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SUMMARY

While reinforcement learning (RL) and supervised learning provide powerful approaches
for finding optimal controllers for complex systems, ensuring safety remains a critical
challenge. In control problems, safety is typically defined as maintaining state and input
constraint satisfaction throughout the system’s evolution. The key issue lies in balanc-
ing constraint satisfaction with computational efficiency in the presence of inevitable
learning errors. This PhD thesis addresses this challenge across linear, piecewise affine
(PWA), and nonlinear systems with various constraint structures.

First, we consider linear systems with linear constraints. RL struggles with constraints,
whereas model predictive control (MPC) excels in handling them but can be computa-
tionally demanding. The PhD thesis introduces a novel approach combining the two
methodologies to overcome their individual limitations. Particularly, constrained ap-
proximate dynamic programming (ADP) associated with a novel convex and piecewise
quadratic (PWQ) neural network is proposed to approximate the infinite-horizon value
function, which is used as the terminal cost function in an MPC problem where the hori-
zon is 1. A decomposition algorithm is developed to solve the PWQ MPC problem effi-
ciently.

PWA systems can model hybrid behavior and approximate nonlinear dynamics. We
address PWA systems with union-of-convex-sets constraints, where traditional hybrid
MPC faces scalability issues. We consider two alternative learning-based approaches:
safe learning with cost shaping and safe learning with policy filtering. The cost shaping
method accommodates the state constraints into ADP by adding PWA penalty functions
into the cost function. An actor-critic learning algorithm is developed, generating an
explicit and computationally efficient ADP policy. We propose a systematic verification
framework based on mixed-integer linear programming to certify the practical stability
and safety. In contrast, the policy filtering method, which employs a safety filter, offers
stronger safety guarantees and broader applicability than cost shaping. When applied
to PWA systems, traditional safety filters usually solve a mixed-integer convex program,
which compromises the computational benefit of learning-based control. We introduce
an optimization-free safety filter that determines safe control inputs using algebraic and
min-max operations, significantly reducing computational overhead. Additionally, to
further reduce the conservatism of the safety filter, we design predictive safety filters
using the concept of predictive control barrier functions (CBFs). Generalized Clarke
derivatives are used to handle the non-smoothness of the optimization problem. We
show that enforcing CBF constraints across all components of the generalized Clarke
derivatives is sufficient to guarantee safety.

We also develop a general optimization-based safety framework for nonlinear systems
with non-convex constraints. When applied to general nonlinear systems, traditional
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x SUMMARY

safety filters and MPC typically involve a prediction model, which severely limits their
application when the model is unknown. In contrast, the proposed optimization-based
safe control framework can be used in model-based and model-free settings. Besides,
it is computationally efficient to implement and preserves safety performance under
learning errors. We introduce state-action control barrier functions (SACBFs), which fa-
cilitate efficient convex quadratic optimization-based safety filtering. We propose both
model-based and data-driven approaches to synthesize SACBFs. The effect of learn-
ing errors on the effectiveness of SACBFs is addressed by developing an error-to-state
safety analysis framework, which establishes a foundation for a constraint-tightening
approach. As an extension to the model-free setting, direct data-driven safe control is
proposed, enabling safe control design and implementation purely from state transi-
tion data. The proposed optimization-based control framework bridges the gap between
model-free learning-based control and constrained control by decoupling performance
optimization from safety enforcement.

In summary, the PhD thesis integrates machine learning and optimization to develop
safe and online efficient control methods for linear, PWA, and nonlinear systems. Simu-
lations on tasks such as inverted pendulum stabilization, adaptive cruise control, control
of room temperature, and vehicle trajectory planning demonstrate significant improve-
ments in computational efficiency and constraint satisfaction over conventional control
methods.



SAMENVATTING

Hoewel reinforcement learning (RL) en supervised learning krachtige methoden bieden
voor het vinden van optimale regelstrategieën voor complexe systemen, blijft het waar-
borgen van veiligheid een cruciale uitdaging. In regelproblemen wordt veiligheid door-
gaans gedefinieerd als het handhaven van beperkingen op de toestanden en de ingangen
gedurende de evolutie van het systeem. De kern van het probleem ligt in het balance-
ren van het naleven van beperkingen en het verhogen van de computationele efficiëntie
in de aanwezigheid van onvermijdelijke leerfouten. Dit proefschrift pakt deze uitdaging
aan voor lineaire, stuksgewijze affiene (in het Engels: piecewise affine (PWA)) en niet-
lineaire systemen met diverse beperkingsstructuren.

Allereerst beschouwen we lineaire systemen met lineaire beperkingen. RL heeft moeite
met beperkingen, terwijl modelgebaseerde voorspellende regeling (in het Engels: mo-
del predictive control (MPC)) daar juist sterk in is, maar vaak veel rekenkracht vereist.
Dit proefschrift introduceert een nieuwe aanpak die beide methoden combineert om
hun individuele beperkingen te overwinnen. In het bijzonder wordt een benadering met
constrained approximate dynamic programming (ADP) voorgesteld, in combinatie met
een nieuw convex en stuksgewijs kwadratisch (in het Engels: piecewise quadratic (PWQ))
neuraal netwerk om de oneindige-horizon waardefunctie te benaderen. Deze benade-
ring wordt gebruikt als eindkostenfunctie in een MPC-probleem met een horizon van 1.
We ontwikkelen ook een decompositie-algoritme om het PWQ-MPC-probleem efficiënt
op te lossen.

PWA-systemen kunnen hybride gedrag modelleren en niet-lineaire dynamica benade-
ren. We beschouwen PWA-systemen met beperkingen gedefinieerd als de unie van con-
vexe verzamelingen, waarbij traditionele hybride MPC tegen schaalbaarheidsproblemen
aanloopt. We bekijken twee alternatieve leergebaseerde benaderingen: veilig leren met
kostenaanpassing en veilig leren met regelbeleidsfiltering. De kostenaanpassingsme-
thode verwerkt toestandsbeperkingen in ADP door PWA-boetefuncties aan de kosten-
functie toe te voegen. Een actor-critic leeralgoritme wordt ontwikkeld dat een expli-
ciet en computationeel efficiënt ADP-regelbeleid oplevert. We stellen ook een syste-
matisch verificatiekader voor op basis van gemengd-gehele lineaire optimalisatie om
praktische stabiliteit en veiligheid te garanderen. De regelbeleidsfiltermethode, die ge-
bruikmaakt van een veiligheidsfilter, biedt echter sterkere veiligheidswaarborgen en bre-
dere toepasbaarheid dan kostenaanpassing. Bij toepassing op PWA-systemen vereisen
traditionele veiligheidsfilters doorgaans het oplossen van een gemengd-geheel convex
optimalisatie-probleem, wat het computationele voordeel van leergebaseerde controle
teniet doet. Daarom introduceren we een optimalisatievrij veiligheidsfilter dat veilige
regelcommando’s bepaalt via algebraïsche en min-max-bewerkingen, wat de rekenlast
aanzienlijk vermindert. Om het conservatisme van het veiligheidsfilter te verminderen,
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onderwerpen we bovendien voorspellende veiligheidsfilters op basis van het concept
van voorspellende control barrier functions (CBF’s). Gegeneraliseerde Clarke-afgeleiden
worden gebruikt om de niet-gladheid van het optimalisatieprobleem te adresseren. We
tonen aan dat het afdwingen van CBF-beperkingen over alle componenten van de gege-
neraliseerde Clarke-afgeleiden voldoende is om veiligheid te garanderen.

Daarnaast ontwikkelen we een algemeen optimalisatie-gebaseerd veiligheidskader voor
niet-lineaire systemen met niet-convexe beperkingen. Bij toepassing op algemene niet-
lineaire systemen vereisen traditionele veiligheidsfilters en MPC meestal een voorspel-
lingsmodel, wat hun toepasbaarheid beperkt wanneer het model onbekend is. In tegen-
stelling hiermee kan het voorgestelde optimalisatie-gebaseerde kader voor veilige rege-
ling zowel in modelgebaseerde als modelvrije omgevingen worden gebruikt. Bovendien
is het computationeel efficiënt te implementeren en blijft het veilig presteren bij leer-
fouten. We introduceren state-action control barrier functions (SACBF’s), waarmee ef-
ficiënte convex-kwadratische optimalisatie-gebaseerde veiligheidsfiltering mogelijk is.
Zowel modelgebaseerde als data-gedreven methoden worden voorgesteld voor het con-
strueren van SACBF’s. Het effect van leerfouten op de effectiviteit van SACBF’s wordt
aangepakt via een fout-naar-toestand veiligheidsanalyse, die de basis legt voor een aan-
pak met aangescherpte beperkingen. Als uitbreiding naar de modelvrije context wordt
directe data-gedreven veilige regeling voorgesteld, waarmee veilige regeling enkel en
alleen op basis van toestandstransitiedata mogelijk is. Het voorgestelde optimalisatie-
gebaseerde regelkader overbrugt de kloof tussen modelvrije leergebaseerde regeling en
regeling met beperkingen door optimalisatie van de prestatie los te koppelen van het
afdwingen van veiligheid.

Samengevat integreert dit proefschrift machine learning en optimalisatie om veilige en
online efficiënte regelmethoden te ontwikkelen voor lineaire, PWA- en niet-lineaire sys-
temen. Simulaties van taken zoals stabilisatie van een omgekeerde slinger, adaptieve
snelheidsregeling, temperatuurregeling van een kamer en voertuigtrajectplanning to-
nen aanzienlijke verbeteringen in rekenefficiëntie en naleving van beperkingen ten op-
zichte van conventionele regelmethoden aan.
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1
INTRODUCTION

1.1. BACKGROUND
The advancement of modern control systems has brought remarkable improvements in
various engineering fields, ranging from autonomous vehicles [91] to smart multi-energy
networks [159] and beyond. Some of these advancements in the last 10 years can largely
be attributed to the enhanced computing capabilities of microcomputers, the increas-
ing richness of data, and the emergence of machine learning. Machine learning, espe-
cially deep learning using neural networks [125], can capture complex mappings directly
from data, generalize to unforeseen scenarios, and optimize multiple learning objec-
tives. These benefits make machine learning a powerful tool for both system modeling
and controller synthesis. Now, there is a growing body of research, from both theoretical
and practical perspectives, focusing on integrating machine learning into controller de-
sign, a field commonly referred to as learning-based control [112]. However, to optimize
performance and to explore unknown scenarios, learning-based controllers could un-
avoidably produce radical and risky actions, which may have harmful effects on system
components.

1.1.1. SAFETY IN SYSTEMS AND CONTROL
Safety in systems and control is a multifaceted concept that can vary depending on
the context and application. For example, safety can mean resilience against denial-of-
service attacks in cyber-security [43], fault tolerance to ensure reliable operation despite
component failures [9], satisfaction of constraints on cumulative rewards in constrained
Markov decision processes [189], or adherence to temporal logic specifications [146]. In
this PhD thesis, safety is specifically defined as the ability of satisfying given hard state
and input constraints over the entire evolution of the system. The main challenge of pur-
suing safety in this context is that unsafe control inputs may not immediately cause state
constraint violations at the moment, but could lead to violations of some constraints in
the future. Let us take a simple obstacle avoidance problem as an example (see Fig. 1.1a).

1
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Suppose that an autonomous vehicle approaches an obstacle closely at a high speed. In
that case, it does not record any constraint violation at the moment, but it could hap-
pen that the vehicle will eventually crash into the obstacle even if the maximum braking
force or the maximum steering angle is applied.

To ensure safety, various methods have been proposed in the control community, in-
cluding control barrier functions (CBFs) [8], reachability-based methods [4], and pre-
dictive control methods [198]. All three approaches are fundamentally rooted in the
theory of set invariance [30]. An invariant set (also referred to as a safe set) is a set of
states such that the system will remain within that set for all future time steps. CBFs and
reachability-based methods find explicit representations of invariant sets, while predic-
tive control methods implicitly define invariant sets through the feasible set of an open-
loop constrained optimal control problem. In this PhD thesis, we investigate the inter-
action of these three methods with machine learning, in the aspects of learning safe sets
as well as learning safe controllers.

(a) Safety problems in vehicle control. Unsafe
control actions can lead to crashes in the future,
depicted by the red curve. The green curve rep-
resents the trajectory from safe actions.

(b) An illustration of an invariant set, usually
a subset of the state constraint set. Systems
starting within the invariant set remain in this
set, while systems starting outside the maxi-
mum invariant set (i.e., the largest maximum
invariant set containing all invariant sets) can
not always satisfy the constraint.

Figure 1.1: Geometric illustration of safety and invariant sets.

It should be noted that ensuring safety alone is not a challenging issue, as it is usually
possible to keep the system stationary within the most trustworthy region. For example,
drivers can always park their cars in the parking space to avoid dangerous accidents.
The main difficulty, on the other hand, is achieving optimal control performance and
simultaneously guaranteeing safety. To this end, model predictive control (MPC) [166]
and safe or constrained learning-based control [10], [39] have been developed.

1.1.2. MODEL PREDICTIVE CONTROL
MPC is an optimization-based control method that solves a finite-horizon optimal con-
trol problem in real time to determine control inputs. MPC is a promising approach
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for ensuring safety by including state and input constraints directly in the online opti-
mization problem. Meanwhile, MPC can achieve sub-optimal performance1 by directly
considering the desired performance criteria as a (multi-objective) cost function in the
optimization problem. To predict the system’s behavior over future time steps, MPC re-
quires a prediction model, which can be derived from either physical principles or ma-
chine learning techniques.

Despite its advantages, MPC also has significant limitations. The main roadblock lies in
the fact that the online optimization problem is, in general, nonlinear and non-convex
for nonlinear and hybrid systems. This results in a huge computational burden, which
makes MPC unsuitable for situations where swift decision-making is crucial. Explicit
MPC for linear and piecewise affine (PWA) systems addresses this issue by precomput-
ing the mapping from the current state to the optimal control input offline using mul-
tiparametric optimization [35]. This mapping is then stored for online implementation.
However, explicit MPC suffers from exponentially increasing offline computational com-
plexity and storage requirements as the problem size expands, posing a critical limita-
tion for large-scale systems [5]. Another limitation of MPC is its reliance on an accu-
rate prediction model. For complex systems, modeling errors inherently exist and their
effects on performance tend to be amplified in MPC optimization problems [180], par-
ticularly when a long prediction horizon is necessary to ensure long-term safety and to
approach the infinite-horizon optimal policy. Over the past two decades, several robust
and stochastic MPC methods have been developed to handle uncertainty. By requir-
ing specific assumptions on uncertainty, these methods can offer robust or probabilistic
guarantees on safety and performance [42], [150].

1.1.3. LEARNING-BASED CONTROL
Learning-based control leverages machine learning techniques to develop adaptive con-
trol policies. Similar to human learning, where children often imitate the behaviors of
their parents or receive rewards when they perform well independently, learning-based
control can be categorized into two main groups: supervised learning (SL)-based con-
trol and reinforcement learning (RL)-based control. In SL-based control, the controller
learns from labeled data, which is collected from, e.g., an expert or experiments on op-
timal control. The control policy is trained using state-input pairs to minimize the dif-
ference between predicted and target control signals from the expert. In contrast, RL-
based control learns through interactions with the controlled system and environment
or from previously collected offline data, obtaining rewards or penalties based on its ac-
tions. RL can handle model uncertainty effectively because it learns directly from such
interactions. Over many iterations, the RL agent can refine its policy to maximize a user-
specified long-term cumulative reward.

Learning-based control can also be broadly classified into online and offline variants.
Online learning methods [56], primarily considered in RL, improve the policy by in-
teracting with the controlled system and environment using the latest learned policy
(referred to as on-policy methods) or any other policy (referred to as off-policy meth-

1The sub-optimality can arise from several factors, including the finite prediction horizon, model uncertainty,
the receding horizon strategy, and the sub-optimality of numerical optimization.
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ods). The key advantage of online methods is that they are adaptive to a changing en-
vironment. However, online policy updates often require substantial computational re-
sources. Besides, for safety-critical problems, online interaction with the real system and
environment could be dangerous and thus impractical. These challenges have led to the
development of offline learning-based control, in which the agent learns policies merely
from previously collected data [126]. Typically, the dataset is generated from simulators,
allowing for large-scale data collection and enabling the inclusion of potentially unsafe
policies during training without real-world consequences. Once the training is finished,
the policy will not be altered anymore in the online phase, making it more efficient for
online implementation. In this PhD thesis, to address the online computational issues
of MPC, we focus on offline learning methods.

Meanwhile, learning-based control can also be categorized into model-based methods
and model-free methods. Most RL methods, including approximate value and policy
iteration, deep deterministic policy gradient, trust region policy optimization, and prox-
imal policy optimization, have both model-based and model-free variants [41]. In the
model-free RL setting [70], the controller interacts directly with the real system to col-
lect data, which is then used to train the control policy. In contrast, model-based RL
first constructs a nominal model of the system and uses this model to generate training
data. Model-based RL is generally more sample-efficient than its model-free counter-
part, as it enables learning through the approximation of classical state value functions
rather than the state–action value functions typically used in model-free RL. However,
the convergence analysis of model-based RL is more challenging, as it must account
for approximation errors arising from both model inaccuracies and value/policy func-
tion approximations. When safety constraints are considered, model-based RL becomes
particularly appealing because it allows for potential constraint violations through sim-
ulations of the nominal model. In contrast, model-free RL requires safe exploration, i.e.,
ensuring that safety constraints are satisfied throughout the learning process, as it inter-
acts directly with the real system. For SL, a representative model-free example is learn-
ing behaviors of humans [158], as humans typically do not rely on explicit mathematical
models. Recently, there has been increasing interest in learning explicit MPC policies
[44], [114], [122], which belongs to the class of model-based SL methods. In this PhD
thesis, to improve sampling efficiency, we primarily focus on explicit model utilization,
while in Chapter 7, we explore the extension to a model-free setting.

The main advantage of learning-based control over MPC is that it can enable fast com-
putation of control inputs using policy function approximation. Moreover, by updat-
ing policies from state-input data, learning-based control bypasses the necessity for ac-
curate models or hand-crafted controller design. By leveraging techniques from con-
strained stochastic optimization, RL can achieve probabilistic safety guarantees under
model uncertainty [157]. Nevertheless, a notable drawback of learning-based control is
its potential lack of deterministic safety, i.e., it struggles to deal with complex hard con-
straints on states and inputs. This drawback stems from the intrinsic randomness of
the learning process, the limited capability of function approximation, as well as data
insufficiency.

To enhance safety in learning-based control, existing research typically follows two main
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methodologies: 1. offline safety enforcement and 2. online constrained action opti-
mization.

1. Offline safety enforcement directly enforces safety constraints throughout the learn-
ing process, including methods such as constrained policy optimization [2], re-
ward or cost shaping [29], [189], and Lagrangian RL [128]. These methods are
mostly inspired by constrained optimization [26].

2. Online constrained action optimization utilizes safety filters to regulate potentially
unsafe control actions generated by standard learning methods [123], [149], [196],
[198].

We argue that safe learning-based control cannot be truly achieved without using on-
line optimization to guarantee explicit constraint satisfaction. Therefore, this PhD
thesis primarily focuses on online optimization methods to determine a safe policy. On
the other hand, it is evident in the literature that including safety constraints during the
learning process can improve task performance [53]. Therefore, in Chapters 2, 3, and 7,
we investigate the combination of both methodologies.

1.2. MOTIVATION AND CHALLENGES
It can be observed that several advantages and disadvantages of MPC and learning-
based control are nearly complementary. Specifically, weaknesses of either approach
are strengths of the other. A detailed comparison of MPC and learning-based control is
provided in Table 1.1, and also in some comprehensive surveys [19], [87], [168]. Given
this observation, many researchers have explored the integration of MPC and learning-
based control to overcome their respective limitations. For example, RL algorithms can
be used to update parameterized MPC to produce safe and stabilizing policies [90], [154].
MPC, on the other hand, can serve as an expert or critic to guide the updates of learning-
based control policies [84]. Besides, MPC policies can be used to warm start the training
of RL policies [116]. Conversely, machine learning can be used to determine a part of the
decision variables in MPC [145].

Even though these integrations make the resulting control frameworks more robust to
uncertainties than MPC and safer and more reliable than learning-based control, we
argue that simultaneous safety guarantees and online computational efficiency have
not yet been achieved in the literature related to such integrations. This statement is
based on the following reasoning: No matter how the two methods are integrated, con-
trol actions are determined either by parameterized MPC or by parameterized explicit
functions. Learnable MPC can produce safe control actions but is still computationally
expensive, while explicit functions offer low inference times but in general cannot ensure
complete constraint satisfaction.

Given the limitations of MPC, learning-based control, and their integrations, we con-
sider integrating learning-based control with efficient online optimization methods, such
as constrained approximate dynamic programming (ADP) (which can be viewed as a
one-step MPC with terminal value function approximation) and learning-based control
with safety filters [81], [154], [197], [198]. As discussed in Section 1.1.1, safety filters in-
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Table 1.1: Comparison of MPC and Learning-Based Control.

Model Predictive Control (MPC) Learning-Based Control
Online com-
putational
complexity

Typically high for PWA and nonlin-
ear systems

Low

Safety and sta-
bility

Has formal guarantees under as-
sumptions

Does not have guarantees unless
combined with formal methods or
safe exploration strategies

Handling un-
certainties

Robust and stochastic MPC can
handle model uncertainties.

Can inherently deal with uncer-
tainties by exploring the environ-
ment

Model depen-
dence

Requires a prediction model Can learn directly from data, with-
out dependency on explicit mod-
els

Adaptability Can adapt to model changes by
adjusting the prediction model

Needs re-training or online learn-
ing

volve using an invariant set to modify policies, aiming to preserve task performance by
keeping the invariant set as large as possible. For nonlinear systems, it is in general in-
tractable to synthesize a permissive invariant set. This motivates the development of
using learning-based methods to learn invariant sets [4], [32], [47], [77], [82], [121], [173],
[196], [201] (and safe policies in parallel [138], [211]). However, unavoidable learning
errors may arise in the approximation of value functions, invariant sets, and policies,
potentially compromising task performance and safety guarantees. This is one of the
major open issues of safe learning-based control.

From a computational perspective, it should be remarked that for discrete-time PWA or
nonlinear systems, online policy refinement in general includes solving a non-convex
nonlinear optimization problem, which may require excessive computational time to
obtain a sufficiently optimal solution [64], [103]. Moreover, achieving near-optimal con-
trol performance necessitates precise value function approximations and large invari-
ant sets, often relying on sophisticated learning models such as deep neural networks.
However, employing complex function approximations significantly increases the com-
putational burden. In conclusion, there naturally exists a trade-off among accuracy,
optimality, and computational effort.

1.3. SCOPE AND RESEARCH QUESTION
In this PhD thesis, we address the above challenges in the realm of constrained control
of linear, PWA, and nonlinear systems. The central research question is

How to effectively integrate optimization and learning-based control, in such a way
that performance optimality, safety, and computational tractability are preserved?

To answer this question, we capitalize on the adaptability of machine learning approaches
and merge them with classical optimization and control approaches. In this PhD thesis,
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we demonstrate how to combine these methods to develop computationally efficient
and provably safe learning-based control algorithms.

Specifically, offline learning is employed to address unknown components in constrained
optimal control problems, including optimal value functions, optimal policies, and in-
variant constraints. We study what kinds of learning objectives and function approxi-
mators should be adopted to improve control performance while adhering to computa-
tional time limits.

In our work, online optimization is mainly responsible for generating safe control ac-
tions. We study how to efficiently solve the optimization problem that determines the
control actions or to approximate its solution. Besides, we also investigate how to
use global optimization techniques, such as mixed-integer linear programming (MILP)
[169], to offline certify the stability and safety of learning-based controllers. This helps
us to assess at least whether a learned controller is practically stable and satisfies safety
constraints, even when its performance is not guaranteed in theory.

Moreover, we utilize some control-theoretic approaches, such as control barrier func-
tions, Lyapunov functions [118], reachability analysis, dynamic programming [25], (ro-
bust) MPC [106], and data-driven control [72], to establish formally sound performance
guarantees for learning-based control.

Meanwhile, we advocate for the use of PWA approximations on both systems and con-
straints. PWA functions can approximate nonlinear functions and model hybrid phe-
nomena and are the simplest extension of linear/affine functions [89]. By using PWA
approximations, we can take advantage of rich control and optimization tools, such as
polytopic reachability analysis [130] and mixed-integer programming, to balance be-
tween computational complexity and control accuracy.

1.4. CONTRIBUTIONS
The main contributions of the PhD thesis are introduced next:

1. We propose a novel approach combining ADP and MPC for optimal control of lin-
ear systems with linear constraints, more precisely, infinite-horizon constrained
linear quadratic regulation problems. MPC uses a finite yet long horizon to ap-
proximate the infinite-horizon value function, but it struggles in high-speed appli-
cations due to computational demands. To effectively approximate the value func-
tion, we propose a novel convex and piecewise quadratic neural network, which is
incorporated as the terminal cost in the MPC problem with the horizon equal to
1 to determine control inputs. When an accurate approximation is achieved, the
proposed method guarantees both stability and feasibility. Additionally, we intro-
duce an efficient decomposition algorithm to solve the online optimization prob-
lem, providing a rigorous analysis of finite-time termination and computational
complexity.

2. We develop a constrained ADP method for optimal control of PWA systems with
non-convex union-of-polyhedra state constraints. We utilize PWA penalty func-
tions to manage these state constraints. Specifically, we propose two formulations
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for integrating PWA penalties: one that adds penalties to the stage cost and an-
other that embeds penalties directly into the cost-to-go. Our key finding is that
embedding penalties into the cost-to-go, which is rarely considered in the liter-
ature, offers greater sampling efficiency and improved approximation accuracy.
Besides, we conduct a systematic performance analysis to evaluate the feasibility,
stability, and sub-optimality of the resulting learning-based controllers. The theo-
retical analysis provides guidance and recommendations for parameter tuning in
the proposed ADP algorithms. Moreover, for scenarios where the theoretical re-
sults do not apply, we develop a mixed-integer optimization-based framework to
verify the practical stability and safety of the closed-loop system.

3. We design safety filters for PWA systems with state constraints represented as a
union of polyhedra and ellipsoids. We develop, for the first time, an optimization-
free safety filter that can rapidly determine safe control inputs based on algebraic
operations only. A piecewise affine and quadratic classification algorithm is pro-
posed to learn the invariant set, which is a crucial component of the safety filter.

4. We also design, for the first time, predictive safety filters for continuous-time PWA
systems with general constraints. Predictive safety filters reduce the conservatism
of standard safety filters, but require the smoothness of constraints and dynamics
[52], which is not the case in our problem setting. To bridge this gap, we construct
a predictive safety filter that leverages generalized Clarke sensitivity [58] to address
the possibly non-smooth nature of the constraints and dynamics. We rigorously
prove the recursive feasibility and long-term safety of the predictive safety filter.
Moreover, we develop a computationally tractable way to calculate the generalized
Clarke sensitivity, which is essential for practical implementation. Furthermore,
we derive an explicit approximation of the safety filter solution, contributing to
the further reduction of the online computational demand.

5. We propose a novel concept called state-action control barrier functions (SACBFs)
to handle optimal control of nonlinear systems with nonlinear constraints. The su-
periority of SACBFs over existing safety certificates lies in their flexibility in param-
eterization. In particular, SACBFs can enforce safety constraints through a convex
quadratic optimization problem, significantly reducing the computational burden
typically faced by classical safety certificates such as CBFs. In addition, we de-
velop a learning-based method to approximate SACBFs that is primarily built on
reachability analysis. Furthermore, we propose a constraint-tightening approach
to eliminate the effect of learning errors on the validity of SACBFs.

6. Motivated by the challenges of accurately modeling complex nonlinear systems,
we propose an optimization-based, direct data-driven safe control scheme for
nonlinear constrained control in the model-free setting. The scheme makes use of
the aforementioned SACBF to enforce safety constraints. The advantage is that the
control scheme can be trained and implemented using state transition data only.
We develop three different learning-based methods for synthesizing SACBFs di-
rectly from data. We propose a systematic framework, called Error-to-State Safety
(ESSf), to quantify how learning-induced errors in SACBFs affect overall safety per-
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formance. This motivates the approach of state constraint tightening followed
by SACBF constraint relaxation to ensure safety. Compared to the constraint-
tightening approach in the fifth contribution, the newly developed approach ex-
ploits the inherent robustness of SACBFs and is thus less conservative. Further-
more, we explore the interaction between task performance and safety under the
proposed control scheme. The main advantage of the proposed integrated opti-
mization and learning control framework is that it separates the learning of the
optimal controller into two components: optimizing performance through learn-
ing the objective function, and ensuring safety through learning the constraints.

Figure 1.2: Structure of this PhD thesis. Orange triangles mark key open challenges identified in the literature,
while lightbulbs represent the core contributions of this PhD thesis addressing those challenges. “ISS” means
“input-to-state safety”.

1.5. ORGANIZATION
The structure of the PhD thesis is illustrated in Fig. 1.2. Chapters 2-7 represent a collec-
tion of individual papers that have either been submitted for publication or have already
been published. As different chapters focus on different aspects of safe learning-based
control, the mathematical notations are defined for each chapter separately.
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Table 1.2: Connections and comparisons of Chapters 2 to 7.

Chapters Learning
method

Handling of con-
straints

Safety assurance Computational
considerations

Chapter 2 Value function
approximation

Computation of
invariant sets

✓ under assump-
tions

Efficient piece-
wise quadratic
optimization
algorithms

Chapter 3 ADP External penalty
functions

✓ under assump-
tions

Explicit control
policies

Chapter 4 Not specified Use of classifica-
tion to learn in-
variant sets

✗ Optimization-
free safety filters

Chapter 5 Not specified Predictive CBFs ✓ Approximate ex-
plicit solutions

Chapter 6 SL SACBFs ✓ under assump-
tions

Convex quadratic
parameterization

Chapter 7 Not specified SACBFs ✓ under assump-
tions

No considera-
tions

In Table 1.2, we present the connections and comparisons of Chapters 2 to 7, focusing
on key aspects such as the learning method employed, the approach to handling con-
straints, the assurance of safety, and the consideration of computational efficiency.

The main contents of all chapters are introduced as follows. Chapter 1 gives a brief in-
troduction to safety, model predictive control, and learning-based control, highlights the
unsolved questions, and lists the contributions of the PhD thesis. Chapter 2 develops an
ADP algorithm for linear systems with linear constraints. In Chapter 3, ADP algorithms
are proposed for constrained PWA systems. Chapter 4 proposes an optimization-free
safety filter for constrained PWA systems. In Chapter 5, a predictive safety filter for con-
strained PWA systems is proposed. Chapter 6 considers safety filter design for general
nonlinear constrained control problems. Chapter 7 further presents an optimization-
based safe control framework for unknown nonlinear systems.



2
APPROXIMATE DYNAMIC

PROGRAMMING FOR CONSTRAINED

LINEAR SYSTEMS

Approximate dynamic programming (ADP) faces challenges in dealing with constraints
in control problems. Model predictive control (MPC) is, in comparison, well-known for
its accommodation of constraints and stability guarantees, although its computation is
sometimes prohibitive. This chapter introduces an approach combining the two method-
ologies to overcome their individual limitations. The predictive control law for con-
strained linear quadratic regulation (CLQR) problems has been proven to be piecewise
affine (PWA) while the value function is piecewise quadratic. We exploit these formal re-
sults from MPC to design an ADP method for CLQR problems with a known model. A
novel convex and piecewise quadratic neural network with a local-global architecture is
proposed to provide an accurate approximation of the value function, which is used as the
cost-to-go function in the online dynamic programming problem. An efficient decomposi-
tion algorithm is developed to generate the control policy and speed up the online compu-
tation. Rigorous stability analysis of the closed-loop system is conducted for the proposed
control scheme under the condition that a good approximation of the value function is
achieved. Comparative simulations are carried out to demonstrate the potential of the
proposed method in terms of online computation and optimality.

This chapter is based on the paper [101] and its extended version [97].

11
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2.1. INTRODUCTION
Model-based reinforcement learning (RL), also known as (approximate) dynamic pro-
gramming ((A)DP) [204], has received much attention for the synthesis of controllers.
Compared to its diverse industrial applications, the theoretical analysis on the stabil-
ity and safety for RL faces great challenges. Thanks to Lyapunov stability theory, the
stability issue of ADP has been comprehensively addressed, both for linear [119] and
nonlinear systems [24], [186]. Although ADP approaches consider stability, safety is an-
other important issue that needs further study. Safety means that the states and inputs
of closed-loop systems satisfy some constraints. Techniques employed by RL or ADP
approaches for dealing with constraints can be grouped into two categories: policy-
projection-based methods and policy-optimization-based methods. Policy-projection-
based methods consider the RL formulation in the unconstrained case and involve a
regulator to check and modify the policies that may violate the constraints [50], [198].
These indirect methods, however, sometimes fail to capture the optimal solution of the
constrained problem and lack stability guarantees. In comparison, optimization-based
methods intend to directly get the optimal value function for the constrained problems
by solving the constrained Bellman equation. With the optimal value function available,
the optimal control policy can thereby be produced by solving a constrained policy op-
timization problem. [46] was the first investigation of this kind of method, but it is lim-
ited to searching for the best linear feedback control law and needs an initial stabilizing
policy. Following this direction, [45] explores an estimation approach to find an initial
stabilizing policy even when there are uncertain nonlinear dynamics.

In constrained cases, neither the optimal policy nor the optimal value function is read-
ily available, even for the most basic infinite-horizon linear quadratic regulation (LQR)
problems. This, to some extent, restricts the development of the policy-optimization-
based RL methods for constrained control problems. In comparison, model predictive
control (MPC) [35], an optimization-based control scheme widely adopted in the con-
trol community, has a mature stability and robustness theory as well as an inherent con-
straint handling. For infinite-horizon LQR problems, MPC can render the exact optimal
control law due to the equivalence of finite and infinite optimal control as long as the
horizon is sufficiently long [54]. With this fundamental property, infinite-horizon LQR
problems can be solved by either implementing MPC online or explicit MPC [22], and
the solution is proven to be piecewise affine (PWA) in the state space [22]. However, the
computational complexity of both online MPC and explicit MPC grows dramatically with
the increase of the problem size. This is one of the main drawbacks of MPC compared
with RL or ADP.

Dedicated to overcoming this drawback, approximation methods of predictive control
laws have received much attention in recent years. An emerging methodology is using
specific function regression techniques such as PWA neural networks (NNs) [50], [114],
[139]. Nevertheless, no guarantees of closed-loop stability are conveniently available,
even though the final approximation error is small enough. Using NN-based controllers
to warm start the solver in online MPC [51] can inherently guarantee stability, and learn-
ing Lyapunov functions to verify the stability of NN-based controllers [48] is also an alter-
native way. However, additional computation is required in the optimization or learning
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procedure.

Observing that MPC has computational limitations and approximation in the policy
space lacks performance guarantees, we aim to attain a computationally inexpensive
control scheme for linear systems with stability and feasibility guarantees. To this end,
we approximate the value function via ADP and shorten the prediction horizon to one.
We focus on the infinite-horizon LQR problem with state and input constraints. Differ-
ent from the research on approximating the MPC policy [50], [114], [139], we propose
a value function approximation scheme. The optimal value function that is character-
ized by explicit MPC is approximated by a piecewise quadratic (PWQ) NN. The synthesis
of the control law is conducted in a DP problem, where stability, feasibility, and sub-
optimality can be guaranteed if a good approximation is obtained. Meanwhile, note that
one disadvantage of approximating the value function is that it needs online policy op-
timization. To address this issue, we develop algorithms so that online optimization can
be done efficiently.

The contributions of the chapter are highlighted as follows:

1. We propose a novel NN structure to approximate the solution of the constrained
LQR problem based on ADP. The proposed NN structure can capture the PWQ and
convex properties of the value function. Different from policy-based approxima-
tion approaches [50], [114], [139], our approach has the important advantage that
the resulting controller has safety and stability guarantees.

2. We propose an efficient algorithm to solve the policy optimization problem, which
is a convex piecewise quadratic program. In particular, this program is simpli-
fied to a collection of quadratic programs (QPs). Note that the main difficulty that
prevents one from considering more complex approximation structures is the in-
crease in online computational time. We solve this problem in Algorithm 1. Com-
plexity analysis and simulation results show that the proposed method requires
much less online computation time than implicit MPC.

3. Compared to [46], the first exploration of ADP in a constrained LQR setting, the
proposed approach eliminates the restriction of searching for a linear feedback
law and does not require an initially stabilizing policy nor an initial state belonging
to an invariant set.

4. We do a rigorous stability analysis, give stability conditions, and provide a tractable
way to verify them.

2.2. PRELIMINARIES
Let N = {0,1,2, ...} and let λmax(P ) and λmin(P ) represent the maximum and minimum
eigenvalues of a symmetric positive definite matrix P . The boundary of the set P is ∂P,
and int(P) stands for the interior of P. We use Ai ,· to represent the i th row of the matrix
A.
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2.2.1. INFINITE-HORIZON OPTIMAL CONTROL AND MPC
We study the infinite-horizon constrained linear quadratic regulation (CLQR) problem

J∗∞(x) = min
U∞

{
J∞

(
x0,U∞)

:=
∞∑

k=0
xT

k Qxk +uT
k Ruk

}
s.t. xk+1 = Axk +Buk ,k = 0,1, . . . , x0 = x

xk ∈X,uk ∈U,k = 0,1, . . . , (2.1)

where xk ∈ Rn ,uk ∈ Rm , A ∈ Rn×n ,B ∈ Rn×m , X and U are polyhedra that contain the ori-
gin in their interior, and U∞ = [u0,u1, ...,u∞] is the infinite-dimensional decision vari-
able. Matrices A and B are known. Like [50], [117], the following assumption is supposed
to hold throughout the chapter.
Assumption 2.2.1. (A,B) is stabilizable, Q ⪰ 0, and R ≻ 0. Moreover, there exists an
initial state, such that there exists a sequence of admissible input vectors u0, u1, . . .
that can steer the state to the origin, i.e., X̄ := {

x ∈Rn |∃U∞ s.t. xk ∈X, uk ∈U, and J∗∞(x)
<∞, ∀k ∈N } is not empty.

With Assumption 2.2.1, let K ∈ Rm×n be a stabilizing gain matrix for the unconstrained
plant xk+1 = Axk +Buk . As in [54], we consider the admissible set of states under a given
stabilizing control gain K as X̄K = {

x ∈Rn | x ∈X,−K x ∈U}
.

If the constraints in (2.1) are removed, the problem admits a unique linear solution

uLQR
k = −K ∗xk , k = 0,1, . . . where K ∗ = (

R +B T P∗B
)−1

B T P∗A, and P∗ = P∗T is the
unique positive-definite solution of the algebraic Riccati equation [119]. Then, J∗∞(x) =
xT P∗x in the absence of constraints.

In the constrained case, if the state is close to the origin, the unconstrained LQR so-
lution uLQR

k = −K ∗xk , k = 0,1, . . . may not violate the constraints so that the solution
to (2.1) is identical to the unconstrained LQR solution −K ∗xk as if there is no con-
straint at all. This motivates the consideration of the maximal LQR invariant set OLQR

∞ =
{x ∈Rn | (A−BK ∗)k x ∈ X̄K ∗ ,∀k ∈N⊆Rn

}
for the autonomous constrained linear system

xk+1 = (A−BK ∗) xk , xk ∈X,∀k ∈N [35], [54]. With this definition, the existing literature
[54] considers using the finite-horizon problem

J∗N (x) = min
{uk }N−1

k=0

N−1∑
k=0

xT
k Qxk +uT

k Ruk +xT
N P∗xN

s.t. xk+1 = Axk +Buk , k = 0,1, . . . , N −1, x0 = x

xk ∈X, uk ∈U, k = 0,1, . . . , N −1 (2.2)

to approximate the infinite-horizon LQR problem 2.1. In (2.2), U = [u0,u1, ...,uN−1] is the
decision variable and U∗(x) is the solution. The rationale behind this design is that after
a sufficiently long horizon, the resulting xN will fall into O

LQR
∞ where the unconstrained

LQR solution uN =−K ∗xN will not violate the constraints. As a result, the terminal cost
xT

N P∗xN is an exact representation for J∗∞ (xN ). The following theorem, proposed in [54],
formally demonstrates the validity of this design.
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Theorem 2.2.1 ([54]). Let J̄ be an upper bound on J∗∞(x). Suppose that Assumption 2.2.1
holds. For any x ∈ X̄ , if N > (

J̄ −p
)

/q where 0 < q ≤ qm := inf
x∉OLQR

∞

{
xTQx

}
and 0 < p ≤

pm=̂ inf
x∉OLQR

∞

{
xTP x

}
, then xN ∈OLQR

∞ and problem (2.2) is equivalent to problem 2.1 in

the sense of J∗∞(x) = J∗N (x), ∀x ∈ X̄ .

According to Theorem 2.2.1, the horizon N is essential to the equivalence of the finite-
horizon and infinite-horizon problems. For a given x, one can repeatedly solve problem
(2.2) with an increasing N until the terminal state falls into O

LQR
∞ [179]. This approach

only works for a certain state value. Alternatively, [54] gives a conservative estimate of
the horizon for all x belonging to a polyhedral set X0 based on the result in Theorem
2.2.1. Specifically, [54] computes pm, qm, and J∗∞ at the vertices of X0. Next, J̄ is set
to be maximum of all J∗∞, and N is selected to be the smallest integer such that N ≥
( J̄ −pm)/qm. Throughout the chapter, we assume that N in (2.2) is chosen such that the
equivalence in Theorem 2.2.1 is satisfied.

By substituting the state update equation into J∗N (x) and the constraints, (2.2) can be
reformulated as a multi-parametric quadratic program (mpQP). See [35], [97] for details.
Explicit MPC aims to directly solve the mpQP for all possible x in a feasible set, and find
the relationship between the optimizer U∗(x) and x. The results from explicit MPC show
that the optimizer U∗(·) : Rn → RmN is PWA. So, the first element u∗

0 (·) : Rn → Rm of U∗
satisfies

u∗
0 (x) = F j x + g j , if x ∈R j , j = 1, . . . , Nr, (2.3)

where the polyhedral sets R j =
{

x ∈Rn : H j x ≤ h j
}

, j = 1, . . . , Nr constitute a finite parti-
tion of a compact set of initial conditions X0 ⊆ X̄ .

2.2.2. PROBLEM FORMULATION
The explicit controller is easy to compute offline in the case of a short horizon and a low-
dimensional input vector. However, with the increase of the horizon and the system’s
dimension, the number of regions in (2.3) grows exponentially [22] and the representa-
tions of these regions become more complex, which may make the offline computation
and online implementation intractable.

Artificial NNs with at least one hidden layer have the capability of universal approxi-
mation for any continuous function, provided that the hidden layer has enough units.
Herein, we can use NNs to represent the explicit MPC law, without any need to identify
the regions in (2.3). Related work is reported in [50], [114], [139], combined with super-
vised learning or policy gradient methods. The NN-based controllers proposed in [50],
[114], [139] require an online feasibility certificate to determine whether the outputs of
the NNs are safe. These NN-based policy approximators, however, inherently lack sta-
bility guarantees.

To address the computational burden of MPC and the lack of guarantees of policy-based
approximation, we adopt value function approximation and shorten the MPC horizon
to one. The main challenges are thereby (i) the design of the value function approxima-
tor, which is expected to output a function akin to the optimal value function, (ii) the
relation between those guarantees and the quality of the approximation, and (iii) further
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reduction of online computation time concerning that the one-step problem contains a
function approximator.

Before establishing our approximation structure, we concentrate on the properties of
J∗∞.
Theorem 2.2.2 ([35]). With Assumption 2.2.1 satisfied, in a compact polyhedral set of
the initial conditions X0 ⊆ X̄ , J∗∞ is continuous, convex, and PWQ over polyhedra

J∗∞(x) = Ji (x) := xT Pi x +qT
i x + vi , if x ∈Ri , i = 1, . . . , Nr. (2.4)

Moreover, if the mpQP problem (2.2) is not degenerate, then J∗∞ is continuously differ-
entiable.
Theorem 2.2.3 ([17]). Assume that (2.1) results in a non-degenerate mpQP. Let Ri ,R j be
two neighboring polyhedra and Ai ,A j be the corresponding sets of active constraints
at the optimum of (2.2). Then, (i) Pi − P j ≤ 0 if Ai ⊂ A j , and (ii) P∗ − P j ≤ 0, ∀ j ∈
{1,2, . . . , Nr}.

For the detailed description of degeneracy, see [97], [192].

2.3. ADP DESIGN USING CONVEX PIECEWISE QUADRATIC NEU-
RAL NETWORKS

2.3.1. NN DESIGN FOR APPROXIMATION IN VALUE SPACE
According to Theorems 2.2.2 and 2.2.3, the value function approximator, denoted by
Ĵ (·,θ) where θ refers to some parameters, is expected to have the following features: (F1)
It can partition its input space into polyhedral regions. (F2) It can produce a convex and
PWQ function partitioned by polyhedra. (F3) For x in a small region containing the ori-
gin, the approximator can provide the exact representation for the value function, i.e.,
Ĵ (x,θ) = xT P∗x.

We will use a feed-forward NN to capture the relationship between the state x and J∗∞(x).
A feed-forward NN is composed of one or more hidden layers and an output layer, where
each hidden layer contains an affine map fl (κl−1) =Wlκl−1+bl , followed by a nonlinear
map κl = gl ( fl ). Here, Wl ∈ RMl×Ml−1 and bl ∈ RMl are the weights and biases, gl (·) :
RMl → RMl is a nonlinear activation function, Ml is the width of the l th layer, referring
to the number of units in the layer, and M0 = n. Based on these definitions, an NN
with L hidden layers and Ml units in the l th layer can be represented by fNN(x,θ) =
[ fL+1 ◦ gL ◦ fL ◦ · · · ◦ g1 ◦ f1](x), where θ contains all the weights and biases of the affine
functions in all the layers, and the symbol ◦ means the layers are connected in series.

The activation function plays an important role in the approximation of NNs. In this
chapter, we consider the rectifier linear unit (ReLU), which is defined as gReLU(x) =
max{0, x}. An important property of the ReLU is that it can produce a series of PWA
functions with polyhedral partitions, combined with an affine transformation [152]. Ac-
tually, the output of an NN with ReLUs as activation functions is PWA. However, as the
optimal value function is PWQ, we are interested in producing a class of PWQ basis func-
tions that can efficiently represent the value function.
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Let us focus on the last hidden layer. All activation units in this layer can still be written as
a continuous PWA function over the input space of the network [79]. The element-wise
product of any two vector-valued continuous PWA functions with the same number of
components is a continuous PWQ function. We therefore calculate the element-wise
product of all the units κL in the last hidden layer

ϕ= p (κL) := diag(κL)κL ∈RML

to generate a series of PWQ functions ϕ(x) = [ϕ1(x) ϕ2(x) · · · ϕML (x)]T . This can be
viewed as a layer in the NN, denoted by the product layer p(κL).

The output layer is a weighted sum of the outputs of the previous layer fL+1(ϕ) = r Tϕ=∑ML
i=1 riϕi .

To make the proposed approximator satisfy F3, we develop a “local-global” architecture,
which decomposes the outputs of the approximator into two parts

Ĵ (x,W,b,r ) = xT P∗x + [ f2 ◦p ◦ g1 ◦ f1](x) (2.5)

with P∗ the solution to the algebraic Riccati equation. The term xT P∗x is included to
capture “global” aspects of J∗∞, while the neural-network-based term is exploited to iden-
tify the polyhedral partition in (2.4) and capture the local residuals J∗∞(x)−xT P∗x. Since
the known term xT P∗x that dominates the value function is extracted and fixed, using
such a “local-global" architecture is possible to enhance the quality of approximation.

We hereafter denote M1 by M , and Ĵ (·,W,b,r ) by Ĵ (·,θ), with all the parameters con-
densed in θ.

2.3.2. NN TRAINING AND CONVEXITY ANALYSIS
Training data needs to be generated offline by solving (2.2) for Nx different initial

states
{

x(i )
}Nx

i=1, x(i ) ∈ X0, and getting the state-value pairs {(x(i ), J∗∞(x(i )))}Nx
i=1. Let

{u(i )∗
k }N−1

k=0 and {x(i )∗
k }N

k=0 denote the solution to the MPC problem for the initial state x(i )

and the corresponding trajectories of the closed-loop controlled system. We present
an efficient sampling strategy by leveraging the equivalence in Theorem 2.2.1. Sup-
pose that we have obtained the optimal control sequence {u(i )∗

k }N−1
k=0 and the corre-

sponding value J∗N
(
x(i )

)
for different x(i ), consider the sub-problems whereby we start

at x(i )∗
k , for k = 1, . . . , N −1 and wish to minimize J∞(x(i )∗

k ,U ) in (2.1). According to the

principle of optimality [28], the truncated optimal control sequence {u(i )∗
j }N−1

j=k is also op-

timal for these sub-problems. Hence, the optimal value functions for these subsequent
trajectories x(i )∗

k , k = 1, . . . , N − 1 can directly be computed as J∗∞(x(i )∗
k ) = J∗N (x(i )∗

k ) =
J∗N (x(i ))−

k−1∑
j=0

x(i )∗T
j Qx(i )∗

j +u(i )∗T
j Ru(i )∗

j , with no need to solve (2.2) repeatedly.

With this design, we can offline generate Nx N state-value pairs by only solving (2.2) Nx

times. With the Nx N state-value pairs available, the NN is trained so that its parameters
approximate the solution to

min
b<0,W,r≥0

1

N Nx

Nx∑
i=1

N−1∑
k=0

e(x(i )∗
k ,θ), (2.6)
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where e(x(i )∗
k ,θ) = ( Ĵ (x(i )∗

k ,θ)− J∗∞(x(i )∗
k ))2 is the square of the approximation error for

each training pair, and x(i )∗
0 = x(i ), ∀i ∈ {1, . . . , Nx }. The constraint b < 0 is introduced to

guarantee that no units in the hidden layer are activated when x is near the origin, i.e.,
to fulfill F3, while the constraint r ≥ 0 is responsible for maintaining the convexity of Ĵ .

Problem (2.6) is a nonlinear least-squares problem, which can be successfully solved by
the gradient descent method [86]. The constraints on the NN parameters can be handled

by constraint elimination, i.e., by letting r = (
r̄ 2

1 , r̄ 2
2 , . . . , r̄ 2

M

)T
, which can always guarantee

r ≥ 0, penalizing the constraint violation in the loss function, or reducing the number of
hidden units if constraint violation is detected.

After the NN is trained, the system can be run, and the control signals are computed by
solving a DP problem. With a specific structure, our proposed NN allows for producing
a convex function Ĵ so that any locally optimal point is also globally optimal. Suppose
that the output of the proposed approximator has the following PWQ form:

Ĵ (x,θ) = Ĵ j (x) := xT P̂ j x + q̂T
j x + v̂ j , if x ∈ R̂ j , j = 1, . . . , N̂r, (2.7)

where R̂ j are polyhedra defined by the hyperplanes {Wl ,·x+bl = 0}M
l=1. Define R̄ = diag(r )

and we can rewrite (2.5) as Ĵ (x,θ) = xT P∗x +κT R̄κ, where κ, the output of the hidden
layer, is PWA w.r.t. x. In the following, we will show that any feasible solutions to (2.6)
can ensure the convexity of Ĵ (·,θ).
Proposition 2.3.1. Consider the PWQ NN (2.5). For any θ = {W,b,r } such that r is non-
negative and that b is negative, the function Ĵ (·,θ) is continuously differentiable and
convex w.r.t. its input.

Proof. In the interior of any R̂ j , j = 1, . . . , N̂r, continuous differentiability of Ĵ is clear
since Ĵ has a quadratic form, and convexity of Ĵ follows from the positive semi-
definiteness of R̄. Then, we have P̂ j −P∗ ≥ 0 for all j = 1, . . . , N̂r. At the boundary of any

neighboring R̂i and R̂ j , without loss of generality, suppose that R̂i , R̂ j are partitioned by
the hyperplane W1,·x+b1 = 0. It follows from (2.7) that Ĵ j (x) = Ĵ i (x)+r1(W1,·x+b1)2. Dif-
ferentiating both sides yields ∇x Ĵ j (x,θ) = ∇x Ĵi (x,θ), ∀x ∈ {x ∈ Rn |W1,·x +b1 = 0} which
proves continuous differentiability of Ĵ (x,θ) at the boundary.

Furthermore, since Ĵ (x,θ) is differentiable, the convexity of Ĵ (x,θ) at the boundary can
be checked through the first-order condition [37]. Without loss of generality, let x1 ∈ R̂i

and x2 ∈ R̂ j , then we have

Ĵ (x2,θ)− Ĵ (x1,θ)−∇x Ĵ (x1,θ)T (x2 −x1)

=xT
2 Pi x2 +qT

i x2 + r1
(
W1,·x2 +b1

)2 −xT
1 Pi x1 +qT

i x1 −
(
xT

1 Pi +qT
i

)
(x2 −x1)

= (x2−x1)T Pi (x2−x1)+ r1
(
W1,·x2 +b1

)2 ≥ 0,

which demonstrates that Ĵ satisfies the first-order condition at the boundary.
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2.3.3. SUBOPTIMAL CONTROL LAW BASED ON DP
With a well-fitted Ĵ available, at each time step t ∈N, we can obtain a suboptimal control
policy by solving the following one-step DP problem:

min
ut

{
Q̂(xt ,ut ) := xT

t Qxt +uT
t Rut + Ĵ (Axt +But ,θ)

}
s.t. ut ∈U, Axt +But ∈C, (2.8)

where Q̂(xt ,ut ) can be viewed as the approximated optimal Q-function [28] for (2.1).
Denote the solution to (2.8) by û∗

t . Here, we use another subscript (·)t to indicate that
(2.8) is solved online at each time step t .

In (2.8), C is chosen as X̄ or Rn , depending on whether X̄ is computable. In particular, if
the iterative algorithm for computing X̄ , e.g., Algorithm 10.3 in [35] does not terminate
in finite time, we drop the constraint on Axt +But . This could happen, e.g., when there
is no state constraint in (2.1). In both cases, problem (2.8) is recursively feasible since X̄
is a control invariant set (CIS) [35].

The objective function in (2.8) is nonlinear and contains an NN. Standard solvers such
as the ellipsoid algorithm or the interior-point algorithm require the computation of the
Hessian ∇2

uQ̂(x,u) or the gradient ∇uQ̂(x,u) in each iteration. Such computation can
only be carried out by visiting all units in the hidden layers and extracting the activated
ones. The advantage of low computational complexity brought by DP will then inevitably
diminish.

In view of this, we intend to avoid frequently calculating ∇2
uQ̂(x,u) and ∇uQ̂(x,u) by de-

composing the Q-function Q̂(xt ,ut ) into some quadratic functions. In particular, we
develop an optimization algorithm in which problem (2.8) is reduced to a QP prob-
lem in each iteration. For a given xt , t ∈ N, consider the set of activated ReLU units
in Ĵ (Ax +Bu,θ), defined by

Ā(u) = {
i ∈ {1, . . . , M } |Wi ,·(Axt +Bu)+bi > 0

}
. (2.9)

With (2.9), Q̂(xt ,u) can thus be computed as

Q̂(xt ,u) = uT P̄ (Ā(u))u + q̄T (Ā(u))u + v̄(Ā(u)), (2.10)

where
P̄ (Ā(u)) = R +B T (P∗+ ∑

i∈Ā(u)

ri W T
i ,·Wi ,·)B

q̄T (Ā(u)) = 2xT
t AT P∗B +2(

∑
i∈Ā(u)

ri
(
Wi ,·Axt +bi

)
Wi ,·)B

v̄(Ā(u)) = xT
t (Q + AT P∗A)xt +

∑
i∈Ā(u)

ri
(
Wi ,·Axt +bi

)2 .

(2.11)

Since P̄ (Ā(u)) > 0, the right-hand side of (2.10) is a convex quadratic function if Ā(u) is
fixed. An algorithm that can effectively solve general piecewise convex programs (PCP)
is proposed in [137], called the PCP Algorithm. We adopt it to solve the problem (2.8).
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For extra details, see [97]. Nevertheless, the PCP Algorithm is not the ideal choice for
solving our DP problem, because it needs to iteratively compute the intersection of some
sets, and one of the auxiliary QPs contains numerous constraints if the NN has a large
number of hidden units. This motivates us to consider the following design. In each
iteration s, s ∈N+, let u(s) be an initial input (for s = 1) or the input calculated from the
last iteration (for s > 1). We compute the set of activated units Ā(u(s)) at u(s), and thereby
get P̄ (Ā(u(s))) and q̄T (Ā(u(s))) from (2.11). Then, we solve the QP

u(s+1) = argmin
u

uT P̄ (Ā(u(s)))u + q̄T (Ā(u(s)))u

s.t. u ∈U, Axt +Bu ∈C, (2.12)

which returns u(s+1) for the next iteration. In the next iteration, after computing
Ā(u(s+1)), we can terminate and output u(s+1) if Ā(u(s+1))=Ā(u(s)). If a cycle occurs, i.e.,
Ā(u(s+1))=Ā(u(k)), ∃k ∈ {1, . . . , s −1}, we arbitrarily choose another Ā(u(s+1)) that has not
been involved in previous iterations. The proposed method is summarized in Algorithm
1.

Algorithm 1 Decomposition algorithm for solving (2.8)

Input: State xt at time step t , input ut−1 at the last time step t−1 (if t > 0), the function
Ĵ , the matrices Q and R, and the sets C and U

Output: Control input ut

Initialize a starting point u(1) ← ut−1

for s = 1,2, . . . do
Update the set of activated units Ā(u(s)) by (2.9).
if Ā(u(s)) = Ā(u(s−1)) and s > 1 then

Let sm ← s, return ut ← u(sm), and break.
else

if Ā(u(s)) = Ā(u(k)),∃k ∈ {1, . . . , s −2} and s > 2 then
Reset Ā(u(s)) to be a new set of activated units that never occurred previously.

end if
Compute the coefficients P̄ (Ā(u(s))) and q̄T (Ā(u(s))) associated with Ā(u(s))
through (2.11).
Update the policy through (2.12) and get u(s+1).

end if
end for

In Algorithm 1, the starting point u(1) = ut−1 is initialized with the last control input,
which can be viewed as a warm start for the algorithm.

Compared to the PCP Algorithm, Algorithm 1 only needs to solve one QP per iteration,
in which the constraints are the same as those in (2.8). Additionally, Algorithm 1 circum-
vents the calculations of some sets that are necessary in the PCP Algorithm. Meanwhile,
Algorithm 1 can achieve finite termination as well as the optimality for problem (2.8).
Theorem 2.3.1. Consider the DP problem (2.8). For any xt that makes (2.8) feasible, the
decomposition algorithm (Algorithm 1) terminates in a finite number of iterations, i.e.,
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there exists a finite sm such that Ā
(
u(sm)

) = Ā
(
u(sm−1)

)
. If Ā

(
u(sm)

) = Ā
(
u(sm−1)

)
, then

u(sm) is the solution to (2.8).

Proof. We first show that if Algorithm 1 stops, it outputs a solution to (2.8). Accord-
ing to Algorithm 1, u(sm) minimizes Q̄u(sm) (xt ,u) := uT P̄ (Ā(u(sm)))u + q̄T (Ā(u(sm)))u +
v̄(Ā(u(sm))) subject to u ∈ U, Axt +Bu ∈ C∞ if Ā(u(sm)) = Ā(u(sm−1)). In this case, the
inequality

∇T
u Q̄u(sm) (xt ,u(sm))(u −u(sm)) ≥ 0 (2.13)

holds for all u ∈ U1 := {u|u ∈ U, Axt +Bu ∈ C. Using the fact that ∇T
u Q̄u(sm)

(
xt ,u(sm)

) =
∇T

u Q̂
(
xt ,u(sm)

)
, the gradient inequality for the convex PWQ function Q̂ (xt , ·) can be ap-

plied at u(sm): Q̂(xt ,u) ≥ Q̂(xt ,u(sm))+∇T
u Q̂u(sm) (xt ,u(sm))(u −u(sm)), which, combined

with (2.13), shows that Q̂ (xt ,u) ≥ Q̂
(
xt ,u(sm)

) ∀u ∈ U1. Thus, optimality of u(sm) is
proven.

If a cycle occurs, i.e., ∃k ∈ {1,2, . . . , s−2} such that Ā(u(s)) = Ā(u(k)) for some s, according
to Algorithm 1, we select another set of activated units that has never been considered in
problem (2.12). As the number of combinations of activated units is finite, the algorithm
must stop in a finite number of iterations.

In general, the amount of data needed in our method is in general less than that in policy-
based methods [114] because the value function is a scalar, but the policy may be multi-
dimensional.

The proposed PWQ approximation is motivated by our prior knowledge of the value
function of the considered constrained infinite-horizon LQR problem, which has been
proven to be PWQ. The proposed PWQ approximation can be applied to any regression
problem where the target function is known to be PWQ. For example, PWQ Lyapunov
functions are widely used to analyze the stability of piecewise affine systems [113]. In
addition, in bi-level optimization, when a convex quadratic program appears as a lower-
level problem, its value function, which is PWQ, is needed to represent the optimal
lower-level response compactly. Moreover, the PWQ approximation has been recognized
as a tractable approach for approximating globally optimal solutions to nonlinear opti-
mization problems [184]. These examples highlight the broad potential of the proposed
neural network-based PWQ approximation method.

2.4. ANALYSIS OF THE PROPOSED METHOD

2.4.1. STABILITY ANALYSIS
In this section, we investigate the stability of the proposed control law. Since both J∗∞
and Ĵ are PWQ on polyhedra, the intersection of any Ri and R̂ j , i = 1, . . . , Nr, j = 1, . . . , N̂r

is still polyhedral. Let Ri , j denote this intersection if such intersection represents a full-

dimensional region, i.e., Ri , j :=Ri ∩R̂ j , i ∈ {1, ..., Nr} , j ∈ {1, ..., N̂r} and dim(Ri ∩R̂ j ) = n.
It is clear that all Ri , j constitute a partition of X0.



2

22 2. APPROXIMATE DYNAMIC PROGRAMMING FOR CONSTRAINED LINEAR SYSTEMS

To certify the stability, we need to know the upper bound of the approximation error for
all x belonging to X0, i.e., we will compute a positive constant ζ such that

|e(x)| :=
∣∣∣∣ Ĵ (x,θ)

J∗∞ (x)
−1

∣∣∣∣≤ ζ, ∀x ∈ X0\{0}. (2.14)

We propose to leverage the Lipschitz continuity of ∇ Ĵ (·,θ) and ∇J∗∞(·). Before doing this,
we need the following assumption to ensure the density of samples.
Assumption 2.4.1. For the partition Ri , j of X0, there exists at least one training point in
each int(Ri , j ).

Since we can compute the approximation error of the proposed NN at the training
points, it is possible to obtain an upper bound of the approximation error for all x in
X0. In the interior of each Ri , j , both J∗∞ and Ĵ are quadratic and hence twice con-
tinuously differentiable. According to [35, Lemma 3.2], ∇x J∗∞ and ∇x Ĵ are locally Lip-
schitz on int(Ri , j ), i.e., there exist non-negative constants Li and L̂ j such that for all
(x, y) ∈ int(Ri , j )× int(Ri , j ), we have

J∗∞
(
y
)≤ J∗∞ (x)+∇T J∗∞ (x) (y −x)+ Li

2

∥∥y −x
∥∥2

2

Ĵ
(
y,θ

)≤ Ĵ (x,θ)+∇T Ĵ (x,θ) (y −x)+ L̂ j

2

∥∥y −x
∥∥2

2 ,

(2.15)

where Li and L̂ j can be chosen as the largest eigenvalue of Pi and P̂ j [35, Lemma 3.2],
respectively.

We define a measure of the gradient error as egrad (x) := ∥∇ Ĵ (x,θ)−∇J∗∞(x)∥2
J∗∞(x) , and let ē and

ēgrad stand for the maximum values of |e| and egrad over all samples.
Remark 2.4.1. Assumption 2.4.1 is used to compute a global bound ζ to guarantee (2.14).
Assumption 2.4.1 is not required to be satisfied when training the NN. To guarantee sta-
bility, if Assumption 2.4.1 is not satisfied after the NN is trained, we can add one testing
point in each region int(Ri , j ) where there is no training point. Then, we evaluate the
approximation errors |e| and egrad at these testing points, and adjust ē and ēgrad if neces-
sary so that |e| ≤ ē,egrad ≤ ēgrad also hold at these testing points. Nevertheless, we should
point out that one of the limitations is that we sometimes need carefully selected testing
data to satisfy Assumption 2.4.1, and the data should be dense enough if the NN or the
optimal value function has many polyhedral regions.

Let R1 refer to the polyhedron where no constraints in the mpQP derived from (2.2) are
active, i.e., R1 =O

LQR
∞ , and accordingly let R̂1 represent the polyhedron where no ReLU

units in Ĵ are activated. In the region R1,1 =R1 ∩ R̂1, we have |e(x)| ≡ 0 due to (2.5). For
every Ri , j except R1,1, the following lemma presents an upper bound of |e(x)|.
Lemma 2.4.1. With Assumption 2.4.1 satisfied, for any x ∈ int(Ri , j ), (i , j ) ̸= (1,1), |e (x)|
is upper bounded by

ζi , j := 1

1−β(y)di , j

(
ē + ēgraddi , j +

max{L̂ j , Li }d 2
i , j

2J∗∞
(
y
) )

, (2.16)



2.4. ANALYSIS OF THE PROPOSED METHOD

2

23

where y ∈ int(Ri , j ) is the training or testing point closest to x,β(y) = ∥∥∇T J∗∞
(
y
)∥∥

2/J∗∞
(
y
)
,

and di , j denotes the maximum Euclidean distance between any nearest training or test-
ing points in Ri , j .

Proof. Consider the following three cases:

Case 1: e (x) ≥ 0, ∀x ∈ int(Ri , j ). In this case, for any x ∈ int(Ri , j ), let y ∈ int(Ri , j ) denote
the training or testing point closest to x. Then (2.15) results in

|e (x)| ≤ Ĵ
(
y,θ

)+∇T Ĵ
(
y,θ

)(
x − y

)+ L̂ j
∥∥x − y

∥∥2
2 /2

J∗∞
(
y
)+∇T J∗∞

(
y
)(

x − y
) −1

≤ Ĵ
(
y,θ

)−J∗∞
(
y
)+(∇Ĵ

(
y,θ

)−∇J∗∞
(
y
)
)

T (
x−y

)+L̂ j
∥∥x−y

∥∥2
2/2

J∗∞
(
y
)−∥∥∇T J∗∞

(
y
)∥∥

2

∥∥x − y
∥∥

2

≤
∣∣e (

y
)∣∣+egrad

(
y
)∥∥x − y

∥∥
2 + L̂ j

∥∥x − y
∥∥2

2 /
(
2J∗∞

(
y
))

1−β(y)
∥∥x − y

∥∥
2

,

where β(y) = ∥∥∇T J∗∞
(
y
)∥∥

2/J∗∞
(
y
)
. The first inequality is true due to the second inequal-

ity of (2.15) and the convexity of J∗∞ (·). Using the fact that
∣∣e(y)

∣∣≤ ē,egrad (y) ≤ ēgrad , we
have

|e (x)| ≤ 1

1−β(y)di , j

(
ē + ēgraddi , j +

L̂ j d 2
i , j

2J∗∞
(
y
))

(2.17)

holds for any x ∈ int(Ri , j ). Note thatβ(y) is bounded on all Ri , j except R1,1, since J∗∞ can
only equal 0 at origin, which is in R1,1. Therefore, one can always make di , j sufficiently
small so that 1−β(y)di , j > 0.

Case 2: e (x) ≤ 0, ∀x ∈ int(Ri , j ). Similarly to Case 1, we can readily get almost the same
expression of the upper bound as the right-hand side of (2.17), and the only difference is
that L̂ j is replaced by Li .

Case 3: ∃x1, x2 ∈ int(Ri , j ) such that e(x1) > 0 and e(x2) < 0. In this case, for all x ∈ int(Ri , j )
subject to Ĵ (x,θ) ≥ J∗∞ (x), we can get the same upper bound for |e(x)| as in (2.17), and
for all x ∈ int(Ri , j ) subject to Ĵ (x,θ) < J∗∞ (x), (2.17) holds with L̂ j replaced by Li .

Finally, since e is continuous on the closure of Ri , j , the bound ζi , j applies to all x in Ri , j .
In addition, thanks to Assumption 2.4.1, the value of ζ in (2.14) can be determined by
computing the right-hand side of (2.16) at all training/testing points and choosing the
largest one.

Computation of ∇ Ĵ
(
y,θ

)
, ∇J∗∞

(
y
)
, Li , and L̂ j . The computation of ∇ Ĵ

(
y,θ

)
and L̂ j is

straightforward since the analytical form of Ĵ is known. The value of ∇J∗∞
(
y
)

can be
obtained by the sensitivity analysis of problem (2.2) [35, Theorem 6.9]. The Lipschitz
constant Li can be selected as the largest eigenvalue of Pi .

With the property of boundedness for e established, we can assess the stability for the
closed-loop system with the approximate controller û∗. Corresponding to the selection
of C in (2.8), we consider two cases: (1) C= X̄ and (2) C=Rn .
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Theorem 2.4.1. Let û∗
t be the solution to the DP problem (2.8) with C= X̄ . Then, prob-

lem (2.8) is recursively feasible for the initial condition x0 ∈ X̄ . Furthermore, suppose
that Assumptions 2.2.1 and 2.4.1 hold with X0 = X̄ . If ζ in (2.14) satisfies

1−ζ2

ζ
> 2 sup

x∈X0\{0}

Ĵ (x,θ)

xT Qx
, (2.18)

then the origin of the closed-loop system xt+1 = Axt +Bû∗
t , t = 0,1, . . . is asymptotically

stable with the domain of attraction X̄ .

Proof. The recursive feasibility of (2.8) follows from the definition of X̄ . In the rest, the
stability will be proved.

First, consider the solution to (2.2). For every xt , t = 0,1, . . . , the MPC control law u∗
t ,

which contains the first m elements of U∗(xt ), will be applied to the system. From the
equivalence in Theorem 2.2.1,

{
u∗

t

}∞
t=0 is also a solution to the (2.1). As a result, Axt +

Bu∗
t ∈ X̄ for any xt ∈ X̄ , (else, J∗∞(Axt +Bu∗

t ) =∞ and J∗∞(xt ) =∞, which contradicts the
claim that xt ∈ X̄ ).

Suppose that xt ∈ X̄ \{0}. Applying the Bellman Optimality Equation [28] for (2.1) leads
to

J∗∞
(

Axt +Bu∗
t

)= J∗∞ (xt )−xT
t Qxt −u∗T

t Ru∗
t < J∗∞ (xt )−xT

t Qxt . (2.19)

Combining (2.19) with (2.14), we have

xT
t Qxt + û∗T

t Rû∗
t + Ĵ

(
Axt +Bû∗

t ,θ
)

≤xT
t Qxt +u∗T

t Ru∗
t + Ĵ

(
Axt +Bu∗

t ,θ
)

≤xT
t Qxt+u∗T

t Ru∗
t +J∗∞

(
Axt+Bu∗

t

)+ζJ∗∞
(

Axt+Bu∗
t

)
<J∗∞ (xt )+ζJ∗∞ (xt )−ζxT

t Qxt

< Ĵ (xt ,θ)+2ζJ∗∞ (xt )−ζxT
t Qxt .

The first inequality is true since û∗
t is a minimizer of (2.8). The second and last inequali-

ties hold due to (2.14), and the third line is true thanks to the optimal Bellman equation
in (2.19). Then, combining (2.14) and (2.18) yields

1+ζ
ζ

> 2 sup
x∈X̄ \{0}

Ĵ (x,θ)

(1−ζ)xT Qx
> 2 sup

x∈X̄ \{0}

J∗∞ (x)

xT Qx
,

which implies

Ĵ
(

Axt +Bû∗
t ,θ

)− Ĵ (xt ,θ) <−(1+ζ)xT
t Qxt−û∗T

t Rû∗
t +2ζJ∗∞ (xt )<0, ∀xt ∈ X̄ \{0}.

Let x0 ∈ X̄ \{0} and x1, x2, . . . be the trajectory of the closed-loop system xt+1 = Axt +
Bû∗

t , t = 0,1, ... The sequence Ĵ (x0,θ) , Ĵ (x1,θ) , . . . is strictly decreasing. Besides, it is easy
to check that Ĵ (0,θ) = 0, Ĵ (x,θ) > 0, ∀x ∈ X̄ \{0}, and Ĵ (·,θ) is continuous at the origin,
finite in X̄ . Then, Ĵ (·,θ) is therefore a Lyapunov Function according to [35, Theorem
7.2]. So, the asymptotic stability of the origin for any x ∈ X̄ follows.
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In the case of X0 ⊂ X̄ , where the set X0 may not be invariant for the closed-loop system
xt+1 = Axt +Bû∗

t , t = 0,1, . . . , the corresponding stability conditions are described in the
following corollary:
Corollary 2.4.1. Let û∗

t be the solution to the DP problem (2.8) with C=Rn . For a given
X0 ⊂ X̄ , suppose that Assumptions 2.2.1 and 2.4.1 hold. Define a compact set asΩ := {x ∈
Rn | Ĵ (x,θ) ≤ χ} where χ := inf

x∈∂X0

Ĵ (x,θ). If ζ in (2.14) satisfies (2.18), then problem (2.8)

is recursively feasible for the initial condition x0 ∈ Ω, and the origin of the closed-loop
system xt+1 = Axt+Bû∗

t , t = 0,1, . . . is asymptotically stable with the domain of attraction
Ω.

Proof. From the definition of Ω and the continuity of Ĵ (·,θ), we know that Ω ⊆ X0. Fol-
lowing the proof of Theorem 2.4.1, we can show that for all xt ∈ Ω, Ĵ

(
Axt +Bû∗

t ,θ
)−

Ĵ (xt ,θ) < 0 holds. As a result, the set Ω is positively invariant w.r.t. the closed-loop sys-
tem xt+1 = Axt +Bû∗

t . The recursive feasibility thus follows from Ω ⊆ X0 ⊆ X. Similar
to the proof of Theorem 2.4.1, it can be shown that Ĵ is a Lyapunov function and the
stability of the origin follows.

According to Theorem 2.4.1 and Corollary 2.4.1, asymptotic stability is achieved if the
condition in (2.18) holds. (2.18) can be satisfied by making ζ small enough since the
right-hand side of (2.18) is upper bounded. Besides, in view of (2.16), ζ is determined
mainly by ē, ēgrad, and di , j . The condition (2.18) can thereby be guaranteed in two ways.
One is to add more hidden units into the NN so that ē and ēgrad could be smaller accord-
ing to the universal approximation theorem [109]. Another possibility is to involve more
state-value/gradient data to test the upper bounds ē and ēgrad so that di , j is reduced.
Remark 2.4.2. The stability analysis is related to the sum-of-squares (SOS) framework
for stability verification. In particular, we establish stability by verifying that the PWQ
function Ĵ (x,θ) = xT P∗x+κ(x)T R̄κ(x) is a Lyapunov function. Since κ is a PWA function,
Ĵ can be equivalently expressed as a piecewise SOS polynomial Z T

j (x)P̄ Z j (x), for x ∈ R̂ j ,

where each Z j (x) is a vector of monomials and P̄ is positive semi-definite. However, it is
generally difficult to apply SOS programming to verify the Lyapunov condition for Ĵ (·,θ),
as done in [12], because the vector Z j (x) changes when x and Ax+Bu∗ belong to differ-
ent regions. Instead, we propose a sampling-based method and leverage the Lipschitz
continuity of Ĵ to derive sufficient conditions for Ĵ to be a valid Lyapunov function.

2.4.2. COMPLEXITY ANALYSIS
We analyze the offline storage requirement as well as the online computational com-
plexity of the proposed control scheme, and compare them with other methods, such as
implicit MPC, explicit MPC, and the policy approximation methods of MPC [51], [114].
Storage space is dominated by the number of regions and control laws (for explicit MPC),
or the structure of the NN (for approximate MPC). The storage of some system’s param-
eters, such as A, B , X, U, Q, and R, are neglected for consistency.

Explicit MPC requires the storage of Nr regions and affine feedback laws. Suppose

that each region R j is defined by n( j )
c constraints. Then, explicit MPC needs to store

(n +1)
∑Nr

j=1 n( j )
c + Nr (mn +m) real numbers. As for the proposed method, it needs to
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construct a PWQ NN before running the system. The NN contains 3 parameters: W, b,
and r , so the storage of the proposed NN requires nM + 2M real numbers in total. In
addition, as for the policy approximation methods reported in [51], [114], the total stor-
age demand of the NNs is (n +n0 +1) M + (L−1)(M +1) M , with n0 = m for [114] and
n0 = N (m +2n +nc +mc) for [51], respectively. Here, L denotes the number of hidden
layers, and nc and mc denote the number of constraints specified by X and U. In gen-
eral, using an NN that requires much smaller storage space than explicit MPC can get an
acceptable performance.

Online computation time will be evaluated in terms of floating-point operations (flops)
for the computations that should be performed online. Implicit MPC needs to solve the
QP (2.2) at each time step. Solving (2.2) for a given x requires fQP (N m, N (mc +nc)) flops
in the worst case ((2.2) has no redundant constraints). Here, fQP (nD, nI) represents the
number of flops needed to solve a QP with nD decision variables and nI linear inequali-
ties. So in an interior-point method, solving (2.2) requires O

(
N 3m3

)
flops per iteration.

In comparison, the number of flops for explicit MPC is 2n
∑Nr

j=1 n( j )
c [35].

In our proposed control scheme, solving the DP problem (2.8) causes computational
complexity. In the PCP Algorithm and Algorithm 1, the number of flops to determine
Ā

(
u(s)

)
and to compute the coefficients P̄

(
Ā

(
u(s)

))
, q̄T

(
Ā

(
u(s)

))
is bounded by fact =

M(2n2+n+m2+5m+2mn+2)+2mn+m(m+3)/2 in total. Then, in each iteration the PCP
Algorithm has to solve 2 different QPs, which need fQP (m, ns ) and fQP (m, M +nc + lc)
flops. Here, ns stands for the number of inequalities that define Us . Algorithm 1 needs
only fQP (m, nc + lc) flops to find u(s) in each iteration. Besides, some other calculation
includes the update ofUs (2m2+2m−1 flops per iteration) and the comparison of Ā(u(s))
and Ā(u(s−1)) (M flops per iteration). Therefore, the total number of flops to implement
the PCP Algorithm is fpcp = sm( fact+fQP (m, M+nc + lc)+2m2+2m−1)+∑sm

s=1 fQP (m, ns )
and the number of flops to calculate the control input by using Algorithm 1 is falgo1 =
sm( fact + fQP (m, nc + lc)+M), which can be much less than those in the PCP Algorithm.
Theoretically, the maximum value of sm can be the number of polyhedral regions in the
partition for the NN, and thus can grow exponentially with the system’s dimension. How-
ever, the above analysis largely overestimates the complexity, as it does not take into ac-
count that most regions are never visited, and that we use a warm start for the proposed
algorithm.

2.5. CASE STUDY

Consider a 2-dimensional linear system with A =
[

1 0.1
−0.1 1

]
, B =

[
1 0.05

0.5 1

]
and

input constraints U = {u ∈ R2 | ||u||∞ ≤ 0.5}. We are interested in stabilizing the system
at the origin and meanwhile minimizing the cost

∑∞
k=0 xT

k Qxk +uT
k Ruk with Q = I2 and

R = 0.1I2. We choose the region of interest X0 = {
x ∈R2 | ∥x∥∞ ≤ 3

}
. By applying the

algorithm in [54], it can be verified that the vertices of X0 can be steered to an ellipsoidal
subset of OLQR

∞ with the horizon N = 10. By solving the explicit MPC problem with N =
10, the partition of the state space for the optimal control law on the region X0 can be
obtained, and is depicted in Fig. 2.1(a).
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To illustrate that the proposed PWQ NN has a good approximation performance, dif-
ferent types of NNs are compared in Fig. 2.1(c). Besides, a strictly global architecture
without the quadratic term xT P∗x is also compared. 4410 state samples are selected to
train the NNs. We use multi-start local optimization [171] with 20 starting points to re-
duce sub-optimality. Choosing the learning rate α= 0.1, we compare the absolute mean
square errors in Fig. 2.1(c). From Fig. 2.1(c), it is observed that the training objectives for
the NNs decrease consistently over epochs, while the proposed approach has the small-
est mean square error during the training process. Additionally, increasing the width
does not necessarily improve the approximation ability of the proposed NN.

Fig. 2.1(b) depicts the polyhedral partition for the proposed NN with width 15. It is
noticed that the partition of the NN concentrates in the areas where the explicit MPC law
changes rapidly. We also compare the output of the PWQ NN with the real optimal value
function in Fig. 2.1(d), from which one can observe that the proposed method is able to
closely approximate the optimal value function with a very simple network architecture.

(a) Regions of optimal explicit MPC.
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(c) Comparison of the different types of NNs. (d) The comparison of the approximated and
real value functions.

Figure 2.1: Performance of the proposed PWQ NN.

To verify the stability of the closed-loop system, we note that the maximal stabilizable
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set X̄ is open and thereby not computable. So, we concentrate on checking (2.18) with
X0 replaced by Ω. The approximation error bounds at the samples are ē = 0.122 and
ēgrad = 0.395. Based on (2.16), ζ= 0.188. Next, the value of the right-hand side of (2.18) is
4.904. As a result, it can be readily verified that (2.18) holds.

In the closed-loop simulation, the proposed method, implicit MPC, and the policy-
approximation method of [114] are compared. The implementation details are given
in [97]. From Fig. 2.2(a), it can be seen that the proposed method can properly approxi-
mate the MPC controller, and that the corresponding trajectory is stabilized at the origin.
In comparison, the policy-approximation method experiences some fluctuations when
the state is close to the origin. This is probably because the value of the optimal control
input is small if x is around the origin, so a slight approximation error of the policy may
lead to drastic changes in the dynamic response. Besides, we can verify the stability by
illustrating the invariance of the sub-level set Ω = {x ∈ Rn | Ĵ (x,θ) ≤ χ}. We select some
initial states that are at the boundary ofΩ, and plot the behavior of the closed-loop sys-
tem with the proposed controller in Fig. 2.2(b). It is seen that the trajectories starting
from the boundary ofΩwill always stay inΩ, which is computed by Corollary 2.4.1.
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(a) Comparison of the different
methods.
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(b) Verification of the stability.

Figure 2.2: Closed-loop simulation. In (b), the white region represents Ω, the colored lines refer to the trajec-
tories, and the colored points are the starting state points.

Moreover, in [97], the stability conditions in Theorem 2.4.1 and the comparison between
the proposed method and another ADP method in [46] are illustrated through another
problem with both state and input constraints. The results in [97] can clearly show that
the proposed controller is stabilizing and feasible even for those initial states on the
boundary of X̄ . Combined with Algorithm 1, the proposed method takes less total com-
putation time (0.142 s) than the ADP method (0.270 s) in [46] and implicit MPC (0.161
s).

2.6. CONCLUSIONS
We have developed an ADP control framework for infinite-horizon optimal control of
linear systems subject to state and input constraints. Compared to some common NNs,
such as ReLU NNs, the proposed NN maintains the PWQ property and convexity of the
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real value function and has a much better approximation performance. These prop-
erties and superiority contribute to the reduction of the online computation as well as
the construction of explicit stability criteria. Therefore, the advantages of our method
include low computational requirements, stability assurance, and excellent approxima-
tion of the optimal control law.





3
APPROXIMATE DYNAMIC

PROGRAMMING FOR CONSTRAINED

PIECEWISE AFFINE SYSTEMS

Infinite-horizon optimal control of constrained piecewise affine (PWA) systems has been
approximately addressed by hybrid model predictive control (MPC), which, however, has
computational limitations, both in offline design and online implementation. In this
chapter, we consider an alternative approach based on approximate dynamic program-
ming (ADP), an important class of methods in reinforcement learning. We accommo-
date non-convex union-of-polyhedra state constraints and linear input constraints into
ADP by designing PWA penalty functions. PWA function approximation is used, which
allows for a mixed-integer encoding to implement ADP. The main advantage of the pro-
posed ADP method is its online computational efficiency. Particularly, we propose two
control policies, which lead to solving a smaller-scale mixed-integer linear program than
conventional hybrid MPC, or a single convex quadratic program, depending on whether
the policy is implicitly determined online or explicitly computed offline. We characterize
the stability and safety properties of the closed-loop systems, as well as the sub-optimality
of the proposed policies, by quantifying the approximation errors of value functions and
policies. We also develop an offline mixed-integer linear programming-based method to
certify the reliability of the proposed method. Simulation results on an inverted pendulum
with elastic walls and on an adaptive cruise control problem validate the control perfor-
mance in terms of constraint satisfaction and CPU time.

This chapter is based on the paper [102] and its extended version [99].
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3.1. INTRODUCTION

3.1.1. BACKGROUND
There has been an increasing interest in control of piecewise affine (PWA) systems due
to their capability of representing hybrid models and approximating nonlinear dynam-
ics [134]. Many practical control problems can be modelled as PWA systems with con-
straints, including emergency evasive maneuvers [83], robotic manipulation that has
multi-contact behaviors [175], and traffic control [89]. PWA systems are a special class
of switched systems where the subsystem in each mode is affine and the transitions are
based on the state belonging to different regions. Tractable controller design methods
for PWA systems include synthesizing piecewise linear control laws via Linear Matrix In-
equalities [124], adaptive control [134], and model predictive control (MPC) [124]. The
challenges of controlling a PWA system include ensuring stability and achieving opti-
mality guarantees [124], as well as addressing both offline and online computational
complexity [34], [175]. These difficulties primarily arise from the system’s hybrid struc-
ture and inherent nonlinearity. For suboptimal control of PWA systems with constraints,
MPC is widely applied. However, MPC for PWA systems still faces challenges in com-
putational complexity [34], because it involves solving a mixed-integer linear program-
ming (MILP) problem. The complexity of solving MILP MPC problems is, in general,
dominated by the number of integers, which is proportional to the prediction horizon.
Explicit MPC [34], an offline version of MPC, requires solving a parametric MILP prob-
lem, which also suffers from computational complexity issues. These issues make MPC
only suitable for slow PWA processes or for small-scale problems [175].

In contrast to MPC, reinforcement learning (RL) can learn a policy that minimizes a
finite-/infinite-horizon cost and could have a much lower online computational bur-
den than MPC. In RL, two different methodologies can be distinguished: policy search
[208] and dynamic programming [40]. Dynamic programming has the advantage over
policy search that it reduces the policy optimization problem to a one-step look-ahead
problem. When applied to systems with continuous state and input spaces, approximate
dynamic programming (ADP) has been developed [111]. In this chapter, we consider ap-
proximate value iteration (VI), the most basic and direct way to solve the Bellman equa-
tion. Moreover, we provide comprehensive performance guarantees for stability, safety,
and sub-optimality of the developed ADP approach. In the context of RL, safety can
have various definitions. In this chapter, we specifically address safety as ensuring that
the state and input of the system satisfy predefined constraints throughout the entire
system’s evolution after the learning process is finished.

3.1.2. RELATED WORK
To reduce the computational cost of MPC, two different types of approaches have been
extensively studied: approximate MPC and reinforcement learning under constraints.

Approximate MPC: Approximate MPC parameterizes a policy and then uses supervised
learning or gradient-based methods to mimic a predictive control policy. The online
computational cost is thus significantly reduced because approximate MPC directly
computes control actions based on the learned parameters, rather than online solving
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an optimization problem. Some approximate MPC work considers linear systems, with
different focuses on, e.g., stability [177] and constraint satisfaction [50]. Some approxi-
mate MPC approaches can handle nonlinear control problems with constraints, e.g., by
using constraint tightening [106].

RL for constrained control: RL for constrained control can be roughly categorized into
two groups: policy-projection RL and policy-optimization RL. For the first group, a pre-
dictive safety filter [130], [198] can be adopted to modify the learned policy, which can
be derived from any RL algorithm. For PWA systems with linear constraints, this group
needs to solve mixed-integer convex problems online [130], and as a result, it is not suit-
able for large-scale systems or for systems requiring fast computation. For the second
group, constrained policy optimization [19], [78], [189] is often used. Most methods [189]
consider constrained Markov Decision Process (MDP) problems, in which constraints
are on expected cumulative costs. Recent developments have been made to transform
instantaneous constraints into constraints on expected cumulative costs. The stability
property of RL controllers for nonlinear systems has been investigated recently [107],
[154], [162]. Nevertheless, these references consider unconstrained problems and do
not address the sub-optimality of the RL policy.

Based on these observations, for the policy optimization methods, one could know that
no work has been done for PWA systems, and comprehensive performance of RL-based
controllers regarding online computing convenience, stability, and constraint fulfillment
cannot be achieved simultaneously.

Performance verification of learning-based controllers: In addition to controller de-
sign, there is some related work on performance analysis and verification of RL or any
learning-based controllers for PWA systems, by using a learner/verifier framework or ex-
plicitly computing the range of trajectories in a finite horizon. However, for PWA systems
with learning-based controllers, there is currently no systematic way to verify different
properties, including practical and asymptotic stability as well as state constraint satis-
faction.

3.1.3. METHODS AND CONTRIBUTIONS OF THIS CHAPTER
In conclusion, using RL to produce a reliable learning-based controller for constrained
PWA systems with performance guarantees and low online computational requirements
is still an open problem. The main challenge is to concurrently ensure the stability,
safety, and efficiency of the online computations. Existing work can either provide sta-
bility/safety guarantees [19], [90], [97], [130], [154], [198] or achieve low computational
cost [128], [211]. In this chapter, we develop ADP algorithms under linear and UoP con-
straints. We propose two formulations for the inclusion of PWA penalties in dynamic
programming, i.e., adding penalties to the stage cost and integrating penalties into the
cost-to-go. We then present two different controllers: an implicit controller that is ob-
tained online by solving an MILP problem that is much simpler than the one of implicit
hybrid MPC, and an explicit controller that is learned offline by policy gradient. We pro-
vide rigorous analysis on the closed-loop stability, safety, as well as sub-optimality of the
controllers. We establish a systematic, MILP-based procedure that allows us to certify
the reliability of the closed-loop system. The chapter contributes to the state of the art
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as follows.

1. This work is the first research on designing policy optimization RL methods for
constrained PWA systems. Systematic performance analysis on the feasibility, sta-
bility, and sub-optimality of the RL-based controllers is provided. The analysis
suggests several ways to employ the proposed algorithms in practice.

2. Compared to MPC, our method exhibits superiority in terms of online computa-
tional simplicity. In particular, the resulting online policy optimization problem is
either an MILP problem with significantly fewer integer variables than the hybrid
MPC MILP problem, or a single convex quadratic programming (QP) problem.

3. We develop a mixed-integer optimization-based framework to exactly verify the
stability and safety of the closed-loop system. The framework extends the verifica-
tion techniques of [67], [115], [177] with a comprehensive scheme that addresses
both practical and asymptotic stability properties and the enlargement of stable
and safe regions.

3.2. PRELIMINARIES
Notations: Let R= (−∞,+∞), R≥0 = [0,+∞), and R>0 = (0,+∞). The boundary of the set
S is ∂S, and int(S) stands for the interior of S. We utilize Ai · to represent the i th row of the
matrix A. We define the sub-level set B(J ,S) for a continuous function J : Rn → R≥0 and
a compact set S ⊆ Rn as B(J ,S) := {x ∈ Rn |J (x) ≤ ρ}, where ρ = minx∈∂S J (x). For a ∈ R,
denote by ⌈a⌉ the smallest integer larger than or equal to a.

3.2.1. OPTIMAL CONTROL OF PWA SYSTEMS
We consider discrete-time PWA systems of the form

xt+1 = fPWA(xt ,ut ) = Ai xt +Bi ut + fi if

[
xt

ut

]
∈Ci , (3.1)

with input and state constraints x ∈ X , u ∈U 1. In (3.1), {Ci }s
i=1 is a polyhedral partition

of the state-input space X×U. The matrices Ai ,Bi and the vectors fi define the affine
dynamics in the regions Ci . Including the offset vector fi allows for the representation of
an affine transformation instead of just a linear one in each region of the state space. We
want to design a control policy ut = π(xt ), t = 0,1, . . . with π : X→U to simultaneously
satisfy the constraints and minimize the infinite-horizon cost

J (x0,u) = Jπ(x0) :=
∞∑

t=0
l (xt ,π (xt )), (3.2)

where u = {ut }∞t=0 = {π(xt )}∞t=0 stands for the infinite-horizon input sequence and the
function l : Rnx ×Rnu → R≥0 is the stage cost. Throughout the chapter, we assume that
the dynamics, constraints, and stage costs satisfy the following assumption.

1All the results of this chapter also apply to the case when there is a coupled constraint:[xT uT ]T ∈ D with D a
polyhedron in X×U, by letting X be the projection of D in X and by letting U be a time-varying set depending
on x.



3.2. PRELIMINARIES

3

35

Assumption 3.2.1. • Dynamics: The function fPWA (·, ·) : X×U→X is a continuous
PWA function, with X⊆Rnx and U⊆Rnu . Besides, fPWA (0,0) = 0.

• Constraints: The state constraint set X =⋃r0
i=1 X (i ) is a UoP, where X (i ) is a polyhe-

dron for each i = 1, . . . ,r0 and r0 is the number of polyhedra. The input constraint
set U is a polytope. Moreover, X ×U ⊂⋃s

i=1Ci =X×U.

• Stage cost: The stage cost is based on the 1-/∞-norm: l (xt ,ut ) = ∥Qxt∥q1 +
∥Rut∥q2 , where q1, q2 ∈ {1,∞} and Q,R have full column rank.

Similar assumptions can be found in other papers on control of PWA systems, e.g., [16],
[209]. In most literature [16], [124], [209], it is usually assumed that X is a polyhedron,
while we generalize it to a UoP. It should be mentioned that many practical nonlinear
and non-convex state constraints, such as collision avoidance encountered in robotics,
can be modeled or outer-approximated by constraint sets that are UoPs [190].

By combining (3.1) and (3.2), our control objective is to solve the constrained infinite-
horizon optimal control problem

J∗ (x0) = min
π,u,x

Jπ(x0)

s.t. xt+1 = fPWA(xt ,ut ), ut =π (xt )

xt ∈ X , ut ∈U , t = 0,1, ..., (3.3)

where x = {xt }∞t=0, and J∗(·) :X→ [0,∞] is the optimal value function. An optimal policy,
denoted by π∗(·) : X → U, minimizes Jπ (x0) subject to the constraints in (3.3) for any
initial state x0 that makes (3.3) feasible. In this chapter, we denote by X̄ the set of feasible
initial states x0 that make J∗(x0) finite. In [35], X̄ is called the maximal stabilizable set
for (3.1).
Assumption 3.2.2. The set X̄ is non-empty. Furthermore, for any x0 ∈ X̄ , there exists a
policy π(·) :X→U such that the system (3.1) with ut =π(xt ), starting from x0, will reach
the origin in a finite number of time steps.

Assumption 3.2.2 is a standard stabilizability assumption for discrete-time systems. Sim-
ilar assumptions for PWA systems can be found, e.g., in [16], [124].

For any x ∈X, according to Bellman’s principle of optimality [28], the value function J∗
and the optimal policy π∗ satisfy the following equations:

J∗(x) = ΓJ∗(x) := min
u∈U

l (x,u)+ J∗( fPWA(x,u))

π∗(x) ∈ argmin
u∈U

l (x,u)+ J∗( fPWA(x,u)),
(3.4)

where Γ is called the Bellman operator [28]. In (3.4), the domain of J∗ is the whole state
space X, which means that the value of J∗ goes to infinity outside X̄ . In general, the
equation for J∗ in (3.4) may have multiple solutions. Nevertheless, it follows from [27,
Proposition 1] that J∗ can be the unique solution that satisfies J∗(0) = 0 under Assump-
tion 3.2.2.
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3.2.2. EXACT VALUE ITERATION
Solving the Bellman equations is, in general, computationally prohibitive for nonlinear
systems. Usually, an MPC problem with a finite horizon is solved online to approximate
the infinite-horizon optimal policy. However, computational complexity also remains a
hurdle in the application of MPC to PWA systems. For the PWA system, the equations in
(3.4), on the other hand, can be solved by using an exact value iteration (VI) method [16],
which solves multiple multi-parametric linear programs (mp-LPs). To motivate our ADP
methods, we summarize the exact VI method and discuss its limitations in this section.
The exact VI algorithm starts from an initial value function J0(·) that is either zero in X

(case 1) or a control Lyapunov function defined on a subset of X (case 2). In case 2, the
following assumption should be satisfied.
Assumption 3.2.3. A continuous and PWA control Lyapunov function JCL(·) :
XCI → R≥0 in a polyhedral control-invariant set XCI is available. In other words,
minu∈U , fPWA(x,u)∈XCI l (x,u)+ JCL( fPWA(x,u))− JCL(x) ≤ 0, ∀x ∈ XCI.

Assumption 3.2.3 frequently appears in the stability analysis of MPC [35], where JCL is
chosen as the terminal cost and XCI is specified as the terminal constraint. To satisfy As-
sumption 3.2.3, it is sufficient to compute a stabilizing piecewise linear feedback law on
XCI, and then JCL can be computed by solving some nonlinear inequalities that contain
1-/∞-norm of some linear functions [124].

With the initialization X0 = X and J0(x) = 0, ∀x ∈ X0 (case 1), or X0 = XCI and J0(x) =
JCL(x), ∀x ∈ X0 (case 2), the exact VI method iterates as follows:

Jk (x) = min
u∈U , fPWA(x,u)∈Xk−1

l (x,u)+ Jk−1( fPWA(x,u)) (3.5)

for k = 1,2, ... Here, Xk = Pre(Xk−1)∩X0, where Pre(S) = {
x ∈X|∃u ∈U s.t. fPWA(x,u) ∈ S}

is the backward-reachable set to a set S. Even for PWA systems with polytopic state
constraints, the backward-reachable set to a polyhedral set can be a non-convex UoP
because of the nonlinear dynamics (3.1), which means that Xk ,k = 1,2, . . . can be non-
convex UoPs [34].

The resulting J∗ and π∗ are both PWA functions sharing the same polyhedral partition
of the feasible region X̄ [16]. However, the complexity (i.e., the number of polyhedral
regions or affine functions) of J∗ and π∗ is exponential in the dimension of the system
[33], so that storing the affine functions and regions of J∗ andπ∗ needs a huge amount of
memory. Secondly, the number of mp-LPs that need to be solved per iteration also grows
exponentially with the problem dimension. Moreover, the online implementation of [16]
needs to search which polyhedron the measured state belongs to. For high-dimensional
systems, these regions may have complex representations. Based on these observations,
it is thus necessary to simplify both the procedure of solving the Bellman equation and
the control policy, by using some approximation methods. However, the VI formulation
in (3.5) is not suitable for approximation because the probably non-convex constraint
fPWA(x,u) ∈ Xk−1 leads to too complex optimization problems.
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3.3. VALUE ITERATION WITH PENALTY FUNCTIONS
To deal with this issue, we consider soft state constraints by defining a penalty function.
Suppose that each X (i ) of the UoP constraint set X =⋃r0

i=1 X (i ) has the half-space repre-

sentation X (i ) := {x ∈ Rnx |E (i )
X x ≤ g (i )

X }, where E (i )
X ∈ Rm(i )

x ×nx , g (i )
X ∈ Rm(i )

x , and m(i )
x is the

number of rows of E (i )
X . We design the penalty function P (·, ·) as the following min-max

forms:

P (x, X ) = p min
i

max
{

0,(E (i )
X )1·x − (g (i )

X )1, . . . , (E (i )
X )m(i )

x ·x − (g (i )
X )m(i )

x

}
or

P (x, X ) = p min
i

m(i )
x∑

j=1
max

{
0,(E (i )

X ) j ·x − (g (i )
X ) j

}
, (3.6)

where (g (i )
X ) j is the j th element of the vector g (i )

X , m(i )
x is the number of rows of E (i )

X , and
p > 0 is the constraint violation penalty weight. When X reduces to a polyhedron, i.e.,
r0 = 1, the minimum operator in (3.6) will be removed.

An important property of P is that P is a PWA function w.r.t. its first argument. This
means that adding such a penalty function into the cost function in (3.3) will not change
the PWA properties of the optimal value function and the optimal policy. Note that we
avoid barrier functions such as the logarithmic barrier function because they can go to
infinity in any compact constraint sets and will deprive the value function of the PWA
property. Besides, we do not penalize the input constraint violation because the input
constraints are linear constraints that can be readily handled.

In case 2 of (3.5), in addition to enforcing a soft penalty for X , we need to reconstruct
the initial value function since JCL is undefined outside XCI. To achieve this, we need to
penalize JCL (x) for x outside XCI by finite values, i.e., define the penalized initial value
function

J soft
0 (x) :=

{
JCL (x) , x ∈ XCI

JCL (z̄)+P (x, XCI), x ∉ XCI,
(3.7)

where z̄(·) :X→X is one of the optimizers of the following mp-LP:

z̄(x) ∈ arg min
z∈XCI

||z −x||∞. (3.8)

Based on the defined penalty function, a VI algorithm with penalty is developed as fol-
lows:

In Algorithm 2, we consider two options for the VI, in which we define two Bellman op-
erators for J :X→R. The first one used in option 1 is

Γp,1 J (x) := min
u∈U

lp(x,u)+ J
(

fPWA(x,u)
)

, x ∈X, (3.9)

where lp(x,u) = l (x,u)+P (x, X ). The second one used in option 2 is

Γp,2 J (x):=min
u∈U

l (x,u)+J
(

fPWA(x,u)
)+Pk−1

(
fPWA(x,u)

)
, x ∈X, (3.10)
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Algorithm 2 Value iteration with penalty

Input: The PWA system fPWA, the state and input constraints x ∈ X and u ∈ U , the
stage cost l , and JCL and XCI (for (option (b)).
Output: A value function J soft

k−1(·) :X→R≥0.

1: Initialize the value function (option (a)) J soft
0 (x) ← 0, ∀x ∈X, or (option (b)) by (3.7).

2: for k = 1,2, . . . do
3: the value iteration J soft

k (x) ← Γp,α J soft
k−1(x), ∀x ∈X, where α= 1 if option 1 is cho-

sen, or α= 2 if option 2 is chosen, and Γp,α is defined in (3.9) and (3.10).
4: If J soft

k (x) = J soft
k−1(x), ∀x ∈X, break.

5: end for

where P0(x) = 0,∀x ∈ X and Pk (x) = P (x, X ),∀x ∈ X and ∀k > 0. Since the state con-
straints are removed, the working region of VI is the whole state space X. Besides, we
also consider two options (options (a) and (b)) for the initialization of the value func-
tion. The combinations of the above options result in four different options: options
1(a), 1(b), 2(a), and 2(b). Note that adding a penalty to the stage cost, which is applied
in option 1 of Algorithm 2, is common in existing constrained ADP methods [210]. In
comparison, in option 2 of the algorithm, we propose a novel scheme in which we add
a penalty into the cost-to-go J soft

k−1

(
fPWA(x,u)

)
. In the following theorem, we will analyze

the PWA property and continuity of each J soft
k as well as the convergence of the sequence

{J soft
k }∞k=0 to a fixed optimal value function in all options.

Theorem 3.3.1. Considering Algorithm 2, if Assumptions 3.2.1-3.2.2 hold in option (a)
and Assumptions 3.2.1-3.2.3 hold in option (b), then each J soft

k , k < ∞ is a continuous

PWA function on X and the value function sequence {J soft
k (x)}∞k=0 converges point-wise

to

J soft∗ (x) := min
{ui ,xi }∞i=0

∞∑
i=0

lp (xi ,ui )

s.t. xi+1 = fPWA(xi ,ui ), ui ∈U , i = 0,1, ...

x0 = x

for all x ∈ X .

Proof. The proof contains three parts.

Part 1: Convergence of the VI sequence in option 1. For Option 1(a),
in the nonlinear parametric problem in (3.9), U is closed, and the set{
u ∈U | J soft

k (x) = l(x,u)+P (x, X )+ J soft
k−1

(
fPWA(x,u)

)}
is nonempty for any x in X.

Then, according to [13, Theorem 4.2.1], J soft
k is lower-semicontinuous on X. Hence,

{x ∈X|J soft
k (x) ≤λ} with λ ∈R are closed. As lp and fPWA are continuous on X×U, the set

Uk (x,λ) = {u ∈ U | l (x,u)+P (x, X )+ J soft
k−1

(
fPWA (x,u)

) ≤ λ} is closed and thus compact
for all x ∈X, λ ∈R, and k ≥ 1. Therefore, the compactness assumption in [27] is satisfied
and {J soft

k }∞k=0 converges point-wise to J soft∗ [27, Proposition 2].
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For Option 1(b), we define J∞0 (x) =
{

JCL(x), x ∈ XCI

∞ x ∉ XCI
. The point-wise convergence of

the VI J∞k (x) = Γp,1 J∞k−1(x) to J soft∗(x) is always guaranteed by [27, Proposition 2] since

J∞0 (x) ≥ J soft∗(x), ∀x ∈ X. By applying the monotonicity of the Bellman operator Γp,1

[28], we get the convergence of the VI sequence {J soft
k }∞k=0 to J soft∗ in option 1(b).

Part 2: Continuity and PWA property of the value function in option 1. By recursively
iterating (3.9), it is observed that J soft

k (x) can be derived via the following batch approach:

J soft
k (x) = min

u0,...,uk−1, x0,...,xk

k−1∑
i=0

lp (xi ,ui )+ J soft
0 (xk )

s.t. xi+1 = fPWA (xi ,ui ) ,ui ∈U , i = 0, . . . ,k −1

x0 = x. (3.11)

For Option 1(a), yhe proof of continuity follows from the proof of [35, Corollary 17.2],
because the objective function in (3.11) is continuous and there is no state constraint.
The proof of the PWA property of J soft

k follows a similar approach to that of [35, Theorem
17.3], with detailed exposition given in [99].

For Option 1(b), we can prove that the initial value function J soft
0 is continuous and PWA

on X (the detailed proof is given in [99]). As a result, the remainder of the proof of the
continuity and PWA property of J soft

k is similar to that in option 1(a). Thus, we have
completed the proof of the statements of Theorem 3.3.1 in option 1.

Part 3: Equivalence of the VI sequences for options 1 and 2. In option 2, by iterating
J soft

k (x) = Γp,2 J soft
k−1(x) from k to 0, we can get the expression of J soft

k via the batch ap-
proach:

J soft
k (x) = the optimal value of (3.11)−P (x, X ). (3.12)

From (3.12), we notice that the difference between the value functions in options 1 and 2
at the same iteration is P (x, X ), which is always continuous in x and equals zero if x ∈ X .
Combining (3.12) with the first and second parts of the proof proves the statements of
Theorem 3.3.1.

Option 2, incorporating penalties into the cost-to-go, yields the equivalent value func-
tion J soft

k as option 1, which adds penalties to stage costs. Both options can alleviate
the violation of state constraints by adding penalties to the overall infinite-horizon cost
function. A detailed comparison between options 1 and 2 is given in Section 3.4.3.

3.4. CONSTRAINED ADP ALGORITHM

3.4.1. ALGORITHM DESIGN
Continuity of the value functions, established in Theorem 3.3.1, is desired since it en-
ables a universal approximation capability [94]. With Algorithm 2, a tractable ADP ap-
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proach can be developed to approximate each J soft
k . In particular, a function approxi-

mator (critic) Ĵk (·,θk ), which is parameterized by θk , is constructed to replace J soft
k . In

each iteration k, a set Xs = {x(i )}Nx
i=1 of state samples is collected from a compact region of

interestΩk ⊆X, according to some strategies such as sampling from a uniform grid and
random sampling [40]. Here, Nx is the number of samples. The update of the parameter
θk minimizes

∑Nx
i=1[Γp,α Ĵk−1(x,θk−1)|x=x(i ) − Ĵk (x(i ),θk )]2. The iterative procedure stops

when the difference between θk and θk−1 is small enough. The detailed procedure is
given in Algorithm 3.

Algorithm 3 Constrained approximate value iteration

Input: The PWA system fPWA, the state and input constraints x ∈ X and u ∈ U , the
stage cost l , and JCL and XCI (for (option (b)), X, the sample set Xs, ρv , and ϵ.
Output: A value function Ĵk−1 (·,θk )

1: Option (a): Initialize the value function Ĵ0(·,θ0) ← 0,∀x ∈Ω0, whereΩ0 =X in option
1(a) orΩ0 = X in option 2(a).
Option (b): Initialize the value function Ĵ0(·,θ0) by

θ0 ← argmin
θ

∑
x(i )∈Xs∩Ω0

ρv (x(i ))
(

J soft
0 (x(i ))− Ĵ0(x(i ),θ)

)2
, (3.13)

where J soft
0 is from (3.7), andΩ0 =X in option 1(b) orΩ0 = XCI in option 2(b).

2: for k = 1,2, . . . do
3: if option 1 is chosen, then letΩk ←X and α← 1.
4: end if
5: if option 2 is chosen, then let Xk ← Pre(Xk−1)∩X ,Ωk ← Xk , and α← 2.
6: end if
7: Obtain the target value v (i )

k by

v (i )
k ← Γp,α Ĵk−1(x,θk−1)|x=x(i ) ,∀x(i ) ∈ Xs ∩Ωk . (3.14)

8: Find θk such that

θk ← argmin
θ

∑
x(i )∈Xs∩Ωk

ρv (x(i ))
(
v (i )

k − Ĵk (x(i ),θ)
)2

. (3.15)

9: if | Ĵk (x,θk )− Ĵk−1(x,θk−1)| ≤ ϵ(x), ∀x ∈Ωk ∩Ωk−1, then break.
10: end if
11: end for

In (3.15) of step 8 of Algorithm 3, ρv (·) :X→R>0 is the state relevance weighting function.
In step 9, ϵ(·) : X→R≥0 is a tolerance function, determining whether Ĵk−1 is satisfactory.
Both of ρv and ϵ will be designed later in Section 3.5.1. Besides, in practice, one would
also need a limit on the maximum number of iterations.
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With Ĵk−1 available, a sub-optimal control policy π̂im(x) can be implicitly determined by

π̂im(x) ∈ argmin
u∈U

l (x,u)+ Ĵk−1( fPWA(x,u),θk−1), ∀x ∈Ωk . (3.16)

In step 1 of Algorithm 3, the function approximator is initialized by regressing J soft
0 , pro-

vided that the explicit form of JCL is known. If the explicit form of JCL is not available but
a stabilizing and safe piecewise linear feedback law πPWL(·) : X→U on XCI is known, we
can initialize Ĵ0 as an approximation of JπPWL , which is also a control Lyapunov function,
by doing a policy evaluation [40].

To carry out the iterative procedure in Algorithm 3 more efficiently, we need to use a
proper function approximator at each iteration. Since each J soft

k is a PWA function, it is
preferable that the candidate approximator can also output a PWA function. Suitable
choices are thereby NNs with (leaky) rectifier linear units (ReLUs) as activation func-
tions, difference of two max-affine functions, Min-Max NNs [136], and so on. Detailed
descriptions of these function approximators are given in [99].

Computation of Xk under the UoP state constraint: In option 2, one is required to com-
pute the reachable sets Xk . The following lemma states that we are able to obtain Xk by
performing polyhedral operations even if the state constraint is UoP.
Lemma 3.4.1. For the PWA system (3.1) with a polytopic input constraint u ∈ U and a
UoP state constraint x ∈ X = ⋃r0

i=1 X (i ), the set iterates Xk = Pre(Xk−1)∩ X , k = 1,2, . . .

make each Xk be a UoP. Then, if Xk−1 is in the form of Xk−1 = ⋃rk−1
i=1 X (i )

k−1, where each

X (i )
k−1 is a polyhedron, then Xk is given by

Xk =
r0⋃

j=1

rk−1⋃
i=1

Pre(X (i )
k−1)∩X ( j ). (3.17)

Proof. The proof can be constructed by induction. Noticing that X0 = X is a UoP, we as-
sume that Xk−1 is a UoP in the form of Xk−1 =⋃rk−1

i=1 X (i )
k−1. Then, the backward-reachable

set Pre(Xk−1) can be computed as Pre(Xk−1) =⋃rk−1
i=1 Pre(X (i )

k−1). This results in

Xk = Pre(Xk−1)∩X =
r0⋃

j=1
Pre(Xk−1)∩X ( j )

=
r0⋃

j=1

(
rk−1⋃
i=1

Pre(X (i )
k−1)

)
∩X ( j ) =

r0⋃
j=1

rk−1⋃
i=1

Pre(X (i )
k−1)∩X ( j ). (3.18)

In the last line of (3.18), Pre(X (i )
k−1)∩ X ( j ) is a UoP for each i and j because X (i )

k−1 and

X ( j ) are polyhedra. As a result, Xk is a UoP. This proves the statement for k. Finally, by
induction, we complete the proof of Lemma 3.4.1.

Mixed-integer formulations of problems (3.14) and (3.16): Problems (3.14) and (3.16)
have similar forms. They can be transformed into MILP problems since both the PWA
system and PWA function approximators are MILP representable, which is shown in [99].
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Here, we say a function J is MILP representable if J can be represented by a set of mixed-
integer linear equations and inequalities containing additional variables. We note this
set by grMILP(J ). As a result, we obtain mixed-integer formulations of problems (3.14)
and (3.16). Precisely, if, e.g., the first type of the penalty function in (3.6) and the infinity
norm of the stage cost are chosen, (3.14) in option 1 can be equivalently written as the
following MILP:

min
u,ε(x),ε(u),
ε(J ),ε(P ),x+

ε(x) +ε(u) +ε(J ) +ε(P )

s.t.−1nxε
(x) ≤±Qx, −1nuε

(u) ≤±Ru, u ∈U

(x+,ε(J )) ∈ grMILP( Ĵk−1), (x,ε(P )) ∈ grMILP(P (·, X )), ([xT uT ]T , x+) ∈ grMILP( fPWA).

Similar transformations can be achieved for problem (3.16), for option 2 of Algorithm 3,
and for the other choice of P and l .

MILP problems can be effectively solved by using the branch-and-bound approach
[206], which is a global optimization algorithm.

Different from (3.14), Problem (3.16) is solved online. Even though it still belongs to an
MILP problem, (3.16) can be solved more rapidly than a general hybrid MPC problem
with a long horizon, because (3.16) in general results much fewer auxiliary and binary
variables. That is one of the main benefits of using ADP or RL.
Remark 3.4.1. When there are approximation errors, the convergence of Ĵk to J soft* is in
general not guaranteed because the infinite-horizon cost (3.3) is undiscounted and does
not induce a contraction property for the Bellman operator. In general, one can add a
discount factor to (3.3) to ensure the convergence of the value iteration under approxi-
mation errors, but this may come at the cost of weakening the stability [161].

3.4.2. APPROXIMATING EXPLICIT POLICIES

Since two PWA functions fPWA and Ĵk−1 are coupled in (3.16), (3.16) may still have many
auxiliary and binary variables, if, e.g., a multiple-layer (deep) NN is used. As (3.16) needs
to be solved online, the advantage of low computational complexity brought by ADP is
not obvious. To avoid solving complex MILP problems online, the policy π̂im can also
be represented explicitly, in which case it usually needs to be approximated by a second
function approximator (actor). The actor is also recommended to have a PWA form since
the optimal control policy π∗ is PWA.

As the optimizer π̂im can be discontinuous and not unique, instead of using supervised
learning methods to train the actor, we can directly construct a parameterized policy
π̂ex(·,ω) with parameter ω and update ω to minimize the expectation of the objective
function in (3.16) w.r.t. the sample distribution ds used in Algorithm 3. This results in
the following policy optimization problem

ω∗ ∈ argmin
ω

Ex∼ds [ρπ(x)(l (x, π̂ex(x,ω))+ Ĵk−1( fPWA(x, π̂ex(x,ω)),θk−1))]

s.t. Ex∼ds [π̂ex(x,ω)] ∈U , (3.19)
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where ρπ(·) : X→ R>0 is another state relevance weighting function to be specified later
in Section 3.5.1. Similar to the critic, we specify π̂ex as a PWA approximator.

To solve (3.19), the policy gradient method, combined with the Lagrangian relaxation
approach [189] or the augmented Lagrangian approach [128] for constraint handling,
can be employed.

The above procedures are conducted offline. Ideally, if there are no approximation errors
on both the critics and the actor, and the penalty weight p and the number of iterations
are infinite, we have X∞ = X̄ and π̂ex(·,ω∗) ≡ π̂im. Consequently, π̂ex(·,ω∗) will always
make the system satisfy all the constraints for the initial condition x0 ∈ X̄ . However, due
to approximation errors and the finite penalty weight, the policy cannot always satisfy
the state and input constraints. As the input constraints are usually hard constraints, in
the online setting we project π̂ex(·,ω∗) onto U when the current state xt is received. This
results in a convex quadratic program:

π̂ex
proj(x) = argmin

u∈U
||u −uex

t ||2, (3.20)

where uex
t = π̂ex (xt ,ω∗). Problem (3.20) can be treated as a parametric quadratic pro-

gram with the parameter uex
t . Therefore, the optimizer of (3.20) is unique, PWA [35, The-

orem 6.7], and also MILP representable [177, Lemma 4].
Remark 3.4.2. The number of decision variables and the number of constraints in the
convex QP problem (3.20) are not larger than those in the MILP problem (3.16). It is
known that convex QP problems are P problems, while MILP problems are NP-hard
problems. Therefore, the consideration of the explicit policy π̂ex (xt ,ω∗) further en-
hances the online computational efficiency compared to (3.16).

3.4.3. DISCUSSIONS ON THE ADP METHOD
Comparison between options 1 and 2 of Algorithm 3: The main differences between op-
tions 1 and 2 are the training regionΩk and the way each Ĵk−1 iterates. These differences
lead to differences in the adaptability and efficiency of options 1 and 2:

• Compared to option 1, option 2 is more efficient in sampling and can result in a
better approximation accuracy, because the working region Ωk in option 2 is in
general much smaller than X. This is also the main advantage of adding penal-
ties into the cost-to-go over adding penalties into the stage cost. We note that to
implement option 1, one should choose a region of interest for sampling, and the
region must be larger than X , so that the constraint violation can be penalized in
the critic. However, the states that can be steered to the origin and have zero con-
straint violation are all contained in X̄ , which is much smaller thanX. Accordingly,
in option 2, we concentrate on Xk , which converges to X̄ as k goes to infinity.

• On the other hand, option 2 needs to compute the k-step controllable setΩk (Xk )
while option 1 does not. Therefore, for large-scale PWA systems, for which the ex-
act computation of each Xk is computationally very demanding, option 1 is prefer-
able.

Comparison to RL with a safety filter: In the schemes of [130], [198], RL policies are pro-
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jected onto a safe set where both state and input constraints are considered. That design
is motivated by the fact that the policies in [130], [198] are derived from standard RL
algorithms that do not account for constraints. In comparison, our proposed ADP algo-
rithms incorporate the state constraints into the cost function by adding penalty terms
for violating the constraints. Besides, input constraints are regarded as hard constraints
in the optimization problems (3.14), (3.16), and (3.20).

3.5. PERFORMANCE ANALYSIS AND VERIFICATION
In this section, we will characterize the stability and safety of the closed-loop system
with the policies π̂im and π̂ex

proj, and also the sub-optimality properties of these policies.
Firstly, we provide general conditions under which stability and safety hold. These con-
ditions can guide the parameter tuning of Algorithm 3. Then, we give sub-optimality
guarantees, i.e., a bound on the mismatch between the infinite cost of the policies and
real value functions. Finally, we develop verifiable stability and safety conditions. We say
that a closed-loop system is safe in a set if its states and inputs satisfy the constraints for
all trajectories starting from the set.

3.5.1. STABILITY AND SAFETY ANALYSIS

First, we state a useful lemma that gives some properties of the value function J soft
k .

Lemma 3.5.1. Consider Algorithm 2. Suppose that Assumptions 3.2.1-3.2.2 hold in op-
tion (a) and Assumptions 3.2.1-3.2.3 hold in option (b).

(i) Then, there exists a positive constant γ <∞ such that for all k ≥ 0, J soft
k (x) ≤ γl (x,0),

∀x ∈ X̄ ;

(ii) there exists a finite k̄ > 0 such that for all k ≥ k̄, we have

J soft
k (x)− J soft

k−1(x) ≤βl (x,0), ∀x ∈ X̄ , withβ ∈ (0,1). (3.21)

Proof. Firstly, the result in (i) is straightforward, based on the fact that both J soft
k and

l (·,0) are continuous PWA functions on X̄ and equal to zero iff x = 0.

For (ii), we will prove by contradiction the existence of a finite k̄ such that J soft
k̄

(x) −
J soft

k̄−1
(x) ≤ βl (x,0), ∀x ∈ X̄ holds in option 1. Suppose that it does not hold, then for

any k > 0, there exists a x̄ ∈ X̄ such that J soft
k (x̄)− J soft

k−1(x̄) ≥ l (x̄,0). According to the con-

traction property of the Bellman operator [28], we have J soft
i (x̄)− J soft

i−1(x̄) ≥ l (x̄,0), ∀i ∈
{1, ...,k}. Summing over i yields J soft

k (x̄) ≥ kl (x̄,0). Letting k → ∞ makes J soft∞ (x̄) con-
tradict (i) of Lemma 3.5.1. Moreover, again using the contraction property of Γp,1 leads
to the conclusion in (ii). Finally, (3.12) tells that the difference of J soft

k̄
(x) in options 1

and 2 is P (x, X ), which is independent of k. Therefore, (3.21) also holds for option 2 of
Algorithm 2.

Then, we are ready to state the main result in this subsection.
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Theorem 3.5.1. Consider Algorithm 3 and the proposed policies π̂im and π̂ex
proj. Let Ω

be a compact subset of X . Suppose that Assumptions 3.2.1-3.2.2 hold in option (a) and
Assumptions 3.2.1-3.2.3 hold in option (b). Consider the following conditions:

(C1): There exist a constant ζ ∈ (0,1) and a positive integer k such that∣∣ Ĵk−1(x)− J soft
k−1(x)

∣∣≤ ζJ soft
k−1(x), ∀x ∈Ω.

(C2): There exist a constant ep > 0 and a positive integer k such that Ĵπ̂ex
proj

(x) −
Ĵπ̂im (x) ≤ epl (x,0), ∀x ∈ Ω. Here, Ĵπ(·) is defined by Ĵπ(x) := l (x,π(x)) +
Ĵk−1( fPWA(x,π(x))).

As a result, we have:

(i) If C1 holds with k ≥ k̄ and

(1+ζ)(1−β) > max(2ζγ, 1), (3.22)

where k̄, β, and γ come from Lemma 3.5.1, then the closed-loop system xt+1 =
fPWA(xt , π̂im(xt )), t = 0,1, ... is asymptotically stable and safe in B(J soft

k−1,Ω)∩B( Ĵk−1,Ω).

(ii) If C1 and C2 hold with k ≥ k̄, and

(1+ζ)(1−β) > max(2ζγ+ep, 1), (3.23)

then the closed-loop system xt+1 = fPWA(xt , π̂ex
proj(xt )), t = 0,1, ... is asymptotically stable

and safe in B(J soft
k−1,Ω)∩B( Ĵk−1,Ω).

Proof. For each k ≥ k̄, we define the policy πk (·) : X→U as (one of) the optimizer(s) of
Γp,α J soft

k−1(·), α= 1 or 2. For every x ∈B(J soft
k−1,Ω) ⊆ X , according to (3.5.1),

J soft
k (x) = Γp,α J soft

k−1(x) ≥ l (x,πk (x))+ J soft
k−1( fPWA(x,πk (x))) (3.24)

holds in both options. Together with (3.21), (3.24) yields

J soft
k−1( fPWA(x,πk (x)))− J soft

k−1(x) ≤−(1−β)l (x,πk (x))

≤−(1−β)l (x,0), (3.25)

which means that for every x ∈ B(J soft
k−1,Ω), the policy πk will make fPWA(x,πk (x)) ∈

B(J soft
k−1,Ω).

Now, we show that J soft
k−1 and Ĵk−1 are Lyapunov functions for the system with π̂im. In

particular, for any x ∈B(J soft
k−1,Ω)∩B( Ĵk−1,Ω), if C1 and (3.22) hold, we have

l (x, π̂im(x))+ Ĵk−1( fPWA(x, π̂im(x)))

≤l (x,πk (x))+ Ĵk−1( fPWA(x,πk (x)))

≤l (x,πk (x))+ (1+ζ)J soft
k−1( fPWA(x,πk (x)))

≤(1+ζ)J soft
k−1(x)+ (

1− (1+ζ)(1−β)
)

l (x,πk (x))

≤ Ĵk−1(x)+2ζJ soft
k−1(x)+(

1−(1+ζ)(1−β)
)

l (x,πk (x)). (3.26)
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In (3.26), the first inequality is true since π̂im is an optimizer of problem (3.16); the sec-
ond and the last inequalities hold because x and fPWA(x,πk (x)) are all in Ω, in which
C1 holds; and the third inequality is correct owing to (3.25). Since 1− (1+ ζ)(1−β) < 0,
considering Lemma 3.5.1, (3.26) results in

Ĵk−1(x+)− Ĵk−1(x) ≤ (
2ζγ− (1+ζ)(1−β)

)
l (x,0), (3.27)

with x+ = fPWA(x, π̂im(x)). The right-hand side of (3.27) is strictly negative except
for x = 0 according to (3.22). Therefore, we get that ∀x ∈ B(J soft

k−1,Ω) ∩B( Ĵk−1,Ω),

fPWA(x, π̂im(x)) ∈ B( Ĵk−1,Ω) holds. Condition C1 implies that Ĵk−1(x) > 0, ∀x ∈
(B(J soft

k−1,Ω)∩B( Ĵk−1,Ω))\{0} and Ĵk−1(0) = 0. This shows that J soft
k−1 is a Lyapunov func-

tion for the system xt+1 = fPWA(xt , π̂im(xt )).

Similarly to (3.26) and (3.27), we can get the following inequality for J soft
k−1:

l (x, π̂im(x))+ J soft
k−1( fPWA(x, π̂im(x)))

≤(1+ζ)J soft
k−1(x)+(1−(1+ζ)(1−β))l (x,πk (x))−ζl (x,π̂im(x))

1−ζ . (3.28)

With (3.22) and Lemma 3.5.1, (3.28) readily leads to

J soft
k−1(x+)− J soft

k−1(x) ≤ 2ζγ− (1+ζ)(1−β)

1−ζ l (x,0), (3.29)

which means that J soft
k−1 is strictly decreasing from any x ∈ (B(J soft

k−1,Ω)∩B( Ĵk−1,Ω))\{0}

to the next state. Combining (3.27) and (3.29), we note that B(J soft
k−1,Ω)∩B( Ĵk−1,Ω) is a

positively invariant set. This, together with the Lyapunov functions Ĵk−1 and J soft
k−1, leads

to the asymptotic stability and safety of the closed-loop system.

Next, we analyze the behavior of the closed-loop system with π̂ex
proj. With C1 and C2,

Ĵk−1(x+)− Ĵk−1(x) with x+ = fPWA(x, π̂ex
proj(x)) is upper bounded by the right-hand side of

(3.27) plus epl (x,0), and J soft
k−1(x+)− J soft

k−1(x) is also upper bounded by the right-hand side
of (3.29) plus epl (x,0). Together with (3.23), this results in the asymptotic stability and
safety of the closed-loop system with the policy π̂ex

proj.

Remark 3.5.1. Although Theorem 3.5.1 provides sufficient conditions for stability, some
of them (e.g., C1 and C2) are difficult to verify. A method that can verify C1 and C2 in a
probabilistic way is reported in [106]. On the other hand, Theorem 3.5.1 suggests several
ways to design the parameters and function approximators in Algorithm 3. For practical
verification of stability and safety, in Section 3.5.3, we move beyond using Conditions C1
and C2. Instead, we propose an offline verification framework based on solving MILP
problems. As will be demonstrated in the case study, this framework effectively verifies
safe and stable regions.

(i) All results in Theorem 3.5.1 require (3.21) to hold. The left-hand side of (3.21) is about
the residual error of VI. It indicates that a suitable tolerance function ϵ, which determines
the stopping condition at step 9 of Algorithm 3, could be ϵ(x) = etolel (x,0), for some
etole ∈ (0,1).
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(ii) Condition C1 limits the mismatch between Ĵk−1 and J soft
k−1, which further limits the

approximation error υi (x) := Ĵi (x) − Γp,α Ĵi−1(x), i = 1, ...,k of VI. To make ζ as small
as possible, which helps to fulfill (3.22) and (3.23), ρv in (3.15) could be specified by
ρv (x) = 1/l 2(x,0). To understand this, we consider the state trajectory x0, x1, ..., xk that is
generated from the closed-loop system xt+1 = fPWA(xt ,πk−t (xt )), t = 0, ...,k−1, where πi

denotes the optimizer of Γp,α J soft
i−1 . Then, we have Ĵk (x0)−J soft

k (x0) ≤ Ĵk−1(x1)− J soft
k−1(x1)+

υk (x0) ≤ Ĵ0(xk )−J soft
0 (xk )+∑k

i=1υi (xk−i ). Suppose that | Ĵ0(xk )− J soft
0 (xk )| ≤ evl (xk ,0) and

|υi (xk−i )| ≤ evl (xk−i ,0), i = 1, ...,k, where ev > 0, we obtain

Ĵk (x0)−J soft
k (x0) ≤ ev

k∑
i=0

l (xi ,0) ≤ ev J soft
k (x0). (3.30)

Similar procedures can be applied to upper bound the value of J soft
k (x0)− Ĵk (x0). From

(3.13) and (3.15), we see that compared to lettingρv (x) = 1, our choice ofρv is more likely
to lead to a smaller ev, which can contribute to the reduction of ζ, according to (3.30).
Moreover, to circumvent the singularity of ρv at the origin, we let ρv (x) = 1/(l 2(x,0)+ρ),
with a small constant ρ > 0.

(iii) Condition C2 requires the policy approximation error Ĵπ̂ex
proj

(x) − Ĵπ̂im (x) is con-

strained by the state cost l (x,0) scaled by a constant ep and that the constant ep is small
enough. Based on this requirement, we take ρπ(x) = 1/(l (x,0)+ρ) to make ep small.
Remark 3.5.2. Different from the existing stability results on ADP [107], [133], [154],
[162], Theorem 3.5.1 considers the effects of state constraints. Besides, condition C1
allows us to analyze the sub-optimality of π̂im and π̂ex

proj, which has not been addressed
in existing research [107], [133], [154], [162].

3.5.2. SUB-OPTIMALITY ANALYSIS
Based on Theorem 3.5.1, we can compute upper bounds on Jπ̂im and Jπ̂ex

proj
, which are the

infinite-horizon costs of π̂im and π̂ex
proj, defined in (3.2).

Corollary 3.5.1. Consider Algorithm 3 and the proposed policies π̂im and π̂ex
proj. LetΩ be

a compact subset of X .

(i) Let the assumptions in (i) of Theorem 3.5.1 hold and 2ζγ < 1. Then, for any x ∈
B(J soft

k−1,Ω)∩B( Ĵk−1,Ω), we have the inequality

J soft∗(x) ≤ Jπ̂im (x) ≤ 1−ζ
1−2ζγ

J soft
k−1(x). (3.31)

(ii) Let the assumptions in (ii) of Theorem 3.5.1 hold and 2ζγ+ ep < 1. Then, for any
x ∈B(J soft

k−1,Ω)∩B( Ĵk−1,Ω), we have the inequality

J soft∗(x) ≤ Jπ̂ex
proj

(x) ≤ 1−ζ
1−2ζγ−ep

J soft
k−1(x). (3.32)

Proof. We note that the first inequality in (3.31) and the first inequality in (3.32) directly
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follow from the optimality of J soft∗. We derive from (3.28) that

1−2ζγ

1−ζ l (x, π̂im(x))≤ J soft
k−1 (x)−J soft

k−1 ( fPWA(x, π̂im(x))) (3.33)

holds for any x ∈ (B(J soft
k−1,Ω)∩B( Ĵk−1,Ω))\{0}. Consider the trajectory x0, x1, ... that is

generated by applying π̂im(xt ) to system (3.1) at each time step t , t = 0,1, ... Letting
x = xt and summing up both sides of (3.33) from t = 0 to t = ∞, we get Jπ̂im (x0) ≤

1−ζ
1−2ζγ (J soft

k−1(x0)− J soft
k−1(x∞)). The asymptotic stability in (i) of Theorem 3.5.1 indicates that

J soft
k−1(x∞) = 0, so (i) of Corollary 3.5.1 is proved. Similarly, we can upper bound the stage

cost when applying π̂ex
proj by

1−2ζγ−ep

1−ζ l (x, π̂ex
proj(x)) ≤ J soft

k−1(x)− J soft
k−1( fPWA(x, π̂ex

proj(x))). (ii)
of Corollary 3.5.1 will be obtained by summing up the above inequality along the trajec-
tory controlled by π̂ex

proj.

It is almost impossible to get an optimal control policy from (3.19) due to the approxima-
tion error. However, (3.31) and (3.32) confirm the intuition that a smaller approximation
error of the critic (and the actor) leads to tighter sub-optimality guarantees. Namely,
as ζ → 0, ep → 0, and k → ∞, we have Jπ̂im (x) → J soft∗(x) and Jπ̂ex

proj
(x) → J soft∗(x) for

any x ∈B(J soft
k−1,Ω)∩B( Ĵk−1,Ω). Moreover, if option (a) of Algorithm 3 is used, J soft

k−1(x) in

(3.31) and (3.32) can be replaced by J soft∗(x) because J soft
k−1(x) ≤ J soft∗(x), ∀x ∈X.

3.5.3. STABILITY AND SAFETY VERIFICATION
As mentioned in the previous subsection, conditions C1 and C2 in Theorem 3.5.1 can
only be evaluated statistically. Moreover, the conditions in Theorem 3.5.1 are sufficient
conditions for Ĵk−1 and J soft

k−1 to be Lyapunov functions, and thus these conditions can be
conservative. Besides, sometimes only practical stability can be ensured for nonlinear
systems with neural controllers [162]. In this section, we propose an offline verification
framework to simultaneously verify the practical stability and safety of the system con-
trolled by the projected policy π̂ex

proj in a deterministic manner, based on MILP. A small

adaptation that can be used to verify the asymptotic stability for π̂ex
proj and π̂im is provided

at the end of this section.

The proposed verification procedure contains 3 steps. Different from [49], [67], [115]
that directly verify asymptotic stability, for practical stability we need to first verify the
convergence of the closed-loop system to a neighborhood containing the origin, and
then verify the invariance of the neighborhood. These will be formulated as two MILP
problems. Finally, to enlarge the inner-estimated region of attraction, which is a sub-
level set of Ĵk−1, the third MILP problem will be formulated.

To verify the stability in any sub-level set Br1 = {x ∈ X| Ĵk−1(x) ≤ r1, r1 > 0} that is con-
tained in X , we can directly extend the verifier in [49], in which a mixed-integer quadratic
program is solved to test a quadratic candidate Lyapunov function for PWA systems with
input constraints. In particular, after implementing Algorithm 3 and (3.19), we have the
value function Ĵk−1 and the explicit policy π̂ex (·,ω∗) at our disposal. Then, we formulate
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the following optimization problem:

a∗
1 := max

x,u
Ĵk−1( fPWA(x,u))− Ĵk−1(x)+ c1l (x,0)

s.t. u = π̂ex
proj(x), r2 ≤ Ĵk−1(x) ≤ r1, (3.34)

where c1 is a small positive parameter, and r2 ∈ (0,r1). If a∗
1 ≤ 0, we can conclude that the

closed-loop system with π̂ex
proj is safe in Br1 , and that any trajectories starting in Br1 will

enter Br2 = {x ∈X| Ĵk−1(x) ≤ r2, } in finite time. The formal result is included in Theorem
3.5.2. If a∗

1 > 0, we can reduce the values of r1 and c1. In this way, the objective function of
problem (3.34) and the feasible region of x become smaller, which will make a∗

1 smaller.

As all functions in (3.34) are PWA and thus MILP representable, problem (3.34) can be
formulated as an MILP problem.

After the trajectories reach Br2 , we need to verify that they will always stay in Br2 , i.e., we
need to prove the positive invariance of Br2 . This leads to the second MILP problem:

a∗
2 := max

x,u
Ĵk−1( fPWA(x,u))− c2 Ĵk−1(x)− r2 + r2c2

s.t. u = π̂ex
proj(x), 0 ≤ Ĵk−1(x) ≤ r2, (3.35)

where c2 ∈ [0,1]. One can directly take c2 = 0 to minimize a∗
2 . Clearly, a∗

2 ≤ 0 implies the
positive invariance of Br2 , which will be proven in Theorem 3.5.2. If a∗

2 > 0, similarly we
can make r2 smaller.

However, the stable and safe region Br1 derived from (3.34) and (3.35) is usually small,
as Br1 is a sub-level set of Ĵk−1. In particular, if the weights in Q on different states vary
greatly, the resulting Br1 will be rather narrow and much smaller than the real region of
attraction. It could also happen that the evolution of the closed-loop system does not
make Ĵk−1 decrease at the beginning, but will drive the state into Br1 in a finite number
of time steps. Besides, in most cases, we are interested in the performance of a policy in
a polyhedron (or a UoP), rather than a sub-level set.

Therefore, we further develop the third optimization problem that evaluates the range of
trajectories of the closed-loop system in a finite number of time steps for all initial states
in a polyhedron Xin or a UoP of interest. The problem is

Check if xt ∈ X , t =1, ..., N−1,∀x0 ∈ Xinand if Ĵk−1(xN )≤r1,∀x0 ∈ Xin

s.t. ut = π̂ex
proj(xt ), xt+1 = fPWA(xt ,ut ), t = 0, ..., N −1, (3.36)

where N is the number of time steps and r1 is such that it makes a∗
1 ≤ 0 in (3.34). If

(3.36) returns “Yes”, we can conclude that for any initial state in Xin, the states of the
closed-loop system will satisfy the constraints from t = 0 to t = N −1, and the final state
xN will reach the stable and safe region Br1 computed in (3.34). Similar to (3.34) and
(3.35), (3.36) can be exactly expressed in an MILP form. If Xin is a UoP, we also need
some additional binary variables to formulate the initial condition x0 ∈ Xin (see [99]).

The integration of (3.34), (3.35), and (3.36) constitutes the proposed verification frame-
work, which computes the exact evolution of the closed-loop system. It does not need
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any sampling or statistical testing procedure. The effectiveness of the proposed verifica-
tion framework is stated in the following theorem.
Theorem 3.5.2. Consider the policy π̂ex

proj and the proposed verification framework con-

sisting of (3.34), (3.35), and (3.36). If Ĵk−1(0) = 0, a∗
1 ≤ 0, a∗

2 ≤ 0, and (3.36) returns “Yes”,
then the closed-loop system with π̂ex

proj is safe in Xin, and any trajectory starting from Xin

will approach Br1 in at most N +⌈(r1 − r2)γ̂/(c1r2)⌉ time steps and stay in Br1 thereafter.
Here γ̂ is a positive constant independent of the initial condition.

Proof. If (3.36) returns “Yes”, the trajectories of the closed-loop system with π̂ex
proj with

initial condition x0 ∈ Xin will be contained in Br1 after N time steps.

Then, for any initial state x0 ∈Br1 , suppose that the tf −1-step trajectory x0, x1, ..., xtf−1

of the closed-loop system with π̂ex
proj is not contained in Br2 . Since a∗

1 ≤ 0, we have

Ĵk−1(xt+1)− Ĵk−1(xt ) ≤−c1l (xt ,0), t = 0, ..., tf −1. (3.37)

Summing (3.37) over time yields

Ĵk−1(xtf ) ≤ Ĵk−1(x0)− c1

tf−1∑
t=0

l (xt ,0). (3.38)

Meanwhile, since both Ĵk−1 and l (·,0) are continuous PWA functions on their domains,
similarly to (i) of Lemma 3.5.1, there exists a positive and finite constant γ̂ such that
Ĵk−1(x) ≤ γ̂l (x,0) for all x ∈ X . As a result, (3.38) implies that Ĵk−1(xtf ) ≤ r1 − c1r2tf

γ̂ .
Specifying tf = ⌈(r1 − r2)γ̂/(c1rr )⌉, which is finite and does not depend on x0, we have
Ĵk−1(xtf ) ≤ r2. Combining the above statements, we can conclude that any trajectory
of the closed-loop system with π̂ex

proj starting from Xin will reach Br2 in less than N + tf

time steps. Finally, the positive invariance of Br2 is straightforward if a∗
2 ≤ 0, since we

have Ĵk−1(x) ≤ r2 ⇒ Ĵk−1( fPWA(x, π̂ex
proj(x))) ≤ r2 from (3.35). This completes the proof of

Theorem 3.5.2.

With the results in Theorems 3.5.1 and 3.5.2, we now make practical suggestions on how
to implement Algorithm 3 and the proposed verification framework.

After the explicit policy π̂ex (·,ω∗) is obtained, we first find r2 that makes a∗
2 ≤ 0. Then,

one can use (3.35) to compute the safe and stable region and then use (3.36) to enlarge
it. If a∗

2 ≤ 0 but a∗
1 > 0 whatever r1 is chosen, one needs to apply (3.36) with r1 replaced

by r2. The cost is that one may have to choose a large horizon N since r2 is small. The
complexity of (3.36) grows exponentially w.r.t. N . If a∗

1 > 0 and a∗
2 > 0, no matter what

r1 and r2 are chosen, one has to refine the learning process. To this end, Theorem 3.5.1
implies that one can either (i) increase the number of iterations by tightening the stop-
ping condition, i.e., making etole smaller, or (ii) improve the approximation quality of
function approximators and restart Algorithm 3.
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Remark 3.5.3. The proposed verification framework generalizes the verification meth-
ods in [67], [115], [177], and is an extension of [67], [115], [177] from linear systems to
PWA systems and from asymptotic stability to practical stability. Specifically, if we re-
move (3.35) and (3.36) and fix r2 = 0, the proposed method verifies asymptotic stabil-
ity, which is stronger than the properties in Theorem 3.5.2, and it is then similar to the
method in [67]. For the comparison with [115], we note that to guarantee state constraint
satisfaction, [115] needs to find a positively invariant set. In comparison, Xin in (3.36) is
not necessarily positively invariant. Besides, (3.36) includes the case when X and the
searching region Xin are UoPs.

In addition, (3.34) can be adjusted to verify the asymptotic stability and safety of π̂im.
With r2 = 0 and c1l (x,0) replaced by c1l (x,u), a∗

1 ≤ 0 tells that Ĵk−1 is a control Lyapunov
function, which further validates the asymptotic stability and safety of π̂im in Br2 .

3.5.4. OVERALL DESIGN PROCEDURE

Figure 3.1: The schematic diagram of the design procedure.

We provide a roadmap (see Fig. 3.1) outlining the procedures for implementing the pro-
posed methods. The flowcharts within the blue box depict offline processes, while the
flowcharts in the pink box represent online steps. After Algorithm 3 is implemented, two
options can be chosen. One can either learn the explicit policy via (3.19) or bypass this
step. Then, the proposed verification tool in Section 3.5.3 is used to assess the perfor-
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mance of the policy. If the policy falls short of expectations, it becomes necessary to
refine the learning process and restart Algorithm 3. After verifying the safety and stabil-
ity of the policy π̂ex

proj or π̂im, in the online phase we solve (3.20) or (3.16) to compute the

control input π̂ex
proj (xt ) or π̂im(xt ) when the state measure xt is received.

The control framework involves four types of parameters: the hyper-parameters of the
learning models for the value function and the policy, the penalty weight p, the param-
eter etole of the tolerance function ϵ determining the stopping criterion of Algorithm 3,
and the parameters r1, r2, and N of the verification framework. Guidelines for setting
hyper-parameters of the learning models can be found in machine learning literature,
such as [86]. The principle for tuning r1, r2, and N has been provided after Theorem
3.5.2. To refine the learning process, one can adjust the first three kinds of parameters
by the following steps: (i) improving the approximation quality of the learning models
by tuning the hyper-parameters or amplifying samples; (ii) raising p; (iii) increasing the
number of iterations by tightening the stopping condition (etole smaller).

3.6. CASE STUDY

Figure 3.2: An inverted pendulum with elastic walls.

We validate the proposed methods in two examples. We illustrate the convergence of dif-
ferent options of the proposed ADP method, the effectiveness of the verification method,
as well as the online computational advantage of the proposed controllers.

3.6.1. EXAMPLE 1: INVERTED PENDULUM WITH ELASTIC WALLS
We consider a physical system in which an active inverted pendulum is placed between
elastic walls to maintain the vertical position (see Fig. 3.2). By linearizing the dynamics
around the vertical configuration q = q̇ = 0 and discretizing the system with a sampling
time 0.05 s, we obtain a discrete-time PWA model with 4 modes, where the system ma-
trices are given by

Ai =
[

1 0.05
αi 1

]
,Bi =

[
0

0.05

]
, fi =

[
0
βi

]
, i =1,2,3,4,

with α1 =−29.5, α2 =−14.5, α3 = 0.5, α4 =−24.5, β1 =−3.3, β2 =−1.5, β3 = 0 and β4 =
2.5, and where the partition

{
Ci

}4
i=1 is given by C1 = {(x,u) | [1 0]x ≤−0.12}, C2 = {(x,u) |
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−0.12 ≤ [1 0]x ≤ −0.1}, C3 = {(x,u) | −0.1 ≤ [1 0]x ≤ 0.1} and C4 = {(x,u) | [1 0]x ≥ 0.1}.
The detailed description of the system is given in [99].

0 2 4 6 8 10
Iterations

0

40

80

120

M
ea

n
 s

q
u
ar

e 
er

ro
rs

9 10 11
0

4

8

Option 2(a) of ADP

Option 2(b) of ADP

Option 1(a) of ADP

Option 1(b) of ADP

Figure 3.3: The learning process of the ADP algorithm with different options.

(a) Closed-loop trajectories of the inverted pen-
dulum. The shaded region is X̄ .
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(b) Time-domain system responses.

Figure 3.4: Simulation results under linear state constraints.

Due to safety considerations and the limited capability of the torque motor, the inverted
pendulum system is supposed to satisfy the constraints [−0.15 − 1]T ≤ x ≤ [0.15 1]T

and −4 ≤ u ≤ 4. The constrained infinite-horizon control problem is constructed with
l (x,u) = ||diag([20 1])x||∞+||u||∞. The overall control objective is to solve the infinite-
horizon optimal control problem given in (1). The offline procedure for computing the
proposed control policies π̂im and π̂ex includes solving several optimization problems.
In particular, implementing Algorithm 3 requires solving the MILP problem (3.14) and
the nonlinear regression problem (3.15). Computing π̂ex requires solving the policy op-
timization problem (3.19). Besides, the verification step contains solving three MILP
problems (3.34)-(3.36).

A 61 × 61 state data grid is constructed to cover the region {x|[−0.17 − 1.2]T ≤ x ≤
[0.17 1.2]T }. These training points are exploited to train the actor and the critic. Both of
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them are ReLU NNs that have two hidden layers of widths 8. Starting from a zero value
function and after 10 iterations, the closed-loop behavior of the system with π̂ex

proj is illus-
trated in Fig. 3.4. Fig. 3.4(a) plots the trajectories of the closed-loop system (controlled
by π̂ex

proj) starting from some vertices of X̄ in the state space, while Fig. 3.4(b) displays
the time-domain responses corresponding to the state-space trajectories of Fig. 3.4(a).
Although states starting from these vertices are in general the most difficult to regulate
to the origin, they converge rapidly under π̂ex

proj. Meanwhile, we should mention that the
state constraints could be slightly violated: the trajectory depicted by the purple curves
violates the constraints by about 5 percent. To avoid this, one can tighten the state con-
straints and restart the ADP algorithm. The dashed purple curve describes the trajectory
starting from the purple vertex with 10 percent constraint tightening2. We can observe
that constraint violation is avoided.

To carry out option (b) of Algorithm 3, we consider the linear subsystem (A3, B3) and
readily get a linear stabilizing feedback law u0 = [−40 −10]x, which is used to initialize
the value function of option (b). The optimal value function J∗ is computed by the MPT3
toolbox [105] in 9.6 hours. The learning processes of different versions of Algorithm 3
are compared in Fig. 3.3, in which the mean square errors between Ĵk−1

(
x(i ),θk

)
and

J∗(x(i )) are depicted. One can see that the value function approximation in option (b)
has a much faster convergence rate than that in option (a), and option 2 results in lower
approximation errors than option 1. The accelerated convergence rate in option (b) is
mainly attributed to its initial value function approximation Ĵ0 being considerably closer
to J soft∗ compared to option (a). The ultimately reduced approximation errors in option
2 likely stem from a more densely sampled state space.

Figure 3.5: Safe and stable regions verified by the verification framework.

The conditions for the stability and safety of the policy π̂ex
proj are verified in Fig. 3.5. Fig.

3.5 depicts the safe and stable regions that are analyzed by the proposed verification

2We leverage a backtracking strategy to incrementally increase the constraint tightening factors until the safety
performance is successfully verified by our proposed verification method.
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framework. The input constraints are always satisfied in the simulation because the op-
timization problems (3.16) and (3.20) contain the input constraints as hard constraints.
The blue region representsBr1 , which is computed by (3.34) with r1 = 18, c1 = 0.1, r2 = 3.
We note that for some states in Br2 , which is colored red, the objective function in (3.34)
becomes positive, so the verification method in [67] fails. However, (3.35) outputs a neg-
ative a∗

2 with c2 = 0.1, which means that any trajectory of the closed-loop system start-
ing from Br1 will reach in the neighborhood Br2 containing the origin in finite number
of time steps. Furthermore, the safe and stable region Br1 is enlarged to Xin (the yellow
region) by (3.36) with N = 3. However, we observe that the verified safe and stable poly-
tope Xin may be conservative compared to our trajectory simulation in Fig. 3.4. Suppose
that Xin := {x ∈ Rnx |EXin x ≤ gXin }. The conservatism is primarily attributed to the naive
choice of EXin . Practical strategies to mitigate this conservatism involve using a UoP Xin

and extending the horizon N . These two methods, on the other hand, will increase the
complexity of the MILP problem (3.36).
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Figure 3.6: Statistical analysis of different methods regarding CPU times. D-max means the difference of two
max-affine functions.

We compare the CPU time of running the ADP-based controllers, hybrid MPC, explicit
MPC computed by the MPT3 toolbox, nonlinear MPC that uses the nonlinear model,
action-governor RL in [130], and the predictive safety filter (PSF) in [198]. The horizons
of MPC and the PSF are taken as 8. The implementation of hybrid MPC and the PSF
requires to solve an MILP problem. In comparison, for π̂im with the value function ap-
proximator chosen as the ReLU NN (or the difference of two max-affine functions that
has 15 and 5 terms in the first and second max blocks, respectively), one should solve a
smaller MILP problem than the ones of hybrid MPC and the PSF. For statistical analysis,
we randomly select 100 initial states and run the system for 50 time steps. According to
the results in Fig. 3.6, the computation of π̂ex

proj requires the least amount of CPU time,

which is around 2.2× 10−6 s per time step. Besides, π̂im performs better than hybrid
MPC, explicit MPC, action-governor RL, and PSF, regarding online computation time,
both when using the ReLU NN (about 0.028 s) or the difference of two max-affine func-
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(a) Closed-loop trajectories of the inverted pen-
dulum with UoP state constraints.
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(b) Time-domain system responses under UoP
state constraints.

Figure 3.7: Simulation results under UoP state constraints.

tions (about 0.026 s) for value function approximation.

We further consider the case when the state constraints are a UoP, namely, x ∈ X (1) ∪
X (2) with X (1) = {x|[−0.15 − 1]T ≤ x ≤ [0.15 1]T } and X (2) = {x|[−0.08 − 1.5]T ≤ x ≤
[0.08 1.5]T }. This means a higher angular velocity is allowed when the pendulum is
close to its vertical configuration. After implementing option 2(a) of Algorithm 3 in 10
iterations, X̄ is depicted in Fig. 3.7(a). The trajectories of the closed-loop system with
π̂ex

proj starting from some vertices of X̄ are plotted in Fig. 3.7, from which one can find
that the proposed scheme is still valid even when the state constraints are a UoP.

3.6.2. EXAMPLE 2: CENTRALIZED ADAPTIVE CRUISE CONTROL
We consider an adaptive cruise control problem in which we drive three vehicles (follow-
ers) to follow a leading vehicle (leader) in a highway environment. The control objective
is to keep a desired distance d = 20 m between each two adjacent vehicles.

Figure 3.8: Adaptive cruise control set up.

Model: The differential equation for the velocity vi (t ), i = 1,2,3 of each following vehicle
is mv̇i (t ) + cv2

i (t ) +µmg = b fi (t ), where b fi (t ) is the input traction/brake force, and
where c = 0.5 kg/m, m = 800 kg, µ = 0.01, b = 3700 N, g = 9.8 m/s2. The maximum
allowable velocity for followers is vmax = 35 m/s.
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Following [62], a least-squares PWA approximation of the nonlinear damping force
V (v) = cv2 results in the continuous-time PWA dynamics with 2 modes for each vehi-
cle

mv̇i (t )+ c j vi (t )+a j = b fi (t ), if vi (t ) ∈ [α j−1,α j ), j = 1,2, (3.39)

where α0 = 0, α1 = vmax/2, α2 = vmax, c1 = 3cvmax/8, c2 = 13cvmax/8, a1 = µmg , and
a2 = −5cv2

max/8+µmg . The leader is assumed to have a constant velocity vr = 20 m/s.
By defining a new state x = [p1−pr−d v1−vr p2−p1−d v2−vr p3−p2−d v3−
vr]T , where p1, p2, p3 and pr are the positions of the three followers and the leader,
respectively, the control goal is then making x zero. The dynamics of x thereby have 23

different modes. Noticing that when x is zero, vi ∈ [α1,α2), i = 1,2,3, so we introduce
an input transformation u = [ f1− vrc2+a2

b f2− vrc2+a2
b f3− vrc2+a2

b ]T to make the origin
of x-u space the equilibrium of the state equations for x. By discretizing the differential
equations for x with the sampling time 1 s, we get a discrete-time PWA model with 6
states, 3 inputs, and 8 modes.

As for constraints, we consider limitations on the distance between each two adjacent
vehicles, the velocity, and the traction/brake force input. In particular, we require that
10 m ≤ |pi −pi−1| ≤ 30 m, 5 m/s ≤ vi ≤ 35 m/s, and | fi | ≤ 1 N, where i = 1,2,3 and p0 = pr.
All of these constraints can be readily converted into polyhedral constraints on x and u.

The stage cost is chosen as l (x,u) = ∥∥diag
([

1 0.5 1 0.5 1 0.5
])

x
∥∥
∞ +∥∥diag

([
0.1 0.1 0.1

])
u

∥∥
∞.

Setups: We uniformly randomly sample 25000 state points from the state space {x ∈
R6 | [−12 −18 −12 −18 −12 −18]T ≤ x ≤ [12 18 12 18 12 18]T }. We compare the per-
formance of different controllers, including the proposed ADP controllers with different
parameter settings, hybrid MPC with different prediction horizons, and the PSF-based
RL [198]. The performance metrics include the average CPU time per time step, the cu-
mulative stage cost over 15 time steps, and the percentage that the system trajectory
satisfies all constraints. To test the performance of controllers, we generate 100 initial
state scenarios that make the hybrid MPC with horizon 4 recursively feasible and stabi-
lizing. Since controllable sets are difficult to compute in this example, we start from a
zero value function and adopt option 2 of Algorithm 3 to get Ĵk−1. All PWA function ap-
proximators used in the proposed method and the safety-filter-based RL are ReLU NNs
with 2 hidden layers.

Results: Table 3.1 shows the results. In Table 3.1, N represents the prediction horizon
chosen in hybrid MPC, M refers to the number of units in each hidden layer, and the
safety rate is defined as the number of initial states leading to a safe closed-loop tra-
jectory divided by the total number (100) of initial states. As expected, MPC provides
the best performance regarding the total cost and safety rate, but it needs too much CPU
time for computation. Compared with MPC, π̂ex

proj and the PSF-RL in [198] can reduce the

online computation time, especially for π̂ex
proj. With the increase of the number of units,

the performance of π̂im and π̂ex
proj regarding the total cost becomes better and close to

that of MPC. As both π̂im and π̂ex
proj have acceptable performance regarding the total cost

and safety rate, using π̂ex
proj is preferable due to its significant reduction of CPU time. Be-
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sides, Table 1 also indicates that with the same number of units, the PSF-RL in [198] can
be computed faster than π̂im, but the performance of π̂im and π̂ex

proj is superior to that of
the RL method in [198] in terms of both cumulative cost and constraint violations.

Table 3.1: Performance of different controllers

Methods CPU time (mean/max) Total cost Safety rate

MPC with N = 4 0.1592 / 0.4593 21.7664 100%
MPC with N = 5 0.2850 / 0.7703 21.6653 100%
MPC with N = 6 0.4630 / 1.4619 21.5997 100%

π̂im with M = 15 0.0605 / 0.1036 23.0097 98%
π̂im with M = 20 0.0916 / 0.1621 22.6613 100%
π̂im with M = 25 0.1372 / 0.2991 22.3042 100%
π̂im with M = 30 0.5487 / 1.3904 22.0716 100%

π̂ex
proj with M = 15 0.0008 / 0.0028 23.4043 99%

π̂ex
proj with M = 20 0.0007 / 0.0027 22.9568 99%

π̂ex
proj with M = 25 0.0007 / 0.0027 22.7022 99%

π̂ex
proj with M = 30 0.0008 / 0.0030 22.7562 99%

PSF-RL in [198] with M = 30,N = 5 0.0809 / 0.3570 29.7561 85%

3.7. CONCLUSIONS AND FUTURE WORK
We have proposed an ADP control scheme to deal with infinite-horizon optimal con-
trol of PWA systems subject to linear and union-of-polyhedra (UoP) constraints, based
on MILP. With carefully designed PWA penalty functions, the probably non-convex UoP
constraints during the learning process are removed while the PWA properties of the
value functions are maintained. We have formally analyzed the PWA properties and
continuity of the value function, as well as the closed-loop stability and safety under
the approximation errors. We have also designed an offline verification tool to make
the proposed method reliable. Simulation results show that the ADP-based policies are
near-optimal and require much less online computational effort than conventional hy-
brid MPC.

The limitations of the proposed ADP method are threefold. The performance of the poli-
cies depends heavily on the approximation accuracy of value functions. Secondly, our
method does not scale well to high-dimensional problems due to the dramatic growth
of sampling complexity. Additionally, our method is limited to the cases involving UoP
state constraints and linear input constraints. Therefore, topics for future work include
eliminating the reliance on value function approximation, exploring more efficient sam-
pling strategies, and considering general convex multi-time-step constraints.
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LEARNING-BASED CONTROL OF

CONSTRAINED PIECEWISE AFFINE

SYSTEMS USING

OPTIMIZATION-FREE SAFETY

FILTERS

Control of piecewise affine (PWA) systems under complex constraints faces challenges in
guaranteeing both safety and online computational efficiency. Learning-based methods
can rapidly generate control signals with good performance, but rarely provide safety
guarantees. A safety filter is a modular method to improve safety for any controller. When
applied to PWA systems, a traditional safety filter usually needs to solve a mixed-integer
convex program, which reduces the computational benefit of learning-based controllers.
We propose a novel optimization-free safety filter designed to handle state constraints that
involve a combination of polyhedra and ellipsoids. The proposed safety filter only utilizes
algebraic and min-max operations to determine safe control inputs. This offers a notable
advantage compared with traditional safety filters by allowing for significantly more effi-
cient computation of control signals. The proposed safety filter can be integrated into var-
ious function approximators, such as neural networks, enabling safe learning throughout
the learning process. Simulation results on a bicycle model with PWA approximation val-
idate the proposed method regarding constraint satisfaction, CPU time, and the preserva-
tion of sub-optimality.

This chapter is based on the paper [103].
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OPTIMIZATION-FREE SAFETY FILTERS

4.1. INTRODUCTION
Background. There is a growing interest in controlling piecewise affine (PWA) systems
due to their ability to represent hybrid models and to approximate nonlinear dynam-
ics [35]. Control of PWA systems with constraints faces challenges in balancing multiple
performance measures, such as safety, optimality, and online computational efficiency.
In particular, hybrid model predictive control (MPC) can be applied to PWA systems,
with mature results on sub-optimality and safety guarantees [124]. With a PWA predic-
tion model, the MPC problem can be converted into a mixed-integer convex program-
ming (MICP) problem. However, this comes at a large online computational price to
solve the MICP problem, especially when there are complex state constraints such as a
combination of polyhedral and ellipsoidal constraints. Explicit MPC, which finds the an-
alytical solution of the hybrid MPC problem, also suffers from computational complex-
ity issues [141]. In contrast, other methods that use a simple control structure, such as
adaptive control [134] and piecewise linear feedback control [124], can be implemented
rapidly but lack formal performance guarantees.

In recent years, various learning-based methods have been employed to design con-
trollers. There are two main classes of learning-based methods: learning models and
learning control policy parameters. In this chapter, we assume the PWA model is given
and thus focus on the second class of methods. A common issue of learning-based con-
trollers under constraints is that they can lead to infeasible solutions. To deal with this
issue, one can add a penalty to the learning objective [99] or design a safety filter [100],
[130], [207]. The penalty method cannot always provide strict constraint satisfaction.
In comparison, safety filters usually involve a constrained optimization problem to de-
termine a safe control input. The main constraint of the problem is that the successor
state should be within a controlled invariant set. Safety filters can be applied to any
learning-based controllers, but can introduce significant computational complexity. In
this chapter, our primary emphasis is on the safety filter approach, with a specific focus
on mitigating its computational burden.

Related work. Simplifying hybrid MPC: To reduce the computational burden of hybrid
MPC, research has been conducted to simplify or approximate the solution of the MICP
problem. [142] considers the warm start of MPC. [144] focuses on predicting the discrete
solution of the MICP problem by machine learning and solving convex programs online.
These methods provide safety and optimality certificates, but still require some online
convex or mixed-integer optimization. The computational issue is thus not completely
addressed.

Safety filters for PWA systems: For PWA systems encompassing linear or PWA constraints,
a less conservative controlled invariant set is usually a union of polyhedra, making the
optimization problem in the safety filter an MICP problem [130]. This means that the
process of imposing safety comes at the expense of high computation times. Some
papers have investigated how to enforce constraints without solving any optimization
problems. For linear systems with linear constraints, leveraging their vertex representa-
tion can help to produce safe control actions [215]. [213] finds the explicit solution of an
RL safety filter comprised of a quadratic program. In [194], an output-constrained neural



4.2. PRELIMINARIES AND PROBLEM FORMULATION

4

61

network (NN) structure is proposed to approximate the solution of convex optimization
problems. The optimization-free methods in [194], [213], [215] require the convexity of
both the model and constraints, and thus are not applicable to PWA systems.

Contributions. In this chapter, we consider PWA systems with complex constraints con-
sisting of a union of polyhedra and ellipsoids. We aim to impose safety for any reference
controller with a low online computational price. We design a safety filter that computes
the safe control input closest to the reference input along a predetermined direction.
We obtain the analytical expression of the mapping from the reference input to the safe
input. The computation of control inputs is thus based on some basic algebraic, min,
and max operations. As a significant benefit, this usually in practice enables a much
more efficient computation of control efforts compared to classical safety filters. The
proposed safety filter requires a precomputed controlled invariant set consisting of a
union of polyhedra and ellipsoids. To achieve this purpose, we transform the invariant
set construction problem into a binary classification problem and propose a PWA and
piecewise quadratic (PWQ) classification approach that can efficiently estimate a con-
trolled invariant set with low conservativeness.

4.2. PRELIMINARIES AND PROBLEM FORMULATION
Notations. The sets of non-negative integers, positive integers, non-negative integers
less than or equal to a, and positive integers less than or equal to a are denoted by N,
N+, Na , and N+

a , respectively. The boundary of the set S is denoted by ∂S. The operator
min{·, ·} returns the smaller of two scalars, min(·) outputs the minimum element of a
vector, step(·) is a unit step function.

4.2.1. PROBLEM FORMULATION
We consider a deterministic discrete-time PWA system

xt+1 = fPWA(xt ,ut ) = Ai xt +Bi ut + fi , if xt ∈Ci , (4.1)

where xt ∈ Rnx and ut ∈ Rnu are the state and the input at time step t , fPWA(·, ·) :
Rnx ×Rnu → Rnx satisfies fPWA(0,0) = 0, {Ci }s

i=1 is a strict polyhedral partition [35, Def-
inition 4.5] of the state space, s is the number of polyhedral regions, and the matrices
Ai ,Bi and the vectors fi define the affine dynamics in the regions Ci . The system is re-
quired to satisfy the state and input constraints xt ∈ X ⊆ Rnx , ut ∈ U (xt ) ⊆ Rnu for all
t ∈ N. We assume that X = ∪mx

i=1Xi where each Xi is a polyhedron or ellipsoid, and mx

is the number of these sets. We also assume that U (x) is a projection of a polyhedron or
ellipsoid in Rnx ×Rnu onto Rnu . Note that U (·) accommodates the case when there is a
state-dependent input constraint. Besides, we assume that fPWA is known and there is
no disturbance.

We will explore imposing safety on PWA systems in a computationally cheap manner,
either by modifying a given unsafe controller or by directly learning a safe controller.

Main problem P1: Given a PWA system (4.1) and a reference controller πr(·) : Rnx →
Rnu , adapt inputs πr(x) to π∗(x) online in a computationally efficient way such that the
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trajectory of the closed-loop system with π∗ satisfies the constraints xt ∈ X and π∗(xt ) ∈
U (xt ), ∀t ∈N.

Extended problem P2: Given a PWA system (4.1), synthesize offline a controller πθ(·) :
Rnx → Rnu with the parameter θ such that the trajectory of the closed-loop system with
πθ satisfies the constraints ∀t ∈N, and simultaneously minimizes a predefined cost J (θ).

The reference controller is a baseline control strategy intended to optimize performance
in certain aspects, but does not provide safety guarantees. This includes, but is not lim-
ited to, controllers based on reinforcement learning.

4.2.2. SAFETY FILTER
Without considering the online computational complexity, problem P1 can be solved by
constructing a safety filter [100], [130], [207]. In particular, suppose that a controlled in-
variant set S ⊆ X [35, Definition 10.9] is available. In the online situation, when receiving
πr(x) and x, the safety filter solves the constrained optimization problem

πp(x)=arg min
u∈U (x)

||u−πr(x)||2, s.t. fPWA(x,u)∈S, (4.2)

and applies πp(x) to the system. The problem (4.2) thus implicitly determines the pro-
jected policy πp(·) :Rnx →Rnu . The invariance of S guarantees the recursive feasibility of
(4.2) for any x0 ∈ S, and the relation S ⊆ X ensures the safety of the closed-loop system
with πp.

Because of (4.2), πp is usually different fromπr, and some other good performances ofπr

could be sacrificed if πp is applied. To reduce the conservatism of πp, we expect to use a
large S in (4.2), ideally the maximal controlled invariant set. However, for PWA systems,
especially those with complex state constraints such as x ∈ X considered in this chapter,
a large S is usually a union of many polyhedra and ellipsoids, which has a very complex
representation. As a result, globally solving (4.2) needs a mixed-integer encoding of the
constraint fPWA(x,u) ∈ S. Therefore, the online computational issue is not completely
solved by (4.2). To this end, we under-approximate the solution of (4.2) by finding an ex-
plicit map from πr to a suboptimal solution of (4.2), without solving any mixed-integer
program. This method will determine the safe control inputs through algebraic opera-
tions and thus solve the computational issue.

To solve problem P2, existing literature [207] has made (4.2) an optimization layer when
parameterizing the policy, and let (4.2) be included in the training loop of πθ. In particu-
lar, when training θ, this optimization layer is considered in the backward pass, such that
the cost J (θ) is minimized for the projected policy. There are two advantages brought by
this idea. First, safety can be ensured even during the learning process. Besides, some
good performance of πθ can be preserved. However, when performing the backward
pass, it is difficult to compute the policy gradient∇θ J . To deal with this issue, our method
for solving P1 allows for a closed-form representation of πθ and thus makes πθ end-to-
end trainable. Consequently, problem P2 will be solved.
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4.3. OPTIMIZATION-FREE SAFETY FILTER
Our main focus is on problem P1. We propose a safety filter that finds an analytical
solution to a policy optimization problem. This solution can be directly applied to solve
P2 by integrating the filter into the learning process of πθ.

We need a stronger assumption than the availability of the controlled invariant set S.
Assumption 4.3.1. A controlled invariant set S ⊆ X and a safe policy πs(·) : Rnx → Rnu

on S are available. In other words, S is positive invariant [35, Definition 10.7] for the
autonomous system xt+1 = fPWA(xt ,πs(xt )) under the constraints x ∈ X andπs(x) ∈U (x).

Assumption 4.3.1 is not restrictive, because for many methods of synthesizing S such as
the LMI-based method [124], polytopic trees [175], and learning control barrier func-
tions [69], a safe policy πs on S is obtained as a by-product. We assume that S =∪w

i=1Si ,
where each Si is a polyhedron or an ellipsoid, and w ∈ N+ . For each polyhedral Si ,
it can have the representation Si = {x ∈ Rnx | Hi x ≤ hi }. For each ellipsoidal Si , it has
the representation Si = {x ∈ Rnx | (x − ei )T Ei (x − ei ) ≤ 1}. Here, hi ∈ Rnhi , Hi ∈ Rnhi

×nx ,
Ei ∈Rnx×nx ≻ 0, and ei ∈Rnx .

Inspired by [194], our method consists of a direction determination followed by a line
search. In the online phase when the reference control signal πr(x) is received, we find
a safe control input u ∈U (x) along the line segment with the endpoints πs(x) and πr(x),
such that fPWA(x,u) ∈ S and the L2 distance between u and πr(x) is minimized. In other
words, we consider the optimizer of the problem

λ∗(x) := max
λ∈[0,1]

λ (4.3a)

s.t. u =πs(x)+λ(πr(x)−πs(x)) (4.3b)

u ∈U (x), fPWA(x,u) ∈ S, (4.3c)

and apply the input

π∗(x) =πs(x)+λ∗(x)(πr(x)−πs(x)) (4.4)

to the system.

The reasons why we consider polyhedral and ellipsoidal invariant sets are that (i) most
existing methods [124], [130], [175] of synthesizing S for linear or PWA systems result in
these types of sets, and that (ii) considering these types allows us to compute the opti-
mizer λ∗ in a closed form. The methods of synthesizing S will be discussed in the next
section.

Let R(·) : Rnx → N+
s represent the function that maps x to the index i of Ci such that

x ∈C. Since {Ci }s
i=1 is a strict polyhedral partition of the state space, R(x) is well-defined.

The constraint fPWA(x,u) ∈ S in (4.3) is equivalent to ∃i ∈N+
w s.t. AR(x)x +BR(x)u + fR(x) ∈

Si . After substituting the expression (4.3b) of u into (4.3c), constraints (4.3b)-(4.3c) are
equivalent to λ ∈ Πu(x) and λ ∈ ∪i∈N+

w
Πi (x), where Πu(x) = {λ ∈ R | πs(x)+λ(πr(x)−

πs(x)) ∈U (x)}, andΠi (x) = {λ ∈R | u =πs(x)+λ(πr(x)−πs(x)), AR(x)x+BR(x)u+ fR(x) ∈ Si }.
EachΠi represents the set ofλmaking fPWA(x,u) ∈ S, while the successor state fPWA(x,u)
is restrained in Si .
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If U is polyhedral (ellipsoidal), λ ∈ Πu(x) is a linear (quadratic) constraint on λ. As a
result, problem (4.3) can be expressed as

λ∗(x) = max
λ

λ (4.5a)

s.t. aλ2 +bλ≤ c (4.5b)

∃i ∈N+
w , a(i )λ2 +b(i )λ≤ c(i ), (4.5c)

where all the coefficients depend on x, and (4.5b) and (4.5c) are element-wise inequali-
ties. If U (x) is polyhedral, a = 0. If Si is polyhedral, a(i ) = 0. The coefficients a, b and c
are vectors. If Si is ellipsoidal, a(i ), b(i ), and c(i ) are scalars; otherwise, they are usually
vectors. The constraint λ ∈ [0,1] is included in (4.5b) with the form of [1 −1]Tλ≤ [1 0]T .
Due to the positive definiteness of Ei , a and a(i ) are non-negative. For any x, the value of
these coefficients can be easily obtained by substituting (4.3b) and the affine dynamics
into the inequalities of U (x) and Si .

The following proposition characterizes the optimizerλ∗. A detailed proof is given in the
appendix.
Proposition 4.3.1. Consider problem (4.5), the optimizer λ∗ has the following represen-
tation:

λ∗(x) = min

{
min(λ(0)), max

i∈N+
w

{min(λ(i ))}

}
, (4.6)

with

λ(0)
j =


c j /b j if a j = 0, b j > 0;
1 if a j = 0, b j ≤ 0;
−b j +

√
b2

j +4a j c j

2a j
if a j > 0,

(4.7)

λ(i )
j =



c(i )
j /b(i )

j if a(i )
j = 0, b(i )

j > 0;

step(c(i )
j ) if a(i )

j = 0, b(i )
j = 0;

step

(
c(i )

j −b(i )
j min

{
min(λ(0)), min

λ(i )
k ∈(0,1)

λ(i )
k

})
if a(i )

j = 0, b(i )
j < 0;

0 if a(i )
j >0,δ(i )

j :=b(i )
j

2+4a(i )
j c(i )

j <0;

−b(i )
j +

√
δ(i )

j

2a(i )
j

step

(
2a(i )

j min(λ(0))+b(i )
j +

√
δ(i )

j

)
if a(i )

j > 0, δ(i )
j ≥ 0.

(4.8)
In (4.6)-(4.8), λ∗ is a scalar and λi , i ∈Nw are vectors. The subscript j represents the j th
element of a vector.

The equations (4.4), (4.6)-(4.8) constitute the proposed safe controller π∗, which renders
the system (4.1) safe on S under Assumption 4.3.1. At the same time, π∗(x) is the closest
safe input along the line connecting πs(x) and πr(x) for any x. This means that if πr(x)
is a safe control input, i.e., πr(x) ∈ U (x) and fPWA(x,πr(x)) ∈ S, we have π∗(x) = πr(x).
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These mechanisms make (4.4) and (4.6)-(4.8) work as a safety filter for the system (4.1).
Fig. 4.1 illustrates the geometric meanings of λ∗ and π∗.

To solve Problem P2, since we have obtained the closed-form of the mapping from x,
πr(x), and πs(x) to λ∗(x), we can easily involve (4.4) in the training loop of the learning-
based policy πr. Compared to [207], which requires differentiating the optimizer of an
optimization problem, our method enables efficient policy gradient computation by ap-
plying the chain rule to (4.4) and (4.6)-(4.8).

Figure 4.1: Geometric interpretation of the proposed safety filter. We consider the case when S = S1 ∪S2. Each
region with a green boundary represents the constraint on u such that fPWA(x,u) ∈ Si , i = 1,2. The input
from the reference policy πr is outside U and thus unsafe. We search for the least conservative input along

the segment from πs to πr. According to (4.6)-(4.8), we have min(λ(1)) = |a−πs|
|πr−πs| , min(λ(2)) = |b−πs|

|πr−πs| , and

min(λ(0)) = |c−πs|
|πr−πs| . Then, λ∗ = |b−πs|

|πr−πs| , and the filtered input is b.

Remark 4.3.1. Our design draws inspiration from [194], in which the solution of con-
vexly constrained optimization problems is approximated while constraints are strictly
satisfied. In contrast, our method accommodates non-convex constraints (a union of
polyhedra and ellipsoids). Furthermore, unlike [194], we do not necessitate πs(x) to lie
in the interior of each polyhedron and ellipsoid.

While the computational advantage of the proposed safe filter based on min-max oper-
ations cannot be formally or rigorously proved, it is typically true in practice. Besides,
in [73], it is also verified by simulation that the min-max based approach is faster than
MPC for PWA systems.

4.4. SYNTHESIZING S AND πs
In this section, we discuss and present the methods of synthesizing the controlled in-
variant set S and the safe policy πs for the PWA system (4.1).

Existing methods of synthesizing S for PWA systems include the LMI approach [124],
polyhedral iteration [130], and polytopic trees [175]. In this section, we first inner ap-
proximate the original state constraint by a polyhedral constraint. The above-mentioned
approaches can then be adopted to compute a controlled invariant set S0 under the in-
ner approximated constraint. Then, we propose a PWA and PWQ classification approach
to estimate a large S that is a union of polyhedra and ellipsoids. The approach can ap-
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proximate the maximum control-invariant set under the original constraint.

4.4.1. INNER APPROXIMATION OF THE STATE CONSTRAINT
To apply the existing methods of synthesizing S, we need to inner approximate the state
constraint by a polyhedron {x ∈Rnx |Gx ≤ g } with G ∈Rng ×nx and g ∈Rng . The matrix G
should be determined in advance. The choice of G is problem-specific and the simplest
choice is G = [Inx − Inx ]T , which makes the polyhedron a hyper-rectangle. Then, we
decrease g until the following condition is verified:

x ∈ X , ∀x s.t. Gx ≤ g . (4.9)

The constraint x ∈Ci or x ∈ Xi can be easily represented by linear or quadratic inequali-
ties, and the state constraint is the intersection of ∪i∈N+

s
Ci and ∪mx

i=1Xi . With this knowl-
edge, for the state constraint we can compute a validation function hX (·) : Rnx → R (as
defined below) through some min and max operators [47].
Definition 4.4.1 (Validation function). Given a closed set Z , a function hZ (·) :Rnz →R is
called a validation function for the constraint z ∈ Z if hZ (z) ≤ 0 ⇔ z ∈ Z .

Then, the condition (4.9) is equivalent to

max
x∈Rnx

{
hX (x), s.t. Gx ≤ g

}≤ 0. (4.10)

The included problem in (4.10) can be solved by mixed-integer linear or quadratic pro-
gramming.

With a polyhedral inner approximation of the state constraint available, we can thereby
apply the approaches [124], [130], [175] to obtain a union of polyhedra or a union of
ellipsoids controlled invariant set S0 and a safe policy under the inner approximated
constraint with guarantees.

4.4.2. A PWA AND PWQ CLASSIFICATION APPROACH
In the previous subsection, there are several steps that can induce conservatism for S.
Firstly, the state constraint is inner approximated. Besides, if the LMI approach [124] is
used, we can only obtain S for the piecewise linear subsystem1, rather than the original
PWA system (4.1). Conservatism can also arise when applying the S-procedure to get
tractable LMIs. These simplifications usually result in very small S. This observation
motivates us to consider enlarging S.

According to the reachability analysis [35, Theorem 11.1], the T -step controllable set ST

of a controlled invariant set S0 is still controlled invariant, and ST expands to the maxi-
mum controlled invariant set as T grows to infinity. Exactly computing ST for PWA sys-
tems with complex state constraints is impossible. Therefore, we present a data-driven
approach to approximate ST . First, we need an oracle to tell whether a particular state is

1The piecewise linear subsystem is obtained by removing every mode i of (4.1) such that 0 ∉ closure(Ci ).
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in ST . To achieve this, we consider the following unconstrained optimization problem:

BT (x) := min
{ut ,xt }T

t=0

max

{
max

t∈NT−1
hX (xt ), max

t∈NT−1
hU (xt )(ut ),hS0 (xT )

}
s.t. x0=x, xt+1= fPWA (xt ,ut ) , t =0,1, ...,T −1, (4.11)

representing a discrete-time version of the Hamilton-Jacobi reachability problem [15].
In (4.11), S0 is a union of polyhedra and ellipsoids controlled invariant set, which can be
obtained by the above-mentioned approaches [124], [130], [175]. The functions hX , hU ,
and hS0 are PWA or PWQ validation functions. Problem (4.11) can be straightforwardly
cast as an MICP problem.
Lemma 4.4.1. The optimal value function BT of (4.11) is a validation function for the
constraint x ∈ ST , i.e., ST = {x ∈Rnx | BT (x) ≤ 0}.

Proof: According to (4.11), we can straightforwardly get the following equivalence:
BT (x) ≤ 0 ⇔ there exists {(ut , xt )}T

t=0 such that hX (xt ) ≤ 0, hU (xt )(ut ) ≤ 0, and hS0 (xT ) ≤
0 ⇔ x ∈ ST . ■
Lemma 4.4.1 implies that BT can serve as the oracle by testing whether BT (x) ≤ 0 for
any particular state x. Then, we can sample the state space, solve the problem (4.11)
to generate a data set {(xi , step(−BT (xi )))}Nx

i=1, where Nx is the number of samples. To
learn ST , existing literature has used a NN binary classification model [32] or a support
vector machine [185] to learn the mapping from x to step(−BT (x)). These approaches,
however, are not suitable in our case because we require the learned set to be a union of
polyhedra and ellipsoids. To this end, we design the following parameterized function:

B̂(x,ω) = min
j∈N+

l

{B̂ j (x,ω j )}−1, (4.12)

where l ∈N+ and

B̂ j (x,ω j ) = ||P j (x − c j )||∞ or (x − c j )T P j (x − c j ) (4.13)

with the learning parameters ω j = (P j ,c j ), P j ∈ Rnx×nx and c j ∈ Rnx . All the parameters
are condensed inω. In (4.12), each B̂ j is called a component function. For each state, the
smallest component function is called the active function. The equation (4.13) means
that for each component, we can use either a PWA function or a quadratic function.
Each P j is full rank if B̂ j is PWA, or positively definite if B̂ j is quadratic. The ways of
guaranteeing P j to be full rank or positively definite can be found in [67], [100], which
leverage singular value or Cholesky decomposition. The zero sub-level set of B̂ , denoted
by ŜB , is a union of polyhedra and ellipsoids.

The parameters are trained to minimize the misclassification error over the state space.
Intuitively, this can be formulated as the following unconstrained optimization problem:

min
ω

∫
ST \ŜB

1d x +
∫

ŜB \ST

1d x. (4.14)

The objective function represents the volume of the regions that B̂ misclassifies. How-
ever, it is hard to find the analytical relation between the objective function of (4.14)
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and ω. This means that to solve (4.14), one can only use numerical gradient-based or
gradient-free optimization algorithms. Since w is composed of several matrices and
vectors, these algorithms become inefficient when the total number Nx of samples is
large and w has numerous components. To deal with this issue, we propose to train the
parameters such that the following optimization problem is solved2:

min
ω

∫
x∈Rnx

sign(BT (x))max{−BT (x)B̂(x,ω),0}

BT (x)
d x, (4.15)

where sign(·) returns the sign of a real number and specifically sign(0)/0 =−1.

Interpretation of (4.15). For any x, the term in the integral is a measure of the misclas-
sification. In particular, if x ∈ ST ∩ ŜB or if x ∉ ST and xi ∉ ŜB , the term in the integral
reaches its minimum (zero). Otherwise, the learning model (4.12) misclassifies x and
the term in the integral is −sign(BT (x))B̂(x,ω). This indicates that the objective of (4.14)
is to make B̂(x,ω) have the same sign as BT (x) for all x.

As the integral in (4.15) is difficult to compute, like existing supervised learning methods
[32], we approximate the objective of (4.15) by an empirical loss, i.e., the sum of the terms
in the integral over a finite number of samples {xi }Nx

i=1. Then, we use stochastic gradient
descent [86, Section 5.9] to update ω and the complexity is independent on Nx .

We employ two important strategies to avoid highly sub-optimal solutions. The first
strategy involves multi-start optimization with random initialization of ω [171]. For the
second strategy, we refer to it as multi/random gradient descent. When applying a clas-
sical stochastic gradient descent algorithm to (4.12), ω is susceptible to falling into sub-
optimal points where many component functions of B̂ remain inactive for all states. The
multi/random gradient descent is thereby proposed as follows. For the sample xi that
satisfies B̂(xi ,ω) ≤ 0 but BT (xi ) > 0, our algorithm updates all non-negative B̂ j . This tar-
geted update can accelerate the learning process. Conversely, for the sample xi that sat-
isfies B̂(xi ,ω) > 0 but BT (xi ) ≤ 0, we randomly select several positive B̂ j to update. This
randomized selection prevents the repetition of updating the same component during
the learning phase, promoting a more diverse exploration of the parameter space.

It should be pointed out that the proposed classification method cannot guarantee the
invariance of ŜB . However, as T increases, the method can approach the maximal con-
trolled invariant set, thereby reducing the conservatism compared to existing methods
[124], [175].

4.4.3. LEARNING πs

After the training of B̂ has been finished, we further learn a safe policy π̂s(·,β) with the
parameter β. The choice of π̂s is flexible, and can accommodate various forms such as
NNs. According to Assumption 4.3.1, π̂s is expected to satisfy fPWA(x, π̂s(x,β)) ∈ ŜB and
π̂s(x,β) ∈ U (x) for all x ∈ ŜB . This prompts us to optimize β to minimize the following
objective:

max
x∈ŜB

max
{
B̂( fPWA(x, π̂s(x,β),ω)), hU (x)(π̂s(x,β))

}
.

2It is hard to prove that any local optima of (4.15) is an optimum of (4.14), unless BT and B̂ are C1 functions.
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Similar to the proposed method for solving (4.15), we replace the above objective by an
empirical loss and use stochastic gradient descent to update β.

4.5. CASE STUDY
We consider the lateral and yaw dynamics of a bicycle model [80]:

mÿ =−mvxψ̇+2(Fy f +Fyr )

I ψ̈= 2(aFy f −bFyr ), (4.16)

where x = [ẏ ψ̇]T is the state, m is the mass, I is the inertia, a and b are the distances
from the front and rear wheels to the center of gravity, ψ is the heading angle, vx is the
longitudinal speed, which is assumed to be constant, Fy f and Fyr are front and rear tire
lateral forces. Based on the results of [80], Fy f and Fyr can be approximated as PWA

functions of [ẏ ψ̇ δ]T , where δ is the steering angle (input). The PWA functions are given
by

Fy f =


C2

(
ẏ+aψ̇

vx
+α∗

)
−C1δ−C1α

∗ for ẏ+aψ̇
vx

<−α∗

C1

(
ẏ+aψ̇

vx
−δ

)
for ẏ+aψ̇

vx
∈[−α∗,α∗]

C2

(
ẏ+aψ̇

vx
−α∗

)
−C1δ+C1α

∗ for ẏ+aψ̇
vx

>α∗,

Fyr =


C2

(
ẏ−bψ̇

vx
+α∗

)
−C1α

∗ for ẏ−bψ̇
vx

<−α∗

C1
ẏ−bψ̇

vx
for ẏ−bψ̇

vx
∈ [−α∗, α∗]

C2

(
ẏ−bψ̇

vx
−α∗

)
+C1α

∗ for ẏ−bψ̇
vx

>α∗,

where C1, C2 and α∗ are constants. After discretizing (4.16) by Euler Discretization
with the sampling time 0.05 s, we get a discrete-time PWA system (4.1) with 9 polyhe-
dral regions. The system is subject to the input and state constraints: |δ| ≤ 0.17, x ∈
X1 ∪X2 with X1 = {x | |ẏ | ≤ 1, |ψ̇| ≤ 1}, X2 = {x |ẏ2 + ψ̇2 ≤ 1.2}.

The simulations are conducted in MATLAB R2021a on an AMD Core R7-5800H CPU
@3.20GHz machine. All MICP problems are solved by Gurobi [92].

After applying the LMI approach, we obtain an ellipsoidal controlled invariant set S0 =
{x| xT P x ≤ 1} with P =

[
4.606 0

0 7.597

]
. We sample the state space {x| |ẏ | ≤ 1.5, |ψ̇| ≤

1.5} by a uniform grid and get 1002 samples. Then, the problem (4.11) is solved with
T = 7 for each state sample. Since the regions near the boundary of ST are of more
interest than the regions away from the boundary, we copy the samples xi that satisfy
|BT (xi )| ≤ ϵ. Here ϵ is a small positive constant. As a result, we get the training data
{(xi , step(−BT (xi )))}15215

i=1 for the proposed classifier (4.12).

Fig. 4.2 shows the performance of the proposed classifier (4.12) tested on 1000 sam-
ples that are randomly selected from the training samples. We take Np = Ne = 15, where
Np (Ne) refers to the number of PWA (quadratic) component functions in (4.12). The
classifier is trained by the proposed multi/random gradient descent. We observe that
the proposed classifier can distinguish between the state samples inside and outside ST



4

70
4. LEARNING-BASED CONTROL OF CONSTRAINED PIECEWISE AFFINE SYSTEMS USING

OPTIMIZATION-FREE SAFETY FILTERS

with high accuracy. We also compare the multi/random gradient descent with the parti-
cle swarm optimization as employed in [83] for Ne = 10 and Np = 0. The result indicates
that the proposed method achieves an impressive 96.51% classification accuracy within
a training time of 29 seconds, whereas the particle swarm optimization yields a signifi-
cantly lower accuracy of 70.32% after 573 seconds of training.

Figure 4.2: Performance of the proposed classifier B̂ . The blue and green points represent the states within and
outside ST , the purple boundary is {x|B̂(x,ω) = 0}, and the red stars represent the states that B̂ misclassifies.

Next, we verify the proposed safety filter. We consider three kinds of learning-based
controllers: supervised learning of MPC [114], an approximate-dynamic-programming
(ADP) controller [99], and supervised learning of MPC with the safety filter (4.4) included
in the training loop. The learning-based controllers, as well as the learned safe policy
π̂s, are represented by NNs with three hidden layers with hyperbolic tangent activation
functions. The three layers contain 16, 64, and 16 neurons. To improve safety, B̂ and πs

are trained with 5% state constraint tightening.

Table 4.1: Comparison of safety filters with different ŜB and different solving algorithms.

Safety filter Algorithm
Learning MPC ADP Learning MPC with (4.4) included

CPU (ms) Cost Safety rate CPU (ms) Cost Safety rate CPU (ms) Cost Safety rate
No 0.004 4.776 19.53% 0.002 4.728 15.62%

Np = 0
Ne = 30

Proposed 0.209 4.798 100% 0.207 4.728 100% 0.218 4.732 100%
MIQCP 84.5 4.798 100% 84.7 4.728 100%

Nonlinear 8.61 4.798 100% 8.72 4.728 100%

Np = 15
Ne = 15

Proposed 0.339 4.808 100% 0.339 4.738 100% 0.364 4.748 100%
MIQCP 64.7 4.858 100% 64.4 4.787 100%

Nonlinear 8.71 13.07 96.88% 8.43 8.536 96.88%

Np = 5
Ne = 5

Proposed 0.177 4.963 97.66% 0.180 4.954 97.66% 0.164 4.770 100%
MIQCP 44.2 5.823 97.66% 44.3 5.754 97.66%

Nonlinear 8.53 21.33 90.62% 9.20 16.37 90.62%

Table 4.1 shows the comparative results. The performance metrics include the total cost∑50
t=0 xT

t xt +δ2
t , the rate of safety, and the average CPU time for generating the input per

time step. For each ŜB , we compare three methods for generating safe control inputs.
The first one is the proposed optimization-free safe controller (4.4). The last two ones
are based on solving (4.2) (with S replaced by ŜB ). “MIQCP” indicates that (4.2) is solved
by mixed-integer quadratically constrained programming, while “nonlinear” indicates
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that (4.2) is solved by the active-set nonlinear programming algorithm, implemented
using the MATLAB function “fmincon”3.

Without safety filters, both learning MPC and ADP show lower safety rates compared to
when safety filters are applied, with the proposed method and MIQCP almost achieving a
100% safety rate. The CPU time of computing the proposed filter (4.4) is less than 0.4 ms,
significantly lower than that of solving MIQCP and nonlinear programming problems.
Additionally, the proposed filter (4.4) generally performs competitively with MIQCP in
terms of cost. These results suggest that the choice of safety filter and its parameters
can significantly impact the safety and computational efficiency of learning MPC and
ADP policies, with the proposed filter showing promise for achieving high safety rates
at low computational costs. Additionally, when considering (4.4) in the training loop of
learning MPC, the total cost is slightly lower than that of learning MPC without (4.4) in
the training loop. Besides, although the proposed safe filter (4.4) outputs a suboptimal
solution to (4.2), it does not mean that the policy π∗ results in a higher total cost than πp.

4.6. CONCLUSIONS AND FUTURE WORK
This chapter has presented a new safety filter, called the optimization-free safety filter,
which can enhance safety for PWA systems subject to the combination of polyhedral
and ellipsoidal constraints. Compared to standard safety filters that need to solve a usu-
ally nonconvex optimization problem online, the proposed safety filter has very small
online computational overhead. To construct the safety filter, we have developed a new
PWA and PWQ classification approach to learn a controlled invariant set from data. Sim-
ulation on a bicycle model with hybrid approximation has demonstrated that the pro-
posed method can achieve zero constraint violations and generate control signals at the
millisecond level. Topics for future work include handling more complex constraints,
improving the applicability in large-scale PWA systems, and testing the computational
advantages in more complex and realistic problems.

4.A. APPENDIX: PROOF OF PROPOSITION 4.3.1
Let λ+ denote the right-hand side of (4.6). The task is to prove λ+ =λ∗.

(i) Feasibility of λ+. Since πs(x) ∈ U (x), we have c ≥ 0. According to (4.7), we know
λ(0) ≥ 0. Meanwhile, as the constraint λ ∈ [0,1] is included in (4.5b), ∃ j such that
λ(0)

j = 1. Therefore, we also have λ(0) ≤ 1. Since there exists at least one i ∈ N+
s such

that fPWA(x,πs(x)) ∈ Si , we have that there exists at least one i ∈ N+
s such that c(i ) ≥ 0.

Similarly, we know maxi∈N+
w

{min(λ(i ))} ≥ 0. Therefore, we get λ+ ≥ 0.

If λ+ = 0, by virtue of Assumption 4.3.1 we obtain the feasibility of λ+. In the remaining
proof of the feasibility, we considerλ+ > 0. Firstly, we consider the case when a j = 0. This
case could occur when U (x) is polyhedral, or when U (x) is ellipsoidal and πr(x) =πs(x).
If b j > 0, b jλ

+ ≤ b j c j /b j ≤ c j . If b j ≤ 0, b jλ
+ ≤ 0 ≤ c j . Then, we consider the case when

a j > 0, i.e., when U (x) is ellipsoidal and πr(x) ̸= πs(x). As πs(x) ∈ U (x), the quadratic

3Since both fPWA and B̂ are continuous functions, we can treat them as general continuous nonlinear func-
tions without considering the PWA property of them.
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equation a jλ
2 +b jλ− c j = 0 has one non-negative root λ(0)

j and one non-positive root.

As λ+ ∈ (0,λ(0)
j ], it follows that a jλ

+2 +b jλ
+− c j ≤ 0. Applying the above argument to all

the elements of a leads to the feasibility of λ+ regarding (4.5b).

Let i ′ = argmaxi∈N+
w

{min(λ(i ))}. Next, we prove the feasibility of λ+ regarding (4.5c) by

verifying (4.5c) for i = i ′. For the j th element a(i ′)
j of a(i ′), we define f (i ′)

j (λ) := a(i ′)
j λ2 +

b(i ′)
j λ− c(i ′)

j . We consider the five cases in (4.8).

Cases (1&2): a(i ′)
j = 0 and b(i ′)

j ≥ 0. In these two cases, if c(i ′)
j < 0, we have λ+ = λ(i ′)

j = 0,

which is certainly feasible for problem (4.3) because of Assumption 4.3.1. If c(i ′)
j ≥ 0, as

f (i ′)
j (·) is monotonically non-decreasing, we have f (i ′)

j (λ+) ≤ f (i ′)
j

(
λ(i ′)

j

)
≤ 0.

Case (3): a(i ′)
j = 0 and b(i ′)

j < 0. In this case, if min(λ(i ′)) = 0, we have λ+ = 0 and the

feasibility of λ+. If min(λ(i ′)) > 0, it follows from (4.8) that

κ(i )
j := c(i )

j −b(i )
j min

{
min(λ(0)), min

k s.t. λ(i )
k ∈(0,1)

λ(i )
k

}
≥ 0 for i = i ′. (4.17)

If min(λ(i ′)) = 1, we get f (i ′)
j (λ+) = b(i ′)

j min(λ(0))−c(i ′)
j ≤ 0 because of (4.17). If min(λ(i ′)) <

1, there must exist k ∈ N+ such that min(λ(i ′)) = λ(i ′)
k = c(i ′)

k /b(i ′)
k , and consequently,

f (i ′)
j (λ+) = b(i ′)

j min
{

min(λ(0)),λ(i ′)
k

}
− c(i ′)

j ≤ 0 thanks to (4.17).

Case (4): a(i ′)
j > 0 and δ(i ′)

j < 0. We have λ+ = 0 and thus the feasibility of λ+.

Case (5): a(i ′)
j > 0 and δ(i ′)

j ≥ 0. Similarly to Case (3), we only need to consider the case

when

τ(i )
j := 2a(i ′)

j min(λ(0))+b(i )
j +

√
δ(i )

j ≥ 0 for i = i ′, (4.18)

because otherwise we have λ+ = 0. The condition (4.18) implies that the smaller root

of f (i ′)
j (λ) = 0 is not larger than min(λ(0)), and that the larger root is λ(i ′)

j . Note that for

ellipsoidal Ei ′ , j = 1. Therefore, we have f (i ′)
j (λ+) = f (i ′)

j

(
min

{
min(λ(0)), λ(i ′)

j

})
≤ 0.

Combining the above 5 cases, we know that f (i ′)
j (λ+) ≤ 0, which proves the feasibility of

λ+ w.r.t. (4.5c).

(ii) Optimality of λ+. If λ+ = 1, the optimality directly follows from the constraint λ ≤
1. In the remaining proof, we consider λ+ < 1, and prove that λ++∆λ is infeasible for
problem (4.5) for any ∆λ ∈ (0,1−λ+].

Case (1): λ+ = min(λ(0)) = 0. In this case, ∃ j such that either a j = c j = 0, b j > 0 or
a j > 0, c j = 0. This implies that πs(x) ∈ ∂U (x) and πr(x) ∉U (x). As U (x) is convex, 0 is
the only feasible point and thus optimal for (4.3c).



4.A. APPENDIX: PROOF OF PROPOSITION 4.3.1

4

73

Case (2): λ+ = min(λ(0)) ∈ (0,1). In this case, πs(x) is in the interior of U (x), and πr(x) ∉
U (x). From (4.7), we see that min(λ(0)) represents the distance from πs(x) to ∂U (x). As
U (x) is convex, λ+ is the optimal solution to (4.5).

Case (3): λ+ = maxi∈N+
w

{min(λ(i ))} ∈ (0,1). In this case, ∀i ∈N+
w , there exists j such that

λ(i )
j ≤λ+. Then, we can distinguish five sub-cases based on (4.8):

• If a(i )
j = 0, b(i )

j > 0, then f (i )
j (λ+ +∆λ) ≥ f (i )

j

(
λ(i )

j +∆λ
)
≥ b(i )

j ∆λ > 0. This means

λ++∆λ violates the j th inequality of (4.5c).

• If a(i )
j = b(i )

j = 0, c(i )
j < 0 or if a(i )

j > 0, δ(i )
j < 0, we have f (i )

j (λ) = a(i )
j λ2+b(i )

j λ−c(i )
j >

0 holds for any λ ∈R, which means λ++∆λ violates the j th inequality of (4.5c).

• If a(i )
j = 0, b(i )

j < 0 and κ(i )
j < 0, then, for any ∆λ ∈(

0,min
{

min(λ(0)),mink s.t. λ(i )
k ∈(0,1)λ

(i )
k

}
−λ+

]
, we have f (i )

j (λ+ + ∆λ) = b(i )
j (λ+ +

∆λ) − c(i )
j ≥ −κ(i )

j > 0. For any ∆λ > min
{

min(λ(0)), mink s.t. λ(i )
k ∈(0,1)λ

(i )
k

}
− λ+,

we have either λ+ +∆λ > min(λ(0)) or λ+ +∆λ > c(i )
k /b(i )

k for a k s.t. λ(i )
k ∈ (0,1).

If λ+ + ∆λ > λ(0), it is clear that λ+ + ∆λ violates the constraint (4.5b). If
λ+ +∆λ > c(i )

k /b(i )
k , we have f (i )

k (λ+ +∆λ) = b(i )
k (λ+ +∆λ)− c(i )

k > 0, which means
λ++∆λ violates the kth inequality of (4.5c). Therefore, any increase∆λ ∈ (0,1−λ+]
for λ+ is infeasible for (4.5).

• If a(i )
j > 0, δ(i )

j ≥ 0, τ(i )
j < 0, then the smaller root of the equation f (i )

j (λ) = 0, de-

noted by λ−, is strictly larger than min
(
λ(0)

)
. As a result, if λ+ +∆λ < λ−, we

have f (i )
j (λ+ +∆λ) > 0, i.e., λ+ +∆λ is infeasible for (4.5c). Otherwise, we have

λ++∆λ ≥λ− > min
(
λ(0)

)
, which means λ++∆λ is infeasible for (4.5b).

• If a(i )
j > 0, δ(i )

j ≥ 0, τ(i )
j ≥ 0, then, λ(i )

j is the larger root of the equation f (i )
j (λ) = 0,

so we have f (i )
j (λ++∆λ) > f (i )

j

(
λ(i )

j

)
> 0 holds for any ∆λ ∈ (0,1−λ+].

Combining the above five sub-cases and noticing the arbitrariness of i and the existence
of j and k, we can conclude that λ++∆λ is infeasible for problem (4.5) in case (3).
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PREDICTIVE CONTROL BARRIER

FUNCTIONS FOR PIECEWISE AFFINE

SYSTEMS WITH NON-SMOOTH

CONSTRAINTS

Obtaining control barrier functions (CBFs) with large safe sets for complex nonlinear sys-
tems and constraints is a challenging task. Predictive CBFs address this issue by using
an online finite-horizon optimal control problem that implicitly defines a large safe set.
The optimal control problem, also known as the predictive safety filter (PSF), involves pre-
dicting the system’s flow under a given backup control policy. However, for non-smooth
systems and constraints, some key elements, such as CBF gradients and the sensitivity
of the flow, are not well-defined, making the current methods inadequate for ensuring
safety. Additionally, for control-non-affine systems, the PSF is generally nonlinear and
non-convex, posing challenges for real-time computation. This chapter considers piece-
wise affine systems, which are usually control-non-affine, under nonlinear state and poly-
hedral input constraints. We solve the safety issue by incorporating set-valued generalized
Clarke derivatives in the PSF design. We show that enforcing CBF constraints across all
elements of the generalized Clarke derivatives suffices to guarantee safety. Moreover, to
lighten the computational overhead, we propose an explicit approximation of the PSF.
The resulting control methods are demonstrated through numerical examples .

This chapter is based on the paper [96].
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5.1. INTRODUCTION

5.1.1. BACKGROUND
Motivated by emerging safety-critical applications such as autonomous driving [191]
and automatic therapeutic regimens [110], control of nonlinear systems subject to state
and input constraints has been receiving a growing attention in the academic com-
munity. Various safe control methods have been developed, such as model predic-
tive control (MPC) [35], control barrier functions (CBFs)-based safety filters [8], solving
Hamilton-Jacobi (HJ) reachability problems [14], and constrained reinforcement learn-
ing [102]. All methods have distinct advantages but also inherent limitations that hinder
their practical effectiveness. In particular, MPC can be computationally expensive for
hybrid and nonlinear systems; HJ reachability suffers from the curse of dimensionality;
and constrained reinforcement learning often lacks rigorous safety guarantees.

CBFs provide a modular framework with formal safety guarantees, called the CBF-based
safety filter, to monitor and modify the potential unsafe control actions online. CBFs use
their super-level sets to define control invariant sets, and the safety filter further involves
a constrained optimization problem with CBF-based safety constraints to produce a safe
control policy that keeps the system within the control invariant set. However, comput-
ing a permissive CBF, i.e., one associated with a non-conservative control invariant set,
can be particularly challenging for nonlinear systems with both state and input con-
straints. As a result, CBF-based safety filters may be overly conservative.

Drawing inspiration from MPC, researchers have proposed to use model predictions to
reduce the conservatism of CBFs both in discrete-time [197], [198] and in continuous-
time domains [38], [52], [93], [195]. In particular, they use a finite-horizon constrained
optimal control problem with a terminal CBF constraint to implicitly represent a larger
control invariant set, resulting in a predictive safety filter (PSF). The terminal CBF is re-
ferred to as the backup CBF in [93]. For continuous-time control-affine systems, the PSF
can be cast as convex quadratic programs, enabling efficient real-time implementation.

It should be emphasized that existing predictive CBF approaches for continuous-time
systems are inherently limited to smooth systems and smooth safety constraints [38],
[52], [93], [195]. Furthermore, to allow for fast computation, these approaches concen-
trate on control-affine systems. For control-non-affine systems, the resulting safety filter
usually involves solving a time-consuming non-convex nonlinear optimization problem
with the number of constraints scaling linearly with the prediction horizon.

5.1.2. CONTRIBUTIONS
In this chapter, we address the challenge of designing PSFs for continuous-time piece-
wise affine (PWA) systems subject to arbitrary, possibly non-smooth, continuous state
constraints1 and polyhedral input constraints. PWA systems are generally control-non-
affine and non-smooth, yet they can approximate general nonlinear systems to arbitrary
precision and naturally capture hybrid behaviors. The resulting PSF is formulated as a
mixed-integer quadratic programming (MIQP) problem. The main contributions of this

1We say that a constraint x ∈ X is continuous if X can be represented by the level set of a continuous function,
i.e., X = {x| f (x) ≤ 0}, where f is continuous.
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chapter, in comparison to the state of the art, are:

1. We propose a novel PSF that uses generalized Clarke derivatives to enforce safety
constraints. This framework is applicable to any Lipschitz continuous but non-
smooth CBF and any continuous PWA system with Lipschitz continuous but non-
smooth state constraints. We rigorously analyze the safety guarantees of the re-
sulting control policy (Lemma 5.4.1 and Theorem 5.4.2).

2. We present a tractable approach for computing the generalized Clarke derivative
(Clarke sensitivity) of the system’s flow. In particular, we introduce an alternative
Aumann sensitivity and show their equivalence. Notably, the Aumann sensitivity
can be efficiently computed through numerical integration of the system.

3. To reduce the computational complexity of solving the MIQP corresponding to the
PSF online, we introduce an explicit approximation of the PSF. This approximation
is provably feasible and significantly lowers the online computational burden.

4. Additionally, the theoretical safety result (Lemma 2) generalizes classical CBF
conditions that require continuous differentiability to encompass CBFs that are
merely Lipschitz continuous. This extension applies to general nonlinear systems,
not just PWA ones.

5.1.3. RELATED WORK
(Approximate) MPC for PWA systems. Hybrid MPC is widely used to control PWA sys-
tems under linear state and input constraints [35]. In the hybrid MPC formulation, the
PWA system is equivalently transformed into a mixed-logical dynamical (MLD) system
that includes both continuous and discrete state and input variables [21]. This transfor-
mation allows the MPC problem to be formulated as a mixed-integer convex quadratic
or linear optimization problem, which is solved online to generate safe control inputs.
Explicit MPC is an offline version of hybrid MPC, which offline computes and stores the
map from the state to the solution of the MPC problem by multi-parametric program-
ming [20]. However, MPC methods struggle with significant computational challenges
in high-dimensional systems, either due to solving complex mixed-integer problems or
evaluating intricate explicit control laws.

This limitation of MPC motivates the research of approximating MPC control laws, by
using, e.g., PWA simplicial functions [160], neural networks [102], sampling-based poly-
topic trees [175], and minimum-time objective functions [88]. Another promising ap-
proach to simplify the MPC problem is to employ reinforcement learning [182] or su-
pervised learning [140], [174] to determine the values of the discrete decision variables,
effectively reducing the mixed-integer problem to a convex optimization problem. How-
ever, while exact MPC offers formal performance guarantees, it leads to a high compu-
tational burden, especially for nonlinear, non-convex constraints. Approximate MPC,
on the other hand, still has open challenges regarding stability, robustness, and sample
complexity.

Predictive safety filters. Research in both the continuous-time and discrete-time do-
mains has contributed to the development of PSFs, which aim to reduce the conser-
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vatism of standard safety filters. Representative work includes [197], [198] in the discrete-
time domain and [38], [52], [93], [195] (sometimes also called backup CBFs) in the
continuous-time domain. Based on [197], [76] and [100] approximate discrete-time pre-
dictive CBFs using neural networks to reduce the computational burden of safety filters.
The work in [151] extends the backup CBFs of [93], [195] to guaranteeing safe behav-
ior for complex systems by designing safety filters for reduced-order models. However,
continuous-time predictive CBF methods are fundamentally limited to smooth systems
and smooth safety constraints. As mentioned before, this requirement arises from the
need to differentiate both the safety constraints and the system’s flow in the predictive
CBF formulation, which requires computing the Jacobian of the closed-loop dynamics
with a smooth backup controller. Moreover, to date, there is no related work addressing
the design of PSFs for PWA systems.

Non-smooth CBFs. [85] proposes non-smooth CBFs for deterministic multi-agent sys-
tems, leveraging generalized gradients to ensure forward invariance. This result has been
employed in applications where non-smooth safety constraints naturally arise, such as
obstacle avoidance involving ellipsoids and polytopes [191] and network connectivity
maintenance [155]. Besides, formulating multiple constraints with “min” and “max”
functions will generally result in a non-smooth CBF. Building on [85], [191] extends non-
smooth CBFs to stochastic systems. Related to these techniques, piecewise continuous
CBFs are introduced in [63], where the authors of [63] argue that, in addition to satisfying
the CBF inequality, a tangent cone condition at the boundary of the safe set should also
be enforced to ensure forward invariance. Meanwhile, Cohen et al. [61] take a differ-
ent perspective by smoothing the solution to CBF-based safety filters using the Implicit
Function Theorem, rather than focusing on the smoothness of the CBFs themselves. All
of the above approaches focus on classical CBFs with no predictions. This means that the
analysis primarily addresses the non-smoothness of the CBF itself. In contrast, the non-
smoothness in our setting arises not only from the structure of the CBF but also from
state constraints and the PWA dynamics, making it more challenging to derive safety
guarantees.

5.2. NOTATIONS
The set of real vectors with the dimension n is denoted by Rn . The sets N and N+ rep-
resent the set of non-negative integers and the set of positive integers, respectively. Fur-
thermore, Na = {0,1, ..., a} and N+

a = {1,2, ..., a}. The norm ||x|| is the Euclidean norm of
the vector x, and ||A|| is the induced norm of the Euclidean norm for the matrix A. The
notation int(S) refers to the interior of the set S, and clo(S) is the closure of the set S.
Besides, 1n is the vector of ones with n elements, and In is the identity matrix with di-
mension n ×n. A continuous function α : [0,∞) → [0,∞] is said to belong to class K∞
if it is strictly increasing and if α(0) = 0 and limr→∞α(r ) =∞. The step function step(·)
returns 1 if the input is non-negative, and 0 otherwise. The notation D f (x0) ∈ Rm×n

represents the derivative of the differentiable function f (·) :Rn →Rm at x0.
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5.3. PRELIMINARIES AND BACKUP CBFS
Consider a general continuous-time nonlinear system of the form

ẋ = f (x,u), (5.1)

where x ∈ Rn is the state, u ∈ Rm is the input, and f (·) : Rn+m → Rn is locally Lipschitz
continuous. The system must always satisfy the given state constraint x ∈ X := {x ∈
Rn |hX (x) ≥ 0} and input constraint u ∈ U . Here the function hX (·) : Rn → R is locally
Lipschitz continuous, and U is a polyhedron2.

5.3.1. CONTROL BARRIER FUNCTIONS
CBFs offer an effective approach for designing safe control systems.
Definition 5.3.1 (Control barrier function[7]). A continuously differentiable function
h(·) :Rn →R is a control barrier function for (5.1) if there exists an α ∈K∞ such that

sup
u∈U

ḣ(x,u) = sup
u∈U

{∇h(x) · f (x,u)} ≥−α(h(x)) (5.2)

holds for any x ∈ S := {x ∈Rn |h(x) ≥ 0}.

With a CBF available, there always exists a controller π(·) : Rn → Rm satisfying π(x) ∈
U and ∇h(x) · f (x,π(x)) ≥ −α(h(x)) for all x ∈ S. This controller will render S forward
invariant for (5.1), and S is called the safe set [7]. Under the supplemental condition
S ⊆ X , the controller π makes the system always satisfy the constraints if the initial state
is within S.

5.3.2. PREDICTIVE SAFETY FILTERS FOR SMOOTH SYSTEMS
For nonlinear systems, it is nontrivial to get a permissive CBF, i.e., a CBF with a large safe
set S [196]. Drawing ideas from model predictive control, PSFs address this issue using
model predictions [52], [151]. We recall this method.

First, a CBF hb : Rn → R and an associated safe controller πb, satisfying (i) πb(x) ∈U for
all x ∈ X , and (ii) ∇hb(x) · f (x,πb(x)) ≥−αb(hb(x)) for all x ∈ Sb := {x ∈Rn |hb(x) ≥ 0} ⊆ X ,
are obtained based on existing methods such as LQR or sum-of-squares programming
[199], depending on the form of the system. Here, the subscript “b” refers to “backup”.

The closed-loop system with the backup controller can be written as

ẋ = fb(x) := f (x,πb(x)) (5.3)

If f and πb are locally Lipschitz continuous, which is commonly the case in many prac-
tical scenarios, including linear, PWA, and polynomial systems and policies, then for any
x(0) = x0 ∈ Rn , according to [118, Theorem 3.2], the system (5.3) has a unique solution
x(t ) =φb(x0, t ), ∀t ∈ [0,∞).
Definition 5.3.2 (Constrained reachable set). Given the system (5.3) and the set X , for
any set S and any time T > 0, the T -step constrained reachable set for (5.3) is defined as
Φconst(S,T ) := {x ∈Rn |φb(x,τ) ∈ X , ∀τ ∈ [0,T ]∧φb(x,T ) ∈ S}.

2While the results of this chapter can be extended to cases where U is a union of polyhedra, we assume for
simplicity that U is a single polyhedron
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The PSF method uses an important property related to constrained reachable sets, stat-
ing that the constrained reachable sets of any invariant set S are always controlled-
invariant and are supersets of S. See [151, Lemma 1] and [93, Proposition 2] for a more
precise statement. This invariance property allows us to synthesize a safe controller that
has a larger safe region.
Lemma 5.3.1 (Safety of backup CBFs [93], [151]). Consider the system (5.1) with the
state and input constraints x ∈ X and u ∈ U , the backup controller πb, and the backup
CBF hb. Suppose that f , hX , and hb and πb are continuously differentiable. There exist
a controller πsafe(·) : Rn → Rm and α,αb ∈ K∞ such that the following conditions hold
∀T ≥ 0 and ∀x ∈Φconst(Sb,T ):

ḣX
(
φb(x,τ),πsafe(x)

)≥−α(
hX

(
φb(x,τ)

))
,∀τ ∈ [0,T ]

ḣb
(
φb(x,T ),πsafe(x)

)≥−αb
(
hb

(
φb(x,T )

))
πsafe(φb(x,τ)) ∈U ,∀τ ∈ [0,T ]. (5.4)

Moreover, any locally Lipschitz continuous controller πsafe that satisfies (5.4) renders
Φconst(Sb,T ) forward invariant for (5.1).

The proof of Lemma 5.3.1 relies on verifying that

h(x):=min

{
min
τ∈[0,T ]

hX (φb(x,τ)),hb(φb(x,T ))

}
(5.5)

is a valid CBF. The function h in (5.5) is called the predictive CBF.

Lemma 5.3.1 can be directly employed for safe controller synthesis by designing the fol-
lowing optimization-based PSF3:

πsafe(x) = argmin
u∈U

∥u −πr(x)∥2

s.t. ḣX
(
φb(x,τ),u

)≥−α(
hX

(
φb(x,τ)

))
,∀τ ∈ [0,T ]

ḣb
(
φb(x,T ),u

)≥−αb
(
hb

(
φb(x,T )

))
, (5.6)

where T ≥ 0 is the prediction horizon and πr(·) :Rn →Rm is a reference controller. Prob-
lem (5.6) is, in general, nonlinear and non-convex. In existing literature, a control-affine
system and a polyhedral U are usually considered, which makes (5.6) a convex quadratic
program (QP) (after discretizing [0, T ]) [52], [151], [195]. Besides, thanks to the existence
of πb, problem (5.6) is guaranteed to be feasible ∀x ∈Φconst(Sb,T ).

For the continuously differentiable system (5.1), the derivatives ḣX and ḣb in (5.6) can
be expressed as

ḣX
(
φb(x,τ),u

)= DhX
(
φb(x,τ)

) ∂φb(x,τ)

∂x
f (x,u) (5.7)

ḣb
(
φb(x,T ),u

)= Dhb
(
φb(x,T )

) ∂φb(x,T )

∂x
f (x,u), (5.8)

where ∂φb(x,τ)
∂x ∈Rn×n is called the sensitivity of the flow to its initial condition4.

3The conditions under whichπsafe is locally Lipschitz, which is required in Lemma 5.3.1, can be found in [148].
4In (5.6), x refers to the initial condition of the safety filter, which is also the current state of the system (5.1).
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Remark 5.3.1. Note that the backup controller πb is a virtual controller that is never
applied. It is only used to derive the CBF constraints in (5.6). The applied controller is
πsafe.

5.3.3. PROBLEM STATEMENT
In this chapter, we focus on a class of continuous PWA systems:

ẋ = fPWA(x,u) := Ai x +Bi u + ci , for

[
x
u

]
∈Pi , (5.9)

where fPWA : Rn+m → Rn is a continuous PWA function, {Pi }p
i=1 constitutes a strict poly-

hedral partition [35, Definition 4.5] of the state-input space. The union of all boundaries
of all Pi , i ∈N+

p is called the boundary of the PWA system.

Computing the time derivatives in (5.7) is an essential step for designing the safety filter
(5.6). It should be noted that existing literature usually assumes that the system, the CBF,
and the constraint X are continuously differentiable [52], [151], [195]. In this case, the
terms on the right-hand side of (5.7) are well-defined and safety performance is guaran-
teed (Lemma 5.3.1). However, the PWA system is usually not continuously differentiable
at the boundary of each Pi , and many widely existing constraints, such as polytopic con-
straints, are not differentiable everywhere. This means that the time derivatives in (5.7)
may have multiple possible values and that the results in Lemma 5.3.1 may not hold.

Secondly, for control-affine systems, problem (5.6) can be formulated as a convex QP,
which is computationally inexpensive to solve in real time. However, as observed in (5.9),
fPWA(x,u) does not depend linearly on u. In this case, problem (5.6) becomes an MIQP,
which needs much more computational effort to solve than a convex QP.

In the remainder, the following problems will be addressed.

Problem 1 (addressed in Section 5.4): How to design a PSF with safety guarantees for a
given PWA system, which should address the non-smoothness of the PWA dynamics, the
state constraint, and the CBF hb?

Problem 2 (addressed in Section 5.5): How to overcome the computational intractability
of the critical component of the safety filter, in particular, the not well-defined sensitivity
for PWA systems?

Problem 3 (addressed in Section 5.6): How to approximate the solution to the safety filter
in a computationally efficient way to enable swift online implementation?

5.3.4. GENERALIZED SENSITIVITY
For non-smooth functions, the concept of the Jacobian matrix from smooth functions
can be generalized using several approaches, such as the generalized Clarke derivative
[57] and Mordukhovich subdifferential [153]. In this chapter, we advocate for the use of
the generalized Clarke derivative due to its convenience in performance analysis. The
generalized Clarke derivative extends the idea of the Jacobian matrix to Lipschitz con-
tinuous functions that may not be differentiable everywhere.
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Definition 5.3.3 (Generalized Clarke derivative [57]). The generalized Clarke derivative
of a locally Lipschitz continuous function φ(·) :Rn →Rnφ , denoted by ∂Cφ, is defined as

∂Cφ(x) = conv

{
lim

i→∞
Dφ(xi )

∣∣∣∣xi → x, φ is differentiable at xi

}
,

where Dφ(xi ) is the classical Jacobian at points xi whereφ is differentiable. The notation
nφ refers to the image dimension of φ.

Note that for a locally Lipschitz function, the generalized Clarke derivative is nonempty,
compact, convex, and set-valued [57]. It is the convex hull of the limits of classical Ja-
cobian sequences at nearby points where the function is differentiable. If a function is
differentiable at a point, the generalized Clarke derivative reduces to the classical Jaco-
bian at that point.

5.4. SAFE CONTROLLER SYNTHESIS
For PWA systems, piecewise linear feedback controllers are often designed in the litera-
ture [124]. The PWA system (5.9) controlled by a piecewise linear backup controller can
therefore be written as

ẋ = fPWA,b(x) := Di x +di , for x ∈Ri . (5.10)

In (5.10), fPWA,b : Rn → Rn is a globally continuous PWA function, and {Ri }r
i=1 consti-

tutes a strict polyhedral partition of the state space. Since (5.10) has a global Lips-
chitz constant L = maxi∈N+

r
||Di ||, we can denote the unique solution with any initial

condition x(0) = x0 ∈ Rn by x(τ) = φb(x0,τ), ∀τ ∈ [0,∞). Furthermore, according to
[118, Theorem 3.4], for any two initial states x0 and y0, the solutions of (5.10) satisfy
||φb(x0,τ)−φb(y0,τ)|| ≤ ||x0 − y0||exp(Lτ), ∀τ> 0. This proves the Lipschitz continuous
dependence of φb(x0,τ) on the initial state x0 in Rn for any finite τ.

Considering the case whenφb, hb, and hX is not necessarily differentiable, and based on
the design of PSFs for smooth systems in (5.6), we design the following PSF utilizing the
generalized Clarke derivatives of φb, hb , and hX :

All-elements PSF:

πsafe(x) = argmin
u∈U

∥u −πr(x)∥2 (5.11a)

s.t. ∂hX Q fPWA(x,u) ≥−α(
hX

(
φb(x,τ)

))
∀∂hX ∈∂ChX (φb(x,τ)), ∀Q ∈ ∂Cφb(x,τ), ∀τ ∈ [0,T ] (5.11b)

∂hbQ fPWA(x,u) ≥−αb
(
hb

(
φb(x,T )

))
∀∂hb ∈ ∂Chb(φb(x,T )), ∀Q ∈ ∂Cφb(x,T ), (5.11c)

where ∂Cφb(x,τ) is called the Clarke sensitivity. Different from (5.6) in which the CBF

constraints are uniquely determined by the unique sensitivity matrix ∂φb
∂x and the unique

derivatives DhX and Dhb, we require that the CBF constraints should be satisfied for all
elements contained in ∂ChX , ∂Chb, and ∂Cφb.
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5.4.1. PERFORMANCE ANALYSIS
Before deriving a computationally tractable way to compute the Clarke sensitivity and to
solve (5.11), we first analyze the safety performance of πsafe.
Assumption 5.4.1. (i) πb(x) ∈U , for all x ∈ X ;

(ii) ∂hb fPWA,b(x) ≥ −αb(hb(x)), for all x ∈ Sb := {x ∈ Rn |hb(x) ≥ 0} ⊆ X and for all ∂hb ∈
∂Chb(x).

Assumption 5.4.1 is reasonable and aligns with similar assumptions commonly found in
the literature on predictive CBFs [52], [151] and MPC frameworks that incorporate CBFs
or control Lyapunov functions for designing terminal constraints [93]. The key distinc-
tion in our assumption is that it requires the CBF constraint to hold for all elements in
the Clarke generalized gradient of hb , rather than relying solely on the unique classical
gradient as typically assumed in existing works.
Theorem 5.4.1 (Feasibility). Consider the continuous PWA system (5.9), the piecewise
linear backup controller πb, the Lipschitz continuous hX and hb, and the proposed PSF
(5.11). Under Assumption 5.4.1, there exist α, αb ∈K∞ such that problem (5.11) is feasi-
ble for any x ∈Φconst (Sb,T ).

Proof. We will prove that the backup solution πb(x) is a feasible solution to (5.11). To do
so, for any τ ∈ [0,T ], we need to consider several cases depending on the differentiability
of the functions φb, hb, and hX . For clarity and without loss of generality, we consider
the following two cases: (i) φb(x,τ) is differentiable, and (ii) φb(x,τ) is not differentiable.
The same reasoning applies analogously when considering the differentiability or non-
differentiability of hb and hX , and thus we omit the cases for these two functions for
brevity.

(i) If φb(x,τ) is differentiable w.r.t. x at x = x̄, then ∂Cφb(x,τ) reduces to the classical

sensitivity ∂φb(x,τ)
∂x and therefore the feasibility of πb(x) follows from Lemma 5.3.1.

(ii) If φb(x,τ) is not differentiable w.r.t. x at x = x̄, noting Definition 5.3.3, consider any
sequence {xi }∞i=0 converging to x̄ and satisfying that φb(x,τ) is differentiable w.r.t. x at
xi . It follows from the analysis in the first case that by letting ui =πb(xi ), we have that

DhX
(
φb(xi ,τ)

) ∂φb(xi ,τ)

∂xi
fPWA(xi ,ui )≥−α(

hX
(
φb(xi ,τ)

))
holds. By taking the limit i → ∞ and noting that limi→∞

∂φb(xi ,τ)
∂xi

∈ ∂Cφb(x̄,τ) by Defi-
nition 5.3.3, we get the feasibility of (5.11b). An analogous argument can be applied to
prove the feasibility of (5.11c). The proof of Theorem 5.4.1 is completed.

To establish the forward invariance of Φconst(Sb,T ), i.e., the infinite-horizon safety of
πsafe, we introduce the following key lemma, which is applicable to invariance analysis
for general nonlinear systems involving any non-smooth CBF.
Lemma 5.4.1. Consider the system (5.1). Suppose that there exist a Lipschitz contin-
uous controller π(·) : Rn → Rm , a Lipschitz continuous h(·) : Rn → R, and a Lipschitz
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continuous function α ∈K∞ such that

∂h(x) f (x,π(x)) ≥−α(h(x)), ∀x ∈ {x ∈Rn |h(x) ≥ 0} and ∀∂h(x) ∈ ∂Ch(x). (5.12)

As a result, if h(x0) ≥ 0, we have h(φ(x0, t )) ≥ 0, ∀t ≥ 0, where φ(x0, t ) is the solution of
the system (5.1) controlled by π, starting from x0.

Proof. See Appendix 5.A.1.

Remark 5.4.1. The result in Lemma 5.4.1 establishes the forward invariance of {x ∈
Rn |h(x) ≥ 0}. This result extends safety guarantees from continuously differentiable
CBFs to CBFs that are merely Lipschitz continuous. More importantly, in contrast to
the non-smooth CBF analysis in [85], we do not require h to be differentiable almost
everywhere.

With the safety guarantees of non-smooth CBFs given in Lemma 5.4.1, we are ready to
present the main result on the safety of πsafe.
Theorem 5.4.2 (Forward invariance). Consider the continuous PWA system (5.9), the
piecewise linear backup controller πb, the Lipschitz continuous backup CBF hb, and the
proposed all-elements PSF (5.11). If Assumption 5.4.1 holds and the policyπsafe is locally
Lipschitz continuous, then πsafe rendersΦconst (Sb,T ) forward invariant.

Proof. Like [52], we consider the CBF candidate in (5.5), which is Lipschitz continuous
and satisfiesΦconst (Sb,T ) = {x ∈Rn |h(x) ≥ 0} according to [52, Lemma 2].

For each x ∈ Φconst (Sb,T ), based on (5.5), we can distinguish two cases: (i) h(x) =
hX

(
φb(x(t ),τ′)

)
with a certain τ′ ∈ [0,T ] and (ii) h(x) = hb

(
φb(x(t ),T )

)
.

For the first case, we define the composite function hφ = hX ◦φb. Given τ′ ∈ [0,T ], we
have the following expression for the Clarke derivative of the composite function [59,
Theorem 2.3.9]:

∂Chφ(x,τ′) ⊂ conv
{
∂hX Q, ∂hX ∈ ∂ChX (φb(x,τ′)), Q ∈ ∂Cφb(x,τ′)

}
Then, we can apply the chain rule to obtain the Clarke derivative of the composite func-
tion h, that is, for any ∂h ∈ ∂Ch(x),

∂h fPWA(x,πsafe(x))+α(h(x))

=∂hφ fPWA(x,πsafe(x))+α(hX (x)), ∃∂hφ ∈ ∂Chφ(x,τ′)
=∂hX Q fPWA(x,πsafe(x))+α(

hX
(
φb(x,τ′)

))
, ∃∂hX ∈ ∂ChX (φb(x,τ′)) and Q ∈ ∂Cφb(x,τ′)

≥0, (5.13)

where the second equality is obtained by applying the chain rule to ∂Chφ, and the last
line follows from the fact that πsafe satisfies the constraint (5.11b).

An analogous argument to that in (5.13) can be applied for the second case, yielding
∂h fPWA(x,πsafe(x))+αb(h(x)) ≥ 0 for any ∂h ∈ ∂Ch(x).

As a consequence, the CBF candidate h satisfies (5.12) in Lemma 5.4.1. If πsafe is lo-
cally Lipschitz continuous, applying Lemma 5.4.1 yields h(φsafe(x0, t )) ≥ 0, ∀t ≥ 0, if
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x0 ∈ Φconst (Sb,T ). Here, φsafe(x0, t ) is the solution of the system (5.9) starting from x0

controlled by πsafe. This proves the forward invariance ofΦconst (Sb,T ) under πsafe.

Theorems 5.4.1 and 5.4.2 state that when there are non-smooth CBF constraints, the
all-elements PSF can ensure that the system always satisfies the constraints, provided
that πsafe is locally Lipschitz continuous. Analyzing the conditions under which πsafe is
Lipschitz continuous is left for future work.

5.5. NON-SMOOTH ANALYSIS OF PWA SYSTEMS
In the previous section, we have shown sufficient conditions to ensure formal guarantees
for feasibility and safety for the proposed all-element PSF (5.11). However, to construct
the proposed PSF, we need to compute the generalized Clarke derivative for φb (Clarke
sensitivity) and the generalized Clarke derivatives ∂ChX and ∂Chb. Computing ∂ChX and
∂Chb is generally feasible, since their explicit forms are usually known. Finding a gener-
alized Clarke derivative for φb requires computing classical Jacobians for all converging
sequences xi where φb is differentiable, and it is generally intractable. This section ad-
dresses this challenge.

The following definition is useful for characterizing the behavior of PWA systems:
Definition 5.5.1 (Time-stamped switching sequence). Consider the PWA system (5.10).
Given the initial state x0, the time-stamped switching sequence of the solution φb(x0,τ),
denoted as

Γ(x0) ={(τ0, I0), (τ1, I1), ..., (τM , IM )}, with Ik ⊆N+
r , ∀k ∈NM , (5.14)

is the ordered sequence of time instants and the indices of regions such that

• τ0 = 0 and x0 ∈ clo(RI0 );

• φb(x0,τ) ∈ clo(Ri ), ∀i ∈ Ik and ∀τ ∈ [τk ,τk+1);

• Ik ̸= Ik+1, ∀k ∈NM−1 and τ0 < τ1 < ... < τM .

In (5.14), r is the number of polyhedral regions of (5.10) and M is the number of switch-
ing times.

The switching sequence can be infinite, i.e., M = ∞, meaning that the system exhibits
zeno behavior if τM is finite or chattering if τM =∞. Besides, each Ik can contain more
than one element. In this case, the system operates on the shared boundary of multiple
regions of (5.10) during [τk ,τk+1). If Ik consists of multiple elements, then we define
RIk :=⋃

i∈Ik
Ri .

5.5.1. AUMANN SENSITIVITY FOR PWA SYSTEMS
We propose an alternative and computable generalized sensitivity QA(x0,τ) using the
Aumann integral [11]. In subsequent subsections, we will show that, under certain as-
sumptions, this formulation is equivalent to the Clarke sensitivity.
Definition 5.5.2 (Aumann sensitivity). Consider the PWA system (5.10) and its solution
φb. The Aumann sensitivity for any initial state x0 at time τ, denoted by QA(x0,τ), is



5

86
5. PREDICTIVE CONTROL BARRIER FUNCTIONS FOR PIECEWISE AFFINE SYSTEMS WITH

NON-SMOOTH CONSTRAINTS

implicitly defined by

QA(x0,τ) :=
{

Q(x0,τ)

∣∣∣∣Q(x0,τ) = In +
∫ τ

0
∂ fPWA,b(φb(x0, s))Q(x0, s)d s,

∂ fPWA,b(x) ∈ {Di |i s.t. x ∈ clo(Ri )}

}
. (5.15)

The Aumann integral is introduced to handle cases where the integration is carried out
on all possible values of the integrand. As a result, the Aumann sensitivity naturally be-
comes a set-valued function. When this sensitivity takes a single value at a point, it co-
incides with the classical Jacobian of φb at that point.

Given the initial state x0, denote by I (x0) the Cartesian product of the switching se-
quence {I0, I1, ..., IM }. With this definition, the Aumann sensitivity is expressed as:

QA(x0,τ) =
{

Q(x0,τ)

∣∣∣∣∣Q(x0,τ)= I+
k̄∑

k=0

∫ min{τ,τk+1}

τk

Dik Q(x0, s)d s, (i0, i1, ..., iM ) ∈ I (x0)

}
τ ∈ [τk̄ ,τk̄+1), k̄ ≤ M −1. (5.16)

Each Q is single-valued and can be obtained by the standard sensitivity computation
[118, Chapter 3.3]. The cardinality of QA(x0,τ) is less than or equal toΠk∈NM |Ik |.

5.5.2. PROPERTIES OF THE AUMANN SENSITIVITY
The ultimate objective of this section is to show the equivalence between the Aumann
sensitivity and the Clarke sensitivity. Before doing that, we first study the properties of
the Aumann sensitivity.

Without loss of generality, suppose that the closure of each Ri admits the hyperplane
representation {x ∈ Rn |Hi x +hi ≤ 0}, where Hi ∈ Rmi×n , hi ∈ Rmi , and mi is the number
of inequalities that constitute Ri . Denote by

ΓI := {x ∈Rn |ḡ I (x) := g I x +bI = 0}

the common boundary of two or more adjacent regions RI , where I is a set of indices of
the adjacent regions. Here, g I ∈RngI ×n , bI ∈RngI , and ḡ I (·) :Rn →RngI .

From (5.15) we know that QA could take multiple values if the solution φb stays on the
common boundary of some regions of (5.10) during a period. This is because during that
period, the integral term can take multiple values. This motivates us to check if there is
a non-empty set on the boundary such that the solution φb belongs to this set during a
certain period. We consider the following critical set (could be empty):

C := ⋃
I∈I

CI , where CI =
⋂
i∈I

clo(Ri ) and

I := {I ⊆N+
r |{Ri }i∈I are adjacent, ḡ (q)

I = 0, ∀q ∈Nn , and ∃i , j ∈ I s.t. Di ̸= D j }. (5.17)

In (5.17), ḡ (q)
I is the q-th order element-wise time derivative of ḡ I along the PWA system

(5.10). Because the first q order time derivatives of ḡ I are zero, ḡ I remains constant
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according to the Cayley–Hamilton Theorem [74]. Therefore, we can interpret C as the
set where the trajectory is possible to stay on a boundary ḡ I (x) = 0 of some polyhedra
Ri , i ∈ I for some periods.

For any initial state x0, define the forward reachable set asΦfor(x0) :=⋃
τ∈[0,∞){φb(x0,τ)}.

Similarly, for any set S of states, define the backward reachable set Φback(S) := {x ∈
Rn |∃τ ∈ [0,∞) s.t. φb(x,τ) ∈ S}. We have the following result on the relation among C,
QA, and the classical Jacobian (if it exists).
Proposition 5.5.1. The following statements are equivalent:

(1) The classical Jacobian ∂φb(x0,τ)
∂x0

of φb(x0,τ) exists at x0 = x̄0 for all τ≥ 0.

(2) The Aumann sensitivity QA(x0,τ) is single-valued at x0 = x̄0 for all τ≥ 0.

(3)Φfor(x̄0)∩C=;.

(4) x̄0 ∉Φback(C).

As a consequence, if C is empty, the Aumann sensitivity QA defined in (5.15) is single-

valued for any x0, which implies the global existence of the classical Jacobian ∂φb(x0,τ)
∂x0

.

Proof. See Appendix 5.A.2.

The critical set C is a union of some polyhedra CI , I ∈ I , with the dimension strictly
lower than n. By using the Lie derivative for (5.17), each CI , I ∈I can be expressed as

CI =



x ∈Rn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

g I x +bI = 0

g I (Di x +di ) = 0

g I Di (Di x +di ) = 0

...

g I Dn−1
i (Di x +di ) = 0

Hi x +hi ≤ 0


∀i ∈ I

and ∃i , j ∈ I s.t. Di ̸= D j



(5.18)

The non-emptiness of each CI can be determined by checking the feasibility of a linear
program.
Remark 5.5.1. Proposition 5.5.1 implies that the sensitivity QA is uniquely defined as
long as the state does not remain on a cell boundary for any time interval, but always
“passes through”. An important fact indicated by Proposition 5.5.1 is that the non-

existence of ∂φb(x0,τ)
∂x0

does not necessarily occur on the boundary of the PWA system;
rather, it can also take place in the interior of any polyhedron Ri . The following example

illustrates the set C and also the set of initial states at which ∂φb(x0,τ)
∂x0

fails to exist.

Example 1. Consider a two-dimensional PWA system illustrated in Fig. 5.1. The sys-
tem is partitioned by three lines: x1 = 0, x1 = 2, and x2 = 0, resulting in six polyhedra.
The critical set C, according to (5.18), consists of the positive segment of the x1-axis. For
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every initial point along the red and blue lines, when the trajectory φb reaches the right-
half plane, it lacks a well-defined Jacobian. To prove this, we first note that for any initial
state x̄0 starting from the red line (C), the solution will always remain in C. Therefore,

Φfor(x̄0)∩C ̸= ;, and ∂φb(x0,τ)
∂x0

does not exist, according to Proposition 5.5.1. Then, we
analyze the initial states in the first quadrant. By solving the affine system in this quad-
rant, we get the evolution: x1(τ) = x1(0)+τ, x2(τ) = (x1(0)+x2(0)+1)eτ−τ−x1(0)−1, for
τ≥ 0 such that x1(τ) ≤ 0 and x2(τ) ≥ 0. If Φfor(x̄0)∩C ̸= ;, at a certain time instant τk1 it
must hold that x1(τk1 ) = x2(τk1 ) = 0. Otherwise, the trajectory can only converge to the
red line asymptotically. From x1(τk1 ) = x2(τk1 ) = 0, we can derive the relation:

x2(0) = ex1(0) −x1(0)−1.

The blue line corresponds to the above function in the first quadrant.

By simulating the system starting from the points near the blue line, we can find that
even a small perturbation on the initial state will result in a large gap when the trajectory
goes into the right-half plane. This validates that the classical Jacobian does not exist at
the initial states on the blue curve after the critical time when the trajectory enters the
red line.

0 2

0

Figure 5.1: The evolution of the PWA system given in Example 1. The black solid lines refer to the boundaries
of the polyhedra. The critical set C is the positive part of the x1-axis, represented by the red line. The backward
reachable setΦback (C) is the union of the red and blue lines. According to Proposition 5.5.1, the solution φb is
not differentiable at all points on the red and blue lines. The black dashed curves represent some trajectories
starting near the blue line.

The sensitivity branches at the time τ when the solution φb(x0,τ) enters the critical set
C. Fig. 5.2 gives a geometric interpretation of QA(x0,τ).

5.5.3. EQUIVALENCE BETWEEN conv(QA) AND ∂Cφb
In this subsection, we show that conv(QA(x0,τ)) = ∂Cφb(x0,τ), ∀x0 ∈Rn and ∀τ ∈ [0,∞).
Toward this end, the following lemma and assumption are useful.
Lemma 5.5.1. Consider the PWA system (5.10) and its Aumann sensitivity QA defined in
(5.15). For any x0 ∈Rn , any τ ∈ [0,∞), and any Q(x0,τ) ∈QA(x0,τ), Q(x0,τ) is invertible.
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Figure 5.2: Evolution of the sensitivity function QA over time for any initial state at the blue line in Fig. 5.1.
The components Q1 to Q4 represent individual elements of QA. The sensitivity branches when the solution
φb(x̄0,τ) enters each critical set. In Example 1, this occurs at τk1

when the trajectory reaches (0,0) and at τk2
when the trajectory reaches (2,0).

Proof. According to (5.16), any Q(x0,τ) can be recursively computed by

Q(x0, t ) =


eDi0τ,τ ∈ [τ0,τ1)

eDi1 (τ−τ1)Q(x0,τ1), t ∈ [τ1,τ2)

...

eDiM−1 (τ−τM−1)Q(x0,τM−1),τ ∈ [τM−1,τM ),

(5.19)

where {i0, i1, ..., iM } ∈ I (x0) and I (x0) is the Cartesian product of the switching sequence
{I0, I1, ..., IM } for given x0.

As eDi0τ is always invertible, and AB is invertible for any two invertible matrices A and B ,
it is straightforward to prove by induction that Q(x0,τ) is invertible for any x0 ∈ Rn and
τ ∈ [0,∞).

Assumption 5.5.1. For any x0 ∈ Φback (C), any τ ∈ [0,∞), and any Q(x0,τ) ∈
conv(QA(x0,τ)), Q(x0,τ) is invertible.
Remark 5.5.2. Since any Q ∈ QA is invertible according to Lemma 5.5.1, we further as-
sume that any element in the convex hull of QA is invertible. Although convex combi-
nations may not preserve invertibility, Assumption 5.5.1 is typically satisfied in practical
scenarios such as adaptive cruise control with PWA models in [62] and the inverted pen-
dulum system considered in the case study of this chapter. This assumption is crucial in
the subsequent analysis on the equivalence between conv(QA) and ∂Cφb, as it enables
the application of the inverse function theorem [57, Theorem 1] for the non-smooth so-
lution φb.
Proposition 5.5.2. Consider the PWA system (5.10) and its two generalized sensi-
tivities QA and ∂Cφb. Suppose Assumption 5.5.1 holds. We have conv(QA(x0,τ)) =
∂Cφb(x0,τ), ∀x0 ∈Rn and ∀τ ∈ [0,∞).

Proof. See Appendix 5.A.3.

Proposition 5.5.2 indicates that the convex hull of the Aumann sensitivity, computed via
(5.16) can replace the Clarke sensitivity in the formulation of the proposed PSF (5.11).
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5.5.4. IMPLEMENTATION OF THE ALL-ELEMENTS PSF
Problem (5.11) is a semi-infinite programming problem [31, Chapter 5.4], i.e., it contains
infinitely many constraints. To solve it, we adopt the following three steps.

Step 1: Transforming the constraints. Under the equivalence between ∂Cφb and
conv(QA), we replace ∂Cφb with conv(QA) in the formulation (5.11) of the proposed all-
elements PSF. In other words, in (5.11b) and (5.11c), the CBF constraints should be sat-
isfied for any Q ∈ conv(QA).

We first eliminate the infinite number of constraints stemming from the set-valued gen-
eralized Clarke derivatives. Since (i) the CBF constraints are linear in hX , hb, and Q, and
(ii) the uncertainty sets ∂ChX , ∂Chb, and conv(QA) are convex, according to [23, Propo-
sition 2.1], (5.11b) and (5.11c) are equivalent to

∂hX Q fPWA(x,u) ≥−α(
hX

(
φb(x,τ)

))
, ∀∂hX ∈ JhX (φb(x,τ)), ∀Q ∈QA(x,τ), ∀τ ∈ [0,T ],

∂hbQ fPWA(x,u) ≥−αb
(
hb

(
φb(x,T )

))
, ∀∂hb ∈ Jhb (φb(x,T )), ∀Q ∈QA(x,T ), (5.20)

where

JhX (φb(x,τ)) =
{

lim
i→∞

DhX (yi )

∣∣∣∣ yi →φb(x,τ), hX is differentiable at yi

}

and Jhb is defined similarly to JhX . According to Definition 5.3.3, the set-valued func-
tions Jhb and JhX denote the collections of limiting derivatives that generate ∂Chb

and ∂ChX , respectively, i.e., ∂Chb(φb(x,T )) = conv(Jhb (φb(x,T ))) and ∂ChX (φb(x,τ)) =
conv(JhX (φb(x,τ))).

Note that Jhb
and JhX are in general computable, as the explicit expressions of hb and

hX are usually known. Besides, the Aumann sensitivity Q A is computed through (5.16).
Note that |Jhb |, |JhX |, and |QA| are finite.

Step 2: Mixed-integer encoding of fPWA. Mixed-integer encoding is commonly used in
hybrid MPC in which the PWA prediction model is usually converted into an equivalent
mixed-logical dynamical form [35].

If the partition of the PWA system (5.9) is only in the state space, i.e., fPWA(x,u) := Ai x +
Bi u + ci , for x ∈Pi , the inequalities in (5.20) are naturally linear in u and hence there is
no need to do mixed-integer encoding.

If the partition is in both state and input spaces, to make the inequalities in (5.20) lin-
ear in u, we follow [21] to use the Big-M approach to get the equivalent mixed-integer
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formulation of fPWA(x,u), which is given by

fPWA(x,u) =
p∑

i=1
fi ,

p∑
i=1
∆i = 1

for i = 1,2, ..., p :



fi ≤ M∆i

fi ≥ M∆i

fi ≤ Ai x +Bi u + ci −M (1−∆i )

fi ≥ Ai x +Bi u + ci −M (1−∆i )

Ψ(x)
i x +Ψ(u)

i u ≤ψi +M
∗
i (1−∆i ),

(5.21)

where the matrices Ψ(x)
i , Ψ(u)

i , and ψi constitute the hyperplane representation

{[xT , uT ]T ∈ Rn+m |Ψ(x)
i x +Ψ(u)

i u ≤ ψi } of the polyhedral region Pi in (5.9), M , M ,

and M
∗
i are some bounds of affine functions Ai x + Bi u + ci and Ψ(x)

i x +Ψ(u)
i u −ψi

over X ×U . The detailed expressions of these bounds are provided in [21]. Besides,
∆i ∈ {0,1}, i = 1,2, . . . , p are binary variables.

Step 3: Discretizing the time τ. After Steps 1 and 2, the infinite number of constraints
in (5.20) comes only from the continuous time set [0,T ]. In practice, to obtain computa-
tional tractability, the constraints are usually relaxed into a finite number of constraints
that should be satisfied at some time instants [151]. In particular, given the prediction
horizon T > 0 and a number N ∈N+, the time set [0,T ] is discretized into {τ(l )}

N
l=0, where

each τ(l ) = l T /N . As a result, (5.20) is relaxed into an inequality constraint that should
be satisfied at finitely many τ(l ).

After applying the three steps above, problem (5.11) becomes a convex QP if the PWA
system (5.9) is partitioned only over the state space. If the partition is defined over the
joint state-input space, the problem (5.11) typically becomes an MIQP.

5.6. EXPLICIT APPROXIMATION OF THE SAFE CONTROLLER
In the previous section, we have shown that the intractable constraints in (5.11) can be
reformulated using Aumann sensitivity. However, when the partition of the PWA system
(5.9) is defined over the joint state-input space, the computation time for solving the
MIQP derived from (5.11) in practice grows dramatically with the number of binary vari-
ables in the worst case [169]. The number of binary variables itself scales linearly with
the number p of regions. Consequently, the proposed all-elements PSF becomes im-
practical for real-time control systems with limited computational resources. To address
this challenge (Problem 3), we further derive an explicit approximation for the solution
to (5.11). This explicit solution is guaranteed to be feasible w.r.t. (5.11) and can be com-
puted efficiently.

Our design is based on the optimization-free safety filter proposed in Chapter 4. An
important property of (5.11) we use is that the backup solutionπb(x) is a feasible solution
to (5.11) for any x ∈Φconst (Sb,T ), as has been proved in Theorem 5.4.1.

For each x, define by U(5.11)(x) the feasible set of (5.11). First, we restrict the constraint
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on u from u belonging to the whole feasible set U(5.11)(x) to

u ∈U(5.11)(x)∩Uline(x), (5.22)

where Uline(x) is the line segment with the endpoints πb(x) and πr(x). Mathematically,
Uline(x) = {u ∈Rm |u =πb(x)+λ(πr(x)−πb(x)), λ ∈ [0,1]}.

By adding the constraint u ∈ Uline(x) into the optimization problem (5.11), we obtain
that the optimizer π̂safe(·) :Rn →Rm of the modified problem takes the following form:

π̂safe(x) =πb(x)+λ∗(x)(πr(x)−πb(x)), (5.23)

where

λ∗(x) = max
λ∈[0,1]

λ

s.t. u =πb(x)+λ(πr(x)−πb(x)), u ∈U(5.11)(x). (5.24)

Since each polyhedral region Pi has the hyperplane representation {[xT , uT ]T ∈
Rn+m |Ψ(x)

i x +Ψ(u)
i u ≤ ψi }, for any state x, we can determine the slice Ui (x) of Pi , de-

fined by

Ui (x) :=
{

u ∈Rm |Ψ(u)
i u ≤ψi −Ψ(x)

i x
}

. (5.25)

Let Iu(x) denote the set of indices i for which Ui (x) is not empty. By substituting the
expression of fPWA into (5.11) and applying Step 1 of Section 5.5.4, we can rewrite the
optimizer λ∗ in a more compact form:

λ∗(x) = max
λ

λ

s.t. ∃i ∈ Iu(x) s.t. ηi (x,τ)λ≤ωi (x,τ), ∀τ ∈ [0,T ], (5.26)

where ηi andωi are vector-valued functions with proper dimensions. The expressions of
ηi andωi can be obtained based on (5.9), (5.20), and (5.24). To derive the explicit form of
λ∗, the constraint λ ∈ [0,1] is incorporated in (5.26) with the form of [1 −1]Tλ≤ [1 0]T .

The following proposition gives the explicit form of the optimizer λ∗.
Proposition 5.6.1. Consider the optimization problem (5.24) or (5.26), the optimizer λ∗
has the expression:

λ∗(x) = max
i∈Iu (x)

min
τ∈[0,T ]

min
j∈N+

dim(ηi )

λi , j (x,τ), (5.27)

with

λi , j (x,τ) =



ωi , j (x,τ)

ηi , j (x,τ)
, if ηi , j > 0

step(ωi , j (x,τ)), if ηi , j = 0

step

(
ωi , j (x,τ)−ηi , j (x,τ) min

λi , j ′ (x,τ′)∈(0,1)
λi , j ′ (x,τ′)

)
, if ηi , j < 0,

(5.28)

where ωi , j and ηi , j represent the j -th element of ωi and ηi , respectively.
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Proof. See Appendix 5.A.4.

Since π̂safe is a feasible solution to the proposed all-elements PSF (5.11), we immedi-
ately have the following corollary of Theorem 5.4.2 and Proposition 5.6.1 on the safety
performance of π̂safe:
Corollary 5.6.1. Consider the continuous PWA system (5.9) and the proposed all-
elements PSF (5.11). Suppose that Assumptions 5.4.1 and 5.5.1 hold and that the approx-
imate policy π̂safe in (5.23) with λ∗ computed from (5.27) is locally Lipschitz continuous.
Then, the approximate policy π̂safe rendersΦconst(Sb,T ) forward invariant.

Akin to Step 3 of Section 5.5.4, implementing the approximate policy (5.23) needs the
discretization of the time set [0,T ] appearing in (5.27).
Remark 5.6.1. Unlike [194], which computes explicit approximations for convex opti-
mization problems, our approach accommodates non-convex MIQPs. Compared to the
optimization-free safety filter in Chapter 4, which also finds explicit approximations for
MIQP problems, we extend the framework to problems with infinitely many constraints.

5.7. CASE STUDIES

5.7.1. INVERTED PENDULUM

Figure 5.3: Diagram of the inverted pendulum interacting with an elastic wall.

To demonstrate the theoretical results, control of a simple inverted pendulum that in-
teracts with an elastic wall (illustrated in Fig. 5.3) is considered. The system is linearized
around the upright position, resulting in the following PWA system:

θ̈ =
{

g
L θ+ 1

mL2 u, if θ ≥ 0

( g
L −kL)θ+ 1

mL2 u, if θ < 0,

where θ is the pendulum angle, u is the input torque, the state variable x = [θ θ̇]T , m = 1
kg, L = 1 m, g = 10 m/s2, and k = 2 N/m is the spring of the wall. The state constraint is
x ∈ X := {x| |θ| ≤ 0.5, |θ̇| ≤ 2}, and the input constraint is |u| ≤ 10. In the simulation, the
system is discretized by forward Euler with a sampling time of 0.001 seconds.
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The backup policy is designed as a linear feedback controller, given byπb(x) =−12θ−3θ̇.
Under this policy, the resulting PWA system takes the form:

ẋ = fPWA,b(x) =



[
0 1

−2 −3

]
x, if x1 ≥ 0[

0 1

−4 −3

]
x, if x1 < 0.

(5.29)

The feedback gain [−12 −3] is selected such that both linear modes of (5.29) are Hurwitz
stable.

According to Proposition 5.5.1, x = [0 0]T is the only initial point at which the Aumann
sensitivity contains multiple (two in this case) elements. Under the backup policy, a
quadratic CBF hb(x) = γ− xT Rx is synthesized using the LMI approach presented in
[197]. The reference control policy is chosen as πr(x) =−12(θ−θr)−3(θ̇− θ̇r)+mL2θ̈r −
mg Lθr, which is a proportional-derivative plus feedforward controller. The reference
angle θr(t ) = 0.8cos(t ). This means that during some periods, the reference state violates
the state constraint. For the PSF in (5.11), the horizon T is set to 1 second and [0, T ] is
further discretized into N = 50 intervals, resulting in the time grid {lT /N }N

l=0.

Fig. 5.4 compares the time responses of the closed-loop system under the PSF (5.11)
and the standard safety filter using the CBF hb without predictions. The initial state is
[0.1 0.1]T . From Fig. 5.4, it is observed that even though the reference state violates the
state constraint, the trajectories controlled by these two safety filters always satisfy the
state constraint. As evidenced by the first and third sub-figures, the PSF is less conserva-
tive because the corresponding trajectory stays closer to the reference and the value of
hb is negative during some periods. Furthermore, Fig. 5.5 displays the trajectories and
also the safe set of hb. It is found that the feasible region of the PSF exceeds the boundary
of the safe set of hb (i.e., the feasible region of the standard safety filter), highlighting the
superiority of the predictive approach over the standard method.

Next, we examine a scenario in which the PSF based on the classical gradient (5.7) fails
to ensure safety. Consider the initial state x(0) = [0.5 − 2]T , which lies on the bound-
ary of X . The function hX , defined as hX (x) := min{0.5−θ, θ+0.5, 2− θ̇, θ̇+2}, is not
differentiable at x(0). We design two PSFs: the first is based on (5.11), and the second
is a modified version of (5.11) that includes only a single, randomly selected gradient
from ∂ChX . The second one corresponds to the classical PSF, which implicitly assumes
that hX is differentiable everywhere. To highlight the difference between the two safety
filters, a constant reference policy is chosen as πr(x) =−10.

Fig. 5.6 illustrates the closed-loop trajectory of θ̇ under both safety filters. It is evident
in the zoomed figure that the proposed all-elements PSF using the generalized Clarke
derivative (blue curve) drives the system to remain within the safe region, while the
safety filter using the single gradient (purple curve), proposed in [52], [93], experiences
constraint violations during the initial phase5.

5When the filter becomes infeasible, we switch to applying the reference πr through a saturation unit
max{min{·, 10}, −10}, which enforces only the input constraint.
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Figure 5.4: Time responses of the closed-loop system with the PSF (5.11) and the standard safety filter. The
initial state is [0.1 0.1]T . “SF” means “safety filter”. Both SFs successfully control the system without recording
any constraint violations. The predictive SF is less conservative than the standard SF because the trajectory
regulated by the predictive SF is closer to the reference.
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Figure 5.5: Trajectories of the closed-loop system (solid lines) and the safe set of hb (black dashed line). The
black hole represents the initial state. By virtue of predictions, the predictive SF enlarges the original feasible
region {x|hb (x) ≤ 0}.
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Figure 5.6: Comparison of PSFs using generalized Clarke derivative and single derivative methods. The high-
lighted inset zooms into the initial phase of the trajectory, illustrating the difference in early behavior between
the two methods. When the initial state is at the boundary of the state constraint set, the proposed all-elements
PSF using generalized Clarke derivative successfully avoids the unsafe region, while the classical PSF proposed
in [52], [93] fails.

5.7.2. TEMPERATURE CONTROL
To demonstrate the computational advantage of the proposed explicit solution, we fur-
ther consider a more complex PWA system with more partitions. In particular, let us
consider control of the temperatures x = [T1 T2 T3 T4]T of four rooms in a building. The
layout of the four rooms and heat flows are shown in Fig. 5.7.

Figure 5.7: Diagram of the building.

The ambient temperature T0 outside the building is assumed to be constantly zero, i.e.,
T0 = 0 ◦C. Heat flows occur between each two adjacent rooms as well as between the
external environment and each room. These thermal interactions are modeled using
linear equations. For example, the temperature dynamics in Room 2 are given by Ṫ2 =
K (T1 −T2)+K (T3 −T 2)+K0(T0 −T2), where the coefficients K and K0 are the ratios of
the corresponding thermal capacitance to thermal resistance. Room 1 and Room 4 are
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each equipped with a temperature controller (u1 and u2 ) to regulate the temperature
in the respective room. The heat flow between a room and its controller is modeled
by a piecewise linear equation. For instance, when the temperature difference |u1 −T1|
exceeds a threshold of 5 ◦C, the system automatically switches to a mode with a larger
coefficient K2 > K1 to facilitate better heat conduction. To summarize, the system admits
the following state space equation:

Ṫ1 =
{

K (T2−T1)+K1(u1−T1)+K0(T0−T1), if |u1−T1| ≤ 5

K (T2 −T1)+K2(u1 −T1)+K0(T0 −T1),otherwise

Ṫ2 = K (T1 −T2)+K (T3 −T2)+K0(T0 −T2)

Ṫ3 = K (T2 −T3)+K (T4 −T3)+K0(T0 −T3)

Ṫ4 =
{

K (T3−T4)+K3(u2−T4)+K0(T0−T4), if |u2−T4| ≤ 5

K (T3 −T4)+K4(u2 −T4)+K0(T0 −T4),otherwise,

where K = 0.0035 s−1, K0 = 0.001 s−1, K1 = 0.01 s−1, K2 = 0.02 s−1, K3 = 0.008 s−1, and
K4 = 0.016 s−1. This PWA system can be rewritten as the standard form of (5.9), with a
total of 9 polyhedral regions.

The control objective is to adjust the temperatures of Room 2 and Room 3 to 20 ◦C, while
keeping the temperatures of Room 1 and Room 4 no higher than 26 ◦C. The input con-
straints are given by u1,u2 ∈ [−10, 35]. The initial state is [5 20 10 15]T . In the simulation,
the system is discretized using the forward Euler method with a sampling time of 1 sec-
ond.

The reference controller is designed based on backstepping [118, Chapter 14.3]. In par-
ticular, to make T2 and T3 track 20 ◦C, a virtual controller v for T1 and T4 is designed
as

v = K u
23

([
T2

T3

]
−

[
20
20

])
−B−1

23 A23

[
20
20

]
,

where A23 and B23 are the system matrices of the linear sub-equations for Ṫ2 and Ṫ3,
where T2 and T3 are the states and T1 and T4 are the inputs. The feedback gain K u

23 is
chosen as the LQR gain for the linear subsystem with Q = I2 and R = I2. The second term
of v is a feedforward term. Then, the real reference input is determined by

πr(x) = K u
14

([
T1

T4

]
− v

)
−B−1

14 A14v −
[

T2K /K 1
T3K /K 3

]
,

where A14 and B14 are the system matrices of the linear subsystem for T1 and T4, cor-
responding to the region where |u1 −T1| ≤ 5 and |u2 −T4| ≤ 5, with T2 and T3 treated
as external disturbances. The feedback gain K u

14 is designed similarly to K u
23. The sec-

ond term of πr is a feedforward term, while the third term compensates for the external
disturbances.

Now, consider the backup CBF candidate hb(x) = min{24−T1, 24−T4}. It can be verified

that by choosing the backup controller πb(x) =
[−K T2/K1

−K T3/K3

]
, hb satisfies ∂hb fPWA,b(x) ≥
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−αbhb(x), ∀x ≥ [0 0 0 0]T , ∀∂hb ∈ ∂Chb(x) and ∀αb ∈ (0,K +K0 +max{K1, K3}]. Here
fPWA,b represents the system (5.30) controlled by πb. The above analysis indicates that
hb and πb are valid, i.e., satisfy Assumption6 5.4.1.

Fig. 5.8 plots the time responses of the closed-loop system controlled by π̂safe and πsafe.
The PSF (5.11) is implemented over a prediction horizon of T = 4 seconds, which is dis-
cretized into N = 40 uniformly spaced time steps. This corresponds to a discretization
interval of 0.1 seconds. From the top-left and bottom-right sub-figures, it is observed
that all the controllers satisfy the safety requirements (T1,T4 ≤ 26 ◦C). On the other hand,
the top-right and bottom-left sub-figures show that both π̂safe andπsafe with N = 40 drive
the temperatures T2 and T3 closer to the target temperature (20 ◦C), compared to π̂safe

and πsafe with N = 0 (i.e., policies derived from a standard CBF-based safety filter with-
out predictions). Furthermore, consistent with intuition, the approximate explicit policy
π̂safe has a slightly worse tracking performance than the exact one πsafe, as evidenced by
the red and blue curves in the top-right and bottom-left sub-figures.
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Figure 5.8: Time responses of the closed-loop system controlled by π̂safe and πsafe. The black dashed lines
represent the target temperature. The policy with N = 40 is derived from (5.11) with the prediction horizon
T = 4 seconds and discretized into N = 40 uniformly spaced time steps. The policy with N = 0 is derived
from a standard CBF-based safety filter without any predictions. Both π̂safe and πsafe with T = 4 drive the
temperatures T2 and T3 closer to the target temperature (20 ◦C), compared to π̂safe and πsafe with N = 0. As
expected, the approximate explicit policy π̂safe exhibits a slightly worse tracking performance compared to the
exact policy πsafe.

In Fig. 5.9, we compare the tracking performance and average CPU time of the controller
πsafe and its explicit approximation π̂safe for different prediction horizons. The tracking

6Strictly speaking, Assumption 5.4.1 is not completely satisfied because the inequality in condition (ii) holds
only for x ≥ [0 0 0 0]T in this example. However, this does not pose a problem as long as the system operates
within the positive state region.
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performance is defined as the summation of (T2−20)2+(T3−20)2 over 2000 seconds. The
approximate controller π̂safe retains a comparable tracking performance to the exact one
πsafe. On the other hand, the average CPU time for π̂safe (red line) is 1–2 orders of mag-
nitude lower than that for the exact policy πsafe (blue line) across all prediction horizons,
highlighting the practicality of the approximation in real-time or resource-constrained
settings. Meanwhile, increasing the prediction horizon leads to reduced tracking er-
rors for both π̂safe and πsafe, while their CPU times grow approximately linearly. This
demonstrates that incorporating predictions can effectively reduce the conservatism of
the safety filter, compared to a standard CBF-based approach without predictions.
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Figure 5.9: Tracking performance and average CPU time (log scale) for different prediction horizons for
the exact policy πsafe and the approximate policy π̂safe. The tracking errors (defined as the summation of
(T2−20)2+(T3−20)2 over 2000 seconds) are comparable, but the approximate policy significantly reduces the
computational cost by up to two orders of magnitude across all horizons.

5.8. CONCLUSIONS AND FUTURE WORK
This chapter has developed a novel predictive safety filter (PSF) to achieve less conserva-
tive control of constrained piecewise affine (PWA) systems compared to standard safety
filters that use control barrier functions (CBFs) or projections onto invariant sets. We
have extended the predictive CBF method to handle the non-smoothness occurring in
PWA dynamics, in the state constraint, as well as in the CBF. We have further derived
an explicit approximation of the solution to the PSF. Such an approximation can be ef-
ficiently computed through basic arithmetic and min/max operations. A case study on
an inverted pendulum interacting with an elastic wall has shown improved safety per-
formance compared to classical PSFs. Furthermore, simulations on temperature control
of a building have demonstrated the computational advantages of the approximate so-
lution.

In the future, we will consider designing PSFs for general Lipschitz continuous nonlinear
systems and exploring their explicit approximation. The PSF method can be viewed as
an online version of HJ reachability. We believe that unifying these two methods is a
meaningful future research direction. Besides, another interesting topic is to consider
probabilistic safety constraints under model uncertainties.



5

100
5. PREDICTIVE CONTROL BARRIER FUNCTIONS FOR PIECEWISE AFFINE SYSTEMS WITH

NON-SMOOTH CONSTRAINTS

5.A. APPENDICES

5.A.1. PROOF OF LEMMA 5.4.1
For the convenience of using the comparison theorem [118, Lemma 3.4], we define
h̄ = −h. Since h̄ is not always differentiable, we consider the generalized directional
derivative [58]

h̄◦(x; v) := limsup
w→0,δ↓0

h̄(x +w +δv)− h̄(x +w)

δ
(5.30)

for any v ∈ Rn . The generalized directional derivative is well-defined for Lipschitz con-
tinuous functions. According to [58, Proposition 1.4], we have

h̄◦(x; v) = max
∂h̄∈∂Ch̄(x)

{∂h̄v}.

By specifying v = f (x,π(x)) and noting that ∂Ch̄(x) = −∂Ch(x) and that (5.12) holds, we
have

h̄◦(x; f (x,π(x))) = max
∂h̄∈∂Ch̄(x)

{∂h̄ f (x,π(x))} ≤−α(h̄(x)), ∀x ∈ {x ∈Rn |h̄(x) ≤ 0}. (5.31)

In order to prove the result by the comparison theorem, we consider the upper right-
hand time derivative of h̄ along ẋ = f (x,π(x)), which is defined by

D+h̄(x0, t ) := limsup
τ↓0

h̄(φ(x0, t +τ))− h̄(φ(x0, t ))

τ
. (5.32)

Since φ is the solution of the closed-loop system ẋ = f (x,π(x)), we have the relation
φ(x0, t )+ limsupw→0,δ↓0 w +δ f (φ(x0, t ),π(φ(x0, t ))) = limsupτ↓0φ(x0, t +τ). As a result,
by comparing (5.30) and (5.32) and noting that (5.31) holds, we obtain

D+h̄(x0, t ) = h̄◦(φ(x0, t ), f (φ(x0, t ),π(φ(x0, t ))))

≤−α(h̄(φ(x0, t ))), ∀t ≥ 0

if x0 ∈ {x ∈ Rn | h̄(x) ≤ 0}. Because α is Lipschitz continuous, directly applying the com-
parison theorem [118, Lemma 3.4] yields h̄(φ(x0, t )) ≤ 0, ∀t ≥ 0, which consequently
proves Lemma 5.4.1.

5.A.2. PROOF OF PROPOSITION 5.5.1
The equivalence between (3) and (4) follows from the definitions of backward and for-
ward reachable sets. The equivalence between (1) and (2) stems from Definition 5.5.2.

If Φfor(x̄0)∩C ̸= ;, φb(x̄0,τ) is on the boundary of multiple polyhedra of the PWA sys-
tem (5.10) during [τk , τk+1), where {(τ0, I0), (τ1, I1), ..., (τM , IM )} constitutes the time-
stamped switching sequence of the solutionφb(x̄0,τ). To see why this is true, note that if
Φfor(x̄0)∩C ̸= ;, there exists at least one instant τk ≥ 0, k ∈NM such that φb(x̄0,τk ) ∈ C.

According to the definition of C, ḡ (q)
Ik

(x(τk )) = g Ik Dq−1
i (Di x(τk )+di ) = 0, ∀q ∈N+

n . Using

the Cayley–Hamilton Theorem [74], we know that ḡ (q)
Ik

(x(τk )) = 0, ∀q ∈N, meaning that
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any order time derivative of ḡ Ik vanishes when τ = τk . Consequently, ḡ Ik remains zero
during [τk ,τk+1), τk+1 > τk , i.e., the set ΓI is an invariant manifold [118, Chapter 8.1], so
the trajectory must stay in ΓI over the time interval [τk ,τk+1). We refer to all such inter-
vals as critical periods. During these periods, φb resides at the intersection of the closure
of multiple regions.

(3) ⇒ (2): If Φfor(x̄0)∩C = ;, we can distinguish two cases. In the first case, there is
no critical period. This means that for any switching instant τk , the trajectory crosses
the hyperplane {x ∈ Rn |ḡ Ik∪Ik+1 (x) = 0} from RIk and immediately enters the interior
of one of the intersecting polyhedra RIk+1 . Here, all Ik have only one element. When
τ ∈ (τk , τk+1), we know that ∂ fPWA,b(φb(x̄0,τ)) is uniquely determined by D Ik . As a result,
according to (5.16), QA(x̄0,τ) is single-valued.

In the second case ofΦfor(x̄0)∩C=;, there still exists one or more critical periods during

which ḡ (q)
Ik

= 0, ∀q ∈ N+
n . However, it must hold that Dik = D jk for every two adjacent

polyhedra Rik and R jk , ik , jk ∈ Ik . In this case QA(x̄0,τ) is still single-valued.

(2) ⇒ (3): We prove this implication by showing ¬ (3) ⇒¬ (2). IfΦfor(x̄0)∩C ̸= ;, accord-
ing to the definition of C, during each critical period [τk ,τk+1), φb(x̄0,τ) lies at the inter-
section of two or more adjacent polyhedra. As a result, the integral term of (5.16) admits
at least two different forms Dik Q(x̄0, s) and D jk Q(x̄0, s), ik , jk ∈ Ik from s = τk to s = τk+1.
By holding the integral term during the other periods [τ0,τ1), ..., [τk−1,τk ), [τk+1,τk+2), ...
fixed, we know that QA(x̄0,τ) must take at least two different values for all τ> τk .

In addition, if C is empty, then it follows from the above discussions that φb(x0,τ) has a
global classical Jacobian w.r.t. x0.

5.A.3. PROOF OF PROPOSITION 5.5.2
If φb(x0,τ) is differentiable w.r.t. x0 at x0 = x̄0, it is obvious that ∂Cφb(x̄0,τ) =QA(x̄0,τ) =
∂φb(x0,τ)

∂x0

∣∣∣
x0=x̄0

. In the remainder of the proof, we consider the case when QA(x̄0,τ) has

multiple values.

First, we prove ∂Cφb ⊆ conv(QA). For any x̄0 and τ such that φb(x0,τ) is not differen-
tiable w.r.t. x0 at x0 = x̄0, consider any sequence {y j }∞j=0 satisfying lim j→∞ y j = x̄0 and

that φb(x0,τ) is differentiable w.r.t. x0 at y j . Since y j converges to x̄0, there exists a suffi-
ciently large j̄ ∈N+ such that for any j ≥ j̄ ,φb(y j ,τ) admits the same switching sequence
{i0, i1, ..., iM } satisfying {i0, i1, ..., iM } ∈ I (x̄0), where I (x̄0) is the Cartesian product of the
switching sequence of φb(x̄0,τ).

According to Definition 5.3.3, lim j→∞ Jφb (y j ,τ) ∈ ∂Cφb(x̄0,τ), where Jφb refers to the
classical Jacobian and has the expression

Jφb (y j ,τ)=


eDi0τ,τ ∈ [τ0,τ1)

eDi1 (τ−τ1) Jφb (y j ,τ1),τ ∈ [τ1,τ2)

...

eDiM−1 (τ−τM−1) Jφb (y j ,τM−1),τ∈[τM−1,τM ).

(5.33)
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By comparing (5.19) and (5.33) and noting that the switching time τk is continuous
to y j , we can prove by induction that lim j→∞ Jφb (y j ,τ) = Q(i0,i1,...,iM )(x̄0,τ) ∈ QA(x̄0,τ).
Here, the subscript (i0, i1, ..., iM ) means that Q(i0,i1,...,iM ) corresponds to the element of
QA that is determined by the switching sequence (i0, i1, ..., iM ). The containment of ∂Cφb

in conv(QA) follows from the arbitrariness of the sequence {y j }∞j=0.

Conversely, we prove conv(QA) ⊆ ∂Cφb. Since we have proved that ∂Cφb ⊆ conv(QA),
according to Assumption 5.5.1, any element of ∂Cφb is invertible. As a result, by virtue
of the inverse function theorem for generalized Clarke derivatives [57, Theorem 1], we
know that there exist a Lipschitz continuous function φ−1

b (·,τ) : Rn → Rn , a neighbor-
hood Y of x̄0, and a neighborhood Z of φb(x̄0,τ) such that φ−1

b (φb(y,τ)) = y, ∀y ∈ Y and
φb(φ−1

b (z,τ)) = z, ∀z ∈ Z .

Then, for any x̄0 and any τ such that φb(x0,τ) is not differentiable w.r.t. x0 at x0 = x̄0,
consider any element Q(i0,i1,...,iM )(x̄0,τ) in QA(x̄0,τ). Note that Q(i0,i1,...,iM )(x̄0,τ) can
be expressed by (5.19). Since φb is differentiable almost everywhere, we immediately
know that Φback (C) has the dimension strictly lower than n. Therefore, we can al-
ways find a sequence {z j }∞j=1 satisfying z j ∈ Z , ∀ j ∈ N+, z j ∉ Φback (C), ∀ j ∈ N+, and

lim j→∞ z j =φb(x̄0,τ). By substituting z j to the inverse function φ−1
b , we get a sequence

y j =φ−1
b (z j ,τ), j = 1,2, ... Thanks to the Lipschitz continuity of the inverse function, the

sequence {y j }∞j=0 satisfies φb(y j ,τ) = z j , lim j→∞ y j = lim j→∞φ−1
b (z j ,τ) = x̄0, and y j ∉

Φback (C). As y j converges to x̄0, there exists a j̄ ∈N+ such that for any j ≥ j̄ , φb(y j ,τ) ad-
mits the same switching sequence {i0, i1, ..., iM } ∈ I (x̄0). As a result, lim j→∞ Jφb (y j ,τ) =
Q(i0,i1,...,iM )(x̄0,τ). It follows from Definition 5.3.3 that Q(i0,i1,...,iM )(x̄0,τ) ∈ ∂Cφb(x̄0,τ).
This completes the proof of Proposition 5.5.2.

5.A.4. PROOF OF PROPOSITION 5.6.1
Let λ+(x) denote the right-hand side of (5.28). The proof is divided into two parts: prov-
ing the feasibility of λ+(x) and the optimality of λ+(x).

(i) Feasibility of λ+(x). For any x ∈ Φconst (Sb,T ), since πb(x) is feasible for (5.11), 0 is
feasible for (5.26) as well. Therefore, we know that ∃i ∈ Iu(x) such thatωi , j (x,τ) ≥ 0, ∀τ ∈
[0,T ] and ∀ j ∈N+

dim(ηi ). Due to the maximization operator in (5.27), it further holds that

λ+(x) ≥ 0.

Suppose without loss of generality that λ+(x) =λi+, j+ (x,τ+) for a certain i+ ∈ Iu(x), j+ ∈
N+

dim(ηi+ ), and τ+ ∈ [0,T ]. It follows from the two minimization operators in (5.27) that

λ+(x) ≤λi+, j (x,τ), ∀ j ∈N+
dim(ηi+ ) and ∀τ ∈ [0,T ]. (5.34)

Then, for any j ∈ N+
dim(ηi+ ) and any τ ∈ [0,T ], based on (5.28) we can distinguish the

following four cases:

Case (1): ηi+, j (x,τ) > 0. In this case, λi+, j (x,τ) = ωi+ , j (x,τ)

ηi+ , j (x,τ) . Directly applying (5.34) yields

ηi+, j (x,τ)λ+(x) ≤ωi+, j (x,τ). (5.35)
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Case (2): ηi+, j (x,τ) = 0 and ωi+, j (x,τ) ≥ 0. In this case, (5.35) obviously holds.

Case (3): ηi+, j (x,τ) = 0 and ωi+, j (x,τ) < 0. From (5.28), we know that λi+, j (x,τ) = 0,
which further implies λ+(x) = 0 because of (5.34) and λ+(x) ≥ 0. Consequently, the fea-
sibility of λ+(x) = 0 results from the feasibility of πb(x).

Case (4): ηi+, j (x,τ) < 0. In this case, we only need to focus on the situation when λ+(x) >
0 because if λ+(x) = 0 then the feasibility of λ+(x) follows from the feasibility of πb(x).
If λ+(x) > 0, then by defining λi+ (x) := minτ′∈[0,T ], j ′∈N+

dim(ηi+ ),λi+ , j ′ (x,τ′)∈(0,1)λi+, j ′ (x,τ′), we

have

ωi+, j (x,τ)−ηi+, j (x,τ)λi+ (x) ≥ 0. (5.36)

Noticing the relation λ+(x) =λi+, j+ (x,τ+) ≥λi+ (x), we derive (5.35) from (5.36).

Combining the four cases above and noticing the arbitrariness of j and τ, we can con-
clude that λ+(x) satisfies the constraint of (5.26) for i = i+. This proves the feasibility of
λ+(x).

(ii) Optimality of λ+(x). If λ+(x) = 1, the optimality follows directly from the constraint
λ≤ 1. In the remainder of the proof, we consider λ+(x) < 1 and prove that λ+(x)+∆λ is
infeasible for problem (5.26) for any ∆λ ∈

(
0,1−λ+(x)

]
.

For any i ∈ Iu(x), let λi (x) = λi , j∗ (x,τ∗) := minτ∈[0,T ] min j∈N+
dim(ηi )

λi , j (x,τ), and then we

get the relation

max
i∈Iu (x)

λi (x) =λ+(x) < 1. (5.37)

Analogous to the proof of the feasibility, for any i ∈ Iu(x), we consider the following four
cases:

Case (1): ηi , j∗ (x,τ∗) > 0. In this case, λi , j∗ (x,τ∗) = ωi , j∗ (x,τ∗)

ηi , j∗ (x,τ∗) . Therefore, by (5.37) we

have

ηi , j∗ (x,τ∗)(λ+(x)+∆λ) ≥ ηi , j∗ (x,τ∗)λi , j∗ (x,τ∗)︸ ︷︷ ︸
=ωi , j∗ (x,τ∗)

+ηi , j∗ (x,τ∗)∆λ︸ ︷︷ ︸
>0

>ωi , j∗ (x,τ∗),

which shows the infeasibility of λ+(x)+∆λ regarding the j∗-th component of the con-
straint of (5.26).

Case (2): ηi , j∗ (x,τ∗) = 0 and ωi , j∗ (x,τ∗) ≥ 0. In this case, it follows from (5.28) that
λ+(x) =λi , j∗ (x,τ∗) = 1, which contradicts (5.37). Therefore, this case cannot occur.

Case (3): ηi , j∗ (x,τ∗) = 0 and ωi , j∗ (x,τ∗) < 0. It is straightforward to get that
ηi , j∗ (x,τ∗)(λ+(x) +∆λ) = 0 > ωi , j∗ (x,τ∗). Similar to case (1), it can be proved that
λ+(x)+∆λ is infeasible.

Case (4): ηi , j∗ (x,τ∗) < 0. Since λi , j∗ (x,τ∗) can take either 0 or 1 in this
case and recalling that λi , j∗ (x,τ∗) < 1, it must hold that λi , j∗ (x,τ∗) =
0 and that ωi , j∗ (x,τ∗) − ηi , j∗ (x,τ∗)λi , j ′′ (x,τ′′) < 0, where λi , j ′′ (x,τ′′) =
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minτ′∈[0, T ], j ′∈N+
dim(ηi ),λi , j ′ (x,τ′)∈(0,1)λi , j ′ (x,τ′). As a consequence, ifλ+(x)+∆λ ≤λi , j ′′ (x,τ′′),

we have

ηi , j∗ (x,τ∗)(λ+(x)+∆λ) ≥ ηi , j∗ (x,τ∗)λi , j ′′ (x,τ′′) >ωi , j∗ (x,τ∗). (5.38)

If λ+(x)+∆λ > λi , j ′′ (x,τ′′), consider the j ′′-th component of the constraint of (5.26). In
particular, sinceλi , j ′′ (x,τ′′) ∈ (0,1), by (5.28) we know thatωi , j ′′ (x,τ′′) > 0, ηi , j ′′ (x,τ′′) > 0,

and λi , j ′′ (x,τ′′) = ωi , j ′′ (x,τ′′)
ηi , j ′′ (x,τ′′) . Then we have

ηi , j ′′ (x,τ′′)(λ+(x)+∆λ) > ηi , j ′′ (x,τ′′)λi , j ′′ (x,τ′′) >ωi , j ′′ (x,τ′′). (5.39)

Combining (5.38) and (5.39), we observe that either the j∗-th row or the j ′′-th row of the
constraint of (5.26) is violated for λ+(x)+∆λ in Case (4).

Integrating the discussions in the four cases above and noticing the arbitrariness of i , we
can conclude that λ+(x)+∆λ is infeasible for problem (5.26).



6
INTEGRATED LEARNING AND

OPTIMIZATION FOR CONTROL OF

CONSTRAINED NONLINEAR

SYSTEMS: A MODEL-BASED

APPROACH

Learning-based control with safety guarantees usually requires real-time safety certifica-
tion and modifications of possibly unsafe learning-based policies. The control barrier
function (CBF) method uses a safety filter (SF) containing a constrained optimization
problem to produce safe policies. However, finding a valid CBF for a general nonlinear
system requires a complex function parameterization, which in general makes the policy
optimization problem difficult to solve in real time. For nonlinear systems with nonlinear
state constraints, this chapter proposes the novel concept of state-action CBFs (SACBFs),
which do not only characterize the safety at each state but also evaluate the control in-
puts taken at each state. SACBFs, in contrast to CBFs, enable a flexible parameteriza-
tion, resulting in an SF that involves a convex quadratic optimization problem, which
significantly alleviates the online computational burden. We propose a learning-based
approach to synthesize SACBFs. The effect of learning errors on the effectiveness of SACBFs
is addressed by constraint tightening and introducing a new concept called contractive-
set CBFs. This ensures formal safety guarantees for the learned CBFs and control policies.
Simulation results on an inverted pendulum with elastic walls validate the proposed CBFs
in terms of constraint satisfaction and CPU time.

This chapter is based on the paper [100].
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6.1. INTRODUCTION
Learning-based control methods have demonstrated extensive success across many ap-
plications, such as autonomous vehicles [81] and robotics [69]. Both supervised learning
and reinforcement learning (RL) have been widely used for controller synthesis. How-
ever, learning-based controllers may provide unsafe control actions that result in unde-
sirable or even destructive effects on the system. In control systems, safety means that
the trajectories of the closed-loop system should satisfy state and input constraints for
the entirety of the system’s evolution. The lack of safety guarantees limits the ability of
learning-based control to achieve safety-critical tasks.

There has been an increasing interest in designing controllers for safety-critical systems.
One notable approach is using supervised learning to approximate model predictive
control (MPC) policies. While traditional online MPC can be computationally inten-
sive for nonlinear constrained systems [178], recent work has demonstrated that neural
networks trained to mimic MPC behavior can achieve satisfactory performance in both
safety and real-time efficiency [106]. However, approximate MPC typically relies on ex-
pert data and lacks adaptability to new scenarios, whereas reinforcement learning (RL)
allows agents to explore and learn optimal control strategies through interaction with
the environment, making it more flexible and scalable for complex tasks.

Safe reinforcement learning (safe RL) is a subfield of RL focusing on ensuring safety
during or after the learning phase. Techniques in safe RL generally fall into two main
categories: constrained policy optimization during learning and policy refinement after
learning. Constrained policy optimization during learning uses penalties [102], multi-
plier methods [156], or constraint elimination [215] when training the RL policy. These
approaches are often straightforward to implement and compatible with standard RL al-
gorithms. However, they typically involve a trade-off between safety and optimal perfor-
mance. Policy refinement after learning uses a safety filter (SF) accompanied by a safety
certificate to modify unsafe control actions. Examples include invariant sets [130] and
control barrier functions [69]. While policy refinement can provide formal safety guar-
antees, it usually requires prior knowledge on safety certificates, which can be difficult
to obtain [196], due to the non-convex and nonlinear nature of the underlying problem.

Among policy refinement methods, CBFs offer a particularly attractive solution for en-
forcing safety for nonlinear systems. Similar to energy-based functions, CBFs define sub-
level sets that represent safe regions of the state space and they can be used to construct
SFs. CBFs provide a theoretically sound way to ensure that long-term safety constraints
are respected by a single CBF constraint. SFs adjust control inputs in real time to enforce
compliance with the CBF constraint. In general, SFs are more online computationally
efficient than some other safe controllers (such as MPC) that need long-term predic-
tion. In addition to CBF-based SFs, there are also predictive SFs [196] and SFs that in-
volve projection onto invariant sets [114]. In this chapter, we will use the term “CBF-SF”
specifically to refer to a “CBF-based SF”.

In the realm of CBF-based methodologies, even though the state and input constraints
are known, there is a lack of universally applicable methods for generating valid CBFs,
necessitating reliance on manually designed or problem-specific CBFs. For some par-
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ticular kinds of systems, such as linear, piecewise affine [124], or polynomial systems
[163], CBFs can be computed by solving convex optimization problems. For nonlinear
systems with general constraints, using learning-based algorithms accompanied by ad-
vanced function approximators to estimate CBFs has been explored in several contexts.
Roughly, there are four kinds of methods to learn CBFs: the optimization-based method
[172], the learner-verifier method [66], the Hamilton-Jacobi (HJ) reachability method
[55], and the predictive SF method [76], [197]. The first two methods can be conservative,
i.e., the learned safe set can be a small subset of the maximal controlled invariant set. In
comparison, the HJ reachability method relies on the dynamic programming principle
to approximate the maximal controlled invariant set iteratively, while the predictive SF
method is based on a receding-horizon open-loop optimal control problem to implic-
itly determine the safe set, which also converges to the maximal controlled invariant set
as the horizon goes to infinity [121]. A comprehensive comparison of HJ reachability,
predictive SFs, and CBFs can be found in [196].

No matter how the CBF is learned, to control a given system with safety guarantees, it is
inevitable to solve an online optimization problem with CBF-based constraints, which
is usually non-convex for discrete-time nonlinear systems [3]. To obtain a satisfactory
approximation accuracy, sophisticated function approximators such as deep neural net-
works (NNs) are commonly used to parameterize the CBF [69], [76]. However, this will in-
herently cause non-convexity and increase the complexity of the optimization problem.
As a result, the increased online computational load makes the CBF-based approach un-
suitable for situations where fast computation of control inputs is required. Besides, the
effect of approximation errors on the validity of the learned CBFs and the resulting con-
trol policies has not yet been addressed, as highlighted in [69]. Note that [55] introduces
control barrier-value functions by unifying Hamilton-Jacobi (HJ) reachability and CBFs
to address issues of finding valid CBFs. However, [55] focuses on theoretical guarantees
of robust safety to disturbances but does not address learning errors.

The chapter has the following main contributions:

1. Computationally efficient safety enforcement using state-action CBFs: We in-
troduce the novel concept of state-action CBFs (SACBFs). Unlike standard CBFs
[3], [10], [55], which are often computationally intensive when ensuring safety in
nonlinear systems, SACBFs provide a flexible parametrization. The flexibility lies
in the ability to enforce safety constraints through a convex quadratic optimiza-
tion problem, significantly reducing the computational burden during online op-
erations.

2. Handling approximation errors in learned CBFs: We propose a constraint-
tightening approach alongside the novel concept of contractive-set CBFs to ad-
dress approximation errors in learned CBFs. This ensures that the invariance
property of CBFs is maintained even when approximation errors occur, which is
not yet achieved in existing work on learning CBFs [55], [76], [172], [185]. Addition-
ally, we examine the relationship between SACBFs and contractive-set CBFs, and
develop a new learning-based method to approximate SACBFs. This ensures the
safety of the policy filtered by SACBFs, provided the approximation error is suf-
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ficiently small. Besides, we discuss the trade-off between online computational
efficiency and safety when learning the proposed SACBFs.

6.2. PRELIMINARIES AND PROBLEM FORMULATION

6.2.1. PRELIMINARIES
We consider a deterministic, discrete-time, and nonlinear system

xt+1 = f (xt ,ut ) , t = 0,1, . . . , (6.1)

where xt ∈X⊆Rnx and ut ∈U⊆Rnu are the state and the input at time step t , and f (·, ·) :
X×U → X is a continuous function satisfying f (0,0) = 0. We consider a constrained
optimal control problem in which the states and inputs should satisfy time-invariant
constraints: xt ∈ X := {x ∈X|h(x) ≤ 0} and ut ∈U ⊆U. Here, h(·) : X→ R is a continuous
function that defines the state constraint1. In most parts of the chapter, we assume that
f is fully known. However, in Section 6.5.3, we briefly discuss the applicability of our
method when there is system uncertainty. Besides, we assume that X is compact and
that U is a polytope.

The control objective is to regulate a predefined control policy, which could be a pol-
icy learned through various methods such as RL [28], learning-based MPC [114], or any
other suitable control technique that needs safety guarantees. The primary concern is
ensuring constraint satisfaction after learning, rather than safe exploration [60], which
is not the focus here.

6.2.2. CONTROL BARRIER FUNCTIONS
To achieve the objective, we need to design a control policy that can ensure constraint
satisfaction at all time steps. A set of states for which such a policy exists needs to be
defined. Usually, this class of sets is called controlled-invariant sets or safe sets. For
high-dimensional systems, however, some controlled-invariant sets could have complex
representations, making the controller synthesis difficult. A CBF uses the sub-level set of
a scalar function to conveniently define the safe set.
Definition 6.2.1 (Control barrier function). A continuous function B(·) :X→R is called a
control barrier function (CBF) with a corresponding safe set SB := {

x ∈Rnx |B(x) ≤ 0
}⊆X,

if SB is non-empty,

h(x) ≤ 0, ∀x ∈ SB , (6.2)

and

∀x ∈ SB , ∃u ∈U s.t. B( f (x,u)) ≤ 0. (6.3)

Furthermore, a CBF is called an exponential CBF if h(x) ≤ B(x), ∀x ∈ SB and if there
exists a β ∈ (0,1) such that

∀x ∈ SB , ∃u ∈U s.t. B( f (x,u)) ≤βB(x). (6.4)

1For the constraint defined by multiple inequalities hi (x) ≤ 0, i = 1,2, ..., I , we can let h(x) = maxi∈{1,...,I } hi (x).
The set {x|h(x) ≤ 0} is then identical to {x|hi (x) ≤ 0, i = 1,2, ..., I }, and h will be continuous if each hi is
continuous.
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The discrete-time CBF introduced in this chapter has similar properties to the
continuous-time CBF in Chapter 5. In particular, with a CBF available, one can generate
a safe control policy in SB by using the following optimization-based approach:

πsafe(x) = argmin
u∈U

||u −π0(x)||2 (6.5)

s.t. B( f (x,u)) ≤ 0, if B is a CBF (not exponential)

or B( f (x,u)) ≤βB(x), if B is an exponential CBF,

which serves as a CBF-SF [130] for any continuous unsafe policy π0. The definition of a
safe policy is formally given as follows.
Definition 6.2.2 (Safe policy). A policy π(·) :X→U is safe in S⊆ X for system (6.1) under
the state and input constraints x ∈ X , u ∈U , if π(x) ∈U , ∀x ∈ S, and for any initial state
in S, the state trajectory of (6.1) steered by π will always stay in S.

For general nonlinear systems with state and input constraints, synthesizing a non-
conservative CBF is a difficult task. Hand-crafted or application-specific heuristics are
mostly used in the literature to design candidate CBFs, which can be either unsafe or
overly conservative (see [193, Figure 1] for an illustrative example). To deal with this is-
sue, using advanced function approximators to learn a CBF certificate has received much
attention (see [69] for a comprehensive survey).

6.2.3. LIMITATIONS OF EXISTING CBFS
Problem P1: high online computational complexity. One main limitation of (6.5) is
that it needs to solve a usually non-convex optimization problem in real-time. If a CBF
is represented by a complex function approximator Bθ(·) with the parameter θ, solving
(6.5) may take much online computation time and result in very sub-optimal solutions.
Even if a convex Bθ is formed, the constraint in (6.5) could be non-convex due to the
nonlinearity of f .
Problem P2: effects of approximation errors. Another limitation of (6.5) is that the ap-
proximation error of B may affect the safety of the system controlled by the optimizer of
(6.5) with B replaced by Bθ . Besides, the recursive feasibility of (6.5) is also not guaran-
teed with Bθ .

6.3. STATE-ACTION CONTROL BARRIER FUNCTIONS
To deal with Problem P1, motivated by Q-learning in RL [28], we propose a novel safety
filter (SACBF-SF) in the following form:

πsafe(x) = argmin
u

{||u −π0(x)||2, s.t. u ∈U , Q(x,u) ≤ 0}, (6.6)

where Q(·, ·) : X×U → R is a function of states and actions. We will analyze how to en-
force the safety of πsafe by imposing conditions on Q. To achieve this, we introduce the
definition of SACBFs as follows.
Definition 6.3.1 (State-action control barrier function (SACBF)). A function QB (·, ·) :X×
U →R is called a state-action control barrier function (SACBF) with a corresponding safe
set SQ of states, if the pair (QB , SQ ) satisfies the following conditions:
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(i) SQ is non-empty, and h(x) ≤ 0, ∀x ∈ SQ .

(ii) minu∈U QB (x,u) ≤ 0, ∀x ∈ SQ .

(iii) For any x ∈ SQ , any u ∈U satisfying QB (x,u) ≤ 0 ensures that f (x,u) ∈ SQ .

Unlike the definition of standard CBFs, we do not prescribe the form of SQ based solely
on Q. Besides, condition (i) imposes SQ ⊆ X . The following lemma builds the connection
between standard CBFs and SACBFs and provides an explicit form of SQ when the SACBF
is derived from a standard CBF.
Lemma 6.3.1. (i) For the SACBF-SF (6.6), any SACBF Q will render πsafe safe in SQ . In
other words, SQ is control-invariant.

(ii) If B is a CBF, Q(·, ·) = B( f (·, ·)) will be an SACBF with the safe set SB , i.e., SQ = SB .

Proof. (i) Based on the condition (ii) of Definition 6.3.1, for any x0 ∈ SQ , there exists a
u0 ∈U such that Q(x,u) ≤ 0. This means that problem (6.6) is feasible when x = x0. As
Q(x0,u0) ≤ 0 implies f (x0,u0) ∈ SQ , the control-invariance of SQ follows. Consequently,
problem (6.6) is recursively feasible for the initial state x0. Due to the arbitrariness of x0,
πsafe is safe according to Definition 6.3.1.

(ii) By specifying Q(·, ·) = B( f (·, ·)) and SQ = SB , we have that SQ and Q satisfy the condi-
tions (i) and (ii) of Definition 6.3.1. Furthermore, for any x0 ∈ SQ , consider any u0 such
that Q(x0,u0) ≤ 0. We have B( f (x0,u0)) ≤ 0, which further implies f (x0,u0) ∈ SQ . In
addition, as B and f are continuous, Q is also continuous.

Similarly to designing CBF, the challenge of using (6.6) is that the explicit form of an
SACBF cannot be directly obtained based on Definition 6.3.1. We will present a learning-
based approach to synthesize SACBFs in Section 6.5.

The advantage of directly approximating Q over approximating B is that we can design
a specific structure for Qθ to simplify the constraint in (6.6), so that the online compu-
tational cost of solving (6.6) is reduced. To achieve this, we can specify the following
parameterization:

Qθ(x,u) = q1,θ(x)+q2,θ(x)u +uT Q3,θ(x)u, with Q3,θ ⪰ 0, (6.7)

which will make problem (6.6) a convex QP with linear and convex quadratic constraints.
In (6.7), q1,θ(·) :Rnx →R, q2,θ(·) :Rnx →Rnu and Q3,θ(·) :Rnx →Rnu×nu are parameterized
functions with all parameters condensed in θ.

Our proposed concept of SACBFs is inspired by the definition of state-action (Q) value
functions in RL [28]. Both kinds of functions not only characterize the energy of each
state but also quantify the quality of taking each action in each state. In Section 6.5, we
will demonstrate that the Q value function for a specific finite-horizon optimal control
problem is, in fact, an SACBF.
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6.4. CONSTRAINT TIGHTENING AND CONTRACTIVE-SET CBFS
To cope with Problem P2, we propose a method to compute conservative CBFs based on
state constraint tightening. In particular, we consider two kinds of conservative CBFs.
The first kind includes the CBFs of system (6.1) under the tightened state constraint
Xλ := {x ∈X|h(x)+λ ≤ 0} where λ is a positive constraint backoff. In this situation, the
CBFs still satisfy (6.3) or (6.4), while condition (6.2) is tightened to h(x)+λ ≤ B(x),∀x ∈
SB .

The second one, called the contractive-set CBF, is defined as follows
Definition 6.4.1 (Contractive-set CBF). A CBF B(·) : X→ R is called a λ-contractive-set
CBF2 if there exists a λ> 0 such that

min
u∈U

B( f (x,u)) ≤−λ, ∀x ∈ SB . (6.8)

Similarly, an exponential CBF B(·) :X→R is called a λ-contractive-set exponential CBF if
there exist λ> 0 and β ∈ (0,1) such that

min
u∈U

B( f (x,u)) ≤βB(x)−λ, ∀x ∈ SB . (6.9)

The definition of contractive-set CBFs is introduced to endow the safe set SB with a con-
tractive property. It enforces an energy decay when the state is on the boundary of the
safe set. In particular, if B is a λ-contractive-set CBF, for any x ∈ ∂SB , there exists an in-
put u ∈ U such that B( f (x,u)) ≤ −λ, which means that x+ = f (x,u) is in the interior of
SB . Such a property can guarantee that any approximation of B is still a valid CBF if the
approximation error is sufficiently small.

6.5. APPROXIMATING SACBFS
In this section, we propose a method for approximating the SACBF. Inspired by HJ reach-
ability [55] and predictive CBF [76], we propose a comprehensive framework that uses
the optimal value functions of a sequence of optimization problems to implicitly repre-
sent the CBF sequence {Bk }∞k=1. By tuning some parameters, this framework can com-
pute standard CBFs, exponential CBFs, as well as contractive-set CBFs. Although the
exact expression of each Bk is, in general, intractable to compute, we can use learning-
based approaches such as supervised learning and RL [28] and then use the results of
Lemma 6.3.1 to approximate SACBFs.

2Note that in fact the definition of contractive-set CBFs given here is not consistent with the common defi-
nition of contraction mappings [28]. Formally speaking, the CBF we define should be called a CBF with a
contractive safe set [6]. However, for compactness, we adopt “contractive-set CBF” in the chapter.
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6.5.1. CBF GENERATOR BASED ON REACHABILITY ANALYSIS
We consider each Bk as the value function of the following optimization problem:

Bk (x) := min
{xt ,ut }k

t=0

max

{
max

t∈I(k−1)
αt (h(xt )+λt ),αk B0(xk )

}
s.t. xt+1 = f (xt ,ut ) , ut ∈U , t ∈ I(k −1)

x0 = x. (6.10)

In (6.10), I(k −1) = {0,1, ...,k −1}, α ≥ 1, and B0 is a CBF, which, however, could have a
very small safe set. We take α= 1 if the CBF B0 is not an exponential CBF, or α= 1/β if B0

is an exponential CBF. To solve (6.10), we need to know the explicit formulation of B0. An
LMI-based method that can compute a local quadratic B0 for the nonlinear system (6.1)
is reported in [197]. In Appendix 6.A.2, this method is extended to our situations where
additional conditions such as (6.8), (6.9), and (6.11)-(6.12) in the subsequent Theorem
6.5.1 are required. The LMI method to obtain B0 relies on the linearization of both the
system and the constraints. The resulting B0 is, in general, very conservative. In con-
trast, by introducing the reachability problem (6.10), we get less conservative CBFs Bk ,
as stated in Theorem 6.5.1 below.

In (6.10), λt ≥ 0, t ∈ I(k − 1) are tuning parameters. We consider the following three
options for choosing λt :

Option 1: λt = 0. Option 2: λt = λ, where λ> 0 is a constant. Option 3: λt = tλ, where
λ> 0 is a constant.

Option 1 means that we are constructing CBFs for the system (6.1) under the original
state constraints. If Option 2 is chosen, it is seen from (6.10) that we increase the function
h to h +λ, i.e., we tighten the original state constraints to x ∈ Xλ = {x ∈X|h(x)+λ ≤ 0}.
More conservatively, in Option 3, we require a linear decrease rate for h w.r.t. the time
step to construct contractive-set CBFs.

In the original HJ reachability analysis [55], B0 is chosen as h, which is not a CBF. It has
been proven in [55] that only when k = ∞, B∞ is a CBF. Although this result shows a
strong connection between CBFs and HJ reachability, it cannot be used in practice since
we cannot solve (6.10) with k =∞. In our case, we require the initial function B0 to be a
CBF. As a result, any Bk , k = 1,2, ... will become a CBF, with a non-shrinking safe set as k
increases. The following theorem formally states this property, and the proof is given in
Appendix 6.A.1.
Theorem 6.5.1. Consider Bk from (6.10). Suppose that B0 is a (exponential) CBF for (6.1)
with the state constraint x ∈ X .

1. Let λt = 0, t ∈ I(k −1). Then Bk , k = 1,2, ... is a (exponential) CBF for system (6.1)
with the state constraint x ∈ X .

2. Let λt =λ> 0, t ∈ I(k −1). If λ,B0 satisfy

h(x)+λ≤ B0(x),∀x ∈ SB0 , (6.11)

then Bk , k = 1,2, ... is a (exponential) CBF for system (6.1) with the tightened state
constraint x ∈ Xλ = {x|h(x)+λ≤ 0}.
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3. Letλt = tλ, t ∈ I(k−1),λ> 0. If B0 is aλ-contractive (exponential) CBF and k,λ,B0

satisfy
h(x)+kλ≤ B0(x),∀x ∈ SB0 , (6.12)

then Bk , k = 1,2, ... is a λ-contractive (exponential) CBF for system (6.1) with the
state constraint x ∈ X .

4. In the statements (i)-(iii), Bk is a continuous function in X, and the safe sets satisfy
SB0 ⊆ SB1 ⊆ ... ⊆ SB∞ . Furthermore, if f , h, and B0 are Lipschitz continuous, Bk is
Lipschitz continuous.

If Bk and f are (Lipschitz) continuous in their domains, then the function Q defined by

Q(x,u) = Bk ( f (x,u)) (6.13)

is also (Lipschitz) continuous in X×U .

The condition (6.12) indicates that the horizon k should not be selected too large when
using (6.10) to generate a contractive-set CBF.

The structure of (6.10) is similar to that in [76], [121]. The main difference is that we use
the maximum of h+λt and B0 over state trajectories in a finite horizon, while [76], [121]
uses the summation of max{h,0} and max{B0,0} over state trajectories in a finite horizon.
This difference means that the safe set SBk is the zero-sublevel set of Bk in our situation,
while the safe set in [76], [121] is the zero-level set of Bk , i.e., the set {x ∈ Rnx |Bk (x) = 0}.
Besides, in [76], [121] the weight on the terminal CBF B0 needs to be carefully selected.

6.5.2. LEARNING SACBFS FROM CBF SAMPLES
We assume that the prediction model in the reachability problem (6.10) is known. To
approximate SACBFs, we opt for supervised learning, which is more computationally
efficient than RL because it can solve (6.10) exactly and efficiently for each state sample.

After the CBF generator is provided with a fixed k, a regression model can be trained to
obtain an approximation of an SACBF.

First, state and input samples are collected in a compact region Ω×U of interest. The
region Ω is task-specified and should be contained in the space where the system is
physically realistic. If the state space X of the system is compact and small, letting
Ω = X is an ideal choice. If X is unbounded or too large, one possible choice for Ω is
Ω = {x ∈ X|Bk (x) ≤ B̄} [76], where B̄ > 0 is a positive constant. In the case of α > 1, the
values of Bk and Q are likely to grow exponentially as k increases, so it is necessary to
specify Ω as {x ∈X|Bk (x) ≤ B̄} to avoid approximating probably unbounded Q. Besides,
various sampling methods [147], such as (quasi) random sampling and sampling from a
uniform grid, can be applied.

After N samples
{

x(s)
i ,u(s)

i

}N

i=1
are collected, problem (6.10) is solved with x specified

as each f
(
x(s)

i ,u(s)
i

)
. As a result, N data tuples

{(
x(s)

i , u(s)
i , Q(x(s)

i ,u(s)
i )

)}N

i=1
are obtained

after substituting x = x(s)
i , u = u(s)

i into (6.13). For general nonlinear systems, (6.10)
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is usually a nonlinear non-convex optimization problem, which requires a multi-start
strategy [171] to find a sufficiently good optimum. For linear systems with linear or
ellipsoidal constraints, (6.10) is a convex quadratically constrained quadratic program
(QCQP), and the global optimum can be conveniently obtained via gradient-based opti-
mization methods. For piecewise affine systems with piecewise affine constraints, (6.10)
can be regarded as a mixed-integer QCQP, which can be globally solved by the branch-
and-bound approach [206].

In this work, we use NNs to approximate the SACBF. For the parameterization (6.7),
we use three NNs to represent q1,θ , q2,θ, and Q3,θ in (6.7), respectively. There are sev-
eral ways to guarantee the positive-semidefiniteness of Q3,θ. For example, we can fur-
ther parameterize Q3,θ by Q3,θ = LθLT

θ
, where Lθ ∈ Rnu×nu is a lower triangular ma-

trix with non-negative diagonal entries. Alternatively, we can parameterize Q3,θ by
Q3,θ = P0diag(rθ)diag(rθ)P T

0 , where rθ ∈ Rnu is the output of an NN and P0 ∈ Rnu×nu

is a given matrix.

Finally, θ is optimized to minimize the mean square error between Bk ( f ) and Qθ over all
state-action samples, using classical NN training algorithms such as stochastic gradient
descent [86].

6.5.3. PERFORMANCE ANALYSIS
After the approximation Qθ has been obtained, it can be integrated into the SACBF-SF
(6.6), i.e., Q in (6.6) is replaced by Qθ . In general, the safety of the policy generated from
(6.6) will not be ensured due to the approximation error. However, we will now demon-
strate that we can guarantee safety in the presence of a small approximation error. To
achieve this, we need an assumption on the boundedness of this error.
Assumption 6.5.1. The approximation error is uniformly bounded in Ω×U . In other
words, there exists a non-negative constant ∆<∞ such that

|Qθ(x,u)−Q(x,u)| ≤∆, ∀(x,u) ∈Ω×U ,

whereΩ is a compact set and satisfies SQ ⊆Ω.

Assumption 6.5.1 is common in the literature studying performance guarantees of
learning-based control [76], [101], [106]. If the chosen function approximator represents
a continuous function, since Q is also continuous, the approximation error is always
upper-bounded in any compact region. To obtain the upper bound, we can first get the
error bound on a finite number of samples, and then extract a statistical estimate [106]
or compute a deterministic bound in the whole region by using the Lipschitz property of
Q and Qθ [101].

With Assumption 6.5.1, we modify the SACBF-SF (6.6) to

πθ(x) = argmin
u∈U

||u −π0(x)||2
s.t. Qθ(x,u) ≤ 0 for Options 1 and 2

Qθ(x,u) ≤−λ+∆ for Option 3. (6.14)

The following theorem characterizes the safety performance of the policy πθ .
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Theorem 6.5.2 (Safety and recursive feasibility). Consider the system (6.1) controlled by
πθ, the SACBF Q from (6.13), and the SACBF-SF (6.14). Suppose that Assumption 6.5.1
holds.

(i) If Bk is a CBF for the original state constraint, for any initial state x0 ∈ SBk that makes
problem (6.14) recursively feasible, the closed-loop system xt+1 = f (xt ,πθ(xt )) , t =
0,1, . . . has the maximum constraint violation ∆, i.e., maxt∈I(∞){h(xt )} ≤∆.

(ii) If Bk is a CBF for the tightened state constraint x ∈ Xλ and ∆≤ λ, for any initial state
x0 ∈ SBk that makes problem (6.14) recursively feasible, the closed-loop system xt+1 =
f (xt ,πθ(xt )) always satisfies the state constraint x ∈ X , i.e., maxt∈I(∞){h(xt )} ≤ 0.

(iii) If Bk is aλ-contractive-set CBF for the original state constraint and∆≤λ/2, problem
(6.14) will be recursively feasible for all initial states in SBk and the closed-loop system
xt+1 = f (xt ,πθ(xt )) always satisfies the state constraint x ∈ X , i.e., maxt∈I(∞){h(xt )} ≤ 0.

Proof. The proofs of (i) and (ii) can be combined. From Assumption 6.5.1 and (6.14), we
know that if (6.14) is recursively feasible for the initial state x0, we have Q(xt ,πθ(xt )) ≤
∆, ∀t ∈ I(∞), which further implies Bk (xt ) ≤ ∆, ∀t ∈ I(∞). If Bk is a CBF for (6.1) with
the original state constraint x ∈ X , we get h(xt ) ≤ Bk (xt ) ≤∆. Similarly, if Bk is a CBF for
(6.1) with the tightened state constraint x ∈ Xλ and λ≥∆, we get h(xt ) ≤ Bk (xt )−λ≤ 0.
This completes the proofs of the statements (i) and (ii).

Next, we consider the last statement of Theorem 6.5.2. For any initial state x0 ∈ SBk ,
there exists a u0 such that Q(x0,u0) ≤−λ according to (6.8) and (6.9). Since Qθ satisfies
Assumption 6.5.1, u0 makes Qθ(x0,u0) ≤−λ+∆, which means problem (6.14) is feasible
at the initial state x0. Then, we consider any feasible solution u′

0 to (6.14) when x = x0,
i.e., any u′

0 ∈U such that Qθ(x0,u′
0) ≤ −λ+∆. It follows from Assumption 6.5.1 and ∆ ≤

λ/2 that Q(x0,u′
0) ≤ −λ+ 2∆ ≤ 0. This means that Bk ( f (x0,u′

0)) ≤ 0, i.e., the next state
x ′

1 = f (x0,u′
0) is in SBk . As we have proved that problem (6.14) is feasible for any x0 ∈ SBk ,

the recursive feasibility of (6.14) is thus proved. A direct consequence of the recursive
feasibility is that Bk (xt ) ≤ 0, ∀t ∈ I(∞), where xt is the state trajectory of the system
xt+1 = f (xt ,πθ(xt )). Moreover, since Bk is a CBF, we have h(xt ) ≤ 0, ∀t ∈ I(∞). This
finishes the proof of (iii).

In other words, in Option 2 of (6.10), we get a CBF Bk for the tightened constraint x ∈
Xλ. The policy πθ will always make the system satisfy the original state constraint if
(6.14) is always feasible. However, the feasibility of problem (6.14) is only guaranteed
for the initial state, i.e., problem (6.14) can be infeasible for some subsequent states.
Practically, one needs to perform offline some statistical or deterministic verification
[106] to analyze the recursive feasibility of (6.14). Otherwise, as the recursive feasibility of
(6.14) cannot be predicted in advance, one needs to do some relaxation for the constraint
in (6.14) once infeasibility is observed. In comparison, in Option 3 of (6.10), we get a λ-
contractive-set CBF Bk . An induced feature is the recursive feasibility of problem (6.14).
As a result, under a sufficiently small approximation error, the SACBF approximation Qθ

will render πθ a safe policy according to Definition 6.2.2.
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The proposed constraint tightening approach naturally has robustness to model un-
certainty. In particular, suppose that (6.1) is a nominal system, and the real system is
xt+1 = fr(xt ,ut ). The mismatch between f and fr can be handled similarly to the learn-
ing error of Q. Formally, we have the following corollary:
Corollary 6.5.1 (Robustness to model uncertainty). Suppose that Assumption 6.5.1 is
fulfilled and the nominal system satisfies

∣∣ f (x,u)− fr(x,u)
∣∣ ≤ κ,∀(x,u) ∈ Ω×U , where

κ ≥ 0. Then, if Bk is a λ-contractive-set CBF for the nominal system under the orig-
inal state constraint and λ ≥ 2∆+ LBκ with LB the Lipschitz constant of Bk , problem
(6.14) will be recursively feasible for the real system with all initial states in SBk and the
closed-loop system xt+1 = fr (xt ,πθ(xt )) always satisfies the state constraint x ∈ X , i.e.,
maxt∈I(∞){h(xt )} ≤ 0.

The proof is similar to the proof of (iii) of Theorem 6.5.2 and is thus omitted here.

6.5.4. DISCUSSION ON SACBFS
One limitation of the parameterization (6.7) is that it sacrifices the universal approxima-
tion property [94] of NNs, since it restricts Qθ to be quadratic on u. This may result in
a large error bound ∆ and cause constraint violations according to Theorem 6.5.2. As
our main motivation for introducing state-action CBFs is to improve online computa-
tional efficiency, such a sacrifice is acceptable. Conversely, fully parameterizing Qθ with
a continuous NN, possessing universal approximation capabilities, increases the online
computational complexity and introduces challenges in finding the global optimum of
(6.14). In conclusion, when applying an approximation to the SACBF, there is typically a
natural trade-off between online computational efficiency and safety.

Note that a parametrization of an SACBF Q, instead of parameterizing a standard CBF B ,
may increase the approximation error on B( f ), especially when Q is parameterized in a
quadratic form. This error can result in the learned Q failing to satisfy the conditions of a
valid SACBF. To address this issue, we have proposed the constraint-tightening approach
(Section 6.4) to ensure that the learning-based approach can still generate a valid SACBF
under mild approximation errors. However, a quadratic parametrization of Q typically
requires more stringent constraint tightening, which can lead to increased conservatism
in the learned barrier certificates.

The conservatism of the learned SACBF Qθ as well as the policy πθ is strongly influenced
by ∆. According to Theorem 6.5.2, to guarantee the recursive feasibility of (6.14) and the
safety of πθ , a larger ∆ requires a larger λ in (6.10). This, in turn, increases the conser-
vatism of the target Q. In practice, to minimize the conservatism, one can start with a
small λ and iteratively increase it until Assumption 6.5.1 and ∆ ≤ λ/2 are satisfied. In-
creasing the approximation capability of the chosen function approximator, as discussed
in [18], can also be beneficial.

We focus on discrete-time nonlinear systems because our work targets safety in learning-
based control methods, like RL and supervised learning of MPC policies, which typi-
cally use discrete-time models [28], [166]. Additionally, SFs for discrete-time systems are
computationally more challenging, leading to nonlinear programs, whereas continuous-
time systems involve simpler convex quadratic programs [3]. Therefore, the computa-
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tional benefits of introducing SACBFs are more evident in the context of discrete-time
nonlinear systems.

Compared to learning standard CBFs [172], the sampling complexity of learning the pro-
posed SACBFs increases mildly because the domain of the function to be approximated
only changes from Rnx to Rnx+nu . More importantly, advanced sampling strategies, such
as active learning [32] and counterexample-guided inductive synthesis [1], can be uti-
lized to improve the scalability of approximating Q.

6.6. CASE STUDY

Table 6.1: Performance of different controllers. “SR” means “Safety Rate”, defined as the number of initial states
leading to a safe closed-loop trajectory divided by the total number of initial states.

Safety filters
Basic control policies

Learning MPC ADP LQR
SR (%) CPU (ms) Cost SR (%) CPU (ms) Cost SR (%) CPU (ms) Cost

No filter 63.52 0.024 99.69 36.66 0.024 125.11 56.99 0.023 122.10
Standard CBF 63.52 2.3 126.18 39.93 2.4 161.82 57.17 2.3 120.00
Quad. SACBF 70.05 1 131.76 47.19 1.1 161.83 65.52 0.9 115.80

Nonlin. SACBF 65.15 2.5 132.22 40.19 3.0 168.19 60.80 2.9 137.30
Quad tightened SACBF 98.73 1.0 97.29 98.73 1.0 99.44 92.92 1.0 91.47

Nonlin. tightened SACBF 82.40 2.7 117.26 82.03 2.7 116.56 90.56 3.0 116.92
Quad. contr. SACBF 100 0.9 98.84 100 1.0 101.91 100 0.9 93.10

Nonlin. contr. SACBF 96.91 2.1 110.44 92.20 2.0 128.99 94.57 3.0 109.97

MPC
Horizon=5 Horizon=6 Horizon=7

70.24 38.2 98.55 95.83 37.6 97.43 100 38.5 96.86

We validate the proposed methods for the pendulum system considered in Chapter 3,
which is a piecewise affine system. The simulations are conducted in MATLAB R2021a
on an AMD Core R7-5800H CPU @3.20GHz machine. All optimization problems in-
volved in the policy filters (6.5) and (6.14) are solved using the Matlab function “fmincon”
and the active-set optimization algorithm. The problem (6.10) and the MPC problem are
transformed equivalently into mixed-integer quadratic programming problems and are
solved using Gurobi [92].

The system contains the state x = [θ θ̇]T where θ is the pendulum angle, and the input
u, which is the torque acting on the bottom end of the pendulum. The state and input
constraints are given by |x1| ≤ 0.15, |x2| ≤ 1, and |u| ≤ 4. The system is discretized using
the explicit Euler method with a time step of 0.05 s.

Using the approach in Appendix 6.A.2 and letting λ = 0.2 for Option 2 and λ = 0.05

for Option 3, we obtain the initial CBF B0(x) = xT P x − 1 with P =
[

124.74 7.44
7.44 2.24

]
,[

283.40 20.25
20.25 4.69

]
, and

[
522.39 25.69

25.69 5.39

]
for Options 1, 2, and 3, respectively. We sam-

ple from the state-input space
{
(x,u)

∣∣ |x1| ≤ 0.16, |x2| ≤ 1.1, |u| ≤ 4
}

on a uniform grid and

we obtain 403 samples {(x(s)
i ,u(s)

i )}403

i=1. The successor state f
(
x(s)

i ,u(s)
i

)
of each sample(

x(s)
i ,u(s)

i

)
is fed to the CBF generator (6.10) with k = 7. Only those samples satisfying

Bk ( f (x(s)
i ,u(s)

i )) ≤ 10 are collected. After this procedure, 42109, 38609 and 37027 samples
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are collected in each option.

We compare SACBFs and standard CBFs. We consider 4 different kinds of safety cer-
tificates: (i) SACBF for the original state constraint; (ii) SACBF for the tightened state
constraint |x1| ≤ 0.14, |x2| ≤ 0.9; (iii) Contractive-set SACBF; (iv) Standard CBF for the
original state constraint. For the learning, we use NNs with three hidden hyperbolic tan-
gent layers containing 16, 64, and 8 neurons. We parameterize each standard CBF by
an NN. For the parameterization of each SACBF, we use (6.7) or fully parameterize it by
an NN. Besides, we also consider 4 different control policies. The first three include (i)
supervised learning of the MPC policy [114], (ii) the approximate dynamic programming
(ADP) policy [102], which is a kind of RL policy, and (iii) the LQR policy for the linearized
system around the origin. These policies may be unsafe and are thus taken as π0 in (6.5)
and (6.14). The learning-based control policies (i) and (ii) are also represented by NNs.
All NNs are trained via the stochastic gradient descent algorithm [86]. The main reason
for choosing these three particular policies is that they can achieve sub-optimal control
objectives using very limited computational resources. However, they generally cannot
guarantee constraint satisfaction. Therefore, we use these three policies as the baseline
to demonstrate that the proposed SACBF-SF can enhance the rate of constraint satis-
faction for these policies. The fourth control policy is implicit MPC. One can refer to
Appendix 6.A.3 for a detailed description of these policies.

To test all the control methods, we uniformly randomly sample initial states from the

state sample set {x(s)
i }403

i=1 and select a total of 551 initial states x near the boundary of the
safe set. Therefore, they are in general more difficult to stabilize than any other states in
the safe set. For each initial state, we simulate the closed-loop systems for 50 time steps.

The simulation results are shown in Table 6.1. The performance metrics include the
rate of safety, the average CPU time for computing the control input per time step, and
the total cost

∑50
t=0 C (xt ,ut ) with the stage cost the same as that in the considered basic

controllers. The safety rate is defined as the number of initial states leading to a safe
closed-loop trajectory divided by the total number of initial states. Overall, the table
indicates that incorporating appropriate safety filters, especially quadratic and nonlin-
ear SACBFs, can significantly improve the safety performance of control policies without
excessively compromising on CPU time and total cost. The online computational ben-
efit of using the SACBF with the quadratic parametrization (6.7) primarily stems from
the fact that solving a convex quadratic program is typically faster than solving a non-
linear program with the same number of constraints and decision variables, especially
when the nonlinear constraints involve an NN. The maximum performance loss is about
34%, which occurs when applying the nonlinear SACBF to the ADP controller. Consider-
ing that the main objective of our work is to impose safety using low computational re-
sources, such a performance degradation is acceptable. The inferior performance of the
nonlinear contractive-set SACBF compared to its quadratic counterpart with respect to
constraint satisfaction is primarily due to the suboptimal solutions when solving (6.14).
In other words, the assumption of perfect nonlinear optimization does not hold in prac-
tical scenarios, leading to the rare instances of constraint violations observed in Table
6.1. It should be noticed that the computational advantage of the quadratic SACBF will
be larger if multi-start nonlinear optimization is used to solve (6.5) or (6.14) with a fully
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parameterized CBF.
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(a) State trajectories and the safe set for the
SACBF under the linear state constraint
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(b) State trajectories and the safe set for the
contractive-set SACBF under the linear state
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(c) State trajectories and the safe set for the
SACBF under the nonlinear state constraint
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(d) State trajectories and the safe set for the
contractive-set SACBF under the nonlinear state
constraint

Figure 6.1: Closed-loop trajectories of the learning MPC controller under the SACBF-SF. The red curves repre-
sent the trajectories starting from different initial states in the safe set. The blue curves refer to the boundaries
of the safe set. The green dashed curves represent the boundaries of the state constraint set.

Fig. 6.1(a) and Fig. 6.1(b) show the state trajectories of the closed-loop system with
the policy πθ from (6.14), with π0 being the learning MPC controller and Qθ being the
nonlinear SACBF or the nonlinear contractive-set SACBF. Without constraint tightening,
the system evolution records several constraint violations, as evidenced by Table 6.1.
Conversely, the contractiveness property of SACBFs ensures that almost all state trajec-
tories remain within its safe set. To further demonstrate the proposed method’s effec-
tiveness under nonlinear constraints, we consider a quadratic state constraint given by

x ∈ X := {x ∈ R2| θ2

0.152 + θ̇2

12 ≤ 1}. The resulting state trajectories of the closed-loop system
under the policy πθ are displayed in Fig. 6.1(c) and Fig. 6.1(d), from which we observe
that the contractive-set SACBF guarantees safety for all simulated trajectories under this
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quadratic constraint.

6.7. CONCLUSIONS AND FUTURE WORK
This chapter has presented a new type of CBFs, called SACBFs, that can synthesize safe
controllers for general constrained nonlinear systems with a very small online compu-
tational overhead. We have also developed a new approach to learn the proposed CBF
from data, and proposed a constraint tightening approach to improve the robustness of
the learned CBFs to learning errors.

In the future, we will first focus on learning the proposed CBFs for large-scale problems
in a computationally efficient manner. We will also investigate how the proposed CBFs
can be exploited to guide the learning of the basic policy. This will help to reduce the po-
tential degradation of other control performance measures caused by the SF. We will in-
vestigate whether undesired equilibria might arise when applying the proposed SACBF-
SF, as observed for continuous-time systems.

6.A. APPENDICES

6.A.1. PROOF OF THEOREM 6.5.1
In the following, we will consider the case when B0 is an exponential CBF, i.e., CBF sat-
isfying the additional condition (6.4). The case when B0 is a general CBF satisfying (6.3)
can be analyzed similarly to the case when B0 is an exponential CBF.

The proofs of the first and second statements can be combined by considering λt = λ

and λ≥ 0. For any x0 such that Bk (x0) ≤ 0, letting (x∗
t+1,u∗

t ), t ∈ I(k−1) be any one of the
optimal solutions to (6.10) when x = x0, we have

h(x∗
t )+λ≤ Bk (x0) ≤ 0, t = 1,2, ...,k −1 and B0(x∗

k ) ≤ 0. (6.15)

As B0 is an exponential CBF and B0(x∗
k ) ≤ 0, we have (i) h(x∗

k )+λ≤ B0(x∗
k ) based on (6.11),

and (ii) there exists an input u∗
k ∈ U , such that x∗

k+1 = f (x∗
k ,u∗

k ) will make B0(x∗
k+1) ≤

βB0(x∗
k ). Now, we consider the value of Bk (x∗

1 ). Based on the above discussion, it is clear
that the trajectory (x∗

t+1,u∗
t ), t = 1,2, ...,k is feasible for problem (6.10) when x = x∗

1 . Due
to the optimality of Bk (x∗

1 ), we have

Bk (x∗
1 ) ≤ max

{
max

t∈I(k−1)
αt (h(x∗

t+1)+λ),αk B0(x∗
k+1)

}
≤ 1

α
max

{
max
t∈I(k)

αt (h(x∗
t )+λ),αk+1B0(x∗

k+1)

}

≤ 1

α
max

 max
t∈I(k−1)

αt (h(x∗
t )+λ),αk B0(x∗

k ),αk (h(x∗
k )+λ)︸ ︷︷ ︸

≤αk B0(x∗
k )


≤ 1

α
max

{
Bk (x0),αk B0(x∗

k )
}

≤βBk (x0). (6.16)
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In (6.16), the second inequality is true because we add the term h(x∗
0 )+λ to the inner

max block. The third inequality follows from B0(x∗
k+1) ≤ 1

αB0(x∗
k ). The fourth inequality

holds because the maximization of the first and second terms in the outer max operation
equals Bk (x0). The last inequality holds because αk B0(x∗

k ) ≤ Bk (x0), according to (6.10).
From (6.16), we can conclude that minu∈U Bk ( f (x0,u)) ≤ βBk (x0). This, together with
(6.15), shows that Bk is an exponential CBF for system (6.1) under the state constraint
x ∈ Xλ = {x|h(x)+λ ≤ 0}, since x0 is selected arbitrarily in SBk . Therefore, by specifying
λ= 0, we prove the first statement, and by letting λ> 0 we prove the second statement.

Next, we will prove the third statement of Theorem 6.5.1. Similarly to the proof of the
first two statements, we consider any x0 such that Bk (x0) ≤ 0. Denoting by (x∗

t+1,u∗
t ), t ∈

I(k −1) any one of the optimal solutions to (6.10) when x = x0, we have

h(x∗
t )+λt ≤ Bk (x0) ≤ 0, t = 1,2, ...,k −1 and B0(x∗

k ) ≤ 0. (6.17)

Since B0 is a λ-contractive-set exponential CBF and B0(x∗
k ) ≤ 0, we have (i) h(x∗

k )+kλ≤
B0(x∗

k ), and (ii) there is a control input u∗
k ∈ U such that the successor state x∗

k+1 =
f (x∗

k ,u∗
k ) ensures that B0(x∗

k+1) ≤ βB0(x∗
k )−λ. Then, owing to the optimality of Bk (x∗

1 ),
we have

Bk (x∗
1 ) ≤ max

{
max

t∈I(k−1)
αt (h(x∗

t+1)+ tλ),αk B0(x∗
k+1)

}
≤ 1

α
max

{
max
t∈I(k)

αt (h(x∗
t )+ (t −1)λ),αk+1B0(x∗

k+1)

}
≤−λ+ 1

α
max

{
max
t∈I(k)

αt (h(x∗
t )+ tλ),αk+1(B0(x∗

k+1)+λ)

}
≤−λ+ 1

α
max

{
max

t∈I(k−1)
αt (h(x∗

t )+ tλ),αk B0(x∗
k ),αk (h(x∗

k )+kλ)

}
≤−λ+ 1

α
max

{
Bk (x0),αk B0(x∗

k )
}

≤−λ+βBk (x0). (6.18)

In (6.18), the second line is true because of the additional introduced item h(x∗
0 )−λ in the

inner max block. The forth inequality holds because of B0(x∗
k+1) ≤βB0(x∗

k )−λ. The fifth

inequality follows from max
{
maxt∈I(k−1)α

t (h(x∗
t )+ tλ),αk B0(x∗

k )
}= Bk (x0). The last in-

equality holds because αk B0(x∗
k ) ≤ Bk (x0), according to (6.10). Together with (6.17),

(6.18) implies that Bk is a λ-contractive-set exponential CBF for system (6.1) with the
state constraint x ∈ X .

Finally, we prove the last statement of Theorem 6.5.1. In all the cases of λt = 0, λt = λ,
and λt = tλ, we consider the state and input sequences {x∗

t }k+1
t=0 , {u∗

t }k
t=0, where x∗

0 = x0.
The sequences satisfy

Bk (x∗
0 ) ≤ 0, h(x∗

t )+λt ≤ 0, t ∈ I(k), B0(x∗
k+1) ≤ 0. (6.19)

From the last inequality in (6.19) and Definitions 6.2.1 and 6.4.1, we know that h(x∗
k+1)+

λk+1 ≤ 0 and that there exists a u∗
k+1 ∈U such that the value of B0 at x∗

k+2 = f (x∗
k+1,u∗

k+1)
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is smaller than or equal to zero. Meanwhile, note that the sequences {x∗
t }k+2

t=0 and {u∗
t }k+1

t=0
constitute a feasible solution to problem (6.10) with k +1, so we get an upper bound on
Bk+1(x0) as Bk+1(x0) ≤ 0. Due to the arbitrariness of x0 in SBk , we can conclude that
SBk ⊆ SBk+1 , which further by recursion proves that SB0 ⊆ SB1 ⊆ ... ⊆ SB∞ .

For the continuity of the value function, we use a similar analysis structure as in [121].
For any x0, y0 ∈X, let (x∗

t+1,ux∗
t ), (y∗

t+1,uy∗
t ), t ∈ I(k −1) be any one of the optimal solu-

tions to (6.10), with x = x0 and x = y0 respectively. We consider the difference between
Bk (x0) and Bk (y0):

Bk (x0)−Bk (y0)

=max

{
max

t∈I(k−1)
αt (h(x∗

t )+λt ),αk B0(x∗
k )

}
−max

{
max

t∈I(k−1)
αt (h(y∗

t )+λt ),αk B0(y∗
k )

}
=max

{
max

t∈I(k−1)
αt (h(x∗

t )+λt ),αk B0(x∗
k )

}
−max

{
max

t∈I(k−1)
αt (h(x ′

t )+λt ),αk B0(x ′
k )

}
︸ ︷︷ ︸

≤0 due to optimality ofx∗
t

+max

{
max

t∈I(k−1)
αt (h(x ′

t )+λt ),αk B0(x ′
k )

}
−max

{
max

t∈I(k−1)
αt (h(y∗

t )+λt ),αk B0(y∗
k )

}
≤max

{
max

t∈I(k−1)
αt (h(x ′

t )+λt ),αk B0(x ′
k )

}
−max

{
max

t∈I(k−1)
αt (h(y∗

t )+λt ),αk B0(y∗
k )

}
≤max

{
max

t∈I(k−1)
αt h(x ′

t )− (h(y∗
t )),αk (B0(x ′

k )−B0(y∗
k ))

}
, (6.20)

where x ′
t , t = 0,1, ...,k is the state trajectory starting from x0 and applying uy∗

t , and the
last inequality holds because of the triangle inequality for the maximum norm. Since (i)
the trajectories x ′

t and y∗
t , t = 0,1, ...,k are obtained by applying the same control inputs,

(ii) f and h are continuous in their domains, and (iii) the maximum of continuous func-
tions of x yields a continuous function of x, there exists aδ> 0 such that Bk (x0)−Bk (y0) <
ϵ whenever ||x0 − y0||2 < δ. A mirror argument proves that Bk (y0)−Bk (x0) < ϵ whenever
||x0 − y0||2 < δ. The continuity of Bk w.r.t. x thus follows.

Furthermore, if f , h, and B0 are Lipschitz continuous, with Lipschitz constants L f , Lh ,
and LB0 , respectively, from (6.20) we find that for any x0, y0 such that ||x0 − y0||2 ≤ δ, we
have

Bk (x0)−Bk (y0) ≤ max

{
max

t∈I(k−1)
αt LhLt

f ,αk LB0 Lk
f

}
︸ ︷︷ ︸

:=LBk

δ. (6.21)

Following a similar argument as for (6.21), we can get that Bk (y0)−Bk (x0) ≤ LBkδ when-
ever ||x0 − y0||2 ≤ δ. Thus, we conclude the Lipschitz continuity of Bk w.r.t. x.

6.A.2. COMPUTING B0
In this subsection, we provide a detailed procedure for synthesizing the initial CBFs in
Options 1-3. In Option 1, a CBF B0 for the system (6.1) with the original state constraint
needs to be obtained. In Option 2, a CBF for (6.1) with the tightened constraint x ∈ Xλ is
required. In Option 3, a contractive-set CBF is needed.
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We follow the similar design steps as presented in [124], [197]. Firstly, we linearize the
system (6.1) around the origin by xk+1 = Axk +Buk + r (xk ,uk ), with the matrices A :=
(∂/∂x) f (x,u)

∣∣
(0,0) , B := (∂/∂u) f (x,u)

∣∣
(0,0), and the high-order error term r (x(k),u(k)) =

f (x,u)− Ax −Bu. Since U is a polytope, we can compute its half-space representation
{u ∈Rnu |Hu x ≤ hu}. If the state constraint is linear, i,e., h is the maximum of some affine
functions, we compute the half-space representation of X as {x ∈ Rnx |Hx x ≤ hx }. Oth-
erwise, we compute a polyhedron {x ∈ Rnx |Hx x ≤ hx } that is an inner approximation of
X . To this end, we first specify Hx , which determines the shape of the polyhedron. The
choice of Hx is task-specific and the simplest choice is Hx = [Inx −Inx ]T , which will make
the polyhedron a hyper-rectangle. Here, Inx denotes the nx ×nx identity matrix. Then,
we decrease hx until the following condition is verified:

max
x∈Rnx

{h(x), s.t. Hx x ≤ hx } ≤
{

0 for Options 1,3

−λ for Option 2.

A positive hx always exists if the origin is contained in X for Options 1 and 3 or if the
origin is contained in Xλ for Option 2.

With the linearized system and constraints, we focus on finding a quadratic CBF of the
form B0(x) = xT E−1x −γ, where E ∈ Rnx×nx is positive-definite and γ can be taken as
any positive value. To allow for solving convex optimization problems to obtain E , we
parameterize a linear control law u = Y E−1x, where Y ∈Rnu×nx . As a result, the following
lemma shows that one can make B0 a (contractive) CBF for the linearized system by
solving LMI inequalities. In the lemma, repeated blocks within symmetric matrices are
replaced by ∗ for brevity and clarity.
Lemma 6.A.1. Consider the CBF and control law parameterizations B0(x) = xT E−1x −
γ, u(x) = Y E−1x. For the linearized system xk+1 = Axk +Buk with the state and input
constraints: x ∈ {x ∈ Rnx |Hx x ≤ hx }, u ∈U := {u ∈ Rnu |Huu ≤ hu}, we have the following
results:

(i) To make B0 a CBF, it is sufficient to find E and Y such that[
pE E AT +Y T B T

∗ E

]
⪰ 0 (6.22)

[
h2

u,i Hu,i Y
∗ E/γ

]
⪰ 0, i = 1, ...,dim(hu) (6.23)

[
(hx,i −q)2 Hx,i E

∗ E/γ

]
⪰ 0, i = 1, ...,dim(hx ) (6.24)

hold with p = 1 and q = 0.

(ii) To make B0 a λ-contractive-set CBF satisfying (6.12) for a given positive integer k, it
is sufficient to find E and Y such that (6.22), (6.23), and (6.24) hold with p = 1−λ/γ and
q = kλ ∈ (0,mini hx,i ).

Proof: By substituting the expression of B0 and applying the Schur complement to (6.22),
we get that B0 satisfies B0(Ax+BY E−1x) ≤ pB0(x)+pγ−γ, ∀x ∈ SB0 . Applying the Schur
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complement to (6.23), we observe that (6.23) is equivalent to Y E−1x ∈U , ∀x ∈ SB0 . Ap-
plying the Schur complement to (6.24) yields that (6.24) is equivalent to Hx,i x−hx,i +q ≤
0, ∀x ∈ SB0 and ∀i ∈ {1, ...,dim(hx )}. By letting p = 1 and q = 0, or letting p = 1−λ/γ and
q = kλ ∈ (0,mini hx,i ), we prove the statements in Lemma 6.A.1. □
The condition kλ ∈ (0,mini hx,i ) indicates that the horizon k should not be selected too
large when using (6.10) to generate a contractive-set CBF.

Maximizing the volume of the safe set SB0 is equivalent to maximizing the determinant
of E . Therefore, we solve the following convex optimization problem:

min
E ,Y

− logdet(E) (6.25)

s.t. (6.22), (6.23), (6.24), and E ⪰ 0.

After problem (6.25) is solved, the validity of the obtained CBF B0 for the nonlinear sys-
tem (6.1) is verified via

r ≥ max
x∈Rnx

f T (x,Y E−1x)E−1 f (x,Y E−1x)−γ (6.26)

s.t. xT E−1x −γ≤ 0,

where r = 0 for normal CBF verification and r = −λ for λ-contractive-set CBF verifica-
tion. In (6.26), if the condition of (6.26) does not hold, we decrease γ and repeat checking
(6.26). As shown in [166, Section 2.5.5], there always exists a positive γ such that (6.26)
holds.

6.A.3. DETAILED DESCRIPTION OF THE CONTROLLERS IN THE CASE STUDY
We use four different controllers in the simulation.

(i) MPC: We take the horizon N = 5, 6, or 7. For the stage cost CMPC : X×U→R≥0, we let
C (x,u) = xT Qx+Ru2 with Q = diag([20 1]) and R = 1. The terminal stage cost is xT

N QTxN

with QT obtained by solving the discrete algebraic Riccati equation for the subsystem
xt+1 = A3xt +But whose region contains the origin. The terminal constraint set is the
maximal positively invariant set for the autonomous system xt+1 = (A3 − BK )xt with
K the solution to the above-mentioned discrete algebraic Riccati equation. Owing to
the quadratic nature of the cost function and the PWA property of the predictive model,
the MPC problem can be equivalently converted into a mixed-integer convex quadratic
programming problem [35], and consequently, globally optimal solutions can be found
efficiently by using the branch-and-bound approach [206]. We use Gurobi [92] to solve
the MPC problem online.

(ii) Supervised learning MPC: Following the approach in [114], we use an explicit con-
troller, more precisely, an NN with three hidden ReLU layers containing 16, 32, and 8
neurons, to approximate the implicit MPC control law uMPC. In particular, we uniformly
randomly sample the states from the state constraint set and select 4000 states that make
the above-mentioned MPC problem with N = 7 feasible. Next, 4000 state-input pairs
{xi , uMPC(xi )}4000

i=1 are obtained by solving the MPC problems with different initial con-
ditions, and the NN is trained on these data pairs to approximate the map uMPC.
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(iii) Approximate dynamic programming: As demonstrated in [102], ADP can produce a
safe control policy by adding penalty terms in the cost function. In the ADP scheme, the
objective is to find a control policy π :X→U to minimize the infinite-horizon cost

Jπ (x0) =
∞∑

t=0
CRL (xt ,π (xt ))

for any initial state x0 ∈ X. Following the existing literature [29], [102], the state cost is
specified as CRL(x,u) = CMPC(x,u)+ 30max{0, |x1| − 0.15}+ 3max{0, |x2| − 1}, where the
second and third terms penalize the state constraint violation. The ADP algorithm uses
a policy NN and a value NN, which evaluates Jπ, to find the optimal policy iteratively, and
terminates when the parameters of the value NN undergo sufficiently slight changes in
two consecutive iterations. One can see Algorithm 3 for details. Although the training
of the ADP policy accommodates state constraints, the ADP policy can still cause con-
straint violation because (i) the penalty terms in CRL are external penalties and thus do
not strictly guarantee constraint satisfaction, and (ii) there are approximation errors in
the policy and value NNs. It can be observed from Table 6.1 that the proposed safe filters
improve the safety of the ADP policy.

(iv) LQR: the LQR feedback control law uLQR =−K x, which is obtained when computing
MPC in (i), can also be applied as the basic policy π0 in the SFs (6.5) and (6.14). When
testing uLQR without any SF, we simply project the resulting input value onto the input
constraint set, which is a convex quadratic program.
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Ensuring safety in the sense of constraint satisfaction for learning-based control is a criti-
cal challenge, especially in the model-free case. While safety filters address this challenge
in the model-based setting by modifying unsafe control inputs, they typically rely on pre-
dictive models derived from physics or data. This reliance limits their applicability for
advanced model-free learning control methods. To address this gap, we propose a new
optimization-based control framework that determines safe control inputs directly from
data. The benefit of the framework is that it can be updated through arbitrary model-free
learning algorithms to pursue optimal performance. As a key component, the concept of
direct data-driven safety filters (3DSF) is first proposed. The framework employs a novel
safety certificate, called the state-action control barrier function (SACBF). We present three
different schemes to learn the SACBF. Furthermore, based on input-to-state safety analysis,
we present the error-to-state safety analysis framework, which provides formal guarantees
on safety and recursive feasibility even in the presence of learning inaccuracies. The pro-
posed control framework bridges the gap between model-free learning-based control and
constrained control, by decoupling performance optimization from safety enforcement.
Simulations on vehicle control illustrate the superior performance regarding constraint
satisfaction and task achievement compared to model-based methods and reward shap-
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ing.

This chapter is based on the paper [104].
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7.1. INTRODUCTION

7.1.1. BACKGROUND
Learning-based control has achieved state-of-the-art performance in addressing com-
plex problems in the presence of uncertainty, including applications in transportation
systems [95] and robotics [98]. However, ensuring safety is still a challenging problem,
particularly when an explicit model of the system is unavailable. Traditional model-
based approaches to safety-critical control, such as model predictive control (MPC)
[166], struggle with online computational efficiency and rely on the model, while emerg-
ing data-driven methods often lack well-understood safety guarantees.

In control problems, safety is typically defined as maintaining state and input variables
within given constraints throughout the system’s evolution. The difficulty lies in the fact
that unsafe control policies do not necessarily immediately violate constraints but will
lead to constraint violation in the future. As a fundamental principle in safe control,
control invariance ensures that a system remains within a safe operating set, contained
in the state constraint set. This property is crucial for guaranteeing long-term safety.

A widely adopted approach to enforcing long-term safety is the use of safety filters, which
provide a modular framework that can be applied to any control policy, even those with-
out explicit safety considerations [8], [55], [77], [81], [102], [149], [198]. The basic princi-
ple of safety filters is to post-process the input of a given control policy such that the re-
sulting closed-loop system remains forward invariant w.r.t. the specified state and input
constraints. The design of safety filters typically consists of two phases: an offline phase,
where a safety certificate characterizing safe states is computed, and an online phase,
where this certificate is incorporated as a constraint to modify potentially unsafe con-
trol actions from the reference controller. With the development of different kinds safety
certificates, various kinds of safety filters have been proposed, such as control barrier
function (CBF)-based safety filters [8], [77], [149], invariant set-based safety filters [102],
Hamilton-Jacobi reachability-based safety filters [55], [81], and predictive safety filters
[198]. Learning-based approaches have increasingly been used to synthesize safety cer-
tificates, particularly for complex, nonlinear systems with non-convex state and input
constraints. For a detailed overview, we refer the reader to relevant work in the literature
[47], [77], [172], [188], [205] as well as comprehensive surveys [69], [196].

Despite the differences and connections, almost all safety filters rely on a mathemat-
ical model, which is either exactly derived from physical principles or approximately
estimated. In most formulations, model information is required in both the offline and
online phases. Specifically, enforcing invariance conditions, first in the safety certificate
and then in the control policy, requires explicit knowledge of the system dynamics. Re-
cently, there has been a growing number of approaches focusing on offline construction
of safety certificates using only state transition data [187]. However, these approaches
cannot abandon the reliance on an explicit model during the online phase. This limi-
tation is mainly due to the inherent property of existing safety certificates, which fully
work on the state space. In particular, when using an existing safety certificate, safety
filters need a prediction model to enforce safety conditions on the successor states. A
detailed explanation is provided at the end of Section 7.2.
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To overcome the above limitation, data-driven safety filters have received significant
attention. Almost all existing data-driven safety filters belong to indirect data-driven
methods [53], [75], [81], [188], [196], [198], [205]. The difference between direct and
indirect methods was made in the context of the adaptive control community. In in-
direct approaches, first, system identification or disturbance estimation is performed,
and then a controller is learned based on the obtained model. In direct methods, the
controller is learned directly from data, bypassing the need for system identification. In-
direct data-driven safety filters have one main issue: The errors arising from both model
identification and certificate learning will compound, leading to a degradation in the
safety performance of the filtered controller. Among all data-driven safety filters, there is
only one direct data-driven formulation, which learns discriminating hyper-planes to di-
rectly regulate the control inputs [123]. However, this method is limited to linear safety
constraints on inputs, potentially leading to conservative control actions if nonlinear
constraints are considered, and lacks formal guarantees regarding constraint satisfac-
tion.

An alternative approach bypasses model identification by jointly learning a CBF and an
explicit policy that enforces the CBF constraint, but this often results in overly conserva-
tive policies focused solely on safety [69], [214].

Similar to the distinction between indirect and direct data-driven control, learning-
based control can also be categorized into model-based learning and model-free learn-
ing. Learning-based control, encompassing supervised learning (SL) and reinforce-
ment learning (RL) [40], iteratively finds an optimal control policy that minimizes a pre-
defined cost. Due to the stochastic nature of learning algorithms, learning-based con-
trol, especially in the absence of an explicit model, cannot fully guarantee safety with-
out using safety filters to regulate policy execution. However, as almost all data-driven
safety filters still rely on an underlying model, there still remains a gap when applying
data-driven safety filters to learning-based control approaches that do not use an ex-
plicit model.

In this chapter, we focus on designing a direct data-driven safety filter (3DSF) based on
our previously proposed concept of state-action control barrier functions (SACBFs) in
Chapter 6. Unlike classical safety certificates, which only evaluate safety in the state
space, the SACBF framework enables safety evaluation for each state-action pair. This
key feature eliminates the need for explicit system dynamics during policy modification,
making it particularly suitable for model-free learning-based control. The comparison
between the proposed 3DSF and the existing indirect data-driven counterparts is illus-
trated in Fig. 7.1. For the indirect data-driven methods, both system identification and
certificate learning should be performed one by one or simultaneously. The identified
model and learned certificate are both used in the safety filter design. In comparison,
the proposed 3DSF only uses an SACBF.

7.1.2. CONTRIBUTIONS
The chapter contributes to the state of the art in the following aspects:

1. Optimization-based direct data-driven safe control: We propose a novel safe
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(a) The flow chart of indirect data-driven safe control using safety filters
involving classical safety certificates.

(b) The flow chart of the proposed 3DSF, a special form of the
optimization-based control framework we propose.

Figure 7.1: The comparison between the proposed 3DSF and the existing indirect data-driven counterparts.
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control framework for general nonlinear systems with nonlinear constraints. The
main advantage is that the safe controller can be trained and implemented using
state transition data only, without the need for system identification. The con-
trol framework incorporates a novel safety filter, which we call the direct data-
driven safety filter (3DSF). This framework, which can be integrated with arbitrary
learning-based controller synthesis methods, also provides formal guarantees on
constraint satisfaction.

2. Learning-based synthesis of SACBFs: We develop three distinct learning-based
methods for synthesizing SACBFs directly from data: including SL from a known
CBF, learning from an expert safe controller, and RL (self-learning).

3. Robustness analysis via error-to-state safety (ESSf ): We propose a systematic
framework, called Error-to-State Safety (ESSf), to analyze how learning-induced
errors in SACBFs affect overall safety performance. The framework motivates the
approach of state constraint tightening followed by SACBF constraint relaxation to
ensure that the learned SACBF-regulated controller meets safety requirements.

4. A unified framework extending RL to constrained control: Building on the pro-
posed optimization-based safe control, we present a general strategy to extend
classical unconstrained value-based RL algorithms to constrained ones so that
suboptimal performance regarding other tasks is achieved. This reversely shows
another benefit of our proposed optimization-based approach: it separates the
learning of the controller into two components: optimizing performance through
learning the objective function, and ensuring safety through learning the con-
straints.

Additionally, for contribution (2), if system nonlinearities are known, we formulate the
synthesis of a quadratic SACBF as solving a convex optimization problem with linear
matrix inequality (LMI) constraints.

7.2. PRELIMINARIES AND PROBLEM FORMULATION

7.2.1. NOTATIONS
The set R (R≥0) is the set of (nonnegative) real numbers, and the set of real vectors with
dimension n is denoted by Rn . The sets N and N+ represent the set of non-negative
integers and the set of positive integers, respectively. Besides, Na = {0,1, ..., a}, and N+

a =
{1, ..., a} for any positive integer a. The matrix In is the identity matrix with dimension
n ×n. The notation A† represents the right inverse of the matrix A. The relation A ⪰
0 means that the matrix A is positive semi-definite. The determinant of a matrix A is
denoted by det(A). The dimension of a vector x is denoted by dim(x). The norm ||x||2 is
the Euclidean norm of the vector x. The number of elements in a finite set S is called its
cardinality, denoted by |S|. The set Bϵ(z̄) := {z ∈Rnz | ||z− z̄||2 ≤ ϵ} denotes the closed ball
around z̄ with radius ϵ. The unit step function step(·) returns 1 if the input is larger than
0 and returns 0 otherwise. A continuous function α(·) : [0, a) → [0,∞) for some a ∈ (0,∞]
is said to belong to class K if it is strictly increasing and α(0) = 0. A class K function α is
said to belong to class K∞ if it further satisfies a =∞ and α(r ) →∞ as r →∞.
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7.2.2. PRELIMINARIES
We consider a deterministic discrete-time nonlinear system

xt+1 = f (xt ,ut ) , t = 0,1, . . . , (7.1)

where xt ∈ X ⊆ Rnx and ut ∈ U ⊆ Rnu are the state and the input at time step t , and
f (·, ·) : X×U→ X is a continuous function. We consider a constrained optimal control
problem, in which the states and inputs should satisfy time-invariant constraints: xt ∈
X := {x ∈ X|h(x) ≤ 0} and ut ∈ U ⊆ U for all time steps. Here, h(·) : X → R is a scalar-
valued continuous function that defines the state constraint1. The set U is compact. For
the convenience of performance analysis and sampling, we require the compactness of
X and X . In our framework, we do not assume the knowledge of the explicit form of
the system dynamics f (·, ·). Instead, we require the availability of transition samples
(xt ,ut , xt+1), achieved through simulation or experimental methods. Various sampling
strategies, including random sampling and grid-based sampling, may be employed to
obtain the transition triples.

Given an initial state x0, we are interested in designing a deterministic control policy
π : X → U to steer the trajectory of the system to a non-empty target region Xtar ⊆ X .
To achieve the control objective, for any state x and input u, a stage cost is defined by
g (x,u), which is non-negative and upper-bounded. For any policy π, the value function
Jπ (·) :X→ [0,∞) is defined by

Jπ (x) = lim
k→∞

k∑
t=0

γt g (xt ,π (xt )) s.t. (7.1) and x0 = x, (7.2)

where γ ∈ (0,1) is a discount factor. The objective is to find an optimal deterministic
policy π∗(·) :X→U that solves the following infinite-horizon optimal control problem:

J∗ (x) := inf
π

Jπ (x) s.t. h(xt ) ≤ 0,π(xt ) ∈U , t = 0,1, . . . , (7.3)

where J∗(·) :X→ [0,∞) is the optimal value function.

The exact form of the optimal policy π∗ is difficult to compute due to the following rea-
sons: (i) The number of constraints in (7.3) is infinite; (ii) The closed-form expressions
of the objective function are unknown since the system is unknown and the horizon is
infinite. To get an approximation of π∗(·), a parameterized policy is usually preferred in
the literature and then the parameters are updated using RL or SL [40], [41].

7.2.3. CONTROL BARRIER FUNCTIONS FOR SAFETY
To ensure that the learned policy satisfies the constraints in (7.3), two different classes
of methods, including cost shaping [143] and using safety certificates [3], [8], [77], have
been developed in recent papers. In contrast to the cost-shaping method, which usu-
ally does not provide strict safety guarantees, using safety certificates can impose a con-
straint on the control input to ensure safety. The CBF is one of the most popular safety
certificates.
1For the constraint defined by multiple inequalities hi (x) ≤ 0, i = 1,2, ..., I , we can let h(x) = maxi∈N+

I
hi (x).

The set {x|h(x) ≤ 0} is identical to {x|hi (x) ≤ 0, ∀i ∈N+
I }, and h will be continuous if each hi is continuous.
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Definition 7.2.1 (Control barrier function [3]). A function B(·) :X→R is called a control
barrier function (CBF) with a corresponding safe set SB := {

x ∈Rnx |B(x) ≤ 0
}⊆X, if SB is

non-empty, h(x) ≤ B(x), ∀x ∈X, and if there exists a βB ∈ [0,1] such that

min
u∈U

B( f (x,u)) ≤βB B(x), ∀x ∈X. (7.4)

With a CBF available, one can implicitly construct a policy π(·) as an optimizer of the
following nonlinear optimization problem:

π(x) := argmin
u∈U

Q(x,u)

s.t. B( f (x,u)) ≤βB B(x), (7.5)

where Q : X×U→ R is a problem-dependent objective function. For instance, one can
specify Q as ||u −πunsafe(x)||2 where πunsafe is a reference policy that may have some
other acceptable performance. With this specification, (7.5) works as a safety filter to
refine the potentially unsafe policy πunsafe. One can also let Q be an approximation of
the state-action optimal value function (Q function) of (7.3), that is,

Q∗(x,u) := g (x,u)+γJ∗( f (x,u)), (7.6)

which is commonly used in RL. In this situation, π becomes the greedy policy w.r.t. the
optimal value function under a given CBF constraint.

A valid CBF is sufficient to guarantee the safety of π [8]. However, the main limitation
of (7.5) is that the knowledge of f is required. Even though some data-driven methods
exist for learning CBFs from black-box models [187], system identification is necessary
to implement (7.5). This limitation significantly restricts the application of safe filters
and CBFs in reinforcement learning algorithms that do not require an explicit model.
Moreover, the mismatch between the identified model and the real system, along with
inaccuracies in learning CBFs, jointly affect the safety performance of π.

7.3. STATE-ACTION CBFS AND CONTROL PARAMETERIZATION
Inspired by the Q function in RL, we propose a new optimization-based control frame-
work that does not contain f :

π(x) := argmin
u∈U

Q(x,u)

s.t. QB (x,u) ≤ 0, (7.7)

where Q can be designed similarly to that in (7.5), and another function QB (·, ·) :X×U→
R is used to add a constraint to regulate the behavior of π. To make π satisfy the safety
requirements h(xt ) ≤ 0, ∀t ∈ N, we consider the definition of state-action CBFs, which
we have introduced in Chapter 6 and [100].
Definition 7.3.1 (State-action control barrier function (SACBF)). A function QB (·, ·) :X×
U →R is called a state-action control barrier function (SACBF) with a corresponding safe
set SQ of states, if the pair (QB , SQ ) satisfies the following conditions:
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(i) SQ is non-empty, and h(x) ≤ 0, ∀x ∈ SQ .

(ii) minu∈U QB (x,u) ≤ 0, ∀x ∈ SQ .

(iii) For any x ∈ SQ , any u ∈U satisfying QB (x,u) ≤ 0 ensures that f (x,u) ∈ SQ .

According to the definition of SACBFs, we have the following properties for (7.7), which
we have introduced in Chapter 6.
Lemma 7.3.1 (Safety of SACBFs [100]). Considering the policy π in (7.7), if QB is an
SACBF with the safe set SQ , π will render (7.1) positively invariant in SQ . As a result,
the trajectories of (7.1), starting from x0 ∈ SQ , controlled by π, satisfy h(xt ) ≤ 0 and
ut ∈U , ∀t ∈N.
Remark 7.3.1. Analogous to CBFs, SACBFs are difficult to compute exactly for nonlinear
problems. In the remainder of this chapter, we will explore using learning-based meth-
ods to synthesize the optimization-based controller, i.e., to learn the functions Q and
QB . A tractable way is to parameterize them by Qθ and QB

ω with the parameters θ and
ω, and then learn these parameters. Instead of simultaneously updating Q and QB , we
prefer to first learn an SACBF QB

ω (Section 7.4) and subsequently to integrate it into the
learning of the objective function Qθ to achieve the optimal control objective (Section
7.6). This strategy is motivated by the observation that safety is inherently independent
of other performance metrics, whereas achieving optimality regarding task performance
should be addressed under the premise of ensuring safety.

The policy π in (7.7) with the parameterization Qθ and QB
ω is denoted by πθ,ω.

7.4. LEARNING STATE-ACTION CONTROL BARRIER FUNCTIONS
In this section, we propose three learning-based approaches to approximate an SACBF
QB
ω . For the first one, we assume the knowledge of a valid CBF and use SL to obtain

an SACBF. The second approach, inspired by [172], employs sampling-based methods
to approximate the solution of a semi-infinite optimization problem. Such a solution is
guaranteed to lead to a valid SACBF. This approach requires prior knowledge of a safety
control policy (usually conservative w.r.t. task performance). For the third approach,
we connect the synthesis of SACBFs with Hamilton-Jacobi reachability [82], and thereby
propose an RL-based approach to obtain QB

ω . The third approach only relies on the avail-
ability of state transition data. Besides, when the nonlinearity of the system is known, we
also find that the synthesis of SACBFs can be achieved by solving a convex optimization
problem with LMI conditions.

7.4.1. SUPERVISED LEARNING SACBFS FROM CBFS
We first present our simplest learning-based method for obtaining an SACBF, based on
a rather restrictive assumption that we have a CBF at hand. In certain applications,
such as adaptive cruise control [8], CBFs can be manually designed based on state con-
straints, such as the distance between adjacent vehicles. However, as noted in the intro-
duction, such CBFs cannot be used to design a safety filter (7.5) when the model is not
fully known. In this subsection, we explore connections between SACBFs and CBFs and
demonstrate that one can easily learn an SACBF from a given CBF.
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Assumption 7.4.1. A CBF B(·) :X→R is known.
Proposition 7.4.1. Under the constraints h(x) ≤ 0 and u ∈ U , suppose that B is a CBF
satisfying (7.4) with βB ∈ [0,1], and that the safe set is SB . Then, QB defined by

QB (x,u) := max{h(x),
1

βB
B( f (x,u))} (7.8)

is an SACBF with the safe set SQ = SB .

Proof. From the relation between QB and B , we can get that h(x) ≤ minu∈U QB (x,u) ≤
0, ∀x ∈ SB . The above arguments prove that QB obeys (i) and (ii) of Definition 7.3.1.
Furthermore, for any x ∈ SB , if QB (x,u) ≤ 0, we have B( f (x,u)) ≤ 0 and thus f (x,u) ∈ SB .
This finishes the proof.

Proposition 7.4.1 implies a straightforward way to learn an SACBF. Initially, a collection
of transition triples {(x(i ),u(i ), f (x(i ),u(i )))}N

i=1, is generated from the state space X and

the control space U . Subsequently, the labels QB (x(i ),u(i )) can be computed utilizing
(7.8). Following this, a regression model QB

ω is constructed and trained to minimize the
empirical loss, specifically the mean squared error between QB

ω and the computed labels.

7.4.2. LEARNING SACBFS FROM AN EXPERT CONTROLLER
In the presence of both state and input constraints, manually crafted CBFs often fail.
Towards the goal of learning a valid SACBF, like in [172] where CBFs are synthesized from
expert demonstrations, we assume the availability of an expert safe controller πs(·) :X→
U in this subsection. This assumption is reasonable in certain scenarios, such as human-
controlled systems (e.g., driving), where safety is achieved implicitly without an explicit
model.

Formally, we have the following assumption in this subsection.
Assumption 7.4.2. There exists a continuous policy πs and a compact set S0 ⊆ X (S0 can
be unknown) such that with the initial condition x0 ∈ S0, the state-input trajectories of
the system (7.1) withπs always stay in S0×U and such that the states reach Xtar in a finite
number of time steps T .

Under Assumption 7.4.2, we formulate the synthesis of QB as the following optimization
problem:

min
QB ,q

∫
x∈X

q(x)d x (7.9a)

s.t. 0 ≤ q(x), ∀x ∈X\S0 (7.9b)

QB (x,πs(x)) ≤βq(x),∀x ∈ S0 (7.9c)

q( f (x,u)) ≤QB (x,u),∀(x,u) ∈ S0 ×U , (7.9d)

where QB and q(·) : X → R are continuous in their domain, and β ∈ [0,1) is a tuning
parameter.
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Proposition 7.4.2 (Converse SACBFs). Under Assumption 7.4.2, there exists a β ∈ [0,1)
such that the problem (7.9) is feasible and such that any optimal solution pair (QB∗, q∗)
ensures that QB∗ is an SACBF with the safe set S∗Q = {x ∈X|q∗(x) ≤ 0}.

Proof. The proof consists of two parts. In the first part, we will prove the feasibility of
(7.9). By fixing Q(x,u) = q( f (x,u)), which satisfies (7.9d), the constraint (7.9c) becomes
q( f (x,πs(x))) ≤βq(x), ∀x ∈ S0.

Since S0 is compact, there exists a continuous function q such that (7.9b) and

S0 =
{

x ∈X|q(x) ≤ 0
}

,

∂S0 =
{

x ∈X|q(x) = 0
}

,

Int(S0) = {
x ∈X|q(x) < 0

}
(7.10)

hold. Actually, the above statement can be proved by considering q(x) =
max{h(x), q̄(x)}, where q̄ is a distance function defined by

q̄(x) =
{
− infy∈∂S0 ∥x − y∥ if x ∈ S0

infy∈∂S0 ∥x − y∥ otherwise.
(7.11)

With the above definitions, we follow the proof of the Converse CBF Theorem in the
continuous time domain [8, Proposition 3] to prove the feasibility of (7.9). In particular,
for any continuous q such that (7.9b) and (7.10) hold, define a function α(·) : [0,∞) → R

by
α(r ) = sup

{x∈X|−r≤q(x)≤0}
q( f (x,πs(x)))−q(x). (7.12)

Since {x ∈X|−r ≤ q(x) ≤ 0} is compact and q , f , and πs are continuous,α is well-defined
and non-decreasing, and satisfies q( f (x,πs(x)))−q(x) ≤α(−q(x)), ∀x ∈ S0.

When x is such that q(x) = 0, i.e., x ∈ ∂S0, by the invariance ofS0, we have q( f (x,πs(x))) ≤
0, and consequently α(0) ≤ 0. Meanwhile, by taking the extreme values 0 and −r of
q( f (x,πs(x))) and q(x) respectively, we have minr>0

α(r )
r ≤ minr>0

0−(−r )
r = 1, which,

combined with α(0) ≤ 0, implies that there exists a class K function ᾱ upper-bounding
α and satisfying

q( f (x,πs(x)))−q(x) ≤ ᾱ(−q(x)),∀x ∈ S0

min
r>0

ᾱ(r )

r
≤ 1.

Letting

β= 1−min
r>0

ᾱ(r )

r
∈ [0,1)

proves the feasibility of (7.9).

In the second part of the proof, we will show that the optimal solution to (7.9) yields an
SACBF. To this end, we first establish the non-emptiness of S∗Q by contradiction. Suppose

that S∗Q is empty, i.e., q∗(x) > 0, ∀x ∈X. Consider a new function q ′(·) :X→R defined by
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q ′(x) = min
{

q∗(x), max{h(x), q̄(x)}
}
, where q̄ is defined by (7.11). Based on the proof of

the feasibility of (7.9), max{h(x), q̄(x)} satisfies all the constraints in (7.9). Therefore, we
have

q ′(x+)≤min
{
βq∗(x),βmax{h(x), q̄(x)}

}≤βq ′(x), ∀x ∈ S0

with x+ = f (x,πs(x)). This implies that the new function q ′ satisfies all the constraints
in (7.9). Moreover, since the zero sub-level set of max{h, q̄} is non-empty, the zero sub-
level set of q ′ is non-empty as well. Furthermore, it strictly holds that

∫
x∈X q ′(x)d x <∫

x∈X q∗(x)d x because (i) q ′(x) ≤ q∗(x), ∀x ∈X, and (ii) q∗ > 0 and q ′ ≤ 0 in the zero sub-
level set of q ′. These arguments prove that the new function q ′ provides a better solution
than q∗, which contradicts the optimality of q∗.

The condition (i) of Definition 7.3.1 holds because of (7.9b) and the non-emptiness ofS∗Q .

Moreover, ∀x ∈ S∗Q , it follows from (7.9c) that minu∈U QB∗(x,u) ≤QB∗(x,πs(x)) ≤βq(x) ≤
0, meaning that the condition (ii) holds. Furthermore, (7.9d) enforces the condition (iii).
These complete the proof that QB∗ is an SACBF.

For computational tractability, QB and q in (7.9) are parameterized as QB
ω and qω, with

all the parameters condensed in ω. As a result, the search space becomes the parameter
space of ω. To solve (7.9), we use state transition samples to relax the constraints that
should hold in the continuous state(-input) space to constraints that only need to hold
for the samples.

In particular, let
{

x(i )
0

}N

i=1
denote the set of initial states. Here, N is the number

of samples. For each x(i )
0 , we apply πs to (7.1) for T time steps and get the state-

input trajectory
{(

x(i )
t ,πs(x(i )

t )
)}T

t=0
. If this trajectory obeys x(i )

t ∈ X , πs

(
x(i )

t

)
∈ U , ∀t ∈

NT , and x(i )
T ∈ Xtar, then x(i )

t ∈ S0, ∀t ∈ NT . Otherwise, x(i )
t ∉ S0, ∀t ∈ NT . The

above checking procedure allows us to separate the state trajectories according to
whether or not they are in S0, without knowing S0. Then, we define the set Ss :={

x(i )
t |x(i )

t ∈ X , πs

(
x(i )

t

)
∈U , ∀t ∈NT , x(i )

T ∈ Xtar, ∀i ∈N+
N

}
, which contains the safe state

trajectories. Meanwhile, we define Xs :=
{

x(i )
t

}N T

i=1 t=0
.

For the optimization problem (7.9), we replace the infinite sets S0, X, and S0 ×U by the
finite sets Ss, Xs, and Ss ×Us, respectively. Here Us is the set of inputs sampled in U
through some sampling strategy. As a result, (7.9) is simplified to a constrained opti-
mization problem with a finite number of constraints. If QB

ω and q are linear in ω, the
problem (7.9) becomes linear and can be solved efficiently. In a more general case, such
as when these functions are represented by deep neural networks, a tractable solution
involves transforming the constraints into soft penalties and adding them to the objec-
tive.
Remark 7.4.1. Due to the above constraint relaxation, the validity of the approximated
solution is, however, not guaranteed. To get a valid SACBF, we can follow the approach
of [172] to tighten the constraints in (7.9). Assuming QB

ω , qω, πs, and f to be Lipschitz as
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well as having sufficient sampling, QB
ω will be a valid SACBF2. Although this constraint

tightening approach will guarantee that QB
ω∗ is a valid SACBF, it may be conservative

under insufficient sampling. Furthermore, estimating the Lipschitz constants is a non-
trivial task. To address this limitation, we will propose a new tightening approach that
exploits the inherent robustness of the SACBF. This will be elaborated on in Section 7.5.

7.4.3. LEARNING SACBFS VIA RL
In the previous subsection, we have proposed an optimization-based approach to learn
SACBFs from a known safe controller. This approach has two main limitations. First, a
safe controller is sometimes hard to obtain as a prior. Second, the safe set of the learned
SACBF cannot be larger than the safe region S0 of the safe controller. On the other hand,
it is desirable to learn an SACBF with the largest possible safe set directly from randomly
generated transition data, without any expert supervision. For this purpose, we observe
that the proposed SACBFs show some similarities with state-action value functions (Q
functions) in RL. These similarities motivate us to use RL methods to synthesize SACBFs.

We consider the optimal value function of the following optimal control problem:

B∗(x) := min
{(xt ,ut )}∞t=0

max
t∈N

h(xt )

s.t. (1), ut ∈U , t ∈N, and x0 = x, (7.13)

which is a typical reachability problem [82] in the discrete-time domain.
Remark 7.4.2. The optimal value function B∗, which can be obtained by dynamic pro-
gramming, is a CBF with the safe set being the maximal control-invariant set [55]. Using
Proposition 7.4.1 and letting βB = 1, we know that the state-action optimal value func-
tion of (7.13), defined by

QB∗(x,u) := max{h(x), B∗( f (x,u))}, (7.14)

is an SACBF, of which the safe set is also the maximal control-invariant set.

Combining (7.13) and (7.14), it is observed that QB∗ is one solution of the Bellman opti-
mality equation [40]:

QB (x,u) = max

{
h(x), min

u+∈U
QB ( f (x,u),u+)

}
. (7.15)

For general nonlinear systems, accurately computing QB∗ from (7.13) and (7.14) is nearly
impossible. Similar to the proposed SL method and the proposed expert-guided learn-
ing method, an approximation of QB∗ is necessary. Since the form of f is unknown, it
is not possible to design query-based algorithms and use SL methods to get the approx-
imation. However, by employing (7.15) and the theoretical results in Proposition 7.4.1,
we can adapt off-the-shelf value-based RL methods such as temporal difference learning
methods [15], [203] and neural fitted Q iteration (FQI) [170] to approximate QB∗.

2“Sufficient sampling” means that Xs ×Us constitutes an ϵ-net of X×U with ϵ> 0 [172]. Namely, ∀x ∈X and
∀u ∈U , ∃x′ ∈Xs and ∃u′ ∈Us such that ||x −x′||22 +||u −u′||22 ≤ ϵ2.
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Before learning QB∗, it is crucial to recognize that (7.15) may have multiple solutions
and that most RL methods based on Bellman iteration could approach any solution of
(7.15). The following result eliminates our concern by stating that any solution of (7.15),
satisfying minx∈X,u∈U QB (x,u) ≤ 0, is an SACBF.
Proposition 7.4.3. Consider the Bellman optimality equation (7.15). Any solution
QB satisfying minx∈X,u∈U QB (x,u) ≤ 0 is an SACBF with the safe set SQ = {x ∈
Rnx |minu∈U QB (x,u) ≤ 0}.

Proof. It follows from minx∈X,u∈U QB (x,u) ≤ 0 that SQ is non-empty. From (7.15), we
deduce that h(x) ≤ minu∈U QB (x,u) ≤ 0, ∀x ∈ SQ . The above arguments prove that
QB satisfies (i) of Definition 7.3.1. The second condition of Definition 7.3.1 directly fol-
lows from SQ = {x ∈ Rnx |minu∈U QB (x,u) ≤ 0}. Finally, if Q(x,u) ≤ 0, by (7.15) we have
minu+∈U QB ( f (x,u),u+) ≤ 0, which means that the successor state f (x,u) ∈ SQ .

Following the temporal difference learning method in [15], the training loss for the can-
didate SACBF QB

ω is designed as

l (D,ω) = l1(D,ω)+ρl2(D,ω), with

l1(D,ω) = ∑
(x,u,x+)∈D

(
max

{
h(x), min

u+∈U
QB
ω(x+,u+)

}
−QB

ω(x,u)

)2

l2(D,ω) = ∑
(x,u,x+)∈D

QB
ω(x,u), (7.16)

whereD= {(
x(i ),u(i ), f

(
x(i ),u(i )

))}N
i=1 represents the collection of state transition triples.

Intuitively, minimizing the loss l1 encourages QB
ω to reduce the temporal difference,

thereby approaching the solution of (7.15). Meanwhile, as the Bellman equation (7.4.3)
may have multiple solutions, the loss l2 is introduced to guide QB

ω toward the smallest
solution of (7.15), which has the largest safe set. The positive parameter ρ balances the
relative importance of the two loss functions.

7.4.4. SPECIAL CASE WHEN NONLINEARITY IS KNOWN
The methods for synthesizing SACBFs proposed above are aimed at general nonlinear
systems. When the nonlinearity of the system is known, we can leverage formulas from
data-driven control [71], [72] and compute SACBFs through convex optimization. For-
mally, in this subsection, we require the system to satisfy the following conditions:
Assumption 7.4.3. • The system is described by the following equation:

xt+1 = Av̄(xt )+But , (7.17)

where v̄(x) =
[

x
v(x)

]
includes a known nonlinear function v(·) : Rnx → Rnv . Be-

sides, the linear system obtained by linearizing (7.17) at the origin is controllable
in the absence of the constraints.

• The constraints are linear, i.e., X = {x ∈ Rnx |Hx x ≤ hx }, U = {u ∈ Rnu |Huu ≤ hu}.
Here, Hx and Hu are matrices with appropriate dimensions. Besides, hx and hu
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are two vectors with strictly positive elements. This indicates that the origin is
contained in the interior of X ×U .

• The target region Xtar = {0}.

To begin with, we recall the definition of Hankel matrix [71] associated to any time-
varying signal {zt }t∈N with zt ∈Rnz , t ∈N:

zi , j ,k =


zi zi+1 · · · zi+k− j

zi+1 zi+2 · · · zi+k− j+1
...

...
. . .

...
z j+i−1 z j−i · · · zk+i−1

 .

Then, the Hankel matrices xi , j ,k and ui , j ,k contain the state and input data collected
from a simulation of the system in (7.17). The following lemma shows that (7.17) has
equivalent data-based representations.

Lemma 7.4.1 ([72]). Let D :=
[

u0,1,k

v̄0,1,k

]
=

 u0,1,k

x0,1,k

v0,1,k

. Suppose that rank(D) = nx +nu +

nv and that Assumption 7.4.3 holds. Then, the system in (7.17) has the following equiv-
alent representation:

xt+1 = x1,1,k D†
[

ut

v̄(xt )

]
. (7.18)

Furthermore, the system in closed loop with u = K v̄(x) has the following equivalent rep-
resentation:

xt+1 = x1,1,kGv̄(xt ) (7.19)

with G = [G1 G2], G1 ∈Rk×nx , and G2 ∈Rk×nv satisfying[
K
Inx+nv

]
= DG . (7.20)

In Lemma 7.4.1, the rank condition on D is referred to as the condition of persistency of
excitation, which is commonly assumed among direct data-driven control approaches
[71]. This condition implies that the collected data is sufficiently informative to repre-
sent the system behavior. Next, we show that under persistency of excitation and a mild
assumption on the nonlinear term v (See Assumption 7.4.4 below), we can formulate a
data-driven computation of an SACBF in terms of a convex optimization problem sub-
ject to LMI constraints.
Assumption 7.4.4. There exist a constant η > 0 and a matrix M ∈ Rnx×nx such that
vT (x)v(x) ≤ ηxT M T M x, ∀x ∈ X .

This assumption limits the magnitude of the nonlinear term v(x) by a quadratic function
ηxT M T M x. Such an assumption is commonly encountered in the literature addressing
the stabilization of nonlinear systems using LMIs [181].
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Consider

QB
P (x,u) := max

{
h(x), [uT v̄T (x)]D†T xT

1,1,k P−1x1,1,k D†

[
u

v̄(x)

]
−1

}
, (7.21)

where P ∈ Rnx×nx is a positive-definite matrix. The consideration of the parameter-
ization (7.21) is inspired by Proposition 7.4.1 and (7.18), in which we specify h(x) =
maxi {Hx,i x −hx,i } so that {x ∈ Rnx |h(x) ≤ 0} is identical to {x ∈ Rnx |Hx x ≤ hx }. The sec-
ond argument of the max function indicates that we firstly consider a quadratic CBF
candidate xT P−1x −1, and then use the open-loop representation (7.18) and the result
in Proposition 7.4.1 to get an SACBF candidate.

Now, we consider the following convex optimization problem:

min
P,R1,G2

− logdet(P ) (7.22a)

s.t.


P 0 RT

1 xT
1,1,k P M T

∗ Inv GT
2 xT

1,1,k 0

∗ ∗ P 0
∗ ∗ ∗ Inx /η

⪰ 0 (7.22b)


h2

u,i P 0 RT
1 uT

0,1,k H T
u,i P M T

∗ Inv GT
2 uT

0,1,k H T
u,i 0

∗ ∗ 1 0
∗ ∗ ∗ Inx /η

⪰ 0, i = 1, ...,dim(hu) (7.22c)

[
h2

x,i Hx,i P
∗ P

]
⪰ 0, i = 1, ...,dim(hx ) (7.22d)[

x0,1,k

v0,1,k

]
R1 =

[
P
0

]
(7.22e)[

x0,1,k

v0,1,k

]
G2 =

[
0

Inv

]
(7.22f)

P ⪰ 0, R1 ∈Rk×nx , G2 ∈Rk×nv , (7.22g)

where “*” indicates that the lower triangular part of the matrix is the symmetric coun-
terpart of the upper triangular part, and Hx,i and hx,i refer to the i th row of Hx and hx ,
respectively. Based on the optimization problem (7.22), we can construct an SACBF QB

P ,
as stated in the next result.
Proposition 7.4.4. Consider the system (7.17), the SACBF parameterization (7.21), and
the optimization problem (7.22). Suppose that rank(D) = nx +nu +nv and that Assump-
tions 7.4.3-7.4.4 hold. Then, problem (7.22) is feasible, and its optimal solution P∗ makes
QB

P∗ an SACBF with the corresponding safe set {x ∈Rnx |xT P∗−1x ≤ 1}.

Proof. The proof is based on the standard argument of using LMIs to synthesize CBFs
[100]. By letting R1 =G1P and K = u0,1,kG , (7.22e) and (7.22f) are equivalent to (7.20).

We consider the condition

x+T P−1x+ ≤ 1, ∀xT P−1x ≤ 1, ∀vT (x)v(x) ≤ ηxT M T M x, (7.23)
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where x+ is the successor state of the closed-loop system (7.19). By sequentially using
the S-procedure [36], utilizing the Schur complement [36], multiplying both sides by
diag([P Inv Inx ]), and applying the Schur complement once more, we get that (7.22b)
is sufficient to ensure (7.23). The condition (7.23) further implies the invariance of the
safe set for the closed-loop system (7.19).

Then, by a similar argument, we can prove that (7.22c) is a sufficient condition for

HuK v̄(x) ≤ hu , ∀x ∈ {x ∈Rnx |xT P−1x ≤ 1} (7.24)

to hold. The condition (7.24) means that the controller u = K v̄(x) satisfies the input
constraint for all states in the safe set. Besides, (7.22d) is equivalent to the condition

{x ∈Rnx |xT P−1x ≤ 1} ⊆ X . (7.25)

The above arguments prove that B := xT P∗−1x−1 is a CBF. Meanwhile, by comparing the
right-side of (7.21) and the form of B , and noting that the open loop system (7.17) can
be represented by (7.18), we have the relation QB

P∗ (x,u) = max{h(x), B( f (x,u)). Finally,
according to Proposition 7.4.1, we can conclude that QB

P∗ is an SACBF.

We now prove the feasibility of (7.22). The feasibility of (7.22e) and (7.22f) follows from
(7.20). Regarding the other constraints, since (i) the linearized system of (7.17) is con-
trollable, (ii) limx→0

||v(x)||2
||x||2 = 0 from Assumption 7.4.4, and (iii) the origin is within the

interior of X , we can always replace P by αP P with αP ∈ (0,1) to make the conditions
(7.23)-(7.25) satisfied. This proves the feasibility of (7.22b)-(7.22d).

7.5. PERFORMANCE ANALYSIS AND GUARANTEE UNDER

LEARNING ERRORS
In the previous section, we have introduced three different learning-based methods for
computing an SACBF. However, learning errors are unavoidable and can arise from a
combination of factors, including insufficient data, loss function mismatch, and subop-
timal optimization. These errors have the potential to invalidate the learned SACBF. To
address this problem, we propose a systematic analysis to evaluate the robust safety per-
formance of (7.7) when it includes an inaccurate approximation QB

ω . This analysis fur-
ther leads to a practical approach for handling learning errors through state constraint
tightening followed by SACBF constraint relaxation.

Our analysis is inspired by the concept of input-to-state safety (ISSf) [120], which was
originally developed for studying set invariance in the presence of disturbances. Before
introducing the framework, we point out that the analysis of safety performance can
be applied to the SL method in Section 7.4.1 and the expert-guided learning method
in Section 7.4.2, while the RL method in Section 7.4.3 is excluded. We will explain the
reason for this exclusion at the end of this section.

First, we relax the constraint in the original optimization-based controller (7.7), based
on the intuition that it may not longer be possible to render (7.7) recursively feasible in
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the presence of learning errors. Define a control policy with a relaxed SACBF constraint
as

πr
θ,ω(x) := argmin

u∈U
Qθ(x,u)

s.t. QB
ω(x,u) ≤ κ(ε), (7.26)

whereκ(·) is aK∞ function and ε≥ 0. The notation εwill be used to quantify the learning
error, and κ will be elucidated later.

Then, similar to how CBFs are extended to ISSf CBFs [120], we introduce error-to-state
safety SACBFs (ESSf SACBFs), capturing the set invariance when QB

ω is different from QB .
Definition 7.5.1 (ε-ESSf SACBF). A function Q̂B (·, ·) : X×U → R is called an ε-error-to-
state safe SACBF (ε-ESSf SACBF) with a corresponding safe set ŜQ , if there exists a K∞
function κ(·) such that the pair (Q̂B , ŜQ ) satisfies the following conditions:

(i) ŜQ is non-empty.

(ii) minu∈U Q̂B (x,u) ≤ κ(ε), ∀x ∈ ŜQ .

(iii) For any x ∈ ŜQ , any u ∈U satisfying Q̂B (x,u) ≤ κ(ε) ensures that f (x,u) ∈ ŜQ .

Now, we are ready to give our main results on the ESSf property of QB
ω learned by the two

methods presented in Sections 7.4.1 and 7.4.2.
Theorem 7.5.1 (ESSf for the SL method). Under Assumption 7.4.1, consider the con-
trolled system xt+1 = f (xt ,πr

θ,ω(xt )), an SACBF QB , which is induced by a CBF B from

(7.8) with βB < 1, and an approximation QB
ω of QB . Suppose that∣∣QB (x,u)−QB

ω(x,u)
∣∣≤ ε, ∀(x,u) ∈X×U (7.27)

holds. Letting κ(ε) = 1+βB
1−βB

ε, we have:

(i) The approximation QB
ω is an ε-ESSf SACBF. The corresponding safe set is Sω = {x ∈

X|B(x) ≤ 2βB
1−βB

ε}.

(ii) The optimization-based controller (7.26) is recursively feasible with the initial condi-
tion x ∈ Sω, i.e., Sω is forward invariant for the controlled system xt+1 = f (xt ,πr

θ,ω(xt )).

(iii) Furthermore, if B is the CBF for (7.1) under the tightened state constraint x ∈ Xε :=
{x ∈ Rn |h(x)+ 2βB

1−βB
ε ≤ 0}, the controlled system satisfies the original constraints xt ∈ X

and ut ∈U , ∀t ∈N.

Proof. According to Lemma 7.3.1, SQ = SB . The non-emptiness of Sω follows directly
from the non-emptiness of SB . Then, we will prove the feasibility of (7.26) for any x ∈ Sω
(Condition (ii) of Definition 7.5.1). From (7.8) and using the properties of CBFs, we have
minu∈U Q(x,u) ≤ max{h(x), B(x)} ≤ B(x), ∀x ∈ X. For all x ∈ Sω, it follows from (7.27)
that

min
u∈U

QB
ω(x,u) ≤ min

u∈U
QB (x,u)+ε≤ B(x)+ε≤ 1+βB

1−βB
ε︸ ︷︷ ︸

κ(ε)

.
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Next, let x ∈ Sω and u be any input satisfying u ∈U and QB
ω(x,u) ≤ κ(ε). We have

B( f (x,u)) ≤βB QB (x,u) ≤βB QB
ω(x,u)+βBε≤ 2βB

1−βB
ε.

The above inequalities prove the forward invariance of the set Sω and the satisfaction of
Condition (iii) of Definition 7.5.1. The above arguments prove the statements (i) and (ii).

Furthermore, if B is a CBF under the tightened constraint x ∈ Xε, we derive that B(x)−
2βB

1−βB
ε≥ h(x), which further implies that the safe set Sω of the learned SACBF QB

ω is con-

tained in the original state constraint set X . As Sω is forward invariant, the infinite-time
safety of the controlled system follows.

Theorem 7.5.2 (ESSf for the expert-guided learning method). Under Assumption 7.4.2,
consider the controlled system xt+1 = f (xt ,πr

θ,ω(xt )) and approximations QB
ω and qω of

QB and q in (7.9). Suppose that

QB
ω(x,πs(x)) ≤βqω(x)+ε, ∀x ∈ S0 (7.28a)

qω( f (x,u)) ≤QB
ω(x,u)+ε, ∀(x,u) ∈ S0 ×U (7.28b)

qω(x) ≥ 2

1−βε, ∀x ∈X\S0 (7.28c)

holds. Letting κ(ε) = 1+β
1−βε, we have:

(i) The approximation QB
ω is an ε-ESSf SACBF. The corresponding safe set is Sω = {x ∈

Rn |qω(x) ≤ 2
1−βε}.

(ii) The optimization-based controller (7.26) is recursively feasible with the initial condi-
tion x ∈ Sω, i.e., Sω is forward invariant for the controlled system xt+1 = f (xt ,πr

θ,ω(xt )).

(iii) Furthermore, if h(x)+ 2
1−βε≤ qω(x), ∀x ∈X, the controlled system satisfies the orig-

inal constraints xt ∈ X and ut ∈U , ∀t ∈N.

Proof. (7.28c) leads to Sω ⊆ S0. Consider any x ∈ Sω, we have

min
u∈U

QB
ω(x,u) ≤QB

ω(x,πs(x)) ≤βqω(x)+ε≤ 1+β
1−βε︸ ︷︷ ︸
κ(ε)

,

which proves the feasibility of (7.26).

Moreover, consider any x ∈ Sω and any u ∈U satisfying QB
ω(x,u) ≤ κ(ε). We have

qω( f (x,u)) ≤QB
ω(x,u)+ε≤ 2

1−βε.

The rest of the proof can be completed using the same reasoning as that of the proof of
Theorem 7.5.1.
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The condition in (7.27) quantifies the local approximation quality of the regression
model QB

ω , which is often assumed in SL literature [100], [106], [154]. The two condi-
tions in (7.28a) and (7.28b) are motivated by (7.9c) and (7.9d), where we assume that the
constraints in (7.9c) and (7.9d) are violated and the degree of violation is limited by ε.
Besides, the condition (7.28c) is also justifiable, as it is introduced to ensure that the safe
set of QB

ω is a subset of S0.
Remark 7.5.1. Different from existing work that primarily addresses the robustness
and ISSf for learning-based control under external disturbances [77], input disturbances
[106], or inaccurate observations [200], our findings offer a systematic way for designers
to guarantee the safety of the relaxed safety-filtered policy πr

θ,ω when there are pertur-
bations on the safety constraints, by appropriately tightening the state constraint. More
importantly, we explicitly quantify the degrees of tightening and relaxation, based on the
parametersβ andβB of the given CBF and the safe policyπs as well as the bound ε on the
learning error. In particular, to ensure safety for the SL method, the state constraint must

be tightened to h(x)+ 2βB
1−βB

ε≤ 0, while the safety constraint in the safety filter should be

relaxed by adjusting QB
ω(x,u) ←QB

ω(x,u)− 1+βB
1−βB

ε. Similarly, in the expert-guided learning

method, the state constraint should be tightened to h(x)+ 2
1−βε ≤ 0, and (7.9b) should

be adjusted to (7.28c), with the relaxed SACBF QB
ω(x,u) ← QB

ω(x,u)− 1+β
1−βε in the safety

filter.
Remark 7.5.2. The proposed constraint tightening approach is inspired by robust MPC
[106], which ensures both recursive feasibility and safety. In contrast, our optimization-
based control framework enforces safety through an SACBF constraint, rather than im-
posing state constraints over a finite prediction horizon. As a result, recursive feasibility
alone does not guarantee safety, highlighting the need for constraint relaxation. Broadly
speaking, state constraint tightening contributes to safety, whereas SACBF constraint re-
laxation addresses feasibility concerns.

At the end of this section, we explain why the RL method cannot be included in the
proposed ESSf framework. To make QB∗ in (7.14) an SACBF, the optimal control prob-
lem (7.13) should be undiscounted, which leads to a non-contractive Bellman equation
(7.15) [25]. As a consequence, the learning error of QB∗ could become unbounded. Be-
sides, in Theorem 7.5.1 we require βB < 1 while in the reachability formulation (7.13),
βB = 1. The above two factors make the ESSf analysis inapplicable to the RL method.

7.6. REFINING POLICIES WITH SACBF CONSTRAINTS
Given a valid SACBF obtained by the methods in the previous section, in this section, we
update θ to refine the feasible policy πθ,ω, bringing it closer to the optimal policy that
solves (7.3).

A convenient approach for designing Qθ, allowing θ to be updated using most existing
unconstrained policy-based RL algorithms is to consider a Euclidean distance objective
function Qθ(x,u) := ||u−πθ(x)||2, where πθ :X→U is an explicit controller (e.g., a neural
network controller) with the parameter θ [102]. This approach, however, could signifi-
cantly compromise the optimality of the projected policy πθ,ω. A less conservative ap-
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proach is to make Qθ approximate the constrained optimal value function Q∗ defined in
(7.6), so that the policy derived from (7.7) more closely approximates the optimal con-
strained policy. To this end, we present a unified approach to transform unconstrained
value-based RL algorithms into constrained ones, utilizing the obtained SACBF.

Normally, to obtain Q∗, as is shown in [35, Chapter 7.4.1], one typically needs to recur-
sively compute the backward reachable sets Xk , k = 0,1, ... and enforce the constraint
f (x,u) ∈ Xk during the Bellman iteration. This procedure is, in general, intractable for
nonlinear systems. Instead, we replace the state constraints h(xt ) ≤ 0, ∀t ∈ N in (7.3)
with the obtained SACBF constraints QB

ω(xt ,π(xt )) ≤ 0, ∀t ∈N. Note that this will be an
equivalent transformation if QB

ω = QB∗. The benefit of this transformation is that the
constraints during the Bellman iteration become fixed to QB

ω(xt ,π(xt )) ≤ 0. This is a re-
sult of the inherent invariance of the safe set of QB

ω .

By combining the following expression of J̄∗:

J̄∗ (x) := inf
π

Jπ (x) s.t. QB
ω(xt ,π(xt )) ≤ 0,π(xt ) ∈U , t ∈N, (7.29)

and the expression (7.7) of πθ,ω, we know that πθ,ω is optimal for the (7.29) if Qθ equals
Q̄∗(x,u) := g (x,u)+γ J̄∗( f (x,u)).

The constrained optimal state-action value function Q̄∗ satisfies the following con-
strained Bellman equation:

Q̄∗(x,u) = ΓQ̄∗ := g (x,u)+γ min
u+∈U

Q̄∗( f (x,u),u+)

s.t. QB
ω( f (x,u),u+) ≤ 0, (7.30)

where Γ is the Bellman operator. It is easy to show that Γ is a monotonous contraction
mapping. As a consequence, the uniqueness of the solution to (7.30) holds and the con-
strained Bellman iteration Q̄k+1 = ΓQ̄k converges to Q̄∗ for any real-valued and bounded
Q̄0 :X×U→R [25, Proposition 2.1.1].

With this property, we can update θ to minimize the average Bellman residual over Sω×
U . Formally speaking, we find

θ∗ := argmin
θ

∫
Sω×U

(qθ(x,u)−Qθ(x,u))2d xdu, (7.31a)

where qθ(x,u) = g (x,u)+γ min
u+∈U

Qθ

(
f (x,u),u+)

s.t. QB
ω

(
f (x,u),u+)≤ 0. (7.31b)

Problem (7.31a) is bi-level and intractable to solve exactly. In practice, following stan-
dard offline value iteration algorithms [40], we iteratively update θ. In each iteration, qθ
is treated as the target value, and θ is updated such that the difference between qθ and
Qθ is minimized. This ultimately forms the proposed constrained fitted Q iteration (con-
strained FQI) algorithm (Algorithm 4). Furthermore, just as standard FQI can be adapted
to constrained FQI, other online value-based RL algorithms, such as constrained deep Q-
learning, constrained approximate SARSA, and Lagrangian RL, can likewise be designed
accordingly.
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Algorithm 4 Constrained fitted Q iteration

1: Input: The SACBF QB
ω , the state and input constraint sets X and U , X, the sample set

D⊆ Sω×U×Sω, the learning rate ζ> 0, the error threshold εQI > 0, and the maximum
number of updates K ∈N+

2: Initialize θ0 randomly in [−1,1], and k ← 0
3: Repeat at each iteration k

qs ← ΓQθk
(xs ,us ) for each (xs ,us , x+

s ) ∈D
θk+1 ← argminθ

∑|D|
s=1

(
qs −Qθk (xs ,us )

)2

k ← k +1
4: Until |Qθk+1

(x,u)−Qθk
(x,u)| ≤ εQI, ∀(x,u) ∈X×U , or k > K

5: Output Qθk

7.7. COMPARISON WITH OTHER APPROACHES AND LIMITA-
TIONS

Comparison with learning CBFs: Machine learning has recently been developed for
synthesizing CBFs (safety filters) with or without model uncertainties. A common
methodology to synthesizing permissive CBFs is to link CBFs with value functions of
optimal control problems, such as the approaches in [47], [77], [81], [187] and the cur-
rent chapter. The value function can then be approximated by RL or SL. Some authors
assume the knowledge of a nominal model and a valid CBF for that model [188], [205].
Then, RL is used to learn the discrepancies between the CBF constraint associated with
the nominal model and that related to the real model. However, all the above methods
can only enable the design of model-based safety filters. This limitation is due to the
inherent nature of CBFs, which need the model information to enforce the invariance
condition. In contrast, in the current chapter, we fundamentally propose a new direct
data-driven safe control framework, in which an SACBF is employed to evaluate the fea-
sibility of input signals without using model information.

The paper [123] uses discriminating hyperplanes (a series of linear constraints) to rep-
resent safe constraints in safety filters. This approach eliminates the dependence on
any specific safety certificate, and consequently, on the model. The hyperplanes can be
updated by RL, in which the reward is designed such that unsafe policies are highly pe-
nalized. However, the RL method of [123] can still be understood as a reward shaping
method for managing safety, which lacks formal guarantees regarding constraint satis-
faction. Besides, approximating nonlinear constraints by linear constraints may lead to a
rather conservative policy. In contrast, the proposed optimization-based control frame-
work, which involves a nonlinear program, provides a formally sound and more general
method to enhance safety and to eliminate dependence on an explicit model.

Comparison with integrating RL and MPC: The combination of MPC and RL can have
various kinds of forms. [90] uses RL algorithms to update a parameterized nonlinear
MPC scheme. It is shown in [90] that the parameterized MPC scheme can produce safe
and stabilizing policies as long as the RL algorithm updates parameters in a personally-
defined safe and stable set. Such a set, however, is usually problem-dependent. It is pos-
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sible to use LMIs to determine such a set for linear systems. Different from [90], which
parameterizes all terms of MPC, including the terminal cost, the prediction model, and
the constraints, [154] only parameterizes the terminal cost and uses approximate value
iteration to learn it offline. Similarly, [132] adopts approximate policy iteration to learn
the terminal cost offline. It is proven in [132], [154] that the resulting MPC controller
makes the system safe and asymptotically stable if the approximation error is bounded
and the MPC horizon is large enough. The above combinations, however, fail to solve the
online computational problem faced by MPC, since their policies are still determined
by online optimization over a long prediction horizon. In comparison, the proposed
optimization-based control approach yields significant online computational benefits
by using two state-action value functions Qθ and QB

ω to approximate the value function
and safety constraints implicitly defined by the parameterized MPC scheme.

Moreover, we acknowledge that, unlike parametrized MPC, which employs an ex-
plicit prediction model to derive optimal and safe policies for long-term goals, our
optimization-based control framework lacks explainability in the resulting policy. How-
ever, our method offers greater flexibility, as it allows the integration of any RL algorithm
into the control synthesis.

Comparison with safe RL: Existing methods for safe RL include using reward shaping
[102], [143], Lagrangian methods combined with policy gradient or actor-critic algo-
rithms [211], interior-point optimization [135], and safety filtering [53], [68]. Addition-
ally, a small body of work explores direct stochastic optimization of neural network con-
trollers over finite horizons, improving safety at sampled states but demanding signifi-
cant computational resources [129]. However, as discussed in the introduction, because
learning algorithms operate stochastically, learning-based control—particularly when
an explicit model is unavailable—requires safety filters to regulate policy execution and
to ensure reliable safety. The proposed optimization-based control framework is com-
patible with all the safe RL methods mentioned above and provides formal safety assur-
ance under learning errors.

Comparison with the model-based method in Chapter 6: In Chapter 6, the definition
of SACBFs is proposed, which contributes to a safety enhancement framework analo-
gous to (7.7). The current chapter expands Chapter 6 in the following two aspects. First,
all the learning-based methods for SACBFs proposed in Section 7.4 totally remove the
assumption on the availability of a nominal model, which is required in Chapter 6. Sec-
ond, in Chapter 6, the robustness to learning errors is addressed by a new CBF with a
contractive safe set, which needs a stronger invariance condition than invariant sets.
In contrast, the current chapter establishes an ESSf analysis framework using the fun-
damental robustness property of the SACBF, resulting in significantly less conservative
constraint tightening than that in Chapter 6.

Limitations: One downside is that safety constraints will inevitably be violated when
collecting samples of state transitions to train the controller. This may be inappropriate
for real-world applications where maintaining safety is essential throughout the learning
process. Using simulators to generate sample data during learning can solve this issue,
although the gap from sim to real needs further robustness analysis.
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We extend the barrier certificate, originally used to characterize state safety, to the
SACBF, which captures both state-input safety. However, this extension introduces a
drawback: it necessitates sampling and learning in the state-input space rather than just
the state space, thereby increasing computational and sample complexity.

7.8. CASE STUDY
In this section, we verify the proposed data-driven approaches for synthesizing safety
filters and their application to safe learning-based control for an autonomous vehicle
moving in a 2-D space containing obstacles.

7.8.1. MODEL
We consider the kinematic vehicle model [77]:

ṗx = v cos(Ψ)

ṗy = v sin(Ψ)

v̇ = a

Ψ̇= v tan(δ)/L,

(7.32)

where L = 0.1. The state vector x includes the position px , py , the speed v , and the
yaw angle Ψ. The acceleration a and the steering angle δ are the inputs. The input
constraints are given by −5 ≤ a ≤ 2 and |δ| ≤ π/4. The state constraints are specified by
|px | ≤ 2.6, |py | ≤ 2.6, 0 ≤ v ≤ 1, and |Ψ| ≤ π, as well as the requirement of avoiding some
obstacles shown in Fig. 7.2. According to the considered state constraints, the function
h is as follows:

h(x) =max

{
|px |−2.6, |py |−2.6,−v, v −1, |Ψ|−π, max

i=1,2,3,4
{r 2

i − (px − cx,i )2 − (py − cy,i )2}

}
.

Here, ri denotes the radius of each obstacle, while cx,i and cy,i represent the x- and y-
coordinates of the center of each obstacle. The state constraint is tightened to {x|h(x)+
0.2 ≤ 0} when learning SACBFs. The target set is Xtar = {x ∈R4|p2

x+p2
y ≤ 0.12}. The system

is discretized using the Euler method with a sampling time of 0.05 s.

7.8.2. SYNTHESIZING SACBFS
The synthesis of the SACBF is performed using three approaches, including the expert-
guided learning approach presented in Section 7.4.2, the RL approach described in Sec-
tion 7.4.3, and the LMI approach of Section 7.4.4. The SL approach in Section 7.4.1 is
not considered because it is unrealistic to assume knowing a CBF without knowing the
model in this example. For the expert-guided approach, we adopt artificial potential
fields (APF) [202] to design the expert controller. The APF-based controller has a cer-
tain capability for obstacle avoidance but is prone to falling into local optima, which can
either reside within obstacle regions or be located far from the target.

To get the training data sets Ss, Xs for the expert-guided approach, and Us, we start the
system from 10000 randomly generated initial conditions inside X = {x ∈ R4 | |px | ≤
3, |py | ≤ 3, −0.2 ≤ v ≤ 1.2, |Ψ| ≤ π} and get the trajectories over 200 time steps. For
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the remaining learning models, including using RL to learn the SACBF QB , learning the
optimal value function Q, learning the reference control policies, and identifying the
model in the subsequent statistical tests, we use uniformly random sampling to get 106

state-input samples from X.

We use neural networks with [128 128 32] “tansig” layers to represent all the neural
SACBF3. The training algorithm is stochastic gradient descent with momentum [165],
with a learning rate of 0.001. For the expert-guided learning approach, qω is repre-
sented by a neural network with [64 64 32] “tansig” layers, and the constraints in (7.9b)-
(7.9d) are penalized in the loss with β = 0.1 and the penalty weights λ(7.9b) = 1 and
λ(7.9c) = λ(7.9d) = 10. After 10 epochs of training, it is verified that the three inequalities
in (7.28a)-(7.28c) hold for ε= 0.083 at all the training samples. Therefore, we know that
these three inequalities hold over the continuous sets S0, S0 ×U , and X \S0 with high
probability by employing probabilistic verification methods [108]. According to Theo-
rem 7.5.2, under the tightened constraint h(x)+0.2 ≤ 0, the safe set {x|qω(x) ≤ 2ε/(1−β)}
is contained in the original state constraint with high probability.

In Figs. 7.2(a)-(d), we illustrate the neural SACBFs obtained by the expert-guided learn-
ing approach and the RL approach, and their corresponding safe sets. To visualize the
4D sets, we display their shapes on the px -py plane with fixed v = 0.5 and Φ = 0. Both
safe sets avoid intersections with obstacles and wall areas. The safe set derived from the
expert controller is smaller than that learned through the RL approach. This difference
arises because the RL method theoretically approximates the maximal safe set, whereas
the expert controller (APF) is not always feasible within the maximal safe set, which is
illustrated by the red curves in Fig. 7.2(a).

For the LMI approach, since Assumption 7.4.3 cannot be satisfied for the original vehicle
model in (7.32), we make some simplifications. In particular, (i) only the subsystems of
py and Ψ are considered, (ii) the speed is fixed to a constant 0.5, (iii) the obstacles are
removed, and (iv) the approximation tanδ ≈ δ is used. Then, the resulting simplified
system is of the form (7.17), with the nonlinear term sinΨ. After using the input sig-
nal δ(t ) = 0.1sin t to excite the system, we get the state-input data D (defined in Lemma
7.4.1) with the time horizon 20. The persistency of excitation condition is satisfied. By

solving the LMI problem (7.22), we obtain QB
P with P =

[
6.25 −0.2996

−0.2996 0.1176

]
. The

corresponding safe set is visualized in Fig. 7.3. As observed, the LMI approach is conser-
vative, as it restricts the SACBF candidate to quadratic forms.

7.8.3. CLOSED-LOOP SIMULATION
Hereafter, we evaluate the performance of the proposed optimization-based controller
(7.7). We construct two reference control policies obtained using: (i) APF and (ii) deep
deterministic policy gradient (DDPG) [131]. The APF contains two elements: attractive
potential fields, which guide the vehicle toward the target set, and repulsive potential
fields, which prevent the vehicle from hitting the obstacles. To highlight the perfor-
mance of the safety filter, we only apply the attractive potential field to get the reference

3The vector [a1 a2 ... as ] means the neural network contains s hidden layers with ai units in each layer.
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(a) The boundaries (blue curves) of the safe set
{x|qω(x) ≤ 2ε/(1 − β)} learned from the expert
controller. The green curves represent the safe
trajectories of the APF controller, while the red
curves and points represent the unsafe trajecto-
ries and initial states.
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(b) The value of qω learned from the expert con-
troller.
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(c) The boundaries (blue curves) of the safe set
{x|minu∈U QB

ω(x,u) ≤ 0} learned by RL
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(d) The value of minu∈U QB
ω(·,u) learned by RL.

Figure 7.2: The SACBFs and their corresponding safe sets in the px -py plane with v = 0.5 andΨ= 0. The green
area represents the obstacles and walls. In the contour figures, values below zero mean that the positions are
feasible.
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Figure 7.3: The boundaries (blue curves) of the safe set {x|xT P−1x ≤ 1} of the quadratic SACBF (7.21) obtained
by solving LMIs

controller (referred to as unsafe APF). Similarly, in the case of DDPG, we do not incor-
porate safety constraints during the training process (referred to as unsafe DDPG). For
DDPG, the stage cost is designed as g (x,u) = max{0, p2

x+p2
y−0.12}, with a discount factor

γ = 0.99. For comparison, we evaluate the filtered policies against: (i) the APF method
incorporating both attractive and repulsive potential fields (referred to as the safe APF);
(ii) the DDPG policy trained with a penalty on constraint violations in the cost function
(referred to as safe DDPG) [91].

Fig. 7.4(a) demonstrates the performance of the 3DSF learned using the expert-guided
learning approach. When applying the unsafe policy, the trajectories exhibit some con-
straint violations. In contrast, the learned SACBF enables the vehicle to smoothly avoid
obstacles, except for the initial condition px = 2, py = 0.5 (the rightmost black dot). To
explain this constraint violation, we note that the expert controller (safe APF) also ex-
hibits constraint violations when starting from this initial state. Consequently, the 3DSF,
which is learned based on this expert controller, recognizes this initial state as unsafe
and therefore fails to refine the reference policy.

In comparison, the 3DSF learned by RL refines the reference policy for all the initial
states. The trajectory starting from the rightmost initial state in Fig. 7.4(b) demonstrates
the superiority of the proposed 3DSF learned by RL. In particular, the safe APF policy
makes the trajectory fail into a local optimum inside the right obstacle, while the unsafe
APF policy with the 3DSF circumvents the local optimum and steers the system to the
target.

In Figs. 7.4(c-d), we show the trajectories of the vehicle controlled by the DDPG policies.
It is found that although for some initial states safe DDPG successfully plans a safe tra-
jectory, some trajectories fail to converge to the target set. This illustrates that it is hard
to balance the task performance and constraint satisfaction by naively adding penalties
to the stage cost during training. In contrast, the safety filter significantly enhances the
safety performance of the unsafe DDPG policy while ensuring that the policy reaches the
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target.
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(a) Closed-loop trajectories. Dashed blue curve:
unsafe APF; Solid blue curve: unsafe APF with
3DSF learned from the expert controller; Red
curve: safe APF; Black dots: initial states.
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(b) Closed-loop trajectories. Dashed blue curve:
unsafe APF; Solid blue curve: unsafe APF with
3DSF learned by RL; Red curve: safe APF; Black
dots: initial states.
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(c) Closed-loop trajectories. Dashed blue curve:
unsafe DDPG; Solid blue curve: unsafe DDPG
with 3DSF learned from the expert controller;
Red curve: safe DDPG; Black dots: initial states.
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(d) Closed-loop trajectories. Dashed blue curve:
unsafe DDPG; Solid blue curve: unsafe DDPG
with 3DSF learned by RL; Red curve: safe DDPG;
Black dots: initial states.

Figure 7.4: Comparison of closed-loop vehicle trajectories under different controllers and different safety fil-
ters.

7.8.4. STATISTICAL EVALUATION AND COMPARISON WITH INDIRECT DATA-
DRIVEN SAFETY FILTERS

Finally, we statistically compare the proposed 3DSF against an indirect data-driven
safety filter. In this subsection, the SACBF is learned by the RL approach because it has
been illustrated in the previous subsection that the SACBF learned by the RL approach
results in a larger safe set. To design the indirect data-driven safety filter, we intend to
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(a) Trajectories of the vehicle controlled by the
unsafe APF policy filtered by the 3DSF.
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(b) Trajectories of the vehicle controlled by the
unsafe APF policy filtered by the indirect safety
filter.

Figure 7.5: Comparison of closed-loop vehicle trajectories under the 3DSF and the indirect safety filter.

learn a standard CBF based on an approximate model. We first use a neural network
with [128 128 128] “elu” hidden layers to identify the kinematic model. After 30 epochs of
training, we get an approximate model with a sufficiently small (2.38 ·10−4) mean square
error. Then, following the approaches of [47], [81], [100], the approximate model is used
as a prediction model in the reachability problem4 (7.13). We solve (7.13) with the initial
state x0 being each state sample obtained in Section 7.8.2. Then, we get the target value
for the neural CBF, which is parameterized by a neural network with [128 128 32] “tansig”
hidden layers.

We randomly sample 141 initial states that lie in the intersection of the safe set of the
SACBF and the safe set of the CBF. Fig. 7.5 shows the trajectories controlled by the un-
safe APF controller with the 3DSF and the indirect counterpart, respectively. Notably,
the results demonstrate the absence of undesired equilibria, limit cycles, or unbounded
trajectories.

As has been mentioned in Section 7.2, (7.7) can be utilized either as a safety filter (3DSF)
for a pre-obtained reference control policy or as a policy generator to determine subop-
timal control inputs greedy to Qθ. Therefore, we apply the constrained FQI (Algorithm
4) to get the approximation Qθ of the constrained optimal value function Q̄∗ defined in
(7.30). This makes (7.5) a greedy policy optimization problem.

The results in Table 7.1 provide a detailed comparison of the safety rate, total cost, and
average CPU time for those trajectories starting from the sampled initial states. The to-
tal cost reflects the ability to govern the vehicle to the target set. The key findings are
summarized below:

4The reachability problem (7.13) is defined over an infinite horizon. To make it solvable for each sampled state,
we truncate the horizon at 20. While a longer horizon provides a better approximation of the maximal safe
set, a horizon of 20 balances between sample complexity and safety performance.
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Table 7.1: Comparison of safety rate, total cost, and average online CPU time for different control policies and
safety filters. The total cost is defined as the sum of p2

x +p2
y over 1000 time steps. The safety rate is defined as

the ratio between the number of successful trajectory plans (without constraint violations) and the number of
all trajectory plans. “SF” means “safety filter”.

Controller Performance No SF Indirect SF 3DSF

Unsafe APF
Safety Rate
Total Cost
CPU Time

58.16%
114.30

0.0043 ms

79.43%
136.59

1.60 ms

100%
154.25

2.19 ms

Safe APF
Safety Rate
Total Cost
CPU Time

81.56%
373.39

0.0060 ms

80.85%
521.46

1.51 ms

100%
155.87

2.21 ms

Unsafe DDPG
Safety Rate
Total Cost
CPU Time

70.92%
120.33

0.39 ms

79.43 %
141.22

2.21 ms

96.45%
187.54

2.49 ms

Safe DDPG
Safety Rate
Total Cost
CPU Time

82.27%
560.60

0.36 ms

89.36%
571.45

2.49 ms

100%
611.90

2.61 ms

Constrained FQI
Safety Rate
Total Cost
CPU Time

– –
100%

173.85
4.95 ms

• Both the 3DSF and the indirect data-driven safety filter can in general reduce the
rate of constraint violation while not significantly degrading the performance re-
garding the total cost. When combined with safety filters, even unsafe policies
(e.g., Unsafe APF and Unsafe DDPG) achieve safety rates comparable to their safe
counterparts.

• Most importantly, the 3DSF significantly improves the safety rate compared to the
indirect counterpart. The worse performance of the indirect counterpart is likely
due to the superposition effect of the model error and the CBF learning error.

• Constrained FQI achieves high safety rates (100%) and a lower total cost (173.85)
compared to safe and unsafe DDPG with the 3DSF. This validates that including
the SACBF constraint in the training process of RL could improve the task perfor-
mance.

7.9. CONCLUSIONS AND FUTURE WORK
We have proposed an optimization-based control framework that contains an SACBF
constraint to ensure safety for learning-based control methods. The main advantages
lie in its universal applicability to RL and SL methods for designing controllers, as well
as its online computational efficiency. Three learning algorithms have been developed
within the optimization-based control framework, making the controller strive for opti-
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mal performance while ensuring safety to the greatest extent possible. We have analyzed
the theoretical properties regarding the robustness of SACBF and translated the results
to error-to-state safety (ESSf) of the proposed control framework w.r.t. learning errors.
Simulations conducted on an obstacle avoidance problem demonstrate the aforemen-
tioned advantages.

Future work will focus on (i) increasing the scalability to higher-dimensional sys-
tems, (ii) examining the effect of external uncertainties, and (iii) designing distributed
optimization-based control for multi-agent systems subject to unknown dynamics and
nonlinear constraints.





8
CONCLUSIONS, IMPACTS, AND

FUTURE RESEARCH

In this final chapter, the main conclusions, the social and scientific impacts, and recom-
mendations for future research are provided.

8.1. CONCLUSIONS
This PhD thesis answers the central research question (How to effectively integrate opti-
mization and learning-based control, in such a way that performance optimality, safety,
and computational tractability are preserved?) by developing a suite of control strate-
gies. These include combining ADP and MPC, constrained ADP with PWA penalties,
optimization-free safety filters, predictive safety mechanisms, and ultimately, a unified
framework that integrates learning and optimization in control design. The key conclu-
sions and findings can be summarized as follows:

Learning-based control for linear and PWA systems under constraints.

• (Chapters 2-3) For linear systems and PWA systems, explicit MPC based on multi-
parametric optimization yields theoretical insights into the structure of the value
function and the optimal policy. These structural properties can be exploited to
enhance learning efficiency and performance during value function and policy
approximation.

• (Chapter 3) For systems governed by PWA dynamics and subject to PWA con-
straints, we demonstrate that incorporating PWA penalty terms into the objective
function preserves the PWA nature of both the value function and the resulting
policy. This observation motivates the use of PWA neural networks within the pro-
posed ADP scheme and supports the application of mixed-integer linear program-
ming for performance validation.

159
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• (Chapters 4-5) There exists a trade-off between safety guarantees and online com-
putational efficiency. Using PWA approximation for value functions, constraints,
and dynamics can speed up solving the online safety-constrained control prob-
lem. Explicit, though possibly sub-optimal solutions can be derived, further re-
ducing computational overhead.

• (Chapter 5) Despite the computational benefits, PWA approximations introduce
non-smoothness into the policy optimization problem, potentially compromis-
ing safety guarantees. This challenge can be addressed by leveraging generalized
Clarke derivatives of PWA functions to rigorously enforce safety constraints.

Integrated offline learning and online optimization for control under constraints.

• (Chapters 4-7) Online safety-constrained optimization that explicitly incorporates
hard long-term safety constraints defined by a safety certificate can provide long-
horizon safety guarantees for learning-based controllers, assuming the certificate
is valid. Although exact long-term safety constraints (i.e., safety certificates) are of-
ten analytically unavailable, they can be approximated by learning value functions
of reachability problems.

• (Chapters 6-7) The proposed integrated optimization and learning framework de-
composes the control synthesis task into two parts: learning the objective func-
tion to maximize performance, and learning constraint representations to ensure
safety, thereby enabling modular and interpretable design. We advocate for first
learning the safety constraints and subsequently integrating them into the learn-
ing of the objective function. This is because safety is inherently independent of
other performance metrics, whereas achieving optimality regarding task perfor-
mance should be addressed under the premise of ensuring safety.

• (Chapters 6-7) Constraint-tightening is not sufficient to guarantee safety when us-
ing learning-based methods to synthesize safety certificates or invariant sets. To
have this guarantee, drawing inspiration from input-to-state safety analysis, we
find that the safety certificate should be robust to approximation errors, or the in-
variant set should admit a contractive property.

• (Chapters 6-7) Compared to model-based approaches, model-free integration of
learning and optimization is considerably more challenging due to increased sam-
ple complexity and the lack of an explicit system model for evaluating critical com-
ponents such as safety constraints and value functions. While RL can alleviate the
model dependence, it remains hindered by substantial data demands, sample in-
efficiency, and possibly unstable learning.

8.2. IMPACTS OF THE PHD THESIS

8.2.1. SCIENTIFIC IMPACTS
This PhD thesis makes contributions to advancing the state-of-the-art learning-based
control with safety considerations.

While the integration of machine learning and MPC has been extensively studied (e.g.,
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[147], [168]), this PhD thesis has proposed a fundamental and more general framework
that integrates machine learning and general nonlinear optimization, offering a prin-
cipled framework to design learning-based controllers with formal safety and stability
guarantees.

Although online safety-constrained optimization can provide formal performance guar-
antees for learning-based controllers, it is usually computationally prohibitive for non-
linear or hybrid systems. By proposing optimization-efficient algorithms and tools (e.g.,
piecewise quadratic neural networks for value function approximation, optimization-
free safety filters, SACBF-based safety filters), the thesis significantly reduces the com-
putational requirements of solving the online safety-constrained optimization problem,
and consequently, addresses the trade-off between online computational efficiency and
performance guarantees.

A central question in integrated learning and optimization for control is how to avoid the
degradation of task performance when using online optimization to enforce safety, e.g.,
using safety filters or MPC. One promising solution is to include the optimization layer in
the learning process, either by differentiating through the optimization problem (which
can be computationally expensive) [212] or by treating the optimization as part of the
environment in RL (which may vastly increase the action space) [167]. The optimization-
free safety filters presented in Chapters 4 and 5 find explicit approximations of safe con-
trollers, enabling more efficient gradient computation and policy learning compared to
controllers based on implicit optimization solutions. This advancement contributes to
a significant reduction in offline computational complexity during the policy training
process.

As has been mentioned in the introduction, CBFs and Hamilton-Jacobi (HJ) reachability
are two prominent choices for safe controller synthesis and verification. A unified view
of them is presented in [55], and their connections with learning-based control and pre-
dictive safety filters are pointed out in the recent tutorial paper [196]. A major challenge
in this area is that RL methods often fail to approximate solutions to infinite-horizon
HJ reachability problems due to the absence of contraction properties, which can lead
to divergence of learning algorithms. Conversely, incorporating a discount factor gives
contraction properties but makes the gradient of the resulting CBF vanish, and thus un-
suitable for controller synthesis. The learning-based approaches for synthesizing CBFs
presented in Chapters 4 and 6 overcome this issue by considering an alternative finite-
horizon reachability problem with a conservative CBF as the terminal function. Such
a design guarantees the convergence of RL algorithms and the validity of the resulting
learned CBF. Overall, the developed learning-based approach for synthesizing CBFs ex-
pands the direction of combining learning and HJ reachability for safety control syn-
thesis, where a trade-off between the convergence of learning and the validity of safety
certificates naturally exists.

Finally, this PhD thesis also provides a comprehensive view on how to mitigate the ef-
fects of unavoidable learning errors on safety performance. Note that previous work
mostly addresses the effects of system mismatches [164], measurement noise [65], and
input disturbances [120]. We extend these robustness results to make the proposed con-
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trollers robust to learning errors. This contributes to the foundation for a unified robust
control framework that seamlessly incorporates various kinds of uncertainties. This im-
pact is both theoretical and practical, guiding practitioners in deploying learning-based
controllers with predictable behavior.

8.2.2. SOCIAL IMPACTS
Enabling safer autonomous systems. Safety remains a fundamental barrier to the
widespread adoption of autonomous technologies in real-world applications such as
self-driving vehicles, robotics, healthcare devices, and industrial automation. In these
applications, unsafe behaviors are likely to cause catastrophic consequences. By devel-
oping optimization-free and predictive safety filters, as well as novel safety certificates
like state-action control barrier functions, this PhD thesis introduces computationally
efficient methods to ensure real-time safety, even under model uncertainties and learn-
ing errors. These techniques provide opportunities for the deployment of autonomous
systems in unstructured or partially known environments where guaranteeing safety is
paramount.

Reducing the resource barriers to intelligent control. The proposed control frame-
works avoid the need for computationally intensive online optimization. Instead, they
leverage offline learning, PWA approximations, and explicit controller design to reduce
the burden on real-time computation. This improves the accessibility of advanced
control techniques for resource-constrained settings, such as embedded systems, low-
power medical devices, or affordable robotics, facilitating broader societal adoption of
automation and intelligent decision-making.

Supporting the responsible use of AI in safety-critical domains. This work con-
tributes to the foundation of responsible AI by proposing control-theoretic guaran-
tees for learning-based control, which are traditionally viewed as black-box or unpre-
dictable. By integrating formal methods like reachability analysis, Lyapunov functions,
control barrier functions, data-driven control, and constraint tightening, the proposed
approaches provide traceable and verifiable safety assurances, critical for applications in
healthcare, transportation, and human-robot interaction, where AI has shown powerful
capabilities but failures may have serious consequences.

Contributing to modular and adaptive autonomy. Finally, the proposed control frame-
works provide modular strategies for integrating learning and optimization for con-
strained control, i.e., it can work in conjunction with a wide range of learning-based
methods and optimization techniques. These capabilities are essential for the develop-
ment of modular and adaptive autonomous infrastructure, whether in smart cities, re-
newable energy systems, or precision agriculture, where each component should func-
tion out of the box and adapt dynamically to changes in other components.

In summary, this PhD thesis not only advances the theoretical foundations of safe
learning-based control but also paves the way for its responsible and impactful appli-
cation across a wide range of societal domains.
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8.3. RECOMMENDATIONS FOR FUTURE RESEARCH
In this section, we outline some potential future research directions based on the con-
clusions and findings of this PhD thesis.

A unified framework for robust control under general uncertainties. In most parts of
this PhD thesis, we have assumed full knowledge of system dynamics. However, uncer-
tainties arise naturally from various aspects, including external disturbances, inaccurate
state measurements, and unmodeled dynamics. Most existing literature has considered
a particular type of uncertainty [65], [120], [164], [205]. A comprehensive robustness
framework capable of systematically accounting for multiple sources of uncertainty re-
mains underdeveloped. Future research could focus on constructing such a unified
framework, with particular attention to evaluating and mitigating its potential conser-
vatism, both theoretically and in practical implementations. To achieve this, a possible
solution is to extend the existing input-to-stability/safety analysis to incorporate more
kinds of uncertainties.

Infinite-horizon chance-constrained control. One of the main insights of this PhD the-
sis is the inherent trade-off between strong safety guarantees and online computational
efficiency. This observation suggests that pursuing probabilistic safety, instead of abso-
lute guarantees, may result in more online computationally efficient controllers. In some
cases, strict guarantees of safety may not be necessary. In other words, sometimes safety
constraints can be satisfied with at least some probability. This can be formulated as a
chance-constrained control problem. Current research has predominantly focused on
finite-horizon settings, with approaches such as chance-constrained MPC and chance-
constrained ADP [176]. The extension to the infinite-horizon case is a challenging and
interesting future research topic. The difficulty lies in the fact that the optimal policy in
this setting may be ill-defined, non-Markovian, or non-stationary, thereby hindering the
applicability of traditional dynamic programming techniques. Possible avenues for fu-
ture work include leveraging state augmentation to restore Markov properties, or adopt-
ing conservative approximations via expected value constraints or Conditional Value-at-
Risk (CVaR) formulations [183].

Distributionally robust safe learning-based control. In some situations, uncertainties
are not random but instead stem from the strategic or adversarial behavior of other
agents. Examples include the behavior of pedestrians and other drivers in transporta-
tion systems. Addressing such cases necessitates a distributionally robust control ap-
proach, where controllers are designed to maintain performance under the worst-case
distribution within a prescribed ambiguity set. This paradigm has recently gained grow-
ing attention in the MPC community, where distributionally robust MPC has been pro-
posed [127]. However, solely relying on solving online MPC problems could be compu-
tationally intractable in the distributionally robust setting or could result in an overly
conservative, linearly parameterized control policy. A promising research direction lies
in exploring how learning techniques can enhance the performance and tractability of
distributionally robust controllers. One specific idea is to use robust or adversarial RL to
synthesize safety certificates that are distributionally robust, and then utilize these safety
certificates in the optimization-based controller design.
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Distributed learning-based control with safety considerations. While the whole PhD
thesis has focused on learning-based control of single-agent systems, in many real-world
scenarios, multiple agents operate in shared environments, constituting a large-scale
system. Examples include power networks and intelligent transportation systems with
multiple autonomous vehicles. A natural extension is to develop distributed and safe
learning-based control for such large-scale systems. Key challenges include handling
inter-agent communication, interaction constraints, as well as the issue of a nonstation-
ary environment in multi-agent learning, while ensuring safety and achieving a coop-
erative objective. Investigating distributed architectures, scalable policy learning algo-
rithms, and cooperative control strategies under safety-critical constraints will be criti-
cal for enabling robust and intelligent behavior in complex, interconnected systems. To
overcome these challenges, a naive approach is to treat other agents as external uncer-
tainties and design a robustly safe learning-based controller for each individual agent.
However, this strategy often leads to overly conservative behaviors. A more promising
direction is to develop stochastic models for the surrounding agents using, e.g., polyno-
mial chaos expansions, and incorporate them into the design of distributionally robust
controllers, thereby achieving a better balance between safety and performance.
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