 0 0 —mas
00 1 0 0 0 0 0 —Mg-c 0 0 0 00 0 0 0 0 —e
00 0 -1 0 0 0 0 0 — 0 0 00 0 0 0 0 —
00 0 1 0 0 0 0 0 —My-¢ 0 0 00 0 0 0 0 —
00 0 0 -1 0 0 0 0 0 —mas 0 00 0 0 0 0 —mas
00 0 0 1 o0 0 0 0 0 Mpy—c 0 00 0 0 0 0 e
00 0 0 0 1 0 0 0 0 0 m-—c 00 0 0 0 0 —
00 0 0 0 -1 0 0 0 0 0 My 0 0 0 0 0 0 M,
00 0 0 0 o0 — My 0 0 0 0 0 1 0 0 0 0 0 0
00 0 0 0 o0 may 0 0 0 0 0 10 0 0 0 0 0

10 0 0 0 0 —mn 0 0 0 0 0 1 0 0 0 0 0 —
1 0 0 0 0 0fTon(k M, 0 0 0 0 0 Sn)] |1 0 0 0 0 0| (k) My
000 0 0 0 0] ok 0 — My 0 0 0 0 b1a(k) 001 0 0 0 0]k 0
00 0 0 0 0ok 0 ma 0 0 0 0 b13(k) 0 -1 0 0 0 0|3k 0
0 -1 0 0 0 0] ok 0 —mia 0 0 0 0 s Tlo 1 0 0 0 of|m®| TS| -me
01 0 0 0 0] onk 0 Mis 0 0 0 0 b2a(k) 0 —1 0 0 0 0]k M
00 0 0 0 0]Llok 0 0 —Mys 0 0 0 51 (k) 00 1 0 0 0]lak 0
00 0 0 0 o0 0 0 m1z 0 0 0 0 0 -1 0 0 0 0
00 -1 0 0 o0 0 0 —mas 0 0 0 00 1 0 0 0 —ma3
00 1 0 0 0 0 0 My 0 0 0 0 0 -1 0 0 0 Mis
00 0 0 0 0 0 0 0 — My 0 0 00 0 1 0 0 0
00 0 0 0 0 0 0 0 mar 0 0 00 0 -1 0 0 0
00 0 -1 0 0 0 0 0 —ma 0 0 00 0 1 0 0 —may
00 0 1 0 0 0 0 0 May 0 0 00 0 -1 0 0 Moy
00 0 0 0 0 0 0 0 — My 0 00 0 0 1 0 0
00 0 0 0 o0 0 0 0 0 ma2 0 00 0 0 -1 0 0
00 0 0 -1 0 0 0 0 0 —mas 0 00 0 0 1 0 —mas
00 0 0 1 o0 0 0 0 0 Moy 0 00 0 0 -1 0 Moy
00 0 0 0 0 0 0 0 0 0 —M 00 0 0 0 1 0
00 0 0 0 o0 0 0 0 0 0 m 00 0 0 0 -1 0
0 0 0 0 0 -1 0 0 0 0 0 —my 0 0 0 0 0 1 —my
00 0 0 0 1 0 0 0 0 0 M 00 0 0 0 -1 My

For the general system (Equation 2-4), this can be generalized in Theorem 5-1.1.

Theorem 5-1.1 (Rewriting a conjunctive MMPS system as an MLD system). Provided that
Assumption 5-1.1 holds, the conjunctive MMPS system in Definition 2-5.1 can be written as
the following MLD system

ni—1

K1
w(k) = anp(k) + P+ Y 25+ D 2 (5-2)
j=1 i=1

subject to:
for each mazximization

—0ij(k) + (& = mij)di < —mij

0ij(k) — M;;0;; <0

Zij — M;;0;5 <0
—2zij +m;0;5 <0 (5-3)
—0i5 + zij — mij0i; < —myj

0ij — Zij + Mi;oi; < M

fori=1,.... K—1,j=1,...,n
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for each minimization

—0;(k) + (m; —e)d; < —¢

02(/{) + MZ(SZ S Mz’

zi — M;d; <0
—zi +m;d; <0 (5'4>
—0; + z; — Moy < —my

0i — zi + M;o; < M;

fori=1,..., K -1

Next to that the bounds on the state and the input need to be added if these apply.

For larger systems it can happen that several o;; descriptions are equal among themselves or
equal to 0;. Then these descriptions (and their corresponding d;(;) and z;(;) variables) can be
merged. This will result in a smaller system with fewer constraints.

When z(k) is not one-dimensional, the model can be looked at component-wise. So

T
(k) = [z1(k) wa(k) 3(k) wa(k)]

: T
k) = _min . max (ag;p(k) + Fis)

5-2 Rewriting the MLD system as an MIQP Problem

To be able to control the system with MPC, the newly acquired MLD system needs to be
reformulated as a Mixed integer programming problem. Based on the objective function,
the problem will either turn out to be a Mixed integer quadratic programming (MIQP) or a
Mixed integer linear programming (MILP) problem.

Definition 5-2.1 (MLD-MPC Problem [15]). The MLD-MPC problem can be recast as a
MIQP problem.

min V (k)T 81V (k) + 2(Ss + 2T (k)S3)V (k)
V (k) (5-5)
subject to: F1V(k) < Fy + Fza(k)

If 1 =0, the MLD-MPC problem is a MILP problem.

This thesis focuses on a quadratic cost function. To write the MLD-MPC problem in the way
defined above, multiple steps have to be completed. These steps will be illustrated in the
next subsections.
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5-2-1 Rewriting the system model

The first step to reach the formulation in Definition 5-2.1 is to use successive substitution:

[L‘(k) = A.I'(k — 1) + Blu(k) + Bzd(k) + B3Z(k) + By
I(k’ + 1) = A(Al‘(kj - 1) + Blu(k) + BQ(;(]C) + Bgz(k) + B4) + Blu(k + 1) + 326(16 + 1)
-l—BgZ(k + 1) + By

w(k+ Ny —1) = AN a(k — 1) + S0t A=Y Byu(k + i) + Bad(k + i) + Bsz(k + i) + By)

This can also be written in matrix format:

z(k) A By 0 0 u(k)
z(k+1) A? ADB; By 0 u(k+1)
) = . |xk-1)+ ) . . . )
]Z(k + Np — 1) ANp AN”7131 AN”72Bl - By u(k + Np — 1)
N—_——
]\/[2 Tl
[ By 0 0 [ ek
AB, By 0 5(k+1)
+ . . . . .
| ANe=1By  ANe=2By oo By |6(k+ N, — 1)
] e . ] (5-6)
B3 0 0 z(k)
ABg B3 0 Z(k + 1)
+ . . . . .
| ANe=1By AN»2By ... Bs| [2(k+ N, —1)]
Ts
_ B
N ABy + By
| AN» =By + ANv 2By 4 + By

M3
This is equal to the more compact matrix notation:
#(k) = Maa(k — 1) + Tya(k) + Tod (k) + Ts2(k) + Ms
where
. T
Sk = [s0) s(h+1) - s(k+ N, —1)]

The input and auxiliary variables can be merge into the free variable vector V (k). Now in
the same way

Using this V (k) results in:

i(k) = Myz(k — 1) + [Tt To T3] V(k)+ My = Mow(k — 1) + MV (k) + My (5-7)
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5-2-2 Rewriting the constraints

The constraints from the MLD model are given as:

Evx(k — 1) + Eou(k) + E30(k) + Esz(k) < g5

These need to be satisfied at each time step. Next to that, the final state z(k 4+ N, — 1) needs
to be within the bounds on the state. This comes down to:

By 0 0 0 ok —1) By 0 0
0 B 0 0 ® 0 B 0 u(k)
: Do v D : u(k+1)
0 0 ... E 0 5 Tlo 0 L& 1
1 2 :
0 0 0 I xgzixpjg 0 0 0| |u(k+N,—1)
0 0 o —1] P L0 0 0]
El EQ
-E3 0 0] -E4 0 0] i gs i
0 Ej 0 (5(/(1) 0 E4 0 Z(k) gs
: : o(k+1) : : : z(k+1) .
n : : . I I : . < :
0 0 Es : 0 0 E4 : 95
0 0 0 |d(k+N,—1) 0 0 0 |2(k+N,—1) Trmas
L0 0 0 ] L0 O 0 | | —Zmin
—_———
By Ey4 95
So in short:
& |z(k—1) P A og A s .
Ey :%(k‘) + Ezu(k) + Egé(k) + E4Z(k?) < g5 (5—8)
x(]f -1 needs to be written in terms of x(k — 1):
(k)
c(k—1)] [1I - 0]~ 0
[ - ] _ [MQ] ok —1) + Ml] V) + [MJ
Filling this in in Equation 5-8 gives:
~ |0 AA A - . ~ | 0 A | T
(E1 [M1 + [E2 E3 E4} ) V(k) < g5 — Er [MJ —F [le z(k—1) (5-9)

Fy Fy F3

Combining the model in Equation 5-7 and the constraints in Equation 5-9, a description of
the constrained system up to the planning horizon N, is formulation in Equation 5-10. This
is done in terms of the previous state and the free variables up to the prediction horizon.

x(k) = MV (k) + Mox(k — 1) 4+ M;

. (5-10)
subject to: F1V (k) < Fy + Fzx(k —1)
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5-2-3 Implementing a quadratic cost function

The last step in writing the MLD system as an MIQP problem is implementing a cost function.
Just like in Section 3-2, this section will use the quadratic cost function in Equation 4-1.

In matrix format, the cost function looks like:

T I I S gk — 1)
] =k -1) Zeq(F) Ty, L x(k—1) Zeq(F)
o =(| | - s Voo ([T ) s )
T ) N PO Zeqlk + Ny — 1)
_—
Zeq 5 Zeq
Ueq(k — 1) R 0 0 Ueq(k — 1)
1o (K 0 R 0 cqlk
e T w1 )
Ueq(k + Np — 1) 0 0 R Ueq(k + Np — 1)
_—
Ueg R Ueq

Now the state evolution can be filled in in this cost function.

1] [xk—1) 0] 0]  \TA/[1][etk-1) 0] o]
JQ(Q"’O’“)({MZH k) | T MJ V(k) + M;J =) Q({MQH ak) | T MJ V(k) + MJ ~ )
feq| p[R 0 0 fleg
+(Vw) - | 0 0 0 o (V—|0|)
0 00 0 0
, 017 . To R oo
:V(k){}@{ +10 0 0] )V(k)
( M, )T )
17 To ol raTo0 deg| [R 0 O]
+2(xT(k71) []\/12:| Q|:]Wl:|+(|:]\/[3:| Teq) |:]Wl:| 8 8 8 8 )V(k)
ieg]” [R 0 0] [a
I 0] . \TA/[T 0] . e <
+( MJx(k—l)Jr M} a) Q<[MJ z(k — 1)+ M:J Feg) + 8 8 8 8} {0]

When the cost function is minimized, only the terms that include the free variable V (k) have
to be taken into account. So with the 2-norm cost function, the minimization will look like:

min V (k)T SV (k) 4+ 2(S2 4+ 7 (k — 1)S3)V (k)
V (k)

(5-12)
subject to: F1V (k) < Fy + Fsx(k—1)
where
T R 00
0] ~fo0
s { } Q{ } 0 0 0
My M, 0 0 0
A deg| [R 00
Sz—([z\ﬂ feq)TQm} 0llo 0o (5-13)
3 ! 0ll0o 00

11" . To
5= i) @as)
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This is indeed an MIQP problem.

How the cost matrices (), R and P should be chosen to ensure a stable closed-loop system,
has been discussed in Chapter 4.

5-3 Conclusion

This chapter gave an overview of the steps that need to be taken to transform an MMPS
system into an MIQP problem, that can be solved using MPC. Every MMPS system can be
recast as an conjunctive MMPS system. Using auxiliary variables, all bounded conjunctive
MMPS systems can be transformed into an MLD system. This chapter used a quadratic cost
function to transform perform the last transformation: from an MLD system to an MIQP
problem. Here the altered cost function from Equation 4-1 was used, such that it works when
the equilibrium value of the state and the input is not constant or equal to zero.

All steps that are taken in this chapter are not necessarily difficult, but especially rewriting the
MMPS system as an MLD system (Section 5-1) can be quite a tedious process. Next to that,
this is a step where errors can be made quite easily, which would mess up the optimization
in the end. Caution is therefore recommended.
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Chapter 6

Case Study: Urban Railway Line

This chapter applies the research in this Master thesis project to a real life example. The
system that will be used is a partially homogeneous discrete-event (DE) Max-Min-Plus-Scaling
(MMPS) system of an urban railway line. This chapter will run through the same steps as
that were taken in Chapter 5. Next to that, the stability of the system will be investigated by
a disturbance rejection analysis and by looking at the consequences of parametric uncertainty.

The chapter starts off by introducing the parameters that are present in the system in Table
6-1 and by initializing the state vector. Furthermore, the system description is presented.

Description Parameter
trains k
stations J
arrival time at station k a;(k)
departure time at station k d;(k)
# passengers in train k when leaving station j pi(k)
# passengers at station j when train k leaves oj(k)
maximum capacity train Pmaz
running time from station j-1 to j Trj
# passengers entering station j per minute e;

# passengers that can board the train per minute b

# passengers that can disembark the train per minute f
fraction of passengers in train k that leave the train k at station j | 3;
headway time TH

Table 6-1: List of model parameters

There are several variables that depend on these parameters. These are summarized in Table
6-2.
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30 Case Study: Urban Railway Line

« values ~ values
_ _b _ 1
a1 = b—e; Y0 = pPmax
_ b B _
042*(;_1%7 717116 8
_ —_16 5
a3 = b—Ej Y2 = b + 7
&
Qg = b—e;

Table 6-2: Computation of « and ~ values

The initial values of the system are equal to:

for j=1 for k=0

al(k) = max(Tm , kT + TH> CLj(O) = max((j - 1)7_'0 +Trj TH)

di(k) = (k+1)7 d;(0) = j7o (6-1)
p1(k) = p1 p;(0) = po

01(1{2):0 O'j(O):O

Using this initialization and the parameters in Table 6-1, the urban railway model can be
described by Equation 6-2.

for j>1 and k > 0:

aj(k) = max (dj_1(k) + 7j , dj(k — 1) + 1) (6-2a)
dj(k) = min (aya;(k) + agpj_1(k) + azoj(k — 1) + asdj(k — 1), 0 + 710;(k) +v2p5-1(k))
(6-2b)
pi(k) = (1= Bj)pj—1(k) + b(d;(k) — a;(k) — %pj—l(’f)) (6-2c)
oj(k) = oj(k — 1) + ej(d;(k) — dj(k — 1)) — b(d; (k) — a;(k) — %Pj—l(k)) (6-2d)

These equations can be interpreted in the following way. The arrival time a;(k) is the max-
imum of the time train k& can be at station j and the time the previous train has enough
headway time from station j. The departure time d;(k) is the minimum of the time that ei-
ther the platform is empty or that the train is full. The people in the train when it leaves the
station p;(k) is the amount of people in train at previous station p;_1(k) minus the amount
of people getting out at the station plus the amount of people getting in. The amount of
people at the platform when the train leaves o;(k) is equal to the amount of people left on
the platform when previous train left o;(k — 1) plus the amount of people that arrived in the
meantime minus the amount of people getting in in train k.

The four states are combined in one state vector

aj(k) z2(k)
(= |GR ey :
o;(k) x5 (k)

where J is the total amount of stations.
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6-1 Rewriting the System

To be able to efficiently optimize the urban railway line with Model predictive control (MPC),
it needs to be written as an Mixed integer quadratic programming (MIQP) problem. The
first step in achieving this is to add an input to the system, such that control is possible.
After that, this section carries out the rewriting process (as described in Chapter 5), where
it starts with rewriting the state vector.

6-1-1 Adding an input vector

The system in Equation 6-2 does not include a control variable, this is why the first step
in rewriting the system is to add this. The input that is chosen for this system is an extra
waiting time at the station. This means it should be added to d;(k). However, it does not
make sense to let the train wait longer if the train is already full. So the input is only added
to the first term of the minimization, which corresponds to a situation where the train would
leave because the platform is empty.

Next to that, it will be assumed that the amount of people that can board the train per
minute b is higher than the amount of people that will enter the platform per minute e;. This
means that all people that entered the station in the extra waiting time wu;(k) have actually
boarded the train. So o;(k) is not influenced by the input and eju;(k) should be added to
the formula for p;(k). So we end up with the system in Equation 6-3.

aj(k) = max (dj_l(k) +Trj, dj(k — 1) + TH)
dj(k') = min (alaj(k) + Oégpjfl(k') + OégO’j(k — 1) + Oé4dj(k: - 1) + Uj(ki) , Yo+ 'yla]-(k) + ’Yij,l(kI)>

pi(k) = (1= Bi)pj1 () + bld; (k) — a; (k) — %qu(k)) + eju(k)

05(k) = o3 (k — 1) + e (d; (k) — dj (k — 1)) — b(d; (k) — aj (k) — %W(k))

(6-3)

6-1-2 Rewriting the state vector

To rewrite the state vector, the state vector first needs to be separated in time and quantitative
variables:

(k) = M’;ﬂ r3q(k) = [ﬁﬁ’;ﬂ (6-4)

As it is not possible to describe the difference in the time variables (a;(k) — aj(k — 1) and
d;j(k) — d;(k — 1)) without the original time variables, the new state vector per station will
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consist of the following six states:

a5(k) — a;(k — 1]
(k) —dy(k — 1)
s =| (6-5)
pi(k)
L ok

6-1-3 Rewriting to conjunctive canonical form

Following Theorem 2-5.1, the general formulation of an MMPS system can rewritten into a
conjunctive canonical formulation.

The conjunctive canonical form is defined as

z(k) = min l:r{{é?fni(afzp(k) + Biy)

Each of the six states in the state description can be rewritten into this format. As the size
of some of these descriptions is rather large, the full description can be found in Appendix
A-1. pj(k) and oj(k) are described as a min-max-min formulation, because then the size of
the system remains smaller and from there it is already possible to rewrite the system as an
Mixed logical dynamical (MLD) system. Here, only the sizes of the six state descriptions are
listed.

min max (g, 25 (k = 1) + iy 1,251 () + iy 1)

) i1=11;=1,
dj(k) —dj(k—1) = éman érlax (77@2 1,5 (k= 1) + Ny i, —1(k) + iy 0,)
a5 0K) = min e (25— 1)+ Ny 1 (8) + i) g
dj(k) = Z?HPQ jmax (0, 245 (k = 1) + Ny g1 (k) + pig 1) (©6)
pj(k) = min max min (7715 15%5 (k= 1) + Nig 121 (k) + Lis 15)

i5=1,215=1,2r5=

oy(k) = min max min (i 1,25 (k = 1) + N toi-1 (k) + Hig i)

6-1-4 Rewriting to MLD system

An MMPS system can be recast as an MLD system if Assumption 5-1.1 holds. This means
that no term in the maximizations should be equal to —oco and no term in the minimizations
should be equal to +o00. Since this condition is satisfied for all terms in the formulation in
Equation 6-6, the MMPS system can indeed be recast as an MLD system.

To do this we follow the procedure in Section 5-1, for each of the 6 states separately, starting
from the formulation in Equation 6-6. When doing this, one will notice that there is a large
portion of identical 0;; and o; functions. These can be replaced by only one o value and thus
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one pair of auxiliary variables ¢ and z. In the end, this results in the system per station
described in Equation 6-7.

00 -1 0 0 0 0 100000000000
00 0 —a 0 ag 1 011000000000
00 0 0 0 0 0 100000000000

=100 0 ey 0 ag|PEDH L wWEE 0 1 00000000 0|FRT
00 0 bay 0 oy e; 000110100000
00 0 0 0 0 0 000001011101

——

Ay By ; Bs
0 1 0 000 1 0 0
Oalop 0 0 O 1 (%) 0
o 1 o= looo 1 0 0
0 ar 0 {;1* 000 a oy 0] ©i1(R)
0 —bay O] L' 0 0 0 —bay blag—7) O
0o o0 o 000 0 0 0

By,j Anj

(6-7)

subject to:

By jxj(k — 1) + Epjui(k) + E30;(k) + Eazi(k) < g5.5 — B jwj—1(k)

The set of constraints is fully written out in Appendix A-2. Here the last nine constraints are
the state and input constraints. Each variable has a lower bound of zero. p;(k) is the only
state with a constraint on the maximal value (the train capacity). If there is a maximal extra
waiting time, this can be incorporated by choosing ., < co. So in short, the MLD model
equivalent to the original MMPS system in Equation 6-2 is:

x'](k‘) = ALJ‘.Z'J'(k' — 1) + BLju]'(k‘) + BQZj(k‘) + B47j + A117j$j_1(l€) (6—8)

s.t. B jaj(k—1) + By ju;(k) + B3 ;05 (k) + Eazj(k) < g5, — Eujaj-1(k)
It is desired to have a system for the entire network (not per station) and we want this system
to only depend on the previous state z(k—1), the input u(k) and known variables. To achieve
this, we need to get rid of 2;_1(k). So each state description of the previous station is filled
in in x;(k), until it depends on the the state at station 1: z1(k). This is an initial condition.

For the state description and the constraints, this results in the following description. Here
all matrices, apart form the last one, have a lower block triangular structure.

(k) Arp 0 e 0 By 0 )
x3(k Ay _3A112 Aly;} . A ,BB 2 B 3 0
a = | = o : alk—1)+ o : B 00
z (k) Ay AngAie Ay Anadiy oo Ay Ay AngBie Ang---AnabBis oo Biy
[ Bs» 0 e 0 I 0 <o+ 0] [Bag2
Ay13B32 B3 Az I < 0| | Bag
+ . . z(k) + . . L .
|A11,7---AuaBse Ang--AuaBss -+ DBy Ango-Ang AngeocAna o 1) [ Bayg
[ Ao
An,3Ai2
+ . z1(k)
| A1,y A1z
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subject to:

By 0 0 e 0 By 0 0 e 0
Ei3A1n Eis 0 e 0 E11 3B Eys 0
Ey1 44113412 Enadg Eia 0 ek —1)+ EnaAnsBie EnaBis Epa 0
EngAng-1--Ansdie EngAng--Anadis EngAng---Ansdig o By EngAng--AnsBre EngAng--AnaBis EugAng-1--AnsBia - Eay
Eya 0 0 0 Ei» 0 0 0
FEy13B22 Es3 0 - 0 E113B32 Eyg 0 e 0
+ E114A11 3822 E114B23 E34 o 0 s(k) + E11,44113B32 E114Bs3 Eyq e 0
EngAng-1-AngBae EngAng-rAnaBes EngAng-1--AngBaa - Esy EngAng—1-AngBse EngAng-r-AnaBss EngAngo1-AngsBsa o By
0 0 0 0
95,2 Fiis 0 0 0 By Epnp
5. o B EnsAn
< '[/‘_'5 — EiaAnsaie Eira 0 -0 - e 21 (k)
s : : : i BusAuy 1 A
957 EngAng-a--Ans EngAng-r--Ang EngAngoaAns oo 0 l"l AL 2

Or in short:

ZL’(k’) = All'(k' - 1) + Bl,u(k) + Bgz(k) + B4 + A11x1(k)

st. Eyx(k — 1) + Equ(k) + E3d(k) + Esz(k) < g5 — Enxi(k) (9)

6-1-5 Rewriting to MIQP problem

The description of the MLD system (Equation 6-9) is very similar to the description in the
general procedure that was followed in Section 5-2. Only the terms related to x; (k) are added.
This is why in this section only the main steps in the transformation to an MIQP problem
will be stated.

By successive substitution the model can be written as:

(k) A B, 0 0 k) Bs 0 - 0 (k)
a(k+ 1) A2 A1By Bl - 0 u(k +1) A1 By By - 0 2(k+ 1)
: =1 z(k—1)+ : : - : . + : : .. : .
a(k+N,—1)| AN AN g AN By |uk+ N, -1 |AMT'By AV By o By 2B+ N, - 1)
By An 0 e 0 a1 (k)
A1Bs+ By Ar1An An e 0 z1(k+1)
+ . + N . . . N
AN+ AN PR 4By (AN T Ay ATy o Ay ok N, - 1)
Ms My,

This is equal to the more compact matrix notation:

2(k) =Mam(k — 1) + Tya(k) + T32(k) + Ms + M, &1(k) 6.10)
=Mya(k — 1) + MV (k) + Mz + M, 1 (k)
The constraints can be written as:
Ei 0 ... 0 0 Ey 0 ... 0 Es 0 ... 0
01 Ey ... 0 0 o (k N 1) 02 B, 0 u(k) os By 0 (k)
) o : . z(k) : u(k+1) . . o(k+1)
0 0 E1 0 5 * 0 0 EZ : * 6 0 Eg :
0 0 0o I ?:(ZJ’%P_? 0 0 0l lutk+N,—1)] |0 o0 0 [6(k+N,—1)
0 0 0 —g| LN =) 0 0 ... 0 0 0 0
— —m——— — —————
Eq Ez E3
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E4 0 e 0 gs E11 0 . 0
0 E4 e 0 Z(k) gs 0 E11 ‘e 0 acl(k:)
N : : Z(k‘+1) ) .’El(k}+1)
0 0 “e- E4 o gs 0 0 e EH
0 0 ... 0] |z2(k+N,—1) Tomaz 0 0 ... 0] |z(k+N,—1)
0 0 ... 0] —2min] LO 0O ... 0|
———
Ey g5 FE11
So in short:
- |x(k—1) A PN A . A
E; .@(k) + Egu(k) + Egé(k‘) + E4Z(/€) < gs — E11$1<k’) (6—11)

which is equal to:

(8], f

+ [EQ Ej E4] ) V(k) < g5 — (Bn — B |:]\40x ])5?1(19) - E L&J —Ey {M2] z(k—1)

F1 F2 F3

(6-12)

When combining this with a quadratic cost function, this can be recast as an MIQP problem.
For the urban railway line, this means that the MIQP problem can be written as:

min V (k)T SV (k) 4 2(Sy 4 27 (k — 1)95)V (k)
V (k) (6-13)
subject to: F1V (k) < Fy + Fyx(k—1)

where

(=R N

o O O

o O O
| S — |

~ | T
F3 B _El |:M2:|

A quadratic cost function makes sense for the urban railway line model, because large delays
will the penalized more severely. For an urban railway line there is not a clear timetable.
This means that small delays are not a very large problem. Next to that, it is not possible to
overtake in this model. So trains with a large delay can really clog the system.
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6-2 The Cost function

This section follows the procedure from Chapter 3, together with the alterations proposed in
Chapter 4.

6-2-1 Determining the equilibrium values

To determine the equilibrium values of the urban railway line, one has to take a look at the
original MMPS system including the input, together with the conditions that should hold at
the equilibrium.

aj(k:) = max (djfl(k') + Trj dj(k} - 1) + TH)

dj(k) = min (a1a;(k) + azpj_1(k) + azoj(k — 1) + asd;(k — 1) + uj(k) , v0 + na;(k) +r2p5-1(k))

m%%:O*@MFKM+M%%%WAH*%MA®D+%W%)

&ijl(k))

0j(k) = oj(k — 1) +e;j(d;(k) — d;j(k — 1)) — b(d; (k) — a;(k) — 7

The conditions at the equilibrium are:

aj(k) —aj(k—1)=aj(k—1) —aj(k —2)

4y(K) — dy(k = 1) = dy(k — 1) — dy(k — 2) _
pi(k) = pylk — 1) (E14)
o3(k) = 3 (k — 1)

Apart from these constraints we will also assume: p;(k) = p;—1(k), because this will make
the computation easier and in practice it would be preferable to keep the amount of people
in a train equal over the whole network.

If we use the description of (k) together with the fourth condition, we can see that: d;(k) =
ara;j(k) + aopeq + cudj(k — 1). This means that oy = 0 and ueq = 0.

The description of p;(k) together with the extra constraint shows us that: a;(k) = d;(k) —
(3 + %)ijeq. From this we can conclude that a;(k) — a;(k — 1) = d;(k) — d;(k —1). When

combining this with the previous expression, it can be concluded that d;(k)—d;(k—1) = B—] “Peq
This means that the equilibrium values for the whole state vector will be
[ Zpey
B5j
e; Peq
Tjeq = a;(0) + kﬂj Peq
d<m+k@%q (6-15)
Peq
L 0 -
Ujeq = 0

It is obvious that the equilibrium value for a;(k) and d;(k) are not constant for a certain
station, as they depend on the event counter k, but they are known.
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6-2-2 Determining the terminal cost

To determine the terminal cost, the first step is to linearize the system around its equilibrium,
which has been computed in the previous subsection. This linearization will have the following
form:

z(k) = A1 eqr(k — 1) + By cqu(k)

The choice for the parameters of the system has an influence on the position of the equilibrium
and thus on the part of the MMPS system that is used in that equilibrium (as described in
Section 4-4). This means that we need to make sure that it holds that: x;cq(k) = Aij.eqzj(k—
1) + Bljjequ]'(k) + A11j7eq$]’,1(k‘) + B4j,eq forj=2,...,J.

After a few iterations we find out that the part of the conjunctive MMPS formulation that is
responsible for the value of x;(k) at the equilibrium is:

00 -1 0 00 000 1 0 0 0 0 1 0
00 0 —ag 0 a3 000 m ag 0 1 0 o 0 o
00 0 0 0 0 000 1 0 0 0 0 1 of |Pmes
=100 0 ay 0 ag|PF D0 00 as o BB wR {”}
00 0 b(‘k4 0 [e5) 000 —b(‘k4 b(ag—"/g) 0 €j 0 —bOé4 0 TH
00 0 0 00 000 0 0 0 0 0 0 0
(6-16)
For the parameters, it then needs to hold that:
Bi _ Bi
€4 €;
PO = P1 = Peq
_ B (6-17)
0= T1 = —Peq
€5
1 1 1
Trg = Bi( ST ?)Peq
J

These constraints on the parameters can be quite restrictive. This will be looked at more
closely when studying the robustness of the system.

In a similar way as in Section 6-1-4, the expression in Equation 6-16 can be rewritten as
a system for the whole network that only depends on the states at the first station x(k)
(together with z(k—1) and u(k)). This will have the form: x(k) = Ay cqx(k—1)+ By equ(k)+
A117eqx1(k:) + B4,eq~

For J = 3 the matrices will have the following structure:

[0 0 —1 0 0 0 00 O 0 0 0
0 0 0 —Q12 0 s 2 0 0 0 0 0 0
00 O 0 0 0 00 O 0 0 0
00 O Qg2 0 Qs 00 O 0 0 0
0 0 0 b(14,2 0 a2 0 0 0 0 0 0
A 00 O 0 0 0 00 O 0 0 0
Lee= 1700 0 aua 0 32 00 -1 0 0 0
00 O 13042 + ba213(y472 0 Q13032 + 2301 2 00 O -3 0 @33
0 0 0 Q4.2 0 Q32 0 0 0 0 0 0
00 O 13042 + ba2,3(y4?2 0 Q13032 + 23001 2 00 O a3 0 a3
00 O —b()(473a4,2 + bQ(a2,3 — 7213)0(472 0 —b0t473(3(372 + b(OQ’g — 7273)041,2 00 O b(){473 0 a3
L0 0 0 0 0 0 00 O 0 0 0
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0 0] [0 1 0 0]
1 0 0 ara 0 0
0 0 0 1 0 0
1 0 0 s 0 0
€2 0 0 71)(‘24,2 0 0 Pmazx
0 0 0 0 0 0 Tro
Biea = 1 o] Brea=1g arz 1 0| |ms
1,3+ ag3e2 1 0 a1301,2 — bag zay a1z 0| | 7
1 0 0 a2 r 0
13+ agzes 1 0 a1 3012 — bag zay a3 0
—bayz + blagz —y23)e2 €3 0 —bagsarz —b*(ags —y23)as2 —bays 0
0 0] o 0 0 0
[0 0 0 1 0 0]
000 Qag2 Q2 0
000 1 0 0
000 a1.2 @22 0
0 0 0 —ba4,2 b(Ong - '7272) 0
000 0 0 0
All,eq = 000 Q12 Qg2 0 (6_18)
0 00 1,300 ,2 — bag 304 2 aq 3000 + bag z(az2 — 72,2) 0
000 Q1.2 @22 0
000 a13012 — bag zay a1,3022 + bag3(az2 — 72,2) 0
0 0 0 —bassars—b*ass—y23)aus —basgass + b ass — y2,3)(ase —722) 0
00 0 0 0 0)

The linear version of this system is:

z(k) = A1 eqx(k — 1) + By cqu(k)

We should choose @, R = 0 and (A, B) stabilizable (which is the case if ea & b(ag 3 — 72.3)e2
or ez are not zero). Then the state feedback gain K (u = Kx) should be chosen as the infinite
horizon LQ gain. Now, P is the solution to the Lyapunov equation in Equation 3-6. Then
the terminal cost is equal to Vy(z) = 5(2(k) — zeq(k))T P(x(k) — zeq(k)).

6-2-3 Determining the terminal constraint set

In the terminal set for the Urban railway line there is one condition that needs to hold:
pj(k) < pmaz- As the terminal set is positive definite, it should hold that if the system starts
in Xy, it should stay in Xy. This means that the terminal set should only consist of positive
state values (x(k) > 0), because both a (difference in a) time instance and an amount of
people cannot be negative.

So this means that the terminal set can be summarized as

.%'(k) > 0 m [225:;] < Pmaz

However, this is not a very robust choice. If there is some parameter uncertainty, Z 2§ kg] <
3

Pmaz Will lead to instability rather easily. This is why some caution is built into the terminal
set. This means that the final terminal set is:

(k)20 [Z;E’;i]wpm (6-19)

Where p < 1. How to choose p will be described in Section 6-4-4
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6-3 Assumptions and Theorems

This section will prove that the assumptions in Section 3-2-1 hold for the urban railway line.
In this way in can be ensured that the reasoning from Section 3-2-2 holds and that using the
2-norm cost function will result in a stable MPC controller.

The functions f (which is the state description), £ and V; are continuous. When the conditions
in Equation 6-17 hold, f(Zeq,Ueq) = Teq- Next to that, £(zeq, ueq) = 0 and Vi (zeq) = 0. This
means that Assumption 3-2.1 holds.

X = [0,00) % [0,00) x [0, 00) X [0,00) X [0, prnaz] X [0,00). U= [0,00) x [0, 00) and it is coercive.
Both these sets contain the equilibrium. The terminal set X; in Equation 6-19 is a subset of
X. For the set Z it holds that Z C X x U. This set has the shape of a polyhedron, as it is
bounded by the constraint in Equation 6-13. This means Z is closed and Assumption 3-2.2
holds.

Lastly, we take a look at the conditions in Assumption 3-2.3. It needs to hold for all z € Xy
that

Vi(f(z,u)) < Vi(z) — £z,

u)
This can also be written as Vi(Ax (2 —Teq)) < V(@ — 2eq) — 5(2— 2eg) T Qk (2 — 2¢4). Because
it holds that AL PAx = P — uQ, 1 > 1 (Equation 3-6), the equation can be rewritten as

Vi (Ak(z — eg)) = 3 — 7eq) " P& — eq) = 5a(x — eq) Q& — eg)
< 3 = ) TP~ req) — 3 (&~ 7) Qi — ) (6-20)
= Vf(x — Teq) — (T — Teq, Ax (T — Teq))

Next to that, the second part of the assumption holds because ¢(z,u) > ql|z||* + r||u||* >
q||z||? and Vy(z) < pl|z||* for ¢ = min eig(Q) and p = max eig(P).

This means that all assumptions from Section 3-2-1 are satisfied. Since X; contains the
equilibrium in its interior, Theorem 3-2.1 is valid. Furthermore, the hypotheses in Theorem
3-2.2 are satisfied as well. So the equilibrium is exponentially stable in Xy .
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6-4 Results

This section shows the results for the MIQP problem. The parameter values that were used
for this optimization can be found in Appendix A-3. The Matlab scripts can be found in
Appendix B. The simulation uses a homogeneous system. So when there are no disturbances,
Bj = Bi = B and ej = e; = e. In this way the o and ~ variables (Table 6-2) will be equal for
each station as well. The results are gathered for 100 trains (k = 100), but only the part of
the graphs that gives information will be depicted. The prediction horizon N, is equal to 5
trains.

First the results will be analyzed on its own. After this it will be analyzed how the system
behaves in the presence of disturbances and parametric uncertainty.

6-4-1 Analysis unperturbed system

When optimizing the MIQP problem in Equation 6-13, the results in Figure 6-1 are acquired.

Here the following stage cost matrices are used:

10 0 0 0 0 0

0 10 0 0 0 0

0 0 01 0 0 0
Q=10 0o o0 01 o of =3

0 0 0 0 10 0

o 0 0 0 0 1]

The first thing to notice is that the growth rate in a;(k) and d;(k) both go to the constant value
that was expected by the equilibrium value calculation (Figures 6-1a and 6-1b, respectively).
Next to that, the amount of people in the train (Figure 6-1e) stays at the assigned equilibrium
value as well (aside from a small computational error). Furthermore, the amount of people
left on the platform o;(k) (Figure 6-1f) is indeed zero. So without disturbances or parameter
uncertainty, the system behaves as expected.
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14 Growth rate a per station 16 Growth rate d per station
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Figure 6-1: Results MPC state vector with 6 states
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6-4-2 Stability

The poles of Aj ¢y when J = 3 are a4, ay 3 and 10 times 0. This means that the linearized
plant is stable if |ag2| < 1 and |ay 3] < 1. Since ay = 3=, the plant is stable when b > 2e.

To show that the controlled closed loop system is stable as well, we will take a look at the
disturbance rejection properties of the system. Two different output disturbances will be
added to the system. These disturbances represent the following two situations:

1. There are more people on the station than expected when the train arrives.
This can be represented as a pulse of size p, on p;(k) and a pulse of size %pp on d;(k)
and d;j(k) — dj(k — 1) (if pj(k) +pp < Pmaz)-

2. There is an animal on the train track, so the train needs to lower its speed.
This means the train arrives at the station later than expected, that there are more
people that need to enter the train and the train will leave later as well. So this can be
represented as a pulse of size p, on a;j(k) and a;(k) — aj(k — 1), a pulse of size a1 - pq
on dj(k) and dj(k) — dj(k — 1) and a pulse of size bay - p, on p;(k).

Growth rate a per station Growth rate d per station

J.C.M. Kroese

14 16
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8 10
6 8
4 6
/ I —
/
2 4
0 5 10 15 20 25 30 0 5 10 15 20 25 30
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| /
l}
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(c) Results for p;(k)

(d) Results for u;(k)

Figure 6-2: Case 1: Results MPC output disturbance p,
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For both cases the disturbance is present at station 2 and trains 5 up until 10 are influenced
by it. After that, the system goes back to the normal (disturbance-free) situation. In case
1 the pulses represent the situation when all extra people can fit in the train. Otherwise
Pp,real = Pmaz — Peq and there would also be a pulse on o;(k) of size p, — prear- The design

of the system is depicted in Figure 6-3.

d(k)

Xret(K) u(k)

MPC Controller

Plant model

x(k) + C) xa(k)

Figure 6-3: Setup output disturbance MPC control
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Figure 6-4: Case 2: Results MPC output disturbance p,
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For case 1 and p, = 20, the results are summarized in Figure 6-2. Here the results for a;(k)
and d;(k) are skipped, since the disturbances are not very visible. The results for o;(k) are
skipped as well, because it is still equal to zero everywhere. From Figures 6-2a-6-2c, it is clear
that, indeed, after train 10 the disturbance is rejected in only a few events. After this, the
value is again at the equilibrium value. The input does stay above zero after the disturbance
has ended, because the trains that did not have to deal with extra people did not get delayed
and thus have to wait for the delayed trains to be able to leave station 2. The extra waiting
time is already a lot smaller at station 3. Next to that, the amount of people in the train
immediately after the disruption ended is lower than the equilibrium, because the train before
that left later than usual. So there were less people on the station when this train arrived.

For case 2 and p, = 2, the results are summarized in Figure 6-4. These graphs show a similar
picture to the graphs in Figure 6-2. Again, the disturbance is rejected only a few trains after
the pulse disturbance has ended and wus(k) stays large after the disruption has ended.

So the stability of the system is supported by these two cases of output disturbance rejection.

6-4-3 Uncertainty and robustness

This section checks whether the system has robust stability. For the system to be robustly
stable, the system needs to remain stable under the uncertainty that can be present in the sys-
tem.[16] This uncertainty can be caused by parametric uncertainty or unmodelled /neglected
dynamics uncertainty. In this section we will assume that there is only parametric uncertainty
present. For this situation, the uncertain parameters are assumed to be bounded within some
region [min, Omaz)-

In the urban railway line, the parametric uncertainty mainly lays in the parameters that
consider passengers. This means that the amount of passengers that enter the station per
minute e;, the fraction of people leaving the train ; and the initial amount of people py and
p1 are subject to uncertainty. Next to this, the running time 7, ; has an uncertain factor, as
the train might need to stop or slow down on its way to the next station.

In this analysis, it is assumed that the parametric uncertainty in these parameters is equal
to:

o [e—2,e+2]

« [3-02,8+02]
e [po — 20, po + 20]
e [p1 — 20,51 + 20]

° [7‘7«—2,7}4-2]

To show the consequences of the parametric uncertainty, we will start by looking at the same
two situations as in the previous subsection. After this the consequences of all parametric
uncertainties will be shown by analyzing their system description.

Now these situations are represented by an alteration in the parameters:
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1. There are more people than expected on the station when the train arrives.

This is represented as es = e + 2.

2. There is an animal on the train track, so the train needs to lower its speed.

This is represented as 7,2 = 7 + 2.

The parametric uncertainty holds for all stations.

In Figure 6-5 the first situation is depicted. Even when the actual value of es is 2 people/min
higher, the MPC controller based on the original system is able to steer the growth rates back
to the right equilibrium values. The amount of people in the train is higher than the original
equilibrium value, but they do both go to a stable equilibrium. This shows that the system
has robust stability for the maximal parameter uncertainty of es.
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trains (k)
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Figure 6-5: Case 1: Results MPC with parameter uncertainty in e

For situation 2, all states and the input will return to a stable value again. However, for the
states this value is not constant to the original equilibrium value. This makes sense, since a
larger 7,2 means that there is more time for people to arrive at the station and it takes more
time until all those people will have entered the train (da(k) — az(k) is larger). The headway
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time between the train does stay the same. For this headway time stay respected during the
simulation, we see that with some delay the values for the growth rate of a (Figure 6-6a) go
to the same (higher) value of the growth rate of d (Figure 6-6b). As this shift does not mean
that the system loses stability, robust stability is satisfied when the maximal running time
uncertainty is present.
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Figure 6-6: Case 2: Results MPC with parameter uncertainty in 7,2

Summary influence parameter uncertainty

Based on the system in Equation 6-18, the influence of the uncertainty set can be determined.
Here, the values in the situation where there is no uncertainty are depicted as e, 3, aq, etc,
because in the homogeneous system these values are equal for each station. For convenience
we will abbreviate a;j(k) — a;(k — 1) as aa;j(k) and d;(k) — d;(k — 1) as dd;(k). Next to that,
we leave out the o;(k) terms, as these are always equal to zero.
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The influence of uncertainty in 7, can be characterized as:

Aaay (k) = At — Aas(k — 1)
Addy (k) = —anAda(k — 1) + a1 AT + Aug
Apa(k) = egAdy(k — 1)
Aaasz(k) = Addy (k)
Adds(k) = (a1 + aze2) Adda(k) + a1 Ada(k — 1) — ay Adg(k — 1) + Aug
Ap3(k) = b(—au + e2(ag — y2))Adda(k) + ez(a1Ada(k — 1) — a1 (3)Adg(k — 1) — Aug)

where A represents the deviation for the original equilibrium value caused by the uncertainty.

The first thing to notice is that 7,2 has an influence on the initial value of as(k) (a;(0) =
max((j — 1)7o + 7 , 7a)). However, when 7,9 is lowered, this influence can be partially
compensated at the beginning by 75. So then Aaag(1) will be negative. If 7,2 is heightened
Aaaz (k) = A1p2 — Aag(k — 1) will be zero. However, the value of aas(k) needs to respect the
constraints caused by a;j(k) = max(dj—1(k)+7;, dj(k—1)+7g). So this is why the value of
aaz(k) gradually goes to the same value as dda(k). A similar reasoning holds for aas(k). At
first it is equal to dda(k), but as it cannot stay at this value while satisfying the constraints,
it gradually transitions to the value of dds(k) as well.

The extra waiting time at station 2 causes Addy (k) to stay at a constant value. This constant
value is zero when 7,2 is lowered and larger than zero when 7,2 is heightened. w3 is able to
compensate the Ads(k — 1) and Ads(k — 1) term in Adds(k) and Aps(k). So the values of
Adds(k) and Aps(k) in the equilibrium will be equal to a multiple of Adda(k). So these will
be zero when 7, 2 is lowered and larger than zero when 7, 2 is heightened.

In the end, it can be concluded that the uncertainty in 7.2 does not lead to instability in the
system.

In a similar way influence of uncertainty in S can be described as:

Aaas(k 0

(k) =
Adda(k) = —arAda(k — 1) + %mABz + Aug

Apg(k) = eAddg(k) — p1Aps

Aaas(k) = Adda(k)

Adds(k) = (a1 — eas)Adda (k) — aap1 AB2 + a1 (Ada(k — 1) — Adg(k — 1)) + Aug

Aps(k) = (—bau + b(az — 72))Adda (k) — blaz — 72)p1AB2 + e(a1Ada(k — 1) — a1 Ads(k — 1)) + eAug

The results for So = 2 — 0.2 can be found in Appendix A-4. Altering f2 does not influence
the initial values of the system. When Sy is lowered, the system is able to return to the
original growth rates by itself without the input needing to interfere. However, the amount of
people in the train will end up in a higher equilibrium value, because there a negative input
would have been needed. This is not possible in the current system description.

When s is heightened it is harder to compensate, because if the train waits longer at the
second station, there will be more people at the third station as well. So the controller will
try to find a middle ground, but is unable to fully solve all of the deviations in the equilibrium
values.
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The influence of uncertainty e is harder to quantify, because e is present in all o variables
and there it can be part of the denominator as well as the numerator. This is why we will
show the actual equilibrium values rather than the change in these values. In general the
equilibrium values can be described as:

k) =—as(k—1)+ 7+ (k+ 1)

( —l—?m—i—(k%— ) dg(k—l))+U2
k 2dd2() (1-8)p1

) =

ddy (k) =
) =

k) = (az(k) — az(k — 1))eq + us
) =
)

P2
aas

dds(k

(
(
(
(
(k) = (1+ egﬁmd@(m +ar(da(k — 1) — dy(k = 1) + 1) + ug
(

p3(k) = edds(k) + (1 — B)p2(k) + eaa (1 — B)p1

An example of the heightened ey value was already presented in Figure 6-5d. For an example
of the lowered ey value, one can take a look at Appendix A-5. The first thing to notice is that
aaz(k) is calculated in the normal way. So its description is not influenced by uncertainty.
Next to that, in dda(k) the influence of (k + 1)73 and —da(k — 1) counteract each other, so
this has a stabilizing effect. If es is lowered, the system can stabilize itself without input,
because % will be lowered so the effect will die out. If es is heightened —@ will grow, as
well as da(k—1). So this effect needs to be counteracted with a positive ua(k). This is what is
shown in figure A-2d in Appendix A-5. In this Appendix you can also see that, even though
dds (k) and dds(k) can (almost) be brought back to the original equilibrium, p3(k) and p2(k)
will not. This is because of the p; terms in those descriptions.

There is no influence of the uncertainty in pg on the location of the equilibria. Altering pg
only changes the location of the initial value.

Uncertainty in p; can influence the equilibria. Its effect can be described as:

Aaasz(k) = Aag(k — 1)
Addy (k) = —anAda(k — 1) + Aug + asApy
Apa(k) = eAddy(k) + (1 = B)Ap
Aaasz(k) = Adda(k)
Adds(k) = (a1 + agea)Adda (k) + az(1 — B)Ap1 + a1 Ade(k — 1) — a1 Ads(k — 1) + Aug
Aps(k) = b(ayg + e(ag — 12))Adda (k) + blag — v2)(1 — B)Ap1 + e(a1 Ada(k — 1) — a1 Ads(k — 1) + Aug)

An example for p; +20 can be found in Appendix A-6. If there are more people in the train at
station 1 this will automatically be compensated over time, as a larger portion of those people
will get out at later stations as well. If there are fewer people in the train at the beginning we
will see graphs that are very similar in shape to the situation where 35 is heightened. This
makes sense since the descriptions for the deviation of those variables is very similar.

As none of the parameter uncertainties in this section will lead to instability, it can be
concluded that the system has robust stability for uncertainties in the parameter for station
2.
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6-4-4 Sensitivity Terminal Set

In Section 6-2-3, it was already pointed out that a terminal set with the constraint p;(k) <
Pmaz would not be a robust choice. When the system is at p;(k) = pmas, uncertainty in the
parameters can very easily lead to instability. In this section it will be shown which buffer
needs to be build into the description of the terminal set to ensure that the terminal set is
indeed positive definite for all systems in the uncertainty set. So if we apply all worst-case
uncertainties on the parameters of station 2 at the same time, what is the maximal value of

p;(k) that will ensure stability.
The peak that pa(k) and p3(k) reach under the uncertainty can be calculated as:

b b
p2(k) = <(bi2§22)f +1—B2)p1 + 7 _62627'r,2

pall) = bauB (5 + £)puq — (b + 102 = )asa) (ma + 1) + bow — )1 - o)
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Figure 6-7: Results MPC sensitivity of terminal set

So we need to make sure that the choice of pe, ensures that both pa(k) < pma, and p3(k) <
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Pmaz- H we fill in p1 = peg+20 and 7.0 = 8 (- % - %)Peq + 2, we get the following conditions:

€

(b — e2) fPmaz — 20(be2fa + (1 — B2)(b — e2) f) — 2bea f
bea(B2 — B) + (1= B2)(b—e2) f + 2(b—e)Bf
prmaz — 20( — baag s + 0% (ag — 72)(ag2 — Y2.2)) + 2(baacn 2 + b*(ag — y2)as2)
Peq = LTIy gy — IT_1_1 2o — PV T 1 1
bas(B(5 + 7) — a2z — a12B(3 — 5 — 7)) +0%(a2 —72)(@22 — Y22 — qu2B(; — 5 — 7))

Peq <

With the parameter values in Appendix A-3 and the uncertainty from Section 6-4-3, this
comes down to peq < 126 and peq < 130. So if the terminal set is chosen as

z(k)>0 (0 lzzgm < 126 (6-21)

the terminal set will be a robust choice for uncertainty in the parameters of station 2. The
results for pe, = 126 and all worst-case uncertainties combined is depicted in Figure 6-7. One
can see that indeed the peak at station 2 is just slightly below ppq, (=217) and a larger value
would lead to instability.

6-5 Conclusion

This chapter implemented the procedure that has been composed in this master thesis on
a real life example: an urban railway line. The urban railway line is a partially additive
homogeneous DE MMPS system. The input that was used to control the system was an
extra waiting time at the station. The system has two time variables and two quantitative
variables. So for the time variables the difference in these states was added to the state vector.

In several steps the control on the MMPS system could be recast as an MIQP problem. Here,
the optimization variables were captured in the free variables V'(k), which consists of the
auxiliary variables d(k) and Z(k) and the input a(k).

After the problem was fully described, it was confirmed that the assumptions and theorems
that were established in Chapter 3 indeed hold for the urban railway line. Next, the system
was simulated for several situations. For this simulation a homogeneous system was used. So
the parameters are equal for each station. It was concluded that the system is stable when
b > 2e. Next to that, the controlled system is able to successfully reject multiple disturbances.

When the equilibrium values were determined, several conditions on the parameters were
composed. As these conditions were quite restrictive, it made sense to study what the effect
would be of these values were being altered. This was done by studying the robust stability
of the system under parameter uncertainty. Here, it could be concluded that the system did
have robust stability. It was not always possible to return to the original equilibrium values,
though. In some situations it might help if the input is also allowed to be negative. So the
train could leave earlier than when it is full or all people have gotten in. This would mean
that, the input u;(k) should also be added in the second term of the description of d;(k). So
the description for the departure time at a station would become:

dj(k) = min (ana;(k) + agpj_1(k) + aso;(k — 1) + aad;(k — 1) + u;(k), v + 11a;(k) + v2pj—1(k) + u;(k))
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Furthermore, the terminal set for the urban railway line was computed. This is the set of
state values where the states are all bigger than zero and the amount of people in the train
is smaller than p,,... However, this is not a robust choice. When the uncertainty set for the
parameter at station 2 are taken into account, the second constraints should be altered. The
new condition that should hold for the terminal set, when using the parameters in Appendix
A-3, is pj(k) < 126.

So this example supports that the proposed procedure on how to design an MPC controller
for a (partially) additive homogenous DE MMPS system, is indeed able to guarantee a stable
outcome.

Master of Science Thesis J.C.M. Kroese



52 Case Study: Urban Railway Line

J.C.M. Kroese Master of Science Thesis



Chapter 7

Conclusions and Contributions

This chapter will summarize the main conclusions that can be drawn from the research in this
master thesis. Next to that, this chapter will also give concise overview of the contribution
of this master thesis to the field of systems and control.

7-1 Conclusions

In this section an overview is given of the main conclusions in this master thesis report. This
will be done based on the research questions that were discussed in Section 1-2-1. First the
subquestions will be answered separately. Thereafter, everything will be combined to show
that the main research question of this master thesis was resolved.

7-1-1 Choice of state vector

The first subquestion that was investigated is:

How should the state vector of a time-invariant Maz-Min-Plus-Scaling (MMPS) system be
defined?

A conventional Model predictive control (MPC) controller aims to steer a state and input to a
constant equilibrium value. For the MMPS system this is not possible for the time variables.
In this master thesis this was solved by adding an extra state for each time variable x;(k)
that was the difference between the current and the previous time variable x;(k) — z(k — 1).
Now this difference can be steered to a constant equilibrium value. However, it is not always
possible to describe the difference in (k) without using the state x;(k) itself. This means
that z;(k) needs to stay in the state vector as well. So the altered state vector will look like
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In the case study this solution was applied to a model of an urban railway line. Here it was
showed that the method works well for the undisturbed and disturbed case, as well as the
case where parameter uncertainty is present.

7-1-2 Linearization of the state description

The section subquestion that was examined is:
How can a time-variant MMPS system be linearized?

In the process of determining the terminal cost that will ensure stability, a linearization of
the MMPS system around the equilibrium is needed. This can be a challenge for a system
that consists of the operations minimization and maximization.

This problem is solved by first rewriting a general MMPS system into the canonical con-
junctive MMPS format. This is always possible. Now, one can determine which part of the
conjunctive MMPS system is responsible for determining the new state value when the sys-
tem is in the equilibrium. This part of the conjunctive formulation can be easily linearized.
In this way one has determined the linearization of the original MMPS system around the
equilibrium.

7-1-3  Choice of objective function

The third subquestion was:

How should the objective function be defined to guarantee stability for a time-variant MMPS
system?

In this master thesis the procedure for controlling a nonlinear discrete-time (DT) system with
a quadratic objective function was used as a basis. From there the procedure was altered such
that is was valid for a (nonlinear) discrete-event (DE) MMPS system as well.

In this procedure it is necessary that the weighting matrix on the state in the stage cost is
positive definite. This means that the weight on the original time variables x;(k) cannot be
put at zero. This meant that an alteration to the original quadratic objective function was
needed, because a time variable cannot be steered to a constant equilibrium value. To fix
this, a variable equilibrium value was added in the stage cost ¢(x,u) and terminal cost V;
that increases for the x(k) state(s) as k increases.

Next to this, it could be concluded that the assumptions, that needed to hold for the nonlinear
DT system such that the objective function could control it in a stable way, were also valid
for the DE MMPS system.

7-1-4 Shape of terminal set

The third subquestion was the following:
What will the terminal set for a time-variant MMPS system look like?
The terminal constraint set of a (partially) additive homogeneous MMPS system is the sub-

level set of the terminal cost. This is an ellipsoid with x.4(k) at its center. Since the value of
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Zteq(k) depends on the initial value and the value of k, the location of the terminal set is not
always the same. Next to this z;(k) and x4(k) — z;(k — 1) are always larger than zero (since
they represent times/time differences). So in general, the terminal set is a (multidimensional)
ellipsoid, where for (k) and z;(k) — z;(k — 1) only the positive values are included.

7-1-5 Main question

The main research question that needed to be answered in this master thesis is:

How can the process of designing a stabilizing MPC' controller for a time-invariant MMPS
system be fully described?

For a DE system time-invariance comes down the system being (partially) additive homoge-
neous. So the question could be rephrased as:

How can the process of designing a stabilizing MPC' controller for a (partially) additive ho-
mogeneous MMPS system be fully described?

This master thesis has successfully described the full process of how to design an MPC
controller for such a system. To apply the procedure that was proposed in Chapter 3, several
obstacles needed to be overcome. The first challenge was how to handle the equilibrium
for time variables. Next to this, we needed to find out how to linearize the MMPS system
around this acquired equilibrium. Furthermore, it needed to be checked whether the stability
assumptions for the objective function for nonlinear DT systems were still valid for nonlinear
DE systems. This included figuring out the shape of the terminal set.

7-2 Contributions

This master thesis has provided new insights in the field of system and control. These insights
can be summarized as:

e It provides a clear overview of how to recast MPC control on an MMPS system as an
Mixed integer quadratic programming (MIQP) problem.

e It provides a procedure on how to alter the state vector and how to choose a cost
function such that the MMPS system is stabilized.

e It shows how it can be proven that the procedure works by investigating the stability.

Master of Science Thesis J.C.M. Kroese



56 Conclusions and Contributions

J.C.M. Kroese Master of Science Thesis



Chapter 8

Recommendations for Future Work

As the Max-Min-Plus-Scaling (MMPS) system is a relatively new system description and
therefore not that thoroughly researched yet, there are still a lot of areas that can be in-
vestigated further. To continue on the work that I have conducted in this thesis, I would
recommend focusing on the next four areas:

¢ Develop a more compact way to write the conjunctive MMPS equation. It
might be possible to rewrite z(k) — x4(k — 1) in a way that it is not necessary to have
the original x4(k) in the state vector as well. When you take a look at the system of the
urban railway model, this would mean that you would have to fill in for example d;(k)
in a;(k) multiple times. This would make the expression for a;(k) very large. However,
multiple of these terms will most likely be redundant.

Next to this, going from a maximization to a minimization (and vise versa) also adds a
lot of terms. So if this has to be done multiple times in a row, this will most likely lead
to redundant terms as well.

So it would be interesting to investigate if it is possible to develop an algorithm where
these redundant terms can be filtered out more easily.

o Use a new weight on the original state such that z;(k) does not need to be
weighted in the cost function. Right now both z:(k) and x¢(k) — z¢(k — 1) are
present in the state vector, because it is not possible to describe the states without
x¢(k). In the cost function of the Model predictive control (MPC) problem, the weight
matrix on the state needs to be positive definite. So there has to be a weight on this
original z4(k) value. This is not ideal, because if there are some perturbation in the
system, it might not be possible to return to the wanted x;(k) value. The aim should
be to get the growth rate z(k) — x¢(k — 1) back to the equilibrium value.

A suggestion to solve this issue this is using the original state vector
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and using a non-diagonal weighting matrix on these states, such that in that way only
the difference in x4(k) can be charged.

For the stage cost on the state, this would look like:
x(k—1) Teq(k — 1) | \7 o1 x(k—1) Teq(k — 1)
— E-QFE — 8-1
([ 2(k) ] [ reglk) |/ (k) realk) |/ &1
where the new weight on the state is ETQF and

| Iy, 0|1, O
E_[ 0 Inq

One can observe that it holds that

z(k—1)|  |z(k) —x(k—1)
El 2(k) 1‘[ 2g(k) ]

So indeed, only z4(k) — z(k — 1) and z4(k) will be weighted. In a same way the event
counter dependence in z.q(k) will be cancelled out as well. This can be extended to all
states from z(k — 1) up until z(k + N, — 1).

As this new weight matrix uses both z(k) and x(k — 1), the weight matrices for the
whole prediction horizon will partially overlap. It is interesting to investigate whether
this new weight matrix will indeed work or whether new problems will arise.

Repeat the design process for other cost functions. This research focused on the
quadratic cost function, because it is the most commonly used in conventional MPC.
Next to that, it also made the most sense for the Urban railway line. There are other
cost function that might be interesting to investigate further, for example the 1-norm or
oo-norm. Furthermore, the Hilbert’s projective norm could be interesting for the time
variables, since this would circumvent the problem that the variable should go to an
equilibrium value.

Design a new MMPS model. There are not that many real life examples of MMPS
systems yet. This is why it could be interesting to construct a new one. Then the
procedure in this master thesis can be tested on this new MMPS system as well.
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Appendix A

Urban Railway Network

This appendix expands on the details of the Urban railway network.

A-1 Conjunctive canonical formulation

This section elaborates on the conjunctive canonical formulation of the Urban railway network
examined in this master thesis.

a;(k) = a;(k — 1) = min (max([0 0 =1 0 0 0[a;(k=1)+[0 0 0 1 0 0fz;a(k)+[0 1 0] FMJLI]
TH

00 =110 0lak=1)+[0 0 0 0 0 0z 1(k)+[0 0 1] Fff]))
TH

dj(k)—dj(k‘—l):min(max( [0 00 —a; O 043]1‘](/{—1)-‘1-[0 00 o O]Ij,l(k)-&-uj(k)—}—{() o 0] {p;tjzj|,
TH

pmam
00000 aga(k=1)+[0 0 0 0 as O]z a(k)+u(k)+[0 0 o |:TT‘7':|>.
TH

/)VTL(LII'
max([0 0 0 =1 0 0[z;(k=1)+[0 0 0 1 7 0]z a(k)+[1/6 1 0f {7]}
TH

TH

o000 0 0ak-D+[0 000 % Oat)+[1p 0 1] r:]b

aj(k:):min<max( [0 0000 o]xj(k—1)+[0 0010 o]xj,l(k)Jr[o 1 0} rrﬂ
TH

0001 0 0lak-1+[0 0000 0z (k+]o 0 1] Fﬁm}))
TH
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dj(k) = min (max([0 0 0 as 0 ag]a;(k=1)+[0 0 0 a1 as 0|z ak)+uw(k)+ [0 ar 0] [p;m;t}

TH
0001 0 aslajtk=1)+[0 00 0 ay 0]z (k) +uk)+[0 0 a r;niz})
TH
max([0 00 0 0 0a(k=1)+[0 0 0 1 5 0faa(k)+[1/b 1 0] {pwl}
TH

0001 0 0la(k=1)+[0 00 0 % 0z ak)+[1/6 0 1] [p;nf}))
TH

p ar
pj(k) = min (max (min( [0 0 0 bag O (11] xj(k—1)+ [0 0 0 —bay blag—2) 0} xzj1(k) + eju;(k) + [0 —bay 0} Trj } ,
TH

_pﬂl(k’ﬂ
(0000 —bar 0 ar]z(k=1)+[0 0 0 by blaz—12) Oz 1(k) +ejus(k)+ [0 bar —b] T,.J}),

_TH
pm(l.’l)
min( [0 005b 0 al]z](k—1)+[0 0 0 —b blaz—2) 0} xj,l(k)+ejuj(k)+[0 —b bal} {Tm}’
TH
Prmaz |
00000 afaj(k=1)+[0 0 0 0 blas—92) 0]a;1(k) +eui(k) +[0 0 —bay] {Tm )
TH ]
pmaw
max (min([0 0 0 0 0 0)z;(k=1)+[0 0 0 0 0 0w 1(k)+eu(k)+[1 0 0] {TM},
TH
p?naz
000 b0 0ak=1)+[0 0 0 b 0 0]z 1(k)+esus(k)+[1 b b {Tw}),
TH

p"LIIJT
min([0 0 0 b 0 0a;(k=1)+[0 0 0 ~b 0 0]z 1(k)+esus(k)+ [1 b b {TJ}
TH

00000 ofat-1+[0 00 0 0 0faa()+ejuk)+[1 0 0] rsj»)
TH

oj(k):min<max(n1in( [0 0000 o}xj(k—1)+[0 0000 o]x,-,l(k)+[0 0 0] r;njz]
TH

00 0 <bar 0 0Ja;(k=1)+[0 0 0 bar 0 0fa;1(k)+[0 by —ba] {O;n]})
TH

pmaz
min( [o 0 0 bag 0 al] xj(k—1)+[o 0 0 —boy blas—72) o] mj_l(k)+[—1 —bay o] [T]]
TH

p’lnaz
[0 0 0 —ba; 0O (11} zj(k—1)+ [O 0 0 bay blas —2) O] xj_1(k) + [—1 bay —b} |:Tm- ‘|),
TH

pmaz
min([0 0 0 b 0 0]a;(k=1)+[0 0 0 0 —b O]z a(k)+ [0 ~b 9] {7,1
TH

pmaz
[o 00 bag 0 o}xj(k—l)ju[o 0 0 —bas 0 o} :I;j_l(k)+[o —bay bad {Tm}),
TH
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min( [0

max (min( [0

o

o

min( [0

0

0

Prmaz
by +b 0 al} xj(k71)+[0 0 0 —bag—b blaz—2) 0] xj,l(k)+[71 —bay — b b] Trj
TH
Prmaz
bag 0 a]z(k=1)+[0 0 0 —bay blas—92) O] zja(k)+ [-1 —bay O] | 7y |),
TH
Prmaz
—bay 0 O]ac](kfl)Jr{O 00 bay 0 o]z],l(k)ﬂo bou 47&4] i |
TH
pmaz
=6 0 0|z(k=1)+[0 0 0 b 0 0|z ak)+[0 b —b] |7y ),
TH
ﬂmaz
00 ar]a(k=1)+[0 0 0 0 blaz—7) 0w (k)+[-1 0 —bas| |7y |,
TH
p7naz
b 0 m}xj(k:—1)+[o 00 b blag—n2) o} .7;,.,1(16)+[71 b 71;&475] i 1)
TH
pmam
by 0 o} a:](k—1)+[o 00 0 —bay o]:cj,l(k>+[o —bay bm] T
TH
p?’!l(l.’t‘
00 0a;(k=1)+[0 0 0 0 0 0]z ak)+[0 0 0] [y ),
TH
Prmaz
b 0 (yl] xj(kfl)Jr[O 00 —b blag—"2) O} xj,l(k)+[71 —b b(xl] Trj | s
TH
Prmaz
0 0 ai]a(k=1)+[0 0 0 0 blaz—7y) 0fa;1(k)+[-1 0 —bau| |7y ])),
TH
Prmaz
—ejay 0 a4]z]-(k71)+{0 0 0 ejas ejy2+bBi/f—bas 0} zj,l(k)Jr{e]-/b €0y 0} Trj
TH
pmazr
—b—e¢; 0 044]1j(k*1)+[0 0 0 btej eya+bBi/f—bas ()]I;‘—l(k)+[6_f/b b+ej *bm} i |)s
TH
p'fﬂrlll‘
—e; 0 1}.%;‘(]&‘71)‘%[0 0 0 ¢ em+1-7; O]Ij_l(k)+{6j/b71 € 0} Trj | s
TH
pmaz
—b—e; 0 a(k=1)+[0 0 0 bte; erat1=p 0|aia(k)+[ei/b—1 bte; —b] | 7y ),
TH
/)maz
bar—e; 0 ag|ai(k=1)+[0 0 0 —barte; epya+b/f—bas 0|aya(k)+ [e;/b —barte; B [ 7|,
TH
pTYL(l.l'
—€j 0 a4]a:j(k—1)+[0 00 €j ej’72+bﬂj/f—b(,Y2 0} xj,l(k)-ﬁ—[ej/b €j —b(l4} Tr.j ),
TH
Prmaz
b=e; 0 ak=1)+[0 0 0 —bte; em+1-8 0|aalk)+[ei/b—1 —b+e; 0] |7y |,
TH
Prmaz
—¢; 0 a(k=1)+[0 0 0 ¢ epr+1-8 0aa(k)+]e/b=1 ¢ 0] |7y ),
TH
Prmaz
—bay 0 as]a;(k=1)+[0 0 0 bas ey +b8;/f —baz 0]z 1(k)+[ej/b bas e | 7y |
TH
pmam
b 0 a4} zj(kfl)Jr[(] 0 0 b ey+b8;/f—bas (l} zj,l(k')Jr{e]/b b ej'fbal} i )
TH
pTYLG/I
00 Ua(k=1)+[0 0 0 0 ejo+1-5 0]z a(k)+[es/b—1 0 ¢ |7y |,
TH
/)maz
b 0 1];pj(k—1)+[o 00 b eratl—p o]mj,l(k:)+[cj/b71 b erb] i 1)
TH
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min( [0 0 0 bay O a4] zj(k—1)+ [0 0 0 —bay ejye+b6;/f—bas O] xj_1(k) + [ej/b —bay b+ (3]}

Pmax
Tr.j s
TH

pnluz
00000 asa(k=1)+[0 0 0 0 e9+b8;/f —baz 0] awj1(k)+[es/b 0 —ejou {rr,jl),
TH

p maxr
Trg | »
TH

pmaa:
1 )

TH

min([0 0 0 b 0 ak=1)+[0 0 0 —b eyt+1-8 0| 1(k)+[e;/b—1 —b b+ej

00000 1ak-1)+[0 0 0 0 ea+1-8 0]z a(k)+[e;/b—1 0 ¢
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A-2 Constaints MLD system

In this section the constraints are written out that are formed when the conjunctive Max-

Min-Plus-Scaling (MMPS) system is written as a Mixed logical dynamical (MLD) system.

This means that the compact notation
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A-3 Parameter values

This appendix lists the parameter values that are used in the case study. These parameters
satisfy the conditions in Equation 6-17.

Parameter value

Description

Np=5
J=3

K =100
Pmaz = 217
Trj = 2.692
€j = 8
b=30
f=35

B; = 0.667
Ty =1

po = 64

p1 =64

71 = 95.333
To = 95.333
Peq = 64

prediction horizon

total # stations

total # trains

[#] max. people in a train

[min| running times

[#/min] passenger entering station per minute

[#/min| passengers that can board the train per minute
[#/min] passengers that can disembark the train per minute
[-] fraction of passengers in train k leaving train at station j
[min] headway time
[#] pj(0) = po
#] p1 (k) = 7
[min| di (k) = (k — 1)y
[min] d;(0) = j7
[#] amount of people in train at equilibrium

Table A-1: Parameter values Urban railway model
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A-4 Results uncertainty on lowered (3, value

This appendix gives the results for a parametric uncertainty in 32 which is equal to 8; —0.2.

1 Growth rate a per station 15 Growth rate d per station
station 1 station 1
station 2 station 2
12 station 3 14 station 3
— — — -equilibrium value — — — -equilibrium value
10 12
8 10 1
6 \ 8
4 / 6
2 4
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
trains (k) trains (k)
(a) Results for a;(k) —a;(k — 1) (b) Results for d;(k) — d;(k — 1)
80 People in train per station ; Extra waiting time per station
station 1 station 2 (u ‘)
78 . . station 2 0.8 station 3 (uz)
. —_— station 3
76 N — — — -equilibrium value 0.6
0.4
74
0.2
72
ol
70
-02
68
| 04
86/ 06
64 08
62 . . . . . . . . . 1
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
trains (k) trains (k)
(c) Results for p;(k) (d) Results for u; (k)

Figure A-1: Case 3: Results MPC with parameter uncertainty in 8
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A-5 Results uncertainty on lowered e, value
This appendix gives the results for a parametric uncertainty in e which is equal to eo — 2.
1 Growth rate a per station 1% Growth rate d per station
station 1 station 1
station 2 station 2
12 station 3 14 station 3
— — — -equilibrium value — — — -equilibrium value
10 12
8 107
6 8
st/ 6
2 4
0 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
trains (k) trains (k)
(a) Results for a;(k) —a;(k —1) (b) Results for d;(k) — d;(k — 1)
66 People in train per station | Extra waiting time per station
station 1 station 2 (u‘)
" station 2 L] 0.8 station 3 (u,)
station 3
— — — -equilibrium value 0.6
62
\ 0.4
60 02
58 0
56 -0.2
04
54
— -06
52 -0.8
50 -1
0 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
trains (k) trains (k)
(c) Results for p;(k) (d) Results for u;(k)
Figure A-2: Case 1b: Results MPC with parameter uncertainty for lowered es
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A-6 Results uncertainty on heightened p; value

This appendix gives the results for a parametric uncertainty in p; which is equal to p; + 20

Growth rate a per station
T T T T T

14 T
station 1
station 2
12 station 3
— — — -equilibrium value
101
sl
6L
.
at
2 . .
0 2 4 6 8 10 12 14 16 18 20
trains (k)
(a) Results for a;(k) —a;(k —1)
People in train per station
84 T T T T T T T
| station 1
82 | station 2
station 3
80r | — — — -equilibrium value |
|
781 |
|
|
| 1
A
I
"
72|
|
o]
I
68
I
66
64 . . . . . . . . "
0 2 4 6 8 10 12 14 16 18

trains (k)

(c) Results for p;(k)

20

Growth rate d per station
T T T T T

16 T
station 1
station 2
14 station 3
— — — -equilibrium value
125
10
sl
61
4 .
0 2 4 6 8 10 12 14 16 18 20
trains (k)
(b) Results for d;(k) — d;(k — 1)
Extra waiting time per station
0.35 T T T T T T T T
I\ station 2 (u,)
03l I‘ station 3 (u,)| |
|
|
|
0.25 -
|
|
02r
|
| ~\
oasp || \
I _—
[ e ——
I
01y ]
[/
i
005 |
| —
o
0 2 4 6 8 10 12 14 16 18 20

trains (k)

(d) Results for u;(k)

Figure A-3: Results MPC with parameter uncertainty for heightened p;
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Appendix

B

Matlab code

B-1 Main code

clear all
close all
clc

% the states: [a_j(k)-a_j(k-1) d_j(k)-d_j(k-1) a_j(k) d_j(k) rho_j(k)
sigma_j (k)]

%% Variables

load equilibriumvar_full6st.mat

load Variables_6basic.mat

Alll=zeros (6,6,J);
A1111=zeros(6,6,J);
Billl=zeros(6,1,J);
B41l=zeros (6,1,J)
for j=2:J
A111(:,3:end,j)=[-1 0 0 0;0 —alpha_1(j) O alpha_3(j);0 O
alpha_4(j) 0 alpha_3(j);0 bxalpha_4(j) 0 alpha_1(j);0

i

;0

00
00 0];

A1111(:,3:end,j)=[0 1 0 0;0 alpha_1(j) alpha_2(j) 0;0 1 0 0;0 alph
(j) alpha_2(j) 0;0 —bxalpha_4(j) bx(alpha_2(j)—gamma_2(j)) 0;0
0];
B111(:,:,3)=[051;0;15e_3(3);0];
B411(:,:,j)=[0 1 0;0 alpha_1(j) 0;0 1 0;0 alpha_1(j) 0;0 —bxalpha_
) 0;0 0 O]*[rho_max;tau_rj(j);tau_H];
end
for j=2:3

AL (i, 5)=A1L (5,5, 5);s

AL (:ye,j)=A1111 (2,0, 5);
Bl(:,:,j)=B111(:,:,j);
B4 (:,:,j)=B411(:,:,3);

a_1
00

4(J
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26
27
28
29
30
31
32
33
34
35
36
37
38
39

40
41
42
43

44
45

46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75

70 Matlab code

end

matrl=A1(:,:,2);
matr2=A11(:,:,2);

matr3=B1(:,:,2);

matrd=eye(size(A11(:,:,2),2));

Altot=[matrl zeros(size(A1l(:,:,2),1),size(A1(:,:,2),2)%(J=2))]
Alltot=matr2;

Bitot=[matr3 zeros(size(B1(:,:,2),1),size(B1(:,:,2),2)*(J—-2))]
B4hor=[matr4 zeros(size(A11(:,:,2),1),size(A11(:,:,2),2)%(J=2))];
B4vert=B4 (:,:,2);

for j=3%:J
matrl= [A11(:,:,j)*matrl A1(:,:,j)];
Altot= [Altot;matrl zeros(size(Al(:,:,j),1),size(A1(:,:,7),2)*(J—j))
I
matr2= Al11(:,:,j)*matr2;
Alltot= [Alltot;matr2];
matr3= [A11(:,:,j)*matr3 B1(:,:,j)];
Bltot= [Bltot;matr3 zeros(size(B1(:,:,j),1),size(B1(:,:,3),2)*(J—j))
I
matrd= [A11(:,:,j)*matrd eye(size(A11(:,:,3),2))];
B4hor= [B4hor;matr4 zeros(size(A11(:,:,j),1),size(A11(:,:,3),2)*(J—]
)15
B4vert= [B4vert;B4(:,:,j)]
end

B4tot=B4hor*B4vert;
eq.Altot=Altot;
eq.Alltot=Al1ltot;
eq.Bltot=Bltot;
eq.B4tot=B4tot;

%% State feedback gain & weight matrix
Qx=kron(eye(J—1),diag([10 10 0.01 0.01 10 1]));
Qu=kron(eye(J—1),3);

mu=2;

K_L=dlqr(eq.Altot,eq.Bltot,Qx,Qu);
Q_K=Qx+K_L’*xQux*K_L;
P=dlyap((eq.Altot—eq.Bltot*K_L)’ muxQ_K);

%% maxima & minima
maximum=24%x60%x100; % minutes in a day
minimum=—maximum;
Maxl=maximum;
Max2=maximum;
Max3=maximum;
Max4=maximum;
Max5=maximum;
Max6=maximum;
Max7=maximum;
Max8=maximum;
Max9=maximum;
Max10=maximum;

J.C.M. Kroese Master of Science Thesis
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e
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93

94

95
96
97
98
99

100
101
102
103
104
105

106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122

B-1 Main code 71

Maxll=maximum;
Maxl2=maximum;

minl=minimum;
min2=minimum;
min3=minimum;
mind4=minimum;
minb5=minimum;
min6=minimum;
min7=minimum;
min8=minimum;
min9=minimum;
minlO=minimum;
minll=minimum;
minl2=minimum;

%% State initialization

sys_small=buildsysk_6states(Maxl,minl, Max2 ,min2,Max3,min3,Max4 ,mind K Max5,
min5 ,Max6 ,min6 ,Max7 ,min7 ,Max8 ,min8 ,Max9 ,min9 ,Max10,minl10,Max11 ,minll,
Max12,minl12,J,1);

addpath ’C:\Users\justi\Documents\Werktuigbouw\SC\Afstuderen\Matlab code\
Full model’

sys_full=buildsysk_fullmodel (sys_small,J);

%% Disturbance

% model error

sys_small_dis=buildsysk_6states(Maxl,minl ,Max2 ,min2,Max3,min3 ,Max4 ,min4,
Max5 ,minb ,Max6 ,min6 ,Max7 ,min7 ,Max8 ,min8 ,Max9 ,min9 ,Max10,min10 6 Max1l,
minll ,Max12,min12,J,2);

sys_full_dis=buildsysk_fullmodel(sys_small_dis,J);

%% MPC using YALMIP and Gurobi

0/ 0,

oo

choice_case=2; % no disturbance: case 0, for output disturbance:
choose case 1 or case 2, for uncertainty: case 3

% parameter uncertainty

if choice_case==
load Variables_6basic_uncertain.mat

end

% output disturbances
pulse_rho=20;
pulse_a=2;
dis=zeros(6%J,K+1);

% initialize free variables
Size_u=(J—1)*1;
Size_d=(J—1)%12;
Size_z=(J—1)%12;

V_rec=zeros(Size_u+Size_d+Size_z ,K);
u_rec=zeros(Size_u,K);

Master of Science Thesis J.C.M. Kroese
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72 Matlab code

delta_rec=zeros(Size_d,K);
z_rec=zeros (Size_z ,K);
J_rec=zeros(Size_u,K);

% initialize state vector
x=zeros (6xJ , K+1);
x(1:6,:)=x1_k;
xjzero=xj_0(:,2:J);
x(7:end,1)=xjzero(:);

for k=2:K+1 7 k=1 is k=0
Np=min (5 ,K+1—k+1);
Nc=Np;

[MILPsysk,M2k ,M3k ,Mx1k]=MILP_sysk_fullmodel6st(sys_full ,Np,Nc,x(7:end
,k—1),x1_k(:,k:k+Np—1),rho_max,x_eq6 (7:end ,k—1:k+Np—1),u_eq(: ,k:k+
Np—1),delta_eq(:,k:k+Np—1),z_eq(:,k:k+Np—1),J,P,Qx,Qu);

% Solve the constrained optimization problem (with YALMIP)

V_con = [sdpvar ((Size_u)«*(Np),l);binvar((Size_d)x*(Np),1);sdpvar ((
Size_z)x*(Np),1)]; % define optimization
variable

Constraint = [MILPsysk.AxV_con<=MILPsysk.b]; % define

constraints
Objective = V_con’«MILPsysk.Q+V_con+(MILPsysk.c)*V_con; % define cost

function
options = sdpsettings(’solver’,’gurobi’, ’verbose’, 1);%,’gurobi.
MIPGap’,.1,’gurobi.MIPGapAbs’,0.01);
optimize (Constraint ,0bjective,options) %solve the
problem

% Select the first input only

V_rec(:,k) = [V_con(l:8ize_u);V_con(Size_ux(Np)+1:Size_ux(Np)+
Size_d);V_con(Size_ux(Np)+Size_d*(Np)+1:Size_ux*(Np)+Size_dx(Np)+
Size_z)|;

u_rec(:,k) = V_con(1l:8ize_u);

delta_rec(:,k) = V_con(Size_ux(Np)+1:Size_ux*(Np)+Size_d);

z_rec(:,k) = V_con(Size_ux*(Np)+Size_dx(Np)+1:Size_ux(Np)+Size_d

*(Np)+Size_z);

% Compute the state/output evolution
% case 1: no disturbance/noise
x(7:end,k) = sys_full.Alxx(7:end,k—1)+sys_full.Blxu_rec(:,k)+
sys_full.B2xdelta_rec (:,k)+sys_full.B3*z_rec(:,k)+sys_full.B4+
sys_full.A11xx1_k(:,k);
% case 2: add output disturbance
if (k>=5) && (k<=10)
if choice_case==
% ten extra people (extra waiting time)
if x(1%6+5,k)+pulse_rho<=rho_max
pulse_rho_real=pulse_rho;
else

J.C.M. Kroese Master of Science Thesis
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B-1 Main code 73

pulse_rho_real=rho_max—x(1x6+5,k);
end
dis(6%x14+2,k)=pulse_rho_real/b;
dis(6%14+4,k)=pulse_rho_real/b;
dis(6%x14+5,k)=pulse_rho_real;
dis(6%146,k)=pulse_rho—pulse_rho_real;

elseif choice_case==

% lower speed

dis(6*x141,k)=pulse_a;
dis(6*142,k)=pulse_axalpha_1(2);
dis(6%14+3,k)=pulse_a;
dis(6x1+4, ):pulse a*alpha 1(2);
dis(6%14+5,k)=—pulse_axbxalpha_4(2);

end

end
x(7:end k) = x(7:end,k)+dis(7:end,k);

% case 3: model error

% x(7:end,k) = sys_full_dis.A1*x(7:end,k-1)+sys_full_dis.B1lx
u_rec(:,k)+sys_full_dis.B2*delta_rec(:,k)+sys_full_dis.B3*z_rec(:,k)+
sys_full dis.Bd+sys_full dis.Al11*x1 k(:,k);

clear V_con
end

%% plot results
close all

% crop figures
K_plot=20;

k=0:K_plot; % used for plotting equilibrium value

figure (1)

plot (0:X_plot,x(1,1:K_plot+1))
hold on

plot (0:X_plot,x(7,1:K_plot+1))
plot (0:XK_plot,x(13,1:K_plot+1))
plot (0:K_plot,beta_j(1)/e_j(1)*rho_eq*ones(1l,length(k)),’k--")
% legend(’station 1°’,’station 2’,’station 3°’)

legend(’station 1’ ,’station 2’ ,’station 3’,’equilibrium value’)
xlabel(’trains (k)’)

title(’Growth rate a per station’)

figure (2)

plot (0:K_plot,x(2,1:K_plot+1))

hold on

plot (0:K_plot,x(8,1:K_plot+1))

plot (0:K_plot,x(14,1:K_plot+1))

plot (0:K_plot,beta_j(1)/e_j(1)*rho_eqxones(1,length(k)),’k--")
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74 Matlab code

legend(’station 1’ ,’station 2’ ,’station 3’,’equilibrium value’)
xlabel(’trains (k)’)
title(’Growth rate d per station’)

figure (3)

plot (0:K_plot,x(3,1:K_plot+l))

hold on

plot (0:K_plot,x(9,1:K_plot+1))

plot (0:X_plot,x(15,1:K_plot+1))
legend(’station 1’,’station 2’,’station 3’)
xlabel(’trains (k)’)

title(’Arrival time per station’)

figure (4)

plot (0:K_plot,x(4,1:K_plot+1))

hold on

plot (0:K_plot,x(10,1:K_plot+1))

plot (0:X_plot,x(16,1:K_plot+1))
legend(’station 1’,’station 2’,’station 37)
xlabel(’trains (k)’)

title(’Departure time per station’)

figure (5)

plot (0:K_plot,x(5,1:K_plot+1))

hold on

plot (0:K_plot,x(11,1:K_plot+1))

plot (0:XK_plot,x(17,1:K_plot+1))

plot (0:X_plot,rho_eq*ones(1,length(k)),’k--")

legend(’station 1’ ,’station 2’ ,’station 3’,’equilibrium value’)
xlabel(’trains (k)’)

title(’People in train per station’)

figure (6)

plot (0:K_plot,x(6,1:K_plot+1))

hold on

plot (0:X_plot,x(12,1:K_plot+1))

plot (0:X_plot,x(18,1:K_plot+1))
legend(’station 1’ ,’station 2’ ,’station 3’)
xlabel(’trains (k)’)

title(’People left at platform per station’)

figure (7)

plot (0:K_plot,u_rec(l,1:K_plot+1))

hold on

plot (0:XK_plot,u_rec(2,1:K_plot+1))
legend(’station 2 (u_1)’,’station 3 (u_2)’)
xlabel(’trains (k)’)

title(’Extra waiting time per station’)
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B-2 Build MLD model per station

function sys=buildsysk_6states(Maxl,minl,Max2,min2,Max3 ,min3,Max4  mind,
Max5 ,minb ,Max6 ,min6 ,Max7 ,min7 ,Max8 ,min8 ,Max9 ,min9 ,Max10,min10 6 Max1l,
minll,Max12,min12,J,var)

if var==
load Variables_6basic.mat

elseif var==2
load Variables_6basic_uncertain.mat

end
sys.Al= zeros (6,6,J);

% ox_j(k-1)
sys.All= zeros (6,6,7);

% x_j-1(k)
sys.Bl= zeros (6,1,J);

% u_j (k)
sys.B2= zeros (6,12,7);

% delta_j (k)
sys.B3= zeros (6,12);

% z_j (k)
sys.B4_mat= zeros(6,3,J);
sys.B4= zeros (6,1,7);
% forming the matrices
for j=1:J
sys.A1(:,3:end,j)=[-1 0 0 0;0 —alpha_1(j) 0 alpha_3(j);0 0 0 0;0

(

alpha_4(j) 0 alpha_3(j);0 bxalpha_4(j) O alpha_1(j);0 0 0 0];

sys.A11(:,3:end,j)=[0 1 0 0;0 alpha_1(j) alpha_2(j) 0;0 1 0 0;0
alpha_1(j) alpha_2(j) 0;0 —bxalpha_4(j) bx*(alpha_2(j)—gamma_2(j))
0:0 0 0 0]

sys.B1(:,:,])= [05150;15e_3(3);0];
sys.B4_mat (:,:,j)= [0 1 0;0 alpha_1(j) 0;0 1 0;0 alpha_1(j) 0;0 —bx
alpha_4(j) 0;0 0 0];

sys.B4(:,:,j)= sys.B4_mat (:,:,j)*[rho_max;tau_rj(j);tau_H];

end

sys.B3(1,1)= 1;

sys.B3(2,2:3)= [1 17;

sys.B3(3,1)= 1;

sys.B3(4,2:3)= [1 17;

sys.B3(5,4:7)= [1 10 1];

sys.B3(6,6:12)= 101110 1];

% matrix sizes constaints

sys.El= zeros (6x12,6,7); %
x_j(k-1)

sys.El1= zeros (6%12,6,7); %
x_k-1(k)

sys.E2= zeros (6x12,1,7); YA
u_j (k)
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sys

sys

sys
sys

.E3= zeros (6x12,12); P2

delta_j (k)

.E4= zeros (6x12,12); PA

z_j (k)

.g5_mat= zeros (6x12,4,7);
.gh= zeros (6x12,1,7);

% forming the matrices (incl. u=>0)

for

j=1:J

sys.E1(1:6,4,j)= [—1;1;0;0; —1;1];

sys.E1(7:12,4,j)= [-alpha_1(j);alpha_1(j);0;0; —alpha_1(j);
alpha_1(3)];

sys.E1(13:18 ,4:end,j)= [alpha_4(j) O alpha_3(j);—alpha_4(j) 0 —
alpha_3(3j);0 0 0;0 0 O;alpha_4(j) O alpha_3(j);—alpha_4(j) 0 —
alpha 3(3)];

sys.E1(19:24 ,4,j)

sys.E1(25:30,4,7)
;bxalpha_1(j)

[D;=b;0;0;b;—D];
[-bxalpha_1(j);bxalpha_1(j);0;0; —bxalpha_1(j)

sys.E1(31:36,4,j)= [-b;b;0;0; —b;b];

sys.E1(37:42 ,4:end,j)= [bxalpha_4(j) O alpha_1(j);—bxalpha_4(j) 0
—alpha_1(j);0 0 0;0 O O;bxalpha_4(j) O alpha_1(j);—bxalpha_4(j) O
—alpha 1(3)];

sys.E1(43:48 ,4,j)= [bxalpha_1(j);—bxalpha_1(j);0;0;bxalpha_1(j)
;—bxalpha_1(j)];

sys.E1(49:54 ,4:end,j)= [—bxalpha_4(j) O —alpha_1(j);bxalpha_4(j) O
alpha_1(j);0 0 0;0 0 0;—bxalpha_4(j) 0O —alpha_1(j);bxalpha_4(j) O
alpha 1(3) ]

sys.E1(55:60,4,j)= [bxalpha_4(j);—bxalpha_4(j);0;0;bxalpha_4(j)
“bralpha 4(3)]:

sys.E1(61:66,4,j)= [—e_3(3):e_3(3):0:05—e_j(3):e_3(3)];

sys.E1(67:72 ,4:end,j)= J)*alpha 4(j) 0 —alpha_4(j);—e_j(j)x

0;e_j(j)+alpha_4(j) 0 —alpha_4(j

[e_j
alpha_4(j) 0 alpha_4(j); 0 0 0;0 0
Ji—e_j(j)*alpha_4(3) 0 alpha_4(j)

I

sys.E11(1:6,4,j)= [1;—1;0;0;1; —1];

sys.E11(7:12,4,j)= [alpha_1(j);—alpha_1(j);0;0;alpha_1(j);—
alpha_1(3)];

sys.E11(13:18,4:5,j)= [-alpha_4(j) alpha_2(j)—gamma_2(j);alpha_4(j

) gamma_2(j)—alpha_2(j);0 0;0 0;—alpha_4(j) alpha_2(j)—gamma_2(j);
alpha_4(j) gamma_2(j)— alpha_2(J)]

sys.E11(19:24 /4 ,j)= [-b;b;0;0; —b;Db];

sys.E11(25:30,4,j)= [bxalpha_1(j);—bxalpha_1(j);0;0;bxalpha_1(j)
;—bxalpha_1(j)];

sys.E11(31:36,4,j)= [b;—b;0;0;b;—b];

sys.E11(37:42,4:5,j)= [-bxalpha_4(j) bx(alpha_2(j)—gamma_2(j));bx

(
alpha_4(j) b*(gamma 2(j)—alpha_2(j));0 0;0 0;—bxalpha_4(j) bx*(
alpha_2(j)—gamma_2(j)); b*alpha_4(€) bx(gamma_2(j)—alpha_2(j))];

sys.E11(43:48 ,4,j)= [-bxalpha_1(j);bxalpha_1(j);0;0; —bxalpha_1(j
) ;bxalpha_1(3)];
sys.E11(49:54,4:5,j)= [bxalpha_4(j) b+*(gamma_2(j)—alpha_2(j));—bx*

alpha_4(j) bx(gamma_2(j)—alpha_2(j));0 0;0 O;bxalpha_4(j) bx(
gamma_2(j)—alpha_2(j));—bxalpha_4(j) bx(alpha_2(j)—gamma_2(j))];
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end

sys.E
sys.E
sys.E
sys.E
sys.

sys.

sys.E11(55:60,4,j)= [-bxalpha_4(j);bxalpha_4(j);0;0; —bxalpha_4(j
) bealpha_a(J)];

sys.E11(61:66,4,])= [e_3(3);—e_3(3):0:05e_3(3);—e_3(3)];

sys.E11(67:72,4:5,j)= [—e j(J)*alpha 4(j) —e_j(j)*gamma_2(j)—bx

beta_j (] )/f+b*alpha 2(j);e_j(j)+alpha_4(j) e_j(j)*gamma_2(j)+bx
beta_j(j)/f—bxalpha_2(j);0 O 0 0;—e_j(j)xalpha_4(j) —e_j(j)=
gamma_2(j)—bxbeta_j(j )/f+b*a1pha 2(j);e_j(j)+alpha_4(j) e_j(j)=
gamma_2(j)+bxbeta_j(j)/f—b*alpha_2(j)];

sys.E2(13:18,:,j)= [1; —1; 0; 0; 1; —1];

sys.gb_mat (13:18,1,j)= [1/b;—1/b;0;0;1/b;—1/b];

sys.gb_mat (37:42,1,j)= [1; —I,OJLl, 1];

sys.gb_mat (49:54,1,j)= [—1;1;0;0;—1;1];

sys g5 et (67:72,1,3)= [e3(3)/i-s ) /p50:050.3(3) foime3 (3) /0]

sys.gb_mat (1:6,2:4,j)= [-1 1 —min1;1 —1 0;0 0 0;0 O 0;—1 1 —min1;1
—1 Max1];

sys.gb_mat (7: 12, 4,j)= [—alpha_1(j) alpha_1(j) —min2;alpha_1(j) —
alpha_1(j) O 0 0;0 0 0;—alpha_1(j) alpha_1(j) —min2;alpha_1(j) —
alpha_1(j) Max2}

sys.ghb_mat (13:18,2:4,j)=[alpha_4(j) 0 —eps;—alpha_4(j) 0 Max3;0 0 O0;
00 O;alpha_4(j) 0 —min3;—alpha_4(j) 0 Max3];

sys.gh_mat(19:24,2:4,j)=[b —b —eps;—b b Max4;0 0 0;0 O O;b —b —mind;—
b b Max4];

sys.gh_mat (25:30,2:4,j)=[-bxalpha_1(j) bxalpha_1(j) —min5;bxalpha_1(j
) —bkxalpha_1(j) 0;0 0 0;0 O O;—bxalpha_1(j) bxalpha_1(j) —min5;bx
alpha_1(j) —bxalpha_1(j) Max5];

sys.gb_mat (31:36,2:4,j)=[-b b —min6;b —b 0;0 0 0;0 0 0;—b b —min6;b —
b Max6];

sys.gb_mat (37:42,2:4,j)=[b*alpha_4(j) 0 —eps;—bxalpha_4(j) 0 Max7;0 0

0;0 0 O;bxalpha_4(j) O —min7;—bxalpha_4(j) 0 Max7];

sys.gh_mat (43:48,2:4,j)=[bxalpha_1(j) —bxalpha_1(j) —eps;—bxalpha_1(j
) bxalpha_1(j) Max8;0 0 0;0 0O O;bxalpha_1(j) —b*alpha_1(j) —min8;—
bkalpha_1(j) bxalpha_1(j) Max8];

sys.gh_mat (49:54,2:4,j)=[-bxalpha_4(j) 0 —min9;bxalpha_4(j) 0 0;0 0
0; 0 0 O;—bxalpha_4(j) 0 —min9;bxalpha_4(j) 0 Max9];

sys.gh_mat (55:60,2:4,j)=[bxalpha_4(j) —bxalpha_4(j) —minl0;—bxalpha_4
(j) bxalpha_4(j) 0;0 0 0;0 0 O;bxalpha_4(j) —b*alpha_4(j) —minl0;—
bxalpha_4(j) bxalpha_4(j) Max10];

sys.gb_mat (61:66,2:4,j)=[—e_j(j) e_j(j) —minll;e_j(j) —e_j(j) 0;0 0
0;0 0 O;—e_j(j) e_j(j) —miniilje_j(j) —e_j(j) Maxil];

sys.gh_mat (67:72,2:4,j)=[e_j(j)+alpha_4(j) O —eps;—e_j(j)*alpha_4(j)
0 Max12;0 0 0;0 0 O;e_j(j)*alpha_4(j) 0 —minl12;—e_j(j)*alpha_4(j)

0 Max12];
sys.gb(:,:,j)=sys.gb_mat (:,:,j)*[rho_max;tau_rj(j);tau_H;1];
3(1:6,1)= [eps—minl;—Max1;—Max1l;minl;—minl;Maxl];
3(7:12,2)= [eps—min2;—Max2;—Max2;min2;—min2;Max2];
3(13:18,3)= [min3—eps;Max3;—Max3;min3;—min3;Max3];
3(19:24 ,4)= [mind—eps;Max4;—Max4;mind;—mind ;Max4];
3(25:30,5)= [eps—min5;—Max5;—Max5;min5;—min5;Max5];
E3(31:36,6)= [eps—min6;—Max6;—Max6;min6;—min6;Max6];
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37:42,7

sys.E3 )=
43:48 ,8)=
)=

sys.E3

min7—eps;Max7;—Max7;min7;—min7;Max7 |;
min8—eps;Max8;—Max8;min8;—min8;Max8];

sys.E
sys.E3
sys.E3

sys.E
sys.E
sys.E
sys.E
sys.E
sys.E
sys.E
sys.E
sys.E

sys.E
sys.E
sys.E

%% add state & input
hod-

(

(
sys.E3(49:54,9

(

(

(

3(55:60,10)
61:66,11)
67:72,12)

eps—minll;—

4(3:6,1)= [1
4(9:12,2)= 1
4(13:18,1:3)= [
4(21:24 4) [
4(27:30,5)= [
4 ( [
4( [
4( [

[

7 ) b

7

1

I

) )

3

1;
1;
0;
717
) 7]-7
1;
0;
1;
0

33:36,6)

) b b

37:42,5:

1;

1;
= 1;
7)= 1 :
45:48 ,8)= 1;
4(49:54 ,4:9)

1

)

1

) )

1;1 000
4(57:60,10) [1;
4(63:66,11)= [1;
4(67:72,10:12)= 1

717
i1 —
0;

—1;
—1;
1

—1
—1
—1;
—1

—1;
0

—1
—1
—1
—1

a>=0

% a>=0

% 0<=rho<=rho_max
% sigma>=0

% u>=0

for

end
sys
sys

sys.
.gb=gbtot;

sys

sys.E3
.E4=

sys

end

j=1:J
Eltot (:,
0];
El1tot (:,:,
E2tot (:,:,]
gbtot (:,:,]

,j)z[sys.El(:,

j)=[sys.E11(:,:,
)=[sys.E2(:,:,]);
)=[sys.g5(:,:,])

.E1=Eltot;
.E11=E1l1tot;

E2=E2tot;

=[sys.E3;zeros(6+1+2,12)];
[sys.E4;zeros(6+1+2,12)];

J.C.M. Kroese

eps—minl10;—Max10;—Max10;min10;—min10;Max10];
MaxllvfMaxll'minllﬂfminll'Maxll],

[
[
[eps—min9;—Max9;—Max9;min9;—min9;Max9];
[
[
minl2—eps;Max12;—Max12;minl12;—minl12;Max12
p

—-11

constraints:

3

—1];

—1];
—1];
2100 0 150 0 —1;-1 1 1;1 —1 —1];
1];
1];
1]’
—-110;0 01,00 —1;1 =1 1;—-1 1 —1];
—1J;
1 0;1 000 —-10;00000T1;00000
1]
1]
0;0 0 1;0 0 —1;1 —1 1;—-1 1 —1];

,j)i—eye(6);0 0001 000000000000

j);zeros(6+1+2,6)];
zeros(6+1,1);
;zeros (6,1);rho_max;0;10];

—1;1];

Master of Science Thesis
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B-3 Combine MLD model for all stations

function sys=buildsysk_fullmodel (sys_small, J)

% full state matrices
matrl=sys_small.Al(:,:,2);
matr2=sys_small.B1(:,:,2);
matr3=sys_small.B2(:,:,2);
matr4=sys_small .B3;%(:,:,2);

matrb=eye (size(sys_small.A11(:,:,2)));
matr6=sys_small.A11(:,:,2);

sys.Al=[matrl zeros(size(sys_small.Al(:,:,2), 1), size(sys_small.Al
(:,:,2), 2)%x(J=2))];
sys.Bl=[matr2 zeros(size(sys_small.B1(:,:,2), 1), size(sys_small.B1l

(: )" 72) ’ 2)*(‘]_2))};

sys.B2=[matr3 zeros(size(sys_small.B2(:,:,2), 1), size(sys_small.B2

(:,:,2), 2)%x(J=2))]

sys.B3=[matr4 zeros(size(sys_small.B3, 1), size(sys_small.B3, 2)x(J—2))]

B4mat=[matr5 zeros(size(sys_small.A11(:,:,2), 1), size(sys_small.Al1l
(: ) a2) ’ 2)*(*]*2))};

B4_vert=sys_small.B4(:,:,2);

sys.All=matr6;

for j=3:J
matri=[sys_small.A11(:,:,j)*matrl sys_small.A1(:,:,j)];
sys.Al=[sys.Al;matrl zeros(size(sys_small.Al1(:,:,j), 1), size(
sys_small.Al(:,:,3), 2)*(J—j))];
matr2=[sys_small.A11(:,:,j)*matr2 sys_small.B1(:,:,j)];
sys.Bl=[sys.Bl;matr2 zeros(size(sys_small.B1(:,:,j), 1), size(
sys_small.B1(:,:,j), 2)*x(J—j))];
matr3=[sys_small.A11(:,:,j)*matr3 sys_small.B2(:,:,j)];
sys.B2=[sys.B2;matr3 zeros(size(sys_small.B2(:,:,j), 1), size(
sys_small.B2(:,:,3), 2)x(J—3))];
matrd=[sys_small.A11(:,:,j)*matrd4 sys_small.B3];
sys.B3=[sys.B3;matr4 zeros(size(sys_small.B3, 1), size(sys_small.B3,
2)(3-3)) ]
matr5=[sys_small.Al11(:,:,j)*matr5 eye(size(sys_small.A11(:,:,35)))];
B4mat=[B4mat ;matr5 zeros(size(sys_small.A11(:,:,j), 1), size(
sys_small.A11(:,:,3), 2)x(J—j))];
B4_vert=[B4_vert;sys_small.B4(:,:,j)];
matr6=sys_small.Al11(:,:,j)*matr6;

sys.All=[sys.All;matr6];
end
sys.B4=B4mat*B4_vert;

% full constraint matrices
matr7=sys_small.Al(:,:,2);
matr8=sys_small.B1(:,:,2);
matr9=sys_small.B2(:,:,2);
matrlO=sys_small.B3;%(:,:,2);
matrll=eye(size(sys_small.E11(:,:,3) ,2));
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sys.El=[zeros(size(sys_small.E1(:,:,2), 1), size(sys_small.E1(:,:,2), 2)
*(J—1)); sys_small.E11(:,: 73)*matr7 zeros (size(sys_small .E1(:,:,2), 1)
, size(sys_small.E1(:, ',2), 2) * (J 2))1;

sys.E2=[zeros(size(sys_small. E2( 2), 1), size(sys_small.E2(:,: ,2), 2)
*(J—1)); sys_small.E11(:,: )*matrS zeros(size(sys_small .E2(:,:,2), 1)
, size(sys_small.E2(:,:,2), 2)x(J=2)) ];

sys.E3=[zeros(size(sys_small.E3, 1), size(sys_small.E3, 2)x(J—1));
sys_small.E11(:,:,3)*matr9 zeros(size(sys_small.E3, 1), size(sys_small
JE3, 2)x(J-2))];

sys.E4=[zeros(size(sys_small .E4, 1), size(sys_small.E4, 2)x(J—1));
sys_small.E11(:,:,3)+matrl0 zeros(size(sys_small.E4, 1), size(
sys_small.E4, 2)x(J—2))];

EB4_mat=[zeros(size(sys_small.E11(:,:,3), 1), size(sys_small.E11(:,:,3),

2)%(J—1)); sys_small.E11(:,:,3)*matrll zeros(size(sys_small.E11(:,:,3)
, 1), size(sys_small.E11(:,:,3), 2)%(J—2))];

EB4_vert=[sys_small.B4(:,:,2);sys_small.B4(:,:,3)];

for

end
sys

j=4:J
matr7=[sys_small.Al11(:,:,j—1)+«matr7 sys_small.A1(:,:,j)];
sys.El=[sys.El;sys_small.E11(:,:,j)+matr7 zeros(size(sys_small.E1l
(:,:,3), 1), size(sys_small.E1(:,:,j), 2)*x(J+1—j))];
matr8=[sys_small.A11(:,:,j—1)*matr8 sys_small.B1(:,:,j)];
sys.E2=[sys.E2;sys_small .E11(:,:,j)*matr8 zeros(size(sys_small.E2
(:,:,3), 1), size(sys_small.E2(:,:,j), 2)*x(J+1—j))];
matr9=[sys_small.A11(:,:,j—1)*matr9 sys_small.B2(:,:,j)];
sys.E3=[sys.E3;sys_small .E11(:,:,j)*matr9 zeros(size(sys_small.E3, 1)
, size(sys_small.E3, 2)x(J+1—j))];
matrl0=[sys_small.A11(:,:,j—1)*matr10 sys_small.B3];
sys.E4=[sys.E4;sys_small .E11(:,:,j)*matrl0 zeros(size(sys_small.E4,
1), size(sys_small.E4, 2)x(J+1—j))];
matrll=[sys_small.A11(:,:,j—1)+*matrll eye(size(sys_small.E11(:,:,j)
2)) 1
EB4_mat=[EB4_mat;sys_small.E11(:,:,j)*matrll zeros(size(sys_small.E11
(:,:,3), 1), size(sys_small.E11(:,:,j), 2)*x(J+1—j))];
EB4_vert=[EB4_vert;sys_small.B4(:,:,j)];
.EB4=EB4 _mat*EB4_vert;

diagEl=sys_small.E1(:,:,2);
diagE2=sys_small.E2(:,:,2);

diagE3=sys_small .E3;%(:,:,2);
diagE4=sys_small .E4;%(:,:,2);
for j=3:J

end
sys
sys
sys
sys

diagEl=blkdiag
diagE2=blkdiag
diagE3=blkdiag
diagE4=blkdiag

diagEl,sys_small.E1(:,:,j));
diagE2,sys_small.E2(:,:,j));
diagE3,sys_small.E3); % .,.,J))
diagE4 ,sys_small.E4);%(:,:,3));

A~~~

.El=sys.El+diagEl;
.E2=sys .E2+diagE2;
.E3=sys .E3+diagE3;
.E4=sys .E4+diagE4;
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sys.gb=sys_small.g5(:,:,2);

matri2=eye(size(sys_small .E11(:,:,2) ,2));
sys.Exl=sys_small .E11(:,:,2)xmatrl2;
for j=3:J
sys.gb=[sys.gb;sys_small.g5(:,:,j)];
matri2=sys_small.A11l(:,:,j—1)+*matri2;
sys.Exl1=[sys.Exl;sys_small .E11(:,:,j)*matrl2];
end
end
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Matlab code

B-4 Build MIQP model

function [MILPsys,M2,MB4,Mx1]=MIQP_sysk_fullmodel6st(sys,Np,Nc,xkminl,
x1_k,rho_max,x_eq,u_eq,delta_eq,z_eq,J,P,Qx,Qu)

%% 2-norm

Nx=size(sys.Al1,2);
Nxl=size(x1_k,1);
Nu=size(sys.B1,2);

dependent on j
Ndelta=size(sys.E3,2);

dependent on j
Nz=size(sys.B3,2);

not dependent on j
Nrest=size(sys.B4,2);

M2 ={];
Al
for i=1:Np
M2=[M2;sys.A17i];
end
MB4 =[];
B4
sum=0;
for i=1:Np

sum=sum+tsys.A1"(i—1);
MB4=[MB4; sum];

end

MB4=MB4xsys .B4;

matrtl =[];

matrt3=][];
matrtd =[];

for i=1:Np

% Bl not

% E3 not

% B3 and E4

A

matrtl=[sys.Al (i—1)xsys.Bl matrtl];

T1=[T1l;matrtl zeros(size(sys.B1l,

%T1=Tu

1), size(sys.Bl, 2)x(Np—i))];

matrt3=[sys.A1"(i—1)*sys.B3 matrt3];

T3=[T3;matrt3 zeros(size(sys.B3,

%T3=Tz

1), size(sys.B3, 2)x(Np—i))];

matrtd=[sys.A17(i—1)*sys.All matrtd];
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B-4 Build MIQP model 83

Mx1=[Mx1;matrtd zeros(size(sys.All, 1), size(sys.Al1l, 2)x(Np—i))];
WMx_j-1(k)
end

% M1=[T1*Ku T2*Kdelta T3*Kz]
% M1
M1=[T1 zeros(size(T3)) T3];

% constraints:

Elhat =[];

Exlhat =[];

E2hat =[];

E3hat =[];

E4hat =[];

for i=1:Np
Elhat=blkdiag(Elhat, sys.El);
E2hat=blkdiag(E2hat, sys.E2);
E3hat=blkdiag(E3hat, sys.E3);
Edhat=blkdiag(E4hat, sys.E4);
Exlhat=blkdiag(Exlhat, sys.Ex1);

end

Elhat=[Elhat, zeros(size(Elhat,1) /Nx);zeros(Nx+(J—1),size(Elhat,2)) ,kron(

eye(J—1),[0 0 0 0 1 0;—eye(Nx1)])]; % Elhat (5=J-1)
E2hat=[E2hat; zeros(Nx+1%(J—1),size(E2hat,2))];
% E2hat
E3hat=[E3hat; zeros(Nx+1x(J—1),size(E3hat,2))];
% E3hat
E4hat=[E4hat; zeros(Nx+1%(J—1),size(E4hat,2))|;
% E4dhat
Exlhat=[Exlhat; zeros(Nx+1x(J—1),size(Exlhat,2))];
% Ellhat
gbhat =|];
EB4hat =[];
for i=1:Np
gbhat=[gbhat; sys.g5];
EB4hat=[EB4hat ;sys.EB4];
end
gbhat=[gbhat; repmat ([rho_max;zeros(Nx1,1)],J—1,1)]; % gbhat
EB4hat=[EB4hat; zeros(Nx+1x(J—1),1)]; % F3

% Cost function 2-norm

Qu_hat=1/2«kron(eye(Np),Qu);

Qdelta_hat=1/2xkron(eye(Np) ,zeros(Ndelta,h Ndelta));
Qz_hat=1/2«kron(eye(Np) ,zeros(Nz,Nz));
Qx_hat=blkdiag(l/2+kron(eye((Np)),Qx),1/2+zeros(size(P)));
u_eq_hat=u_eq(:);

delta_eq_hat=delta_eq(:);

z_eq_hat=z_eq(:);

x_eq_hat=x_eq(:);
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84 Matlab code

% Full contraints
Fil=Elhat *[zeros(Nx, size(M1, 2)); M1]4+[E2hat E3hat E4hat];
% F1, removed Ku,Kz,Kdelta
F2=gbhat—EB4hat—Elhat *[zeros(Nx,1); MB4]—(Exlhat+Elhat *[zeros (Nx,Nx1xNp);
Mx1])*x1_k(:); % F2
F3==FElhat x[eye(Nx); M2]; % F3

% Full minimization matrices

Si=[zeros(Nx,size(M1,2)); M1]’«xQx_hatx*[zeros(Nx,size(M1,2)); Ml]+blkdiag(
Qu_hat, Qdelta_hat, Qz_hat);

S2=([zeros(Nx,1);MB4]|+[zeros (Nx ,Nx1«Np);Mx1]*x1_k(:)—x_eq_hat) ’«Qx_hat x|
zeros (Nx,size(M1,2));M1]—[u_eq_hat ’#Qu_hat delta_eq_hat’xQdelta_hat
z_eq_hat '« Qz_hat |;

S3=[eye(Nx); M2]|’xQx_hatx[zeros(Nx,size(M1,2));M1];

S2_tot=2x%(S2+xkminl (:) *S3);

% Final matrices
Frho2=F2+F3xxkminl;

MILPsys.Q=sparse(S1);

MILPsys.c=S2_tot;

MILPsys.A=sparse(F1);

MILPsys.b=Frho2;

MILPsys.bin_part =(Nux(Np)+1):((NutNdelta)x(Np));
end
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Glossary

List of Acronyms

MMPS Max-Min-Plus-Scaling

MPC Model predictive control

MPL Max-plus-linear

ELC Extended linear complementarity
PWA Piecewise-affine

DT discrete-time

DE discrete-event

LQR Linear-quadratic regulator
MIQP Mixed integer quadratic programming
MILP Mixed integer linear programming
MLD Mixed logical dynamical

CLF Control Lyapunov function

List of Symbols

A Deviation of a variable for the original equilibrium
Uz, u) Stage cost

KN Control law at stage N

R Set of real numbers

R, Set of real numbers including —oo

R, Set of real numbers including —oco and +oo

R Set of real numbers including oo

U Input constraint set

X State constraint set
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88 Glossary
Xy Terminal constraint set

Z System constraint region

B Ball in R” of unit radius

Xy Set of feasible states for optimal control problem at stage N
J(xp,u) MPC cost function

K Optimal controller gain

N, Prediction horizon

Uy Control input at time(DT)/event(DE) t

Vi(x) Terminal cost

Vn(zp,u)  MPC objective function

Vi(z) MPC optimal value function

® Max-plus addition (= maximization)

® Max-plus multiplication (= addition)
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