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We uncover a chain of nonlinear modal interactions in softly clamped nanostring resonators. The process
involves the sequential coupling of five mechanical modes, during frequency sweeps, yielding a broad
nonlinear response with nearly constant amplitude. We demonstrate that soft clamping enables this
cascaded energy transfer and amplifies the effective geometric nonlinearity of the driven mode by an order
of magnitude. Analytical and finite element-based reduced-order models capture the key features of the
coupling cascade and clarify its underlying mechanism. The phenomenon is generic in nonlinear
vibrational systems and can be tailored through soft-clamping design strategies.
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Complex behaviors across physical systems, from fluid
flows to biological synchrony, often arise when a change in
a system parameter triggers a cascade of interconnected
phenomena [1-3]. Such cascaded interactions are not
peripheral in nonlinear dynamical systems; they are central
to how energy and information propagate across coupled
degrees of freedom, giving rise to rich dynamical patterns
and abrupt transitions [4-7].

In recent years, micro- and nanomechanical systems have
served as ideal experimental platforms for exploring non-
linear dynamics, owing to their high susceptibility to large-
amplitude oscillations. These systems provide access to
regimes where exotic dynamical states can emerge [8—14]. A
key parameter along this pathway is the coupling between
vibrational modes, which can link distinct motion states and
open up opportunities for frequency stabilization [15,16],
energy harvesting [17,18], and frequency comb generation
[19-22]. Mode coupling in a resonant mechanical system
occurs when there is a substantial energy transfer rate
between different vibrational modes [23]. However, to date,
studies of mode coupling have predominantly focused on
interactions between two modes, typically under conditions
known as internal resonance [15,19,24-26]. Studies of
simultaneous mode coupling involving more than two
modes have been rare because realizing multiple modal
interactions generally requires both commensurate fre-
quency ratios and sufficient energy to simultaneously
activate additional modes alongside the driven one.
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Here we overcome these limitations and show that
cascaded modal interactions can naturally arise and be
harnessed in nanoresonators with soft clamping [27-30].
Our experiments reveal that successive intermodal couplings
enable quasiconstant oscillation amplitudes over a broad
frequency range. To elucidate this effect, we use analytical
models and finite element (FE)-based reduced-order model
(ROM) simulations to quantify the coupling strengths among
different mechanical modes. We demonstrate that these
cascaded interactions amplify the effective Duffing constant
of the resonator by more than an order of magnitude,
effectively flattening the amplitude—frequency response of
the driven mode. This establishes cascaded modal coupling
as a powerful mechanism for both amplitude stabilization
and programmable multistable responses, offering new
opportunities for precision control of signal fidelity and
frequency stability in nanomechanical resonators.

Our measurements are performed on Siz;N, nanostrings
(thickness 7 = 90 nm, pre-stress oy = 1.06 GPa) featuring
slender support beams at the boundaries to mediate soft
clamping (see Supplemental Material S1 [31]). Such
designs lead to high Q factors as well as approximate
integer ratio eigenfrequencies [30,37] and thus can promote
efficient intermodal couplings. Figure 1(a) shows our
measurement setup, with Fig. 1(b) illustrating the geo-
metric parameters of one fabricated device. All devices
have identical dimensions (L = 200 pm, w = 2 pm, and
ws = 1 pm), but differ in support length L. We note that
the presence of soft-clamping supports tunes the in-plane
stress in the central string [27,30].

To characterize the nonlinear dynamics of these nano-
strings, we fix the chip patterned with suspended resonators
to a piezo actuator that provides a harmonic base excitation
in the out-of-plane direction. We use a Zurich Instruments

Published by the American Physical Society
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Measurement of mode coupling in a nanomechanical string resonator with soft-clamping supports. (a) Schematic of the

measurement setup comprising an MSA400 laser Doppler vibrometer (LDV) for reading out the motion at different harmonics of the
drive frequency (f,2f, ..., nf) and a piezo actuator for generating the excitation. (b) Geometric design parameters of a Si;N, nanostring
resonator with soft-clamping supports. (c) Duffing nonlinear response curves of the first mode of the device with Ly = 50 pm, under
different drive levels without mode coupling. (d) Nonlinear response curves of the same device under a stronger drive level
(Uexe = 6 V). The second (yellow) and third (ochre) modes are both activated by mode coupling. The red lines in (c), (d) (first panel) are

the backbone curves of the first mode.

HE2LI lock-in amplifier to perform frequency sweeps in the
spectral neighborhood of the first resonance, together with a
Polytec MSA400 laser Doppler vibrometer (LDV) for
detecting the out-of-plane vibrations of our devices. All
modes discussed in this Letter refer specifically to out-of-
plane modes. The measurement laser is focused at a position
L /12 from the support on the central string, ensuring that it is
distant from nodal points of the lowest vibrational modes (see
Supplemental Material S2 [31]). We perform all measure-
ments at room temperature in a vacuum chamber with a
pressure below 2 x 10® mbar to minimize air damping.

To probe the geometric nonlinearity of our devices, we
perform forward frequency sweeps at different drive levels
and measure the vibrations of the central string [30]. As an
example, Fig. I(c) shows the frequency responses at
various drive voltages, ranging from U, = 8 to 80 mV,
for a device with Ly = 50 pm. To quantify the strength of
nonlinearity, we use the Duffing equation,

g1 +c1q1 + @iqy + p1qi = Fexesin (2zf1), (1)

where ¢, is the generalized coordinate of the first mode and
Foxe sin (2zf1) is its effective harmonic drive with excita-
tion frequency f from the piezo. Furthermore, @, = 2z f1,
¢y = w;/0Q;, and f; are the angular resonance frequency,
mass-normalized damping coefficient, and Duffing con-
stant, respectively, where Q; = 6.07 x 10° is the quality
factor characterized by the ring-down measurement [27].
We extract ; by fitting the backbone curve [red line in
Fig. 1(c)] [36,38].

In Fig. 1(d), we show the frequency response of the same
device measured in Fig. 1(c) driven at a stronger excitation

level (Ug = 6 V) around the first resonance. Apart from
the signal demodulated with the drive frequency f (blue),
we also detect higher harmonics demodulated at 2f
(yellow) and 3f (ochre). We note that the frequency
response of the first mode deviates from the backbone
curve of the Duffing response [red line in Fig. 1(d)] when
the higher harmonics are detected. Since the resonance
frequencies of higher modes of a string resonator are close
to integer multiples of the first, we attribute the deviation
from the backbone curve to modal interactions between the
first and higher-order modes [39]. When the oscillations of
the coupled modes drop, the energy stored in the higher
modes transfers back to the driven mode, bringing its
amplitude closer to its backbone [see arrows in Fig. 1(d)].
We provide a more detailed explanation of the multiple
disconnected features that appear in the response near 2 f in
Supplemental Material S3 [31].

To further examine the amplitude jumps (arrows) and
coupling conditions in Fig. 1(d), we perform a detailed
investigation on the coupling between the first and second
modes in a device with identical geometry, as shown in
Fig. 2(a). Starting with a drive voltage of U, = 200 mV
and a frequency step of Af = 50 Hz, we obtain a Duffing
response of the first mode without activation of the second
mode. However, when we reduce Af to 10 Hz while
keeping the same drive voltage, we observe that the second
mode is activated (gray area). As the drive frequency is
swept forward, the oscillations of both modes drop to their
respective lower amplitude branches. To further explore the
influence of drive level, we double U, to 400 mV. We can
see that the oscillation of the first mode is driven back to its
upper stable branch at the end of the coupling regime, while
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FIG. 2. Different response branches of the first mode deter-
mined by its coupling to the second mode. (a) Measured response
curves by driving the first mode under different U,,. and Af,
showing frequency demodulation around f (blue, first mode) and
2f (yellow, second mode). (b) Simulated response curves based
on an FE-based ROM, showing the directly driven first mode near
f (blue) and the coupling-induced second mode around 2f
(yellow). The gray area marks the frequency range where the
second mode is activated.

the second mode drops to its lower branch, consistent with
Fig. 1(d). This observation suggests that the driving
parameters can influence the slope of the solution branches
during a frequency sweep.

To verify our observation, and to study the mode
coupling mechanism in a two-mode system, we employ
an FE model of the nanoresonator and build a two-degrees-
of-freedom (2-d.o.f.) ROM that comprises the first two
modes (see previous works [30,40,41] and Supplemental
Material S3 [31] for more details):

gy +c1G1 +@iq) +Prq; +79195 = Fexe sin2zf1),  (2a)

o + €262 + W3Gy + Poqi + 74192 = Fixe sin (4zf1).  (2b)

Here, ¢, is the generalized coordinate of the second mode.
W, =27xf,, ¢y = @,/ Q,, and f, are its angular resonance
frequency, mass-normalized damping coefficient and
Duffing constant, respectively, where Q, is the quality
factor of the second mode. We introduce a minute harmonic
force Fi,.sin(4zft) to capture the influence of the quad-
ratic coupling induced by symmetry-breaking imperfec-
tions of the device. This term is necessary to excite the
second mode (see Supplementary Material S3 [31]).
Moreover, y in Egs. (2a) and (2b) represents the mass-
normalized dispersive coupling coefficient between the
two modes that is directly obtained from the ROM and
promotes energy transfer [23]. We use numerical continu-
ation [42] to compute all possible solution branches of the
2-d.o.f. system, as shown in Fig. 2(b) (see Supplemental
Material S6 [31]). At the onset of mode coupling we also

notice the emergence of a second solution branch with a
slope different from the common Duffing response in the
coupling regime [43], which matches our experimental
observation obtained by frequency sweeps. The simulation
reveals that the amplitude of the second mode increases
rapidly at the onset of mode coupling [see insets in Fig. 2(b)],
implying that a coarse frequency sweep may overlook its
activation window. We attribute this phenomenon to the high
Q-factor of our devices and the presence of nonlinear
coupling terms (yq; g5 and yq2g,), which govern the energy
exchange between the modes in this 2-d.o.f. system. In
subsequent experiments, we ensure sufficiently small fre-
quency steps to reliably activate the coupled motion and
trace the solution branch that emerges from the coupling.

Next, to quantify the influence of soft-clamping supports
on mode coupling, we measure devices with varying support
lengths L, undergoing intermodal coupling between the
lowest two modes, as shown in Fig. 3(a) (see Supplemental
Material S5 [31] for more measurement results). The kinks
at relatively large amplitudes signify transitions to alter-
native solution branches—features that closely resemble
those observed in our numerical simulations in Fig. 2(b) and
are indicative of extra vibrational modes becoming active
through dispersive coupling.

To derive the onset conditions of a two-mode coupling,
we apply the Harmonic Balance Method (HBM) (see
Supplemental Material S3 [31]) to Egs. (2a) and (2b),
thereby obtaining analytical expressions that predict the
frequency f;. and amplitude A, . of the first mode at the
onset of coupling [see kinks in Fig. 3(a)]:

We use Eq. (3) and parameters from FE-based 2-d.o.f.
ROMs to predict the onset of coupling [see green triangles
in Fig. 3(b)]. The obtained values closely match the kinks
observed in response curves simulated from the same
ROMs (see Supplemental Material S6 [31]). The predic-
tions also match f, . and A, extracted from experimental
response curves for devices with different support lengths,
as demonstrated in Figs. 3(c) and 3(d). These results
confirm the validity of Eq. (3) in predicting the kink in
the nonlinear frequency response curve.

Apart from the onset of two-mode coupling, we can see
from Fig. 3(a) that the coupled response also has an impact
on the spring-hardening nonlinearity of the driven mode.
The amplitude-frequency relationship after the kinks
remains parabolic, which closely tracks the effective back-
bone curve of the first mode undergoing dispersive cou-
pling with the second mode (see Supplemental Material
S3 [31]).

The HBM analytical framework further allows us to
extend the two-mode analysis to a situation where multiple
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FIG. 3. Influence of the soft-clamping supports on the coupled dynamics of the lowest two modes. (a) Measured response curves of the

lowest two modes of string resonators with three different Ly, showing frequency demodulation around f (blue, first mode) and 2f
(yellow, second mode). The colors of the curves gradually fade as Ly decreases. The scanning electron microscope (SEM) image shows
the measured devices (colored in blue). The white bar is 100 pm. (b) Simulated response curves using the FE-based ROMs of devices
with varying L, showing the directly driven first mode near f (blue) and the coupling-induced second mode around 2f (yellow). The
upward and downward hollow triangles represent the onset frequency of the coupled mode (f;./f;) and the corresponding amplitude
(A} ./ h), respectively, as predicted by Eq. (3). The purple line traces the onsets of modal interactions, corresponding to the kinks in the
blue curves. (c),(d) Comparison of the simulated (hollow triangles) and measured (solid triangles) onset amplitude A; ./ and frequency

f1.c/f1- The insets define f./f;, and A, ./h, respectively.

modes are coupled via cubic nonlinearity and excited
simultaneously, in a cascadelike fashion, when only the
lowest mode is driven. To that end, and in order to capture
the impact of successive dispersive couplings from the
interaction potential o g7g? (i >2) on the nonlinear
dynamics of the fundamental mode, we derive a recursive
relation for the effective Duffing constant as additional
coupled modes are introduced (see Supplemental Material
S7 [31]):

5 o(i=1
ﬂ(i) _ 3 i 312ﬂ<1,eff)71,i - 21,
1,eff 4 1,eff 6/7)1 _ 41'27/1’1‘

4)

where ﬂg’;)eff is the effective Duffing constant by including

up to the ith mode (i > 2, A"}, = B,), f; is the intrinsic
Duffing constant of the ith mode, and y ; is the dispersive
coupling coefficient between the first and ith modes. This
relation serves as a predictive map that quantifies how
successive dispersive interactions modulate the nonlinear-
ity of the first mode, providing both physical insight and a
tool for engineering multimode dispersive interactions.
However, we note that this approximation neglects the
interactions among the coupled modes other than the first
mode and assumes that higher-order modes are activated
(see Supplemental Material S7 [31]).

In Fig. 4(a), we schematically illustrate this effect: the
red curve shows the reshaped backbone of the first mode’s
response as successive dispersive couplings are introduced.
The initial segment represents the uncoupled response of
the first mode. Kinks in the curve, marked by black dots,
indicate changes in the slope of the Duffing response and

correspond to higher-order modes coupling into the dynam-
ics. In fact, these sharp transitions reflect how higher modes
act as energy reservoirs, absorbing part of the energy
injected into the first mode and thereby suppressing its
vibration amplitude [7,15].

By substituting parameters extracted from FE-based
ROMs for the device measured in Fig. 1, we find that
incorporating two-mode coupling leads to a 52% increase
in the effective Duffing constant. With interactions among
five modes, the model of Eq. (4) predicts an enhancement

exceeding a 26-fold increase in ﬂ(ll,)eff (see Supplemental
Material S7 [31]).

To experimentally investigate the cascaded interactions
predicted by our analytical model [Eq. (4)], we perform
forward frequency sweeps on the device measured in Fig. 1
with a higher excitation level (U, = 20 V) to activate
higher-order modes. Consistent with the analytical predic-
tion, the measured frequency response in Fig. 4(b) shows a
clear suppression of the fundamental mode’s amplitude,
resulting in an almost constant response over a broad
frequency range as higher-order modes participate in the
coupled dynamics. The unstable fluctuations observed after
the onset of the fourth mode are attributed to the activation
of coupling to higher-order modes (i > 6). To assess the
validity of Eq. (4) in capturing the rescaling of the Duffing
constant via modal coupling, we also performed FE-based
ROM simulations including all-to-all coupling terms (see
Supplemental Material S7 [31]). These simulations reveal
that, while higher-order resonant interactions are present
and affect the overall dynamics, the dominant dispersive
terms influencing the first mode are those already included
in the analytical model.
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FIG. 4. Cascaded interactions in a nanostring. (a) The red line
denotes the driven mode’s effective backbone, with higher modes
triggered at its kinks via dispersive coupling. (b) Measured
response curves under five-mode couplings in the device with
L, =50 pm. The bold blue line is the frequency response
demodulated by the drive frequency f, while the others represent
the signals demodulated by 2f (yellow), 3f (ochre), 4f (cyan),
and 5f (purple), respectively. The mode shapes from FE analysis
are shown on the right. The red line is the fitted backbone curve of
the first mode before mode couplings initiate.

It is worth noting that, despite the significant potential of
intermodal modulation, achieving multimodal coupling in
most micro- and nanomechanical resonators is inherently
challenging due to the incommensurate ratios of their
eigenfrequencies. Soft clamping offers a key advantage
in this regard: its inherent design flexibility enables precise
tuning of eigenfrequency ratios. Under hardening non-
linearity, this allows for rapid access to the coupling regime
during a forward frequency sweep, without the need for
large vibrational amplitudes to overcome detuning.
Moreover, soft clamping significantly enhances Q factor,
which promotes the participation of a larger number of
vibrational modes by lowering the energy threshold
required to initiate modal interactions.

To summarize, we present evidence and models for
cascaded intermodal couplings in resonators with soft
clamping. The ability of using these cascades for exciting
multiple couplings in high-Q resonators with a single drive
tone not only facilitates the actuation of successive modes

but also allows for reshaping and engineering the system’s
nonlinear dynamic response. Cascades of intermodal cou-
plings can stabilize the amplitude of the driven mode across
a broad frequency range [see Fig. 4(b)] and allow for more
freedom in tuning the amplitude-frequency response than
when using only two-mode couplings. This multimode
nonlinear response engineering might, with more refined
procedures that still need to be developed, enable amplitude
and frequency stabilization, as well as potentially achieve
phase noise reduction in nonlinear oscillators beyond what
has been demonstrated for two-mode couplings [15,44,45].
More advanced prospects of multimode cascades involve
their use for nanomechanical error correction in a single
resonator, along a route that has recently been demonstrated
using three separate coupled oscillators [46]. Finally,
programmable multistability of all, or a subset of, cascade
modes by appropriate drive control could open new
opportunities for logic operations and nanomechanical
computation [47-49].
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