<]
TUDelft

Delft University of Technology

Natural extensions for Nakada's a-expansions
Descending from 1 to 92

de Jonge, Jaap; Kraaikamp, Cornelis

DOI
10.1016/j.jnt.2017.07.012

Publication date
2018

Document Version
Accepted author manuscript

Published in
Journal of Number Theory

Citation (APA)
dg Jonge, J., & Kraaikamp, C. (2018). Natural extensions for Nakada's a-expansions: Descending from 1 to
g~. Journal of Number Theory, 183, 172-212. https://doi.org/10.1016/j.jnt.2017.07.012

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1016/j.jnt.2017.07.012
https://doi.org/10.1016/j.jnt.2017.07.012

arXiv:1707.09321vl [math.DS] 28 Jul 2017

NATURAL EXTENSIONS FOR NAKADA’S o-EXPANSIONS:
DESCENDING FROM 1 TO g2

JAAP DE JONGE AND COR KRAAIKAMP

ABSTRACT. By means of singularisations and insertions in Nakada’s a-expansions, which in-
volves the removal of partial quotients 1 while introducing partial quotients with a minus sign,
the natural extension of Nakada’s continued fraction map Ty, is given for (v/10 —2)/3 < o < 1.
From our construction it follows that 2o, the domain of the natural extension of Ty, is met-
rically isomorphic to Q4 for a € [¢%, 9), where g is the small golden mean. Finally, although
Qq proves to be very intricate and unmanageable for a € [¢2, (v/10 — 2)/3), the a-Legendre
constant L(a) on this interval is explicitly given.

1. INTRODUCTION

In 1981, Hitoshi Nakada introduced in [9] a family of continued fraction maps Ty, : [a — 1,a] —
[@ — 1,a), with « € [0, 1], and obtained and studied their natural extensions for a € [1/2,1]; see
[9], [4] and [6]. Nakada defined these maps by

(1) To(z) = —= —
where e(z) = sign(z) and a : (—1,1) = NU {oo} is defined by
1
a(z) = H—‘ +1 —on , x#0; a(0):= 0.
x
In case a = 1, we have the reqular (or: simple) continued fraction expansion (rcf), while the case
o = L is the nearest integer continued fraction expansion (nicf). In the case o = 0, we have the

2
by-access continued fraction expansion; see for instance [14].

a(xz), x#0; T,(0):=0,

For a € [0,1], if T"~1(z) # 0 for n € N, we define

1
en =¢epn(x) =€ To’}*lzz: , and a, =ap(x):= 7—|—1—OAJ.
@) =< (127 @) @ || 7=
Applying (), we obtain
€1 €1 €1
2 Tr = TO xTr) = = = .. = R
) o (@) a1 + To(2) €9 €9
a; + ———— a + ——
as + Ta (ZZ?) £3
ay+ ———
as+ -
which we will throughout this paper write as x = [0; 1041, €2a2, €3as, . . . |; we will call the numbers

a;, © > 1, the partial quotients of the continued fraction expansion of x.
Let ©, € R? be the domain for the natural extension of T,,. We define T, : Qo — Q4 by

Tal,y) = (Ta(x)’ m> '
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Omitting the suffix ‘(z)’, we define the sequence of ‘futures’ (¢,)n>0 and the sequence of ‘pasts’
(vn)n>0 of z by v9 =0, and
(tn,vn) == T (x,0), neNU{0}.
We speak of ’futures’ and ’pasts’ because of the well-known relations (see for instance [4])
(3) tn = [0;€nt1An41s Ent2anio,-..] and v, =[0;an,Enan-1,...,20a1].

The sequence (t,, Vs )n>0 plays a central role in the theory of approximation by continued fractions
and is strongly connected with the sequence of convergents p,/q, of . This sequence is given
by pn/gn = [0;€1a1,€2a9,...,ena,], n > 1. In [], for instance, a lot of well-known properties
concerning the sequence (py, ¢n)n>—1 can be found, such as ged(pn,gn) = 1, n > —1, and
() p-1:=1, po:=aop, Pn = GnPp—1 + EnPn—2, N = 1;
q-1:= 07 qo ‘= 17 n = OnQn—1 + EnQn—2, N > 1.
The equation v, = gn—1/qn, n > —1, serves as an example for the connection between the se-
quences (tn, Un)n>0 and pn/qn; the approzimation coefficients

0n(2) = g7z — pu/qnl,
that are used to indicate the quality of the approximation of x by p,/qn, is another important
example. Again from [4], we have, for instance (again omitting the suffix ‘(z)’):

= U and g, = bl

1+t,v, 1+t,v,
the first of which we will use in the section on the a-Legendre constant at the end of this paper.
Without giving Q, yet (the determination of which is the main topic of this paper), we note that
— apart from a set of (Lebesgue) measure 0 — the map 7, is bijective almost everywhere on Q,,
with inverse map

1 —
Tt o= (0 A (0 S o))
z+a(z)  e(v)y r+a(z) Yy
note how the coordinates giving information about ‘pasts’ and ‘futures’ of the continued fraction

expansion traded places with those of 7.

onfl

A very helpful tool in the arithmetic of ¢,, and v,, is the well-known Mdbius transformation:

Let M = < OCL 2 >, with a, b, ¢,d € Z,ad —bc = +1. The Mobius transformation M : RU{oo} —
R U {oo} associated with M[] is defined by
ar +b —d —d a
M = — d M| — = 5 M = —.
@)= oo m () o M(oo) = 2

So, using ([B)) and applying M&bius transformations, we can rephrase (2)) as

(0 )e=(Ta) () e-(Ta) 02 E) -

Writing M,, := ( 0 en

>, we also see that
1 a,

tn = Myt1(tng1) (so tpp1 = Mr;&l(tn))
and generally,

tn = Mpy1- Mugp(tngr) (and tnpp = Ml Mo ().

Likewise,
T
Vst = ML, (v,)

1Throughout this paper we will omit the distinction between a matrix and its associated Mobius transformation.
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and generally
Un+k = Mg—;—k T Mg+1(vn),
from which we derive the very useful fact that

(5) tn-‘rk = M(tn) if and Only if Un+k = (MT)il(’Un)u

with M a Mobius transformation.

The main topic of this paper is the construction of all domains Q, with a € [¢?,1), where
g:=(v/5-1)/2=0.6180... (while G := (v/5+1)/2 = 1.6180...; g and G are for the well-known
golden ratios). We will show how to obtain these by transforming 2, into Q. , with o/ < a,
starting with @ = 1. We will also show that for a < (\/E —2)/3, Q4 becomes rapidly extremely
intricate, finally making it senseless if not impossible to give the associated set of pairs (t,v)
explicitly when o approaches g2. Our approach is based on singularisations and insertions in the
continued fraction expansion of «; see [I] and also [6], where singularisations are used to define a
suitable induced transformation. For A, B € N, B > 2, £ € R and € € {—1, 1}, the first of these
operations is based on the equation

1
6) At ———%—=A+1~ L — (partial quotient 1 between A and B is singularised);
B+¢
and the second one on
(1) A+ BL—F{ =A+e— ;1 (partial quotient 1 is inserted between A and B).
I+ p—77¢

In terms of M&bius transformations, (6] is similar to

0 e, 0 1 0 epteo (0 €n 0 —En+2
1 a, 11 1 apse /U1 ap+1 1 anio+enie

and () to

0 e, 0 ept1 (0 En 0 —ent1 0 Ent1
1 a, 1 apny1 J 1 ap+eps 1 1 1 apt1—éent1 /-

Singularisations shorten the (regular) continued fraction expansion of numbers € R. Considering
@), this implies a loss of convergents (as will be illustrated in the next section). Insertions
obviously lengthen a continued fraction expansion, yielding so-called mediants, that are usually
of lesser approximative quality compared to convergents. It be remarked, however, that inserting
partial quotients 1 in a given continued fraction expansion involves the possibility of creating
points (¢,v) lying in a part of 7 that had been removed in a previous stage of constructing. As
long as we can compensate each insertion with a singularisation, we can avoid this. Applying this
compensated insertion is actually the base of our construction of 2, from a = g downwards, that
we will gradually unfold in the next sections.

It is easy to see that compensation is only possible as long as an insertion involves the introduction
of an extra 1, that is, if B — 1 in () equals 1, implying B = 2. In this case we deal with

g & &
A+ 152 —Ade — 11 —Ade — 152

_ 92
C+¢ e Cterté
C+¢

Of course, similar equations could be given in terms of Mébius transformations, but at this point
we want to stress that either notation has its pros and cons as to readibility and illuminating
power. Depending on the context, for our computations we will use either continued fractions or
Moébius transformations.

2+

In the next sections we will step-by-step transform the domain 4 := [0,1) x [0, 1] for the natural
extension of the regular continued fraction to the domain €2, of the natural extension of any a-
expansion for o € [g2,1). Note that ¢, = 1 only occurs in the case x = 1 and n = 0, associated with
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the single point (1,0), that is sent to (0,1) under T;. So, in view of (), one should actually define
0y :=10,1) x [0,1] U {(1,0)}. We will suppress subtleties like these in similar cases throughout
this paper.

We will often use some well-known equations involving g and G, such as > =1 —gand 1 =G =
g + 1. Although we let a decrease continuously from 1 downwards, we speak of ’step-by-step’,
as the generic form of {2, varies over several intervals, according to feasability for singularisation
(possible in SectionBlonly) or compensated insertion. In Section2lwe will explain how to determine
these intervals. We remark that the results for o > /2 — 1 are not new (see for instance [6] or [9]).
However, our approach is best introduced by starting at a = 1 and has some illuminative qualities.
For one thing, we will show how our construction of €2, calls for the term quilting, as introduced
in [7]. More importantly, some interesting results on a-expansions come with the determination
of Q. Since the construction of €, will prove to be quite intricate, we will present these results
mostly separately at the end of this paper. In Section [§] we will go into ergodic properties of Ty
Representing the collection of subsets of 2, by B and defining pu,, as the probability measure with
density
1 1
No  (1+tv)?

on (Q4,8B) (with N, a normalising constant), we will also show that (Qq, fia, 7o) is an ergodic
dynamical system.

Finally, in Section [l we will extend a result of Rie Natsui ([I2]), based on the well-known theorem
of Legendre in the theory of regular continued fractions; see for instance [2]:

Theorem 1. Let v € R\Q and p/q € Q, with gcd(p,q) = 1 and q > 0, such that ¢*|xr—p/q| < 1/2.
Then there exists a non-negative integer n such that p/q = pn/qn, in words: p/q is a regular
convergent of x. This constant 1/2 is best possible in the sense that for every € > 0 an irrational
x and a rational number p/q, with ged(p,q) = 1 and q > 0, exist such that p/q is not a regular
convergent and ¢*|x —p/q| < 1/2+ €.

In [12], Natsui proves the existence of the a-Legendre constant for a-continued fractions, defined
by

L(a) :=sup{c>0:q2‘x—§‘ <cged(p,g) =1= 2 ==L n>0}

for 0 < a < 1; here p, /¢, is an a-convergent of z. She expands the result given by Ito ([5]; see
also [6]) for values 1/2 < a < 1 to giving explicit values of L(a) for v/2 —1 < a < 1/2. In Section
we will augment this result with the interval [¢2,+/2 — 1) and the numbers a = 1/n, for n € N,
n > 3.

We will first concentrate on the construction of €2, for various values of «.

2. DETERMINING THE INTERVALS ACCORDING TO TYPE OF SINGULARISATION

One way to look at the domains Q,, a < 1, is that in Q, no points (¢, v) exist for which o <t < 1.
In combination with the definition of (t,,vy) as 72" (z,0), n € NU{0}, for any z € [a — 1, o], this
forms the basis of our approach for constructing the Q, with a € [g2,1). We start with ©; and
fix « such that each time o« < t,, < 1, we replace the point (¢,,v,) by a point (¢%,v%) belonging
to the continued fraction expansion of x after singularising. When fixing o, we use the continued
fraction map T} of the associated ergodic system. Then we follow the same procedure, this time
starting with ,, fixing an o < « and applying T,, in order to construct Q.. From Section [ on,
we will show how to make use of compensated insertion when a < g.

We remark that under T, the continued fraction expansion of numbers can vary considerably,
according to the value of c. Denoting with z,, the a-expansion of 2 € (0, 1), we have, for instance,
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g1 = [0;1] and g, = [0; 2, —3], the bar indicating infinite repetition. Constructing 2,/ from €, the
way points are replaced depends on the way x, changes under singularisation or (compensated)
insertion. As a start, in Section [§ we will remove all points (¢,v) for which ¢ = [0;1,...], to which
end mere singularisation suffices. In Sections Ml and B we will remove all points (¢,v) for which
t =10;2,...] by means of a single compensated insertion. In Section [6] we will show that removing
points (t,v) for which ¢t = [0;3,...] (the ultimate one being t = ¢?) is possible only in special
cases, applying compensated insertion twice.

Not only the continued fraction expansion of a number x depends on which continued fraction
map we use, the expansion of the associated numbers ¢, does also. In order to determine the

interval [o/, o], o < o <1, such that ¢, € (¢/, @) implies ¢, = [0;1,...], we observe that on (0, 1]
both é and 1 — « are decreasing functions of a.. So, for a € (¢, 1],
(8) 1= 1+11<1+1 < (’)—1+1 <1+1 !

=7 Sy a_aloca—o/ Oé_a, a |,

from which we derive a;1(a),) = 1 if and only if 1/a/ + 1 — o/ < 2, which is the case if and only if
g < o < 1. This is why the next section is about the case a € (g,1]. There (and more so in the
sections following it) we will show that although replacing points by other points is in fact only
part of the construction of the {2, the heart of the construction is still the procedure sketched
above, which is actually a way to determine a-fundamental intervals Ay, o = Ao (i1,12,...,1p) of
rank n, that we define as follows:

Ay (i1, ..y in) = {a €10,1] : a1(@a) = i1,a2(an) = i2,. .., an(0g) = in},

where i; € Z\ {0} for each 1 < j < n. In the previous paragraph, for instance, we found
An(1)={a€0,1]:a1(aq) =1} = (g,1].

3. THE CASE «a € (g,1]

We start with the natural extension domain for the regular continued fraction, the square {21, and
the classic Gauss map 11, given by Nakada in [9]. Let = € [0,1] and n > 0 be the smallest integer
for which ¢,, € [, 1), i.e., for which (t,,vy) € Ry := [a, 1) x [0,1]. We then have that the rcf of
satisfies

T = [0;0’17 ey Qp, 17an+27an+37 .. ]7
observe that in 23 we have ¢, = 1, k > 1. Singularising a,,+1 = 1, we obtain
x=[0;a1,...,(an+1),—(any2+ 1), ants,...].

Let the sequence (tf, v ),>0 denote the futures and pasts of the singularised continued fraction

expansion of x. Then

(t:;,’U:;) = ([07 _(an+2 + 1); Ap+3, .- ']a [07 an + 17 Ap—1y-- -, a’l])a

while

(tnvvn) = ([Oa 17 An42, 043, - - - ]7 [07 Qny Qp—15-+ -, a’l])-

Note that v, = 1/(an + v,—1), which is equivalent to a,, + v,—1 = 1/vy, and so
1 R %
an+1+vn71_1+%ﬂ_1+vn'

*

Applying (@) with A=0,e =—-1, B=a, + 1 and £ = t,,12, we get

-1 1
e L gy L
an+1+tn+2 1—|—m

Since (tn,vn) € Ry, we find that (t*,v*) € Ay := [ —1,0) x [0,1/2].
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Note that the map M : R, — A, defined by M(t,v) := (t—1,v/(1+v)) is a bijection. In Section
[l we will use this to obtain ergodicity of the dynamical system (Qq, B, tta, Ta), g < a < 1.
It is obvious that t;,, ; = t, 12, and since

1 1 1 1

* — p—
Un+1 = = Un+2,

any2 +1—=0vF  anyo+1— 12~ apy2+ ﬁ Gpy2 + Unyl

we conclude that

(9) (t:LJrlv ’U:;Jrl) = (tn+2a vn+2>'

Having singularised the first partial quotient 1 in the continued fraction expansion of x and so
obtained an alternative expansion, we repeat the procedure ad infinitum. When doing so, we
actually not only remove R, from €, but T1(R,) := (0,(1 — a)/a] x [1/2,1] as well, since
(tnt1,ns1) = (1 —tn)/tn, 1/(1 + v,)). Equation @) implies 71(A44) = T2(Ra), so the loss of
points is confined to R, and T;(R,). Removing from Q; the strips R, and T1(R,) and adding
A, yields Q; see Figures[[land 2l Here we see a first glimpse of the similarity with the process of
quilting as described in [7]. Expanding this metaphor, our construction in the next sections may
be described as a form of recursive quilting.

We remark that €, can be constructed from 2; immediately, using 77, or from some Q4/, a <
o' <1, using T, . Indeed, in these cases we have something similar to (8):

1 1
\‘_+1—QIJ<\‘_+1_9J:27
« g

implying that changing “t, € [a,1)” in the beginning of this section into “t, € [a,a’)” would
leave the construction of €2, unaffected, save for the initial domain.
Rewriting z = [0;a1,...,an,1,an42,...] asz = [0;a1,...,(an+1), —(ant2+1),...] does not leave

the sequence of convergents unaffected: since p} = py and ¢; = qx, k < n, we find, applying (@),

Py = (an+1)p; 1+ Do =anDp_1 +Dp_1+Pp_o=anPn-1+Pn—2+Pn-1 =Dn + Pn-1 = Pn+1;
sz+1 = 2792 - sz—l = Gn+2Dn+1 + Pn+1 — Pn—1 = An4+2Pn+1 + Pn = Pn+2-

Similarly, we find ¢}, = gn11 and g}, = gny2. We conclude that in the transformation from
to Qa, a € (g,1), a convergent p,, /gy, is lost every time that (¢,,v,) € Ra.

Note that limy 4(1 —a)/a = (1—g)/g = g = limy 4 , which is mirrored in the fact that for « = g
the left boundary of R, coincides with the right boundary of 71 (R, ). We now have obtained the
following result:

Theorem 2. Let a € (g,1). Then Qq = [ —1,0) x [0, 2] U [0, 1=2] x [0, 3) U (=2, a) x [0, 1].
This theorem was already obtained by Nakada in [9]; see also [6]. Figure 2] shows an example of
the generic form of 0, a € (g,1). In Figure [Jl we have written —g? for the equivalent g — 1.

4. THE CASE a € (3, ]

An important implication of our construction of €, in the previous section is that in continued
fraction expansions associated to 1, a < g, the partial quotient 1 is non-existent. In the current
and the following section we will similarly remove all partial quotients 2 (with plus sign). We
determine the interval (¢, a], o < a < g, such that ¢, € (¢/, @] implies ¢, = [0;2,...], in a way
similar to the one at the end of Section (2): if z € [0,¢) and « € (z, g], then

1 1 1 1
2=|-41-g|<|—-+l-a|<a1(d)=|=+1—-a| < |=+1-d],
g «@ o o
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1 1 | 1\ 1
7o (Ro | | | |
1 | | | |
3 Boy  —---- BT ;
| | A, 1 | |
0 L= a 1 a-10 = S 0 g
FIGURE 1. FIGURE 2.
F . Q.
O, a =0.8. Qu, @ = 0.8. IGURE 3. fly

from which we derive a;1(a,) = 2 if and only if 1/o/ + 1 — &/ < 3, which (given that o/ € [0,9))
is the case if and only if V2 — 1 < o/ < g; indeed /2 — lg = [0;3,—2,—4]. We conclude that
AL (2) = (V2 —1,g], and therefore we will now investigate the case o € (v2 — 1, g].

In the current section we will confine ourselves to the case @ € (1/2, g]. To make a cut at & = 1/2 is
because obviously ¢ € (1/2, g] if and only if t = [0;2, —a, . ..], with @ € N>o, while t € (v/2—1,1/2]
if and only if ¢ = [0;2,),...], with b € N>3. We will see how the distinction shows in different
ways of transforming €.

Let x € [g—1, g) and let n > 0 be the smallest integer for which ¢,, € [a, g], i.e., for which (¢,,v,) €
R, := [a,g] x [0,1/2). We already know that in this case = [0;e1a1,...,Enan,2, —Ant2,--.].
Since the continued fraction map of the related dynamical system is Ty, for o € (1/2, g] we have

az(a) = H Tg%a)

+1—9J = H11—2‘+1—9J > H11_2 +1—gJ =G+1+1-g=3,
«@ g
so in this case
x =[0;e101,...,EnGn,2, —Ani2y ..., Gpi2 > 3.
To remove the partial quotient 2, we first insert —1, so as to write
x=[0;e101,...,en(an +1),—1,1, —anyo,...].

Now we singularise 1 in this expansion and get

x=1[0;e1a1,...,en(an + 1), =2, (aps2 — 1),...].

Having removed the first partial quotient 2 in the continued fraction expansion of x and so obtained
the alternative expansion, we repeat the procedure ad infinitum. Note that the next +2 could
be ap42 — 1 in the rewritten expansion, since a,y2 > 3. In the current case we have R, =
[, g] x [0,1/2) and, considering that (t,+1,vn+1) = (1 —2tn)/tn, 1/(24+v,)), Ty(Ra) = [—¢2, (1 —
2a)/a) x (2/5,1/2], knowing that (1—2g)/g = —g?; see Figuredl where we have taken o = 0.52 for
illustrative purposes. Having determined what to remove (in the sense of the previous section), we
use similar calculations as before to find what to add. Using the same notation as in the previous
case, we find

(tn, — 1 (as in the previous case),

(7> vn) T
tn —2tn  Un
(t:;-l,-lav:;-l,-l) = (_ﬁu 1- Un-l-l) = (1tnitl 7:7%—1%) and

(tha2>Vnia) = (tng2, Uny2).
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So there are two regions to be added: A, = [a — 1, —¢?] x [0,1/3) and Ty(As) = [(1 — 22)/(a —
1),(1—2g9)/(g—1)] x [1/2,3/5). With regard to the last region, we note that (1—2g)/(g—1) = g.
Because of the latter, we have not yet established to construct €, since T;(A,) contains points
(t,v) that do not exist in £, i.e. those for which ¢ € (o, g|; see the greyed region in Figure Bl We
will call the newly constructed region Q;l, defined by
01 =9 UAa UTy(Aa) \ (Ra UTy(Ra))
Putting Ra,1 := T4(Aa) N e, g] % [0,3/5) as the part yet to be removed, we define
le = Ql_,l \le.

We will follow the same procedure of removal and addition regarding R, ; as in the case of R,.

3
S e _
L o L To4a) R
2 2, I I
2 E(Ra) 2 | | |
sITT ‘ | |
1 1 e 1 1 1
I I Ra I I I
1 1 Ao 1 1 1
—g? 170204 0 a g a—1 —g2 1*06201 0 1a—3fz a 79
FIGURE 4. g with R, and
Ty(Ra), o = 0.52. FIGURE 5. Qf,, a =0.52.

Note that this renders the same t-coordinates as in the creation of {2, ;. To efficiently calculate
the v-coordinates, it is convenient to use Mobius transformations. We saw that in the current

construction of 2, the equation v} = v, /(v, +1) holds, that we now write as v, = < 1 (1) ) (vn);

11

1 92 > (vn). It follows that the v-coordinate of points in A, are

similarly we write v, = (

given by

(10) da=(1 1) (1 g )@

with v,, the v-coordinate of points in R,; for the v-coordinate of points in 74 (Aq,1) we have

(1) =13 ) (1 2) @

For the construction of Q4 2 we also need to calculate Tg(Rq,1). Since v, 1 = ﬁ = ( (1) ; ) (vn),

we find that the v-coordinates of T4(Rq,1) are given by

(12) mia=(9 ) (1 3) .

v, still being the v-coordinate of points in R,. Since v € [0,1/2) for points in R,, calculating
the boundaries of 2 is now straightforward. We have written the relevant values of ¢ and v in
Figure [ and write

Qo= Q0 UAai UTy(Aa1) \ (Ra,i UTg(Ra,1))

Defining R 2 1= T4(Aa,1) N e, g] % [3/5,8/13) as the part yet to be removed, we define
QQQ = Q;rz \ Ra72.
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8

Sttt T Rap|
g l l
1 o l :
2 I I I
| | | |
| | | |
| | | |
5 I I I I
3 13 I | | l
8 l l l l
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
! ! ! !
1 1 | IR |
a—-1 —¢? 120 () 1—2o « g

o a—1

FIGURE 6. Q42, a = 0.52.
Proceeding this way, we construct the sequence Q, x, £k = 1,2,..., and bring forth {2, as being

limy 00 20,k To do so, we need to calculate limy_, v:;k, limg o0 U;H,k and limy o0 Unt1,k,

using formulas associated with ([I0) through ([12):

k
* 10 1 1
Un,k:(l 1)(1 2) (Un),kZL
k
N 11 1 1
Un+1,k:<1 2)(1 2) (vp), k>1, and
k
0 1 11
Un-i—l,k = ( 1 2 ) ( 1 2 ) (U’n)u k Z 1'
1 1 . 0 1 . . .
We note that 1 9 ) the square of 11 ) the matrix that maps a pair of consecutive
Fibonacci numbers (F;_1, F;) to (F;, Fy11); we put Fp =0 and F; = 1. Tt follows that
lim Loy (vp) = lim Lo—1tn + Fou
k—oo \ 1 2 " koo Fopvn + Fopyt

. Fop_1vn+F.
Now suppose limy,_,oo 22i=tVnttor — 7 Thep

Fopvn+Fagya
. 1 . 1 1
L= klggo FopvntFopin klggo 1+ Fap—ovnt+For—1 = 14 [’
Fop_1vn+Fap Fop_1vn+Fop
from which we derive
k
. 1 1
Jm () p ) @)=s
whence
. * _ g _ 2
Jm v = g = o
: * _ g+l _
kli)rgo Vpiik = gy2 =9 and
1 2

Jim sk = 51z ="
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We conclude that

QO‘ = Qg\ ([04,9] X [O, %) U [_927 1—a2oz] X (F2k+1 F2k1>>
k=1

b
Fopi3’ Fopq

o0

Fye F: F: I
U <[a—1,—gz]x{ 2(k—1) 2k >U[1a_2f‘,a)><{ 2k 2k+2)>7

b) b
Pt Fop " Forgn) Fopt1” Fogs

from which we derive the following results, again obtained by Nakada in [9] (cf. []), illustrated by
Figures [7] and B

Theorem 3. Let o € (3,g]. Then
Qa =[a —1,-¢%) x [0,9°) U [-¢%, 2] x [0,¢]
U (£522,0) x [0, 3

Moreover, we have

gp--------m-n gp-----o-oo-oon;

| |

lﬁﬁj | |

2\ | | |

| | | 2 :

F - | B R ‘

| | | l 1 |

| | | | ! |

| | | | ! |

l l l l l J

— 20  1-2a : 1 2 1

a—1—g o 050 o 2 9 0 2
FIGURE 7. Qg, a = 0.52. FIGURE 8. Q..

In order to find the effect of the current transformation on the sequence of convergents, we recall
that we rewrote

x=[0;e101,...,En0n,2, —Anta,...| as
x=[0;e1a1,...,en(an + 1), =2, (ani2 —1),...]

Since p; = pr and ¢f = qx, k < n, we find, applying @) and omitting the straightforward
calculations,
Pr =DPn + Pn-1;

pz+1 = Pn+1;

p2+2 = Pn+2-
Similarly, we find ¢, = ¢n + gn—1, G541 = @n+1 and g5 = Gny2. It would seem that in the
transformation from Qg to Q, a € [1/2,g), the convergent p, /gy, is replaced by the so-called
mediant (prn +pn—1)/(gn + gn—1). We emphasise, however, that this is only a mediant with respect
to a small interval with upper bound g; actually, this ‘a-mediant’ is a convergent of the regular
continued fraction. This comes as no surprise: from [6] we know that regular convergents only
disappear and are not replaced by mediants when moving from the regular expansion to the a-
expansion for 1/2 < a < g. The regular convergent that replaces another one in the transformation
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from Qg4 to Qq, @ € [1/2,¢g) had previously been ’singularised away’ in the transformation from
Q1 to 4. We will illustrate this with an example.

Let z = (vV17—-3)/4=1/(3+(v/17—3)/2) = 0.28077 ... .; in the second, more intricate expression
for x, the number (v/17 — 3)/2 is explicitly displayed for reasons that will show instantly. We
distinguish

o =10;3,1,1], a € (g,1];
wo =[0;3,2,—4], ae ((VIT-3)/2,4];
To = [0;4,-2], ae€(1/2,(V/17-3)/2].

If we focus at the first partial quotients, we have

ifxa = [0;35171537151"']7 then (5_[?752_2) = (%5%5%5%5%7%5%);
if 2o =[053,2,-4,2,...],  then (2, ... B) = (%,1,2, L, 19
if 2 = [0;4,-2,4,-2,...], then(%,...,Zf)z(%,i,%,%,%).

What happens is that we create [0;3,2,—4,2,...] from [0;3,1,1,3,1,1...] by singularising the
second 1 from each pair (1,1), in which process some of the (regular) convergents get lost, in ac-
cordance with what we saw in Section[8l When creating [0;4,—2,4,—2,...] from [0;3,2,—4,2,...],
we first insert a 1 between each 2 followed by —4, so as to retrieve [0;3,1, 1, 3,1, 1] (and its conver-
gents), and subsequently singularise the first 1 from each pair (1,1), so as to lose other convergents
of the regular case. Generally, we conclude that in the transformation from Q, to Qn, o € [1/2, g),
some regular convergents p,, /g, are replaced by others.

Although direct singularisation, as used in for instance [6], would be more straightforward, it is
limited to « > 1/2, while our approach enables a decrease beyond o = 1/2, as we will show in the
next sections. Moreover, it shows how to transform a domain €, into another domain ., in a
uniform manner, where o/ is smaller than but close to «, for any « € (g%,1]. On top of that, in
Section B we will go into the isomorphism between , and Q, for ¢ < a < g.

5. THE CASE a € (V2 —1,1]
In this section we will show how to derive €, from (2, /5, with V2—-1<a<1/2 Letz e
[-1/2,1/2) and let n > 0 be the smallest integer for which ¢, € [«,1/2], i.e., for which (¢,,v,) €
Ry = [a,1/2] %[0, g). We already know that in this case x = [0;e1a1, ..., En0n, 2, Gnta,...]. Since
the continued fraction map of the related dynamical system is T} /9, for a € (V2 —1,1/2] we have

1 1 3
1 1 1 1
az(e) = LW“LI_?J B L;*&J - Lﬁl 1‘2+§J {ﬁjLEJ >
so in this case
x=1[0;e101, .. ,En0n, 2, Gnt2, . .|, Qnya > 2.

The difference with the case in the previous section is merely the sign of a,42, which shows
in the great resemblance of equations that we need to construct €2,. Applying insertion and
singularisation in a similar way, we find

x=1[0;e101,...,en(an +1), =2, —(ant2 + 1),...]

this time. The other equations are exactly the same as in the previous section: (t,41,Vn41) =
(1=2t)/tn, 1/(2+vn)), (G v5) = (tn = Lvn/ (14 vn)), (g, 05 41) = (1= 2t0) /(tn — 1), (vn +
1)/(vn +2)) and (715,05 12) = (tnt2, vnt2)-

Using similar calculations as in the previous section, we find that R, = [a,1/2) x [0, g) implies
Ti/2(Ra) = (0, (1 — 200) /) x (9*,1/2]; see Figure [ where we have taken a = 0.43 for illustrative
purposes. The first region to be added is: A, = [a — 1, —%] x [0, g?); the second is Tij2(Aa) =
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[(1-2a)/(a—1),0] x [1/2,g). An important difference with the previous case is that (R, U
Ti/2(Ra)) N ((Aa UTi/2(Aa)) = 0, so all we have to do is remove R, and Ty /2(Rs) from € /5 and
add A, and T /2(Aq) to it. Doing so, we find

Theorem 4. Let a € (v/2 —1,1/2]. Then

Qy = [a_ 1,0[) X [0792) U [%,O&) X [927 %) U [1—2017@) X [%79)'

a—1

Since (1 — 2a)/a equals a for a = v/2 — 1, at a = v/2 — 2 the domain €, is split in two parts:
Qs =V2-2,V2-1)x[0,6°) U [3vV2-1,V2-1) x [},9);

see Figure

g 777777777777777777 T 977777777777777777777}
[Tire(a0) 2 1 | |

2, ro 2 ‘

) | 7—1/2(Ra) [ | I
grope e A AR
| . Ra | | |
4 | N | | |

a-1 -3 55 0 ey Va-2 V21 0 V21
FIGURE 9. Q1,0 =0.43. FIGURE 10. Q.5 ;.
2

With a great similarity of calculations as in the previous section, we find that in this case also

P = Pn + Pn—1;
p:1+1 = Pn+1;
p:1+2 = Pn+2-

The difference with the case o € (1/2,g] is that now the convergent p,/q, is really replaced by
the mediant (pn, + pn—1)/(¢n + gn—1) in the sense of the regular case.

6. THE CASE o € (¥10=2 /2 1]

In Section @] we noticed that v/2 — 1 5.4 = [0;3, -2, —4]; actually, V2 — 1 is the largest o € [0, 1]
such that no partial quotients 1 or 2 (with plus sign) occur in a,. In this section we want to
remove points (¢, v,) with ¢, = [0;3,ep42an12,...], that is, points associated with numbers
x=[0;€101,...,EnGn, 3, Ent2ant2, - ... Similar to the cases in Sections [ and [l the removal of a
3 requires compensated insertion, for which we need a partial quotient 2, as explained in Section
[l Since we removed all partial quotients 2 with a plus sign, we are dealing with the following
numbers:

= [07 €101, .. .,Enln, 37 _27 En+3an+3; - - - ]

Note that uncompensated insertion would leave us with partial quotients 1 or +2, involving points
outside {2,. Because of the necessity of compensated insertion, the next interval to explore is not
simply A, (3) = ((v/13 — 3)/2,v/2 — 1] but the much smaller A, (3, —2). To find the boundaries
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of this interval, we determine (o/,q], o/ < a < /2 — 1, such that t, € (¢/,a] implies t,, =
[0;3,-2,...]. If o/ €[0,v/2 1) and a € (a/,v/2 — 1], then

2:{%+2—\/§J§{ ! +1—aJ§a2(a;)
3- 75

1 1
L’»—— JSE—é“_O/J’

from which we derive as(a,) = 2 if and only if 1/(3—1/a’)+1—a’ < 3. Given that o/ € [0,v/2-1)),
this is the case if and only if (v/10 — 2)/3 < o/ < v/2 — 1; indeed, (v/10 — 2)/3(/i5-2)/3 =
[0;3,=3,=2,—-3,—4]. So An(3,-2) = ((+/10 —2)/3,/2 — 1]. Since v2 — 1 = [0;3,=2,—4] and
limg—00[0; 3, =2, —a] = %, we will first show how to construct Qq from Q 5, with 2/5 < a <
V2 — 1, which will prove to be more complicated than the work we have done so far. After that,
the step from €y /5 to Q(\/ﬁ—2)/3 will prove to be fairly small.

Let o € (2/5,v/2 —1], 2 € [V/2—2,v/2 — 1) and n > 0 be the smallest integer for which ¢, €
[, v/2 — 1), i.e., for which

(13) (tn,vn) € Ra = [, V2 = 1] x [0,6%) U, V2 — 1] x [, 9).
Considering the fact that V2-1 Vil = [0;3 ﬁ it is not hard to see that in this case
x=[0;e101,...,En0n,3, =2, —Ant3, .. .|, Gnts > 4.
First we insert 1 between 3 and —2, yielding
x=[0;e101,...,6n0n,2,1,1, —ani3,...], ants > 4.
Next we insert —1 between a,, and 2, yielding
x=[0;e1a1,...,en(an +1),—1,1,1,1, —apnts3,...], anys > 4.
Then we singularise the last +1, yielding
x=[0;e1a1,...,en(an +1),-1,1,2, =2 ap13—1,...], ants > 4.
Finally we singularise the remaining +1, so as to get
x=[0;e1a1,...,en(an +1), -2, =3, anr3—1,...], anys > 4.

For the first time we are confronted with the singularised expansion differing at four places from
the original expansion, necessitating one more stage of calculating successive (¢, v)-pairs (in the
sense of the previous sections). Omitting the straightforward calculations, we find

(thrla anrl) = (1;itn ) ﬁ)a (ther ’Un+2) = (3;5j7ia 21;7;135)5

(ﬁ;’ :,) = (t’ﬂ - 17 117»2;71)7 (tn+17 n+1) (1t %tfu Z:I;)
(2_5tn Vp+2 )
2t,—17 20,4577

(t:;'f‘?’ Uﬂ+2) = (tn+37 Un+3) = (tn+37 Un+3)'

We see that in the current situation (i.e. for the current values of «), constructing €2, is much more
complicated than in the previous sections. There is one more step of removing and adding regions,
and these regions are all split in two disjoint parts. In particular, Ry 1 := 7—5571(‘40‘) NR, # 0,
similar to Sectiondl Since (I3)) holds, we can draw 2, 1, defined similarly as in Section @l We will
first sketch roughly what is removed from Q 5 _, (see Figure [T} the removed parts are in grey),
consisting of
Ro = [0, V2 =1 x [0,¢%) U[a, V2 = 1] x [§, 9),
T/o1(Ra) = [V2 = 2,1229] x (577, 5] U [V2 = 2, 1522] x (535

= ] and

+g7
Ths 1(Ra) = [3v2 - 13558) x (&5 JUEVE - 1,122 x (54, f)

\Ill\.’)
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The removal of R, does not show in the resulting figure (it is ‘cut off’ Q 5_,), but the four parts
of which 7 5_,(Ra) and ’Tjﬁ_l(RQ) consist, show as coves. In Figure [[2] we see Figure [[1] with
the added regions; R, is in grey:

Aa=la—1,V2-2]x [0, £)Ula—1,V2 - 2] x [, ¢7),
Tz (Aa) = [522, 1V2 — 1] x [4, L) U [A20 13 1] x [2, 9) and

a—1

2
Tjﬁ_l(Aa) = [%7\/5_ 1] X [%a 52_:_—2(](]2) U [%aﬁ_ 1] X [%a 52%2(](])

Similar to the construction in Section M we are now left with R, 1 to remove, consisting of the
protuberant parts of two small rectangles between the parts that we already removed. Figure
shows a detailed example of Q,.1, 2/5 < o < /2 — 1. This first stage shows how €2, is not only
characterised by more and more protuberant parts and coves as a decreases, but is also splitting
in more and more disjoint regions. Nevertheless, the construction of €, in the current case is
very similar to the construction of €, in Section Hl likewise, we construct the sequence Qg k,
k=1,2,..., and bring forth €, as being limy_,oc Q2q .

We remark that fractions involving g or G can be represented in many ways. In this particular

V2—-2 3V2-1 0

FIGURE 11. g1, removed FIGURE 12. 41, removed
parts, rough sketch. and added parts, rough sketch.

case, substituting g for v, in 1/(3 + v,) (associated with the v-bounds of T ;5_,(R,)) yields
1/(3 + g), which is equal to g?/(1 + ¢?); this is the fraction we find when we substitute g* for v,
in v, /(1 + vy,), which is associated with the v-bounds of A,; see the lower corner on the left side
of Figure 13

To obtain 2, as a ‘limit’ of the sequence €2, 1, we need to infinitely remove and add regions.
Similar to the case 1/2 < a < g, only new v-values need to be calculated, to which end we use the
Méobius transformations associated with vy, v 1, vy 5, Uny1 and v, y2. The matrices involved are
immediately derived from the way v}, v}, | et cetera are expressed in v,. In the recurrent process
; g - the one belonging to v}, , , - plays a central
role, because it determines the domain of v-values in each new stage of constructing Q4 x, k > 1,

of removing and adding regions, the matrix
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V2 —1=-0292...

FIGURE 13. Q,1, a = 0.405. The lower rectangle [a — 1,v/2 — 1] x [0, .267) has
been omitted.

similar to ( 1 ; > in Section Ml Using similar notations for new v-values also, we find
k
X 1 0 1 2
vn,k_<1 1><2 5> (Un),kZI,
k
X 11 1 2
anrl,k = ( 1 2 > < 2 5 > (Un), k Z 1a
k
X 1 2 1 2
vn+2,k = ( 2 5 > < 2 5 > (vn)v k 21
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Un+1,k = <
1 3 1
Unt2k =\ 2 5 2

It be remarked that graphic representations of £, i, & > 2 would show merely very small changes
compared to £2,,1. The six regions that are removed as well as the six regions that are added in
each new stage are very small. We have, for example:

and

k
) () k21 and

= O
w =
N——
N
o =
(G20 \]

[\

>k (vn), k> 1.

(@31

Aan=la—1,V2—-2) x [2, 250 Ula — 1,V2 2] x [&, 242),

while 2 = 0.285714...; 250, = 0.202412...; & = 0.294117... and 252 = 0.205686.

2
T (Aan) = 520, 3V2 — 1] x [, T U (520 5v2 — 1] x [, 5558,

while 75 = 0.583333 .. .; {552 = 0585621 ...; 4 = 0.586206 ... and 3L = 0.586746 .

2 _ [2=5a 12 124542 2-5a 29 1245
T\/i—l(Ao‘vl) - [201717\/5 - 1] X [E7 29+12gg2) U [201717\/5 - 1] [ 70 29+12gg)’

29 —0.414285 ... and 22552 — (0.414378.. .;

_ . 124592
=0.413793...; 522, = 0.414185.. .; 7o 297124

) 20+12¢g

l\.’)|>—l
Nel| v}

while

Tﬂ71(Ra,l) = [\/5 - 25 %] X (157127(](]2 ) %] U [\/5 - 27 1730‘] X (157-"__;,_27'?(], %]a

(e

while & = 0.204117...; 20, = 0.202975.. ;12 = 0.202682 ... and 52 = 0.292412... and

—
-3

_ 1747
2] x (29:12gg’ 70l;

735_1(3&,1) = [%\/5_ L, gail] X (2197:172%2 ) %] U [%\/5

while 7 = 0586206 ...; 2-H0 — 0.585814...; 41 = 0.585714... and AL5IL — 0.585621.

In F1gure [[4] the leftmost corner of Q4 2 is shown. Similar to F1gure|]3], we have omitted the 1ower
rectangle (where v < %), in order not to waste too much blank space. Even more than Figure [I4]
Figure [[3 illustrates the rapid decrease of the surface of the rectangles, the union of which finally

builds Q. In particular,

2
Ra,? = [047 \/5 - 1] X [%7 2192:152!]92) [ \/5 - 1] [ 87 2192:152!]9)7

the union of two very small rectangles between the two rectangles of R, 1. In the next step, we
would find R, 3 consisting of two very small rectangles between the two rectangles of R, 2 - and

SO o1.

. 1 2 1 . . .
Since 9 5 )= (1) 9 , we see that at the base of our current construction lies a matrix

that is almost equal to the one in Section M that renders consecutive Fibonacci numbers. In this
case, we have a matrix that renders the recurrent sequence E,, given by E,41 = 2E,+E,_1,n > 0,

with E_; =1 and Ey = 0. Now suppose lims_;oc %’ﬁik = L. Then

1 . 1 1
L= ;}EEO Borvn+Eoki1 ;}EEO 24 Eak_svnt+FEak—1 ~ 9 L [’
Esk—1vn+Eag Eak—1vn+Ea

from which we derive

1 1\"
1im(1 2) (vn) =Vv2—1, whence

k—o0
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; * 0 V2-1 _ 1 _ 1 _
Jim vy = YL = 1v2=10.292893...,
. * _ N2 o _
Jim vf = =2 V2 =0.585786.. .,
Hm vf,,, = Y2 — /2 - 1=10.414213...
k—oo "T2E T 2v2+3 V2 0 oo
lim v =2t _=1-1v2 and
koo TR T Va2 2\/_
lim v = V22 _9_ /)
koo "THE T 2V213 V2
77777777777777777777 2+g
5+2g
249 _
el VAL =0.2056. ..
I I 5
: : 12
R 1245
& =02041. - L ‘ 20 *g, o713
AT‘ ) Igr::::::::::::::::::’“12+5922
o,y 5429 _ (02929, . 20—~ — - - - ------------19 1294129
09998 __ | _ -~ ~""TTT T 174792 . T | 249
%702926.71{{””””f 777777 T |
| : 71392 The fractions on the left :
: To(Fa1) :: 157127‘2 are associated with I
: 1= 0.2924 . .. the lower boundaries :
: : of the rectangles; :
: : the fractions on the right :
I : are associated with :
|
| : the dashed upper boundaries. ||
| I
I
| | |
I : 2 I
: X 52—5a 04:
‘ 2a—1 B
a1vE_ 2 L5s 2=0.2857... V21
FIGURE 14. The leftmost cor- FIGURE 15. The rectangles be-

tween the upper and lower b
of Q4 2,a = 0.405.

ner of 24 2,a = 0.405.

Omitting straightforward calculations, we conclude that

Qa = Q\/ﬁ*l \ U RQJC U Tﬂfl(Ra,k) U T%_l(Ra,k)

lock

k=0
oo
2
U (Aar UToa i (Aa ) UTZ (Aas)")
k=0
with
_ _ Eop  Bort+9®FEop_1 _ Eapq1
Rak —[Oz, \/5 1] x [E2k+1’ E2k+1+g2E2k) U [a’ \/5 1] X [E2k+2’ Eokt1+9FE2k
_ 9 1-3a Eort1+9° Eok Eok+t1
Tﬁfl(Ra’k) _[\/5 2, [ ] X (E2k+2+E2k+1+92(E2k+1+E2k)’ E2k+2+E2k+1]
9 1-3a Eop+1+9E2k Eak2 .
U [\/5 2, a ] x (E2k+2+E2k+1+g(E2k+1+E2k)’ E2k+3+E2k+2]’

2 _ 71 _ 1 2-5a EowiotEori149° (Baky1+Fok) EopyotBory

T\/ifl(Ra’k) _[2\/5 L, 304—1] X ( Eski3+92FEaky2 ) Eapt3 ]
1 _ 1 2-5a EopyotEoki1+9(Bokt1+Eok) Eokis+FEorior.
U [2\/5 L, 30&*1] X ( Eopt3+9Foky2 ? Eagta ]’

=l — _ Eop Eau+9° Ear_1
Aa’k —[Ot 1, \/5 2] X [E2k+1+E2k’ E2k+1+E2k+g2(E2k+E2k—l))
E Eop+gEo,—
U[Oz—l,\/i—2]><[ 2k41 ok tglok—1 );

Eopqo+Eopy1’ Bapp1+Eor+g(Ear+Eak 1)

Eorp+gFak—1 )

)

17
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_[1=2a 1 _ Eory1+FEar Eong1+Far+g” (Bant+Ear—1)
T\/i—l(Aa’k) _[ a—1" 2\/5 1] X [ Eagqa 7 Eopy2+9?Eakta )

U [172a 1./5_ 1] « [E2k+2+E2k+1 E2k+1+E2k+g(E2k+E2k—1)),
a—172 Eop43 ? Eoptot+gFopi1 ’

2 *x __[2—5x Eokye Eokyatg®FBokyn 2—5a Eakys Eagyot+gFokia
T\/i 1<Ra’k) _[204*1 ’ a) X [E2k+3’ E2k+3+92E2k+2) U [206*1’a) X [E2k+4’ Eopy3+9Eok 2 )’

where 7‘55_1(1%04716)* = T%_I(Ra_,k) \ Ra.k+1, Rao:= Ro and Ay 0 1= Aa.
In order to find the effect of the current transformation on the sequence of convergents, we recall
that we rewrote

x=[0;e101,...,En0n,3, =2, —Apnt3,...] as
x=[0;e1a1,...,en(an +1),—-2, -3, an43—1,...]
Since p; = pi and ¢; = qi, k < n, we find, applying (@) and this time omitting the straightforward

calculations,
Py = P+ Pn—1;

p;k1+1 = Pn4+1 — Pn;
p:;+2 = Pn+2;
p2+3 = Pn+3-
Of course, we find similar relations for g;; through ¢ ,3. We conclude that in the transforma-

tion from Q 5 ; to Qq, a € [2/5,v/2 — 1), the convergent p,/q, is replaced by the mediant
(Pn + Pr—1)/(qn + qn-1) and that p,11/gn+1 is replaced by the mediant (pp+1 — Pn)/ (1 — qn)-

FIGURE 16. (22, 'rough sketch’. FIGURE 17. Q 5 o, rough sketch’.
5 3

We will now show how to construct Q, from /5, with v10 —2)/3 < a < 2/5. Let o €
((vV/10—-2)/3,2/5), z € [-3/5,2/5) and n > 0 be the smallest integer for which ¢, € [a,2/5], i.e.,
for which

oo
2 Eop  Bautg’Fan_1 Eoky1 Eorp+gFak—1
(tn’vn) € U ([a’ 5] X ([E2k+1’ E2k+1+92E2k) U [E2k+2’ E2k+1+gE2k) :
k=0
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We already know that in this case
x=[0;e101,...,En0n,3,—2,Ant3,- -],
that we rewrite as
x =[0;e1a1,...,en(an +1),-2,-3, —(ap+s + 1),...];

it is not hard to find that a,t3 > 3. Remember that in Section [Bl we saw how much the case
a € (V2 —1,1/2] resembled the case a € (1/2,g]. Here we find a similar resemblance between
a € (V10 — 2)/3,2/5) and a € [2/5,v/2 — 1]. Of course, in the current case the continued
fraction map is Ty/5 instead of T 5_,, but straightforward calculations show that exactly the
same equations for calculating the (¢,v)-pairs for the regions R, through 72(A,) hold, which
proves to be very convenient for the construction of Q,, a € ((v/10 — 2)/3,2/5). It appears that
the transformation consists solely of expanding the regions already added and removed, in other
words: both the protuberant parts as the coves are extended. Of special interest are the coves in
the upper block: as a decreases, they scoop out the upper block until it splits in infinitely many
rectangles at t = (v/10 — 2)/3; see Figure 7 Finally, extending our research from [2/5,v/2 — 1]
to ((v/10 — 2)/3,+/2 — 1] makes no difference for the way convergents are replaced by mediants as
described earlier in this section.

We have now proved the following theorem:

Theorem 5. Let a € ((v/10 — 2)/3,v/2 — 1] and let the sequence E,, n > —1, be defined by
Eny1 =2E,+FE,_1,n >0, with E_; :=1 and Ey := 0. Define

Vi o= [E2k+2 E2k+2+92E2k+1) [E2k+3 Eopto+gFBaky1 )
Lk - Esk+3’ Eokts+92Fakyo Eapta’ Eopysz+gEagi2’’
Vo o = [E2k+1+E2k E2k+1+E2k+92(E2k+E2k—l)) U [E2k+2+E2k+l E2k+1+E2k+g(E2k+E2k—1)),
2,k - Eagqa Eski2+92FEapy1 Eap43 ) Eopyo+gFEoky1 )
Vo i= [ Eop Eor+g°Eor—_1 ) [ Eok41 Eop+gEak—1 )
3.k Eskt1+Ear’ Eapp1+E2p+92(Eagp+Eak—1) Eskto+Eoii1’ Eopy1+Eor+9(Ear+FE2k—1)/"
Then
_[1=3« 2 2—bHa 1
Qo =[5%,0) x[0,9°) U[552F, @) x [5,9)
o0
2—5a 1-2a 2-5« 1-3«
U (13535 0) % Vi U [5228, 3559) x Vo U — 1,122 x Vi)
k=0

7. THE LONG WAY DOWN TO g2

In the previous section we rewrote
x=1[0;e1a1,...,En0n, 3, —2,Ent3Gni3, - - - |
as
x=[0;e1a1,...,en(an +1),—2, -3, —eni+3(ants +ents)s---|.

In terms of Mobius transformations this is
0 e, 0 1 0 -1 0 epts
1 a, 1 3 1 2 1 apts
(0 €n 0 -1 0 -1 0 —En+3
(14) “\1 a,+1 1 2 1 3 1 anys+ents

Ben 5nn+3 + 3EnEn+s

=\ ban+2 5Hanants+ 3ent3an ;
+2an+3 + En+3
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We can extend and then generalise this: just as

0 e 0 1 0 -1 0 -1 0 -1 0 Enirto
1 an 13 1 3 )\1 3 1 2 1 Gngrgo

k — 1 times

(0 ey, 0 -1 0 -1 0 -1 0 —enikt2
(15) o 1 Ay + 1 1 2 1 3 o 1 3 1 An4-k+2 + Entkt2

k times

Fopysen Fopy5enniky2 + Fopyracncninto
= | Fopysan + Fopys  Fopysannipt2 + Foppacnypi2an |,
+Fopi3antk42 + Foptocnirto

which can be derived from (I4]) by inserting ( 0 )—matrices at the right place, we have

1 3
[07 €1Q1, ., Enln, 3, —3,..., =3, =2, En+k+20n+k+2, - - ]
—_——
k — 1 times
:[07 €101, .- -, En(an + 1)7 _27 _37 RN} _37 _En+k+2(an+k+2 + En+k+2)7 cee ]
—_——
k times

We observe that

k— o0

lim [0;3,-3,..., 3] = ¢*
———
k — 1 times
The good part of this is that it appears to be possible to apply compensated insertion beyond
(V10 — 2)/3, by means of extending the (3, —2)-insertion by adding partial quotients —3 between

3 and —2. The bad part is that this possibility vanishes once we reach g2. Taking the approach
we took so far, the thing to do is letting o decrease from (v/10 — 2)/3 to g* via the sequence

[0;3,-3,...,—-3,—2, k120K +2,- - . |, starting with the case k = 2, which is [0;3, -3, —2,e4a4, . ..].
k—1 times

In the previous sections we have seen how our approach of singularisation and insertion gradually
involved more details to process. We will show how things rapidly become even more complex,
making it impossible to continue this approach much longer. So far, we have been able to construct
Q, for all a € [(v/10 — 2)/3,1). The next set of numbers to tackle would seem to consist of

numbers z = [0;€1a1, - .., Enln, 3, —3, =2, Entdlnia, ... | and t, = [0;3, -3, —2, £y 44an 44, - . .|, the
largest of which is (v/10 —2)/3 = [0;3, —3,—2, —3, —4]. Let us first determine the interval (¢, «),
o <a<(v10—2)/3, such that ¢, € (¢/, @) implies ¢, = [0;3,—3,—2,...]. We remark that
1
fQ(I) = 1
8- 1

where the index 2 indicates the number of successive 3s, is a decreasing function of z on R\ {0},
soif o/ €[0,(v/10 —2)/3) and « € (¢/, (vV10 — 2)/3], then

(16) 2= F(VIO—2)/3) +1 - (VIO - 2)/3| S as(a}) = [f(0) +1 - a] < [f(@) +1-d/],

from which we derive az(al,) = 2 if and only if f(a’)+1—a’ < 3. Given that o’ € [0, (v/10—2)/3)),
this is the case if and only if (v/65 — 5)/8 < o/ < (v/10 — 2)/3; indeed

(V65— 5)/8 J5_5)/s = [0;3,—3,—3,—2,—3, -3, 4.

So the next step of our investigation would be the case o € A, (3, -3, —-2) = ((v/65—15)/8, (v/10—
2)/3]. Proceeding in a similar way, a sequence of successive intervals to be investigated would
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come into view, the boundaries of which are the positive roots Ry of

fel@) =1/(3-1/B3—...1/3-1/z)...)) —x — 2.

k times a 3

Straightforward calculation shows that

vV ok i1 Fopys — Fopqa
Ry =

Fopio

and

For i F F
lim Ry = lim 2k+; 2k+3  £2k+1 _ /g G- g=1-—g= 92,
k—o0 k—o0 F2k+2 F2k+2

as was to be expected. For our investigations we would also need that
Rip, =1[0;3,-3,...,-3,-2,-3,..., -3, —4].

k times k times

Although this perspective would already promise a lot of intricacies, when we turn back to the
case a € ((v/65—5)/8, (v/10—2)/3], we are confronted with a problem we had not encountered yet:
if we apply compensated insertion to numbers equal to or only slightly smaller than (\/ﬁ —2)/3,
we get

aq =[0;3,-3,-2,-3,—a,...] =[1;-2,-3,-3,2,—aq,...], a>4.
Of course, the occurrence of the partial quotient 2 is not allowed, which calls for one more com-
pensated insertion, so as to get

ag =10;3,-3,-2,-3,—a,...] =[1;-2,-3,-3,2,—a,...| =[1;-2,-3,—-4,-2,a—1,...], a>4.

To determine the interval where these numbers occur, we have to solve

+1—a=24.

The positive solution of this equation is
(5V13 = 13)/13 5 /35 13)/15 = [0;3,=3,—2,—4, =2, =3, —4,—2,—4] = 0.386750 ...

So the next case to investigate is actually a € A, (3, -3, -2, —3) = ((5v/13 —13)/13, (v/10—2)/3].
More precisely, let = € [(v/10 — 5)/3,(v/10 — 2)/3) and n > 0 be the smallest integer for which
tn € [, (V10 — 2)/3], i.e., for which

o0
E Eop+9g°Eop_ E Eop+gFEak,_
(tn o) € | {lo (VIO = 2)/8) x (120, BeteBas) [ Jos Butalins )}
k=0

Above we saw that in this case
x=1[0;e1a1,...,600n,3,—3,—2, =3, —apny5,...] ,ants5 > 4, that we rewrite as

17
( ) x:[O;slal,...,an(an—l—1),—2,—3,—4,—2,an+5—1,...] ,an+524.

We now have (¢, v%) = (t, — 1, =22=) and

ny’vn Y up+1

,_.

1

3tn )

2ty vn+1)
? vn+3

tn—1 7 v,+2
2—5t, vn+2 )

( )= (
(G2 Vpg2) = (2tn—1’ 20,45
(t; )= (
( )= (

(tnt1, Unt1 bt 1> Unt1

Vn+3 )
3tn—1’ 3v,+8

(=
(57,
(5 13ty 3vn+8)
(
(27

n+2; Un+2

7—18t, 2vn+5 )
5tp,—2 7 Tv,+18

12—-31t, Tvn,+18 )
18t,—7 7 12v,+31/?

8tn,—3 7 bv,+13 n+3» n+3
12—31¢t,, 5vn+13)

13t,—5 7 12v,+31

tn+47 n+4

)=
)
n+3, Un+3)
nt4; Un+4)

) =

(t
(t
(t
(t

n+5; Un+5 n+5s n+5)
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Although it would still be possible to explicitly give Q, for a € ((5v/13—13)/13, (v/10—2)/3], it may
be clear that it becomes quite unmanageable. Determining the effect of the current transformation
on the sequence of convergents is still easy, though. Since p; = p;, and ¢ = qx, k < n, we find,
applying (@) and referring to (I7) (while omitting the straightforward calculations),

P = Pn + Pn-1;
Prg1 = Pntl — Dnj
p2+2 = Pn+2 — Pn+1;
p2+3 = Pn+4 — Pn+3;

* .
p'n,+4 = Pn+4;

*
Pp+5 = Pn+5-

Of course, we find similar relations for g;, through g, 5. We conclude that in the transformation
from Q 15_s) /3 10 Qa, a € [(5v13-13)/13, (v/10—2)/3), the convergent p,, /¢, is replaced by the
mediant (pn+pn—1)/(¢n+gn—1), that pp11/gn+1 is replaced by the mediant (pp+1—pn)/(@n+1—an),
Pn+2/qn+2 is replaced by the mediant (pn+2 —Pn+1)/(gn+2 — gn+1) and that p,43/gn+3 is replaced
by the mediant (pp+4 — Pnt3)/(dn+a — Gnt3)-

A substantial part of our construction of Q, (v/10—2)/3 < a < 1, consisted in infinitely repeating
the removal and addition of rectangles in [(v/10 — 5)/3,1] x [0,1], in the cases that part of the
added regions overlapped part of the regions to be removed. In Section [ for instance, we worked
at the case x = [0;e1a1,...,6n0n,2, —Ant2, ... ]|, ant2 > 3, and rewrote it as

(18) x=[0;e1a1,...,en(an +1), =2, (ani2 —1),...].
The overlapping stems from the possibility that (I) can be written as
(19) x=[0;e1a1,...,en(an +1),—-2,2,6130n+3,- -], Gnis > 3,

i.e. when a,42 = 3. One could ask whether the work of infinite removal and addition could
have possibly been avoided by immediately performing one more compensated insertion and so

rewriting (I9) as
xr = [0;510,1, . ,5n(an + 1), —3, —2, —an+3(an+3 + En+3), .. ]

This, however, confronts us with some intricacies, among which ¢}, , , # ¢, 2, that appear to at least
cancel the benefits of this approach. Earlier in this section we showed that for a < (v/10 — 2)/3,
this repeated compensated insertion is unavoidable, as is a further complication of the construction
of ©,. One obvious problem is the growth of the number of regions to be removed and added
in each step of construction, due to the lengthening of the continued fraction expansions of the
numbers involved on the way down to g? = 0.381966..., the first of which are (in decreasing
order):

(5V13 — 13)/13 5 15 1313 = [0;3, =3, =2, —4,—2,—3,—4, =2, 4
= 0.3867504. . .,
5/135/13 = [0;3, -3, -2]
= 0.3846153.. . .,
(V65— 5)/8 Jo5_s)/s = [0:3,=3,—3,-2,—3,—3, 4
= 0.3827822. . .,
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(VI4401 — 89) /81 /zmr_se)/s1 = [0:3,—3,—3, -2, -3,—4,-2,-3,-3,—4,-3,-2,.. ]

— 0.3827674 ...,
(V2210 — 34) /34 /55550030 = 1033, —3, 3, 2, 4,2, 3,3, 4,2,
= 0.3826657 ...,
13/3413/34 = [0;3, =3, -3, —2]
= 0.3823529...,
(V42 ~ 13)/21 i55_ 13y /o1 = [0:3,73, -3, 3,2, 3,3, -3, 4|

= 0.3820855. . .,

( V670762 — 610)/547(\/m—610)/547 = [Oa 37 _37 _37 _37 _27 _37 _35 _47 _25 _37 _35 —3.. ]
= 0.3820852. ..

The red thread in this list is the first appearance of the partial quotient 2 with minus sign in the
continued fraction expansion «, of the related decreasing numbers «, always precedented by the
sequence 3, —3,...,—3, k > 0. With k increasing, the number of partial quotients 3 with minus
k times

sign following this 2 before the first appearance of the partial quotient 4 with minus sign may
be from 0 to k, each case calling for an a-fundamental interval to be investigated separately. On
our way down from (V65 —5)/8 = [0;3, =3, =3, -2, =3, =3, 4] to (V442 — 13)/21( zz5_13)/21 =
[0;3,-3,-3,-3,—2,—-3,—3,—3, —4], for instance, we have to distinguish between the cases asso-
ciated with the sequences starting with 3, —3, —3, -2, —3, —3, —4, then 3, -3, -3, —2, —3, —4, then
3,—-3,—-3,—2,—4 and 3, -3, —3, —2 before arriving at 3,—3,—-3,-3,....

In sections[] Bland [flwe saw how (compensated) insertion in most cases involves loss of convergents,
although for ae < 1/2 each convergent is replaced by a mediant of the form (pr £ pr—1)/(qx £ qr-1)
for some k € N. As a decreases beyond (5v/13 — 13)/13, this will remain the case, which we
can best illustrate by again using Mobius transformations. If p,_; and p, are two consecutive

denominators of a convergent of some number z = [0;e1a1,...,6p-1an—1,Enan, - . .|, then
Pn+1 _ Ap+1 5n+1 Pn
Dn 1 0 Pn—1 )’
The denominators p;;, ., k € {0,...,5} that we calculated in the previous section, can easily be

derived by comparing the partial products of
Dhas \ _ [ Gnis—1 1 2 —1 4 -1 3 -1
Phis ) 1 0 1 0 1 0 10
. 2 -1 an + 1 En Pn-1
1 0 1 0 Pn—2

Pnts \ [ Gnys 1 3 -1 2 -1 3 -1
Dnid ) 1 0 1 0 1 0 1 0
. 3 1 an  En Pn—1
10 1 0 Pn—2 )’
associated with the sequence ¢, (a, + 1), —2,—3,—4,—2,a,15 — 1 as derived from the sequence

Enln, 3, —3, —2, -3, —an+5 by applying compensated insertion.
On the interval ((1/14401 — 89)/81, (v/65 — 5)/8] we could similarly compare the partial products

with those of
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)=o) (0 )0 D)) )

-1 an, +1 e, Prn—1
0 1 0 Dn—2
with those of

Pn+7 \ _ [ anyr 1 3 -1 3 -1 2 -1 3 -1
Dnte | 1 0 1 0 1 0 1 0 1 0
(3 -1 3 1 an €n Pn—1
1 0 10 1 0 Pn—z2 )’
associated with the sequence e,(a, + 1),—2,—-3,-3,—4, -3, —2,a,+7 — 1 as derived from the
sequence €,an,3, —3, —3, —2, —3, —3, —a,+7 by applying compensated insertion. It is not hard to

see that as « decreases to g2, it is just the number of lost convergents that increases, but not
the way in which they are replaced by mediants as described above; the difference is merely the

of

number of matrices ( i1’> _01 ) in both products, similar to the difference made by the number

of matrices ( (1) _31 ) in (3.

8. THE ERGODIC SYSTEMS (Qa, B, tia, Ta)

Starting with €7, we constructed domains 2,/ by removing sets of points from a given €, with
o' < a, and adding other sets to it. Each stage of construction — corresponding with successive
sections of this paper — had its own characteristic set of singularisations, such as simply singular-
ising a partial quotient 1 for o’ € (g, 1]. The first step of constructing consisted of fixing a subset
R, of Q, consisting of all points (t,v) € Q, for which ¢/ <t < a.

Now let the collection of subsets of {2, be denoted by B and p, be defined as the probability
measure with density

1 1

No (1+tv)?
on (Qq, B), where N, is a normalising constant. In [9], Nakada showed that for a € [1/2,1] the
dynamical systems (Qq, B, tta, To) are ergodic (he actually obtained stronger mixing properties);
see also [6]. Here we will use this result for « = 1 only, which was the starting point in [6] as well.
Note that for g < a < g our construction actually is a bijection between Q. and Q,, o’ < a.
Clearly this is not the case for g < @’ < a < 1, where one region is added to €, while two are
removed from it when constructing Q4.

We will now show that pi, is an invariant measure on Q. Let z, = [0;€1a1,...,&n0n, Ent1Gni1,-- - |
and D := [t1,t2] X [v1,v2] C Rss. Then

- # v — 1o (1 + tg’l)g)(l + tlvl)
m{D) = //D (1+tv)? drdo=log (14 tv1)(1 + trva)”

Let Dy, := TX(D) and M,, as the Mobius transformation associated with the matrix ( (1) Z" )

We define Mk = Mp41- - Mptk. From ([l we derive that

Dy = (M (1), My ()] < | (00), M (02)]
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from which it follows that

m(Dy) = //D ﬁdmv

(1 + M (t2) MF (v2)) (1 + My (1) M (v1))
(1+ My (t2) M (v1)) (1 + My, () M (v2))
| My|(tavs + 1)|Mj|(tyvy + 1)
| M| (201 + 1)| My (tyvg + 1)
(1 +tov2)(1 4+ tyvy)

=lo =m(D). *
& (1 —+ tQ'Ul)(l —+ tlvg) ( ) ( )
Rewriting
ZTo = [0;€101,€202, ..., Enln, Antl, Ent2dnt2, .- .| as
To = [05€1a1,€2a2, ... en(an + 1), —an 1,60 000 0y -],

as we have done throughout this paper, we define D* := [ty —1,t2 — 1] X [v1/(1+v1),v2/(1 +v2)] €
Ay With a straightforward calculation one finds that m(D*) = m(D). Similarly to what we
have written above, we define D := T*(D*) and let M;* be the Mobius transformation associated

. . 0 e ~. (11 e 1 1.
with the matrix ( 1 o ) We define M} := ( 0 1 )MnH My, where ( 0 1 ) is

associated with mapping R, to A, . Again applying (B, we find that
D = [(05) ™ (00), (M) 7 (t2)] % | (V) (o1), (T)T (v2)]

from which it follows that

o 1
m(Dk)—//Dk (1+tv2dtdv

(L+ (M)~ (t2) (M) (v2))
(L+ (M)~ (t2) (M)T (v1))
|Mk|(f2U2 + DM |(tvs + 1
|M |(t2v1 + 1)| M |(trvg + 1

= log (14 ta02)(1 + f101) = m(D).
(1 +tav1)(1 + t1v2)
From this and (*) it follows that p(Dj) = u(D) for any pair of a-measurable sets Dy and D.
Since the dynamical system (1, B, u1,7T1) is ergodic, from our construction it easily follows that
(Qa, B, o, To) forms an ergodic system as well. Indeed, from our construction and regarding
the above observations on m, it follows that for a € [¢2,¢), all , are isomorphic to €, so
all dynamical systems (Qa, B, fta, Ta), & € [g2,1), will ‘inherit’ ergodicity from (Qy, B, iy, Ty)-
Obviously, for « € [g,1) the dynamical systems (Qq, B, fta, To.) are not isomorphic to Q1, but from
[6] we know they are isomorphic to an induced transformation of 21, which is also clear from our
construction; for g < a < 1, let I, C Q4 be invariant under 7,. We define I, ; := I, N A, and
In2 := I, \ In1. Then I, C Q. Furthermore, putting I 1 := M~1(I,1) (with M the map
defined in Section @), I1 2 := T1([1,1), and I1 := I, 2 U1 1 U1 2, then I; C Q4 is by construction
Ti-invariant, and therefore I; has pj-measure 0 or 1. Since m(Ilo1) = m(I1,1) = m(l12), it
follows that m(I,) = m(I1) — m(I11). If p1(l1) = 0, we are done. If py(I3) = 1, we see that
m(Iy) =log2(p1(I1) — p1(I1,1)) =log2(1 — p1(Ra)) = log2 — m(Ry) = Na, and we see that
1
pa(la) = N, m(la) =1;

so if I, C Q, is a measurable T,-invariant set, we find that p.(l,) € {0,1}, and we conclude that
To is ergodic.

+ (M) =L (t1) (M])T (v2))

(1
(1
)
)
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Writing h(7,) for the entropy of T,, in [9] Nakada also proved that

71'2 .
h('ﬁl)—{m’ 046(1971]7
6107;(6:)’ o€ [579]

For g < o < 1 this result is essentially due to the fact that 2, is isomorphic to an appropriate
induced transformation of (21, B, u1,T1) and Abramov’s formula; see [6] for explicit details. This
explains the increase of entropy as « decreases from 1 to g. In the previous sections, we have
shown that for o € (g2, g, the loss of R,, is completely compensated by the addition of A,, from
which it follows that the systems (Qq, B, ta, To) are metrically isomorphic to (Qy, B, f1g, Ty). We
conclude that h(7,) = 7%/(6logG), o € (g%, g], a result previously obtained also in [7]. For «
smaller than g2, the entropy map h(a) behaves behaves quite irregularly; see [8, 11] and Giulio
Tiozzo’s thesis [13] for further details.

9. THE a-LEGENDRE CONSTANT

In (JI0]), Nakada obtains a very strong connection between two constants that play an important
role in the study of continued fractions: the Legendre constant and the Lenstra constant.

The Legendre constant is associated with the theorem of Legendre, mentioned on page Ml where
we also introduced the a-Legendre constant

L(a) :=sup{c > 0: ¢* ‘x -

< cged(pq) = 1= £ = 220 > 0).

The Lenstra constant is associated with the following conjecture by W. Doeblin and Hendrik
Lenstra on regular continued fractions, proved by Wieb Bosma, Hendrik Jager and Freek Wiedijk
in [3]:

Theorem 6. For almost all x and all t € [0,1], the limit

o0

1
im — <j<n:60; <
i 2 1sisnt <)

exists, and is equal to the distribution function

t
Py = | o7 0<t<1/2,
Gez(1—t+log2t), 1/2<t<1

The number 1/2, the upper bound of the interval where F'(¢) is linear, is called the Lenstra constant
of reqular continued fractions; for a-expansions the Lenstra constant can be defined similarly.

—24+4/g%2+4
Let g := % = 0.57549.... In 1988, Shunji Ito ([5]; see also [6]) proved that
g

(67

— <a<l;
O[+1, g_a_7
L(a) = 1—aa, g<a<y;
, 3<a<y

1+ ga

In 2010, Nakada proved in [I0] that for a continued fraction algorithm the Legendre constant
equals the Lenstra constant whenever the Legendre constant exists; one year later Natsui ([12])
proved the existence of the a-Legendre constant for 0 < a < 1. She also extends Ito’s result to
!
L(a) = 2-1<a<g.
(@) =7 V2-1<as<y

In this section we will in turn extend Natsui’s result to g? < o < §. Moreover, we will show how
we can use a result of Laura Luzzi and Stefano Marmi ([§]) to make some observations on L(«)
for a < g2.
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From Section [M it is clear that it is both very hard and unmanageable to give Q, explicitly for
a € g%, (v/10 — 2)/3]. We can, however, give some useful characteristics for this case with regard
to L(a). The first thing we note is that 0 < v < g for (t,v) € Q,, where a € [¢?,1/2]. This
follows from the fact that in our method of constructing Q, from Q,/, with @ < o/, any —2 that
is introduced by insertion and singularisation is precedented by either a 3 with minus sign or at
least a 4. Any second coordinate v in €, will therefore be smaller than 1/(2 — g?) = g. From this
it follows that the bottom side of the lowermost cove in Figure [[8is on the line v = 1/(3 + g);
see our calculations in Section Bl Figure I8 is an example of 0, with o near (v/10 — 2)/3, and is
more or less the same as Figures [I6 and [[71 The difference between Figure [[§ and the other two
figures is the addition of curves associated with 6,1 = /(1 4+ go) and 6,,—1 > a/(1 + ga), the
choice of which we will explain now.

Recall that in the introduction we defined 6,,(x) := ¢2|z — pn/qn| and mentioned the equations
On—1 =vn/(1+tpvy) and 0, = (entn)/(1 + t,v,) (omitting the suffix ‘(z)’). In [6], L(«) is found
by determining the largest C for which the curve 6,, = C' contains no points in what is called
a singularisation area: indeed, this area is associated with convergents that are replaced (when
1/2 < < g)orlost (when g < o < 1 or @ < 1/2), as we have shown in Sections Bl through[7l Note
that this C' is also the Lenstra constant for the a-expansion under consideration. In the current
case (> < a < V2 - 1), we find it convenient to consider curves 6,,_1 = C rather than 6,, = C, if
only for the numerator of 8,, = e,t,,/(1+ t,v,), yielding two branches that we would have to take
into account separately. Since curves associated with the equation 6,1 = C, C' small enough,
will be in the lower part of €, a first guess would be that L(«a) is determined by either the points
M, = ((1-3a)/a,1/(3+g)) or N, := (a, g?). No matter how intricate 2, becomes for o < v/2—1,
from our earlier obeservations it follows that these v-coordinates 1/(3+ g) and g? do not change as
a decreases to g2. In Figure[I8 we see how curves associated with 6,,_1 > a/(1+ga) contain points
in the cove left and above M,. We find 6,,_1(M,) = a/(1 + ga), while 6,,_1(N,) = 1/(G? + a).
Since
min{a/(1 + ga),1/(G* +a)} = a/(1 + ga)

on [¢?,v/2 — 1), we conclude that

(M

FiGUrE 18. The lower part of €2, with a near VI0-2

3

For various reasons, this approach cannot be extended to values of o < g2. For one thing, g will
cease to be the upper bound for the values of v, since insertions and singularisations in the case
a < g2 involve strings of more than one —2, yielding values of v larger than g. This implies that
points have to be removed with v-values under 1/(3+ g). Unfortunately, we cannot say much more
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about €, for general a smaller than g2. Still, a result of Luzzi and Marmi (see [8], pages 27 and
28) enables us to at least find how L(«) evolves for these rational values of . In [§], Luzzi and
Marmi use the aforementioned strings of partial quotients 2 with minus sign to give a description
of Q, for o = 1/r, r € N>3. Although their description is not very explicit, it is not hard to find
that it yields that €2y, consists of the bottom part

[—1+1/7,0] % [0,(r +1— /(r + D)2 —4)/2]U[0,1/r] x [0, (\/(r + 1)2 — 4 — 7 + 1)/(2r — 2)]

and a myriad of vertically disjunct rectangles above it; see Figure [[9] for the bottom part. Taking

the approach of considering curves 6,,_1 = C' as we did above, we see that the Lenstra constant

for a = 1/r, L(1/r) is determined by the vertex (0, (r +1 — +/(r 4+ 1)2 — 4)/2) (which is the point

(0, (5 —v/21)/2) in Figure[I9). Thanks to Nakada’s result in [10] it follows that
r+1—/(r+1)2—-4

20 L(%) = .

(20) (+) 5

Although this formula is different from the one we found for g2 < a < 1/2, we remark that

L(1/2) = ¢? fits both formulas. What’s more, we suspect that with (20) a sharpening is possible
of Natsui’s result on the boundaries of L(«) in [12], which is:

Theorem 7. Let r € N. Ifr—}rl <a< %, then r«lu < L(a) < %, with v € N>3.

V21-3
6
5—/21
2
0n,—1 = L(1/4) }
—3/4 0 1/4

FIGURE 19. The bottom part of €y 4.

Since (20) yields

r+1—+/(r+1)2—-4 1
21 L(Y) = =
1) @) . T
we suspect that in fact (if 1/(r +1) < a < 1/r)
1 1
<L < —.
7z <@ r+1-L(Y)

Considering this figure, one would expect that L(0) = 0; this is actually true, and we will return
on this in a forthcoming note.
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FIGURE 20. The graph of L(«) as it is currently known.
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