RANDOMIZED UMD BANACH SPACES AND DECOUPLING
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MARK C. VERAAR

ABSTRACT. In this paper we prove the equivalence of decoupling inequalities
for stochastic integrals and one-sided randomized versions of the UMD prop-
erty of a Banach space as introduced by Garling.

1. INTRODUCTION

In recent years, decoupling inequalities have been used to construct theories of
stochastic integration in UMD Banach spaces [4, 13, 15]. The basic idea underly-
ing this approach is to use abstract decoupling inequalities to estimate stochastic
integrals

T
/0 o(t) AW (2),

where ¢ is a process with values in a UMD space E and W is a standard Brownian
motion, with its decoupled analogue

T ~
/0 o(t) dW (1),

where W is a standard Brownian motion independent of ¢ and W. This decoupled
integral is easier to handle, as it is defined in a pathwise sense. Indeed, using a
general two-sided decoupling inequality for E-valued tangent sequences, McConnell
[13] was able to show that a strongly measurable E-valued process is stochastically
integrable with respect to W if and only if its trajectories, viewed as FE-valued
functions, are stochastically integrable with respect to W. His techniques depend
heavily on the equivalence of the UMD property and geometric notions related
to (-convexity. Decoupling inequalities for tangent sequences may be found in
[7,9, 13, 14, 17].

Earlier, Garling [4] had derived a two-sided decoupling inequality for stochastic
integrals of elementary F-valued processes directly from the definition of the UMD
property. More precisely, he proved that a Banach space E is a UMD space if and
only if for some (for all) 1 < p < oo there exist constants 0 < ¢ < C' < oo such that
for all elementary F-valued processes ¢, we have

an | [oavo)| <] [ oavo) <ce| [Tsavol.
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These inequalities, combined with the operator-theoretic approach to stochastic in-
tegration of Banach space-valued functions developed in [16], was used in [15] to
construct a systematic theory of stochastic integration for E-valued processes. In
particular, necessary and sufficient conditions for LP-stochastic integrability were
obtained, analogues of the It6 isometry and the Burkholder-Davis-Gundy inequali-
ties were proved, and McConnell’s result was recovered as a corollary via standard
stopping time arguments.

Various applications of the decoupling inequalities in (1.1) require only one of the
two a priori estimates. An analysis of the proof of (1.1) in [4] shows moreover that
one-sided decoupling inequalities can be derived from one-sided versions of the UMD
property which were introduced subsequently by Garling in [5]. These properties
are called UMD~ and UMD™ below. These properties can be used as in [15]
to obtain generalized theories of stochastic integration in which the necessary and
sufficient conditions and two-sided estimates for stochastic integrals are replaced by
necessary conditions or sufficient conditions, respectively, with one-sided estimates.

The stochastic integration theory in [15] has many consequences and applica-
tions. For instance, many results in the theory of stochastic evolution equations
in Hilbert spaces (cf. [3] and the references therein), have analogues in UMDpy,
Banach spaces. Therefore, we believe it is important to know the largest class of
spaces for which one can construct a stochastic integration theory as in [15]. The
aim of the present paper is to show that this is the class of UMDpy,, Banach spaces.
It is shown that the validity of the second one-sided a priori estimate in (1.1) for
all elementary processes implies the UMDgy, property. With the same ideas one
can prove that E has property UMDf;W if for some 1 < p < oo the left estimate
in (1.1) holds for all elementary E-valued processes, so we include this too. The
proofs are based on Skorohod embedding techniques from [4], the Maurey-Pisier
characterization of finite cotype and estimates for randomized sums in spaces of
finite cotype.

Let (,F,(Fn)n>1,P) be a filtered probability space, and let (Q,F,P) be a
probability space. Both probability spaces are assumed to be rich enough for
constructions as below. We shall consider random variables and processes on
(Qx Q,F x F,P xP). On this probability space we use the filtration (F, @ F),>1.
In most cases our random variables and processes are extensions to Q x € of vari-
ables and processes on (2 or Q. Integration over 2 and Q will be denoted by E and
E.

Let (r4)n>1 be a Rademacher sequence on (Q,F,P) and let Gy = {0,Q} and
Gn = 0(re,k =1,...,n). Recall that a martingale difference sequence (d,,)_; is a
Paley-Walsh martingale difference sequence if it is a martingale difference sequence
with respect to the filtration (G, )N_,.

Recall that a Banach space E is a UMD(p) space for p € (1,00) if there exists a
constant C}, > 0 such that for every N > 1, every martingale difference sequence
(dn)N_; in LP(Q, E) and every {—1,1}-valued sequence (g,).

n=1 N ) . N n=1»
B3] e [5e

we have

p) >
Similarly, we say E is a UMDpw (p) space if one only considers Paley-Walsh mar-

tingales in the definition of UMD(p). In [11], Maurey has shown that UMDpyw (p)
already implies UMD(p). It was shown by Burkholder in [1] that if E is UMD(p)




RANDOMIZED UMD BANACH SPACES AND DECOUPLING INEQUALITIES 3

space for some p € (1,00), then E is a UMD(p) space for all p € (1,00). Spaces with
this property will be referred to as UMD spaces. For the theory of UMD spaces we
refer the reader to [1, 2] and references given therein.

Let (7, )n>1 be a Rademacher sequence on Q.

Definition 1.1. Let E be a Banach space and let p € (1,00).

(1) The space E is a UMDgpy (p) space if there exists a constant C7 > 0 such
that for every N > 1, every Paley-Walsh martingale difference sequence
(do)N_, in LP(Q, E), we have

1
p)p

(2) The space E is a UMD}y, (p) space if there exists a constant Cy >0 such

that for every N > 1, every Paley-Walsh martingale difference sequence
(dn)2_y in LP(Q, E), we have

p)% <c; (EEHiﬂ,dn

N
(1.2) (IE HZ d,
n=1

1
p)p

The corresponding notion of UMD~ and UMD spaces, where arbitrary mar-
tingale difference sequences are allowed, has been studied by Garling in [5]. It
was shown there that if £ is a UMD (p) space for some p € (1,00), then F is
a UMD*(p) space for all p € (1,00). Thus, both definitions are independent of
p € (1,00) and spaces with this property will be referred to as UMD~ and UMD™
spaces. In [5] these properties are called LERMT (Lower Estimates for Random
Martingale Transforms) and UERMT (Upper Estimates for Random Martingale
Transforms) respectively. We preferred the notation UMD~ and UMD™, since it
emphasizes the relation with UMD. Here the superscript ~ stands for Lower and
the superscript T stands for Upper. Similarly, one can show that UMDgw(p) are
p-independent and these will denoted by UMD%W. It seems to be an open problem
if UMDgy, implies UMD~ and if UMD;,FW implies UMD™.

We list some results on UMD~ and UMD™ spaces, the proofs of which can be
found in [5]:

N 1 N
(1.3) (EEHZ Fodn ) <o (IEHZ d,
n=1 n=1

e If Eis a UMD™ space, then its dual E* is a UMD~ space. If E* is a UMD™
space, then its predual F is a UMD~ space.

e Every UMD~ space has finite cotype. Every UMD™ space is super-reflexive.

e FE is a UMD space if and only if it is both UMD~ and UMD™.

Similar results hold for UMDy, and UMD;W spaces.

It was shown in [5] that {! is a UMD~ space. It can be shown that if F is a
UMD~ space and if (S, X, ) is a o-finite measure space, then LP({2; F) is a UMD~
space for all p € [1,00). A similar result holds for UMD™ for p € (1, 00).

Apart from trivial cases, the space L' (S, i) is an example of a UMD~ space that
is not UMD. It appears to be unknown if there exist UMDY or UMDIJSVv spaces
that are not UMD (cf. [6, Problem 4.2]).
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2. MAIN RESULT

Let W be a Brownian motion on (Q2,7,P) and let (F¢)i>0 be the augmented
filtration induced by W. Similarly, let W be a Brownian motion on (Q, F,P) and
let (F})¢>0 be the augmented filtration induced by W.

Let E be a real Banach space. A process ¢ : [0,00) X @ — E will be called an
elementary process if it is of the form

N
$(t,w) = 1o} (1)é0(w) + D Lt 1, (Dén(w),

where 0 <tp < --- <ty <00, &, is an elementary F;, ,-measurable random vari-
able,n =1,..., N and &, is Fp-measurable. The stochastic integral fo t) dW (t)
is defined in the usual way and is an element of LP(); E) for all p € [1, oo)

Theorem 2.1 (Garling). For a UMD space E and p € (1,00) the following state-
ments hold:

(1) There exists a constant ¢, > 0 such that for all elementary processes ¢,

(2.1) E H/OOO (1) dW(t)Hp < EE H/OOO (%) dW(t)Hp.

(2) There exists a constant ¢, > 0 such that for all elementary processes ¢,

(2.2) EIEH/ o(1) ATV (1) CPEH/ o(t) aw (1)

Conversely, if (2.1) and (2.2) hold for all elementary processes ¢, then E is a UMD
space.

Inspection of the proof in [4, Theorem 2] shows that (2.1) only requires UMD~
and (2.2) only requires UMD™. The main result of this paper reads as follows.

Theorem 2.2. Let E be a Banach space E and let p € (1,00). The following
statements hold:

(1) If there exists a constant ¢, > 0 such that (2.1) holds for all elementary
processes, then E is a UMDpy, space.

(2) If there exists a constant ¢, > 0 such that (2.2) holds for all elementary
processes, then E is a UMD;Vv space.

Although these results are in some sense not surprising, they appear to be new
and nontrivial to prove.

For the proof we need some lemmas. The first lemma is well-known and follows
from the strong Markov property.

Lemma 2.3. Let 19 = 0 and define inductively
Tp=inf{t > 71 : (Wi =W, _|=1}, 1<n<N.

Then (1,))_, is an increasing sequence of stopping times and (A7, AW,)N_, is
an i.i.d. sequence of random vectors, where

ATy =Tp — Tno1, AW, =W, —W, ,, 1<n<N.
Moreover (AW,)N_, is a Rademacher sequence adapted to (F,, )N_
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The next lemma gives some important properties of the independent Brownian
motion W at random times. Such stopped Brownian motions W are not Gaussian
random variables in general, but in this case they inherit some important properties.

Lemma 2.4. For 1 <n < N, let AW,, = W, — W, _.. Then (AW,)N_, is an
i.i.d. sequence of symmetric random variables, which is independent of (AW,,)_,.

Furthermore, each AW,, has finite moments of all orders.

Proof. For all 1 < n < N, AW, is symmetric, because AVV,L(w,-) is symmet-
ric for each w € Q. It follows from the strong Markov property of (W, W) that
(AW,,, AW,,)N_, is an i.i.d. sequence. So in order to prove the independence of
(AW,)N_, and (AW,,)N_,, it is enough to show that AW; = W,, and AW, = Wy,
are independent. The following argument is shown to us by Tuomas Hytonen. For
every Brownian motion B on () we introduce the following two stopping times:

8 =inf{t >0: B, = +1}.

Note that 1, = 77 /\TXV and for the Brownian motion —W, we have T;W = 7" and

W= V. Let B € R be some Borel measurable set. Since (W, W) is identically

distributed with (=W, W) it follows that
P(W,, =1,W, € B)=P(rY <7V, W,, € B)

=PV <", W,, € B)=P(W,, =—1,W,, € B).
Clearly,

P(Wﬁ = 17WT1 € B) +]P)(W7'1 =-1L,W; € B) = P(Wn € B)
Hence
. 1. . .
IP)(VVT1 =1,W, € B) = §IP (VVT1 €B)= IP)(VVT1 =1P (VVT1 S B)

The same holds for —1. This proves the independence.
For 0 < p < oo we have
EE|AW, [P =EE|W,,|P = g?E+F/?,

p

where gP is the p-th moment of a standard Gaussian random variable and the
statement follows from the elementary fact that 7 has finite moments of all orders.
O

Below we will consider adapted and measurable processes ¢ : [0, 00) X2 — E that
take values in a finite-dimensional subspace of E. Since n-dimensional subspaces
of E are isomorphic to R™, one may construct the stochastic integral for such
processes ¢ that satisfy ¢ — ¢(t,w) € L%*(0,00,E) for almost all w € Q. By
the Burkholder-Davis-Gundy inequalities we have for all p € (1,00) and for ¢
as above, fooo d(t)dW (t) € LP(Q; E) if ¢ € LP(Q;L*(0,00; E)). In this case the
decoupled stochastic integral [ ¢(t) dW (t) is defined pathwise as an element of
LP(; LP(Q; E)). Moreover, if (2.1) or (2.2) holds for all elementary processes one
may extend this to all processes as above. In fact, Garling proved (2.1) and (2.2)
for this class of processes.

The next lemma is a variation of an example in [5]. We include a proof for
convenience.
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Lemma 2.5. Let E = ¢y and p € [1,00). There does not exist a constant ¢, > 0
such that for all elementary processes ¢, (2.1) holds.

Proof. Assume there exists a constant ¢, > 0 such that for all elementary processes
¢, (2.1) holds. Then we may extend (2.1) to all measurable and adapted processes
¢ € LP(Q; L*(0,00; F)) that take values in a finite-dimensional subspace of E. For
each N > 1, we will construct a process ¢ as above and such that

(& H/OOO S(t) AW (£) p)l/p = N and (ER H/OOO () AW (¢) p)l/p < K,VN.

Here K, > 0 is some universal constant. This gives a contradiction.

We modify an example in [5] in such a way that the martingale differences arise
as stochastic integrals. We use the notation of Lemmas 2.3 and 2.4. Fix an integer
N > 1. Let D = {-1,1}¥, and for each e = (e,)Y_; € D define the process
¢e 1 [0,00) x 2 = R by

enla,, for t€ (rp_1,m), n=1,...,N,
Pe(t) = B
0 for t=0ort> 7y,
where A, 1 = Q and for 2 <n < N,
Ae,n = {AWl = €ly.eny AWn_l = en_l}.
Then each ¢, is stochastically integrable with

/ be(t) dW (t ZAWenlA

Define ¢ : [0,00) X Q — [°(D) by ¢ = (¢e)ecp- Then ¢ is stochastically integrable
and for almost all w € 2 and e € D we have ‘(fo t)dW (t ))( )(e )’ < N. For

almost all w € Q and e = (AW, (w)))_, we have ‘(fo o(t) dW(t))(w)(e)‘ =N
This shows that

(E H/OOO (1) dW(t)Hfm(D))l/p — N, forall pe[l,00).

On the other hand, we have

oo N
| oty = 30 A,

where for 1 <n < N, v, = (enla, ,)een-
For w € Q and e € D let k(w,e) be 0 if AW;(w) # e; and let k(w,e) be the
maximum of all integers n < N such that AW, (w) = ¢; for all i < nif AW;(w) = e;.

For almost all w € Q and for all e € D, (EnN:1 Aann> (w)(e) is equal to

~ AW (w041 (@, VAW 01 (@) + Sy AW, (w, YJAW, (w), if k(w,e) < N,
SN AW, (w, ) AW, (w), if k(w,e)=N.
Of course we have for all k < N,
k—1

Wi AWy + Y - AW, AW, = 2ZAW AW, ZAW AW,,.

n=1
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We obtain that for almost all w € €,

H/ o(t,w) dW (t )le(D) < 3532’;2 AW, (w, ) AW, (w)]-

Since for almost all w € Q, (AW, (w,))N_, is a sequence of independent centered
Gaussian random variables on 2, we have by the Lévy-Octaviani inequalities for
independent symmetric random variables (see [9, Section 1.1]) for almost all w € €,

N
E sup ]Z AW, ( n(w)‘p < 7R ‘Z AW, (w0, YAW, ()]

k<N —

~ ~ P ~ o~
_ o ‘Z AW, (w, .)‘ = O W,y (w, )P = 27 g7y (w)P/2.
n=1

Here gb is the p-th moment of a standard Gaussian random variable. We may

conclude that
IEIE H / (1)

Recall that the sequence (7, — Tn_l)nNzl is identically distributed. For p = 2 we
obtain

1/p
< 6g,(ETR/ )P,
loc(D)) gp(ETx ")

N 1/2
(/)P = ()2 = (B 3w =)

- (e ) = (L En) " - vAvE:

For 1 < p < 2 we have by Hélder’s inequality,
(ETp/z)l/p < (E7n) 1/2 =vVNVE™R.

Finally for p > 2, by the triangle inequality in L?/?(Q),

(ETE p/2 1/p _ ( (Z . 1)1’/2)1/? < (i(E (T2 —Tn71)p/2)2/p)
= (¢

By Lemma 2.4 this proves that for all p € [1,00) and some universal constant K,

(E]EH/OOOgb(t)d~ )1P<KW

Since [*°(D) can be identified isometrically with a finite-dimensional subspace of
cp, this completes the proof. ([l

1/2

/2 z/p) " UNE ),

an

Corollary 2.6. Let I/ be a Banach space. If there exists a constant ¢, > 0 such
that for all elementary processes (2.1) holds, then E has finite cotype.

Proof. Tt follows from the above example that ¢g is not finitely representable in E.
Hence the Maurey-Pisier Theorem (see [12]) implies that E has finite cotype. O
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Proof of Theorem 2.2. We may assume that the martingale starts at zero (see [1,
Remark 1.1 ]). Let (r,)"_; be a Rademacher sequence on the probability space
(Q, F,P) and let (d,))_; be an E-valued martingale difference sequence with re-
spect to the filtration (o (ry,72,...,7,))"_o. We may write d,, = 7 fr (11, -+, Tn_1)
for n = 1,..., N, for some f, : {-=1,1}""! — E. Let (,))_; be a Rademacher
sequence on the probability space (Q, F,P ).

(1):  We will show that there exists a constant C,; > 0 only depending on E
such that

N
(2.3) E HZ d,

We use the notation of Lemmas 2.3 and 2.4. Define a process ¢ : [0,00) x Q@ — E
by

N
" <(CrVEE |3 !
n=1

b(t) = fa(AWy, ..., AW, 1)  fort € (T-1,Tn], n=1,..., N
o fort=0o0rt > 1n.

The process ¢ is stochastically integrable and we have

p

oo p N
B[ ewavo] =E[X aw.pam.... W)
n=1

N
s
n=1

p

N
=F HZrnfn(rl,...,rn_l)
n=1

Also, we have

p

oo N
E]EH/O () dW(t)Hp :]EIEHZAann(Awl,...,AWn_l)
n=1

By Lemma 2.4, Corollary 2.6 and [10, Proposition 9.14], we have

P

)

N N
~ ~ p ~
IE]EHZ AW,z || < KPJEIEHZann
n=1 n=1
where (z,,))_; is a sequence in E and K, > 0 is some constant depending only on
E and p. By conditioning (cf. [8, Lemma 3.11]) this result extends to

P

)

N
(2.4) EE HZ AW, X,
n=1

N
P ~
< K,EE HZ X,
n=1

where (X,,)N_, is a sequence of E-valued random variables independent of (AW,,)N_,
and independent of (7,)N_;. By Lemmas 2.3 and 2.4, we may apply (2.4) to the
random variables X,, = f,(AWy,...,AW,,_1) for 1 <n < N to obtain:

EE HENJ AW, fu (AW, AW, )| < K2EE HEN: P (AW, AW, )
n=1 ne1

N N
~ P (i ~ _ P
= KZT;EE HZ {ann(rla DR 77077,71)H (:) K;)E]E HZ Tn'rnfn(rla s 77077,71)H
n=1

n=1

N
. ~ P
— KJEE |3 fud,
n=1
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In (i), we used that (ry,...,rn,71,...,7n) and (r1,...,7N,T171,...,"NTN) are
identically distributed. By assumption we have

B[ swavo)| < geE| [~ owai

We may conclude that (2.3) holds with constant ¢, K.
(2): We will show that there exists a constant C;f > 0 only depending on E
such that

N
(2.5) EE HZ Frdy,
n=1

p

p

N
(R dn
n=1

Let ¢ be as before. By Lemmas 2.3, 2.4 and [10, Lemma 4.5] and the same argu-
ments as before we have

N
EEHZFHdn
n=1

N
p ~ p
:]EEH E fnfn(rlw--»rnfl)H
n=1

DL TS TN
n=1

N
< mm HZ AW, fr(AW, .. .,AWn,l)Hp.

n=1

By assumption we have

E]E”;H/OOO o) av () < aE H/OOO o(t) dw (t)|

p

We may conclude that (2.5) holds with constant - O
EE |Wq|
Acknowledgments - We express our thanks to Jan van Neerven and Stefan Geiss
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