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Constant Modulus OTFS Based on Zak Transform
of Complementary Sequences for Joint Radar and
Communications

Aitor Correas-Serrano*, Nikita Petrov, Maria A. Gonzalez-Huici, and Alexander Yarovoy, Fellow, IEEE

Abstract—The effect of amplifier-related signal amplitude com-
pression in orthogonal time—frequency space (OTFS) waveform
for radar and communications systems is considered. A novel
approach to OTFS waveform generation is proposed, where
complementary sequences are used with the Zak transform to
encode delay-Doppler symbols and form an OTFS time-domain
signal with a constant envelope. The high peak-to-average power
ratio (PAPR) of conventional OTFS can cause amplifier satu-
ration, leading to spectral noise and performance degradation
in both communication and radar systems due to amplitude
clipping. This issue can be critical in dual-function radar and
communication applications, where high power may be crucial
in both use cases. The proposed waveform, namely, constant
modulus OTFS (CM-OTFS), offers an alternative to standard
OTFS when high-power or low-cost amplification is required.
The sensing and communications performances of CM-OTFS
are evaluated through numerical simulations and compared
with pristine and amplifier-distorted OTFS waveforms. CM-
OTFS demonstrates slightly degraded sensing performance and
lower communication rate than pristine OTFS but outperforms
amplifier-distorted OTFS signals. The performance of CM-OTFS
is evaluated through radar and communication simulations, as
well as radar measurements using the waveform-agile PARSAX
radar.

Index Terms—Complementary sequences, dual function radar
and communications (DFRC), integrated sensing and com-
munications (ISAC), orthogonal time-frequency space (OTFS),
peak-to-average power ratio (PAPR), radar sensing, Zak trans-
form.

I. INTRODUCTION

OFTWARE-DEFINED radar systems capable of generat-
S ing fully digital waveforms, coupled with the challenge
of an increasingly congested spectrum, have increased interest
in systems simultaneously performing communication and
sensing tasks within the same frequency bands [1]. A variety
of names are used to refer to these systems, such as dual
function radar and communications (DFRC), joint communi-
cations and sensing (JCS and JCAS), and integrated radar and
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sensing (ISAC) systems. Various forms of ISAC functionality
have been explored, such as sidelobe information embedding
in radar systems [2], coexistence through array partitioning
and waveform optimization [3], index modulation through
exploitation of the different degrees of freedom in radar
systems [4], or leveraging frame structures in the existing
communication protocols to facilitate radar operations [5].
Another prevalent method for ISAC involves directly employ-
ing communication waveforms for radar, made feasible by the
development of fully digital radar systems [6]. In this setting,
multicarrier waveforms based on orthogonal frequency divi-
sion multiplexing (OFDM) have shown promise for achieving
strong radar and communication performance without requir-
ing substantial alterations to existing communication system
designs [7], [8], [9].

Orthogonal time—frequency spacing (OTFS) [10] is a good
alternative to OFDM for communications in high-mobility
scenarios and is an increasingly popular candidate for joint
sensing and communication systems [11]. OTFS shows
improved robustness to Doppler shifts in comparison with
OFDM in communications applications [12], [13]. At the same
time, the radar performance of both waveforms is comparable
[14], [15] and is primarily dependent on the complexity of the
chosen radar receiver architecture [16]. Moreover, OTFS has
shown comparable flexibility in terms of time and frequency
usage to accommodate multiple communication users or radar
transmitters and avoid interference in both the time—frequency
[17], [18], [19] and spatial [20] domain. Another characteristic
that OTFS shares with OFDM, however, is a peak-to-average
power ratio (PAPR) greater than one [21], meaning that the
envelope of the transmitted time-domain signal is not constant
amplitude. The expected PAPR of OFDM increases with the
number of subcarriers (fast-time radar samples) [22] in the
transmitted signal. In contrast, in OTFS, the expected PAPR
increases with the number of subsymbols [21] transmitted
over slow time in one radar frame. Regardless of the different
parameter dependences, a nonuniform envelope requires the
use of highly linear power amplifiers in the transmitter to avoid
signal distortion that would impact both radar and communi-
cation performance [23]. This issue is particularly relevant to
radar and joint radar and communications applications, where
high power is crucial due to the attenuation of round-trip
wave propagation. Considering the potential of OTFS for ISAC
applications, this is a significant drawback.
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Several approaches have been investigated to minimize the
PAPR in OFDM signals. An iterative technique was proposed
in [24] to reduce the PAPR, resulting in a signal spread across
a greater frequency bandwidth. Convex optimization is used
in [25] to design low PAPR waveforms for an ISAC base
station dividing OFDM subcarriers between remote sensing
and communications applications. This technique is suitable
for generating signals with spectral nulls but not for real-
time implementation in adaptive systems due to the high
computational load. Another alternative is to use the so-called
constant-envelope OFDM [26]. However, constant-envelope
OFDM signaling presents several challenges related to phase-
only information encoding. No similar approaches have been
proposed for OTFS, although it is reasonable to assume that
some of them can be adapted to the waveform, given their
similarities.

In this work, we propose a method to form unit-PAPR OTFS
frames based on generating complementary sequences from
the information data to be transmitted. The proposed approach
is inspired by the work in [27], [28], and [29], where a similar
technique is applied to achieve constant-modulus OFDM (CM-
OFDM). The approach in [29] is reformulated to fit the Zak
transform-based implementation of OTFS, where the delay-
Doppler message is directly transformed into the time-domain
signal without an intermediate time—frequency representation,
thereby formulating the first constant-envelope OTFS variant
in the literature. We present a complete ISAC chain: waveform
generation, transmitter, and radar/communications receivers
within one unified framework. The aim is to satisfy the need
of a communications-capable waveform that is both Doppler
tolerant (unlike CM-OFDM) and constant envelope (unlike
traditional OTFS). Specifically, the main contributions of this
article are the following.

1) Novel constant envelope version of OTFS: We for-
mulate constant-modulus OTFS (CM-OTFS) by adapt-
ing the complementary-sequence concept from the
time—frequency domain (CM-OFDM) to the Zak-
transform-based delay—Doppler domain. For each sub-
carrier, two complementary sequences are built from the
slow-time symbols of the OTFS frame in an iterative
process, resulting in a final constant-envelope time-
domain signal. Double differential encoding (DDE) and
decoding are used to deal with cumulative phase errors
during CM-OTFS symbol recovery, as proposed for CM-
OFDM in [28]. Radar and communication receivers
compatible with the proposed CM-OTFS waveform are
presented, completing the concept for an ISAC CM-
OTES system.

2) A simulation-based and experimental evaluation of
the performance of the proposed CM-OTFS waveform
for monostatic single-input-single-output single-input
single-output (SISO) radar applications. The perfor-
mance is compared with standard OTFS under nonlinear
amplifier-induced signal distortion.

3) A simulation-based study validation of the commu-
nications performance of constant-modulus OTFS. A
numerical comparison with standard OTFS under ampli-
fier distortion is drawn using standard 3GPP vehicular
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channel models for simulation, and the compatibility
of CM-OTFS with orthogonal multiple access in the
frequency domain is tested. Furthermore, the symbol-
recovery processing chain is validated experimentally.

While we focus on the single user/transmitter scenario, we
explore the compatibility of CM-OTFS with known orthog-
onal time—frequency multiplexing approaches [17], [30]. The
exploration of nonorthogonal multiple access approaches, e.g.,
in the beamspace [20], is beyond the scope of this work.

The remainder of this article is structured as follows.
Section II presents a mathematical description of OTFS sig-
nal generation and channel effects, discusses the issue of
PAPR in OTFS waveforms, and presents the CM-OTFS signal
generation method. Section III includes the descriptions of
the CM-OTFS radar signal model and receiver. Section IV
presents the numerical radar and communications performance
simulations for the proposed CM-OTFS system concept, and
Section V extends these results with experimental validation
for CM-OTFS radar and communications. Finally, concluding
remarks are given in Section VI.

A. Notation

Throughout this article, A” and A~! denote the conjugate
transpose and inverse of the matrix A, respectively; vec(A)
turns the N X M matrix A into an NM x 1 vector a, and
Vec(a);\,lX y 1s the inverse operation. For a vector a, a(n)
denotes a dependency with a parameter n, and a[m] denotes
its mth element. Subscripts are used to differentiate between
different but related vectors (e.g., ¢; and ¢, denote a pair of
complementary sequences). Finally, ® represents the matrix
elementwise (Hadamard) product.

II. OTFS ISAC SYSTEM MODEL

Consider a single-transmitter OTFS system transmitting a
message Xpp € CV*M defined in an N x M delay-Doppler
grid, with N delay bins and M Doppler bins. The number of
subcarriers and subsymbols in time—frequency representation
is N and M, respectively, and the communication symbols
are mapped to the time—frequency domain through the inverse
symplectic Fourier transform (ISFFT)

N-1 M-1

ZXDD k8 ()

k=0 (=0

Xrtg [7,m] =

-
<

where [k, [] are the index pairs in the delay-Doppler grid, and
[n,m] are the index pairs in the fast-time—frequency grid. The
Heisenberg transform converts the time—frequency signal into
the time domain for transmission. The time-domain signal s(f)
is given by
N-1 M-1
s() =) Xg[n,ml gy (t = nT) ™D (2)

n=0 m=0

where g;, is the transmit pulse. Assuming a rectangular
transmit pulse and a critically sampled signal, (1) and (2) can
be written in compact matrix notation as

Xt = FyXppFy, 3)
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Fig. 1. Complementary cumulative distribution function (CCDF) of PAPR

in OTFES signals for different values of M, numerically calculated with 5000
simulations for each data point. In all examples, N = 256.

and
s = vec (F§ X1r) = vec (XppFjy) “)

where Fy € CY*N and Fy, € CM*M are the normalized
Fourier transform matrices. The discrete time-domain signal
s € CNM*1 5 transformed to the analog domain with a digital-
to-analog converter (DAC) before undergoing I/Q modulation
and up-mixing to the desired carrier frequency f,.. Note that in
(4), a single discrete Fourier transform (DFT) is used to map
the delay-Doppler domain symbols to the time-domain signal.
This transform is referred to as the Zak transform and allows
for the synthesis of the OTFS time-domain signal without an
intermediate time—frequency representation.

A. PAPR in OTFS Signals

A single DFT across the Doppler symbols is required to
go from the delay-Doppler representation (Xpp) to the time-
domain transmitted signal s, as shown in (4). This is the
Zak transform, and it is the reason why the expected PAPR
of OTFS increases with M [21]. The PAPR of a specific
OTFS frame depends on the transmitted message and is,
therefore, best modeled as a random variable, assuming that
the probability of different messages is uniform for any given
frame. The complementary cumulative probability distribution
functions of the PAPR in an OTFS signal for different values
of M are shown in Fig. 1, showcasing the dependency with
the number of subsymbols, as well as the expected PAPR
values in realistic OTFS frames for quadrature phase shift
keying (QPSK) modulation. We refer the reader to [21] for
a deeper study on the PAPR of OTFS with a variety symbol
constellations and frame sizes.

The increase in PAPR can lead to radar performance degra-
dation if the signal is transmitted through a saturated amplifier.
Amplifier saturation is common in radar systems to maximize
output power and increase target detection probability. In this
work, the power amplifier is modeled as an instantaneous
nonlinearity [31]. Considering as input an arbitrary complex
signal

Sin (1) = Ain (1) exp (jin (1)) )
and the output

Sout (1) = G (Ain (1) exp (j (¢in (1) + P (Ain (1)) (6)
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Fig. 2. Real part of a standard OTFS signal, and the same signal with
amplifier-related amplitude clipping.

where G and @ are the input-amplitude-dependent distortions
of the amplitude (clipping) and phase of the output signal,
respectively. We use the model from [26], [32]

Ain
L ™
1+ (Ain (t) /Asal,in)
2
& (A (1)) = 200 O (8)

1+ B4A7, (1)
which is parametrized by the gain g(, the input saturation
amplitude Agyin, and the amplitude-dependent phase modu-
lation a4 and B4, which we set to @y = n/6 and By = 0.2.
Finally, amplitude clipping is defined by the value of Aguin,
which is set by the PAPR of the signal and the input power
backoff (IBO) [33], defined as

Asati
IBO := — 2 _ > 9)

CE(AL,0)

For any constant envelope signal, such as the CM-OTFS
presented in this work, IBO = 0 dB. The lower the value
of IBO for a nonconstant envelope signal, the stronger the
amplitude clipping in the output signal. The effect of amplitude
clipping in the time-domain signal is depicted in Fig. 2.
The integrated and peak sidelobe levels in the radar range-
Doppler estimation for different levels of amplifier distortion
(parametrized with the IBO) are shown in Fig. 3, where a loss
of almost 10 dB in dynamic range occurs for low IBO values.
The envelope variation of time-domain OTFS arises from the
Doppler domain symbol integration through the Zak transform,
and it can lead to the distortion shown in Fig. 2 sidelobe level
increase shown in Fig. 3. However, it is possible to use the Zak
transform to formulate a constant-modulus version of OTFS
signals using complementary sequences generated from the
transmitted symbols in the Doppler domain.

B. Constant Modulus OTFS

Let us consider the same delay-Doppler message Xpp €
CNXM from Section II as formed by N data vectors a(n) €
CI*M v e [1,N], such that

Xpp = [a()",a@),....aV)]" . (10)
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Fig. 3. Integrated and peak sidelobe levels of a range-Doppler estimation in
a distorted OTFS frame for different values of M and IBO. Lower values of
IBO represent a higher degree of amplitude distortion.

A pair of complementary sequences ¢; and ¢, are built from
each data vector a(n) € C'*™_ where n denotes the delay index
in the delay-Doppler representation of the OTFS signal. The
sequence pair ¢; and ¢, are complementary when the sum of
their autocorrelations ry; and ry; adds up to a ¢ function

ri+rpncd(n]. (11)

Algorithm 1 CM-OTFS Complementary Sequence Generation
1: Input: Data vectors a(n), M Doppler bins, N delay bins,
coupling parameter r

2: Output: Complementary sequences c(lM), c(zM)

3: begin

4: Initialization: ¢ := [1,1], ¢ := [1,-1] (See Eq.
(12))

5. Compute normalization factor @ = 1/ /E[||a|*] + 2

6: forn=1to N do

7: for m=0to M -1 do

8: 1. Compute unitary transform matrix:

o: Define S,, as in Eq. (13)

10: 2. Expand complementary sequences:

11: Update ¢\™, )" as in Eq. (14)

12: end for

13: 3. Form d;(n), d>(n) as in Eq. (15), (16)
14: end for

15: end

Following Algorithm 1, an initial pair of Golay sequences
c(l_l) and c(z_l) are iteratively extended into longer sequences
through 2 x 2 unitary transforms using the data symbols
contained in a(n). Let us define the initial sequences as

V=111, V=1, -10. (12)

For the data vector a(n) associated with a specific subcarrier
n, this sequence is extended by one symbol at a time through
an M-long iterative process of unitary transforms defined as

S :a|:a[m]

—r
r a* [m]] (13)
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where a[m] is the mth symbol from the data vector a(n),
r is a free parameter that determines coupling between the
complementary sequences, and @ = 1/E[al*] + )" is a
normalization factor. Note that we drop writing explicitly the
dependency with n for compactness and clarity. In CM-OFDM,
the value of r has been shown to impact communication and
radar performance in opposing ways, making it a tradeoff
parameter [29]. The influence of the r-value in CM-OTFS will
be analyzed in Section IV.

The transforms are used to expand the pair of complemen-
tary sequences iteratively

(m) (m=1)
[%] =S, [cl <n91)] (14)
c, 0 c,
which generates two complementary sequences {c(lm) and

}. The iterative sequence expansion in (14) results in
two expanded sequences {c;,c;} € CI*M | \where we use
M’ := M + 2 for compactness of notation. Mirroring the
steps in [34] for CM-OFDM, the resulting sequences are
interleaved to form a new pair of complementary sequences
d], d2 (S CIXZM/

(m)
¢

d; =[c([0],c2[0],ci [1], 2 [1],...,c2 [M + 1]]
dy = [c1[0],=c2 (0], c1 [1], =2 [1], ..., —c2 [M + 1]]

15)
(16)

that will be used to assemble the OTFS time signal with the
Zak transform. For N delay bins, the process in (13)—(16) is
repeated for each vector a(n), resulting in N pair of sequences,
indexed as {di(n),dx(n)} ¥V n € [1,N]. Two new delay-
Doppler signals composed of these complementary sequences
can be written as

Ko, = [di (D, d, @7 ,....dy NT]
Xop, = [d (D), d2 )7 ,....dy N

A7)
(18)

and finally, two intermediate time-domain signals can be
generated as in (4) with the Zak transform

z; = vec (Xpp, Fiy)

Z; = vecC (XDDZF&)

(19)
(20)
where each z; and z, are the OTFS subsignals of length 2NM’,
and are used to construct the final OTFS constant-modulus
time-domain signals

(21)
(22)

| =2+ jexp (j¢c) OF /)
) =1Z] — jexp (j¢c) o} /)

w

where {8;,8,} € C?M and ¢, = /z; — /2, € RV?M In
(21) and (22), the phase of z, is replaced with the phase of z;
and placed in quadrature, which results in a constant modulus
OTFS (CM-OTFS) time-domain signal. Signals §; and §, are
both transmitted (e.g., in consecutive delay bins or as double-
length Doppler messages) to use differential decoding to avoid
errors in the process of recovering the data vectors a(n). This
reflects the main tradeoff of both CM-OFDM and the proposed
CM-OTFS when using this constant-modulus formulation: 4 M
total symbols are transmitted to encode a total of M data
symbols, reducing the efficiency by a factor of four.
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Fig. 4. Real and imaginary part resulting from the CM-OTFS process, using
the same data symbols as in the signal depicted in Fig. 2. The amplitude of
the signal (blue curve) is constant.

The process generates two complementary sequences from
the communication symbols and uses the Zak transform to
synthesize the OTFS time-domain signal, replacing the oper-
ation in (4). For N delay indexes of the original Xpp data
matrix, the resulting time-domain signal is

scm = vec (Scm) (23)
where Scy € C2V*2M ig defined as
Sem=[§{ =188 n=1),...,
Sn=N,85n=N]" 24)

which has a constant envelope, as shown in Fig. 4, and encodes
N X M communications symbols in a 2N x 2M’ frame.

Before moving forward, it is worth discussing some already
apparent drawbacks. First, there is a reduction in spectral
efficiency, as a frame of size 4NM’ is used to encode
NM QPSK delay-Doppler symbols, which corresponds to a
reduction by a factor of four. Moreover, this approach to
generate a constant-modulus signal has only been defined
for communication dictionaries without amplitude modulation,
restricting this approach to phase-only dictionaries [34], such
as the QPSK used for this work.

Algorithm 2 CM-OFTS Delay-Doppler Symbol Recovery

1: Input: ?DDI,YA{DDZ, r,M,N, é(lo),é(zo)

2: Output: a(n) € C>M  Vp e [1,N]

3: begin

4: Initialization: a(n) =0 Vn €[1,N];

5. forn=1to N do

6: for m=0to M -1 do

7: 1. Calculate a(n),—,, data symbol (30);
8: 2. Update complementary sequences:
9: "D from a[M - m] and ™ (31);

10: ci'”“) from a[M — m] and ci”” (32);

11: end for

12: end for

13: end
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To recover the delay-Doppler symbols a(n), the previous
process is undone. Let us assume a received signal rcm €
CA¥M'X1 after channel compensation

rcm = ScMm + W (25)

where w is the additive white Gaussian noise (AWGN). If
we consider Ry = VeC(rCM)E/bsz" then {$;(n),S$>(n)} can
be recovered by selecting the odd and even rows of Rcwm,
respectively, undoing the interleaving in (24). After some
simple algebra, we can find that

. S +8

7, = ! ) 2 (26)
) o8-8

7 = exp (o)~ 27)

with which we calculate the delay-Doppler representation of
the received signal

(28)
(29)

. 4, .
Ypb, = vecy o2 1) Fanr

. _1 .
Yo, = VeCyyom2) (22) Fawr

from which we can get the estimate of the sequences d;, d»,
and ¢, ¢; by undoing the steps in (15)—(18). Finally, from the
complementary pairs €;, ¢;, the original symbols are extracted
in an iterative manner that reverses the steps in (14), and for
each m € {0,..., M — 1}, as shown in Algorithm 2, where the
estimation of the transmitted symbols is given by

& 1] =& [M - m]
&M 1] 4 & (M = m]

a[lM—-m]=r 30)

(m+1) (m+1)
1

and {c ,¢, '} for the next iteration are given by the inver-
sion of (14) using the conjugate transpose of the Hermitian
matrix S,,

"tV = a M - ml & 4 e 31)
&Y = e +alM - m) & (32)

where in each step a new data symbol a[M —m] is recovered,
and the sequences c(]m+l) and c(2m+l) have one less length than
their predecessors, as their last and first elements, respec-
tively, are zero. Note that the calculation of the sequences
{c(l'"H),c(zmH)} is performed for each n, but the index is
dropped for compactness. This process is repeated for each
n € {1,...,N}, thus recovering all n data vectors a(n), that
forms our received delay-Doppler data matrix

Xpp = [a(D7,42)7,....a)]". (33)

III. CM-OTFS RADAR

The discrete constant-modulus time-domain signal scy is
transformed to the analog domain with a DAC before being
modulated to the desired carrier frequency and transmitted.
Assuming co-located radar operation, the received signal after
illuminating a scene with K targets characterized by a path
delay 7 and a Doppler shift f; can be written as

K

r@) = Z agscm (t — i) exp (j2ﬂfd,kt) +w
k=1

(34)
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where scm(?) is the transmitted time-domain signal, @i is
the complex amplitude associated with the kth target, and w
is AWGN. The delay and Doppler effects in the signal can
be represented in the time—frequency domain compactly by
using the generalized multicarrier radar signal model [35]. The
time—frequency representation Yrg € C2NV*2M of the critically

sampled received time-domain signal r is given by
Y1 = Fanvecoysopy (1) (35)

and the radar delay-Doppler effects in the time—frequency

signal for each target can be written as
r = jupvec (D1 FRAXrl2) (36)

where, for a delay 7 and a Doppler shift f;, the following
constants are defined:

T
= — 2=
Y CXP( J ﬂNfd)

a = exp (—j2nAf7)

(37
(38)

and used to build diagonal matrices modeling the time and
frequency shift in the received signal

(39)
(40)

I') = diag {yo,yl, e ,)/(N_')}

I’ = diag {70,7N, e ,y(M_l)N}

where Ty € CV*N represents the Doppler phase shift along
subcarriers—the intercarrier interference—and I', € CM*¥
is the Doppler phase shift across subpulses. Analogously, a
matrix form of the target range-related subcarrier phase shift
is defined as

A =diag{a’,d',...,a"™"} 41)

with A € C¥*V_ Finally, u is a complex amplitude, and
represents the delay-dependent phase shift at carrier frequency

¥ = exp (= j2nf.T) (42)

A radar receiver based on the time—frequency-domain
phase normalization of the received signal is used to esti-
mate the range-Doppler parameters in the received signal.
This receiver assumes uncoupled range-Doppler estimation
parameters, which are estimated sequentially and result in a
computational complexity of O(N + M). The tradeoff of this
assumption is a reduced Doppler tolerance and unambiguous
range-Doppler estimation compared to joint delay-Doppler
receivers [16]. However, the computational complexity of
joint delay-Doppler receivers is O(NM), which makes them
impractical for relatively big frame sizes and fractional time
and frequency shifts. Implementing this phase-normalization-
based receiver involves a pointwise multiplication to normalize
the phase, followed by a symplectic finite Fourier transform
(SFFT). The phase normalization is given by

Ynorm [n’ m] = YTF [71, m] exXp (_]lII [I’l, m]) (43)

where

¥ [n,m] = £ (XrE [n,m]) (44)

for every n € {1,...,2N} and m € {1,...,2M}. After phase
normalization, the SFFT is performed to calculate the range-
Doppler map. This receiver normalizes the received signal in
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TABLE I
OTFS SIMULATION WAVEFORM PARAMETERS

Parameter Symbol Value
Number of delay bins N 256
Number of Doppler bins M 256
Bandwidth B 10 MHz
Carrier frequency fe 24 GHz
Symbol duration T 25.6 ps
Intercarrier separation Af 39 kHz
Cyclic prefix duration Tep 12.8 ps
Communication Modulation (—) QPSK

the time—frequency domain and transforms the result into the
delay-Doppler domain. If [7, fax] = [0,0], then Ynom is an
all-ones matrix, and its delay-Doppler representation YPP
appears as a peak at [0,0]. For any other pairs of [7y, fyx],
the peak in YPD is displaced to the corresponding index in
the delay-Doppler plane. A block diagram of the proposed
system architecture with a branching radar and communication
receiver structure is shown in Fig. 5. The communication

receiver follows the decoding steps presented in Section II.

IV. PERFORMANCE ASSESSMENT OF
CONSTANT-MoODULUS OTFS

In this section, numerical simulations are performed to test
the performance of CM-OTFS for radar and communications.
The waveform parameters in Table I are used for both radar
and communications simulations.

A. CM-OTFS Radar Performance Evaluation

The performance of CM-OTFS in radar applications is
tested through numerical simulations. As OTFS is particularly
well suited to high-mobility applications, a carrier frequency
of 24 GHz is chosen, as bands around this frequency have
been used for automotive radar and are projected to be used
in millimeter-wave communications for 6G under the label of
frequency range 3 (FR3), therefore showing potential in appli-
cations for both sensing and communication in high-mobility
scenarios [36]. The simulations are performed assuming a
monostatic system, and the main waveform parameters are
shown in Table I. For the scope of this work, a monostatic
SISO radar is considered.

The approach followed to evaluate CM-OTFS radar perfor-
mance is to compare with two References: first, a baseline
standard OTFS approach with the same subcarriers (V)
and subsymbols (M), and second, an OTFS waveform with
amplifier-related distortion due to the nonuniform amplitude
of the time-domain signal. The radar estimation is performed
with the standard DFT-based spectral division receiver for all
three cases. In the case of the distorted OTES signal, the
original transmitted OTFS signal is used for radar processing.
Fig. 6 shows the range-velocity maps of standard OTFS,
amplitude-clipped OTFS due to amplifier saturation, and CM-
OTFS. Four-point targets are present in the simulation, and no
tapering is used in the estimation, resulting in similar sinc-like
sidelobes around the targets. A stronger noise-like background
appears in the clipped-OTFS waveform when compared to
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Fig. 5. Block diagram of an exemplary CM-OTFS ISAC system with dual function waveform transmission. A separate radar and communication digital signal
processing chain enables using the complete waveform for both functions. The radar function relies on time—frequency processing, while the communications

branch relies on the Zak transform for symbol recovery.
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Fig. 6. Noiseless range-Doppler slice section for OTFES radar with different waveforms. On the left, standard OTFS with no amplifier effect. On the center,
the same waveform with amplifier-caused amplitude clipping (IBO = 6 dB). On the right is a CM-OTFS waveform.

standard OTFS, which we attribute to the mismatch between
the original signal and the distorted transmitted signal. CM-
OTFS shows slightly increased noise-like sidelobes around the
main range sinc-like sidelobes, but they are contained to the
Doppler cells around the target. Overall, the sidelobe level of
CM-OTFS is better than that of the clipped OTFS waveform
and close to the performance of a standard OTFS frame.

A quantitative study of the sidelobe characteristics of the
waveforms for a single target is shown in Figs. 7 and 8.
Fig. 7 shows the integrated sidelobe ratio (ISLR) in the
range cut, Doppler cut, and whole range-Doppler surfaces
for standard OTFS and CM-OTFS for different values of
r. The ISLR is defined as the integrated sidelobe power in
an estimation normalized to the main-lobe peak [37]. First,
when the measurement is noise-dominated (i.e., the sidelobes
are buried under the noise), standard OTFS and CM-OTFS
perform the same regarding sidelobe power. For sidelobe-
dominated estimations, i.e., higher signal-to-noise ratio (SNR),
we observe that the ISLR in the range cut increases (meaning
higher sidelobe power) in CM-OTFS compared to standard
OTFS. Moreover, the higher the value of the parameter r,
the higher the sidelobes in the range cut. In the Doppler
cut, we see a similar behavior regarding the noise, but now
standard OTFS shows slightly higher sidelobe power at high

noise levels. Finally, the ISLR on the range-Doppler slice
shows that standard OTFS and CM-OTFS have the same
sidelobe power. This implies that the differences in ISLR in
the range and Doppler cuts are due to a redistribution of the
sidelobe power and not an overall increase in the sidelobe
level.

The changes in the structure of the sidelobes can result in
increased peak-to-sidelobe level (PSL), which increases the
chances of target masking. Fig. 8 shows the PSL of standard
OTFS and CM-OTFS for different values of SNR. Similarly,
as with ISLR, we can see that as long as the measurements
are noise-dominated, the PSL of the estimation is the same
in all waveforms, as it simply reflects the peak of the noise
floor. For higher SNR values, we observe an increase in
PSL in the range domain that worsens as the value of r
decreases. Moreover, this increased range sidelobe becomes
the dominating sidelobe in the entire range-Doppler domain,
as shown by the fact that the PSL value in the range-Doppler
surface matches the PSL value in the range cut. Another
metric of interest is the error in the range and speed parameter
estimation. We measure it through the mean-square error
(mse) of the estimation in range and Doppler separately for
the same single-target scenarios as before. The results shown
in Fig. 9 indicate that CM-OTFS offers the same accuracy
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Fig. 8. Normalized peak sidelobe level after range-Doppler estimation in target range slice, Doppler slice, and range-Doppler map in the left, center, and

right, respectively.

in terms of parameter estimation as pristine OTFS for single
target scenarios and standard radar processing.

Overall, if we compare the results of ISLR with the ISLR
in standard OTFS with amplifier clipping (Fig. 3), we can
see that for a value of, e.g., IBO = 0, the expected ISLR for
clipped OTFS with M = 256 is around 5 dB, whereas in CM-
OTFS, the ISLR would be —5 dB, meaning an improvement of
10 dB over the amplifier clipped waveform, at the cost of the
sidelobe-power being focused in a higher range peak sidelobe.
In the end, whether a constant modulus approach is desirable
in terms of radar will depend mostly on the characteristics of
the amplifier and power requirements, which will define the
expected distortion on the transmitted signal.

B. CM-OTFS Communication Performance Evaluation

To evaluate the communications performance of the pro-
posed CM-OTFS waveform, a linear minimum-mean-square-
error (LMMSE) detector [38] is used for an OTFS frame. It is

assumed that perfect channel state information is available, the
channel effects have been compensated for, and only noise is
present. The goal of this evaluation is to verify that the original
delay-Doppler symbols can be reconstructed from a CM-OTFS
frame and, similar to the radar numerical evaluation, determine
how the performance of CM-OTFS compares in comparison
to a pristine OTFS frame and OTFS frames that are distorted
due to the amplitude clipping caused by amplifier saturation.
The same waveform parameters used in the radar simulations
(Table I) are used for the simulations in this section, and the
steps in (25)—(32) are followed for symbol recovery. As the
number of subcarriers and subsymbols (delay and Doppler
bins) is equal in both standard OTFS and CM-OTFS, CM-
OTEFS carries a quarter of the symbols and achieves a quarter
of the communication rate. The communication symbols are
sampled from a uniform random distribution.

The iterative decoding process to retrieve the data symbols
from the complementary sequences in the received signal can
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result in a cumulative phase error in the presence of noise.
Using a DDE in the transmitted symbols can help mitigate
this effect [28]. First, the transmitted symbols a(n) € C'*M
are separated in two subsignals formed by the even and
odd Doppler indexes, ag(n) € C'*M/2 and ap(n) € C*M/2,
respectively. Assuming a phase-only modulation, differential
encoding can be applied to each of them separately, resulting
in

dp [m] = ag [m]ag [m - 1] (45)

do [m] = ap[m]ap [m—1] (46)

and then, new data vectors aPPE € C'*¥ can be formed by

interleaving the elements of dy and dg. Double differential
decoding is applied at the receiver by reversing the previous
process. For consistency with (45) and (46), we relabel the
recovered differential-encoded symbols from (30) as 4PPE,
which we separate in even &E and odd ﬁo and used to compute

the double differential decoding

ag [m] = dg [m]exp (—j arg (dg [m])) (47)
ao[m] = do [m] exp (~jarg (do [m))) (48)
and the recovered data vectors a°°F € C'*M are formed by
interleaving the elements of 4y and ag for eachn € {0,...,N—

1}. In (47) and (48), the phase of the previous symbol is used
for differential decoding to avoid any changes in amplitude.
This process is repeated for each n € {0,..., N — 1}, resulting
in the estimated vectors 4°°F(n) that form the estimated delay-
Doppler data matrix as in (33). Note that to perform DDE, the
transmitter and receiver need to agree on a starting reference
phase for the first symbol, which, in our case, is 0A°. We
label the resulting signal double differential encoded CM-
OTFS (DDE-CM-OTES).

The bit error rate (BER) for the evaluated waveforms and
increasing SNR values is shown in Fig. 10. The results are the
average of 1000 Monte Carlo simulations for each waveform
and SNR step. The simulations show that undistorted OTFS
(red) achieves the best BER values, achieving the same BER
as CM-OTFS (yellow), with SNR being lower by 15 dB.
Although both CM-OTFS and undistorted OTFS tend toward

1139

10()
L A \\ - B R e e
b}
8
<
~
2 107" ]
=
=
A
10-6 -~ Clipped OTFS (IBO = 0 dB)
3 Clipped OTFS (IBO = 6 dB) 3
=©-Standard OTFS
—8-CM-OTFS (r = 0.1)
=A~DDE-CM-OTFS (r = 0.1)
10*8 I I I I I
-20 -10 0 10 20 30 40
SNR [dB]
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a BER of zero for sufficiently high values of SNR, an SNR
loss of around 15 dB is severe in most applications, even
if the constant-envelope property of CM-OTFS enables high-
power transmission. The decrease in BER for a given SNR
is caused by the iterative nature of the symbol retrieval from
the complementary sequences, as an early error propagates
to future iterations, as seen in CM-OFDM. DDE [34] can
be used prior to the complementary sequence synthesis to
ensure the phase errors only propagate for a maximum of two
iterations in the decoding process. The resulting waveform,
namely, DDE-CM-OTFS, significantly improves the perfor-
mance of CM-OTFS and achieves BER similar to standard
pristine OTFS, as shown in Fig. 10 (purple curve), while
maintaining all the advantages of CM-OTFS. For amplitude-
clipped OTFS, the BER plateaus at a nonzero value, regardless
of the SNR. As the amplifier-related distortion is not channel-
dependent, it creates constant noise regardless of the channel
conditions. When considering possible use cases of ISAC
OTES systems that involve high power transmission for radar
operation, not achieving a good BER due to the amplitude
clipping regardless of the high signal level is a substan-
tial shortcoming with nonconstant modulus signals, such as
OTFS. Instead, when CM-OTEFS is used, good communication
links could be established, as CM-OTFS enables high power
transmission without distortion, helping to bridge the gap of
required SNR.

To gain a better understanding of the role of CM-OTFS
frame synthesis approach in the degradation of communica-
tions performance, the recovered symbol constellation for a
high SNR iteration (SNR = 30 dB) is plotted in Fig. 11. This
representation shows the spread of the symbols caused primar-
ily by channel-unrelated effects. For clipped OTFS, we see a
substantial increase in random noise-like error when compared
to pristine OTFS, showing that the amplitude clipping appears
similar to white Gaussian noise in the IQ plane. The stronger
the distortion (the lower the IBO), the higher the symbols
spread. The recovered CM-OTFS symbols display a similar
level of spread in terms of magnitude to pristine OTFS but also
show a considerable phase deviation caused by the cumulative
phase error in the decoding process, resulting in reduced
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communications performance. It is observed in simulations
that as the SNR increases, the phase error decreases until
disappearing, resulting in the steadily decreasing BER value
in Fig 10. The phase drift in the recovered symbols using
DDE (DDE-CM-OTES) is significantly reduced, resulting in
considerable performance improvement compared to standard
CM-OTFS.

Multiple access is also a crucial aspect when it comes to
the usability of CM-OTFS in hybrid radar and communication
scenarios. The ability to separate transmitters in MIMO radar
and users in multiuser communications is crucial for both
applications. The multiplexing of multiple transmitters/users
for standard OTFS in orthogonal time—frequency patterns has
been explored in [17] and [30]. The flexibility to use the same
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Fig. 14. PARSAX (left) and measured industrial chimney at approximately
1185 m from the radar sensor (right).

time—frequency domain multiplexing is limited in the proposed
Zak-transform-based OTFS, as the symbols are integrated
together with the complementary sequences in the Doppler
domain. However, multiplexing of multiple users/transmitters
can be achieved in the delay/frequency domain, as the Zak
transform does not affect that dimension. A representative
example is shown in Fig. 12, where it is shown that a block-
wise separation of users in the delay-subsymbol domain (after
the Zak transform) results in nonoverlapping time—frequency
representations. Moreover, the resulting time-domain signal
retains the constant modulus properties that drive the proposed
waveform synthesis approach. This approach for multiple
access OTFS is discussed in depth in [30], where its perfor-
mance is evaluated for different pulse properties and channel
conditions. To test the compatibility of this approach with CM-
OTFS, the same communication scenario as used for Figs. 10
and 11 is simulated with multiple users, whose signals are
stacked in the delay domain, as in Fig. 12(a). The sum rate for
an increasing amount of users is shown in Fig. 13, where we
see that it remains constant regardless of the number of uses,
due to the orthogonality between the waveforms. Additionally,
the results clearly show the 4 x reduction in sum rate due to the
required redundancy in the CM-OTFS signal synthesis process
mentioned in Section II. The results imply that the data rate of
each user is limited by the total amount of shared bandwidth
and time. To overcome this limitation, the combination of CM-
OTFS with nonorthogonal multiple access methods, such as
code and beamspace multiplexing, should be explored in future
research.
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V. EXPERIMENTAL VALIDATION OF CM-OTFS RADAR

In this section, the experimental results of CM-OTFS radar
are presented and compared with standard OTFS radar with
and without amplifier-related distortion. The data are acquired
using the PARSAX radar [39] and a polarimetric waveform-
agile radar used previously to validate MIMO nonuniform
OTES [40]. For the experiments in this work, a single polari-
metric channel (HH) is used to measure a static target at
1185-m distance. The radar and the target are shown in Fig. 14.
Three measurements are carried out: first, a standard OTFS
frame is used without any amplifier-caused distortion; second,
a signal with simulated amplifier-caused amplitude clipping
IBO = 2.4 dB is used to measure the same target; finally,
a measurement is carried out with the proposed CM-OTFS
waveform (r = 0.1). The waveform parameters are shown
in Table II are set, so that all waveforms share the same
coherent processing time and bandwidth. The implication is
that the CM-OTFS waveform transmits only a quarter of the
communication symbols as the other two waveforms.

The zero-Doppler range cut for all three waveforms is
shown in Fig. 15, where it can be seen that all three waveforms
show a clear peak in the correct position of the target at
1185 m. It is also apparent that the standard undistorted
OTFS waveform shows the best estimation, with the highest

TABLE 11
OTFS EXPERIMENTAL WAVEFORM PARAMETERS

Parameter Symbol Value
Number of delay bins N 1024
Number of Doppler bins M 812
Bandwidth B 40 MHz
Carrier frequency fe 3.315 GHz
Symbol duration T 25.6 s
Intercarrier separation Af 39.06 kHz
Cyclic prefix duration Tep 12.8 ps
Communication Modulation (-) QPSK

dynamic range. The CM-OTFS measurement shows slightly
increased sidelobe levels, particularly far from the target
position, but comparatively lower than the measurement with
the distorted OTFS signal, represented by the orange dotted
curve. CM-OTFS shows around 5-10-dB lower sidelobes
than the measurement performed with an OTFS waveform
suffering from simulated amplifier distortion. On the other
hand, close side peaks appear in the range estimation next
to the main peak of the CM-OTFS waveform, which aligns
with the observation in the simulation of the degradation in
radar performance of CM-OTFS compared to standard OTFS,
affecting primarily the range cut. More observations can be
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single path.

made from Fig. 16, where the range-Doppler map around
the target position is shown for all three waveforms. The
standard OTFS measurement, on the left, shows the typical
sync-like decreasing sidelobes in both range and Doppler. The
clipped OTFS measurement shows a slightly increased range
and Doppler sidelobes in the cells aligned with the target
positions, but more importantly, it shows approximately 30-
dB degradation in the bins not aligned with the correct range
Doppler. This sort of degradation extends over the entire range-
Doppler plane. It would significantly impair the estimation of
multiple targets, particularly considering that there is no access
to the distorted signal in the system that could otherwise be
used to remove the sidelobes through model-based processing.
The sidelobes in the CM-OTFS waveform are also steadily
decreasing sinc-like sidelobes. Although they extend to the
spurious peaks adjacent to the correct target position, they are
confined to those specific range values and do not affect other
areas of the range-Doppler plane.

In addition to the radar performance, we assess the com-
munication functionality by recovering the delay-Doppler
symbols embedded in the received radar waveform. The radar
receive chain is repurposed as a communications receiver: the
range-Doppler estimate obtained from the monostatic radar
processing is treated as a single-path channel estimate, the
dominant path corresponding to the chimney reflection. This
estimate is then used to equalize the baseband signal and to
decode the delay-Doppler symbols following the procedure of
Section IV-B. The resulting symbol constellations are depicted
in Fig. 17. As expected, pristine OTFS exhibits the tightest
clustering. The clipped-OTFS case, which emulates amplifier
saturation, shows a noticeable dispersion that would increase
the probability of symbol errors at modest SNR. Crucially,
the symbols conveyed with the proposed CM-OTFS waveform
are successfully recovered after equalization, and their scatter
matches the trend observed in the simulations.

These findings validate the end-to-end signal-processing
chain proposed for CM-OTFS operation, confirming that both
sensing and communications functions can be achieved with-
out requiring separate hardware paths or calibration steps. The
experiment therefore demonstrates the practical viability of
CM-OTES as a dual-function waveform under realistic front-
end constraints. In fact, the experimental results with the
clipped signal show more degradation than the degradation

predicted in simulations, suggesting that abrupt amplitude
clipping in the signal causes further hardware-related nonlinear
effects than those modeled in our numerical simulations.

VI. CONCLUSION

A novel waveform, CM-OTFS, has been introduced in this
article to address the problem of amplifier-related distortion in
OTES signals due to their nonconstant envelope property. It
has been shown that the PAPR of traditional OTFS increases
with the number of Doppler bins, leading to reduced radar and
communication performance due to amplifier-induced distor-
tion. CM-OTFS was proposed to address this issue. Inspired
by a pre-existing OFDM technique, CM-OTFS employs com-
plementary sequences and the Zak transform to generate a
constant-envelope time-domain signal encoding delay-Doppler
symbols. A full ISAC system concept for CM-OTFS has been
proposed and validated through a combination of numerical
simulations and experiments. Radar numerical and experimen-
tal data show that CM-OTFS performs slightly worse than
pristine OTFES in target estimation but outperforms OTFS with
amplifier distortion, with the gap widening as the signal distor-
tion increases. However, this robustness comes at a tradeoff in
communication throughput, specifically as a fourfold reduction
in data rate. The noise tolerance of CM-OTFS was improved
by using DDE, achieving BER performance close to that of
pristine OTFS. Although further research is required to assess
the compatibility of CM-OTFS with multiuser nonorthogonal
multiple access MIMO ISAC system concepts, the results
presented suggest that CM-OTFS is a valid alternative to
standard OTFS for ISAC applications. In particular, it is
well suited for systems where high-power operation and/or
low-cost front-end components are required, or as a tool
to enable high-power sensing modes in adaptive/cognitive
ISAC systems with limited repercussions in communication
performance.

APPENDIX A
DERIVATION OF Z; AND %,

Starting from the identities (21) and (22) for the received
signal, we have the system of equations
§1 =21 + je'ta, (49)

§ =12 — je'*i, (50)
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where solving for Z; and %, we can write

7 =8 — je' 2, (51)

b= 20 e (52)
By substituting z; from (51) into (52), we get

7 = e—mﬂ' (53)

2j
Now, substituting Z, from (53) into (51), the final expression
for Z; is
§i+5
—

thus arriving at the expressions for Z; and Z, used in (26) and
(27).

7 =

(54)

APPENDIX B
DERIVATION OF a,,

This appendix derives the expression for estimating the sym-
bol a,, from the complementary sequences. For this appendix,
and for compactness, the subscript in 4, denotes the nth
element of 4, whereas ¢; and ¢, denote two different vectors.
This appendix follows the steps given in [41] with the adapted
notation to fit CM-OTFS. The starting Golay sequences are
initialized as

&Pl = (1, 1,65V n) = {1,-1)

which after the first inner iteration of Algorithm 1, becomes

¢’ ={ag.ap - 1,1} (55)
c(zo) = {x, ap+r, —a(’g} . (56)
And after the second next iteration
c(ll) = {alao,alao —ra; —r,ar- rag — 2 a(*;} (57)
c(zl) = {rag,r aj + 1, —ajay + ra} + 1%, —ajay} . (58)

To isolate a;, we select the second and penultimate elements

of c(ll) and c(zl) , and we can get an estimate of a; as

A1+ ¢ 21
S -V 2r
More generally, from (14), and again for the second and

penultimate entries of ¢ and ¢{" at the mth iteration (N,
being the last sample of the sequences), we can write

(59)

&127'

A1 = @ V11 + 1"V (0] (60)
SV 1 = =re" D [1] + a;,c5" " [0] (61)
A [Ny = 11 = @™V [Ny = 11 4 7S [N, = 1] (62)
AV [Ny = 11= =1V [Ny = 1 4 @y [N, = 11 (63)

Since ¢”[0] = —cP[N* and PN = P[0]F for all &,
the extraneous terms will continue to cancel. Therefore, by
induction on (59)

~ rcﬁ”” (1] + ™ [Ny, — 1]
C G = N, - 1

(64)

for any m > 1.
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