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Abstract

Dependent type systems allow types to depend on values. This is used to encode
rich semantic properties directly in types. Currently, dependently typed systems are not
widely used for general-purpose programming, but they are commonly used in proof
assistants. Agda, Idris, Lean and Rocq all support dependent types.

The expressiveness of the type system comes with a cost: type checking is expen-
sive. This thesis explores co-contextual type checking as an alternative foundation for
dependent type systems. Co-contextual type checking inverts the ’traditional’ flow of
information. This enables type-checking to proceed without immediate access to a com-
plete typing environment.

This work explores a co-contextual formulation of a dependent type system and its
accompanying type-checking algorithm. Both incremental and parallel variants of the
algorithm are implemented for the dependently-typed lambda calculus Elara, based on
LambdaPi(Löh, McBride, and Swierstra 2010). The research primarily focuses on the fea-
sibility of such a type-checker.

Apart fromproviding the first co-contextual implementation of a dependent type sys-
tem, its performance is compared to LambdaPi’s contextual bi-directional type-checking
algorithm for reference. In the end, it was found that the implemented co-contextual type
checker generally performs worse than the contextual reference implementation. Its per-
formance is in the same order ofmagnitude, with plenty of opportunity for improvement
discussed in this work. In particular, co-contextual incremental type-checking has much
potential by reusing evaluation, which is not leveraged to the fullest in the conservative
approach in this work.
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Chapter 1

Introduction

Type systems play a central role in the design and implementation of modern programming
languages. At their core, type systemsdefine program structure beyond syntactic correctness.
This is used to enforce constraints on how terms can be combined. For example, an argument
applied to a function must have the same type as the function’s domain in the simply typed
lambda calculus. The abstract syntax tree of a term can be traversed algorithmically to verify
if an expression is well-typedwith respect to the underlying type system. This is the purpose
of a type-checking algorithm.

Over time, type systems have evolved from simple base types like those found in early
statically-typed languages to expressive systems such as Rust’s borrow checker. This thesis
focuses on dependent type systems. In these systems, the line between types and terms is
blurred; types may depend on values. This expressiveness enables types to encode precise
specifications, logical propositions, and invariants that relate directly to program behaviour.
A consequence of this expressiveness is the computational cost of type checking. In contrast
to simpler type systems, type checking dependent types is no longer a purely structural pro-
cess. It may require program evaluation to obtain values, testing definitional equality and
(higher-order) unification.

Dependently typed languages have some real-world use. They are commonly used to
implement proof assistants, enabling formal reasoning through code. This is particularly
useful for verified correctness of software and security-critical systems. In the current-day
software development cycle, changes are incremental. Programmers rely on responsive tools
to give direct feedback to aid their work and boost productivity. Type-checking is no longer
an occasional batch process, but an interactive, continuously running service integrated into
code editors, build systems, and language servers. A slow type-checker is noticeable, and
the added computational complexity for dependently-typed languages means slower type
checking.

The two most general approaches for increasing performance for type-checkers are par-
allel and incremental type checking. The former attempts to make use of as many processors
as possible. Modern computers are generally multicore, allowing for part of the type checker
to be executed in parallel to obtain a speed-up. The latter attempts to reuse previous compu-
tation. If the input to the type-checker only has a few changes compared to a previous run,
many expressions need not be rechecked, reducing computation time.

There are also optimisations tailored to a specific type system, like dependent types. In-
stead of looking into optimisations or variations of existing algorithms, this thesis examines
a different approach to type-checking altogether: co-contextual type-checking.

The work is guided by the following research questions:

1. Is a co-contextual type-checking algorithm feasible for dependently typed languages?

2. To what extent can such an algorithm be parallelised?

1



1. INTRODUCTION

3. To what extent can such an algorithm be made incremental?

4. How does its performance compare to contextual type-checking algorithms?

The first question explores a co-contextual formulation of a dependent type system. This
looks into how the existing theory needs to be adapted to support dependent types, what
the constraints generated by such a type system look like, and whether they are practically
solvable.

The second and third questions examine parallelisation and incrementalization of a co-
contextual type checker for a dependently typed language, respectively. In theory, co-contextual
type checking should support this, but the complexity of the type system may impose limita-
tions on its implementation or benefits.

The last question ties the other three together. The motivation to consider co-contextual
type-checking in the first place is its (potential) performance benefits, as dependent type-
checking has proven to be complex. The goal is to compare its performance to a ’traditional’
implementation for the same type theory.

The contributions of this thesis are a formulation of a co-contextual dependently-typed
type system, and an implementation of said system (including parallelisation and incremen-
talization) in the language Elara. This type checker is then compared to a contextual, bi-
directional, type-checking algorithm sharing the same core language.

The next chapters, chapter 2 and chapter 3, cover a theoretical background andmotivation
for this research, and related work in this area. The following chapters, chapter 4, chapter 5,
and chapter 6, describe the design of a co-contextual type system for dependent types and
a practical implementation of said design. Lastly, the performance of this implementation is
evaluated in chapter 7.

2



Chapter 2

Background

This chapter presents the theoretical foundation of this research, as well as the motivation.

2.1 Type Systems
Type systems are a foundational component of modern programming languages. From an
academic perspective, type systems offer a mathematical foundation for reasoning about
programs. This goes beyond properties such as type safety.

For example, in a simply-typed lambda calculus, there is a notion of values, canonical
forms, and small-step reduction. Values tell us what it means for a computation to be done,
and canonical forms show what a value of a type looks like. In combination with its type sys-
tem, it is possible to reason about the language’s behaviour(Pierce et al. 2026). A program
that adheres to the typing rules does not get stuck; either the computation has reached a
value or a small-step reduction can be applied (progress theorem). If a small-step reduction
can be applied, the program after reduction still has the same type (preservation theorem).
Language properties are provable and can be generalised to ’real’ languages and complex
effects. Memory safety through Rust’s borrow checker is partially inspired by Vault, an im-
plementation of a type system designed for this purpose(Fahndrich and DeLine 2002).

From the purview of a programmer, such concepts may not be of direct interest, but their
consequences certainly are. Type systems improve program reliability and help reduce the
possibility of bugs in computer programs. They serve as a guide for program design and
enable powerful tooling such as refactoring, code completion and static analysis.

2.2 Type Checking
Type checking is the process of (algorithmically) verifying that a program conforms to the
rules of its type system (i.e. is well-typed). Looking back at the example in the previous
section, properties about a programmay be true if and only if the program itself is well-typed.
Programmers rely on guarantees made by the type system, hence the need to perform type
checking. This is where theory meets practice. The research focuses on static type checking;
the check is performed at compile time.

With static type checking, the program’s source code is analysed. Historically, as long as
this process finishes in a reasonable time, it can be used in practice. In the modern software
development cycle, however, this needs to be near instant. The approach is iterative; small
changes to the source code and direct feedback improve productivity. An Integrated Devel-
opment Environment (IDE) is used to highlight syntax errors, type errors, and other code
smells1, among other features. If a developer makes a mistake, the IDE will quickly inform

1A code smell is any characteristic of source code that hints at a deeper problem
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2. BACKGROUND

them and allow them to fix the issue. A type system that is elegant on paper is of limited use
if its type checker is too slow.

Apart from system-specific optimisations, the most general approaches to improve type-
checker performance are incremental and parallel type checking. The former approach fo-
cuses on the iterative approach mentioned previously. If the changes are small, it may be
possible to reuse previous work done by the type checker, reducing total computation time.
This concept can be applied to virtually any type system(Zwaan, Antwerpen, and Visser
2022). The latter attempts to use more of the available computation power. With multi-core
processors becoming the norm, computers can execute multiple instructions concurrently.
A speed-up can be achieved by distributing the work across multiple cores, enabling parallel
computation.

2.3 Dependent Types
Dependent types extend ’traditional’ type systems by blurring the lines between types and
terms. In the case of the dependent function type (Π-type), the codomain of the function
may depend on a value. This is denoted as Π(x : A).B. Here, B : A Ñ ˚ is a dependent
family of types. Essentially, this is a function that takes a value of type A and produces a
type, ˚ denoting the universe of types. Non-dependent function types are functions where
the type family B is a constant function.

Type checkers for dependently typed languages are more complex and, as a result, are
typically slow. The type-checker intertwines computation, logic, and program equivalence.
Often it is required to decide whether two terms are definitionally equal. This requires normal-
ising terms that may contain higher-order functions and recursion.

2.4 Co-contextual Type Checking
In traditional contextual type checking, typing judgements are made relative to a typing con-
text that records assumptions about the types of variables and other program entities. As
the type checker traverses the abstract syntax tree (AST), the context is extended and used
to look up these assumptions. This is shown on the left in Figure 2.1. The context is extended
with the assumption that the variable x has type α, which in turn is used to infer the type of
x.

Figure 2.1: Syntax Tree Traversal. Left: contextual type checking. Right: co-contextual type
checking.

Co-contextual type judgements form an alternative formulation of a type system. It es-
sentially ’reverses’ the flow of the context for a bottom-up approach, as seen on the right
in Figure 2.1. This approach is proven to be equivalent to a contextual formulation(Erdweg
et al. 2015). In propositional logic, any two equal definitions of a type system are equally
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2.4. Co-contextual Type Checking

valid, but the type-checking algorithms based on these formulations may have different per-
formance. Co-contextual type checking has been implemented for larger type theories such
as Featherweight Java(Igarashi, Pierce, andWadler 2001), and has been shown to outperform
contextual type checkers in some benchmarks(Kuci 2020).

Co-contextual typing judgments are derived from their contextual counterparts through
the notion of duality. The correspondence between operations is shown in Table 2.2. Type
judgments are of the form e : T | C | R. This means that a term e has a type T if all constraints
C are satisfiable and requirements R are met. The requirements are a mapping of variables
to their types, similar to a context, but with a different meaning. Informally, a requirement
corresponds to what a context should contain for a term to be well-typed. Since there is no
context, there is no way to determine if a variable is bound, and what its type is. This is
how requirements are created, denoting the existence of a binder for said variable and a
yet-to-be-determined type (denoted as a placeholder, ?T ). When a binder for a variable
is encountered, the identifier can be removed from the requirements as the requirement is
satisfied. A consequence of this approach is that two sub-termsmay create a requirement for
the same identifier. A merge operator solves these conflicts by introducing a constraint that
the ’required’ types for the same identifier are equal. In its simplest form, all constraints are
equalities, but different type systems may introduce more complex constraints.

Contextual Co-contextual
Γ $ e : T e : T | C | R

Γ ::= H | x : T ; Γ R Ă x ˆ T
Γ(x) = T tx : ?T u P R
x : T ; Γ R ´ txu

Γ Ñ (Γ, Γ) (R, C) = merge(R1, R2)
Γ = H R = H

Table 2.2: Correspondence between context and co-context manipulation.

In a contextual setting, a term is well-typed under some context. This means that this
’proof’ cannot be reused when the context changes. Conversely, the bottom-up approach
does not suffer from this issue as the constraints and requirements remain the same. Instead,
all that is required is verification of whether the same constraints and requirements are still
satisfiable under the new context. This means the approach is incremental in nature; part of
the computation is reusable. Similarly, if a definition foo uses bar, then to (contextually)
type-check foo, the other definition needs to be checked first, as it needs to be part of the
context during the traversal of foo. By design, a co-contextual type checker does not require
bar. Instead, this will leave an open requirement to be filled in later. As a result, these defini-
tions can be processed in parallel, deriving a parallel type checker. In theory, co-contextual
type-checking is promising. This thesis explores the viability of such a type-checker for de-
pendently typed languages.
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Chapter 3

Related work

This section covers some work regarding dependent type-checking algorithms and perfor-
mance.

Coquand’sAlgorithm ThierryCoquandpresented a simple type-checker for a dependently
typed language, with a formal proof of correctness(Coquand 1996). This algorithm uses nor-
malisation by evaluation (NBE) to obtain normal forms of terms in the language by appeal-
ing to their denotational semantics. This has become the de facto standard design of depen-
dently typed elaboration. Two types (terms) are equal if and only if their normal forms are
α-equivalent, as to be a normal form is to be the canonical representative. This means that
when checking if two types are equal, it suffices to normalise both types and check if they
are α-equivalent.

SmallTT SmallTT is an implementation of elaboration for a minimal dependently typed
language(András Kovács n.d.). It demonstrates a collection of performance optimisation
techniques. This is also built on Coquand’s algorithm. Apart from algorithmic optimisations,
it also includes various low-level optimisations and compiler/runtime system tweaks.

Convertibility Checking Determining whether two lambda-terms are equal up to reduc-
tions is a core component of dependently typed languages(Courant and Leroy 2026). This
can be achieved by reducing terms to normal form, which potentially requires expensive
computations. This paper proposes an algorithm that leverages laziness and concurrency to
attempt to avoid fully normalising terms to reach a conclusion.

Heuristics in Unification Unification, in the context of dependent types, is the algorithmic
process of solving equality constraints between terms. Dependent types require higher-order
unification, which is complex (and undecidable). To improve performance, unification al-
gorithms may use several heuristics to try to point the solver in the right direction. These
are often poorly documented or lack any evidence of their usefulness. Furthermore, a large
number of heuristics result in unpredictable performance. Ziliani and Sozeau present a new
unification algorithm that uses a small number of heuristics that are empirically proven to
suffice for many large developments(Ziliani and Sozeau 2017).

Agda Parallel Type Checking At the beginning of 2026, a pull request was merged into
Agda that type-checks module imports in parallel1. This has proven to drastically reduce
the runtime of the type-checker in large, multi-module projects, at the cost of memory usage.
This approach for parallelisation is unrelated to dependent type checking as it focuses on
module-level parallelisation.

1https://github.com/agda/agda/pull/8332
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3. RELATED WORK

Twin Types Danielsson and López Juan have implemented a type checker for Tog, a small
variant of Agda(López Juan and Danielsson 2020). They reformulate previous work, which
introduced twin types and twin variables. The unifier used in this type checker is able to
handle some cases that existing type checkers struggle with, while maintaining similar per-
formance.

8



Chapter 4

Elara

Elara is the programming language at the core of this thesis. The language is a custom imple-
mentation of LambdaPi(Löh, McBride, and Swierstra 2010). The core language is extended
with two inductive data types: natural numbers and vectors.

This chapter covers the language syntax, behaviour, and a formal definition of its type
system.

4.1 Syntax
The syntactic structure of a term in Elara is described in Figure 4.1. Definitions may not be
mutually dependent or recursive. An example program is given in Listing 4.1.

e : Term ::= e : e type annotation
| U type universe
| Π(x : e).e pi type
| x variable
| e e application
| λx. e abstraction
| Nat Nat type
| O zero
| S successor
| natElim Nat eliminator
| Vec Vec type constructor
| Nil nil
| Cons cons
| vecElim Vec eliminator

Figure 4.1: Elara syntax.

// An identity function
foo :: [a : U] -> a -> a
foo = \a. \x. x

/* foo, specialised to the Nat datatype */
bar :: Nat -> Nat
bar = foo Nat

Listing 4.1: Elara Example

9



4. ELARA

4.2 Typing Rules
This section covers the co-contextual type judgements for Elara’s type system. These judge-
ments are of the form e : T | C | R. A term e has type T under constraintsC and requirements
R. The flow of information is clear from the typing judgments shown in this section. The con-
straints and requirements in the premise are combined accordingly in the conclusion. This
is in contrast to contextual type judgments; here, the context is expanded upon inside the
premise. This difference is illustrated in more detail later.

The constraints in this language are all definitional equalities except for a constraint on
function application (explained later). These are used to relate types of different terms. For
example, a term e1 may have some type T1, but in the term e1 e2 (application), a constraint
is imposed on T1: it must be a Π-type.

The requirements are a mapping from variables to their types. Informally, the require-
ments denotewhat a contextmust contain for the term to bewell-typed. The notation T fresh
denotes that T is a unique meta-term, which is essentially a placeholder for some real term.
Lastly, it is occasionally necessary to merge requirements:

(R, C) = merge(R1, R2)

where

R = tx : T | (x : T ) P R1 ^ x R dom(R2)u

C = tT1 = T2 | (x : T1) P R1 ^ (x : T2) P R2u

For every variable with a requirement, one mapping is kept (the first in the sequence of re-
quirements). If multiple requirements contain a mapping for the same variable, a constraint
is generated that these types must be equal.

Type Universe The term U represents the universe of types. Concretely, the type of every
type is U . This includes the type of U itself. This is static and does not lead to new require-
ments or constraints.

U : U | H | H (COT-UNI)

Type Annotations The type annotation e : t denotes that a term e has a type t. The inferred
type for t must be U , the type of types, as a consequence. This yields the constraint T2 = U .
The type inferred for the term e must match the annotated type. This is expressed in the
constraint t = T1, where T1 is the inferred type of e.

e : T1 | C1 | R1 t : T2 | C2 | R2 (R,C) = merge(R1, R2)

(e : t) : t | C1 Y C2 Y C Y tt = T1, T2 = Uu | R
(COT-ANN)

Pi-Types The termΠ(x : A). B represents the type of a (dependent) function with domain
A and codomain B. Firstly, both A and B must be types, reflected in the constraints T1 =
U and T2 = U respectively. Here, T1 and T2 are the inferred types of the terms A and B,
respectively.

With dependent types, the term B represents a type family. The concrete type (may)
depend on x, which is known to be of type A. If B references x, the requirements R2 will
contain x. The first merge, merge(R2, tx : Au), adds a constraint that the type B requires x to
have matches its known type, A. The Π-type binds x, so the requirement for x to exist is sat-
isfied; the requirement for x is safely removed after the merge. The remaining requirements
are then merged with the requirements for the type inference of A. Note that the removal of
x from the requirements is done before this last merge. The variable x is not in the scope of
A, so this avoids creating constraints on a different variable x inA in case of name shadowing.

10



4.2. Typing Rules

A : T1 | C1 | R1

B : T2 | C2 | R2 (R3, C3) = merge(R2, tx : Au) (R4, C4) = merge(R1, R3 ´ txu)

(Π(x : A). B) : U | C1 Y C2 Y C3 Y C4 Y tT1 = U, T2 = Uu | R4
(COT-PI)

Variables Without context, there is no information available about the type of a variable
x. A meta-term is introduced, essentially functioning as a placeholder for the actual type.
Surrounding terms may introduce constraints on this meta-term. The simplest example is a
type annotation; a term x : U . x’s type is a meta-term, say ?T . By the type judgment for type
annotations, a constraint ?T = U is generated, which is a valid substitution for ?T .

T fresh

x : T | H | tx : T u
(COT-VAR)

Application For function application e1 e2, the function e1 must have a Π-type. The argu-
ment e2’s type must match the domain of the function. Suppose e1 has type Π(x : A). B,
and e1 e2 has type T . The conclusion T = B does not follow from this premise. Instead, T
represents the type B(e2); the instance of the type family B where the input is known to be
e2. To represent an instance of a Π-type, the notation Π1(e2 : T2). T is used. The constraint
containing theΠ1-term is not an equality constraint, but a constraint on aΠ-type. Concretely,
Π(x : A). B = Π1(e2 : T2). T ô A = T2 ^ B[x := e2] = T . Furthermore, the constraint
T1 = Π1(e2 : T2). T is unsatisfiable if T1 is not a Π-type.

e1 : T1 | C1 | R1 e2 : T2 | C2 | R2 T fresh (R, C) = merge(R1, R2)

(e1 e2) : T | C1 Y C2 Y C Y tT1 = Π1(e2 : T2). T u | R
(COT-APP)

Abstraction For abstractions λx. e, the type of the body e represents the codomain of the
function, T1. There is no information about the domain of the function, so a meta-term T2

is introduced. If x occurs in the body, the requirements R1 will contain a mapping for its
type. The merge yields a constraint that this type is equal to T2. Since the requirement for x
is satisfied (i.e. the abstraction ’defines’ x), it can then be removed from the requirements.

This most clearly demonstrates the information flow. In a contextual setting, the term
would be typed under some context Γ, and this context would be expanded in the premise
to contain x when typing e. Here, however, the type of e is inferred without requiring the
introduction of extra information. The resulting constraints and requirements from the in-
ference are then manipulated appropriately. In general, the constraints and requirements
present in the conclusion are constructed from the constraints and requirements of the sub-
terms. A context would be passed down to the subterms, potentially with modifications.

e : T1 | C1 | R1 T2 fresh (R, C) = merge(R1, tx : T2u)

(λx. e) : Π(x : T2). T1 | C1 Y C | R ´ txu
(COT-LAM)

4.2.1 Inductive Data Types
Elara expands on the core LambdaPi language by introducing two inductive data types: nat-
ural numbers and vectors. This expands the core language with terms for the type, con-
structors and eliminator of these data types. The types of these terms are constant, with no
requirements or constraints.
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Peano Natural Numbers

The Peano axioms define the arithmetical properties of natural numbers, the set N(Kennedy
1973). The non-logical symbols for the axioms consist of a constant 0 and a unary operator S.
Informally, this translates to the constructors O and S n. The former represents the natural
number zero, and the latter the successor of a number n, n + 1. Together, these represent
the natural numbers. For example, the number 4 can be defined as S (S (S (S O))) :: Nat.
As the language does not support pattern matching or recursion directly, the eliminator for
theNat data type must be used: natElim. This is a catamorphism, consuming the inductive
data.

Vectors

The vector type is, loosely speaking, a list with its size and element type encoded in the type
of the vector. For example, the type V ec T n is the type of an n-element vector, with elements
of type T . Its type and constructors are similar to those of the standardList type as defined in
Haskell. Since the size is a value (of typeNat), and not a type, this is a textbook example of a
data type that uses dependent types. This type can be used, for example, to write a safe head
function to retrieve the first element in the vector. Leveraging the size of the vector in the
type, the function can require the input to have at least one element, head : V ec T (S n) Ñ T .
In this example, T and n are implicit for clarity. The downside is that the type-checker must
now know if the input to any head call is a non-empty vector.

4.3 Type Inference
For a term to be well-typed, all the constraints need to be satisfiable. An expression like
λx.x : U would yield an absurd constraint. In this example, the inferred type for the abstrac-
tion is a Π-type. This type needs to be equal to the annotated type U . This is visible in the
generated constraintΠ(x : A). B = U , which is unsatisfiable. Furthermore, the type may not
contain any meta variables. By the typing rules, the term λx.x has type Π(x :?1).?2 under
the constraint ?1 = ?2. This constraint is satisfiable by defining ?2 to be the same as ?1, but
the type Π(x :?1).?1 is not grounded; it still contains ?1. An interesting side-effect is that
through the constraints, the term λx.(x : T ) is well-typed, yielding Π(x : T ).T . This term’s
type is not inferable using LambdaPi’s bidirectional type checker, as the lambda is a checked
term.

Algorithmically, to infer the type of a term, the typing rules are applied recursively to the
child nodes in the syntax tree. This yields the inferred type, constraints and requirements.
These constraints are then processed. If any constraint is not satisfiable, or the requirements
contain definitions that are not found in the context (i.e. other definitions inside a file), the
term is not well-typed.

As a consequence of this approach, type checking is essentially the same as type inference.
With type inference, the algorithm generates the type of a term, and with type checking, the
algorithm verifies if a term has a given type. In a co-contextual setting, type checking is
achieved merely by adding a constraint on the inferred type.

In Elara, these type judgements are expanded upon. Firstly, a distinction is made be-
tween local and global variables. The motivation is that eagerly using type signatures and
definitions of other (global) variables improves performance, as constraints may be solved
earlier during traversal. This doesmean that Elara requires a context to look this information
up from, making the actual type system a hybrid between co-contextual and contextual type
systems. This does not mean that definitions need to be checked in a topological order. This
is further expanded upon in chapter 6.
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Secondly, the type-checking algorithm attempts to eagerly solve constraints. This is done
using a function solve : C Ñ σ ˆ C´ ˆ C?. This attempts to solve all constraints C, splitting
them up in unsatisfiable constraints C´ and ’stuck’ constraints C? that cannot be progressed
at this time. It also returns a substitution for all ’solved’ meta terms σ. By the nature of
co-contextual type systems, these substitutions can be applied directly. Note that with this
approach, unsatisfiable constraints are accumulated during traversal instead of a fail-fast
approach.

These changes are reflected in the full type judgments in Appendix A. The judgments
take the form e : T | C´ | C? | R.

4.4 Constraints
Constraints in this type system are term equalities. A majority of these constraints can be
solved through normalisation by evaluation. The cases discussed here are the Π1 terms de-
noting instances of Π-types, constraints containing meta terms, and special terms like con-
structors and eliminators for inductive data types.

Π1 Constraints A constraint of the form el = Π1(er : T1). T2 is only satisfiable if el is a
Π-type. Suppose it is of type Π(x : A).B. The constraint is only satisfiable if and only if
A = T1 ^ T2 = B[x := er]. Note that since Π1 does not represent a ’real’ term, it may not be
used as a substitution (e.g. if the constraint is of the form ?T = Π1(e : A). B.

Meta Terms In general, a constraint of the form ?T = e yields a substitution for the meta
term ?T . The substitution leaves a trivial constraint, e = e, which holds by reflexivity. Under
some circumstances, such a constraint may be stuck until other constraints are solved:

• e contains ?T . A circular definition is not allowed as a substitution.

• e is a Π1 term.

Type Constructors, Constructors and Eliminators The special terms S, natElim, Vec, Nil,
Cons, and vecElim are all injective by definition. This can be leveraged: any constraint of the
form f x = f y, with f being one of these terms, can be reduced to the constraint x = y. This
is generalised: V ec x1 x2 = V ec y1 y2 ô x1 = y1 ^ x2 = y2.

4.5 Implementation
To implement the type checker, the following scaffold is used:

1. context : Γ: A static context of global definitions. This is used to access their signatures
and bodies.

2. fresh : Stream(N) Ñ N ˆ Stream(N): A function to get the next symbol in a symbol
stream. This is used for generating unique meta terms. The state management of the
stream is omitted here for simplicity.

3. infer : e Ñ T ˆC´ ˆC?ˆR: A function to infer the type of any term in the language. It
also returns the set of unsatisfiable constraints, ’stuck’ constraints and the requirements
for this inference.

4. solve : C Ñ σ ˆ C´ ˆ C?: A function that attempts to solve a set of constraints. A
constraint is either solved (removed), unsatisfiable (included inC´), ’stuck’ (included
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in C?) or a solution to a meta term (included in the substitution σ). In the case a
constraint is propagated yielding further constraints, the original constraint is removed,
and the new constraints are processed.

5. finalize : C´ ˆ C? Ñ σ ˆ C´: A function that attempts to solve all remaining con-
straints. This function is similar to solve, except that all ’stuck’ constraints are marked
as unsatisfiable. This is used as a last attempt to solve constraints. This is included
because it is possible some constraints get ’unstuck’ if, for example, some meta term
gets resolved.

6. merge : RˆR Ñ RˆC: The function tomerge two requirementmappings, as described
earlier.

The general layout to infer the type of a term is described in Algorithm 1. Recursively,
every child node is traversed. Next, meta terms are generated. This is only needed for some
terms, like local variables. The requirements of all the child nodes are merged. For some
terms, such as abstractions, additional requirements are introduced. Some requirementsmay
also be removed if they are satisfied, and themerge order can be important. This is explained
in more detail for the Π-type type judgement. The constraints generated from requirement
merging, as long as any additional constraints (depending on the term), are then attempted
to be solved. Finally, everything can be put together to return the inferred type, constraints,
and requirements. The substitution yielded from solving the constraints is applied directly
here too.

Algorithm 1 Incomplete Type Inference
1: function INFER(e)
2: for each child node ei of e do Ź Recurse over the child nodes
3: Ti, C

´
i , C?

i , Ri Ð INFER(ei)
4: end for
5: U Ð FRESH Ź Generate meta terms if needed
6: R, C Ð MERGE(R0, . . . , Rn) Ź Merge requirements
7: σ, C´, C? Ð SOLVE(C) Ź Solve new constraints
8: T Ð . . . Ź Create return type
9: return σ(T ), σ(C´ Y

Ť

C´
i ), σ(C? Y

Ť

C?
i ), σ(R)

10: end function

This function is incomplete; it is missing the finalize step, and some validation. The re-
sult is partial. The complete version is given in Algorithm 2. There should be no unsatisfiable
constraints, and no unsatisfied requirements.

Algorithm 2 Complete Type Inference
1: function INFER-COMPLETE(e)
2: T, C´, C?, R Ð INFER(e)
3: σ, C Ð FINALIZE(C´, C?)
4: if C ‰ H or R ‰ H then
5: return error
6: else
7: return σ(T )
8: end if
9: end function
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4.5.1 Constraint Solving
To solve a constraint, the terms in the equality are first reduced to some notion of a weak-
head normal form to try to avoid unnecessary computation. In this step, type annotations
(in the head position) are stripped, and function application (including eliminators for the
inductive data types) is performed. Depending on whether incremental type checking is
enabled, global definitions are unfolded as well.

Trivial reflexive constraints, like U = U , are solved directly. Other constraints are solved
gradually. For example, the constraint Π(x : A1). B1 = Π(y : A2). B2 propagates the con-
straints A1 = A2 and B1 =α B2.

The ’special’ cases are handled as described in section 4.4. Any constraint that cannot be
progressed (but may still be feasible) is marked as stuck. An example of such a constraint is
xg = yg, an equality of two global definitions.

Any other constraint is marked unsatisfiable. This includes constraints like U = Nat.
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Chapter 5

Parallelization of Elara’s Type Checker

Parallel computing is a type of computation in which many calculations or processes are
carried out simultaneously(Almasi and Gottlieb 1989). If a large problem can be split into
smaller, independent tasks, these tasks can be solved at the same time. Instead of solving
these tasks sequentially, solving them at the same time by utilising multiple Central Process-
ing Unit (CPU) cores decreases the total runtime. Multicore architectures are widespread as
of today, so making more efficient use of the extra computing resources can increase perfor-
mance.

This chapter covers the approach for the parallelisation of Elara’s type-checker. Elara’s
type checker has two parts: an algorithm that handles multiple definitions in a module, and
an algorithm that handles a single definition. The parallelisation of these parts is discussed
in the next sections. Their efficiency will be measured in terms of a speed-up(Hennessy and
Patterson 2007).

5.1 Module-level type-checking
Parsing a file yields a list of definitions (barring I/O or parse errors). These definitions may
reference each other and may be declared in any order. No definitions may have the same
name, and recursion is not supported. This also means cyclical definitions are not allowed.

Type-checking a single definition requires the other definitions it depends on (and tran-
sitive dependencies) in a contextual setting. Typically, definitions are processed and added
to the context in topological order with respect to the other definitions a definition may use
to guarantee the context contains the required entries. This allows for some parallel type
checking, but does enforce a strict partial order.

When inferring the type of a variable in a co-contextual setting, no context is required.
This means that all definitions in a file may be checked concurrently, regardless of their in-
terdependence. Because the language does not support recursion, the dependency graph
must still be checked for cycles.

Parallelisation ofmodule-level type-checking (or type-checkingmultiple files) is not new.
There are many approaches, not limited to co-contextual type-checkers or dependent types.
A more sophisticated implementation, like using scope states (Antwerpen and Visser 2021),
is outside of the scope of this project.

5.2 Definition-level type-checking
When traversing a syntax tree to type-check expressions, it becomes clear why (in theory)
co-contextual type-checking algorithms are well-suited for parallelisation.
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Consider the following typing judgment from LambdaPi:
Γ $ e1 :Ò Π(x : A).B Γ $ e2 :Ó A B[x := e2] ó B1

Γ $ e1e2 :Ò B1
(T-APP)

Note that since its type-checking algorithm is bidirectional, the inferred and checked types
are differentiated by Ò and Ó respectively. ó is the evaluation relation.

Inspecting this rule, it states applying expression e2 to the expression e1 returns a typeB1

under context Γ. This only holds if and only if the e1 is a function type, and the argument’s
type must match the function’s domain (A).

In the implementation, first the type of e1 is inferred. This yields the domain A, which
is then used to check the type of e2. Clearly, e2 cannot be type-checked by this algorithm
before e1 is. In the co-contextual setting, their types can be (partially) inferred completely
independently. Then, a constraint is added to show the relation between their types. This is
not just for function application, but a general rule for co-contextual type checkers: a term’s
children can all have their types inferred independently. This is very similar to the divide-
and-conquer algorithm design paradigm, where each child in the syntax tree is an indepen-
dent sub-problem. Analogously, the constraints that get added after inferring these types
are ’combining the partial solutions to provide a solution to the original problem’.

To obtain a parallel version of this ’divide-and-conquer’ algorithm, the fork-join model
is used(Lea 2000). Essentially, if a problem is sufficiently large, the task is divided into sub-
problems. These are then solved in parallel while the original process is suspended, waiting
for all the spawned tasks to finish. Once this is the case, the results can be combined to
yield the solution to the original problem. This same process is applied to the sub-problems,
dividing the task if it is large enough, et cetera. In the case of Elara, subprocesses are only
created when inferring the type of expressions containing multiple sub-expressions. These
expressions are type annotations,Π-types and function application, and they all have exactly
two sub-expressions.

There are some things to keep in mind with this approach in parallelisation:

1. The size of expressions is computed in the preprocess step as discussed in section B.1 to
make finding the size of a term O(1). Traversing the syntax tree to compute this when
needed introduces computational overhead.

2. Only a few types of terms can benefit from this parallelisation, asmentioned previously.

3. The balance of the syntax tree greatly affects the speed-up.

4. The generated constraints are still processed sequentially. Two tasks may process their
respective set of constraints in parallel, but a more sophisticated implementation may
parallelise this processing step too.

5. Multiple definitions may be type-checked in parallel. This potentially skews the per-
formance of type-checking a single definition as it consumes resources.

5.3 Implementation
To allow for parallel type checking, two primitives are introduced. One to create a parallel
task, async, and another to block until a given parallel task is completed and get its result,
wait. During traversal of the syntax tree, these primitives are used to process child nodes in
parallel.

On top of this, a semaphore is used to keep track of the number of running threads,
bounding the parallelism. Large terms may try to spawn a vast number of threads if un-
capped; this is bounded to avoid overwhelming the task scheduler. The semaphore is ini-
tialised with the number of capabilities of the Haskell run-time system. If no resources are
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available before a call to async, the action is computed sequentially instead of waiting for
resources to become available. Care is taken to release the resources back to the semaphore
in case of an error. Bounding the parallelism is mainly intended for parallelisation at the def-
inition level. For completeness, this is extended to the module-level type checker, so that if
multiple definitions are type-checked in parallel, they still share resources. Themodule-level
type checker for LambdaPi does not use semaphores for its parallelisation.

In contrast to the standard fork-join model, to avoid spawning an extra process while
the caller is suspended, instead of suspending the caller, it infers the type of one of the
sub-expressions itself. Furthermore, spawning additional processes only happens when
the sub-expressions are sufficiently large. Even though Haskell’s concurrency uses green
threads (Marlow 2011) and the API is also purposely lightweight (Peyton Jones, Gordon,
and Finne 1996; Li et al. 2007), it still introduces overhead. Consider the following expression:
λf. λx. f x. The inference application f x can technically be split into two tasks: inferring
the type of f and inferring the type of g. By the inference rules, this only requires generating
a fresh meta variable for both their types, and there are no constraints to solve. This compu-
tation is so trivial that it is not desirable to parallelise it. To decide if the sub-expressions are
large enough, a rudimentary metric is used: the size of the syntax tree. A complex heuristic
to guess if an expression is computationally hard to type-check is a topic in and of itself. In
the implementation, both sub-expressions must contain at least 32 nodes to be considered
’split-worthy’. This value was picked by trial-and-error on a system with 16 logical cores.

A third primitive is used for module-level parallelisation, spawning a thread for every
task in a sequence andwaiting for all of them to finish. Using this, every definition is allotted
its own thread that can run concurrently. Through the use of a Haskell MVar1, threads can
wait on and signal each other. This is used to suspend the spawned threads until all the
dependencies are type-checked.

Caution is taken to ensure these processes do not deadlock. Circular definitions would
end up waiting indefinitely on each other to finish type-checking. Cycle checking is done
beforehand to allow raising an error before the tasks are created.

These primitives enable parallelisation with minimal changes to the base algorithm. In
the implementation, async spawns an additional thread every time it is used. While care has
been taken in Haskell to reduce overhead when spawning additional threads, the overhead
itself can still be significant compared to the cost of type-checking. An approach that reuses
the same threads, a thread pool for example, allows reusing the threads. Another issue is that
resources are distributed on a ’first-come, first-served’ basis. This is unfair and potentially
forces the tasks that benefit most from concurrent computation to run sequentially.

1Analogous to a single-element blocking queue
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Chapter 6

Incrementalisation of Elara’s Type
Checker

In theory, a co-contextual type checker’s results may be reused as long as the original ex-
pression remains the same. This also means that two different expressions containing the
same term can share the result of inferring the type of said term. This fine-grained reuse
of computation is not implemented in Elara. Instead, the type checker considers changes in
top-level definitions only.

Consider a module containing two independent definitions: foo and bar. If changes are
made to foo, bar does not need to be checked again. This notion of incremental type checking
also works for contextual type checkers. Now consider the case where bar uses foo. In this
case, the context under which bar is type checked is changed, so even though bar does not
change, it needs to be rechecked. In a co-contextual setting, this would not be the case.

Recall that Elara’s type system is a hybrid, however, requiring a context of global defi-
nitions. Does this mean that bar needs to be rechecked, just like a contextual type checker
would? Consider the (Church-encoded) proof that 0+n = n in Listing 6.1. The type checker
uses the type of plus to check if plus O n is well-typed, not the definition (every definition
is required to have a type signature). On the other hand, the constraint plus O n = n re-
quires unfolding the definition of plus and does not use the type signature. Dependent type
systems require both the types and the definitions for type checking.
CId :: [a: U] -> a -> a -> U
CId = \a. \x. \y. ([p: a -> U] -> p x -> p y)

crefl :: [a: U] -> [x: a] -> CId a x x
crefl = \a. \x. \p. id (p x)

plus :: Nat -> Nat -> Nat
plus = natElim (\p. (Nat -> Nat)) (\q. q) (\x. \f. \y. S (f y))

zeroPlus :: [n: Nat] -> CId Nat (plus O n) n
zeroPlus = crefl Nat

Listing 6.1: Proof for 0 + n = n.

The incrementalisation of Elara builds on the assumption that type signatures change
less frequently than the definitions themselves. The type-checker will look up signatures of
global definitions, but avoid unfolding these definitions to solve constraints. The unfolding
is delayed until the final call to the solver. This way, this intermediate result may be reused
between iterations (given that the signatures of used functions do not change).

Going back to the foo/bar example where bar uses foo. Elara’s type-checker will store
the intermediate result. If foo’s type signature and/or definition is changed, the type-checker
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must reprocess it. On the other hand, bar can reuse the intermediate result from the previous
iteration if only foo’s definition changed. Changes in bar do not affect foo, so in this case the
intermediate results for foo can be reused.

This approach has some issues:

1. Performance hinges on the signatures not being changed. This approach assumes this
is less likely to happen than changes in the definition. Furthermore, this ’trick’ works
as the language requires an explicit type to be provided through a signature. If instead
the signature was inferred from the definition, this does not work.

2. Delaying unfolding potentially makes type-checking slower. In a sequential setting,
this is irrelevant, as this would merely change the order of computation. Combined
with parallelisation, however, delayed unfolding means a constraint may not be solved
concurrently.

3. A large part of the computation consists of evaluating parts of the program. This may
be locked behind unfolding definitions like the plus O n = n example. The result of
such computation is not stored in the intermediate result; future iterationswill still need
to perform this computation. This can be somewhat mitigated by reusing computation
in the case that the definition also does not change between iterations, but this adds
significant complexity.

6.1 Implementation
As described, the type-checker reuses the constraints and requirements generated by previ-
ous iterations if and only if the signatures of the global definitions used are unchanged. Note
that this requires the definitions not to be unfolded when processing constraints, as the goal
is to be able to reuse these constraints even if the definition changes. This does not necessar-
ily mean constraints referencing global variables are stuck, e.g. xg = xg is still solvable. The
constraints that require unfolding are marked as stuck.

Algorithm 3 Incremental Type Check
1: procedure INFER(cache, definition)
2: if cache contains defintion then
3: partial Ð Lookup definition in cache
4: if partial is not valid then
5: partial Ð Compute partial result for definition
6: Put (definition, partial) in cache
7: end if
8: else
9: partial Ð Compute partial result for definition

10: Put (definition, partial) in cache
11: end if
12: result Ð finalize partial
13: return result
14: end procedure

The procedure is described in Algorithm 3. When type-checking a definition, a partial
result is fetched from a cache. If a partial result is found, it verifies two properties:

1. The partial result is for an identical definition (same type signature and body). In the
implementation, this equality must be exact; α-equality is not considered.

22



6.1. Implementation

2. None of the dependencies have a different signature.

If these conditions are not met, the partial result represents an invalid solver state (w.r.t.
the new input) and thus needs to be recomputed. If a new partial result is computed, it
is stored in the cache for a future iteration. In addition to the inferred type, constraints and
requirements, this partial result also contains the solver state and exact definition. The state is
required to continue the computation, and the definition is needed for the validity checking.

The actual type-checking algorithm is almost identical to its non-incremental counterpart,
with a ’breakpoint’ before finalize. The key difference is that the initial type inference (be-
fore finalize) does not unfold global definitions and only considers their signatures. The
partial result is essentially a snapshot of the state at this point.

Whenmodule-level parallelisation is enabled, these partial results may be computed con-
currently (if needed), and are not required to be processed in a topological order. Then, in
topological order, the remaining constraints are solved for each definition. This ensures be-
havioural consistency with the non-incremental version. If a dependency is not successfully
type checked, this definition is skipped. Note that even in this case, the partial result is stored
in the cache to be reused.
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Chapter 7

Evaluation

This chapter covers the performance comparison between algorithms. The approach and the
results are listed, alongside an analysis of the results.

7.1 Benchmarks
Finding appropriate benchmarks has proven difficult. The provided benchmark programs
provide definitions of various complexities using all the terms provided by the language. No
claims are made regarding how well these programs represent real-world code.

Many different factors may influence the benchmarks. The frequency of different terms
in the language, the size of a definition, and the computational complexity of the terms all
play a role. Writing benchmarks that accurately represent real-world scenarios is non-trivial.
In particular, estimating how ’difficult’ a term is to type-check is an open problem. Alterna-
tively, porting existing dependently-typed code to Elara would provide a solid foundation.
Transpilation1 is out of the scope of this project, however, due to the challenges that come
with it. Elara is not ’batteries included’; many features seen in common dependently-typed
programming languages are not supported by Elara.

The benchmarks were performed on a system runningWindows 11, with an AMDRyzen
7 7800X3D CPU and 128GB DDR5-6000 CL30 RAM. The benchmark times are the average
completion time across a thousand consecutive runs unless specified otherwise. This is
done to reduce variance. While running the benchmarks, no other programs were running
(excluding background processes) to be able to access most of the available computing re-
sources.

The files used for benchmarking can be found in the elara directory inside the root direc-
tory of the source code. Next is a description of their contents.

church.elara This file contains various Church-encoded data types(Church 1941). In par-
ticular, booleans, natural numbers, empty, unit, identity, product, and sum types. Along-
side their definitions are some constructors and operators on these data types. The file con-
cludes by ’proving’ false using the inconsistency introduced by type-in-type semantics, via
Hurken’s paradox(Hurkens 1995).

nats.elara This file uses the built-in Nat data type, and uses its eliminator to write proofs
by induction and recursive definitions. Several common operations are implemented, such
as successor/predecessor operators, addition, subtraction, and multiplication. Furthermore,
it proves associativity and commutativity of addition using a Church-encoded identity type,
and some auxiliary lemmas.

1Source-to-source compilation
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vecs.elara This file uses the built-in Vec data type. It defines some operations on this data
type, such as appending an element, concatenating vectors, applying a function on the ele-
ments of a vector, and some folds over the elements.

stlc.elara This is an Elara port of the simply-typed lambda calculus benchmark included
in SmallTT. This provides a Church-encoded simply-typed lambda calculus with the follow-
ing types: natural numbers, top and bottom, products and sums. Strictly speaking, such
a lambda calculus should only have one type constructor, the function type. Note that al-
though the expressions are identical, the results are not comparable to SmallTT’s benchmarks.
The main reason for this is that SmallTT uses implicit arguments (which Elara does not sup-
port), adding additional complexity.

asymptotics.elara This is another Elara port of a benchmark included in SmallTT. Similarly
to stlc.elara, the results are also not comparable to SmallTT’s benchmarks. Its purpose in
SmallTT is to measure elaboration speed asymptotics. Here, on the other hand, it is used
to measure the type-check time of ’large’ terms. This particular benchmark requires signifi-
cantly more time type-check. Instead of a thousand iterations, these are run ten times only.

7.2 Results
Performance is analysed in four categories. The baseline performance represents the base
implementation of the algorithm. No additional flags are enabled. Next, the two different
approaches to parallelisation are compared. Lastly, incremental performance is discussed.

7.2.1 Baseline Performance
This section covers performance measurements of the type-checker without any additional
features. The results are shown in Table 7.1. In general, Elara’s type checker performs worse
than LambdaPi’s. However, the performance remains in the same order of magnitude. The
exception is asymptotics.elara, which Elara really struggles with.

File LambdaPi Elara TElara/TLambdaPi

church.elara 0.41ms 0.72ms 1.84
nats.elara 0.33ms 0.99ms 3.05
vecs.elara 0.10ms 0.42ms 4.20
stlc.elara 16.90ms 22.34ms 1.32

asymptotics.elara 3821.87ms 145461.78ms 38.06

Table 7.1: Baseline performance metrics.

7.2.2 Module-Level Parallelisation
In Figure 7.2, the (individually) normalised performance across all the benchmarks is shown.
The full results are available in Appendix C. The approach to this parallelisation is identical
across both type-checkers. This is clearly demonstrated, as the curves follow the same trend.
Elara’s type-checker gains a greater speed-up from this approach, but does not outperform
LambdaPi’s type-checker.

Looking at the graph, it is also clear that the performance gain bottoms out. The lim-
ited number of definitions per file, combined with the added constraints of the dependency
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Figure 7.2: Individually-normalised results for module-level benchmarks.

graph, means that only a few cores are used. By, for example, copy-pasting the same defi-
nitions multiple times to artificially increase the number of definitions that can be checked
concurrently, all cores can be used.

Note that in theory, the performance for N = 1 should be similar to the sequential (base-
line) performance. In practice, there is a small discrepancy; the baseline performance is
slightly better. Most likely, this is caused by the concurrency approach. Many threads are
created, but only one is run at a time, whereas in the sequential setting, no threads are cre-
ated.

7.2.3 Definition-Level Parallelisation
This section covers performance measurements of definition-level parallelisation. In these
runs, module-level parallelisation is disabled, and timings are reported per definition rather
than per file. The performance is not compared to LambdaPi as it does not have an equivalent
form of parallelisation.

This analysis focuses on the definition mul from stlc.elara. This definition has both a
large syntax tree and is relatively expensive to type-check. Thedefinitions in asymptotics.elara
are not consideredhere as these are less realistic. The other definition, bench1 from bench1.elara,
is purposely designed to exploit this approach to parallelisation. This term is a perfectly bal-
anced binary tree of height 10, generated recursively from e = e ¨ e. The 210 leaves of the tree
are a constant, 42. The numbers and multiplication are Church-encoded. In Table 7.3, the
timing and speed-up of these single definitions are given, alongside the number of capabili-
ties N .

For mul, the performance stays virtually the same. Profiling shows that it does parallelise
part of the traversal. The parallelisation clearly works for bench1, with a maximum speed-up
of 2.19, although still far from the theoretical optimum.

7.2.4 Incremental Performance
To check incremental type-check performance, four cases are considered. The benchmarks
are solely run on stlc.elara, as this file contains the most definitions. The benchmarks are
executed with N = 1 and N = 16. First, the base case. On a first run, the cache is empty, so
no partial results are available for reuse. When incremental type-checking is enabled, global
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File Definition N Time Speed-up
stlc.elara mul 1 2.67ms N/A
stlc.elara mul 2 2.70ms 0.99
stlc.elara mul 4 2.84ms 0.94
stlc.elara mul 8 2.77ms 0.96
stlc.elara mul 16 2.53ms 1.06

bench1.elara bench1 1 1.35ms N/A
bench1.elara bench1 2 1.07ms 1.26
bench1.elara bench1 4 0.83ms 1.62
bench1.elara bench1 8 0.62ms 2.19
bench1.elara bench1 16 0.73ms 1.86

Table 7.3: Results for definition-level parallelisation.

definitions are not directly unfolded. Reflexive constraints of the form xg = xg may still be
solved. The other cases are run after the initial type-check, with access to the partial results.

1. No changes: the same source code is fed to the type-checker. This case serves two
purposes: verifying if the incremental approach works, and as a baseline to compare
the other cases to.

2. A change is made in the definition of a node in the dependency graph with a large
degree. Thismeans thatmany other definitions depend on this definition. A traditional
contextual approach would have to recheck these definitions.

3. A change is made in the definition of a node in the dependency graph with degree zero
(i.e. a leaf node). No definitions depend on this definition.

File Description N Time T/Tfirst run

stlc.elara First run 1 9.19ms N/A
stlc.elara First run 16 2.90ms N/A
stlc.elara No changes 1 7.06ms 0.77
stlc.elara No changes 16 2.48ms 0.86
stlc.elara root_change.patch 1 7.14ms 0.78
stlc.elara root_change.patch 16 2.54ms 0.88
stlc.elara leaf_change.patch 1 7.11ms 0.77
stlc.elara leaf_change.patch 16 2.61ms 0.90

bench1.elara First run 1 7.9384991ms N/A
bench1.elara No changes 1 0.0703861ms 0.01

Table 7.4: Results for incremental type-checking.

In Table 7.4, the results of the benchmark is shown. An excerpt of the applied changes can
be found in Appendix C. The base cases are the slowest, as is expected. Strangely, it greatly
outperforms the non-incremental performance, when similar or slightly worse is expected.
The only difference is the lack of unfolding of definitions. It is clear that the implementation
is too eager with unfolding, introducing a lot of additional work.

The incremental cases do show a performance increase, but less than one may expect. A
large part of the computation time is dedicated to evaluating parts of the program. With
this approach to incremental type-checking, much of this computation is ’locked’ behind
the unfolding of definitions. This means the partial results to generate the constraints and
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requirements are inexpensive in comparison. This is demonstrated by reusing the same syn-
thetic benchmark bench1.elara used for the definition-level parallelisation benchmark. This
contains large terms that do not use dependent types. As such, little to no unfolding of
definitions (or evaluation) is required. When rechecked without changes, the performance
increase is clear, less than 1% of the first run.

The performance increase itself is consistent across the different cases. This is as expected.
Co-contextual type-checkers do not care about the relative order of the definitions in the
dependency graph, which the results support.

Lastly, this approach gains a greater speed-up as N increases than the non-incremental
definition-level parallelism. This is because all definitions are traversed concurrently, rather
than in a topological order.

7.3 Discussion
This section analyses the results and answers the research questions listed in chapter 1.

Is a co-contextual type-checking algorithm feasible for dependently typed languages?
Co-contextual type checking has proven to work for dependent types. Unfortunately, at a
base level, Elara performsworse thanLambdaPi. Elara especially struggleswith asymptotics.elara.
Profiling the type-checker shows no significant increase in the number of constraints with
respect to the size of the terms. The constraints themselves are more complex to solve. On
further inspection, Elara outperforms LambdaPi on the test1 benchmark, but performs sig-
nificantly worse on test2 and test3. The latter one in particular performs poorly, taking up
over 80% of the total time. Interestingly enough, this definition performs significantly better
than the other ones for LambdaPi.

To what extent can such an algorithm be parallelised? In this work, two different ap-
proaches were implemented for parallelisation.

Module-level Parallelisation The module-level parallelisation works as expected, but
this approach is also applicable for contextual type-checking. As such, the relative perfor-
mance improvements are very similar. Interestingly enough, the co-contextual type checker
gains a greater speed-up. This is likely due to its overall poorer performance.

Definition-level Parallelisation The timing remains relatively stable, even though in
theory there should be a speed-up. The discrepancies can be chalked up to variance or over-
head, as profiling shows parallel computation does occur. The number of opportunities can
be increased by decreasing the size cut-off, enabling parallel computation of smaller terms.
This has proven to worsen the performance, most likely due to the overhead of creating and
scheduling more threads for smaller computations.

This does not mean this approach is a dead end. As shown, it canwork. Furthermore, the
syntax tree for Elara is at best a binary tree. Different languagesmay have nodeswith a larger
degree2. Such languages would offer more opportunities for this granular parallelisation.

Elara’s implementation can also be improved. Firstly, the constraints need not be solved
sequentially, but can also be parallelised, too. Secondly, submitting work to a service dis-
tributing the load over a thread pool reduces thread creation overhead.

The main problem remains, however: when is it optimal to traverse part of the syntax
tree in parallel? In the implementation, the number of nodes in the syntax tree is used as

2For a given node, its number of children
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a heuristic for the computation cost. This, combined with bounding the parallelism and a
minimum size requirement, make for a primitive estimation.

Lastly, the potential benefits may be minor in comparison to per-definition or per-file par-
allelisation. Instead of allocating more computing resources for a singular definition, larger
projects may see a greater benefit by allocating them elsewhere.

To what extent can such an algorithm be made incremental? It is possible to create a co-
contextual incremental type-checker. Its main theoretical benefit, namely that dependencies
betweendefinitions are irrelevant to the incremental performance, is supported by the results.
Unfortunately, the approach does not yield as large a benefit as expected. There is room for
improvement, however. A more sophisticated data structure for the partial results may, for
example, track both the base constraints, and their progressed versions where definitions are
unfolded. Then, if a definition that occurs in a constraint remains unchanged, the progressed
constraints may be used rather than the base version. This way, more computation can be
reused.

How does its performance compare to contextual type-checking algorithms? In most
testedmetrics, the co-contextual type checker performsworse than LambdaPi’s bidirectional
contextual type checking algorithm. The performance difference is generally in the same or-
der of magnitude. This, combined with the numerous ways to improve the implementation
of Elara, means that this approach does have potential, and is worth looking further into.
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Chapter 8

Future Work

Elara demonstrates a co-contextual approach to type-checking dependently typed programs.
While it correctly type-checks some examples, there is no strong guarantee of correctness. A
strong mathematical foundation is a requirement for theorem provers, a common use case
of dependent types.

Furthermore, the language is a minimal working example of a co-contextual type system
supporting dependent types. Some features, like universe hierarchy and Σ-types are left out.
Other practical language features are also missing. Implicit arguments, user-defined types,
(dependent) pattern matching, and recursion are desirable in production languages. Lastly,
better error messaging and typed holes are nice to have.

Extending the base language with such features will undoubtedly increase complexity.
The feasibility and performance analysis of such additions is left for future work. Ultimately,
the aim is to retrofit a co-contextual type checker in existing dependently-typed program-
ming languages like Agda if a feature-complete version is proven to outperform existing
contextual implementations.

The performance of Elara’s type-checker itself has been shown to be comparable to Lamb-
daPi’s original type-checking algorithm. This research has listed various design issues, which,
if addressed, potentially allow it to outperform the original algorithm. An alternative route
to increase performance is finding some balance between contextual and co-contextual type
inference, as these different approaches have different strengths and weaknesses. Further
research could uncover better ways to type-check.

The main bottleneck of the incremental version of Elara’s type-checker is its conservative
approach. Currently, constraints are reused between iterations, meaning that no additional
traversal of the terms is required. It was shown, however, that the majority of the computa-
tion time is used in unfolding definitions and normalising constraints after these constraints
are generated. Even if the definitions themselves did not change, this computation needed
to be redone. If a definition is known to not change, this computation can be reused. A more
sophisticated data structure that can yield further processed constraints based on what defi-
nitions changed between iterations could be a solution.
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Chapter 9

Conclusion

Type systems supporting dependent types are the de facto standard for proof assistants. This
is their main real-world use case. The expressiveness of these type systems comes at a cost:
type checking carries significant computational complexity.

This work explored an alternative formulation of a type system supporting dependent
types: a co-contextual type system. It introduces the first co-contextual dependent type sys-
tem and accompanying type-checking algorithm. The implemented algorithm was adapted
to support both parallel type-checking and incremental type-checking. Lastly, the perfor-
mance of the type-checker was compared to a more traditional contextual algorithm. Specif-
ically, the reference implementation of LambdaPi’s contextual bi-directional type-checker.

In the end, neither approach performed significantly worse than the other, but the con-
textual reference implementation came out on top. The co-contextual algorithm has further
potential that has not been leveraged in this research. It is plausible that when addressing the
issues found with this work’s implementation, a co-contextual type-checker can outperform
existing algorithms. Furthermore, with a more sophisticated incremental type-checking ap-
proach, it is possible to reuse computation to a larger extent than is possible with contextual
approaches.
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Appendix A

Typing Judgments

This appendix covers the full typing judgments for Elara’s type system.

e : T1 | C´
1 | C?

1 | R1 t : T2 | C´
2 | C?

2 | R2

(R,C) = merge(R1, R2) (σ,C´
3 , C?

3) = solve(C Y tt = T1, T2 = Uu)

(e : t) : t | σ(C´
1 Y C´

2 Y C´
3 ) | σ(C?

1 Y C?
2 Y C?

3) | σ(R)
(COT-ANN)

U : U | H | H | H (COT-UNI)

A : T1 | C´
1 | C?

1 | R1 B : T2 | C´
2 | C?

2 | R2 (R3, C3) = merge(R2, tx : Au)

(R4, C4) = merge(R1, R3 ´ txu) (σ,C´
3 , C?

3) = solve(C3 Y C4 Y tT1 = U, T2 = Uu)

(Π(x : A). B) : U | σ(C´
1 Y C´

2 Y C´
3 ) | σ(C?

1 Y C?
2 Y C?

3) | σ(R4)
(COT-PI)

T fresh

xl : T | H | H | tx : T u
(COT-VAR-LOCAL)

T fresh

xg : Γ(xg) | H | H | H
(COT-VAR-GLOBAL)

e1 : T1 | C´
1 | C?

1 | R1 e2 : T2 | C´
2 | C?

2 | R2

T fresh (R, C) = merge(R1, R2) (σ,C´
3 , C?

3) = solve(C Y tT1 = Π1(e2 : T2). T u)

(e1 e2) : σ(T ) | σ(C´
1 Y C´

2 Y C´
3 ) | σ(C?

1 Y C?
2 Y C?

3) | σ(R)
(COT-APP)

e : T1 | C´
1 | C?

1 | R1

T2 fresh (R, C) = merge(R1, tx : T2u) (σ,C´
2 , C?

2) = solve(C)

(λx. e) : σ(Π(x : T2). T1) | σ(C´
1 Y C´

2 ) | σ(C?
1 Y C?

2) | σ(R ´ txu)
(COT-LAM)

Nat : U | H | H | H (COT-NAT)

O : Nat | H | H | H (COT-ZERO)
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S : Nat Ñ Nat | H | H | H (COT-SUCC)

[P : Nat Ñ U ] Ñ P O Ñ ([n : Nat] Ñ P n Ñ P (S n)) Ñ [n : Nat] Ñ P n (nat-ind)

natElim : nat-ind | H | H | H (COT-NATELIM)

V ec : U Ñ Nat Ñ U | H | H | H (COT-VEC)

Nil : [a : U ] Ñ V ec a O | H | H | H (COT-NIL)

Cons : [a : U ] Ñ [n : Nat] Ñ a Ñ V ec a n Ñ V ec a (S n) | H | H | H (COT-CONS)

[a : U ] Ñ [P : [n : Nat] Ñ V ec a n Ñ U ] Ñ P O (Nil a) Ñ

([n : Nat] Ñ [x : a] Ñ [xs : V ec a n] Ñ P n xs Ñ P (S n) (Cons a n x xs)) Ñ

[n : Nat] Ñ [xs : V ec a n] Ñ P n xs (vec-ind)

vecElim : vec-ind | H | H | H (COT-VECELIM)
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Appendix B

Supporting Implementation Details

This chapter describes some implementation details and design decisions not directly related
to the type-checking algorithm. These low-level program details are included for complete-
ness. The project is written in Haskell1 and built using the Cabal package manager2. The
benchmarking code makes use of some primitives supplied by the Glasgow Haskell Com-
piler, making it non-portable. The source code can be found on GitHub3.

B.1 Input Preprocessing

The terms obtained from parsing have to be pre-processed before being passed to the type
checker. This step performs two tasks.

Firstly, the language syntax does not differentiate between local and global variables. The
type-checker requires this, so the pre-processor splits variables into two terms: one for local
and one for global variables.

Secondly, for parallelisation, the size of a term (number of nodes in the syntax tree) needs
to be known. The pre-processor pre-computes this, so the size can be retrieved in O(1) time
during type-checking.

The time complexity of the preprocessing step is O(n ¨ log(n)) where n is the number of
nodes in the syntax tree.

At the file level, a check is done for duplicate definitions and (mutual) recursive defini-
tions. The former requires anO(n ¨ log(n)) traversal of the definitions, where n is the number
of definitions found in the file. Checking for cycles is O((n + E) ¨ log(n)) where E is the
number of dependents between definitions. This uses an algorithm for finding strongly con-
nected components in a directed graph(King and Launchbury 1995), which also yields a
topological order.

B.2 Variable representation

Elara uses named representation for its variables, distinguishing between local and global
variables. Name shadowing is allowed in the source language, and the type-checking algo-
rithm accommodates it. As long as variable substitution is capture-avoiding, name shadow-
ing will not cause issues.

1GHC 9.12.2, base 4.21.0.0
2Cabal 3.14.2.0
3https://github.com/DragonHunt3r/elara - Release 0.1.0.0
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B. SUPPORTING IMPLEMENTATION DETAILS

B.2.1 Requirements and Constraints
For all the advantages of the commonly-used De Bruijn indices(de Bruijn 1972) (locally
nameless) over a named representation, it does have its disadvantages for co-contextual type
checking. When traversing up the syntax tree, if a binder is encountered, all the requirements
generated from the child nodes need to have their local variables shifted if De Bruijn indices
were to be used.

Consider the K-combinator using De Bruijn indices λ λ 2. Inferring the type of the body
of the inner lambda will yield a requirement t2 : T u. When inferring the type of the in-
ner lambda itself, this requirement needs to be shifted to make it refer to the correct binder,
leaving t1 : T u.

B.2.2 Constraint Solving
When solving constraints, α-equivalence comes into play. Suppose there is a constraint
λx.x = λy.y. These two terms are α-equivalent. Using De Bruijn indices, α-equivalence
is the same as syntactic equivalence, making for a simple comparison. For Elara, since a
system to generate fresh symbols is already in place, a symbol is generated and applied to
both functions. This is equivalent to the following proposition: f = g ðñ @x.f x = g x (i.e.
functional extensionality). Informally, the generated symbol represents an ’arbitrary’ term.
If the proposition f x = g x holds for some opaque x (the generated symbol), then it holds
for any x.

In practice, this means evaluating the function application and comparing the results.
This covers α-equivalence, but is more powerful since more complex constraints can be
solved this way as well. The constraint λx.(λy.y) x = λy.y is not α-equivalent but can be
solved this way.

B.2.3 Substitution
With named variable representation, care is taken to avoid variable capture during substi-
tution. For example, consider the term λx. y. If the variable y is substituted naïvely for
some term where x occurs freely, the behaviour changes. This is undesirable. To avoid this,
binders may need to be renamed, and the substitute term needs to be traversed to find its
free variables. This is generally expensive.

Another issue is that the same term may be traversed multiple times for different sub-
stitutions. A faster implementation would simply store the substitutions as a lookup table
instead of eagerly substituting. Haskell’s laziness does not help here; computations may not
be done immediately, but have to be done fully eventually.

B.3 Symbol Generation
The type-checking algorithm needs to generate unique terms. A use for this is assigning a
placeholder type to an expression.

For simplicity, this uses an internal counter that gets fetched and incremented every time
a new symbol is requested. The access to this counter is atomic to prevent race conditions
in the parallel case. The actual number produced is irrelevant; the equivalence of two fresh
symbols is the only use for them. As such, the computation can be deferred lazily using,
meaning the atomic operation is only performed when the value is demanded.

This approach likely degrades performance when parallelisation comes into play. This
single-counter approach may result in multiple threads waiting to generate a fresh term, as
the same reference must be accessed sequentially. Other approaches that do not suffer this
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issue exist(Augustsson, Rittri, and Synek 1994), but would make the implementation more
convoluted.

B.4 Benchmarking
The main performance statistic of interest is the time it takes to type check. To do this, the
computation is run, and a timestamp is taken right before and after the computation. The
elapsed time between these time stamps measures the computation time. Unfortunately, a
single execution is not a good measure as it may be biased. Furthermore, very small execu-
tions may not be accurately measurable due to the precision of the clock used. Instead, a sin-
gle computation is repeatedmultiple times, and the average time is computed, reducing bias.
The primitives to execute an action multiple times are seen in Listing B.1. They are adapted
from the package criterion-measurement. This loop is heavily optimised to minimise over-
head. The return value is also fully evaluated, as Haskell’s laziness otherwise would prevent
the full computation from being performed. The inputs to these functions are fully evaluated
as well before the benchmarks are run, so the benchmark does not include evaluating thunks
that are otherwise unrelated to the computation being measured.
nf' :: (b -> ()) -> (a -> b) -> a -> Natural -> IO b
nfIO' :: (b -> ()) -> (a -> IO b) -> a -> Natural -> IO b

Listing B.1: Benchmarking primitives.

The command-line interface allows the user to set the number of iterations performed by
the benchmark and to swap between timing module-level and definition-level performance.
The default number of iterations is 100.

When benchmarking, only the actual type-checking is measured. The parsing and pre-
processing are not measured.

B.5 Profiling
The type checker supports some profiling of what the type checker is actually doing under
the hood. This keeps track of various statistics like the degree of parallelisation and solver
data, such as how many constraints are solved, progressed or stuck. The accumulated data
is separated by the definition being type-checked and the depth in the syntax tree. The re-
sulting data is stored in a CSV file. The column format is described in the project’s README.md.
This data may be used to reason about the algorithm’s performance. Note that this data
accumulation introduces overhead, so profiling should not be enabled while benchmarking.

B.6 LambdaPi Compatibility
LambdaPi’s core language is the same as Elara’s, by design. Conversion is straightforward,
but there are some minor differences between the languages:

• LambdaPi uses a locally nameless variable representation, whereas Elara does not. This
conversion is trivial.

• LambdaPi does not support partial applications of the type constructors, value con-
structors and eliminators of the Nat and Vec data types. For example, f = S :: Nat Ñ

Nat, where S is the successor constructor of the Nat data type, is not allowed in Lamb-
daPi, whereas Elara allows this. During conversion, such terms are η-expanded un-
til enough arguments are applied. In this example, the converted result would be
f = zx. S x (barring conversion to locally nameless representation). Note that a term
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B. SUPPORTING IMPLEMENTATION DETAILS

V ec T :: Nat Ñ U is expanded to zx. V ec T x and not (zx. zy. V ec x y) T . As this intro-
duces additional terms, type-checking comparison of terms that require expansion for
LambdaPi is unfair, but the overhead is insignificant..

• LambdaPi uses a bidirectional type-checking algorithm, differentiating between in-
ferrable and checkable terms. This requires the left-hand side of a function application
to be an inferable term. The top-level term also needs to be inferable, but this is no
issue, as Elara requires type annotations for top-level terms, making it inferable.
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Appendix C

Benchmark Data

This appendix contains various plots for the benchmarks.

Figure C.1: Module-level parallelisation benchmarks for church.elara.

Figure C.2: Module-level parallelisation benchmarks for nats.elara.
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C. BENCHMARK DATA

Figure C.3: Module-level parallelisation benchmarks for vecs.elara.

Figure C.4: Module-level parallelisation benchmarks for stlc.elara.

Figure C.5: Module-level parallelisation benchmarks for asymptotics.elara.
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-Ty = [Ty: U] -> [nat: Ty] -> [top: Ty] -> [bot: Ty] -> [arr: Ty -> Ty -> Ty]
- -> [prod: Ty -> Ty -> Ty] -> [sum: Ty -> Ty -> Ty] -> Ty
+Ty = [Ty: U] -> [nat: Ty] -> [top: Ty] -> [bot: Ty] -> [arr: Ty -> Ty -> Ty]
+ -> [prod: Ty -> Ty -> Ty] -> [sum: Ty -> Ty -> Ty] -> ((\x. x) Ty)

Listing C.1: Root definition change.

-tfalse = \ctx. right ctx top top (tt ctx)
+tfalse = \ctx. right ctx top ((\x. x) top) (tt ctx)

Listing C.2: Leaf definition change.
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